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Abstract

In this thesis, several FPT for WC maps, contractive type mapping, proximal generalized
contraction and CFP in different spaces are proved. In the first chapter, a history of
MS, g.m.s., G-M.S., PMS and a brief survey of Banach Contraction rule are defined.
On the other hand, in the first chapter, a brief introduction to FPT and literature
review, we talk about the basic ideas that are very important for the work done in the
following chapters. To achieve the objectives of our investigative work, the following five
chapters are given. The main purpose of thesis is to establish approximation theorems for
continuous and non-continuous self maps in the setting of various spaces by considering

several conditions.

Along with the added PC in CMS, we first add new notions of PC of kind-R and kind-M,
as well as proving the existence of g,-best similarity for a pair of maps. We illustrate
FPT in CMS with the help of these principles, achieving the first goal. Furthermore,

several examples showed the validity of our findings.

Now, we use SF and the PC of first and second kind in CMS to implement a new class
of generalized 5, — ¢, — Z-contractive pair of mappings. We also use SF to implement
the idea of Z-contraction in G-M.S. We also prove some FPT in these spaces, as well as
applications to further demonstrate these findings in fixed point theory, achieving the

second research goal.

Some common FPT have been proved with the help of some new notions like modified
a— (10, go)-PC of type-I and type-11. An application is also given to show the genuineness
of our results. In G-M.S., we also introduce the definition of G — v — ¥-proximal cyclic
weak contractive mapping. With the help of this new definition, cyclic (¢1, ¢1, 1, J)-
rational contraction in the sense of PMS can be achieved. The third goal is accomplished
by proving such FPT in these spaces.We develop a general case for four WC self-maps
that satisfy a general contractive condition, utilizing the same approach as Altun et al.
We use this research to show that WC maps have a common FPT, as well as E.A. and

(CLR) properties.
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Chapter 1

Introduction

First chapter is basically early on in nature. In this category, we fix our documenta-
tions, test certain simple concepts and condense a portion of the natural established and
ongoing outcomes identified with our research work. Moreover, we define some basic

notions.

It comprises of three phases. We're dealing with a summary of the principle of fixed
points in first phase. In phase two, we give some notations, preliminaries and fundamen-
tal definitions which are utilized all through the text of the dissertation. In third phase,
we talk about different sort of mappings which are helpful all through the content of our

thesis.

1.1 Introduction

1.1.1 Origin of Fixed Point Theory

Fixed point theory itself is a lovely blend of investigation, geometrics and topography.
Five years decade, this theory has been a very influential and significant technique
in the analysis of non-linear phenomena. In many fields, such as genetics, chemistry,
economics, electronics etc. fixed-point structures have been linked together. The point
at which the y = f(x) curve intersects with the y = z line intersects provides the curve
solution, and the point of convergence is the curve fixed point. Thanks to the advent of
detailed methods for finding set focuses the importance of solid applications has grown

tremendously.



Fixed point theory is quickly moving into the standard of arithmetic chiefly as a result of
its applications in assorted fields which incorporate numerical techniques like Newton-
Raphson strategy, setting up Picard’s Presence hypothesis, presence of arrangement of

essential conditions and an arrangement of direct conditions.

In many cases, it is impossible to find a particular solution; therefore, it is necessary to
develop appropriate algorithms to find out the desired result. This is closely related to
the control and optimization problems that arise in different scientific and engineering
problems. Many situations in the study of nonlinear equations, variational calculus,
partial differential equations, optimal control and inverse problems can be expressed by
fixed-point problems or optimization. Fixed point theory is a powerful tool to determine
uniqueness of solutions to dynamical systems and is widely used in theoretical and

applied analysis. So it must be applicable to mathematical biology as well.

1.1.2 Importance of Fixed/Invariant Points
The points which remains invariant under a transformation. We note that f(x) = 0 is
equal to problems with fixed points and the root discovery problems.
The investigation is actually disclosing what kind of problems the fixed point has. The
issues with the fixed point can be described in the accompanying way:

1. What features/maps have fixed point?

2. Where will we determine the point set?

3. Is the single point fixed?
“First, we claim a conclusion that allows us the certainty of fixed point remaining in life.

Assume g is a continuous representation of yourself on [a@,b]. We then get the following

conclusions:

1. If the mapping set § = g(&) for all & € [a, b] matches § € [, b], then g has a fixed

point in [a, b] .

2. Suppose g(gAU) is defined above (@, b) and a positive constant k < 1 occurs with &k

for all & € (a,b), then g has a single fixed point p in [a, b].”

“Now, presume (X, d) is a complete MS and T': X — X is a mapping. The 7" mapping
satisfies a requirement of Lipschitz with o > 0 unchanged, so that d(Tz,Ty) < ad(z,y),

for all z,y in X. For various « values, we have the cases below :



1. Contraction mapping is called T" if a < 1;
2. When a <1 is not expansive, T' is named non expansive;

3. T is alluded to as contractive if o = 1.”

“Clearly, that contraction the = contractive = non-expansive = Lipschitz contraction

is. In this case, though, converse can not be valid as:

1. Let I : X — X is an identity map, where X is a MS, is non-expansive but not

contractional.

2. Suppose M = [0,00) be a complete MS equipped with the absolute metric value.
Set, f: X = X to f(z) =2+ %, f is instead a contractive map, while f is not a

contraction.”

There are two important FPT: one is Brouwers, and the other Banachs FPT. Brouwers
FPT is existential by its nature. “Brouwer1912: Any continuous self map on the ball
of the closed unit C' = {x : ||z|| < 1} in R™ has a fixed point. Elegant Banach FPT

solution is:

1. problems with the nature of a single solution to an equation,
2. provides a practical way of getting approximate solutions and

3. provides an easy way to acquire estimated answers.”

The uses of the Banach’s fixed theorem and its generalizations are very significant in
numerous scientific, methodological, technical and economic disciplines. Banach [8]
proved a FPT in 1922 and named it Banach FPT/BCP which is considered the mile
stone. This hypothesis states “If T' is self mapping of a complete MS (X, d) and there
exists a number h € [0, 1), such that for all z,y € X,

d(Tz,Ty) < hd(zx,y), (1.1)

then T has a unique fixed point, i.e., every contraction map on a complete MS has a

fixed point.”

This theorem offers a methodology in mathematical sciences and engineering for solving
a number of practical problems. This hypothesis was expanded by various scholars and
developed in different ways. There have been several implementations of this principle

but it has a disadvantage-The description requires 1" to be constant.



Definition 1.1. If T is a self map on a non-void set X, then a point z € X satisfying
Tz = z is called a T fixed point.

Example 1.1. Ezamples of fixed points are as follows:

1. A mapping I : F' — F identified by Ix = x, has indefinitely many fixed points, i.e.

each domain point is a fived I point.

2. A mapping I : F — F specified by [x = % —(p—1), if p is a positive integer,

otherwise x = p is a fixed point.
3. A mapping I : F — F equal to Ix = 2% has two 0 and 1 fized point.

4. There is no fixed point in a localization projection, that is, Tx = x + 3 for all

T € R.

We may therefore conclude from the above definitions that a mapping may be a partic-
ular fixed point, may be more than us, may be an infinite number of points, and may
not be a fixed point. Theorems concerned with the life and development of a solution
for a T'x = x operator equation shape the part of the fixed point theory. We notice that
every mapping of contractions is consistent and universally constant, but need not be
valid to converse. Kannan [31] provided the first answer to this problem in 1968, which

proved to be a FPT for operators who don’t have to be continuous.

Kannan1968 [31]: “If T is self mapping of a CMS X satisfying
d(Tz,Ty) < kld(Tz, x) + d(Ty,y)] (1.2)

for all z,y in X and 0 < k < 12, then T has unique fixed point in X.”

We notice that every mapping of contractions is consistent and universally constant, but
need not be valid to converse. Kannan [31] provided the first answer to this problem in
1968, which proved to be a FPT for operators who don’t have to be continuous. After
Kannan, Chatterjea [17] proved to be an operator’s FPT that fulfills the condition:
“there exists ¢ € [0,12) such that for all z,y € X,

d(Tz,Ty) < cld(z, Ty) + d(y, Tz)];” (1.3)

Rhoades [51] had suggested these three requirements (1.1), (1.2) and (1.3) are indepen-
dent. “Zamfirescu [61] combined the conditions (1.1), (1.2) and (1.3) as follows: there
exist the real numbers a,b and ¢ satisfying 0 < a < 1,0 < b < %, and 0 < ¢ < %; such



that for each x,y € X at least one of the following is true:

(21)d(Tz,Ty) < ad(z,y);
(22)d(Tz, Ty) < bld(z, Tx) + d(y, Ty);
(23)d(Tx,Ty) < c|d(x, Ty) + d(y, Tx)].”

Another generalisation of the BCP in 1983 was given by Rus [52], which replaced the

condition (1.1) with conditions: “there is a comparison function ¢ : Rt — R* such that
d(Tz, Ty) < p(d(z,y)) (1.4)

for all z,y € X.
d(Tz,Ty) < a max{d(z,Tx),d(y,Ty)}. (1.5)

In such conditions the operator T' has a fixed point which is unique.”

1.1.3 Various Types of Spaces

We accentuation our research essentially on the accompanying spaces:

1. MS
2. gam.s.
3. G-M.S.

4. PMS

1.1.3.1 Metric Space

In 1906, a French mathematician, Maurice Frechet (1878-1973), invented the notion
of MS, derived from the term metor (measure). In fact, he led the analysis of these
spaces and their applications to different mathematics fields. The description currently

in use, though, was provided in 1914 by the German mathematician, Felix Hausdroff
(1868-1942).

“Let X be an arbitrary set. Let d : X x X — R™* satisfies the following conditions:

1. d(z,y) > 0;d(x,y) =0iff z =y,



2. d(z,y) = d(y,z),
3. d(z,z) < d(z,y) + d(y,z) for all z,y,z € X. The set X together with the metric
d, i.e., (X,d) is called a MS.”
“Let (X,d) be a MS. A sequence {z,} in X is said to be
1. Convergent to « if and only if d(zp, ) — 0 as n — co. We denote this by {z,,} — =
as 1 — 00 Or liMy—sooly = X.

2. Cauchy sequence if and only if for each € > 0 there exists a natural number n(e)

such that for all n > m > n(e), d(xn, zm) < €.

3. Complete if every Cauchy sequence is convergent in X.”

1.1.3.2 Generalized Metric Space

The definition of g.m.s. was proposed by Branciari [15] in 2000 as follows:

“Let X be a non-empty set and d : X x X — [0,00) be a mapping such that for all
z,y € X and for all distinct point u,v € X, each of them different from x and y, one
has

1. d(z,y) =0 if and only if z =y,

2. d(z,y) = d(y, ),

3. d(z,y) < d(x,u) + d(u,v) + d(v, y)(the rectangular inequality).

