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Objectives:

To emphasize the role of the theory of functions of a complex variable, their geometric properties and indicating some applications.
Introduction covers complex numbers; complex functions; sequences and continuity; and differentiation of complex functions.
Representation formulas cover integration of complex functions; Cauchy's theorem and Cauchy's integral formula; Taylor series; and
Laurent series. Calculus of residues covers residue calculus; winding number and the location of zeros of complex functions; analytic
continuation.

To understand classical concepts in the local theory of curves and surfaces including normal, principal, mean, and Gaussian
curvature, parallel transports and geodesics, Gauss's theorem Egregium and Gauss-Bonnet theorem and Joachimsthal's theorem,

SYLLABUS

Complex Analysis and Differential Geometry

Tissot's theorem.

Sr. No. Content

1 Sequences and functions of complex variables, Continuity, Differentiability

2 Analytic functions, Cauchy-Riemann equations, Cauchy’s theorem and Cauchy’s
integral formula, Conformal mappings, Bilinear transformations

3 Power Series, Taylor’s series and Laurent’s series, Singularities, Liouville’s
theorem, Fundamental theorem of algebra.

4 Cauchy’s theorem on residues with applications to definite integral evaluation,
Rouche’s theorem, Maximum Modulus principle and Schwarz Lemma

5 Notation and summation convention, transformation law for vectors, Knonecker
delta, Cartesian tensors, Addition, multiplication, contraction and quotient law of
tensors,

6 Differentiation of Cartesians tensors, metric tensor, contra-variant, Covariant and
mixed tensors, Christoffel symbols, Transformation of christoffel symbols and
covariant differentiation of a tensor,

7 Theory of space curves: - Tangent, principal normal, binormal, curvature and
torsion, Serret-Frenet formulae Contact between curves and surfaces, Locus of
Centre of curvature, spherical curvature

8 Helices, Spherical indicatrix, Bertrand curves, surfaces, envelopes, edge of
regression, Developable surfaces, Two fundamental forms

9 Curves on a surface, Conjugate direction, Principal directions, Lines of Curvature,
Principal Curvatures, Asymptotic Lines, Theorem of Beltrami and Enneper,
Mainardi-Codazzi equations,

10 Geodesics, Differential Equation of Geodesic. Torsion of Geodesic, Geodesic

Curvature, Geodesic Mapping, Clairaut.s theorem, Gauss- Bonnet theorem,
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Objectives

After studying this unit, you will be able to:

) Discuss the meaning of geometry
) Explain the polar coordinates
Introduction

Let us hark back to the first grade when the only numbers you knew were the ordinary everyday
integers. You had no trouble solving problems in which you were, for instance, asked to find a
number x such that 3x = 6. You were quick to answer “2”. Then, in the second grade, Miss Holt
asked you to find a number x such that 3x = 8. You were stumped — there was no such “number”!
You perhaps explained to Miss Holt that 3 (2) =6 and 3 (3) =9, and since 8 is between 6 and 9, you
would somehow need a number between 2 and 3, but there isn’t any such number. Thus, you
were introduced to “fractions.”

These fractions, or rational numbers, were defined by Miss Holt to be ordered pairs of integers —
thus, for instance, (8, 3) is a rational number. Two rational numbers (1, m) and (p, q) were defined
to be equal whenever ng = pm. (More precisely, in other words, a rational number is an equivalence
class of ordered pairs, etc.) Recall that the arithmetic of these pairs was then introduced: the sum
of (n, m) and (p, q) was defined by

(n,m) + (p, q) = (nq + pm, mq),
and the product by

(n, m) (p, q) = (np, mq).

Subtraction and division were defined, as usual, simply as the inverses of the two operations.

In the second grade, you probably felt at first like you had thrown away the familiar integers and
were starting over. But no. You noticed that (1, 1) + (p, 1) = (n + p, 1) and also (1, 1)(p, 1) = (np, 1).
Thus, the set of all rational numbers whose second coordinate is one behave just like the integers.
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Notes

If we simply abbreviate the rational number (12, 1) by n, there is absolutely no danger of confusion:
2 + 3 =5 stands for (2, 1) + (3, 1) = (5, 1). The equation 3x = 8 that started this all may then be
interpreted as shorthand for the equation (3, 1) (1, v) = (8,1), and one easily verifies that x = (1, v)
= (8, 3) is a solution. Now, if someone runs at you in the night and hands you a note with 5
written on it, you do not know whether this is simply the integer 5 or whether it is shorthand for
the rational number (5, 1). What we see is that it really doesn’t matter. What we have “really”
done is expanded the collection of integers to the collection of rational numbers. In other words,
we can think of the set of all rational numbers as including the integers-they are simply the
rationals with second coordinate 1.

One last observation about rational numbers. It is, as everyone must know, traditional to write

n n
the ordered pair (1, m) as e Thus, n stands simply for the rational number 7’ etc.

Now why have we spent this time on something everyone learned in the second grade? Because
this is almost a paradigm for what we do in constructing or defining the so-called complex
numbers. Watch.

Euclid showed us there is no rational solution to the equation x* = 2. We were thus led to
defining even more new numbers, the so-called real numbers, which, of course, include the
rationals. This is hard, and you likely did not see it done in elementary school, but we shall
assume you know all about it and move along to the equation x* = -1. Now we define complex
numbers. These are simply ordered pairs (x, ) of real numbers, just as the rationals are ordered
pairs of integers. Two complex numbers are equal only when there are actually the same-that is
(x, y) = (u, v) precisely when x = u and y = v. We define the sum and product of two complex
numbers:

o y) (@ v)=x+uy+v)
and
(%, y) (u,v) = (xu-yv, xv + yu)
As always, subtraction and division are the inverses of these operations.
Now let’s consider the arithmetic of the complex numbers with second coordinate 0:
(x,0) + (u, 0) = (x + u, 0),
and
(%, 0) (u, 0) = (xu, 0).

Note that what happens is completely analogous to what happens with rationals with second
coordinate 1. We simply use x as an abbreviation for (x, 0) and there is no danger of confusion:
x + uis short-hand for (x, 0) + (u, 0) = (x + u, 0) and xu is short-hand for (x, 0) (u, 0). We see that our
new complex numbers include a copy of the real numbers, just as the rational numbers include
a copy of the integers.

Next, notice that x(u, v) = (u, v)x = (x, 0) (u, v) = (xu, xv). Now any complex number
z = (X, y) may be written

z=(xy)=(x0)+(0y)
=x+y(0,1)
When we let o = (0,1), then we have

2= (x,y)=x+ay

LOVELY PROFESSIONAL UNIVERSITY



Unit 1: Complex Numbers

Now, suppose z = (x, y) =x + ay and w = (u, v) = u + av. Then we have
zZw = (x + ay) (u + av)
=xu + a(xv + yu) + a’yv

We need only see what o? is: a? = (0, 1) (0, 1) = (-1, 0), and we have agreed that we can safely
abbreviate (-1, 0) as -1. Thus, o> = -1, and so

zZw = (xu - yv) + a(xv + yu)
and we have reduced the fairly complicated definition of complex arithmetic simply to ordinary
real arithmetic together with the fact that o = -1.
z
Let’s take a look at division-the inverse of multiplication. Thus, W stands for that complex

number you must multiply w by in order to get z . An example:

z X+ oy _X+O(y u-—oav

W u+4av u+ov u-av
_(xu+yv)+a(yu-xv)

u? +v?
_Xu+yv yu-—xv
u® +v? u’ +v?
[
Notes This is just fine except when u? + v? = 0; that is, when u = v = 0. We may, thus,
divide by any complex number except 0 = (0, 0).

One final note in all this. Almost everyone in the world except an electrical engineer uses the
letter i to denote the complex number we have called o. We shall accordingly use i rather than
o to stand for the number (0, 1).

1.1 Geometry

We now have this collection of all ordered pairs of real numbers, and so there is an uncontrollable
urge to plot them on the usual coordinate axes. We see at once that there is a one-to-one
correspondence between the complex numbers and the points in the plane. In the usual way, we
can think of the sum of two complex numbers, the point in the plane corresponding to z + w is
the diagonal of the parallelogram having z and w as sides:

Figure 1.1

z+w
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Notes

We shall postpone until the next section the geometric interpretation of the product of two
complex numbers.

The modulus of a complex number z = x + iy is defined to be the non-negative real number

\/X2 +y2, which is, of course, the length of the vector interpretation of z. This modulus is

traditionally denoted |z|, and is sometimes called the length of z.

i5
Notes [(x,0)] = I = x|, and so |« | is an excellent choice of notation for the
modulus.

The conjugate z of a complex number z = x + iy is defined by z = x - iy. Thus, |z|2 = zz.
Geometrically, the conjugate of z is simply the reflection of z in the horizontal axis:

Figure 1.2

ma|

Observe that if z = x + iy and w = u + iv, then

(z+w) =(x+u)-i(y +v)
= (x-iy) * (u - V)

Z+W

In other words, the conjugate of the sum is the sum of the conjugates. Itis also true that zw =z w.
If z = x + iy, then x is called the real part of z, and y is called the imaginary part of z. These are

usually denoted Re z and Im z, respectively. Observe then that z+ z =2 Rezand z - z =2 Imz.

Now, for any two complex numbers z and w consider

|z+w|2= (z+W)(z+W)=(z+W)(z+W)

27+ (WZ +WZ) + Ww

= |z]* 12Re(wz)+|w[*
SlzPP+2z] [w] + [w[?=(]z] + |w])?
In other words,

z+w|<|z] + |w]

LOVELY PROFESSIONAL UNIVERSITY



Unit 1: Complex Numbers

the so-called triangle inequality. (This inequality is an obvious geometric fact-can you guess
why it is called the triangle inequality?)

1.2 Polar coordinates

Now let’s look at polar coordinates (r, ) of complex numbers. Then we may write z = r(cos 0 +
i sin 0). In complex analysis, we do not allow r to be negative; thus, r is simply the modulus of
z. The number 6 is called an argument of z, and there are, of course, many different possibilities
for 6. Thus, a complex numbers has an infinite number of arguments, any two of which differ by
an integral multiple of 2n. We usually write 6 = arg z. The principal argument of z is the unique
argument that lies on the interval (-, 7).

' Example: For 1 - i, we have
7n 7n
1-i=+2 — |+isin| —
i \/—(cos( 1 J 1sm( 1 ))
= ﬁ(cos(—gj+isin[—gj)
975) . . (39975)
+isin 4 )

n T
is an argument of 1 - i, but the principal argument is T

_h (COS(39

7T T
Each of the numbers R and "

Suppose z = r(cos 6 +isin 0) and w = s(cos & + i sin &). Then
zw =1(cos 0 +1isin 0) s(cos & + i sin &)
= rs[(cos 0 cos x - sin O sin x) + i(sin O cos & + sin & cos 6)]
=rs(cos(0 + &) +isin (0 + &)

We have the nice result that the product of two complex numbers is the complex number whose
modulus is the product of the moduli of the two factors and an argument is the sum of arguments
of the factors. A picture:

Figure 1.3

We now define exp(if), or e by

el®=cos O +isin O

LOVELY PROFESSIONAL UNIVERSITY
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We shall see later as the drama of the term unfolds that this very suggestive notation is an
excellent choice. Now, we have in polar form

z =re®,

where r = | z| and 0 is any argument of z. Observe we have just shown that

elf @it = @i(0+8)

It follows from this that e e® = 1. Thus,

It is easy to see that

= =T (cos(8—&) +isin(6 &)
se S

1.3 Summary

The modulus of a complex number z = x + iy is defined to be the nonnegative real number

\IXZ + y2 » which is, of course, the length of the vector interpretation of z.

The conjugate z of a complex number z = x + iy is defined by z = x - iy.
In other words, the conjugate of the sum is the sum of the conjugates. It is also true that
zw=zw. [fz=x+ iy, then x is called the real part of z, and y is called the imaginary part

of z. These are usually denoted Re z and Im z, respectively. Observe then that z + z =2 Rez

andz- z =2Imz.

Now, for any two complex numbers z and w consider
|z+w|2= (z+W)(z+W)=(z+W)(z+W)

2Z+(WZ +WzZ) + Ww

|z +2Re(wz)+|w [*

SlzPP+2)zf |w] + |w[?=(]z] + |w])?
In other words,
lz+w]|<|z]+[w]

the so-called triangle inequality. (This inequality is an obvious geometric fact-can you
guess why it is called the triangle inequality?)

We shall see later as the drama of the term unfolds that this very suggestive notation is an
excellent choice. Now, we have in polar form
z = re®,
wherer = |z| and 6 is any argument of z. Observe we have just shown that
eif git = @i®+d)

It follows from this that € e® = 1. Thus

LOVELY PROFESSIONAL UNIVERSITY



Unit 1: Complex Numbers

It is easy to see that

=—7 =—(cos(6-&)+isin(6 —&))

1.4 Keywords

Modulus: The modulus of a complex number z = x + iy is defined to be the non-negative real

number \/XZ + y'2 » which is, of course, the length of the vector interpretation of z.

Argument: Polar coordinates (r, ) of complex numbers. Then we may write z = r(cos 0 + i sin 0).
In complex analysis, we do not allow r to be negative; thus, r is simply the modulus of z. The
number 0 is called an argument of z, and there are, of course, many different possibilities
for 6.

1.5 Self Assessment

1. The .cccovvuvnneee. of a complex number z = x + iy is defined to be the nonnegative real number

\/XZ + y2 » which is, of course, the length of the vector interpretation of z.

2. The conjugate z of a complex number z = x + iy is defined by ...................

3. Itis also true that zw =z w. If z = x + iy, then x is called the real part of z, and y is called the
................... of z

4 A has an infinite number of arguments, any two of which differ by an integral

multiple of 2.

1.6 Review Questions

1.  Find the following complex numbers in the form x + iy:
@ (-7 (-2+30) (b) (-1
(5+2i) g 1
@ “an @ 5

2. Find all complex z = (x, y) such that
22+z+1=0

3. Prove thatif wz=0,thenw =0orz=0.

4. (a) Prove that for any two complex numbers, zw =z w.

(b) Prove that (Ej =z
w

w
(c) Provethat||z|-|w]|]|<]|z-w].

z|_I

5. Prove that |zw | = |z| |w| and that |—|=:—.

wi o [wl

LOVELY PROFESSIONAL UNIVERSITY
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10.
11.
12.

Sketch the set of points satisfying

(@ |z-2+3i| =2 (b) |z+2i|<1

() Re(z+i)=4 (@) lz-1+2i] = [z+3+i]

() |z+1|+|z-1|=4 (f) |z+1|-|z-1| =4

Write in polar form re:

(@ i (b) 1+i

© -2 d) -3i

(e) 3+3i

Write in rectangular form —no decimal approximations, no trig functions:
(a) 2ei3n: (b) eil()()n

(C) 10ei/6 (d) ﬁ @i5T/4

(@) Find a polar form of (1 +1) (1+i/3).

(b)  Use the result of a) to find cos [%j and sin (%j .

Find the rectangular form of (1 + i)',
Find all z such that z* = 1. (Again, rectangular form, no trig functions.)

Find all z such that z* = 16i. (Rectangular form, etc.)

Answers: Self Assessment

1.

modulus 2.z =x-iy

imaginary part 4. complex numbers

1.7 Further Readings

N

Books Ahelfors, D.V. : Complex Analysis

Conway, J.B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H.Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 2: Complex Functions

CONTENTS

Objectives

Introduction

21 Functions of a Real Variable

2.2 Functions of a Complex Variable
2.3 Derivatives

24 Summary

25 Keywords

2.6 Self Assessment

2.7 Review Questions

2.8 Further Readings

Objectives

After studying this unit, you will be able to:

) Explain the function of a complex variable

) Describe the functions of a complex variable
) Define derivatives

Introduction

There are equations such as x? + 3 =0, x* - 10x + 40 = 0 which do not have a root in the real number
system R . There does not exist any real number whose square is a negative real number. If the
roots of such equations are to be determined then we need to introduce another number system
called complex number system. Complex numbers can be defined as ordered pairs (x, y) of real
numbers and represented as points in the complex plane, with rectangular coordinates x and y.
In this unit, we shall review the function of the complex variable.

2.1 Functions of a Real Variable

A functiony: I —» C from a set I of reals into the complex numbers C is actually a familiar concept
from elementary calculus. It is simply a function from a subset of the reals into the plane, what
we sometimes call a vector-valued function. Assuming the function y is nice, it provides a vector,
or parametric, description of a curve. Thus, the set of all {y(t) : y(t) = e =cos t +isin t=(cos t, sin t),
0 < t < 2nmj} is the circle of radius one, centered at the origin.

We also already know about the derivatives of such functions. If y(t) = x(t) + iy(t), then the
derivative of y is simply y'(t) = X' (t) + iy’ (t), interpreted as a vector in the plane, it is tangent to the
curve described by y at the point y(t).

LOVELY PROFESSIONAL UNIVERSITY
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' Example 1: Let y(t) = t + it?, -1 <t <1. One easily sees that this function describes that part
of the curve y = x* between x = -1 and x = 1:

Another example. Suppose there is a body of mass M “fixed” at the origin-perhaps the sun-and
there is a body of mass m which is free to move-perhaps a planet. Let the location of this second
body at time t be given by the complex-valued function z(t). We assume the only force on this
mass is the gravitational force of the fixed body. This force f is thus,

(= GMm [ z(t) ]
20 L [=(0)

where G is the universal gravitational constant. Sir Isaac Newton tells us that

mz"(t) = f = GMT[ Y J

20"\ [2(0)
Hence,
. GM
ENE
2]
Next, let’s write this in polar form, z = re®®:
dz i0 k i0
—(re”)=—-—e
dt? (re™) r’

where we have written GM = k. Now, let’s see what we have.

%(reie) :r%(emh%eie

Now,

d i0
o (re"™)

i(cose +1isin0)
dt

(—sin®+1i COSG)@
dt

= i(cos® +isin6)%

.do
=i—e".
dt

(Additional evidence that our notation e® = cos 6 + i sin 6 is reasonable.)

10 LOVELY PROFESSIONAL UNIVERSITY



Unit 2: Complex Functions

Thus,
i i0 i i0 i i0
dt( ) _rdt(e ) dt
= r(i@eiej+£ i0
dt dt
(dr . de) o
=| —+ir—
dt dt
Now,
d? dr .drde . d%) , (dr . de).do ,
—5(e") = | —+i——+ir— |e" +| —+ir— |i—e
dt dt dt dt dt dt dt ) dt

d’r (de)z ( d%
= -3 Irf— +1 riz +
dt dt dt

zg@ el®
dt dt
2 . k .
ﬁ(rele)=—rje'9 becomes

dt
d?r (de)Z ( d%
— I | |ti|r— =+
dt dt dt

This gives us the two equations

Now, the equation

5

zdrdG] k

dtdt) r

d’r r(dejz _k

2/

de \dt r
and,
d*0 _drde
riz —_—= 0
dt dt dt

Multiply by r and this second equation becomes

i[rz ﬁ) =0
dt\ dt

This tells us that

,de
a=r —
dt

is a constant. (This constant a is called the angular momentum.) This result allows us to get rid

de
of at in the first of the two differential equations above:

d’r r(&)z __k
de? r r?

or

LOVELY PROFESSIONAL UNIVERSITY
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dr o’k

e

Although this now involves only the one unknown function r, as it stands it is tough to solve.
Let’s change variables and think of r as a function of 6. Let’s also write things in terms of the

1
function s=—. Then,
r

d _ dod od

dt dtdo r>de’
Hence,

dr adr ds

dt rdo do’
and our differential equation looks like

2

d’r o d’s
— - a—g =-o’s’— —a’s’ =—ks?,
dt de
or,
de* = o

This one is easy. From high school differential equations class, we remember that

s=1=Acos(6+(p)+£2,
r o

where A and ¢ are constants which depend on the initial conditions. At long last,

e a’/k
1+¢&cos(0+ @)

where we have set ¢ = Aa?/k. The graph of this equation is, of course, a conic section of
eccentricity .

2.2 Functions of a Complex Variable

The real excitement begins when we consider function f: D — C in which the domain D is a
subset of the complex numbers. In some sense, these too are familiar to us from elementary
calculus —they are simply functions from a subset of the plane into the plane:

f(z) =f(x y) =ulx, y) +iv(x, y) = (ulx, y), v(x, y))

Thus, f(z) = z* looks like f(z) = z* = (x + iy)* = x> - y* + 2xyi. In other words, u(x, y) = x* - y* and
v(x, y) = 2xy. The complex perspective, as we shall see, generally provides richer and more
profitable insights into these functions.

The definition of the limit of a function fat a point z = z, is essentially the same as that which we
learned in elementary calculus:

limf(z)=L

z—7g

LOVELY PROFESSIONAL UNIVERSITY
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means that given an ¢ >0, there is a d so that |f(z) -L | <e whenever0< |z -z, | <3. Asyou could Notes

guess, we say that f is continuous at z if it is true that lim f(z) = f(z,). If f is continuous at each
727

point of its domain, we say simply that f is continuous.

Suppose both lim f(z) = lim g(z) exist. Then the following properties are easy to establish:

727

lim[f(z) + g(z)] = lim f(z) + lim g(z)

z—7 z—7g z2—7)

lim[f(z)g(z)] = lim f(z) lim g(2)

z—7g z—>7g z—7g

and

f(z) lim f(z)

hm \L) _ 2oz

2z g(z)  limg(z)

provided, of course, that limg(z) # 0.

z—7,

It now follows at once from these properties that the sum, difference, product, and quotient of
two functions continuous at z, are also continuous at z,. (We must, as usual, except the dreaded
0 in the denominator.)

It should not be too difficult to convince yourself that if z = (x, y), z, = (x,, ¥,), and f(z) =
u(x, y) +iv(x, y), then

limf(z)= lim u(x,y)+i lm v(x,y)

z2 (x,y)=(x0,¥0) (x,y)=>(x0¥o0
Thus, f is continuous at z, = (x,, y,) precisely when u and v are.
Our next step is the definition of the derivative of a complex function f. It is the obvious thing.

Suppose f is a function and z, is an interior point of the domain of f. The derivative f (z)) of fis

f|(Z0) =lim f(Z) —f(ZO)

z=279 z—-Z,

Example 2:

Suppose f(z) = z%. Then, letting Az = z - z, we have

lim {@=fz) i 20+ A7)~ £(z,)

2% Z—12Z Az—0 Az

22
m f(z, +Az)" —z;

= li
Az—0 Az
- lim 27,Az +(Az)?
Az—0 Az
= iirg})(Zzo +Az)
=2z,

No surprise here-the function f(z) = z? has a derivative at every z, and it’s simply 2z.

LOVELY PROFESSIONAL UNIVERSITY 13



Complex Analysis and Differential Geometry

14

Another Example
Letf(z) = zz. Then,

i £+ 82) = f(z,) _ . (20 + Az)(z, +Az) - 2,20

Az—0 Az Az—0 Az
. 2yAZ)+20Az+ AzAz
= lim
Az—0 Az

- — A
= lim [Zo +Az+2z, Z]
Az—0 Az

Suppose this limit exists, and choose Az = (Ax, 0). Then,
(= = A (= A
hm[Zo +Az+2z, ZJ = hm(zo + Ax +ZO—X)
Az—0 Az Ax—0 Az

= Zo+2Z,

Now, choose Az = (0, Ay). Then,

lim[Zo +Az+z, izj

Az—0 V4

— 1A
lim| zo +1Ax -z, Q
Ax—0 lAy

= Z0-2,

Thus, we must have zo +z, =zo —z,, or z, = 0. In other words, there is no chance of this limit’s

existing, except possibly at z, = 0. So, this function does not have a derivative at most places.

Now, take another look at the first of these two examples. It looks exactly like what you did in
Mrs. Turner’s 3rd grade calculus class for plain old real-valued functions. Meditate on this and
you will be convinced that all the “usual” results for real-valued functions also hold for these
new complex functions: the derivative of a constant is zero, the derivative of the sum of two
functions is the sum of the derivatives, the "product” and ”quotient” rules for derivatives are
valid, the chain rule for the composition of functions holds, etc., For proofs, you need only go
back to your elementary calculus book and change x’s to z’s.

A bit of jargon is in order. If f has a derivative at z, we say that f is differentiable at z. If f is
differentiable at every point of a neighborhood of z,, we say that f is analytic at z,. (A setSis a
neighborhood of z if thereisa disk D={z: |z-z,| <1,1 >0} so that D cS. If fis analytic at every
point of some set S, we say that f is analytic on S. A function that is analytic on the set of all
complex numbers is said to be an entire function.

2.3 Derivatives

Suppose the function f given by f(z) = u(x, y) +iv(x, y) has a derivativeatz =z, = (x,, y,). We know
this means there is a number f'(z) so that

f(z, + Az) - {(z,)

fieg) = lim 10

LOVELY PROFESSIONAL UNIVERSITY
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Choose Az = (Ax, 0) = Ax. Then, Notes
o = tim (e 42)=1(0)
Az—0 Az

lim u(x, + Ax,y,) +iv(x, + A, y,) = u(xy, yo) —iv(Xy,¥,)
Az—0 AX

= lim|:u(x‘) +AX,y,) = u(X +¥,) +i V(XU/AX/YO)_V(XOIYO):|
Ax AX

Az—0

ou . OV
= &(XU’YO)+1&(XO'YO)
Next, choose Az = (0, Ay) =iAy. Then,

f/(ZU) = %113}) f(ZO + AAZZ) - f(ZO)

= lim u(xy, yo +Ay) +iv(X,, ¥y + Ay) — u(Xy, ¥o) —iv(Xo,¥)
Ay—0 1Ay

= lim V(X Yo +AY) — (X, ¥,) _iu(xof}’o +Ay) —u(Xy,y,)

Ay—0 iAy Ay
ov .o0u
= 5()(0’}]0) _IE(XO’YO)

We have two different expressions for the derivative f'(z), and so

ov .ou ov .ou
&(XO/YO)J"l@(XUIYO) = %(XO/YO)_IE(XO/YU)
or,

ou ov

&(XOIYO) = %(XorYO)r

ou .oV
&(XO’YO) = *laix(xo'}’o)

These equations are called the Cauchy-Riemann Equations.

We have shown that if f has a derivative at a point z, then its real and imaginary parts satisfy
these equations. Even more exciting is the fact that if the real and imaginary parts of f satisfy
these equations and if in addition, they have continuous first partial derivatives, then the function
f has a derivative. Specifically, suppose u(x, y) and v(x, y) have partial derivatives in a
neighborhood of z, = (x, y,), suppose these derivatives are continuous at z, and suppose

ou ov
&(XO’YO) = %(Xor}’o)/

ou ou
%(XOI}’O) = &(XO’YO)
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We shall see that f is differentiable at z.

_ f(zy +Az) - {(z,)
- Az

_ [u(xy + Ax, y, + Ay) —u(Xo, ¥o)] +i[v(xy + AX, y, + Ay) = (X, ¥o)]
Ax +1iAy

Observe that

u(xo +Ax, Yo + AY) - u(X0’ Yg) = [u(xo +Ax, Yo + AY) - u(xo’ Yo + AY)] + [u(xo/ Yo + AY) - u(xolyU]-
Thus,

ou
u(x, + Ax, y, + Ay) —u(x, y, + Ay) = Ax&(é,y[J + Ay),

and,
ou ou
— (& yo+Ay) = — (X0, ¥0) + &1,
ox 0x
where
lime, =0.
Az—0
Thus,

ou
o+ %, 89) =l 3+ 89) = x| S v0) o |

Proceeding similarly, we get

_ f(zy +Az) - {(z,)
B Az

_ [u(xo + A%, ¥, +Ay) —u(X,, o) +ilv(xy + AX, ¥, + Ay) = v(Xo, o))

Ax +iAy
du .dv . du .dv .
AX|:7(X0/Y0) +e +i——(%y,¥y) ‘ng:l +AY| (X, ¥0) + & +i—(Xy,¥,) +i&y
B dx dx dy dy
N Ax +iAy "

where & — 0 as Az — 0. Now, unleash the Cauchy-Riemann equations on this quotient and
obtain,

f(z, + Az) - {(z,)
Az

[au .av} . [E}u .av}

AX| —+i— |+iAy| —+i—

ox_ 0x ox  ox|, stuff
Ax +iAy Ax +iAy
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{5711 iav} stuff Notes
T lex ox

B Ax+iAy
Here,
stuff = Ax(g, +ig,) + Ay (g, + ig,).

It’s easy to show that

. stuff
lim =

Az—>0 Az

O/

and

lim f(z, + Az)—{(z,) =@+i@.
Az—0 Az OX oOx

In particular we have, as promised, shown that f is differentiable at z.

Example 3:

Let’s find all points at which the function f given by f(z) = x* - i(1 - y)?® is differentiable. Here we
have u =x*and v = - (1 - y)®. The Cauchy-Riemann equations, thus, look like

3x*=3(1-y)? and
0=0.

The partial derivatives of u and v are nice and continuous everywhere, so f will be differentiable
everywhere the C-R equations are satisfied. That is, everywhere

x? = (1 - y)% that is, where
x=1-y,orx=-1+y.

This is simply the set of all points on the cross formed by the two straight lines
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2.4 Summary

° A function y : I - C from a set I of reals into the complex numbers C is actually a familiar
concept from elementary calculus. It is simply a function from a subset of the reals into the
plane, what we sometimes call a vector-valued function. Assuming the function y is nice,
it provides a vector, or parametric, description of a curve. Thus, the set of all {y(t) : y(t) = ™
=cos t+1isint = (cos t, sint), 0 <t < 2x} is the circle of radius one, centered at the origin.

We also already know about the derivatives of such functions. If y(t) = x(t) + iy(t), then the
derivative of y is simply y'(t) = x'(t) + iy’(t), interpreted as a vector in the plane, it is tangent
to the curve described by y at the point y(t).

° The real excitement begins when we consider function f : D — C in which the domain D is
a subset of the complex numbers. In some sense, these too are familiar to us from elementary
calculus —they are simply functions from a subset of the plane into the plane:

f(z) = f(x y) =ulx, y) +iv(x, y) = (ulx, y), v(x, y))

Thus f(z) = z* looks like f(z) = z> = (x + iy)? = x* - y* + 2xyi. In other words, u(x, y) = x> - y?
and v(x, y) = 2xy. The complex perspective, as we shall see, generally provides richer and
more profitable insights into these functions.

The definition of the limit of afunction f & a point z = z, is essentially the same as that
which we learned in elementary calculus:

lim f(z) =L

z—7g

2.5 Keywords

Elementary calculus: A function y : I — C from a set I of reals into the complex numbers C is
actually a familiar concept from elementary calculus.

Limit of a function: The definition of the limit of a function f at a point z = z is essentially the
same as that which we learned in elementary calculus.

Derivatives: Suppose the function f given by f(z) = u(x, y) + iv(x, y) has a derivative at z = z, =
(Xy ¥,)- We know this means there is a number f'(z) so that

f'(Z ) = lim f(ZO + AZ) _f(ZO)
0 Az—0

Az

2.6 Self Assessment

1. A function y : I - C from a set I of reals into the complex numbers C is actually a familiar
concept from ........cccceeeeueee

2. The real excitement begins when we consider function ...................... in which the domain
D is a subset of the complex numbers.

3. Thedefinition of the ...................... f ata point z = z is essentially the same as that which we
learned in elementary calculus.

4.  Iffhas a derivative at z, we say that fis ...................... atz,.

5. Suppose the function f given by f(z) = u(x, y) +iv(x, y) has a derivative at z = z = (x,, y,). We
know this means there is a number f'(z ) so that .....................
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Answers: Self Assessment Notes
1. Elementary calculus 2. f:D>cC
3. Limit of a function 4. Differentiable

f(z, + Az) —f(z,)

5 e = lim T

2.7 Review Questions

1. (a)  What curve is described by the function y(t) = 3t + 4) +i(t-6), 0<t<1?
(b) Suppose z and w are complex numbers. What is the curve described by

Y() = (1-tw +tz,0<t<1?

2. Find a function vy that describes that part of the curve y = 4x® + 1 between x = 0 and x = 10.
3. Find a function y that describes the circle of radius 2 centered atz =3 - 2i .
4. Note that in the discussion of the motion of a body in a central gravitational force field, it

was assumed that the angular momentum a is nonzero. Explain what happens in case
a= 0.

5. Suppose f(z) = 3xy +i(x - y?). Find Iignz,f(z), or explain carefully why it does not exist.
6. Prove that if f has a derivative at z, then f is continuous at z.

7. Find all points at which the valued function f defined by f(z) = z has a derivative.
8. Find all points at which the valued function f defined by
f(z) = (2+i)Z° -iz> + 4z - (1 + 7i)
has a derivative.

9.  Is the function f given by

differentiable at z = 0? Explain.
10. At what points is the function f given by f(z) = x* + i(1 - y)® analytic? Explain.
11.  Find all points at which f(z) = 2y - ix is differentiable.

12.  Suppose f is analytic on a connected open set D, and {'(z) = 0 for all z € D. Prove that f is
constant.
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Notes 13.  Find all points at which

X . X

f(z) =

X2 + y2 XZ + y2
is differentiable. At what points is f analytic? Explain.

14. Suppose f is analytic on the set D, and suppose Re f is constant on D. Is f necessarily
constant on D? Explain.

15. Suppose f is analytic on the set D, and suppose |f(z)| is constant on D. Is f necessarily
constant on D? Explain.

2.8 Further Readings

N

Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H.Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 3: Elementary Functions Notes

CONTENTS

Objectives

Introduction

3.1 The Exponential Function

3.2  Trigonometric Functions

3.3 Logarithms and Complex Exponents
3.4 Summary

35 Keywords

3.6 Self Assessment

3.7 Review Questions

3.8  Further Readings

Objectives

After studying this unit, you will be able to:

) Define exponential function

) Discuss the trigonometric functions

) Describe the logarithms and complex exponents
Introduction

As we know, Complex functions are, of course, quite easy to come by — they are simply ordered
pairs of real-valued functions of two variables. We have, however, already seen enough to
realize that it is those complex functions that are differentiable are the most interesting. It was
important in our invention of the complex numbers that these new numbers in some sense
included the old real numbers — in other words, we extended the reals. We shall find it most
useful and profitable to do a similar thing with many of the familiar real functions. That is, we
seek complex functions such that when restricted to the reals are familiar real functions. As we
have seen, the extension of polynomials and rational functions to complex functions is easy; we
simply change x’s to z’s. Thus, for instance, the function f defined by :

z2+z+1
z+1

f(z) =

has a derivative at each point of its domain, and for z = x + 0i, becomes a familiar real rational
function :

xP+x+1
x+1

f(x)

What happens with the trigonometric functions, exponentials, logarithms, etc., is not so obvious.
Let us begin.
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3.1 The Exponential Function

Let the so-called exponential function exp be defined by
exp(z) = ex(cosy +isiny),

where, as usual, z = x + iy. From the Cauchy-Riemann equations, we see at once that this function
has a derivative every where—it is an entire function. Moreover,

%exp(z) =exp(z).

Note next that if z = x + iy and w = u + iv, then

exp(z + w) =e**"[cos(y + V) + i sin(y + V)]

=e*e"[cos y cos v - sin y sin v + i(sin y cos v + cos y sin v)]
=e*e’(cos y +1isin y) (cos v + i sin v)
= exp(z) exp(w).

We, thus, use the quite reasonable notation e* = exp(z) and observe that we have extended the
real exponential e* to the complex numbers.

' Example: Recall from elementary circuit analysis that the relation between the voltage
drop V and the current flow I through a resistor is V = RI, where R is the resistance. For an

dl av
inductor, the relationis V=L i where L is the inductance; and for a capacitor, C ar I, where

C is the capacitance. (The variable t is, of course, time.) Note that if V is sinusoidal with a
frequency o, then so also is I. Suppose then that V = A sin(ot + ¢). We can write this as
V = Im(Aee™) = Im(Be), where B is complex. We know the current I will have this same form:
I=1Im (Ce*). The relations between the voltage and the current are linear, and so we can consider
complex voltages and currents and use the fact that e = cos of + i sin ot. We, thus, assume a more
or less fictional complex voltage V, the imaginary part of which is the actual voltage, and then
the actual current will be the imaginary part of the resulting complex current.

What makes this a good idea is the fact that differentiation with respect to time ¢ becomes simply

d . . .
multiplication by iw: EAe“‘” = jwtAe. If I = be'™, the above relations between current and

1
voltage become V = ioLI for an inductor, and ioVC =1, or V = oC for a capacitor. Calculus is

thereby turned into algebra. To illustrate, suppose we have a simple RLC circuit with a voltage
source V = a sin ot. We let E = ge™.

Then the fact that the voltage drop around a closed circuit must be zero (one of Kirchoff’s
celebrated laws) looks like
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. I .
ioLl + — + Rl = ae'", or
i®

ioLb+ .L+Rb =a
ioC

Thus,

In polar form,

where

Hence,

a
2
\/R2 + (ooL —ij
oC

=sin(ot +¢)

ei((ut+(p)

I =Im(be)=Im

a

\/ R*+ [c)L - ij

oC
This result is well-known to all, but it is hoped that you are convinced that this algebraic
approach afforded us by the use of complex numbers is far easier than solving the differential

equation. You should note that this method yields the steady state solution—the transient
solution is not necessarily sinusoidal.

3.2 Trigonometric Functions

Define the functions cosine and sine as follows:

eiz + efiz
cosz= —_—
2
) el/ _ e—i/
smz = .
2i

where we are using e* = exp(z).

First, let’s verify that these are honest-to-goodness extensions of the familiar real functions,
cosine and sine-otherwise we have chosen very bad names for these complex functions.

LOVELY PROFESSIONAL UNIVERSITY

Notes

23



Complex Analysis and Differential Geometry

24

Notes

So, suppose z = x + 0i = x. Then,
X = cos x + 1 sin x, and

e™ = cos x -1 sin x.

Thus,
eix + e—ix
COSX= —_—
2
) ix _ e—ix
SMX= ——
2i

Next, observe that the sine and cosine functions are entire-they are simply linear combinations
of the entire functions e and e’*. Moreover, we see that

. d .

—sinz = cosz,and—cosz = —sinz,
dz dz

just as we would hope.

It may not have been clear to you back in elementary calculus what the so-called hyperbolic sine
and cosine functions had to do with the ordinary sine and cosine functions.

Now perhaps it will be evident. Recall that for real t,

t —t t

. e'— e'+e
sinht= ,and cosh t=

Thus,

Similarly,
cos (it) = cos ht.

Most of the identities you learned in the 3rd grade for the real sine and cosine functions are also
valid in the general complex case. Let’s look at some.

1 . » . .
sin’z + cos?z = Z[—(e'Z —e ) +(e"+e ‘Z)2]
_ i[_eziz + Zeize—iz _e—Ziz +e2iz +2eize—iz +e—Ziz]

1
=-(2+2)=1
12+2)

It is also relative straight-forward and easy to show that:
sin(z + w) = sin z cos w * cos z sin w, and

cos(ztw)=coszcosw F sinzsinw
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Other familiar ones follow from these in the usual elementary school trigonometry fashion. Notes
Let’s find the real and imaginary parts of these functions:

sin z = sin(x + iy) = sin x cos(iy) + cos x sin (iy)
=sin x cos hy + i cos x sin hy.

In the same way, we get cos z = cos x cos h y - i sin x sin hy.

3.3 Logarithms and Complex Exponents

In the case of real functions, the logarithm function was simply the inverse of the exponential
function. Life is more complicated in the complex case —as we have seen, the complex exponential
function is not invertible.

There are many solutions to the equation e* = w.
If z # 0, we define log z by
logz=In|z| +iargz.

There are thus many log z’s; one for each argument of z. The difference between any two of these
is, thus, an integral multiple of 2xi. First, for any value of log z we have

elogz = glnlz|+iarg z = glnlz|giargz = 5
This is familiar. But next there is a slight complication:
log(e”) =Ine*+iarge*=x+y(y + 2kn)i
=z + 2kmi,
where k is an integer. We also have
log(zw) =In(|z| |w|) +1iarg(zw)
=In|z| +iargz+In|w| +iargw + 2kmi
=log z + log w + 2kni
for some integer k.

There is defined a function, called the principal logarithm, or principal branch of the logarithm,
function, given by

Logz=In|z| +iArgz,

where Arg z is the principal argument of z. Observe that for any log z, it is true that log z =
Log z + 2kni for some integer k which depends on z. This new function is an extension of the real
logarithm function:

Logx=Inx+iArgx =Inx.

This function is analytic at a lot of places. First, note that it is not defined at z = 0, and is not
continuous anywhere on the negative real axis (z = x + 0i, where x < 0). So, let’s suppose
z, = x, + iy, where z is not zero or on the negative real axis, and see about a derivative of
Logz:

lim Log z—-Log z, — lim Log z—-Log z,

z—7g Z — ZU z-zp @

logz log z,
g 7egﬂ
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Now if we let w = Log z and w, = Log z,, and notice that w — w as z — z, this becomes

-W,

lim Logz-Logz, ~ lim

z-z, z-127, wow, @V — "o

Thus, Log is differentiable at z,, and its derivative is —.
Zy

We are now ready to give meaning to z¢, where c is a complex number. We do the obvious and
define
7¢ = e° log z

There are many values of log z, and so there can be many values of z°. As one might guess,
etos” jg called the principal value of z-.

Note that we are faced with two different definitions of z° in case c is an integer. Let’s see, if we
have anything to unlearn. Suppose c is simply an integer, ¢ = n. Then

gz = en logz = en(Log z + 2kni)

= enLog z eanrLi = enLog z

There is, thus, just one value of z", and it is exactly what it should be: e"'v8% = | z | "e™ 3= ]t is easy
to verify that in case c is a rational number, z° is also exactly what it should be.

Far more serious is the fact that we are faced with conflicting definitions of z* in case z = e. In the
above discussion, we have assumed that e* stands for exp(z). Now we have a definition for e* that
implies that e” can have many values. For instance, if someone runs at you in the night and hands
you a note with e'/? written on it, how do you know whether this means exp(1/2) or the two

values /e and —e? Strictly speaking, you do not know. This ambiguity could be avoided, of
course, by always using the notation exp(z) for e*e?, but almost everybody in the world uses e*
with the understanding that this is exp(z), or equivalently, the principal value of e*. This will be
our practice.

3.4 Summary

° Let the so-called exponential function exp be defined by
exp(z) = ex(cosy +isiny),

where, as usual, z = x + iy. From the Cauchy-Riemann equations, we see at once that this
function has a derivative every where—it is an entire function. Moreover,

%exp(z) =exp(z).

Note next that if z = x + iy and w = u + iv, then
exp(z + w) =e**"[cos(y + v) + i sin(y + V)]

=e*e"[cos y cos v - sin y sin v + i(sin y cos v + cos y sin v)]

e’(cos y +1isiny) (cos v + i sin v)
p(z) exp(w).

e
e

X,
X
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We, thus, use the quite reasonable notation e = exp(z) and observe that we have extended Notes
the real exponential e* to the complex numbers.

° First, let’s verify that these are honest-to-goodness extensions of the familiar real functions,
cosine and sine-otherwise we have chosen very bad names for these complex functions.

So, suppose z = x + 0i = x. Then,
e = cos x +1sin x, and

e =cos x —1isin x.

Thus,
elX + e—ix
cos X = ,
2
) ix e—ix
sinx= ————
2i
° In the case of real functions, the logarithm function was simply the inverse of the exponential

function. Life is more complicated in the complex case —as we have seen, the complex
exponential function is not invertible.

There are many solutions to the equation e* = w.
If z # 0, we define log z by
logz=In|z| +iargz.

) There are many values of log z, and so there can be many values of z°. As one might guess,
ecs s called the principal value of z-.

Note that we are faced with two different definitions of z° in case c is an integer. Let’s see
if we have anything to unlearn. Suppose c is simply an integer, ¢ = n. Then

zh = en]ogz = en(Logz + 2kmi)

= enLng z eanni = enLog z

There is, thus, just one value of z", and it is exactly what it should be: e™82 = |z | reira8= t
is easy to verify that in case c is a rational number, z° is also exactly what it should be.

3.5 Keywords

Exponential function: Let the so-called exponential function exp be defined by exp(z) = ex(cos y
+1isiny),

Logarithm function: The logarithm function was simply the inverse of the exponential function.
Principal value: There are many values of log z, and so there can be many values of z°. As one

might guess, e?*¢* is called the principal value of z-.

3.6 Self Assessment

1.  Let the so-called exponential function exp be defined by ...................

2. If z # 0, we define log z by ...................
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New function is an extension of the real logarithm function: ...................

There are many values of log z, and so there can be many values of z°. As one might guess,
eee” is called the ................... of z=.

3.7 Review Questions

N o g k@

10.
11.

12.

13.

14.
15.
16.

17.

Show that exp(z + 2mi) = exp(z)

p(z)

ex
Show that ——— =exp(z —w).
exp(w

Show that |exp(z) | = e*, and arg (exp(z) =y + 2kn for any arg (exp(z)) and some integer k.
Find all z such that exp(z) = -1, or explain why there are none.

Find all z such that exp(z) = 1 + i, or explain why there are none.

For what complex numbers w does the equation exp(z) = w have solutions? Explain.

Find the indicated mesh currents in the network:

E L L
—(O—s0044¢, 099000 ——
o ]1 c |2 ~ds o
Show that for all z,
(@) sin(z +2p)=sinz; (b) cos(z +2m) =cos z;

() sin(z + gj =COSZ.

Show that |sin z |2 = sin’x + sinh?y and |cos z|? = cos®x + sinh?y.
Find all z such that sin z = 0.

Find all z such that cos z = 2, or explain why there are none.

1
Is the collection of all values of log(i'/?) the same as the collection of all values of Elog i?
Explain.

Is the collection of all values of log(i*) the same as the collection of all values of 2log i ?
Explain.

Find all values of log(z!/?). (in rectangular form)

At what points is the function given by Log (z? + 1) analytic? Explain.
Find the principal value of

(@) it (b) (1-i*

Find all values of |i'|.
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Answers: Self Assessment Notes
1.  exp(z)=ex(cosy +isiny) 2. logz=In|z| +iargz
3. Log x =In x +iArg x =In x. 4. principal value

3.8 Further Readings

&

Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati,T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H.Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 4: Integration
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Objectives

After studying this unit, you will be able to:

° Explain the evaluation of integrals
° Discuss the anti derivatives
Introduction

B
If y: D — Cis simply a function on a real interval D = [a, B], then the integral I y(t)dt of course,

o

simply an ordered pair of everyday 3™ grade calculus integrals:

TY(t)dt = Tx(t)dt + ijiy(t)dt/

where g(t) = x(t) + iy(t). Thus, for example,

Nothing really new here. The excitement begins when we consider the idea of an integral of an
honest-to-goodness complex function f: D — C, where D is a subset of the complex plane. Let’s
define the integral of such things; it is pretty much a straightforward extension to two dimensions
of what we did in one dimension back in Mrs. Turner’s class.

4.1 Integral
Suppose f is a complex-valued function on a subset of the complex plane and suppose a and b are
complex numbers in the domain of f. In one dimension, there is just one way to get from one

number to the other; here we must also specify a path from a to b. Let C be a path from a to b, and
we must also require that C be a subset of the domain of f.

LOVELY PROFESSIONAL UNIVERSITY



Unit 4: Integration

Notes

Figure 4.1

b

@/\/

Note we do not even require that a # b; but in case a = b, we must specify an orientation for the
closed path C. We call a path, or curve, closed in case the initial and terminal points are the same,
and a simple closed path is one in which no other points coincide. Next, let P be a partition of the
curve; thatis, P = {z, z, z,,....., z } is a finite subset of C, such thata = z, b = z , and such that z
comes immediately after z | as we travel along C from a to b.

A Riemann sum associated with the partition P is just what it is in the real case:
S(P) =D f(z))Az,
j=1

where z; is a point on the arc between z, and z, and Azj = z,-2.,.

—]]

Notes For a given partition P, there are many S(P) —depending on how the points z;
are chosen.)

there is a number L so that given any & > 0, there is a partition Pe of C such that
|S(P)-L| <e
whenever P o P, then f is said to be integrable on C and the number L is called the integral of

f on C. This number L is usually written '[f(z)dz.
C

Some properties of integrals are more or less evident from looking at Riemann sums:

[cf(z)dz = c[f(z)dz

C

for any complex constant c.

[(f(2)+ g(2))dz = [f(z)dz + [g(z)dz

C

4.2 Evaluating Integrals

Now, how on Earth do we ever find such an integral? Let y : [a, B] = C be a complex description
of the curve C. We partition C by partitioning the interval [o, B] in the usual way: o =t, <t <t,
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<..<t =p.Then {a =y(a), y(t,), y(t),..,¥(B) = b} is partition of C. (Recall we assume that g'(t) # 0
for a complex description of a curve C.) A corresponding Riemann sum looks like

5(P) =:zlfwa;))(y(t,-)—y(tH)).

We have chosen the points z; =y(t;), wheret, < t; <t. Next, multiply each term in the sum by

1 in disguise:

tj) - V(ti—l)

)= ot e ),

Hope it is now reasonably convincing that “in the limit”, we have
B
[(z)dz = [£(r(6))y' (Dt
C o

(We are, of course, assuming that the derivative y” exists.)

' Example 1: We shall find the integral of f(z) = (x> +y) + i(xy) froma=0to b =1 +ialong
three different paths, or contours, as some call them.

First, let C, be the part of the parabola y = x> connecting the two points. A complex description
of Ciisy () =t+it> 0<t<1:

o ] 04 06 0E 1

Now, y,(t) =1+ 2ti, and f(y,(t)) = (£ + £?) = itt? = 22 + it>. Hence,

1

[f(z)dz = [fr ) (t)dt

C, 0

(2t% +it’)(1+2ti) dt

ct—

(2t - 2t* +5t%) dt

JSY S
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Next, let’s integrate along the straight line segment C, joining 0 and 1 +1i. Notes

Here we have y,(t) =t + it, 0 <t < 1. Thus, y,(t) =1 + i, and our integral looks like

1

[f(2)dz = [fr(O)r(t)dt

G, 0

[(t* +t) +it*](1+i) dt

S S———

= j[[t+i(t+2t2)] dt

Finally, let’s integrate along C,, the path consisting of the line segment from 0 to 1 together with
the segment from 1 to 1 + i.

We shall do this in two parts: C,,, the line from 0 to 1 ; and C_, the line from 1 to 1 + i. Then we

have

31 307

[f(z)dz= [ f(z)dz+ [ f(z)dz.

G Ca Ca
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For C,, we have y(t) =t, 0 <t < 1. Hence,
b 1
[ f(z)dz =[*dt=—.
Cy 0 3
For C,,, we have y(t) = 1 +it, 0 <t <1. Hence,
i 1.3
[ f(2)dz =[(1+t+it)idt=——+i.
& 0 2 2
Thus,

[f(z)dz= [ f(z)dz+ [ f(z)dz.

Cy Cs

Suppose there is a number M so that |f(z)| <M for all z € C. Then,

[f(z)dz| =

C

B
[ty (dt

B

< [lf(r(e)y'(v]dt

o

B
< M|Jy'(t)|dt =ML,

B
where L = .ﬂy'(t)‘dt is the length of C.

4.3 Antiderivatives

Suppose D is a subset of the reals and y : D — C is differentiable at t. Suppose further that g is
differentiable at y(t). Then let’s see about the derivative of the composition g(y(t). It is, in fact,
exactly what one would guess. First,

g(v(B) = ux(t), y(1) + iv(x(®), y(¥)),
where g(z) = u(x, y) +iv(x, y) and y(t) = x(t) + iy(t). Then,

d dudx oudy .[ovdx ovdy
S gy = DX, Y ) VX VY |,
dt ox dt oy dt ox dt oy dt

The places at which the functions on the right-hand side of the equation are evaluated are
obvious. Now, apply the Cauchy-Riemann equations:
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Ou dx 8de+i(@dx+8udlj

at ””*aa axdt loxdt axdt

( ou 6v)[ dx .dy j
+i +i—
0x dt dt

=g ()Y (v)-

Now, back to integrals. Let F : D — C and suppose F'(z) = f(z) in D. Suppose thata and b are in D

and that C < D is a contour from a to b. Then

B
[f(z)dz = [f(y(O)y'(t)dt

d
where v : [0, B] — C describes C. From our introductory discussion, we know that —F(y(t)) =

dt

T
~
=
=

—+
-
=
=<

<
~

—+
G

I

f(y(t))y (t). Hence,

B
= j ip(y(t))dt =F(y(B)) - F(v(a))

(oW
ey

This is very pleasing.

=74

Notes Integral depends only on the points a and b and not at all on the path C. We say
the integral is path independent. Observe that this is equivalent to saying that the integral
of f around any closed path is 0. We have, thus, shown that if in D the integrand f is the

derivative of a function F, then any integral If(z)dz for C c D is path independent.
C

Example:

1 .
Let C be the curve y = 3 from the point z =1 +1i to the point z = 3+ % Let’s find

Izzdz

C

1
This is easy —we know that F*(z) = z2, where F(z) = =z’. Thus,

3
'fzzdz = ;{(1*'1) [34'9)3}

C
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260 728 .
27 2187

Now, instead of assuming f has an antiderivative, let us suppose that the integral of f between
any two points in the domain is independent of path and that f is continuous. Assume also that
every point in the domain D is an interior point of D and that D is connected. We shall see that
in this case, f has an antiderivative. To do so, let z, be any point in D, and define the function F

by
F(z)= [ f(z)dz,

CZ

where C_ is any path in D from z; to z. Here is important that the integral is path independent,
otherwise F(z) would not be well-defined.

|

Notes Also we need the assumption that D is connected in order to be sure there
always is at least one such path.

Now, for the computation of the derivative of F:

F(z+ Az) -F(z) = _[ f(s)ds

where L, is the line segment from z to z + Az.

Figure 4.2

z+AZ
C

Zy

Next, observe that I ds =Az. Thus, f(z) = Ai J (f(s) - f(z))ds.
ZL,

L

Az

Now then,

1

— | (fs)-f())ds

La,

<

i‘ |Az|max{[f(s) - f(z)|:s € L,,}
Az

< max{ |f(s) -f(z)| :s e L,}.

We know f is continuous at z, and so llmo max{|f(s) - f(z)|:seL,,} =0. Hence,

lim P A2 ZFE) gy lim[l [ (f(s)—f(z))ds]

Az—0 Az Az—0( Az 5
‘Az
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In other words, F'(z) = f(z), and so, just as promised, f has an antiderivative! Let's summarize Notes
what we have shown in this section:

Suppose f : D — C is continuous, where D is connected and every point of D is an interior point.
Then f has an antiderivative if and only if the integral between any two points of D is path
independent.

4.4 Summary

B
° If y : D — Cis simply a function on a real interval D = [o, B], then the integral Jy(t)dt of

course, simply an ordered pair of everyday 3™ grade calculus integrals:

j.Y(t)dt = Tx(t)dt + iiy(t)dt,

o o

where g(t) = x(t) + iy(t).

° A Riemann sum associated with the partition P is just what it is in the real case:
S(P) =Y f(z))Az,
j=1

where z; is a point on the arc between z,and z, and Azj =z - z .

) Suppose D is a subset of the reals and y : D — C is differentiable at t. Suppose further that
g is differentiable at y(t). Then let’s see about the derivative of the composition g(y(t). It is,
in fact, exactly what one would guess. First,

g(r(9) = ux(¥), y(t) +iv(x(t), y(t)),
where g(z) = u(x, y) +iv(x, y) and y(t) = x(t) + iy(t).

° f is continuous at z, and so lln}) max{|f(s) - f(z)|:seL,,} =0. Hence,
. F(z+Az)-F(z) . 1
lim ==——2——= - () = lim ELJ (f(s) - f(2))ds

=0

In other words, F'(z) = f(z), and so, just as promised, f has an antiderivative! Let's summarize
what we have shown in this section:

Suppose f : D — C is continuous, where D is connected and every point of D is an interior
point. Then f has an antiderivative if and only if the integral between any two points of D
is path independent.
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4.5 Keywords

Calculus integrals: If y : D — Cis simply a function on a real interval D = [a, B], then the integral

B
Iy(t)dt of course, simply an ordered pair of everyday 3™ grade calculus integrals:

o

Q —

y(t)dt = fx(t)dt + ij‘y(t)dt.

o

Antiderivative: Suppose f : D — Cis continuous, where D is connected and every point of D is an
interior point. Then f has an antiderivative if and only if the integral between any two points of
D is path independent.

4.6 Self Assessment

B
1. If y : D — Cis simply a function on a real interval D = [0, B], then the integral Iy(t)dt of

B B B
course, simply an ordered pair of everyday 3" grade.................. Iy(t)dt = Ix(t)dt + i'[y(t)dt.

o

2. A Riemann sum associated with the partition P is just what it is in the real case: .................
where z; is a point on the arc between z, and z, and Azj = z-27,

3. Integral depends only on the points a and b and not at all on the path C. We say the integral
LT S

4. If in D the integrand f is the derivative of a function F, then any integral ................. forC c
D is path independent.

5. f is continuous at z, and so ................. Hence,
. F(z+Az)-F(z) . 1
lim ————~ 2~ _{(z) = = _
lim ===~ (z) = lim| Lj (f(s) - f(2))ds
=0
6. Suppose f : D — C is continuous, where D is connected and every point of D is an interior
point. Then f has an ................. if and only if the integral between any two points of D is

path independent.

4.7 Review Questions

1. Evaluate the integral J-Edz, where C is the parabola y = x* from 0 to 1 + i.
C

2. Evaluate Ildz, where C is the circle of radius 2 centered at 0 oriented counter clockwise.
z
C
. . . 1 for y<O0
3. Evaluate If(z)dz, where Cis thecurvey =x*from-1-ito1l+i,and f(z) =
e 4y for y=0
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10.

Let C be the part of the circle y(t) = e'* in the first quadrant from a =1 to b =1i. Find as small Notes

[ -7 +5)dz

C

an upper bound as you can for

Evaluate Jf(z)dz where f(z) = z + 2z and Cis the path from z = 0 to z = 1 + 2i consisting of
C

the line segment from 0 to 1 together with the segment from 1 to 1 + 2i.

Suppose C is any curve from 0 to © + 2i. Evaluate the integral

Jcos(%) dz.

C

3 5 1
(@) LetF(z)=logz, 2" <argz< i Show that the derivative F'(z) = 5

7 1
(b) LetG(z) = log Zf‘% <argz< f. Show that the derivative G'(z) = —.

()  LetC, beacurvein the right-half plane D, = {z: Rez > 0} from -i to i that does not pass
through the origin. Find the integral

I édz.

<

(d) LetC,bea curvein the left-half plane D, = {z : Rez <0} from —i to i that does not pass
through the origin. Find the integral.

1
I ;dZ

G

Let C be the circle of radius 1 centered at 0 with the clockwise orientation. Find

Ildz.
C

z
(a) etH(z) =z, -n <arg z < r. Find the derivative H'(z).

7
(b) LetK(z) =z, —g <argz< zn Find the derivative K'(z).

(¢)  Let Cbe any path from -1 to 1 that lies completely in the upper half-plane and does
not pass through the origin. (Upper half-plane {z : Imz > 0}.) Find

[F(z)dz,
C
where F(z) =z, -n<argz<m.

Suppose P is a polynomial and Cis a closed curve. Explain how you know that IP(Z)dZ =0.
C
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Notes Answers: Self Assessment
1. calculus integrals 2. S(P)= lef(Z;)Aer
p=
3.  path independent 4. If(z)dz
C
5. llrr}] max{lf(s) - f(z)|:seL,,} =0 6. antiderivative

4.8 Further Readings

N

Books Ahelfors, D.V. : Complex Analysis

Conway, J.B. : Function of one complex variable

Pati,T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H.Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 5: Cauchy’s Theorem Notes
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5.2  Cauchy’s Theorem
53 Summary

54 Keywords

55  Self Assessment

5.6 Review Questions

5.7  Further Readings

Objectives

After studying this unit, you will be able to:

. Define homotopy

) Discuss the Cauchy's theorem
) Describe examples of Cauchy's theorem
Introduction

In earlier unit, you have studied about complex functions and complex number. Cauchy-Riemann
equations which under certain conditions provide the necessary and sufficient condition for the
differentiability of a function of a complex variable at a point. A very important concept of
analytic functions which is useful in many application of the complex variable theory. Let's
discuss the concept of Cauchy's theorem.

5.1 Homotopy

Suppose D is a connected subset of the plane such that every point of D is an interior point—we
call such a set a region —and let C, and C, be oriented closed curves in D. We say C, is homotopic
to C, in D if there is a continuous function H: S — D, where S is the square S = {(t, s) : 0 <s, t <1},
such that H(t,0) describes C, and H(t,1) describes C,, and for each fixed s, the function H(t, s)
describes a closed curve C_in D.

The function H is called a homotopy between C, and C,. Note that if C, is homotopic to C, in D,
then C, is homotopic to C, in D. Just observe that the function K(t, s) = H(t,1 - s) is a homotopy.

It is convenient to consider a point to be a closed curve. The point c is a described by a constant
function y(t) = c. We thus speak of a closed curve C being homotopic to a constant—we sometimes
say C is contractible to a point.
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Emotionally, the fact that two closed curves are homotopic in D means that one can be
continuously deformed into the other in D.

Figure 5.1

H, 13)

Ht,0)

Example 1:

Let D be the annular region D ={z: 1 < |z| <5}. Suppose C, is the circle described by v, (t) = 2",
0<t<1; and C, is the circle described by v,(t) = 4e”*, 0 <t < 1. Then H(t, s) = (2 + 2s)e™™ is a
homotopy in D between C, and C,. Suppose C, is the same circle as C, but with the opposite
orientation; that is, a description is given by v,(t) = 4e™**, 0 < t < 1. A homotopy between C, and
C, is not too easy to construct—in fact, it is not possible! The moral: orientation counts. From
now on, the term “closed curve” will mean an oriented closed curve.

Another Example

Let D be the set obtained by removing the point z = 0 from the plane. Take a look at the picture.
Meditate on it and convince yourself that C and K are homotopic in D, but I and A are homotopic

in D, while K and T" are not homotopic in D.
~C O
are

U/

\

il B
b

5.2 Cauchy’s Theorem

Suppose C, and C, are closed curves in a region D that are homotopic in D, and suppose f is a
function analytic on D. Let H(t, s) be a homotopy between C, and C,. For each s, the function v (t)
describes a closed curve C_in D. Let I(s) be given by

I(s) = [f(z)dz.

Then,

I(s) = jf(H(t,s))wdt.
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Now, let’s look at the derivative of I(s). We assume everything is nice enough to allow us to Notes
differentiate under the integral:

I(s) = ;S{ [, 9) 6H§'S) dt

=f{f (H(ts ))6H(t D) 6H§ ) . E(H(s ))a H(t, s)}

oH(ts) OH(t,s) H (t,s))aZH(t,s)} gt
ot ot otos

=£(H(L 9) " - f(H(,5) aHéS'S).

But we know each H(t, s) describes a closed curve, and so H(0, s) = H(1, s) for all s. Thus,

1s) = (1101, S — o, s ) -

which means I(s) is constant! In particular, I(0) = I(1), or

[f(z)dz = [ f(z)dz

<, G,
This is a big deal. We have shown that if C, and C, are closed curves in a region D that are

homotopic in D, and fis analytic on D, then 'f f(z)dz= I f(z)dz.
¢, G,

An easy corollary of this result is the celebrated Cauchy’s Theorem, which says that if f is
analytic on a simply connected region D, then for any closed curve C in D,

[f(z)dz=0.

In court testimony, one is admonished to tell the truth, the whole truth, and nothing but the
truth. Well, so far in this chapter, we have told the truth, but we have not quite told the whole
truth. We assumed all sorts of continuous derivatives in the preceding discussion. These are not
always necessary —specifically, the results can be proved true without all our smoothness
assumptions —think about approximation.

Example 2:

Look at the picture below and convince your self that the path C is homotopic to the closed path
consisting of the two curves C, and C, together with the line L. We traverse the line twice, once
from C, to C, and once from C, to C,.

Observe then that an integral over this closed path is simply the sum of the integrals over C, and
C,, since the two integrals along L, being in opposite directions, would sum to zero. Thus, if f is
analytic in the region bounded by these curves (the region with two holes in it), then we know
that

[f(z)dz = [ f(z)dz+ [ f(z)dz.

C
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5.3 Summary

° Suppose D is a connected subset of the plane such that every point of D is an interior
point—we call such a set a region—and let C, and C, be oriented closed curves in D. We
say C, is homotopic to C, in D if there is a continuous function H: S — D, where S is the
square S = {(t, s) : 0 <'s, t <1}, such that H(t,0) describes C, and H(t,1) describes C,, and for
each fixed s, the function H(t, s) describes a closed curve C_ in D.

° The function H is called a homotopy between C, and C,. Note that if C, is homotopic to C,
in D, then C, is homotopic to C, in D. Just observe that the function K(t, s) = H(t,1 - s) is a
homotopy.

It is convenient to consider a point to be a closed curve. The point c is a described by a
constant function y(t) = c. We, thus, speak of a closed curve C being homotopic to a
constant—we sometimes say C is contractible to a point.

Emotionally, the fact that two closed curves are homotopic in D means that one can be
continuously deformed into the other in D.

° Suppose C, and C, are closed curves in a region D that are homotopic in D, and suppose f
is a function analytic on D. Let H(t, s) be a homotopy between C, and C,. For each s, the

function y (t) describes a closed curve C_in D. Let I(s) be given by I(s) = If(z)dz.

C

s

5.4 Keywords

Homotopy: The function H is called a homotopy between C, and C,. Note that if C, is homotopic
to C, in D, then C, is homotopic to C, in D. Just observe that the function K(t, s) = H(t,1 - s) is a
homotopy.

Contractible: It is convenient to consider a point to be a closed curve. The point c is a described
by a constant function y(t) = c. We thus speak of a closed curve C being homotopic to a constant —
we sometimes say C is contractible to a point.

Cauchy’s Theorem: Suppose C, and C, are closed curves in a region D that are homotopic in D,
and suppose f is a function analytic on D. Let H(t, s) be a homotopy between C, and C,. For each

s, the function y (t) describes a closed curve C_in D. Let I(s) be given by I(s) = Jf(z)dz.

G

5.5 Self Assessment

1. Suppose D is a connected subset of the plane such that every point of D is an interior
point—we call such a set a region—and let C, and C, be oriented closed .................

2. It is convenient to consider a point to be a closed curve. The point c is a described by a
constant function y(t) = c. We thus speak of a closed curve C being homotopic to a constant —
we sometimes say Cis ................. to a point.

3. Emotionally, the fact that two closed curves are ................. in D means that one can be

continuously deformed into the other in D.

4. If f is analytic in the region bounded by these curves (the region with two holes in it), then
we know that .................
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5.6 Review Questions Notes

1. Suppose C, is homotopic to C, in D, and C, is homotopic to C, in D. Prove that C, is
homotopic to C, in D.

2. Explain how you know that any two closed curves in the plane C are homotopic in C.

3. A region D is said to be simply connected if every closed curve in D is contractible to a
point in D. Prove that any two closed curves in a simply connected region are homotopic
in D.

4. Prove Cauchy’s Theorem.

5. Let S be the square with sides x =+ 100, and y = + 100 with the counterclockwise orientation.

Find j%dz.

1
6. Find
(a) in Jc‘z—l

orientation: y(t) =1 + Ae*, 0 <t <1.

dz, where Cis any circle centered at z =1 with the usual counterclockwise

1
z+1

(b) Find J. dz, where C is any circle centered at z = -1 with the usual
C

counterclockwise orientation.

2

(¢ Find J‘%dz, where C is the ellipse 4x* + y* = 100 with the counterclockwise
7Z -
C

orientation. [Hint: partial fractions]

(d) Find J.%dz, where C is the circle x* - 10x + y?> = 0 with the counterclockwise
72—
C
orientation.
7. Evaluate JLog(z +3)dz, where C is the circle |z| =2 oriented counterclockwise.
C

8. Evaluate J%dz where C is the circle described by y(t) = e, 0 <t <1, and n is an
z
C

integer # 1.
. 1 o .
9. (@) Does the function f(z) = - have an antiderivative on the set of all z # 0? Explain.
1 .
(b) How about f(z) = o oman integer = 1?

10.  Find as large a set D as you can so that the function € have an antiderivative on D.

11.  Explain how you know that every function analytic in a simply connected region D is the
derivative of a function analytic in D.
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Notes Answers: Self Assessment
1. curves in D 2. contractible
3. homotopic 4, ff(z)dz = Jf(z)dz+ If(z)dz.
C < G

5.7 Further Readings

&

Books Ahelfors, D.V. : Complex Analysis

Conway, J.B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H.Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 6: Cauchy’s Integral Formula Notes

CONTENTS

Objectives

Introduction

6.1 Cauchy’s Integral Formula

6.2 Functions defined by Integrals
6.3 Liouville’s Theorem

6.4 Maximum Moduli

6.5 Summary

6.6 Keywords

6.7  Self Assessment

6.8 Review Questions

6.9 Further Readings

Objectives

After studying this unit, you will be able to:

) Define Cauchy's integral formula

) Discuss functions defined by integrals
) Describe liouville's theorem

° Explain maximum moduli
Introduction

In last unit, you have studied about concept of Cauchy's theorem. A very important concept of
analytic functions which is useful in many application of the complex variable theory. This unit
provides you information related to Cauchy's integral formula, functions defined by integrals
and maximum moduli.

6.1 Cauchy’s Integral Formula

Suppose f is analytic in a region containing a simple closed contour C with the usual positive
orientation and its inside, and suppose z, is inside C. Then it turns out that

f(z,)= 2L (1) gy,
Tz -z,

This is the famous Cauchy Integral Formula. Let’s see why it’s true.
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Let £ > 0 be any positive number. We know that f is continuous at z, and so there is a number 5
such that |f(z) - f(z,) | <& whenever |z -z | <&. Now let p >0 be a number such that p <& and the

(2)

circle C, = {z: |z - z,| = p} is also inside C. Now, the function S is analytic in the region
0

between C and C; thus,

J. fz) dZ:I fz) dz.

cZ=2% &2~ %

We know that_[ 1 dz =2ni, so we can write
cZ-1Z
jﬂdz-znif(zo) = jﬂdz-f(zo)j ! 4,
LZ—2, LZ-2, g, z2-2

- [f-1) g,

& Z7%

For z e C, we have

f(z)~f(z,)| _ [f(2)—f(z,)

z-z, | |z-z

IA
ho R )

IN

i21tp =2me.
p

which is exactly what we set out to show.

Look at this result. It says that if fis analytic on and inside a simple closed curve and we know the
values f (z) for every z on the simple closed curve, then we know the value for the function at
every point inside the curve—quite remarkable indeed.

Example:

Let C be the circle |z| = 4 traversed once in the counterclockwise direction. Let’s evaluate the
integral

J- CoSz
2
cz°—6z+5

We simply write the integrand as

cosz cosz f(z

_ )
22 —6z+5 (z-5)(z-1) z-1

7
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where Notes

Observe that f is analytic on and inside C, and so,

cosz f(z) .
————dz = dz =2rif(1
£22—6z+5 “ J- 1% mif(1)

6.2 Functions defined by Integrals

Suppose C is a curve (not necessarily a simple closed curve, just a curve) and suppose the
function g is continuous on C (not necessarily analytic, just continuous). Let the function G be
defined by :

G@)= | sg(_s)

for all z ¢ C. We shall show that G is analytic. Here we go.

Consider,
G(z+Az)-G(z
(JFAA—Z)() - iJLZﬁ—S }g(s)ds
= 8(s) ds
(s—z-Az)(s-2)
Next,
G(z+42)-G(2) g(s) : 1 B
Az - Cmds = -£|:(S—Z_DZ)(S—Z) (S_Z)z}g(s)ds

(| (s=2)=(s-z-Az)
- 'ﬂ (s—z-Az)(s-z) }g(s)ds

= Azjﬁd&
L(s—z-Az)(s-z)

Now we want to show that

lim Azj‘Lds =0
4500 (s—z—Az)(s—z)’ '

To that end, let M = max {| g(s) | : s € C}, and let d be the shortest distance from z to C. Thus, for
s € C,wehave |s-2z| >d >0and also

|s-z-Az| > |s-z| - |Az| >d - |Az]|.
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Notes Putting this all together, we can estimate the integrand above:

I (O N D VS
‘(S—Z—AZ)(S—Z)Z‘ T (d-|Az|)d?

for all s € C. Finally,

< |Az| Lzlength(C),

g(s)
AZI ~ds (-] Az])d

t(s—z-Az)(s—z)

and it is clear that

lim [Azjg(s))ds} =0,

40|l (s—z—Az)(s - z)°

just as we set out to show. Hence G has a derivative at z, and

_[_8()
_I(s—z ~ds

C

Next we see that G" has a derivative and it is just what you think it should be. Consider

G'(z+47)-G'(z) _ 1 J 1 1 z}g(s)ds

Az Az (s—z—Az)* (s—-z)

_ 1 _(57Z)2*(8727AZ)2
l_ (s—z—Az)*(s—2z) }g(s)ds

_ 1 ([ 2(s-2)Az—(Az)?
- i_(s—z—Az)z(s—z)z}g(s)ds

[

Next,

G'(z+42)-G'(z) 2J~ g(s) ds
Az )

2(8 — Z) —Az B 2
| (s—z~ Az)*(s—z)* (s—z) :|g(s)ds

Il
Ne—
1

_2(5 —z)* —Az(s —z) - 2(s —z — Az)’
(s—z-Az)(s-2z)°

}g(s)ds

]
Ne—

2(s—z)* — Az(s —z) - 2(s — z)* + 4Az(s — z) - 2(Az)’ }g(s)ds
(s—z—Az)*(s—2z2)°

]
Ne—
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| 3Az(s —z) - 2(Az)’
_Ji(s z—Az)’(s—z)° }g(s)ds
Hence,
‘G'(Z+AZ)—G g 3Az(s z) - 2(Az)?
‘ Az 2-[ J.(s z-Az)*(s-z)° gls)ds
< A7 (13m| +2|Az))M

(d-Azyd®

where m = max {|s - z| : s € C}. It should be clear then that

lim

Az—0

G'(z+Az)-G'(2) 2J- g(s) _ds| =
Az

or in other words,

G"(2) 2[ 8(s )ds

Suppose f is analytic in a region D and suppose C is a positively oriented simple closed curve in
D. Suppose also the inside of C is in D. Then from the Cauchy Integral formula, we know that

2nif(z) = j@ds

cS—Z

and so with g = f in the formulas just derived, we have

, 1 f£(s) ; 2 ¢ £(s)
f'(z) = P )ds ,and f"(z) = ij(s 7 ds

for all z inside the closed curve C. Meditate on these results. They say that the derivative of an
analytic function is also analytic. Now suppose f is continuous on a domain D in which every

point of D is an interior point and suppose that J.f (z)dz =0 for every closed curve in D. Then we

know that f has an antiderivative in D —in other words f is the derivative of an analytic function.
We now know this means that f is itself analytic. We thus have the celebrated Morera’s Theorem:

If f: D — Cis continuous and such that _[f(z)dz =0 for every closed curve in D, then f is analytic

in D.

Example:

Let’s evaluate the integral

z

e
.[7 dz,

S/

C

where C is any positively oriented closed curve around the origin. We simply use the equation

£(2)=— [ f(s)

2ni (s—z)°
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with z = 0 and f(s) = e*. Thus,

z

. . re
nie’ = 7i = J—3dz.

iz

6.3 Liouville’s Theorem

Suppose f is entire and bounded; that is, f is analytic in the entire plane and there is a constant M
suchthat | f(Z)] <M for all z. Then it must be true that ' (z) = 0 identically. To see this, suppose

M
that f'(w) # 0 for some w. Choose R large enough to insure that R <|f'(w)|. Now let C be a circle

centered at 0 and with radius p > max{R, |w |}. Then we have :

M

—<‘f'(w)‘ < LJ‘ f(S) zdS

R 2nig (s—w)
1M M

A
|
|
N
3
I
|

a contradiction. It must, therefore, be true that there is no w for which f'(w) # 0; or, in other
words, f'(z) =0 for all z. This, of course, means that f is a constant function. What we have shown
has a name, Liouville’s Theorem:

The only bounded entire functions are the constant functions.

Let’s put this theorem to some good use. Let p(z) = a z" +a_,z""' + ... + a,z + a, be a polynomial.
Then

— anfl anfz a0 n
p(z)—(a1n+—+—2+...+—n z".
V4 z V4

[a.|

n

An-j

z

Now choose R large enough to insure that for each j =1, 2,...,n, we have < whenever

|z| > R. (We are assuming thata_= 0. ) Hence, for |z| > R, we know that

[P@)] = [la, |~ [Tt 4 B2 g4 2ol

z VA
a,_ a,_ a

? ol

> ‘ n\,m_in_ m‘ ‘"
2n 2n 2n

s Rl

2
Hence, for |z| >R,
1 2 2

< —< —.
[P@) - fallzl o, [R
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1
Now suppose p(z) # 0 for all z. Then @ is also bounded on the disk |z| <R. Thus, % isa
bounded entire function, and hence, by Liouville’s Theorem, constant! Hence the polynomial is
constant if it has no zeros. In other words, if p(z) is of degree at least one, there must be at least
one z, for which p(z) = 0. This is, of course, the celebrated fundamental theorem of algebra.

6.4 Maximum Moduli

Suppose f is analytic on a closed domain D. Then, being continuous, |f(z)| must attain its
maximum value somewhere in this domain. Suppose this happens at an interior point. That is,
suppose |f(z)| <M for all z € D and suppose that |f(z))| = M for some z, in the interior of D.
Now z, is an interior point of D, so there is a number R such that the disk A centered at z, having
radius R is included in D. Let C be a positively oriented circle of radius p <R centered at z,. From
Cauchy’s formula, we know

f(zg) = —— [FE)_gs
2niss -z,
Hence,
f(z )—in(z +pe)dt
O ami ) P ’
and so,

2n

M =|f(z,)| < 1 [[f(z, +pe")|dt <M.
2m

since |f(z, + pe") | < M. This means

dt.

1 2n .
M= o 2[ ‘f(zo +pe'™)

Thus,

This integrand is continuous and non-negative, and so must be zero. In other words, |f(z) | =M
for all z € C. There was nothing special about C except its radius p <R, and so we have shown
that f must be constant on the disk A.

It is easy to see that if D is a region (i.e. connected and open), then the only way in which the
modulus| f(z) | of the analytic function f can attain a maximum on D is for f to be constant.

6.5 Summary

° Suppose f is analytic in a region containing a simple closed contour C with the usual
positive orientation and its inside, and suppose z, is inside C. Then it turns out that

f(zo):ij‘ﬂdz.

2nig z -z,

This is the famous Cauchy Integral Formula.
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° Suppose C is a curve (not necessarily a simple closed curve, just a curve) and suppose the
function g is continuous on C (not necessarily analytic, just continuous). Let the function G
be defined by

S—Z

G®=Jg$®,

for all z ¢ C. We shall show that G is analytic.

° Suppose f is analytic in a region D and suppose C is a positively oriented simple closed
curve in D. Suppose also the inside of C is in D. Then from the Cauchy Integral formula, we
know that

£(s) ds

S—Z

2nif(z) = |

C

and so with g = f in the formulas just derived, we have

o1 ¢ f(s) o 2 )
f(Z)_2pi-£(s—z)2dS'andf @) 2TCiJC.(S—Z)3

for all z inside the closed curve C. Meditate on these results. They say that the derivative
of an analytic function is also analytic. Now suppose f is continuous on a domain D in

which every point of D is an interior point and suppose that J.f(z)dz =0, for every closed
C

curve in D.

° Suppose f is entire and bounded; that is, f is analytic in the entire plane and there is a
constant M such that |f(z) | <M for all z. Then it must be true that f'(z) = 0, identically. To

M
see this, suppose that f'(w) #0, for some w. Choose R large enough to insure that R <[f'(w)|.

Now let C be a circle centered at 0 and with radius p > max{R, |w|}. Then we have :

%< If'(w)| <

1w,

2mi 2 (s —w)’

a contradiction. It must therefore be true that there is no w for which f'(w) # 0; or, in other
words, f'(z) = 0 for all z. This, of course, means that f is a constant function. What we have
shown has a name, Liouville’s Theorem:

The only bounded entire functions are the constant functions.

6.6 Keywords

Cauchy Integral Formula: Suppose f is analytic in a region containing a simple closed contour C
with the usual positive orientation and its inside, and suppose z, is inside C. Then it turns out
that

f@g=1{fglm

2mi gz -z,

This is the famous Cauchy Integral Formula.
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Function: Suppose C is a curve (not necessarily a simple closed curve, just a curve) and suppose Notes
the function g is continuous on C (not necessarily analytic, just continuous). Let the function G be
defined by

for all z ¢ C. We shall show that G is analytic.

Fundamental theorem of algebra: In other words, if p(z) is of degree at least one, there must be
at least one z, for which p(z) = 0. This is, of course, the celebrated fundamental theorem of
algebra.

6.7 Self Assessment

1.  Suppose f is analytic in a region containing a simple closed contour C with the usual
positive orientation and its inside, and suppose z, is inside C. Then it turns out that

f(z,) = L ﬂdz.
2nitz-2z,
This is the famous ..................

2. Itsays thatif f is analytic on and inside a simple closed curve and we know the values f(z)
for every zonthe .................. , then we know the value for the function at every point inside
the curve —quite remarkable indeed.

3. Suppose C is a curve (not necessarily a simple closed curve, just a curve) and suppose the
function g is continuous on C (not necessarily analytic, just continuous). Let the ..................
G be defined by

G = | 80) g,
18—z
for all z ¢ C. We shall show that G is analytic.

4. Iff:D—>CiS.ccenne such that J.f (z)dz =0 for every closed curve in D, then f is analytic
C

in D.

1 1
5. Now suppose p(z) #0 for all z. Then —— is also bounded on the disk |z| <R. Thus, ——

p(2) p(z)
is a bounded entire function, and hence, by .................. , constant!
6. Suppose f is analytic on a closed domain D. Then, being continuous, |f(z) | must attain its

.................. somewhere in this domain.
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6.8 Review Questions

1.  Suppose fand gare analytic on and inside the simple closed curve C, and suppose moreover
that f(z) = g(z) for all z on C. Prove that f(z) = g(z) for all z inside C.

2. Let C be the ellipse 9x> + 4y® = 36 traversed once in the counterclockwise direction. Define

the function g by :

s +s+1
g(z) = '[7 ds.
L s-z
Find : (a) g(i) (b) g(4i)
3. Find :
2z
I ze dz
vz -4

where, C is the closed curve in the picture:

_gk 2

2z

4. Find J‘%dz, where I' is the contour in the picture:
72—
r

S
J- sinz

ZZ

5. Evaluate :

dz

C

where, C is a positively oriented closed curve around the origin.
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6. Let C be the circle |z - i| =2 with the positive orientation. Evaluate : Notes
1 1
a dz b ———dz
@ ;[ZZ+4 ®) ;[(ZZ-HL)2
7. Suppose f is analytic inside and on the simple closed curve C. Show that :

for every w ¢ C.

8. (a) Let o be a real constant, and let C be the circle y(t) = eit, -n < t < . Evaluate :

J.eaz dz.
C

VA

(b) Use your answer in part a) to show that :
J‘e‘““’St cos(asint)dt = .
0

9. Suppose f is an entire function, and suppose there is an M such that Ref(z) <M for all z.
Prove that f is a constant function.

10. Suppose w is a solution of 5z* + z* + z> - 7z + 14 = 0. Prove that |w| <3.

11.  Prove that, if p is a polynomial of degree n, and if p(a) = 0, then p(z) = (z - a)q(z), where q
is a polynomial of degree n - 1.

12.  Prove that, if p is a polynomial of degree n > 1, then
p(2) =c(z - z) (z - 2,)K*... (z - ),
wherek, k,, ..., kj are positive integers such that n f- k1 fy k2 fyfZ fykj.

13.  Suppose p is a polynomial with real coefficients. Prove that p can be expressed as a product
of linear and quadratic factors, each with real coefficients.

14. Suppose f is analytic and not constant on a region D and suppose f(z) # 0 for all z € D.
Explain why |f(z) | does not have a minimum in D.

15.  Suppose f(z) = u(x, y) + iv(x, y) is analytic on a region D. Prove that if u(x, y) attains a
maximum value in D, then u must be constant.

Answers: Self Assessment

1. Cauchy Integral Formula. 2. simple closed curve
3. function 4. continuous
5. Liouville’s Theorem 6. maximum value
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Notes 6.9 Further Readings
Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H.Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 7: Transformations and Conformal Mappings Notes

CONTENTS
Objectives
Introduction
7.1 Transformations
7.1.1 Bilinear Transformation
7.1.2 Definitions
7.1.3 Transformation of a Circle
7.2 Conformal Mappings
7.2.1 Definition
7.3  Summary
74 Keywords
7.5  Self Assessment

7.6 Review Questions

7.7  Further Readings

Objectives

After studying this unit, you will be able to:

° Define transformation

. Discuss bilinear transformation

° Describe transformation of a circle
° Explain conformal mapping
Introduction

In earlier unit you have studied about concept of Cauchy's theorem, Cauchy's integral formula,
functions defined by integrals and maximum moduli. A conformal map is a function which
preserve angles. In the most common case, the function between domain is in the complex
plane. This unit will explain you the concept of transformation and conformal mapping.

7.1 Transformations

Here, we shall study how various curves and regions are mapped by elementary analytic function.
We shall work in ¢ _ i.e. the extended complex plane. We start with the linear function.

w=Az ...(1)
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where A is non zero complex constant and z # 0. We write A and z in exponential form as
A = ae®, z = re®
Then w = (ar) ei@*9 ...(2)

Thus we observe from (2) that transformation (1) expands (or contracts) the radius vector
representing z by the factor a = | A | and rotates it through an angle a = arg A about the origin.
The image of a given region is, therefore, geometrically similar to that region. The general
linear transformation,

w=Az+B ...(3)

is evidently an expansion or contraction and a rotation, followed by a translation. The image
region mapped by (3) is geometrically congruent to the original one.

Now we consider the function,

1
w == ...(4
; @
which establishes a one to one correspondence between the non zero points of the z—plane and
the w—plane. Since zz = | z |2 the mapping can be described by means of the successive
transformations
41 p—
Z= 12F % w=7 ...(5)

Geometrically, we know that if P and Q are inverse points w.r.t. a circle of radius r with centre
A, then
(AP) (AQ) =r?

Thus a and b are inverse points w.r.t. the circle | z—a | =rif

(a—a) (B-a) =1?

where the pair a = a, § = « is also included. We note that o, B, a are collinear. Also points o and
B are inverse w.r.t a straight line [ if B is the reflection of a in / and conversely. Thus, the first of
the transformation in (5) is an inversion w.r.t the unit circle | z | =1 i.e. the image of a non-zero
point z is the point Z with the properties

2Z=1, |Z|=1,

2| and arg Z = arg z

Thus, the point exterior to the circle | z | =1 are mapped onto the non-zero points interior to it

and conversely. Any point on the circle is mapped onto itself. The second of the transformation
in (5) is simply a reflection in the real axis.
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> <

@]
Se-f NN

.1 1
Since lim— = and lim= =0,

z-0 7 z>w 7

it is natural to define a one—one transformation w = T(z) from the extended z plane onto the
extended w plane by writing

T(0) =0, T(o)=0

and T(z) = —
for the remaining values of z. It is observed that T is continuous throughout the extended z
plane.

When a point w = u + iv is the image of a non-zero point z = x + iy under the transformation w

z
= —, writing w = 1z |z results in
z

u= 2 +y2 , v=E2 +yz (6)
. 1__w
Also, since z=" [w |2 , we get
u -v
X = ...(7)

vt YT Wyt
The following argument, based on these relations (6) and (7) between co—ordinates shows the

1
important result that the mapping w = — transforms circles and lines into circles and lines.
z

When a, b, ¢, d are real numbers satisfying the condition b* + ¢? > 4ad, then the equation
a(x*+y) +bx+cy+d=0 ...(8)
represents an arbitrary circle or line, where a # 0 for a circle and a = 0 for a line.

