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Abstract

The research work presented in this thesis deals with the study of ” Generalized
Weighted Composition Operators on Weighted Hardy Spaces”.

The study of composition operators in the past has been done by many math-
ematicians on different function spaces. The properties like boundedness, com-
pactness of the operators were discussed and used by many researchers. Examples
of composition operators are the shift operators. Also composition operators can
be viewed as the generalization of translation map or rotation map on the unit
disk in the complex plane C. The idea of composition operators is a motivation
for the existence of other operators like multiplication operators, weighted com-
position operators. The operator-theoretic properties like boundedness, compact-
ness, Hermitian, Isometric, Unitary weighted composition operators are discussed
in the present thesis. A weighted composition operator Wp 4 is the product of
multiplication operator My and composition operator Cy that is Wy, = MpCl.
Multiplication operators have its origin in diagonal matrices. For example, on a
finite dimensional space an operator is a multiplication operator iff its matrix is a
diagonal matrix. Multiplication operators plays an important role in the theory of
operators via spectral theory for normal operators which states that every normal
operator is unitarily equivalent to a multiplication operator. Multiplication oper-
ators, Composition operators, Weighted composition operators having the subject
matter of study over the last a few decades.

As this theory of operators advances, the generalized composition operators, gen-
eralized multiplication operators come into existence and are studied on function
spaces having elements analytic on the open unit disk (see[56],[57]). Recently,
the study of generalized weighted composition operators have been initiated by
many researchers. As it contains all the above mentioned operators, if taken as
a particular case. For example, no(zero) derivative makes generalized weighted
composition operator as weighted composition operator.

During the last decade, we can see the study of generalized weighted composition
operator on different function spaces. They have been studied from F'(p, g, s) space
to Bloch type space, Bloch type space to Bergman space, Area Nevalinna space to
Bloch type space, H* to Logarthim Bloch space, Zygmund space to Bloch-Orlicz
type space, Weighted Bergman space (see[76],[75],[90],[91], [92], [3])in which prop-

erties like compactness and boundedness of the operator have been discussed.
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The aim of our research is to study the properties of generalized weighted com-
position operators on weighted Hardy spaces. The following objectives have been

set in order to fulfill this aim:

1. To characterize the adjoint of generalized weighted composition operators

on weighted Hardy spaces.

2. To characterize the boundedness, compactness of generalized weighted com-

position operators on weighted Hardy spaces.

3. To characterize the conditions for which the generalized weighted composi-

tion operator becomes Fredhlom on weighted Hardy spaces.

4. Compute the spectra of generalized composition operator, generalized mul-

tiplication operator and generalized weighted composition operator.

5. To investigate Hermitian, Normal, Quasinormal generalized weighted com-

position operators.

In order to achieve the objectives as mentioned above, the various techniques used
by many mathematicians have been applied. Mainly, the approach in our research
work is strongly influenced by the books and papers of Cowen and MacCuler[10][12],
Shapiro[50], Gunatillake[17][18][19], Sharma and Komal[56][57][58][59][60].

The thesis is composed of four chapters. The Chapter I contains introductory
material to be used in subsequent chapters. In the second chapter we study ad-
joint of generalized composition operator, generalized multiplication operator and
generalized weighted composition operator using evaluation kernel on weighted
Hardy space. The adjoint of these operators are also characterized on n'* deriva-
tive of evaluation kernel. The norm estimate of generalized composition operators
as well as of generalized weighted composition operators are also discussed. We
know that in general the differential operator D : C'[a,b] — C[a, ], defined by
Df = f' the derivative of f, where C'[a, b] is the Banach space of continuously dif-
ferentiable functions is not a bounded operator. However, In the case of weighted
Hardy space there do exist differential bounded operators. Anti-Differential oper-
ators on weighted Hardy spaces are also consider in this chapter.

In Chapter III we make a study of bounded and compact generalized weighted
composition operators on weighted Hardy spaces. In this chapter we explore the

conditions on the inducing maps which makes generalized weighted composition



operators to be bounded and compact. The theory is illustrated with the help
of nice examples. It is shown that a generalized weighted composition operator
on weighted Hardy space is never isometric, However Hermitian and Fredhlom
generalized weighted composition operator exist and they are also discussed in the
chapter III.

The eigen value problem in the operator theory is a difficult problem. In the
Chapter IV we discussed the eigen value problem for multiplication operators and
generalized multiplication operators on weighted Hardy spaces. In the end of this
chapter we obtain spectra of generalized composition operators on the weighted

Hardy spaces.
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Notations

€ = belongs to

U union

N = intersection

N = set of all positive integers

Ny set of all positive integers including zero
Ry = set of all non-negative real numbers

C set of complex numbers

R set of real numbers

D open unit disk in the complex plane

D closed unit disk in the complex plane

Q = region in the open unit disk D

ACB = Aisasubsetof B

v for all

= there exists or there exist

= implies

= = if and only if

0 = empty set

||z|| - norm of the element z € R"

|| = modulus of x

T = adjoint of an operator T

H = Hilbert space

B(H) = set of all bounded linear operators
Cla,b] = space of all continuous functions on closed interval [a, b|
C™la,b] = space of all n times continuously differentiable functions on closed interval [a, b]
dimX = dimension of X

D(T) = domain of T

R(T) = range of T

kerT = null space of T or kernel of T'

1X



Notations

ML
ML
D

D,
inf A
sup A
o(T)

set orthogonal to M

set orthogonal to M+

Differential operator

Anti-differential operator

infimum( or greatest lower bound)of A
supremum (or least upper bound)of A

spectrum of T’
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Chapter 1

Introduction and Preliminaries

1.1 Literature Review

Let X be a non empty set and F' be a field. Let also V(X) be a linear space
consisting of a functions f : X — F. If ¢ : X — X is a self map on X. Then a
composition operator Cy : V(X) — V(X) induced by ¢ is defined by Cyf = fo¢
for every f € V(X). Initially it can be seen that Cy is a linear map and can
be viewed as the generalization of translation map on real line or rotation map
on the unit circle. If ¢(¢t) = t for each ¢, (the identity function) then C, = I,
the identity operator. Further, if 6 : X — F'is a function, then a multiplication
operator My : V(X) — V(X) induced by 6 is defined by the equation Myf = 0.f
for every f € V(X). The class of multiplication operators and the class of compo-
sition operators are combined to yield another important class of operators called
weighted composition operators. Thus a weighted composition operator is of the
type MyCy or CyMy and we usually denote it by Wy ,. Weighted composition
operator Wy, : V(X) — V(X) induced by 6 and ¢ is defined by Wy »f = 0.fo¢
for every f e V(X).

Composition Operators had made their appearance in many research areas. The
first appearance these operators had made in 1871 in a paper of Schroder[48] where
it was asked to find a function f and « such that (fog)(z) = af(z) for every given
analytic self-map g and for every z in the appropriate domain. Koeings[24] solved
the Schroder’s equation in case of unit disk in C. The operators were used in
Littlewood subordination theory[33]. B.O. Koopman used composition operators

in studying statistical mechanics. Banach[4] hmself used these operators to study

1



Chapter 1. Introduction and Preliminaries 2

the isometeries of Banach space of continuous functions. Neuman and Halmos[41]
used these operators in a study of ergodic transformation.

Systematic study of composition operators was started by Nordgren[42] in 1968, in
which he discussed the boundedness and norm structure of Cy. Further properties
of Cy were related to the existence of fixed points of ¢. He also had described the
spectrum of Cy in the case when ¢ is a linear fractional transformation of the unit
disk onto itself. Perhaps Schwartz[49] wrote his Ph.D thesis ” Composition oper-
ators on HP spaces” in 1969. Ridge[44] also wrote his Ph.D thesis ” Composition
operators” in 1969 followed by Singh[63] who completed his Ph.D on composition
operators in 1972 under the supervision of Prof. Eric. A. Nordgen.

Composition operators are studied mainly on three types of function spaces.

(A) The underlying spaces are measures spaces and the inducing maps are mea-

surable functions.

(B) The underlying spaces are space of continuous functions and the inducing

maps are continuous functions.

(C) The underlying spaces are taken to be regions in C or C" and the inducing

maps are holomorphic functions.