Then (X,d) is called a g.m.s. .”
“Let (X,d) be a g.m.s.. A sequence {z,} in X is said to be
1. g.m.s. convergent to x if and only if d(z,,x) — 0 as n — oo. We denote this by
{zn} =z asn — 00 or lip_seo®n = T.

2. g.m.s. Cauchy sequence if and only if for each € > 0 there exists a natural number

n(e) such that for all n > m > n(e), d(zp, zm) < €.

3. complete g.m.s. if every g.m.s. Cauchy sequence is g.m.s. convergent in X.”



1.1.3.3 G-Metric Space

(Mustafa and Sims [43]) showed in 2003 that many D-MS Dhage tests were invalid.
Consequently, they implemented an updated variant of the generic MS system, and
named it G-M.S..

The G-M.S. description was introduced in 2006 by (Mustafa and Sims [44]) as follows:
“Let X be a nonempty set, and let G : X x X x X — R™ be a function satisfying the

following:

(G1) G(z,y,2)=0ifz =y =z,

(G2) 0 < G(z,x,y) for all z,y in X with z # y,

(G3) G(x,z,y) < G(x,y, 2) for all z,y,z in X with z # y,

(G4) G(z,y,2) = G(x, z,y) = G(y, z,x) = ... (symmetry in all three variables),
(G5) G(x,y,2) < G(z,a,a) + G(a,y, z) for all x,y,z,a in X (rectangle inequality).

Then the function G is called a G-M.S. or, more specifically, a G-metric on X and the
pair (X, G) is called a G-MS.

Assuming (X, G) is a G-M.S.. Then for Zyp € X, 7 > 0, the G-ball with center Z( and
is the radius
BG('%OJ:) = {g € M; G(j07g>g) < f}‘”

“Let (X,G) be a G-M.S.. Then a sequence {z,} is

1. G-convergent to z if limp, n—ecG(T, Tn,Tm) = 0; i.e., for any € > 0, there exists
N € N (set of natural numbers) such that G(x,z,, zy) < €, for all n,m > N. We

call z as the limit of the sequence and write x,, — = or limn — ooz, = .

2. said to be G-Cauchy if for each € > 0, there is N € N such that G(x, xm, x;) < €,

for all n,m,l > N that is if G(z,, m,x;) — 0 as n,m,l — oo .

3. said to be G-complete(or a complete G-M.S.) if every G-Cauchy sequence in (X, G)
is G-convergent in (X, G).”

1.1.3.4 Partial Metric Space

“Matthews [39] introduced the notion of PMS as follows:

Let X be a non-empty set and p : X x X — [0, 00) satisfy the following:



(p1) z =y iff p(z,z) = p(z,y) = p(y, y);
(p2) p(z,z) < p(x,y);
(p3) p(x,y) = p(y, z);

(pa) p(z,y) < p(z,2)+p(z,y)p(z, 2), for all z,y, z € X. Then p is called a partial metric
and the pair (X, p) is called a PMS.

We note that the function d,(z,y) = 2p(z,y)p(x, x)p(y,y) satisfies the conditions of a

MS X and hence this is a regular metric for X.”

“Let (X, p) be a PMS. Then, the sequence x, is:

1. A sequence {z,} in the PMS (X,p) converges to x if and only if p(z,x) =

limn—)oop(x7 xn)-

2. A sequence {x,} in the PMS (X, p) is called a Cauchy sequence if limy, y—s0op(Zm, Tn)

exists and finite.

3. A PMS (X, p) is called complete, if every Cauchy sequence {z,} in X converges.”

1.2 Review of Literature

1.2.1 Various types of mappings

We discuss now some types of mappings which are basic tools for our further study of
different spaces. The different types of mappings used in different chapter are similar to

MS and these mappings can also be defined on the same line in other spaces.
Firstly, we discuss various forms of mapping in MS. The basic concept of metric FPT is
given by Banach namely BCP, which is the basis of the theory. This principle gives:

1. The nature and singularity of fixed points.

2. Methods to get estimated fixed points .

The theory of contraction has had numerous implications that are spread through nearly

all branches of mathematics.



1.2.2 Diverse forms of metric space mapping

Jungck [30] is proved to be a general FPT for map exchange, which summarizes Banach’s
FPT.

Das and Naik [21] have generalized Jungck’s test. Many scholars have since suggested
and researched various generalizations of commuting mappings. On the other side, Sessa
[55] described, in 1982, the principle of weak commutativity as: “Two self-mappings f
and g of a MS (X, d) are said to be weakly commuting if d(fgz, gfx) < d(gz, fx) for all

zin X.”

“A new type of fixed-point issue was realised by [34] during 1984, with the aid of the

control function, called the distance altering function.

A function v : [0,00) — [0,00) is called an altering distance function if the following

properties are satisfied:

1. 4(0) =0,

2. 1 is continuous and monotonically non-decreasing.”

The next FPT has been proved by Khan et al. [34] uses the following distance modifier

function:

“Let (X,d) be a CMS. Let 1 be an altering distance function and f : X — X be a

self-mapping which satisfies the following inequality:

Y(d(fx, fy) < cv(d(z,y)) (1.6)

for all z,y € X and for some 0 < ¢ < 1. Then f has a unique fixed point.”

“Chaudhary et al. [18] and [18] add two variables and three variables to the notion of

altering distance.”

Jungck [28] invented the concept of consistent maps in 1986 and demonstrated to be
common FPT connected with such maps. “Two self-mappings f and g of a MS (X, d)
are said to be compatible if lim,_,cod(fg2n, gfx,) = 0, whenever {x,} is a sequence in

X such that limy, oo fr, = limy,_oogxy, =t for some ¢ in X.”

This definition helps to realize the FPT of compatible mapping that satisfies the con-
tractive circumstances, and at least suggests a consistency of mapping. Kannan ’s paper

is established that certain maps be not continous, but have some points, except for being



constant at a fixed level, the maps involved in each case are. In the next two decades,

his papers became the catalyst for many fixed-point papers.

“During 1994, the definition of R-weakly commuting mapping in MS was introduced
by Pant [46], to start with, to extend the field of analysis of particular FPT from the
compatible class to the broader class of R-weakly commuting. Second, the maps are not

necessarily fixed-level constant.

A pair of self-mappings (f,g) of a MS (X, d) is said to be R-weakly commuting if there
exists some R > 0 such that d(fgz,gfz) < Rd(fz,gz) for all z in X.”

Jungck [29] launched a definition in 1996 as follows: “T'wo self maps f and g are said to

be WC if they commute at coincidence points.”

“In 1997, Alber and Guerre-Delabriere [5] introduced the notion of weakly contraction

as follows:

Presume (X, d) be a MS. A mapping f: X — X is said to be ¢-weakly contraction, if
there exists a map ¢ : [0,00) — [0,00) with ¢(0) = 0 and ¢(t) > 0 for all ¢ > 0 such
that

d(fz, fy) < d(z,y)e(d(x,y)), forall z,yin X.”

Suppose (M, d) reflect a MS. If there is particular number a > 1, a mapping C : M — M
on M is considered to be expansive, so that d(Cp, Cq) > acZ(p, q) occurs.

“Let (X,d) be a MS. A mapping f: X — X is said to be ¢- weakly expansive, if there
exists a map ¢ : [0,00) — (—00,0] with ¢(0) = 0 and ¢(¢) < 0 for all ¢ > 0 such that

d(fa, fy) > d(a,y) — ¢(d(z,y)), for all z,y in X"

Karapinar et al. [32] and others suggested a definition of triangular map, as depicted
below: “Let a: X x X — R be a function. We say that a self - mapping T : X — X is

triangular « - admissible if

l.z,ye X, a(z,y)>1 = aTz,Ty)>1,

2. x,y,z € X,

Samet et al. [53] presented the following principles:



“Let (X,d) beaMS and T': X — X and if there exist two functions a : X x X — [0, 00)
be a given mapping. We say that

1. T is a-admissible if, for all =,y € X, we have

alz,y) > 1) = a(Tz,Ty) > 1.

2. T is a a — 1)-contractive mapping if there exist two functions o : X x X — [0, 00)
and ¢ € ¥ such that

a(z,y)d(Tz,Ty) < (d(x,y)), forall x,y € X

“Priya Shahi et al. [56] present a definition about a-admissible w.r.t.g and generalizing

«a — p-contractive mapping pair as follows:

Let f,g: X x X — [0,00). We say that f is a-admissible w.r.t. g it for all z,y € X, we

have

algz,gy) > 1= offz, fy) > 1.7

Definition 1.2. “Let (X,d) be a MS and f,g : X — X be given mappings. We say
that the pair (f,g) is a generalized o — 1p—contractive pair of mappings if there exists

two functions a : X x X — [0,00) and ¢ € ¥ such that for all z,y € X, we have

a(gr, gy)d(fz, fy) < Y(M(gz, gy)),

(gw,fz);rd(gy,fy) d(gmyfy);d(gy,fﬂf)}.w

where M (gx, gy) = maz{d(gz, gy), d )

Popa [48] presented the concept of implicit functions that are beneficial in the deduction

of criteria for contraction.

In 2002 E.A. property was found by Aamri and Moutawakil [1]. In addition to relaxing
the commutativity criterion at the correlated points, it obtains preservation of ranges
beyond the need for continuum. A pair enjoying E.A. property usually doesn’t need to
follow the trend of integrating the dimension of one map into another’s dimension. In
addition, the space’s criterion for completeness is diminished to a normal state of space
range completeness. We note also that the E.A. property does not need to satisfy the
compatible property. “Two self-mappings f and g of a MS (X, d) are said to satisfy E.A.
property if there exists a sequence {x,} in X such that lim, o fz, = lim,—ocgx, =t

for some t in X.”



The theorem was proven by Dutta et al. [22] as: “Let (X, d) be a complete MS and let
T : X — X be a self-mapping satisfying the inequality

P(d(Tz,Ty)) < P(d(z,y)) — p(d(z,y)), (1.7)

where, 1 : [0,00) — [0,00) are both continuous and monotone nondecreasing functions

with ¢(t) = 0 = ¢(t) if and only if ¢t = 0. Then T" has a unique fixed point.”

Khojasteh et al. [35] have recently implemented a new mapping type, named SF. Later
in the description of SF, Argoubi et al. [7], by eliminating a condition, slightly modified
the definition of SF.

Let Z* be a collection of the Argoubi et al. [7] SF.