If x and y satisfy equation (8), we can use relations (7) to substitute for these variables. Thus,
using (7) in (8), we obtain

du*+v’)+bu-cv+a=0 ...(9)
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which also represents a circle or a line. Conversely, if u and v satisfy (9), it follows from (6) that
x and y satisfy (8). From (8) and (9), it is clear that

(i) acircle (a # 0) not passing through the origin (d # 0) in the z plane is transformed into a
circle not passing through the origin in the w plane.

(ii) acircle (a# 0) through the origin (d = 0) in the z plane is transformed into a line which does
not pass through the origin in the w plane.

(iii) aline (a =0) not passing through the origin (d # 0) in the z plane is transformed into a circle
through the origin in the w plane.

(iv) aline (a =0) through the origin (d = 0) in the z plane is transformed into a line through the
origin in the w plane.

1
Hence, we conclude that w = 2 transforms circles and lines into circles and lines respectively.
Remark : In the extended complex plane, a line may be treated as a circle with infinite radius.
7.1.1 Bilinear Transformation

The transformation

_az+b
cz+d

,ad —bc =0 ...(1)

where a, b, ¢, d are complex constants, is called bilinear transformation or a linear fractional
transformation or Mobius transformation. We observe that the condition ad — bc # 0 is necessary
for (1) to be a bilinear transformation, since if

b d
ad —bc =0, then A = - and we get

a(z+b/a) a
w = az+b/a) = i.e. we get a constant function which is not linear.

o(z+d/c)

Equation (1) can be written in the form
cwz+dw-az-b=0 ...(2)

Since (2) is linear in z and linear in w or bilinear in z and w, therefore, (1) is termed as bilinear
transformation.

When ¢ =0, the condition ad — bc # 0 becomes ad # 0 and we see that the transformation reduces
to general linear transformation. When c # 0, equation (1) can be written as

a(z-s—b/a)_a{lﬁ_b/a—d/c}

T c(z+d/c) « z+d/c
_ 3+bc—ad_ 1 3
T ¢ z+d/c )

We note that (3) is a composition of the mappings

d 1 bc—ad

z, =7+ z, = z, = > z
C' 2 Zl’ 3 C 2
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a Notes
and thus, we get w=—+z.
c %

The above three auxiliary transformations are of the form

w=z+aq, w=;, w =z ...(4)

Hence, every bilinear transformation is the resultant of the transformations in (4).

But we have already discussed these transformations and thus, we conclude that a bilinear
transformation always transforms circles and lines into circles and lines respectively, because
the transformations in (4) do so.

From (1), we observe that if c = 0, a, d # 0, each point in the w plane is the image of one and only

_ . . d .
one point in the z-plane. The same is true if ¢ # 0, except when z = —— which makes the
c

. . . . d
denominator zero. Since we work in extended complex plane, so in case z=—-—, w = o and thus,
c

we may regard the point at infinity in the w—plane as corresponding to the point z = —— in the
c

z—plane.

Thus, if we write

o az+b
T(z)=w= oid’ ad —bc#0 ...(5)
Then, T(w) =00, ifc=0
a d
and T(oo)=;, T(—zj =00, ifc#0

Thus, T is continuous on the extended z-plane. When the domain of definition is enlarged in this
way, the bilinear transformation (5) is one-one mapping of the extended z-plane onto the
extended w-plane.

Hence, associated with the transformation T, there is an inverse transformation T-' which is
defined on the extended w-plane as

T?(w) =z if and only if T(z) = w.

Thus, when we solve equation (1) for z, then

-dw+b
z=——,adbc#0 ...(6)
cw —a
and thus,
-dw+b
T'w)=z=—""",adbc=0
cw —a

Evidently, T is itself a bilinear transformation, where

T'(0)=w ifc=0

LOVELY PROFESSIONAL UNIVERSITY 63



Complex Analysis and Differential Geometry

64

Notes

a2 _ d .
and T P T (0)=——,ifc#0
c

From the above discussion, we conclude that inverse of a bilinear transformation is bilinear.

ol

The points z = _d (w =o0) and z = oo(w = —) are called critical points.
c

Theorem

Composition (or resultant or product) of two bilinear transformations is a bilinear transformation.

Proof. We consider the bilinear transformations

_az+b
w= 4 ad-bc=0 ...(1)
and w, = aw+b, ad -bc #0 2
1 C]W+d1 4 171 171 e

Putting the value of w from (1) in (2), we get

az+b
" al(cz+dj+ ! (a,a+b,c)z+(bd+a,b)
t (az+b]+d  (c,a+d,c)z+(d,d+c,b)
Nez+d !

Taking A=aa+bc, B=bd+apb,

C=ca+dc D=dd+cb, weget

_ Az+B
WiT Cz+D
Also AD -BC=(aja+Dbc)(d,d+cb)—(bd+ab)(ca+dc)

= (a,ad,d +aac,b + b,cd,d + b,cc,b) - (b,dc,a + b, d d,c +abc,a +a bd c)
=aad,d + bbcc—bdca—-abdc

=ad(a,d, - b,c;) - bc(a,d, - b,c))

=(ad - bc) (a,d, -b,c) =0

Az+B
w, = ,
1 Cz+D

Thus AD-BC=0

is a bilinear transformation.

This bilinear transformation is called the resultant (or product or composition) of the bilinear
transformations (1) and (2).

The above property is also expressed by saying that bilinear transformations form a group.
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7.1.2 Definitions Notes
(i)  The points which coincide with their transforms under bilinear transformation are called

its fixed points. For the bilinear transformation w = fixed points are given by

cz+d”’

(1)

Since (1) is a quadratic in z and has in general two different roots, therefore, there are
generally two invariant points for a bilinear transformation.

(i) Ifz,z, z,, z, are any distinct points in the z-plane, then the ratio

_ (2, —2,)(25 — 2,)
(o 2 2 2) = (2, —25)(24 — 7y)

is called cross ratio of the four points z,, z,, z,, z,. This ratio is invariant under a bilinear
transformation i.e.

(Wl’ WZ’ W3’ W4) = (Zl’ Z2’ Z3’ Z4)
7.1.3 Transformation of a Circle

First we show that if p and q are two given points and K is a constant, then the equation

el =K, (1)
represents a circle. For this, we have
|z-p|*=K|z-q|?
= (z-p) (2-p) =Kz-q) (29
= (z-p)(Z-P) =K(z-9) (z-q)
= ZZ-Pz —pz+pp =KizZ-qz-qZ+qq)
= (1-K)zz—(p-qK)Z-(P-qK’)z =Kqq-pp
= z27Z — [pl__(if;jZ—[pl__?iizjz-rlp'Zl__KKqu'Z =0 ...(2)
Equation (2) is of the form
2Z+bzZ+bz+c =0 (c is being a real constant)

which always represents a circle.
Thus equation (2) represents a circle if K = 1.

If K =1, then it represents a straight line

lz-pl=lz-q|
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Further, we observe that in the form (1), p and q are inverse points w.r.t. the circle. For this, if the
circleis |z -z,| =rand p and q are inverse points w.r.t. it, then

z-z,=1€° p-2z,=qe’,

2

=P

q-%,= ;e
Therefore,
‘Z—p‘ _ peie_aeik _E‘peie—aem
zZ- o P w| plae®—pe”
! pe’ ——e
a
K p(cose+isin9)—a(cosk+isink)‘,K:E

a(cosO+isin®) —p(cos A +isin) p

(pcos@—acosk)+i(psin9—asin7»)‘
(acos®—pcosi)+i(asin® — psink)‘

[ (pcos®—acosn)? +(psin®—asini)? v
| (acosO—pcosh)’ +(asin®—psin)?

=K, where K#1, sincea#r

Thus, if p and q are inverse points w.r.t. a circle, then its equation can be written as

Z-p

Z—q

=K, K=#1, Kbeing a real constant.

Theorem
In a bilinear transformation, a circle transforms into a circle and inverse points transform into

inverse points. In the particular case in which the circle becomes a straight line, inverse points
become points symmetric about the line.

Proof : We know that

Z-p
-9

= Krepresents a circle in the z-plane with p and q as inverse points,
where K # 1. Let the bilinear transformation be

az+b dw-b

w = sothat z=
cz+d —Ccw +a

Then under this bilinear transformation, the circle transforms into

dw-b
—cw+a P -K ‘dW b-p(q- CW‘
dW—b7 ‘dw b-q(a- CW‘
—-cw +a
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ap+b
|w(d +cp)—(ap +D)| _x W eped _ o |cg+d]|
‘w(d+cq)—(aq+b)‘ 7 w_aa+b 7 |ep+d]|
cq+d

(1)

The form of equation (1) shows that it represents a circle in the w-plane whose inverse points are

ap+b and aq+b

. Thus, a circle in the z-plane transforms into a circle in the w-plane and the
cp+d cq+d

inverse points transform into the inverse points.

+d
Also if K E?H—d =1, then equation (1) represents a straight line bisecting at right angle the join

of the points ap +b and aq+b
cp+d cq+d

particular case, a circle in the z-plane transforms into a straight line in the w-plane and the

so that these points are symmetric about this line. Thus, in a

inverse points transform into points symmetrical about the line.

' Example: Find all bilinear transformations of the half plane Im z > 0 into the unit circle
| w| <1,

Solution. We know that two points z, z , symmetrical about the real z-axis(Im z = 0) correspond

to points w, é , inverse w.r.t. the unit w—circle. (| w | |1f| =1). In particular, the origin and the
W w

point at infinity in the w-plane correspond to conjugate values of z.

Let

_az+b _a(z+b/a)
cz+d ¢ (z+d/c)

be the required transformation.
Clearly c # 0, otherwise points at « in the two planes would correspond.

Also, w =0 and w = w are the inverse points w.r.t. | w | =1.Since in (1), w =0, w = o correspond
. b d .
respectively to z = ——, z=——, therefore, these two values of z—plane must be conjugate to each
a c
other. Hence, we may write

= o so that

)

The point z = 0 on the boundary of the half plane Im z > 0 must correspond to a point on the
boundary of the circle | w | =1, so that

a

C

a

C

O-a|

vz
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a . ) .
= — =e* = a=ce" where A is real.

Thus, we get

w =e? [ﬂ) ...(3)

Since z = o gives w =0, a. must be a point of the upper half plane i.e. Im a.> 0. With this condition,
(3) gives the required transformation. In (3), if z is real, obviously | w | =1 and if Im z > 0, then
z is nearer to o than to & and so | w | <1. Hence, the general linear transformation of the half
plane Im z > 0 on the circle | w | <1is

' Example: Find all bilinear transformations of the unit | z | <1 into the unit circle | w |
<1.

OR
Find the general homographic transformations which leaves the unit circle invariant.
Solution. Let the required transformation be

_az+b _a(z+b/a) 1
VT z+d c(z+d/o) ()

Here, w = 0 and w = o, correspond to inverse points

b d .
z=-—, zZ=-—, SOwemay write
a C
_b =aq, _§=é such that | a | <1.
a c o
S _3( zZ—o ]_ﬁ(z—a) 9
o WL z-1/a c \oz-1 ()

The point z = 1 on the boundary of the unit circle in z-plane must correspond to a point on the
boundary of the unit circle in w-plane so that

acl—oa| |aa
1=|w|=["—=——=[=
ca-1 C
ora a =c e where A is real.
Hence (2) becomes,
w—e"[,z_a), [a]<1 (3)
az-1
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This is the required transformation, for if z = €, a = be'f, then Notes
i0 iB
e’ —be
|w| = bel®P _q =1

If z = re®®, where r <1, then
|z-al|?-]az-1]2=1r2-2rbcos(6 - p) + b*— {b*r? — 2br cos(0 — B) + 1}
=@-1)(1-b)<0
and so
lz-al?<|z-1]> = 122¢l <4
|az-1J
ie. | w| <1

Hence, the result.

'i Example: Show that the general transformation of the circle | z | < p into the circle
| w|<p'is

- PSR B
w=pp et G, p2), lal<e

Solution. Let the transformation be

az+b7a[2+b/3j ()

cz+d ¢ z+d/c

The points w = 0 and w = «, inverse points of | w | = p’ correspond to inverse point z =-b/a, z
= —d/c respectively of | z | =1, so we may write

d 2
_E=a/ _7:pfr la|<p
a c a
Thus, from (1), we get
( )
al z—a ao[ z—o
w=— 3 =*[, 2] ...(2)
c p c\oz-p
zZ-——
a
Equation (2) satisfied the condition | z | <pand | w | <p'. Hence, for | z | =r, we must have
| w | =p' so that (2) becomes
I = | | = @ z-a 7 =12
P W az-zz” %77
_ a1 2= _|ad1]|z-a
cliz]|z-a cllzllz—a
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—l—, |z-a|=]| z-a

as pp’ e*, A being real.
c

Thus, the required transformation becomes

=pp et T3
w=pp et G 7)) |a]<p.

' Example: Find the bilinear transformation which maps the point 2, i, -2 onto the points
1,1, -1.

Solution. Under the concept of cross—ratio, the required transformation is given by

W-w) (W, =W3) _ (2-2)(2, - 25)
(Wi =wy)(wy=w) (2, -2,)(z; —2)

Using the values of z and w, , we get

(w-1)(+1) _ (z-2)(i+2)
A-i)(-1-w) (2-i)(-2-2)

: - (e
w+1 z+2/\2—-1/\1+i
w-1 _ 4-3iz-2

of w+l 5 z+2

w-l+w+1 _ (4-3i)(z—2)+5(z+2

~

or w-l-(w+1) (4-3i)(z—-2)-5(z+2)
 32(3-1)+2i(3-i) _ 3z+2i
or YT Cig(z-i)-6(3-1) —(iz+6)
32+ 2i
or w =
iz+6

which is the required transformation.

7.2 Conformal Mappings

Let Sbe a domain in a plane in which x and y are taken as rectangular Cartesian co-ordinates. Let
us suppose that the functions u(x, y) and v(x, y) are continuous and possess continuous partial
derivatives of the first order at each point of the domain S. The equations

u=u(xy), v=v(X,y)

set up a correspondence between the points of S and the points of a set T in the (u, v) plane. The
set T is evidently a domain and is called a map of S. Moreover, since the first order partial
derivatives of u and v are continuous, a curve in S which has a continuously turning tangent is
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mapped on a curve with the same property in T. The correspondence between the two domains Notes
is not, however, necessarily a one—one correspondence.

For example, if we take u = x? v = y? then the domain x* + y?> < 1 is mapped on the triangle
bounded by u =0, v =0, u + v =1, but there are four points of the circle corresponding to each
point of the triangle.

7.2.1 Definition

A mapping from S to T is said to be isogonal if it has a one—one transformation which maps any
two intersecting curves of S into two curves of T which cut at the same angle. Thus, in an isogonal
mapping, only the magnitude of angle is preserved.

An isogonal transformation which also conserves the sense of rotation is called conformal
mapping. Thus, in a conformal transformation, the sense of rotation as well as the magnitude of
the angle is preserved.

The following theorem provides the necessary condition of conformity which briefly states that
if f(z) is analytic, mapping is conformal.

Theorem: Prove that at each point z of a domain D where {(z) is analytic and f'(z) # 0, the mapping
w = f(z) is conformal.

Proof. Let w = f(z) be an analytic function of z, regular and one valued in a region D of the
z-plane. Let z, be an interior point of D and let C, and C, be two continuous curves passing
through z, and having definite tangents at this point, making angles a , a,, say, with the real axis.

We have to discover what is the representation of this figure in the w-plane. Let z, and z, be
points on the curves C, and C, near to z,. We shall suppose that they are at the same distance r
from z,, so we can write z, — z, = re, z, — z, = re’>.

Thenasr — 0, 0, > a,, q, —> a,. The point z, corresponds to a point w, in the w-plane and z, and
z, correspond to point w, and w, which describe curves C', and C,’, making angles b, and b, with
the real axis.

C,
YA ' C'2

Z Wo

a
\1 \X B? Bl

— iy = iy
Letw, —w,=p, ", w,—w, =p, ",

where p,p,—>0 = ¢,¢,— B, B,, respectively.
Now, by the definition of an analytic function,

. W, —W
hm# =f'(z

0.
%5 7, — 27,
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Since f '(z,) # 0, we may write it in the form Re™ and thus,

lim plT =Re* i.e. limPLei-0) = Re
re! r
= limPL =R=|f'(z) |
r
and lim (¢, - 6,) =4
ie. lim ¢, — lim 0, =2
i.e. B—o, =2 = B,=a,thr

Similarly, B, = a, + A.

Hence, the curves C', and C’, have definite tangents at w, making angles o, + L and a, + A
respectively with the real axis. The angle between C', and C', is

B, =B, = (o, +1) = (a,—A) =, —q,
which is the same as the angle between C, and C,. Hence the curve C,' and C, intersect at the

same angle as the curves C, and C,. Also the angle between the curves has the same sense in the
two figures. So the mapping is conformal.

Special Case : When f'(z,) = 0, we suppose that f'(z) has a zero of order n at the point z,. Then in
the neighbourhood of this point (by Taylor’s theorem)

f(z) = f(z,) +a(z — z,)™" + ..., wherea # 0

Hence, w, - w, =a(z—-z)" + ...

ie. p, el = | a | rlelds@eal 4

where, d=arga

Hence, lim¢, =[d+(n+1)0,]=8+(n+1)0q, | 8is constant
Similarly, lim¢,=d+(n+1)a,

Thus, the curves C', and (', still have definite tangent at w, but the angle between the tangents
is
11m(¢2 - ¢1) = (n + 1) (0’2 - a1)
Thus, the angle is magnified by (n + 1).
Also the linear magnification, R=1limP =0 | - limPL =R = [f'(z)] =0
r r
Therefore, the conformal property does not hold at such points where f '(z) = 0

A point z, at which f '(z) = 0 is called a critical point of the mapping. The following theorem is
the converse of the above theorem and is sufficient condition for the mapping to be conformal.

Theorem: If the mapping w = f(z) is conformal then show that f(z) is an analytic function of z.
Proof. Let w = {(z) = u(x, y) + iv(x, y)

Here, u = u(x, y) and v = v(x, y) are continuously differentiable equations defining conformal
transformation from z-plane to w-plane. Let ds and do be the length elements in z-plane and
w-plane respectively so that

ds =dx? +dy?,  do®=du?+dv? ()
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Since u, v are functions of x and y, therefore

ou
du = a—udx+ -
Ox

du? +dv? = (audxﬁ- 0
ox 0

-l

611)
Ox

Notes

dv =

ov ov
dy, ™ dx+—dy

oy ay

2

u Y (v v, )

e {3 o

( ou 8u av ov)
ox 6y ox ay

Since the mapping is given to be conformal, therefore, the ratio dc?
comparing the coefficients, we get

direction, so that from (1) and (2),

dxdy (2

: do? is independent of

(au)z (avjz (ou)" (av)’ dudu ovov
o) ox _ ay 6‘yJ _Oxdy oxdy
1 1 0
2
- 2 - ()5 -0
ox oy/ \oy
and a—ua—u+a—va—v =0 ...(4)
Ox 0y 0x 0y
Equations (3) and (4) are satisfied if
w_v v
ox oy’ ox oy )
u_ v v ou
or ox oy’ ox oy ...(6)

Equation (6) reduces to (5) if we replace v by —v i.e. by taking as image figure obtained by the

reflection in the real axis of the w-plane.

Thus, the four partial derivatives u, u,v, v, exist, are continuous and they satisfy C—R equations

(5). Hence, f(z) is analytic.

Remarks

domain.

The mapping w = f(z) is conformal in a domain D if it is conformal at each point of the

The conformal mappings play an important role in the study of various physical

phenomena defined on domains and curves of arbitrary shapes. Smaller portions of these
domains and curves are conformally mapped by analytic function to well-known domains

and curves.
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' Example: Discuss the mappingw = z .

Solution. We observe that the given mapping replaces every point by its reflection in the real
axis. Hence, angles are conserved but their signs are changed and thus, the mapping is isogonal
but not conformal. If the mapping w = Z is followed by a conformal transformation, then
resulting transformation of the form w = f(Z ) is also isogonal but not conformal, where {(z) is
analytic function of z.

' Example: Discuss the nature of the mapping w = z? at the point z = 1 + i and examine its
effect on the lines Im z = Re z and Re z = 1 passing through that point.

Solution. We note that the argument of the derivative of f(z) = z>atz =1 +1i1is

[arg 27] =arg(2 +2i) =n/4

z=1+1

Hence, the tangent to each curve through z =1 + i will be turned by the angle /4. The co-efficient

of linear magnification is |f'(z)| atz=1+1i,ie. |2+2i]| =2 V2 . The mapping is
w=z2=x>-y?+2ixy = u(x, y) +iv(x, y)

We observe that mapping is conformal at the point z = 1 + i, where the half lines y = x(y > 0) and
x =1(y = 0) intersect. We denote these half lines by C, and C,, with positive sense upwards and
observe that the angle from C, to C, is n/4 at their point of intersection. We have

u=x*-y?, v=2xy

The half line C, is transformed into the curve C’| given by
u=0, v=2y*(y=20)

Thus, C’, is the upper half v > 0 of the v—axis.

The half line C, is transformed into the curve C’, represented by
u=1-y?, v=2y(y=0)

Hence, C', is the upper half of the parabola v* = —4(u — 1). We note that, in each case, the positive
sense of the image curve is upward.

For the image curve C',,

dv _dv/dy 2 2

du du/dy -2y v
In particular, j—v = -1 when v = 2. Consequently, the angle from the image curve C’, to the
u

image curve C’, at the point w =f(1 +1) =2iis g , as required by the conformality of the mapping

there.
y C, !
N C,
/4

/4 C, 2
1+

12 :
/2 Cs n C,

o) 1 “x o 1 u
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Notes The angle of rotation and the scalar factor (linear magnification) can change from
point to point. We note that they are 0 and 2 respectively, at the point z =1, since f '(1) = 2,
where the curves C, and (', are the same as above and the non-negative x-axis (C,) is
transformed into the non-negative u-axis (C',).

'i Example: Discuss the mapping w = z%, where a is a positive real number.
Solution. Denoting z and w in polar as z = re®, w = re'¥, the mapping gives r = 1%, ¢ = a0.

Thus the radii vectors are raised to the power a and the angles with vertices at the origin are
multiplied by the factor a. If a > 1, distinct lines through the origin in the z—plane are not mapped
onto distinct lines through the origin in the w-plane, since, e.g. the straight line through the

origin at an angle =T to the real axis of the z-plane is mapped onto a line through the origin in
a

. . . dw
the w—plane at an angle 2= to the real axis i.e. the positive real axis itself. Further, i =az"",
z

which vanishes at the origin if a > 1 and has a singularity at the origin if a < 1. Hence, the
mapping is conformal and the angles are therefore preserved, excepting at the origin. Similarly
the mapping w = e* is conformal.

' Example: Prove that the quadrant | z | <1,0<argz < g is mapped conformally onto

4
(z+1)*°

a domain in the w-plane by the transformation w =

Solution. If w =1£(z) = 7 , then f (z) is finite and does not vanish in the given quadrant. Hence,

4
(z+1)

the mapping w = f(z) is conformal and the quadrant is mapped onto a domain in the w-plane
provided w does not assume any value twice i.e. distinct points of the quadrant are mapped to

4 4
distinct points of the w-plane. We show that this indeed is true. If possible, let T = T,
(z,+1) (z,+1)
where z # z, and both z, and z, belong to the quadrant in the z-plane. Then, since z, # z,, we have
(z,~2)(z,+2,+2)=0

=z +2z,+2=0ie. z = -z, - 2. But since z, belongs to the quadrant, —z, — 2 does not, which
contradicts the assumption that z, belongs to the quadrant. Hence w does not assume any value
twice.

7.3 Summary

° Here, we shall study how various curves and regions are mapped by elementary analytic
function. We shall work in ¢ i.e. the extended complex plane. We start with the linear
function.

w=Az ...(1)
where A is non-zero complex constant and z # 0. We write A and z in exponential form as

A = ae'¢, z = re®
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Then, w = (ar) ei@*9 ...(2)

Thus, we observe from (2) that transformation (1) expands (or contracts) the radius vector
representing z by the factor a = | A | and rotates it through an angle a = arg A about the
origin. The image of a given region is, therefore, geometrically similar to that region. The
general linear transformation

w=Az+B ...(3)

is evidently an expansion or contraction and a rotation, followed by a translation. The
image region mapped by (3) is geometrically congruent to the original one.

d(u*+v¥)+bu-cv+a=0

which also represents a circle or a line. Conversely, if u and v satisfy (9), it follows from (6)
that x and y satisfy (8). From (8) and (9), it is clear that

(i) acircle (a#0) not passing through the origin (d # 0) in the z plane is transformed into
a circle not passing through the origin in the w plane.

(ii) acircle (a # 0) through the origin (d = 0) in the z plane is transformed into a line
which does not pass through the origin in the w plane.

(iii) aline (a = 0) not passing through the origin (d # 0) in the z plane is transformed into
a circle through the origin in the w plane.

(iv) a line (a = 0) through the origin (d = 0) in the z plane is transformed into a line
through the origin in the w plane.

The transformation

_az+b
cz+d

,ad —bc#0 ...(1)

where a, b, ¢, d are complex constants, is called bilinear transformation or a linear fractional
transformation or Mobius transformation. We observe that the condition ad - bc # 0 is
necessary for (1) to be a bilinear transformation, since if

b d
ad — bc =0, then g=€ and we get

In a bilinear transformation, a circle transforms into a circle and inverse points transform
into inverse points. In the particular case in which the circle becomes a straight line,
inverse points become points symmetric about the line.

Let S be a domain in a plane in which x and y are taken as rectangular Cartesian
co-ordinates. Let us suppose that the functions u(x, y) and v(x, y) are continuous and
possess continuous partial derivatives of the first order at each point of the domain S. The
equations

u=u(xy), v=vixy)

set up a correspondence between the points of S and the points of a set T in the (u, v) plane.
The set T is evidently a domain and is called a map of S. Moreover, since the first order
partial derivatives of u and v are continuous, a curve in S which has a continuously turning
tangent is mapped on a curve with the same property in T. The correspondence between
the two domains is not, however, necessarily a one-one correspondence.
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7.4 Keywords Notes

Transformation: The linear function.
w =Az

where A is non-zero complex constant and z # 0. We write A and z in exponential form as
A = ael¢, z = re

Then w = (ar) e+ 9

One—one transformation: It is natural to define a one-one transformation w = T(z) from the
extended z plane onto the extended w plane by writing

T(0) =0, T(o)=0
Bilinear transformation: The transformation

w = az+b,ad—bc¢0
cz+d

where a, b, ¢, d are complex constants, is called bilinear transformation or a linear fractional
transformation or Mobius transformation.

Conformal Mappings: Let S be a domain in a plane in which x and y are taken as rectangular
Cartesian co-ordinates. Let us suppose that the functions u(x, y) and v(x, y) are continuous and
possess continuous partial derivatives of the first order at each point of the domain S. The
equations

u=ukxy), v=vlxy)

7.5 Self Assessment

1. The general linear transformation ................. is evidently an expansion or contraction and
a rotation, followed by a translation.

2. Any point on the circle is mapped onto itself. The second of the transformation in (5) is
simply a ......ccc..... in the real axis.
3. It is natural to define a ................ w =T(z) from the extended z plane onto the extended w

plane by writing
T(0) =0, T(0)=0

az+b

4. The transformation w = K ad —bc =0 where a, b, ¢, d are complex constants, is called

CzZ+

................ or a linear fractional transformation or Mébius transformation.

5. Composition (or resultant or product) of two bilinear transformations is a ................

6.  The points which coincide with their transforms under bilinear transformation are called
its fixed points. For the bilinear transformation ................ , fixed points are given by w =z
) az+b
le.z= """

Since (1) is a quadratic in z and has in general two different roots, therefore, there are
generally two invariant points for a bilinear transformation.
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Notes 7. In a bilinear transformation, a circle transforms into a circle and inverse points transform
INto ..o
8. An ... which also conserves the sense of rotation is called conformal mapping. Thus

in a conformal transformation, the sense of rotation as well as the magnitude of the angle
is preserved.

7.6 Review Questions

Find the bilinear transformation which maps
(1) 1, -i, 2 onto 0, 2, i respectively.
(i) 1,1, 0 onto 1, i, -1 respectively.
(iii) 0,1, o onto o, —i, 1 respectively.
(iv) -1, o, iinto 0, oo, 1 respectively.
(v) oo, i, 0onto 0, i, respectively.
(vi) 1,0, -1 onto i, o, 1 respectively.

(vii) 1,1, -1 onto i, 0, —i respectively.

Answers: Self Assessment

1. w=Az+B 2. reflection
3. one-one transformation 4, bilinear transformation
. ) az+b
5. bilinear transformation. 6. =
cz+d
7. inverse points. 8. isogonal transformation
7.7 Further Readings
Books Abhelfors, D.V. : Complex Analysis

Conway, J.B. : Function of one complex variable

Pati,T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H.Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 8: Series Notes

CONTENTS

Objectives

Introduction

8.1 Sequences

8.2  Series

8.3 Power Series

84 Integration of Power Series
8.5 Differentiation of Power Series
8.6 Summary

8.7 Keywords

8.8  Self Assessment

8.9 Review Questions

8.10 Further Readings

Objectives

After studying this unit, you will be able to:

) Define sequences

° Discuss series and power series

° Describe integration by power series

° Explain differentiation by power series
Introduction

In earlier unit, you have studied about concept of transformation and conformal mapping.
In this unit, we shall introduce you to series representation of a complex valued function f (z) .
In order to obtain and analyze these series, we need to develop some concepts related to series.
We shall start the unit by discussing basic facts regarding the convergence of sequences and
series of complex numbers.

8.1 Sequences

The basic definitions for complex sequences and series are essentially the same as for the real
case. A sequence of complex numbers is a function g : Z, — C from the positive integers into the
complex numbers. It is traditional to use subscripts to indicate the values of the function. Thus,
we write g(n) = z_and an explicit name for the sequence is seldom used; we write simply (z ) to
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stand for the sequence g which is such that g(n) = z . For example, (ij is the sequence g for
n

The number L is a limit of the sequence (z ) if given an € > 0, there is an integer N, such that
|zn - L| <egforalln>N_If L is a limit of (z ), we sometimes say that (z ) converges to L. We
frequently write lim (z) = L. It is relatively easy to see that if the complex sequence (z ) =
(u, +iv ) converges to L, then the two real sequences (u,) and (v,) each have a limit: (u ) converges
to ReL and (v,) converges to ImL. Conversely, if the two real sequences (u,) and (v,) each have a
limit, then so also does the complex sequence (u, +iv ). All the usual nice properties of limits of
sequences are thus true:

lim(z, + w ) = lim(z ) * im(w );

lim(z w,) = lim(z ) lim(wn); and

lim[Z“J - lim(z,)
w, lim(w,)

provided that lim(z ) and lim(w ) exist. (And in the last equation, we must, of course, insist that
lim(w ) # 0.)

A necessary and sufficient condition for the convergence of a sequence (a,) is the celebrated
Cauchy criterion: given & > 0, there is an integer N_so that |a_-a_| <& whenever n,m > N_

A sequence (f ) of functions on a domain D is the obvious thing: a function from the positive
integers into the set of complex functions on D. Thus, for each z € D, we have an ordinary
sequence (fn(z)). If each of the sequences (fn(z)) converges, then we say the sequence of functions
(f,) converges to the function f defined by f(z) = lim(f_(z)). This pretty obvious stuff. The sequence
(f) is said to converge to f uniformly on a set S if given an ¢ > 0, there is an integer N_ so that
|f(z) -f(z)| <eforalln>N andallz €S.

=/

Notes It is possible for a sequence of continuous functions to have a limit function
that is not continuous. This cannot happen if the convergence is uniform.

To see this, suppose the sequence (f ) of continuous functions converges uniformly to f on a
domain D, let z, € D, and let € > 0. We need to show there is a 8 so that |f(z)) - f(z) | <& whenever

|z,-z| <3&. Let's do it. First, choose N so that |f (z) - f(z) | < % We can do this because of the

€
uniform convergence of the sequence (f ). Next, choose & so that |f (z,) - f(z)| < 3 whenever
|z, - z| <3&. This is possible because f is continuous.

Now then, when |z, -z]| <§, we have
[£(z,) - £() | = [£(z,) - £(2,) *+ £(2,) - £(2) + £(2) - (2) |
< |f(Z0) - fN(Zo) | + |fN(Z0) - fN(Z) | + |fN(Z) - f(Z) |
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€ € ¢
< —+—+—=g¢,
3 3 3

Now suppose, we have a sequence (f,) of continuous functions which converges uniformly on a

contour C to the function f. Then the sequence Uf dzj converges to j f,(z)dz. This is easy to
C

see. Let £ > 0. Now let N be so that |f (z) -f(z)| < i for n > N, where A is the length of C. Then,

[(E.(2)-f(z))d

C

[£,(2)dz ~ [f(z)dz| =

C

<—A=¢

> | o

whenever n > N.

Now suppose (f ) is a sequence of functions each analytic on some region D, and suppose the
sequence converges uniformly on D to the function f. Then f is analytic. This result is in marked
contrast to what happens with real functions —examples of uniformly convergent sequences of
differentiable functions with a non-differentiable limit abound in the real case. To see that this
uniform limit is analytic, let z, € D,and letS={z: |z -z | < r} © D. Now consider any simple

closed curve C c S. Each f_is analytic, and so If )dz=0 for every n. From the uniform

convergence of (f ), we know that j f(z)dz is the limit of the sequence [J-f dzj, and so

Jf (z)dz =0. Morera’s theorem now tells us that f is analytic on S, and hence at z,. Truly a miracle.
C

8.2 Series

A series is simply a sequence (s ) in which s_=a, +a, + ... + a . In other words, there is sequence
(a)sothats =s_ +a .Thes areusually called the partial sums. Recall from Mrs. Turner’s class

that if the series [Z ajJ has a limit, then it must be true that lim(a,)=0.

n n—o
j=1

Consider a series [Z ﬁ(z)] of functions. Chances are this series will converge for some values

of z and not converge for others. A useful result is the celebrated Weierstrass M-test: Suppose
(Mj) is a sequence of real numbers such that Mj > 0 for all j > J, where J is some number., and

suppose also that the series (ZMi] converges. If for all z € D, we have [fj(z) | <M, forallj>],

j=1

then the series (ij(z)] converges uniformly on D.

=1
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Zn:Mj <g
j=m

for all n, m > N. (We can do this because of the famous Cauchy criterion.) Next, observe that

<Y <

j=m j

M].<a.

&

> (@)

I
E

This shows that [ij (z)] converges. To see the uniform convergence, observe that
j=1

ifj(z) - gfj(z)—ngfj(z) <s

forallz €e Dand n>m > N. Thus,

m-1

St2)- 2 £(2)

i=0 =

n m-1

;fj(z) - ZU: fj (2)

lim <eg

n—o

for m > N. (The limit of a series [ a.] is almost always written as Zaj.)

n
i
j=0 j=0

8.3 Power Series

We are particularly interested in series of functions in which the partial sums are polynomials
of increasing degree:

s (z)=c,*c(z-2) +c,(z-2)+..+c (z-2z)
(We start with n = 0 for esthetic reasons.) These are the so-called power series. Thus,
a power series is a series of functions of the form (ch(z —zo)j].
j=0

Let’s look first at a very special power series, the so-called Geometric series:
j=0

s =1+z+z’+ ... +2z"and

Here,
zs, =z+722+ 720+ .+ 27",

Subtracting the second of these from the first gives us

(1-2z)s,=1-2z".
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If z =1, then we can’t go any further with this, but I hope it’s clear that the series does not have Notes
a limit in case z = 1. Suppose now z # 1. Then we have,

Zx:zj = L, for|z| < 1.
i 1-z

There is a bit more to the story. First, note that if |z| > 1, then the Geometric series does not have
a limit (why?). Next, note that if |z| < p <1, then the Geometric series converges uniformly to

Notes [z pj] has a limit and appeal to the Weierstrass M-test.
=0

Clearly, a power series will have a limit for some values of z and perhaps not for others. First,
note that any power series has a limit when z = z. Let’s see what else we can say. Consider a

power series [ch(z—zo)i} Let

=0
A =lim sup (j ‘cj‘).

1
(Recall from 6% grade that lim sup(a,) = lim(supf{a, : k > n}.) Now let R= . (We shall say R=0

if =0, and R = w0 if A = 0. ) We are going to show that the series converges uniformly for all
|z-z,] <p<Rand diverges forall |z -z| >R

First, let's show the series does not converge for |z -z | > R. To begin, let k be so that

L<k<l:7x.
‘Z—ZU‘ R

There are an infinite number of G for which J/ ‘Cj‘ >k, otherwise lim sup (J/‘cj‘) <k. For each of

these ¢, we have,

‘ci(z—zo)j‘ :({/H‘Z—ZU‘)j >(k‘z—zo‘j >1.

It is, thus, not possible for Iim‘cn(z —-z,)"

n—o

=0, and so the series does not converge.
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Next, we show that the series does converge uniformly for |z -z | < p <R. Let k be so that

X:l<k<1.
R

p

Now, for j large enough, we have (i ‘C]-‘) <k. Thus, for |z - z,| <p, we have
220 = (e[ [z ') < (2 - 2] < k).

The geometric series [Z(kp)i] converges because kp < 1 and the uniform convergence of
j=0

[Z ci(z—- zo)j] follows from the M-test.
j=0

Example:

Consider the series [anl'z’] Let’s compute R =1/ lim sup (f ‘c]-‘) =lim sup ({/j!)- Let K be any
j=0 ]+

2K

positive integer and choose an integer m large enough to insure that 2m > @ Now consider

!
%, where n = 2K + m:

n! (2K+m)! (2K+m)2K+m-1)..2K+1)(2K
Kn: KK = KmKZX
|
>2m(2K)'>1
K

2K

Thus &/n!>K. Reflect on what we have just shown: given any number K, there is a number n
such that ¥/n! is bigger than it. In other words, R =lim sup ({/F ) =, and so the series [lez’]
j=0 J°

converges for all z.

n
Let’s summarize what we have. For any power series [ch(z—zo)’], there is a number
=0

1
R= 7( ‘ ‘ such that the series converges uniformly for |z - z,| < p <R and does not
j C. )
]

lim sup

converge for |z -z | >R.

|

Notes We may have R=0 or R = o,
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The number R is called the radius of convergence of the series, and the set |z - z,| = R is called Notes
the circle of convergence. Observe also that the limit of a power series is a function analytic
inside the circle of convergence (why?).

8.4 Integration of Power Series

Inside the circle of convergence, the limit

o
)= e -2
j=0

is an analytic function. We shall show that this series may be integrated ”term-by-term” — that
is, the integral of the limit is the limit of the integrals. Specifically, if C is any contour inside the
circle of convergence, and the function g is continuous on C, then

Ig(z)S(z)dz = gcj.[g(z)(z ~z,)dz.

Let’s see why this. First, let ¢ > 0. Let M be the maximum of |g(z)| on C and let L be the length
of C. Then there is an integer N so that

Zc (z— zo)J

j=n

<7

for all n > N. Thus,

Hence,

n-1

z- cifg(z)(z ~z,)'dz

j=0

= J.[g(z)i c(z _ZD)jJ dz|<e.

j=n

8.5 Differentiation of Power Series

Again, let
= > ¢/(z—2)j
j=0
Now we are ready to show that inside the circle of convergence,
S'(z)=2jci(z-2,) "
=1

Let z be a point inside the circle of convergence and let C be a positive oriented circle centered
at z and inside the circle of convergence. Define

1

g(s)zm,
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and apply the result of the previous section to conclude that

jg(s)S(s)ds :i cj.fg(s)(s —z,)'ds,or

j=0

186 4
2ni{ (s—2)°

—z ]— (s=2y) ds. Thus
27 (s z)°

E3

S'(2)= Y jej(z~2,)".

=0

8.6 Summary

The basic definitions for complex sequences and series are essentially the same as for the
real case. A sequence of complex numbers is a function g : Z, - C from the positive
integers into the complex numbers. It is traditional to use subscripts to indicate the values
of the function. Thus, we write g(n) = z_and an explicit name for the sequence is seldom
used; we write simply (z ) to stand for the sequence g which is such that g(n) = z_. For

example, (ﬁ) is the sequence g for which g(n) = ﬁ

The number L is a limit of the sequence (z ) if given an € > 0, there is an integer N_such that
|zn-L| <gforalln>N_If Lisa limit of (z ), we sometimes say that (z ) converges to L.
We frequently write lim (z ) = L. It is relatively easy to see that if the complex sequence
(z,) = (u, +1iv,) converges to L, then the two real sequences (u ) and (v,) each have a limit:
(u,) converges to ReL and (v,) converges to ImL. Conversely, if the two real sequences (u,)
and (v,) each have a limit, then so also does the complex sequence (u, +iv, ). All the usual
nice properties of limits of sequences are, thus, true:

lim(z_+ w ) = lim(z ) * lim(w );

lim(z w ) = lim(z, ) lim(wn); and

[ Za | _ lim(z,)

w, lim(w, )’
provided thatlim(z, ) and lim(w ) exist. (And in the last equation, we must, of course, insist
that lim(w ) = 0.).

A series is simply a sequence (s ) in which s, = a, + a, + ... + a_. In other words, there is

sequence (a ) so thats =s __ +a_.Thes_are usually called the partial sums. Recall from

Mrs. Turner’s class that if the series [Za J has a limit, then it must be true that lim(a,) = 0.

i1 n—o

Consider a series [ij(z)] of functions. Chances are this series will converge for some
j=1

values of z and not converge for others. A useful result is the celebrated Weierstrass M-
test: Suppose (M) is a sequence of real numbers such that M, > 0 for all j > J, where J is some
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number, and suppose also that the series [ZM]} converges. If for all z € D, we have
=1

[j(z) | <M, for all j > J, then the series []an:fj(z)] converges uniformly on D.

o We are particularly interested in series of functions in which the partial sums are
polynomials of increasing degree:
s(z)=c,*c(z-2) +c,(z-2) +...+c(z-2z)"

(We start with n = 0 for esthetic reasons.) These are the so-called power series. Thus, a

n
power series is a series of functions of the form [Z ci(z —ZU)]].
j=0

8.7 Keywords

Sequence: A sequence of complex numbers is a function g : Z, — C from the positive integers into
the complex numbers.

Partial sums: A series is simply a sequence (s, ) inwhichs =a, +a, +... + a . In other words, there
is sequence (a, ) so thats =s_, +a . Thes are usually called the partial sums.

Power series: We are particularly interested in series of functions in which the partial sums are
polynomials of increasing degree:

s (z)=c,*c(z-2)+c,(z-2)+...+c (z-2z)

(We start with n = 0 for esthetic reasons.) These are the so-called power series.

8.8 Self Assessment

1. A of complex numbers is a function g : Z, — C from the positive integers into
the complex numbers.

2. A necessary and sufficient condition for the convergence of a sequence (a, ) is the celebrated
Cauchy criterion: given ¢ > 0, there is an integer N_so that .................. whenever n, m>N..

3. A sequence (f ) of functions on a domain D is the obvious thing: a function from the
positive integers into the set of .................. on D.

4. A series is simply a sequence (s ) in which s, = a, +a, + ... + a_. In other words, there is

sequence (a ) so thats =s  +a .Thes areusually called the ...

5. We are particularly interested in series of functions in which the partial sums are
polynomials of increasing degree:

s (z)=c,*c(z-2) +c,(z-2)+... +c (z-2z)"
(We start with n = 0 for esthetic reasons.) These are the so-called ..................

6. if C is any contour inside the circle of convergence, and the function g is continuous on C,
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8.9 Review Questions

10.

11.

Prove that a sequence cannot have more than one limit. (We, thus, speak of the limit of a
sequence.)

Give an example of a sequence that does not have a limit, or explain carefully why there
is no such sequence.

Give an example of a bounded sequence that does not have a limit, or explain carefully
why there is no such sequence.

Give a sequence (f ) of functions continuous on a set D with a limit that is not continuous.

Give a sequence of real functions differentiable on an interval which converges uniformly
to a non-differentiable function.

n

Find the set D of all z for which the sequence { nZ
7z —

] has a limit. Find the limit.

n

n

Prove that the series (Zaj] converges if and only if both the series [ZReaj] and

j=1 j=1

[Zlm ai] converge.
j=1

n ]
Explain how you know that the series [Z(lj J converges uniformly on the set |z| > 5.
j=1\Z

Suppose the sequence of real numbers (o) has a limit. Prove that
lim sum(o) = lim(cr).

For each of the following, find the set D of points at which the series converges:

Find the limit of

[;(]’+1)zj].

For what values of z does the series converge?
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12.  Find the limit of Notes

%5)

For what values of z does the series converge?

]

13.  Find a power series [ c,(z— 1)’) such that

n
j=0

N | =

=ch(z—1)j,for|z—1|<l.

o
j=0

v

I
o

]

14. Find a power series { ci(z - 1)’) such that

]

logz = icj(z—l)j,for|z—1|<1.

j=0

Answers: Self Assessment

1. sequence 2. la -a_| <e

3. complex functions 4.  partial sums

5. power series. 6. JS(Z)S(Z)dZ = chjg(z)(z - Zo)idZ
C j=0 ¢

8.10 Further Readings

&

Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H.Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 9: Taylor and Laurent Series

CONTENTS
Objectives
Introduction

9.1 Taylor Series
9.2 Laurent Series
9.3 Summary

94 Keywords

9.5  Self Assessment

9.6 Review Questions

9.7  Further Readings

Objectives

After studying this unit, you will be able to:

° Discuss Taylor series
. Describe the concept of Laurent series
Introduction

In last unit, you have studied about concept of power series and also discussed basic facts
regarding the convergence of sequences and series of complex numbers. We shall show that if f
(2) is analytic in some domain D then it can be represented as a power series at any point z, € D
in powers of (z - z;) which is the Taylor series of f (z) . If f (z) fails to be analytic at a point z,, we
cannot find Taylor series expansion of f (z) at that point. However, it is often possible to expand
f (z) in an infinite series having both positive and negative powers of (z - z)) . This series is called
the Laurent series.

9.1 Taylor Series

Suppose f is analytic on the open disk |z - z,| <r. Let z be any point in this disk and choose C to
be the positively oriented circle of radius p, where |z - z,| <p <r. Then for s € C we have

1 1 1 1 < (z—zo)j
s=z (s-2))—(2-2) (s-2)[1_Z"% | T(s-2)"
s—2z,

. zZ-2z,
since |——
5—2,

< 1. The convergence is uniform, so we may integrate
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Notes

f 2 f .
_[ (s) dz= Z[J.(S_(;O))Mds](z -z,),or

¢S~z =0\

f(z) = - [16) ds:i[ ! j(sf(s)dsj(z—zo)i.

. . j+1
2nits—z T\ 2mi (s —2)

We have, thus, produced a power series having the given analytic function as a limit:

z-zy|<1,

i(2)=Y ¢ (=2,

0
=0

where

c ijif(s) ds

1T 2mi(s—z,)""
This is the celebrated Taylor Series for f at z = z.
We know we may differentiate the series to get

F(2)= jo(z~2,)"

=0

and this one converges uniformly where the series for f does. We can, thus, differentiate again
and again to obtain

£9(2) = 2~ 1) -2~ + Dy (2-2,)

Hence,

But we also know that,

This gives us,

(z0) =

=—|——*—ds,forn=0,1,2,.....
2mi g (s —z,)

n+1

n! f(s)

This is the famous Generalized Cauchy Integral Formula. Recall that we previously derived this
formula forn=0and 1.

What does all this tell us about the radius of convergence of a power series? Suppose we have,

f(z) = Z(:j(z -z,),

j=0
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and the radius of convergence is R. Then we know, of course, that the limit function fis analytic
for |z - z,| < R. We showed that if f is analytic in |z - z,| < r, then the series converges for
|z -2z,| >r. Thus r <R, and so f cannot be analytic at any point z for which |z - z;| > R. In other
words, the circle of convergence is the largest circle centered at z; inside of which the limit f is

analytic.

' Example:

Let f(z) = exp(z) = €% Then £(0) = £'(0) = ... = f®(0) = ... =1, and the Taylor series for f at z, = 0 is
i j!

and this is valid for all values of z since f is entire. (We also showed earlier that this particular
series has an infinite radius of convergence.)

9.2 Laurent Series

Suppose f is analytic in the region R, < |z - z,| <R,, and let C be a positively oriented simple
closed curve around z, in this region.

]

Notes We include the possibilities that R, can be 0, and R, = .

We shall show that for z ¢ C in this region

- » b
f(z)= a,(z—2,) + —,
=0

i1 (z2—2)

where,

a :ij%ds,for j=0,1,2,...
T 2mid(s—zy)"

and

b. = Lj&ds,for ji=1,2,..
(s

] : _ —j+1
2mi g (s —2z,)

The sum of the limits of these two series is frequently written

where,

c. —ides, j=0,+1,42,....

17 oni 2(s—z,)"

This recipe for f(z) is called a Laurent series, although it is important to keep in mind that it is
really two series.
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Okay, now let’s derive the above formula. First, let r, and r, be so that R, <r, < |z -7 | <1, <R,

and so that the point z and the curve C are included in the regionr, < |z -z | <r,. Also, letI" be

Notes
a circle centered at z and such that I' is included in this region.

Then M

is an analytic function (of s) on the region bounded by C,, C,, and I', where C, is the
circle |z| =1, and C, is the circle |z| =12 Thus,

g, 8-z & s-z

J. f(z) ds = J.Mds+.r|.sf(_—zlds.

f(z)

ds = 2rif(z), and so we have
15—z

(All three circles are positively oriented, of course.) But J.

2mif(z) = Igds— jgds

Look at the first of the two integrals on the right-hand side of this equation. For s € C,, we have
|z-2z,] <|s-z,],and so
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Notes Hence,

R e

I (s—2)

_< f(s) N
_]z[ j 7@ Z)HldSJ(Z z,)

For the second of these two integrals, note that for s € C, we have |s-z,| < |z-z,|, and so

1 1 = 1
s—z  (z-2)-(s-2) z-z, 1-| 5=%
z-1z,

]
|
(ngR
Py
92}
|
N
—
L
—_
|
|
[NR
VR
—
«n
|
N [
<
=
i
N—
—_

As before,

—
-~
—
©
N2
Q.
»
|
|
I
TN

1

= - d -

Putting this altogether, we have the Laurent series:

fz)= - [ L) g L[ 16) g

2n1czs—z 2mcls—z

)

(s) f(s) 1
;(ij. (s—2z,)"" ds](z %) +z[2m-[(s z0) 7! ds] (z—2z,)"

Let f be defined by

1

f(z) = !

First, observe that f is analytic in the region 0 < |z| < 1. Let’s find the Laurent series for f valid
in this region. First,

f(Z)ZZ(Z—l) z z-1
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From our vast knowledge of the Geometric series, we have Notes

f(z) = —l—iz’.
z 5

Now let’s find another Laurent series for f, the one valid for the region1 < |z | < oo.

First,
1 1] 1
z-1 z 1_1
z
Now since [—|<1, we have
z
1 :1 L zlzzfi:zzﬂl
z-1 z|q_ zi5 =)
and so

9.3 Summary

Suppose f is analytic on the open disk |z - z,| <r. Let z be any point in this disk and choose C to
be the positively oriented circle of radius p, where |z - z,| < p <r. Then for s € C, we have,

1 1 __ 1 1 _N (z-2,)
s—z (s-20)—(z-2,) (s—2) 1-2"% j=0 (S_Zo)ﬁ1
s-z,

. zZ-2,
since
s—2z,

< 1. The convergence is uniform, so we may integrate
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We have, thus, produced a power series having the given analytic function as a limit:

f(z)=

where,

1 f(s)
C.= : j+1 8
i 2mig(s—z,)

9.4 Keywords

Taylor series: f is analytic on the open disk |z - z,| <r. Let z be any point in this disk and choose
C to be the positively oriented circle of radius p, where |z - z,| < p <r. Then for s € C we have

1 1 1 1 & (z-z,)
s—z (s—2y)—(2-2) (s-2p)[1_2"% | i= (s—2)"
s—z,

Cauchy Integral Formula

(“> LJ‘ f(s) —ds,forn=0,1,2,....
2mil (s —

z,)"

This is the famous Generalized Cauchy Integral Formula. Recall that we previously derived this
formula forn=0and 1.

9.5 Self Assessment

1.  fis analytic on the open disk |z - z,| <. Let z be any point in this disk and choose C to
be the positively oriented circle of radius p, where |z - z,| < p <r. Then for s € C we
have

1 1 1 1 3
7 Gz —(z-zy) (-z)|q 2z | T
s—z,

2. The circle of ................. is the largest circle centered at z, inside of which the limit f is
analytic.

3. Suppose f is analytic in the region ................. , and let C be a positively oriented simple

closed curve around z, in this region.

1 &
4.  Laurent series for f, the one valid for the region 1 < |z| < . When, f(z)= —;—ZZ’ is
=0

equal to ....cccccceuenne
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9.6 Review Questions Notes

1. Show that for all z,

j=0

2. What is the radius of convergence of the Taylor series [Z cizjj for tanh z ?

3. Show that

for |z-i| < /2.

1
4.  If f(z)= 15 what is f10(i)?

5. Suppose f is analytic at z = 0 and £(0) = f'(0) = £”(0) = 0. Prove there is a function g analytic
at 0 such that f(z) = z°g(z) in a neighborhood of 0.

6. Find the Taylor series for f(z) = sin z at z, = 0.

7. Show that the function f defined by

sinz

for z#0
f(z)=1 *

@) 1 for z=0

is analytic at z = 0, and find f'(0).
8.  Find two Laurent series in powers of z for the function f defined by
1
f(z)=
(=) 7z*(1-2z)

and specify the regions in which the series converge to f(z).

9. Find two Laurent series in powers of z for the function f defined by
()=
z(1+2z%)

and specify the regions in which the series converge to f(z).

. 1
10.  Fnd the Laurent seriesin powersof z—1for f(z) = ~ in the region 1< |z-1| <co.
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Notes Answers: Self Assessment
1 & (z- Zo)i 2
. VR . convergence
T (s—2zo)" &
3. R < |z-2z,] <R, 4. f(z) = Zz’i.
j=2

9.7 Further Readings

&

Books

Abhelfors, D.V. : Complex Analysis

Conway, J.B. : Function of one complex variable

Pati,T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H.Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 10: Residues and Singularities

Notes

10.1
10.2
10.3
10.4
10.5
10.6

10.7

CONTENTS
Objectives

Introduction

Residues

Poles and other Singularities
Summary

Keywords

Self Assessment

Review Questions

Further Readings

Objectives

After studying this unit, you will be able to:

. Discuss residues
) Describe the concept of singularities
Introduction

In last unit, you have studied about the Taylor series. Taylor series representation of a complex

valued function is discussed. In earlier unit, we have introduced the concept of absolute and

uniform convergence of power series and defined its radius of convergence. This unit will

explain zeros and singularities of complex valued functions and use the Laurent series to

classify these singularities.

10.1 Residues

A point z is a singular point of a function fif fis not analytic at z, but is analytic at some point
of each neighborhood of z,. A singular point z, of f is said to be isolated if there is a neighborhood

of z, which contains no singular points of f save z,. In other words, f is analytic on some region
0<]z-z] <e.

Example:

The function f given by

has isolated singular points at z =0, z = 2i, and z = -2i.

f(2)
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Every point on the negative real axis and the origin is a singular point of Log z, but there are no
isolated singular points.

Suppose now that z; is an isolated singular point of f . Then there is a Laurent series

valid for 0 < |z - z,| <R, for some positive R. The coefficient c_, of (z - z)™" is called the residue
of f at z, and is frequently written

Resf.

z=2)

Now, why do we care enough about c , to give it a special name? Well, observe that if C is any
positively oriented simple closed curve in 0 < |z - z| < R and which contains z, inside, then

Y

Ci=7
2mig

(z)dz.

This provides the key to evaluating many complex integrals.

Example:

We shall evaluate the integral

jf”zdz
C

where C is the circle |z| =1 with the usual positive orientation. Observe that the integrand has
an isolated singularity at z = 0. We know then that the value of the integral is simply 2ni times
the residue of e"/# at 0. Let’s find the Laurent series about 0. We already know that

for all z. Thus,

The residue ¢, = 1, and so the value of the integral is simply 2mi.

Now suppose, we have a function fwhich is analytic everywhere except for isolated singularities,
and let C be a simple closed curve (positively oriented) on which f is analytic. Then there will be
only a finite number of singularities of f inside C (why?). Call them z,, z,, ..., z. For each
k=1,2,..,n,let C bea positively oriented circle centered at z, and with radius small enough to
insure that it is inside C and has no other singular points inside it.
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Figure 10.1 Notes

Then,

[t(2)dz = [f(z)dz+ [ f(z)dz+...+ [ f(z)dz

= 2mi Res f+2niResf +...+ 2niRes f

z=27, =2 2=27,

= Znii Res f.

k=1 z=2z

This is the celebrated Residue Theorem. It says that the integral of f is simply 2ni times the sum
of the residues at the singular points enclosed by the contour C.

10.2 Poles and other Singularities

In order for the Residue Theorem to be of much help in evaluating integrals, there needs to be
some better way of computing the residue —finding the Laurent expansion about each isolated
singular point is a chore. We shall now see that in the case of a special but commonly occurring
type of singularity the residue is easy to find. Suppose z, is an isolated singularity of f and
suppose that the Laurent series of f at z, contains only a finite number of terms involving
negative powers of z - z. Thus,

c c
f(z) = -4 il o+ — e, e (z—2,)+...
) (z-z)" (Z_Zo)m1 (z-2,) ol o)

Multiply this expression by (z - z,)" :
¥2)=(z-2z)4(z)=c +c ,(z-2z)+. . +c (z-2z)" +..

What we see is the Taylor series at z, for the function ¢(z) = (z - z)"f(z). The coefficient of
(z - z,)"" is what we seek, and we know that this is

0" V(zy)
(n-1)!

The sought after residue c_ is thus,

(n-1)
c,=Resf= 97 (2)
222, (n-1)!

7

where §(z) = (z - z,)"{(z).
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' Example:

We shall find all the residues of the function

z

e

(@)=

First, observe that f has isolated singularities at 0, and # i. Let’s see about the residue at 0.

Here, we have,

z

PV -
d(z)=z7f(z) = 722(22 1)

The residue is simply ¢’(0) :

(2> +1)e* — 2ze*

(z)= Z+1)

Hence,
Rgosf =¢'(0)=1.

Next, let’s see what we have at z = i:

and so

In the same way, we see that

Let’s find the integral J e ez dz, where C is the contour pictured:
z
C

z"+1)

Figure 10.2
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This is now easy. The contour is positive oriented and encloses two singularities of f; viz,
i and -i. Hence,

z

e
lm dz = ZHi{Res f+Res f}

z=0 z=—i

= 2mi| ——+ &
2 2

=-2xisin 1.

There is some jargon that goes with all this. An isolated singular point z, of f such that the
Laurent series at z, includes only a finite number of terms involving negative powers of z - z, is
called a pole. Thus, if z, is a pole, there is an integer n so that ¢(z) = (z - z,)"f(z) is analytic at z,
and f(z,) # 0. The number n is called the order of the pole. Thus, in the preceding example, 0 is a
pole of order 2, while i and -i are poles of order 1. (A pole of order 1 is frequently called a simple
pole.) We must hedge just a bit here. If z, is an isolated singularity of f and there are no Laurent
series terms involving negative powers of z - z,, then we say z, is a removable singularity.

Example:

Let

sinz

f(z) =

s
V4

then the singularity z = 0 is a removable singularity:

Z3 5
= —sinz=—(z—-—+—-
fz) z z( 3! 5! )
z2 z*
=1*a+§*

and we see that in some sense f is “really” analytic at z = 0 if we would just define it to be the right
thing there.

A singularity that is neither a pole or removable is called an essential singularity.

Let’s look at one more labor-saving trick — or technique, if you prefer. Suppose f is a function:

where p and q are analytic at z0, and we have q(z,) = 0, while q'(z)) # 0, and p(z,) # 0.

Then,

f(Z):M: p(ZU)+p'(Z0)n(Z—ZO)+...
19 qe)e-2)+ T @z
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Notes and so

¢(Z)=(Z7Z0)f(z)= P(Zo)+P;(Zo)(Z—Zo)+-~-
q'(zo)+7q (2Z0)(Z—ZO)+...

Thus, z, is a simple pole and

Resf =¢(z,) = P(z,) .
o 9'2)

Example:

Find the integral :

COSZ
ey

’

where C is the rectangle with sidesx =1, y = -n, and y = 3m.

The singularities of the integrand are all the places at which e* =1, or in other words, the points
z =0, + 2ni, * 4ni,.... The singularities enclosed by C are 0 and 2xi. Thus,

cosz
_[(ez ) dz = 2ni{Resf+ Resf},
C

z=0 z=27i
where
cosz
f(z) = .
=) e’ -1
z

Observe this is precisely the situation just discussed: f(z) = %, where p and q are analytic, etc.,
etc. Now,

p(z) cosz

q'(z) ¢
Thus,

Resf = cos0 =1,and
z=0 1
: -2p 2n
Resf = Cos’f’“ =& € _coshom
z=2mi e =
Finally,
cosz
_[ 1 dz - 2ni{Resf+ Resf}
c® ~ 2=0 z=2mi

=2mi(1 + cosh2m)
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10.3 Summary Notes

° A point z, is a singular point of a function f if f not analytic at z,, but is analytic at some
point of each neighborhood of z,. A singular point z, of fis said to be isolated if there is a
neighborhood of z, which contains no singular points of f save z,. In other words, f is
analytic on some region 0 < |z - z/| <e.

) Now suppose we have a function f which is analytic everywhere except for isolated
singularities, and let C be a simple closed curve (positively oriented) on which f is analytic.
Then there will be only a finite number of singularities of f inside C (why?). Call them
2,2y ., Z,. Foreachk=1,2, .., n,let C be a positively oriented circle centered at z, and with
radius small enough to insure that it is inside C and has no other singular points inside it.

Then,

i f(z)dz = |

S

f(z)dz+ [ f(z)dz+...+ [ f(z)dz

C

n

= 2ni Res f+2niResf +...+ 2niRes f

z=7; z=2 7=z,

= Znizn:Res f.

k=1 z=7

This is the celebrated Residue Theorem. It says that the integral of f is simply 2ni times the
sum of the residues at the singular points enclosed by the contour C.

) In order for the Residue Theorem to be of much help in evaluating integrals, there needs
to be some better way of computing the residue —finding the Laurent expansion about
each isolated singular point is a chore. We shall now see that in the case of a special but
commonly occurring type of singularity the residue is easy to find. Suppose z, is an
isolated singularity of f and suppose that the Laurent series of f at z, contains only a finite
number of terms involving negative powers of z - z. Thus,

C C C
f(z)=—"—+—2L 4+ —L o (z—2y) +..

(z=2,)"  (z=2)"" (z-2,)

Multiply this expression by (z - z,)" :
¥z)=(z-z)f(z) =c +c ,(z-2)+..+c (z-2z)"+..

What we see is the Taylor series at z, for the function ¢(z) = (z - z,)"f(z). The coefficient of
(z - z,)""'is what we seek, and we know that this is

¢(n71)(20)

(n-1)!

10.4 Keywords

Singular point: A singular point z, of fis said to be isolated if there is a neighborhood of z, which
contains no singular points of f save z.

Residue Theorem. It says that the integral of fis simply 2ni times the sum of the residues at the
singular points enclosed by the contour C.
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10.5 Self Assessment

A z, of f is said to be isolated if there is a neighborhood of z, which contains no
singular points of f save z.

................... says that the integral of f is simply 2ni times the sum of the residues at the
singular points enclosed by the contour C.

In order for the ................... to be of much help in evaluating integrals, there needs to be
some better way of computing the residue—finding the Laurent expansion about each
isolated singular point is a chore.

Suppose z, is an isolated singularity of f and suppose that the ................... of f at z, contains
only a finite number of terms involving negative powers of z - z,. Thus,

f(z) = Ca 4 Can +ot €1 +¢y+¢,(z—2))+..

(z-2y)" (Z_Zo)ni1 ) (z-2,)

10.6 Review Questions

1.

Evaluate the integrals. In each case, C is the positively oriented circle |z| = 2.

(a) Iel/zzdz.

C

o {2
o {2
@ Lelop

Suppose f has an isolated singularity at z,. Then, of course, the derivative f also has an
isolated singularity at z,. Find the residue R% st'.

Given an example of a function f with a simple pole at z, such that R?S f=0, or explain
carefully, why there is no such function.

Given an example of a function f with a pole of order 2 at z, such that R? sf=0, explain
carefully, why there is no such function.

Suppose g is analytic and has a zero of order n at z0 (That is, g(z) = (z - z,)nh(z), where
h(z,) # 0.). Show that the function f given by

1

f(z)=——

8(z)

has a pole of order n at z,. What is Res f?

z=2
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6. Suppose g is analytic and has a zero of order n at z,. Show that the function f given by Notes
8(2)

has a simple pole at z, and Resf=n.

z=2)

7. Find :

'[ Ccosz

dz,
z' -4

C
where C is the positively oriented circle |z| = 6.

8. Find :
Itan zdz,
C

where C is the positively oriented circle |z| = 2.

9. Find :

1
——
cz +z+1

where C is the positively oriented circle |z| = 10.
Answers: Self Assessment

1. Singular point 2. Residue Theorem

3. Residue Theorem 4, Laurent series

10.7 Further Readings

K

Books Ahelfors, D.V. : Complex Analysis

Conway, J.B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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CONTENTS

Objectives

Introduction

11.1 Argument Principle
11.2 Rouche’s Theorem
11.3 Summary

114 Keyword

11.5 Self Assessment

11.6 Review Questions

11.7 Further Readings

Objectives

After studying this unit, you will be able to:

° Discuss the concept of argument principle
° Describe the Rouche's theorem
Introduction

In last unit, you have studied about the Taylor series, singularities of complex valued functions
and use the Laurent series to classify these singularities. This unit will explain the concept
related to argument principle and Rouche's theorem.

11.1 Argument Principle

Let C be a simple closed curve, and suppose f is analytic on C. Suppose moreover that the only
singularities of f inside C are poles. If f(z) # 0 for all z € C, then I" = (C) is a closed curve which
does not pass through the origin. If

y(t),a<t<b
is a complex description of C, then

&(t) =f(y(t), a<t<p

is a complex description of I'. Now, let’s compute

ey
I Jv(t) vt
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But notice that &'(t) = £'(y(t))y'(t). Hence,
f2) 4, f(v(t)) y(t)dt = €M 4
[~ oy 104 E5 O

where |n| is the number of times I “winds around” the origin. The integer n is positive in case
I' is traversed in the positive direction, and negative in case the traversal is in the negative
direction.

Next, we shall use the Residue Theorem to evaluate the integral I ))dz The singularities of
f(z

f'(z)
f(z)
points. First,letZ={z, z,, ..., z,} be set of all zeros of f. Suppose the order of the zero z, is n. Then
f(z) = (z - z)h(z) and h(z) # 0. Thus,

the integrand are the poles of f together with the zeros of f. Let’s find the residues at these

£() _(@-p)"h'@)-m(z-p)" 'h() (z=p)m,
f) (z—p)™ h(z)
_h(z_ oy
h(z) (z—pi) 1
Now then,
W@ N
(z)= (z-p;) f2) =(z-p)" hz)
and so
Res—=¢(p;) =~
The sum of all these residues is
-P=-m -m,- - m,

Then,
£(2) 4, NP
i@dz = 2TCI(N P),

and we already found that

dz=n2mni,

If (2)
f(2)
where n is the “winding number”, or the number of times I" winds around the origin—n > 0

means I' winds in the positive sense, and n negative means it winds in the negative sense.
Finally, we have

n=N-D,

where N=n, +n, + ...
the zeros,and P=m, + m, + ... + m, is the number of poles, counting the order. This result is the
celebrated argument principle.

LOVELY PROFESSIONAL UNIVERSITY

+n, is the number of zeros inside C, counting multiplicity, or the order of

Notes

109



Complex Analysis and Differential Geometry

110

Notes

11.2 Rouche’s Theorem

Suppose f and g are analytic on and inside a simple closed contour C. Suppose that |f(z)| >
|g(z)| for all z € C. Then we shall see that f and f + g have the same number of zeros inside C.
This result is Rouche’s Theorem. To see why it is so, start by defining the function y(t) on the
interval 0 <t <1:

RGO

YO = H ) T e(2)

Observe that the denominator of the integrand is never zero:

[f(z) +tg(2) [ > [ [£(t) -t{g®) [ | = | [f{®)| - [gt)[ | >O.

Observe that ¥, is continuous on the interval [0,1] and is integer-valued — ¥(t) is the number of
zeros of f + tg inside C. Being continuous and integer-valued on the connected set [0,1], it must
be constant. In particular, ¥(0) = ¥(1). This does the job!

is the number of zeros of f inside C, and

o LL@E0,,
2ni ¢ f(z) +g(z)

is the number of zeros of f + g inside C.

Example:

How many solutions of the equation z° - 5z° + z*> - 2 = 0 are inside the circle |z| = 1? Rouche’s
Theorem makes it quite easy to answer this. Simply let f(z) = -5z° and let g(z) = z° + z* - 2. Then
|f(z)| =5and |g(z)| < |z|®+ |z|*+2=4forall |z| =1. Hence |f(z) | > |g(z) | on the unit circle.
From Rouche’s Theorem we know then that f and f + g have the same number of zeros inside
|z| =1. Thus, there are 5 such solutions.

The following nice result follows easily from Rouche’s Theorem. Suppose U is an open set
(i.e., every point of U is an interior point) and suppose that a sequence (f ) of functions analytic
on U converges uniformly to the function f. Suppose further that f is not zero on the circle
C={z: |z:z, | =R} cU. Then there is an integer N so that for all n > N, the functions f_and f have
the same number of zeros inside C.

This result, called Hurwitz’s Theorem, is an easy consequence of Rouche’s Theorem. Simply
observe that for z € C, we have |f(z) | > € >0 for some &. Now let N be large enough to insure that
|f (z) -f(z)| <e&on C. It follows from Rouche’s Theorem that f and f + (f -f) = f have the same
number of zeros inside C.

Example:
2

zZ z
On any bounded set, the sequence (f ), where f (z) = 1+z+ > +ot ;",, converges uniformly to

f(z) = e% and f(z) # O for all z. Thus for any R, there is an N so that for n > N, every zero of

LOVELY PROFESSIONAL UNIVERSITY



Unit 11: Rouche’s Theorem

Notes
2

z
1+z+ > ot j, has modulus > R. Or to put it another way, given an R there is an N so that for

2

z z
n > N no polynomial 1+z+ B ot *"', has a zero inside the circle of radius R.
n!

11.3 Summary

o Let C be a simple closed curve, and suppose f is analytic on C. Suppose moreover that the
only singularitiesof finddeCarepoles. If f(z) =0 for all z € C, then T = (C) is a closed curve
which does not pass through the origin. If

y(t), a <t<P

is a complex description of I'. Now, let's compute

where |n| is the number of times I' “winds around” the origin. The integer n is positive
in case I is traversed in the positive direction, and negative in case the traversal is in the
negative direction.

f'(z)
f(z)

° We shall use the Residue Theorem to evaluate the integral J‘ dz. The singularities of
C

f'(z)
f(z)
these points. First, let Z = {z,, z,, ..., z,} be set of all zeros of f. Suppose the order of the zero
z is n. Then f(z) = (z - )"h(z) and h(z) # 0. Thus,

j

the integrand are the poles of f together with the zeros of f. Let’s find the residues at

f(z) (z-p)"h'(z)-m(z-p)" 'h(z) (z-p)m,

f(z) (z—pj)™ " h(z)
_ h'(z) Iy
hz) (z-p)"
° Suppose f and g are analytic on and inside a simple closed contour C. Suppose that |{(z) |

> |g(z)| for all z € C. Then we shall see that f and f + g have the same number of zeros
inside C. This result is Rouche’s Theorem. To see why it is so, start by defining the function
y(t) on the interval 0 <t <1:

oL (@0,

YO =i H ) T e (e)
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Observe that the denominator of the integrand is never zero:

[f(z) +tg(2) [ > [ [£(t) -t{g®) [ | = | [f®)| - [gt)[ | >O.

Observe that ¥, is continuous on the interval [0,1] and is integer-valued —\P(t) is the
number of zeros of f + tg inside C. Being continuous and integer-valued on the connected
set [0,1], it must be constant. In particular, ¥(0) = ¥(1). This does the job!

_ 1 f'2)+g'(t)
v(H= 2ni£ f) e -

is the number of zeros of f + g inside C.

11.4 Keyword

Rouche’s Theorem: Suppose f and g are analytic on and inside a simple closed contour C. Suppose
moreover that |f(z)| > |g(z)| for all z € C. Then we shall see that f and f + g have the same
number of zeros inside C. This result is Rouche’s Theorem.

11.5 Self Assessment

1. Let C be a simple closed curve, and suppose f is analytic on C. Suppose moreover that the
only ....ccoeeunee of f inside C are poles.
2. The integer n is positive in case G is traversed in the ................ , and negative in case the

traversal is in the negative direction.

3. Being continuous and integer-valued on the connected set [0,1], it must be constant. In
particular, ................

11.6 Review Questions

1.  Let C be the unit circle |z| =1 positively oriented, and let f be given by f(z) = z°. How
many times does the curve £,°C,+ wind around the origin? Explain.

2. Let C be the unit circle |z| =1 positively oriented, and let f be given by

z2+2
f(z) =—

V4

How many times does the curve f(C) wind around the origin? Explain.

3. Letp(z) =a z"+a_,z"" +..+az+a0, witha #0.Prove there is an R > 0 so that if C is the
circle |z| = R positively oriented, then

p'(2)
l p(z)

4. How many solutions of 3e* - z = 0 are in the disk |z| < 1? Explain.

dz =2nmi.
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5. Suppose f is entire and f(z) is real if and only if z is real. Explain how you know that f has Notes
at most one zero.

6. Show that the polynomial z° + 4z? - 1 has exactly two zeros inside the circle |z| = 1.
7. How many solutions of 2z* - 2z° + 22> - 2z + 9 = 0 lie inside the circle |z| =1?
8. Use Rouche’s Theorem to prove that every polynomial of degree n has exactly n zeros

(counting multiplicity, of course).

9.  Let Cbe the closed unit disk |z| <1. Suppose the function f analytic on C maps C into the
openunitdisk |z| <1—thatis, |{(z) | <1forall z € C. Prove there is exactly one w € C such
that f(w) = w. (The point w is called a fixed point of £ .)

Answers: Self Assessment

1.  singularities 2. positive direction

3. Y(0)=Y()

11.7 Further Readings

&

Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Objectives

After studying this unit, you will be able to:

. Discuss the concept of fundamental theorem on algebra
° Describe the calculus of residues

° Discuss the multivalued functions and its branches
Introduction

In last unit, you have studied about the Taylor series, singularities of complex valued functions
and use the Laurent series to classify these singularities. Also you studied about the concept
related to argument principle and Rouche's theorem. This unit will explain fundamental theorem
on algebra.

12.1 Fundamental Theorem of Algebra

Every polynomial of degree n has exactly n zeros.
Proof. Let us consider the polynomial
a,taz+a,z?+..+a z%a #0
Wetakef(z) =a z" g(z) =a,+a,z+a,z’+...+a_ z"
Let Cbe a circle |z| =1, wherer > 1.
Now, | f(z)| = |a,z"| = |a |
18| < lay| + la,| 1+ |a,| v+ |a,| =™

<(la | + fa, | +..+ [a  [) ™

n-1
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Therefore, Notes

(lagl+]a; [+..+]a,, )"

8(z)
f(z)

la, [r*

_ lag|+]a, [+.+]a, |

la, [
Hence | g(z) < |f(z) |, provided that

lag[+lay [+ +]a, ]
la, [

<1

. I ENEITNENI TN o
© ja, |

Since r is arbitrary, therefore, we can choose r large enough so that (1) is satisfied. Now, applying
Rouche’s theorem, we find that the given polynomial f(z + g(z) has the same number of zeros as
f(z). But f(z) has exactly n zeros all located at z = 0. Hence, the given polynomial has exactly n
Zeros.

Example: Determine the number of roots of the equation
z8-425+22-1=0

that lie inside the circle |z| =1

Solution. Let C be the circle defined by |z| =1

Let us take f(z) = z° - 47°, g(z) = z*- 1.

On the circle C,
g(z) _ z2 -1 |z|* +1
f(z) 28 -4z’ | |z[|4-2]
1+1 2 2
< 3:—:—<1
4-|zP 4-1 3

Thus, |g(z)| <|f(z)| and both f(z) and g(z) are analytic within and on C, Rouche’s theorem
implies that the required number of roots is the same as the number of roots of the equation
78 - 47> = 0 in the region |z| <1. Since z* - 4 # 0 for |z| <1, therefore, the required number of
roots is found to be 5.

Inverse Function

If f(z) = w has a solution z = F(w), then we may write

f{E(w) } = w, F{ {(z)} = z. The function F defined in this way, is called inverse function of f.
Theorem. (Inverse Function Theorem)

Let a function w = f(z) be analytic at a point z = z, where f '(z)) # 0 and w = f(z,).
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Then there exists a neighbourhood of w in the w-plane in which the function w = f(z) has a
unique inverse z = F(w) in the sense that the function F is single-valued and analytic in that
neighbourhood such that F(w,) = z, and

—_

Proof. Consider the function f(z) - w,. By hypothesis, f(z)) w, = 0. Since f '(z) # 0, f is not a
constant function and therefore, neither f(z) - w, not f '(z) is identically zero. Also f(z) - w, is
analytic at z = z, and so it is analytic in some neighbourhood of z, Again, since zeros are
isolated, neither f(z) - w, nor f '(z) has any zero in some deleted neighbourhood of z,. Hence,
there exists R > 0 such that f(z) - w, is analytic for |z -z, | <R and f(z) -w, =0, f'(z) #0 for
0 < |z-z,] <R. Let D denote the open disc

{z:|z-2z,| <R}
and C denotes its boundary
{z:|z-2,| =R}.
Since f(z) - w, for |z -z | <R, we conclude that | f(z) - w,| has a positive minimum on the circle

C. Let

min | f(z) - w,

zeC Ul:m

and choose d such that 0 <d <m.

We now show that the function f(z) assumes exactly once in D every value w, in the open disc
T={w:|w-w,| <d}. We apply Rouche’s theorem to the functions w, - w, and f(z)-w,. The
condition of the theorem are satisfied, since

|w,-w,| <d<m= [f(z) -w,| < [f(z) -w,| onC.
Thus, we conclude that the functions.

f(z) - w,and (f(z) - w,) + (w, - w,) = f(z) - w,

have the same number of zeros in D. But the function f(z) - w, has only one zero in Di.e. a simple
zeros at z,, since (f(z) - w)' = f'(z) # 0 at z.

Hence, f(z) - w, must also have only one zero, say z, in D. This means that the function f(z)
assumes the value w, exactly once in D. It follows that the function w = f(z) has a unique inverse,
say z = F(w) in D such that F is single-valued and w = f {F(w)}. We now show that the function
Fis analytic in D. For fix w, in D, we have f(z) = w, for a unique z, in D. If wis in T and F(w) = z,
then

F(w)-F(w,) _ z-z,
w-w, fz)-f(z)

)

It is noted that T is continuous. Hence, z — z, whenever w — w,. Since z, € D, as shown above
f'(z,) exists and is zero. If we let w — w, then (2) shows that

Thus F'(w) exists in the neighbourhood T of w, so that the function F is analytic there.
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12.2 Calculus of Residues Notes

The main result to be discussed here is Cauchy’s residue theorem which does for meromorphic
functions what Cauchy’s theorem does for holomorphic functions. This theorem is extremely
important theoretically and for practical applications.

The Residue at a Singularity

We know that in the neighbourhood of an isolated singularity z = a, a one valued analytic
function f{z) may be expanded in a Laurent’s series as

fz)= Ya,(z—a)" + b, (z—a)"

n=0 n=1

The co-efficient b, is called the residue of f(z) at z = a and is given by the formula

i_[ f(z)dz

n 2TEI d )7n+1

—a)=b= L .
Res (z=a)=b, zni:[f(z)dz | b =

Where g is any circle with centre z = a, which excludes all other singularities of f(z). In case,

z = a is a simple pole, then we have

Res (z = a) =b, = lim (z-a) f(z) [ D, (z-a)+ b,

z—a

A more general definition of the residue of a function f(z) at a point z = a is as follows.

If the point z = a is the only singularity of an analytic function f(z) inside a closed contour C, then
the value f(z) dz is called the residue of f(z) at a.

Residue at Infinity

If f(z) is analytic or has an isolated singularity at infinity and if C is a circle enclosing all its
singularities in the finite parts of the z-plane, the residue of f(z) at infinity is defined by

Res (z = 0) = i_[f(z) dz, | or Res (z = ) - i‘[f(z) dz,
C C

Integration taken in positive sense

the integration being taken round C in the negative sense w.r.t. the origin, provided that this
integral has a definite value. By means of the substitution z = w7, the integral defining the
residue at infinity takes the form

1 1 dw
o [T-f(w e

taken in positive sense round a sufficiently small circle with centre at the origin.

Thus, we also say if

lim [-f(w™) w] or lim [-z f(z)]

w—0 w—0

has a definite value, that value is the residue of f(z) at infinity.
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b
For example, consider the function f(z) = S a for this function
Res (z =) = ——|f(z) dz

1 b

2nitz—a

dz

b 2rreido

-— —
2mido  re

C being the circle |z-a| =r

[

|

|
2
Il
&

Res (z=o) =-b

Also, z = a is a simple pole of f(z) and its residue there is % I f(z)ydz=b
iy

| or lim (z-a) f(z) =b

Thus, Res (z=a) =b - Res (z = )

(ii)  If the function is analytic at a point z = a, then its residue at z = a is zero but not so at
infinity.

(iii) In the definition of residue at infinity, C may be any closed contour enclosing all the
singularities in the finite parts of the z-plane.

Calculation of Residues

Now, we discuss the method of calculation of residue in some special cases.

(i)  If the function f(z) has a simple pole at z = a, then, Res (z = a) = lim (z-a) {(z).
()

i.e. a rational function,
v(z)

(ii)  If f(z) has a simple pole at z = a and f(z) is of the form f(z) =

then

Res (z = a) = lim (z-a) f(z) = lim (z-a)

z—a z—a

(2)
()

_ 9@
v'(a)’

where y(a) =0, y’'(a) # 0, since y(z) has a simple zero atz =a
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(iii) If f{z) has a pole of order m at z = a then we can write

_ )
()= G (1)
where ¢(z) is analytic and ¢(a) = 0.
—y—p = L - 1 9
Now, Res (z=a) =b, = Elf(z) dz = ﬂim

1 lmi_l J' ¢(Z) dz
c(z

m-1 2xi —a)™ !
= % o™'(a) [By Cauchy’s integral formula for derivatives] (2)
[m=-2

Using (1), formula (2) take the form

Res (z=a) = ﬁ ;Z:l [(z-a)~f(z)]asz—>a
ie. Res(z=a)= lzlg}ﬁ%r:l [(z-a)™f(z)] (3)

Thus, for a pole of order m, we can use either formula (2) or (3).

(iv) If z=ais a pole of any order for f(z), then the residue of f(z) at z = a is the co-efficient of

in Laurent’s expansion of f(z)
z-a

1
(v)  Res(z =x) =Negative of the co-efficient of S in the expansion of f(z) in the neighbourhood

of z = co.

4
' Example: (a) Find the residue of z 2 atz=-a

2
z +
4

VA
Solution. Let f(z) = SR

Poles of f(z) are z =+ ia

Thus z = -ia is a simple pole, so

Res (z = -ia) = lim (z + ia) f(2)

4
z

= lim (z+ia)————
z-ia (z+ia)(z—ia)
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I
.é’_..'
|

(b)  Find the residues of e z* at its poles.

iz

e
Solution. Let f(z) = =

f(z) has pole of order 4 at z = 0, so

3 .
Res(z=0)=l d—se") =1
|3l dz o 6
Alternatively, by the Laurent’s expansion
e” 1 i 1 i
=y
zt 7zt 72 272" |3z
we find that
- 1
Res (z = 0) = co-efficient of S
__ 1
6
Z3
()  Find the residue of 71 at z = oo,
z z 1)"
Solution. Letf(z) = ———= = z(l - —Zj
z° -1 2( 1 j z
z | 1-—
z
1 1
=z1+—+—+
(A4t pn)
=z+—+—+..
z 7

Therefore,

Res (z = o) = —(co-efficient of 1) =-1

z
(d) Find the residues of at its poles.

3

Solution. Let f(z) = (z- 1)4(ZZ_ 2)(z-3)
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Poles of f(z) are z =1 (order four) and z = 2, 3 (simple) Notes
Therefore,
Z3
PO B = lim——  — _
Res (z=2) 171£121 (z-2) £(2) lim (Z-1)'(z-3) 8
R =3)=1i 3) f(z) = =4
es(z=3)= Zlirsl(z' ) f(z) = 16
Z3
For z =1, we take ¢(z) = m
3
where f(z) = o) 7 and thus, Res (z=1) = LRC
(z-1) 13
Now fls) = 445 8 N 27
ow, f(2) =z +5- =5+
48 162
3 = —
¥@) (z-2)* (z-3)*
303
3 = —
()= "5
Thus,
Res (z=1) = ﬁ=&
83 16

Theorem. (Cauchy Residue Theorem)
Let f(z) be one-valued and analytic inside and on a simple closed contour C, except for a finite

number of poles within C. Then

If(z) dz = 2ni [Sum of residues of f(z) at its poles within C]
C

Proof. Leta,, a,...., a_ be the poles of f(z) inside C. Draw a set of circles g _of radii € and centre a,
(r =1, 2,..., n) which do not overlap and all lie within C. Then, f(z) is regular in the domain
bounded externally by C and internally by the circles g .
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Then by cor. to Cauchy’s Theorem, we have

[f(z) dz = Y [f(z) dz @)
C r=ly,
Now, if a_is a pole of order m, then by Laurent’s theorem, f(z) can be expressed as
o b
f(z) = §(z) + 5
0) =00+ Loy

where ¢(z) is regular within and on vy, .

Then

jf(z)dz=ij b,

S (-

®)

where ‘[f(z) dz=0, by Cauchy’s theorem

T,
Now,ony |z-a | =cie z=a_ + ce®
T T T
= dz=cie?do

where 0 varies from 0 to 2r as the point z moves once round g .

0

Thus, If(z) dz = ibs € 1"’I el g
s=1

7
=2pi b,
= 2pi [Residue of f(z) at a ]

0,ifs#1

2n .
h (1-s)i6 de =
where ] e {2nifs-1

Hence, from (4), we find

If(z)dz = iZni [Residue of f(z) at a ]
C

r=1

=2mi {Z Residue of f(z) at ar}

r=1

= 2mi [sum of Residues of f(z) at its poles inside C.]

which proves the theorem.

Remark. If {(z) can be expressed in the form f(z) = % where ¢(z) is analytic and ¢(a) #0, then
the pole z = a is a pole of type I or overt.
If f(z) is of the form f(z) = %, where ¢(z) and y(z) are analytic and ¢(a) # 0 and y(z) has a zero

of order m at z = g, then z =a is a pole of type Il or covert. Actually, whether a pole of f(z) is overt
or covert, is a matter of how £(z) is written.
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12.3 Jordan’s Inequality Notes

20
f0<0<n/2,the — <sinB<H
T

This inequality is called Jordan inequality. We know that as 6 increases from 0 to n/2, cos0
decreases steadily and consequently, the mean ordinate of the graph of y = cos x over the range
0 < x < 0 also decreases steadily. But this mean ordinate is given by

It follows that when 0 <0 < 1t/2,

2 < sin <1
T 0
Jordan’s Lemma

If f(z) is analytic except at a finite number of singularities and if f(z)—0 uniformly as z—w, then

lim [e™ f(z) dz=0,m >0

T
where T denotes the semi-circle [z| =R, I .z >0, R being taken so large that all the singularities
of f(z) lie within T.
Proof. Since f(z)—0 uniformly as |z | —o, there exists € >0 such that | f(z)| <e V zonT.
Also |[z]| =R = z=Re® =dz=Re®id0 =|dz|=Rdo
| eimz | = | eich‘s | = | eimR cos 0 e-mR sin 0 |
= e»mR sin®

Hence, using Jordan inequality,

| [e™ f@z)dz| <] [e™ f(z)| |dz|
T T
< J‘:e—mRsina e Rde

= 2 c R‘[UK/Ze—mRsine de

2a .
2 '.'?Ssm6
_ -2mRO/ 1
_ZeRJO e do ' e
ie —sinf<—
Y
_ -mR
—pcrd=e™)
2mR /n

- ﬂ(l_e*mR)<ﬂ
m m
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Hence }{im'fei"‘z f(z)ydz=0
T

' Example: By method of contour integration prove that

J' © COSmMX T

>—— dx=—e™", wherem>0,a>0
0 x“+a 2a

Solution. We consider the integral

[£(z) dz, where f(z) = T

C

and C s the closed contour consisting of T, the upper half of the large circle |z| = R and real axis
from -R to R.