Although composition operators have been studied on many spaces, the majority
of the literature is available on spaces whose functions are analytic on some set or
in which the norm structure is closely connected to the analytic structure.

The systematic study initiated in the 1970s has been continued and extended in
several directions during the last decade. Worth mention are some names such
as Attle[2], Bourdon[5], Cowen[10], Cowen and MacCuler[14]-[16], Cowen and
Gallardo-Gutirrez[11], Kamowitz[23], Komal[25]-[29], Kumar[31], MacCluer[36]-
[37], Manhas[38]-[39], Roan[45], Shapiro[50]-[52], Sharma[55], Singh[63], Singh and
Manhas[66]-[67], Singh and Kumar[65], Singh and Komal[64], Somasundaram|[68],
Yousefi[78]-[85], Zorboska[94]-[96] who explored the properties of the composition
operators on different function spaces. Arora, Datt and Verma[l], Bourdon and
Narayan[6], Bourdon and Shang[7], Cowen, Gunatillake and Ko[12], Contreras
and Hernandez-Diaz[8, 9], Gunatillake[17]-[19], Manhas[39], Ohno and Takagi[43],
Shields[61], Takagi[71], Ueki, Sei-Ichino and Luo[72], Yuan, Zhou and Tianjin[87]
studied weighted composition operators on function spaces in which the func-

tions under study are analytic. Sharma and Komal[56]-[59] introduced the study
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of generalized composition operators and generalized multiplication operators on
weighted Hardy spaces. Stevic[70], A. K. Sharma[54] also studied generalized
composition operators on weighted Bergman spaces. Zhu[90, 91], Hu, Qing and
Zhu[21] in 2009 had discussed the compactness and boundedness of Generalized
weighted composition operators on weighted Bergman spaces. Yang[75, 76] studied
generalized weighted composition operators on F'(p, g, s) space to the Bloch-type

space.

1.2 Preliminaries

In this section we have discussed the results which are useful for studying the
topic.

A complex vector space H is called an inner product space if to each ordered pair
of vectors z and y in H is associated a complex number (z, y), called inner product

of z and y, such that the following rules hold:

L (y,z) = (z,9)

[\)

Az +y, )= (2,2) + (y,2)
3. {az,y) = afx,y) ifx,ye HaeC
4. (z,2,) >0

5. (z,z,) =0onlyif z =0

For fixed y, (x,y) is therefore a linear function of z. For fixed z, it is a conjugate-
linear function of . Such functions of two variables are sometimes called sesquilin-
ear.

If (x,y) =0, x is said to be orthogonal to y, and the notation = L y is sometimes
used. Since (x,y) = 0 implies (y,z) = 0, the relation L is symmetric. If A C H
and B C H, the notation AB means that x | y whenever x € A and y € B.

Every inner product space can be a normed by defining

1
||z]] = (2, 2)>
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Let {#,} be a sequence of positive real numbers with 5, = 1. Consider the

function f(z) which is analytic on the open unit disk I, then it can be written
o0

as f(z) = Z fnz™ where {f,} is a sequence of complex numbers, we say that
n=0

f € H?*(p) iff Z|fn|262 < oo. H?*(B) is a Banach space with respect to the

[e.9]
norm ||f|]? = Z | f.|?5% and a Hilbert space with respect to the inner product
n=0

<f7 g> = angnﬁm where f anz and g Zgnz are elements

n=0
of H 2(ﬁ). The space H?*(B) is known as weighted Hardy space. In other words

weighted Hardy space H?(3) is a set containing the analytic functions on the unit
disk, where the monomials {1, z, 2%, ...} constitute a complete orthogonal set of
non-zero vectors in H?(f3). For snnph(:lty, let ex(2) = 2F and €,(z) = %, clearly
{é. : k € Ny} is an orthonormal basis for H%(3) where Ny = N U {0}. Each
weighted Hardy space is characterized by a weight sequence ({f,}) defined for
each non-negative integer j by 3; = [|27]|. If hm 6,/” =1or nlg{)lo% = 1, the
space H?(3) contains analytic functions in the unlt disk.

Some well known special cases of this types of spaces are, The classical Hardy
space denoted by H? for which 5, = 1 for all n € N,. This space has a norm

defined by
2 1 o i0y2 40 2
AP = Tim [ [f(re®)] for feH
r—1 0 2

The Bergman space represented by A%(D), (where D represents unit disk in the
complex plane) when 3, = \/n;Tl for every n € Ny. The norm defined on this space
is

18 = [ 1@+ P for fe D)

and the Dirichlet space when 3, = /n+1 for every n € Ny. The space is

embedded with the norm as

dxdy

||f||2=/|f/($+iy)|2 for f in  Dirichlet Space
D

Further by taking 3, = n! the space is known as Fischer space.

The various properties of the weighted Hardy space H?(3) depends on weights



Chapter 1. Introduction and Preliminaries )

{B,}. These weights can be visualized as a generating functions and many prop-
erties of H?(/3) can be characterized.

The generating function for the weighted Hardy space H?(3) is the function
[e.e] Zn
k(z) = P
n=0""

It can be seen that the generating function is analytic on the unit disk, with the
help of generating function we can find the value of function f € H?*(8) at any
point in the open unit disk D. This leads to origin of Evaluation function K,(z)
known as point evaluation function or evaluation kernel, as for every w € D and
for all f € H?(8), we have f(w) = (f, K,), where K, (2) = k(wz).
Moreover, it can be easily seen that ||K,|| = k(Jw|?).
For the Hardy space H?(ID), evaluation at w in the disk is given by f(w) = (f, K,,)
where

1 1

Kw<Z) = 1 — - and HKU)H = TW

The Bergman space which is denoted by A%(D), evaluation at w in the disk is
given by f(w) = (f, K,,) where

1 1

- d ||K,||=—
A= 4 IRl =1—r

Ky(z) =

In the Dirichlet space, evaluation at w in the disk is given by f(w) = (f, K,)

where

1 1 1 1
Ky(z) = —log (1 — wz) and || K,|[* = Wlog (1——W>

Clearly || K, || is an increasing function of |w| and (f, K,,) = f(w) for every w € D.
For any positive integer n, the n'* derivative evaluation kernel at a, K([ln] is the
function in H?(f3) so that

(f, KMy = f™)(a)
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for f in H*(3). Using K,, the adjoint of composition operator C; can be charac-

terized as follow

<f> O:;Kw> = <C¢f7 Kw> = f(¢(w)) = <f7 K¢>(w)>

which shows that C’;Kw = Kg(w)-

Fixed Points

If ¢ is an analytic map of the open unit disk D to itself and b is a point of the
closed unit disk(denote it by D), we will call b a fixed point of ¢ if 115% o(rb) = b.
Again, let ¢ : D — D is an analytic map from open unit disk to itself which is

different from the identity map. Then

1. The function ¢ can have at most one fixed point inside the open unit disk.
2. If ¢ has a fixed point "a” inside the open unit disk then |¢'(a)| < 1.

3. If ¢ has no fixed points inside the open unit disk then it will have at least
one fixed point on the unit circle and for only one of these points, say "a”,
|¢'(a)| < 1. The absolute value of the derivative at other fixed points on the
unit circle are either greater that 1 or they do not exist at all. Therefore it
is clear that ¢ has exactly one fixed point ”a” on the closed unit disk where
|¢'(a)] < 1. This point is known as the Denjoy- Wolff point of ¢.

Let H be a Hilbert space. A transformation T': H — H is called a linear trans-

formation if
T (ax + By) = oT'(z) + BT (y)

for all o, 5 € F(field) and z,y € H.
In addition, if there exist M > 0 such that

|| T|| < M|z]]

for every x € H, we say that T is a bounded linear transformation or a bounded
linear operator.

The set of all bounded linear operators from H into itself is denoted by B(H). If
T € B(H), then by Riesz Representation theorem there exist S € B(H) such that

(Tz,y) = (z,5y)
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for all x,y € H. The operator S is called adjoint of 7" and we often denote it by
T*. Further, T is called

1. Self Adjoint or Hermitian if

=T
2. Unitary if
™Tr=1=TT"
3. Normal if
T =TT
4. Quasi Normal if
7T =TT"T
5. Hyponormal if
Tr* <71T'T
6. Isometry if
T =1

7. Compact if T'(F) is compact for every bounded subset £ of H.

8. Fredholm if kerT and kerT™ are finite dimensional and range of T is closed.

Let €2 be a region in open unit disk ) in the complex plane C.