Definition 1.3. “A SF is a mapping ¢ : [0,00) X [0,00) — R satisfying the following

conditions:

(¢1) C(t,s) <s—tforallt,s >0
(¢o) if {t,} and {s,} are sequences in (0, 00) such that

limp—oo{tn} = limp—oo{sn} =1 € (0,00),

then

limip— o0 SupC (tn, sp) < 0.7

“The concept of weak contraction presented by Berinde [12], but in [13], the author
renames it as an ’almost contraction” which is apposite. Shatanawi [58] presented some
FPT for a nonlinear weakly C-contraction type mapping in MS. Ciric et al. [20] intro-
duced the concept of almost generalized contractive condition on mappings and proved

some existential theorems on fixed points of such mappings in an ordered complete MS.”

Example 1.2. [24] “Let R be the set of all real numbers. Define G: Rx R x R — R

by
G(z,y,2) =z —yl+ |y — 2|+ |z — x|, for all z,y,z € X.
Then, it is clear that (R,G) is a G-MS.”

Definition 1.4. [47] “Let X be a nonempty set. Then (X, <,d) is called an ordered
MS if and only if:

1. (X,d) is a MS, and



2. (X, =) is a partially ordered set.

(X, X,d) is called an ordered complete MS if (X, <, d) is an ordered MS, and (X, d) is

a complete metric space.”

Definition 1.5. “Let A and B be two non empty subsets of a metric space (X,d). A
non-self mapping 7' : A — B is said to be a contraction if d(Tz,Ty) < kd(x,y), for
all z,y € X, where k € [0,1]. 7

Definition 1.6. “Let A and B be two non-empty subsets of a metric space (X,d). A
non-self-mapping 7' : A — B is said to be a contraction of the kind-R if

= d(u,v) < kl[d(xz, Ty)+d(y, Tx)], forallu,v,x,y € A, wherek € [0,1].”

Definition 1.7. “Let A and B be two non-empty subsets of a metric space (X,d). A
non-self-mapping T : A — B is said to be a contraction of the kind-M if

= d(u,v) < kld(z, Tx)+d(y, Ty)], forallu,v,z,y € A, wherek € [0,1].”

“In 2012, Amini Harrandi [25] introduced a generalization to the partial metric spaces,

which is called metric-like spaces and he proved some fixed point theorems in such spaces.

Definition 1.8. [25] Let X be a nonempty set, a function o : X x X — Ry is said to
be a metric-like on X if the following conditions satisfied:

(i) o(z,y) = 0 implies that x =y

(i) o(z,y) = o(y, )

(iii) o(z, 2) < o(x,y) + o(y, 2),

the space (X, o) is said to be a metric-like space.”

Example 1.3. [25] “Let X = {0,1}, define 0 : X x X — R as follows:

25 Zf r=Yy= O,
Tr =
1, otherwise.

Then o is metric-like on X, since 0(0,0) > ¢(0,1) then o is not partial metric.”

“In 2011, Sintunavarat et al. [59] presented the definition of the (CLRf) property as
follows: Two self-mappings f and g of a MS (X, d) are said to satisfy (CLRf) property

if there exists a sequence {z,} in X such that lim, o fx, = lim, g2, = fx for some

zin X.”



In 2008, Di. C. Bari [9] introduced the notion of WC maps.

Definition 1.9. [9] “Two self maps f and g are said to be WC if they commute at

coincidence points.”

Definition 1.10. [33] “Let (X, <) be a partially ordered set and 7' : X — X be a given
mapping. We say that T is non decreasing with respect to =< if

zye X Sy=Te="Ty”

Example 1.4. [//] “Let X = [0,00). The function G : X x X x X — [0,400), defined
by
G(xayVZ) = ‘i[f—y‘ + ‘y_’z’ + |Z—.CL‘"

forall z,y,z € X, is a G - metric on X.”

Definition 1.11. ([10]) “A mapping T': A — B is said to be a PC of first kind if there
exists a € [0,1) such that, for all a,b,z,y € A,

implies that,
d(a,b) < ad(z,y).”

Definition 1.12. ([10]) “A mapping 7' : A — B is said to be a strong PC of first kind
if there exists a € [0,1) such that, for all a,b,z,y € A,

implies that,
d(aa b) < O[d(f[‘,y) + (ﬁ - 1)d(Aa B))‘”

Definition 1.13. ([10]) “A mapping T : A — B is said to be a PC of second kind if
there exists a € [0,1) such that, for all a,b,z,y € A,

implies that,



The necessary condition for a self-mapping 7" to be a PC of the second kind is that
d(T?x, T%y) < ad(Tx, Ty)

for all x,y in the domain of T.”

Definition 1.14. ([10]) “Given T : A — B and an isometry g : A — A, the mapping T’

is said to preserve isometric distance with respect to g if
d(T'gz, Tgy) = (Tx, Ty)
for all z,y € A

“Manro et al. [57] gave the cyclic (¢, ¢, A, B)-contractions in PMS.

Definition 1.15. [57] Let (X,p) be a PMS and A, and let B be X non-empty closed
subsets. A mapping T': X — X is referred to as a cyclic (¢, ¢, A, B)-contraction if

1. ¢ and ¢ are altering distance functions.
2. AU B has a cyclic representation w.r.t. T'; that is, T(A) C B and T'(B) C A; and

3.

Y(p(Tz, Ty)) < Y(maz{p(z,y),p(x, Tx), P(y, Ty), %(p(% Ty) +p(Tz,y))})

—p(max{p(z,y), p(y, Ty)})

forallz € Aand y € B.”

Lemma 1.16. (/39/,[45]) “Let (X,p) be a PMS.

1. {zyp} is a (X,p) CSif and only if it is a (X, dp) CS in MS.
2. A partial (X,p) MS is complete if and only if the (X,d,) MS is complete. Addi-
tionally limy—oodp(Tn, ) = 0 if and only if
p(x, .%') = limn—)oop(xna .’L‘) = limn,m—wop(mm xm)-”

Definition 1.17. [11] “Let (X,d,=<) be a partially ordered MS. We say that a non
- self mapping T : A — B is proximally ordered - preserving if and only if, for all

T1,22,U1, U2 € Aa

r1 2 X2,
d(ul,Txl) = d(A, B), = U] =X Uo.
d(UQ,T{L‘Q) = d(A, B).”



Theorem 1.18. [}1] “Let A, B be two non - empty closed subsets of a partially ordered
complete MS (X,d, =) such that Ay is non - empty. Assume that T : A — B satisfies

the following conditions:

1. T is continuous and proximally ordered - preserving such that T(Ap) C By,

2. there exists elements xy,x1 € Ay such that
d(gx1,Txo) = d(A, B) and xp = x1,

3. for all x,y,u,v € A,

gr = gy,
d(u,Tz) = d(A, B),= d(u,v) < 3(d(gz,v) + d(gy,u)) — ¥ (d(gz,v),d(gy,u)).
d(gy, Ty) = d(A, B).

Then T has a BPP.

Proof. Define a: A x A — [0,400) by

Lifz=y,
a(gr, gy) =

0, otherwise.
Firstly we prove that T is a triangular a — (¢, g) - proximal admissible mapping. To
this aim, assume
a(gr,gy) > 1,
d(u,Tx) = d(A, B),
d(v,Ty) = d(A, B).
Therefore, we have
r =2y,
d(u,Tz) = d(A, B),
d(v,Ty) = d(A, B).

Now, since T is proximally ordered - preserving, then u =< wv, that is, a(u,v) > 1.

Consequently, condition (T1) of Definition (3.8) holds. Also, assume



so that
9T = 2,

z 2 gy,
and consequently x < y, that is, a(gz, gy) > 1. Hence, condition (T2) of Definition (3.2)
holds. Further, by (ii) we have d(gx1,Tz¢) = d(A, B) and «(gxo, gx1) > 1.

Moreover, from (3) we get

a(z,y) > 1,
d(u, Tz) = d(A, B), = d(u,0) < Y(d(gz,v) + d(gy, u)) — ¥(d(g,v), d(gy, u))
d(v,Ty) = d(A, B)

Thus all the conditions of Theorem (3.11) hold and 7" has a BPP.” O

Definition 1.19. “Let (X,G) be a G-MS, f : X — X a mapping and ¢ € Z. Then f

is called a Z-contraction with respect to ( if the following condition is satisfied

CG(fz, fy, f2), G(x,y,2)) 2 0 for all z,y, 2 € X7 (1.8)

1.3 Research Gap

Banach introduced a contraction principle and We boost the results by specifying mathcal Z-
contraction PC of kind-R and kind-M in the sense of CMS (X,d) and also using the
go-best proximity condition for a pair of maps in MS. “Samet et al. [53] introduced the
(v — ¢)-contractive form mapping group in 2012. We improve it by introducing new no-
tions 8 — ¢ — Z-contractive mappings with SF in MS. With respect to generalized metric
spaces, Karapinar [32] given an analog of the principle of (a — 1))-contractive mappings.
Then we use these Type-I and Type-II contractive mappings in g.m.s.. Manro et al. [57]
gave the cyclic (v, ¢, A, B)-contractions in PMS, but we introduced cyclic (1, ¢1, I, J)-
rational contractions in PMS. With the support of the E.A. and (CLR) properties, Altun
et al. proved a few fixed point results in the MS in 2007. We utilize this for four WC
self maps satisfying a general contractive condition due to the same method introduced
by Altun et al.. By introducing the new notions, the contractive conditions present in

this literature are weakened and rather common fixed points are obtained.”



1.4 Objectives of Study

1. Introduction of new notions of proximal contractions of kind-R and kind-M and
to prove fixed point theorems using g-best proximity condition for a pair of maps

in Metric spaces.

2. Introduction of new notions using simulation functions in metric spaces, G-metric
spaces, generalized metric spaces and partial metric spaces and to prove certain

fixed point theorems using these new notions in these spaces.

3. To extend and unify the results of various authors present in metric spaces, G-

metric spaces, generalized metric spaces and partial metric spaces.

4. To prove some FPT using E.A. property and (CLR) property.



Chapter 2

Theorems on Fixed Points in

Metric Spaces

We prove four WC self-maps for some common fixed theorems, add a new class of
generalized [, — ¢, — Z-contractive pair of SF mappings together with compatible/WC
general contracting state and E.A. and (CLR) properties. We also prove theorems of

these fixed points in MS equipped with a partial order.

It is composed of five sections. In first section, we use the same method introduced
by Altun et al. [6] to derive a general case for four WC self-maps which satisfy a
general contractive condition. In section two together with E.A. and (CLR) of WC
properties maps of particular common FPT are proved. The third section introduces a
new generalized class of 5, — ¢, — Z-contractive mapping pair. We use simulation method
in this segment to show some FPT for a number of mappings. In the last section, we

illustrate some FPT in partly ordered MS.

2.1 Four Self-Maps Weakly Compatible Satisfactory to a

General Condition
Because of the same approach proposed by Altun et al. [6], for four WC self-maps, we
obtain an overall case that satisfies a simple contractive condition.