Now, — —0as |z| =R—>w
z

+a’
Hence by Jordan lemma,

im

e z

IIgI;TZZ e dz=0
ie. %im f(z)dz=0 1
T

Now, poles of f(z) are given by z = *ia (simple), out of which z = ia lies within C.

—ma

e

Res (z =1ia) = 7a

Hence by Cauchy’s residue theorem,

—ma

[f@) =2pi5— = Ze™
C

2ia a

or

[fz)dz + [* fx)dx = Ze™

. a
Making R—c0 and using (1), we get

© e T
I dx=—e™

*”x2+a2 a

Equating real parts, we get

© COSMX T
f 7 dx=—e™
= x°+a a
© COSMX T
or J 7 dx=—e™
0 x“+a 2a
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Hence the result. Notes

Deduction. (i) Replacing m by a and a by 1 in the above example, we get

© cosax T .
I 3 X=—e
0 x“+1 2

Putting a =1, we get

J-occosx_ﬂ:e,l b
0x*41 2 2e

(i) Takingm=1, a=2, we get

dx=—
0 x?+4 4e?

J‘“‘ COsX T

x*+at 2

@ 3 .
' Example: Prove that I, X smmx _ Ee’"‘a/ﬁ cos(%) m>0,a>0

Solution. Consider the integral If(z) dz, where
C

3 _imz

ze

f(z) =

z' +at
and C is the closed contour....

3

Since —0as |z| =R—x, so by

z'+a*
Jordan lemma,

3 imz
£1$T24+a4 dz =0 2)

Poles of f(z) are given by
zt+a*t=0
or z = -a* = i g™ a*
or z=ae®Mi/t n=0,1,2,3.
Out of these four simple poles, only

z = ae™*, a e®"* lie within C.

If f(z) = %, then Res (z =0a) = 1213} \j),((zz)) , a being simple pole.
For the present case,
3 imz imz
Res (z = a) = lim o =lim T
Thus, Res (z = ae'™/*) + Res (z = a e*"/4)
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i [exp (ima /%) + exp (ima e/4)]
- foofim(25 ) rerfm( 257
i exp (_Tr;a) {GXP (%) Texp [ﬂ\gaﬂ

Lo o2y

Hence by Cauchy’s residue theorem,

"[f(Z) - lf(z) dz+ .[_RRf(X) dx =mi exp(_x/n%ajcos[%j

Taking limit as R—c0 and using (1), we get
[ X" dem i ex [Lﬂajm{ﬁj
e 1 al P 2 2

Equating imaginary parts, we obtain

J~ » x°sinmx

————dx=mex [_ma)COS(Bj
= rat P2 2
or J‘tixa sin mx dx—E ex (_majcos[gj
o x*+at 2 P J2 V2

12.4 Multivalued Function and its Branches

The familiar fact that sin q and cos q are periodic functions with period 2p, is responsible for the
non-uniqueness of 0 in the representation z = |z|e" i.e. z = re®. Here, we shall discuss
non-uniqueness problems with reference to the function arg z, log z and z*. We know that a
function w = f(z) is multivalued when for given z, we may find more than one value of w. Thus,
a function f(z) is said to be single-valued if it satisfies

f(z) = f(z(r, 0)) = f(z(r, 0 + 2m))
otherwise it is classified as multivalued function.

For analytic properties of a multivalued function, we consider domains in which these functions
are single valued. This leads to the concept of branches of such functions. Before discussing
branches of a many valued function, we give a brief account of the three functions arg z, log z
and z°.

Argument Function

For each z € ¢, z # 0, we define the argument of z to be

argz=[argz]={0 e R:z= |z|e"}
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the square bracket notation emphasizes that arg z is a set of numbers and not a single number. Notes
i.e. [arg z] is multivalued. In fact, it is an infinite set of the form {6 + 2nn : n € I}, where 6 is any

fixed number such that e = é

For example, argi={(4n+1) n/2:n e [}
1

Also, arg (7) ={-6:0 c arg z}
z

Thus, for z, z, # 0, we have
arg (z,z,)=10,+6,:0, cargz, 0, € arg z,}
=argz +targz,
and arg = arg z, - arg z,

For principal value determination, we can use Arg z =6, where z = |z| €, -1 <0 <7 (or 0<6
< 2n). When z performs a complete anticlockwise circuit round the unit circle, 6 increases by 2n
and a jump discontinuity in Arg z is inevitable. Thus, we cannot impose a restriction which
determines 6 uniquely and therefore for general purpose, we use more complicated notation
arg z or [arg z] which allows z to move freely about the origin with 6 varying continuously. We
observe that

argz = [argz] =Argz+2nm,nel
Logarithmic Function

We observe that the exponential function e* is a periodic function with a purely imaginary
period of 2mi, since

ez+2ni = e?, leri = ez’ er(i =1.
i.e. exp (z + 2ni) = exp z for all z.

If w is any given non-zero point in the w-plane then there is an infinite number of points in the
z-plane such that the equation

w =e* (1)

is satisfied. For this, we note that when z and w are writtenas z=x +iy and w = p e (-n < y <),
equation (1) can be put as

e? = ey = X el = ¢ 2)
Fromhere,e*=pandy=¢+2nm,n e L

Since the equation e* = p is the same as x = log_ p = log p (base e understood), it follows that when
w = p e'%(-n < ¢ < 1), equation (1) is satisfied if and only if z has one of the values

z=logp+i(¢p+2nm),nel (3)
Thus, if we write
logw =logp+i(¢+2nn),nel (4)

we see that exp (log w) = w, this motivates the following definition of the (multivalued)
logarithmic function of a complex variable.
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The logarithmic function is defined at non-zero points z = re® (-n < 6 < n) in the z-plane as
logz=logr+i(@+2nn),nel )

The principal value of log z is the value obtained from (5) when n = 0 and is denoted by Log z.
Thus,

Logz=logr+ibie Logz=1log |z| +iArgz (6)
Also, from (5) & (6), we note that

log z=Logz+ 2nmi,n €1 (7)
The function Log z is evidently well defined and single-valued when z # 0.
Equation (5) can also be put as

log z={log |z| +i6: 0 € arg z}
or [log z] ={log |z| +i6: 0 € [arg z]} 8)
or logz=log |z| +i0=log |z| +iargz )
where 0 =0 + 2np, 6 = Arg z.
From (8), we find that

log 1 = {2nni, n € I}, log (-1) = {(2n+1) pi, n € I}

In particular, Log 1 = 0, Log (-1) = wi. Similarly log, log i = {(un+1) ni/2, n€l}, log (-i) = {un-1)
ni/2, nel} In particular, Log i = ni/2, Log (-i) = -mi/2.

Thus, we conclude that complex logarithm is not a bona fide function, but a multifunction. We
have assigned to each z # 0 infinitely many values of the logarithm.

Complex Exponents

When z # 0 and the exponent a is any complex number, the function z* is defined by the equation.
w =z = e*l%s2 = exp (a log z) (1)
where log z denotes the multivalued logarithmic function. Equation (1) can also be expressed as
w =z ={els 21+ : § € arg z}
or [z%] = {etoe 121+ : § € [arg z]}

Thus, the multivalued nature of the function log z will generally result in the many-valuedness
of z*. Only when a is an integer, z* does not produce multiple values. In this case, z* contains a

single point z". When a = % (n=2,3,...), then
w = zl/n = (r e)l/n = pl/n i@+2ma/n m e ]
We note that in particular, the complex nth roots of +1 are obtained as
wh=1 = w=ei/n wi=_ = w =el@mi/n m =0,1,..., n-1.
For example, i% = exp (-2 i log i) = exp [-2i (4n+1) ni/2]
=exp [@n+l)n],nel
It should be observed that the formula

b = yatb
x2xP=x" x,a,b, e R
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can be shown to have a complex analogue (in which values of the multi-functions involved have Notes
to be appropriately selected) but the formula

2 a —= a
X2 %, = (X, X,)% X, X,,a € R

has no universally complex generalization.

Branches, Branch Points and Branch Cuts

We recall that a multifunction w defined on a set S — V is an assignment to each z € S of a set
[w(z)] of complex numbers. Our main aim is that given a multifunction w defined on S, can we
select, for each z € S, a point f{z) in [w(z)] so that f(z) is analytic in an open subset G of S, where G
is to be chosen as large as possible? If we are to do this, then f{z) must vary continuously with
z in G, since an analytic function is necessarily continuous.

Suppose w is defined in some punctured disc D having centre a and radius Ri.e.0< |z-a| <R
and that f(z) € [w(z)] is chosen so that f(z) is at least continuous on the circle g with centre a and
radius r (0 <r < R). As z traces out the circle g starting from, say z,, f(z) varies continuously, but
must be restored to its original value f(z,) when z completes its circuit, since f(z) is, by hypothesis,
single valued. Notice also that if z - a = r ¢°®, where 6(z) is chosen to vary continuously with z,
then 6(z) increases by 2p as z performs its circuit, so that 6(z) is not restored to its original value.
The same phenomenon does not occur if z moves round a circle in the punctured disc D not
containing a, in this case 6(z) does return to its original value. More generally, our discussion
suggests that if we are to extract an analytic function from a multi-function w, we shall meet to
restrict to a set in which it is impossible to encircle, one at a time, points a such that the definition
of [w(z)] involves the argument of (z-a). In some cases, encircling several of these “bad” points
simultaneously may be allowable.

A branch of a multiple-valued function f(z) defined on S c ¢ is any single-valued function F(z)
which is analytic in some domain D c S at each point of which the value F(z) is one of the values
of f(z). The requirement of analyticity, of course, prevents F(z) from taking on a random selection
of the values of f(z).

A branch cut is a portion of a line or curve that is introduced in order to define a branch F(z) of
a multiple-valued function f{z).

A multivalued function f(z) defined on S ¢ V is said to have a branch point at z, when z describes
an arbitrary small circle about z,, then for every branch F(z) of f(z), F(z) does not return to its
original value. Points on the branch cut for F(z) are singular points of F(z) and any point that is
common to all branch cuts of f(z) is called a branch point. For example, let us consider the
logarithmic function

logz=logr+iq=1log |z| +iargz 1)

If we let o denote any real number and restrict the values of q in (1) to the interval a. <6 < a + 27,
then the function

logz=logr+i0 (r>0,a<6<a+2m) 2
with component functions
u(r, 0) =logrand v(r, 0) = 0 3)

is single-valued, continuous and analytic function. Thus for each fixed a4, the function (2) is a
branch of the function (1). We note that if the function (2) were to be defined on the ray 6 = g, it
would not be continuous there. For, if z is any point on that ray, there are points arbitrarily close
to z at which the values of v are near to a4 and also points such that the values of v are near to
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o + 21. The origin and the ray 6 = o make up the branch cut for the branch (2) of the logarithmic
function. The function

Logz=logr+if (r>0,-1<6<n) 4)

is called the principal branch of the logarithmic function in which the branch cut consists of the
origin and the ray 6 = m. The origin is evidently a branch point of the logarithmic function.

L)
<V

For analyticity of (2), we observe that the first order partial derivatives of u and v are continuous
and satisfy the polar form

of the C-R equations. Further,

d
a(log z) = (u +iv)
= et (1+10j :LAe
r re'

d 1
Thus, df(logz)= (|z] =r>0, <argz<a+2p)
z

z
In particular,

%(logz) = %(|z| >0, -n<Argz<m).

Further, since log % = -log z, w is also a branch point of log z. Thus, a cut along any half-line

from 0 to o will serve as a branch cut.

Now, let us consider the function w = z* in which a is an arbitrary complex number. We can write
w=7z"==¢l8? ®)

where many-valued nature of log z results is many-valuedness of z*. If Log z denotes a definite
branch, say the principal value of log z, then the various values of z* will be of the form

73 = ea(Log z +2nmi) — e Log z e2n ian (6)

where log z=Log z + 2nni, n € L.
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The function in (6) has infinitely many different values. But the number of different values of z* Notes
will be finite in the cases in which only a finite number of the values e*****, nel, are different from

one another. In such a case, there must exist two integers m and m’ (m’ = m) such that e**#m =

emiam’ o e2riam-m)=1_Since e* =1 only if z = 2nin, thus we geta (m-m’) = n and therefore it follows

that a is a rational number. Thus, z?* has a finite set of values iff a is a rational number. If a is not

rational, z* has infinity of values.

We have observed that if z = re® and a is any real number, then the branch
logz=logr+i06 (r>0,a<6 <o+ 2n) (7)

of the logarithmic function is single-valued and analytic in the indicated domain. When this
branch is used, it follows that the function (5) is single valued and analytic in the said domain.
The derivative of such a branch is obtained as

d . _d _ a
E(Z)_ e [exp (alogz)]—exp(alogz)Z

__exp(alogz)
=a 7exp (log2) aexp [(a-1) log z]

=az*!

As a particular case, we consider the multivalued function f(z) = z'/2 and we define

Z2= Jre®2 r>0,0<0<a+2n 8)

where the component functions

u(r, ) = v/r cos 0/2, v(r, 0) = \r sin /2 9)

are single valued and continuous in the indicated domain. The function is not continuous on the
line © = o as there are points arbitrarily close to z at which the values of v (r, 6) are nearer to

Jr sin a/2 and also points such that the values of v r, 0) are nearer to - Jr sin a/2. The function
p
8) is differentiable as C-R equations in polar form are satisfied by the functions in (9) and
q P Yy

d, i o . -9( 1 1. ]
—(z =e"(u +iv )=e"| —=cos0/2+i—=sinb /2
) (u, +iv,)=et| 5 st/ 2 iy sind/

1 e—i()/2: 1
2Jr 271/2

Thus, (8) is a branch of the function f(z) = z!/? where the origin and the line 6 = o form branch cut.
When moving from any point z = re®® about the origin, one complete circuit to reach again, at z,

we have changed arg z by 2n. For original position z = re®, we have w = /r €2, and after one

complete circuit, w = r e®29/2 = - /r ¢®/2, Thus, w has not returned to its original value and
hence, change in branch has occurred. Since a complete circuit about z = 0 changed the branch of
the function, z = 0 is a branch point for the function z'/%.
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° If f(z) = w has a solution z = F(w), then we may write

f{F(w) } = w, F{ f(z)} = z. The function F defined in this way, is called inverse function of f.
° Inverse Function Theorem

Let a function w = f(z) be analytic at a point z = z, where f '(z)) # 0 and w = f(z,).

Then there exists a neighbourhood of w in the w-plane in which the function w = f(z) has
a unique inverse z = F(w) in the sense that the function F is single-valued and analytic in
that neighbourhood such that F(w,) = z, and

F'(w) = !
(W) - f!(Z)
. If £(z) is analytic or has an isolated singularity at infinity and if C is a circle enclosing all its

singularities in the finite parts of the z-plane, the residue of f(z) at infinity is defined by

Res (z = ) = Zi f(z) dz, | or Res (z =) - L'ff(z) dz,
T 2mi ¢

Integration taken in positive sense

the integration being taken round C in the negative sense w.r.t. the origin, provided that
this integral has a definite value. By means of the substitution z = w*, the integral defining
the residue at infinity takes the form

1

dw
-f(w™]—,
e I {C
taken in positive sense round a sufficiently small circle with centre at the origin.

° (i)  If the function f(z) has a simple pole at z = a, then, Res (z = a) = lim (z-a) {(z).

z—a

(ii) If f(z) has a simple pole at z = a and f(z) is of the form f(z) = ¢((Z)) i.e. a rational
y(z

function, then

Res (z = a) = lim (z-a) f(z) = lim (z-a) 2%
z—a zZ—a \V(Z)
- lim @
Z—a
_ @)
v'(@)’

where y(a) =0, y'(a) # 0, since y(z) has a simple zero at z=a
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(iii) If f(z) has a pole of order m at z = a then we can write Notes
_ )
0= o

where ¢(z) is analytic and ¢(a) = 0.

Now, Res (z=a)=b, = 1 f(z) dz = LJ’M

2mi % 2nil(z—a)"
-1
_ 1 ILJ' ¢(Z)71 - dz
m-1 2ni {(z-a)""
- 1! ¢™'(a) [By Cauchy’s integral formula for derivatives]
m-1

A function f(z) is said to be single-valued if it satisfies
f(z) = f(z(r, 9)) = f(z(r, 0 + 2n))

otherwise it is classified as multivalued function.

12.6 Keywords

n zeros: Every polynomial of degree n has exactly n zeros.

Inverse function: If f(z) = w has a solution z = F(w), then we may write f{{F(w)} = w, F{f(z)} = z. The
function F defined in this way, is called inverse function of f.

Residue at infinity: If {(z) is analytic or has an isolated singularity at infinity and if C is a circle
enclosing all its singularities in the finite parts of the z-plane, the residue of f(z) at infinity is
defined by

Res (z =) = zinijf(z) dz,
C

Cauchy Residue Theorem: Let f(z) be one-valued and analytic inside and on a simple closed
contour C, except for a finite number of poles within C. Then

If(z) dz =2ni [Sum of residues of f(z) at its poles within C]
C

Multivalued function: a function f(z) is said to be single-valued if it satisfies f(z) = f(z(r, 6)) =
f(z(r, 6 + 2m)) otherwise it is classified as multivalued function.

12.7 Self Assessment

Every polynomial of degree n has exactly ................

If £(z) = w has a solution z = F(w), then we may write f{F(w) } = w, F{ f{(z)} = z. The function
F defined in this way, is called ................
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Notes 3.  Integration taken in positive sense the integration being taken round C in the negative
sense w.r.t. the origin, provided that this integral has a definite value. By means of the
substitution z = w?, the integral defining the residue at infinity takes the form ................
taken in positive sense round a sufficiently small circle with centre at the origin.

4. If the function f(z) has a simple pole at z = a, then, Res (z=a) = ................
5. If f(z) is analytic except at a finite number of singularities and if f(z)—0 uniformly as z—o,
then ............... , where T denotes the semi-circle |z| =R, 1 .z >0, R being taken so large that

all the singularities of f(z) lie within T.

6. a function f(z) is said to be single-valued if it satisfies f(z) = f(z(r, 8)) = f(z(r, 6 + 2m))
otherwise it is classified as ................

7. A is a portion of a line or curve that is introduced in order to define a branch F(z)
of a multiple-valued function f(z).

8. A f(z) defined on S V is said to have a branch point at z, when z describes an
arbitrary small circle about z, then for every branch F(z) of f(z), F(z) does not return to its
original value.

12.8 Review Questions

1.  Discuss the concept of fundamental theorem on algebra.
2. Describe the calculus of residues.
3. Discuss the multivalued functions and its branches.

Answers: Self Assessment

1. n zeros. 2. inverse function of f.
1 dw
— [1-fw )= . ~
3. oIS 4 lim (z-a) f(2)
5. %{im e™ f(z)dz=0,m>0 6. multivalued function.
7. branch cut 8. multivalued function

12.9 Further Readings

&

Books Abhelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications

P.K. Banerji : Complex Analysis
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Serge Lang : Complex Analysis Notes
H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 13: Schwarz's Reflection Principle

CONTENTS

Objectives

Introduction

13.1 Analytic Function

13.2 Complete Analytic Function
13.3 Schwarz’s Reflection Principle
134 Summary

13.5 Keywords

13.6 Self Assessment

13.7 Review Questions

13.8 Further Readings

Objectives

After studying this unit, you will be able to:

° Discuss the concept of complex analytic functions
. Describe the Schwarz's reflection principle
Introduction

In earlier unit, you studied about the concept related to argument principle and Rouche's theorem.
This unit will explain Schwarz's reflection principle.

13.1 Analytic Function

Definition. An analytic function f(z) with its domain of definition D is called a function element
and is denoted by (f, D). If zeD, then (f, D) is called a function element of z. Using this notation,
we may say that (f,, D,) and (f,, D,) are direct analytic continuations of each other iff D, "D, # ¢
and f (z) = f,(z) for all zeD, N D,.

Remark. We use the word “direct’ because later on we shall deal with continuation along a curve.
i.e. just to distinguish between the two.

Analytic continuation along a chain of Domain. Suppose we have a chain of function elements
(f, D), (f, D),..., (f, Dy),....(f, D,) such that D, and D, have the part D,, in common, D, and D,
have the part D, is common and so on. If f (z)= f,(z) in D,,, f,(z) = f,(z) in D,, and so on, then we
say that (f, D,) is direct analytic continuation of (f . In this way, (f, D,) is analytic

127
K1/ DK-l)
continuation of (f,, D,) along a chain of domains D,, D,,..., D,. Without loss of generality, we
may take these domains as open circular discs. Since (f ,, D,,) and (f,, D,) are direct analytic
continuations of each other, thus, we have defined an equivalence relation and the equivalence
classes are called global analytic functions.
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13.2 Complete Analytic Function Notes

Suppose that f(z) is analytic in a domain D. Let us form all possible analytic continuations of
(f, D) and then all possible analytic continuations (f,, D,), (f,, D,),..., (f , D,) of these continuations
such that

fl(z) ifzeD,
f,(z)if zeD,
B(g) = |7

Such a function F(z) is called complete analytic function. In this process of continuation, we may
arrive at a closed curve beyond which it is not possible to take analytic continuation. Such a
closed curve is known as the natural boundary of the complete analytic function. A point lying
outside the natural boundary is known as the singularity of the complete analytic function. If no
analytic continuation of f(z) is possible to a point z,, then z is a singularity of f(z). Obviously, the
singularity of f(z) is also a singularity of the corresponding complete analytic function F(z).

Theorem (Uniqueness of Direct Analytic Continuation)

There cannot be two different direct analytic continuations of a function.

Proof. Let f (z) be an analytic function regular in the domain D, and let f (z) and g (z) be two
direct analytic continuations of f (z) from D, into the domain D, via D,, which is the domain
common to both D, and D,. Then by definition of analytic continuation, f,(z) and g,(z) are two
functions analytic in D, such that

f,(z) =f,(z) and f,(z) = g,(2)

at all points z in D,, i.e. f (z) = g,(z) in D_,. Thus f,(z) and g,(z) are two functions analytic in the
domain D, such that they coincide in a part D,, of D,. It follows from the well known result that
they coincide throughout D,. i.e. f,(z) = g,(z) throughout D,. Hence, the result.

' Example: Given the identity sin’z + cos?z = 1 holds for real values of z, prove that it also
holds for all complex values of z.

Solution. Let f(z) = sin’z + cos?z-1 and let D be a region of the z-plane containing a portion of
x-axis (real axis). Since sin z and cos z are analytic in D so f(z) is also analytic in D. Also f(z) =0
on the x-axis. Hence, by the well known result, it follows that f(z) = 0 identically in D, which
shows that sin? z + cos? z =1 for all z in D. Since D is arbitrary, the result holds for all values of
z.

Remark. This method is useful in proving for complex values many of the results true for real
values.

Analytic continuation along a curve

Let y be a curve in the complex pane having equation
z =z(t) = x(t) +iy(t),a<t<b.

We take the path along y to be continuous. Leta = t, <t <...<t_=b be the portion of the interval.

If there is a chain (f, D,), (f,, D,),...,(f, D,) of function elements such that (f,,, D,,,) is a direct

K+1/ K+1)

LOVELY PROFESSIONAL UNIVERSITY 137



Complex Analysis and Differential Geometry

138

Notes

analytic continuation of (f, D,) forK=1,2...., n-1 and z(t) € D, fort_ <t<t,K=1,2,.., nthen

K17
(f, D,) is said to be analytic continuation of (f,, D)) along the curve y.

Thus, we shall obtain a well defined analytic function in a nbd. of the end point of the path,
which is called the analytic continuation of (f,, D,) along the path y. Here, D, may be taken as
discs containing z(t, ,) as shown in the figure.

Further, we say that the sequence {D,, D,,..., D_} is connected by the curve y along the partition
if the image z([t, ,, t,]) is contained in D,.

Theorem (Uniqueness of Analytic Continuation along a Curve). Analytic continuation of a
given function element along a given curve is unique. In other words, if (f , D,) and (y,, E ) are
two analytic continuations of (f,, D,) along the same curve g defined by

z =z(t) = x(t) +iy(t),a<t<b.

Thenf =y onD NE_

Proof. Suppose there are two analytic continuations of (f,, D,) along the curve y, namely
(f, D), (£, D). (£, D)

and (vp E), (vy B, (v, E)
wherey, =f and E, =D,

Then there exist partitions

and a=s <s <...... <s =b

such that z(t) eD, for t <t<t,i=1,2,...,nand z(t) eE]. for 5.1 <t sj,j =1,2,...m. We claim that
ifl1<i<n,1<j<mand

[t t) N [Sj-l’ s].] #f

then (f, D) and (g, E) are direct analytic continuations of each other. This is certainly true when
i=j=1,since g =f and E, = D,. If it is not true for all i and j, then we may pick from all (i, j), for
which the statement is false, a pair such that i + j is minimal. Suppose that t,, > s |, where i> 2.
Since [t_, t] N [s]._l, sj] #fand s, <t,, wemust havet < 5, Thus S,St,<s. It follows that z(t )
€ D, n E N E. In particular, this intersection is non-empty. None (f, D)) is a direct analytic
continuation of (f,,, D,,). Moreover, (f,,, D,,) is a direct analytic continuation of (g, E) since i +]j
is minimal, where we observe thatt e [t t ] N [s,uy s].] so that the hypothesis of the claim is
satisfied. Since D, "D, N E, # {, (f, D,) must be direct analytic continuation of (g, E) which is
contradiction. Hence our claim holds for all i and j. In particular, it holds for i = n, j = m which
proves the theorem.

Power series Method of Analytic continuation. Here we consider the problem of continuing

analytically a function f(z) defined initially as the sum function of a power series Zan (z-2z,)"

n=0
whose circle of convergence C; has a finite non-zero radius. Thus, we shall use only circular
domain and Taylor’s expansion in such domain.
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The first thing to observe here is that, when the continuation has been carried out, there must be Notes
at least one singularity of the complete analytic function on the circle of convergence C,. For if

there were not, we would construct, by analytic continuation, an analytic function which is

equal to f(z) within C; but is regular in a larger concentric circle C'. The expansion of this

function as a Taylor’s series in powers of z -z, would then converge everywhere within C/,

which is, however, impossible since the series would necessarily be the original series, whose

circle of convergence is C.

To carry out the analytic continuation, we take any fixed point z, within C, and calculate the
values of f(z) and its successive derivatives at that point from the given power series by repeated
term-by-term differentiation. We then form the Taylor’s series

if“l(gl) (Z _ Zl)n (1)

whose circle of convergence is C,, say. Let , denote the circle with centre z, which touches C;
internally. By Taylor’s theorem, this new power series is certainly convergent within g and has
the sum f(z) there. Hence the radius of C, cannot be less than that of g,. There are now three
possibilities :

(i) C, may have a larger radius than y,. In this case C, lies partially outside C, and the new
power series (1) provides an analytic continuation of f(z). We can then take a point z,
within C, and outside C; and repeat the process as far as possible.

(i) C, may be a natural boundary of f(z). In this case, we cannot continue f(z) outside C, and
the circle C, touches C internally, no matter what point z within C, was chosen.

(iif) C, may touch C internally even if Cis not a natural boundary of f(z). The point of contact
of C,and C, is then a singularity of the complete analytic function obtained by the analytic
continuation of the sum function of the original power series, since there is necessarily
one singularity of the complete analytic function on C, and this cannot be within C.

Thus, if C, is not a natural boundary for the function f(z) = Y a, (z-z,)", this process of forming
n=0

the new power series of the type (1) provides a simple method for the analytic continuation of
f(z), know as power series method.

Remark. Power series method is also called standard method of analytic continuation.

'i Example: Explain how it is possible to continue analytically the function
f(z)=1+z+z2+..+z"+...
outside the circle of convergence of the power series.

Solution. The circle of convergence of the given power series is |z| = 1. Denoting it by C, we
observe that within C; the sum function f(z) = (1-z)" is regular. Further, this function is regular
in any domain which does not contain the point z = 1. We carry out the analytic continuation by
means of power series. If a is any point inside C; such that a is not real and positive, then

|T-al >1-a] @)

Now, the Taylor’s expansion of f(z) about the point z = a is given by

- £(a)
5

(z-a)y ®)
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But and thus (2) becomes

= (z-a)" 1 ”(z—aj"
= 4
X0 " 1oaklioa ®
Clearly, (3) converges for <1
-a
and its circle of convergence C, is given by |z-a| = |1 -a|. It follows from the inequality (2) that

C, goes beyond C, and hence (4) provides an analytic continuation of f{z) outside C, since we
note that the sum function of (4) is also (1-z)™.

On the other hand, if a be a real point inside C, such that 0 <a <1, C, touches C, at z =1, which is,
therefore, a singularity of the complete analytic function obtained by analytic continuation
of f(z).

' Example: Show that the function

f 1 + 2 4——22 +
z) =
@ a a a

can be continued analytically.
Solution. We have,

2

f(z) = 1 c 2Lz 5
(2) a a a " ©)
This series converges within the circle C| defined by |z| = |a| and has the sum

f(2) 1/a 1

- 1—z/a:a—z

The only singularity of f(z) on C is at z = a. Hence the analytic continuation of f(z) beyond C, is
possible. For this purpose we take a point z = b not lying on the line segment joining z = 0 and
z =a. We draw a circle C, with centre b and radius |a-b| ie.C, is |[z-b| = |a -b| This new
circle C, clearly extends beyond C, as shown in the figure

N

Now we reconstruct the series (1) in powers of z - b in the form

& (z—Db)" f*(b) _ 1
,;7(&1 Ty , where n = 7(‘3 Ty (6)

This power series has circle of convergence C, and has the sum function. Thus, the power series
(5) and (6) represent the same function in the region common to the interior of C and C, Hence,
the series (6) represents an analytic continuation of series (5).
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' Example: Show that the circle of convergence of the power series

f(z)=1+z+z22+2z*+2Z8+......
is a natural boundary of its sum function

Solution. We have

f)=1+ 37"

n=0

Evidently, |z| =1 is the circle of convergence of the power series. We write

q ©

fz)=1+ > z" +> 2" =f(2) +£,(2), say.
0 q+1

Let P be a point at z = r e*?/24 lying outside the circle of convergence, where p and q are integers

andr>1.

We examine the behaviour of f(z) as P approaches the circle of convergence through radius
vector.

2" 2mip2" /29 z"empz""**1

v o
Now, z° =r"e =r

q . An+l-q
f(z)=1+ Zrz"e’”p2
n=0
which is a polynomial of degree 21 and tends to a finite limit as r—1

Also f(z) = Z e

q+1
Here, n > q so 2™ is an even integer and thus

enipz'”"q -1

f,(z) = Zrz" —w as 11
q+1

Thus, f(z) = f,(z) + f,(z)—>®, when z = €™/,

Hence, the point z = is a singularity of f(z). This point lies on the boundary of the circle |z| =1.

2nip /29

But any arc of |z| =1, however small, contains a point of the form e , where p and q are

integers. Thus, the singularities of f(z) are everywhere dense on |z| =1 and consequently
|z| =1 constitutes the natural boundary for the sum function of the given power series.
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' Example: Show that the power series 223" cannot be continued analytically beyond

n=0
the circle |z| =1

Solution. Here |u (z) |/ = |z*|Y"= |Z*| = |z]|?
So the series is convergent if |z| <1

<. Circle of convergence is |z| =1 Now take the point Pat z =r ™"/

as in the above two examples.

,r>1 and then proceeds

' Example: Show that the power series

may be continued analytically to a wider region by means of the series

o, (=2 (-2 (-2)
AR 222 3.2°

Solution. The first series converges within the circle C, given by |z| =1 and has the sum
function f (z) = log(1 + z). The second series has the sum function

f,(z) = log 2 + {_(1;]_;(1;)2 -%(1;]3 }
=log2+ log[l—(lgzﬂ

=log 2+ Iog(%) =log (1 +2)

and thus, is convergent within the circle C, given by ‘ 1%‘ =1ie. |z-1| =2 thus, we observe

that

(i)  f,(2) is analytic within C,

(if)  f,(2) is analytic within C,

(iii) f,(z) = f,(2) in the region common to C, and C,.

Hence, the second series is an analytic continuation of the first series to circle C, which evidently
extends beyond the circle C, as shown in the figure.
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Remark. The circles C, and C, touch internally at z = -1 which is a singularity for both f (z) and Notes
f,(z) i.e. z = -1 is a singularity of the complete analytic function whose two representations
(members) are f,(z) & f,(z).

' Example: Show that the functions defined by the series

l+az+a?z>+.....

1 (-ae, (1-a)’z’

and 1-z (1-z¢ (1-z)

are analytic continuations of each other.

Solution. The first power series represents the function f (z) = and has the circle of

1-az

1

convergence C, given by |az| =1ie. |z]| = ﬁ The only singularity is at the point z = g(a >0)
a

on the boundary of the circle. The second series has the sum function

(1-a)z (1-a)’z’

1
B =T Tty Ay

R

_ 1 1 1-a
T 1z (1-ay 1, )<t
1_Z1+( jz -z
1-2z
1 1-z 1

- 1-z'1-az 1l-az

and has the circle of convergence C, given by

21231 je 21 -a)| = [1-2]
1-z
ie. |z(1-a)|2= |1z |
ie. zz(1-a)2= (1-z), where a is assumed to be real and a > 0
ie. zz(l-a2=1-(z+z)+zz
ie. (*+y) (1+a?-2a)=1-2x + x> +y%, z=x +iy
ie. (+yHa(a-2)=1-2x
i.e X2+ y? - 2x + ! =
¢ Y a@-a) a(2-a)
1 Y 1-a YV

. _ +(v—0)? = —-a
Le (X a(2—a)J (y=0) [a(Z—a)}
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—a
a(2-a)’

Thus, the circle C, has the centre [ 0] and radius

a(2-a)’
Since the two circles depend upon a, where we shall assume that a > 0, we have the following
cases

Case L. Let 0 < a < 1. In this case, the two circles C, and C,
touch internally, since the distance between their centres is /

7

equal to the difference of their radii. Thus, the first series C
represent the analytic continuation of the second from C, to
CI
> X
Case II. If a = 1, then the second series reduces to 1- and 0 c
2
the first series is 1 + z + z2 +.... which has the sum function
1
1-z
Case III. If 1 < a < 2. In this case, the two circles touch
1
externally at z = S s that the two series have no 'e)
common region of convergence. Nevertheless, they
C;
are analytic continuations of the same function C
1-az 1

Case IV. If a = 2, then the first series represents the

. s . 1 y 1
function 1 within C, given by [z]| = > and the N X ==

- 2
second series defines the sum function in the / \
1-2z ~
2> X
) z . - 1 @)

region 12 <liezz<(1-2z)(1-2), iex< 5

O
[y

Thus, the second series represents the function 1-2
-2z

1 1
in the half plane x < > We note that the line x = 2 touches the

1
circle |z| = 5 as shown in the figure. Hence in this case, the

second series represents the analytic continuation of the first

1 1
series from the region |z| < > to the half plane x < 5

Case V. Leta > 2. In this case C, and C, touch internally, where %CZ
C, being the inner circle, as shown in the figure. Hence, the
second series represents an analytic continuation of the first
series from C, to C,

0

0O
N
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' Example: Show that the function defined by

f(z) = j:tS e” dt

is analytic at all points z for which Re(z) > 0. Find also a function which is analytic continuation
of f (z).

Solution. f(z)= I :t3 ez dt
s efzt ) efzt efzt efzt ®
= |t — -3t —+6t—5-6— (Integ. by parts)
-z z -z z' |,
1 6 .
=_6(0—?):Z—4, if Re(z) >0

6
Let £(2)= ¢

Then, f (z) = f,(z) for Re(z) >0

The function f (z) is analytic throughout the complex plane except at z = 0 and f,(z) =f,(z) V z
s. t. Re(z) > 0. Hence, £,(z) is the required analytic continuation of £ (z).

13.3 Schwarz’s Reflection Principle

We observe that some elementary functions f(z) possess the property that for all points z in
some domain. In other words, if w = f{z), then it may happen that i.e. the reflection of z in the real
axis corresponds to one reflection of w in the real axis. For example, the functions

z, 72 +1, €%, sin z, etc.

have the above said property, since, when z is replaced by its conjugate, the value of each
function changes to the conjugate of its original value. On the other hand, the functions

iz, 2> +1, €% (1 + 1) sin z etc
do not have the said property.
Definition. Let G be a region and G* = {z : z €G} then G is called symmetric region if G = G*

If G is a symmetric region then let G, = {ze G:1 z>0}G ={ze G:] z<0}and G ={ze G:1_
z=0}.

Theorem (Schwarz’s Reflection Principle). Let G be a region such that G = G*if f : G, UG — V
is a continuous function which is analytic on G, and f(x) is real for x in G then there is an analytic

functiong: G — V s.t. g(z) =f(z) forallzin G, U G,

Proof. For z in G, define g(z) = f(z) and for z in G, U G,, define g(z) = {(z).

Then g : G — V is continuous. We will show that g is analytic. Clearly, g is analyticon G, U G
. To show g is analytic on G, let x be a fixed point in G and let R > 0 be such that

B(x,; R) cG.

It is sufficient to show that g is analytic on B(x, ; R). We shall apply Morera’s theorem.
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Notes Let T =[a, b, ¢, a] be a triangle in B(x, ; R). Assume that T c G, U G, and [a, b] G, Let A represent
T together with itsinsde. Then g(z) = () for @l zin A. [- T = G, U G,] By hypothesis f is
continuous on G, U G, so f is uniformly continuous on A. So given € > 0, thereisa 8 > 0s.t. z, z'
€A implies
|f(z) - £(z") | < € whenever |z-2z'| <3.

Choose a and B on the line segments [c, a] and [b, c] respectively so that |[a-a| <dand |B-Db|

<38.LetT,=[o, B, ¢, a]and Q=[a, b, B, &, a]. Then jf:jf+jf
T T Q

C
o B
a/ \b o

But T, and its inside are contained in G, and f is analytic there.

So _[f:O
T

[£=]f

By if 0 <t <1, then
[ tp+(A-t)a]-[tB+(1-t)a]| <&
so that
[ftB+(A-t)a)-f(tb+(1-t)a) | <e.

Let M = max. {1 f(z) | : z € A} and 1 be the perimeter of T then

| [ £+ [ f1=10-a) [ f(tb+(1-t)a)dt - (B -a) [ £t +(1-t)a)dt]

[a,b] [B.o]
<|b-al | Ul[f(tb +(1-t)a) - f(tB + (1-t)or)] dt|
+[b-a)-(B-a)|| [ 1f(tB+(1-a) dt|
<elb-al +M [(b-B) + (a-a)]
< el +2Ms.
Also | [fl<M]a-a] <M3
[a,a]
and NEIE
[b.B]
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.[f|=|jf+.[f+If+If|S|Jf+If|+|If|+|If Notes
T [b,8] la,b]

labl  [Bal  [aal abl  [Bol  [wal [b,p]
< el +4M3S
Choosing 6 >0s. t. 8 < €. Then

|jf | < e(l+4M). Since € is arbitrary it follows that ff =0. Hence, f must be analytic.
T T

13.4 Summary

) An analytic function f(z) with its domain of definition D is called a function element and
is denoted by (£, D). If zeD, then (f, D) is called a function element of z. Using this notation,
we may say that (f, D,) and (f,, D,) are direct analytic continuations of each other iff
D, "D, # ¢ and f,(z) = f,(z) for all zeD, N D,

Remark. We use the word “direct’ because later on we shall deal with continuation along
a curve. i.e. just to distinguish between the two.

Analytic continuation along a chain of Domain. Suppose we have a chain of function
elements (f, D)), (f, D,),..., (f, Dy),....(f, D,) such that D, and D, have the part D,, in
common, D, and D, have the part D,, is common and so on. If f (z)=f,(z) in D ,, f,(z) = f,(z)
in D,, and so on, then we say that (f, D, ) is direct analytic continuation of (f.,, D, ,). In this
way, (f, D) is analytic continuation of (f, D,) along a chain of domains D,, D,,..., D,.

Without loss of generality, we may take these domains as open circular discs. Since (f,_,,
D,,) and (f, D) are direct analytic continuations of each other, thus we have defined an

equivalence relation and the equivalence classes are called global analytic functions.

o Suppose that f(z) is analytic in a domain D. Let us form all possible analytic continuations
of (f, D) and then all possible analytic continuations (f,, D,), (f,, D,),..., (f, D,) of these
continuations such that

fi(z)if ze D,
f,(z)if zeD,

f(z)ifzeD,

Such a function F(z) is called complete analytic function. In this process of continuation,
we may arrive ata closed curve beyond which it is not possible to take analytic continuation.
Such a closed curve is known as the natural boundary of the complete analytic function. A
point lying outside the natural boundary is known as the singularity of the complete
analytic function. If no analytic continuation of f(z) is possible to a point z, then z, is a
singularity of f(z). Obviously, the singularity of f(z) is also a singularity of the corresponding
complete analytic function F(z).

13.5 Keywords

Analytic function: An analytic function f(z) with its domain of definition D is called a function
element and is denoted by (£, D). If zeD, then (f, D) is called a function element of z.

Analytic continuations: Using this notation, we may say that (f, D,) and (f,, D,) are direct
analytic continuations of each other iff D, " D, # ¢ and f (z) = f(z) for all zeD, N D,.
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Uniqueness of Direct Analytic Continuation: There cannot be two different direct analytic
continuations of a function.

Uniqueness of Analytic Continuation along a Curve: Analytic continuation of a given function
element along a given curve is unique. In other words, if (f, D ) and (g_, E ) are two analytic
continuations of (f,, D,) along the same curve g defined by

z =z(t) = x(t) +iy(t), a<t<b.
Thenf =g onD NE_

Schwarz’s Reflection Principle: Let G be a region such that G = G*if f : G, UG~ V is a
continuous function which is analytic on G, and f(x) is real for x in G then there is an analytic

functiong: G — V s.t. g(z) =f(z) forallzin G, U G,

13.6 Self Assessment

1. An ... f(z) with its domain of definition D is called a function element and is
denoted by (f, D). If zeD, then (f, D) is called a function element of z.

2. Using this notation, we may say that (f, D,) and (f,, D,) are direct ................. of each other
iff D, "D, # ¢ and f (z) = f (z) for all zeD, N D,.

3. There cannot be two ................. analytic continuations of a function.

4. Theorem (Schwarz’s Reflection Principle). Let G be a region such that G=G*iff: G, U

G,— V isa continuous function which is analytic on G, and f(x) is real for x in G, then there
is an analytic function g : ................. forallzin G, U G,.

13.7 Review Questions

1.  Given the identity sin’z + cos’z = 1 holds for real values of z, prove that it also holds for all
complex values of z.

2. Explain how it is possible to continue analytically the function
f(z)=1+z+22+...+z"+...
outside the circle of convergence of the power series.

3. Show that the function

can be continued analytically.
4. Show that the circle of convergence of the power series
f(z)=1+z+z22+z'+ 28 +.. ...
is a natural boundary of its sum function.
5. Discuss the concept of complex analytic functions.

6. Describe the Schwarz's reflection principle.

LOVELY PROFESSIONAL UNIVERSITY



Unit 13: Schwarz's Reflection Principle

Answers: Self Assessment Notes
1.  analytic function 2. analytic continuations
3. different direct 4. G — V st g(z) =1(z)

13.8 Further Readings

&

Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 14: Notation and Summation Convention
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Objectives

Introduction
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14.3 Orthogonal Transformations
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14.5 Keywords

14.6 Self Assessment

14.7 Review Questions

14.8 Further Readings

Objectives

After studying this unit, you will be able to:

° Discuss the concept rectangular Cartesian coordinate systems
. Describe the suffix and symbolic notation

. Discuss the orthogonal transformation

Introduction

In this unit, we will discuss an elementary introduction to Cartesian tensor analysis in a three-
dimensional Euclidean point space or a two-dimensional subspace. A Euclidean point space is
the space of position vectors of points. The term vector is used in the sense of classical vector
analysis, and scalars and polar vectors are zeroth- and first-order tensors, respectively. The
distinction between polar and axial vectors is discussed later in this chapter. A scalar is a single
quantity that possesses magnitude and does not depend on any particular coordinate system,
and a vector is a quantity that possesses both magnitude and direction and has components, with
respect to a particular coordinate system, which transform in a definite manner under change of
coordinate system. Also vectors obey the parallelogram law of addition. There are quantities
that possess both magnitude and direction but are not vectors, for example, the angle of finite
rotation of a rigid body about a fixed axis.

A second-order tensor can be defined as a linear operator that operates on a vector to give
another vector. That is, when a second-order tensor operates on a vector, another vector, in the
same Euclidean space, is generated, and this operation can be illustrated by matrix multiplication.
The components of a vector and a second-order tensor, referred to the same rectangular Cartesian
coordinate system, in a three-dimensional Euclidean space, can be expressed as a (3 x 1) matrix
and a (3 x 3) matrix, respectively. When a second-order tensor operates on a vector, the components
of the resulting vector are given by the matrix product of the (3 x 3) matrix of components of the
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second-order tensor and the matrix of the (3 x 1) components of the original vector. These Notes
components are with respect to a rectangular Cartesian coordinate system, hence, the term
Cartesian tensor analysis. Examples from classical mechanics and stress analysis are as follows.
The angular momentum vector, h, of a rigid body about its mass center is given by h = Jo, where
J is the inertia tensor of the body about its mass center and o is the angular velocity vector. In this
equation the components of the vectors, h and o can be represented by (3 x 1) matrices and the
tensor J by a (3 x 3) matrix with matrix multiplication implied. A further example is the relation
t = on, between the stress vector t acting on a material area element and the unit normal n to the
element, where s is the Cauchy stress tensor. The relations = Jo and t = on are examples of
coordinate-free symbolic notation, and the corresponding matrix relations refer to a particular
coordinate system.

We will meet further examples of the operator properties of second order tensors in the study of
continuum mechanics and thermodynamics. Tensors of order greater than two can be regarded
as operators operating on lower-order tensors. Components of tensors of order greater than
two cannot be expressed in matrix form.

It is very important to note that physical laws are independent of any particular coordinate
system. Consequently, equations describing physical laws, when referred to a particular
coordinate system, must transform in definite manner under transformation of coordinate
systems. This leads to the concept of a tensor, that is, a quantity that does not depend on the
choice of coordinate system. The simplest tensor is a scalar, a zeroth-order tensor. A scalar is
represented by a single component that is invariant under coordinate transformation. Examples
of scalars are the density of a material and temperature.

Higher-order tensors have components relative to various coordinate systems, and these
components transform in a definite way under transformation of coordinate systems. The velocity
v of a particle is an example of a first-order tensor; henceforth we denote vectors, in symbolic
notation, by lowercase bold letters. We can express v by its components relative to any convenient
coordinate system, but since v has no preferential relationship to any particular coordinate
system, there must be a definite relationship between components of v in different coordinate
systems. Intuitively, a vector may be regarded as a directed line segment, in a three-dimensional
Euclidean point space E,, and the set of directed line segments in E,, of classical vectors, is a
vector space V.. That is, a classical vector is the difference of two points in E,. A vector, according
to this concept, is a first-order tensor.

There are many physical laws for which a second-order tensor is an operator associating one
vector with another. Remember that physical laws must be independent of a coordinate system;
it is precisely this independence that motivates us to study tensors.

14.1 Rectangular Cartesian Coordinate Systems

The simplest type of coordinate system is a rectangular Cartesian system, and this system is
particularly useful for developing most of the theory to be presented in this text.

A rectangular Cartesian coordinate system consists of an orthonormal basis of unit vectors
(e, e, e,) and a point 0 which is the origin. Right-handed Cartesian coordinate systems are
considered, and the axes in the (e, e,, e,) directions are denoted by 0x,, 0x,, and 0x,, respectively,
rather than the more usual 0x, Oy, and 0z. A right-handed system is such that a 90° right-handed
screw rotation along the 0x, direction rotates 0x, to 0x,, similarly a right-handed rotation about
0x, rotates 0x, to 0x,, and a right-handed rotation about 0x, rotates 0x, to 0x,.
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Notes A right-handed system is shown in Figure 14.1. A point, x € E,, is given in terms of its coordinates
(X, X, x;) with respect to the coordinate system Ox x,x, by

x=xe txe, +xe,
which is a bound vector or position vector.

If points x, y € E3, u = x -y is a vector, thatis, u V3. The vector u is given in terms of its
components (u,, u,, u,), with respect to the rectangular coordinate system, 0x,x,x, by

u=ue +ue,tue,.

Figure 14.1: Right-handed Rectangular Cartesian Coordinate System

Henceforth in this unit, when the term coordinate system is used, a rectangular Cartesian system
is understood. When the components of vectors and higher-order tensors are given with respect
to a rectangular Cartesian coordinate system, the theory is known as Cartesian tensor analysis.

14.2 Suffix and Symbolic Notation

Suffixes are used to denote components of tensors, of order greater than zero, referred to a
particular rectangular Cartesian coordinate system. Tensor equations can be expressed in terms
of these components; this is known as suffix notation. Since a tensor is independent of any
coordinate system but can be represented by its components referred to a particular coordinate
system, components of a tensor must transform in a definite manner under transformation of
coordinate systems. This is easily seen for a vector. In tensor analysis, involving oblique Cartesian
or curvilinear coordinate systems, there is a distinction between what are called contra-variant
and covariant components of tensors but this distinction disappears when rectangular Cartesian
coordinates are considered exclusively.

Bold lower- and uppercase letters are used for the symbolic representation of vectors and second-
order tensors, respectively. Suffix notation is used to specify the components of tensors, and the
convention that a lowercase letter suffix takes the values 1, 2, and 3 for three-dimensional and 1
and 2 for two-dimensional Euclidean spaces, unless otherwise indicated, is adopted. The number
of distinct suffixes required is equal to the order of the tensor. An example is the suffix
representation of a vector u, with components (u,, u,, u,) or u, i € {1, 2, 3}. The vector is then
given by

u:Zuiei. ..(1)
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It is convenient to use a summation convention for repeated letter suffixes. According to this Notes
convention, if a letter suffix occurs twice in the same term, a summation over the repeated suffix

from 1 to 3 is implied without a summation sign, unless otherwise indicated. For example,

equation (1) can be written as

u=ue =ue +ue, tue, -(2)
without the summation sign. The sum of two vectors is commutative and is given by
ut+tv=v+u=(u+v)e,
1 1 1

which is consistent with the parallelogram rule. A further example of the summation convention
is the scalar or inner product of two vectors,

u.v=uv,=uyv, +uy,+uyv, ..(3)

Repeated suffixes are often called dummy suffixes since any letter that does not appear elsewhere
in the expression may be used, for example,
uv, = uv.
11 ]
Equation (3) indicates that the scalar product obeys the commutative law of algebra, that is,

u.v=v.u.

The magnitude |u| of a vector u is given by

lul=uu = Juu,.
Other examples of the use of suffix notation and the summation convention are
C,=C,+C,+C,
Cb, =Cb, + C;b, + C;b,.

A suffix that appears once in a term is known as a free suffix and is understood to take in turn the
values 1, 2, 3 unless otherwise indicated. If a free suffix appears in any term of an equation or
expression, it must appear in all the terms.

14.3 Orthogonal Transformations

The scalar products of orthogonal unit base vectors are given by
e.e=9, (1)

where 61,- is known as the Kronecker delta and is defined as

ij

lfori=j
Ofori=j ~(2)

The base vectors ei are orthonormal, that is, of unit magnitude and mutually perpendicular to
each other. The Kronecker delta is sometimes called the substitution operator because
ud, +u,d, +ud, +ud,=u. .(3)

Consider a right-handed rectangular Cartesian coordinate system 0x’, with the same origin as
0x, as indicated in Figure 14.2. Henceforth, primed quantities are referred to coordinate system
0x"..

i
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Figure 14.2: Change of Axes

A,

The coordinates of a point P are x, with respect to Ox, and x; with respect to Ox.. Consequently,
X = x.e;, ..(4)

where the e, are the unit base vectors for the system Ox.. Forming the inner product of each side

of equation (4) with €', and using equation (1) and the substitution operator property equation
(3) gives

X, = aX;, ..(5)
where
a,, =e, .e, =cos(x, 0x,). ..(6)
Similarly
X; = 2yX,. (7

It is evident that the direction of each axis 0x, can be specified by giving its direction cosines

a, = e,.e, = cos(x,0x;) referred to the original axes Ox,. The direction cosines, a,, = e, .e;, defining
i i i i ki ki

this change of axes are tabulated in Table 14.1.

The matrix [a] with elements a, is known as the transformation matrix; it is not a tensor.

Table 14.1: Direction cosines for Rotation of Axes

€1 €2 €3
€1 iy 7 i3]
=) a2 22 sz
€3 3 Lk il33
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It follows from equations (5) and (7) that Notes

_ox\ox

Ay ox. :a' (8)

i

and from equation (4) that

since 0x,/0x, = 0,, and from equations (8) and (9) that

ey =ae;, ..(10)

e =ae. .(11)

Equations (10) and (11) are the transformation rules for base vectors. The nine elements of a, are
not all independent, and in general,

A relation similar to equations (5) and (7),
u, =a,u,, and u;, =a,u, ..(12)

is obtained for a vector u since u,e; =u,e,, which is similar to equation (4) except that the ui are

the components of a vector and the x; are coordinates of a point.

The magnitude |u| = (u,u,)/? of the vector u is independent of the orientation of the coordinate
system, that is, it is a scalar invariant; consequently,

uu = u, =agau,. (13)
Eliminating u, from equation (12) gives

u, =aa;u;,

and since u, =38,u;,

aa, =38, ...(14)
Similarly, eliminating u, from equation (12) gives
aa, =38, ...(15)
It follows from equation (14) or (15) that
{det[a,]}*=1, ...(16)
where det [a,] denotes the determinant of a,. The negative root of equation (16) is not considered
unless the transformation of axes involves a change of orientation since, for the identity
transformation x, = X, a, =8, and det[3, ] = 1. Consequently, det[a, ] = 1, provided the

transformations involve only right-handed systems (or left-handed systems).
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The transformations (5), (7), and (12) subject to equation (14) or (15) are known as orthogonal
transformations. Three quantities u, are the components of a vector if, under orthogonal
transformation, they transform according to equation (12). This may be taken as a definition of
a vector. According to this definition, equations (5) and (7) imply that the representation x of a
point is a bound vector since its origin coincides with the origin of the coordinate system.

If the transformation rule (7) holds for coordinate transformations from right-handed systems
to left-handed systems (or vice versa), the vector is known as a polar vector. There are scalars
and vectors known as pseudo scalars and pseudo or axial vectors; there have transformation
rules that involve a change in sign when the coordinate transformation is from a right-handed
system to a left-handed system (or vice versa), that is, when det[aij] = -1. The transformation rule
for a pseudo scalar is

¢"=det[a]4, (17)

and for a pseudo vector
u, = det[a;Ja;u;. ..(18)

A pseudo scalar is not a true scalar if a scalar is defined as a single quantity invariant under all
coordinate transformations. An example of a pseudo vector is the vector product u x v of two
polar vectors u and v. The moment of a force about a point and the angular momentum of a
particle about a point are pseudo vectors. The scalar product of a polar vector and a pseudo
vector is a pseudo scalar; an example is the moment of a force about a line. The distinction
between pseudo vectors and scalars and polar vectors and true scalars disappears when only
right- (or left-) handed coordinate systems are considered. For the development of continuum
mechanics presented in this book, only right-handed systems are used.

'i Example: Show that a rotation through angle n about an axis in the direction of the unit
vector n has the transformation matrix

a;=- Sii + 2nini, det[aij] = 1.
Solution. The position vector of point A has components x, and point B has position vector with

components X;.

14.4 Summary

° A rectangular Cartesian coordinate system consists of an orthonormal basis of unit vectors
(e, e, e,) and a point 0 which is the origin. Right-handed Cartesian coordinate systems are
considered, and the axes in the (e, e, e,) directions are denoted by 0x,, 0x,, and Ox,,
respectively, rather than the more usual 0x, Oy, and 0z. A right-handed system is such that
a 90° right-handed screw rotation along the Ox, direction rotates Ox, to Ox,, similarly a
right-handed rotation about 0x, rotates Ox, to 0x,, and a right-handed rotation about 0x,
rotates 0x, to 0x,.

° Suffixes are used to denote components of tensors, of order greater than zero, referred to
a particular rectangular Cartesian coordinate system. Tensor equations can be expressed
in terms of these components; this is known as suffix notation. Since a tensor is independent
of any coordinate system but can be represented by its components referred to a particular
coordinate system, components of a tensor must transform in a definite manner under
transformation of coordinate systems. This is easily seen for a vector. In tensor analysis,
involving oblique Cartesian or curvilinear coordinate systems, there is a distinction
between what are called contra-variant and covariant components of tensors but this
distinction disappears when rectangular Cartesian coordinates are considered exclusively.
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Bold lower- and uppercase letters are used for the symbolic representation of vectors and Notes
second-order tensors, respectively. Suffix notation is used to specify the components of

tensors, and the convention that a lowercase letter suffix takes the values 1, 2, and 3 for
three-dimensional and 1 and 2 for two-dimensional Euclidean spaces, unless otherwise

indicated, is adopted. The number of distinct suffixes required is equal to the order of the

tensor. An example is the suffix representation of a vector u, with components (u,, u,, u,)

or ui, i € {1, 2, 3}. The vector is then given by

u:Zuiei.

i=1

14.5 Keywords

Rectangular Cartesian coordinate: A rectangular Cartesian coordinate system consists of an
orthonormal basis of unit vectors (e,, e,, e,) and a point 0 which is the origin.

Right-handed Cartesian coordinate systems are considered, and the axes in the (e, e, e,)
directions are denoted by 0x,, Ox,, and Ox,, respectively.

Suffixes are used to denote components of tensors, of order greater than zero, referred to a
particular rectangular Cartesian coordinate system.

Tensor equations can be expressed in terms of these components; this is known as suffix notation.

14.6 Self Assessment

1. A e, system consists of an orthonormal basis of unit vectors (e, e,, e,) and a point
0 which is the origin.

20 e, coordinate systems are considered, and the axes in the (e, e, e,) directions are
denoted by 0x,, 0Ox,, and Ox,, respectively.

3. s are used to denote components of tensors, of order greater than zero, referred to
a particular rectangular Cartesian coordinate system.

4. Tensor equations can be expressed in terms of these components; this is known as...................

5. Suffix notation is used to specify the components of tensors, and the convention that a
lowercase letter suffix takes the values 1, 2, and 3 for three-dimensional and 1 and 2 for
two-dimensional ................. , unless otherwise indicated, is adopted.

14.7 Review Questions

1. Discuss the concept rectangular Cartesian coordinate systems.
2. Describe the suffix and symbolic notation.
3. Discuss the orthogonal transformation.

Answers: Self Assessment

1. rectangular Cartesian coordinate 2. Right-handed Cartesian
3. Suffixes 4. suffix notation
5. Euclidean spaces
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Books Ahelfors, D.V. : Complex Analysis

Conway, J.B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 15: Tensors in Cartesian Coordinates Notes
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Objectives

After studying this unit, you will be able to:

° Define convectors

) Discuss the scalar products of vector and convectors
) Describe bilinear and quadratic forms

. Explain the dot product and metric tensor
Introduction

In the last unit, you have studied about notation and summation of convention. A tensor written
in component form is an indexed array. The order of a tensor is the number of indices required.
(The rank of tensor used to mean the order, but now it means something different). The rank of
the tensor is the minimal number of rank-one tensor that you need to sum up to obtain this
higher-rank tensor. Rank-one tensors are given the generalization of outer product to m-vectors,
where m is the order of the tensor.
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15.1 Covectors

In previous sections, we learned the following important fact about vectors: a vector is a physical
object in each basis of our three-dimensional Euclidean space E represented by three numbers
such that these numbers obey certain transformation rules when we change the basis.

Now suppose that we have some other physical object that is represented by three numbers in
each basis, and suppose that these numbers obey some certain transformation rules when we
change the basis. Is it possible? One can try to find such an object in nature. However, in
mathematics we have another option. We can construct such an object mentally, then study its
properties, and finally look if it is represented somehow in nature.

Let’s denote our hypothetical object by a, and denote by a,, a,, a, that three numbers which
represent this object in the basis e , e,, e,. By analogy with vectors we shall call them coordinates.
But in contrast to vectors, we intentionally used lower indices when denoting them by a , a,, a,.
Let’s prescribe the following transformation rules to a,, a,, a, when we change e, e, e, to

€,,6,,€,:
éii = Zsiiai’ (1)

3 .
a; = Ta, Q)

Note that (1) is sufficient, formula (2) is derived from (1).

' Example: Using the concept of the inverse matrix T = S derive formula (2) from
formula (1).

Definition: A geometric object a in each basis represented by a triple of coordinates a , a,, a, and
such that its coordinates obey transformation rules (1) and (2) under a change of basis is called a
covector.

Looking at the above considerations one can think that we arbitrarily chose the transformation
formula (1). However, this is not so. The choice of the transformation formula should be

self-consistent in the following sense. Let e, e,, e, and €,,€,,€; be two bases and let ¢ ,¢,,¢, be

the third basis in the space. Let’s call them basis one, basis two and basis three for short. We can
pass from basis one to basis three directly. Or we can use basis two as an intermediate basis.
In both cases, the ultimate result for the coordinates of a covector in basis three should be the
same: this is the self-consistence requirement. It means that coordinates of a geometric object
should depend on the basis, but not on the way that they were calculated.

Exercise 15.1: Replace S by T in (1) and T by S in (2). Show that the resulting formulas are not
self-consistent.

What about the physical reality of covectors? Later on we shall see that covectors do exist in
nature. They are the nearest relatives of vectors. And moreover, we shall see that some
well-known physical objects we thought to be vectors are of covectorial nature rather than
vectorial.
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15.2 Scalar Product of Vector and Covector Notes

Suppose we have a vector x and a covector a. Upon choosing some basis e, e,, e,, both of them
have three coordinates: x', x>, x* for vector x, and a,, a,, a, for covector a. Let’s denote by <a, x) the

following sum:

(a,x) = iaixi. (1)

i=1

The sum (1) is written in agreement with Einstein’s tensorial notation. It is a number depending
on the vector x and on the covector a. This number is called the scalar product of the vector x and
the covector a. We use angular brackets for this scalar product in order to distinguish it from the
scalar product of two vectors in E, which is also known as the dot product.

Defining the scalar product {a,x) by means of sum (1) we used the coordinates of vector x and

of covector a, which are basis-dependent. However, the value of sum (1) does not depend on any
basis. Such numeric quantities that do not depend on the choice of basis are called scalars or true
scalars.

Exercise 15.2: Consider two bases e, e, e, and €,,€,,€;, and consider the coordinates of vector

x and covector a in both of them. Prove the equality

3 3
dax =) ax. ()
Thus, you are proving the self-consistence of formula (1) and showing that the scalar product

(a,x) given by this formula is a true scalar quantity.

Exercise 15.3: Let o be a real number, let a and b be two covectors, and let x and y be two vectors.
Prove the following properties of the scalar product:

1) (a+b;x) = (a,x)+(b,x);
@ (ax+ty)=(ax)+ay)
@) (aa x)=a(a,x);

@) (a,ax)=a(a,x).

Exercise 15.4: Explain why the scalar product (a,x) is sometimes called the bilinear function of

vectorial argument x and covectorial argument a. In this capacity, it can be denoted as f(a, x).
Remember our discussion about functions with non-numeric arguments.

Important note. The scalar product <a,x> is not symmetric. Moreover, the formula

(ax)=(xa)

is incorrect in its right hand side since the first argument of scalar product by definition should
be a covector. In a similar way, the second argument should be a vector. Therefore, we never can
swap them.
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15.3 Linear Operators

In this section we consider more complicated geometric objects. For the sake of certainty, let’s
denote one of such objects by F. In each basis e, e,, e,, it is represented by a square 3 x 3 matrix

E' of real numbers. Components of this matrix play the same role as coordinates in the case of

vectors or covectors. Let’s prescribe the following transformation rules to F; :

~. 3 3 .
E =3 TSIF, (1)
p=1q=1
. 3 3 N ~
B =225 K e)
p=1q=1

Exercise 15.5: Using the concept of the inverse matrix T = S prove that formula (2) is derived
from formula (1).

If we write matrices Fji and INJqP , then (1) and (2) can be written as two matrix equalities:
F=TFS, F=SFT. -(3)

Definition: A geometric object F in each basis represented by some square matrix F and such
that components of its matrix F obey transformation rules (1) and (2) under a change of basis is
called a linear operator.

Let’s take a linear operator F represented by matrix F' in some basis e, e, e, and take some

vector x with coordinates x!, x%, x* in the same basis. Using Fji and x} we can construct the

following sum:
) 3 P
yi= ZF].‘X‘. ..(4)
j=1

Index i in the sum (4) is a free index; it can deliberately take any one of three values: i = 1,
i =2, or i = 3. For each specific value of i we get some specific value of the sum (4). They are

denoted by y!, y? y® according to (4). Now suppose that we pass to another basis €,,€,,&, and do
the same things. As a result we get other three values §',7°,7° given by formula
&l —p~
§* =2 Fixe. (5
q=1

Relying upon (1) and (2) prove that the three numbers y?, y? y® and the other three numbers

}71,}72,}73 are related as follows:

<
A~

=)}
<

?=iﬁf, W=i9
i=1 i

I
-
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Thus, formula (4) defines the vectorial object y. As a result, we have vector y determined by a Notes
linear operator F and by vector x. Therefore, we write

y =F(x) (7)

and say that y is obtained by applying linear operator F to vector x. Some people like to write (7)
without parentheses:

y = Fx. ...(8)

Formula (8) is a more algebraic form of formula (7). Here the action of operator F upon vector
x is designated like a kind of multiplication. There is also a matrix representation of formula (8),
in which x and y are represented as columns:

v E B R

v(=[F F E|x*|.

vl B B Bl
Exercise 15.6: Derive (9) from (4).

Exercise 15.7: Let o. be some real number and let x and y be two vectors. Prove the following
properties of a linear operator (7):

(1)  Flx+y)=FK) +E(y)
(2)  F(ax)=oaF(x).

Write these equalities in the more algebraic style introduced by (8). Are they really similar to
the properties of multiplication?

Exercise 15.8: Remember that for the product of two matrices
det(AB) = detA detB. ..(10)

Also remember the formula for det(A™). Apply these two formulas to (3) and derive

detF = detF. ..(11)

Formula (10) means that despite the fact that in various bases linear operator F is represented by
various matrices, the determinants of all these matrices are equal to each other. Then we can
define the determinant of linear operator F as the number equal to the determinant of its matrix
in any one arbitrarily chosen basis e, e,, e;:

detF =detF. ..(12)

Exercise 15.9 (for deep thinking). Square matrices have various attributes: eigenvalues,
eigenvectors, a characteristic polynomial, a rank (maybe you remember some others). If we
study these attributes for the matrix of a linear operator, which of them can be raised one level
up and considered as basis-independent attributes of the linear operator itself? Determinant (12)
is an example of such attribute.

Exercise 15.10: Substitute the unit matrix for F; into (1) and verify that 13; is also a unit matrix in

this case. Interpret this fact.

Exercise 15.11: Let x = e, for some basis e, e,, e, in the space. Substitute this vector x into (7) and
by means of (4) derive the following formula:

F(e) = ZEjei. ..(13)
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The fact is that in some books the linear operator is determined first, then its matrix is introduced
by formula (13). Explain why if we know three vectors F(e,), F(e,), and F(e,), then we can
reconstruct the whole matrix of operator F by means of formula (13).

Suppose we have two linear operators F and H. We can apply H to vector x and then we can
apply F to vector H(x). As a result we get

F o H(x) = F(H(x)). .(14)

Here F o H is new linear operator introduced by formula (14). It is called a composite operator,
and the small circle sign denotes composition.

Exercise 15.12: Find the matrix of composite operator F o H if the matrices for F and H in the
basis e, e,, e, are known.

Exercise 15.13: Remember the definition of the identity map in mathematics (see on-line Math.
Encyclopedia) and define the identity operator id. Find the matrix of this operator.

Exercise 15.14: Remember the definition of the inverse map in mathematics and define inverse
operator F for linear operator F. Find the matrix of this operator if the matrix of F is known.

15.4 Bilinear and Quadratic Forms

Vectors, covectors, and linear operators are all examples of tensors (though we have no definition
of tensors yet). Now we consider another one class of tensorial objects. For the sake of clarity,
let's denote by a one of such objects. In each basis e, e, e, this object is represented by some
square 3 x 3 matrix a; of real numbers. Under a change of basis these numbers are transformed
as follows:

3 3

a; =y > SiSia,, (1)
p=1q=1
3.3 .

aq = zzTipquapq (2)
p=1q=1

Transformation rules (1) and (2) can be written in matrix form:

a=5"as, a=T"aT. )
Here by ST and T we denote the transposed matrices for S and T respectively.
Exercise 15.15: Derive (2) from (1), then (3) from (1) and (2).

Definition: A geometric object a in each basis represented by some square matrix aij and such
that components of its matrix a, obey transformation rules (1) and (2) under a change of basis is
called a bilinear form.

Let’s consider two arbitrary vectors x and y. We use their coordinates and the components of
bilinear form a in order to write the following sum:

a(x, y) = iiaiix‘yi. (4
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Exercise 15.16: Prove that the sum in the right hand side of formula (4) does not depend on the Notes
basis, i.e. prove the equality

This equality means that a(x, y) is a number determined by vectors x and y irrespective of the
choice of basis. Hence we can treat (4) as a scalar function of two vectorial arguments.

Exercise 15.17: Let a be some real number, and let x, y, and z be three vectors. Prove the
following properties of function (4):

(1) alx+y z)=ax z) +aly, 2);
2
(
(

~

a(ax, y)=aa(x,y);
3) a(x,y+z)=a(xy)+a(x z);

4) a(x, ay)=oaa(x,y).

Due to these properties function (4) is called a bilinear function or a bilinear form. It is linear
with respect to each of its two arguments.

Note that scalar product is also a bilinear function of its arguments. The arguments of scalar
product are of a different nature: the firstargumentis a covector, the second is a vector. Therefore,
we cannot swap them. In bilinear form (4) we can swap arguments. As a result we get another
bilinear function

b(x, y) = a(y, x). .(5)
The matrices of a and b are related to each other as follows:
b,=a,b=a ...(6)

Definition: A bilinear form is called symmetric if a(x, y) = a(y, x).

Exercise 15.18: Prove the following identity for a symmetric bilinear form:

e y) = 2V 2 ) ) 0

Definition: A quadratic form is a scalar function of one vectorial argument f(x) produced from
some bilinear function a(x; y) by substituting y = x:

f(x) =a(x, x). ..(8)

Without a loss of generality a bilinear function a in (8) can be assumed symmetric. Indeed, if a is
not symmetric, we can produce symmetric bilinear function

cx,y) = 2L Taln) ; 2.9, -.(9)

and then from (8) due to (9) we derive

a(x, x) + a(x, x)

f(x)=a(x, x) = 2

=c(X, ).

This equality is the same as (8) with a replaced by c. Thus, each quadratic function f is produced
by some symmetric bilinear function a. And conversely, comparing (8) and (7) we get that a is
produced by f:

alx, y) = fix+y) -zf(X) -fy) .(10)
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Formula (10) is called the recovery formula. It recovers bilinear function a from quadratic
function f produced in (8). Due to this formula, in referring to a quadratic form we always imply
some symmetric bilinear form like the geometric tensorial object introduced by definition.

15.5 General Definition of Tensors

Vectors, covectors, linear operators, and bilinear forms are examples of tensors. They are
geometric objects that are represented numerically when some basis in the space is chosen. This
numeric representation is specific to each of them: vectors and covectors are represented by one-
dimensional arrays, linear operators and quadratic forms are represented by two-dimensional
arrays. Apart from the number of indices, their position does matter. The coordinates of a vector
are numerated by one upper index, which is called the contra-variant index. The coordinates of
a covector are numerated by one lower index, which is called the covariant index. In a matrix of
bilinear form we use two lower indices; therefore bilinear forms are called twice-covariant
tensors. Linear operators are tensors of mixed type; their components are numerated by one
upper and one lower index. The number of indices and their positions determine the
transformation rules, i.e. the way the components of each particular tensor behave under a
change of basis. In the general case, any tensor is represented by a multidimensional array with
a definite number of upper indices and a definite number of lower indices.

Let’s denote these numbers by r and s. Then we have a tensor of the type (r; s), or sometimes the
term valency is used. A tensor of type (1; s), or of valency (r; s) is called an r-times contravariant
and an s-times covariant tensor. This is terminology; now let’s proceed to the exact definition. It
is based on the following general transformation formulas:

3 3
fodr _ i Qi ki ke hiehy
Xiie = 30 S LSy T LT Xy (1)
hy, ., h;
ki, ks
Y SN i qki Qkeyhioh
iged, 1 1 1 s 10y
Xite = 30y T LT S S Xy, Q)
by, ., b
ki, ks
Definition: A geometric object X in each basis represented by (r + s) dimensional array X, "/ of

real numbers and such that the components of this array obey the transformation rules (1) and
(2) under a change of basis is called tensor of type (r, s), or of valency (r, s).

Formula (2) is derived from (1), so it is sufficient to remember only one of them. Let it be the
formula (1). Though huge, formula (1) is easy to remember.

Indicesi, ...i andj,, ..., j, are free indices. In right hand side of the equality (1) they are distributed
in S-s and T-s, each having only one entry and each keeping its position, i.e. upper indices i, ...;
i_ remain upper and lower indices j,,..., j, remain lower in right hand side of the equality (1).

Other indices h, ... h_and k, ..., k_are summation indices; they enter the right hand side of (1)
pairwise: once as an upper index and once as a lower index, once in S-s or T-s and once in

hy .,
components of array X,!"\".

When expressing X;; through )M(E_'_'_'ll:‘_ each upper index is served by direct transition matrix

S and produces one summation in (1):

LOVELY PROFESSIONAL UNIVERSITY



Unit 15: Tensors in Cartesian Coordinates

Notes

Xt =3 Yy S X -03)

In a similar way, each lower index is served by inverse transition matrix T and also produces one
summation in formula (1):

3 ~
X = 2 e D T X )

Formulas (3) and (4) are the same as (1) and used to highlight how (1) is written. So tensors are
defined. Further we shall consider more examples showing that many well-known objects
undergo the definition.

2
Task What are the valencies of vectors, covectors, linear operators, and bilinear
forms when they are considered as tensors.

Exercise 15.19: Let a; be the matrix of some bilinear form a. Let’s denote by b’ components of
inverse matrix for a .. Prove that matrix b’ under a change of basis transforms like matrix of
twice-contravariant tensor. Hence, it determines tensor b of valency (2, 0). Tensor b is called a
dual bilinear form for a.

15.6 Dot Product and Metric Tensor

The covectors, linear operators, and bilinear forms that we considered above were artificially
constructed tensors. However there are some tensors of natural origin. Let’s remember that we
live in a space with measure. We can measure distance between points (hence, we can measure
length of vectors) and we can measure angles between two directions in our space. Therefore,
for any two vectors x and y we can define their natural scalar product (or dot product):

0o y)=Ix| |y cos(e) (1)

where ¢ is the angle between vectors x and y.

Task Remember the following properties of the scalar product (1):

) +y,2)=(x2)*+(y 2)

(

2 (xy)=aky);

G Ky+tz)=Kxy)*K2);

4) (ay)=aky)

G xy)=x

(6) (x,x)=0and (x, x) =0 implies x = 0.

These properties are usually considered in courses on analytic geometry or vector algebra, see
Vector Lessons on the Web.

LOVELY PROFESSIONAL UNIVERSITY 167



Complex Analysis and Differential Geometry

168

Notes

|

Notes The first four properties of the scalar product (1) are quite similar to those
or quadratic forms. This is not an occasional coincidence.

Exercise 15.20: Let’s consider two arbitrary vectors x and y expanded in some basis e, e,, e,. This
means that we have the following expressions for them:

3 . .
X=3Ne,  y=Ye, o

i=1 j=1

Substitute (2) into (1) and using properties (1)-(4) listed in exercise 15.17 derive the following
formula for the scalar product of x and y:

3

:Zs:z (e,,&)x ..(3)

i=1 j=1

Exercise 15.21: Denote g, = (e, e) and rewrite formula (3) as

3 3
(xy)=2 28Xy ()
i=1j=1
Consider some other basis €,,&,,&;, denote g, =(€,,€;) and prove that matrices g, and g are

components of a geometric object under a change of base. Thus you prove that the Gram matrix

g;= (e e) .(5)

defines tensor of type (0; 2). This is very important tensor; it is called the metric tensor. It
describes not only the scalar product in form of (4), but the whole geometry of our space.
Evidences for this fact are below.

Matrix (5) is symmetric due to property (5) in task on previous page. Now, keeping in mind the
tensorial nature of matrix (5), we conclude that the scalar product is a symmetric bilinear form:

xy) =8k y) ~(6)

The quadratic form corresponding to (6) is very simple: f(x) = g(x, x) = | x|2. The inverse matrix
for (5) is denoted by the same symbol g but with upper indices: g'. It determines a tensor of type
(2, 0), this tensor is called dual metric tensor.

15.7 Multiplication by Numbers and Addition

Tensor operations are used to produce new tensors from those we already have. The most
simple of them are multiplication by number and addition. If we have some tensor X of type
(1, s) and a real number a, then in some base e,, e,, e, we have the array of components of tensor

X; let’s denote it X;'~¥. Then by multiplying all the components of this array by o we get

another array

i = gXh (1)
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Choosing another base €,,€,,€,, and repeating this operation we get Notes

Yii =X -2)

Jreds ©

Exercise 15.22: Prove that arrays Yii11~::iir and Yii;_jjjii: are related to each other in the same way as

formula (1) applied in all bases produces new tensor Y = oX from initial tensor X.

Formula (1) defines the multiplication of tensors by numbers. In exercise 15.22 you prove its
consistence. The next formula defines the addition of tensors:

X N =2 ()
Having two tensors X and Y both of type (r, s) we produce a third tensor Z of the same type (r, s)
by means of formula (3). It's natural to denote Z =X + Y.
Exercise 2.1: By analogy with exercise 15.22 prove the consistence of formula (3).

Exercise 3.1: What happens if we multiply tensor X by the number zero and by the number
minus one? What would you call the resulting tensors?

15.8 Tensor Product

The tensor product is defined by a more tricky formula. Suppose we have tensor X of type (r, s)
and tensor Y of type (p, q), then we can write:

it iy yie i (1)

i s Jueeds Tisereedsep

Formula (1) produces new tensor Z of the type (r + p, s + q). Itis called the tensor product of X and
Y and denoted Z=X ® Y. Don’t mix the tensor product and the cross product. They are different.

Exercise 15.23: By analogy prove the consistence of formula (1).

Exercise 15.24: Give an example of two tensors such that X ® Y=Y ® X.

15.9 Contraction

As we have seen above, the tensor product increases the number of indices. Usually the tensor

Z =X ® Y has more indices than X and Y. Contraction is an operation that decreases the number
of indices. Suppose we have tensor X of the type (r + 1, s + 1). Then we can produce tensor Z of
type (1, s) by means of the following formula:

Zyr = X ()
p=1

What we do ? Tensor X has at least one upper index and at least one lower index. We choose the
m-th upper index and replace it by the summation index p. In the same way, we replace the k-th
lower index by p. Other r upper indices and s lower indices are free. They are numerated in some
convenient way, say as in formula (1). Then we perform summation with respect to index p. The
contraction is over. This operation is called a contraction with respect to m-th upper and
k-th lower indices. Thus, if we have many upper an many lower indices in tensor X, we can
perform various types of contractions to this tensor.
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2
Task Prove the consistence of formula (1).

Interpret this formula as the contraction of the tensor product ax.

15.10 Raising and Lowering Indices

used for the other indices are of no importance. Therefore, we denoted them by dots. Then let’s
consider the tensor productY =g ® X:
Yo = gPIX, (1)

Here g is the dual metric tensor with the components gri. In the next step, let’s contract (1) with
respect to the pair of indices k and q. For this purpose we replace them both by s and perform the
summation:

3
XPe = g X (2)

This operation (2) is called the index raising procedure. It is invertible. The inverse operation is
called the index lowering procedure:

X =g X, -(3)

Like (2), the index lowering procedure (3) comprises two tensorial operations: the tensor product
and contraction.

15.11 Some Special Tensors and some useful Formulas

Kronecker symbol is a well known object. This is a two-dimensional array representing the unit
matrix. It is determined as follows:

& = 1 fori=j, 1
110 fori#j -
We can determine two other versions of Kronecker symbol:
5 —d. = 1 fori=j,
i~%7)0 fori ~(2)

Exercise 15.25: Prove that definition (1) is invariant under a change of basis, if we interpret the
Kronecker symbol as a tensor. Show that both definitions in (2) are not invariant under a change
of basis.

Exercise 15.26: Lower index i of tensor (1). What tensorial object do you get as a result of this
operation?
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Exercise 15.27: Likewise, raise index J in (1). Notes
Another well known object is the Levi-Civita symbol. This is a three dimensional array

determined by the following formula:

0, if among j,k,q,there at least two equal numbers;

e.

1q=€"9=11, if (jk q) is even permutation of numbers (12 3); 3)

-1, if (jkq) is odd permutation of numbers (1 2 3).

The Levi-Civita symbol (3) is not a tensor. However, we can produce two tensors by means of
Levi-Civita symbol. The first of them

oy = /det(g;) € (4

is known as the volume tensor. Another one is the dual volume tensor:

o™ = /det(g") €™ . ..(5)

Let’s take two vectors x and y. Then using (4) we can produce covector a:

Then we can apply index raising procedure and produce vector a:

3 3 3 )
a"= ZZZg“mijkx’yk. (7)

i=1 j=1k=1

Formula (7) is known as formula for the vectorial product (cross product) in skew-angular basis.

Exercise 15.28: Prove that the vector a with components (7) coincides with cross product of
vectors x and y, i.e. a = [x, y].

15.12 Summary

° Suppose we have a vector x and a covector a. Upon choosing some basis e, e,, e,, both of
them have three coordinates: x', x>, x* for vector x, and a,, a,, a, for covector a. Let’s denote

by (a,x) the following sum:

The sum is written in agreement with Einstein’s tensorial notation. It is a number depending
on the vector x and on the covector a. This number is called the scalar product of the vector
x and the covector a. We use angular brackets for this scalar product in order to distinguish
it from the scalar product of two vectors in E, which is also known as the dot product.

Defining the scalar product (a,x) by means of sum we used the coordinates of vector x and

of covector a, which are basis-dependent.
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° A geometric object F in each basis represented by some square matrix F, and such that
_ . 3.3
components of its matrix F obey transformation rules F = > > TS, and
p=1q=1

3 3 5
F' = ZZS" T'F}'. under a change of basis is called a linear operator.

P
p=1q=1

° Vectors, covectors, and linear operators are all examples of tensors (though we have no
definition of tensors yet). Now we consider another one class of tensorial objects. For the
sake of clarity, let's denote by a one of such objects. In each basis e,, e, e, this object is
represented by some square 3 x 3 matrix a, of real numbers. Under a change of basis these

3 3
numbers are transformed as follows & = ZZS}’S;’an.

p=1g=1

° The covectors, linear operators, and bilinear forms that we considered above were

artificially constructed tensors. However there are some tensors of natural origin. Let’s
remember that we live in a space with measure. We can measure distance between points
(hence we can measure length of vectors) and we can measure angles between two directions
in our space. Therefore for any two vectors x and y we can define their natural scalar
product (or dot product):

(xy) = Ix] Iyl cos(e)
where ¢ is the angle between vectors x and y.

° The tensor product is defined by a more tricky formula. Suppose we have tensor X of type
(r, s) and tensor Y of type (p, q), then we can write:

iy iy e

j1-ssp Jueds Tseredsep

The above formula produces new tensor Z of the type (r + p, s + q). It is called the tensor

product of X and Y and denoted Z =X ® Y. Don’t mix the tensor product and the cross
product. They are different.

15.13 Keywords

Linear operator: A geometric object F in each basis represented by some square matrix F' and

3 3
such that components of its matrix F' obey transformation rules ¥ =) > TSTF’, and
p=1q=1

3 3 B
F].i = ZZS;T;]F;’. under a change of basis is called a linear operator.
p=1q=1

Bilinear form: A geometric object a in each basis represented by some square matrix aij and such

3 3
that components of its matrix aij obey transformation rules a; :ZZS}”S}*an and aij =
p=1q=1

3 3
ZZTipTiqépq under a change of basis is called a bilinear form.
p=1q=1
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15.14 Self Assessment Notes

1.  Defining the scalar product (a,x) by means of sum we used the coordinates of vector x and
of covector a, which are ..................

2. A geometric object a in each basis represented by some square matrix aij and such that

3.3
. . . _— paq _
components of its matrix aij obey transformation rules a; _ZZSi Sla,, and a,

p=1q=1
3 3
ZZTiPTiqépq under a change of basis is called a ..................
p=1q=1
3. The coordinates of a vector are numerated by one upper index, which is called the...................
4. The number of indices and their positions determine the .................. , i.e. the way the

components of each particular tensor behave under a change of basis.

15.15 Review Questions

1. Explain why the scalar product (a,x) is sometimes called the bilinear function of vectorial
argument x and covectorial argument a. In this capacity, it can be denoted as f(a, x).
Remember our discussion about functions with non-numeric arguments.

v R R 3
2. Derive [Y|=[E E E||)X| fromyi= ZFjiXi-
vl IE B E|lx =

3. Let a be some real number and let x and y be two vectors. Prove the following properties
of a linear operator:

(1) F(x+y)=F() +E(y),
(2) F(ax)=aF(x).

4. Find the matrix of composite operator F o H if the matrices for F and H in the basis e , e,,
e, are known.

5. Remember the definition of the identity map in mathematics (see on-line Math.
Encyclopedia) and define the identity operator id. Find the matrix of this operator.

6.  Remember the definition of the inverse map in mathematics and define inverse operator
F for linear operator F. Find the matrix of this operator if the matrix of F is known.

7. Let a; be the matrix of some bilinear form a. Let's denote by b’ components of inverse
matrix for a,. Prove that matrix b’ under a change of basis transforms like matrix of twice-
contravariant tensor. Hence it determines tensor b of valency (2, 0). Tensor b is called a
dual bilinear form for a.

8. By analogy with exercise Y;'"=aXj"% prove the consistence of formula

Zil.,.i”P _ Xi_l...i, Yiy+1"'il+p

J1sep J1ods st edsip

9. Give an example of two tensors such that X ® Y=Y ® X.
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10. Prove that definition 6} = {0 foriz ],' is invariant under a change of basis, if we interpret
1#]
o 1 fori=j,
the Kronecker symbol as a tensor. Show that both definitions in §; =d; = 0 foris]

are not invariant under a change of basis.

1 fori=j,

11. Lower index i of tensor &' = o
710 fori#j

- (1 fori=j,
object do you get as a result of this operation? Likewise, raise index J in 6} = {0 for ;t], .
ori#j

3 3 3
12.  Prove that the vector a with components a"=»'>"% g"w, x'y* coincides with cross
product of vectors x and y, i.e. a = [x, y].
Answers: Self Assessment

1. basis-dependent 2. Dbilinear form.