Definition 1.1. Generalized composition operator: Let ¢ : 0 — ) be an
analytic mapping. Then a generalized composition operator Cf : H*(3) — H?(3)
is defined by C’gf = f'o¢, where f’ is the derivative of f € H?*(3).

It can be verified that C is a linear operator. For if a and bin C and f, g € H*(f).

(Cé(af +bg))(2) = (af +bg) (¢(2))
= af'(¢(2)) + bg'(4(2))
= (aCif +bClg)(2)

Definition 1.2. Generalized multiplication operator: Let 6 : 2 — C be a
holomorphic function. Then generalized multiplication operator Mg : H?(3) —
H?(B) is defined by Mg = 0.f’, where f’ represents the derivative of function f .
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Definition 1.3. Generalized weighted composition operator: Let § : 2 — C
and ¢ : 2 —  be the analytic maps. The generalized weighted composition op-
erator on H?(f3) is denoted by W0d,¢ and is defined by Wg‘fd)f = 0.f'0¢, where f’
is the derivative of f which further belongs to the weigthed Hardy space H?(f3)
. The generalized weighted composition operator include many well known oper-
ator. For, if we take d = O(no derivative) then Wy, = Wj, which is a weighted
composition operators studied by Gunatillake[17][18][19] . For #(z) =1 and d =0
generalized weighted composition operator becomes composition operator. Further
for 6(z) = ¢'(z) we we have Wy, = DCy differentiation of composition operator
which was studied by Stevic [69]. If ¢(z) = z for every z € D, then Wy, = M
which is a generalized multiplication operator. The generalized composition opera-
tor and generalized multiplication operator on weighted Hardy space were studied
by Sharma and Komal[56]-[57].

Definition 1.4. Differential operator: Let f be a mapping in H?(3) into itself.
Then the differential operator D on H?(f3) is defined by

D(Z fa2") = Z nfpz" !
n=0 n=0

Definition 1.5. Anti-differential operator: For any function f in H?(3). The
anti-differential operator denoted by D, is defined as

Da(d_ ") =3y
n=0

n=0

Definition 1.6. The complex number X is an eigenvalue of the bounded operator
T it Tf = \f for some nonzero f; the vector f is then said to be an eigenvector of
T. The set of all eigenvalues of T is called the point spectrum of 7" and is denoted
by (7).

Definition 1.7. If T is a bounded linear operator on a Hilbert space H, the
spectrum of T, denoted by o(7'), is the set of all complex numbers A such that
T — A is not invertible, where I is the identity operator on H.

Definition 1.8. For a bounded operator T" on Hilbert space H, a closed subspace
M is called a non-trivial invariant subspace of T if M # 0 and M # H and

zreEM — Tee M
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The properties related to the spectra given below are very elementary and very
well known.

Let T be a bounded linear operator.

o If ||/ —T|| <1, then T is invertible.
e The spectrum of 7' is a nonempty compact subset of C.

e If T is an invertible operator, then

e If T denoted the adjoint of 7', then

o(T*)={\: A€ a(A)}.

e [f T is an operator on a finite dimensional space, then o(T") = I1o(7"). Further
for the operators on infinite-dimensional spaces, IIy(7") may be the empty

set.

Throughout the thesis, the symbol B(H) denote the Banach algebra of all bounded
linear operator on H into itself and N, denote the set {0, 1,2,3, ....... }.

The present thesis is a study of Generalized weighted composition operators act-
ing on weighted Hardy spaces. The thesis is composed of four chapters. The
introductory material is presented in the chapter I. This chapter also contain the
historical background of the composition operators. The definition of all operators
which we have used in the thesis are defined in the chapter I. The chapter II is
a study of Generalized composition operators acting in weighted Hardy spaces.
This chapter consists of four section. In the first section we compute the adjoint
of generalized composition operators using evaluation kernel on weighted Hardy
spaces. This section is concluded with an example. In the next section we esti-
mate the norm of generalized multiplication operators by using evaluation kernel

ie. |0(w)| < ||MZ]|!Exl for each w belongs to the open unit disk D subset of C. We
oK)

o0

1
also prove that if Mg € B(H?()), where Z —5 < 00, then SUIC) B || M|

— O > 1
n=0
B1 —=
3%
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The adjoint of generalized weighted composition operators by using evaluation
kernel on H?(3) are studied. Further in the first theorem of the third section we
characterized the adjoint of generalized weighted composition operators by using
evaluation kernel on H?(). Norm of generalized weighted composition operator
is also estimated in this section. In the end of this section we give corollary that
if W', is a bounded operator on the Hardy space H*(ID) such that |p(w)| < 1,
then @ is uniformly bounded on the open unit disk. In the last section of this
chapter we have studied the Anti-Differential operator on weighted Hardy space.
We first characterize the condition of boundedness of Anti differential operator on
weighted Hardy space. In general the differential operator D : C'[a,b] — C[a, b
, where C'[a, b] is the Banach space of continuously differential functions is not
a bounded operator. But we have shown that, in case of weighted Hardy space
differential operator can be bounded. Adjoint of anti- differential operator is
already characterized in the paper of Sharma and Komal[59]. The Hermitian, nor-
mal, quasinormal and hyponormal Anti-Differential operators on weighted Hardy
spaces are considered in this section.

The main purpose of chapter III is the study of generalized weighted composition
operators on weighted Hardy spaces. This chapter is divided into four sections. In
the first section we first characterize bounded generalized weighted composition
operators and then we characterize compact generalized weighted composition op-
erators on H?(3). In the next section we have shown that the only Hermitian
weighted composition operator is the zero operator, which is not true in the ear-
lier known Hermitian weighted composition operator on other function spaces. It
is also shown that generalized weighted composition operator is not isometric on
H?(B). A necessary and sufficient condition for the generalized weighted composi-
tion operators to be Fredhlom are investigated in the third section. The theorem is
concluded with a suitable examples. In the end if this section we have shown that
generalized weighted composition operator has a non-trivial invariant subspace.
In the fourth section of this chapter we have shown that generalized weighted
composition operator on H?(3) commutes iff 6 = fogp.

The fourth chapter is divided into two sections. In the first section we discussed the
spectra of generalized weighted composition operators on weighted Hardy spaces.
It is shown by Gunatillake[17] that the spectrum of weighted composition oper-
ator Wy, on H?(j3) is contained in the set {0,0(a),0(a)¢ (a),0(a)(¢ (a))?,.....}.
Cowen,Gunatillake and Ko[12] studied Hermitian weighted composition operators

on weighted Hardy spaces in which they characterized the adjoint of weighted
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composition operator and also discussed the eigen values of the operator. In this
chapter, we will see how the spectrum of weighted composition operator Wy 4 is
found under the assumption that W 4 is compact, with ¢ having fixed point inside
the open unit disk, we have discussed the results which can help us to characterize
the eigen values of generalized composition operator C¢, generalized multiplication
operator Mg on H?(/3). We have also characterize the adjoint of generalized com-
position operator, generalized multiplication operator and generalized weighted
composition operator on the derivative of evaluation kernel on H?(3). The second
section of this chapter is devoted to find the spectra of Multiplication opera-
tor, generalized multiplication operator and generalized composition operators on
weighted Hardy space. We have shown that IIo(My) C {6(0)} is an eigen value
of My iff O(n) = 0 for every n > 1. The reverse inclusion hold if # is a constant
function. In the next result we will see that spectra of generalized multiplication
operator is na i.e. lo(MZ) =na  for k=1 and O(emptyset) for k>2
where 0(z) = az*, a is any number and n € N. In the end of this chapter
we have characterize the condition to find the eigen vlaue X\ of generalized com-

position operator on H?(). We have shown that A is an eigen value of C’g if
1

|A| < limsup (%) ", where ¢(2) = z for every z in open unit disk and X is an
n(n+1)
nla_ 2

Bn
open unit disk and a be any real number.

eigen value of C¢ if [A] < limsup ( > , where ¢(z) = az for every z in
In the end of the thesis, a bibliography has been given which by no means is an
exhaustive one but lists only those research papers and books which have been

referred to in the main text of the thesis.