Altun et al. [6] implemented four WC maps which fulfill an integral form of general

contractive condition.

We explain our findings in the following general way:
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Theorem 2.1. Let Ay, By, So and Ty be the self-mapping of MS (M, dA) satisfying the
following conditions:
SoM C BoM,ToM C AgM, (2.1)

Y & g in M, continous existence functions v, ¢q : RT — RT,
Ya(0) = 0 = ¢a(0), Ya(s) < s, Pu(s) <s for s >0 so (2.2)
Ya(d(Soi, To) < ta(ms (¥, §))da(ms(E,9)),

ms(§, §) = maz{d(Aoz, Bop), d(Sot, Aog), d(Tog. Bog)), 5(d(So, Bog) + d(Tog: Ao))}-
If one of AgM, BoM, SoM or ToM is complete subspace of M, there is a coincidence
for (Ao, So) or (Bo,To).

In addition, if (Ao, So) and (Bo, Ty) pairs are WC, then Ay, By, So and Ty have a unique

CFP.

Proof. Assume that g € M be any point of M. The series g5 can be constructed into
M from (2.1):

Y2i+1) = SoZan = BoZ(2541), U2n+2) = ToZ2nt1) = AoZ2nt2), ¥V 1 =0,1,2,.... (2.3)

Let’s start with dj = ci(yﬁvz, Y(it1))-

Presume CZQ;L = 0 for some 7. Then Yoy = Y2141, that is, ToZ(93_1) = AoZan = SoTan =

BoZ(241), both Ag, Sp have a point of coincidence.
Alike, if CZ(%H) = 0, later there is a match point between By and Tj.
For every 1, presume that dj #0.

We've got from (2.2) and (2.9),

Ya(d(SoT2in, ToT (2541)) < Va(ms(Zon, T(2541))) — Pa(ms(Tai, Ton11)))s (2.4)

M (Zoi, Top1y) = maz{d(AoZan, BoF(2s), d(SoZ2i, Aotan), d(ToZ (211, Bod (ai1)2-5)

d(SoZ2,BoE (2541))+d(T0Z (2514 1), Aod2:) }
2

= maz{dap, d(gs 11}
So, we get from (2.4),

Ya(d(Sotan, ToF (2 41)) < Ya(maz{das, dapi1y}) — ¢a(maz{das, i) })- (2.6)



~

Presently, if cz(%ﬂ) > doy, for any 1, we've got from (2.6),

'l/}a(dA(Qn+1)) Yald, @2i+1)) — Pald 2n+1)) < zpa(ci(%ﬂ)), a contradiction. (2.7)

Thus, doy; > CZ(Qﬁ+1) V 1, and we obtain it from (2.6)

Yaldni1y) < Valdan) — daldan), for all it € N, (2.8)

Similarly,
wa(dZﬁ) < %(d(%—n) Ql)a( (2n—1) )

~

Tﬂ(d )<%( ) ¢a( (2n— 2)
In general, all of us have n =1,2, ...,

~

Yaldi) < Yald_1y) — daldi_1)) < Yaldi1))- (2.9)

~

Consequently the sequence {14(dy)} is monotonically decreasing and bounded below.
Thus, 3, r > 0, s.t.
limi—oota(dy) = 7. (2.10)

From (2.9), we infer

0 < ¢aldii—1)) < Yaldg—1)) — Yal(dn).

On applying limit as 7 — oo and using (2.10), we get

Y(i—1), Un)) = 0,01
(2.11)

L —yoodi = UMy ood(§ii, G(41)) = 0. (2.12)

limﬁ*)oo(ﬁa(d/\(ﬁfl)) =0, implies that, lz’mﬁﬁoo%(cz(ﬁ,l)) = lim;Hoo(cZ(

Now we’re showing that {g;} is the CS. For this reason, it is sufficient to prove {2}
is the CS. Try to make, {g27} is not a CS. Then there is € > 0, there is an even integer
2k and 2mgs(ka) > 2i(ka) > 2ka, so that there is an integer 2k 4

A((F(2ii(ka)s U(2ms(ka)) = € (2.13)

For each even number 2k,4, assume that 2mg(k4) is the smallest positive integer that

satisfies 271 (k) fulfilling (2.13) s.t.

(Wit U2y (h)-2)) < € (2.14)



From (2.13), we’ve got a

€ gCZ(QZﬁ(kAﬁ ngg(kA))

<d(Gais(hp) T@ms(ha)-2)) F AT (2ms (k) —2)s Tezms (ka)-1)) T AT(@meg (ka)—1)> F2ms (ha))-

Using (2.12), (2.14) in the above inequality, it becomes

limy_,  d(Toi(ka)s Jom(ka)) = €- (2.15)

In addition, because of the triangle inequality,
1AWty Tzms (ha)-1)) T AW @i0) Tems )| < d@ms(ea)-1);

(i) +1)s Tzms(ka)—1)) + AT @ii(kea))ys zms (k)] < d2ms(ka)—1) + oms(kn)- (2-16)
If (2.12) is used, we're going to get

~

Ui,y oo (it (k) Uz (k) 1)) = LMy -0 ((2it(k a) 1) Tams (ha)—1)) = € (2.17)

From (2.2), we have

Va(d(SoZasi(kp)s ToF (@ms(ha)-1)) < Ya(Ms(E(@ii(ha))s T (@msha)—1)) —Pa (116 (E @itk 4)s E(@ms(ha) 1))
(2.18)

where

M5 (Eais(hp)> F(2ms (h.4)—1)) =Maz{d(Eais(k 4)> Bo @me (ha)-1))> A(SoF itk )» AoFaii(ka) )
J(TOQVC(Zm(;(kA)—l): BoZ (2ms(ka)—1))s

(d(SoZ 2 (k1) Bo (2ms(ka)-1)) T AToZ 2k 4 )s A0F (mis(ka)—1)) )
2

=maz{d(Foi(kp) Foms (k) 1)) A Btk a)> T2t (ka)+1))>

A(G(@meg (ka)—1)> T2ms (ha))s

(d(F(2it(k4)11)> F@ms(ka)—1)) + ABoinhs) s ?](2m5(k,4)_1))}
5 .

Set the limit as k4 — oo and taking (2.17), we get it
Ya(€) < Pa(€) — Pal€), an inconsistency, since € > 0.

Consequently, {75} is a CS and so {gs} is a CS.

Currently, Ag(M) is believed to have been completed. Note that {g95} is included in

Ap(M) and has a restriction in Ag(M), say u, limy—eo¥on = U.



Presume v € Aéﬁl)a. Then Ayt = .

We are going to show this Syv = u.
Suppose to be feasible, Sov # u, that is, J(Sol_}, u)=p>0.

If we take & = U, § = F(95—1) in (2.2), we have

$a(d(Sov, Tod 2i-1)) < Yo(ms(0, % 2-1)) — ba(ms(D, Z(2n—1)).

Allowing a limit like 7 — oo, we have

~

limii—00®a(d(S00, ToF (25-1)) < Vi cota(ms(V, F(25-1)) — iMoo Pa(ms (0, Z(25-1)),
(2.19)

Ui 005 (0, & (2— 1)) =limis oo [maz{d (T, §ai—1)), d(SoD, @), d(for, G2n—1));

—maz{d(a, 1), d(Sev, 0), d(u, ), %(d(sov, i)+ d(a, 1))}
=d(Syv, @)
—5.

Thus, from (2.19), we have

~

¢a(d(5’057@) S ¢a(ﬁ) - ¢a(ﬁ)7 that iS,

Ya(P) < YVo(p) — a(p), a contradiction, since p > 0.

Thus, Sov = u = Ay

Sl

Therefore, @ is the matching point of the (Ag, Sy) pair.
Since SoM C ByM, Sov = u, that is, u € ByM.

Assume w € B((]_l)ﬁ. Next Bow = u. Before utilizing indistinguishable contentions from

over, can be easily verified, Tyw = @ = Byw, so 4 is the matching point of (By, Tp).
If we conclude that BgM is total instead of AgM, similar outcomes hold.
If ToM is complete, then by (2.1), u € ToM C AgM.

In essence, if SyM is completed, then u € SoM € ByM.



Now, since the pairs (Ao, So) and (By, Tp) are WC, so

u = Sov = Agv = Toyw = Byw,
then
Apu = AgSpv = Sy Aot = Syu,
Bou = BylTyw = TyBow = Tyu. (2.20)
Now, we're going to argue Tou = u.
If possible, Tou # u.

We got it from (2.2)

~

Ya(d(, Tow) =1pq(d(Sov, Tow)

<tha(ms (v, 1)) — ¢a(ms(v, @), where

mg (0, 1) =max{d(Ao, Bot), d(Sov, Ag®), d(Tot, Botn), 5 (d(Sev, Bott) + d(Tvt, AgD))}

DN | =

=maa{d(a, Tyn), d(a,),0, %(d(a, Tow) + d(Tow, w))}

=d(u, Tou).
So, we have

Vald(@, Tot)) <tho(d(a, Tow)) — ¢u(d(@, Toa))
<to(d(u, Tow)), a contradiction.

So, Tyt = u.
Similarly, Spu = u.
Thus, we get Agu = Sou = Bou = Tou = .
Therefore, u is the CFP of Ag, By, So and Tj.
For the uniqueness, let 3 be another CFP of Ag, By, Sy and Tj.
We will show that 4 = 3.

If possible, @ # 3.



From (2.2), we have

~

Va(d(1, 3) =a(d(Sot, To3)
<ta(ms(1,3)) — Pa(ms(t,3))
:wa(d(avﬁ)) - ¢a(d(ﬂ73))a

A~

since mg(u,3) =d(u, 3).

<tha(d(4,3)), a contradiction.

Thus, @ = 3, and the uniqueness follows. O

2.2 The Fixed Point Theorem of Weakly Compatible Map-
ping and The Attributes of E.A. and (CLR)

Theorem 2.2. Let Ay, By, So and Ty be MS (M, CZ) self-mapped meets (2.1), (2.2) and
the followings:
pairs (Ao, So) and (B, Tp) are WC, (2.21)

pair (Ao, So) or (Bo,Tp) comply with the E.A. property. (2.22)
If any one of AgM, BoM, SoM and TyM is a complete subspace of M, Then there is a
distinct CFP Ag, By, So and Tj.
Proof. Presume (Ao, Sp) is gratifying the E.A. property. And there is the {Z;} sequence
in M s.t. limyg_scoAoZin = limy 00 Sods = 3, for some 3 in M.
Since SoM C ByM, 3 a sequence {gy} in M s.t. So&y = Bols.
Consequently, limy_, oo BoUn = 3-
Now, to prove limy oo ToUn = 3-
Probably, limg—ecTods = t = 3.