3. contravariant index. 4, transformation rules

15.16 Further Readings

&

Books Abhelfors, D.V. : Complex Analysis

Conway, J.B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 16: Tensor Fields Differentiation of Tensors Notes

CONTENTS

Objectives

Introduction

16.1 Tensor Fields in Cartesian Coordinates
16.2 Change of Cartesian Coordinate System
16.3 Differentiation of Tensor Fields

164 Gradient, Divergency, and Rotor

16.5 Summary

16.6 Keywords

16.7 Self Assessment

16.8 Review Questions

16.9 Further Readings

Objectives

After studying this unit, you will be able to:

) Discuss the tensor fields in Cartesian coordinates

) Describe the change of Cartesian coordinates system
° Explain the differentiation of tensors fields

° Discuss the gradient, divergency and rotor
Introduction

Cartesian tensors are widely used in various branches of continuum mechanics, such as fluid
mechanics and elasticity. In classical continuum mechanics, the space of interest is usually
3-dimensional Euclidean space, as is the tangent space at each point. If we restrict the local
coordinates to be Cartesian coordinates with the same scale centered at the point of interest, the
metric tensor is the Kronecker delta. This means that there is no need to distinguish covariant
and contra variant components, and furthermore there is no need to distinguish tensors and
tensor densities. All Cartesian-tensor indices are written as subscripts. Cartesian tensors achieve
considerable computational simplification at the cost of generality and of some theoretical
insight.

16.1 Tensor Fields in Cartesian Coordinates

The tensors that we defined in the previous unit are free tensors. Indeed, their components are
arrays related to bases, while any basis is a triple of free vectors (not bound to any point). Hence,
the tensors previously considered are also not bound to any point.
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Now suppose we want to bind our tensor to some point in space, then another tensor to another
point and so on. Doing so we can fill our space with tensors, one per each point. In this case, we
say that we have a tensor field. In order to mark a point P to which our particular tensor is bound
we shall write P as an argument:

X =X(P) (1)

Usually the valencies of all tensors composing the tensor field are the same. Let them all be of
type (r, s). Then if we choose some basis e, e,, e,, we can represent any tensor of our tensor field

as an array X} withr +s indices:

Xipo =X (P). -(2)
Thus, the tensor field (1) is a tensor-valued function with argument P being a point of three-
dimensional Euclidean space E, and (2) is the basis representation for (1). For each fixed set of
numeric values of indices i, ..., i, j, ..., j, in (2), we have a numeric function with a point-valued
argument. Dealing with point-valued arguments is not so convenient, for example, if we want
to calculate derivatives. Therefore, we need to replace P by something numeric. Remember that
we have already chosen a basis. If, in addition, we fix some point O as an origin, then we get

Cartesian coordinate system in space and hence can represent P by its radius-vector 1, = OP and

by its coordinates x*, x, x*:

id, _ yiped, (U1 U2 U3

Xiii = XG5 (X, x7). -(3)
Conclusion. In contrast to free tensors, tensor fields are related not to bases, but to whole
coordinate systems (including the origin). In each coordinate system they are represented by
functional arrays, i.e. by arrays of functions (see (3)).

A functional array (3) is a coordinate representation of a tensor field (1). What happens when we
change the coordinate system ? Dealing with (2), we need only to recalculate the components of

the array X} :
X (P) = hz...;T;'l LTSS X (P). ..(4)

In the case of (3), we need to recalculate the components of the array X;'** in the new basis

~ . 3 3 . .
Xi(x!, 32,87 =YY T LT SM LS X (x, X7, ), -(5)

Jids
hy, h,

We also need to express the old coordinates x!, X%, x* of the point P in right hand side of (5)
through new coordinates of the same point:

x' =x'(x', %%, %),
& =7, %2, %), .(6)

X =x>(%, %, %)

Formula (5) can be inverted :

3 3

X (%, %, %) = Dy S LTSI LT X (), 52,57, (7)
h, h,

1-]s
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But now, apart from (7), we should have inverse formulas for (6) as well: Notes

%, =x'(x, x5, X°);
=X, X%, xX%); -(8)
=", X, x%).

The couple of formulas (5) and (6), and another couple of formulas (7) and (8), in the case of
tensor fields play the same role as transformation formulas in the case of free tensors.

16.2 Change of Cartesian Coordinate System

Note that formulas (6) and (8) are written in abstract form. They only indicate the functional
dependence of new coordinates of the point P from old ones and vice versa. Now we shall
specify them for the case when one Cartesian coordinate system is changed to another Cartesian
coordinate system. Remember that each Cartesian coordinate system is determined by some
basis and some fixed point (the origin). We consider two Cartesian coordinate systems. Let the

origins of the first and second systems be at the points O and O, respectively. Denote by e, e,

e, the basis of the first coordinate system, and by &, &,,&, the basis of the second coordinate

system (see Fig. 16.1 below).

Figure 16.1

( e, f‘
~&2

Let P be some point in the space for whose coordinates we are going to derive the specializations

of formulas (6) and (8). Denote by rP and 7, the radius-vectors of this point in our two coordinate

systems. Then rP = OP and fp = 5 Hence,
1, =00 + . (1)

Vector OO determines the origin shift from the old to the new coordinate system. We expand
this vector in the basis e, e,, e,

a:OO:Za‘ei. -(2)
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3
%, :Zi‘éi, -(3)

Exercise 1.1: Using (1), (2) and (3) derive the following formula relating the coordinates of the
point P in the two coordinate systems in Fig. 16.1 :

3 .
X' =a'+) 8. (4)
j=1
Exercise 2.1: Derive the following inverse formula for (4):
X=a+ ZT;X]. )
<
Prove that ai in (4) and &' in (5) are related to each other as follows:
a'=-)Tx. a'=-)"5al. -(6)
j=1 j=1

Explain the minus signs in these formulas. Formula (4) can be written in the following expanded
form:

x' =S%' +S)%* +S5%° +a',

x* =S2x1+S3%* +S2%° +a?,

(7)
X’ =S%' +S%° +S3%° +a’.
This is the required specialization. In a similar way we can expand (5) :
=T+ TN + TixC +47,
=T+ Tox* + T2 + &, (8

3 3.1 3.2 3 =3
E=Tix' + Tix> + Tox® +a°.

This is the required specialization. Formulas (7) and (8) are used to accompany the main
transformation formulas.

16.3 Differentiation of Tensor Fields

In this section we consider two different types of derivatives that are usually applied to tensor
fields: differentiation with respect to spacial variables x!, x?, x*> and differentiation with respect
to external parameters other than x!, x?, %3, if they are present. The second type of derivatives are
simpler to understand. Let’s consider them to start. Suppose we have tensor field X of type (r, s)
and depending on the additional parameter t (for instance, this could be a time variable). Then,
upon choosing some Cartesian coordinate system, we can write

i1..ir iy, 1.2 U3 iy i, 1.2 U3
X1 :thh___js (t+h,x,x*,x )= X3 (X, x,x7) )
ot h50 h :

The left hand side of (1) is a tensor since the fraction in right hand side is constructed by means
of tensorial operations. Passing to the limit h — 0 does not destroy the tensorial nature of this
fraction since the transition matrices S and T are all time-independent.
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Differentiation with respect to external parameters (like tin (1)) is a tensorial operation producing
new tensors from existing ones.

Exercise 1.1: Give a more detailed explanation of why the time derivative (1) represents a tensor
of type (z, s).
Now let’s consider the spacial derivative of tensor field X, i.e. its derivative with respect to a
spacial variable, e.g. with respect to x'. Here we also can write
i, iy g1 2 3\ yiped g1 2 3
oxi X3 (x +h,x7,x7) = X (x0,x7,x7)

1-)s :1' J
e : , - 2)

but in numerator of the fraction in the right hand side of (2) we get the difference of two tensors
bound to different points of space: to the point P with coordinates x!, x?, x* and to the point P’
with coordinates x! + h, x%, x*. To which point should be attributed the difference of two such
tensors ? This is not clear. Therefore, we should treat partial derivatives like (2) in a different
way.

Let's choose some additional symbol, say it can be q, and consider the partial derivative of X

with respect to the spacial variable x%:

Yo = ~(3)

Partial derivatives (2), taken as a whole, form an (r + s + 1)-dimensional array with one extra
dimension due to index q. We write it as a lower index in Y} due to the following theorem

concerning (3).

Theorem 1.1: For any tensor field X of type (r, s) partial derivatives (3) with respect to spacial
variables x!, x3, x> in any Cartesian coordinate system represent another tensor field Y of the

type (r, s + 1).

Thus differentiation with respect to x', x?, x> produces new tensors from already existing ones.
For the sake of beauty and convenience this operation is denoted by the nabla sign: Y = VX. In
index form this looks like

Yy =V Xy ..(4)

Q" s

Simplifying the notations we also write:
V,=—. (5

Warning: Theorem 1.1 and the equality (5) are valid only for Cartesian coordinate systems.
In curvilinear coordinates things are different.

Exercise 2.1: Prove theorem 1.1. For this purpose consider another Cartesian coordinate system

%, %%, X% related to x, x2, x® . Then in the new coordinate system consider the partial derivatives

i = S ...(6)

and derive relationships binding (6) and (3).

LOVELY PROFESSIONAL UNIVERSITY

Notes

179



Complex Analysis and Differential Geometry

Notes 16.4 Gradient, Divergency, and Rotor

The tensorial nature of partial derivatives established by theorem 1.1 is a very useful feature.
We can apply it to extend the scope of classical operations of vector analysis. Let’s consider the
gradient, grad = V. Usually the gradient operator is applied to scalar fields, i.e. to functions
¢ = ¢(P) or ¢ = (X, x? x*) in coordinate form:

op
a, :Vq@=a?' (1)

Note that in (1) we used a lower index q for a . This means that a = grad ¢ is a covector. Indeed,
according to theorem 1.1, the nabla operator applied to a scalar field, which is tensor field of
type (0, 0), produces a tensor field of type (0, 1). In order to get the vector form of the gradient one
should raise index q:

3 3
a’=3 g% =3 g"Ve. ~(2)
i-1 i-1

Let’s write (2) in the form of a differential operator (without applying to ¢):

3
A= g, (3)
i=1

In this form the gradient operator (3) can be applied not only to scalar fields, but also to vector
fields, covector fields and to any other tensor fields.

Usually in physics we do not distinguish between the vectorial gradient V9 and the covectorial
gradient Vq because we use orthonormal coordinates with ONB as a basis. In this case, dual
metric tensor is given by unit matrix (g7 = 8%) and components of A?and A coincide by value.

Divergency is the second differential operation of vector analysis. Usually it is applied to a
vector field and is given by formula:

3
divX =Y AX. ()
i=1

As we see, (4) is produced by contraction (see section 16) from tensor VqX. Therefore we can
generalize formula (4) and apply divergency operator to arbitrary tensor field with at least one
upper index:

(div X)

(5

The Laplace operator is defined as the divergency applied to a vectorial gradient of something,
it is denoted by the triangle sign: A = div grad. From (3) and (5) for Laplace operator A we derive
the following formula:
3 s
A=Y >g'VV. ..(6)

3
i=1 j=1

Denote by [ the following differential operator:

0= CT?_A. (7)

180 LOVELY PROFESSIONAL UNIVERSITY



Unit 16: Tensor Fields Differentiation of Tensors

Operator (7) is called the d’Alambert operator or wave operator. In general relativity upon Notes
introducing the additional coordinate x° = ct one usually rewrites the d’ Alambert operator in a
form quite similar to (6).

And finally, let’s consider the rotor operator or curl operator (the term “rotor” is derived from
“rotation” so that “rotor” and “curl” have approximately the same meaning). The rotor operator
is usually applied to a vector field and produces another vector field: Y = rotX. Here is the
formula for the r-th coordinate of rot X:

(rot X)r = Ziig“wnkvixk. -(8)

3
i=1 j=1 k=1

Exercise 1.1: Formula (8) can be generalized for the case when X is an arbitrary tensor field with
at least one upper index. By analogy with (5) suggest your version of such a generalization.

Note that formulas (6) and (8) for the Laplace operator and for the rotor are different from those
that are commonly used. Here are standard formulas:

(5] &) )

€ €, €

0 0 0
rot X =det g y % . (10)
xt x* X

The truth is that formulas (6) and (8) are written for a general skew-angular coordinate system
with a SAB as a basis. The standard formulas (10) are valid only for orthonormal coordinates
with ONB as a basis.

Exercise 2.1: Show that in case of orthonormal coordinates, when g = 3', formula (6) for the
Laplace operator 4 reduces to the standard formula (9).

The coordinates of the vector rot X in a skew-angular coordinate system are given by formula
(8). Then for vector rot X itself we have the expansion:

3
rot X = Z(rot X)'e,. ..(11)
r=1
Exercise 3.1: Substitute (8) into (11) and show that in the case of a orthonormal coordinate system

the resulting formula (11) reduces to (10).

16.5 Summary

° Indeed, their components are arrays related to bases, while any basis is a triple of free
vectors (not bound to any point). Hence, the tensors previously considered are also not
bound to any point.

Now suppose we want to bind our tensor to some point in space, then another tensor to
another point and so on. Doing so we can fill our space with tensors, one per each point. In
this case we say that we have a tensor field. In order to mark a point P to which our
particular tensor is bound we shall write P as an argument:

X = X(P)
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Usually the valencies of all tensors composing the tensor field are the same. Let them all
be of type (1, s). Then if we choose some basis e, e,, e,, we can represent any tensor of our

tensor field as an array X} with r + s indices:
idy oy,
Xinj = X5 (P).

The left hand side is a tensor since the fraction in right hand side is constructed by means
of tensorial operations. Passing to the limit h — 0 does not destroy the tensorial nature of
this fraction since the transition matrices S and T are all time-independent.

Differentiation with respect to external parameters is a tensorial operation producing
new tensors from existing ones.

The tensorial nature of partial derivatives established by theorem is a very useful feature.
We can apply it to extend the scope of classical operations of vector analysis. Let’s consider
the gradient, grad = V. Usually the gradient operator is applied to scalar fields, i.e. to
functions ¢ = @(P) or ¢ = ¢(x!, x>, x°) in coordinate form:

o9

a, :Vq(pzﬁ.

The Laplace operator is defined as the divergency applied to a vectorial gradient of
something, it is denoted by the triangle sign: A = div grad. From Laplace operator A, we
derive the following formula:

A= Zig”vivi.

3
i=1 j=1

Denote by [ the following differential operator:

16
R

Above operator is called the d’Alambert operator or wave operator. In general relativity
upon introducing the additional coordinate x° = ct one usually rewrites the d”Alambert
operator in a form quite similar.

And finally, let’s consider the rotor operator or curl operator (the term “rotor” is derived
from “rotation” so that “rotor” and “curl” have approximately the same meaning). The
rotor operator is usually applied to a vector field and produces another vector field:
Y = rot X. Here is the formula for the r-th coordinate of rot X:
3 3
(rot X)r = Z
i=1

i

3
Zg“mﬁkka.

=1 k=1

16.6 Keywords

Partial derivatives

Cartesian coordinate system in space and hence can represent P by its radius-vector r, =OP and
by its coordinates x*, X, x*.

X X (0 R, ) = X (33X
Ji-)s =lim Ji)s ED

h—0 h

, taken as a whole, form an
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(r + s + 1)-dimensional array with one extra dimension due to index q. We write it as a lower Notes

B S
due to the following theorem concerning Yy, = 6;‘4] .

index in Y!-*
Q1 -Js

Divergency is the second differential operation of vector analysis. Usually it is applied to a
vector field and is given by formula:

3
divX =) AX.
i=1
16.7 Self Assessment
L in space and hence can represent P by its radius-vector r, = OP and by its
coordinates x', x2, x%:
iy ydped ol L2 U3
Xy = X5 (X, X)),
2. A i, X;.:]ﬁ, = x? ::;r (x',x*,x%) is a coordinate representation of a tensor field
X=X(P)
Xt e Xk O 4R, x) = X5 (4,3, X7)
1 J RN = =]lim * : , taken as a whole, form an
ot h—0 h
(r + s + 1)-dimensional array with one extra dimension due to index q. We write it as a
- oK
lower index in Y- due to the following theorem concerning Y4} = W

16.8 Review Questions

—_— — 3. 3. 3 .
1. Using 1, =00+%,, a=00= Za‘ei , = z&léi, and €, = ZS§ei derive the following
i=1 j=1

i=1

formula relating the coordinates of the point P in the two coordinate systems.

3
i i iz
x' =a +ZS].X.

j=1

Compare x' =a’ + ZS})?’ with x' = ZS{)?‘. Explain the differences in these two formulas.

=1 i1
111r
2.  Give a more detailed explanation of why the time derivative a'l"s=

iy d, 1.2 .3 i, 1.2 U3
I X;_»;s(t+h,x ,X°,X )—X;}; (t,x,x7,x7)
im -
h—0 h

represents a tensor of type (r, s)
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1. iy iy 1.2 3 iy iy 1.2 U3
6X;1 ;: Xt hyxt, xT, xT) = Xt x,x7,X0) )
Prove theorem =lim . For this purpose
ot h—0 h
consider another Cartesian coordinate system %', %%, % related to x!, x%, x® via
~ ~ ~ =1 1.1 1,2 1.3 ~1
x' =S%' +5)%* +S1%° +a', X' =T)x" +T,x* +T,x* +a’,
~ ~ ~ 2.1 2.2 2.3 .
X =8%1+83%2+82%° +a%, and (X =Tx'+T;x*+T;x’+a’, . Then in the new
3,1 3,2 3.3
x* =8%" +S3%* +S3x° +a’. =T x" + Tox* + Tix® +a°.

coordinate system consider the partial derivatives

iy gy

and derive relationships binding Y11 = a’j’ and Y}t =k
X % ,

3.3 .3 )
Formula (rot X)r=>Y >'%" g"®, VX" canbe generalized for the case when X is an arbitrary
=1

i=1 j=1k

tensor field with at least one upper index. By analogy with (div X)

suggest your version of such a generalization.

3 3
Note that formulas A= ZZg"VV and (rot X)r= ZZg“mijijXk for the Laplace

3
i=1 j=1 i=1 j=1 k=1

operator and for the rotor are different from those that are commonly used. Here are

Standard formulaS:
(f)j +(7(’j +(7xj
Xl X 6 3 ’

rot X =det il iz iS
ox  0x~ 0Ox
X' x* X

3 3 3 3 3
The truth is that formulas A= ZZgijViV]. and (rot X)r= zzz g“mqu iX* are written

i=1 j=1 i=1 j=1 k=1

for a general skew-angular coordinate system with a SAB as a basis. The standard formulas

0 0 0
rot X =det 7 C o are valid only for orthonormal coordinates with ONB as a
X X X
Xt xr X
basis.
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3 3
5. Show that in case of orthonormal coordinates, when gi = di, formula A = ZZg"ViVj for
i=1 j=1

2 2 2
the Laplace operator 4 reduces to the standard formula A = (11) + (izj + (%) .
ox ox 0x

The coordinates of the vector rot X in a skew-angular coordinate system are given by

3.3 3 _
formula (rot X)r=>">"% g"w, V'X* . Then for vector rot X itself we have the expansion:
=1

i=1 j=1k

3
rot X =) (rot X)'e

3 3 3 ) 3
6. Substitute (rot X)r=>"%"%"g"0, VX* into rot X =" (rot X)'e, and show that in the case

i=1 j=1 k=1 r=1

3
of a orthonormal coordinate system the resulting formula rot X = Z(rot X)'e, reduces to
r=1

rot X =det i iz % .
oxt ox* ox
Xt x2 X

Answers: Self Assessment

1.  Cartesian coordinate system 2. functional array

3. Partial derivatives

16.9 Further Readings

N

Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 17: Tensor Fields in Curvilinear Coordinates

CONTENTS

Objectives

Introduction

17.1 General idea of Curvilinear Coordinates
17.2 Auxiliary Cartesian Coordinate System
17.3 Coordinate Lines and the Coordinate Grid
174 Moving Frame of Curvilinear Coordinates
17.5 Dynamics of Moving Frame

17.6 Formula for Christoffel Symbols

17.7 Tensor Fields in Curvilinear Coordinates
17.8 Differentiation of Tensor Fields in Curvilinear Coordinates
17.9 Concordance of Metric and Connection
17.10 Summary

17.11 Keywords

17.12 Self Assessment

17.13 Review Questions

17.14 Further Readings

Objectives

After studying this unit, you will be able to:

° Discuss the general idea of curvilinear coordinates

° Describe the auxiliary Cartesian coordinate system
° Explain the coordinate lines and coordinate grid.

. Discuss the moving frame of curvilinear coordinates
. Explain the formula for Christoffel symbols
Introduction

In the last unit, you have studied about tensor fields differentiation of tensors and tensor fields
in Cartesian coordinates. Curvilinear coordinates are a coordinate system for Euclidean space in
which the coordinate lines may be curved. These coordinates may be derived from a set of
Cartesian coordinates by using a transformation that is locally invertible (a one-to-one map) at
each point. This means that one can convert a point given in a Cartesian coordinate system to its
curvilinear coordinates and back. The name curvilinear coordinates, coined by the French
mathematician Lamé, derives from the fact that the coordinate surfaces of the curvilinear systems

are curved.
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17.1 General idea of Curvilinear Coordinates

What are coordinates, if we forget for a moment about radius-vectors, bases and axes? What is
the pure idea of coordinates? The pure idea is in representing points of space by triples of
numbers. This means that we should have one to one map P =2 (y', y% y?) in the whole space or
at least in some domain, where we are going to use our coordinates y', y?, y° In Cartesian
coordinates this map P & (y!, y? y?) is constructed by means of vectors and bases. Arranging
other coordinate systems one can use other methods. For example, in spherical coordinates
y' =r is a distance from the point P to the center of sphere, y* = q and y® = ¢ are two angles. By the
way, spherical coordinates are one of the simplest examples of curvilinear coordinates.
Furthermore, let’s keep in mind spherical coordinates when thinking about more general and
hence more abstract curvilinear coordinate systems.

17.2 Auxiliary Cartesian Coordinate System

Now we know almost everything about Cartesian coordinates and almost nothing about the
abstract curvilinear coordinate system y', y?, y® that we are going to study. Therefore, the best
idea is to represent each point P by its radius vector r, in some auxiliary Cartesian coordinate

system and then consider amap r, 22 (y,, ., ¥,)- The radius-vector itself is represented by three
coordinates in the basis e, e,, e, of the auxiliary Cartesian coordinate system:

T :inei. (1)

Therefore, we have a one-to-one map (x', X% x*) 2 (v, y y°). Hurrah! This is a numeric map.

We can treat it numerically. In the left direction it is represented by three functions of three
variables:

x =x(
X =x*(y'y%y), ~(2)
x” =x(

In the right direction we again have three functions of three variables:

yl :yl(Xl,Xz,X3),
v =y (x',x7,x0), -(3)
y3 :y3(X1,X2,X3).

Further we shall assume all functions in (2) and (3) to be differentiable and consider their partial
derivatives. Let's denote

5 =2 - ()
oy’ o

Partial derivatives (4) can be arranged into two square matrices S and T respectively. In
mathematics such matrices are called Jacobi matrices. The components of matrix S in that form,
as they are defined in (4), are functions of y?, y? y°. The components of T are functions of
xt, x%, x*:

S; :Sii(yl,yz,ys), Tii(xl,xz,xs). ..(5)

LOVELY PROFESSIONAL UNIVERSITY

Notes

187



Complex Analysis and Differential Geometry

188

Notes

However, by substituting (3) into the arguments of S}, or by substituting (2) into the arguments

of T/, we can make them have a common set of arguments:
i _ qi 1 2 3 i_migl 2 3
S,,=S;(x',x*,x7), T =T (x',x",x"), ...(6)

S, =Si(y" v’y T =T (v yy"), -(7)

When brought to the form (6), or when brought to the form (7) (but not in form of (5)), matrices
S and T are inverse of each other:

T=5". ..(8)
This relationship (8) is due to the fact that numeric maps (2) and (3) are inverse of each other.

Exercise 1.1: You certainly know the following formula:

L OO 00 ) L, where =

dy y a

It's for the differentiation of composite function. Apply this formula to functions (2) and derive
the relationship (8).

17.3 Coordinate Lines and the Coordinate Grid

Let’s substitute (2) into (1) and take into account that (2) now assumed to contain differentiable
functions. Then the vector-function

3
R(y!, y% y%) =1, = D2 X,y y)e (1)
i=1

is a differentiable function of three variables y!, y?, y*. The vector-function R(y, y? y*) determined
by (1) is called a basic vector-function of a curvilinear coordinate system. Let P be some fixed

point of space given by its curvilinear coordinates y!,y:,ys. Here zero is not the tensorial

index, we use it in order to emphasize that P, is fixed point, and that its coordinates y,,y;,y; are

three fixed numbers. In the next step let's undo one of them, say first one, by setting
Y =yott y:=vy;, v =y )
Substituting (2) into (1) we get a vector-function of one variable t:
R, (t)=R(yy +,¥5,¥o)- ~(3)

If we treat t as time variable (though it may have a unit other than time), then (3) describes a
curve (the trajectory of a particle). At time instant t = 0 this curve passes through the fixed point
P,. Same is true for curves given by two other vector-functions similar to (4):

R,(t) = R(yo, Y5 +t,¥o), (4

R,(t) = R(y;,¥5,¥0 +1)- (5)
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This means that all three curves given by vector-functions (3), (4), and (5) are intersected at the Notes
point P as shown on Fig. 17.1.

Figure 17.1

Arrowheads on these lines indicate the directions in which parameter t increases. Curves (3), (4),
and (5) are called coordinate lines. They are subdivided into three families. Curves within one
family do not intersect each other. Curves from different families intersect so that any regular
point of space is an intersection of exactly three coordinate curves (one per family).

Coordinate lines taken in whole form a coordinate grid. This is an infinitely dense grid. But
usually, when drawing, it is represented as a grid with finite density. On Fig. 17.2 the coordinate
grid of curvilinear coordinates is compared to that of the Cartesian coordinate system.

Figure 17.2

Indeed, meridians and parallels are coordinate lines of a spherical coordinate system. The parallels
do not intersect, but the meridians forming one family of coordinate lines do intersect at the
North and at South Poles. This means that North and South Poles are singular points for spherical
coordinates.

Exercise 1.1: Remember the exact definition of spherical coordinates and find all singular points
for them.

17.4 Moving Frame of Curvilinear Coordinates

Let’s consider the three coordinate lines shown on Fig. 17.1 again. And let’s find tangent vectors
to them at the point P,. For this purpose, we should differentiate vector-functions (3), (4), and (5)
with respect to the time variable t and then substitute t = 0 into the derivatives:

dR; OR
E = =— (1)
dt t=0 6Yi at the point Py .
Now let’s substitute the expansion (1) into (1) and remember (4):
E_R_$X g 9
.= .—z .e.—z €. (2)
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All calculations in (2) are still in reference to the point P. Though P, is a fixed point, it is an
arbitrary fixed point. Therefore, the equality (2) is valid at any point. Now let’s omit the
intermediate calculations and write (2) as

E = Zsjei. (3)

They are strikingly similar, and det S # 0. Formula (3) means that tangent vectors to coordinate
lines E,, E,, E, form a basis (see Fig. 17.3), matrices are transition matrices to this basis and back
to the Cartesian basis.

Figure 17.3

3

Despite obvious similarity of the formulas, there is some crucial difference of basis E,, E,, E, as
compared toe,, e, e,. Vectors E , E, E, are not free. They are bound to that point where derivatives
are calculated. And they move when we move this point. For this reason basis E,, E,, E, is called
moving frame of the curvilinear coordinate system. During their motion the vectors of the
moving frame E,, E,, E, are not simply translated from point to point, they can change their
lengths and the angles they form with each other. Therefore, in general the moving frame E , E,,
E, is a skew-angular basis. In some cases vectors E, E,, E, can be orthogonal to each other at all
points of space. In that case we say that we have an orthogonal curvilinear coordinate system.
Most of the well known curvilinear coordinate systems are orthogonal, e.g. spherical, cylindrical,
elliptic, parabolic, toroidal, and others. However, there is no curvilinear coordinate system
with the moving frame being ONB! We shall not prove this fact since it leads deep into differential
geometry.

17.5 Dynamics of Moving Frame

Thus, we know that the moving frame moves. Let’s describe this motion quantitatively.
Accordingly the components of matrix S in (3) are functions of the curvilinear coordinates y’, y?,
y>. Therefore, differentiating E, with respect to y’ we should expect to get some nonzero vector
OE, / 0y. This vector can be expanded back in moving frame E , E,, E,. This expansion is written
as

OE, <
L=>"TiE,. (1)

Formula (1) is known as the derivational formula. Coefficients I'; in (1) are called Christoffel

symbols or connection components.

Exercise 1.1: Relying upon formula (1) draw the vectors of the moving frame for cylindrical
coordinates.
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Task Do the same for spherical coordinates.

Exercise 3.1: Relying upon formula (1) and results of exercise 1.1. Calculate the Christoffel
symbols for cylindrical coordinates.

Exercise 4.1: Do the same for spherical coordinates.

Exercise 5.1: Remember formula from which you derive

Ei OR ®

i=—_—.
oy

Substitute (2) into left hand side of the derivational formula (1) and relying on the properties of

mixed derivatives prove that the Christoffel symbols are symmetric with respect to their lower

indices: l"fj = F:‘l

IS

Notes Christoffel symbols T} form a three-dimensional array with one upper index
and two lower indices. However, they do not represent a tensor. We shall not prove this
fact since it again leads deep into differential geometry.

17.6 Formula for Christoffel Symbols

Let’s take formula (3) and substitute it into both sides of (1). As a result we get the following
equality for Christoffel symbols T} :

3 asq 3 3 N
> —te =D > TiSle,. (1)

Cartesian basis vectors e do not depend on y/ ; therefore, they are not differentiated when we
substitute (3) into (1). Both sides of (1) are expansions in the base e, e,, e, of the auxiliary
Cartesian coordinate system. Due to the uniqueness of such expansions we have the following
equality derived from (1):

PSR
oy~ 2% -(2)

Exercise 1.1: Using concept of the inverse matrix ( T = S) derive the following formula for the

Christoffel symbols I} from (2):

3k OS]
k _ k 09
;= ;Tq oy ..(3)
Due to this formula (3) can be transformed in the following way:
3 65? 3 62Xq 3 q
M= T =T ——=>T—L. (4)

ooy T toy'ey 5oy
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Formulas (4) are of no practical use because they express I'; through an external thing like

transition matrices to and from the auxiliary Cartesian coordinate system. However, they will
help us below in understanding the differentiation of tensors.

17.7 Tensor Fields in Curvilinear Coordinates

As we remember, tensors are geometric objects related to bases and represented by arrays if
some basis is specified. Each curvilinear coordinate system provides us a numeric representation
for points, and in addition to this it provides the basis.

This is the moving frame. Therefore, we can refer tensorial objects to curvilinear coordinate
systems, where they are represented as arrays of functions:

X =X 6y y)- (1)

We also can have two curvilinear coordinate systems and can pass from one to another by means
of transition functions:

~1 ~1 1 2 3 ~ ~2 ~3
y =y, y.v) y =y'§.79)
~2 ~2 1 2 3 ~ ~2 ~3
V =y (. v.v) y =y’ 5,55, -(2)
~3 ~3 1 2 3 ~ ~2 ~3
yV=y.y,y) vy =y'F. 97

If we call §',7%,7° the new coordinates, and y', y?, y? the old coordinates, then transition

matrices S and T are given by the following formulas:

.oV ) &
Si- a;i , T/ = gi . (3
They relate moving frames of two curvilinear coordinate systems:
5 3 3 .
E =) SE, E =>TE. .(4)

Exercise 1.1: Derive (3) from (4) and (2) using some auxiliary Cartesian coordinates with basis e,,
e, e, as intermediate coordinate system:

(Ei Ey By )e==2(e,,8,,€;) i (EszrEa) -(3)

Transformation formulas for tensor fields for two curvilinear coordinate systems are the same:

3 3

X‘1 LYY = hzhz T TS SEX (v vy o), .(6)
k: k:

v ip i : i k. ks vwhy.h, 1 2 3

Xi5 (Y2 ys) =20 ZS& ST TEXE e (357 9))- ~(7)
ki, - ks
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17.8 Differentiation of Tensor Fields in Curvilinear Coordinates Notes

We already know how to differentiate tensor fields in Cartesian coordinates (see section 21). We
know that operator V produces tensor field of type (r, s + 1) when applied to a tensor field of type
(r, s). The only thing we need now is to transform V to a curvilinear coordinate system. In order
to calculate tensor VX in curvilinear coordinates, let’s first transform X into auxiliary Cartesian
coordinates, then apply V, and then transform VX back into curvilinear coordinates:

X (yhyhy’) sy X x3xd)
L Jraseres (1)
VPXpp(vhyhy') s, VG X)
Matrices are used in (1). We know that the transformation of each index is a separate multiplicative

procedure. When applied to the a-th upper index, the whole chain of transformations (1) looks
like

= isgi T ..V, Z Spe XM ()
q=1 h,=1

m, =1
Note that Vq = 6/0x1 is a differential operator and we have

0

qz:: axq = (3)

Any differential operator when applied to a product produces a sum with as many summands as
there were multiplicand in the product. Here is the summand produced by term Sy in

formula (2):

3 3 ) hy
VXA =g ) D T e X ()
m,=1h,=1 ay

We can transform it into the following equality:

VX m it ST XM ..(5)

VXY Y sk 23: """"""" ~©)

Applying (3) to (6) with the same logic as in deriving (4) we get

3 n,

VX = +nZlkZ Sh a;‘;X:: ::: S ~(7)

In order to simplify (7) we need the following formula derived :

k

g o -8)
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Applying (8) to (7) we obtain
VX = s DL G X ..9)

Now we should gather (5), (9), and add the term produced when rq in (2) (or equivalently in (4))

acts upon components of tensor X. As a result we get the following general formula for VPX;; jj}z :
R e T NI S

VX =gt 2, 2 G XG0 -2 2 T XG0 -(10)

The operator Vp determined by this formula is called the covariant derivative.

Exercise 1.1: Apply the general formula (10) to a vector field and calculate the covariant derivative
V_Xa.
P

Exercise 2.1: Apply the general formula (10) to a covector field and calculate the covariant
derivative V X .

Exercise 3.1: Apply the general formula (10) to an operator field and find V F;. Consider special
case when V_ is applied to the Kronecker symbol 5.

P
Exercise 4.1: Apply the general formula (10) to a bilinear form and find V a,.

Exercise 5.1: Apply the general formula (10) to a tensor product a ® x for the case when x is a
vector and a is a covector. Verify formula V(a® x) =Va Vx +a ® Vx.

Exercise 6.1: Apply the general formula (10) to the contraction C(F) for the case when F is an
operator field. Verify the formula VC(F) = C(VE).

17.9 Concordance of Metric and Connection

Let’s remember that we consider curvilinear coordinates in Euclidean space E. In this space, we
have the scalar product and the metric tensor.

Exercise 1.1: Transform the metric tensor to curvilinear coordinates using transition matrices
and show that here it is given by formula

g, (E,E). (1)

In Cartesian coordinates all components of the metric tensor are constant since the basis vectors
e, e, e, are constant. The covariant derivative (10) in Cartesian coordinates reduces to
differentiation Vp = 0/ oxp. Therefore,

vpg, =0. (2)

But Vg is a tensor. If all of its components in some coordinate system are zero, then they are
identically zero in any other coordinate system (explain why). Therefore the identity (2) is valid
in curvilinear coordinates as well.

The identity is known as the concordance condition for the metric g, and connection I Ttis

very important for general relativity.
Remember that the metric tensor enters into many useful formulas for the gradient, divergency,
rotor, and Laplace operator. What is important is that all of these formulas remain valid in

curvilinear coordinates, with the only difference being that you should understand that V_is not
the partial derivative d/0x?, but the covariant derivative in the sense of formula (10).
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Exercise 2.1: Calculate rot A, div H, grad ¢ (vectorial gradient) in cylindrical and spherical Notes
coordinates.

Exercise 3.1: Calculate the Laplace operator A applied to the scalar field ¢ in cylindrical and in
spherical coordinates.

17.10 Summary

° What are coordinates, if we forget for a moment about radius-vectors, bases and axes ?
What is the pure idea of coordinates? The pure idea is in representing points of space by
triples of numbers. This means that we should have one to one map P & (v, y? y®) in the
whole space or at least in some domain, where we are going to use our coordinates y!, y?
y°. In Cartesian coordinates this map P =2 (y', y? y°) is constructed by means of vectors

and bases. Arranging other coordinate systems one can use other methods. For example,
in spherical coordinates y' =r is a distance from the point P to the center of sphere, y*> = q
and y® = ¢ are two angles. By the way, spherical coordinates are one of the simplest
examples of curvilinear coordinates. Furthermore, let’s keep in mind spherical coordinates
when thinking about more general and hence more abstract curvilinear coordinate systems.

o Now we know almost everything about Cartesian coordinates and almost nothing about
the abstract curvilinear coordinate system y', y? y® that we are going to study. Therefore,
the best idea is to represent each point P by its radius vector r, in some auxiliary Cartesian
coordinate system and then consider a map r, 2 (y,, ¥, ¥,)- The radius-vector itself is
represented by three coordinates in the basis e/, e,, e, of the auxiliary Cartesian coordinate
system:

Therefore, we have a one-to-one map (x', X%, x°) 2 (y', y% y°). Hurrah! This is a numeric

map. We can treat it numerically. In the left direction it is represented by three functions
of three variables:

2y,
%y,
2y0).

X, R, R
o

x'(y'
X (y!
(v

k<’\<\<

° Cartesian basis vectors e  do not depend on y' ; therefore, they are not differentiated. Both
sides are expansions in the base e, e,, e, of the auxiliary Cartesian coordinate system.

17.11 Keywords

Spherical coordinates are one of the simplest examples of curvilinear coordinates.

Vector-function: Then the vector-function

3
Ry, % y) =1,= > X (y',y%yY)
i=1

is a differentiable function of three variables y*, y?, y°.

Christoffel symbols T'; form a three-dimensional array with one upper index and two lower

indices.
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17.12 Self Assessment

................... are one of the simplest examples of curvilinear coordinates.

The ...ccccoeiiene itself is represented by three coordinates in the basis e , e,, e, of the auxiliary

3
. . _ i
Cartesian coordinate system 1, = E xe;.
i=1

Coordinate lines taken in whole form a coordinate grid. This is an infinitely dense grid.
But usually, when drawing, it is represented as a grid with ...................

The parallels do not intersect, but the ................... one family of coordinate lines do intersect
at the North and at South Poles. This means that North and South Poles are singular points
for spherical coordinates.

................... I; form a three-dimensional array with one upper index and two lower indices.

................... e, donot depend ony’; therefore, they are not differentiated when we substitute

51 e

i — kgq i 1

e = 1; > [Sle, areexpansionsin the
q=1 =1q=1

3 O0E. & 3
E, = 2.Sle; into 7 = 3.y Bothsides of 3,

base e, e, e, of the auxiliary Cartesian coordinate system.

17.13 Review Questions

Remember the exact definition of spherical coordinates and find all singular points for
them.

3
Relying upon formula 6E. :ZFEEk , calculate the Christoffel symbols for cylindrical

Pl

coordinates.

Remember formula E =X =3 X ¢ _Sgie hich you deri
emembper rormula i = .—Z .e.—z iei TOom whnic yOu erive

Answers: Self Assessment

Spherical coordinates 2. radius-vector
finite density. 4. meridians forming
Christoffel symbols 6.  Cartesian basis vectors
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17.14 Further Readings Notes
Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 18: Theory of Space Curves

CONTENTS

Objectives

Introduction

18.1 Arc Length

18.2 Curvature and Fenchel’s Theorem

18.3 The Unit Normal Bundle and Total Twist

184 Moving Frames

18.5 Curves at a Non-inflexional Point and the Frenet Formulas
18.6 Local Equations of a Curve

18.7 Plane Curves and a Theorem on Turning Tangents
18.8 Plane Convex Curves and the Four Vertex Theorem
18.9 Isoperimetric Inequality in the Plane

18.10 Summary

18.11 Keywords

18.12 Self Assessment

18.13 Review Questions

18.14 Further Readings

Objectives

After studying this unit, you will be able to:

° Define Arc Length

° Discuss Curvature and Fenchel’s Theorem

° Explain The Unit Normal Bundle and Total Twist

° Define Moving Frames

° Describe Curves at a Non-inflexional Point and the Frenet Formulas
° Explain Plane Convex Curves and the Four Vertex Theorem
Introduction

In the last unit, you have studied about Curvilinear coordinates. These coordinates may be

derived from a set of Cartesian coordinates by using a transformation that is locally invertible

(a one-to-one map) at each point. The term curve has several meanings in non-mathematical

language as well. For example, it can be almost synonymous with mathematical function or

graph of a function. An arc or segment of a curve is a part of a curve that is bounded by two

distinct end points and contains every point on the curve between its end points. Depending on
how the arc is defined, either of the two end points may or may not be part of it. When the arc is
straight, it is typically called a line segment.

LOVELY PROFESSIONAL UNIVERSITY



Unit 18: Theory of Space Curves

18.1 Arc Length Notes

A parametrized curve in Euclidean three-space €’ is given by a vector function

X(t) = (%, (1), X,(8), x,(1)

that assigns a vector to every value of a parameter t in a domain interval [a, b]. The coordinate
functions of the curve are the functions x(t). In order to apply the methods of calculus, we
suppose the functions x(t) to have as many continuous derivatives as needed in the following
treatment.

For a curve x(t), we define the first derivative x'(t) to be the limit of the secant vector from x(t) to
x(t+h) divided by h as h approaches 0, assuming that this limit exists. Thus,

(- R0

The first derivative vector x'(t) is tangent to the curve at x(t). If we think of the parameter t as
representing time and we think of x(t) as representing the position of a moving particle at time
t, then x’(t) represents the velocity of the particle at time t. It is straightforward to show that the
coordinates of the first derivative vector are the derivatives of the coordinate functions, i.e.

X' (1) = (%, (1), %, (1), X, (1))

For most of the curves we will be concerning ourselves with, we will make the “genericity
assumption” that x’(t) is non-zero for all t. Lengths of polygons inscribed in x as the lengths of
the sides of these polygons tend to zero. By the fundamental theorem of calculus, this limit can
be expressed as the integral of the speed s'(t) = | x'(t) | between the parameters of the end-points
of the curve, a and b. That is,

s(b)—s(a) = [|x'(t)| dt = [ ix;(t)zdt.

For an arbitrary value t € (a, b), we may define the distance function

S0 -s@) = [IxX(]d,

which gives us the distance from a to t along the curve.

Notice that this definition of arc length is independent of the parametrization of the curve. If we
define a function v(t) from the interval [a, b] to itself such that v(a) = a, v(b) =b and v’(t) > 0, then
we may use the change of variables formula to express the arc length in terms of the new
parameter v:

b b
[Ix'()1dt = [(a) =a"(b) = blx'(v(t)| v'(t)dt = [[x'(v)|dv.
We can also write this expression in the form of differentials:

ds=[X'(t)| dt=|x'(v)| dv.

This differential formalism becomes very significant, especially when we use it to study surfaces
and higher dimensional objects, so we will reinterpret results that use integration or
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differentiation in differential notation as we go along. For example, the statement

s'(t) = Z; X,(t)* can be rewritten as

(520
dt ~\dt)’
and this may be expressed in the form
3
ds® = def,
i=1

which has the advantage that it is independent of the parameter used to describe the curve. ds is
called the element of arc. It can be visualized as the distance between two neighboring points.

One of the most useful ways to parametrize a curve is by the arc length s itself. If we let s = s(t),
then we have

s'() = [X'®) ] = [X(s)]s'(H),

from which it follows that |x'(s) | =1 for all s. So the derivative of x with respect to arc length is
always a unit vector.

This parameter s is defined up to the transformation s — *s + ¢, where c is a constant.
Geometrically, this means the freedom in the choice of initial point and direction in which to
traverse the curve in measuring the arc length.

Exercise 1: One of the most important space curves is the circular helix

x(t) = (a cos t, asin t, bt),
where a # 0 and b are constants. Find the length of this curve over the interval [0, 2n].
Exercise 2: Find a constant c such that the helix

x(t) = (a cos(ct), a sin(ct), bt)

is parametrized by arclength, so that |x'(t)| =1 for all t.
Exercise 3: The astroid is the curve defined by

x(t) = (acos® t, a sin’ t, 0),

on the domain [0, 2x]. Find the points at which x(t) does not define an immersion, i.e., the points
for which x'(t) = 0.

Exercise 4: The trefoil curve is defined by
x(t) = ((a + b cos(3t)) cos(2t), (a + b cos(3t)) sin(2t), b sin(3t)),

where a and b are constants with a > b > 0 and 0 < t < 2n. Sketch this curve, and give an argument
to show why it is knotted, i.e. why it cannot be deformed into a circle without intersecting itself
in the process.

Exercise 5: (For the serious mathematician) Two parametrized curves x(t) and y(u) are said to be
equivalent if there is a function u(t) such that u’(t) > 0 for all a <t <b and such that y(u(t)) = x(t).
Show that relation satisfies the following three properties:

1. Every curve x is equivalent to itself

2. If x is equivalent to y, then y is equivalent to x
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3. If x is equivalent to y and if y is equivalent to z, then x is equivalent to z Notes

A relation that satisfies these properties is called an equivalence relation. Precisely speaking, a
curve is considered be an equivalence class of parametrized curves.

18.2 Curvature and Fenchel’s Theorem

If x is an immersed curve, with x’(t) # 0 for all t in the domain, then we may define the unit
X'(t)
[x'®) ]
given simply by x’(s). The line through x(t,) in the direction of T(t,) is called the tangent line at
x(t,). We can write this line as y(u) = x(t,) + uT(t,), where u is a parameter that can take on all real

tangent vector T(t) to be - If the parameter is arclength, then the unit tangent vector T(s) is

values.

Since T(t) - T(t) = 1 for all t, we can differentiate both sides of this expression, and we obtain
2T’ (t) - T(t) = 0. Therefore T’ (t) is orthogonal to T(t). The curvature of the space curve x(t) is defined
T
IX(®1
X (s) =T(s) and (s) = | T'(s) | = |x"(5)].

by the condition «(t) = ; so = k(t)s’(t) = | T’(t)|. If the parameter is arclength, then

Proposition 1. If «(t) = 0 for all t, then the curve lies along a straight line.

Proof. Since «(t) = 0, we have T’(t) = 0 and T(t) = a, a constant unit vector. Then x'(t) = s’(t)T(t)
= §'(t)a, so by integrating both sides of the equation, we obtain x(t) = s(t)a + b for some constant
b. Thus, x(t) lies on the line through b in the direction of a.

Curvature is one of the simplest and at the same time one of the most important properties of a
curve. We may obtain insight into curvature by considering the second derivative vector x”(t),
often called the acceleration vector when we think of x(t) as representing the path of a particle at
time t. If the curve is parametrized by arclength, then x’(s) x’(s) = 1 so x”(s) x'(t) = 0 and
K(s) = |x”(s) | . For a general parameter t, we have x'(t) = s"(t)T(t) so x”(t) = s” () T(t) + s () T'(t). If
we take the cross product of both sides with x(t) then the first term on the right is zero since x'(t)
is parallel to T(t). Moreover x’(t) is perpendicular to T’(t) so

IT'(t) xx' ()| = [T'(®) [ [X(O)] =s"(t) ().
Thus,
X”(t) x x'(t) =s" ()T’ (t) x x(t)

IX"(8) X X' (8) | =s"(6)(t) -

This gives a convenient way of finding the curvature when the curve is defined with respect to
an arbitrary parameter. We can write this simply as

= X0 XX

IXOx® 7

=7

Notes The curvature «(t) of a space curve is non-negative for all t. The curvature can
be zero, for example at every point of a curve lying along a straight line, or at an isolated
point like t = 0 for the curve x(t) = (t, 5, 0). A curve for which «(t) > 0 for all t is called
non-inflectional.
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The unit tangent vectors emanating from the origin form a curve T(t) on the unit sphere called
the tangential indicatrix of the curve x. To calculate the length of the tangent indicatrix, we form
the integral of | T'(t) | = x(t)s’(t) with respect to t, so the length is «(t)s’(t)dt = k(s)ds. This significant
integral is called the total curvature of the curve x.

Up to this time, we have concentrated primarily on local properties of curves, determined at
each point by the nature of the curve in an arbitrarily small neighborhood of the point. We are
now in a position to prove our first result in global differential geometry or differential geometry
in the large.

By a closed curve x(t), a < t <b, we mean a curve such that x(b) = x(a). We will assume moreover
that the derivative vectors match at the endpoints of the interval, so x'(b) = x'(a).

Theorem 1 (Fenchel’s Theorem): The total curvature of a closed space curve x is greater than or
equal to 27.

K(s)ds > 2n

The first proof of this result was found independently by B. Segre in 1934 and later independently
by H. Rutishauser and H. Samelson in 1948. The following proof depends on a lemma by
R. Horn in 1971:

Lemma 1. Let g be a closed curve on the unit sphere with length L < 2. Then there is a point m on
the sphere that is the north pole of a hemisphere containing g.

To see this, consider two points p and g on the curve that break g up into two pieces g, and g, of
equal length, therefore both less than n. Then the distance from p to q along the sphere is less
than 7 so there is a unique minor arc from p to q. Let m be the midpoint of this arc. We wish to
show that no point of g hits the equatorial great circle with m as north pole. If a point on one of
the curves, say g, hits the equator at a point r, then we may construct another curve g, by
rotating g, one-half turn about the axis through m, so that p goes to q and q to p while r goes to
the antipodal point r’. The curve formed by g and g, has the same length as the original
curve g, but it contains a pair of antipodal points so it must have length at least 2x, contradicting
the hypothesis that the length of g was less than 2.

From this lemma, it follows that any curve on the sphere with length less than 2x is contained in
a hemisphere centered at a point m. However if x(t) is a closed curve, we may consider the
differentiable function f(t) = x(t) . m. At the maximum and minimum values of f on the closed
curve x, we have

0=f(t)=x(t) - m=s®TE - m

so there are at least two points on the curve such that the tangential image is perpendicular to m.
Therefore the tangential indicatrix of the closed curve x is not contained in a hemisphere, so by
the lemma, the length of any such indicatrix is greater than 2n. Therefore, the total curvature of
the closed curve x is also greater than 2.

1
Corollary 1. If, for a closed curve x, we have k(t) < R for all t, then the curve has length L > 2nR.

Proof.
L= [ds> [Ri(s)ds = R [k(s)ds > 2nR

Fenchel also proved the stronger result that the total curvature of a closed curve equals 27 if and
only if the curve is a convex plane curve.
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I. Frary and J. Milnor proved independently that the total curvature must be greater than 4= for Notes
any non-self-intersecting space curve that is knotted (not deformable to a circle without
self-intersecting during the process.)

Exercise 6: Let x be a curve with x(t)) # 0. Show that the tangent line at x(t,) can be written as
y(u) = x(t,)) + ux’(t,) where u is a parameter that can take on all real values.

Exercise 7: The plane through a point x(t,) perpendicular to the tangent line is called the normal
plane at the point. Show that a point y is on the normal plane at x(t,) if and only if

X, (to) N Y = X’(to) : X(to)
Exercise 8: Show that the curvature « of a circular helix

x(t) = (r cos(t), r sin(t), pt)

7]

is equal to the constant value k = Fpl Are there any other curves with constant curvature?

Give a plausible argument for your answer.

Exercise 9: Assuming that the level surfaces of two functions f(x,, x,, x,) = 0 and g(x,, x,, x;) =0
meet in a curve, find an expression for the tangent vector to the curve at a point in terms of the
gradient vectors of f and g (where we assume that these two gradient vectors are linearly

independent at any intersection point.) Show that the two level surfaces x, - x; =0 and xx, -

x; =0 consists of a line and a “twisted cubic” x,(t) = t, x,(t) = £ x,(t) = £. What is the line?

2
Tasks What is the geometric meaning of the function f(t) = x(t) . m used in the proof of
Fenchel’s theorem?

Let m be a unit vector and let x be a space curve. Show that the projection of this curve into
the plane perpendicular to m is given by

y(®) =x(t) - (x(t) - m)m.
Under what conditions will there be a t, with y’(t)) = 0?

18.3 The Unit Normal Bundle and Total Twist

Consider a curve x(t) with x’(t) # 0 for all t. A vector z perpendicular to the tangent vector x(t,)
at x(t,) is called a normal vector at x(t,). Such a vector is characterized by the condition z . x(t,) =
0,and if [z]| =1, then z is said to be a unit normal vector at x(t,). The set of unit normal vectors
at a point x(t,) forms a great circle on the unit sphere. The unit normal bundle is the collection of
all unit normal vectors at x(t) for all the points on a curve x.

At every point of a parametrized curve x(t) at which x’(t) # 0, we may consider a frame E,(t), E,(t),
where E (t) and E,(t) are mutually orthogonal unit normal vectors at x(t). If E,(t), E,(t) is another
such frame, then there is an angular function ¢(t) such that

E,(t) = cos(d()E,(t) - sin(d()E,(t
(1) = sin($()E(t) + cos(b()E,(0)
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or, equivalently,
E,(t) = cos(d(t))E,(t) + sin((t))E,(t)
E(t) = sin(¢(t))E,(t) + cos((t))E,(t) .

From these two representations, we may derive an important formula:

E,(t) . Es(t) = Eo(0) - Es(t) - 0'()
Expressed in the form of differentials, without specifying parameters, this formula becomes:
dEE,=dEE, - d¢.
Since E,(t) = T(t) x E,(t), we have:

E, (1) . Ey(t) = [E, (1), E, (), T(t)]
or, in differentials:
dEE, =-[dEE,T].

More generally, if z(t) is a unit vector in the normal space at x(t), then we may define a function
w(t) = -[Z'(t), z(t), T(t)]. This is called the connection function of the unit normal bundle. The
corresponding differential form w = -[dz, z,T] is called the connection form of the unit normal
bundle.

A vector function z(t) such that |z(t) | =1 for all t and z(t) . x'(t) = 0 for all t is called a unit normal
vector field along the curve x. Such a vector field is said to be parallel along x if the connection
function w(t) = -[Z'(t), z(t),T(t)] = 0 for all t. In the next section, we will encounter several unit
normal vector fields naturally associated with a given space curve. For now, we prove some
general theorems about such objects.

Proposition 2. If E (t) and E,(t) are two unit normal vector fields that are both parallel along the
curve X, then the angle between E,(t) and E,(t) is constant.

Proof. From the computation above, then:
E,(0)* (<E,(t) x T(V) = Ey(t) (-E,(t) x T() - ¢'(t).
But, by hypothesis,
E, () (-E,(t)XT (1) = 0 = E, (t)(-E, (t) x T(1)
so it follows that ¢(t) = 0 for all t, i.e., the angle ¢(t) between E (t) and E(t) is constant.

Given a closed curve x and a unit normal vector field z with z(b) = z(a),

we define
(% 2) =~ [[2/(8) 2(8), T(O)ldt = [z, 2, T]
X 2n ’ ’ 20 T
If z is another such field, then
e, 2) = il 2) =~ (120,20, T~ [2/(0), 200, ()}

=~ [0t =~ [a(0) - 4(@)]

T
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Since the angle ¢(b) at the end of the closed curve must coincide with the angle ¢(a) at the Notes
beginning, up to an integer multiple of 2m, it follows that the real numbers p(x, z) and p(x, z)

differ by an integer. Therefore, the fractional part of pu(x, z) depends only on the curve x and not

on the unit normal vector field used to define it. This common value p(x) is called the total twist

of the curve x. It is a global invariant of the curve.

Proposition 3. If a closed curve lies on a sphere, then its total twist is zero.

Proof. If x lies on the surface of a sphere of radius r centered at the origin, then |x(t) |> = x(t) . x(t)

t
=12 for all t. Thus, x'(t) - x(t) = 0 for all t, so x(t) is a normal vector at x(t). Therefore, z(t) = %) is

a unit normal vector field defined along x, and we may compute the total twist by evaluating
1 1
nix )=~ - [12(t), z(0), T@®]dt .

But

(0, 0101 = P X 010

r

for all t since x(t) is a multiple of T(t). In differential form notation, we get the same result:

1
[dz, z,T] = ?[X'(t),x(t),T(t)]dt =0. Therefore, p(x, z) = 0, so the total twist of the curve x is zero.
Remark 1. W. Scherrer proved that this property characterized a sphere, i.e. if the total twist of
every curve on a closed surface is zero, then the surface is a sphere.

Remark 2. T. Banchoff and J. White proved that the total twist of a closed curve is invariant under
inversion with respect to a sphere with center not lying on the curve.

Remark 3. The total twist plays an important role in modern molecular biology, especially with
respect to the structure of DNA.

Exercise 10: Let x be the circle x(t) = (r cos(t), r sin(t), 0), where r is a constant > 1. Describe the
collection of points x(t) + z(t) where z(t) is a unit normal vector at x(t).

Exercise 11: Let X be the sphere of radius r > 0 about the origin. The inversion through the sphere

X
S maps a point x to the point x = 1 ——. Note that this mapping is not defined if x = 0, the center

IxP

of the sphere. Prove that the coordinates of the inversion of x = (x, x,, x,) through S are given by

2
X,
Tl 2‘+ 5 Prove also that inversion preserves point that lie on the sphere S itself, and that
Xpt X+ X3

X;
the image of a plane is a sphere through the origin, except for the origin itself.

Exercise 12: Prove that the total twist of a closed curve not passing through the origin is the same
as the total twist of its image by inversion through the sphere S of radius r centered at the origin.

18.4 Moving Frames

In the previous section, we introduced the notion of a frame in the unit normal bundle of a space
curve. We now consider a slightly more general notion. By a frame, or more precisely a right-
handed rectangular frame with origin, we mean a point x and a triple of mutually orthogonal
unit vectors E,, E,, E, forming a right-handed system. The point x is called the origin of the frame.

Note that E. E;=T1ifi=jand 0 ifi=].
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Moreover,
E, xE,=E,E,=E xE,and E,=E XE,.
In the remainder of this section, we will always assume that small Latin letters run from 1 to 3.

Note that given two different frames, x,EE, E, and x,E ,E, E,, there is exactly one affine motion
of Euclidean space taking x to x and taking E, to E. When x(t),E, (t),E,(t) E,(t) is a family of frames
depending on a parameter t, we say we have a moving frame along the curve.

Proposition 4. A family of frames x(t), E1(t), E,(t), E,(t) satisfies a system of differential equations:
X' (1) = Zp,(HE,(H)
E(t) = Zq,(®E(t)

where p,(t) = X'(t) - E(t) and qj(t) = E,(t) - E(1).

Since E(t) - E(t) = 0 for i #j, it follows that

q,(t) + q,()) = E(t) - E(t) + E(t) - Ey(t) =

Le. the coefficients q,(t) are anti-symmetric in i and j. This can be expressed by saying that the
matrix ((q;(t))) is an anti-symmetric matrix, with 0 on the diagonal.

In a very real sense, the function p,(t) and q,(t) completely determine the family of moving
frames.

Specifically we have:

Proposition 5. If x(t), E, (), E,(t), E,(t) and x(t), E, (t), E,(t), E,(t) are two families of moving frames

)
such that p (t) = p,(t) and q(t) = g,(t) for all t, then there is a single affine motion that takes x(t),
E1(t), E,(t), E,(t) to x(t),E, (t) E,(t),E,(t)) for all t.

Proof. Recall that for a specific value t, there is an affine motion taking x(t,), E,(t,), E,(t,), E,(t,)
to x(t,), E,(t,). E,(t,), E,(t,). We will show that this same motion takes x(t), E,(t), E,(t), E,(t) to x(t),
E (1), E,(t), E,(t) for all t. Assume that the motion has been carried out so that the frames x(t0),
E,(t), E,(t,), E,(t,) and x(t), E (t,), E,(t,), E,(t,) coincide.

Now consider
(ZE(t) - E(t)) = ZE;(t)- E,(t) + ZEi(t) - E,(t)

= quij(t)Ei(t) : E (t) +ZE, (t) q],(t)Ej(t
= quﬁ(t)Ei(t) : Ei(t) + quij(t) i( ) : E](
= 33q,(DE(t) - E(t) + £2q,(OE(Y) - Ei()

It follows that
ZE(t) - E(t) = ZE(t) - E(t,) = ZE(t) - E(t) =3

for all t. But since |E(t) - E(t)| <1 for any pair of unit vectors, we must have E (t) - E(t) =1 for
all t. Therefore, E (t) = E (t) for all t.

Next, consider
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Since the origins of the two frames coincide at the value t0, we have Notes
X(t) _ﬁ(t) = X(to) - X(to) =0
for all t.

This completes the proof that two families of frames satisfying the same set of differential
equations differ at most by a single affine motion.

Exercise 13: Prove that the equations E;(t) = Zq,(t)E (t) can be written E,(t) = d(t) x E(t), where
d(t) = q,,(HE,(t) + q,,(HE,(t) + q,,(t)E,(t). This vector is called the instantaneous axis of rotation.
Exercise 14: Under a rotation about the x,-axis, a point describes a circle x(t) = (a cos(t), a sin(t), b).
Show that its velocity vector satisfies x'(t) = d x x(t) where d = (0, 0, 1). (Compare with the
previous exercise.).

Exercise 15: Prove that (v - v)(w w)”(v w)2 = 0 if and only if the vectors v and w are linearly
dependent.

18.5 Curves at a Non-inflexional Point and the Frenet Formulas

A curve x is called non-inflectional if the curvature «(t) is never zero. By our earlier calculations,
this condition is equivalent to the requirement that x’(t) and x”(t) are linearly independent at
every point x(t), i.e. X'(t) x x”(t) # 0 for all t. For such a non-inflectional curve x, we may define a
pair of natural unit normal vector fields along x.

X'(t) * x"(t)
X&)% x"(t) |

perpendicular to T(t), this gives a unit normal vector field along x.

Let b(t) = , called the binormal vector to the curve x(t). Since b(t) is always

We may then take the cross product of the vector fields b(t) and T(t) to obtain another unit
normal vector field N(t) = b(t) x T(t), called the principal normal vector. The vector N(t) is a unit
vector perpendicular to T(t) and lying in the plane determined by x'(t) and x”(t). Moreover,
x”(t) - N(t) = k(t)s’(t)%, a positive quantity.

Note that if the parameter is arclength, then x’(s) = T(s) and x”(s) is already perpendicular to T(s).

X"(s)
k(s)

This is the standard procedure when it happens that the parametrization is by arclength. The

It follows that x”(s) = k(s)N(s) so we may define N(s) = and then define b(s) = T(s) x N(s).
method above works for an arbitrary parametrization.

We then have defined an orthonormal frame x(t)T(t)N(t)b(t) called the Frenet frame of the
non-inflectional curve x.

By the previous section, the derivatives of the vectors in the frame can be expressed in terms of
the frame itself, with coefficients that form an antisymmetric matrix. We already have
X (t) =s'(t)T(t), so

Pi(t) = 8'(t), p,(t) =0 =py(t) -
Also T'(t) = k(t)s'(t)N(t), so
q,,(t) = k(t)s’(t) and q,,(t) = 0.
We know that
b'(t) = q;, ()T () + q,,(N(Y), and (1) = -q,,(t) = 0.
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Thus b’(t) is a multiple of N(t), and we define the torsion w(t) of the curve by the condition
b'(t) = -w(t)s ())N(t),

50 q,,(t) = -w(t)s’(t) for the Frenet frame. From the general computations about moving frames,
it then follows that

N'(t) = q,,()T(t) + q,,(t)b(t) = -k(t)s’ () T(t) + w(t)s"(t)b(t) .
The formulas for T’(t), N'(t), and b’(t) are called the Frenet formulas for the curve x.

If the curve x is parametrized with respect to arclength, then the Frenet formulas take on a
particularly simple form:

X' (s)=T(s)

T'(s) = k(s)N(s)
N'(s) = -k(s)T(s) + w(s)b(s)
b(s) = -w(s)b(s) -

The torsion function w(t) that appears in the derivative of the binormal vector determines
important properties of the curve. Just as the curvature measures deviation of the curve from
lying along a straight line, the torsion measures deviation of the curve from lying in a plane.
Analogous to the result for curvature, we have:

Proposition 6. If w(t) = 0 for all points of a non-inflectional curve x, then the curve is contained
in a plane.

Proof. We have b’(t) = -w(t)s’(t)N(t) = 0 for all t so b(t) = a, a constant unit vector. Then, T(t)a =0
for all tso (x(t) - @)’ =x'(t) - a =0 and x(t) - a = x(a) - a, a constant. Therefore, (x(t) - x(a)) -a=0
and x lies in the plane through x(a) perpendicular to a.

If x is a non-inflectional curve parametrized by arclength, then

w(s) = b(s) - N'(s) = [T(s),N(s),N'(s)] -

Since N(s) = i‘((ss)) , we have,
y _ L(S) I —k'(S)
NE= T ey
SO
g X6 X0 KG) | X)X (6, x")]
W)= | X5 e TXE k(s)z} 2 '

We can obtain a very similar formula for the torsion in terms of an arbitrary parametrization of
the curve x. Recall that

X" (t) =s"(OT(R) + k()s"(OT'(t) = 8" (OT() + k(B)s'()*N(b),
SO
X7(8) = 8" () T(t)+s” (H)s"(ORENC(E) + [k(O)s"(TN(E) + k(t)s'(t)"N'(t) -
Therefore,

X" (b(t) = k(t)s' (t)2N (H)b(t) = k(B)s' () 2w()s’ (1),
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and Notes
X" (t) - x'(t) x x”(t) = K3(t)s'(t)°w(t) .

Thus, we obtain the formula

x"'(t).x'(t)xx"(t)

YO e (o]

valid for any parametrization of x.

Notice that although the curvature k(t) is never negative, the torsion w(t) can have either algebraic
sign. For the circular helix x(t) = (r cos(t), r sin(t), pt) for example, we find w(t) = ﬁ, so the

torsion has the same algebraic sign as p. In this way, the torsion can distinguish between a right-
handed and a left-handed screw.

Changing the orientation of the curve from s to -s changes T to -T, and choosing the opposite
sign for k(s) changes N to -N. With different choices, then, we can obtain four different right-
handed orthonormal frames, XTNb, x(-T)N(-b), xT(-N)(-b), and x(-T)(-N)b. Under all these
changes of the Frenet frame, the value of the torsion w(t) remains unchanged.

A circular helix has the property that its curvature and its torsion are both constant. Furthermore,
the unit tangent vector T(t) makes a constant angle with the vertical axis. Although the circular
helices are the only curves with constant curvature and torsion, there are other curves that have
the second property. We characterize such curves, as an application of the Frenet frame.

Proposition 7. The unit tangent vector T(t) of a non-inflectional space curve x makes a constant

t
angle with a fixed unit vector a if and only if the ratio % is constant.

Proof. If T(t) -a = constant for all t, then differentiating both sides, we
obtain
T'(t) -a=0=Kk(t)s"(t)N(t) - a,

so a lies in the plane of T(t) and b(t). Thus, we may write a = cos(¢)T(t) + sin(¢)b(t) for some

angle ¢. Differentiating this equation, we obtain 0 = cos(¢)T’(t) + sin(¢)b’(t) = cos(d)k(t)s’ (t)N(t) -

w(t) sin(¢)

k(t) cos(d)

identifies the constant ratio of the torsion and the curvature.
w(t)

Conversely, if — - = constant = tan(¢) for some ¢, then, by the same calculations, the expression

k(®)
cos(9)T(t) + sin(¢p)b(t) has derivative 0 so it equals a constant unit vector. The angle between T(t)

sin(¢p)w(t)s’ (t)N(t), so tan(¢). This proves the first part of the proposition and

and this unit vector is the constant angle ¢.

Curves with the property that the unit tangent vector makes a fixed angle with a particular unit
vector are called generalized helices. Just as a circular helix lies on a circular cylinder, a generalized
helix will lie on a general cylinder, consisting of a collection of lines through the curve parallel
to a fixed unit vector. On this generalized cylinder, the unit tangent vectors make a fixed angle
with these lines, and if we roll the cylinder out onto a plane, then the generalized helix is rolled
out into a straight line on the plane.
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We have shown in the previous section that a moving frame is completely determined up to an
affine motion by the functions p,(t) and q(t). In the case of the Frenet frame, this means that if
two curves x and x have the same arclength s(t), the same curvature k(t), and the same torsion
w(t), then the curves are congruent, i.e. there is an affine motion of Euclidean three-space taking
x(t) to x(t) for all t. Another way of stating this result is:

Theorem 2. The Fundamental Theorem of Space Curves. Two curves parametrized by arclength
having the same curvature and torsion at corresponding points are congruent by an affine
motion.

Exercise 16: Compute the torsion of the circular helix. Show directly that the principal normals
of the helix are perpendicular to the vertical axis, and show that the binormal vectors make a
constant angle with this axis.

Exercise 17: Prove that if the curvature and torsion of a curve are both constant functions, then
the curve is a circular helix (i.e. a helix on a circular cylinder).

Exercise 18: Prove that a necessary and sufficient condition for a curve x to be a generalized helix
is that

X7 () X X (t) - xiv(t) = 0.

Exercise 19: Let y(t) be a curve on the unit sphere, so that |y(t)| =1 and y(t) - y'(t) x y”(t) # 0 for

all t. Show that the curve x(t) = ¢ J y(u) % y"(u)du with c # 0 has constant torsion %
Exercise 20: (For students familiar with complex variables) If the coordinate functions of the
vectors in the Frenet frame are given by

T= (e, e, e,),

N = (eZl’ eZZ’ e23)’

b = (e,, e, e,),

then we may form the three complex numbers

, _ey ey 1+ey
j - o
1-e; e-iey

Then the functions z, satisfy the Riccati equation
. i
Zj=-lk(S)Z]+EW(S)(—1 +277).
This result is due to S. Lie and G. Darboux.

18.6 Local Equations of a Curve

We can “see” the shape of a curve more clearly in the neighborhood of a point x(t,) when we
consider its parametric equations with respect to the Frenet frame at the point. For simplicity,
we will assume that t, = 0, and we may then write the curve as

x(t) = x(0) + x, () T(0) + x,(t)N(0) + x,(t)b(0) .
On the other hand, using the Taylor series expansion of x(t) about the point t = 0, we obtain

2

x(t) = x(0) + tx'(0) + %x"(O) + téx‘”(O) + higher order terms .
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From our earlier formulas, we have Notes
x'(0) =s"(0)T(0),

x”(0) =s"(0)T(0) + k(0)s’(0)N(0),

x"(0) =s"(0)T(0) +s”(0)s"(0)k(O)N(0) + (k(0)s'(0)*) N(0) + k(0)s'(0)*(-k(0)s"(0)T(0) + w(0)s’ (0)b(0)).

Substituting these equations in the Taylor series expression, we find:

2 3

x(t) = x(0) + [ts‘(O) +58"(0)+ 1"0) ~k(OF S0 ]+ ...jT(O)

+ [tgk(O)w(O)s'(O)s +...]b(0).

If the curve is parametrized by arclength, this representation is much simpler:
2 I
x(s) = x(0) + [s - @f + ...jT(O) + [@sz + %53 + ...)N(O) + (MS3 + ...)b(O).

Relative to the Frenet frame, the plane with equation x, = 0 is the normal plane; the plane with
x, = 0 is the rectifying plane, and the plane with x, = 0 is the osculating plane. These planes are
orthogonal respectively to the unit tangent vector, the principal normal vector, and the binormal
vector of the curve.

18.7 Plane Curves and a Theorem on Turning Tangents

The general theory of curves developed above applies to plane curves. In the latter case there
are, however, special features which will be important to bring out. We suppose our plane to be
oriented. In the plane, a vector has two components and a frame consists of an origin and an
ordered set of two mutually perpendicular unit vectors forming a right-handed system. To an
oriented curve C defined by x(s) the Frenet frame at s consists of the origin x(s), the unit tangent
vector T(s) and the unit normal vector N(s). Unlike the case of space curves, this Frenet frame is
uniquely determined, under the assumption that both the plane and the curve are oriented.

The Frenet formulas are

x' =T,
T =kN, 1)
N’ =-kT.

The curvature k(s) is defined with sign. It changes its sign when the orientation of the plane or
the curve is reversed.

The Frenet formulas in (1) can be written more explicitly. Let

X(s) = (x,(s), x,(s)) (2
Then,

T(s) = (x,(5),%:(s)),
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N(s) = (=x,(5),%,(5))- ~(3)
Expressing the last two equations of (1) in components, we have
x; = —kx, (4
Xy =kx;. ..(5)
These equations are equivalent to (1).
Since T is a unit vector, we can put
T(s) = (cos 1(s), sin t(s)), ...(6)

so that t(s) is the angle of inclination of T with the x,-axis. Then
N(s) = (-sin 1(s), cos 1(s)), .(7)

and (1) gives

dt
= k(s) ..(8)

This gives a geometrical interpretation of k(s).

A curve C is called simple if it does not intersect itself. One of the most important theorems in
global differential geometry is the theorem on turning tangents:

Theorem 3. For a simple closed plane curve, we have
1
—@¢kds=%1.
2n 95

To prove this theorem we give a geometrical interpretation of the integral at the left-hand side

of (3). By (8)
—fkds qudT

But 7, as the angle of inclination of 1(s), is only defined up to an integral multiple of 2r, and this
integral has to be studied with care.

Let O be a fixed point in the plane. Denote by I' the unit circle about O; it is oriented by the
orientation of the plane. The tangential mapping or Gauss mapping

g:CH—> T ..(9)

is defined by sending the point x(s) of C to the point T(s) of I'. In other words, g(P), P € C, is the
end-point of the unit vector through O parallel to the unit tangent vector to C at P. Clearly, g is
a continuous mapping. If C is closed, it is intuitively clear that when a point goes along C once
its image point under g goes along U a number of times. This integer is called the rotation index
of C. It is to be defined rigorously as follows:

We consider O to be the origin of our coordinate system. As above we denote by t(s) the angle
of inclination of T(s) with the x,-axis. In order to make the angle uniquely determined, we
suppose O < 1(s) < 2x. But 1(s) is not necessarily continuous. For in every neighborhood of s at
which 1(s)) = 0, there may be values of 1(s) differing from 2n by arbitrarily small quantities.
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We have, however, the following lemma: Notes

Lemma 2. There exists a continuous function (s) such that %(s) = 1(s) mod 2.

Proof. We suppose C to be a closed curve of total length L. The continuous mapping g is
uniformly continuous. There exists therefore a number & > 0 such that for |s, -s,| <3, T(s,) and
T(s,) lie in the same open half-plane. Let s (= O) <s, < - - -<s(= L) satisfy |s,-s_| <dfori=1,

., m. We put i(s,) = 1(s,). For s, <s <s,, we define (s) to be %(s;) plus the angle of rotation
from g(s,) to g(s) remaining in the same half-plane. Carrying out this process in successive
intervals, we define a continuous function i(s) satisfying the condition in the lemma. The

difference (L)—-7%(O) is an integral multiple of 2n. Thus, T(L)-7(O) = y2n. We assert that the
integer v is independent of the choice of the function 7. In fact let T'(s) be a function satisfying
the same conditions. Then we have ©'(s) - (s) = n(s)2p where n(s) is an integer. Since n(s) is
continuous in s, it must be constant. It follows that 7'(L)-%O)=%(L)~-%(O), which proves the

independence of y from the choice of T. We call the rotation index of C. In performing integration

over C we should replace t(s) by T in (8). Then we have
——kdf—@ﬁ— ..(10)

We consider the mapping h which sends an ordered pair of points x(s,), x(s,), O <s, <s, <L, of C
into the end-point of the unit vector through O parallel to the secant joining x(s,) to x( ,)- These
ordered pairs of points can be represented as a triangle A in the (s, s,)-plane defined by O <,
<s, < L. The mapping h of A into I is continuous. Moreover, its restriction to the side s, = s, is the
tangential mapping g in (9).

To a point p € A let 7(p) be the angle of inclination of Oh(p) to the x,-axis, satisfying O < 1(p) <
2n. Again this function need not be continuous. We shall, however, prove that there exists a
continuous function t(p),p € A, such that I(p) =1(p) mod 2x. In fact, let m be an interior point
of A. We cover A by the radii through m. By the argument used in the proof of the above lemma
we can define a function (p),p € A, such that T(p) = t(p) mod 2=, and such that it is continuous

on every radius through m. It remains to prove that it is continuous in A.

For this purpose let p, € 4. Since h is continuous, it follows from the compactness of the segment

mp, that there exists a number n =1(p,) > 0, such that for q, e mp, and for any point q € A for

which the distance d(q, q,) <7 the points h(q) and h(q0) are never antipodal. The latter condition
can be analytically expressed by

i(q) = 1q,) modm. ..(11)

NowletR/>0,R/ < g be given. We choose a neighborhood U of p, such that U is contained

in the n-neighborhood of p, and such that, for p € U, the angle between Oh(p,)and Oh(p) is

<R. This is possible, because the mapping h is continuous. The last condition can be expressed in
the form

(p) - t(po) =R' + 2k(p)m, -(12)
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where k(p) is an integer. Let q0 be any point on the segment mp,. Draw the segment qq,

parallel to pp,, with q on mp. The function #(q) - t(q,) is continuous in q along mp and equals

O when q coincides with m. Since d(q, q,) < n, it follows from (11) that \f(q)—f(qo)\ <m In
particular, for q, = p, this gives [t(p) - %(p,)| < ©. Combining this with (12), we get k(p) = 0. Thus
we have proved that T(p) is continuous in 4, as asserted above. Since 7(p)=1t(p) mod 2, it is

clear that (p) is differentiable.

Now let A(O,0), B(O,L), D(L,L) be the vertices of A. The rotation index y of C is, by (10), defined
by the line integral

Since “t(p) is defined in 4, we have

Ed%:g%@dﬂqaﬁda

To evaluate the line integrals at the right-hand side, we suppose the origin O to be the point x(O)
and C to lie in the upper half-plane and to be tangent to the x,-axis at O. This is always possible
for we only have to take x(O) to be the point on C at which the x,-coordinate is a minimum. Then
the x,-axis is either in the direction of the tangent vector to C at O or opposite to it. We can
assume the former case, by reversing the orientation of C if necessary. The line integral along

AB is then equal to the angle rotated by OP asP goes once along C. Since C lies in the upper

half-plane, the vector OP never points downward. It follows that the integral along AB is equal

to m. On the other hand, the line integral along BD is the angle rotated by PO as P goes once

along C. Since the vector PO never points upward, this integral is also equal to n. Hence, their
sum is 2m and the rotation index y is +1. Since we may have reversed the orientation of C, the
rotation index is #1 in general.

Exercise 21: Consider the plane curve x(t) = (t, f(t)). Use the Frenet formulas in (1) to prove that
its curvature is given by

k() = ..(13)

(1+£2)2
Exercise 22: Draw closed plane curves with rotation indices 0, -2, +3 respectively.

Exercise 23: The theorem on turning tangents is also valid when the simple closed curve C has
“corners.” Give the theorem when C is a triangle consisting of three arcs. Observe that the
theorem contains as a special case the theorem on the sum of angles of a rectilinear triangle.

Exercise 24: Give in detail the proof of the existence of n = n(p,) used in the proof of the theorem
on turning tangents. n =1 (p,) .

LOVELY PROFESSIONAL UNIVERSITY



Unit 18: Theory of Space Curves

18.8 Plane Convex Curves and the Four Vertex Theorem Notes

A closed curve in the plane is called convex, if it lies at one side of every tangent line.

Proposition 8: A simple closed curve is convex, if and only if it can be so oriented that its
curvature k is > 0.

The definition of a convex curve makes use of the whole curve, while the curvature is a local
property. The proposition, therefore, gives a relationship between a local property and a global
property. The theorem is not true if the closed curve is not simple. Counter examples can be
easily constructed.

- T
Let T(s) be the function constructed above, so that we have k = i The condition k > O is,

therefore, equivalent to the assertion that (s)) is a monotone non-decreasing function. We can

assume that 7(O)=0. By the theorem on turning tangents, we can suppose C so oriented that

(L) =2n.

Suppose 1(s), O <s < L, be monotone non-decreasing and that C is not convex. There is a point

A = x(s;) on C such that there are points of C at both sides of the tangent to C at A. Choose a
positive side of k and consider the oriented perpendicular distance from a point x(s) of C to A.
This is a continuous function in s and attains a maximum and a minimum at the points M and N
respectively. Clearly M and N are not on and the tangents to C at M and N are parallel to x.
Among these two tangents and k itself there are two tangents parallel in the same sense. Call

s, <s, the values of the parameters at the corresponding points of contact. Since (s) is monotone

non-decreasing and O < %(s) < 2m, this happens only when %(s) =%(s,) for all s satisfying s, <s
<s,. It follows that the arc s, < s < s, is a line segment parallel to A. But this is obviously
impossible.

Next let C be convex. To prove that i(s) is monotone non-decreasing, suppose (§,) =1(5,),

s, <s,. Then the tangents at x(s,) and x(s,) are parallel in the same sense. But there exists a tangent
parallel to them in the opposite sense. From the convexity of C it follows that two of them
coincide.

We are, thus, in the situation of a line A tangent to C at two distinct points A and B. We claim that
the segment AB must be a part of C. In fact, suppose this is not the case and let D be a point on

AB not on C. Draw through D a perpendicular A to in the half-plane which contains C. Then p
intersects C in at least two points. Among these points of intersection let F be the farthest from
A and G the nearest one, so that F # G. Then G is an interior point of the triangle ABF. The tangent
to C at G must have points of C in both sides which contradicts the convexity of C.

It follows that under our assumption, the segment AB is a part of C, so that the tangents at A and
B are parallel in the same sense. This proves that the segment joining x(s,) to x(s,) belongs to C.

Hence, (s) remains constant in the interval s, <s <s,. We have, therefore, proved that (s) is

monotone and K > O.

A point on C at which k’ = 0 is called a vertex. A closed curve has at least two vertices, e.g., the
maximum and the minimum of k. Clearly a circle consists entirely of vertices. An ellipse with
unequal axes has four vertices, which are its intersection with the axes.
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Notes Theorem 4 (Four-vertex Theorem.). A simple closed convex curve has at least four vertices.

Remark 4. This theorem was first given by Mukhopadhyaya (1909). The following proof was
due to G. Herglotz. It is also true for non-convex curves, but the proof will be more difficult.

18.9 Isoperimetric Inequality in the Plane

Among all simple closed curves having a given length the circle bounds the largest area, and is
the only curve with this property. We shall state the theorem as follows:

Theorem 5. Let L be the length of a simple closed curve C and A be the area it bounds. Then
L?>-4nA>0. ..(14)

Moreover, the equality sign holds only when C is a circle.

The proof given below is due to E. Schmidt (1939).

We enclose C between two parallel lines g, g, such that C lies between g, g’ and is tangent to
them at the points P, Q respectively. Let s = 0, s, be the parameters of P, Q. Construct a circle C
tangent to g, g’ at P, Q respectively. Denote its radius by r and take its center to be the origin
of a coordinate system. Let x(s) = (x,(s), x,(s)) be the position vector of C, so that

(x,(0), %,(0)) = (x,(L), x,(L)) -
As the position vector of C we take (;1(5), x2), such that
X;(8) =x,(s),

X,(s) = —r’ —xi(s),0<s<s,
=+’ —=x3(s),s, <s<L.

Denote by A the area bounded by C.Now the area bounded by a closed curve can be expressed
by the line integral

L L L
‘ ' 1 : .
A= .[[xlxzds = —£x2x1ds = E‘([(xlx2 —X,X, )ds.

Applying this to our two curves C and C, we get
L
A= Jxlx;ds,
0
_ L L
A=nr’= —_[ x,X,ds = —Iizx'lds.
0 0

Adding these two equations, we have

L L
A+qr2= J.(xlx'z -%,X,)ds < I (X%, = X,X; )*ds
0 0
L
< [0 =3¢ +x7)ds ..(15)

0
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L Notes
= I x; +X>ds=Lr.
0

Since the geometric mean of two numbers is < their arithmetic mean, it follows that

JAVm? < %(A +ar’) < %Lr.

This gives, after squaring and cancellation of r, the inequality (14).

Suppose now that the equality sign in (14) holds. A and nr? have then the same geometric and
arithmetic mean, so that A = nr? and L = 2nr. The direction of the lines g, g” being arbitrary, this
means that C has the same “width” in all directions. Moreover, we must have the equality sign
everywhere in (15). It follows in particular that

(16 =%%)" = (G +3X)(x +%7),

which gives

- [2 —2
X _ X% NN X

s = tr.
Xy Xp o XX
From the first equality in (15), the factor of proportionality is seen to be r, i.e.,
X; =1X,, X, = —TIX,.

This remains true when we interchange x, and x,, so that

X, = IX,.
Therefore, we have

2 2_ 2

X;+X, =17,

which means that C is a circle.

18.10 Summary

° A parametrized curve in Euclidean three-space €° is given by a vector function

X(t) = (%, (8), %,(8), x,(1)

that assigns a vector to every value of a parameter t in a domain interval [a, b]. The
coordinate functions of the curve are the functions x(t). In order to apply the methods of
calculus, we suppose the functions x(t) to have as many continuous derivatives as needed
in the following treatment.

) One of the most useful ways to parametrize a curve is by the arc length s itself. If we let
s = s(t), then we have

SO =X = [X()[s'(H),

from which it follows that |x’(s)| =1 for all s. So the derivative of x with respect to arc
length is always a unit vector.
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° If x is an immersed curve, with x'(t) # 0 for all t in the domain, then we may define the unit

x'()
Ix'(t)]
T(s) is given simply by x’(s). The line through x(t,) in the direction of T(t) is called the
tangent line at x(t,). We can write this line as y(u) = x(t,) + uT(t,), where u is a parameter
that can take on all real values.

tangent vector T(t) to be . If the parameter is arclength, then the unit tangent vector

Since T(t) - T(t) =1 for all t, we can differentiate both sides of this expression, and we obtain
2T’(t) - T(t) = 0. Therefore T’(t) is orthogonal to T(t). The curvature of the space curve x(t) is

T'(t
defined by the condition «(t) = | x‘((t)) |

thenx’(s) =T(s) and k(s) = | T'(s) | = |x"(s) |-

; so=x(t)s’(t) = | T'(t) | . If the parameter is arclength,

° The unit tangent vectors emanating from the origin form a curve T(t) on the unit sphere
called the tangential indicatrix of the curve x.

. W. Scherrer proved that this property characterized a sphere, i.e. if the total twist of every
curve on a closed surface is zero, then the surface is a sphere.

° T. Banchoff and J. White proved that the total twist of a closed curve is invariant under
inversion with respect to a sphere with center not lying on the curve.

° The total twist plays an important role in modern molecular biology, especially with
respect to the structure of DNA.

° Let x be the circle x(t) = (r cos(t), r sin(t), 0), where r is a constant > 1. Describe the collection
of points x(t) + z(t) where z(t) is a unit normal vector at x(t).

18.11 Keywords

Curvature is one of the simplest and at the same time one of the most important properties of a
curve.

Fenchel’s Theorem: The total curvature of a closed space curve x is greater than or equal to 2.
K(s)ds = 2n

Non-inflectional: A curve x is called non-inflectional if the curvature k(t) is never zero. By our
earlier calculations, this condition is equivalent to the requirement that x’(t) and x”(t) are linearly
independent at every point x(t), i.e. X'(t) x x”(t) # 0 for all t.

18.12 Self Assessment

1. If k(t) = O for all t, then the curve lies along a ....................

2. The unit tangent vectors emanating from the origin form a curve T(t) on the unit sphere
called the ................... of the curve x.
3. The total curvature of a closed space curve x is greater than or equal
to 2m.
k(s)ds > 2n
4. A curve xiscalled ................... if the curvature k(t) is never zero. By our earlier calculations,

this condition is equivalent to the requirement that x’(t) and x”(t) are linearly independent
at every point x(t), i.e. X'(t) x x”(t) # 0 for all t.
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5. If o for all points of a non-inflectional curve x, then the curve is contained in a Notes

18.13 Review Questions

1. One of the most important space curves is the circular helix x(t) = (a cos t, a sin t, bt), where
a # 0 and b are constants. Find the length of this curve over the interval [0, 2x].