Chapter 2

Generalized Composition

Operators on Weighted Hardy

Spaces !

2.1 Adjoint of a generalized composition oper-
ator using evaluation kernel on a weighted

Hardy spaces

The adjoint of the composition operators on different function spaces were found
by Cowen and MacCuler. As adjoint of operator helps to characterize the other
properties of the operator like Hermitian, isometry, normality etc. So in this
chapter we establish the adjoint of generalized composition operator, generalized
multiplication operator and generalized weighted composition operator using eval-
uation kernel on weighted Hardy space. Anti differential operators on weighted
Hardy spaces are also studied in the last section of this chapter.

For sake of convenience we give here the Theorem|2.16] of Cowen and MacCuler[15]

in the form of lemma given below
Lemma 2.1. Let f € H*(3) and K,(z) be an evaluation kernel. Then

(f KW = [ (w) (2.1)

'Results of this chapter is published in International Journal of Mathematical Analysis,Vol.
9-2015, No. 14, 655-660.

12
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where K1Y is the first derivative evaluation kernel at w.
Proof. Given that f € H?*(B),
So .
f2) =) an2" (2.2)
n=0
and
2"
K,(z) = 52 (2.3)
n=0 n
Now
o n,n—1
Kz =" (2.4)
n=1 ﬁn
Now if we take
> = (1 1) 2
N N
n=0 n+tl
~ S gt
n=1
= f(w)
Therefore we can say that
(F L) = f (w) (2.5)
Hence the result. O
Theorem 2.2. Let C§ € B(H*(3)). Then C{ K, = KH ), where C§ s the

adjoint of Cf;.

Proof. Let f € H?(3). Now by using the property of point evaluation kernel and

Lemma(2.1), we have

(f, Cg*Kw> - <C$f7 Ky)
= (f 04, K,,)
= f(p(w))

= (f, Ky

Therefore, we can say that Céf* K, = Kg(}w)
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Example 2.1. Let Q = {z € C: |z] < e '} and ¢(z) = 2% for all z € Q. Then
¢ Q — Q is an analytic map. For every n € NU {0} define 5, = e". Then
H*(B) # 0 as ey € H*(B). We first show that C§ : H*(8) — H?(f) is a bounded

operator. Take f(z) = anz” in  H?*(B), then
n=0
AP =D 1fal?Bi < oo
n=0

Now
Cof = nfule(2)" "
n=1

00
— E :nfnz2n72
n=1

Consider

[e. 9]

ICLFIP =D (n+ 1) fural B3,
o 5 (2.6)
n )2|fn+1|2ﬁ721+1

((n+1)

—0 Bn-i—l

n

But

52n B (7’L+ 1)6n+1
Bn—i-l e2n

(n+1) (2.7)

en—l

(n+1)

<e forevery n=0,1,2,3,...
Therefore from (2.6)

ICSAIP < e | funl By
n=0 (28)

< e’|I£11”

or ICEAIl < ellfll - for every f € H?(B)

Hence C’g 1 a bounded operator.
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Consider

(f.C§ Ku) = (C4f, Ku)
= f(¢(w)) = f (w?)

= Z n+1 fn-l—lw
n=0

o0

On the other side  (f, K(;(]w ) = (f, KBZ],) = Z(n + 1) fop1w®™. which shows that

n=0

d* _ ]
C¢ K, = K¢(w)

Theorem 2.3. Let f be any function on H?*(B3). Let C;f* denote the adjoint of

C’g, then

K — (@) K
ZO‘J ¢>( >+ (@))" Ky

where C’g is a bounded operator in H*(3), "a” is a point inside the open unit disk

and K,En] is the n'* derivative evaluation kernel at a.

Proof. For f be any function on H?(3), Consider

(f, G5 KI) = (Cof Ki)
= (o0, K}") (2.9)
= (f'06)™(a)
By evaluating the R.H.S of above equation and using the algebraic properties of
inner product, we have

n

(. CF K = (1) ag(@) K, + (& (@) KL ) (2:10)

J=0

Since f is arbitrary, Hence

* o 1 L Th (g Pt
CIEM =" a;()KY, + (@ (@)Kl
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2.2 Adjoint and norm estimate of a generalized
multiplication operator using evaluation ker-

nel

Theorem 2.4. Let Mg € B(H(3)). Then M{ K, = 0(w)KL, where Mg is the
adjoint of M§.

Proof. Let f € H*(B),

We have
<f7 MO*Kw> = <M0df7 Kw>
= (0f, Ky)
= 0(w) f (w)
= 0(w)(f, K},))
This proves that Mg K, = O(w) KL . O

Example 2.2. Let M{ be a bounded operator. For 0(z) = z, Consider

<f7 MG*Kw> - <Mgf7 Kw>
= (0f, K.)

oo

=wf (w) =3 nfuw"

n=0

Now it can be seen that (f, é(w)KBb = annw”

n=0
Theorem 2.5. Let D be the open unit disk in complex plane C. If M§ € B(H?(f)),
then 0(w)| < || M|

HKf”l“]|| for each w € D.
[Femdl

Proof. Let f, = ﬁ, then || f,|| =1

Since M is bounded, therefore

1M full < 11M5]] (2.11)

|| d* K’LU

| < [1M5]] (2.12)
" K| ’
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1M K| < [[MG1 K| (2.13)

By using theorem (2.4), we have

10(w) K] < (1M1 Kol (2.14)
Hence the result 10(w)| < HM;}H% O

= 1
Theorem 2.6. Suppose that M{ € B(H?()), where Z 7 < 00. Then —2wl
n=0

1
n 123
n=0 """
1511,
Proof. By theorem (2.5), we have
||
10(w)] < [IMG 1|7~ (2.15)
[ K|
As we know that
R (T
1Kl =) =5
n=0 n
L = 1
Therefore for any |w| < 1, it is easy to see that || K, || < Z 7
n=0 """
1 o
Also ||K1[U]|] > 5—11 implies HK—E]H <5
I~ 1
Therefore from inequality (2.15) we have |0(w)| < ||MZ||3 Z 7
n=0""
This proves that — Ll <M O

= 1
5> %
n=0 ﬁn
Theorem 2.7. Let f be any function on H*(B). Let Mg denote the adjoint of
Mg, then

n ' -
d* pon) _ ™ e [r+1]
MK = EOjT!(n_T)!m )(a) K

where M is a bounded operator in H*(3), "a” is a point inside the open unit disk

and KU is the (r 4+ 1) derivative evaluation kernel at a.

Proof. Let f be any function in H?(3). Then consider

(f, Mg KMy = (Mgl £, KUy = (o, KIM) (2.16)

a
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= ZO r!(nn—ir)!e(n_r) (a)f(r—l-l)(a) (2.17)

- n!
= m(’("_”(a)(ﬁ Ky (2.18)
r=0 ' :

Therefore we have
(f, MK = (. Zr. @K (2.19)

Since f is arbitrary, Hence the result. O

2.3 Adjoint of a generalized weighted composi-

tion operator using evaluation kernel

Theorem 2.8. Suppose Wy, € B(H?*(()). Then W K, = é(w)K(E)l(]w), where
ng; s the adjoint of ng¢.

Proof. Let f € H*($). Then

(f WisKu) = (Wi, Ku)
= (0.f 06, K,,)
= 0(w) [ (d(w))
=0(w)(f, KI] )) by using lemma (2.1)
= (f,0(w >K§Jw)>
therefore, we have
Wil Ky = 0(w) Ky},
Hence the result. O

Example 2.3. Let Q = {z € C: |z] < e '}. For everyn € NU{0}, let B, =e™".
Let ¢ : Q — Q be defined by ¢(2) = 2% Let 0 : Q — C be defined by 0(z) = 2°.
We first show tha,t W9¢ 1s a bounded operator.