By (2.2), we can write

Ya(d(SoZi, Togn) < Ya(ms(Ti, ) — Ga(ms(Ti, Un))-



Letting limit as 7 — oo, we have

~

limhﬁoowa(d(so-fﬁv Toﬂﬁ) < limﬁ%oowa(md‘fﬁ? gﬁ» - limh%oogba(mé({i.ﬁ’ Qﬁ)), where
(2.23)
limis—ooms (51, Uin) =1 —yo0[maa{d(Aods, Boiia), d(Son, Ao ), d(Todin, Botin),
1 N ~
5 (d(Sos, Bovin) + d(Togin, Aon))}]

:mam{d(g, 5)7 J(Z’a 5)7 dA(tAv 5)7

AA

(d(3,3) +d(t,3))}

DN |

So, by (2.23), we obtain

Ya(d(3,8) <ta(d(3,1)) — da(d(3, 1))
<ta(d(3,1)), a conflict.

So, t = 3, that is, limy—eoT0Ts = 3-
Now let us take BoM be a complete subspace of M. Then 3 = Byu for some @ in M.

In the result, we have
limig oo Toln = iMoo SoTn = limy oo Aoy = limiy 00 Bolin = 3 = Bou.
We are going to demonstrate it now Topu = Byu.

Probably, Tou # Byu.

From (2.2), we have

A~

Ya(d(Sodin, Totu) < a(mes(Zi, ©))Pa(ms(Tn, 1))
Making limit n — oo, we have

Limi—oota(d(Sods, @) < limiootha(ms(Zi, @) —limi o (ms(Fn, @), where (2.24)

1Ty 0o (i‘ﬁ, ﬂ) =11Mi—00 [mam{ci(AO:?:ﬁ, B()Q_L), 62(501’,1, Agi‘ﬁ), A(TQ’L_L, Boﬂ),
1 - N
5 (d(SoZ, Bow) + d(Tou, AoZi))}]
. . I T o
:ma${d(5’3)v d(5’3)7 d(T0u75)’ §(d(373) + d(Tou,ﬁ))}

:CZ(TUﬂv 3)



Thus, from (2.24)

wa (d(37 Tgﬂ) Swa(cz(ﬁv TOE)) - ¢a(cz(5v TOE))

~

<ta(d(3, Tow)), a conflict.

So, Tou = 3 = Bou.

After that, By and Ty are WC, so, BoTou = Ty Bou, imply, ToTou = ToBou = BoToyu =
ByByu.

Since M C AgM, there is v € M, just like, Tou = Ag?.
Now, we are saying Agt = Sy0.
Perhaps, Agv # Sy0.

By (2.2),
Ya(d(Sow, Tow) < a(ms(v,@)) — da(ms(v,4)), where (2.25)

my (9, u) =max{d(Aov, Bowi), d(Sov, Agv), d(Tva, Bot), = (d(Sov, Bow) + d(Toi, Agv))}

[N

:CZ(S()T), A()T)) = CZ(S()T), Toﬂ).
Thus, from (2.25), we have

$a(d(SoT, Tow) <the(d(SoT, To@)) — da(d(SoT, To@)

<1q(d(Sov, Tow)), a contradiction.

Therefore, Syv = Toyu = Agv.

Thus, we have, Tou = Byu = Spv = Agv.

The weak compatibility of Ag and Sy implies that AySyv = SoAgv = SpSev = AgAoD.
Now, we assert that the general fixed point of Ay, By, Sp and Tj is Tou.

Expect it, ToTou # Tou.

From (2.2), one can write

Ga(d(Tot, ToToti) = 1a(d(Sot, ToTow) < ta(ms(0, Towr)) — ta(ms (0, Tow)), where
(2.26)



. . . 1 . .
ms(v, Tou) =maz{d(Aov, BoTou), d(Sov, Agv), d(BoTlou, ToTow), §(d(50177 BoTyu) + d(ToTou, Agv)) }
=max{d(Tou, ToTou), 0,0, d(Toa, ToTou)}
:d(Tg’L_L, ToToﬂ).

Thus, from (2.26), we have

Ya(d(Tot, ToTow) <toa(d(Toa, ToToa)) — da(d(Toa, ToToa))

<o (d(Tou, ToTou)), a contradiction.

Therefore, Tou = TyTou = ByTou.

Thus, the CFP of By and Ty is Tpu .

Likewise, we demonstrate that the CFP of Ay and Sy is Syv.

Behind, Tou = Syv, Tyu is the CFP of Ag, By, So, Tp.

When AgM is presumed to be a complete subspace of M, the proof is identical.

The instances in which Sy M is a complete subsection of M are equivalent to the instances
in which AgM, BoM is a complete subsection of M, respectively, because ToM C AgM
and S()M - BQM .

Next, we show that the CFP is unique.
If possible, let p and ¢ be two CFP of Ay, By, Sp and Ty, s.t. p # 4.

We have with this equation (2.2),
ba(d(p, §) = Val(d(Sop, To) < Ya(ms(h, Q) — da(ms(p, ), where (2.27)
mg(p, 4) =max{d(Aop, Bod), d(Sop, Aod), d(Bog, Tog), §(d(50p, Bog) + d(Tog, Aop))}

:maw{d(ﬁ, q),0,0, d(ﬁ; q)}

Thus, from (2.27), one can write

Therefore, p = ¢, and the uniqueness follows. ]



Theorem 2.3. Let Ay, By, Sy and Ty be four mapping of a MS (M, ci) fulfill the con-
ditions (2.1), (2.21) and:

SoM C BoM and the pair (Ao, So) satisfies (CLR4) property, or (2.28)
ToM C AgM and the pair (By,Ty) satisfies (CLRp) property.

Then Ag, By, So and Ty have a unique CFP.

Proof. WLOG, presume SoM C ByM and (Ao, Sp) fulfills (CLR,) property, then there
is a sequence {iy} in M s.t. limy_ooAoTy = limy—00Sodn = AoZ; & in M.

After all, SM C ByM, there is a sequence {gz} in M such that Spiy = Bog.
Accordingly, limy_ oo Bolin = Aok.

Next, we show that limy o010y = Aok.

Perhaps, limy oo Toln = 3 # Aoi.

By (2.2), one can write

Ya(d(SoZi, Togn) < Ya(ms(Ti, ) — Ga(ms(Ti, Un))-

Letting limit as n — oo, we have

~

limi—00Va(d(SoZs, ToUr)) < limy—oo®a(Mms (i, Un)) — limp—oo®a(ms(Zn, Us)), (2.29)
where

Limis s ooms (Ei, Uin) =limi o0 [maz{d(AoZs, Bois), d(So®, Ao ), d(Tots, Bois),

1 N ~
5 (d(SoZs, Bovi) + d(Togin, Aon))}]

. . . 1. . .
=max{d(Ao®, AoZ), d(Aot, AoZ),d(3, Ao), §(d(575) +d(3, A07))} = d(3, Ao).

Thus, from (2.29), we get

Va(d(AoT,3)) <tha(d(Ao,5)) — P(d(Ao7 5))
<¢G(J(Aoi,3)), a conflict.

Accordingly, Aot = 3, that is, limy_ oo To¥n = AoZ.

Subsequently, we have

limy o0 AoTin = limip 00 S0Ti = LMy 00 Boln = limy o Toln = Ao = 3.



Net, we will show SpZ = 3.
Probably Sy # 3.

With the help of (2.2), we have
Ya(d(So, Togin))) # ba(ms(®, 5is)) — Ga(ms(E, Gs))-
Letting limit as n — oo, we have

llmn—mod)a( (SOZL‘ TOyn) < l”nn—mowat("né(jj g )) - limﬁ—)oogba(mé(j)gﬁ))a (230)
where
Limiss s ooms (&, 91) =limi o0 [maz{d(AoE, Bogi), d(So&, Aoi), d(Todi, Boiis),
1. .
§d((503?", Bogi) + d(Togs, Ao

=maz{d(3,3),d(So%,3),d(5,3), = (d(SoF,3) + d(3.3))} =  d(So,3).

Thus, from (2.30), we get

Ya(d(Sot,3)) <¥a(d(So#,3)) — ba(d(So,3))

<1/Ja(a?(50:13,3)), a contradiction.

On that account, So& = 3 = AoZ.

Next to, the pair (A, Sp) is WC, it follows that Agz = So3-

Additionally, SoM C BoM, there is some ¢ in M s.t. Sox = Byy, i.e. Boy = 3.
Next, we show that Tpy = 3.

Likely, Toy # 3.

From (2.2), we have

Ya(d(Soii, Tow)) < Va(ms(En, §)) — Galms(n, 9)).

ISK
3(
N

Making limit as 7 — oo, we have

lzmn—mowa( (S()xn7 TOy)) < limﬁ%oowa(m(S(jﬁa Z])) - limﬁ%ooﬁsa(m(s(i’ﬁa g))a (231)



where

5 (d(Soz, Bog) + d(Tog, Agia)))]
=maz{d(s,5),d(3.5), 3, To), 3 (d3.3) + d(To, )}

Thus, from (2.31), we can write

A~ ~ ~

Ya(d(3, Tog)) <va(d(3, To7)) — a(d(3, T0Y))
<a(d(3,Toy)), a contradiction.

Thus, 3 = Toy = Boy.

Since the pair (By, Tp) is WC, it follows that Tpz = Boj.
Now, we claim that Sp3 = Tp3-

Probably, So3 # To3-

From (2.2), we have

Ya(d(S03,T03)) < VYa(ms(3,3)) — ¢a(ms(3,3)), where (2.32)

. . . 1 . .
ms(3,3) =max{d(Aos, Bos), d(So3, Ao), d(Boj, To3), §(d(Soza, Bo3) + d(To3, Ao3) }-

Thus, from (2.32), we have

Va(d(S03, T03)) <¥a(d(S03, Th3)) — a(d(S03, Th3))
<’L/Ja(CZ(S[)3, To3)), an inconsistency.

In consequence, Sp3 = Tp3, that is, Aoz = So3 = To3 = Boj-
Now, we're going to explain that 3 = Tp3.
If possible, let’s do it, 3 #£ Tp3.

Taken away (2.2), we have a reference to

A

Ya(d(SoF, To3)) < Pa(ms(F,3)) — ¢a(ms(E,3)), wherein (2.33)



ms(%,3) =maz{d(Aoz, Bo3), d(So&, AoZ), d(Bo3, To3), = (d(Sod, Boj) + d(To3, Ao¥))}

1
2
=d(Soz, Toz) = d(3, To3)-

Thus, from (2.33), we have

$a(d(3, To3)) <¥a(d(3,T03)) — ba(d(3, To3))

~

<ta(d(3,T03)), a contradiction.
Therefore, 3 = Toy = Boy = Ao = S03-
Consequently, 3 is the CFP of Ag, By, S and Tjp.
Now we can show that the CFP is special.
Presume @ be another CFP of Ag, By, Sy and Tj.
Maybe, 3 # u.