2. Find a constant c¢ such that the helix x(t) = (a cos(ct), a sin(ct), bt) is parametrized by
arclength, so that |x'(t)| =1 for all t.

3. The astroid is the curve defined by x(t) = (a cos® t, a sin® t, 0), on the domain [0, 2x]. Find the
points at which x(t) does not define an immersion, i.e., the points for which x’(t) = 0.

4. The trefoil curve is defined by x(t) = ((a + b cos(3t)) cos(2t), (a + b cos(3t)) sin(2t), b sin(3t)),
where a and b are constants with a > b > 0 and 0 < t < 2n. Sketch this curve, and give an
argument to show why it is knotted, i.e. why it cannot be deformed into a circle without
intersecting itself in the process.

5. Let x be a curve with x’(t) # 0. Show that the tangent line at x(t,) can be written as
y(u) = x(t,) + ux’(t,) where u is a parameter that can take on all real values.

6.  The plane through a point x(t,) perpendicular to the tangent line is called the normal plane
at the point. Show that a point y is on the normal plane at x(t,) if and only if

X, (to) : Y = X,(to) : X(to)
7. Show that the curvature k of a circular helix

x(t) = (r cos(t), r sin(t), pt)

|r]

is equal to the constant value k = . Are there any other curves with constant
rZ + pZ

curvature? Give a plausible argument for your answer.

8. Assuming that the level surfaces of two functions f(x,, x,, x,) = 0 and g(x,, x,, x,) = 0 meet in
a curve, find an expression for the tangent vector to the curve at a point in terms of the
gradient vectors of f and g (where we assume that these two gradient vectors are linearly

independent at any intersection point.) Show that the two level surfaces x, - x; = 0 and
XX, - X; =0 consists of a line and a “twisted cubic” x,(t) = t, x,(t) = 2, x,(t) = £. What is the
line?

9. What is the geometric meaning of the function f(t) = x(t) - m used in the proof of Fenchel’s
theorem?

10. Letm be a unit vector and let x be a space curve. Show that the projection of this curve into
the plane perpendicular to m is given by

y(t) = x(t) = (x(t) - m)m.
Under what conditions will there be a t, with y’(t)) = 0?

11.  W. Scherrer proved that this property characterized a sphere, i.e. if the total twist of every
curve on a closed surface is zero, then the surface is a sphere.

12.  T. Banchoff and J. White proved that the total twist of a closed curve is invariant under
inversion with respect to a sphere with center not lying on the curve.
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Notes 13.

14.

15.

16.

17.

18.
19.
20.

21.

The total twist plays an important role in modern molecular biology, especially with
respect to the structure of DNA.

Let x be the circle x(t) = (r cos(t), r sin(t), 0), where r is a constant > 1. Describe the collection
of points x(t) + z(t) where z(t) is a unit normal vector at x(t).

Prove that the total twist of a closed curve not passing through the origin is the same as the
total twist of its image by inversion through the sphere S of radius r centered at the origin.
Prove that the equations E;(t) = 2q,(t)E(t) can be written E,(t) = d(t) x E(t), where d(t) =
q,,(HE, (1) + q,,(HE,(t) + q,,(t)E,(t). This vector is called the instantaneous axis of rotation.

Under a rotation about the x.-axis, a point describes a circle x(t) = (a cos(t), a sin(t), b). Show
that its velocity vector satisfies x'(t) = d x x(t) where d = (0, 0, 1). (Compare with the
previous exercise.).

Prove that (v - v)(w w)” (v w)2 = 0 if and only if the vectors v and w are linearly dependent.
Draw closed plane curves with rotation indices 0, -2, +3 respectively.

The theorem on turning tangents is also valid when the simple closed curve C has “corners.”
Give the theorem when C is a triangle consisting of three arcs. Observe that the theorem
contains as a special case the theorem on the sum of angles of a rectilinear triangle.

Give in detail the proof of the existence of n = n(p,) used in the proof of the theorem on
turning tangents. n = n (p,) .

Answers: Self Assessment

1.
3.

straight line 2. tangential indicatrix
Fenchel’s Theorem 4, non-inflectional
w(t)=0

18.14 Further Readings

&

Books
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Unit 19: Serret-Frenet Formulae Notes

CONTENTS

Objectives

Introduction

19.1 Serret-Frenet Formulae
19.2 Summary

19.3 Keywords

194 Self Assessment

19.5 Review Questions

19.6 Further Readings

Objectives

After studying this unit, you will be able to:

° Define serret-frenet formula
° Explain serret frenet formula
Introduction

In the last unit, you have studied about space theory of curve. Depending on how the arc is
defined, either of the two end points may or may not be part of it. When the arc is straight, it is
typically called a line segment. The derivatives of the vectors t, p, and b can be expressed as a
linear combination of these vectors. The formulae for these expressions are called the Frenet-
Serret Formulae. This is natural because t, p, and b form an orthogonal basis for a three-
dimensional vector space.

19.1 Serret-Frenet Formulae

Given a curve f: Ja, b[ — E" (or f: [a, b] — E") of class CP, with p > n, it is interesting to consider
families (e, (t), . . ., e (t)) of orthonormal frames. Moreover, if for every k, with 1 <k <n, the kth
derivative f®(t) of the curve f(t) is a linear combination of (e, (t), . . ., e (t)) for every t € ]a, b[, then
such a frame plays the role of a generalized Frenet frame. This leads to the following definition:

Lemma 1. Let f: Ja, b — E" (or f : [a, b] - E") be a curve of class C?, with p > n. A family (e,(t), . .
., e_(t)) of orthonormal frames, where each e, : Ja, b[ - E"is C" continuous fori=1,...,n-1and
en is C'-continuous, is called a moving frame along f. Furthermore, a moving frame (e(t), . . .,
e (t)) along f so that for every k, with 1 < k < n, the kth derivative f®(t) of f(t) is a linear
combination of (e,(t), . . ., e (t)) for every t € ]a, b], is called a Frenet n-frame or Frenet frame.

If (e,(t), . . ., e, (t)) is a moving frame, then

e(t) - e].(t) =3, foralli, j,1<i,j<n.
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Lemma 2. Let f: Ja, b[ - E" (or f: [a, b] — E") be a curve of class C?, with p > n, so that the
derivatives fO(t), . . ., foI(t) of f(t) are linearly independent for all t € ]a, b[. Then, there is a
unique Frenet n-frame (e,(t), . . ., e (t)) satisfying the following conditions:

(1)  The k-frames (f"(t), . . ., f9(t)) and (e,(t), . . ., e,(t)) have the same orientation for all k, with
1<k<n-1

(2)  The frame (e,(t), . . ., e (t)) has positive orientation.

Proof. Since (f"(t), . . ., f»1(t)) is linearly independent, we can use the Gram-Schmidt
orthonormalization procedure to construct (e,(t), . . ., e_,(t)) from (f(t), . . ., {*I(t)). We use the
generalized cross-product to define e , where

From the Gram-Schmidt procedure, it is easy to check that ek(t) is C** for 1 <k <n -1, and since
the components of e_are certain determinants involving the components of (e,, .. ., e_,), itis also
clear that en is C'.

1

The Frenet n-frame given by Lemma 2 is called the distinguished Frenet n-frame. We can now
prove a generalization of the Frenet-Serret formula that gives an expression of the derivatives
of a moving frame in terms of the moving frame itself.

Lemma 3. Let f: Ja, b[ — E" (or f: [a, b] - E") be a curve of class CP, with p > n, so that the
derivatives fO(t), . . ., f*-I(t) of f(t) are linearly independent for all t € ]Ja, b[ . Then, for any moving

frame (e, (t), . . ., e, (1)), if we write w,(t) = e;(t)-¢(t), we have
e (t)= Z(Dq(t)ej(t)r
j=1
with

(‘Oij(t) = _('Oij(t)’

and there are some functions o.(t) so that

Furthermore, if (e(t), . . ., e (t)) is the distinguished Frenet n-frame associated with f, then we
also have

a, () = £ ()

,o,(t)=0fori>2,
and
o t)=0forj>i+1.

Proof. Since (e, (t), . . ., e (1)) is a moving frame, it is an orthonormal basis, and thus, f () and e,(t)

are linear combinations of (e,(t), . . ., ,n(t)). Also, we know that
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Now, if (e(t), . . ., e (t)) is the distinguished Frenet frame, by construction, et) is a linear Notes
combination of fi)(t), . . ., fO(t), and thus e(t) is a linear combination of fA(t), . . ., f*I(t), hence, of

(e,(1), ... e, (1).

In matrix form, when (e (t), . . ., e_(t)) is the distinguished Frenet frame, the row vector

(e;(t),....e,(t)) can be expressed in terms of the row vector (e,(t), . . ., e (1)) via a skew symmetric

matrix o, as shown below:

(es(t), e, (1) = (e (t),-. e, (D)a(t) ,

where
0 ()
g, 0 M3
o= 0y 0
. O 10
—O, 1p 0

The next lemma shows the effect of a reparametrization and of a rigid motion.

Lemma 4. Let f: Ja, b[ — E* (or f: [a, b] — E) be curve of class CP, with p > n, so that the derivatives
fO(t), . . ., f00(t) of f(t) are linearly independent for all t € Ja, b[ . Leth : E* — E*be a rigid motion,

and assume that the corresponding linear isometry is R. Let f=h o f. The following properties
hold:

(1)  For any moving frame (e,(t), . . ., e (t)), the n-tuple (&(t), ..., &,(t)), where &(t) = R(e(t)),

is a moving frame along ef, and we have
y(t) = oy(t) and [F(t)]=[ (1))

(2)  For any orientation-preserving diffeomorphism p : Jc, d[ — Ja, b[ (i.e., p’(t) > O for all

te]c, d[), if we write f =for, then for any moving frame (e,(t), . . ., e, (1)) on f, the n-tuple

(€,(t), ..., &,(t), where &(t) = e(p(t)), is a moving frame on f.

Furthermore, if E'(t)H #0, then

C‘)ij(t) _ (Dij(p(t))
P o)

The proof is straightforward and is omitted.

The above lemma suggests the definition of the curvatures x,, . . ., x

n-1°

Lemma 5. Let f : Ja, b[ — E" (or {: [a, b] & E") be a curve of class C?, with p > n, so that the
derivatives f(t), . . ., f*)(t) of f(t) are linearly independent for all t € Ja, b[ . If (e(t), . . ., e (t)) is
the distinguished Frenet frame associated with f, we define the ith curvature, x, of f, by

®;,4(t)

Ki(t) = Hf!(t)

7

with1<i<n-1.
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Notes Observe that the matrix o(t) can be written as

w(t)= [ £ ()] [x(t),

where

0 K2
—Kp 0 Ky
K= “Kyn 0
. Kn—ln
_knfln 0

The matrix x is sometimes called the Cartan matrix.

Lemma 6. Let f : Ja, b[ — E" (or f : [a, b] »> E") be a curve of class CF, with p > n, so that the
derivatives fO(t), . . ., f(n-1)® of f(t) are linearly independent for all t € ]a, b[ . Then for every i,
with1<i<n -2, we have x(t) > 0.

Proof. Lemma 2 shows thate,, .. ., e_, are expressed in terms of {, .. ., ) by a triangular matrix
(aij), whose diagonal entries a, are strictly positive, i.e., we have

i
= ()}
e= 2 af”,
j=1

fori=1,..., n-1,and thus,

9= Yhe,

j=1
fori=1,..,n-1, withb = a;' >0. Then, since e,, . f9=0forj<i, we get

€1

K =0. =e-ei+l =a fi*) e =a b
1 i+l i i1

i+1 i itli+l’/

and since a. b. >0,wegetx,>0(1=1,..,n-2).

ii i+l i+l

We conclude by exploring to what extent the curvatures x,, . . ., k_, determine a curve satisfying
the non-degeneracy conditions of Lemma 2. Basically, such curves are defined up to a rigid
motion.

Lemma 7. Letf:]a,b[ > Erand f : Ja, b] - E® (orf:[a, b] > E"and f: [a, b] — EM) be two curves
of class C?, with p > n, and satisfying the non-degeneracy conditions of Lemma 2. Denote the

distinguished Frenet frames associated with f and f by (e,(1), ..., e(t) and (&(t),....&,(t)).
If () = &,(t) for every i, with 1 <i<n-1,and [f'(t)= Hf'(f)H for all t € Ja, b[, then there is a
unique rigid motion h so that
f=hof.
Proof. Fix t; € a, b[ . First of all, there is a unique rigid motion h so that

h(f(t) = £ (t,) and R(e,(t) = &(t,),

i
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for all i, with 1 <i < n, where R is the linear isometry associated with h (in fact, a rotation). Notes

Consider the curve f =h o f. The hypotheses of the lemma and Lemma 4, imply that

8iJ' (t) = GJij (t) = 0y (t)'

7

P =[] = t)

and, by construction,

e1(ty), - - -, enlty)) = @ (t,), - .., &,(t,)) and f(t,))=f(t,).

Let

8(t) = 3 (e:(t)~&,(1)-(ex(t) ~&,(1).

Then, we have

2Y(E(0)-E )+ ()-E (1)

Using the Frenet equations, we get

&) = -2 o.e -6 —2 € -8,

I
=
I
=
I
-
1l
-

I
|
N
M-
M-
e
"ol
_m
|
N
e
ol
_m

Il
-
1i
-
1i
Il

Il
|
N
-
-
RS
ol
s
+
N
=
e
ol
M

Il
2N
1l
=N
Il
=N
Il
-

since o is skew symmetric. Thus, (t) is constant, and since the Frenet frames at t, agree, we get
3(t)=0.

Then, €,(t) = &(t) for all i, and since Hf'(t)H = Hf'(t) , we

have

& () =F'),

£ =[F e =[fe

so that f(t)—f(t) is constant. However, f(t,)=f(t,), and so, f(t) =£(t), and f=f =hof.

Lemma 8. Let x,, . . ., x_, be functions defined on some open ]a, b[ containing 0 with
k, C continuous fori=1,...,n-1,and withx(t) >0fori=1,..,n-2andall t € ]a, b[ . Then,
there is curve f : Ja, b[ - E" of class CP, with p > n, satisfying the non-degeneracy conditions of

Lemma 2, so that ||f'(t)|=1 and f has the n - 1 curvatures «,(t), . . ., k,_, (t).
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Notes Proof. Let X(t) be the matrix whose columns are the vectors e (t), . . ., e (t) of the Frenet frame
along f. Consider the system of ODE's,

X' (t) = -X()k(b),

with initial conditions X(0) = I, where «(t) is the skew symmetric matrix of curvatures. By a
standard result in ODEF’s, there is a unique solution X(t).

We claim that X(t) is an orthogonal matrix. For this, note
that
(XXTy =X'XT + X(XT) = -XieXT - Xi'X"
= -XiXT + XXT = 0.
Since X(0) = I, we get XX = L. If F(t) is the first column of X(t), we define the curve f by

with s € ]a, b[. It is easily checked that f is a curve parametrized by arc length, with Frenet frame
X(s), and with curvatures «/’s.

19.2 Summary

. Lemma 1. Letf: Ja, b[ - E" (or f: [a, b] = E") be a curve of class C?, with p >n. A family (e, (t),
..., e (1)) of orthonormal frames, where each e, : Ja, b[ — E"is C* continuous fori=1,.. .,
n - 1 and en is C'-continuous, is called a moving frame along f. Furthermore, a moving
frame (e,(t), . . ., e (t)) along f so that for every k, with 1 <k <n, the kth derivative f¥(t) of
f(t) is a linear combination of (e,(t), . . ., e (t)) for every t € ]a, b], is called a Frenet n-frame
or Frenet frame.

° Lemma 2. Let £: Ja, b[ — E" (or £: [a, b] » E") be a curve of class CP, with p > n, so that the
derivatives fO(t), . . ., f*(t) of (t) are linearly independent for all t € ]a, b[. Then, there is
a unique Frenet n-frame (e,(t), . . ., e (t)) satisfying the following conditions:

> The k-frames (fV(t), . . ., f9(t)) and (e, (t), . . ., e,(t)) have the same orientation for all k,
with1<k<n-1.

The frame (e,(t), . . ., e (t)) has positive orientation.

° Let f: Ja, b[ — E" (or f: [a, b] > E") be curve of class CP, with p > n, so that the derivatives
fO(t), . .., fo(t) of f(t) are linearly independent for all t € Ja, b[ . Leth : E» - E" be a rigid

motion, and assume that the corresponding linear isometry is R. Let f = h o f. The following

properties hold:

For any moving frame (e (t), . . ., e (t)), the n-tuple (&,(t),...,&,(t), where

&,(t) = R(e;(t)), is a moving frame along ef, and we have

@;(t) = wy(t)) and

£ =l

For any orientation-preserving diffeomorphism p : ]c, d[ — ]a, b[ (i.e., p’(t) > 0 for all

t e ]c, d[), if we write f=for, then for any moving frame (e,(t), - . ., e (b)) onf, the

n-tuple (&,(t),..., €,(t), where &(t) = e(p(t)), is a moving frame on f
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19.3 Keywords Notes

Moving frame alongf: Let f: ]a, b[ - E" (or f : [a, b] = E") be a curve of class C?, with p >n. A family
(e,(t), . . ., e (t)) of orthonormal frames, where each e, : Ja, b[ - E" is C continuous fori=1, ...,
n -1 and en is C'-continuous, is called a moving frame along f.

Frenet n-frame or Frenet frame: A moving frame (e (t), . . ., e (t)) along f so that for every k, with
1 <k <n, the kth derivative f¥(t) of f(t) is a linear combination of (e,(t), . . ., e (t)) for every t € ]a,
b, is called a Frenet n-frame or Frenet frame.

Linear isometry: Let f: ]a, b[ — E* (or f: [a, b] & E) be curve of class CP, with p > n, so that the
derivatives fO(t), . . ., fo(t) of f(t) are linearly independent for all t € Ja, b[ . Leth: E" > E"be a

rigid motion, and assume that the corresponding linear isometry is R. Let f=ho f.

19.4 Self Assessment

1. Letf: Ja, b[ — E" (or f: [a, b] = E") be a curve of class C?, with p > n. A family (e,(t), .. ., e (t))
of orthonormal frames, where each e, : ]a, b[ — E"is C* continuous fori=1,...,n-1and
en is C'-continuous, is called a ....................

2. A moving frame (e, (t), . . ., e (t)) along f so that for every k, with 1 <k <n, the kth derivative
fO(t) of f(t) is a linear combination of (e,(t), . . ., e (t)) for every t € ]a, bJ, is called a

3. Let f: Ja, b[ —> E" (or £: [a, b] —> E") be curve of class CP, with p > n, so that the derivatives
fO(t), . . ., f(t) of £(t) are linearly independent for all t € Ja, b[ . Leth: E" — E"be a rigid

motion, and assume that the corresponding .................... isR.Let f=hof.

4, Letx,, ..., x_, befunctions defined on some open ]a, b[ containing 0 with «, C-' continuous
fori=1,...,n-1,and withk(t)>0fori=1,..,n-2andallt € Ja, b[. Then, there is curve
f:]a, b[ » E" of class CP, with p > n, satisfying the ....................

5. Let X(t) be the matrix whose columns are the vectors e,(t), . . ., e (t) of the Frenet frame
along f. Consider the system of ODF’s, ....................

19.5 Review Questions

1. Show that the helix
:[0,10] = E® : 5 > (2cos(—=), 2sin(—=),—)
T ' BB
is a unit speed curve and has constant curvature and torsion.
2. Why do we always have k[B] > 0?

3. For all s, B”(s) . B(s) = 0; so the acceleration is always perpendicular to the acceleration
along unit-speed curves. What about a’(t) . a”’(t) on arbitrary speed curves?

4. Derive the Frenet-Serret equations for an arbitrary-speed regular curve and show that the

following hold for a curve with speed \ja'.a'=|a|=v>0::

alxall

T=a'/v, N=BxT, B= —
o o'
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o< o'

k :T
a'xa".o"
oxa

Viviani's curve? is the intersection of the cylinder (x - a)? + y* = a? and the sphere x> + y* +
z? = 4a* and has parametric equation:

a:[0,4n] > E* it a(l+ cost,sint,Zsin%).

t
13 +3cost 6COS§

Show that it has curvature and torsion given by k(t) = —————and 1(t) = ———=—.
& Y a(3+cost)? a(13 +3cost)

Investigate the following curves forn=0,1,2, 3

HI02R T B 5 Wocos(2), Ssin( 2 sin()

cos® sin® 0
Show that for all q € [0, 2x] the matrix R (8)=| —sin® cos® 0| when applied to the
0 0 1

coordinates of a curve in E® rotates the curve through angle 0 in the (x,y)-plane, that is,
round the z-axis. Find a matrix R (0) representing rotation round the y-axis and hence
obtain explicitly the result of rotating the curves in the previous question by 60° round the
y-axis.

On plane curves, t = 0 everywhere and we sometimes use the signed curvature k* defined
by
a'(t)Jo (t)
\ 3
0

We call 1/Kk?[a] the radius of curvature. Find the radius of curvature of some plane curves.

K?[a](t) = , where ] is the linear operator J:R> - R*:(p,g)+ (-g,p)-

(i)  Find two matrices, R and R, from SO(3) which represent, respectively, rotation by
n/3 about the y-axis and rotation by n/4 about the z-axis; each rotation must be in a
right-hand-screw sense in the positive direction of its axis. Find the product matrix
R R, and show that its transpose is its inverse.

(ii) By considering (R R )", or otherwise, show that the curve

y:[O,oo)—>E8:t»—>(%cosht/2+ﬁ,— %,—%Cosht/Z—f%)

lies in a plane and find its curvature function and arc length function.

V2 cosht/2+
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10.  Vertical projection from E® onto its xy-plane is given by the map Notes
n:EE>E:(x,y,2)—(xy,0).
A unit speed curve b : [0, L] — E?® lies above the xy-plane and has vertical projection

moB:[0,L] > E* s> (%Cos(logs/2),§sin(logs/2),0).

Find explicitly a suitable B and for it compute the Frenet-Serret frame, curvature and
torsion.

Answers: Self Assessment

1. moving frame along f 2. Frenet n-frame or Frenet frame
3. linear isometry 4. non-degeneracy conditions

5. X(t) = -X(b)k(b)

19.6 Further Readings

&

Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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CONTENTS

Objectives

Introduction

20.1 Preliminaries

20.2 Local Theory for Curves in R®

20.3 Plane Curves
20.3.1 Local Theory
20.3.2 Global Theory
20.3.3 Convexity

204 Fenchel’s Theorem

20.5 Summary

20.6 Keywords

20.7 Self Assessment

20.8 Review Questions

20.9 Further Readings

Objectives

After studying this unit, you will be able to:
° Define Preliminaries
° Explain Plane Curves

. Identify Fenchel’s Theorem
Introduction

In last unit, you have studied about serret-frenet formula. In this unit, you will read about
curves.

20.1 Preliminaries

Definition 1. A parametrized curve is a smooth (C”) function y:I ¢ R". A curve is regular if
y' 0.

When the interval I is closed, we say that y is C* on I if there is an interval ] and a C* function
on ] which agrees with y on L

Definition 2. Let y:1 ¢ R" be a parametrized curve, and let B:] ¢ R" be another parametrized
curve. We say that  is a reparametrization (orientation preserving reparametrization) of v if

there is a smooth map 1:] ¢ I with T'>0 such that B=7°1.
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Notes The relation B is a reparametrization of y is an equivalence relation. A curve is
an equivalence class of parametrized curves. Furthermore, if y is regular then every
reparametrization of y is also regular, so we may speak of regular curves.

Definition 3. Let y:1 ¢ R" be a regular curve. For any compact interval [a, b] c L, the arclength
of y over [a, b] is given by:

L, (fab]) =[] dt

Note that if B is a reparametrization of y then y and B have the same length. More specifically, if

B=7vor, then
L, ([r(c), r(d)]) =L,([c,d]).
Definition 4. Let y be a regular curve. We say that y is parametrized by arc length if |y|=1
Note that this is equivalent to the condition that for all t € I = [a, b] we have:
L, ([at])=t-a.

Furthermore, any regular curve can be parametrized by arclength. Indeed, if y is a regular curve,
then the function

s(t) =y,

is strictly monotone increasing. Thus, s(t) has an inverse function t(s) function, satisfying;:
dr_ 1
ds |y

It is now straightforward to check that =y ot is parametrized by arclength.

20.2 Local Theory for Curves in R?

We will assume throughout this section that y:1— R’ is a regular curve in R® parametrized by

arclength and that y"= 0. Note that y'-y"=0.

Definition 5. Let y:1— R’ be a curve in R The unit vector T =v' is called the unit tangent of

v. The curvature « is the scalar k =|y"'|. The unit vector N = k' T’ is called the principal normal.

The binormal is the unit vector B =T x N. The positively oriented orthonormal frame (T, N, B)
is called the Frenet frame of y.

It is not difficult to see that N + kT is perpendicular to both T and N, hence, we can define the
torsion 1 of y by: N” + kT = tB. Note that the torsion, unlike the curvature, is signed. Finally, it is
easy to check that B’ = -tN. Let X denote the 3 x 3 matrix whose columns are (T, N, B). We will call
X also the Frenet frame of y. Define the rotation matrix of v:

0 x O
o=-«x 0 1 (1)
0 -t 0

LOVELY PROFESSIONAL UNIVERSITY 231



Complex Analysis and Differential Geometry

232

Notes

Proposition 1 (Frenet frame equations). The Frenet frame X = (T, N, B) of a curve in R satisfies:
X' =Xo. -(2)

The Frenet frame equations, Equation (2), form a system of nine linear ordinary differential
equations.

Definition 6. A rigid motion of R’ is a function of the form R(x) = x, + Qx where Q is orthonormal
withdetQ=1.

Note that if X is the Frenet frame of y and R(x) = x, + Qx is a rigid motion of R®, then QX is the
Frenet frame of Roy. This follows easily from the fact that Q is preserves the inner product and
orientation of R>.

Theorem 1 (Fundamental Theorem). Let k > 0 and t be smooth scalar functions on the interval [0,
L]. Then there is a regular curve y parametrized by arclength, unique up to a rigid motion of R?,
whose curvature is k and torsion is t.

Proof. Let © be given by (1). The initial value problem
X =X,
X(0) =1

can be solved uniquely on [0,L]. The solution X is an orthogonal matrix with det X =1 on [0, L].
Indeed, since o is anti-symmetric, the matrix A = XX'is constant. Indeed,

A’ =Xo X'+ Xo' X' =X(o + 0)X'=0,
and since A(0) = I, we conclude that A =1, and X is orthogonal. Furthermore, detX is continuous,
and detX(0) =1, so detX =1 on [0,L]. Let (T,N,B) be the columns of X, and let y = [T, then (T, N,

B) is orthonormal and positively oriented on [0, L]. Thus, y is parametrized by arclength, y'=T,
and N =k T’ is the principal normal of y. Similarly, B is the binormal, and consequently, « is the
curvature of y and 7 its torsion.

Now suppose thaty is another curve with curvature k and torsion 1, and let X be its Frenet
frame. Then there is a rigid motion R(x) = Qx + x, of R* such that Ry(0) = 7(0), and QX(0) = X(0).
By the remark preceding the theorem, QX is the Frenet frame of the curve Roy, and thus, both
QX and X satisfy the initial value problem:
Y =Yoo,
Y (0) =QX(0).
By the uniqueness of solutions of the initial value problem, it follows that QX = X. In particular,

(Roy)'=7v', and since Roy(0)=7(0) we conclude Roy =7.
Assuming 7(0)=0, the Taylor expansion of y of order 3 ats = 0 is:
! 1 " 2 1 m 3 4
1) =7'(Q)s +57"(0)s” + 7" (0)s” + O(s").

Denote T, = T(0), N = N(0), B, = B(0), x, = (0), and t, = t(0). We have vy'(0)=T,,y"(0) =«,N,, and
0 0 o 0 0 ¥ oY oNg

7"(0) =x'(0)N, +1x,(~k,T, + T,B,). Substituting these into the equation above, decomposing

into T, N, and B components, and retaining only the leading order terms, we get:

Y(s) = (s+ 0(53))T + [gsz +O(s3)j N + (%ss +O(s4)j B
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The planes spanned by pairs of vectors in the Frenet frame are given special names: Notes
(1) Tand N — the osculating plane;

(2) Nand B — the normal plane;

(3) Tand B — the rectifying plane.

We see that to second order the curve stays within its osculating plane, where it traces a parabola

y = (k/2) s2 The projection onto the normal plane is a cusp to third order: x=((3t/ 2)}’)2/3- The

projection onto the rectifying plane is to second order a line, whence its name.
Here are a few simple applications of the Frenet frame.

Theorem 2. Let y be a regular curve with k = 0. Then v is a straight line.

Proof. Since |T|=k =0, it follows that T is constant and v is linear.

Theorem 3. Let y be a regular curve with k >0, and t = 0. Then y is planar.

Proof. Since B’ = 0, B is constant. Thus the function &= (Y - Y(O))- B vanishes identically:
£0)=0, &=T-B=0.

It follows that y remains in the plane through y(0) perpendicular to B.

Theorem 4. Let y be a regular curve with k constant and © = 0. Then y is a circle.

Proof. Let b =y + k' N. Then
1
B'=T +E(7kT+ B)=0.

Thus, B is constant, and |y —p| =k™. It follows that y lies in the intersection between a plane and

a sphere, thus y is a circle.

20.3 Plane Curves

20.3.1 Local Theory

Let y:[a,b]— R* be a regular plane curve parametrized by arclength, and let k be its curvature.

Note that k is signed, and in fact changes sign (but not magnitude) when the orientation of y is
reversed. The Frenet frame equations are:

e, =ke,, e,=-ke,
Proposition 2. Let y :[a,b] - R* be aregular curve with \y '\ =1. Then there exists a differentiable
function 0:[a,b] > R such that
e, = (cos 6, sin 0). .-(3)

Moreover, 0 is unique up to a constant integer multiple of 2r, and in particular 8(b) - 6(a) is
independent of the choice of 6. The derivative of 6 is the curvature: 6’ = k.
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Proof. Leta =t <t < - - -<t =Dbbe a partition of [a, b] so that the diameter of e ([t , t]) is less
than 2, i.e., e, restricted to each subinterval maps into a semi-circle. Such a partition exists since
e, is uniformly continuous on [a, b]. Choose 6(a) so that (3) holds at a, and proceed by induction
on i: if 0 is defined at t, then there is a unique continuous extension so that (3) holds. If y is any

other continuous function satisfying (3), then k =(1/2n)(6 -vy) is a continuous integer-valued

function, hence is constant. Finally, e, = (-sin 6, cos 6) hence
e, =ke, = 0'(—sin0,cos0),

and we obtain 0’ = k.

20.3.2 Global Theory

Definition 7. A curve y :[a,b] - R" is closed if v"(a)=7"*(b). A closed curve y:[a,b] > R" is

simple if y|,,, is one-to-one. The rotation number of a smooth closed curve is:
n = i(G(a) - O(b))
. , ..(4)

where 6 is the function defined in Proposition 2.

We note that the rotation number is always an integer. For reference, we also note that the
rotation number of a curve is the winding number of the map e,. Finally, in view of the last
statement in Proposition 2, we have:

1

n, =—
2n

I k ds.

[0,L]

Theorem 5 (Rotation Theorem). Let y:[0,L]— R? be a smooth, regular, simple, closed curve.

Then n =11 In particular,

1 j kds=+1.
T oL

For the proof, we will need the following technical lemma. We say that a set AcR" is star-

shaped with respect to x, €A if for every y €A the line segment x,y lies in A.

Lemma1.Let A c R" Rn be star-shaped with respect to x, €A, and let €: A — S' be a continuous

function. Then there exists a continuous function 6: A — R such that:
e = (cos 6, sin 0). ...(5)

Moreover, if y is another continuous function satisfying (5), then 6 —y =2nk where k is a
constant integer.

In fact, it is sufficient to assume that A is simply connected, but we will not prove this more
general result here.

Proof. Define 6(x,) so that (5) holds at x. For each x €A, define 6 continuously along the line

segment x,x as in the proof of Proposition 2. Since A is star-shaped with respect to x,, this
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defines 8 everywhere in A. It remains to show that 8 is continuous. Let y, €A. Since x,y, is Notes

compact, it is possible to choose & small enough that the following holds: y' ex,y, and \y -y '\ <38

implies |e(y)—e(y )| <2 or equivalently e(y) and e are not antipodal. Let 0 < € <. Then there
plies [e(y) —e(y")| < 2 or equivalently e(y) and e(y’) podal. Let 0 Then th

exists a neighborhood U cB(y,) of y, such that y € U implies 0(y)-0(y,) = 2rnk(y)+ €'(y)

where |€'(y)| < € and k(y) is integer-valued. It remain to prove thatk = 0. Let y € U and consider

the continuous function:
o(s) = G(XU +s(y— XO)) - G(XO +5(y, — XO)), 0<s<1.

Since
(%0 + 5y = %)) = (X + (¥ = Xo))| =[s(y = yo)| <&,

it follows from our choice of & that e(xo +s(y— XO)) and E(XO +5(y, — XO)) are not antipodal.

Thus, ¢(s) #n forall 0<s<1, and since ¢(0) = 0 we conclude that |¢§| < . In particular,

2k (y) + €'(y)| = |0(y) - 0(y,)| = [6(1)] < =,
and it follows that
2nk(y)| < [27k(y)+ €'(y)| +|€'(y)| < 2.

Since k(y) is integer-valued this implies k(y) = 0.

Proof of the Rotation Theorem. Pick a line which intersects the curve y and pick a last point p on
this line, i.e., a point with the property that one ray of the line from p has no other intersection
points with y. Let /1 be the unit vector pointing in the direction of that ray. We assume without

loss of generality that y is parametrized by arclength, Y(0)=v(L)=0. Now, let

A= {(tl,tz) eR?:0<t, <t, < L} , and note that A is star-shaped. Define the S'-valued function:

7'(t) ift, =t,;

e(t,,t,)=1-v'(0) if (t,,t,)=(0,L);
v(t) = v(t otherwise.
‘Y(tz)_"/( 1)‘

It is straightforward to check that e is continuous on A. By the Lemma, there is a continuous

function 0:A - R such thate = (cos 0, sin 0). We claim that 6(L,L) - 6(0, 0) = +2rx which proves the
theorem, since 8(t, t) is a continuous function satisfying (3) in Proposition 6, and thus can be used
on the right-hand side of (4) to compute the rotation number.

To prove this claim, note that, for any 0 < t <L, the unit vector

(0,0 1O
(=700

is never equal to h. Hence, there is some value o such that 8(0, t) - 6(0, 0) # o + 2nk for any integer

k. Thus, 0(0,t)—6(0,0)| < 2w, and since e(0,L) = -e(0, 0) it follows that 6(0,L) - 6(0, 0) = #x.
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Since the curves e(0, t) and e(t, L) are related via a rigid motion, i.e, e(t, L) = Re(0, t) where R is
rotation by r, it follows that w(t) =(6(t,L)—-6(0,L))-(6(0,t) - 6(0,0)) is a constant. Since clearly
w(0)=0, we get 0(0, L) - 6(0, 0) = O(L,L) - 8(0,L), and we conclude:

0(L,L)-0(0,0)=(6(t,L) - 6(0,L)) +(6(0, t) - 6(0,0)) = +27.
Definition 8. A piecewise smooth curve is a continuous function y :[a,b] > R" such that there is

a partition of [a, b]:

a=a;<a < ' '<b =b
n

such that for each 1 <j < n the curve segment y; = y‘[ai_l,aJ is smooth. The points y(a;) are
called the corners of y. The directed angle —n <y, < from y'(a;—) to y'(a;+) is called the exterior
angle at the j-th corner. Define 0, :[a; ,,a,] > R asin Proposition2,i.e., so that y', = (cosei,sin Gj).

The rotation number of y is given by:

19 19
n, ZZZ(ei(ai)_ei(ai—l))+£2\vi'
-

j=1

Again, n is an integer, and we have:

1 1
n=— | kds+— -
' 2“[:.'[)] 27‘1;%

The Rotation Theorem can be generalized to piecewise smooth curves provided corners are
taken into account.

Theorem 6. Let vy :[0,L] > R? bea piecewise smooth, regular, simple, closed curve, and assume

that none of the exterior angles are equal to ©. Then n, ==£1.

20.3.3 Convexity

Definition 9. Let y :[0,L]— R* bea regular closed plane curve. We say that y is convex if for each

t, € [0, L] the curve lies on one side only of its tangent at t, i.e., if one of the following inequality
holds:

(v —v(t0))-e, <0,
(Y _Y(to)) e, 20,

Theorem 7. Let v :[0,L]— R? be a regular simple closed plane curve, and let k be its curvature.
Then vy is convex if and only if either k > 0 or k <0.

We note that an orientation reversing reparametrization of y changes k > 0 into k < 0 and vice
versa. Thus, ignoring orientation, those two conditions are equivalent. We also note that the
theorem fails if y is not assumed simple.
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Proof. We may assume without loss of generality that |y'|=1. Let 6:[0,L] > R be the continuous Notes

function given in Proposition 2 satisfying:
e, = (cos 0, sin 0),

and 0" =k.
Suppose that y is convex. We will show that 6 is weakly monotone, i.e., if t, <t, and 6(t,) = (t,) then
8 is constant on [t,, t,]. First, we note that since y is simple, we have n, =1 by the Rotation
Theorem, and it follows that e, is onto S', see Exercise 5. Thus, there is t, € [0,L] such that

e(t) = -e,(t) = -e,(t).
By convexity, the three parallel tangents at t,, t,, and t, cannot be distinct, hence at least two must
coincide. Let p, =y(s;) and p, =7(s,),s, <s, denote these two points, then the line p,p, is
contained in y. Otherwise, if q is a point on p,p, notony, then the line through q perpendicular

to p,p, intersects y in at least two points r and s, which by convexity must lie on one side of

p.p.- Without loss of generality, assume that r is the closer of the two to p,p,. Thenr lies in the
interior of the triangle p,p,s. Regardless of the inclination of the tangent at r, the three points p,,
p, and s, all belonging to y, cannot all lie on one side of the tangent, in contradiction to convexity.
If pip.# {y(s) 15, <s< sz}, then p.p,= {y(s):s2 <s< L} N {y(s):OS s< sl}. However, in that

case, we would have 6(s,) - 6(s,) = 6(L) - 6(0) = 2=, a contradiction. Thus, we have

pip: = {y(s):sl §s§s2} = {y(t):t1 Ststz}.
In particular 6(t) = 0(t,) = 0(t,).
Conversely, suppose that y is not convex. Then, there is t; € [0, L] such that the function

o =(y—7v(ty))-e, changes sign. We will show that 6’ also changes sign. Let t,, t e [0,L] be such
that

mind = ¢(t_) <0 =d(t,) = ¢(t+) = max¢.

[0,L] [0,L]
Note that the three tangents at t, t, and t, are parallel but distinct. Since ¢'(t_)=¢'(t,)=0, we
have that e (t ) and e,(t,) are both equal to *e(t).

Thus, at least two of these vectors are equal. We may assume, after reparametrization, that there
exists 0 < s < L such that e (0) = e,(s). This implies that

0(s) - 0(0) = 21k, O(L) - 6(s) = 2rk’

with k, k' € Z. By the Rotation Theorem, n, =k +k’=+1. Since y(0) and y(s) do not lie on a line

parallel to e (t ), it follows that is not constant on either [0, s] or [0, L]. If k = 0 then 6’ changes sign
on [0, s], and similarly if k' = 0 then 8’ changes sign on [s, L]. If kk’ # 0, then since k + k' = #1, it
follows that kk’ < 0 and 6’ changes sign on [0, L].

Definition 8. Let y:[0,L]— R? be a regular plane curve. A vertex of y is a critical point of the
curvature k.

Theorem 11 (The Four Vertex Theorem). A regular simple convex closed curve has at least four
vertices.

Proof. Clearly, k has a maximum and minimum on [0,L], hence y has at least two vertices. We
will assume, without loss of generality, that y is parametrized by arclength, has its minimum at
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t=0, its maximum at t = t, where 0 < t, <L, that y(0) and y(t,) lie on the x-axis, and that y enters

the upper-half plane in the interval [0, t ]. All these properties can be achieved by reparametrizing
and rotating v.

We now claim that p=y(0) and q =y(t,) are the only points of y on the x-axis. Indeed, suppose

that there is another point r = y(t,;) on the x-axis, then one of these points lies between the other

two, and the tangent at that point must, by convexity, contain the other two. Thus, by the
argument used in the proof of Theorem 10 the segment between the outer two is contained in v,

and in particular pq is contained in y. If follows that k = 0 at p and q where k has its minimum

and maximum, hence k = 0, a contradiction since then vy is a line and cannot be closed. We
conclude that y remains in the upper half-plane in the interval [0, t]] and remains in the lower
half-plane in the interval [t, L].

Suppose now by contradiction that y(0) and y(t,) are the only vertices of y. Then it follows that:
k">0on [0, t], k'<Oonf[t, L].
Thus, if we write y = (X, y), then we have k' y 2 0 on [0, L], and x"" = -ky’, hence:

0= .[OLX” ds= —jOL —-ky'ds = IOLk’y ds.

Since the integrand in the last integral is non-negative, we conclude that k'y = 0, hence y = 0,
again a contradiction.

It follows that k has another point where k' changes sign, i.e., an extremum.

Since extrema come in pairs, k has at least four extrema.

20.4 Fenchel’s Theorem

We will use without proof the fact that the shortest path between two points on a sphere is
always an arc of a great circle. We also use the notation vy, + v, to denote the curve y, followed by
the curve v,.

Definition 11. Let y:[0,L] > R" be a regular curve parametrized by arclength. The spherical

image of y is the curve y':[0,L]— S™". The total curvature of v :[0,L]—> R" is:

K, :L ly"|ds.

We note that the total curvature is simply the length of the spherical image.

Theorem 9. Let y be a regular simple closed curve in R" parametrized by arclength. Then the total
curvature of y is at least 27

Ky > 2,
with equality if and only if y is planar and convex.

The proof will follow from two lemmata which are interesting in their own right.

Lemma 2. Let y:[0,L] > R" be a regular closed curve parametrized by arclength. Then the

spherical image of y cannot map into an open hemisphere. If y' maps into a closed hemisphere,
then y maps into an equator.
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Proof. Suppose, by contradiction, that there is v € S™ such that y’-v > 0. Notes

Then
L
OZY-U‘L—'\{-U‘OZJ.O y'-vds>0.

If y'.v >0, then the same inequality shows that y’.y =0, hence, y lies in the plane perpendicular

to v through v(0).

Lemma 3. Let n > 3, and let y:[0,L] > S™" be a regular closed curve on the unit sphere

parametrized by arclength.

1. If the arclength of y is less than 2n then y is contained in an open hemisphere.

2. If the arclength of y is equal to 27 then v is contained in a closed hemisphere.

Proof

1. First observe that no piecewise smooth curve of arclength less than 2r contains two antipodal

points. Otherwise the two segments of the curve between p and q would each have length
at least m, and hence, the length of the curve would have to be at least 2n. Now pick a point
p ony and let q on y be chosen so that the two segments y, and vy, from p to q along y have
equal length. Note that p and q cannot be antipodal. Let v be the midpoint along the
shorter of the two segments of the great circle between p and q. Suppose that y, intersects

the equator, the great circle v-x=0. Let «?1 be the reflection of y with respect to v, then the

length of v, + Y , is the same as the length of y hence is less than 2x. But vy, + Y , contains
two antipodal points, a contradiction. Thus, y, cannot intersect the equator. Similarly, v,
cannot intersect the equator, and we conclude y stays in the open hemisphere v-x>0.

2. If the arclength of y is 27, we refine the above argument. If p and q are antipodal, then both

v, and v, are great semi-circle, thus, y stays in a closed hemisphere.! So we can assume that
p and q are not antipodal and proceed as before, defining v to be the midpoint on the

shorter arc of the great circle between p and q. Now, if y, crosses the equator, then v, +7,

contains two antipodal points on the equator, and the two segments joining these points
enter both hemispheres. Thus, these segments are not semi-circle, and consequently both

have arclength strictly greater than . Thus the arclength of y, +7y, is strictly larger than
2m a contradiction. Similarly, y, does not cross the equator, and we conclude that y stays in

the closed hemisphere v-x>0.
Proof of Fenchel’s Theorem. Note that the total curvature is simply the arclength of the spherical
image of y. By Lemma 2 y' is not contained in an open hemisphere, so by Lemma 3

K, = L ‘y”‘ ds>2n.

If the arclength of y’ is 2m, then by Lemma 3, y' is contained in a closed hemisphere, and by
Lemma 2, y maps into an equator. If n > 3, we may proceed by induction until we obtain that is

planar. Once we have that y is planar, the Rotation Theorem gives n, =+1. Without loss of

generality,” we may assume that n, =1. Hence,

! In fact, since y is smooth, y, and vy, are contained in the same great circle, and hence v is itself a great
circle.

2 Reversing the orientation of vy if necessary
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0<| (|| -k)ds=K, -2n=0,
and it follows that k =|k|>0, which by Theorem 7 implies that y is convex.

20.5 Summary

o Definition 1. A parametrized curve is a smooth (C*) function y:I ¢ R". A curve is regular if
y' O.

When the interval I is closed, we say that y is C* on I if there is an interval ] and a C”
function B on J which agrees with y on L.

e  Definition 2. Let y:1 ¢ R" be a parametrized curve, and let B:]J ¢ R" be another
parametrized curve. We say that B is a reparametrization (orientation preserving

reparametrization) of y if there is a smooth map t:J ¢ I with ©'>0 such that =yt
° Definition 4. Let y be a regular curve. We say that y is parametrized by arclength if |y|=1
Note that this is equivalent to the condition that for all t € I = [a, b] we have:
L, (la,t]) =t-a.

Furthermore, any regular curve can be parametrized by arclength. Indeed, if y is a regular
curve, then the function

s(t) =[],

° Definition 5. Let y:1—R® be a curve in R?. The unit vector T=y' is called the unit

tangent of y. The curvature « is the scalar k =|y"|. The unit vector N = k' T’ is called the

principal normal. The binormal is the unit vector B = T x N. The positively oriented
orthonormal frame (T, N, B) is called the Frenet frame of y.

° Theorem 3. Let y be a regular curve with k = 0. Then v is a straight line.
Proof. Since |T|=k =0, it follows that T is constant and v is linear.
° Theorem 4. Let y be a regular curve with k > 0, and t = 0. Then y is planar.
Proof. Since B’ = 0, B is constant. Thus the function &= (y —v(0)). B vanishes identically:
§0)=0, ¢&=T-B=0.
It follows that y remains in the plane through y(0) perpendicular to B.

° Theorem 5. Let y be a regular curve with k constant and © = 0. Then v is a circle.

Proof. Let b=y + k' N. Then
1
B'=T +i(_kT+ tB) =0.

Thus, B is constant, and |y —p|=k™". It follows that y lies in the intersection between a

plane and a sphere, thus v is a circle.
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20.6 Keywords Notes

Parametrized curve: A parametrized curve is a smooth (C*) function y:I1e R". A curve is
regular if y' 0.

Frenet frame equations. The Frenet frame X = (T, N, B) of a curve in R® satisfies: (1.2) X" = Xw. The
Frenet frame equations, form a system of nine linear ordinary differential equations.

Fundamental Theorem: Let x > 0 and t be smooth scalar functions on the interval [0, L]. Then
there is a regular curve y parametrized by arclength, unique up to a rigid motion of R3, whose
curvature is k and torsion is .

20.7 Self Assessment

1. A i is a smooth (C) function y:1 ¢ R". A curve is regularif y' 0.

2. Let y:I > R? be a curve in R®. The unit vector T=1y' is called the ................ of y. The

curvature x is the scalar « =|y"|.

3. The Frenet frame X = (T, N, B) of a curve in R? satisfies: (1.2) X’ = Xo. The ................ ,
Equation (1.2), form a system of nine linear ordinary differential equations.

4. Arigid ............... is a function of the form R(x) = x, + Qx where Q is orthonormal with det
Q=1

20.8 Review Questions

1. A regular space curve y:[a,b] - R® is a helix if there is a fixed unit vector u eR® such that

e, -u is constant. Let k and t be the curvature and torsion of a regular space curve y, and

suppose that k # 0. Prove that y is a helix if and only if t = ck for some constant c.

2. Let y:I1—>R* be a smooth curve parameterized by arclength such that y’,y'/,y'" are

linearly independent. Prove the existence of a Frenet frame, i.e., a positively oriented

orthonormal frame X = (e, e, e, e,) satisfying e, = y’, and X' = Xw, where w is anti-

symmetric, tri-diagonal, and w,,, > 0 for i < n - 2. The curvatures of y are the three

functions k, = Wi i=1, 2, 3. Note that k, k, > 0, but k, has a sign.

3. Prove the Fundamental Theorem for curves in R*: Given functions k,, k,, k, onI with k , k,
> 0, there is a smooth curve y parameterized by arclength on I such that k, k,, k; are the
curvatures of y. Furthermore, y is unique up to a rigid motion of R*.

4. Let y:[a,b] >R* be a regular plane curve with non-zero curvature k # 0, and let

B =v + k' N be the locus of the centers of curvature of y.
(@) Prove that B is regular provided that k' = 0.
(b) Prove that each tangent ¢ of B intersects y at a right angle.

(c)  Prove that each regular plane curve y:[a,b] - R* has at most one evolute.
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A convex plane curve y:[a,b]— R? is strictly convex if k # 0. Prove that if y:[a,b]—» R? is
a strictly convex simple closed curve, then for every v €S', there is a unique t €[a,b] such
that e (t) = v.

Let y:[0,L]— R? be a strictly convex simple closed curve. The width w(t) of y at t €[0,L]
is the distance between the tangent line at y(t) and the tangent line at the unique point
y(t') satisfying e, (t')=—e,(t) . A curve has constant width if w is independent of t. Prove
that if y has constant width then:

(@) Theline between y(t) and y(t') is perpendicular to the tangent lines at those points.

(b) The curve y has length L = tw.

Let y:[0,L] » R?* be a simple closed curve. By the Jordan Curve Theorem, the complement

of y has two connected components, one of which is bounded. The area enclosed by v is the
area of this component, and according to Green’s Theorem, it is given by:

Azjly xdy:J-v xy' dt,

where the orientation is chosen so that the normal e, points into the bounded component.
Let L be the length of y, and let B be a circle of width 2r equal to some width of y. Prove:

@ A= %J./ (xy’ - yx’)dt.
(b) A+mr*<Lr.

()  The isoperimetric inequality: 4nA < L2
(d) If equality holds in (3) then v is a circle.

Prove that if a convex simple closed curve has four vertices, then it cannot meet any circle
in more than four points.

Answers: Self Assessment

L

parametrized curve
unit tangent
Frenet frame equations

motion of R?

20.9 Further Readings

&

Books Abhelfors, D.V. : Complex Analysis

Conway, J.B. : Function of one complex variable
Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
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Unit 21: New Spherical Indicatrices and
their Characterizations

CONTENTS

Objectives

Introduction

21.1 Preliminaries

21.2 Tangent Bishop Spherical Images of a Regular Curve
21.3 M, Bishop Spherical Images of a Regular Curve

21.4 M, Bishop Spherical Images of a Regular Curve

21.5 Summary

21.6 Keywords

21.7 Self Assessment

21.8 Review Questions

21.9 Further Readings

Objectives

After studying this unit, you will be able to:

° Define Preliminaries

° Explain Tangent Bishop Spherical Images
. Identify M, and M, Bishop

Introduction

In the existing literature, it can be seen that, most of classical differential geometry topics have
been extended to Lorentzian manifolds. In this process, generally, researchers used standard
moving Frenet-Serret frame. Using transformation matrix among derivative vectors and frame
vectors, some of kinematical models were adapted to this special moving frame. Researchers
aimed to have an alternative frame for curves and other applications. Bishop frame, which is
also called alternative or parallel frame of the curves, was introduced by L.R. Bishop in 1975 by
means of parallel vector fields.

Spherical images of a regular curve in the Euclidean space are obtained by means of Frenet-
Serret frame vector fields, so this classical topic is a well-known concept in differential geometry
of the curves. In the light of the existing literature, this unit aims to determine new spherical
images of regular curves using Bishop frame vector fields. We shall call such curves, respectively,
Tangent, M, and M, Bishop spherical images of regular curves. Considering classical methods,
we investigated relations among Frenet-Serret invariants of spherical images in terms of Bishop
invariants. Additionally, two examples of Bishop spherical indicatrices are presented.

LOVELY PROFESSIONAL UNIVERSITY



Unit 21: New Spherical Indicatrices and their Characterizations

21.1 Preliminaries Notes

To meet the requirements in the next sections, here, the basic elements of the theory of curves in
the space E? are briefly presented; a more complete elementary treatment can be found further.

The Euclidean 3-space E* provided with the standard flat metric given by
< , >=dxf +dxd +dx2,
where (x,, x,, X,) is a rectangular coordinate system of E°. Recall that, the norm of an arbitrary

vector a € E? is given by |[a| =+/(a,a). ¢ is called a unit speed curve if velocity vector v of ¢

satisfies ||v| = 1. For vectors v, w € E? it is said to be orthogonal if and only if (v,w)=0. Let

v =v(s) be a regular curve in E. If the tangent vector of this curve forms a constant angle with a
fixed constant vector U, then this curve is called a general helix or an inclined curve. The sphere
of radius r > 0 and with center in the origin in the space E? is defined by

S*=1{p=(p.; p.; Ps) € E*:(p; p)=1*}.

Denote by {T, N, B} the moving Frenet-Serret frame along the curve ¢ in the space E°. For an
arbitrary curve ¢ with first and second curvature, K and T in the space E?, the following Frenet-
Serret formulae are written under matrix form

T 0 K 0T
N'|=|-K 0 T|N|
B' 0 -T 0B

where
(T,T)=(N,N)=(B,B)=1,
(TN)=(T,B)=(T,N)=(N,B)=0.
Here, curvature functions are defined by K = K(s) = [T'(s)| and T(s) = (N,B).

Letu = (u, u, u,), v= (v, v, v,) and w = (w,,w,,w,) be vectors in E*and e, e,, e, be positive
oriented natural basis of E*. Cross product of u and v is defined by

€ & &
uxv=|u, u, U,
Vi Vy, 'V
Mixed product of u; v and w is defined by the determinant
0 U U
[u,v,w]=|v, v, v,
Wi W, Wi

Torsion of the curve ¢ is given by the aid of the mixed product

T:[cp,clpécp 1
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The Bishop frame or parallel transport frame is an alternative approach to defining a moving
frame that is well defined even when the curve has vanishing second derivative. One can express
parallel transport of an orthonormal frame along a curve simply by parallel transporting each
component. The tangent vector and any convenient arbitrary basis for the remainder of the
frame are used.

T 0 k ki T
M, |=|-k, 0 oM 1)
M, -k, 0 0]IM;

Here, we shall call the set {T, M,, M,} as Bishop trihedra and k, and k, as Bishop curvatures. The
relation matrix may be expressed as

T 1 0 0 T
N|=|0 cosf(s) sinb(s) M, |,
B 0 —sin6(s) cosb(s) || M,

k . .
where 0(s) = arctan ?:, T(s) = 0'(s) and k(s) = 'k} + k3. Here, Bishop curvatures are defined by

k, =K cos p(s)
k, =K sin p(s)’

Izumiya and Takeuchi have introduced the concept of slant helix in the Euclidean 3-space E?
saying that the normal lines makes a constant angle with a fixed direction. They characterized a
slant helix by the condition that the function

wer(c)

(k*+t)? (K
is constant. In further researches, spherical images, the tangent and the binormal indicatrix and
some characterizations of such curves are presented. In the same space, the authors defined and

gave some characterizations of slant helices according to Bishop frame with the following
definition and theorem:

Definition 1. A regular curve y: I — E? is called a slant helix according to Bishop frame provided
the unit vector M, (s) of y has constant angle 6 with some fixed unit vector u; that is,

(M;, u) =cos 6
foralls e L.

Theorem 1. Let y : I - E® be a unit speed curve with nonzero natural curvatures. Then y is a slant
helix if and only if

o

1

— = constant.
k,

To separate a slant helix according to Bishop frame from that of Frenet-Serret frame, in the rest
of the paper, we shall use notation for the curve defined above as “B-slant helix”.
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It is well-known that for a unit speed curve with non-vanishing curvatures the following Notes
propositions hold:

Proposition 1. Let ¢ = ¢(s) be a regular curve with curvatures K and T. The curve ¢ lies on the
surface of a sphere if and only if

T, 1(1) o

K |T\K

Proposition 2. Let ¢ = ¢(s) be a regular curve with curvatures Kand T. ¢ is a general helix if and
only if

K
— = constant.
T

Proposition 3. Let ¢ = ¢(s) be a regular curve with curvatures Kand T. ¢ is a slant helix if and only
if

&)
o(s)=| ———| — |' | = constant.
(K> +T?)2

21.2 Tangent Bishop Spherical Images of a Regular Curve

Definition 2. Let y = y(s) be a regular curve in E*. If we translate of the first (tangent) vector field
of Bishop frame to the center O of the unit sphere S?, we obtain a spherical image & = &(s,). This
curve is called tangent Bishop spherical image or indicatrix of the curve y = y(s).

Let £ = &(s,) be tangent Bishop spherical image of a regular curve y = y(s). One can differentiate of
& with respect to s :

d
e dS M, KM,
ds

5= ds

3

Here, we shall denote differentiation according to s by a dash, and differentiation according to
s, by a dot. In terms of Bishop frame vector fields, we have the tangent vector of the spherical
image as follows:

T kM, koM,
K+

where

ds
d—é =k +k2 =k(s).
s
In order to determine the first curvature of &, we write

ky K m

. K3 K
Té:_h(k2 +21<2)2[k ]Ml+(k2+lk2)2[k j >
1 2 2 1 2 1
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Since, we immediately arrive at

, ()] (1) ]
et o i) () @

Therefore, we have the principal normal

3 ‘ 3 ‘
Né:i T+2k222[k11 M1+2k122[k2j I\/[2 .
K, (ki +k3)"( k, (ki +k3)" (K,

By the cross product of Tg X Né, we obtain the binormal vector field

B. = 1 (kzj k; [kll T [ kZ ‘|M +[ kl ‘|M
T X HON Sl T e T e
Slladrp ) gangptel ] Wasia ] kixlk
By means of obtained equations, we express the torsion of the tangent Bishop spherical image

_ (kg {3k, (kky Kok ) — (kT +KG)[K, — ko (kT +KG)TH K, {8k (k) +kok,) — (k7 + ki) [k, —k, (kI +K3))
)

2
Consequently, we determined Frenet-Serret invariants of the tangent Bishop spherical indicatrix

according to Bishop invariants.

Corollary 1. Let £ = &(s,) be the tangent Bishop spherical image of a regular curve y = y(s).
If y = y(s) is a B-slant helix, then the tangent spherical indicatrix & is a circle in the osculating
plane.

Proof. Let € = &(s,) be the tangent Bishop spherical image of a regular curve y =y(s): If y =y(s) isa

B-slant helix, then Theorem 1 holds. So, % = constant. Substituting this to equations (2) and (3),
2

we have K, = constant and T, = 0, respectively. Therefore, § is a circle in the osculating plane.

s

Remark 1. Considering 0.= J T.ds, and using the transformation matrix, one can obtain the
0

Bishop trihedra {T&’ M, Mzé} of the curve § = &(sé).

Here, one question may come to mind about the obtained tangent spherical image, since, Frenet-
Serret and Bishop frames have a common tangent vector field. Images of such tangent images
are the same as we shall demonstrate in subsequent section. But, here we are concerned with the
tangent Bishop spherical image’s Frenet-Serret apparatus according to Bishop invariants.

21.3 M, Bishop Spherical Images of a Regular Curve

Definition 3. Let y = y(s) be a regular curve in E°. If we translate of the second vector field of
Bishop frame to the center O of the unit sphere S°, we obtain a spherical image 5 = 5(s,). This curve
is called M, Bishop spherical image or indicatrix of the curve y = y(s).
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Let 8 = 3(s,) be M, Bishop spherical image of a regular curve y = y(s). We follow the same
procedure to investigate the relations among Bishop and Frenet-Serret invariants. Thus, we

differentiate

_ 8 ds,
ds; ds

6 !

=-k,T.
First, we have
ds;
T,=Tand disb: —k,.
So, one can calculate
ds

T, =T, d—: =kM, +k,M,

or

Since, we express

N
k|22
_ 1(k1j

KK

Considering equations (5) and (6) by the Theorem 1, we get:

)

(6)

Corollary 2. Let & = §(s,) be the M, Bishop spherical image of the curve y = y(s). If y = y(s) is a

B-slant helix, then, the M, Bishop spherical indicatrix 5(s)) is a circle in the osculating plane.

Theorem 2. Let & = 3(s,) be the M, Bishop spherical image of a regular curve y = y(s). There exists

a relation among Frenet-Serret invariants 8(s,) and Bishop curvatures of y = y(s) as follows:

K [KT,ds,.
kg
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Proof. Let 8 = §(s,) be M, Bishop spherical image of a regular curve y = y(s). Then, the equations
(4) and (6) hold. Using (4) in (6), we have
d [k, \ds;
ki —| ==
ds;\ k, ) ds

T, =- :
’ KT +X; ®

Substituting (5) to (8) and integrating both sides, we have (7) as desired.
In the light of the Propositions 2 and 3, we state the following theorems without proofs:

Theorem 3. Let 6 = 5(s,) be M, Bishop spherical image of a regular curve y = y(s). If & is a general
helix, then, Bishop curvatures of y satisfy

2
K,

5 = constant.
(ki +k3)?

Theorem 4. Let § = §(s,) be the M, Bishop spherical image of a regular curve y = y(s). If 5 is a slant
helix, then, the Bishop curvatures of y satisfy

ke
Lk, (ki +Kk3)"

3
(ki +k3)?

5 = constant.
k ? g

ki’“zj +(kf+k§)31
k,

We know that § is a spherical curve, so, by the Proposition 3 one can prove.

Theorem 5. Let 5 be the M, Bishop spherical image of a regular curve y = y(s). The Bishop
curvatures of the regular curve y = y(s) satisfy the following differential equation

2
k) | _kk,

3
ety L+

1 = constant.

Sg

Remark 2. Considering 0, = J‘des‘5 and using the transformation matrix, one can obtain the
0

Bishop trihedra {T,, M,,, M} of the curve & = 3(s,).

18"

21.4 M, Bishop Spherical Images of a Regular Curve

Definition 11. Let y = y(s) be a regular curve in E°. If we translate of the third vector field of
Bishop frame to the center O of the unit sphere S?, we obtain a spherical image of y = y(s, ). This
curve is called the M, Bishop spherical image or the indicatrix of the curve y = y(s).

Let y = y(s,) be M, spherical image of the regular curve y = y(s): We can write

d
y'= dy ds, _ —k,T.
dsw ds
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Unit 21: New Spherical Indicatrices and their Characterizations

Similar to the M, Bishop spherical image, one can have Notes
ds
— v _
T,=Tand s k,. ©)

So, by differentiating of the formula (9), we get

. . ds
T, =Ty s“’ =kM, +k,M,
or, in another words,
: k
T, = —k—lMl -M,,
since, we express
k 2
=t = 21
kI - o2 (o)
and
N kl MZ
= L ——=.
v kK, K,
The cross product T, x N gives us
v v
B, = 7LM1 7LM2.
K, kK,
By the formula of the torsion, we have
T = 2/
R a1

In terms of equations (10) and (11) and by the Theorem 2, we may obtain:

Corollary 3. Let y = y(s ) be the M, spherical image of a regular curve y = y(s). If y = y(s) is a
B-slant helix, then the M, Bishop spherical image y(s,) is a circle in the osculating plane.

Theorem 6. Let y = y(s, ) be the M, spherical image of a regular curve y = y(s). Then, there exists
a relation among Frenet-Serret invariants of y(s ) and the Bishop curvatures of y = y(s) as
follows:

k, f
k—l + J'kidesw =0.
2 0

Proof. Similar to proof of the theorem 6, above equation can be obtained by the equations (9),
(10) and (11).

In the light of the propositions 4 and 5, we also give the following theorems for the curve
Y =y(s,):
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Theorem 7. Let y = y(s, ) be the M, Bishop spherical image of a regular curve y = y(s). If y is a
general helix, then, Bishop curvatures of y satisfy

K
k2|
)

5 = constant.
(ki +k3)?

Theorem 8. Let y = y(s, ) be the M, Bishop spherical image of a regular curvey =y(s). If y is a slant
helix, then, the Bishop curvatures of y satisfy

wfk)
Lk, (ki +k3)*

3 5 = constant.
2

K21 K2 2 >
o) kz{[}jj +(k$+k§)31
2

We also know that v is a spherical curve. By the Proposition 3, it is safe to report the following
theorem:

Theorem 9. Let y = y(s, ) be the M, Bishop spherical image of a regular curve y = y(s). The Bishop
curvatures of the regular curve y = y(s) satisfy the following differential equation

2
’ kZ + k1k2

3
oG iy K

] = constant.

Remark 3. Considering OW = J T,ds, and using the transformation matrix, one can obtain the
0

Bishop trihedra {Tw, M,,, MZW} of the curve y = \y(sw).

' Example 1: In this section, we give two examples of Bishop spherical images.

First, let us consider a unit speed circular helix by

ﬁ=ﬁ(s)=(acos§,asin§,§j, (12)
C C

C

where ¢ = +/a® +b* € R. One can calculate its Frenet-Serret apparatus as the following:

a
K=2
C2
b
T=—
CZ

1 .S S
T =~(-asin—,acos—,b)
c C C
s . s
N =(-cos—,—-sin—,0)
c [¢

B:l(bsini,—bcosﬁ,a)
c c c
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In order to determine the Bishop frame of the curve = (s), let us form Notes
rb bs
0(s) = | 5ds=—-.
0= JFd=5

Since, we can write the transformation matrix

1 0 0
T bs s || T
COS*2 SIIl*2
N = C M1 ’
B —Ssim ?f cos > M2

by the method of Cramer, one can obtain the Bishop trihedra as follows:

The tangent:

1 .S s
T =—(-asin—,acos—,b) (13)
C c C
The M:
s bs b. s . bsb s . bs . s bs a . bs
M, = (-cos—cos— ——sin—sin—,—cos—sin— —sin—cos—,~—sin—)
c ¢ ¢ ¢ ¢ ¢ c c c c C c
The M,;:
b . s bs s . bs b S bs . s . bs a bs
M, = (—sin—cos—-—cos—sin—-,——cos—cos— —sin—sin—-,—cos—)
C c c c c c c C ¢ c c

We may choose a =12, b =5 and c =13 in the equations (12-15). Then, one can see the curve at the
Figure 21.1. So, we can illustrate spherical images see Figure 21.2.

Figure 21.1: Circular Helix b = b(s) for a =12; b =5 and ¢ = 13
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' Example 2: Next, let us consider the following unit speed curve y(s) = (v,, v, 7,):

Y, = 9 sin16s — L sin36s
208 117

¥, = —icosl6s + LCOS36S
208 117
6
=—-sin10s
Y3 65

It is rendered in Figure 21.2. And, this curve’s curvature functions are expressed as in [12]:

K(s)=-24sin10s
T(s) =24cos10s

It is an easy problem to calculate Frenet-Serret apparatus of the unit speed curve y = y(s). We also
need

0(s) = IZ4 cos(10s)ds = %sin(lOs).
0

The transformation matrix for the curve y = y(s) has the form

1 0 0
T
cos(% sin10s) sin(2—45in 10s) T
N|=|0 10 10 M,
B M

—sin(% sin10s) cos(% sin10s)
0 10 10

r Figure 21.2: Tangent, M, and M, Bishop Spherical Images of B = B(s) fora =12; b =5 and ¢ = 13.
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21.5 Summary Notes

° If the tangent vector of this curve forms a constant angle with a fixed constant vector U,
then this curve is called a general helix or an inclined curve.

) A regular curvey: I — E®is called a slant helix according to Bishop frame provided the unit
vector M, (s) of y has constant angle 6 with some fixed unit vector u; that is,

(M;, u) =cos 6
foralls e I.

° Let y = y(s) be a regular curve in E*. If we translate of the first (tangent) vector field of
Bishop frame to the center O of the unit sphere S?, we obtain a spherical image & = &(s,). This
curve is called tangent Bishop spherical image or indicatrix of the curve y = y(s).

° Lety =v(s) be aregular curve in E°. If we translate of the second vector field of Bishop frame
to the center O of the unit sphere S?, we obtain a spherical image & = §(s,). This curve is
called M, Bishop spherical image or indicatrix of the curve y = y(s).

° Let y = y(s) be a regular curve in E°. If we translate of the third vector field of Bishop frame
to the center O of the unit sphere S?, we obtain a spherical image of y = y(s ). This curve is
called the M, Bishop spherical image or the indicatrix of the curve y = y(s).

21.6 Keywords

General helix: If the tangent vector of this curve forms a constant angle with a fixed constant
vector U, then this curve is called a general helix or an inclined curve.

Slant helix: A regular curve y : I - E? is called a slant helix according to Bishop frame provided
the unit vector M, (s) of y has constant angle 6 with some fixed unit vector u; that is,

(M,, u) =cos 6
foralls e I.

Tangent Bishop spherical image: Let y = y(s) be a regular curve in E. If we translate of the first
(tangent) vector field of Bishop frame to the center O of the unit sphere S? we obtain a spherical
image & = &(s,). This curve is called tangent Bishop spherical image or indicatrix of the curve
Y=(s)-

M, Bishop spherical image: Lety = y(s) be a regular curve in E*. If we translate of the second vector
field of Bishop frame to the center O of the unit sphere S?, we obtain a spherical image 5 = 3(s,).
This curve is called M, Bishop spherical image or indicatrix of the curve y = y(s).

M, Bishop spherical image: Let y = y(s) be a regular curve in E°. If we translate of the third vector
field of Bishop frame to the center O of the unit sphere S?, we obtain a spherical image of y =
y(s,)- This curve is called the M, Bishop spherical image or the indicatrix of the curve y = y(s).

21.7 Self Assessment

1. Aregular curvey:I— E*iscalleda .................. according to Bishop frame provided the unit
vector M, (s) of y has constant angle 6 with some fixed unit vector u; that is,

(M;, u) =cos 6

foralls e L.
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If the tangent vector of this curve forms a constant angle with a fixed constant vector U,
then this curve is called a .................. or an inclined curve

Let y = y(s) be a regular curve in E’. If we translate of the first (tangent) vector field of
Bishop frame to the center O of the unit sphere S, we obtain a spherical image & = &(s,). This
curve is called .................. or indicatrix of the curve y = y(s).

Lety =v(s) be aregular curve in E°. If we translate of the second vector field of Bishop frame
to the center O of the unit sphere 5%, we obtain a spherical image & = 5(s,). This curve is
called ..o or indicatrix of the curve y = y(s).

Let y = y(s) be a regular curve in E°. If we translate of the third vector field of Bishop frame
to the center O of the unit sphere S?, we obtain a spherical image of y = y(s, ). This curve is
called the .................. or the indicatrix of the curve y = y(s).

21.8 Review Questions

] [1 0 o It
Find Relation Matrix | N |=|0 ¢€0s0(s) sinf(s) || M, |.
B 0 —sin6(s) cosb(s) || M,

Let & = &(s,) be the tangent Bishop spherical image of a regular curve y = y(s).
If y = y(s) is a B-slant helix, then the tangent spherical indicatrix & is a circle in the osculating
plane.

Next, let us consider the following unit speed curve y(s) = (v,, v, 7,):

Y1 = isinl6s - Lsin36s
208 116

Y, = 2 cos16s + Lcos 36s
327 117

6
=—-sin10s
Y3 65

Answers: Self Assessment

1. slant helix 2. general helix
3. tangent Bishop spherical image 4. M, Bishop spherical image
5. M, Bishop spherical image

21.9 Further Readings

&

Books Ahelfors, D.V. : Complex Analysis

Conway, J.B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
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P.K. Banerji : Complex Analysis Notes
Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 22: Bertrand Curves
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Objectives

After studying this unit, you will be able to:
° Discuss Special Frenet Curves in E"
° Describe Bertrand Curves in E"

° Explain (1, 3)-Bertrand Curves in E*
Introduction

We denote by E? a 3-dimensional Euclidean space. Let C be a regular C*- curve in E?, that is, a
C*-mapping ¢ : L - E? (s = c(s)). Here L c R is some interval, and s (€ L) is the arc-length
parameter of C. Following Wong and Lai [7], we call a curve C a C*-special Frenet curve if there
exist three C*-vector fields, that is, the unit tangent vector field t, the unit principal normal
vector field n, the unit binormal vector field b, and two C*-scalar functions, that is, the curvature
function k(> 0), the torsion function T(# 0). The three vector fields t, n and b satisfy the Frenet
equations. A C*-special Frenet curve Cis called a Bertrand curve if there exist another C*-special

Frenet curve C and a C*-mapping ¢ : C — C such that the principal normal line of C at c(s) is
collinear to the principal normal vector n(s). It is a well-known result that a C*-special Frenet
curve Cin E° is a Bertrand curve if and only if its curvature function K and torsion function T
satisfy the condition aK(s) + bT(s) =1 for all s € L, where a and b are constant real numbers.

In an n-dimensional Euclidean space E", let C be a regular C*-curve, that is a C*-mapping c: L —
E" (s > c(s)), where s is the arc-length parameter of C. Then we can define a C*-special Frenet
curve C. That is, we define t(s) = ’(s), n,(s) = (1/ | |<”(s)| |). c”(s), and we inductively define n,(s)
(k=2,3, .., n-1) by the higher order derivatives of c (see next section, in detail). The n vector
fields t, n,, ..., n_, along C satisfy the Frenet equations with positive curvature functions k, ...,
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k_, of C and positive or negative curvature function k _, of C. We call n, the Frenet j-normal Notes
vector field along C, and the Frenet j-normal line of C at ¢(s) is a line generated by n(s) through
c(s) j=1,2, ..., n-1). The Frenet (j, k)-normal plane of Cat c(s) is a plane spanned by n(s) and n,(s)
through c(s) (, k=1, 2, ..., n - 1;j # k). A C*-special Frenet curve C is called a Bertrand curve if

there exist another C*-special Frenet C and a C*-mapping ¢ : C — C such that the Frenet 1-
normal lines of C and C at corresponding points coincide. Then we obtain

Theorem A. If n > 4, then no C*-special Frenet curve in E" is a Bertrand curve.

This is claimed with different viewpoint, thus we prove the above Theorem.

We will show an idea of generalized Bertrand curve in E*. A C*-special Frenet curve C in E* is
called a (1, 3)-Bertrand curve if there exist another C*-special Frenet curve C and a C*-mapping

@:C— C such that the Frenet (1, 3)-normal planes of Cand C at corresponding points coincide.
Then we obtain

Theorem B. Let C be a C*-special Frenet curve in E* with curvature functions k , k,, k.. Then Cis

a (1, 3)-Bertrand curve if and only if there exist constant real numbers o, B, v, é'saz{isfaﬁng
ak,(s) - Bk,(s) # 0 (@)
ok, (s) *+ vfok,(s) - Bky(s)} =1 (b)
7k, (s) - ky(s) = 3K,(s) ©
(7 = Dk, ()k,(s) + v{(k,(5))* = (K;(9))? = (K(s))?} # O (CY
foralls e L.

This Theorem is proved in subsequent section.

We remark that if the Frenet j-normal vector fields of C and C are not vector fields of same
meaning then we can not consider coincidence of the Frenet 1-normal lines or the Frenet (1, 3)-

normal planes of C and C. Then we consider only special Frenet curves.
Give an example of (1, 3)-Bertrand curve.

We shall work in C”-category.

22.1 Special Frenet Curves in E*

Let E* be an n-dimensional Euclidean space with Cartesian coordinates (x', x%..., x"). By a
parametrized curve C of class C*, we mean a mapping c of a certain interval I into E" given by

X" (1)

N =

#0 for all t € I, then C is called a regular curve in En. Here (,.)

i [de] <dc(t) dc(t)>

| dt |\ dt ~ dt

denotes the Euclidean inner product on E™.

LOVELY PROFESSIONAL UNIVERSITY 259



Complex Analysis and Differential Geometry

260

Notes

A regular curve C is parametrized by the arc-length parameter s, thatis,c: L — En (L > s> c(s)

dc(s)

ds

=1 for all

d
€ En)([1]). Then the tangent vector field E: along C has unit length, that is,

s e L.

Hereafter, curves considered are regular C*-curves in E* parametrized by the arc-length parameter.

d
Let C be a curve in E", that is, c(s) € E"for all s € L. Let t(s) = % for all s € L. The vector field
t is called a unit tangent vector field along C, and we assume that the curve C satisfies the

following conditions (C)) ~ (C_,):

Then we obtain a well-defined vector field n, along C, that is, for all s € L,

di(s)
ds

d’c(s)

35 >0 forallsel.
s

€)k(9)-]

1 di(s)
S kl(s) ds

n,(s)
and we obtain,
(t(s)n,(s))=0,  (ny(s),n,(s))=1.

% 1, (5).4(s)

(C,):k,(s)= >0 forallseL.

Then we obtain a well-defined vector field n, along C, that is, for all s € L,

__1 (dny(s)
nz(s)—kz(s).( s +k1(s).t(s)j,

and we obtain, fori,j=1, 2,

(te)ni(s)=0,  (n(s)n,(s)) =3,
where §; denotes the Kronecker’s symbol.
By an inductive procedure, for ¢ =3,4,..,n-2,

dn, ,(s)
ds

>0forallsel.

(C):k,(s) = +k,1(s)n,,(s)

Then we obtain, for ¢ =3, 4, .., n - 2, a well-defined vector field n, along C, thatis, foralls e L

_ 1 dn,_(s)
0= Tk @00

and fori,j=1,2,..,n-2

(K(s)m(s)) =0, (ny(s),ny(s)) = 3.

LOVELY PROFESSIONAL UNIVERSITY



Unit 22: Bertrand Curves

And Notes

dn,,,(s)
d

s

(Cas)ikya(s) = < ,nn1(5)> #0forallsel,

where the unit vector field n_, along C is determined by the fact that the frame {t, n, .., n__,} is
of orthonormal and of positive orientation. We remark that the functions k,, ..., k_, are of
positive and the function k__, is of non-zero. Such a curve C is called a special Frenet curve in E".
The term “special” means that the vector field n_, is inductively defined by the vector fields n,
and n_, and the positive functions k; and k_,. Each function k is called the i-curvature function of
C@{i=1,2,..,n-1). The orthonormal frame {t, n, .., n_,} along C is called the special Frenet
frame along C.

Thus, we obtain the Frenet equations

4O _k,(5).m,(5)

ds
A6 g (5). t(6) +Ka(s) . na(5)
ds
dn,(S) — _kﬁ(s) .n,_, + k,, (S) . nf+1(s)
ds
% =-k, ,(s).n, 5(s)+k,_;(s).n,_,(s)
dnnd*Sl (s) =-k,4(s)-n,,(s)

foralls € L. And, forj=1, 2, ..., n -1, the unit vector field n along C s called the Frenet j-normal
vector field along C. A straight line is called the Frenet j-normal line of Catc(s) (j=1,2,..n-1
and s € L), if it passes through the point c(s) and is collinear to the j-normal vector n(s) of Cat c(s).

Remark. In the case of Euclidean 3-space, the Frenet 1-normal vector fields n1 is already called
the principal normal vector field along C, and the Frenet 1-normal line is already called the
principal normal line of C at c(s).

For each point c(s) of C, a plane through the point c(s) is called the Frenet (j, k)-normal plane of
Catc(s) if it is spanned by the two vectors n(s) and n,(s) (, k =1, 2, ..., n - 1;j <k).

Remark. In the case of Euclidean 3-space, 1-curvature function k, is called the curvature of C,
2-curvature function k, is called the torsion of C, and (1, 2)-normal plane is already called the
normal plane of C at c(s).

22.2 Bertrand Curves in E»

A C~»-special Frenet curve C in E"(c : L — E") is called a Bertrand curve if there exist a C*-special

de(s) _

Frenet curve C (c:L — E"), distinct from C, and a regular C*-map ¢:L— L (5= (p(S),T

forall s € L) such that curves Cand C have the same 1-normal line at each pair of corresponding
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points c(s) and ¢(5) = c(¢(s)) under ¢. Heresand s arc-length parameters of Cand C respectively.
In this case, C is called a Bertrand mate of C. The following results are well-known:
Theorem (the case of n = 2). Every C”-plane curve is a Bertrand curve.

Theorem (the case of n = 3). A C*-special Frenet curve in E* with 1-curvature function k, and
2-curvature function k, is a Bertrand curve if and only if there exists a linear relation

ak (s) + bk,(s) =1
for all s € L, where a and b are nonzero constant real numbers.

The typical example of Bertrand curves in E® is a circular helix. A circular helix has infinitely
many Bertrand mates.

We consider the case of n > 4. Then we obtain Theorem A.

Proof of Theorem A. Let C be a Bertrand curve in En (n > 4) and C a Bertrand mate of C. C is
distinct from C. Let the pair of c(s) and <(5) = ¢(¢(s)) be of corresponding points of C and C.
Then the curve C is given by
c(s) =c(p(s)) =c(s) + a(s).n,(s) (1)
where o is a C*-function on L. Differentiating (1) with respect to s, we obtain
j'(s).@ =c'(s)+a'(s).n,(s)+a(s).n,(s).

ds |5

S=p(s)

Here and hereafter, the prime denotes the derivative with respect to s. By the Frenet equations,
it holds that

0'() - t(@(s)) = (1= a(s)k,(s)) - t(s) + &'(5) . 1 (5) + cu(s)ky (S) . 1y (8)-

Since <t(cp(s)),ﬁ1((p(s))> =0 and n,(¢(s)) =+n,(s), we obtain, foralls € L,

that is, a is a constant function on L with value a (we can use the same letter without confusion).
Thus, (1) are rewritten as

¢(8) =c(o(s)) = c(s) + . 1y(s), @y
and we obtain

¢'(s) - t(@(s)) = (1 -aky(s)) . t(s) + aky(s) . n,(s) @)
forall s € L. By (2), we can set

E(9(s)) = (cos O(s)) - £(s) + (sin O(s)) . n,(s), ®)
where 0 is a C*-function on L and

cos 0(s) = (1 - ak,(s))/¢'(s) 4.1)

sin 0(s) = ak,(s)/ ¢’ (s). 4.2)
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Differentiating (3) and using the Frenet equations, we obtain Notes

K00 ), (9(5) = T2 1) + (K, (9)c050(5) - ko (0)sin0()m, (5 + 39D )4k ()sin 051y 5,

Since n,(¢(s)) = 4n,(s) for all s € L, we obtain
k,(s) sin q(s) = 0. 5)

By k,(s) #0 (Vs € L) and (5), we obtain that sin 8(s) = 0. Thus, by k2(s) > 0(V s € L) and (4.2), we

obtain that o = 0. Therefore, (1) implies that C coincides with C. This is a contradiction. This
completes the proof of Theorem A.

22.3 (1, 3)-Bertrand Curves in E*

By the results in the previous section, the notion of Bertrand curve stands only on E? and E*. Thus,
we will try to get the notion of generalization of Bertrand curve in E* (n > 4).

Let C and C be C*-special Frenet curves in E*and ¢ : L — L a regular C*-map such that each
point c(s) of C corresponds to the point ¢(5)=7c(¢(s)) of C fors e L. Here s and § arc-length

parameters of C and C respectively. If the Frenet (1, 3)-normal plane at each point c(s) of C
coincides with the Frenet (1, 3)-normal plane at each point c(s) of C coincides with the Frenet

(1, 3)-normal plane at corresponding point ¢(5)=c(¢(s)) of C forall's € L, then C is called a

(1,3)-Bertrand curve in E*and C is called a (1, 3)-Bertrand mate of C. We obtain a characterization
of (1, 3)-Bertrand curve, that is, we obtain Theorem B.

Proof of Theorem B. (i) We assume that C is a (1, 3)-Bertrand curve parametrized by arc-length

s. The (1, 3)-Bertrand mate C is given by
€(5)=c(0(s)) =c(s) + fs) - my(s) + P(s) - ny(s) @)

for all s € L. Here o and B are C*-functions on L, and § is the arc-length parameter of C.
Differentiating (1) with respect to s, and using the Frenet equations, we obtain

@'(s) - t(p(s)) = (1 -als)k,(s)) - t(s) + o(s) - my(5) + (a(5)ky(S) ~ B(5)k,(S)) - () + B’ (5) - y(5)
foralls e L.

Since the plane spanned by n,(s) and n,(s) coincides with the plane spanned by n,(¢(s)) and

n,(p(s)), we can put
n,(e(s)) = (cos 0(s)) . n,(s) + (sin B(s)) . n,(s) (2.1)

15(9(s)) = (= sin 6(s)) . ny(s) + (cos 6(s)) - ny(s) (2.2)

and we notice that sin 8(s) # 0 for all s € L. By the following facts
0= ('(5)- 1(0(s)), 1, (0(s))) = 's . (cosB(s) +B'(s) . (5in B(s))

0=(¢'(s)- t(0(s)),15(9(s))) = —a's . (sinO(s) +B'(s) . (cos 6(s)),
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we obtain
o(s) =0, B'(5) =0,

that is, o and B are constant functions on L with values a and b, respectively. Therefore, for all
s € L, (1) is rewritten as

AE)=T906)) =c(s) + . ny(6) + B ny(5) 1y
and we obtain
9'(5). T(0(s)) = (1 - ak,(9)) - 1S) + (ok(5) - Bo(6)) - (). ©
Here, we notice that
(@' ()7 = (1 - ak, (&) + (aky(s) - P,(E)) # 0 )

for all s € L. Thus, we can set
t(0(s)) = (cos T(s)) . t(s) + (sin T(s) . n,(s) (5)
cos T(s) = (1 - ak,(s))/ (@ (5))
sin T(s) = (ak,(s) - Bk(s))/ (¢'(s))

where T is a C*-function on L. Differentiating (5) with respect to s and using the Frenet equations,
we obtain

dcos(T(s))

(p'(s)E (@(s)) ., (9(s)) = T.t(s) +{k,(s)cos(T(s)) — k,(s)sin(T(s))}.n,(s)
+ w.nz(s) + Xk, (s)sin(T(s)).n,(s).

Since n,(¢(s)) is expressed by linear combination of n, (s) and n,(s), it holds that

dcosT(s) _ 0 dsinT(s)) _ 0
ds 7 ds 7

that is, T is a constant function on L with value T,. Thus, we obtain

t(p(s)) = (cosT,) . t(s)+ (sinTy) . n,(s) By
¢’(s) cos T, =1 - ak,(s) 6.1)
¢’(s) sin T = ak,(s) - Bk,(s) 6.2)

for all s € L. Therefore, we obtain
(1 - ak,(s)) sin T, = (ak,(s) - Bk,(s)) cos T (7)

foralls e L.

If sin T, = 0, then it holds cos T, = #1. Thus, (5)" implies that t(¢(s)) = +t(s). Differentiating this

equality, we obtain

¢'(5)k, (9()) - 11, (0(5)) = £k, (5) - 1, (s),

that is,

1, (¢(s)) = £1,(s),
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for all s € L. By theorem A, this fact is a contradiction. This we must consider only the case of sin Notes
T, # 0. Then (6.2) implies

ak,(s) - Bk,(s) #0 (s € L),
that is, we obtain the relation (a).
The fact sin T # 0 and (7) simply
ak,(s) + {(cos T,) (sin T )"} (ak,(s) - Pk,(s)) = 1.
From this, we obtain
ak, () + v(otky(s) - Bky(s) = 1
for all s € L, where y = (cos T,) (sin T;)™ is a constant number. Thus we obtain the relation (b).