Take an in H(8), then ||f]? = Z\m 5
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Now
(Witsf)(2) = (=) f (6(2))
_ 22 Z nfnZQn—2
n=1
= Z nfp2*
n=1
Therefore
Wi f I = Znﬂfn\?ﬂsn
(2.20)
_ 5271 2
n=0 n
But 5
nPy,  ne’ n
=— =—<1 2.21
6n 6271 en — ( )
Hence form equation (2.20) |[We fI> <> [ f?82 < [IfII”
n=0
This proves that ng(z)f 15 a bounded operator.
For the adjoint of ng¢, consider
(Wi HKu) = (Wi f Ku)
= (0.f 09, K,,)
= w’f (¢(w)) = wf (w?)
= Z nfpw?
n=1
Similarly it can be seen that
(£ 0K, = nfau’
n=1
Theorem 2.9. If W, € B(H*(8)), Then [0(w)| < [[Wg,|| -5l for each w in

1K, |
the open unit disk.

Proof. Let fo = Tou
Then || full =1
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Since W9d,¢ is bounded, therefore
Wil ful| < W full = W] (2.22)
This implies
Wiy ]| < (| (2.23)
MHK [ '
[WaoKull < [[Wel Il K]l (2.24)
By using theorem (2.8), we have
q 1
[16(0) K gy | < 1WGg 11 | (2.25)
So we have ||K !
0(w)] < Wil = (2.26)
[erml
O

Theorem 2.10. Suppose that generalized weighted composition operator VV(;i’q5 €

— 1
B(H?*()), where Z@ < oo. Then the norm ||W,|| is bounded below by

)|
=1

b Z—z
n=0 ﬁn

Proof. By the theorem (2.9) we have

mkien]

<|\\Wysll—7—
|6(w)] <| M'IIK |

Also we know that

‘w‘Qn
1Kl * = Z

oo
1
and for any |w| < 1 it is easy to see that || Kyl < HZ 7
n=0 """

Clearly

1
KU —
| ¢<wll_ﬁ1

(2.27)

(2.28)

(2.29)
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Therefore from equation (2.27) we have

10(w)] < |[Wg,]16: (2.30)
Hence
) T 231)
i > =
n=0""
0

Corollary 2.11. Let Wed,qs be a bounded operator on the Hardy space H*(D) where
¢ is an analytic map from the unit disk into itself such that |p(w)| < 1, then 6 is

uniformly bounded on the open unit disk.

Proof. Let w € D and for H*(D) , we take 3(n) =1

So by the result given in theorem (2.9) we have

[ |
0(w)] < Wil == (2.32)
1 |
Therefore
1
10(w)| < |[Wyll (2.33)
VI TPl Kyl
Hence 6 is uniformly bounded on the open unit disk. O]

Theorem 2.12. Let f be any function on H?(3). Let ng; denote the adjoint of
Wed,qs; then

Z% K +0(a)(¢ (@) Kt

RS

where ng¢ is a bounded operator in H*(3), ”a” is a point inside the open unit

disk and K™ is the (n + 1) derivative evaluation kernel at a.
Proof. Let f be any function in H?(3), then
(F Wiy ) = (Wi fL K (2:34)

= (0 09, K" (2.35)
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Now differentiate n times the function 8f o¢ and evaluate it at a. This gives us,
(f, Wiy KI) Za a)) + 0(a) f"V (d(a)) (¢ (a))" (2.36)
Now (2.36) can be written as

(f W, KM Z% KJL) 4 0(a) (¢ ()" (f, K5 ) (2.37)

Now by using the algebraic properties of the inner product in the equation (2.37)

we get,

W B = (£, ag(a) KL, + 0(a) (@ (@) KL ) (2.38)
j=0

Since f is arbitrary, which shows that

]

Theorem 2.13. Let f be any function on H*(3). Let Wy 4 denote the adjoint of
Wo.4, then

Wi oKy = Za (@)K +0(a)(& (@) KL

where "a” 1s a Denjoy- Wolff point of the composition map ¢ s inside the open

unit disk and K(Q”} is the n'* derivative evaluation kernel at a.

Proof. Let f € H*(8), Then
(f, Wy oK) = (Wo e f, KIY) (2.39)

= (0.fod, KI") (2.40)
Now differentiate n times the function 76 fo¢” and evaluate it at a. This gives us,
n—1

(Wi K =Y a;(a) f9(a) + 6(a) f (a) (¢

J=0

/

(a))" (2.41)
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Now (2.41) can be written as
n—1
(F WioK™) =D _ag(@)(f, K + 0(a) (9 ()" (f KY) - (2.42)
=0

By using the properties of the inner product on the right hand side of (2.42) we
get,

n—1

(WKL) = (£, ) ay(@ KD +8(a)(¢ ()" KLY (2.43)

J=0

Since f is arbitrary, which shows that

Wit = S e + Ty
=0
[l
Note: For if §(z) = 1, then Wy 4 = Cj. In this case we have
Cy Kl = Za] VKU + (¢ (a))n K[ (2.44)

Theorem 2.14. Suppose that the inducing map ¢ satisfies ¢p(a) = 0 for some
aeD. If W9d,¢ s unitary, then

0 =c—2L  where || =1 (2.45)
Proof. Suppose that Wéi’ ¢ 1s unitary, then
WiV K, - K,

By using theorem [2.8], we have
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0

%9(2’) K,
Therefore K 52

") =Ty

Now for z = a
9(@)9(@) = Ka(@)ﬁf
0(a)|* = || K| ° 67

Hence we have

0(a) = [| K |61

Using equation [2.46] and [2.47], we have

_ CKa/Bl
|| K|

(2.46)

(2.47)

2.4 Differential and Anti-Differential operators

on weighted Hardy spaces

Theorem 2.15. Let f € H*(3). Then the anti-differential operator D, : H*(3) —

H?(B) is bounded iff the sequence Buit_ yuhere n € Ny is a bounded sequence.

(n+ 1)/Bn

Proof. Tt is given that f is an element of H?(f3).Therefore f(z Z fu2"

Also let us assume that there exist M > 0 such that (fﬁ)lﬁ < M.
Then

IDof|]? = Z| In

:i |fn’2 72L+152
n:O( 02 g "

< MQZ |fulB2
n=0

= M?||fI?
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hence we have

1DafI < M| £

Conversely let us assume that D, is bounded, then there exist a real number
M > 0 such that

n

|Deénll < M where 6, = —
B
which implies that 5
n+1 ~
15 |IEn < M
Hence the result. -

We know that in general the differential operator D : C'[a,b] — C'[a,b] , where
C'[a, b] is the Banach space of continuously differential functions is not a bounded
operator. However, in case of weighted Hardy space it can be bounded as shown

in the following theorem.

Theorem 2.16. Let f € H?*(B). Then the differential operator D : H?*(S) —

H?(B) is bounded iff the sequence (nt )1" where n € Ny 1s a bounded sequence.

(n+1)Bn

is a bounded sequence,
Bn+1

Proof. Let us suppose that the condition is true i.e.
then there exist M > 0 such that % <M

Now for any f € H?(j3), we have

IDfI)* = Zl n+1) fura|? 52

oo 2
(n+ 17| f P
=0 n+1

< M Z [fasi Bt

n=0

= M?||fI?

2
6n+1

Conversely, let us suppose that the differential operator D is bounded, therefore
for any f € H?(3) we have

|Dé,|| <M for some real no. M >0
which shows that

(n+1)6n
ﬁnJrl g M
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Hence {%} is a bounded sequence. O

Theorem 2.17. Let f € H*(3). Then

D*f Z fn+1 (6714—1) o

where D7 is the adjoint of D,.