By using of this (2.2), we can write

¢a(d(ﬂv 3)) ~Ya

Thus, & = 3, and hence the uniqueness follows. O

Example 2.1. Assume that the Buclid metric is equipped with M = [0,1] and d(&,§) =
| — g|. Presume the self maps Ao, Bo, So and Ty be defined by

Clearly,
1 1

21 = BoM
74] 04V,
ToM = [0,5] € [0,1] = AoM.

Also AgM is complete subspace of M and pairs (Ao, So), (Bo,To) are WC.



Now,

T r Yy T y
Toy) =|= — =| = =% — 4y|.
YNNI TS P
(Ao, Bog) =l — U] = 14z — 3]
A T 7
d(SoZ, AoZ) :|§ — | = 32
B Ty =1 _ Y _ Y
d(Soz, Boij) + d(Tog, Ao®)) 1. §, § .
(Ao, Bog) + A0 202) L2 8412 - g
1
=16l — 291 + 41y — 2z]).
Let o(f) = £ and ¢o(f) =
Thus, we have
o 1. 5
Yald(So, Tog)) = 51 — 47
. . . 1 . .
mg(%,y) =max{d(Aot, Boy), d(So, Ao), d(Toy, Boy), §(d(5053, Bog) + d(Tog, Aot)) }
=d(So&, AoE).
Therefore,
; 17 T
Yo (d(SoE, Ao)) —g(gaz) = 5%
; 17 7.
¢a(d(SoE, AoZ)) _6(§x) =5
Thus, we have
T T T
Yulma @ 9)balms(#,9)) = S5 — 17 =

Therefore,

Yald(Soi, Tofi) < va(ms(E,9)) = dal(ms(E, 7)-

Hence condition 2 is satisfied.



If, then the series is considered {iy} = {%}, then

. . . 5 . 1
limy— oo Aoy =limy ooy = lzmﬁ_mo% = 0.
8 i

Therefore,

limy— oo Aody = limy_ooSody = 0, wherein 0 € M.
So, (Ao, So) satisfies the E.A. property.

Also,

limﬁﬁovoi'ﬁ = limﬁﬁovo.fﬁ =0= Ao(O).
So, the pair (Ao, So) satisfies the (CLR ) property.
All the criteria of the above theorems are therefore fulfilled.

0 is the only CEFP of Ay, So, By and Tj.

2.3 A new category of Generalized 5, — ¢, — Z-Contractive
Pair of Mappings

“The well-known Banach-Caccioppoli theorem published in 1922 [8] was the first impor-
tant result for contractive-type mappings on fixed points.” Priya Shahi et al. [56] present

the idea of a-admissible mapping.
We present the following new concepts:

Definition 2.4. Let (Xj, d;) where i = 1,2, 3...n be a MS and A;, C; be self maps on Xj.
The (A;,C;) pair is called a generalized 3, — ¢, — Z-contractive mapping pair regards
to ¢ whether

C(Ba(Ciz, Ciy)di(Aiw, Aiy), ¢a(MM(Ciz, Ciy))) > 0 (2.34)

YV z,y € X;, where 3, : X; x X; — [0,00] and ¢, € ®, and

di(Ciz, Aix) + di(Ciy, Agy) di(Ciz, Asy) + di(Siy, Aix)
2 ’ 2

1.

M(Cyz, Ciy) = max{d;(Cix, Ciy),



2.4 Fixed Point Theorems Use Simulation Function For a

Pair of Mappings

Khojasteh, Shukla and Radenovic [35] introduced a new class of mappings called SF.
Later, the concept of SFs was slightly changed by Argoubi, Samet and Vetro [7] by

removing a condition. In the context of Argoubi et al. [7], let Z* be a set of SFs.

As we have already define SF (1.3)

Theorem 2.5. Presume (X;,d;) be a CMS and A;,C; : X; — X; be s.t. A;(X;) C
Ci(Xi). Suppose that the (A;, C;) pair is a generalized 3, — ¢ — Z-contractive mapping

pair with the following conditions:

1. In relation to C;, A; appears to be B,-admissible;
2. dxg € X; s.t. ﬂa(CZ'(L'(),Ail'()) >1;

3. If {Cizy} be a series in X; s.t. Bo(Cizpn, Cixpni1) > 1

V n and Cix, — Ciz € Ci(X;) as n — 0o, subsequently 3 an array {Ci:cn(,%)} of {Cixn}

such that Ba(CiJUn(;;),CiZ) >1V k.

Proof. In view of condition (2), let o € X; be such that §,(Cixo, Ajzg) > 1. Since
A;(X;) C Ci(X;), we picked the number 21 € X; s.t. A;zg = Cixz1. To this extent, if we

continue this step by selecting =1, zo, ..., x,, we want to be z,41 in X;
Aixn = C’imnﬂ, n = 0, 1, 2, (2.35)
Since A; is B,—admissible w.r.t. C;, we have

Ba(Cizo, Aixg) = Ba(Cixo, Ciz1) > 1 = Ba(Aizo, Aiz1) = Ba(Cizo, Ciza) > 1

We get by using mathematical induction,
Ba(Cixn, Cizpny1) > 1 foralln =0,1,2, ... (2.36)
If Ajxp41 = Ajzy is equal to n, then press (2.35)
Ay = Cixpyr, n=0,1,2,...

namely, A; and C; be a coincidence point at X; = x,4+1 so we completed the evidence.

For this, we’re going to believe that s(A;z,, Aixny1) >0V n.



Now, by placing =z, y = Tp4+1 in (2.34), we obtain

0 < ((Ba(Cizn, Citny1)di(Aizn, Aitni1), da(M(Cin, Cipy)
< Pa(M(Cizn, Cizni1)) — Ba(Citn, Civny1)di(Ain, Aitpy1)

or

Ba(Cin, Ciwpy1)di(Aizn, Aivpy1) < ¢a(M(Aizn, Citny1)),
dz(Azxrn Aixn—i-l) < /Ba(cixnu Cixn—i—l)di (Azxna Aimn+1)
< ¢q (m(cixnv Cixn-i-l)): where

d; (Cixpn,Aijxn)+d; (SiTnt1,A;Tn
m(CifL'n;Ciﬂfn—f—l) :mal’{di(cixnyci»fn-‘rl)? (i, Ain) 5( et +1)}7

di(Cixn,Aitny1)+di(Cizny1,Aitn) }
2

S ma:t{di(A,;xn_l, AZ'{Bn), d,; (AZ'{L‘n, Ail‘n_;_l)}. (2.37)

Despite of the monotonicity of the ¢, function and the use of the inequalities (2.35) and
(2.37), we have n > 1 for everything

di(Aizn, Aixni1) = ¢a(max{d;(Aixn_1, Aixy), di(Aizn, Aizni1)}). (2.38)

If it is n > 1, one can say d;(A;xn—1, Aixy) < di(Ajxn, Ajizpi1), we derive that from
(2.38),
di(Aixn, Aizni1) < Galdi(Aitn, Aitni1) < di(Aixn, AiZni),

paradox.

In consequence, V n > 1, we’ve got to
max{d;(A;ixn—1, Aixn), di(Aizy, Aixni1) = di(Aixpn—1, Ajzpn)}. (2.39)
Note that given (2.38) and (2.39), we obtain
di(Aizy, Aixni1) < ¢a(di(Ajen—1, Ajzy)). (2.40)
This method is experimentally substituted, it becomes

di(AZ':L’n, Aﬂ:n_;,_l) < (ﬁg(di(Az‘xo, Aixl)), for alln > 1 (2.41)



With this (2.41), inequality used, V k > 1, one can say
di(Aizn, Aiz, 1) < di(Aixn, Aivptr1) + ...+ di(Aiz

n+k—1 )
< > dh(di(Aimy, Agg))
p=n

n+k—1 Aixn—&-lfc)

IA

400
Z Ph(di(Asxr, Aixo)) (2.42)

Assuming, p — oo in (2.42), we display that {A;x,} is a CS in (X;, d;).

Due to passing (2.35), we have {4;x,} = {Cizpt1} C Ci(X) and C;(X) are closed, 3
z € X s.t.
limpy—ooCixn = Ciz. (2.43)

We have now seen that z is a coincidence point of A;, C;. Instead, please believe
that d;(A;z,Ciz) > 0. Because according to the conditions (3) and (2.43), it can say
Ba(Cippy, Ciz) > 1.

Taking © =z, ),y = z in (1), it becomes

0 < ((Ba(Ci,y 1y, Ciz)di(Aiz,, 1y, Aiz), Ga(M(Ciz, 1, Ci2))

n(k)
< G (M(Cix

Ciz) — Bu(Ciz,, iy Ciz))di(Aizp ), Aiz)or

n(k)’ (
Ba(C,xn(l;), CZZ)dZ (A'an(fg)’ AlZ) < qﬁaﬁﬁ(szn@), CZZ)
But Ba(cixn(;;)a sz) >1
di(Aiz, ), Aiz) < Ba(Ciz,y iy, Ciz)di(Aiz,, ), Aiz)
< Ga(M(Cix, 1y, Ciz)), (2.44)

2 )
2

, Ciz),

(b 1),

Instead, we have

dZ(C’xn(lA@)’ Alxn(,;)) +di(Csz, Siz)
2 )
(k) AZZ) + di(C’iz, Alxn(fe)) }
2

M(Cizx,, 1y, Ciz) = max{d;(Cx_;,, C;z),

(k) ()’




Making k — oo in (2.44), we obtain

dl(CZZ, Azz) < (ﬁalzmk_)oo(?m((/’zx CZZ))
dl(Cﬂ?n(’;), A,(En( )) + dl(CZZ, A,Z)

k
2 )

(k)

< ¢a(max{d;(Ciz,, ., Ciz),

(k)

2

(k)

A;z,Ciz)

Render k — oo in the above inequality yields d;(C;z, A;z) < gba(di( < 4l 5 ,

A;iz,Ciz)
5 )

this is a paradox.

Therefore, our assumption is false and ¢4(4;z, Ciz) = 0, that is, A;z = C;z.

This shows that A; and C; have a coincidence point. O

Theorem 2.6. Besides the Theorem (2.5) hypothesis, Assuming for everyone u,v €
C(Cy, 4;), there is w € X; such that B,(Ciu, Ciw) > 1 and B,(Ciu, Ciw) > 1 and A;, C;
turn to their points of coincidence. Then, A;, C; have a special CFP.

Proof. In order to prove this theorem, we can take three steps.