Differentiating (5)" with respect to s and using the Frenet equations, we obtain
¢'(5)k; (0(5)) - 1, (9(s)) = (K, (8) cos Ty ~ K, (s)sin Ty).n () + ki (5) sin Ty (s)
for all s € L. From the above equality, (6.1), (6.2) and (b), we obtain
o'(s)k (o()}?
= {k,(s)cos T, -k, (s)sinT,}* + {k,(s)sin T, }?
= (oky(s) = Pky(5)) [(vK, () = Ky())* + (ky(5))°] (@ ()™
for all s € L. From (4) and (b), it holds
(@' (5)) = (v* + 1) (ak(s) - Bk,(s))*
Thus we obtain

1
y2+1

{0'(s)k, (0(s)))* = {7k, (5) Ky () + X5 ()%} ®)

By (6.1), (6.2) and (b), we can set
1, (¢(s)) = (cosn(s))n, (s) +(sinn(s)-ns(s), ©)

where

(ak, (8) — Bk4 () (vky (8) ~ K4 (5))
Ky (0())(9'(s))*

cos n(s) = (10.1)

(ak, (s) — Bk (s))ks(s)
Ky (0(s))(¢'(s))”

for all s € L. Here, h is a C*-function on L.

sin n(s) = (10.2)

Differentiating (9) with respect to s and using the Frenet equations, we obtain
=)k (0(5))-E(i(5)) + ' () (j(5))-7 (0(s))

- 48N g (5)+ SN () 3)(cOs(S) - 15) + (kalo) cosN(E) k(SIS n:(6)
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for all s € L. From the above fact, it holds

dcosn(s) _o dsinn(s)
ds Y ds

=0,

that is, n is a constant function on L with value 1. Let 8 = (cos 1) (sin n,)" be a constant number.
Then (10.1) and (10.2) imply

vk (5) - ky(s) = 8k,(s) (VseL),
that is, we obtain the relation (c).

Moreover, we obtain
—'(3)k, (9(3)) - €(0(5)) + 9'()k, (0(5)) - T, ((s))
= -k, (s)(cosn(s) . t(s) + {k,(s)(cosn(s)) — ks (s)(sinn(s))} - ny(s)
By the above equality and (3), we obtain
—'(3)k,(9(5)) - T1,(0(5)) = 0'(5)k, (0(5)) - T(9(s))
=K, (s)(cosmy) . t(s) + {k; (s)(cosmy ) —k;(s)(sinm, )} . ny(s)
= (9'(5) (ki (9(s)} " - {A(s) - t(s) + B(s) - n(s)),
where
A(S) = {0'(3)k, (9(3))) (1 = 0k, (5)) — Ky (8) etk () = Bk () (vK, (5) — K, (5))
B(s) = {0'(5)k, (0(5))} (ak(5)) = Bks () + (k5 (5) = Bk () (YK, (5) — K (8))Ka (5)
~(okey () = Bk (8)) (ks (8))?
for all s € L. From (b) and (8), A(s) and B(s) are rewritten as:
A(s) = —(r* + 1) (o, (5) = Bl (8)) x[(v* = 1)k, (s)k, (8) + 7{(K, (8))” = (K, (8))” = (k5 (8))}]
B(s) = v(v* + 1) (atk, (5) — By (8)) x[(v* — 1)k, (), (5) + ¥{(K, (8))” — (K (8))” — (s (8))}].
Since ¢'(s)k,(¢(s)). 1, (¢(s)) # 0 for all s e L, it holds
(0 =Dk, (5, (5) + 710, (5))° = (K (5))” (ks (8))) 0

for all s € L. Thus, we obtain the relation (d).

(if) Weassumethat C(c: L — E*) is a C*-special Frenet curve in E* with curvature functions k , k,
and k, satisfying the relation (a), (b), (c) and (d) for constant numbers a, b, g and d. Then we

define a C*-curve C by
c(s) =c(s) +a.m(s) + B . ny(s) (11)

for all s € L, where s is the arc-length parameter of C. Differentiating (11) with respect to s and
using the Frenet equations, we obtain

dc(s)
ds

= (1=-ak,(s)) - t(s) + (ak,(s) = Pk;(5)) - 5 (s)
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for all s € L. Thus, by the relation (b), we obtain Notes
dc(s
L) ()~ Bha(s) (7 15) +,06) @)

for all s € L. Since the relation (a) holds, the curve C is a regular curve. Then there exists a

regular map ¢ : L —» L defined by

«|

dE(t)H dt  (vsel),
dt

=g(s) = J'
0
where s denotes the arc-length parameter of C, and we obtain

¢'(5) = eyy* +1 (ak,(s) — Bk, (s) >0, (13)

where & = 1if ok,(s) - Bk,(s) >0, and & = -1 if ak,(s) - Bk,(s) <0, for all s € L. Thus the curve C is
rewritten as

c(s) = c(e(s))
=c(s) +a.n,(s) + B . n,(s)

for all s € L. Differentiating the above equality with respect to s, we obtain

¢'(9)— < oy = (OK(9) = BK(S)) - {r - (6) + my(6))- (14)

We can define a unit vector field t along C by t(s) = dc(s)/ds forall seL. By (13) and (14),
we obtain

(0(s)) =e(y2 + 1)2. {y . t(s) + n,(s)} (15)
for all s € L. Differentiating (15) with respect to s and using the Frenet equations, we obtain
dt(s)

9'(s). e

} = 5(72 + 1)71/2 Ak, (s) Kk, (s)) - ny(s) + ks (s) - 0y ()}

s=¢(s)

and

di)] |k © KO (6)
|45 L (W' +1
By the fact that k,(s) > 0 for all s € L, we obtain
= dt(s
ko) = [T 0 (16
S ls=o(s)

for all s € L. Then we can define a unit vector field 1, along C by

n,(s) = 1,(9(s))
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1 dEE)
K(oE) ds |,

_ 1
(71 (8) ~ Ky (8))7 + (K3 (8))7 - (7K, (5) = s (5) -1y (5) + Ky (5) - my (9)

forall s € L. Thus, we can put

7,((s)) = (cos £(5)) . n,(s) + (sin &(s)) - n,(s), (17)
where
) Ky (s) K, (s)
&(s) = X (18.1)
T e ®) - k®) + (0 6))
sin &(s) = ks(5) (18.2)

= =>0
a7k, (5) Ko (5))” + (ks (6)
for all s € L. Here, £ is a C*-function on L. Differentiating (17) with respect to s and using the
Frenet equations, we obtain
dn, (s)
ds

N dcosé(s) .

=k, (s)(cosE(s)) - t(s) + —

5=0(s)

¢'(s).- n,(s)

{ka(5)(c0s2() -k ()G &SN ma(s) + T )

Differentiating (c) with respect to s, we obtain

(8k1(5) =Ky (8)ks () = (vky () ~ ky (8))ks(s) = 0. (19)
Differentiating (18.1) and (18.2) with respect to s and using (4.19), we obtain

dcosE_,(s):O dsin&(s):0
ds ds

that is, & is a constant function on L with value &,. Thus, we obtain

vk, (8) —Kky(s) -

& 18.1)
NSRS S (5D
£(3) = sing, >0. 18.2y
ey (7K, (8) — K, (5))* + (K4 (5))?
From (17), it holds
1,(9() = (cos &) . 1,(5) + (sin &) . ny(s). (20)

Thus we obtain, by (15) and (16),

(K, () Ko (5))° + (ky(5))°
£0'(5)(r” + D1k, (5) =k, (5))” + (ky(s))’

K, (9(s)) - t(o(s) = (v H(s) + ny(s)),
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and by (18.1)", (18.2)" and (20), Notes
dn, (s) - —ky(s)(vk, (5) — K, () )+ KOk (5) Ky ()~ (Ks(5)” n,(s),
ds sy g@l(s)\/(ykl (s)—k, (S))Z + (k3(5))2 S(P'(S)\/(Ylﬂ (s)—k, (S))z + (k3(s))2

for all s € L. By the above equalities, we obtain

% o K, (9(s)) . T(g(s)) = % t(s)+ gg; .1,(s),

§=9(s)
where
P(s) = -[r{(k,(5))* - (k,(5))* - (k;(9))} + (v - Dk, (5)k,(5)]
Q(s) = v[ri(k(9))* = (ky(8))* = (ky(8))%} + (v - Dk, ()ky(5)]

R(s) = (r? + 1) ¢'(8) (1K, (8) — K, (5))* + (k4(5))* #0

for all s € L. We notice that, by (c), P(s) # 0 for all s € L. Thus we obtain

K, (0(s))

dn, (s)

ds

+K,((s) . t(0(s))
5=0(s)

LS -~ (ko (5))° ~ (ks(9))* + (82 - Dk, (8)ks(s)] .
@' (ST + 131K, (8) — K, (5))* + (s (5))?

for all s € L. Thus, we can define a unit vector field 0, () along C by

n,(8) = N(¢(s))

that is,

R (0f6) = - Jy% (H(8) +7.1,(5)) 1)

for all s € L. Next we can define a unit vector field 0, along C by
n,(8) = n5(j(s))

_ 1
ey (7K, (8) =k, (8)) + (K5 (5))? - {5 (5) . 11, () + (v, () — K, (8)) - 1y (5)}

that is,

03(¢(s)) =~(sin &) . ny(s) + (cos &) . ny(s) (22)
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for all s € L. Now we obtain, by (15), (20), (21) and (22),
det[t((s)), 11 (¢(s), 0, (9(8)), 15 (j(3))] = det[t(s),ny (s),my (), s (s)] = 1
for all s € L. And we obtain

(t(0(s), [, (0(5) =0, {A,(9(8)),7i;(0(s))) = 5,

foralls € Land i, j =1, 2, 3. Thus the frame {t,n,,n,,0,} along C is of orthonormal and of

positive. And we obtain

_ dn, () _
k, =({— Ny
2(9(5)) < 3 | n(«p(s))>
) 7* +1K, (s)ks(s)

@' (S (rk; (5) K, (5))* + (k5 (5))’

>0

for all s € L. Thus curve C is a C*-special Frenet curve in E*. And it is trivial that the Frenet
(1, 3)-normal plane at each point c(s) of C coincides with the Frenet (1, 3)-normal plane at

corresponding point ¢(s) = ¢(¢(s)) of C. Therefore C is a (1, 3)-Bertrand curve in E*.

Thus (i) and (ii) complete the proof of theorem B.

22.4 An Example of (1, 3)-Bertrand Curve

Let a and b be positive numbers, and let r be an integer greater than 1. We consider a C*-curve
Cin E* defined by c: L —» E*;

acos s
r’a® + b?
. r
asin s
[ r’a’ + b? }
c(s) =
bcos(rs}
Jria® +b?
bsin[ s}
| r’a’+b> /|

for all s € L. The curve C is a regular curve and s is the arc-length parameter of C. Then C is a
special Frenet curve in E* and its curvature functions are as follows:

Jrta? +b?

ky(s) = 2ai+b®

r(r* —1)ab

("a® + b’ Wr'a? +b>

ky(s) =
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ky(s) =

__r
Jra? b2
We take constant o, 3, y and 8 defined by

—(r*aA +bB) + (r’a® + b?)

o= 12 2 4
Vrfa®+b

—~(r’aB—bA) +(r* —1)ab

p= ,
Jria? + b2
_ r’aA +bB
"7 t(aB-DbA)’
_ r*aA +bB
r’(aB—bA)’

Here, A and B are positive numbers such that aB # bA. Then it is trivial that (a), (b), (c) and (d)
hold. Therefore, the curve C is a Bertrand curve in E4 and its Bertrand mate curve C in E*

(c:L—>E") is given by

A cos

Beos| —————
+B

I
Asin ﬁ
\/7

r _
r’A? + B? °
r _
r’A? + B? °
1 _
S

r'A
r _
S

A

Bsin| ————
[2A2 1 B2

forall seL, where s is the arc-length parameter of C, anda regular C*-map ¢: L — L is given

by

_ N1?A? + B?
S=0(s) =——=—=5 (VseL).
vria®+b

Remark: If a? + b? = 1, then the curve C in E* is a leaf of Hopf r-foliation on S* ([6], [8]).

LOVELY PROFESSIONAL UNIVERSITY 271



Complex Analysis and Differential Geometry

Notes 22.5 Summary

° Theorem A. If n > 4, then no C”-special Frenet curve in E" is a Bertrand curve.

. Let E" be an n-dimensional Euclidean space with Cartesian coordinates (x!, x3..., x"). By a
parametrized curve C of class C*, we mean a mapping c of a certain interval I into E" given

by

x'(t)
cw=|X®

Vtel

0

1
, >2 #0 forall t € I, then C is called a regular curve in E". Here (.,.)
dt dt dt

denotes the Euclidean inner product on E". We refer to[2] for the details of curves in E™.

|

EI s

° In the case of Euclidean 3-space, the Frenet 1-normal vector fields n1 is already called the
principal normal vector field along C, and the Frenet 1-normal line is already called the
principal normal line of C at c(s).

° A C~-special Frenet curve C in E*(c : L — E") is called a Bertrand curve if there exist a C*-
special Frenet curve C(c:L —E"), distinct from C, and a regular C*-map ¢ : L —

do(s)
ds

L (s=9(s), #0 for all s € L) such that curves C and C have the same 1-normal line

at each pair of corresponding points c(s) and ¢(s)=¢c(¢(s)) under ¢. Here s and s arc-

length parameters of C and C respectively. In this case, C is called a Bertrand mate of C.
The following results are well-known:

Theorem (the case of n = 2). Every C”-plane curve is a Bertrand curve.

Theorem (the case of n = 3). A C”-special Frenet curve in E* with 1-curvature function
k, and 2-curvature function k, is a Bertrand curve if and only if there exists a linear relation

ak (s) + bk,(s) =1

for all s € L, where a and b are nonzero constant real numbers.

o Let Cand C be C*-special Frenet curves in E*and ¢ : L — L a regular C*-map such that
each point c(s) of C corresponds to the point ¢(5) = ¢((s)) of C fors € L. Heresand s arc-

length parameters of C and C respectively. If the Frenet (1, 3)-normal plane at each point
c(s) of C coincides with the Frenet (1, 3)-normal plane at each point ¢(s) of C coincides with

the Frenet (1, 3)-normal plane at corresponding point ¢(s) =c(9(s)) of C foralls e L, then

C is called a (1, 3)-Bertrand curve in E4 and C is called a (1, 3)-Bertrand mate of C. We
obtain a characterization of (1, 3)-Bertrand curve, that is, we obtain Theorem B.

22.6 Keyword

Bertrand curve: If n > 4, then no C*-special Frenet curve in E" is a Bertrand curve.
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22.7 Self Assessment Notes
1. If n > 4, then no C*-special Frenet curve in E"is a ................
1. In the case of ................ the Frenet 1-normal vector fields n1 is already called the principal

normal vector field along C, and the Frenet 1-normal line is already called the principal
normal line of C at c(s).

3. A C»-special Frenet curve in E* with 1-curvature function k, and 2-curvature function k, is
a Bertrand curve if and only if there exists a linear relation ................ forall s € L, where a
and b are nonzero constant real numbers.

4. Let C be a Bertrand curve in En (n>4)and C a............... of C. C is distinct from C.

22.8 Review Questions

1. Discuss Special Frenet Curves in E"
2. Describe Bertrand Curves in E"

3. Explain (1, 3)-Bertrand Curves in E*
Answers: Self Assessment

1. Bertrand curve. 2. Euclidean 3-space,

3. ak (s) + bk,(s) =1 4. Bertrand mate

22.9 Further Readings

&

Books Abhelfors, D.V. : Complex Analysis

Conway, ]J.B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.

LOVELY PROFESSIONAL UNIVERSITY 273



Complex Analysis and Differential Geometry

Notes Unit 23: Developable Surface Fitting to Point Clouds

CONTENTS
Objectives
Introduction
23.1 Contribution of the Article
23.2 The Blaschke Model of Oriented Planes in R?
23.2.1 Incidence of Point and Plane
23.2.2 Tangency of Sphere and Plane
23.2.3 The Tangent Planes of a Developable Surface
23.3 The Classification of Developable Surfaces according to their Image on B
23.3.1 Cones and Cylinders of Revolution
234 Recognition of Developable Surfaces from Point Clouds
23.4.1 Estimation of Tangent Planes
23.4.2 A Euclidean Metric in the Set of Planes
23.4.3 A Cell Decomposition of the Blaschke Cylinder
23.4.4 Analysis and Classification of the Blaschke Image
23.5 Reconstruction of Developable Surfaces from Measurements
23.5.1 Curve fitting on the Blaschke cylinder B
23.5.2 Biarcs in the Space of Planes
23.5.3 A Parametrization of the Developable Surface
23.5.4 Fitting Developable Surfaces to nearly Developable Shapes
23.5.5 Singular Points of a Developable Surface
23.5.6 Conclusion
23.6 Summary
23.7 Keywords
23.8 Self Assessment

23.9 Review Questions

23.10 Further Readings

Objectives

After studying this unit, you will be able to:
° Discuss The Blaschke Model of Oriented Planes in R®
° Explain Incidence of Point and Plane

. Define Tangency of Sphere and Plane
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° Discuss the Classification of Developable Surfaces according to their Image on B Notes
) Describe Cones and Cylinders of Revolution

) Explain Recognition of Developable Surfaces from Point Clouds

) Describe Reconstruction of Developable Surfaces from Measurements

Introduction

Given a cloud of data points p, in R?, we want to decide whether p, are measurements of a
cylinder or cone of revolution, a general cylinder or cone or a general developable surface. In
case, where this is true we will approximate the given data points by one of the mentioned
shapes. In the following, we denote all these shapes by developable surfaces. To implement this
we use a concept of classical geometry to represent a developable surface not as a two-parameter
set of points but as a one-parameter set of tangent planes and show how this interpretation
applies to the recognition and reconstruction of developable shapes.

Points and vectors in R® or R* are denoted by boldface letters, p, v. Planes and lines are displayed
as italic capital letters, T,L. We use Cartesian coordinates in R® with axes x, y and z. In R?, the axes
of the Cartesian coordinate system are denoted by u,, . . ., u,.
Developable surfaces shall briefly be introduced as special cases of ruled surfaces. A ruled
surface R carries a one parameter family of straight lines L. These lines are called generators or
generating lines. The general parametrization of a ruled surface R is

x(u, v) = c(u) + ve(u), 1)
where c(u) is called directrix curve and e(u) is a vector field along c(u). For fixed values u, this
parametrization represents the straight lines L(u) on R.

The normal vector n(u, v) of the ruled surface x(u, v) is computed as cross product of the partial
derivative vectors x, and x , and we obtain

n(u, v) = ¢(u) x e(u) + ve(u) x e(u). ()
For fixed u = u, the normal vectors n(u, v) along L(u,) are linear combinations of the vectors
¢(u,) * e(u,) and é(u,) x e(u,). The parametrization x(u, v) represents a developable surface D if
for each generator L all points x € L have the same tangent plane (with exception of the singular
pointon L). This implies that the vectors ¢ X e and é x e arelinearly dependent which is expressed

equivalently by the following condition
det(¢, e, &) =0. ®)

Any regular generator L(u) of a developable surface D carries a unique singular point s(u) which
does not possess a tangent plane in the above defined sense, and s(u) = x(u, v ) is determined by
the parameter value

_ _(¢xe)-(éxe)
s (exe)z : (4)

If eand é are linearly dependent, the singular point s is at infinity, otherwise it is a proper point.
In Euclidean space RR?, there exist three different basic classes of developable surfaces:

(1)  Cylinder: the singular curve degenerates to a single point at infinity.

(2)  Cone: the singular curve degenerates to a single proper point, which is called vertex.
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(3)  Surface consisting of the tangent lines of a regular space curve s(u), which is the singular
curve of the surface.

In all three cases, the surface D can be generated as envelope of its one parameter family of
tangent planes. This is called the dual representation of D. A cylinder of revolution is obtained
by rotating a plane around an axis which is parallel to this plane. A cone of revolution is
obtained by rotating a plane around a general axis, but which is not perpendicular to this plane.
Further, it is known that smooth developable surfaces can be characterized by vanishing Gaussian
curvature. In applications surfaces appear which are composed of these three basic types.

There is quite a lot of literature on modeling with developable surfaces and their references.
B-spline representations and the dual representation are well-known. The dual representation
has been used for interpolation and approximation of tangent planes and generating lines.
Pottmann and Wallner study approximation of tangent planes, generating lines and points. The
treatment of the singular points of the surface is included in the approximation with relatively
little costs. To implement all these tasks, a local coordinate system is used for the representation
of developable surfaces such that their tangent planes T(t) are given by T(t) : e (t) + e (t)x + ty -
z = 0. This concept can be used for surface fitting too, but the representation is a bit restrictive.

We note a few problems occurring in surface fitting with developable B-spline surfaces. In
general, for fitting a B-spline surface

b(u, v) = 3 N, (u)N;(v)b;

with control points bij to a set of unorganized data points p,, one estimates parameter values
(u, v)) corresponding to p, . The resulting approximation leads to a linear problem in the unknown
control points b For surface fitting with ruled surfaces we might choose the degrees n and 1 for
the B-spline functions N,(u) and N,(v) over a suitable knot sequence. There occur two main
problems in approximating data points by a developable B-spline surface:

. For fitting ruled surfaces to point clouds, we have to estimate in advance the approximate
direction of the generating lines of the surface in order to estimate useful parameter
values for the given data. To perform this, it is necessary to estimate the asymptotic lines
of the surface in a stable way.

o We have to guarantee that the resulting approximation b(u, v) is developable, which is
expressed by equation (3). Plugging the parametrization b(u, v) into this condition leads
to a highly non-linear side condition in the control points b, for the determination of the
approximation b(u, v).

23.1 Contribution of the Article

To avoid above mentioned problems, we follow another strategy. The reconstruction of a
developable surface from scattered data points is implemented as reconstruction of a one-
parameter family of planes which lie close to the estimated tangent planes of the given data
points. Carrying out this concept, we can automatically guarantee that the approximation is
developable. This concept avoids the estimation of parameter values and the estimation of the
asymptotic curves. The reconstruction is performed by solving curve approximation techniques
in the space of planes.

The proposed algorithm can also be applied to approximate nearly developable surfaces
(or better slightly distorted developable surfaces) by developable surfaces. The test
implementation has been performed in Matlab and the data has been generated by scanning
models of developable surfaces with an optical laser scanner. Some examples use data generated
by simulating a scan of mathematical models.
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The basic properties concerning the Blaschke image (Blaschke model) of the set of planes in R3 Notes
which is relevant for the implementation of the intended reconstruction. Section 23.3 tells about

a classification, and Section 23.4 discusses the recognition of developable surfaces in point

clouds using the Blaschke image of the set of estimated tangent planes of the point set.

Section 23.5 describes the concept of reconstruction of these surfaces from measurements. Finally,

we present some examples and discuss problems of this approach and possible solutions.

23.2 The Blaschke Model of Oriented Planes in R3

Describing points x by their Cartesian coordinate vectors x = (X, y, z), an oriented plane E in
Euclidean space R? can be written in the Hesse normal form,

E:nx+ny+nz+d=0, nj+n;+n;=1. ®)

We note that n x + n)y + n,z + d = dist(x, E) is the signed distance between the point x and the
plane E. In particular, d is the origin’s distance to E. The vector n = (n,, n,, n,) is the unit normal
vector of E. The vector n and the distance d uniquely define the oriented plane E and we also use
the notationE:n.x+d =0.

The interpretation of the vector (n, n,, n,, d) as point coordinates in R*, defines the Blaschke
mapping

b:E~ b(E) = (n, n, n, d) = (n,d). 6)
In order to carefully distinguish between the original space R* and the image space R*, we
denote Cartesian coordinates in the image space R* by (u,, u, u,, u,). According to the

normalization n* = 1 and (6), the set of all oriented planes of R® is mapped to the entire point set
of the so-called Blaschke cylinder,

B: wl+ul+ul=1 )

Thus, the set of planes in R® has the structure of a three-dimensional cylinder, whose cross
sections with planes u, = const. are copies of the unit sphere S* (Gaussian sphere). Any point
U € B is image point of an oriented plane in R®. Obviously, the Blaschke image b(E) = (n, d) is
nothing else than the graph of the support function d (distance to the origin) over the Gaussian
image point n.

Let us consider a pencil (one-parameter family) of parallel oriented planes E(t) : n.x + t =0. The
Blaschke mapping (6) implies that the image points b(E(t)) = (n, t) lie on a generating line of B
which is parallel to the u,-axis.

23.2.1 Incidence of Point and Plane
We consider a fixed point p = (p,, p,, p,) and all planes E : n. x + d = 0 passing through this point.
The incidence between p and E is expressed by

pn tp,n,tpn,td=p.n+d=0, 8)

and therefore, the image points b(E) = (n,, n,, n,, d) in R* of all planes passing through p lie in the
three-space

H:pu +pu, +pu,+u, =0, )

passing through the origin of R*. The intersection H (1 B with the cylinder B is an ellipsoid and
any point of H (1B is image of a plane passing through p. Fig. 23.1 shows a 2D illustration of this

property.
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23.2.2 Tangency of Sphere and Plane

Let S be the oriented sphere with center m and signed radius r, S : (x - m)? - r> = 0. The tangent
planes T, of S are exactly those planes, whose signed distance from m equals r. Therefore, they
satisfy

Tg:nm +nm,+nm,+d=n.m+d=r. (10)

—— Figure 23.1: Blaschke Images of a Pencil of Lines and of Lines Tangent to an or. Circle |——

=

[

W i
™ Il
\""‘-— l’ —’/

:"‘sa_.._di_gf

Their Blaschke image points b(TS) thus lie in the three-space
H:mu, +mu, +mu, +u, -r=0, (11)
and b(T,) are the points of the intersection H (1 B, which is again an ellipsoid.

This also follows from the fact that S is the offset surface of m at signed distance r. The offset
operation, which maps a surface F c R (as set of tangent planes) to its offset F, at distance r,
appears in the Blaschke image B as translation by the vector (0, 0, 0, r), see Fig. 23.1.

Conversely, if points q = (q,, q,, q, q,) € B satisfy a linear relation
H:a,+ua, +ua, +ua, +ua, =0,

q = b(T) are Blaschke images of planes T which are tangent to a sphere in case a, # 0. Center and
radius are determined by

m=l(a1 ,4,,8,), TI= %o
a a,

If a, = 0, the planes b(T) pass through the fixed point m. If a, = 0, the planes T form a constant
angle with the direction vector a = (a,, a,, a,) because of a . n = -a, withn = (u,, u,, u,).

Here it would lead to far to explain more about Laguerre geometry, the geometry of oriented
planes and spheres in R®.

23.2.3 The Tangent Planes of a Developable Surface

Let T(u) be a one-parameter family of planes
T(u) : n,(u) + n,(u)x + n(u)y + n,(u)z =0

with arbitrary functions ni, i =1, ..., 4. The vector n(u) = (n,, n,, n,)(u) is a normal vector of T(u).
Excluding degenerate cases, the envelope of T(u) is a developable surface D, whose generating
lines L(u) are

L(u) = T(u) N T(u),

LOVELY PROFESSIONAL UNIVERSITY



Unit 23: Developable Surface Fitting to Point Clouds

where T(u) denotes the derivative with respect to u. The generating lines themselves envelope Notes

the singular curve s(u) which is the intersection
s(u) = T(u) N T(u) N T(u).

Taking the normalization n? +n3+n’ =n(u)®=1 into account, the Blaschke image b(T(u)) =

b(D) of the developable surface D is a curve on the Blaschke cylinder B. This property will be
applied later to fitting developable surfaces to point clouds.

23.3 The Classification of Developable Surfaces according to their

Image on B
This section will characterize cylinders, cones and other special developable surfaces D by
studying their Blaschke images b(D).

Cylinder: D is a general cylinder if all its tangent planes T(u) are parallel to a vector a and thus
its normal vectors n(u) satisfy n . a = 0. This implies that the image curve b(T(u)) = b(D) is
contained in the three-space

H:au, +au,+au,=0. 1)

Cone: D is a general cone if all its tangent planes T(u) pass through a fixed point p = (p,, p,, p,)-
This incidence is expressed by p,n, + p,n, + p,n, + n, = 0. Thus, the Blaschke image curve
b(T(u)) = b(D) is contained in the three space

H:pu +pu,+pu, +u,=0. (2)
There exist other special types of developable surfaces. Two of them will be mentioned here.

The surface D is a developable of constant slope, if its normal vectors n(u) form a constant angle
¢ with a fixed direction vector a. Assuming [|a| =1, we get cos(¢) =a.n(u) =y = const. This implies

that the Blaschke images of the tangent planes of D are contained in the three-space
H:-y+au +au,+au,=0. (3)

The developable surface D is tangent to a sphere with center m and radius r, if the tangent planes
T(u) of D satisfy n, + nm, + n,m, + nm, - r = 0, according to (11). Thus, the image curve b(D) is
contained in the three-space

H:-r+um +um +um, +u, =0. 4)
23.3.1 Cones and Cylinders of Revolution
For applications, it is of particular interest if a developable surface D is a cone or cylinder of

revolution.

Let D be a cylinder of revolution with axis A and radius r. The tangent planes T of D are tangent to

all spheres of radius r, whose centers vary on A. Let
S, :(x-p)P-1*=0,S,: (x-q)-r*=0

1

be two such spheres with centers p, q. According to (11), the images b(T) of the tangent planes T
satisfy the relations

H, :-r+up +up,+up,+u,=0, ®)

H2 Ttuqg tug, tug,tu, = 0.
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Since p # q, the image curve b(D) lies in the plane P = H, (1 H, and b(D) is a conic.

Cones of revolution D can be obtained as envelopes of the common tangent planes of two oriented
spheres S, S, with different radii r # s. Thus, b(D) is a conic contained in the plane
P = H, N H, which is defined by

H1 it u,p, + u,p, + u;p; + u, = 0, (6)
Hz -stuq tuq,tuqg,tu = 0.

Conversely, if the Blaschke image b(D) of a developable surface is a planar curve c P, how can
we decide whether D is a cone or cylinder of revolution?

Let b(D) = b(T(u)) be a planar curve c P and let P be given as intersection of two independent
three-spaces H,, H,, with

Hi : hiU + hilul + hiZuZ + hi3u3 + hi4u4 = 0' (7)

Using the results of Section 23.2.2, the incidence relation b(T(u)) c H, implies that T(u) is tangent
to a sphere, or is passing through a point (h,, = 0), or encloses a fixed angle with a fixed direction

(h,, = 0). The same argumentation holds for H,.

Thus, by excluding the degenerate case h,, = h,, = 0, we can assume that P = H, (1 H, is the
intersection by two three-spaces H,, H, of the form (5) or (6).

(1)  Let the plane P = H, (1 H, be given by equations (5). Then, the developable surface D is a
cylinder of revolution. By subtracting the equations (5) it follows that the normal vector
n(u) of T(u) satisfies

n.(p-q) =0.
Thus, the axis A of D is given by a = p - q and D’s radius equals r.

(2) Let the plane P = H, N H, be given by equations (6). The pencil of three spaces AH, + uH,
contains a unique three-space H, passing through the origin in R*, whose equation is

3
H: Z:ui(spi -1q,) +u,(s-r)=0.
i=1

Thus, the tangent planes of the developable surface D are passing through a fixed point
corresponding to H, and D is a cone of revolution. Its vertex v and the inclination angle ¢
between the axis A : a = p - q and the tangent planes T(u) are

S—r

V= L(sp—rq), and sin¢ =
s—r g =l

23.4 Recognition of Developable Surfaces from Point Clouds

Given a cloud of data points p, this section discusses the recognition and classification of
developable surfaces according to their Blaschke images. The algorithm contains the following
steps:

(1)  Estimation of tangent planes T, at data points p, and computation of the image points b(T)).
(2)  Analysis of the structure of the set of image points b(T)).

(3)  If the set b(T)) is curve-like, classification of the developable surface which is close to p,.

i
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23.4.1 Estimation of Tangent Planes Notes

We are given data points p, i =1, . .., N, with Cartesian coordinates x, y, z in R* and a
triangulation of the data with triangles t. The triangulation gives topological information
about the point cloud, and we are able to define adjacent points q, for any data point p.

The estimated tangent plane T at p shall be a plane best fitting the data points q,. T can be
computed as minimizer (in the 1, or 1 -sense) of the vector of distances dist(q,, T) between the
data points q, and the plane T. This leads to a set of N estimated tangent planes T, corresponding
to the data points p,. For more information concerning reverse engineering.

Assuming that the original surface with measurement points p, is a developable surface D, the
image points b(T) of the estimated tangent planes T, will form a curve-like region on B. To check

the property ’curvelike’, neighborhoods with respect to a metric on B will be defined. Later, we
will fit a curve c(t) to the curve-like set of image points b(T,), and this fitting is implemented
according to the chosen metric.

23.4.2 A Euclidean Metric in the Set of Planes

Now we show that the simplest choice, namely the canonical Euclidean metric in the surrounding
space R* of the Blaschke cylinder B, is a quite useful metric for data analysis and fitting. This says
that the distance dist(E, F) between two planes E, F

E:ex +ex,tex,+e, =0,F:fx +fx +fx +f =0,

with normalized normal vectors e = (e, e, e,) and f = (f,, f,, £,) ([le] =|f]=1) is defined to be the
Euclidean distance of their image points b(E) and b(F). Thus, the squared distance between E and
F is defined by

dist(E, By = (e, - £)? + (e, - £, + (e, - £)° + (e, - £,> (1)

To illustrate the geometric meaning of dist(E, F)? between two planes E and F we choose a fixed
plane M(=F) in R? as x - m = 0. Its Blaschke image is b(M) = (1, 0, 0, -m). All points of the Blaschke
cylinder, whose Euclidean distance to b(M) equals r, form the intersection surface S of B with the

three-dimensional sphere (u, - 1) + uj +uj +(u, + m)> = 12 Thus, S is an algebraic surface of

order 4 in general. Its points are Blaschke images b(E) of planes E in R* which have constant
distance r from M and their coordinates ei satisfy

(e,-1)%+ e} +e; + (e, +m)*-1r2=0. ()
The coefficients e, satisfy the normalization e + €3 + €3 =1. If we consider a general homogeneous
equation E : w x, + w,x, + w,x, + w, = 0 of E, these coefficients wi are related to e, by

e=-— Y i-1,2,34

Wi W+ w3
We plug this into (2) and obtain the following homogeneous relation of degree four in plane
coordinates w,

[(2-1" +m?) (W] + W2 + W)+ Wi =4(w, —mw, )* (W3 + W} +w3). (3)

Hence, all planes E, having constant distance dist(E, M) = r from a fixed plane M, form the
tangent planes of an algebraic surface b™(S) = U of class 4, and U bounds the tolerance region of
the plane M. If a plane E deviates from a plane M in the sense, that b(E) and b(M) have at most
distance r, then the plane E lies in a region of R? which is bounded by the surface U (3).
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For visualization, we choose the 2D-case. Figure 23.2 shows the boundary curves of tolerance
regions of lines M : x = m, for values m = 0, 1.25, 2.5 and radius r = 0.25. The lines M, are drawn
dashed. The largest perpendicular distance of E(| | M) and M within the tolerance regions is r.
The largest angle of E and M is indicated by the asymptotic lines (dotted style) of the boundary
curves. For m = 0, the intersection point of the asymptotic lines lies on M, but for increasing
values of |m|, this does not hold in general and the tolerance regions will become
asymmetrically. For large values of |m|, this intersection point might even be outside the
region, and the canonical Euclidean metric in R* is then no longer useful for the definition of
distances between planes.

The tolerance zone of an oriented plane M is rotationally symmetric with respect to the normal
n of M passing through the origin. In the planes through n there appears the 2D-case, so that the
2D-case is sufficient for visualization.

The introduced metric is not invariant under all Euclidean motions of the space R® The metric is
invariant with respect to rotations about the origin, but this does not hold for translations. If the
distance d = m of the plane

Figure 23.2: Boundary Curves of the Tolerance Regions of the Center Lines M.
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M to the origin changes, then the shape of the tolerance region changes, too. However, within an
area of interest around the origin (e.g. |m| < 1), these changes are small and thus the introduced
metric is useful.

In practice, we uniformly scale the data in a way that the absolute values of all coordinates x,, y,
z_are smaller than c = 1/ 3. Then the object is contained in a cube, bounded by the planes

X =%c, y = ¢, z = +c and the maximum distance of a data point p, to the origin is 1. Considering
planes passing through the data points p, the maximum distance dist(O, E) of a plane E to the
origin is also 1.
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According to the normalization e’ +e} +e; =1, the distance of the Blaschke image b(E) to the Notes

origin in R* is bounded by 1. This is also important for a discretization of the Blaschke cylinder
which we discuss in the following.

23.4.3 A Cell Decomposition of the Blaschke Cylinder

For practical computations on B, we use a cell decomposition of B to define neighborhoods of
image points b(T) of (estimated) tangent planes T. We recall that B's equation is u} +uj +uj =1.

Any cross section with a plane u, = const. is a copy of the unit sphere S* in R In order to obtain
a cell decomposition of B, we start with a triangular decomposition of S* and lift it to B.

A tessellation of S* can be based on the net of a regular icosahedron. The verticesv,i=1,...,12,

with

;| =1 of a regular icosahedron form twenty triangles t, and thirty edges. All edges have
same arc length. This icosahedral net is subdivided by computing the midpoints of all edges
(geodesic circles). Any triangle t is subdivided into four new triangles. The inner triangle has
equal edge lengths, the outer three have not, but the lengths of the edges to not vary too much.

By repeated subdivision, one obtains a finer tessellation of the unit sphere.

The cell decomposition of the Blaschke cylinder consists of triangular prismatic cells which are
lifted from the triangular tessellation of $* in u,-direction. Since we measure distances according
to (1), the height of a prismatic cell has to be approximately equal to the edge length of a
triangle. When each triangle of the tessellation is subdivided into four children, each interval in
u,-direction is split into two subintervals.

According to the scaling of the data points p, the coordinates of the image points b(E) on B are
bounded by +1. We start with 20 triangles, 12 vertices and 2 intervals in u,-direction. The test-
implementation uses the resolution after three subdivision steps with 1280 triangles, 642 vertices
and 16 intervals in u,-direction. In addition to the cell structure on B, we store adjacency
information of these cells.

Remark concerning the visualization: It is easy to visualize the spherical image (first three
coordinates) on S?, but it is hard to visualize the Blaschke image on B. We confine ourself to plot
the spherical image on S? and if necessary, we add the fourth coordinate (support function) in a
separate figure. This seems to be an appropriate visualization of the geometry on the Blaschke
cylinder, see Figures 23.3 to Figure 23.7.

23.4.4 Analysis and Classification of the Blaschke Image

Having computed estimates T, of the tangent planes of the data points and their images b(T,), we
check whether the Blaschke image of the considered surface is curve-like. According to
Section 23.4.3, the interesting part of the Blaschke cylinder B is covered by 1280 x 16 cells C,. We
compute the memberships of image points b(T,) and cells C, and obtain a binary image on the
cell structure C of B. Let us recall some basic properties of the Blaschke image of a surface.

(1)  If the data points p, are contained in a single plane P, the image points b(T,) of estimated

tangent planes T, form a point-like cluster around b(P) on B.

(2)  If the data points p, are contained in a developable surface, the image points b(T,) form a
curve-like region in B.

(3)  If the data points p, are contained in a doubly curved surface S, the image points b(T,) cover
a two-dimensional region on B.
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(4)  If the data points p, are contained in a spherical surface S, the image points b(T,) cover a

two-dimensional region on B which is contained in a three-space.
In the following, we assume that the data comes from a smooth developable surface. Since the
estimation of tangent planes gives bad results on the boundary of the surface patch and near
measurement errors, there will be outliers in the Blaschke image. To find those, we search for
cells C, carrying only a few image points. These cells and image points are not considered for
the further computations. The result is referred to as cleaned Blaschke image. In addition, a
thinning of the Blaschke image can be performed.

After having analyzed and cleaned the Blaschke image from outliers we are able to decide
whether the given developable surface D is a general cone or cylinder, a cone or cylinder of
revolution, another special developable or a general developable surface.

So,let T,i=1,...,M be the reliable estimated tangent planes of D after the cleaning and let
b(T) = b, be their Blaschke images. As we have worked out in Section 23.4.3 we can classify the
type of the developable surface D in the following way.

To check if the point cloud bi on B can be fitted well by a hyperplane H,

H:h +hu +...+hu,=0, hi+...+ h} =1. @)
we perform a principal component analysis on the points b.. This is equivalent to computing the
ellipsoid of inertia of the points bi. It is known that the best fitting hyperplane passes through
the barycenter c = (D_b;) /M of the M data points b,. Using c as new origin, the coordinate vectors

of the data points are q, = b, - c and the unknown three-space H has vanishing coefficient, h = 0.
The signed Euclidean distance d(b, H) of a point gi and the unknown three space H is
d(q,H)=hg,1+...+hg,=h.q, ®)

where h = (h,, . . ., h,) denotes the unit normal vector of H. The minimization of the sum of
squared distances,

1 1¥
F(hlr hzr h3r h4) = ﬁzldz(q,/H) = ﬁzl(ql . hi )2' (6)

with respect to h? = 1 is an ordinary eigenvalue problem. Using a matrix notation with vectors
as columns, it is written as

M
F(h)=h".C.h, with C : = %Zqi,q; )
i=1

The symmetric matrix C is known as covariance matrix in statistics and as inertia tensor in
mechanics. Let i be an eigenvalue of C and let v, be the corresponding normalized eigenvector

(vi =1). Then, A, = F,(v)) holds and thus the best fitting three-space V, belongs to the smallest

i

eigenvalue A,. The statistical standard deviation of the fit with V, is

o= /@D, ®

The distribution of the eigenvalues A, <A, < - - - < A, of the covariance matrix C (and the
corresponding standard deviations ¢, < - - -< ) gives important information on the shape of the

surface D:

(1) Two small eigenvalues A, A, and different coefficients h, , h,, (| h,, - h, | > ¢): The surface
D can be well approximated by a cone of revolution, compare 6 in section 23.3.1. The
vertex and the inclination angle are computed according to Section 23.3.
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(2) Two small eigenvalues A,, A, but nearly equal coefficients h,, h,, (|h,, - h, | <¢): The Notes
surface D can be well approximated by a cylinder of revolution, compare with (5) in
section 23.3.1. The axis and the radius are computed according to Section 23.3.

(3)  One small eigenvalue A, and small coefficient h, : The surface D is a general cone and its
vertex is

v=—(h,, h, h,).

1

h14 1/

(4)  One small eigenvalue A, and small coefficients h,, and h,, : The surface D is a general
cylinder and its axis is parallel to the vector

a=(h, h,hp)).

117

(5)  One small eigenvalue A, and small coefficient h,, : The surface D is a developable of
constant slope. The tangent planes of D form a constant angle with respect to an axis. The
angle and the axis are found according to formula (3) in section 23.3. An example is
displayed in Figure 23 .4.

(6)  Onesmall eigenvalue A, characterizes a developable surface D whose tangent planes T, are
tangent to a sphere (compare with (4)) in section 23.3

Figure 23.3: Left: General cylinder. Middle: Triangulated data points and approximation.
Right: Original Blaschke image (projected onto S?.

Its centre and radius are:

1 -h
mzfu(hllrh12/hl3)/ r:ﬁ-

Figure 23.4: Left: Developable of constant slope (math. model).
— Middle: Triangulated data points and approximation. Stars represent the singular curve. [—
Right: Spherical image of the approximation with control points.
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For this classification, we need to fix a threshold &, to decide what small means. This value
depends on the accuracy of the measurement device, the number of data points per area unit and
the accuracy of the object. Some experience is necessary to choose this value for particular
applications.

23.5 Reconstruction of Developable Surfaces from Measurements

In this section we describe the construction of a best-fitting developable surface to data points p,
or to estimated tangent planes T. In addition we address some problems, in particular the
control of the singular curve of the approximation. First we note some general demands on the
surface D to be approximated.

(1) Disasmooth surface not carrying singular points. D is not necessarily exactly developable,
but one can run the algorithm also for nearly developable surfaces (one small principal
curvature).

(2)  The density of data points pi has to be approximately the same everywhere.

(3)  The image b(T) of the set of (estimated) tangent planes T, has to be a simple, curve-like

region on the Blaschke cylinder which can be injectively parameterized over an interval.

According to the made assumptions, the reconstruction of a set of measurement point p, of a
developable surface D can be divided into the following tasks:

(1)  Fitting a curve c(t) c B to the curve-like region formed by the data points b(T)).

(2) Computation of the one-parameter family of planes E(t) in R* and of the generating lines
L(t) of the developable D* which approximates measurements p..

(3) Computation of the boundary curves of D* with respect to the domain of interest in R®.
23.5.1 Curve fitting on the Blaschke cylinder B

We are given a set of unorganized data points b(T,) € B and according to the made assumptions
these points form a curve-like region on the Blaschke cylinder B. The aim is to fit a parametrized
curve c(t) < B to these points. In order to satisfy the constraint c(t) — B we have to guarantee that

() +o(t) + o) =1, ©)

which says that the projection ¢’(t) = (c,, c,, ¢,)(t) of c(t) = (c,, ¢,, c,, ¢,)(t) to R®is a spherical curve
(in S%). The computation of a best fitting curve to unorganized points is not trivial, but there are
several methods around. Estimation of parameter values or sorting the points are useful
ingredients to simplify the fitting. We do not go into detail here but refer to the moving least
squares method to estimate parameter values and to the approach by Lee [11] who uses a
minimum spanning tree to define an ordering of the points. These methods apply also to
thinning of the curve-like point cloud.

After this preparation we perform standard curve approximation with Baselines and project the
solution curve to the Blaschke cylinder B in order to satisfy the constraint (9). If the projection
¢’ =& of c(t) is contained in a hemisphere of S* and if additionally the fourth coordinate c,(t) does
not vary to much, it is appropriate to perform a stereographic projection so that we finally end
up with a rational curve c(t) on B. For practical purposes it will often be sufficient to apply a
projection to B with rays orthogonally to u,, the axis of B.

Figure 23.5 shows a curve-like region in S* with varying width, an approximating curve c’(t) to
this region and the approximation c,(t) of the support function to a set of image points b(T,) — B.

i
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We mention here that the presented curve fitting will fail in the case when inflection generators Notes
occur in the original developable shape, because inflection generators correspond to singularities

of the Blaschke image. Theoretically, we have to split the data set at an inflection generator and

run the algorithm for the parts separately and join the partial solutions. In practice, however, it

is not so easy to detect this particular situation and it is not yet implemented.

Figure 23.5: Blaschke image (left) (projected onto S?), approximating curve to thinned point
| cloud (right) and support function (fourth coordinate) B

23.5.2 Biarcs in the Space of Planes

We like to mention an interesting relation to biarcs. Biarcs are curves composed of circular arcs
with tangent continuity and have been studied at first in the plane. It is known that the G'-
Hermite interpolation problem of Hermite elements (points plus tangent lines) P, V, and P,, V,
possesses a one-parameter solution with biarcs which can be parameterized over the projective
line. Usually one can expect that suitable solutions exist, but for some configurations there are
no solutions with respect to a given orientation of the tangent lines V. .

The construction of biarcs can be carried out on quadrics too, in particular on the sphere S* or on
the Blaschke cylinder B. If we consider a biarc (elliptic) ¢ = b(D) c B then the corresponding
developable surface D in R®is composed of cones or cylinders of revolution with tangent plane
continuity along a common generator. To apply this in our context, we sample Hermite elements
P, V,,j=1,..., nfrom an approximation c(t) < B of the set b(T,). Any pair of Hermite elements
P, V,and P, V., is interpolated by a pair of elliptic arcs on B with tangent continuity. Applying
this concept, the final developable surface is composed of smoothly joined cones of revolution.
This has the advantage that the development (unfolding) of the surface is elementary.

LOVELY PROFESSIONAL UNIVERSITY 287



Complex Analysis and Differential Geometry

288

Notes

23.5.3 A Parametrization of the Developable Surface

Once we have computed a curve c(t) B that approximates the image points b(T) well, the one-
parameter family E(t) determining the approximating developable surface D* is already given
by

E(t) : ¢,(t) + c,(t)x *+ c,(t)y +c,(t)z =0.

The generating lines L(t) of D* are the intersection lines E(t) N E(t). We assume that there exist

two bounding planes H, and H, of the domain of interest in a way that all generating lines L(t)
intersect H, and H, in proper points. The intersection curves f(t) of L(t) and H, i = 1, 2 are
computed by

f(t)=E@) N Et) NH, (10)
and the final point representation of D* is
x(t, u) = (1 - wf,(t) + uf,(t). (11)

Figures 23.3, 23.4, 23.6 and 23.7 show developable surfaces which approximate data points
(displayed as dots).

The deviation or distance between the given surface D and the approximation D* can be defined
according to distances between estimated planes T,i=1, ..., N (with corresponding parameter
values t) and the approximation E(t) by

d*(D, D¥) = %Zdistz (T, E(t)). (12)

If more emphasis is on the deviation of the measurements p, from the developable D*, one can
use

d*(D, D¥) = %Zdistz (p, E(t)). (13)

with respect to orthogonal distances between points p, and planes E(t,).

| Figure 23.6: Left: Developable surface approximating the data points. Right: Projection of the |
Blaschke image onto S?, approximating curve with control polygon and support function.

N
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23.5.4 Fitting Developable Surfaces to nearly Developable Shapes Notes

The proposed method can be applied also to fit a developable surface to data which comes from
a nearly developable shape. Of course, we have to specify what nearly developable means in
this context. Since the fitting is performed by fitting a one-parameter family of tangent planes,
we will formulate the requirements on the data pi in terms of the Blaschke image of the estimated
tangent planes T..

If the data points p, are measurements of a developable surface D and if the width in direction of
the generators does not vary too much, the Blaschke image b(D) = R will be a tubular-like
(curve-like) region on B with nearly constant thickness. Its boundary looks like a pipe surface.

Putting small distortions to D, the normals of D will have a larger variation near these distortions.
The Blaschke image b(D) possesses a larger width locally and will look like a canal surface. As
long as it is still possible to compute a fitting curve to b(D), we can run the algorithm and obtain
a developable surface approximating D. Figures 23.5 and 23.7 illustrate the projection of b(D)
onto the unit sphere S

The analysis of the Blaschke image b(D) gives a possibility to check whether D can be
approximated by a developable surface or not. By using the cell structure of the cleaned Blaschke
image b(D), we pick a cell C and an appropriately chosen neighborhood U of C. Forming the
intersection R = U1 b(D), we compute the ellipsoid of inertia (or a principal component analysis)
of R. The existence of one significantly larger eigenvalue indicates that R can be approximated
by a curve in a stable way. Thus, the point set corresponding to R can be fitted by a developable
surface.

Since approximations of nearly developable shapes by developable surfaces are quite useful for
practical purposes, this topic will be investigated in more detail in the future.

23.5.5 Singular Points of a Developable Surface

So far, we did not pay any attention to singular points of D*. The control and avoidance of the
singular points within the domain of interest is a complicated topic because the integration of
this into the curve fitting is quite difficult.

If the developable surface D* is given by a point representation, formula (4) represents the
singular curve s(t). If D* is given by its tangent planes E(t), the singular curve s(t) is the envelope
of the generators L(t) and so it is computed by

s(t) = E(t) NE®) NEQ®). (14)

Thus, the singular curve s(t) depends in a highly nonlinear way on the coordinate functions of
E(t).
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Figure 23.7: Left: Nearly developable surface and developable approximation. Right: Projection
of the original Blaschke image onto S? and thinned Blaschke image with approximating curve.

In order to compute the singular curve s(t), let n = ¢ ¢* &, where " denotes the vector product

in R* The Cartesian coordinates of the singular curve are then found by

(0, (1), n,(t), ny(t)). (15)

Zeros of the function n, correspond to points at infinity of s(t). In Section 23.4.2, we have assumed

that all coordinates of data points are bounded by +c such that we have [p;| < 1. In order to

approximate the data with singularity-free developable surfaces, we have to guarantee
[s)] >1, (16)

when we fit curves c(t) to image points b(T,) € B of estimated tangent planes T,. Since the data
comes from a developable surface without singularities, we

Assuming that the curve c(t) e B fitted to the data b(T)) is composed of biarcs, we obtain the
following: For two consecutive Hermite elements P,V and P, V,, there exists a one-parameter
family of interpolating pairs of arcs and condition (16) leads to a quadratic inequality. Thus,
solutions can be computed explicitly. However, as we have mentioned in Section 23.5.2, there is
no guarantee that feasible solutions exist and the construction clearly depends on the choice of

the Hermite elements which have been sampled from an initial solution of the curve fitting.
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23.5.6 Conclusion Notes

We have proposed a method for fitting a developable surface to data points coming from a
developable or a nearly developable shape. The approach applies curve approximation in the
space of planes to the set of estimated tangent planes of the shape. This approach has advantages
compared to usual surface fitting techniques, like

) avoiding the estimation of parameter values and direction of generators,
o guaranteeing that the approximation is developable.

The detection of regions containing inflection generators, and the avoidance of singular points
on the fitted developable surface have still to be improved. The approximation of nearly
developable shapes by developable surface is an interesting topic for future research. In particular
we will study the segmentation of a non-developable shape into parts which can be well
approximated by developable surfaces. This problem is relevant in certain applications
(architecture, ship hull manufacturing), although one cannot expect that the developable parts
will fit together with tangent plane continuity.

Acknowledgements This research has been supported partially by the innovative project ‘3D
Technology’ of Vienna University of Technology.

23.6 Summary

° For fitting ruled surfaces to point clouds, we have to estimate in advance the approximate
direction of the generating lines of the surface in order to estimate useful parameter
values for the given data. To perform this, it is necessary to estimate the asymptotic lines
of the surface in a stable way.

° We have to guarantee that the resulting approximation b(u, v) is developable, which is
expressed by equation. Plugging the parametrization b(u, v) into this condition leads to a
highly non-linear side condition in the control points b, for the determination of the
approximation b(u, v).

° We consider a fixed point p = (p,, p,, p,) and all planes E : n. x + d = 0 passing through this
point. The incidence between p and E is expressed by

pn, +pn,+tpn+d=p.n+d=0,

and therefore the image points b(E) = (n,, n,, n,, d) in R* of all planes passing through p lie
in the three-space

H:pu +pu,+pu,+u, =0,

passing through the origin of R* The intersection H (1 B with the cylinder B is an ellipsoid
and any point of H( B is image of a plane passing through p. shows a 2D illustration of
this property.

° Let D be a cylinder of revolution with axis A and radius r. The tangent planes T of D are
tangent to all spheres of radius r, whose centers vary on A. Let

S, :(x-p)P-1r*=0,5,:(x-q)-r’=0

1
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be two such spheres with centers p, q. According to (11), the images b(T) of the tangent
planes T satisfy the relations

H :t-r+up, +up,+up,+u,=0,
H,:-r+ugq +ugq,*+ uq, tu, = 0.
Since p # q, the image curve b(D) lies in the plane P = H, (1 H, and b(D) is a conic.

° Given a cloud of data points p,, this section discusses the recognition and classification of
developable surfaces according to their Blaschke images. The algorithm contains the
following steps:

> Estimation of tangent planes T, at data points p, and computation of the image points

b(T).

i

o Analysis of the structure of the set of image points b(T)).

& If the set b(T)) is curve-like, classification of the developable surface which is close to

i

P
. D is a smooth surface not carrying singular points. D is not necessarily exactly developable,
but one can run the algorithm also for nearly developable surfaces (one small principal
curvature).
o The density of data points pi has to be approximately the same everywhere.
° The image b(T,) of the set of (estimated) tangent planes T, has to be a simple, curve-like

region on the Blaschke cylinder which can be injectively parameterized over an interval.

° According to the made assumptions, the reconstruction of a set of measurement point p, of
a developable surface D can be divided into the following tasks:

o Fitting a curve c(t) c B to the curve-like region formed by the data points b(T)).

o Computation of the one-parameter family of planes E(t) in R® and of the generating
lines L(t) of the developable D* which approximates measurements p..

o Computation of the boundary curves of D* with respect to the domain of interest
in IR3.

23.7 Keywords

Cylinder: D is a general cylinder if all its tangent planes T(u) are parallel to a vector a and thus
its normal vectors n(u) satisfy n . a = 0. This implies that the image curve b(T(u)) = b(D) is
contained in the three-space H:au, +a,u, + a,u, = 0.

Cone: D is a general cone if all its tangent planes T(u) pass through a fixed point p = (p,, p,, P,)-
This incidence is expressed by p,n, + p,n, + p,n, + n, = 0. Thus, the Blaschke image curve
b(T(u)) = b(D) is contained in the three space H: p,u, + p,u, + p,u, + u, = 0.

23.8 Self Assessment

1.  LetSbe the oriented sphere with center m and signed radius r, ................ = 0. The tangent
planes T, of S are exactly those planes, whose signed distance from m equals r.

2. The surface D is a .......c.c.c.... of constant slope, if its normal vectors n(u) form a constant
angle ¢ with a fixed direction vector a.

3. Let D be a cylinder of revolution with axis A and radiusr. The ................ T of D are tangent
to all spheres of radius r, whose centers vary on A.
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Let the plane P = H, ) H, be given by equations. The pencil of three spaces AH, + uH, Notes
contains a unique three-space H, passing through the origin in R*, whose equation is

D is a smooth surface not carrying singular points. D is not necessarily exactly developable,
but one can run the ............... also for nearly developable surfaces (one small principal
curvature).

Computation of the boundary curves of D* with respect to the domain of interest in

23.9 Review Questions

N o g » o=

Discuss The Blaschke Model of Oriented Planes in R®.

Explain Incidence of Point and Plane.

Define Tangency of Sphere and Plane.

Discuss the Classification of Developable Surfaces according to their Image on B.
Describe Cones and Cylinders of Revolution.

Explain Recognition of Developable Surfaces from Point Clouds.

Describe Reconstruction of Developable Surfaces from Measurements.

Answers: Self Assessment

3.

5.

S:(x-m)*-12 2. developable
3

tangent planes 4. H:Yu(sp,-1q)+u,s-1)=0.
i=1

algorithm 6. R®.
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N
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Objectives

After studying this unit, you will be able to:

. Define surfaces

. Explain the first fundamental form

° Describe the second fundamental form

o Discuss some example related to fundamental forms
Introduction

In last unit, you have studied about development surfaces. In mathematics, specifically in topology,
a surface is a two-dimensional topological manifold. The most familiar examples are those that
arise as the boundaries of solid objects in ordinary three-dimensional Euclidean space R® - for
example, the surface of a ball. There are surfaces, such as the Klein bottle, that cannot be embedded
in three-dimensional Euclidean space without introducing singularities or self-intersections.

24.1 Surfaces

Definition 1. A parametric surface patch is a smooth mapping:

X:U>R?,

where U c R? is open, and the Jacobian dX is non-singular.
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Write X = (x!, x% x%), and each x' = x{(u!, u?), then the Jacobian has the matrix representation: Notes
x| %
dX=|x> X3
XX

where we have used the notation f, = f, =6f /éu'. According to the definition, we are requiring
that this matrix has rank 2, or equivalently that the vectors X, = (xi, x3, xi‘) and X, = (xi, X3, xg)
are linearly independent. Another equivalent requirement is that dX:R? — R® is injective.

'i Example: Let U c R” be open, and suppose that f:U — R is smooth. Define the graph

of f as the parametric surface X(u?, u?) = (u', u? f(u!, u?). To verify that X is indeed a parametric
surface, note that:

= o

£
K

so that clearly X is non-singular.

A diffeomorphism between open sets U, V< R? is amap ¢:U — V which is smooth, one-to-
one, and whose inverse is also smooth. If det(d¢$) > 0, then we say that ¢ is an orientation-
preserving diffeomorphism.

Definition 2. Let X:U—>R’, and X:U —» R’ be parametric surfaces. We say that X is
reparametrization of X if X=Xo¢, where p:U— U isa diffeomorphism. If ¢ is an orientation-

preserving diffeomorphism, then X is an orientation-preserving reparametrization.

Clearly, the inverse of a diffeomorphism is a diffeomorphism. Thus, if X is a reparametrization
of X, then X is a reparametrization of X.

Definition 3. The tangent space T, | X of the parametric surface X:U—>R® at u e U is the
2-dimensional linear subspace of R* spanned by the two vectors X, and X,.!

If Y e T X, then it can be expressed as a linear combination in X, and X;:

2
Y=Y1X1+Y2Xz=zyixw

i=1

where y' €R are the components of the vector Y in the basis X,, X, of T, X. We will use the

Einstein Summation Convention: every index which appears twice in any product, once as a subscript
(covariant) and once as a superscript (contravariant), is summed over its range. For example, the
above equation will be written Y = y' X.. The next proposition show that the tangent space is
invariant under reparametrization, and gives the law of transformation for the components of

! Note that the tangent plane to the surface X(U) at u is actually the affine subspace X(u) + T X.
However, it will be very convenient to have the tangent space as a linear subspace of R®.
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a tangent vector. Note that covariant and contravariant indices have different transformation
laws, cf. (1) and (2).

Proposition 1. Let X:U — R® be a parametric surface, and let X =Xo¢ be a reparametrization

of X. Then T, X =T, X. Furthermore, if Z eT¢(ﬁ))~(, and Z = z'X, = #'X;, then:

zZ :Z] aﬁ] , (1)
where d¢ = (6ui /aai).
Proof. By the chain rule, we have:

o ou

X, = P X,. (2

Thus Tﬁ)~(cT¢(ﬁ)X, and since we can interchange the roles of X and X, we conclude that

TX= Ty X. Substituting (2) in Zif(j, we find:

#x =78 X,
da’

and (1) follows.

Definition 4. A vector field along a parametric surface X:U—R’, is a smooth mapping

Y : U — R®.? Avector field Y is tangent to Xif Y (u) € T X for all u € U. A vector field Y is normal
to Xif Y(u) L T Xforallu € U.

' Example: The vector fields X, and X, are tangent to the surface. The vector field X, x X,
is normal to the surface.

We call the unit vector field

_ X xX,

N =
X, x X, |

the unit normal. Note that the triple (X, X,, N), although not necessarily orthonormal, is positively
oriented. In particular, we can see that the choice of an orientation on X, e.g., X, = X,, fixes a unit
normal, and vice-versa, the choice of a unit normal fixes the orientation. Here we chose to use
the orientation inherited from the orientation u' — u? on U.

Definition 5. We call the map N:U — S* the Gauss map.

The Gauss map is invariant under orientation-preserving reparametrization.

Proposition 2. Let X:U — R® be a parametric surface, and let N:U — S* be its Gauss map. Let

X =Xo¢ bean orientation-preserving reparametrization of X. Then the Gauss map of X is N o ¢.

2 We often visualize Y(u) as being attached at X(u), i.e. belonging to the tangent space of R? at X(u); cf.
see footnote 1.

LOVELY PROFESSIONAL UNIVERSITY



Unit 24: Two Fundamental Form

~ - - Not
Proof. Let v € V . The unit normal N(v) of X atv is perpendicular to T X. By Proposition 1, we otes

have T, X=T,X. Thus, N(v) is perpendicular to T, X, as s N(4(v)). It follows that the two
vectors are co-linear, and hence N(v)= iN((I)(U)). But since ¢ is orientation preserving, the two

pairs (X, X,) and ()~(] ,)~(2) have the same orientation in the plane T,X. Since also, the two triples
(Xl(d)(o)) ,X2(¢(U)) ,N(d)(u))) and ()~(1 (u),)?z(o),N(o)) have the same orientation in R?, it follows

that N(¢(v)) = N(v).

24.2 The First Fundamental Form

Definition 6. A symmetric bilinear form on a vector space V is function B:V xV — R satisfying:
1. B(aX + bY,Z) = aB(X,Z) + bB(Y,Z), forall X, Y e Vand a, b € R.
2. B(X,Y)=B(Y, X), forall X, Y e V.

The symmetric bilinear form B is positive definite if B(X, X) > 0, with equality if and only if
X=0.
With any symmetric bilinear form B on a vector space, there is associated a quadratic form Q(X)

= B(X, X). Let V and W be vector spaces and let T:V—> W be a linear map. If B is a symmetric
bilinear form on W, we can define a symmetric bilinear form T* Q on V by T* Q(X, Y) = Q(TX,
TY). We call T* Q the pull-back of Q by T. The map T is then an isometry between the inner-
product spaces (V, T* Q) and (W,Q).

' Example: Let V = R? and define B(X, Y) = X - Y, then B is a positive definite symmetric
bilinear form. The associated quadratic form is Q(X) = | X |2

' Example: Let A be a symmetric 2 X 2 matrix, and let B(X, Y) = AX - Y, then B is a
symmetric bilinear form which is positive definite if and only if the eigenvalues of A are both
positive.

Definition 7. Let X:U — R® be a parametric surface. The first fundamental form is the symmetric
bilinear form g defined on each tangent space T X by:
g(Y,2)=Y-Z, VY, ZeTX

Thus, g is simply the restriction of the Euclidean inner product in above Example to each tangent
space of X. We say that g is induced by the Euclidean inner product.

Let 8= g(X, X].), and let Y =y' X and Z = 7' X, be two vectors in T X, then

g(Y.Z) =g,y Z. ..(3)
Thus, the so-called coordinate representation of g is at each point u, € U an instance of above
example. In fact, if A = (g,), and B(§, n) =&- Anfor &,n € R’ as in the above example, then B is the
pull-back by dX, :R* - T,X of the restriction of the Euclidean inner product on T, X.
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Notes The classical (Gauss) notation for the first fundamental formis g, =E, g,=g, =F, andG=g,,
ie.,
5)-(s o
8;) = LF GJ

Clearly, F* < EG, and another condition equivalent to the condition that X, and X, are linearly
independent is that det(g,) = EG — F* > 0. The first fundamental form is also sometimes written:

ds?= g, du'du = E (du')’ + 2F du' du® + G(du?)*.
Note that the g’s are functions of u. The reason for the notation ds? is that the square root of the
first fundamental form can be used to compute length of curves on X. Indeed, if y :[a,b] > R? is

a curve on X, then y = Xof, where f is a curve in U. Let B(t)= (ﬁl(t), Bz(t)) and denote time

derivatives by a dot, then

v([a,b]) J‘\y\dt-[«/g” B dt.

Accordingly, ds is also called the line element of the surface X.

Note that g contains all the intrinsic geometric information about the surface X. The distance
between any two points on the surface is given by:

d(p,q)= inf{L, 1y is a curve on X between p and q}.
Also the angle between two vectors Y, Z € T _Xis given by:

g(Y,Z)

cosf=—2——-r_——
g(Y,Y)g(Z,Z)

and the angle between two curves B and y on X is the angle between their tangents B and y.

Intrinsic geometry is all the information which can be obtained from the three functions g, and
their derivatives.

Clearly, the first fundamental form is invariant under reparametrization. The next proposition
shows how the g’s change under reparametrization.

Proposition 3. Let X:U — R’ be a parametric surface, and let X =Xo¢ be a reparametrization

of X. Let g, be the coordinate representation of the first fundamental form of X, and let §; be the

coordinate representation of the first fundamental form of X. Then, we have:

- ou* ou'
8ij = 8u Pk ..(4)
where d¢:(aui /6&1).
Proof. In view of (2), we have:
XX, (ou* ou' \_auk@uI X X ou* au'
8 =8(X %) =8 5% o X = G e 80X =8u G
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24.3 The Second Fundamental Form Notes

We now turn to the second fundamental form. First, we need to prove a technical proposition.
Let Y and Z be vector fields along X, and suppose that Y = y' X is tangential. We define the
directional derivative of Z along Y by:

(o4
ou'’

8\/Z:yizizyi

Note that the value of 0, Z at u depends only on the value of Y at u, but depends on the values of
Z in a neighborhood of u. In addition, 8, Z is reparametrization invariant, but even if Z is

tangent, it is not necessarily tangent. Indeed, if we write Y =’ X ., then we see that:

0Z oa' 9Z ou* ‘57
on Vewouton 07

yo.z=3

The commutator of Y and Z can now be defined as the vector field:

[Y,Z]=8,Z-0,Y.

Proposition 4. Let X:U — R’ be a surface, and let N be its unit normal.
(1) IfY and Z are tangential vector fields then [Y,Z] € T X.
(2 IfY,ZeT Xthend,N-Z=0,N-Y.

Proof. Note first that since X is smooth, we have Xij = in, where we have used the notation Xij =
@ X/ou' u. Now, write Y = y' X, and Z = 71 X;, and compute:

0,Z-0,Y= iniXii +y'oz X — y'z) X, = zj@iyi X
= (yiaizj - Ziéiyj)Xj.
To prove (2), extend Y and Z to be vector fields in a neighborhood of u, and use (1):
ON-Z-0,N-Y=-N-(,2-0,Y)=0.

Note that while proving the proposition, we have established the following formula for the
commutator:

Y, Z]=(y'82 -Zz'a,y') X, (5)

Definition 8. Let X:U — R’ be a surface, and let N:U — S* be its unit normal. The second
fundamental form of X is the symmetric bilinear form k defined on each tangent space T, X by:

k(Y,Z)=-0,N-Z. .(6)

We remark that since N - N =1, we have 9, N - N =0, hence 0, N is tangential. Thus, according to
(6), the second fundamental form is minus the tangential directional derivative of the unit
normal, and hence measures the turning of the tangent plane as one moves about on the surface.
Note that part (2) of the proposition guarantees that k is indeed a symmetric bilinear form. Note
that it is not necessarily positive definite. Furthermore, if we set k;, = k(X;, X)) to be the coordinate
representation of the second fundamental form, then we have:

k, =X, - N. -(7)
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This equation leads to another representation. Consider the Taylor expansion of X at a point, say
0eU:

i 1 ij
X(u)=X(0)+ X,(0)u’ + -0, X(O)u'u’ + O([uf’)
Thus, the elevation of X above its tangent plane at u is given up to second-order terms by:
i 1 i
(X(u)=X(0)- X, (0)u’')-N = SKi(Ou' + o(\uf).

The paraboloid on the right-hand side of the equation above is called the osculating paraboloid.
A point u of the surface is called elliptic, hyperbolic, parabolic, or planar, depending on whether
this paraboloid is elliptic, hyperbolic, cylindrical, or a plane.

In classical notation, the second fundamental form is:

(kii) - [II:A I\N/[]

Clearly, the second fundamental form is invariant under orientation-preserving
reparametrizations. Furthermore, the k;’s, the coordinate representation of k, changes like the
first fundamental form under orientation-preserving reparametrization:

ou™ ou'

K, =k(>”<u,>”<j)=km1§£,

ij

Yet another interpretation of the second fundamental form is obtained by considering curves on
the surface. The following theorem is essentially due to Euler.

Theorem 1. Let y=XoB:[a,b] >R be a curve on a parametric surface X:U — R’?, where

B:[a,b] > U. Let k be the curvature of y, and let 8 be the angle between the unit normal N of X,

and the principal normal e, of y. Then:
kcos®=Kk(7,7). ..(8)
Proof. We may assume that y is parametrized by arclength. We have:
7=pX,
and
ke, =7 = B'X; + BP/X;.
The theorem now follows by taking inner product with N, and taking (7) into account.

The quantity k cos 6 is called the normal curvature of y. It is particularly interesting to consider
normal sections, i.e., curves y on X which lie on the intersection of the surface with a normal
plane. We may always orient such a plane so that the normal e, to y in the plane coincide with the
unit normal N of the surface. In that case, we obtain the simpler result:

k=k(i,7).

Thus, the second fundamental form measures the signed curvature of normal sections in the
normal plane equipped with the appropriate orientation.
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Definition 9. Let X:U — R® be a parametric surface, and let k be its second fundamental form. Notes

Denotetheunit drdein thetangent spaceat uby S X = {Y T, X:|Y|=1}. For u € U, define the

principal curvatures of X at u by:

k, = Yrrelé{}(k(Y,Y), k, = mgk(Y,Y).

The unit vectors Y € S X along which the principal curvatures are achieved are called the principal
directions. The mean curvature H and the Gauss curvature K of X at u are given by:

H= %(k1 +k,), K=kk,.

If we consider the tangent space T X with the inner product g and the unique linear transformation

0:TX—>TX satisfying:
g(£(Y),Z)=k(Y,Z), VZeT\X, ..9)

then k, <k, are the eigenvalues of / and the principal directions are the eigenvectors of /. If
k, =k, then k =Ag and every direction is a principal direction. A point where this holds is called
an umbilical point. Otherwise, the principal directions are perpendicular. We have that H is the
trace and K the determinant of /. Let(g?) be the inverse of the 2 x 2 matrix (g):

8" gum = 9.
Set ¢(X;) = ¢} Xj, then since k; = g(f(Xi),Xi) = (7g,, we find:
wl :kimgmi'

It is customary to say that g raises the index of k and to write the new object k! =k, g™. Here
since k; is symmetric, it is not necessary to keep track of the position of the indices, and hence we

write: ¢} =kl. In particular, we have:

1. . det(k;
H=-ki, K= ( ‘) ..(10)
2 det(gij)
Now, k' =g™™gk, , and we have
K* = kK =trf* =k} +k3 = 4H - 2K.
Hence, we conclude
K=2H27%\k\2 ~(11)

24.4 Examples

In this section, we use u'! = u, and u? = v in order to simplify the notation.

24.4.1. Planes. Let U = R? be open, and let X:U — R’ be a linear function:
X(u, v) = Au + By,
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with A,B eR’ linearly independent. Then X is a plane. After reparametrization, we may assume
that A and B are orthonormal. In that case, the first fundamental form is:

ds? = du? + dv.

Furthermore, |A X B| =1, and N = A x B is constant, hence k = 0. In particular, all the points of
X are planar, and we have for the mean and Gauss curvatures: H=K = 0.

It is of interest to note that if all the points of a parametric surface are planar, then X(U) is
contained in a plane. We will later prove a stronger result: X has a reparametrization which is
linear.

Proposition 5. Let X:U — R’ be a parametric surface, and suppose that its second fundamental
form k = 0. Then, there is a fixed vector A and a constant b such that X - A = b, i.e., X is contained
in a plane.

Proof. Let A be the unit normal N of X. Let 1 <i <2, and note that N, is tangential. Indeed, N - N
=1, and differentiating along u’, we get N - N, = 0. However, since k = 0 it follows from (2.6) that
N, - X]. = —kij =0.Thus, N, =0fori=1, 2, and we conclude that N is constant. Consequently, (X - N)
=X,-N =0, and X - N is also constant, which proves the proposition.

i

24.4.2. Spheres. Let U= (0,7) x (0,21) c R?, and let X:U — R? be given by:
X(u, v) = (sin u cos v, sin u sin v, cos u).

The surface X is a parametric representation of the unit sphere. A straightforward calculation
shows that the first fundamental form is:

ds? = du? + sin? u dv?,

and the unit normal is N = X. Thus, N, = X,, and consequently kii =-N,- X]. =-X - Xj =8 ie, k=
-g. In particular, the principal curvatures are both equal to -1 and all the points are umbilical.
We have for the mean and Gauss curvatures:

H=-1, K=1
Proposition 6. Let X:U — R’ be a parametric surface and suppose that all the points of X are
umbilical. Then, X(U) is either contained in a plane or a sphere.
Proof. By hypothesis, we have
N, =AX. ..(12)

We first show that is a constant. Differentiating, we get Nij = k].Xi + XXii. Interchanging i and j,
subtracting these two equations, and taking into account N, - N, = X, - X, = 0, we obtain 1,X - 1.X,
=0,eg,

X, - AX, =0.

Since X, and X, are linearly independent, we conclude that A, = A, = 0 and it follows that X is
constant. Now, if A = 0 then all points are planar, and by Proposition 6, X is contained in a plane.
Otherwise, let A = X - A1 N, then A is constant:

A =X -21N,=0,
and |X - A|=[2|" is also constant, hence X is contained in a sphere.
24.4.3. Ruled Surfaces. A ruled surface is a parametric surface of the form:

X(u,v)=y(u)+vY(u)
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for a curve v :[a,b] > R?, and a vector field Y:[a,b] > R® along y. The curve y is the directrix, Notes

and the lines v(u)+tY(u) for u fixed are the generators of X. We may assume that Y is a unit
vector field. Provided Y #0. We will also assume that Y #0. In this case, it is possible to

arrange by reparametrization that Y~Y =0, in which case y is said to be a line of striction.

Indeed, if this is not the case, then we can set ¢ = (? ~Y) / ‘Y ’ , and note that the curve

o=7+0Y
lies on the surface X, and satisfies o - Y=0. Consequently, the surface:

X(s, t) = a(s) + tY(s)

is a reparametrization of X. Furthermore, there is only one line of striction on X. Indeed, if B and
y are two lines of striction, then since both B is a curve on X we may write § =y + ¢Y for some
function ¢ and consequently:

B=7+¢Y +0Y.
Taking inner product with Y and using the fact that Y is a unit vector, we obtain (I)M2 =0 which
implies that ¢ = 0 and thus, p =1.
We have X, =7+, Y,XV =Y, and X = 0. Thus, the first fundamental is:

(1+v2 ¥ 7-Y)

(g”):L 7Y 1

and

det(gij) =1+v’ ‘Y‘Z +(7-Y) 2 v? ‘Y‘Z.
Hence, dX is non-singular except possibly on the line of striction. Furthermore, k =N -X =0,
hence det(kij) =-k2 andif det(kij) =0 then N -X, =N, X, =0, is constant along generators.

We have proved the following proposition.

Proposition 7. Let X be a ruled surface. Then X has non-positive Gauss curvature K < 0, and
K(u) = 0 if and only if N is constant along the generator through u.

24.4.3.1. Cylinders. Let v :[a,b] > R® be a planar curve, and A be a unit normal to the plane
which contains y. Define X:[a,b]x R —R® by:
X(u,v)=vy(u)+ vA.
The surface X is a cylinder. The first fundamental form is:
ds? = du? + dv?,

and we see that for a cylinder dX is always non-singular. After possibly reversing the orientation
of A, the unit normal is N = e,. Clearly, N =0, and N_= -ke,.
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Thus, the second fundamental form is:
kdu?
The principal curvatures are 0 and k. We have for the mean and Gauss curvatures:
H= —%k, K=0.
A surface on which K = 0 is called developable.

24.4.3.2. Tangent Surfaces. Let v :[a,b] > R® be a curve with nonzero curvature k = 0. Its tangent
surface is the ruled surface:

X(u,v) =y (u)+ vy(u).

Since 7 -y =0, the curveyis the line of striction of its tangent surface. We have X =e +vke,and
X, = e, hence the first fundamental form is:

1+vk* 1
-7 )

The unit normal is N = -e,, and clearly N = 0. Thus,
24.4.3.3. Hyperboloid. Let 7 : (0,21) = R be the unit circle in the x! x>-plane: (t)= (Cos(t), sin(t),O).
Define a ruled surface X:(0,2n)x R — R® by:

X(u,v)=vy(u)+ V(ﬁ}(u) + e3) = (cos(u) — v sin(u), sin(u) + Vcos(u),v).

Note that (x)* + (x?)? - (x°)° = 1 so that X(U) is a hyperboloid of one sheet. A straightforward
calculation gives:

1
N = ———((cos(u) — vsin(u),sin(u) + vcos(u),-v|,
T30 \(cos(w) - vsin(u) sin(w) + vcos(u),~v)
and
2
N[=—n—2>
‘ V‘ 1+4v? +4v*

It follows from Proposition 7 that X has Gauss curvature K < 0.

24.5 Summary

° A parametric surface patch is a smooth mapping:
X:U->R’,
where U cR? is open, and the Jacobian dX is non-singular.

Write X = (x', x, x%), and each x' = xi(u!, u?), then the Jacobian has the matrix representation:

11
X X
o2 w2
dX=|x; x5
3.3

X X
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where we have used the notation f =f, =0f/ou’. According to the definition, we are Notes

requiring that this matrix has rank 2, or equivalently that the vectors

(xé, X3, xi) and X, = (x%, X3, xz) are linearly independent. Another equivalent requirement
is that dX:R*> > R’ is injective.

o Let X:U — R?, and X: U — R’ be parametric surfaces. We say that X is reparametrization
of Xif X=Xo¢, where ¢:U — U is a diffeomorphism. If ¢ is an orientation-preserving
diffeomorphism, then X is an orientation-preserving reparametrization.

° If Y e T X, then it can be expressed as a linear combination in X, and X;:
2 .
Y=y' X, +y* X, =2 y' X,
i=1

where y' R are the components of the vector Y in the basis X, X, of T, X. We will use the

Einstein Summation Convention: every index which appears twice in any product, once as
a subscript (covariant) and once as a superscript (contravariant), is summed over its range.

° A vector field along a parametric surface X:U — R®, is a smooth mapping Y:U » R3>.? A
vector field Y is tangent to X if Y (u) € T X for all u € U. A vector field Y is normal to X if
Y(u) L T Xforallue U.

° A symmetric bilinear form on a vector space V is function B:VxV >R satisfying:
& B(aX +bY,Z) =aB(X,Z) + bB(Y,Z), forall X, Y € Vand a,b € R.
& B(X,Y) =B(Y, X), forall X, Y € V.

The symmetric bilinear form B is positive definite if B(X, X) > 0, with equality if and only
if X=0.

With any symmetric bilinear form B on a vector space, there is associated a quadratic form

Q(X) = B(X, X). Let V and W be vector spaces and let T:V — W be a linear map. If Bis a
symmetric bilinear form on W, we can define a symmetric bilinear form T* Q on V by
T*Q(X, Y) =Q(TX, TY). We call T* Q the pull-back of Q by T. The map T is then an isometry
between the inner-product spaces (V, T* Q) and (W,Q).

24.6 Keywords

Diffeomorphism: A diffeomorphism between open sets U, V< R? isamap ¢:U — V which is
smooth, one-to-one, and whose inverse is also smooth. If det(d$) > 0, then we sa that ¢ is an
orientation-preserving diffeomorphism.

Einstein Summation Convention: every index which appears twice in any product, once as a
subscript (covariant) and once as a superscript (contravariant), is summed over its range.

Gauss map: The Gauss map is invariant under orientation-preserving reparametrization.

LOVELY PROFESSIONAL UNIVERSITY 305



Complex Analysis and Differential Geometry

306

Notes

24.7 Self Assessment

1.

Let X:U — R’, and X: U — R® be parametric surfaces. We say that X is reparametrization

of Xif X=Xo¢, where 0:U—>U iSa coeeueuunne..

The tangent space T, X of the parametric surface ................... atu e U is the 2-dimensional
linear subspace of R® spanned by the two vectors X, and X,.!

A e, Y is tangent to X if Y (u) € T X for all u € U. A vector field Y is normal to X
if Y(u) LT Xforallu e U.

The .o is invariant under orientation-preserving reparametrization.

Let X:U — R® be a parametric surface, and let N:U — S be its Gauss map. Let X =Xo¢

be an orientation-preserving ................... of X. Then the Gauss map of X is No¢.

24.8 Review Questions

1.

Let X:U—>R®>and X:U - R’ be two parametric surfaces. The angle 6 between them is
the angle between their unit normals: cos®=N-N. Let y be a regular curve which lies on
both X and X, and suppose that the angle between X and X is constant along y. Show that

y is a line of curvature of X if and only if it is a line of curvature of X.

Let X:U - R® be a parametric surface, and let y be an asymptotic line with curvature k =

0, and torsion 1. Show that || =+/-K

Denote by SO(n) the set of orthogonal n X n matrices, and by D(n) the set of n X n diagonal
matrices. Let A:(a,b)—>S™" be a C* function, and suppose that A maps into the set of

matrices with distinct eigenvalues. Show that there exist C* functions Q: (a, b) - SO(n) and
A : (a, b) > D(n) such that Q' AQ = A. Conclude the matrix function A has C* eigenvector

fields e,,...,e,:(a,b)>R",Ae;=Le;. Give a counter-example to show that this last

conclusion can fail the eigenvalues of A are allowed to coincide.
Let M™" be the space of all n X n matrices, and let B: (a, b) > M™" be continuously
differentiable. Prove that:

(detB) = tr(B*B'),
where B* is the matrix of co-factors of B.
Two harmonic surfaces X,Y:U—R® are called conjugate, if they satisfy the Cauchy-
Riemann Equations:

X, =Y, X =-Y,

where (u, v) denote the coordinates in U. Prove that if X is conformal then Y is also
conformal. Let X and Y be conformal conjugate minimal surfaces. Prove that for any t:

Z=Xcost+Ysint

is also a minimal surface. Show that all the surfaces Z above have the same first fundamental
form.
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Answers: Self Assessment Notes
1.  diffeomorphism 2. X:U->R?

3. vector field 4. Gauss map

5. reparametrization
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Unit 25: Curvature
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Objectives

After studying this unit, you will be able to:

. Discuss the Curvature of plane curves
. Explain the Curvature of a graph

. Define Signed curvature

° Describe Curvature of space curves

° Explain Curves on surfaces
Introduction

In mathematics, curvature refers to any of a number of loosely related concepts in different areas
of geometry. Intuitively, curvature is the amount by which a geometric object deviates from
being flat, or straight in the case of a line, but this is defined in different ways depending on the
context. There is a key distinction between extrinsic curvature, which is defined for objects
embedded in another space (usually a Euclidean space) in a way that relates to the radius of
curvature of circles that touch the object, and intrinsic curvature, which is defined at each point
in a Riemannian manifold. This unit deals primarily with the first concept. The canonical example
of extrinsic curvature is that of a circle, which everywhere has curvature equal to the reciprocal
of its radius. Smaller circles bend more sharply, and hence have higher curvature. The curvature
of a smooth curve is defined as the curvature of its osculating circle at each point.
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In a plane, this is a scalar quantity, but in three or more dimensions it is described by a curvature Notes
vector that takes into account the direction of the bend as well as its sharpness. The curvature of

more complex objects (such as surfaces or even curved n-dimensional spaces) is described by

more complex objects from linear algebra, such as the general Riemann curvature tensor. The

remainder of this article discusses, from a mathematical perspective, some geometric examples

of curvature: the curvature of a curve embedded in a plane and the curvature of a surface in

Euclidean space. See the links below for further reading.

25.1 Curvature of Plane Curves

Cauchy defined the center of curvature C as the intersection point of two infinitely close normals
to the curve, the radius of curvature as the distance from the point to C, and the curvature itself as
the inverse of the radius of curvature.

Let C be a plane curve (the precise technical assumptions are given below). The curvature of C at
a point is a measure of how sensitive its tangent line is to moving the point to other nearby
points. There are a number of equivalent ways that this idea can be made precise.

One way is geometrical. It is natural to define the curvature of a straight line to be identically
zero. The curvature of a circle of radius R should be large if R is small and small if R is large.
Thus, the curvature of a circle is defined to be the reciprocal of the radius:

1
k=—.
R
Given any curve C and a point P on it, there is a unique circle or line which most closely
approximates the curve near P, the osculating circle at P. The curvature of C at P is then defined
to be the curvature of that circle or line. The radius of curvature is defined as the reciprocal of the
curvature.

Another way to understand the curvature is physical. Suppose that a particle moves along the
curve with unit speed. Taking the time s as the parameter for C, this provides a natural
parametrization for the curve. The unit tangent vector T (which is also the velocity vector, since
the particle is moving with unit speed) also depends on time. The curvature is then the magnitude
of the rate of change of T. Symbolically,

k=H‘LT .
ds

This is the magnitude of the acceleration of the particle. Geometrically, this measures how fast
the unit tangent vector to the curve rotates. If a curve keeps close to the same direction, the unit
tangent vector changes very little and the curvature is small; where the curve undergoes a tight
turn, the curvature is large.
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These two approaches to the curvature are related geometrically by the following observation.
In the first definition, the curvature of a circle is equal to the ratio of the angle of an arc to its
length. Likewise, the curvature of a plane curve at any point is the limiting ratio of d6, an
infinitesimal angle (in radians) between tangents to that curve at the ends of an infinitesimal
segment of the curve, to the length of that segment ds, i.e., d0/ds. If the tangents at the ends of the
segment are represented by unit vectors, it is easy to show that in this limit, the magnitude of the
difference vector is equal to df, which leads to the given expression in the second definition of
curvature.

Figure 25.1

In figure, T and N vectors at two points on a plane curve, a translated version of the second frame (dotted),

ar
and the change in T: dT". ds is the distance between the points. In the limit I will be in the direction N and

the curvature describes the speed of rotation of the frame.