Proof. For any n € Ny, Consider

<D26n+1> f> = <en+1; Daf>
J

n+1 n+1
fn Bn-i—l 2 2
n+1 ( B > &

1 o\
znﬂ(ﬁﬂj) enf) ¥ fE€HP)

Therefore

1 [ Bpir\’
* n+1 *
Dieni1 = ] ( ﬁ: ) e, and Dley =0 (2.48)

Now for f = Z fnen
n=0

Dif =" fuDics
n=0

= foDzeo + Z fnr1Dgenin

n=0
= Z Tt (Bnﬂ) by using equation (2.48)
2 B
s (B
—~n Bn
This completes the proof. O

Theorem 2.18. Let D, € B(H?*(B)). Then D, is Hermitian if and only if
< o ) V' n € N s a constant sequence.

nfn—1
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Proof. Suppose that D, is Hermitian. Then for f = e,, we have

|1Dgenll = [|Daenl|l ¥V neN

Bn—l n+ 1
l 571 26 _ Bn-‘rl
n \ Bn_1 T

l Bn _ Bn-i—l
() =i o

1( B\’ "
||—( . ) entll = [ )| by using equation (2.48)
n

which shows that ( ) vV n € Nis a constant sequence

Bn
nBn—1

Bn_
Conversely, let us suppose that (

) vV n € Nis a constant sequence

Then for f = Z fnén, consider

n=1
1D, fII> = (Dy f, Dy f)
Fo [ Ba \ S fo [ B\
<Z <5n 1) e 172? (Bn—l) 6n—1>
_Z‘fnP (ﬁnn ) n—1

2
_Z|f"|2< Fnt1 >62 using equation [2.49]

(n+1)8,
_Z‘f ’2< ﬁn+1 )
= IIDafII2
Hence D, is a Hermitian. ]

Theorem 2.19. Let D, € B(H*(3)). Then D, is Normal if and only if (nﬁﬁ*’il) V ne

N s a constant sequence.



Chapter 2. Generalized omposition operators on weighted Hardy spaces 28

Proof. Let us suppose first that D, is a normal operator, then for f = e,, consider

1 2
D,De, = D,— ( Fn ) €n—1
n 571—1

1 B \en
o </3) n
1/ B \?

B ﬁ (Bn—1> o
ﬁn 2
B (nﬁn—l) o

D! Dye, = D, ( Cnil )
n+1

_ 1 L (Busr\®
_n—|—1<n+1(5n) en) (2.51)
_ ( ﬁnJrl )2 e
n+1)3,) "
Hence form equations (2.50) and (2.51) we have,
( /Bn-i-l > _ ( Bn >
(TL + 1)571 nﬂn—l

which shows that ( o ) is a constant sequence.

nBn—1

(2.50)

Conversely suppose that (#) is a constant sequence, let n;n”fl =c V ninN
Then
1 2
D,D:e, =D, —( S > €n_1
n ﬁn—l
1 Y (2.52)
= —_— 671
TL2 ﬁn—l
= c?e,

n+1
1 <5n+1>2€ (2.53)

GRS

= c%e,

D Doen = D ( €n+1 )
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Form equations (2.52) and (2.53), we can see that

DoD:e, = D?D,en,

or
D.D! = D:D,

which proves that D, is normal. O

Theorem 2.20. Let D, € B(H?*(B)). Then D} is quasinormal if and only if
< P > vV n € N s a constant sequence.

nfn—1

Proof. Suppose that D} is quasi normal, then for f = e,;; we have

* * * *
DoD: Dyt = D:D,Dienin

i (52) e
(nH) [ (5&1) en_ll (2.54)

ﬁn—i-l) ( n ) _n
n(n+ 1) Bn_1 n

L (L) ()
n?(n+1) \ B, Br-1 "

1 Bn—&—l 2
n+1 ( B ) en]

1 <ﬁn+1>2 €n+1
n+1\ B, n+1
- 1 <5n+1)2 1 </6n+1)2€
S (n+12\ B ) (n+1)\ B "
_ 1 (ﬁn+1)46

(n+1)°\ B

Consider

D D:Dke,yy = DD

Again let us consider

D:D,De,iy = D:D,

*
a

(2.55)
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From equation (2.54) and (2.55), we have

1 (Bn+1>2< Bn )26 o 1 (Bn+1>46
n2(n+1) \ B, But) " 1PN\ B ) "

which implies that % Bﬂ" = L Bnt1 which shows that ( b ) is a constant
n—1 TL+1 Bn nﬁnfl

sequence.

For converse we suppose that (%) is a constant sequence for all n € N, For

this, let ( ﬁn_ ) =c

Then
D,D;D:e, = D,D, (Bn)e 1]
571 1

<00 () |5 (52

TP \BL) =1 \B,) (2.56)

_]- 1 Bn—l 2 €n—1

—g( )n_l(ﬁm)

4 —

and

i ('
[( )% oo
(B) (BB> o

= nc4en_1

Hence from equation (2.56) and (2.57) we see that D’ is an quasinormal operator.

]

Theorem 2.21. Let D, € B(H?*(8)). Then D is hyponormal if and only if
< fn ) V' n € N s a decreasing sequence.

nfn—1

Proof. Let us suppose that D} be a hyponormal, Then

||Dgenl] = [[Daeal|
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2
en—l—l
_ n >
[ (5) eall 2 | 220

1/ 8, 1
- (571—1) Bn—1 > " 1ﬁn+1

l BVQL > ﬂn—i—l
nﬁnfl “n+1

ﬁn > BnJrl
nﬁn—l o (7’L+ 1)571

V neN

which shows that (n ; ”4) is a decreasing sequence.
Bn

Conversely, let us assume that (nﬁ 71> is a decreasing sequence V n € N. we

will show that D7 is a hyponormal

Consider
D;f =Y fuDjen
o VPN (2.58)
= an_ ( = ) €n—-1
n=1 n ﬁnfl
and .
€n
Daf - ann _:11 (259)
n=0
Then
1D = Zmr? L) s
(2.60)

—Zmr? <n (5n ) 52>
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Since (nﬁﬁn"_l) is a decreasing sequence V n € N, therefore
- L (B p
2 = n 2 n+1 2
nz::l|fn| <n2 (ﬁn—1> > Z|fn| ( +1 ﬁn) &
= Z ol o 192 ”“
(2.61)
= || anDaenH2
n=0
= || ZDa(fnen>||2
n=0
= ||DafII?
which implies that || D} f|| > ||D.f||.- Hence D is a Hyponormal operator. O



Chapter 3

Generalized Weighted
Composition Operators on
Weighted Hardy Spaces?

3.1 Bounded and Compact generalized weighted
composition operators on weighted Hardy

spaces

Boundedness of a generalized composition operators on the weighted Hardy space
is characterized in Sharma and Komal[56]. In this chapter we will see that under
what conditions on inducing maps generalized weighted composition operators
becomes bounded and compact. Further, by using the examples the concept is
also discussed. It has been found that generalized weighted composition operator
on weighted Hardy space is not isometric. Hermitian and Fredholm generalized

weighted composition operator is also discussed in this chapter.

Theorem 3.1. Let 0 : D — C and ¢ : D — D be two mappings such that {0.¢™ :
n € No} is a orthogonal family. Then W, - H*(8) — H?(B) is bounded if and
only if IM > 0 such that ||0.¢"7|| < 228, for all n € N, where ¢"(z) = (¢(2))".

2Results of this chapter is communicated in Scopus indexed Journal.
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Proof. We first assume that ngd) is a bounded operator,
then 3 M > 0 such that

HWg«bénH <M VneN, where 6, = En

Bn
the above inequality becomes

€n—1

n||[Wa.4 3

|<M V neN
equivalently above can be written as

n n—1

—|0.¢" || <M ¥V neN

Conversely we assume that the condition of the theorem is satisfied.

Take fe H*(B),
then for f= Z fnén

we have  |[|f[|> = Z | fl?

consider
W 9¢f||2—||z”f"we¢en P
—i AR g gy
< M2||f||2
This proves that Wéf ¢ is a bounded operator. O

Theorem 3.2. Let Wi, € B(H?*(8)). Suppose {6.¢" " :n € N} is an orthogonal

n[0.¢" ]
B

family. Then W§f¢ 1s a compact operator if and only if — 0 asn — .

Proof. Suppose Wg{ ¢ 18 @ compact operator,
then e, — 0 weakly, where €, = %
Therefore

IW§ sénl] = 0 asn — oo

or that

ﬁHQ.(b"’lH —0 asn— o0

n
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Conversely suppose that condition is true.

Then for given € > 0 there exist m € N such that

n]0.¢" ]
B

<eVn>m

Let -
f'::j{:j%én
n=0
For m € N, define

n

L nfpf.0"
Anf = Zl nfﬁ—qﬁ

Clearly A,, is a compact operator.