First and foremost, we say that if u,v € C(Cj, A;), then C;u = Cjv. There is a hypothesis
that w € X exists in such a way that

ﬁa(C’iu,CZ-w) Z 1,5,1(01'1),0@'11}) Z 1. (2.45)

From this fact A4;(X) C C;(X), let’s describe the series in order to {w,} in X; by
Ciwpy1 = Ajwy, V' n > 0 and wg = w. We get it from (2.45) as A; is fBg-admissible
regards to C;

Ba(Ciu, Ciwy,) > 1, B (Civ, Cijwy) > 1. (2.46)

Therefore, if we put = u,y = wp4+1 in (2.34), we'll get

0 < ((Ba(Ciu, Ciwny1)di(Aju, Ajwn 1), do(M(Ciu, Ciwp 1))
< ¢a(9ﬁ(0iu, CiwnH) — 5Q(Ciu, C’iwnﬂ)di(Aiu, Aiwn—l-l)

or

ﬁa(C'iu, Ciwnﬂ)di(Aiu, Aiwnﬂ) < an(Z)ﬁ(Ciu, Ciwm_l)).



But £,(Ciu, Ciwpi1) > 1,

di(Aiu, Ajwnt1) < Ba(Ciu, Ciwnir)di(Aiu, Ajwn 1)
< (ba(im(Ciu, Ciwnﬂ)) = ¢a(9ﬁ(AZ'u, Azwn))
(2.47)

dz(AZu, CZU) + di (Az-wn, Czwn)
2 9

di (Azu, Czwn) + di(Al-wn, C’lu) }
2

< max{d;(Ciu, Ciwy,), d;(Ciu, Ciwp 1) }

S max{di(C’iu, Ciwn), d,(Czu, Ciwn“)}. (2.48)

M(A;u, Ajwy,) = mazx{d;(Au, Ajwy,),

Using the above-mentioned inequality (2.47) and because of the ¢a monotone property,

we get the equation.
dZ(C’Zu, C’iwnﬂ) < qﬁa(max{di(Ciu, Ciwn), dz(CZu, C’iwn+1)}) (2.49)
V n. Without limiting the generality, we can assume d;(Cju,Ciw,) > 0V n. If

maz{d;(Ciu, C;wy), d;(Ciu, Ciwny1} = di(Ciu, Ciwp41), It can be obtained from (2.49),
that

di(Ciu, Ciwng1) < ¢a(di(Ciu, Ciwpy1)) < di(Ciu, Ciwng), (2.50)

And that’s a conflict. We, therefore, have
maa:{di(Ciu, Ciwn), dl(C,u, Ciwn+1)} = dZ(CZ’U,, C’iwn),

di(Ciu, Ciwng1) < ¢a(di(Ciu, Cywy)), foralln.

dz(Czu, Czwn) S ¢Z(dl(6’zu, Cl'w())), for all n Z 1 (2.51)

In the following inequality, n — oo

limy—o0di(Ciu, Cywy) = 0 (2.52)
Likewise, we will show that

limp—00di(Civ, Ciwy,) =0 (2.53)

It follows from (2.52) and (2.53) that C;u = Cjv.



We are now able to display the presence of a CFP in the second stage. Let u € C(C;, A;),
that is, C;ju = A;u. We get at their coincidence points because of the commutativity of
A; and C; is

C?u = C;Aju = A;Ciu (2.54)

Let Cju = z be denoted, then from (2.54), C;z = A;z. Therefore, z is a coincidence of
A; and C; from stage 1 onwards. Now, we have Cju = C;z = z = A;z. Afterwards, z is
a CFP of Az and Cz

We will display the uniqueness in the third step.
Assume that another CFP of A; and C;. Then, z* € C(C;, A;).

We have z* = C;z* = C;z = z for the first step. This makes the facts complete. O

Our previous results can be used to obtain the following results:

Corollary 2.7. Let (X;,d;) be a CMS and A;,C; : X; — X; be such that A;(X;) C
Ci(X;). Supposing that a function ¢ € P, occurs in such a way that the function
$a € Pq

1. By selecting Bu(z,y) = 1 and ((£,5) = \s — £, V £,5 > 0, A € (0,1), then the

outcome retains

di( A, Aiy) < N($a(M(Ci, Ciy))), for allz,y € X. (2.55)

Also assume that C;(X;) is closed. Then, there is a coincidence between A; and
C;. In addition, if A; and C; move at their coincidence points, then A; and C;

have CFP.

di(Asz, Aiy) < M¢a(M(z,9))), (2.56)

Y x,y € X;. Also, A; has a CFP.

di(Aiz, Aiy) < ¢a(di(Ciz, Cy)), for allz,y € X;. (2.57)

Suppose, too, that C;(X) is closed. Then there is a point of coincidence between
A; and C;. In addition, if A; and C; commute at their points of coincidence, then
A;, C; have a CFP.

4. By putting M =d
di(Aiz, Aiy) < (di(z,y))



V x,y € X;. Then A; has a unique fized point.

5. Let us suppose there is a constant \ € (0, %) such that

=

i(x, Asx) + di(yvAiy)]
2
di(Aiz, Aiy) < Ndi(z, Az) + di(y, Aiy)]

di(Aiz, Aiy) < A[ X2

YV x,y € X;. Then, there is a unique fixed point of A;.

di(z, Agy)) + di(y, Aix)
2
di(Aiz, Aiy) < N[di(z, Ay) + di(y, Aiz)]

di(Aiz, Aiy) < A ] x2

YV x,y € X;. Instead, there is a unique fized point in A;.

Definition 2.8. [19] “Suppose (X;, <) is a POSET and S;,7T; : X; — X; are mappings
of X, into itself. One states that S; is T;-non-decreasing if for =,y € X;

Ti(z) 2 Ti(y) = S(z) = Si(y)” (2.58)

Corollary 2.9. Let (X;,=<) be a POSET and d; be a metric on X; s.t. (X;,d;) is
complete. Assume that A;,C; : X; — X; be s.t. Aj(X;) C Ci(X;) and A; is a Ci-non-

reducing mapping. Assume a function exists ¢, € P, s.t.
di(Aiz, Aiy) < ¢a(M(Ciz, Ciy)) (2.59)
YV z,y € X; with Cix < Cyy. Assume, sometimes, the criteria are applicable:

1. there is kg € X; s.t. Cixg < A;xo;

2. (Xi, =, d;) is Ci-regular.

Also, suppose the closure of C;(X). Then there is a point of coincidence between A; and
C;. Moreover, if for every pair (x,y) € C(C;, A;) x C(Ci, A;) 3 Z; € X; so, Cixz = Ciz
and Cyy < Ciz, and if A; and C; commute at their points of coincidence, then the CFP

would be unique.



Proof. Describe it 3, : X; x X; — [0,00) by

1; ettherz R yorx =y
Ba(w,y) = (2.60)
0; otherwise.

Audibly, the pair (A;, C;) is a generalized (3, — ¢, contractive pair of mappings, that is,
Ba(Ciz, Ciy)di(Aiz, Aiy) < ¢o(M(Ci, Ciy))

V z,y € X;. Notice that in view of condition(1), we have ,(Cjzg, A;z9) > 1. Further-
more, V x,y € X;, from the C;-monotone property of A;,

Bo(Tix, Tiy) > 1

= Cﬂ? = C,y or Cﬂ? >~ C’ly = Alﬂf = Aly or Azx = Azy = /Ba(Ai$)Aiy) > 1.

In other terms, Ai is S,-admissible. Now, let {C;x,,} is sequence in X s.t. B4 (Cixy, Citpi1) >
1V n and Ciz, — Cijz € X; as n — oo. There Is a subsequence {Ciz,)} of {Cizn}
from the Cj-regularity theorem, s.t. {Cimn(ic)} < Cz for all k. Thus, by the way of B,

we obtain ,Ba({C’ia:nU%),ﬂz) > 1. Now, all hypothesis (2.5) are satisfied.

We therefore infer that A; and C; have z coincidence stage, i.e., S;z = T;z.

The hypothesis is that z € X; occurs in such a way that C;x < C;z and Cyy =X C;z,
which means 3, and (,(C;z, Cyy) > land B,(Ciy, C;Z) > 1. We therefore deduce the
nature and uniqueness of the Theorem (2.6) CFP. O

Corollary 2.10. Let (X;,=) be a POSET and d; be a metric on X; s.t. (X;,d;) is
complete. Presume that the mapping A;, C; : X; — X is non-decreasing. Presume that
0o € Py is a function s.t. di(Aix, Ayy) < ¢o(di(Ciz, Ciy)) ¥V x,y € X; with Ciz <X Cyy.
Suppose that the following requirements apply, too;

1. dxg € X; s.t. Cixg = Ajxg:

2. (Xi, =, d;) is Ci-regular.
Assume C;(X;) is closed. Then, there is a coincidence between A; and C;. Moreover,
if for every pair (xz,y) € C(C;, A;) x C(Ci, A;) 3 z € X s.t. Cix < Ciz and Ciy < Cyz

and if A; and C; commute at their points of coincidence, we receive the CFP uniqueness
after that.



Chapter 3

Best Proximity and Outcomes for

Fixed Points in Metric Spaces

This chapter concerns with some FPT for best proximity results. Also, we prove some
common FPT for proximal generalized contraction of Type-I and Type-II, fitted with
graph and results in partially ordered MS. It consists of six sections. In first section,
we introduce new notions of PC of kind-R and kind-M with Z-contraction. In second
section, we show that a pair of maps have the g,-best proximity along with introduced
PC in CMS. In third section, we implement the latest notions of updated Type-I and
Type-IT o — (¢bg, go)-PC. In fourth section, we prove certain FPT in MS. In fifth section,
we derive some results in partially ordered MS. In sixth section, our aim is to introduce
the PC of first kind and second kind which generalize several known types of contractions.
Secondly, we prove certain FPT using SF in CMS and an application which derived from

our main results.

3.1 New Notions of Proximal Z-Contractions of Kind-R
and Kind-M

We add the new proximal Z-contraction notions of kind-R and kind-M. There are
many works which use non-self mapping for that purpose. An estimated solution for the
T = x equation is possible. Many mathematicians have discussed the theoretical and
functional implications of this theorem; we refer the reader to the [4, 3, 9, 23, 38, 54,

36, 10, 49, 60]. We introduce kind-R and Kind-M notions with Z-contraction:

Definition 3.1. Let two non-void subsets of MS (X, ?) be f and h. The non-self mapping
of A: f — his known to be a Z-PC of type-M and type-R if there is an SF s.t.
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Y a,9,7,0 € f.
2.
(@, Ay) = o(f,h)
(1, As) = d(f, h)
= C(0(a,0),0(v, A5) +0(8, Aa) > 0,
Y @, 0,7,0 € f.