Suppose that C is a twice continuously differentiable immersed plane curve, which here means
that there exists parametric representation of C by a pair of functions a(t) = (x(t), y(t)) such that
the first and second derivatives of x and y both exist and are continuous, and

[y =x'(t) +y'(t)* %0

throughout the domain. For such a plane curve, there exists a reparametrization with respect to
arc length s. This is a parametrization of C such that

[y =x'(s)* +y'(s)’ =1.

The velocity vector T(s) is the unit tangent vector. The unit normal vector N(s), the curvature
&(s), the oriented or signed curvature k(s), and the radius of curvature R(s) are given by

T(s)=7'(s), T'(s)=k(s)N(s), k(s) =[T'(s)]| =[v"(s)]| = [k(s)|, R(s)=-—~.

Expressions for calculating the curvature in arbitrary coordinate systems are given below.
25.1.1 Signed Curvature

The sign of the signed curvature k indicates the direction in which the unit tangent vector rotates
as a function of the parameter along the curve. If the unit tangent rotates counterclockwise, then
k > 0. If it rotates clockwise, then k < 0.

The signed curvature depends on the particular parametrization chosen for a curve. For example
the unit circle can be parametrised by (cos(), sin(0)) (counterclockwise, with k > 0), or by
(cos(-8), sin(-0)) (clockwise, with k < 0). More precisely, the signed curvature depends only on
the choice of orientation of an immersed curve. Every immersed curve in the plane admits two
possible orientations.
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Unit 25: Curvature

25.1.2 Local Expressions Notes

For a plane curve given parametrically in Cartesian coordinates as a(t) = (x(t),y(t)), the curvature
is

[ | BT

y-yXx

- (X‘z + y'z)s/z 4

_k

where primes refer to derivatives with respect to parameter t. The signed curvature k is

_ Xy -yx
- (X‘z +y'z)3/2'

These can be expressed in a coordinate-independent manner via

1 " d t V/ "
l(:clet(y';y)l k:‘ e(yysy )
v I

25.1.3 Curvature of a Graph

For the less general case of a plane curve given explicitly as y = f(x), and now using primes for
derivatives with respect to coordinate x , the curvature is

[y
ey

and the signed curvature is

n

y .
(1+yv2)3/2

This quantity is common in physics and engineering; for example, in the equations of bending
in beams, the 1D vibration of a tense string, approximations to the fluid flow around surfaces (in
aeronautics), and the free surface boundary conditions in ocean waves. In such applications, the
assumption is almost always made that the slope is small compared with unity, so that the
approximation:

dy

k=~
dx?

may be used. This approximation yields a straightforward linear equation describing the
phenomenon, which would otherwise remain intractable.

If a curve is defined in polar coordinates as r(0), then its curvature is

‘rz +2r" —rr“‘

O

where here the prime now refers to differentiation with respect to 6.

'i Example: Consider the parabola y = x%.. We can parametrize the curve simply as
Y(t) = (t) = (x,y). If we use primes for derivatives with respect to parameter t , then

x'=1, x"=0, y'=2t, y"=2.
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Substituting and dropping unnecessary absolute values, get

Pl

k(t:\ y” y'x'|_12-@yo) _ 2
[ +y 22 (1202 (1+482)7F

25.2 Curvature of Space Curves

As in the case of curves in two dimensions, the curvature of a regular space curve C in three
dimensions (and higher) is the magnitude of the acceleration of a particle moving with unit
speed along a curve. Thus if y(s) is the arc length parametrization of C then the unit tangent
vector T(s) is given by

T(s)=7(s)

and the curvature is the magnitude of the acceleration:
=[TEl=k"E)-
The direction of the acceleration is the unit normal vector N(s), which is defined by

T'(s)
IT6)

The plane containing the two vectors T(s) and N(s) is called the osculating plane to the curve at
¥(s). The curvature has the following geometrical interpretation. There exists a circle in the
osculating plane tangent to y(s) whose Taylor series to second order at the point of contact agrees
with that of y(s). This is the osculating circle to the curve. The radius of the circle R(s) is called the
radius of curvature, and the curvature is the reciprocal of the radius of curvature:

N(s) =

The tangent, curvature, and normal vector together describe the second-order behavior of a
curve near a point. In three-dimensions, the third order behavior of a curve is described by a
related notion of torsion, which measures the extent to which a curve tends to perform a corkscrew
in space. The torsion and curvature are related by the Frenet-Serret formulas (in three dimensions)
and their generalization (in higher dimensions).

25.2.1 Local Expressions

For a parametrically defined space curve in three-dimensions given in Cartesian coordinates by
a(t) = (x(t),y(t),z(t)), the curvature is

L) "l ny!

V@Y -y"2) (<22 + (v XXy )
(x +y" +Zr2)3/2 ’

where the prime denotes differentiation with respect to time t. This can be expressed
independently of the coordinate system by means of the formula

[y
i

k=

where x is the vector cross product. Equivalently,

det((y',")'(1',v")
v
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Here the t denotes the matrix transpose. This last formula is also valid for the curvature of curves Notes
in a Euclidean space of any dimension.

25.2.2 Curvature from Arc and Chord Length

Given two points P and Q on C, let s(P,Q) be the arc length of the portion of the curve between
P and Q and let d(P,Q) denote the length of the line segment from P to Q. The curvature of C at
P is given by the limit

K(P) = lim \/ 24(s(P,Q) - d(P,Q))
Q-P S(P,Q)3

where the limit is taken as the point Q approaches P on C. The denominator can equally well be

taken to be d(P,Q)’. The formula is valid in any dimension. Furthermore, by considering the
limit independently on either side of P, this definition of the curvature can sometimes
accommodate a singularity at P. The formula follows by verifying it for the osculating circle.

25.3 Curves on Surfaces

When a one dimensional curve lies on a two dimensional surface embedded in three dimensions
R3, further measures of curvature are available, which take the surface’s unit-normal vector, u
into account. These are the normal curvature, geodesic curvature and geodesic torsion. Any non-
singular curve on a smooth surface will have its tangent vector T lying in the tangent plane of
the surface orthogonal to the normal vector. The normal curvature, k , is the curvature of the
curve projected onto the plane containing the curve’s tangent T and the surface normal u; the
geodesic curvature, k , is the curvature of the curve projected onto the surface’s tangent plane;
and the geodesic torsion (or relative torsion), 6, measures the rate of change of the surface
normal around the curve’s tangent.

Let the curve be a unit speed curve and let t =u x T so that T, u, t form an orthonormal basis: the
Darboux frame. The above quantities are related by:

T o K, KT
t|=|-K, o T, |t
u' K, -T, o Jju

Figure 25.2: Saddle Surface with Normal Planes in Directions of Principal Curvatures

Principal curvature
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LOVELY PROFESSIONAL UNIVERSITY 313



Complex Analysis and Differential Geometry

314

Notes

Principal Curvature

All curves with the same tangent vector will have the same normal curvature, which is the same
as the curvature of the curve obtained by intersecting the surface with the plane containing T
and u. Taking all possible tangent vectors then the maximum and minimum values of the
normal curvature at a point are called the principal curvatures, k, and k,, and the directions of the
corresponding tangent vectors are called principal directions.

This is explained in detail in Unit 27 of this book.

25.4 Summary

° Curvature refers to any of a number of loosely related concepts in different areas of
geometry. Intuitively, curvature is the amount by which a geometric object deviates from
being flat, or straight in the case of a line, but this is defined in different ways depending
on the context. There is a key distinction between extrinsic curvature, which is defined for
objects embedded in another space (usually a Euclidean space) in a way that relates to the
radius of curvature of circles that touch the object, and intrinsic curvature, which is defined
at each point in a Riemannian manifold. This article deals primarily with the first concept.
Cauchy defined the center of curvature C as the intersection point of two infinitely close
normals to the curve, the radius of curvature as the distance from the point to C, and the
curvature itself as the inverse of the radius of curvature.

° Let C be a plane curve (the precise technical assumptions are given below). The curvature
of C at a point is a measure of how sensitive its tangent line is to moving the point to other
nearby points. There are a number of equivalent ways that this idea can be made precise.
The sign of the signed curvature k indicates the direction in which the unit tangent vector
rotates as a function of the parameter along the curve. If the unit tangent rotates
counterclockwise, then k > 0. If it rotates clockwise, then k < 0. The signed curvature
depends on the particular parametrization chosen for a curve. For example the unit circle
can be parametrised by (cos (0), sin(6)) (counterclockwise, with k > 0), or by (cos(-6),
sin(-0)) (clockwise, with k < 0). As in the case of curves in two dimensions, the curvature
of a regular space curve C in three dimensions (and higher) is the magnitude of the
acceleration of a particle moving with unit speed along a curve. The tangent, curvature,
and normal vector together describe the second-order behavior of a curve near a point. In
three-dimensions, the third order behavior of a curve is described by a related notion of
torsion, which measures the extent to which a curve tends to perform a corkscrew in space.

25.5 Keywords

Curvature: Curvature refers to any of a number of loosely related concepts in different areas of
geometry.

Extrinsic curvature: Extrinsic curvature, which is defined for objects embedded in another space
(usually a Euclidean space) in a way that relates to the radius of curvature of circles that touch the
object

Intrinsic curvature: Intrinsic curvature, which is defined at each point in a Riemannian manifold.
This article deals primarily with the first concept.
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25.6 Self Assessment Notes
1. e refers to any of a number of loosely related concepts in different areas of
geometry.
2 s , which is defined at each point in a Riemannian manifold.
3. defined the center of curvature C as the intersection point of two infinitely

close normals to the curve, the radius of curvature as the distance from the point to C, and
the curvature itself as the inverse of the radius of curvature.

4. The ... and normal vector together describe the second-order behavior of a
curve near a point.

25.7 Review Question

Discuss the concept of Curvature of plane curves.
Explain the Curvature of a graph.
Define Signed curvature and discuss it in detail.

Describe Curvature of space curves.

S A

Explain Curves on surfaces.
Answers: Self Assessment

1. Curvature 2. Intrinsic curvature

3. Cauchy 4. tangent, curvature

25.8 Further Readings
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Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable
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Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis
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T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 26: Lines of Curvature
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26.4 Bernstein’s Theorem
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26.7 Keywords

26.8 Self Assessment
26.9 Review Questions

26.10 Further Readings

Objectives

After studying this unit, you will be able to:

° Define lines of curvature

° Explain the examples of lines of curvature

° Describe the surface area and Bernstein's theorem
Introduction

In last unit, you have studied about curvature. In general, there are two important types of
curvature: extrinsic curvature and intrinsic curvature. The extrinsic curvature of curves in two-
and three-space was the first type of curvature to be studied historically, culminating in the
Frenet formulas, which describe a space curve entirely in terms of its "curvature," torsion, and
the initial starting point and direction. This unit will explains the concept of lines of curvature.

26.1 Lines of Curvature

Definition 1. A curve y on a parametric surface X is called a line of curvature if y is a principal
direction.

The following proposition, due to Rodriguez, characterizes lines of curvature as those curves
whose tangents are parallel to the tangent of their spherical image under the Gauss map.
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Proposition 1. Lety be a curve on a parametric surface X with unitnormal N, and let 3 =Noy be Notes
its spherical image under the Gauss map. Then y is a line of curvature if and only if

B+Ay=0. (1)
Proof. Suppose that (1) holds, then we have:

O,N+21y =0.
Let ¢ be the linear transformation on T X associated with k. Then, we have for every Y T X:
g(1(1),Y) = k(7,Y) = ~0,N-Y = Ag (27, Y).

Thus, ¢(y)=%7, and y is a principal direction. The proof of the converse is similar.

It is clear from the proof that A in (1) is the associated principal curvature. The coordinate curves
of a parametric surface X are the two family of curves y (t) = X(t, ¢) and B _(t) = X(c, t). A surface is
parametrized by lines of curvature if the coordinate curves of X are lines of curvature. We will
now show that any non-umbilical point has a neighborhood in which the surface can be
reparametrized by lines of curvature. We first prove the following lemma which is also of
independent interest.

Lemma 1. Let X:U —» R® be a parametric surface, and let Y, and Y, be linearly independent

vector fields. The following statements are equivalent:

1. Any point u, € U has a neighborhood U, and a reparametrization ¢:V, = U, such that if

X =Xo¢ then X, =Y, o ¢.
2. [y, Y,]=0

Proof. Suppose that (1) holds. Then Equation shows that [XI,XZJ =0. However, since the

commutator is invariant under reparametrization, it follows that [Y,,Y,]=0.

Conversely, suppose that [Y,,Y,]=0. Express X; =alY; and Y, =Db)X;, note that (b:) is the

inverse of (a}). We now calculate:

0

[x.x]

=[aYay ]

=(aloYaa! —ajoYal)Y, +aa)[Y,, Y]
=(albyo,af —ajbra,al )Y,

= (0} -0} Y,.
Since Y, and Y, are linearly independent, we conclude that:

da; —daf =0. (2
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Now, fix 1 <k <2, and consider the over-determined system:

~k
W _a%, i=12
ou'

The integrability condition for this system is exactly (2), hence there is a solution in a
neighborhood of u,. Furthermore, since the Jacobian of the map W(ul ,uz) = ({f , ﬁz) is dy = (a}‘ ) ,
and det(af) #0, it follows from the inverse function theorem, that perhaps on yet a smaller

neighborhood, y is a diffeomorphism. Let ¢=y™", then ¢ is a diffeomorphism on a
neighborhood V of y(u,), and if we set X=Xo¢, then:

>~(. 8u’

1 —Xb) =
’8u

Proposition 2. Let X :U — R® be a parametric surface, and let Y, and Y, be linearly independent
vector fields. Then for any point u, € U there is a neighborhood of u, and a reparametrization

X =Xo¢ such that X, = £Y, o ¢ for some functions f.

Proof. By Lemma 1 is suffices to show that there are function f such that f, Y, and f, Y, commute.

Write [erYz] =a,Y, —a,Y,, and compute:
[£Y, 6Y,] =16 (a,Y, —a,Y,)+£(Y,L)Y, —£(dY,1,)Y,

Thus, the commutator [£,Y,,f,Y,] vanishes if and only if the following two equations are satisfied:
OY,f -af =0
oY f, -af, =0.
We can rewrite those as:
oY, logf =a,
oY, log f, = a,.

Each of those equation is a linear first-order partial differential equation, and can be solved for
a positive solution in a neighborhood of u,.

In a neighborhood of a non-umbilical point, the principal directions define two orthogonal unit
vector fields. Thus, we obtain the following Theorem as a corollary to the above proposition.

Theorem 1. Let X:U — R® be a parametric surface, and let u, be a non-umbilical point. Then

there is neighborhood U, of u, and a diffeomorphism ¢:U, - U, such that X=Xo¢ is

parametrized by lines of curvature.

If X is parametrized by lines of curvature, then the second fundamental form has the coordinate
representation:

(kign 0 )
(kij) - 10 ’ kzgzzJ

Definition 2. A curve y on a parametric surface X is called an asymptotic line if it has zero normal

curvature, ie., k(y,y)=0.
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The term asymptotic stems from the fact that those curve have their tangent 7 along the Notes

asymptotes of the Dupin indicatrix, the conic section k&€’ =1 in the tangent space. Since the

Dupin indicatrix has no asymptotes when K > 0, we see that the Gauss curvature must be
non-positive along any asymptotic line.

The following Theorem can be proved by the same method as used above to obtain Theorem 1.

Theorem 2. Let X:U — R’ be a parametric surface, and let u, be a hyperbolic point. Then there
is neighborhood U, of u, and a diffeomorphism ¢ : U, — U, such that X = X0 ¢ is parametrized

by asymptotic lines.

26.2 Examples

A surface of revolution is a parametric surface of the form:

X(u,v)= (f(u)cos(v),f(u) sin(v),g(u)),

where (f (t), g(t)) is a regular curve, called the generator, which satisfies f(t) # 0. Without loss of

generality, we may assume that f(t) > 0. The curves
¥, (t) = (f(t) cos(v),f(t)sin(v),g(t)), v fixed.

are called meridians and the curves
B.(t)= (f(u)cos(t),f(u)sin(t),g(u)) ,  ufixed.

are called parallels. Note that every meridian is a planar curve congruent to the generator and
is furthermore also a normal section, and every parallel is a circle of radius f(u). It is not difficult
to see that parallels and meridians are lines of curvature. Indeed, let y, be a meridian, then
choosing as in the paragraph following the correct orientation in the plane of v, its spherical

image under the Gauss map is 6, =Noy_=e,, and by the Frenet equations, ¢, = —ke; = —ky,.

Thus, using Proposition 1 and the comment immediately following it, we see that y,_is a line of
curvature with associated principal curvature k. Since the parallels B are perpendicular to the
meridians vy, it follows immediately that they are also lines of curvature. We derive this also
follows from Proposition 1 and furthermore obtain the associated principal curvature. A
straightforward computation gives that the spherical image of B under the Gauss map is:

t,=Nop, =cB, +B
where B €R” and ¢ €R are constants. Thus, 1, = ¢B, and B, is aline of curvature with associated

principal curvature c.

The plane, the sphere, the cylinder, and the hyperboloid are all surfaces of revolution. We
discuss one more example.

The catenoid is the parametric surface of revolution obtained from the generating curve
(cosh(t),t) :

X(u,v)= (cosh(u),cos(v),cosh(u),sin(v),u).
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The normal N is easily calculated:

N(u,v):[—cos(v) —sin(v) sinh(u)]

cosh(u) " cosh(u)” cosh(u)

If y (t) is a meridian, then o (t) = N(t, v) is its spherical image under the Gauss map, and
differentiating with respect to t, we get the principal curvature associated with meridians:
k(u, v) = -1/cosh(u). Similarly, the principal curvature associated with parallels is: 1/cosh(u).
Thus, we conclude that

1

H=0, Ks——.
cosh(u)

Definition 3. A parametric surface X is minimal if it has vanishing mean curvature H = 0.

For example, the catenoid is a minimal surface. The justification for the terminology will be
given in the next section.

Proposition 3. Let X be a minimal surface. Then X has non-positive Gauss curvature K <0, and
K(u) = 0 if and only if u is a planar point.

We will set out to construct a large class of minimal surfaces. We will use the Weierstrass
Representation.

Definition 4. A parametric surface X is conformal if the first fundamental form satisfies g,, = g,
and g,, = 0. A parametric surface X is harmonic if AX =X, + X, = 0.

Proposition 4. Let X:U — R’ be a parametric surface which is both conformal and harmonic.
Then X is a minimal surface.

Proof. We can write the first fundamental form ( g ) , itsinverse ( g’ ) , and the second fundamental

form (kii) as:

Ao0Y, . (A0 Xy N X, -N
(o )5 oo )

Thus, the mean curvature vanishes:
H=gk; =17 (X} +X,)-N=0.

In order to construct parametric surfaces which are both conformal and harmonic, we will use

complex analysis in the domain U. Let { = u+iv where i denotes /-1, and let f() and h({) be

two complex analytic functions on U. Define
F,=f-h, F=i(f+h’), F =2fh

We have:

If we write F]. = é’;] + inj , then this can be written as:
3

S[(ef -(n ] +2i3en -0

j=1
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Now, in any simply connected subset of U, we can always find analytic functions G, = x; +iy; Notes
satisfying (Gi)c =F. Welet X= (xl, Xy, x3). Then X is conformal and harmonic. Indeed, x; being
the real parts of complex analytic functions, are harmonic, and hence X is harmonic. Furthermore,

we have (xj) =g, and by the Cauchy-Riemann equations (Xi)v = 7(y i)u =-n;. Thus, we see

that
2
Xu 'Xu - Xv : Xv = i[(é])z _(ni)2i| = 0/

j=1

and

3
Xu ' Xv = _Zéjnj = O/
j=1

and hence, X is conformal.® Since X is real analytic, the zeroes of det(Xi -X j) areisolated. Removing

the set Z of those zeroes from U, we get that X:U\ Z — R? is a harmonic and conformal

parametric surface, hence, X is a minimal surface*.

If we carry out this procedure starting with the complex analytic functions f(¢) = 1 and
h(€) =1/, then X is another parametrization of the catenoid.

26.3 Surface Area

In this section, we will give interpretations of the Gauss curvature and the mean curvature. Both
of these involve the concept of surface area. Before introducing the definition, we first prove a
proposition which will show that the definition is reparametrization invariant.

Proposition 5. Let X:U — R® be a parametric surface with first fundamental form (gij), and

V c U. Let X:U— R® be areparametrization of X, let V = ¢'(V), and let (gii) be the coordinate

representation of the first fundamental form of X. Then, we have:

_[deet(gij) dii' da* = [ /det(g, ) du’ du”. (3

Proof. Now, we have

\/det(gij) = \/det(gij)
where cl); =du' /8l'. Thus, for any open subset V < U, and V= ¢ (V), we have:

[, y/det(;) da" e = [ [det(g, déi' @’ = [ \[det(g, ) du’ du’

Thus, the integral on the right-hand side of (3) is reparametrization invariant. This justifies the
following definition.

det((I)})

det((]);)

* Of course, Y = (y,, ¥, ¥,) is also conformal.

*  Xis also said to be a branched minimal surface on U. The zeroes of det(g,) are called branched points.
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Definition 5. Let X:U — R® be a parametric surface and let (gi]-) be its first fundamental form.

The surface area element of X is:
dA = det(gij) du'du’.

If V c U is open then the surface area of X over V is:

AX(V)=[ dA =] det(g,)du’ du’ (&)

By Proposition 5, the surface area of X over V is reparametrization invariant, and we can thus
speak of the surface area of X(V).

Definition 6. Let X:U — R® be a parametric surface, and let V < U be open. The total curvature
of X over V is:

Ky (V)=[ KdA.

It is easy to show, as in the proof of Proposition 5 that the total curvature of X over V is invariant
under reparametrization. We now introduce the signed surface area, a variant of Definition 5
which allows for smooth maps Y into a surface X, with Jacobian dY not necessarily everywhere
non-singular, and which also accounts for multiplicity.

Definition 7. Let X:U — R® be a parametric surface, and let X:U — X(U) be a smooth map.

Define o(u) to be 1, -1, or 0, according to whether the pair Y, (u), Y,(u) has the same orientation
as the pair X (u), X,(u), the opposite orientation, or is linearly dependent, and let h, =Y, - Y, If
V < U is open then the signed surface area of Y over V is:

Ay(V)=] o [det(h,) du’ du?

For a regular parametric surface, this definition reduces to Definition 5. Next, we prove that the
total curvature of a surface X over an open set U is the area of the image of U under the Gauss
map counted with multiplicity.

Theorem 3. Let X :U — R® be a parametric surface, and let V.= U be open. Let N:U — S” be the
Gauss map of X, then:

Ku(V)=Ay(V).
Proof. We first derive a formula which is of independent interest:
N, =-k! X, ..(5)

To verify this formula, it suffices to check that the inner product of both sides with the three

linearly independent vectors X ,X,,N are equal. Since N- N =1, wehave N-N; =0= -kl X ;"N=0,
and -k! X;-X, = -k} g; =-k; =-N,-X,. In particular, if h, = N, - N, then we find:
j 1 ]

hii = (k{n Xm)'(k}1 Xn) =k k? Bmn = kimkjngmn'
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In particular, Notes

2
(det(kﬁ))
det(hij) =
det(gij)
Note also that Equation (5) implies that the pair N,, N, has the same orientation as X,, X, if and
only if det(kij) > 0. Furthermore, since N(u) is also the outward normal to the unit sphere at
N(u), and since X, X,, N is positively oriented in R it follows that X,(u), X,(u) also gives the
positive orientation on the tangent space to the S? at N(u). Thus, we deduce that sign det(kij) =0.

Consequently, we obtain:

ot - sign det(kij) det(hij) _K Jaet(g,
oy ( 'J) \/det(gij) v ( IJ)

The proposition follows by integrating over V.

We now turn to an interpretation of the mean curvature. Let X: U — be a parametric surface. A
variation of X is a smooth family F(u;t):U x(-¢,&) - R® such that F(u; 0) = X. Note that since

dF(u; 0) is non-singular, the same is true of dF(u; t,) for any fixed u,, perhaps after shrinking the
interval (-¢, €). Thus, all the maps F(u; t)) for t, close enough to 0 are parametric surfaces. The
generator of the variation is the vector field dF/dt(u; 0). The variation is compactly supported if
F(u; t) = X(u) outside a compact subset of U. The smallest such compact set is called the support
of the variation F. Clearly, if a variation is compactly supported, then the support of its generator
is compact in U. We say that a variation is tangential if the generator is tangential; we say it is

normal if the generator is normal. Suppose now that the closure V is compactin U. We consider

the area AF (V) of F(u; t) as a function of t. The next proposition shows that the derivative of this
function depends only on the generator, and in fact is a linear functional in the generator.

Proposition 6. Let X .U — R® be a parametric surface, and let F(u; t) be a variation with generator
Y. Then:

dAL(V)

dt

=[ 8" XY, dA (6)

t=0

We first need the following lemma from linear algebra. We denote by S™" the space of n x n

symmetric matrices, and by S} the subset of those which are positive definite.

Lemma 2. Let B:(a,b) > S™" be continuously differentiable. Then we have:

(log det B)l :tr(Ble’). (7)

Proof. First note that (7) follows directly if we assume that B is diagonal. Next, suppose that B is
symmetric with distinct eigenvalues. Then there is a continuously differentiable orthogonal
matrix Q such that B = Q™ DQ, where D is diagonal. Note that dQ /dt =-Q (dQ/dt)Q, hence:

BB =-Q'D'QQ'DQ+Q'D'D'Q+Q’Q,
and in view of tr(AB) = tr(BA), we obtain:

tr(B7 B')=tr(D" D).
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We also have that detB = detD. Thus taking into the account that (7) holds for D:

(log detB)’ = (logdetD), = tr(D'lD)' = tr(B'lB’).
In order to prove the general case, it is more convenient to look at the equivalent identity:

(detB)’ =tr((detB)B"B'). (8

Note that by Kramer’s rule, the matrix (detB)B is the matrix of co-factors of B, hence its
components being determinants of minors of B, are multivariate polynomials in the components
of B. Thus, both sides of the identity (8) are linear polynomials

p(B';B)= 2 pij(B)bj, q(B';B)= 2 qij(B)bj,
i,j=1 i,j=1

in the components b of B', whose coefficients p,(B) and q,(B) are themselves multivariate
polynomials in the components b, of B. Since the set of matrices with distinct eigenvalues is an
openset Uc S, we have already proved that p(B';B) = q(B’;B) holds for all values of B, and
all B € U. For each such B e U the equality p(B';B)=q(B’;B) for all B’ implies that p,(B) = q,(B)
fori, j=1, ..., n. Since this holds for all B in an open set, we conclude that p, = q;, and hence
P=q

We remark that the more general identity (8) in fact holds, as easily shown, for all square
matrices B. An immediate consequence of the proposition is that:

(VetB) = %tr(B’lB’)\/detB, .09

for any continuously differentiable family of symmetric positive definite matrices B. We are
now ready to prove the proposition.

Proof of Proposition 6. Differentiating the area (4) under the integral sign, and using (9), we get:

18 Li g8 1p ,dg;

Since Y is smooth, we have at t = 0 that dF,/dt = (dF/dt), = Y, and thus

i

198y _ 1Y, X, +X,- X)) =287 X, -,
gi—g AT A j)_ g Ay
This completes the proof of the proposition.

Since the variation of the area dA (V)/dt is a linear functional in the generator dF/dt of the
variation, it is possible to decompose any variation into tangential and normal components. We
begin by showing that the area doesn’t change under a tangential variation. This is simply the
infinitesimal version of Proposition (5).

Proposition 7. Let X :U — R® be a parametric surface, and let F(u; t) be a compactly supported

tangential variation. If V < U is open with V compact in U, and the support of F contained in V,
then dA(V)/dt=0.
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Proof. Let Y be the generator of F(u; t). We will show that there is a smooth family of Notes
diffeomorphisms ¢:U x(-8,8) > U such that Y is also the generator of the variation G = X o f.

This proves the proposition since Proposition 5 gives that A _(U) is constant. Since Y is tangential,
we can write Y = y' X.. Consider the initial value problem:

dv'
dt

=y'(v), v'(0)=u".

Since the y"s are compactly supported, a solution v = v(u; t) exists for all t. Defining ¢(u; t) =
v(w t), then an application of the inverse function theorem shows that ¢(u; t) is a diffeomorphism
for t in some small interval (-3, §). Finally, we see that:
;dv! i

dXod _xidV _xyi=Y
dt dt

Our next theorem gives an interpretation of the mean curvature as a measure of surface area
variation under normal perturbations.

Theorem 4. Let X:U — R’ be a parametric surface, and let F(u; t) be a compactly supported
variation with generator Y . If V < U is open with V compact in U, and the support of F
contained in V, then

dAF(V)
dt

=-2[ (Y-N)HdA. -(10)

Proof. By Propositions 6 and 7, it suffices to consider normal variations with generator Y = fN.
In that case, we find that Y]. = fJ.N + fNj, so that gi X, - YJ. =fgi X - NJ. =—fki = -2fH. The theorem
follows by substituting into (6).

Definition 8. A parametric surface X is area minimizing if Ax(U)< A for any parametric

surface X such that X = X on the boundary of U. A parametric surface X:U — R is locally area
minimizing if for any compactly supported variation F(u; t), the area A, (U) has a local minimum
att=0.

Clearly, an area-minimizing surface is locally area-minimizing. The following theorem is an
immediate corollary of Theorem 4.

Theorem 5. A locally area minimizing surface is a minimal surface.

Note that in general a minimal surface is only a stationary point of the area functional.

26.4 Bernstein’s Theorem

In this section, we prove Bernstein’s Theorem: A minimal surface which is a graph over an entire
plane must itself be a plane. We say that a surface X is a graph over a plane Y:R* - R’, where

Y is linear, if there is a function f:R* - R such that X =Y + fN where N is the unit normal of Y.

Theorem 6 (Bernstein’s Theorem). Let X be a minimal surface which is a graph over an entire
plane. Then X is a plane.
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We may without loss of generality assume that X is a graph over the plane Y (u, v) = (u, v, 0), i.e.
X(u,v)= (u,v,f(u,v)) . It is then straightforward to check that X is a minimal surface if and only

if f satisfies the non-parametric minimal surface equation:

(1+9°)p. —2pap, +(1+p*)q, =0, (1)

where we have used the classical notation: p = f, q = f . We say that a solution of a partial
differential equation defined on the whole (u, v)-plane is entire. Thus, to prove Bernstein’s
Theorem, it suffices to prove that any entire solution of (11) is linear.

Proposition 8. Let f be an entire solution of (11). Then f is a linear function.

If f satisfies (11), then p and q satisfy the following equations:

o 1+q* |_ 0 pq
ou \/1+P2+q2 v \/1+p2+q2 / ..(12)

ol ___pq _of_ 1+p
ou \/1+p2+q2 ov \/1+p2+q2 ’ ..(13)

Since the entire plane is simply connected, Equation (13) implies that there exists a function &
satisfying:

__ 1+p? _ Pq
“_\/1+ 2 27 E—“’_\/ 2 27
p +q 1+p°+q

and Equation (12) implies that there exists a function satisfying:

1+q2
M = p(zl 77 W= 2q 2"
\/1+p +q \/1+p +q

Furthermore, £ =n , hence there is a function h so thath =& h_ =m. The Hessian of the function
his:

C(h, hy) (& &)
L PR e B

hence, h satisfies the Monge-Ampére equation:
det(h,)=1. ..(14)

In addition, h, >0, thus (hii) is positive definite, and we say that h is convex. Proposition 15

now follows from the following result due to Nitsche.

Proposition 9. Let h eC? (Rz) be an entire convex solution of the Monge-Ampere Equation (14).

Then h is a quadratic function.
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Proof. The proof uses the following transformation introduced by H. Lewy: Notes

¢=(u,v)(&m)=(u+p,v+q)

where p =h , and q = h . Clearly, ¢ is continuously differentiable, and its Jacobian is:

q [1+r s}
P=l s 14

wherer=h ,s=h ,andt=h_.Since det(d(p) =2+r+t>0, itfollows from the inverse function

theorem that ¢ is a local diffeomorphism, i.e., each point has a neighborhood on which ¢ is a
diffeomorphism. In particular, ¢ is open.

In view of the convexity of the function h, we have :
(uz - ul)(‘iz - E.n) +(Vz - V1)(nz - Th)

:(uz _111)2 +(V2 _Vl)z +(u2 _u1)(pz _p1)+(V2 _Vl)(qz _q1)

and therefore:

(uz_u1)2+(v2_vi)2 §(§2_E)1)2+(n2_n1)2/

i.e., ¢ is an expanding map. This implies immediately that ¢ is one-to-one. Thus, ¢ has an inverse
(u, v) = ¢ (§, ) which is also a diffeomorphism. Consider now the function

f(e+in)=u-p-i(v-—q)=2u-£+i(-2v+n),

where i=+-1. In view of

Lo (u uy) 1 (1+t 7sj

de” :LV; VHJ:2+r+t -s 1+1)’

it is straightforward to check that f satisfies the Cauchy-Riemann equations, and consequently
f is analytic. In fact, f is an entire functions and so is f'. Furthermore,

2 4

+2is f’(c)‘ -1-
2+1+t

vy (t—1)
fo)= 2+r+t

and Liouville’s Theorem gives that ' is constant. Finally, the relations:

e H(E-F) e
f= 2 ST 2 t= 2
1-f] 1-f] 1-f]

show thatr, s, t are constants.

26.5 Theorema Egregium

In this section, we prove that the Gauss curvature can be computed in terms of the first fundamental
form and its derivatives. We then prove the Fundamental Theorem for surfaces in R? analogous
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to curves, which states that a parametric surface is uniquely determined by its first and second
fundamental form. Partial derivatives with respect to u’ will be denoted by a subscript i following
a comma, unless there is no ambiguity in which case the comma may be omitted.

Proposition 10. Let X:U — R® be a parametric surface. Then the following equations hold:
X;j = l—*‘r]nxm + k,‘jN/ (15)

where,
m 1 mn
rij :Eg (gni,i & _gij,n)’ ---(16)

and (gﬁ) and (kii) are the coordinate representations of its first and second fundamental form.

Proof. Clearly, Xij can be expanded in the basis X, X,, N of R®. We already saw, that the component
of X, along N is k, hence Equation (15) holds with the coefficients Iy given by

Xii .Xm = F:;gmn
In order to derive (16), we differentiate g = X, - Xj, and substitute the above equation to obtain:

Gim = Lim&rj + T in8i- .(17)

Now, permute cyclically the indices i, j,m, add the first two equations and subtract the last one:

Siim T 8mii ~ Gimi = 2 8-
Multiplying by g" and dividing by 2 yields (16).

The coefficients T'j' are called the Christoffel symbols of the second kind.’ It is important to note

that the Christofell symbols can be computed from the first fundamental form and its first
derivatives. Furthermore, they are not invariant under reparametrization.

Theorem 6. Let X :U — R® be a parametric surface. Then the following equations hold:

Ty =T+ Ti0n = Tr = g™ (kyk,, —kyk;, ), ..(18)

ij,1 il,j ij= nl ijIn il jn
kij/l - kil,j + 1—§1k1m - riTkjm =0. ..(19)
Proof. If we differentiate (15), we get:

Xy =(T5X,.) +(kyN) =T

’ ij,IXm + F;;‘Xml +k. N+ kile.

i1
Substituting X _ from (15) and N, from (5), and decomposing into tangential and normal
components, we obtain:

Xy =AuX,+B

N/

it
where:

Ay =T + 0T - g™k k,,,

ijl ij* nl

B, =k, + Tk,

ijl
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Taking note of the fact that X;, = X, we now interchange j and | and subtract to obtain (18) and Notes
(19).

Equation (18) is called the Gauss Equation, and Equation (19) is called the Codazzi Equation. The
Gauss Equation has the following corollary which has been coined Theorema Egregium. It’s
discovery marked the beginning of intrinsic geometry, the geometry of the first fundamental
form.

Corollary 1. Let X:U — R® be a parametric surface. Then the Gauss curvature K of X can be

computed in terms of only its first fundamental form (gij) and its derivatives up to second

order:

K=%g“(r.‘“ ~T, +Trn —Torn),

ij,m im,j ij© nm im™ nj

where 'y are the Christoffel symbols of the first kind.

Proof.

We now show, in a manner quite analogous to Theorem 6, that provided they satisfy the Gauss-
Codazzi Equations, the first and second fundamental form uniquely determine the parametric
surface up to rigid motion.

Theorem 7 (Fundamental Theorem). Let U c R” be open and simply connected, let (gij) :U— s¥?
and (kij) :U —S*? be smooth, and suppose that they satisfy the Gauss-Codazzi Equations
(18)-(19). Then there is a parametric surface X:U — R® such that (gi].) and (ki].) are its first and

second fundamental forms. Furthermore, X is unique up to rigid motion: if X is another
parametric surface with the same first and second fundamental forms, then there is a rigid

motion R of R® such that X=RoX.

Proof. We consider the following over-determined system of partial differential equations for
X, X, N:¢

X =T§X, +kijN/ ..(20)
N, =-k,g"X,,, ..(21)
where T is defined in terms of (gij) by (16). The integrability conditions for this system are:

(X, +kN) =(r5X,, +K,N) ~(22)

j
(kiigjmxm)l = (kljgjmxm)i . (23)

The proof of Theorem 18 also shows that the Gauss-Codazzi Equations (18)-(19) imply (22) if Xi
and N satisfy (20) and (21). We now check that (19) also implies (23). First note that since ']’ is
defined by (16), we have

L 8mn = %(gni,j + 8 _gij,n)'
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Interchanging n and i and adding, we get (17). Now, differentiate (21), and taking into account
that g =-g“g,. g", substitute (17) to get:

N;, = _kij,l gjm X+ kijgja(rglgnb + r&gm)gbmxm

kg™ (anlxa +k,, g™ N)=(—k-- +k, r“)gijm +kk,, g™ N.

ij,1 in® jl

Note that the last term is symmetric in i and 1 so that interchanging i and 1, and subtracting, we
get:

N;, -N,; = (_kij,l + kil,j - r;;kln + rskjn)gjmxm

which vanishes by (19). Thus, it follows that (23) is satisfied. We conclude that given values for
X,, X,, N at a point u, € U there is a unique solution of (20)-(21) in U. We can choose the initial
values to that X, - X; =g, N - X, =0,and N- N =1 at u. Using (20) and (21), it is straightforward
to check that the functions h, =X, - X, p, =N - X, and q = N - N, satisfy the differential equations:

+ knPj + kjlpil

ni

h,, =Tih,+Th

T

pi,j = _kjl glm h + riTPm + kiqu

q; = _Zkiigjmpm'
However, the functions h; =g;,p, =0 and q =1 also satisfy these equations, as well as the same

initial conditions as h; = X;-X;,p, =N-X; and q=N-N at u,. Thus, by the uniqueness statement
mentioned above, it follows that X;-N; =g;,N-N; =0, and N - N =1. Clearly, in view of (20) we

have X;, =X , hence there is a function X:U — R® whose partial derivatives are X.. Since (gij) is
positive definite we have that X, X, are linearly independent, hence X is a parametric surface
with first fundamental form (gij). Furthermore, it is easy to see that the unit normal of X is N,
and X -Xi =-N -Xij =-k., hence, the second fundamental form of X is kii' This completes the

ij/

proof of the existence statement.

Assume now that X is another surface with the same first and second fundamental forms. Since
X and X have the same first fundamental form, it follows that there is a rigid motion R(x) = Qx

+y with Q eSO(n;R) such that R(X(uo))zX(uo),QXi(uo)=)~(i(u0),QN(u0):N(uU). Let

X=RoX. Since the two triples (>~(1,)~<2,N) and ()A(],)A(Z,N) both satisfy the same partial
differential equations (20) and (21), it follows that they are equal everywhere, and consequently

X=X=RoX.
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26.6 Summary Notes

° A curvey on a parametric surface X is called a line of curvature if y is a principal direction.

The following proposition, due to Rodriguez, characterizes lines of curvature as those
curves whose tangents are parallel to the tangent of their spherical image under the Gauss
map.

° Let y be a curve on a parametric surface X with unit normal N, and let B=Noy be its
spherical image under the Gauss map. Then y is a line of curvature if and only if

B+Ay =0.

° Let X:U — R’ be a parametric surface, and let Y, and Y, be linearly independent vector
fields. The following statements are equivalent:

o Any point u, € U has a neighborhood U, and a reparametrization ¢:V, = U, such
thatif X =Xo¢ then X, =Y, o ¢.
+  [Y,Y,]=0.

° Let X:U — R® be a parametric surface, and let Y, and Y, be linearly independent vector
fields. Then for any point u, € U there is a neighborhood of u, and a reparametrization

X =Xo¢ such that X; =Y, o ¢ for some functions f..

° Let X:U — R® be a parametric surface, and let u, be a hyperbolic point. Then there is

neighborhood U, of u, and a diffeomorphism ¢:U, —» U, such that X=Xo¢ is

parametrized by asymptotic lines.

26.7 Keywords

Line of curvature: A curve y on a parametric surface X is called a line of curvature if y is a
principal direction.

Bernstein’s Theorem: Let X be a minimal surface which is a graph over an entire plane. Then X is
a plane.

26.8 Self Assessment

1. A curve y on a parametric surface X is called a ................. if y is a principal direction.

2. Let y be a curve on a parametric surface X with unit normal N, and let B =Noy be its

spherical image under the Gauss map. Then y is a line of curvature if and only if .................
3. Let X:- US> R® bea........ ,and let Y, and Y, be linearly independent vector fields.
4. A curve y on a parametric surface X is called an ................. if it has zero normal curvature,
ie., k(y,Y) =0.

5. A parametric surface X is minimal if it has vanishing mean .................
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Let X:U —» R® be a parametric surface, and let V. U be open. Let N:U — S* be the Gauss
map of X, then .................

................. Let X be a minimal surface which is a graph over an entire plane. Then X is a

26.9 Review Questions

1.

Prove that setting f({) =1, g(£) =1/ in the Weierstrass representation, we get the catenoid.

Find the conjugate harmonic surface of the catenoid.

Let UcR? letf:U— R be a smooth function, and let X:U — R® be given by (u, v, f(u,

v)), where (u, v) denote the variables in U. Show that X is a minimal surface if and only if
it satisfies the non-parametric minimal surface equation:

(1+9%)p, —2pqp, +(1+p*)q, =0,

where we have used the classical notation: p = f , q = f . Show that if f satisfies the equation
above then the following equations are also satisfied:

ol 1+q® |_2| pq
ou \/1+p2+q2 ov \/1+p2+q2 ’

K rq _ 0| _1+p°
ou \/1+p2+q2 ov \/1+p2+q2 .

Let feC*(U) be a convex function defined on a convex open set U, and let

Af =(p,q):U— R* denote the gradient of f. Prove that for any u,, u, € U the following
inequality holds:

(u, —ul)‘(Af(uz)—Af(ul))ZO.

Let Uc R" be open. Amap ": U!Rnis expanding if ‘x - y‘ < ‘(p(x) - (p(y)‘ forallx,y € U. Let
¢:U—>R" be an open expanding map. Show that the image of the ball B (x ) of radius R

centered at x, € U contains the disk By ((p(xo)) of radius R centered at (p(xo). Conclude that
if U=R», then ¢ is onto R™.

Answers: Self Assessment

line of curvature 2. B+Ay=0.
parametric surface 4. asymptotic line
curvature H = 0. 6. Ky (V)= Ay (V).

Bernstein’s Theorem
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26.10 Further Readings Notes
Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 27: Principal Curvatures
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Generalizations

Summary

Keywords

Self Assessment

Review Question

Further Reading

Objectives

After studying this unit, you will be able to:

o Define Principal curvatures

° Discuss the concept of two dimensions: Curvature of surfaces
° Explain the Mean curvature

° Explain the Higher dimensions: Curvature of space
Introduction

In last unit, you have studied about the meaning and concept of curvature. Gaussian curvature,
sometimes also called total curvature, is an intrinsic property of a space independent of the
coordinate system used to describe it. The Gaussian curvature of a regular surface in R* at a point
p is formally defined as (S(p)) where S is the shape operator and det denotes the determinant
K(p) = det. This unit will provides you information related to principal curvatures.

27.1 Principal Curvatures

All curves with the same tangent vector will have the same normal curvature, which is the same
as the curvature of the curve obtained by intersecting the surface with the plane containing T

and u.
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Taking all possible tangent vectors then the maximum and minimum values of the normal Notes
curvature at a point are called the principal curvatures, k, and k,, and the directions of the
corresponding tangent vectors are called principal directions.

27.2 Two Dimensions: Curvature of Surfaces

27.2.1 Gaussian Curvature

In contrast to curves, which do not have intrinsic curvature, but do have extrinsic curvature (they
only have a curvature given an embedding), surfaces can have intrinsic curvature, independent
of an embedding. The Gaussian curvature, named after Carl Friedrich Gauss, is equal to the
product of the principal curvatures, k k,. It has the dimension of 1/length® and is positive for
spheres, negative for one-sheet hyperboloids and zero for planes. It determines whether a
surface is locally convex (when it is positive) or locally saddle (when it is negative).

This definition of Gaussian curvature is extrinsic in that it uses the surface’s embedding in R?,
normal vectors, external planes etc. Gaussian curvature is, however, in fact an intrinsic property
of the surface, meaning it does not depend on the particular embedding of the surface; intuitively,
this means that ants living on the surface could determine the Gaussian curvature. For example,
an ant living on a sphere could measure the sum of the interior angles of a triangle and determine
that it was greater than 180 degrees, implying that the space it inhabited had positive curvature.
On the other hand, an ant living on a cylinder would not detect any such departure from
Euclidean geometry, in particular the ant could not detect that the two surfaces have different
mean curvatures which is a purely extrinsic type of curvature.

Formally, Gaussian curvature only depends on the Riemannian metric of the surface. This is
Gauss’s celebrated Theorema Egregium, which he found while concerned with geographic surveys
and map-making.

An intrinsic definition of the Gaussian curvature at a point P is the following: imagine an ant
which is tied to P with a short thread of length r. She runs around P while the thread is completely
stretched and measures the length C(r) of one complete trip around P. If the surface were flat, she
would find C(r) = 2n. On curved surfaces, the formula for C(r) will be different, and the Gaussian
curvature K at the point P can be computed by the Bertrand-Diquet-Puiseux theorem as

K=lim(2nr - C(r)) . —-
r—0 "
The integral of the Gaussian curvature over the whole surface is closely related to the surface’s

Euler characteristic.

The discrete analog of curvature, corresponding to curvature being concentrated at a point and
particularly useful for polyhedra, is the (angular) defect; the analog for the Gauss-Bonnet theorem
is Descartes’ theorem on total angular defect.

Because curvature can be defined without reference to an embedding space, it is not necessary
that a surface be embedded in a higher dimensional space in order to be curved. Such an
intrinsically curved two-dimensional surface is a simple example of a Riemannian manifold.

27.2.2 Mean Curvature
The mean curvature is equal to half the sum of the principal curvatures, (k,+k,)/2. It has the

dimension of 1/length. Mean curvature is closely related to the first variation of surface area, in
particular a minimal surface such as a soap film, has mean curvature zero and a soap bubble has
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constant mean curvature. Unlike Gauss curvature, the mean curvature is extrinsic and depends
on the embedding, for instance, a cylinder and a plane are locally isometric but the mean
curvature of a plane is zero while that of a cylinder is non-zero.

27.2.3 Second Fundamental Form

The intrinsic and extrinsic curvature of a surface can be combined in the second fundamental
form. This is a quadratic form in the tangent plane to the surface at a point whose value at a
particular tangent vector X to the surface is the normal component of the acceleration of a curve
along the surface tangent to X; that is, it is the normal curvature to a curve tangent to X.
Symbolically,

TI(X,X) =N - (V,X)

where N is the unit normal to the surface. For unit tangent vectors X, the second fundamental
form assumes the maximum value k, and minimum value k,, which occur in the principal
directions u, and u,, respectively. Thus, by the principal axis theorem, the second fundamental
form is

TI(X,X) =k, (X-u,)? +k, (X - u,).

Thus, the second fundamental form encodes both the intrinsic and extrinsic curvatures.

A related notion of curvature is the shape operator, which is a linear operator from the tangent
plane to itself. When applied to a tangent vector X to the surface, the shape operator is the
tangential component of the rate of change of the normal vector when moved along a curve on
the surface tangent to X. The principal curvatures are the eigenvalues of the shape operator, and
in fact the shape operator and second fundamental form have the same matrix representation
with respect to a pair of orthonormal vectors of the tangent plane. The Gauss curvature is, thus,
the determinant of the shape tensor and the mean curvature is half its trace.

27.3 Higher Dimensions: Curvature of Space

By extension of the former argument, a space of three or more dimensions can be intrinsically
curved; the full mathematical description is described at curvature of Riemannian manifolds.
Again, the curved space may or may not be conceived as being embedded in a higher-dimensional
space.

After the discovery of the intrinsic definition of curvature, which is closely connected with
non-Euclidean geometry, many mathematicians and scientists questioned whether ordinary
physical space might be curved, although the success of Euclidean geometry up to that time
meant that the radius of curvature must be astronomically large. In the theory of general relativity,
which describes gravity and cosmology, the idea is slightly generalised to the “curvature of
space-time”; in relativity theory space-time is a pseudo-Riemannian manifold. Once a time
coordinate is defined, the three-dimensional space corresponding to a particular time is generally
a curved Riemannian manifold; but since the time coordinate choice is largely arbitrary, it is the
underlying space-time curvature that is physically significant.

Although an arbitrarily-curved space is very complex to describe, the curvature of a space which
is locally isotropic and homogeneous is described by a single Gaussian curvature, as for a
surface; mathematically these are strong conditions, but they correspond to reasonable physical
assumptions (all points and all directions are indistinguishable). A positive curvature corresponds
to the inverse square radius of curvature; an example is a sphere or hypersphere. An example of
negatively curved space is hyperbolic geometry. A space or space-time with zero curvature is
called flat. For example, Euclidean space is an example of a flat space, and Minkowski space is an
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example of a flat space-time. There are other examples of flat geometries in both settings, Notes
though. A torus or a cylinder can both be given flat metrics, but differ in their topology. Other
topologies are also possible for curved space.

27.4 Generalizations

Figure 27.1

N

In above figure, Parallel transporting a vector from A — N — B yields a different vector. This failure to
return to the initial vector is measured by the holonomy of the surface.

The mathematical notion of curvature is also defined in much more general contexts. Many of
these generalizations emphasize different aspects of the curvature as it is understood in lower
dimensions.

One such generalization is kinematic. The curvature of a curve can naturally be considered as a
kinematic quantity, representing the force felt by a certain observer moving along the curve;
analogously, curvature in higher dimensions can be regarded as a kind of tidal force (this is one
way of thinking of the sectional curvature). This generalization of curvature depends on how
nearby test particles diverge or converge when they are allowed to move freely in the space.

Another broad generalization of curvature comes from the study of parallel transport on a
surface. For instance, if a vector is moved around a loop on the surface of a sphere keeping
parallel throughout the motion, then the final position of the vector may not be the same as the
initial position of the vector. This phenomenon is known as holonomy. Various generalizations
capture in an abstract form this idea of curvature as a measure of holonomy. A closely related
notion of curvature comes from gauge theory in physics, where the curvature represents a field
and a vector potential for the field is a quantity that is in general path-dependent: it may change
if an observer moves around a loop.

Two more generalizations of curvature are the scalar curvature and Ricci curvature. In a curved
surface such as the sphere, the area of a disc on the surface differs from the area of a disc of the
same radius in flat space. This difference (in a suitable limit) is measured by the scalar curvature.
The difference in area of a sector of the disc is measured by the Ricci curvature. Each of the scalar
curvature and Ricci curvature are defined in analogous ways in three and higher dimensions.
They are particularly important in relativity theory, where they both appear on the side of
Einstein’s field equations that represents the geometry of spacetime (the other side of which
represents the presence of matter and energy). These generalizations of curvature underlie, for
instance, the notion that curvature can be a property of a measure.
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Another generalization of curvature relies on the ability to compare a curved space with another
space that has constant curvature. Often this is done with triangles in the spaces. The notion of a
triangle makes senses in metric spaces, and this gives rise to CAT (k) spaces.

27.5 Summary

° All curves with the same tangent vector will have the same normal curvature, which is the
same as the curvature of the curve obtained by intersecting the surface with the plane
containing T and u. Taking all possible tangent vectors then the maximum and minimum
values of the normal curvature at a point are called the principal curvatures, k, and k,, and
the directions of the corresponding tangent vectors are called principal directions.

° In contrast to curves, which do not have intrinsic curvature, but do have extrinsic curvature
(they only have a curvature given an embedding), surfaces can have intrinsic curvature,
independent of an embedding. Gaussian curvature is, however, in fact an intrinsic property
of the surface, meaning it does not depend on the particular embedding of the surface;
intuitively, this means that ants living on the surface could determine the Gaussian
curvature. Formally, Gaussian curvature only depends on the Riemannian metric of the
surface. This is Gauss’s celebrated Theorema Egregium, which he found while concerned
with geographic surveys and map-making.

° An intrinsic definition of the Gaussian curvature at a point P is the following: imagine an
ant which is tied to P with a short thread of length r. She runs around P while the thread is
completely stretched and measures the length C(r) of one complete trip around P

° The mean curvature is equal to half the sum of the principal curvatures, (k +k,)/2. It has
the dimension of 1/length. Mean curvature is closely related to the first variation of
surface area, in particular a minimal surface such as a soap film, has mean curvature zero
and a soap bubble has constant mean curvature. Although an arbitrarily-curved space is
very complex to describe, the curvature of a space which is locally isotropic and
homogeneous is described by a single Gaussian curvature, as for a surface; mathematically
these are strong conditions, but they correspond to reasonable physical assumptions (all
points and all directions are indistinguishable). A positive curvature corresponds to the
inverse square radius of curvature; an example is a sphere or hypersphere. An example of
negatively curved space is hyperbolic geometry. A space or space-time with zero curvature
is called flat. For example, Euclidean space is an example of a flat space, and Minkowski
space is an example of a flat space-time

27.6 Keywords

Principal directions: Taking all possible tangent vectors then the maximum and minimum
values of the normal curvature at a point are called the principal curvatures, k, and k,, and the
directions of the corresponding tangent vectors are called principal directions.

Gaussian curvature: An intrinsic definition of the Gaussian curvature ata point P is the following:
imagine an ant which is tied to P with a short thread of length r.

Arbitrarily-curved space: An arbitrarily-curved space is very complex to describe, the curvature
of a space which is locally isotropic and homogeneous is described by a single Gaussian curvature,
as for a surface; mathematically these are strong conditions, but they correspond to reasonable
physical assumptions.
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27.7 Self Assessment Notes
1.  All curves with the same tangent vector will have the same ................... , which is the same

as the curvature of the curve obtained by intersecting the surface with the plane containing

Tand u.
20 e is however in fact an intrinsic property of the surface, meaning it does not

depend on the particular embedding of the surface; intuitively, this means that ants living
on the surface could determine the Gaussian curvature.

3. Gaussian curvature only depends on the ................... of the surface.

4. An ., definition of the Gaussian curvature at a point P is the following: imagine
an ant which is tied to P with a short thread of length r

5. A corresponds to the inverse square radius of curvature; an example is a sphere
or hypersphere.

27.8 Review Question

Define Principal curvatures.

Discuss the concept of two dimensions.

1
2
3. Describe the Curvature of surfaces.
4 Explain the Mean curvature.

5

Explain the Higher dimensions: Curvature of space.

Answers: Self Assessment

1. normal curvature 2. Gaussian curvature
3. Riemannian metric 4. Intrinsic
5. positive curvature

27.9 Further Reading

&

Books Abhelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati,T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Unit 28: Local Intrinsic Geometry of Surfaces

CONTENTS

Objectives

Introduction

28.1 Riemannian Surfaces

28.2 Lie Derivative

28.3 Covariant Differentiation
28.4 Summary

28.5 Keywords

28.6 Self Assessment

28.7 Review Questions

28.8 Further Readings

Objectives

After studying this unit, you will be able to:

. Define Riemannian Surfaces

° Discuss Lie Derivative

. Explain the Concept of Covariant Differentiation
Introduction

In this unit, we change our point of view, and study intrinsic geometry, in which the starting
point is the first fundamental form. Thus, given a parametric surface, we will ignore all
information which cannot be recovered from the first fundamental form and its derivatives
only.

28.1 Riemannian Surfaces

Definition 1. Let U c R? be open. A Riemannian metric on U is a smooth function g:U — S>?.

A Riemannian surface patch is an open set U equipped with a Riemannian metric.

The tangent space of U at u € U is R% The Riemannian metric g defines an inner-product on each
tangent space by:

g(Y,.2) = gy'z,
where y' and 7z are the components of Y and Z with respect to the standard basis of R%. We will

write \Y\: =g(Y,Y), and omit the subscript g when it is not ambiguous.
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~ Notes
Two Riemannian surface patches (U, g) and (U, g) are isometric if there is a diffeomorphism

¢:U—> U such that
g = glm(l)}d);nr ..(1)
where ¢} =06u' /0T, In fact, Equation (1) reads:
do*g =8,
where d¢* g is the pull-back of g by the Jacobian of ¢ at G. We then say that ¢ is an isometry
between (U, g) and (f], g). As before, we denote by g’ the inverse of the matrix g,.

We also denote the Riemannian metric:
ds? = 8; dul du,

and at times refer to it as a line element. The arc length of a curve vy :[a,b] > U is then given by:
b ]
L, = L giY Y dt.

Note that the arc length is simply the integral of \/g(7, 7).

' Example: Let U cR* be open, and let let(Sii) be the identity matrix, then (U, §) is a
Riemannian surface. The Riemannian metric d will be called the Euclidean metric.

'i Example: Let X:U— R® be a parametric surface, and let g be the coordinate
representation of its first fundamental form, then (U, g) is a Riemannian surface patch. We say

that the metric g is induced by the parametric surface X. If X = Xo¢: U — R® is areparametrization

of Xand g the coordinate representation of its first fundamental form, then (fJ, g) is isometric

to (U, g).

' Example: (The Poincaré Disk). Let D = {(u,v) w4+ vi< 1} be the unit disk in R? and let

4
8 = m&j

where r=+u® +v* is the Euclidean distance to the origin. We can write this line element also as

du?+dv?

ds* = 4m- -2

The Riemannian surface (D, g) is called the Poincar’e Disk. Let U = {(x, y) : y > 0} be the upper half-
plane, and let
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Then it is not difficult to see that (D, gij) and (U, hi].) are isometric with the isometry given by:

2v T-w?—v? )
(1+u)2+v2'(1+u2)+v2J

(
¢¢(urV)'—>(XrY)=L

In fact, a good bookkeeping technique to check this type of identity is to compute the differentials:

22
dx=—4— VAW g, AFW =V 40
((1+u)2+vz) ((1+u)2+vz)
2 2
dy=—2 1+u) -v _du+4 v(l+u) _dv,
1+u)+v? T+u)+v2
((1+u)
substitute into
dx* +dy”
v

and then simplify using du dv = dv du to obtain (2). It is not difficult to see that this is equivalent
to checking (1).

Definition 2. Let (U, g) be a Riemannian surface. The Christoffel symbols of the second kind of
g are defined by:

F;? :%gmn (gni,j + & _gij,n)' -(3)

The Gauss curvature of g is defined by:

Kzégii(r%ﬂ,m -TiTh, —F?ml";r;). ..(4)

If (U, g) is induced by the parametric surface X:U — R®, then these definitions agree with those
studied earlier.

28.2 Lie Derivative

Here, we study the Lie derivative. We denote the standard basis on R? by 0,,0,. Let f be a

smooth function on U, and let Y =y'9, e T,U be a vector at u € U. The directional derivative of

falong Y is:

of=yof=yf. .05

Since y, =0,u’ where (u1,u2) are the coordinates on U, we see that Y = Z follows from 0, =0,

as operators. The next proposition shows that the directional derivative of a function is
reparametrization invariant.

Proposition 1. Let ¢:U— U be a diffeomorphism, and let Y be a vector at @ €U. Then for any
smooth function f on U, we have:

(O] 0 =3 (£o8).
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Proof. Denoting the coordinates on U by ui and the coordinates on U by @', welet ¢, =ou’ /ot', Notes

and we find, by the chain rule:
0, (£20) =0, (£-4) = 50,08 =2y ).
We define the commutator of two tangent vector fields Y =y'0, and Z=2'9,, Equation (5):

[Y,Z]=(y'0,2 - Zod,y')o,. ..(6)
Note that
Oy 2if = 0y0,f —0,0\1. (7)

This observation together with Proposition 3.1 are now used to show that the commutator is
reparametrization invariant.

Proposition 2. Let Y and Z be vector fields on U, andlet ¢: U — U be a diffeomorphism, then

ab([5.2]) [ ao(3) <o(2]

Proof. For any smooth function f on U, we have:

Oug(rv2)f = v (2 9) = 050, (F 2 0) — 0,04 (Fo ¢) -(8)

=% (%(Z)f) "2 (%mf) *4= Oy Ougal ~Oasz sl = Faviani”
and the proposition follows.

We note for future reference that in the proofs of propositions 1 and 2, only the smoothness of
the map ¢ is used, and not the fact that it is a diffeomorphism. The operator Z+ L,Z=[Y,Z],
also called the Lie derivative, is a differential operator, in the sense that it is linear and satisfies
a Leibniz identity: £, (fZ)=(0,f)Z+fL,Z. However, £,Z depends on the values of Y in a
neighborhood of a point as can be seen from the fact that it is not linear over functions in Y , but
rather satisfies £ Z= fEYZ—((?Z f)Y. Hence the Lie derivative cannot be used as an intrinsic

directional derivative of a vector field Z, which should only depend on the direction vector Y at
a single point'.

28.3 Covariant Differentiation

Definition 3. Let (U, g) be a Riemannian metric, and let Z be a vector field on U. The covariant

derivative of Z along 0, is:

V.Z=(0,2+T}z")o;. .(9)

! Indeed 0, Z as defined does depend only on the value of Y at a single point and satisfies 6, Z =fo, Z.
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Let Y €T, U, the covariant derivative of Z along Y is:
VZ=y'Z,.
We write the components of V,Z as:
7 =7 +T)z", ...(10)
so that V,Z =y'z;6,. Furthermore, note that

V.0, :r:;ak' ..(11)

Our first task is to show that covariant differentiation is reparametrization invariant. However,
since the metric g was used in the definition of the covariant derivative, it stands to reason that
it would be invariant only under those reparametrization which preserve the metric, i.e., under
isometries.

Proposition 3. Let ¢ :( 0 ,g) —(U,g) be an isometry. Let Y eT,U, and let Z be a vector field on

U. Then
di(V,Z) =V ,,5,d0(Z). -(12)
Proof. This proof, although tedious, is quite straightforward, and is relegated to the exercises.

Note that on the left hand-side of (12), the covariant derivative V is that obtained from the

metric g.

Our next observation, which follows almost immediately, gives an interpretation of the covariant
derivative when the metric g is induced by a parametric surface X.

Proposition 4. Let the Riemannian metric g be induced by the parametric surface X. Then the
image under dX of the covariant derivative dX(V,Z) is the projection of 8,Z onto the tangent

space.

Proof. Note that dX(d,)=X;. Thus, if Z= 7' 0; then we find:

dX(V,Z)=7' X, =7 X +T4z"X; =, (2X; |- k7 N,

i

which proves the proposition.
We now show that covariant differentiation is in addition well-adapted to the metric g.

Proposition 5. Let (U, g) be a Riemannian surface, and let Y and Z be vector fields on U. Then, we
have

0,(Y,Z2)=g(V\Y,Z)+g(V.Y,Z). ..(13)

Proof. We first note that, as in the proof of Theorem 2.29, the definition of the Christoffel
symbols (3) :

8ij1 = F;gkj + Flj(lgki' ..(14)
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Now, setting Y =y'6, and Z=2'9,, we compute: Notes

0,(Y,Z) =083y 2" =T 81my'z" +Tiguny'2" +8uy 2k +8uy'z" ;

= gjk(yj it Fimym)zk +gikyj(zk i +Flr<nizm) = g(Y;xr Z)+g(Y, Z;i)'
This completes the proof of (13) and of the proposition.

Definition 4. Let Y = y'0, be a vector field on the Riemannian surface (U, g). Its divergence is the

function:
divY=Vy =0y + l":].yj.

Note that:

i 1 im 1 im
r;j = Egl (gmi,j + &mii _gij,m) = Eg 8im,j = aj log./detg.

Thus, we see that:

divY= ..(15)

1 i
Observe that this implies
IU divYdA :IU 6i( detg yi) du' du®.

Thus, Green’s Theorem in the plane implies the following proposition.

Proposition 6. Let Y be a compactly supported vector field on the Riemannian surface (U, g).
Then, we have:

jUdiv Y dA =0.

Definition 5. If f:U — R is a smooth function on the Riemannian surface (U, g), its gradient Vf

is the unique vector field which satisfies g(Vf,Y)=0, f.

The Laplacian of f if the divergence of the gradient of f:

Vf = div Vf.
It is easy to see that Vf=g'f0,, hence
V=15 (g" detg £ .(16)
detg !

Thus, in view of Proposition 6, if f is compactly supported, we have:

jUVf dA =0.
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28.4 Summary

Let UcR? be open. A Riemannian metric on U is a smooth function g:U—S*?. A

Riemannian surface patch is an open set U equipped with a Riemannian metric.

The tangent space of U atu € U is R% The Riemannian metric g defines an inner-product on
each tangent space by:

g(Y,Z) = gy'z,
where y' and Z/ are the components of Y and Z with respect to the standard basis of R% We

will write \Y\; =g(Y,Y), and omit the subscript g when it is not ambiguous.

Let UcR? be open, and let let(Sij) be the identity matrix, then (U, 3) is a Riemannian

surface. The Riemannian metric d will be called the Euclidean metric.

Let (U, g) be a Riemannian surface. The Christoffel symbols of the second kind of g are
defined by:

1"? = %gm (gni,j + 8y 7gij,n)'

The Gauss curvature of g is defined by:

K = %gij(r;fm -y, - T Fm).

im™ nj
If (U, g) is induced by the parametric surface X:U— R?, then these definitions agree.
Let Y and Z be vector fields on U, and let ) :U— U be a diffeomorphism, then

ab([5,2) - ) a0(2)].

Let Y be a compactly supported vector field on the Riemannian surface (U, g). Then, we
have:

LdWYdA:Q

28.5 Keywords

Riemannian metric: A Riemannian metric on U is a smooth function g:U — S>*. A Riemannian

surface patch is an open set U equipped with a Riemannian metric.

Euclidean metric: Let UcR? be open, and let let(Sij) be the identity matrix, then (U, 8) is a

Riemannian surface. The Riemannian metric d will be called the Euclidean metric.

28.6 Self Assessment

A on U is a smooth function g:U — S**. A Riemannian surface patch is an open

set U equipped with a Riemannian metric.

Let UcR? be open, and let let(Sij) be the identity matrix, then (U, 3) is a Riemannian

surface. The Riemannian metric d will be called the .................
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Let ¢:U— U be a diffeomorphism, and let Y be a vector at @i €U. Then for any smooth
function f on U, we have: .................

The ................. cannot be used as an intrinsic directional derivative of a vector field Z,
which should only depend on the direction vector Y at a single point.

Let the Riemannian metric g be induced by the parametric surface X. Then the image
under dX of the covariant derivative ................. is the projection of 0,Z onto the tangent

space.

The Laplacian of f if the divergence of the gradient of f: .................

28.7 Review Questions

Prove that a parametric surface X:U — R? is conformal if and only if its first fundamental
form g is conformal to the Euclidean metric § on U.

Two Riemannian metrics g and § on an open set U cR” are conformal if §=e*g for

some smooth function A.

Answers: Self Assessment

1. Riemannian metric 2. Euclidean metric.
3. (8d¢(9]f) ohp=0y(fod). 4. Lie derivative
5. dX(v.Z) 6.  Vf=div Vf.

28.8 Further Readings

&

Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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Objectives

After studying this unit, you will be able to:

° Define Geodesics

. Explain the Riemann Curvature Tensor

. Discuss the Second Variation of Arc length
Introduction

In particular, we will ignore the Gauss map and the second fundamental form. Thanks to Gauss’
Theorema Egregium, we will still be able to take the Gauss curvature into account. In last unit,
you have studied about local intrinsic Geometry of Surfaces.

29.1 Geodesics

Definition 1. Let (U, g) be a Riemannian surface, and let y :] — U be a curve. A vector field along

y is a smooth function Y :1— R?. The covariant derivative of Y =y'6, along y is the vector field:
V.Y =(y' + Ty

Note that if Z is any extension of Y, i.e., a any vector field defined on a neighborhood V of the

image v(I) of y in U, then we have:

VY=V, Z=1'Z,.
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Thus, any result proved concerning the usual covariant differentiation, in particular also for the Notes
covariant differentiation along a curve.

Definition 2. A vector field Y along a curve v is said to be parallel along v if V.Y =0.

Note that if Y and Z are parallel along y, then g(Y,Z) is constant.
0,3(Y,2)=g(v,Y,Z)+g(Y,v,Z)=0.

Proposition 1. Let y :[a,b]—» U be a curve into the Riemannian surface (U, g), let u, € U, and let

Y, € Tu, U. Then there is a unique vector field Y along y which is parallel along y and satisfies
Y(@) =Y,

o
Proof. The condition that Y is parallel along y is a pair of linear first-order ordinary differential
equations:

j

Vi =-Th(v)y'y"

Given initial conditions y'(a)=yj;, the existence and uniqueness of a solution on [a, b] follows

from the theory of ordinary differential equations.

The proposition together with the comment preceding it shows that parallel translation along a

curve y is an isometry between inner-product spaces P, : T,U — T,U.
Definition 3. A curve y is a geodesic if its tangent y is parallel along y:

V., =0.

v

If y is a geodesic, then |y| is constant and hence, every geodesic is parametrized proportionally
to arc length. In particular, if B =y o¢ is a reparametrization of y, then B is not a geodesic unless

¢ is a linear map.

Proposition 2. Let (U, g) be a Riemannian surface, let u, € Uand let 0= Y, €T, U. Then there is
and ¢ >0, and a unique geodesic y :(—¢,&) > U, such that y(0)=u,, and y(0)=Y,.

Proof. We have:

Vi = (i +Tiit)o.

Thus, the condition that y is a geodesic can written as a pair of non-linear second order ordinary
differential equations:

=T (v (D)7~
Given initial conditions y'(0)=u),7'(0)=y}, there is a unique solution on defined on a small
enough interval (-¢, €).

Definition 4. Let y:[a,b] > U be a curve. We say that y is length minimizing, or L-minimizing,
if:
L <L,

for all curves B in U such that B(a)=y(a) and B(b)=v(b).
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Let y:[a,b] > U beacurve. A variation of y is a smooth family of curves o(t;s):[a,b]x(—¢,€) —>1

such that o(t;0)=1v(t) for all t €[a,b]. For convenience, we will denote derivatives with respect

to t as usual by a dot, and derivatives with respect to s by a prime. The generator of a variation
c is the vector field Y (t) = o'(t; 0) along y. We say that o is a fixed-endpoint variation, if

o(a;s)=v(a), and o(b;s)=v(b) for all s e(—¢,¢). Note that the generator of a fixed-endpoint
variation vanishes at the end points. We say that a variation o is normal if its generator Y is

perpendicular to y:g(7,Y)=0. A curve y is locally L-minimizing if

L,()=] |3(5,6) dt

has a local minimum at s = 0 for all fixed-endpoint variations c. Clearly, an L-minimizing curve
is locally L-minimizing.

If y is locally L-minimizing, then any reparametrization =y o ¢ of yis also locally L-minimizing.
Indeed, if ¢ is any fixed-endpoint variation of B, then t(t;s)= 0(4)’] (t);s) is a fixed-endpoint
variation of y, and since reparametrization leaves arc length invariant, we see that L (s) = L (s)
which implies that L also has a local minimum at s = 0. Thus, local minimizers of the functional
L are not necessarily parametrized proportionally to arc length. This helps clarify the following

comment: a locally length-minimizing curve is not necessarily a geodesic, but according to the
next theorem that is only because it may not be parametrized proportionally to arc length.

Theorem 1. A locally length-minimizing curve has a geodesic reparametrization.

To prove this theorem, we introduce the energy functional:

Teo .
E, =5 ] 8(1,7)dt

We may now speak of energy-minimizing and locally energy-minimizing curves. Our first
lemma shows the advantage of using the energy rather than the arc length functional: minimizers
of E are parametrized proportionally to arc length.

Lemma 1. A locally energy-minimizing curve is a geodesic.

Proof. Suppose that y is a locally energy-minimizing curve. We first note that if Y is any vector
field along y which vanishes at the endpoints, then setting o(t;s) = y(t)+sY(t), we see that there

is a fixed-endpoint variation of y whose generator is Y. Since y is locally energy-minimizing, we
have:

EL0)= [ 2(8(6,6) | .ot 0.

We now observe that:

’

d d g
(GJ) ‘s=o=(ad] ‘s=o=(ac’j o =7"

where Y =y'0, is the generator of the fixed-endpoint variation o, and:

(gn‘)'

=0 = 8ijk (Gk), s=0 = 8ijk v

LOVELY PROFESSIONAL UNIVERSITY



Unit 29: Geodesics

Thus, we have: Notes

'

AN 4 - VAN 1 L Lo
%(g(d,c})) s=0 = %(gijélél) ‘s=0 = %(gn) ‘s=0 ¢'c’ +gij61(dj) ‘s:U = Egij,kkalY] +giﬂ’ly]~

Since Y vanishes at the endpoints, we can substitute into E_(0), and integrate by parts the second

term to get:

E;(O) = _j:{%(gijyi) _%gik,j Yi}"k}y‘.

Since:

%(gnyi) = gij’;{.i + gij,kyi’}./k = gij:yli + %(gij,k + gkj,i)’\.{iyk/

We now see that:
, of .1 ek | b .
E (0)= _L giY +E(gmj,k *+8ijm _gmk,j)y yoly dt= _L g(V?Y/Y)dt-
Since E(0)=0 for all vector fields Y along y which vanish at the endpoints, we conclude that
V¥ =0, and y is a geodesic.

The Schwartz inequality implies the following inequality between the length and energy
functional for a curve y.

Lemma 2. For any curve y, we have
2
L, <2E (b-a),

with equality if and only if y is parametrized proportionally to arc length.

Finally, the last lemma we state to prove Theorem 1, exhibits the relationship between the L and
E functionals.

Lemma 3. A locally energy-minimizing curve is locally length-minimizing. Furthermore, if y is
locally length-minimizing and P is a reparametrization of y by arc length, then B is locally
energy-minimizing.

Proof. Suppose that vy is locally energy-minimizing, and let ¢ be a fixed endpoint variation of y.
For each s, let B,(t):[a,b] > U be a reparametrization of the curve t c(t;s) proportionally to

arc length. Let t(t;s)=p,(t), then it is not difficult to see, using say the theorem on continuous
dependence on parameters for ordinary differential equations, that t is also smooth. By

Lemma 1, y is a geodesic, hence by Lemma 5, L =2E (b-a). It follows that:

L2(0)=L% =2E (b-a)=2E (0)(b—a)<2E (s)(b—a)=L’(s)=L.(s).
Thus, v is locally length-minimizing proving the first statement in the lemma.

Now suppose that y is locally length-minimizing, and let  be a reparametrization of y by arc
length. Then B is also locally length-minimizing, hence for any fixed-endpoint variation o of j3,
we have:
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g L L)
E,(0)=E, = TS T <E_(s).

Thus, B is locally energy-minimizing.

We note that the same lemma holds if we replace locally energy-minimizing by energy-
minimizing. The proof of Theorem 3 can now be easily completed with the help of Lemmas 1
and 3.

Proof of Theorem 1. Let B be a reparametrization of y by arc length. By Lemma 3, B is locally
energy-minimizing. By Lemma 1, B is a geodesic.

29.2 The Riemann Curvature Tensor

Definition 5. Let X, Y, Z, W be vector fields on a Riemannian surface (U, g). The Riemann
curvature tensor is given by:

RW,Z,X,Y)=g([Vx,Vy]Z=Vix v Z,W).
We first prove that R is indeed a tensor, i.e,, it is linear over functions. Clearly, R is linear in W,

additive in each of the other three variables, and anti-symmetric in X and Y . Thus, it suffices to
prove the following lemma.

Lemimna 4. Let X, Y, Z, W be vector fields on a Riemannian surface (U, g). Then we have:
RW,Z, £X,Y)=RW,£ZX,Y)=fR(W, Z, X, Y).
Proof. We have:

VfXVYZ - Vyvfxz - V[D(,Y]Z = fVXVYX - VY (fVXZ) - vf[X,Y]—(an)XZ
={V,V\Z —(0y ) Vi Z~EV\V Z~ £V  Z+(0,f) V, Z

=f(VAV\Z=VyV Z -V i\ Z).

The first identity follows by taking inner product with W. In order to prove the second identity,
note that:

ViVZ =V, ((0YF)Z)+ Vi (fV,Z) =(8,0,F)Z+(0,f)(VZ)+(0xE)(VyZ) + £V, V, Z.
Interchanging X and Y and subtracting we get:
[V VY J£Z = (O if ) Z+ [V V4 IZ.
On the other hand, we have also:
VixrifZ = (0} Z+ 5y Z.
Thus, we conclude:

[V Y\ 2= Vi rfZ = £([V, V4 12 - Vi 1 Z).
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The second identity now follows by taking inner product with W. Notes

Let
Ry :R(ai,aj,ak,al),

be the components of the Riemann tensor. The previous proposition shows that if X=x'9,,

Y=y'9,,Z=7'0,,W=w'0,, then
R(W, Z, X,Y)=w'zx"y'Ry,,

that is, the value of R(W, Z, X, Y) at a point u depends only on the values of W, Z, X, and Y at u.

Proposition 3. The components R, of the Riemann curvature tensor of any metric g satisfy the
following identities:

R Riilk = _Rjikl = Rklii (1)

ikl =
Ri]’kl + Rilik + Rikli =0. -(2)
Proof. We first prove (2). Since [0,,6,]=0, it suffices to prove
[V, V)0, +[ V.V, Jo, +[ v,V ]o, =0. ()

Note that the symmetry T} =T imply that V,0,=V0,.
Thus, we can write:
[V, V1]0,= V. V6, -V,V,0,.

Permuting the indices cyclically, and adding, we get (3.19). The first identity in (3.23) is obvious
from Definition 5. We now prove the identity:

R R

ki ikl

We observe that:

g(Vkv,9,,0,) =0,8(v,0;,0,)-(V\8,,v,0))
=5.(0g,-8(0,via))-0g(0, V.0, ) +8(0, Viv.0))

=0,0,8,-0,8(9,,v,0,)-8,8(0,, V.0, ) + (0, V\V,3, ).

It is easy to see that the first term, and the next two taken together, are symmetric in k and L
Thus, interchanging k and 1, and subtracting, we get:

Ry = g([kavl]aj’ai) = g(éj’[vllvk]ai) = _g([kavl]avai) =Ry

The last identity in (1) now follows from the first two and (2). We prove that B, , =R, - R, . =0.

Note that B, satisfies (1) as well as B, = -B, .. Now, in view of the identities already established,
we see that:

= _ _ = _ _ = + _ = +
Rijkl Riljk Riklj qu Rikli Rliik leji ij Bljik Rklij’
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hence, B, = Bljik‘ Using the symmetries of B,

, we can rewrite this identity as:

i1’

B. +B

ki ikl

0. .(4)
We now permute the first three indices cyclically:

B.+B

Kijl Kjli

0, .(5)

B +B =0, -(6)

kil ik
add (4) to (5) and subtract (6) to get, using the symmetries of B, :
B, +B _+B _+B

jkl iklj iklj Kili B B, =2B,,=0.

Kili ~ i ik
This completes the proof of the proposition.

It follows, that all the non-zero components of the Riemann tensor are determined by R , :

Rmz = _Rzuz = Rzm = _R1221'

and all other components are zero. The proposition also implies that for any vectors X, Y, Z, W,
the following identities hold:

RW,Z X,Y)=-RW, Z Y, Z)=-R(Z, W, X,Y) =R(XX, Y, W, Z), (7
RW, Z, X, Y) +R(W, Y, Z, X) +RW, X, Y, Z) =0. (8

Proposition 4. The components R, of the Riemann curvature tensor of any metric g satisfy:

gijimkl = rgk,l _rgl,k + r?krjnl _rﬂri\k- -(9)
Furthermore, we have:
K= h, ...(10)
det(g)

where K is the Gauss curvature of g.

Proof. Denote the right-hand side of (9) by S},. We have:

V\V,0, =V, (Thd;) =(Th, + T3 )0,
or equivalently:
T, +TaT) =g"g(V,V,8,,0,).
Interchanging k and 1 and subtracting we get:

Sék] = gjmg([vl ’Vk]ai /6m) = gijmﬂk = gijimkl-

According (9), we have:
1 g 1 i
K= Eg ksgkj = Eg ‘g lRijk]'
In view of the comment following Proposition 8, the only non-zero terms in this sum are:

1 _
K= E(gngzszz + glzgﬂRum + g21g12R2112 + gzngRZlZl) = det(g ' )Rlzlz’

which implies (10)
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Corollary 1. The Riemann curvature tensor of any metric g on a surface is given by: Notes

R :K(gikgil _gilgjk)' ..(11)

Proof. Denote the right-hand side of (11) by S,,, and note that it satisfies (1). Thus, the same
comment which follows Proposition 8 applies and the only non-zero components of S, are

determined by S

1212°

S.,,=-5

1212

thus it follows that Rijkl =S

S,,, =-5

2112~ P2121 12210

In view of (11), we have R ,, =S

1212/ ik

In particular, we conclude that:

R(Z,W,X,Y)=K(g(W,X)8(Z,Y) - g(W,Y)g(Z,X)). -(12)

29.3 The Second Variation of Arc length

In this section, we study the additional condition E(0)>0 necessary for a minimum. This leads

to the notion of Jacobi fields and conjugate points.

Proposition 5. Let y:[a,b] > U be a geodesic parametrized by arc length on the Riemannian
surface (U, g), and let 6 be a fixed-endpoint variation of y with generator Y. Then, we have:
" b 2 . 2
E(0)=] (\vyy\ —Key(IY} -g(#,Y) ))dt, .(13)

where K is the Gauss curvature of g.

Before we prove this proposition, we offer a second proof of the first variation formula:

EL(0)= [ g(V,7,Y)dt, ..(14)

which is more in spirit with our derivation of the second variation formula. First note that if ¢
is a fixed-endpoint variation of y with generator ¢’ =Y, and with 6 =X, then [X, Y] =0. Here Y

denotes the vector field ¢’ along o rather than just along y. Indeed, since X = do (d/dt) and
Y = do(d/ds), it follows, that for any smooth function f on U, we have

8[X/Y]f = {a,a}f oo =0.

In view of the symmetry I'j =T, this implies:
Vi X=-VY=[X,Y]=0.

We can now calculate:

1 b
E (5) :Ejayg(X,X)dt:ng(VYX,X)dt:L g(VXy,X)dt

]

= J.b%g(Y/X)dt —Jbg(Y,VXX)dt = g(Y,X)‘: —_[bg(Y,VXX)dt
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Setting s = 0, (14) follows.

Proof of Proposition 5. We compute:
1 ¢v b b
B =5 [ av0y, 06Xt = [ "0y, (VX X)de = [ "y, (V, Y, X)dt
- Lb(g(VYVXY,X)-ﬁ- g(VyY,V,X))dt

= [ (Vv Y. X) +g([Vy Vi)Y X) 4 g(V,Y, V,Y)dt
=| b(ig(m,x) —g(Vy Y X)+R(XY, Y, X) + g(VXY,VXY)j at,

dt

®=0, and when

where as above X =6, and Y = ¢’. Now, the first term integrates to g(VYY,X)

we set s = 0, the second term also vanishes since V,X= VW)«} =0. Furthermore, the last term

becomes g(VyY,V;,Y)- Hence, we conclude:

b
° a

E/(0) = (\vw.,y\z “ROGY,X,Y)|dt ..(15)
The proposition now follows from (12).

Thus, E!(0) can be viewed as a quadratic form in the generator Y . The corresponding symmetric

bilinear form is called the index form of y:

b . .
I(Y,2)=| (g(VyY,VyZ)—Koy(g(Y,Z)—g(y,Y)g(y,Z)))dt.
It is the Hessian of the functional E, and if E has a local minimum, I is positive semi-definite. We
will also write I(Y) = I(Y, Y).

Definition 6. Let y be a geodesic parametrized by arc length on the Riemannian surface (U, g). A
vector field Y along v is called a Jacobi field, if it satisfies the following differential equation:

V,V.Y+K(Y-g(,Y)7)=0.
Two points y (a) and y (b) along a geodesic y are called conjugate along y if there is a non-zero
Jacobi field along y which vanishes at those two points.

The Jacobi field equation is a linear system of second-order differential equations. Hence given
initial data specifying the initial value and initial derivative of Y, a unique solution exists along
the entire geodesic y.

Proposition 6. Let y be a geodesic on the Riemannian surface (U, g). Then given two vectors
Z,,Z, €T, U, thereis a unique Jacobi field Y alongy such that Y(a) = Z, and V,Y(a)=Z,.

In particular, any Jacobi field which is tangent to y is a linear combination of y and ty. The

significance of Jacobi fields is seen in the following two propositions. We say that ¢ is a variation

of y through geodesics if the curves t+ o(t;s) are geodesics for all s.
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Proposition 7. Let y be a geodesic, and let ¢ be a variation of y through geodesics. Then the Notes
generator Y = ¢’ of ¢ is a Jacobi field.

Proof. As before, denote X=¢6 and Y =c’. We first prove the following identity:
[Vy, Vi X =-K(Y-g(X,Y)X).

Indeed, in the proof of Lemma 7, it was seen that the left-hand side above is a tensor, i.e., is linear
over functions, and hence depends only on the values of the vector fields X and Y at one point.
Fix that point. If X and Y are linearly dependent, then both sides of the equation above are zero.
Otherwise, X and Y are linearly independent, and it suffices to check the inner product of the
identity against X and Y. Taking inner product with X, both sides are zero, and equation (11)

implies that the inner products with Y are equal. Since V,X=0, we get:

0=V,V,X=V,V.X+[V,,V,]X=V,V,Y-K(Y-g(X,Y)X).

Thus, Y is a Jacobi field.

We see that Jacobi fields are infinitesimal generators of variations through geodesics. If there is
anon-trivial fixed endpoint variation of y through geodesics, then the endpoints of y are conjugate
along y. Unfortunately, the converse is not true but nevertheless, a non-zero Jacobi field which
vanishes at the endpoints can be perceived as a non-trivial infinitesimal fixed-endpoint variation
of y through geodesics. This makes the next proposition all the more important.

Proposition 8. Let y be a geodesic, and let Y be a Jacobi field. Then, for any vector field Z along
v, we have:

1Y,2)=g(V,Y,Z)

. ..(16)

In particular, if either Y or Z vanishes at the endpoints, then I(Y,Z) = 0.

Proof. Multiplying the Jacobi equation by Z and integrating, we obtain:

0 =Lb(g(VYVV'Y'Z)*K(g(Y,Z)*g(vbY)g(v‘,Z)))dt

=j:’[§g(w,z) —8(V-{Y/V;;Z)—K(g(Y,Z)—g(v',Y)g(v',Z))) dt

Thus, a Jacobi field which vanishes at the endpoints lies in the null space of the index form I
acting on vector fields which vanish at the endpoints.

Theorem 2. Let y:[a,b]—>(U,g) be a geodesic parametrized by arc length, and suppose that

there is a point y(c) with a < ¢ < b which is conjugate to y(a). Then there is a vector field Z along
y such that I(Z) < 0. Consequently, v is not locally-length minimizing,.