Consider

IIWéf¢f—Amf!|2=!|an" 0.6"") Z"f"< 0.6m )|

B
00
0 n—1(|2
_ 2{: nﬂfhﬁ|| ip |
n=m-+1
[e's)
<& Y
n=m-+1
< E|IfIP

This is true for every f € H?(83), so on taking supremum over all f(# 0) € H*(3),
we obtain

”ng¢ _'/LnH <€
Hence W(,‘f ¢ 1s a compact operator being the limit of compact operators. O

Example 3.1. Let 0 : D — C and ¢ : D — D be defined by 0(z) = z and ¢(z) = 2
for every z € D.
Let 8, = n and H*(B) is a Hilbert space of analytic function on the unit disc. We

have
n—1 1 n—1
100" 71 = ller-(5e0)" i

= Il
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Now 6%||9.¢"*1||:||0.¢"*1||:% —0as n— oo
Therefore Wy, - H*(8) — H?(B) is a compact operator.

3.2 Hermitian and Isometric generalized weighted
composition operators on weighted Hardy

spaces

In this section we obtain an interesting result that the only Hermitian weighted
composition operator is the zero operator, which is not true in the earlier known
Hermitian weighted composition operator on other function spaces. It is shown

that generalized weighted composition operator is not isometric.

Theorem 3.3. Let Wy, € B(H?(3)), also let 6(1) = 0 and $(0) = 0. Then W,

is Hermatian operator if and only if T/ngq5 =0.

Proof. We first suppose that ng ¢ 1s an Hermitian operator.
Then
(Wg;el, €o) = <W9d7¢61, €o)

which implies

(e1, Wed,¢€o> = (0.ep0, €q)

<617 0> = <07 60>
0 = 0(0)

hence

Again, let us consider

(Wéf;ez, €1> = (Wg¢€2, 61)
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which implies that

(e2, Wi se1) = (0.2e100, €1)
(€9, 0.e000) = 2(0.e100, €1)
<€2, 9> = 2<9¢, 61>

= 20(1)¢(0)
0(2)85 =0
0(2) =0

Next consider

(Wé{;en,eﬁ = (Wéf¢en,el>

(€n, Wilye1) = (nf.¢" " 1)

(en,0.e000) = (nB.¢" ' e;) formn >3
(en,0) = (nf.¢" ' e)) forn>3
O(n)B2=0 forn >

Therefore
O(n)=0
or
O(n)=0 VneN
Thus Wéi, ¢ = 0. The proof of the converse part is trivial. n

Theorem 3.4. Let Wi, € B(H?*(B)). Then Wy, is not an isometry.

Proof. If possible, suppose W& is an isometry. Then

Wi f1l = [1f]] for every f € H*(5)

Taking f = eq, we get
||W(§l,¢€0|| =0

and

[leol| = Bo
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which implies that 5y = 0. Which is not possible.

Hence W ¢ is never an isometry. [

3.3 Fredholm generalized weighted composition

operators on weighted Hardy spaces

A necessary and sufficient condition for a generalized weighted composition oper-

ator to be Fredholm is investigated in this section.

Theorem 3.5. Let 0 : D — C and ¢ : D — D be two mappings such that
{0.¢"1 : n € N} is an orthogonal family. Then ng(b has closed range if and only
if there exists € > 0 such that

D0.6m Y| >e ¥ neN

Proof. We first assume that Wéf » has closed range. Then Wed, s 1s bounded away

from zero on (kerWy,)*. Therefore there exists € > 0 such that

[Wigenll > elleall vV neN
ln 6.0" Y| >eB, ¥V neN

which implies that
206" >e V¥V neN
Conversely for every f € H?(3), we have
IWEAR = 1 £ Wisenl P
n=0
_ Sl Ples P
n=0

[o¢]
> e |8
n=0

= €||f|| for every f € (ker W )"
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Thus ngd) is bounded away from zero on (keTW(jfd))L. Hence Wed,qs has closed

range. [

Example 3.2. Let 0 = ey and ¢ : D — D be define by ¢(z) =2z V z€D
Then
100" = lleal =n=1 ¥ neN

Hence I/Vé,{(25 has closed range.

Theorem 3.6. Let 0 : D — C and ¢ : D — D be two mappings such that
{0.¢" ' :n € N} is a basis for H*(3). Then W9d,¢ is Fredholm if and only if there
exists € > 0 such that

ﬁ||0.g25"_1|| >e forevery mneN
n

Proof. Suppose that the condition is true. Then in view of the theorem (3.5) Wed, é
has closed range. Also kerwgf ¢ 1s finite dimensional. We next show that kerWe‘%;
is zero dimensional. Let g € kerWg,.
Then

We‘f;g =0

Therefore for n € N we have

0 = (Wgsg,en)
= n{g,0.¢" ") ¥V n>1

implies that

g=20
Thus
keng; = {0}
This proves that Wed, s 1s Fredholm. The converse is easy to prove. O]

Example 3.3. Let 0 : D — C be defined by 0(z) =1 forallz€ D , ¢: D — D be
defined by ¢(z) = z, let B, = nl.
Then

.o" ' =e,1 for n>1
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and
el = 200!
- en_ —
B, B,
—1)!
= m =1 VneN
n!
Suppose f € k:erWéf(z)
Then
or
kerWéf(ﬁ = span{eg}
and

kerWy, = {0}
Also Wé%(ﬁ has close range in view of theorem [3.6]. Hence I/Vedyq5 is Fredholm.

Example 3.4. Let 0 : D — C be defined by 6(z) = 2° and ¢ : D — D be defined
by ¢(z) = 22 and B, = e™". Then W(5f¢ is bounded.
But

kerWyl, = span({esn—1 : n € N} U {eo})

This proves that kengf; 15 infinite dimensional. Hence W9d,¢> 1s not Fredholm.

Theorem 3.7. Let W, € B(H*(f3)). Suppose {0.¢" '};>, is an orthogonal

family. Then Wed, ¢ has non-trivial invariant subspace.

Proof. Let M = span{eg}. Then M C kerWg
Next if f € kerwgfd), then

This implies
IWgsfII? = 0

S n?f 0P = 0
n=1

This implies that
fn=0V neN
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Hence f = aeg so that f € M. Thus ker ng) = M, which is invariant under
we,. m

In the last part of this section we have discussed some results on generalized
weighted composition operators which can be helpful further in the study of new

properties of the operator on weighted Hardy spaces.

Theorem 3.8. Let 6 be analytic on the unit disk and ¢ : D — D be analytic map.
Let a be a real number and C, be the composition operator given by (Cof)(z) =
f(e"z) for every f € H*(8). The operator C, is unitary on H*(8) and if Wy, is
bounded then

CaWioCa = Wi

where 0(2) = 0(e™@z) and ¢(z) = e“p(e2)

Proof. Consider

(C;ng¢0a)(z) = C’;‘Wg¢f(ei“z)
= Cr(0(2) f (“(2))

!

= 0(e™"2) f (e"(e""2))

Hence the result. O

Theorem 3.9. Let Wi, € B(H*(B)). Then W, = W, iff 6 = 6og.

Proof. Let f € H*(() such that W¢ , f = W¢,f
For f = e,,we have ng $€n = Wgﬁen for every n € N particularly take
n=1

then we will get

W5{¢61 = Wq‘fﬁq
0.(egop) = (6.ep)od
0.eq = Oo¢

0 = fHoop
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Conversely, let us suppose that 6 = 6op Then

Wiof = 0.(f 0¢)
= (609).(f 00)
= (6.1 )oo
= Wg,ef

Hence proved. O



Chapter 4

Spectra of Generalized
Composition Operators and
Generalized Multiplication

Operators on Weighted Hardy

Spaces’

It was shown by Gunatillake[17] that the spectrum of weighted composition oper-
ator Wy s on weighted Hardy space H?(f3) is contained in the set

{0,6(a), 8(a)¢'(a), 8(a)(¢ (a))?, ..}

. Cowen, Gunatillake and Ko[12] studied Hermitian weighted composition opera-
tors on weighted Hardy spaces in which they characterized the adjoint of weighted
composition operator and also discussed the eigen value of the operator. In this
chapter, we will see how the spectrum of weighted composition operator Wy 4 is
found under the assumption that Wj , is compact, with ¢ having fixed point in-
side the open unit disk. Using the idea, we have discussed the results which can
help us to characterize the eigen values of generalized composition operator C¢,

generalized multiplication operator Mg on weighted Hardy space H?(f3).