Proof. Define:

and let W be a vector field supported in a small neighborhood of ¢ which satisfies
W(c)=-V,Y(c) #0. We denote the index form of y on [a, c] by I, and the index form on [c, b] by

L,. Since V is piecewise smooth, we have, in view of (16):
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I(V,W)=1,(V,W)+L(V,W)=1,(Y,W) = —‘VV.Y(C)‘Z <0
It follows that:
I(V+eW, V+eW)=1(V) + 2eI(V,W) + &2 I(W) = 2eI(V,W) + €2 [(W)
is negative if ¢ > 0 is small enough. Although V + g¢W is not smooth, there is for any

8 > 0 a smooth vector field Z,, satisfying 1Y + \vyzg ‘2 < C uniformly in 3 > 0, which differs from
V +&gW only on (c - §, ¢ + §). Since the contribution of this interval to both I(V + eW, V + eW) and
I(ZS,ZB) tends to zero with 9, it follows that also I(Z s/ Z a) <0 for 6 > 0 small enough. Thus, yis

not locally energy-minimizing. Since it is parametrized by arc length, if it was locally length
minimizing, it would by Lemma 6 also be locally energy-minimizing. Thus, y cannot be locally
length-minimizing.

A partial converse is also true: the absence of conjugate points along y guarantees that the index
form is positive definite.

Theorem 3. Let v :[a,b] > (U,g) be a geodesic parametrized by arc length, and suppose that no

point v (t), a < t < b, is conjugate to y(a) along y. Then the index form I is positive definite.

Proof. Let X=¢, and let Y be a Jacobi field which is perpendicular to X, and vanishes at t = a.
Note that the space of such Jacobi fields is 1-dimensional, hence Y is determined up to sign if we

also require that ‘Y(a)‘ =1. Since Y is perpendicular to X, it satisfies the equation:
V, VY +KY =0.

Furthermore, since Y never vanishes along v, the vectors X and Y span T,,U for all t € (a, b].

Thus, if Z is any vector field along y which vanishes at the endpoints, then we can write Z = fX +
hY for some functions f and h. Note that f(a) = f(b) = h(b) = 0 and hY(a) = 0. We then have:

1(Z,Z) = I(£X, £X) + 21(X, hY) + I(hY, hY).

Since R(X, £X,X, fX) =0 and V,fX = fX, it follows from (3.31) that:
16X, 8) = [ (X, iX)de = [ Fdt.
Furthermore,

(6%, hy) = [ g(BX, VyhY)dt
=g(BXhY) 2 [ (VX hY)dt = g(iX,h)de =o0.
Finally, since |V, hY[" = g(VXY,VXhZY) +h?|Y[?, it follows from Proposition 3.20 that:

I(hY,hY) = [ B2 YP de+ 1Y, hY) = [ 12 |Y[*dt.
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Thus, we conclude that: Notes
b p2v2
Z,Z)= [ (£ +h?[Y]*)dt=>0.

If1(Z,Z) = 0, then f=0 and hY=0 on [a, b]. Since Y # 0 on (a, b], we conclude that h=0 on (a,
b], and in view of h(b) = f(b) = 0, we get that Z = 0. Thus, I is positive definite.

29.4 Summary

° Let (U, g) be a Riemannian surface, and let y:1— U be a curve. A vector field along yis a

smooth function Y:I— R?. The covariant derivative of Y =y'6; along v is the vector field:
V.Y =(y' +Ty'i .

Note that if Z is any extension of Y, i.e., a any vector field defined on a neighborhood V of

the image v(I) of y in U, then we have:
VY=V, Z=Y'Z,.
° A vector field Y along a curve v is said to be parallel along y if V.Y =0.
Note that if Y and Z are parallel along v, then g(Y,Z) is constant.

0,8(Y,2)=g(v,Y,Z)+g(Y,v,Z)=0.

° Let y:[a,b]— U be a curve into the Riemannian surface (U, g), letu, € U, and let Y € Tu,
U. Then there is a unique vector field Y along y which is parallel along y and satisfies
Y(a) =Y,

) A curve y is a geodesic if its tangent y is parallel along y:

V,7=0.

¥

If v is a geodesic, then [y| is constant and hence, every geodesic is parametrized
proportionally to arc length. In particular, if p=y o ¢ is a reparametrization of vy, then p is

not a geodesic unless ¢ is a linear map.

o Let (U, g) be a Riemannian surface, letu, € Uand let 0# Y, €T, U. Then there isand £ >0,

and a unique geodesic y :(—¢,&) > U, such that y(0)=u,, and 7(0)=Y,.
° Let y:[a,b] > U be a curve. We say that y is length minimizing, or L-minimizing, if:

L <L,

for all curves B in U such that B(a)=y(a) and B(b)=v(b).
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Geodesic: A locally energy-minimizing curve is a geodesic.

Schwartz inequality: The Schwartz inequality implies the following inequality between the
length and energy functional for a curve y.

29.6 Self Assessment

1.  If Zis any extension of Y, i.e., a any vector field defined on a neighborhood V of the image

y(I) of yin U, then we have ..................
2. A vector field Y along a curve v is said to be parallel along ..................

3. Let (U, g) be a Riemannian surface, let u, € U and let 0# Y, €T, U. Then there is and & >0,

and a unique geodesic .................. , such that y(0)=u,, and y(0)=Y,.
4. A locally length-minimizing curve has a ..................
5. The .c.cccovvvvennne implies the following inequality between the length and energy functional

for a curvey.

6. Letybea............... ,and letY be a Jacobi field. Then, for any vector field Z along y, we have
1(Y,2)=g(V,Y,Z)

b
a-

29.7 Review Questions

1.  Let g=eg be conformal metrics on U, and let FE and l:fi be their Christoffel symbols.

Prove that:
—k k k k km
=Ty +81ki+8iki+gﬁg A

2. Let § and g be two conformal metrics on U,§=e*g, and let K and K be their Gauss

curvatures. Prove that:

K=e? (K-AL).

Answers: Self Assessment

1. VY=V, Z=Y'Z,. 2. v if V,Y =0.
3. y:(-¢,€)> U, 4. Geodesic reparametrization
5. Schwartz inequality 6. Geodesic
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P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis
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T.J. Wilemore : Introduction to Differential Geometry
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CONTENTS
Objectives
Introduction
30.1 Geodesic Curvature and the Christoffel Symbols
30.2 Principal Curvatures, Gaussian Curvature, Mean Curvature
30.3 The Gauss Map and its Derivative dN
304 The Dupin Indicatrix
30.5 Clairaut’s Theorem
30.6 Gauss-Bonnet theorem
30.6.1 Statement of the Theorem
30.6.2 Interpretation and Significance
30.6.3 Special Cases
30.6.4 Combinatorial Analog
30.6.5 Generalizations

30.7 The Theorema Egregium of Gauss, the Equations of Codazzi-Mainardi, and Bonnet’s
Theorem

30.8 Lines of Curvature, Geodesic Torsion, Asymptotic Lines
30.9 Summary

30.10 Keywords

30.11 Self Assessment

30.12 Review Questions

30.13 Further Readings

Objectives

After studying this unit, you will be able to:

° Explain the Gauss Map and its Derivative dN

o Define the Dupin Indicatrix

° Describe the theorema Egregium of Gauss, the Equations of Codazzi-Mainardi, and Bonnet’s
Theorem

° Define Lines of Curvature, Geodesic Torsion, Asymptotic Lines
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Introduction Notes

In this unit, we focus exclusively on the study of Geoderic Curvature. In this unit, we will go
through the properties of the curvature of curves on a surface. The study of the normal and of the
tangential components of the curvature will lead to the normal curvature and to the geodesic
curvature. We will study the normal curvature, and this will lead us to principal curvatures,
principal directions, the Gaussian curvature, and the mean curvature. In turn, the desire to
express the geodesic curvature in terms of the first fundamental form alone will lead to the
Christoffel symbols. The study of the variation of the normal at a point will lead to the Gauss
map and its derivative, and to the Weingarten equations.

30.1 Geodesic Curvature and the Christoffel Symbols

We showed that the tangential part of the curvature of a curve C on a surface is of the form k, ng.

We now show that k_can be computed only in terms of the first fundamental form of X, a result
first proved by Ossian Bonnet circa 1848.

The computation is a bit involved, and it will lead us to the Christoffel symbols, introduced in
1869.

Since n, is in the tangent space T (X), and since (X, X) is a basis of T (X), we can write
k,ng =AX +BX,

form some A, B € R.

However,
kn=k N+ kgng,

and since N is normal to the tangent space,

N-X,=N-X =0, and by dotting
k,ng =AX_ +BX|

with X and X, sinceE=X -X,F=X -X,and G=X -X, we get the equations:
kn -X,=EA +FB,

kn - X, =FA +GB.

On the other hand,
kn =X" = Xu” +X v’ +X (0)+2X uv +X (V).

Dotting with X and X , we get
kn - X, =Eu” +Fv" + (X - X )W) +2(X_, - X )u'v' + (X - X )(V)%

kn - Xv=Fu” +Gv” + (X, - X))+ 2, - X)u'v + (X, - X)(v')>
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such that

o B;v] =X, - X,

where o, B, v € {u, v}. It is also more convenient to let u = u, and v = u,, and to denote [u_Vv

oy uv]
as [a B; v]-

Doing so, and remembering that
kn -X,=EA +FB,

kn - X, =FA +GB,

we have the following equation:

! af; 1]u,u,
R YR A Y
F GAB) \F G/ ool [of; 2]u,uy
However, since the first fundamental form is positive definite,

EG - F? >0, and we have

(E F]lz(EG_Fz)l[G —F]_
F G F E

Thus, we get

A u; il G -F [aB; 1]“;“;5
= . EG-F .
(B] [uz] * Z1:,2( ) (—F E ]([QB,’ 2]uau;3]

o=
=12

It is natural to introduce the Christoffel symbols (of the second kind) I'¥, defined such that

rili _ | G F][[llr 1]]
[FﬁJ_(EG o [—F E Mij; 21)

Finally, we get

o 1o
A=u + Z Gyuy;,
i=1,2
j=1,2

Lemma 1. Given a surface X and a curve C on X, for any point p on C, the tangential part of the
curvature at p is given by

e 1 , 2
k,ng=|u, + > Fiuu; (X, +]u, + > ruu; |X,,
1,2

SIS}

1 i=1,
1, j=1,2

364 LOVELY PROFESSIONAL UNIVERSITY



Unit 30: Geodesic Curvature and Christoffel Symbols

where the Christoffel symbols l":; are defined such that

[Fi} _ [E Fjl[[iﬁ 11]
r2) & o) l2)
and the Christoffel symbols [i j; k] are defined such that

[ij; Kl =X, - X,
Note that

lij; k] =[i k] =X, -X.

Looking at the formulae

[ B vl =X, - X,

for the Christoffel symbols [a B; v], it does not seem that these symbols only depend on the first
fundamental form, but in fact they do!

After some calculations, we have the following formulae showing that the Christoffel symbols
only depend on the first fundamental form:

1 1
11;1] = -Eu, 11;2]=FEF --E,
[11;1]= JEu [11;21=
1 1
-11= —E_, ;2= =G,
[12;1]= JE, 122]=7
1 1
; = 7E 7 ; = 7Gu’
[21;1] > B [21;2] >
1 1
[22,'1]=FV— EGU, [22;2]= EGU-

Another way to compute the Christoffel symbols [a B; v], is to proceed as follows. For this
computation, it is more convenient to assume that u = u, and v = u,, and that the first fundamental

form is expressed by the matrix
[gu g1zj _ [E F]
8x 82 F G)

where g =X - X. Let

Then, we have

agaﬁ
ou

K

gaﬁlv = = Xay ! Xﬁ + Xa ' XBy = [(XY’ B] + [BYI 0“]~

From this, we also have

8ay1a = [0 Bi Y] + [0y Bl
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and
s = [0 B Y] + [Bv; .
From all this, we get
200 B 1= 8,5 * 81~ Bupr

As before, the Christoffel symbols [a B; v] and I} are related via the Riemannian metric by the

equations

rzﬁ:[gu g12] [oB;y].

n 8»

This seemingly bizarre approach has the advantage to generalize to Riemannian manifolds.

30.2 Principal Curvatures, Gaussian Curvature, Mean Curvature

We will now study how the normal curvature at a point varies when a unit tangent vector varies.

In general, we will see that the normal curvature has a maximum value k, and a minimum value
k,, and that the corresponding directions are orthogonal. This was shown by Euler in 1760.

The quantity K = k k, called the Gaussian curvature and the quantity H = (k, + k,)/2 called the
mean curvature, play a very important role in the theory of surfaces.

We will compute H and K in terms of the first and the second fundamental form. We also classify
points on a surface according to the value and sign of the Gaussian curvature.

Recall that given a surface X and some point p on X, the vectors X , X form a basis of the tangent
space T (X).

Given a unit vector t = X x + Xy, the normal curvature is given by

ky(t)=Lx>+2Mxy + Ny?,
since Ex? + 2Fxy + Gy?=1.

Usually, (X X)) is not an orthonormal frame, and it is useful to replace the frame (X ,X ) with an
orthonormal frame.

One verifies easily that the frame (e1,e2) defined such that

. X, - EX,-FX,

,E = ————u

E(EG -F?)

=

is indeed an orthonormal frame.

With respect to this frame, every unit vector can be written as t = cos 6 e; +sin 0 2, and expressing

(e1,€2) in terms of X and X, we have

v/

¥:[wc056—Fsm9]Xu N x/Esmex
wvE

w

where w = VEG - F?.
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- Notes
We can now compute K (t), and we get

-~ _ [ wcosO—Fsin6 g (wcosB—Fsin6)sin6 Esin®0
k (t) = L(Tj +2M( > j+N —

w w
We leave as an exercise to show that the above expression can be written as

k. (t) =H + Acos 20 + B sin 26,
where

_ GL-2FM +EN
~ 2(EG-F?)

’

_ L(EG-2F) + 2EFM - E’N
2E(EG - F?)

A

EM - FL

E.EG-F*

Letting C = VA” +B*, unless A = B = 0, the function

f(6) =H + Acos 20 + B sin 20

has a maximum k, = H + C for the angles 6, and 0, + n, and a minimum k, = H - C for the angles

b 3n A . B
0, + 5 and 6, + o where cos 20, = C and sin 20, = I

The curvatures k, and k, play a major role in surface theory.
Definition 1: Given a surface X, for any point p on X, letting A, B, H be defined as above, and C
= \JA*+B?, unless A = B = 0, the normal curvature k at p takes a maximum value k, and a

minimum value k, called principal curvatures at p, where k, = H + C and k, = H - C. The
directions of the corresponding unit vectors are called the principal directions at p.

k, +k,

The average H = of the principal curvatures is called the mean curvature, and the

product K = k k, of the principal curvatures is called the total curvature, or Gaussian curvature.

Observe that the principal directions 0, and 0+ g corresponding k, and k, are orthogonal.

—]]

Notes ~ K=kk,=(H-C)H+C)=H?-C>=H?- (A>+ BY).

After some laborious calculations, we get the following (famous) formulae for the mean curvature
and the Gaussian curvature:

_ GL-2FM +EN
© 2(EG-F?)

_LN-M?
T EG-F*’
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Notes We showed that the normal curvature k can be expressed as

k(6) = H + Acos 26 + B sin 20

over the orthonormal frame (e1, e2).

A B
We also showed that the angle 6, such that cos 26, = C and sin 20, = c’ plays a special role.

Indeed, it determines one of the principal directions.

If we rotate the basis (e1, e>) and pick a frame (fi, f2) corresponding to the principal directions,

we obtain a particularly nice formula for k. Indeed, since A = C cos 20, and B = C sin 20, letting
¢= 0-0, we get

k (6) =k, cos® ¢ + k, sin’ ¢.
Thus, for any unit vector t expressed as
t=cos ¢ fi+singf>

with respect to an orthonormal frame corresponding to the principal directions, the normal
curvature k(o) is given by
Euler’s formula (1760):

kN(¢) =k, cos? ¢ + k, sin’ ¢.

Recalling that EG - F? is always strictly positive, we can classify the points on the surface
depending on the value of the Gaussian curvature K, and on the values of the principal curvatures
k, and k, (or H).

Definition 2: Given a surface X, a point p on X belongs to one of the following categories:

(1)  Elliptic if LN - M? > 0, or equivalently K > 0.

—~

2)  Hyperbolic if LN - M? < 0, or equivalently K < 0.

(3)  Parabolicif LN - M? =0 and L? + M? + N > 0, or equivalently K = k k, = 0 but either k, # 0
ork,#0.

(4) Planarif L=M =N =0, or equivalently k, =k, = 0.
Furthermore, a point p is an umbilical point (or umbilic) if K > 0 and k, = k,.

o At an elliptic point, both principal curvatures are non-null and have the same sign. For
example, most points on an ellipsoid are elliptic.

° At a hyperbolic point, the principal curvatures have opposite signs. For example, all
points on the catenoid are hyperbolic.

° At a parabolic point, one of the two principal curvatures is zero, but not both. This is
equivalent to K = 0 and H # 0. Points on a cylinder are parabolic.

. Ata planar point, k, =k, = 0. This is equivalent to K= H = 0. Points on a plane are all planar
points! On a monkey saddle, there is a planar point. The principal directions at that point
are undefined.
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Figure 30.1: A Monkey Saddle

For an umbilical point, we have k, =k, # 0.

This can only happen when H - C = H + C, which implies that C = 0, and since C = \/A* +B?, we
have A=B=0.

Thus, for an umbilical point, K = H? In this case, the function k is constant, and the principal
directions are undefined. All points on a sphere are umbilics. A general ellipsoid (a, b, ¢ pairwise
distinct) has four umbilics. It can be shown that a connected surface consisting only of umbilical
points is contained in a sphere. It can also be shown that a connected surface consisting only of
planar points is contained in a plane.

A surface can contain at the same time elliptic points, parabolic points, and hyperbolic points.
This is the case of a torus.

) The parabolic points are on two circles also contained in two tangent planes to the torus
(the two horizontal planes touching the top and the bottom of the torus on the following
picture).

° The elliptic points are on the outside part of the torus (with normal facing outward),

delimited by the two parabolic circles.

o The hyperbolic points are on the inside part of the torus (with normal facing inward).
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Figure 30.2: Portion of Torus

Q. 75 o
0.5
0.25

The normal curvature
K (X, x + X y) = Lx* + 2Mxy + Ny?
will vanish for some tangent vector (x, y) # (0, 0) iff M? > LN > 0.

Since

_ LN-M?
" EG-F*’

this can only happen if K< 0.

If L = N = 0, then there are two directions corresponding to X and X for which the normal
curvature is zero.

2
X X
If L#0or N =0, say L #0 (the other case being similar), then the equation L[;J + ZM; +N=0
has two distinct roots iff K < 0.

The directions corresponding to the vectors X x + X y associated with these roots are called the

asymptotic directions at p. These are the directions for which the normal curvature is null at p.

There are surfaces of constant Gaussian curvature. For example, a cylinder or a cone is a surface

of Gaussian curvature K = 0. A sphere of radius R has positive constant Gaussian curvature
1

K=F~
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Perhaps surprisingly, there are other surfaces of constant positive curvature besides the sphere. Notes
There are surfaces of constant negative curvature, say K = -1. A famous one is the pseudosphere,

also known as Beltrami’s pseudosphere. This is the surface of revolution obtained by rotating a

curve known as a tractrix around its asymptote. One possible parameterization is given by:

2cosv

—a
e' +e™

2sinv
el +el’

over |0, 2n[ x R.

The pseudosphere has a circle of singular points (for u = 0). The figure below shows a portion of
pseudosphere.

Figure 30.3: A Pseudosphere

Again, perhaps surprisingly, there are other surfaces of constant negative curvature.

The Gaussian curvature at a point (x, y, x) of an ellipsoid of equation
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has the beautiful expression

4

P

K = 5 5 7
a’b’c?

where p is the distance from the origin (0, 0, 0) to the tangent plane at the point (x, y, z).

There are also surfaces for which H = 0. Such surfaces are called minimal surfaces, and they show
up in physics quite a bit. It can be verified that both the helicoid and the catenoid are minimal
surfaces. The Enneper surface is also a minimal surface. We will see shortly how the classification
of points on a surface can be explained in terms of the Dupin indicatrix.

The idea is to dip the surface in water, and to watch the shorelines formed in the water by the
surface in a small region around a chosen point, as we move the surface up and down very
gently. But first, we introduce the Gauss map, i.e. we study the variations of the normal N as the
point p varies on the surface.

30.3 The Gauss Map and its Derivative dN

Given a surface X : Q — E?, given any point p = X(u, v) on X, we have defined the normal Np at
p (or really N at (u, v)) as the unit vector

X, xX,

N, = X, xX,

Gauss realized that the assignment p - N of the unit normal Np to the point p on the surface
X could be viewed as a map from the trace of the surface X to the unit sphere . If N_is a unit
vector of coordinates (x, y, z), we have x* + y* + z2 =1, and N corresponds to the point
N(p) = (x, ¥, z) on the unit sphere. This is the so-called Gauss map of X, denoted as N : X — S

The derivative dN  of the Gauss map at p measures the variation of the normal near p, i.e., how
the surface “curves” near p. The Jacobian matrix of dN_in the basis (X, X|) can be expressed
simply in terms of the matrices associated with the first and the second fundamental forms
(which are quadratic forms).

Furthermore, the eigenvalues of dN are precisely -k, and -k,, where k, and k, are the principal
curvatures at p, and the eigenvectors define the principal directions (when they are well defined).

In view of the negative sign in -k, and -k,, it is desirable to consider the linear map S = -dN ,
often called the shape operator.

Then, it is easily shown that the second fundamental form II, (t) can be expressed as

where (-, -) is the inner product associated with the first fundamental form.

Thus, the Gaussian curvature is equal to the determinant of S , and also to the determinant of
dN,, since (-k)(-k,) =k k,. We will see in a later section that the Gaussian curvature actually
only depends of the first fundamental form, which is far from obvious right now! Actually, if X
is not injective, there are problems, because the assignment p NP could be multivalued.

We can either assume that X is injective, or consider the map from Q to S* defined such that

(wv)> N
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Then, we have a map from Q to S?, where (u, v) is mapped to the point N(u, v) on S* associated Notes
with N(u,v). This map is denoted as N : Q — S2 It is interesting to study the derivative dN of the
Gauss map N : —> S? (or N: X —> $?). As we shall see, the second fundamental form can be defined

in terms of dN. For every (u, v) € Q, the map dN, is a linear map dN, , : R* - R%

It can be viewed as a linear map from the tangent space T, (X) at X(u, v) (which is isomorphic to
R?) to the tangent space to the sphere at N(u, v) (also isomorphic to R?).

Recall that dN(u,V is defined as follows: For every (x, y) € R?,

)

dN(u,V)(x, y)=Nx+Ny.

Thus, we need to compute Nu and Nv. Snce N is a unit vector, N - N = 1, and by taking
derivatives, wehaveNu-N=0and N, - N = 0.

Consequently, N and N are in the tangent space at (u, v), and we can write
N, =aX +cX,
N, =bX_ +dX_.

Lemma 2. Given a surface X, for any point p =X(u, v) on X, the derivative dN of the Gauss map
expressed in the basis (X, X ) is given by the equation

(32 o5

where the Jacobian matrix J(dN, ) of AN,  is given by

Lo J

1 (MF—LG NF—MG}
EG-F*(LF-ME MF -NE

The equations

d _|a bj
]( N(u,v)) (C d

1 (MFLG NFMG]
EG-F*(LF-ME MF -NE

are know as the Weingarten equations (in matrix form).

If we recall the expressions for the Gaussian curvature and for the mean curvature

_ GL-2FM +EN
© 2(BG-F?)

7

_LN-M?

EG-F'

wenote that the trace a + d of the Jacobian matrix J(dN, ) of dN  is -2H, and that its determinant

is precisely K.

)
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This is recorded in the following lemma that also shows that the eigenvectors of J(dN, )
correspond to the principal directions:

Lemma 3. Given a surface X, for any point p = X(u, v) on X, the eigenvalues of the Jacobian matrix
JdN,, ) of the derivative dN +of the Gauss map are -k,, -k,, where k, and k, are the principal
,, correspond to the principal directions (when they
are defined). The Gaussian curvature K is the determinant of the Jacobian matrix of clN(u’V , and

curvatures at p, and the eigen\}ectors of dN,

)

1
the mean curvature H is equal to 5 trace J(dN, ).

The fact that Nu = -kX  when k is one of the principal curvatures and when Xu corresponds to the
corresponding principal direction (and similarly N = -kX_ for the other principal curvature) is
known as the formula of Olinde Rodrigues (1815).

The somewhat irritating negative signs arising in the eigenvalues -k, and -k, of dN(u'v can be

)
eliminated if we consider the linear map S, | = -dN,  instead of dN |

) v) )’

The map S
(u,v)
Weingarten operator.

is called the shape operator at p, and the map dN  is sometimes called the

The following lemma shows that the second fundamental form arises from the shape operator,
and that the shape operator is self-adjoint with respect to the inner product (-,-) associated with
the first fundamental form:

Lemma 4. Given a surface X, for any point p = X(u, v) on X, the second fundamental form of X at
p is given by the formula

II(u,v) (E) = <S(u,v) (¥)/ E>’

for every t e R2 The map S(u,v) = —dN(u,V is self-adjoint, that is,

)
<S(u,v>(;‘)r §> = <;<' S(u/v)(§)>,
for all ;<,§ e R2

Thus, in some sense, the shape operator contains all the information about curvature.

Remark: The fact that the first fundamental form I is positive definite and that S(u,v) is self-
adjoint with respect to I can be used to give a fancier proof of the fact that S(u,v) has two real
eigenvalues, that the eigenvectors are orthonormal, and that the eigenvalues correspond to the
maximum and the minimum of I on the unit circle.

30.4 The Dupin Indicatrix

The second fundamental form shows up again when we study the deviation of a surface from its
tangent plane in the neighborhood of the point of tangency.

A way to study this deviation is to imagine that we dip the surface in water, and watch the
shorelines formed in the water by the surface in a small region around a chosen point, as we
move the surface up and down very gently.

The resulting curve is known as the Dupin indicatrix (1813).

Formally, consider the tangent plane T(UONO)(X) at some point p = X(u,, v,), and consider the
perpendicular distance p(u, v) from the tangent plane to a point on the surface defined by p(u, v).
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This perpendicular distance can be expressed as Notes

p(u, v) = (X(u, v) - X(u,, v,)) - N

(ugvp)
However, since X is at least C*-continuous, by Taylor’s formula, in a neighborhood of (u, v,),
we can write

X(u, v) = X(uy, vo) + X (u - 1) + X((v-v,) + % Kap(u = ug? + 2X (= ug)(v = V) + X (v = V) +
((u - uo)2 + (V - Vo)Z)h1(u’ V)/

where lim | (o) h,(u, v) = 0.

However, recall that X and X  are really evaluated at (u,, v,) (and soare X, X

uu” 7 My,

and X ), and so,
they are orthogonal to N (

ugp,vp)”

From this, dotting with N, ., we get
p(u, v) = (L(u = 1) +2M(u - ug)(v = vo) # NV - vo)*) + ((u = uy)” +(v - vo)*)h(u, v),

where lim, 0 h(u, v) = 0.

u,v) = (ug,v,

Therefore, we get another interpretation of the second fundamental form as a way of measuring
the deviation from the tangent plane.

For e small enough, and in a neighborhood of (u,, v,) small enough, the set of points X(u, v) on

1
the surface such that p(u, v) = iEGZ will look like portions of the curves of equation

2
.

(L=, + 2M( - u)(v - v,) #N(v - v,)?) =%

N | =

Letting u - u, = ex and v - v, = €y, these curves are defined by the equations
Lx* + 2Mxy + Ny? = 1.
These curves are called the Dupin indicatrix.

It is more convenient to switch to an orthonormal basis where e: and e: are eigenvectors of the
Gauss map dN

(wgvp)’
If so, it is immediately seen that
Lx? + 2Mxy + Ny? = k x* + k,y?,
where k; and k, are the principal curvatures. Thus, the equation of the Dupin indicatrix is
k< + ky? = #1.
There are several cases, depending on the sign of k k, =K, i.e., depending on the sign of LN - M.

(1) If LN - M2 > 0, then k, and k, have the same sign. This is the case of an elliptic point.

If k, # k,, and k, > 0 and k, > 0, we get the ellipse of equation

2 2
L =1,
1

k

g‘
1A

1
K,
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and if k, <0 and k, < 0, we get the ellipse of equation

When k, = k,, i.e. an umbilical point, the Dupin indicatrix is a circle.

(2 If LN -M?*=0and L? + M? + N* > (, then k, = 0 or k, = 0, but not both.

This is the case of a parabolic point.

In this case, the Dupin indicatrix degenerates to two parallel lines, since the equation is either
kx?=+#1

or
ky* = +1.

(3) If LN - M? < 0 then k, and k, have different signs. This is the case of a hyperbolic point.

In this case, the Dupin indicatrix consists of the two hyperbolae of equations

2 2
Xy _ 1
E
ko Vk,
if k, > 0 and k, <0, or of equation
2 2
X LY 1,

ifk, <0and k, > 0.

These hyperbolae share the same asymptotes, which are the asymptotic directions as defined,
and are given by the equation

Lx? +2Mxy + Ny?=0.

Therefore, analyzing the shape of the Dupin indicatrix leads us to rediscover the classification of
points on a surface in terms of the principal curvatures.

It also lends some intuition to the meaning of the words elliptic, hyperbolic, and parabolic (the
last one being a bit misleading).

The analysis of p(u, v) also shows that in the elliptic case, in a small neighborhood of X(u, v), all
points of X are on the same side of the tangent plane. This is like being on the top of a round hill.
In the hyperbolic case, in a small neighborhood of X(u, v), there are points of X on both sides of
the tangent plane. This is a saddle point, or a valley (or mountain pass).

30.5 Clairaut’s Theorem

Clairaut’s theorem, published in 1743 by Alexis Claude Clairaut in his Théorie de la figure de la
terre, tirée des principes de I'hydrostatique, synthesized physical and geodetic evidence that the
Earth is an oblate rotational ellipsoid. It is a general mathematical law applying to spheroids of
revolution. It was initially used to relate the gravity at any point on the Earth’s surface to the
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position of that point, allowing the ellipticity of the Earth to be calculated from measurements Notes
of gravity at different latitudes.

Formula

Clairaut’s formula for the acceleration of gravity g on the surface of a spheroid at latitude ¢, was:

g :G[1+(gm—f)sinz ¢},

where G is the value of the acceleration of gravity at the equator, m the ratio of the centrifugal
force to gravity at the equator, and f the flattening of a meridian section of the earth, defined as:

(where a = semimajor axis, b = semiminor axis).

Clairaut derived the formula under the assumption that the body was composed of concentric
coaxial spheroidal layers of constant density. This work was subsequently pursued by Laplace,
who relaxed the initial assumption that surfaces of equal density were spheroids. Stokes showed
in 1849 that the theorem applied to any law of density so long as the external surface is a
spheroid of equilibrium.

The above expression for g has been supplanted by the Somigliana equation:

g=G

1+ksin’¢
J1-e?sin’¢ |

where, for the Earth, G = 9.7803267714 ms~; k =0.00193185138639; e* = 0.00669437999013.

30.6 Gauss-Bonnet theorem

The Gauss-Bonnet theorem or Gauss-Bonnet formula in differential geometry is an important
statement about surfaces which connects their geometry (in the sense of curvature) to their
topology (in the sense of the Euler characteristic). It is named after Carl Friedrich Gauss who was
aware of a version of the theorem but never published it, and Pierre Ossian Bonnet who published
a special case in 1848.

30.6.1 Statement of the Theorem

Suppose M is a compact two-dimensional Riemannian manifold with boundary M. Let K be the
Gaussian curvature of M, and let k_be the geodesic curvature of 6M. Then

[KdA+[ k,ds=2m (M),
M

where dA is the element of area of the surface, and ds is the line element along the boundary of
M. Here, %(M) is the Euler characteristic of M.

If the boundary oM is piecewise smooth, then we interpret the integral I . Kgds as the sum of the

corresponding integrals along the smooth portions of the boundary, plus the sum of the angles
by which the smooth portions turn at the corners of the boundary.
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30.6.2 Interpretation and Significance

The theorem applies in particular to compact surfaces without boundary, in which case the
integral

J@ngds

can be omitted. It states that the total Gaussian curvature of such a closed surface is equal to 2n
times the Euler characteristic of the surface. Note that for orientable compact surfaces without
boundary, the Euler characteristic equals 2 - 2g, where g is the genus of the surface: Any orientable
compact surface without boundary is topologically equivalent to a sphere with some handles
attached, and g counts the number of handles.

If one bends and deforms the surface M, its Euler characteristic, being a topological invariant,
will not change, while the curvatures at some points will. The theorem states, somewhat
surprisingly, that the total integral of all curvatures will remain the same, no matter how the
deforming is done. So for instance if you have a sphere with a “dent”, then its total curvature is
4r (the Euler characteristic of a sphere being 2), no matter how big or deep the dent.

Compactness of the surface is of crucial importance. Consider for instance the open unit disc, a
non-compact Riemann surface without boundary, with curvature 0 and with Euler characteristic
1: the Gauss-Bonnet formula does not work. It holds true, however, for the compact closed unit
disc, which also has Euler characteristic 1, because of the added boundary integral with value 2.

As an application, a torus has Euler characteristic 0, so its total curvature must also be zero. If the
torus carries the ordinary Riemannian metric from its embedding in R? then the inside has
negative Gaussian curvature, the outside has positive Gaussian curvature, and the total curvature
is indeed 0. It is also possible to construct a torus by identifying opposite sides of a square, in
which case the Riemannian metric on the torus is flat and has constant curvature 0, again resulting
in total curvature 0. Itis not possible to specify a Riemannian metric on the torus with everywhere
positive or everywhere negative Gaussian curvature.

The theorem also has interesting consequences for triangles. Suppose M is some 2-dimensional
Riemannian manifold (not necessarily compact), and we specify a “triangle” on M formed by
three geodesics. Then we can apply Gauss-Bonnet to the surface T formed by the inside of that
triangle and the piecewise boundary given by the triangle itself. The geodesic curvature of
geodesics being zero, and the Euler characteristic of T being 1, the theorem then states that the
sum of the turning angles of the geodesic triangle is equal to 2r minus the total curvature within
the triangle. Since the turning angle at a corner is equal to d minus the interior angle, we can
rephrase this as follows:

The sum of interior angles of a geodesic triangle is equal to d plus the total curvature enclosed
by the triangle.

In the case of the plane (where the Gaussian curvature is 0 and geodesics are straight lines), we
recover the familiar formula for the sum of angles in an ordinary triangle. On the standard
sphere, where the curvature is everywhere 1, we see that the angle sum of geodesic triangles is
always bigger than 0.

30.6.3 Special Cases

A number of earlier results in spherical geometry and hyperbolic geometry over the preceding
centuries were subsumed as special cases of Gauss-Bonnet.
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1. Triangles Notes

In spherical trigonometry and hyperbolic trigonometry, the area of a triangle is proportional to
the amount by which its interior angles fail to add up to 180°, or equivalently by the (inverse)
amount by which its exterior angles fail to add up to 360°.

The area of a spherical triangle is proportional to its excess, by Girard’s theorem - the amount by
which its interior angles add up to more than 180°, which is equal to the amount by which its
exterior angles add up to less than 360°.

The area of a hyperbolic triangle conversely is proportional to its defect, as established by
Johann Heinrich Lambert.

2. Polyhedra

Descartes’ theorem on total angular defect of a polyhedron is the polyhedral analog: it states
that the sum of the defect at all the vertices of a polyhedron which is homeomorphic to the
sphere is 4n. More generally, if the polyhedron has Euler characteristic y, = 2 - 2g (where g is the
genus, meaning “number of holes”), then the sum of the defect is 2my. This is the special case of
Gauss-Bonnet, where the curvature is concentrated at discrete points (the vertices).

Thinking of curvature as a measure, rather than as a function, Descartes’ theorem is Gauss-
Bonnet where the curvature is a discrete measure, and Gauss-Bonnet for measures generalizes
both Gauss-Bonnet for smooth manifolds and Descartes’ theorem.

30.6.4 Combinatorial Analog

There are several combinatorial analogs of the Gauss-Bonnet theorem. We state the following
one. Let M be a finite 2-dimensional pseudo-manifold. Let x(v) denote the number of triangles
containing the vertex v. Then

szintM(6 —2())+ ZVEEM (4 -x(v)) = 6x(M),
where the first sum ranges over the vertices in the interior of M, the second sum is over the
boundary vertices, and (M) is the Euler characteristic of M.
More specifically, if M is a closed digital 2-dimensional manifold, The genus
g=1+M,+2M,-M,)/8,
where M, indicates the set of surface-points each of which has i adjacent points on the surface. See
digital topology

30.6.5 Generalizations

Generalizations of the Gauss-Bonnet theorem to n-dimensional Riemannian manifolds were
found in the 1940s, by Allendoerfer, Weil and Chern-Weil homomorphism. The Riemann-Roch
theorem can also be considered as a generalization of Gauss-Bonnet.

An extremely far-reaching generalization of all the above-mentioned theorems is the Atiyah-
Singer index theorem.
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Notes 30.7 The Theorema Egregium of Gauss, the Equations of Codazzi-

Mainardi, and Bonnet’s Theorem

Here, we expressed the geodesic curvature in terms of the Christoffel symbols, and we also
showed that these symbols only depend on E, F, G, i.e,, on the first fundamental form and
we expressed N and N in terms of the coefficients of the first and the second fundamental form.

At first glance, given any six functions E, F, G, L, M, N which are at least C>-continuous on some
open subset U of R?, and where E, F > 0 and EG - F?> > (), it is plausible that there is a surface X
defined on some open subset Q of U, and having Ex? + 2Fxy + Gy? as its first fundamental form,
and Lx* + 2Mxy + Ny? as its second fundamental form.

However, this is false! The problem is that for a surface X, the functions E, F, G, L, M, N are not
independent.

In this section, we investigate the relations that exist among these functions. We will see that
there are three compatibility equations. The first one gives the Gaussian curvature in terms of
the first fundamental form only. This is the famous Theorema Egregium of Gauss (1827).

The other two equations express M - L and N, - M in terms of L, M, N and the Christoffel
symbols. These equations are due to Codazzi (1867) and Mainardi (1856).

Remarkably, these compatibility equations are just what it takes to insure the existence of a
surface (at least locally) with Ex? + 2Fxy + Gy as its first fundamental form, and Lx? + 2Mxy + Ny?
as its second fundamental form, an important theorem shown by Ossian Bonnet (1867).

Recall that
X” = qu“‘l + Xvu”2 + qu (1'1'1)2 + 2>(uvl'1"11'1'2 + va (ulZ )2’
= (L(u, ) + 2Mu;u, + N(u,)")N + k, i,

and since

LA
i i=1,2
2

g 1 . 2
k,ng=|u, + Y Tuu (X, +| u,+ Y Cuu, X,
]

1,
1,

[T}

we get the equations (due to Gauss):

X, =X, +I7X, +LN,
X,, = I',X, +I'LX, + MN,
X, = [LX, +T2X, + MN,

X,, = TLX, +T3X, + NN,

where the Christoffel symbols I'j are defined such that

T :(E Fj([ii;llj
rz) \r ) \i;2)
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and where Notes

1 1
11;1]= -E,, [11;2]=F - -E,,
111 = S, [152]=F,- 5

1 1

; =—E s ; = 7Gu’
12:1]= 3B, 12:2]=
1 1

21;1]1= -E,, [21;2] = =G,,
211]= 2E, 21,2]-

1 1
:1]=F,-=G,, [22;2] = =G,.
[22;1]= F, -G, [22;2] = S G,

Also, recall that we have the Weingarten equations

Nu _la ¢ Xu
N, b d)\X,
From the Gauss equations and the Weingarten equations

X,, = IuX, +I'HX, +LN,

X =T.,X,+T2X, +MN,

X,, = ThX, +T2X, + MN,

X,, = Iy X, +T3X, +NN,
Nu = aXu + ch,
N, =bX, +dX,,

We see that the partial derivatives of X , X and N can be expressed in terms of the coefficient E,
F, G, L, M, N and their partial derivatives.

Thus, a way to obtain relations among these coefficients is to write the equations expressing the
commutation of partials, i.e.,

Kooy = (X, =0,
X = X, =0,
Nuv - Nvu = 0
Using the Gauss equations and the Weingarten equations, we obtain relations of the form
AX +BX +CN=0,
AX +BX +CN=0,
AX +BX +CN=0,
where A, B, and C, are functions of E, F, G, L,M,N and their partial derivatives, fori=1, 2, 3.
However, since the vectors X , X , and N are linearly independent, we obtain the nine equations
A =0,B=0,C=0fori=1,23.

Although this is very tedious, it can be shown that these equations are equivalent to just three
equations.
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Due to its importance, we state the Theorema Egregium of Gauss.

Theorem 5: Given a surface X and a point p = X(u, v) on X, the Gaussian curvature K at (u, v) can
be expressed as a function of E, F,G and their partial derivatives. In fact

F-1G, ia, 1k, 1g,
C 2 2 0 2 2
(EG-FyK=| ~E, HESY
2 E F 2 E F
F,-LE, 1g,
2 F G 2 F G

where
1
C :E(_Evv + 2Fvv _Guu)'

Proof. Way of proving theorem is to start from the formula

_ LN-M?
~ EG-F

and to go back to the expressions of L, M, N using D, D', D” as determinants:

D Dv DII

L= M= JN= ——,
JEG -F? JEG - F? JEG -F?

where
D =X, X, X,
D' =(X, X, X)),
D" =(X, X, X,).
Then, we can write
(BG - F)K = (X, X, X,.) Xy X, X)) = (X, X, X))

and compute these determinants by multiplying them out. One will eventually get the expression
given in the theorem!

It can be shown that the other two equations, known as the Codazzi-Mainardi equations, are the
equations:

Mu-Lv=T3N-(T},-TH)M-TL,

Nu-Mv=T;N-(T3 -TI,)M-T},L.

We conclude this section with an important theorem of Ossian Bonnet. First, we show that the
first and the second fundamental forms determine a surface up to rigid motion. More precisely,
we have the following lemma:

Lemma 6. Let X: Q — E*and Y : Q — E? be two surfaces over a connected open set Q. If Xand Y
have the same coefficients E, F, G, L, M, N over Q, then there is a rigid motion mapping X(2)
onto Y (Q).

The above lemma can be shown using a standard theorem about ordinary differential equations.
Finally, we state Bonnet’s theorem.
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Theorem 7: Let E, F, G, L, M, N be any C3-continuous functions on some open set U c R?, and Notes
such that E > 0, G > 0, and EG - F? > 0. If these functions satisfy the Gauss formula (of the

Theorema Egregium) and the Codazzi-Mainardi equations, then for every (u, v) € U, there is an

open set Q c U such that (u, v) € Q, and a surface X : Q — E?® such that X is a diffeomorphism, and

E, F, G are the coefficients of the first fundamental form of X, and L, M, N are the coefficients of

the second fundamental form of X. Furthermore, if Q is connected, then X(Q) is unique up to a

rigid motion.

30.8 Lines of Curvature, Geodesic Torsion, Asymptotic Lines

Given a surface X, certain curves on the surface play a special role, for example, the curves
corresponding to the directions in which the curvature is maximum or minimum.

Definition 3: Given a surface X, a line of curvature is a curve C : t = X(u(t), v(t)) on X defined on
some open interval I, and having the property that for every t € I, the tangent vector C'(t) is
collinear with one of the principal directions at X(u(t), v(t)).

—]]

Notes we are assuming that no point on a line of curvature is either a planar point or
an umbilical point, since principal directions are undefined as such points.

The differential equation defining lines of curvature can be found as follows:

Remember from lemma that the principal directions are the eigenvectors of dN .

Therefore, we can find the differential equation defining the lines of curvature by eliminating k
from the two equations from the proof of lemma:

MF-LG , NF-MG |, ,
—u'+ —v'=-ku',
EG-F EG-F

LF - ME MF - NE

Fut 2
EG-F EG-F

v'=-kv.
It is not hard to show that the resulting equation can be written as

V) —u'w (@)
detft E F G |=0.
L M N

From the above equation, we see that the u-lines and the v-lines are the lines of curvatures iff F
=M=0.

Generally, this differential equation does not have closed-form solutions.
There is another notion which is useful in understanding lines of curvature, the geodesic torsion.

Let C: S X(u(s), v(s)) be a curve on X assumed to be parameterized by arc length, and let X(u(0),
v(0)) be a point on the surface X, and assume that this point is neither a planar point nor an
umbilic, so that the principal directions are defined.
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We can define the orthonormal frame (é1, e, N), known as the Darboux frame, where e: and
e» are unit vectors corresponding to the principal directions, N is the normal to the surface at

X(u(0), v(0)), and N = €; x e,.

dN(u,v)
ds

It is interesting to study the quantity (0).

If t =C/(0) is the unit tangent vector at X(u(0), v(0)), we have another orthonormal frame
considered in previous Section, namely (f, ﬁg,N), where n, =N x t, and if ¢ is the angle

between e and t we have

t=cosger+singes,
ng = -sin @ e1 + cos @ €.
Lemma 8. Given a curve C : s = X(u(s), v(s)) parameterized by arc length on a surface X, we have

dN i+TH
—Y Q) =k t+T,ng,
ds ’

where k is the normal curvature, and where the geodesic torsion Tg is given by
T, = (k, - k) sin ¢ cos ¢.

From the formula
T, = (k, - k)) sin ¢ cos o,

since ¢ is the angle between the tangent vector to the curve C and a principal direction, it is clear
that the lines of curvatures are characterized by the fact that T, = 0.

One will also observe that orthogonal curves have opposite geodesic torsions (same absolute
value and opposite signs).
If n is the principal normal, T is the torsion of C at X(u(0), v(0)), and 0 is the angle between N and

n so thatcos 8 =N - n, we claim that

8 T ds’
which is often known as Bonnet’s formula.

Lemma 9. Given a curve C : s = X(u(s), v(s)) parameterized by arc length on a surface X, the
geodesic torsion T is given by

de )
Tg=T— s = (k, - k,) sin ¢ cos ¢,
where T is the torsion of C at X(u(0), v(0)), and is the angle between N and the principal normal

n toCats=0.

|

Notes The geodesic torsion only depends on the tangent of curves C. Also, for a curve
for which 0 =0, we have Tg =T.
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Such a curve is also characterized by the fact that the geodesic curvature kg is null. Notes

As we will see shortly, such curves are called geodesics, which explains the name geodesic
torsion for T,.

Lemma 10: can be used to give a quick proof of a beautiful theorem of Dupin (1813).
Dupin’s theorem has to do with families of surfaces forming a triply orthogonal system.

Given some open subset U of E’, three families F,, F,, F, of surfaces form a triply orthogonal
system for U, if for every point p € U, there is a unique surface from each family F, passing
through p, where i =1, 2, 3, and any two of these surfaces intersect orthogonally along their
curve of intersection.

Theorem 11: The surfaces of a triply orthogonal system intersect each other along lines of
curvature.

A nice application of theorem 11 is that it is possible to find the lines of curvature on an ellipsoid.

We now turn briefly to asymptotic lines. Recall that asymptotic directions are only defined at
points where K < 0, and at such points, they correspond to the directions for which the normal
curvature k is null.

Definition 4: Given a surface X, an asymptotic line is a curve C: t = X(u(t), v(t)) on X defined on
some open interval I where K < 0, and having the property that for every t € I, the tangent vector
CO(t) is collinear with one of the asymptotic directions at X(u(t), v(t)).

The differential equation defining asymptotic lines is easily found since it expresses the fact that
the normal curvature is null:

L(')? + 2M(u'v') + N(v')> = 0.

Such an equation generally does not have closed-form solutions.

1]

Notes The u-lines and the v-lines are asymptotic lines iff L = N = 0 (and F # 0).

Perseverant readers are welcome to compute E, F, G, L, M, N for the Enneper surface:

3

u 2
X =u——+uv
3

o,
V——+u'v
3

y
z =u?-v>2

Then, they will be able to find closed-form solutions for the lines of curvatures and the asymptotic
lines.
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Figure 30.4: The Enneper Surface

Parabolic lines are defined by the equation
LN -M?=0,
where L2 + M? + N> 0.
In general, the locus of parabolic points consists of several curves and points.

We now turn briefly to geodesics.

30.9 Summary

° We now show that k_ can be computed only in terms of the first fundamental form of X, a
result first proved by Ossian Bonnet circa 1848.

The computation is a bit involved, and it will lead us to the Christoffel symbols, introduced
in 1869.

Since n, is in the tangent space T (X), and since (X, X)) is a basis of T (X), we can write
k,ng =AX +BX,

form some A, B € R.

However,
kn =kN+k ng,

and since N is normal to the tangent space,

N-X,=N-X, =0, and by dotting

° In general, we will see that the normal curvature has a maximum value k, and a minimum
value k,, and that the corresponding directions are orthogonal. This was shown by Euler
in 1760.
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The quantity K = k k, called the Gaussian curvature and the quantity H = (k, + k,)/2 called Notes
the mean curvature, play a very important role in the theory of surfaces.

We will compute H and K in terms of the first and the second fundamental form. We also
classify points on a surface according to the value and sign of the Gaussian curvature.

Recall that given a surface X and some point p on X, the vectors X /X form a basis of the
tangent space T (X).

Given a unit vector t = X x + Xy, the normal curvature is given by

ky(t)=Lx2+2Mxy + Ny?,
since Ex? + 2Fxy + Gy? = 1.
° Given a surface X, for any point p on X, letting A, B, H be defined as above, and

C= /A% +B?, unless A =B =0, the normal curvature k, at p takes a maximum value k, and

a minimum value k, called principal curvatures at p, where k, = H+ Cand k, = H- C. The
directions of the corresponding unit vectors are called the principal directions at p.

° It can be shown that a connected surface consisting only of umbilical points is contained in
a sphere.

It can also be shown that a connected surface consisting only of planar points is contained
in a plane.

A surface can contain at the same time elliptic points, parabolic points, and hyperbolic
points. This is the case of a torus.

The parabolic points are on two circles also contained in two tangent planes to the torus
(the two horizontal planes touching the top and the bottom of the torus on the following
picture).

The elliptic points are on the outside part of the torus (with normal facing outward),
delimited by the two parabolic circles.

The hyperbolic points are on the inside part of the torus (with normal facing inward).

30.10 Keywords

Christoffel symbols: The computation is a bit involved, and it will lead us to the Christoffel
symbols, introduced in 1869.

Gaussian curvature: The quantity K = k k, called the Gaussian curvature and the quantity
H = (k, + k,)/2 called the mean curvature, play a very important role in the theory of surfaces.

Elliptic: At an elliptic point, both principal curvatures are non-null and have the same sign. For
example, most points on an ellipsoid are elliptic.

Hyperbolic: At a hyperbolic point, the principal curvatures have opposite signs. For example, all
points on the catenoid are hyperbolic.

Jacobian matrix: The Jacobian matrix of dN in the basis (X, X ) can be expressed simply in
terms of the matrices associated with the first and the second fundamental forms (which are
quadratic forms).
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30.11 Self Assessment

The computation is a bit involved, and it will lead us to the ............... , introduced in 1869.

The quantity K = k k, called the ............... and the quantity H = (k, + k,)/2 called the mean
curvature, play a very important role in the theory of surfaces.

At a parabolic point, one of the two principal curvatures is ............... , but not both. This is
equivalent to K = 0 and H* 0. Points on a cylinder are parabolic.

Ataplanar point, k, =k, = 0. This is equivalent to K= H = 0. Points on a plane are all planar
points! On a monkey saddle, there is a planar point. The principal directions at that point

The derivative de of the ............... at p measures the variation of the normal near p, i.e.,
how the surface “curves” near p.

The ............... of dN_in the basis (X, X ) can be expressed simply in terms of the matrices
associated with the first and the second fundamental forms (which are quadratic forms).

30.12 Review Questions

Explain the Gauss Map and its Derivative dN.
Define the Dupin Indicatrix.

Describe the theorema Egregium of Gauss, the Equations of Codazzi-Mainardi, and Bonnet’s
Theorem.

Define Lines of Curvature, Geodesic Torsion, Asymptotic Lines.

Answers: Self Assessment

3.

Christoffel symbols 2. Gaussian curvature
Zero 4. undefined.
Gauss map 6. Jacobian matrix

30.13 Further Readings

N

Books Abhelfors, D.V. : Complex Analysis

Conway, ]J.B. : Function of one complex variable

Pati,T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.

LOVELY PROFESSIONAL UNIVERSITY



Unit 31: Joachimsthal's Notations

Unit 31: Joachimsthal's Notations Notes
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314 Tissot's Theorem
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31.8 Review Questions

31.9 Further Readings

Objectives

After studying this unit, you will be able to:

° Define Geodesic Lines, Local Gauss-Bonnet Theorem

° Discuss Covariant Derivative, Parallel Transport, Geodesics Revisited
° Describe Joachimsthal's Notations

Introduction

In this unit you will go through, Bonnet’s theorem about the existence of a surface patch with
prescribed first and second fundamental form. This will require a discussion of the Theorema
Egregium and of the Codazzi-Mainardi compatibility equations. We will take a Joachimsthal's
Notations

31.1 Geodesic Lines, Local Gauss-Bonnet Theorem

Geodesics play a very important role in surface theory and in dynamics. One of the main reasons
why geodesics are so important is that they generalize to curved surfaces the notion of “shortest
path” between two points in the plane.

More precisely, given a surface X, given any two points p = X(u,, v,) and q = X(u,, v,) on X, let us
look at all the regular curves C on X defined on some open interval I such that p = C(t)) and
q = C(t,) for some t, t, € 1.

It can be shown that in order for such a curve C to minimize the length 1.(pq) of the curve
segment from p to q, we must have k (t) = 0 along [t,, t,], where k (t) is the geodesic curvature at

X(u(t), v(t)).
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In other words, the principal normal n must be parallel to the normal N to the surface along the
curve segment from p to q.

If C is parameterized by arc length, this means that the acceleration must be normal to the
surface.

It is then natural to define geodesics as those curves such that k_ = 0 everywhere on their domain
of definition.

Actually, there is another way of defining geodesics in terms of vector fields and covariant
derivatives, but for simplicity, we stick to the definition in terms of the geodesic curvature.

Definition 1. Given a surface X : Q — E? a geodesic line, or geodesic, is a regular curve
C:1->FE onX, such thatk (t) =0 forall t € I

]

Notes By regular curve, we mean that C(t) #0 forallt el ie., Cisreallyacurve, and
not a single point.

Physically, a particle constrained to stay on the surface and not acted on by any force, once set in
motion with some non-null initial velocity (tangent to the surface), will follow a geodesic
(assuming no friction).

Since k, =0 if the principal normal n to Cat tis parallel to the normal N to the surface at X(u(t),

v(t)), and since the principal normal n is a linear combination of the tangent vector C(t) and

the acceleration vector C(t), the normal N to the surface at t belongs to the osculating plane.

Since the tangential part of the curvature at a point is given by

- | L
k,ng=|u, + Z:l"ijui PR

\ , b 1
u; (X, +| u, + z Tuu X,
i-1,2

i=1,
=12

or more explicitly (letting u = u, and v = u,),

u"+T,(u') +2r,u' v+, (v') =0,
v+ l"fl(u‘)2 +2Ff2u'v'+ l"%z(v')2 =0.

In general, it is impossible to find closed-form solutions for these equations.

LOVELY PROFESSIONAL UNIVERSITY



Unit 31: Joachimsthal's Notations

Nevertheless, from the theory of ordinary differential equations, the following lemma showing Notes
the local existence of geodesics can be shown :

Lemma 1: Given a surface X, for every point p = X(u, v) on X, for every non-null tangent vector
ve Ty (X) at p, there is some € > 0 and a unique curve y: ] - €, € [ > E? on the surface X, such
that y is a geodesic, y(0) = p, and y/(0) = v.

To emphasize that the geodesic y depends on the initial direction v, we often write y(t, v)
instead of (t).

The geodesics on a sphere are the great circles (the plane sections by planes containing the center
of the sphere).

More generally, in the case of a surface of revolution (a surface generated by a plane curve
rotating around an axis in the plane containing the curve and not meeting the curve), the
differential equations for geodesics can be used to study the geodesics.

'i Example: The meridians are geodesics (meridians are the plane sections by planes through
the axis of rotation: they are obtained by rotating the original curve generating the surface).

Also, the parallel circles such that at every point p, the tangent to the meridian through p is
parallel to the axis of rotation, is a geodesic.

It should be noted that geodesics can be self-intersecting or closed. A deeper study of geodesics
requires a study of vector fields on surfaces and would lead us too far.

Technically, what is needed is the exponential map, which we now discuss briefly.

The idea behind the exponential map is to parameterize locally the surface X in terms of a map
from the tangent space to the surface, this map being defined in terms of short geodesics.

More precisely, for every point p = X(u, v) on the surface, there is some open disk B_ of center
(0, 0) in R? (recall that the tangent plane T (X) at p is isomorphic to R?), and an injective map

exp, : B~ X(Q),

such that for every ve B_ with v=0,

exp, (v) = (L V),

where Y(t, V) is the unique geodesic segment such that y(0,v) =p and v(0,v)=v. Furthermore,

for B_ small enough, exp_ is a diffeomorphism. It turns out that expp(?/) is the point q obtained
by “laying off” a length equal to H\?H along the unique geodesic that passes through p in the
direction v.
Lemma 2: Given a surface X : Q — E?, for every v =0 in R? if

Y(=v):]-€ €[> FE’
is a geodesic on the surface X, then for every A > 0, the curve

y(=Av):]-€/r, e/A][>E

LOVELY PROFESSIONAL UNIVERSITY 391



Complex Analysis and Differential Geometry

392

Notes

is also a geodesic, and
y(t, Av) = y(At, V).

From lemma 2, for v =0, if y(l,@) is defined, then

(i)

This leads to the definition of the exponential map.

Definition 2: Given a surface X : Q — E® and a point p = X(u, v) on X, the exponential map expp
is the map

exp,: U~ X(Q)

g

where v(0,v) =p and U is the open subset of R*(= T (X)) such that for every v#0, v [

defined such that

f)*

defined. We let expp(f)) =p. Itis immediately seen that U is star-like. One should realize that in

general, U is a proper subset of Q.

Example: In the case of a sphere, the exponential map is defined everywhere. However,
given a point p on a sphere, if we remove its antipodal point -p, then expp((/) is undefined for
points on the circle of radius .

Nevertheless, expp is always well-defined in a small open disk.

Lemma 3: Given a surface X : Q — E?, for every point p = X(u, v) on X, there is some € > 0, some
open disk B_ of center (0, 0), and some open subset V of X(Q) with p € V, such that the exponential
map exp, : Be - V is well defined and is a diffeomorphism.

A neighborhood of p on X of the form exp (Be) is called a normal neighborhood of p.

The exponential map can be used to define special local coordinate systems on normal
neighborhoods, by picking special coordinates systems on the tangent plane.

In particular, we can use polar coordinates (p, 6) on R In this case, 0 < 6 < 2xn. Thus, the closed
half-line corresponding to 6 = 0 is omitted, and so is its image under exp . It is easily seen that in
such a coordinate system, E =1 and F = 0, and the ds? is of the form

ds? =dr? + G do>.

The image under exp, of a line through the origin in R* is called a geodesic line, and the image
of a circle centered in the origin is called a geodesic circle. Since F = 0, these lines are orthogonal.
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It can also be shown that the Gaussian curvature is expressed as follows: Notes

VG op?

Polar coordinates can be used to prove the following lemma showing that geodesics locally
minimize arc length:

1 P(WG)

However, globally, geodesics generally do not minimize arc length.

For instance, on a sphere, given any two non-antipodal points p, q, since there is a unique great
circle passing through p and g, there are two geodesic arcs joining p and q, but only one of them
has minimal length.

Lemma 4: Given a surface X : Q — E?, for every point p = X(u, v) on X, there is some € >0 and
some open disk B_ of center (0, 0) such that for every q € exp (B ), for every geodesicy: ] -n,
n[— E’inexp (B ) such thaty(0) = p and y(t,) = q, for every regular curve a.: [0, t,] - E* on X' such
that o(0) = p and a(t,) = q, then

1(pq) <1,(pq),

where 1 (pq) denotes the length of the curve segment o from p to q (and similarly for y).
Furthermore, 1 (pq) =1,(pq) if the trace of y is equal to the trace of a between p and q.

As we already noted, lemma 4 is false globally, since a geodesic, if extended too much, may not
be the shortest path between two points (example of the sphere).

However, the following lemma shows that a shortest path must be a geodesic segment:

Lemma 5: Given a surface X : Q — E?, let a.: I - E® be a regular curve on X parameterized by arc
length. For any two points p = a(t)) and q = a(t,) on o, assume that the length 1 (pq) of the curve
segment from p to q is minimal among all regular curves on X passing through p and q. Then,
o is a geodesic.

At this point, in order to go further into the theory of surfaces, in particular closed surfaces, it is
necessary to introduce differentiable manifolds and more topological tools.

Nevertheless, we can’t resist to state one of the “gems” of the differential geometry of surfaces,
the local Gauss-Bonnet theorem.

The local Gauss-Bonnet theorem deals with regions on a surface homeomorphic to a closed disk,
whose boundary is a closed piecewise regular curve a without self-intersection.

Such a curve has a finite number of points where the tangent has a discontinuity.

If there are n such discontinuities p,, . . ., p,, let 6, be the exterior angle between the two tangents
atp,.

More precisely, if a(t) = p, and the two tangents at p, are defined by the vectors

Fl&g}h a'(t)=a'_(t,)=0,

and

lim a'(t)=a' (t,) =0,

t—t;, t<t;
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the angle 6, is defined as follows:

Let 0, be the angle between o (t”) and o + (t) such that 0 <| 6, | <=, its sign being determined as
follows:

If p, is not a cusp, which means that |6, | # n, we give i the sign of the determinant
(o (t), o, (t), N )-

If p, is a cusp, which means that |0,| = m, it is easy to see that there is some € > 0 such that the
determinant

(U“’(ti - n)l a‘,(tj + n)’ Npi)
does not change sign forn € | - €, € [, and we give 6, the sign of this determinant.
Let us call a region defined as above a simple region.

In order to state a simpler version of the theorem, let us also assume that the curve segments
between consecutive points p, are geodesic lines.

We will call such a curve a geodesic polygon. Then, the local Gauss-Bonnet theorem can be
stated as follows:

Theorem 6: Given a surface X : Q — E?, assuming that X is injective, F = 0, and that Q is an open
disk, for every simple region R of X(2) bounded by a geodesic polygon with n vertices p,, . . .,
p,, letting 0, ..., 8,_be the exterior angles of the geodesic polygon, we have

[[KdA+Y 0, =2
R i=1
Some clarification regarding the meaning of the integral IJK dA is in order.
R

Firstly, it can be shown that the element of area dA on a surface X is given by

dA = [X, xX,| dudv = \/EG - F* dudv.

SeCOIldly, l.f we reCall fr()m lemma that
Nv M N G Xv

NxN_LN—MZ
© v EG-F

it is easily verified that
X, x X, =KX, x X).

Thus,

dudv

[[KdA = [K]x, xX,
R R
= [N, xN, |dudv,
R

the latter integral representing the area of the spherical image of R under the Gauss map.

This is the interpretation of the integral J.J.KdA that Gauss himself gave.
R
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If the geodesic polygon is a triangle, and if A,B,C are the interior angles, so that A = -0, Notes
B =mn-02, C=nr -3, the Gauss-Bonnet theorem reduces to what is known as the Gauss formula:

”KdA:A+B+C—n.
R

The above formula shows that if K > 0 on R, then ”KdA is the excess of the sum of the angles
R
of the geodesic triangle over .
If K< 0 onR, then ”KdA is the efficiency of the sum of the angles of the geodesic triangle
R

over .
And finally, if K = 0, then A + B + C = n, which we know from the plane!
For the global version of the Gauss-Bonnet theorem, we need the topological notion of the

Euler-Poincare characteristic, but this is beyond the scope of this course.

31.2 Covariant Derivative, Parallel Transport, Geodesics Revisited

Another way to approach geodesics is in terms of covariant derivatives.

The notion of covariant derivative is a key concept of Riemannian geometry, and thus, it is
worth discussing anyway.

Let X: Q — E° be a surface. Given any open subset, U, of X, a vector field on U is a function, w, that
assigns to every point, p € U, some tangent vector w(p) € T Xto X at p.

A vector field, w, on U is differentiable at p if, when expressed as w = aX + bX in the basis
Xy X,) (of T X), the functions a and b are differentiable at p.

A vector field, w, is differentiable on U when it is differentiable at every point p € U.

Definition 3: Let, w, be a differentiable vector field on some open subset, U, of a surface X. For
every y € TPX, consider a curve, a.: ] - €, €[ » U, on X, with a(0) = p and a’(0) =y, and let
w(t) = (W o a)(t) be the restriction of the vector field w to the curve a. The normal projection of
dw/dt(0) onto the plane T X, denoted

D
d—Y(O), or D/Ow(p), or Dw(p),

is called the covariant derivative of w at p relative to y.

The definition of Dw/dt(0) seems to depend on the curve o, but in fact, it only depends on y and
the first fundamental form of X.

Indeed, if a(t) = X(u(t), v(t)), from
w(t) =a(u(t), v(t))X, + b(u(t), v())X,,

we get

%" = a(X, 1 + X, ¥) + b(X,,0 + X_,¥) +aXu + bXv.

X X

However, we obtained earlier the following formulae (due to Gauss) for X , X , X , and X :

X, =X, +G3X, +LN,
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Xuv = I',X, +G2,X, + MN,
Xvu =T}, X, +G2 X, + MN,
Xvv = T, X, +GLX, + NN.

Now, Dw/dt is the tangential component of dw/dt, thus, by dropping the normal components,
we get

d—‘:, =(a+Tjau+ T ,av + [y bu + Tybv)X, + (b+T3au+Thav + 5 bu +G2,bv)X,

Thus, the covariant derivative only depends on y = (i, V), and the Christoffel symbols, but we
know that those only depends on the first fundamental form of X.

Definition 3: Let o.: I - X be a regular curve on a surface X. A vector field along o.is a map, w, that
assigns to every t € I a vector w(t) € T, X in the tangent plane to X at a(t). Such a vector field is
differentiable if the components a, b of w =aX + bX over the basis (X , X ) are differentiable. The
expression Dw/dt(t) defined in the above equation is called the covariant derivative of w at t.

Definition 4: extends immediately to piecewise regular curves on a surface.

Definition 5: Let o : I - X be a regular curve on a surface X. A vector field along o is parallel if
Dw/dt=0forallt el

Thus, a vector field along a curve on a surface is parallel if its derivative is normal to the surface.

For example, if C is a great circle on the sphere S* parametrized by arc length, the vector field of
tangent vectors C’(s) along C is a parallel vector field.

We get the following alternate definition of a geodesic.

Definition 6: Let o : I - X be a nonconstant regular curve on a surface X. Then, o is a geodesic if

the field of its tangent vectors, a(t), is parallel along a, that is
Da
“(t)=0
TR

forallt e L.

If we let a(t) = X(u(t), v(t)), from the equation

Dw . . . . . - . . . .
G =(a+ Filau + F}Zav + F;bu + l";sz)Xu +(b+ Fflau + Ffzav + Filbu + ngbv)Xv

with a=1 and b=V, we get the equations
i+ () +T,av+Chav+ T, (V) =0
V+T2 () +T2,0v +T3uv +T5,(v)* =0,

which are indeed the equations of geodesics found earlier, since T}, = T} and T3, = T3

(except that o is not necessarily parametrized by arc length).

Lemma 7: Let o : I - X be a regular curve on a surface X, and let v and w be two parallel vector

fields along o. Then, the inner product (v(t),w(t)) is constant along o (where (—, —> is the inner
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product associated with the first fundamental form, i.e., the Riemannian metric). In particular, Notes

|[v| and |w]| are constant and the angle between v(t) and w(t) is also constant.

The vector field v(t) is parallel if dv/dt is normal to the tangent plane to the surface X at a(t),
and so

(ViE,w) =0

for all t € L. Similarly, since w(t) is parallel, we have

(VW' () =0

for allt € I. Then,
(v),w(t)' = (v'®),w(t) + (v(t),w'(t) =0
for all t € I. which means that (v(t),w(t)) is constant along o.

As a consequence of corollary 14.12.5, if . : I - X is a nonconstant geodesic on X, then | = ¢ for
some constant c > 0.

Thus, we may reparametrize o w.r.t. the arc length s = ct, and we note that the parameter t of a
geodesic is proportional to the arc length of o.

Lemma 8: Let o : I - X be a regular curve on a surface X, and forany t, € I, let w, € Ta(tU)X. Then,
there is a unique parallel vector field, w(t), along a, so that w(t) = w,.

Lemma is an immediate consequence of standard results on ODE’s. This lemma yields the
notion of parallel transport.

Definition 7: Let o : | - X be a regular curve on a surface X, and for any t, e I, let w € Tu(lo)X. Let
w be the parallel vector field along o, so that w(t,) = w,, given by Lemma 8. Then, for any t € I,
the vector, w(t), is called the parallel transport of w along a at t.

It is easily checked that the parallel transport does not depend on the parametrization of a. If X
is an open subset of the plane, then the parallel transport of w at t is indeed a vector w(t) parallel
to w, (in fact, equal to w).

However, on a curved surface, the parallel transport may be somewhat counter-intuitive.

If two surfaces X and Y are tangent along a curve, o.: I - X, and if w e T, (X = Loy Y 15 a tangent
vector to both X and Y at t, then the parallel transport of w, along o is the same, whether it is
relative to X or relative to Y .

This is because Dw/dt is the same for both surfaces, and by uniqueness of the parallel transport,
the assertion follows.

This property can be used to figure out the parallel transport of a vector w, when Y is locally
isometric to the plane.

In order to generalize the notion of covariant derivative, geodesic, and curvature, to manifolds
more general than surfaces, the notion of connection is needed.

If M is a manifold, we can consider the space, X(M), of smooth vector fields, X, on M. They are
smooth maps that assign to every point p € M some vector X(p) in the tangent space T M to M
atp.

We can also consider the set C*(M) of smooth functions f : M — R on M.
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Then, an affine connection, D, on M is a differentiable map,
D : X(M) x X(M) — X(M),

denoted DXY (or rXY ), satisfying the following properties:

(1) Dy Z={D,Z+gD, Z;

@ DAY +uz)=AD,Y +uD,Z;

() Dy(fY)=fDY +X(@®Y,

forall A, p e R, all X, Y, Z € X(M), and all f, g € C*(M), where X(f) denotes the directional
derivative of f in the direction X.

Thus, an affine connection is C*(M)-linear in X, R-linear in Y, and satisfies a “Leibnitz” type of
law in Y.

For any chart ¢ : U — R™, denoting the coordinate functions by x,, ..., x_, if Xis given locally by

m P
X(p)= 24, (P)o

i=1

then

m a fo (P_l
XO(p) = 3.0, 20
in1 X;
It can be checked that X(f) does not depend on the choice of chart.
The intuition behind a connection is that D, Y is the directional derivative of Y in the direction X.
The notion of covariant derivative can be introduced via the following lemma:

Lemma 10: Let M be a smooth manifold and assume that D is an affine connection on M. Then,
there is a unique map, D, associating with every vector field V along a curvea: I - M on M
another vector field, DV/dt, along ¢, so that:

D DV DW
a  Povipawy = 2Y,  PW
GtV W) AT
%) B(fv)zﬁwfy_
at at . ar

(3) If Visinduced by a vector field Y € X(M), in the sense that V (t) =Y (a(t)), then

DV _

RTINS

Then, in local coordinates, DV/dt can be expressed in terms of the Christoffel symbols, pretty
much as in the case of surfaces.

Parallel vector fields, parallel transport, geodesics, are defined as before.

Affine connections are uniquely induced by Riemmanian metrics, a fundamental result of Levi-
Civita.

In fact, such connections are compatible with the metric, which means that for any smooth curve

o on M and any two parallel vector fields X, Y along ”, the inner product (X,Y) i1is constant.
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Such connections are also symmetric, which means that Notes
D,Y-DX=[X, Y],

where [X, Y ] is the Lie bracket of vector fields.

31.3 Joachimsthal Theorem and Notation

If the curve of intersection of two surfaces is a line of curvature on both, the surfaces cut at a
constant angle. Conversely, if two surfaces cut at a constant angle, and the curve of intersection
is a line of curvature on one of them, it is a line of curvature on the other also

Ferdinand Joachimsthal (1818-1861) was a German mathematician and educator famous for the
high quality of his lectures and the books he wrote. The notations named after him and discussed
below serve one of the examples where the language of mathematics is especially auspicious for
derivation and memorization of properties of mathematical objects. Joachimsthal’s notations
have had extended influence beyond the study of second order equations and conic sections,
compare for example the work of F. Morley.

A general second degree equation
Ax?+2Bxy + Cy*+ 2Fx+2Gy + H=0 (1)

represents a plane conic, or a conic section, i.e., the intersection of a circular two-sided cone with
a plane. The equations for ellipses, parabolas, and hyperbolas all can be written in this form.
These curves are said to be non-degenerate conics. Non-degenerate conics are obtained when
the plane cutting a cone does not pass through its vertex. If the plane does go through the cone’s
vertex, the intersection may be either two crossing straight lines, a single straight line and even
a point. These point sets are said to be degenerate conics. In the following, we shall be only
concerned with a non-degenerate case.

The left-hand side in (1) will be conveniently denoted as s:

s = Ax?+ 2Bxy + Cy? + 2Fx + 2Gy + H -(2)
so that the second degree equation (1) acquires a very short form:

s=0. (3)

A point P(x,, y,) may or may not lie on the conic defined by (1) or (3). If it does, we get an identity
by substituting x = x, and y =y, into (1):

Ax>+2Bxy, + Cy? + 2Fx, + 2Gy, + H=0, ..(4)
which has a convenient Joachimsthal’s equivalent
s, = 0. ..(5)

For another point P(x,, y,) we similarly define s,, and, in general, for points P(x, y,) or P(x, y,) we
define s, and Sy where, for example,

s, = Ax?+2Bxy, + Cy? + 2Fx + 2Gy, + H. ...(6)
Thus, s, = 0 means that P(x, y,) lies on the conic (3), s, # 0 that it does not.
There is also a mixed notation. For two points P(x, y,) and P(x, y), we define

s; = Axx + B(xy, + xy) + Cyyy, + F(x; + x) + G(y, +y) + H. (7)
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Clearly for P(x, y) = P(x, y), (7) reduces to (6). An important observation is that s, is symmetrical
in its indices:

S. =s.. ..(8)

The last of Joachimsthal’s conventions brings the first whiff of an indication as to how useful the
notations may be. In s, both P(x, y,) and P(x, y) are quite generic. The indices are only needed to
distinguish between two points. But if we omit the indices from one of them, the points will be
as distinct as before. One additional convention accommodates this case: for points P(x, y,) and
P(x, y) we write (7) with one index only,

s,= Axx+B(xy +xy) + Cyy + F(x; +x) + G(y, +y) + H. -(9)

The curious thing about (9) is that, although s, was probably perceived as a number, s, appears
to dependent on “variable” x and y and thus is mostly perceived as a function of these variables.
As a function of x and y, (9) is linear, i.e. of first degree, so that s, = 0 is an equation of a straight
line. What straight line is it? How does it relate to the conic (1)? The beauty of Joachimsthal’s
notations is that the relation between s = 0 and s, = 0 is quite transparent.

Theorem 11

Let point P(x, y,) lie on the conic s = 0. In other words, assume thats, = 0. Then s = 0 is an equation
of the line tangent to s = 0 at P(x,, y,).

Proof

Any point P(x, y) on the line through two distinct points P(x,, y,) and P(x,, y,) is a linear
combination of the two points:

P(x, y) =t-P(x, x,) + (1-t) - P(x,, x,), ..(10)
which is just a parametric equation of the straight line. Substitute (10) into (2). The exercise may
be a little tedious but is quite straightforward. The result is a quadratic expression in t:

s(t) =t (s, + 5, -25,) + 2t (5,,-5,) +5,, -(11)
Line (10) and conic (1) will have 0, 1, or 2 common points depending on the number of roots of

the quadratic equation s(t) = 0, which is determined by the value of the discriminant

D= (Slz - S22)2 - (511 8y, 2512) "5y = S122 =851 " Sy -(12)

The line is tangent to the conic if the quadratic equation has two equal roots, i.e. when D =0, or

5,2=5."5,. .(13)

12 11 22
This is an interesting identity valid for any line tangent to the conic, with P(x,, y,) and P(x,, y,)
chosen arbitrarily on the line. We can use this arbitrariness to our advantage. Indeed, what could
be more natural in these circumstances than picking up the point of tangency. Let’s P(x,, y,) be
such a point. This in particular means that the point lies on the conic so that, according to (5),
s, = 0. But then (12) implies s , = 0. Let’s say this again: If P(x,, y,) is the point of tangency of a
conic and a line through another arbitrary point P(x,, y,) then

s,=0. ...(14)

Now, since this is true for any point P(x,, y,) on the tangent at P(x,, y,) we may as well drop the
index. The conclusion just drops into our lap: the tangent to a conic s = 0 at point P(x,, y,) on the
conic is given by

s, =0, ..(15)

which proves the theorem.
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Tangent Pair Notes

If two points P(x,, y,) and P(x,, y,) are such that the line joining them is tangent to a conic s = 0,
then as in (13), s,,> = s, - s,,. Now, fixing P(x,, y,) outside the conic and making P(x,, y,) an
arbitrary point on the tangent from P(x,, y,), we can remove the second index:

s2=s -s. ...(16)

1 11

The latter is a quadratic equation which may be factorized into the product of two linear equations
each representing a tangent to the conic through P(x,, y,).

Example:

Lets =x*+4y?- 25, so that s = 0 is an ellipse x> + 4y* = 25. What are the tangents from P(0, 0) to the
ellipse? Let’s see that there are none. First,

s, =-25and s, =-25.
So that (16) becomes
s =-25, orx* + 4y* = 0.

Obviously the equation has no real roots (besides x =y = 0), nor linear factors. We conclude that
there are no tangents from (0, 0) to the ellipse. Naturally. But let’s now take a different point, say
P(5,5/2). In this case,

s,, =25 and s, = 5x + 10y - 25.
(16) then becomes
(5x + 10y - 25)2 = 25 (x* + 4y? - 25).
First, let’s simplify this to
(x +2y-5)2=x2+4y?-25.
Second, let’s multiply out and simplify by collecting the like terms:
2xy - 5x - 10y +25 =0,
which is factorized into
(x-5)-(2y-5)=0.
Conclusion: here are two tangents from (5, 5/2) to the ellipse: x =5 and y = 5/2.
Poles and Polars With Respect To a Conic
Let P(x,, y,) be a point outside a conic s = 0 and P(x,, y,) and P(x,, y,) be the points where the
tangents from P(x,, y,) meet the conic.
Then the tangents have the equations (15)
s,=0ands, =0 ..(17)
and also meet at P(x,, y,):
s, =0ands, =0. ..(18)
Because of the symmetry of the notations, we have

s,=0ands_ =0, ..(19)
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which says that points P(x,, y,) and P(x,, y,) lie on the straight line
s, =0. .(20)

The latter is uniquely determined by P(x,, y,), which, too, can be retrieved from (20). We define
s, = 0 as the polar of P(x,, y,) with respect to the conic s = 0. P(x,, y,) is said to be the pole of its
polar. Obviously, for a point on the conic, the polar is exactly the tangent at this point.

Thus we see that the pole/polar definitions generalize naturally from the circle to other non-
degenerate conics. We now prove La Hire’s

Theorem 12

If point P(x,, y,) lies on the polar of P(x,, y,) with respect to a conic s = 0, then P(x,, y,) lies on the
polar of P(x,, y,) with respect to the same conic.

Proof

Indeed, P(x,, y,) lies on the polar s, = 0 if and only if s,, = 0. Because of the symmetry of the
notations, this is the same as s, = 0, which says that P(x,, y,) lieson s, = 0.

31.4 Tissot’'s Theorem

At any point on a reference globe there are an infinite number of paired orthogonal directions.
When transformed to map they may or may not remain orthogonal

Tissot’s theorem states that regardless of the type of transformation, at each point on a sphere
there is at least one pair of orthogonal directions that will remain orthogonal when transformed
Referred to as principle directions; a and b and it is not important what directions actually are

Tissot’s theory of distortions states that

A circle on the datum surface with a centre P and a radius ds may be assumed to be a plane figure
within its infinitely small area. This area will remain infinitely small and plane on the projection
surface. Generally the circle will be portrayed as a ellipse.

This ellipse is called Tissot’s Indicatrix as it indicates the characteristics of a projection in the direct
environment of a point.

The axes of Tissot’s Indicatrix correspond to the two principal directions and the maximum and
minimum particular scales, 2 and b, at any point, occur in these directions.

Proof That The Projected Circle Is An Ellipse

|

Notes In figure, the X axis is directed east-west; Y axis is directed north-south.

Remember that capital letters denote elements on the generating globe, and small letters elements
on the projection.

Figure 31.1: Plane and Sphere
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dY =dS.Sin 6 =G . dx

on the generating globe
dX=dS.cosO=«/§.d¢} 8 8

dy=ds.Sin0'=,[g .dxr

on the projection
dx=ds.cos0'=+e .d¢

1

\/EdS.COSG

do=

1
dA =——=dS .sin6
JG

dy:\/g.%ds.sinﬁ

1
and : dx =+e .—dS .cosf
JvE

2

2
di:dsz.cosze; dy =dS?.sin’6
E/e G/g

2 2
I, dy = (sin” q + cos” 0)dS®
E/e G/g

2 2
LAy gg
E/e G/g

If dS =1 then the elementary circle on the globe has a radius of 1 (remember that capital letters
denote elements on the generating globe, and small letters elements on the projection.)
2 2
dx N dy _1
E/e G/g

This is an equation of an ellipse.
Analysis of Deformation Characteristics using Tissot’s Indicatrix

If we call the semi-major and semi-minor axes of the ellipse a, and b, then these are the directions
of maximum and minimum distortion i.e. the principal directions. a and b are also thus called
the principal scale factor

2 2
Xi_;'_yi:l

b a
For convenience we will consider the plane x and y axes to be in the principal directions.
Length Distortion
= ds cos 6" on the plane
u, = dScos 6 =1 on globe

(There is no distortion on the globe)
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ds
Remember from previous section: m = 35’ 5%

a _(dsj_ pcos0'
ds cos6

b_(ﬁj _ psin®'
ds), sin0

or
acos 6 =pcos®
bsin 6 = psin 6
a%?cos? 0 = p? cos? 0’
b? sin?0 = p? sin? 0’
a? cos? 0 + b? sin? 6 = p?(cos® 0" + sin® ©)
u2=a?cos? 6 + b*sin? 6

This formula expresses the length distortion in any direction as a function of the original direction
0, and the principal scale factors, a and b. The angle 6 indicates the direction of the parallel with
respect to the x axis. The direction of the meridian with respect to the x axis is thus

0+90°=0+7/2=p

The scale distortions along the parallels and meridians (note: not necessarily equal to the
maximum and minimum distortions along a and b) are thus:

u =a’sin? B + b2 cos? B
2 . .
p, =a?sin? o + b? cos? o = a® cos® B + b* sin? B
uf+m$ =a’+ b?

This is known as the First Theorem of Appolonius:

The sum of the squares of the two conjugate diameters of an ellipse is constant.

Angular Distortion 2Q

. a
Without derivation: 2Q =2 arc sin

, where 2Q is the maximum angular distortion. The

maximum angular deformation occurs in each of the four quadrants.

Figure 31.2: Angular Distortion

Yy

4

X

Unit circle on generating globe
superimposed on indicatrix, showing
maximum change in direction 0
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If 2Q = 0 then no angular distortion occurs and the projection is called conformal. The property Notes
of a conformal projection is that a = b and Tissot’s Indicatrix is a circle with equal scale distortion
in all directions. This is consistent with the previously derived conditions for conformality,

n
namely that p, =4, .and 0'= > The area is not preserved and the projected circle increases in
size as one moves away from the line of zero distortion.

Areal Distortion (s): Second Theorem of Appolonius.

This is found by dividing the projected area by the area of the circle on the globe (radius =1)

c= Trat: =ab
nR

When looking at equal area projections earlier. It was found that:
o =, W, sin 0’, thus p, p, sin 6" = ab.

This is called the Second Theorem of Appolonius. When ab =1 then the projection is equal-area
or equivalent.

Notes Conformality and equivalence are exclusive: ab =1 and a = b cannot occur at
the same time.

31.5 Summary

° Geodesics play a very important role in surface theory and in dynamics.

One of the main reasons why geodesics are so important is that they generalize to curved
surfaces the notion of “shortest path” between two points in the plane.

More precisely, given a surface X, given any two points p = X(u,, v,) and q = X(u,, v,) on X,
let us look at all the regular curves C on X defined on some open interval I such that
p=C(t,) and q = C(t,) for some t, t, € L

It can be shown that in order for such a curve C to minimize the length 1.(pq) of the curve
segment from p to q, we must have k (t) = 0 along [t t,], where Kk () is the geodesic
curvature at X(u(t), v(t)).

° Given a surface X : Q — E?, let a : [ - E° be a regular curve on X parameterized by arc
length. For any two points p = a(t,) and q = a(t,) on a, assume that the length 1 (pq) of the
curve segment from p to q is minimal among all regular curves on X passing through p
and q. Then, o is a geodesic.

At this point, in order to go further into the theory of surfaces, in particular closed surfaces,
it is necessary to introduce differentiable manifolds and more topological tools.

Nevertheless, we can’t resist to state one of the “gems” of the differential geometry of
surfaces, the local Gauss-Bonnet theorem.

The local Gauss-Bonnet theorem deals with regions on a surface homeomorphic to a
closed disk, whose boundary is a closed piecewise regular curve o without self-intersection.

Such a curve has a finite number of points where the tangent has a discontinuity.
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31.6 Keywords

Exponential map: The exponential map can be used to define special local coordinate systems on
normal neighborhoods, by picking special coordinates systems on the tangent plane.

Polar coordinates can be used to prove the following lemma showing that geodesics locally
minimize arc length.

Gauss-Bonnet theorem: The local Gauss-Bonnet theorem deals with regions on a surface
homeomorphic to a closed disk, whose boundary is a closed piecewise regular curve a without
self-intersection.

31.7 Self Assessment

The principal normal n must be ............... to the normal N to the surface along the curve
segment from p to q.

Given a surface ................ a geodesic line, or geodesic, is a regular curve C : I — E° on X,
such thatk (t) =0 forall t € L.

Given a surface X, for every point p = X(u, v) on X, for every non-null tangent vector

ve T,y (X) at p, there is some................. and a unique curvey: ] - €, € [ > E? on the surface
X, such that y is a geodesic, y(0) = p, and y'(0) = v.

In this case, ................ Thus, the closed half-line corresponding to 6 = 0 is omitted, and so
is its image under exp .

The local ................ deals with regions on a surface homeomorphic to a closed disk, whose
boundary is a closed piecewise regular curve a without self-intersection.

Let X : Q — E® be a surface. Given any open subset, U, of X, a vector field on U is a function,
w, that assigns to every point, p € U, some tangent vector ................

31.8 Review Questions

Define Geodesic Lines, Local Gauss-Bonnet Theorem.
Discuss Covariant Derivative, Parallel Transport, Geodesics Revisited.

Describe Joachimsthal's Notations.

Answers: Self Assessment

parallel 2. X: Q- B,

e>0 4. 0<6<2m

Gauss-Bonnet theorem 6. w(p)eT XtoXatp.
P
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31.9 Further Readings Notes
Books Ahelfors, D.V. : Complex Analysis

Conway, ].B. : Function of one complex variable

Pati, T. : Functions of complex variable

Shanti Narain : Theory of function of a complex Variable
Tichmarsh, E.C. : The theory of functions

H.S. Kasana : Complex Variables theory and applications
P.K. Banerji : Complex Analysis

Serge Lang : Complex Analysis

H. Lass : Vector & Tensor Analysis

Shanti Narayan : Tensor Analysis

C.E. Weatherburn : Differential Geometry

T.J. Wilemore : Introduction to Differential Geometry

Bansi Lal : Differential Geometry.
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