3Results of this paper has accepted in the AIP conference proceedings.
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4.1 Spectra of generalized composition opera-

tors

In this section we have discussed the eigen value problem for generalized compo-

sition operator on weighted Hardy space.

Theorem 4.1 (Gunatillake). Suppose Wy 4 is a compact operator on the weighted
Hardy space H*(B). If the Denjoy-Wolff point "a” of the composition map ¢ is

inside the open unit disk then the set

/ ’ /

{0,6(a), 0(a)¢ (a),0(a)(¢ (a))*, 0(a)(¢ (a))°, ...}

contains the spectrum.

Proof. 1t is well known that a compact operator on an infinite dimensional space
is not invertible hence 0 is in the spectrum.

Let A # 0 be an eigen value for Wy 4. Therefore there exist a function call it
f(2) # 0 holomorphic on unit disk such that

Woof(2) = Af(2)

0(2)f(0(2)) = Af(2) (4.1)

Let f have a zero of order n at a, i.e. f*(a) # 0 and f(a) = f(a) = ... =
f"a) = 0. If n = 0, then at z = a from equation(4.1) we have A = 6(a). For
n > 0, differentiate the equation(4.1) n times, then

n—1

D " ai(2) D (2) + 0(2) F " (6(2)) (¢ (2))" = Af(2) (4.2)

i=0
where f™ stands for the n** derivative of f and a;* are functions which consists

of various products of derivative of # and ¢. Now let us take z = a, Since f has a

zero of order of n at a, so the equation(4.2) becomes

n—1

> ai(a) f9(¢(a)) + 0(a) f ™ ((a)) (¢ (a)" = A" (a) (4.3)

=0
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using that a is a fixed point, finally we have A = 6(a)(¢'(a))”. So the above

computations shows that only possible eigenvalues are of the form 6(a)(¢ (a))™.
[

Theorem 4.2. Let Cf € B(H*(3)). Let X is an eigen value of C§ if |A| <

1
lim sup (6%) " where ¢(z) = z for every z in open unit disk.

Proof. Since A is an eigen value of C’g therefore there exist f # 0 such that

(C5N)(=) = Af(2) (4.4)
Let f(z) = ifnz". Then C{f(z) = i(n + 1) fur12" Using equation (4.4) we
get n=0 n=0
f2) =2 5t
n=0
Consider

AP =D 1582 =D IN/nlPIf 6,

n=0 n=0

Therefore the series in the above equation converges if
1

limsup (|]\"/n!?82)" <1

which implies that
|A| < lim sup(n!/ﬁn)%

Hence the result. O
Theorem 4.3. Lef C¢ € B(H*(B)). Let X is an eigen value of C4 if |\ <

n(n+1)

lim sup ("!“ ﬂnz ) , where ¢(z) = az for every z in open unit disk and a be any

real number.

Proof. Since A is an eigen value of C’g therefore there exist f # 0 such that

(CoN(2) = Af(2) (4.5)
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Let f(z2) = Z fn2".
n=0

Then C§f(z) = Z(n + 1) frnp1a"™2"

n=0

Using equation (4.5) we get

A?’L
f(z) = Z @fozn

o nla

Consider

o0 o0
n(n+1)
AP =D 1falBe =D A" /nla™ =PI 5,

Therefore the series in the above equation converges if

n(n+1)

lim sup <|/\”/n!a 2 |2572L>; <1

| n(n+1) %

, nla™ 2

|A| < limsup [ ————
Bn

Hence the result. O

which implies that

4.2 Spectra of generalized multiplication opera-

tors

In this section we will find the spectra of multiplication operators, generalized

multiplication operators on weighted Hardy spaces.

Theorem 4.4. Let My be a multiplication operator in H?(S). Then Iy(M,) C
{6(0)} is an eigen value of My iff 0(n) = 0 for every n > 1, where Ily(My) denotes

the set of eigen values of My. The reverse inclusion hold if 0 is a constant function.

Proof. Suppose X is an eigen value of My, Then there exist f € H?(3), such that

Myf = Af
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which implies that
0f =Af

But

n

Of)(n) =Y 0(n—k)f(k) (4.6)

k=0
> 0(n—k)f(k) = Af(n) (4.7)
k=0
For n = 0, we have
bofo = Afo

Then
A=0y iof  fo#O

In case, fy =0, then we take n = 1, so that

Oofi + 01 fo =Afi

This implies that 6y f; = Af; which further implies that 6, = A\ provided f; # 0.
Further if f; = 0, then we look for n = 2 in which case again we get 8, = A\ pro-
vided fy # 0. But f # 0, so there exist some ng € N such that f,, # 0. Repeating

the above proof for n = ng, we get

0o = A

Thus
ITo(My) € {6(0)}

For the reverse inclusion suppose 6, =0 V n > 1.
Take f = eg
Then

My f = Myey = M90€0 = bOoeo

therefore 6, is an eigen value of Mj. O
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Theorem 4.5. Let M{ € B(H*(8)) and 0(z) = az® V 2z € C, where a is any
number, then
na  for k=1

0 fork>2

Io(Mg) =
where n € N.

Proof. Suppose 0(z) = az®, For k =1 we have § = az (also 0, =0 V n#k)
Again for k = 1, first take A = na we show that Mg f = \f for some f € H*(3)
Take f = e,(= 2"), Then

Mgf = Gf/ = Qe;1 = aene, 1 = ane, = \f

Hence A = na is an eigen value
Therefore
{na:n € N} C (M)

Conversely suppose that A € TIy(M)
Then there exist f € H?() such that

My = \f
which implies

Of = \f

In other words

OéZ{fl +2f222+ ...... } = )\{f0+f12+f222+}

This implies that fo =0, «af; = Afi, so we have A =« if fi #0.1If f; =0,
we have 2af; = Afs or A =2a provided fo#0
Since f #0,s0 f(n) #0 for some neN

n—1

Comparing coefficients of 2", we have anf, = Af, which implies that

A =an
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Hence
A€ {an:neN}
Hence we can say that
(M) = {an :n € N}
For k = 2, we have 0(z) = az?
Now

(Mg f)(z) = (6f)(2) = A=

therefore

(JéZ2{f1 —|—2f22’2+ ...... } = )\{fo—{—fl(Z) —|—f2(2)2+}

Equating coefficients of like powers of z on both sides, we get
fo=0, fi=0, fo=0, and so on

Therefore there exist no non zero f such that MZf = \f
Hence
Iy (M) = B(emptyset)



Conclusion

The properties like Boundedness, Compactness, Isometry, Hermitian, Ajoint of
Generalized weighted composition operators on weighted Hardy spaces have been
obtained in this thesis. Since evaluation kernel gives the value of function at
any point in the open unit disk, so using the techniques of C. C. Cowen and G.
Gunatillake, We compute the adjoint of generalized composition operator, gener-
alized multiplication operator and generalized weighted composition operator on
weighted Hardy space have been characterized.

After introducing some important definitions and fundamental results for the
composition operators on different function spaces in Chapter I, the adjoint and
norm estimate of generalized weighted composition operators has been found in
the Chapter II. In general Differential operators on function spaces is not bounded
but in this chapter Differential and Anti-Differential operators boundedness on
weighted Hardy space have been discussed and found that in weighted Hardy space
we can make differential operator bounded. Properties of operator like Normal,

Hyponormal, Quasinormal are also discussed in the last part of Chapter II.

By assuming that product of inducing maps # : D — C and ¢ : C — C constituting
an orthogonal family the compactness and boundedness of generalized weighted
composition operator on weighted Hardy space have been discussed in Chapter

ITI. Fredhlom and Closed range for the operator has been given in this chapter.

In Chapter IV, spectra of generalized composition operator, generalized multiplica-

tion operator and generalized weighted composition operator have been discussed.

The thesis has a big scope of study for the researchers working in the area of
operator theory. In this thesis, We have initiated a study of generalized weighted
composition operators on weighted Hardy spaces. A lot more is yet to be explored.
Applications of weighted composition operators to other branches of Mathematical

sciences like Dynamical systems etc. are yet to be explored.
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