3.2 The presence of g,-best similarity in complete metric

space for a pair of maps

Theorem 3.2. Let two non-void subsets of a CMS (X,0) be f and h. Assume fy be

non-void and closed. Let A: f — h and go : f — [ satisfies the term below:

1. Ais a Z-PC of the kind-R;
2. go € Gy;
3. A(fo) C ho;

4- Jo C ga(hO)'

Then a unique v € f point occurs, so that 3(gay, Ay) = 0(f,h) has been identified. In
addition, a series {3} C f exists for each vy € fo such as (gaYas1, Av) = 0(f, h) for
each n € NU{0} and ~; — 7.

Proof. Presume o € fo. After this A(fy) C ho and fo C ga(fo), occurs in such a way
that v1 € fo and d(gay, Ay) = 0(f,h). Clearly, for v; € fo, there exists 72 € fo such
that 9(ga72, Ay1) = 0(f, k). For ;4 € fo, we can find v441 € fo by repeating this step
in such a way that 3(gavas1, Aya) = 0(f, h). For some /m > f, in the positive phase
of {vs}, if we have flym = A’}/ﬁ, then we select v5,41 = Yat1. Even, if m € N exists,

such as ?(gaYm+1, 0(9aVim+1)s Ga¥m) = O then vis411 = s, and hence fl'ymﬂ = Avp,



and 65,42 = Vmy1. It follows that v = v5 V1 € N, n > 1 and then sequence {v;}
converges to v, € f. We also have 3(ga Y, Avm) = 0, h).

Then we're going to believe that 0 < d(va+1,74) < (9aVa+1, 9aVn) # 0V 1 € N. Since
A be Z-PC of the kind-R and g, € Gy, we say

0 < C@Gait1, Java)s (Vs Ava1) +o(va—1, Ava))
< (Vi Avit1) +F 0(va—15 Av4) — 0(gaVis1, Javn)
< (Y, Avas1) F (a1, Ava) — 9(Yar1, 7a) (3.1)

Vn € N. Hence, a series {0(7#, vs—1) } is decreasing and therefore 37 > 0s.t. ?(va, va—1) —
7.
By (3.1), we obtain d(gaYa+1,9a¥a) < 0(Va, Aya—1) + (-1, Ava), V 2 € N.

However, on the other side, g, € Gy and hence

d(Var1, Ava) + 0, Avas1) < 0(gavatt, Java) < 0(Ya, Ava_1) +0(va_1, Ava),
Vi eN.

As a result, limj—000(gaYi+1,9a¥n) = 7. Now, using the property of the SF, we're
saying that 0 < limg—0osupC(d(gaYar1s Ga¥n), (Y, Ya—1)) < 0. A inconsistency, and
thus 7 = 0.

The next move is to demonstrate {7;} is Cauchy. Suppose that {4} is not a CS. Then,
J an e > 0, subsequences {'yﬁ([)}, {Vm(i)} of {ya} s.t. 0y >y > L.

D(Vﬁ(i)v AVm(i)) + D(%;L([), A’Ym([)) >¢VieNand

Limi_, o DY)y A%y F0 gy AVagi) = € = 1M, 0V iy+10 Ay +1) T2 iy 110 AVagiy 1)

Then we will assume that (D(’Vﬁ(i)+1)7‘47m(i)+1)) + O('ym([)ﬂ),/i’yﬁ(i)ﬂ))) >0VIeN.
Since A is a Z-PC of kind-R and

D(ga7ﬁ(f)+1)7 A’Yﬁ([)) =0(f,h) = a(Qa’Ym(j)_,_l), A’Ym([))a we get

0< C(a(ga')’ﬁ([)Jrl)a ga’ym(iﬂl))’ D(Vﬁ([), AVm(i)) + a(’Ym([)y A'Yﬁ([)))

< (O(’Vﬁ([)aA'Ym([)) + D(Wm(ic)a A’Yﬁ(j))) - D(ga'Yﬁ([)+1)>ga’Ym(j)+1))



for all [ € N. The preceding inequality and g, € Gy therefore ensure that

limk_)oob(ga’}’ﬁ([)_i_l)?ga7m([)+1)) =€

Through the use of the SF property, with
tp = D(ga'yﬁ(i)tl)vga'Ym(i)H) andN
5i = () A%ngy) + V) AYagp))) e get

0< limiﬁoosupC(a(gO!fyﬁ(lA)+1))gOé’Ym(lA)+1))7D(Vﬁ(i)) A'Ym([)) =+ D(Vm(;;)a A’Yﬁ(i))) <0

That’s one contradiction. The result is that the {v;} series is CS. Behind (X, d*) is
completed and fy is empty and therefore there is v € fo s.t. ¥4 — . Moreover, by the
continuity of g,, we have govs — goy and thus goy € fo, since govia € fo Vo € N and
fo is closed. Since v € fo and T(fo) C ho, there is Z € fy s.t. 9(2,T7) = o(f, h).

If Z = goya for n € N, then Z = gy, therefore we can assume that zZ # g,va, V 7. Also,
3 a subsequence {vﬁ([)} of {7} so that Vi) £~VieN.

Once more, since A be Z-PC of the kind-R, we get

¢(o(z, goe'Yﬁ([)Jrl))v (v, A"Yﬁ([))"'o(’m([)v Ay)) <0(y, A’Yﬁ([))"‘a(’)’ﬁ([)a Avy)—-0(z, gonﬁ([)+1))7

accordingly

0(2, ga’Yﬁ([)Jrl)) < 0(77 AN'Y,A@([)) + D(Vﬁ([), A’Y)
for all [ € N.
Making [ — oo, we obtain D(Z,ga'yﬁ([)ﬂ)) — 0 and then z = g,7. This implies that

2(ga, Ay) = 0(f, h)

Let v* # ~ to demonstrate the singularity, be another point in fy, s.t.

v(gay*, AY*) = 0(f, )

. Since g € Gy, A is Z-PC of the kind-R, one can say

0 < ¢(0(ga, ga¥™), 2(7, Av*) +0(7*, A7))
(7, Av*) + (v, A7) — (g0, 9aY")
(7, Av*) +o(v*, Av)) — d(v,7%)



which leads to a contradiction of v = ~*. O

Here are some Corollaries as shown below:
Corollary 3.3. Suppose that f, h are non-void subsets of a CMS (X,0). Suppose f
is non-vacant and closed. Also, presume the mapping A : f — h meets the following
requirements:

1. A be Z-PC of the family-R;

2. A(fo) € ho.

3. A(fo) C ho;

4' fO g gahO)-
There is a particular point then, v € f so d(ga7y, Ay) = 0(f,h). Moreover, for every

Yo € fo there is a series {yp} C f s.t. D(game,A’yﬁ) = 0(f, h) for every n € NU {0}

and vp — 7.
Proof. Notice that a PC of the type-R is a Z-PC of the type-R in support of the SF
¢ : [0,400) x [0, +00) — R defined by ((£,5) = [s—tV 1,5 € [0, +0c], where [ € [0,1). [

Example 3.1. Let be as in illustration X, f,h,0, A, (. Notice that fo = f = hg is closed
and A(fo) C ho. So by (3.3), A: f — h has a unique point v € f s.t. 9(y,Ay) =0 =
o(f,h); here v = 0.

Theorem 3.4. Let f, h are two non-void subsets of a CMS (%,0). Suppose that A(fo)
is nonempty and closed. Also, presume that A : f — h and go : f — f mappings comply

with the following conditions:

1. Ais a Z-PC of the family-M ;

2. A is injective on fo;

b N

3. € figa;
4- A(fo) C ho;

5. fO c ga(fO)'

Then here a unique point v € f s.t. 9(ga7y, Ay) = 0(f,h). Moreover, for every vo € fo.



Proof. By pursuing the close logic to that of the Theorem’s proof (3.2), we can construct
series {74} C fo s.t. 0(gaVas1, Ayn) = 0(f,h) ¥V 7 € N. In addition, in the positive
process of {5} if Ay, = Ay for some 1 > 7.

We pick, then, 741 = 7va+1. This situation can ensure m € N, we have Vi = Vi1,

then 4 = v V 72 > 1. So, {74} converges to vy, and also d(gaYim, Avm) = o(f, h).

Therefore, we can assume d(yi11,73) # 0¥ 7 € NU{0}. Because A is a Z-PC of the

family-M, we have

C(Agavit1s Agava), d(va, Ava) + 0(va—1, Ava—1)) > 0
VneN.

With A € A,, and A being injective on fy, we infer 9(Avs11, Agaya) > 0 and d(v4, Ava)+
D(’Yﬁ_l,A’Yﬁ_l) > (0 for all n € N.
Using a SFs (5 (1.3), we get

0 < C@Agait1s Agara), 2(va, Ava) + (Y1, Avi—1))
< (v, Ava) + v(Ya—1, Ava—1) — 9(AgaVit1, Agava)
< (v, Ava) +0(Ya1, A1) — 0(Avas1, Ava), Vi € N (3.2)

Thus (7, flyﬁ)—i—a(fyﬁ,l, fl’m,l) is diminishing and # > 0 persists, such that 9(v, A")/ﬁ)—i-
3(Ya—1, Ava_1) — 7. If # > 0, then we get d(Agavi+1, Agava) < 0(va, Ava) +0(va—1, Ava_1)Vn €
N by (?7).

In spite of, Ae /iga, o)

(Var1, Avae1) +0(vas Ava) < 0(AgaVart, Agava) < 9(va, Ava) + 0(Ya1, Ava_1),

Limi—0od(Agatig1, Agayn) = 7

Now,using the property (1.3) of a SF, we write
0 < limaoo5upC (d(Agayat1, Agavn), 9(as Ava) + 3(va-1, Ava-1)) <0,

which is a contradiction and hence # = 0.



The next move is to prove that {Av;} is a CS. Assume that {Ay;} is not a CS by
Contradiction. Then, there exists an € > 0 and the subsequences {flvﬁ@} of {Avs}
such that ﬁ(f) > m(i) > [ and

o(xy Ay Ayn(l)) (Vm(i)’;l%h(i)) > e for all [ € N and

bimi_, o DY)y AYai) Vg AVgiy) = € = im0V iy110 A%(z)+1)+°(7m(i)+1a AV iy41)

Then, we can assume that
D('yA(A) 1) /Nlm([)ﬂ) + D(’ym(l*)ﬂ,fi%([)ﬂ) >0Vl eN. Since Aisa Z-PC of the
family-M and 9(ga7,; ()41 A’yn(l ) =0(f,h) =0(ga7, (l)+17A'Ym(i))a we get

0<¢(o (Ago/Y (HpAga’Y (0)+ ) ‘o(/yﬁ‘(i)aA’YA(A)) + 0(’% ([)ale'ym(i)))
<(a(’7ﬁ(i)a A'Yﬁ([)) + O('Y,ﬁ([)» A'Ym(j))) (Aga’7 a(l)+1° Agoﬁ )+ )

for all [ € N.
lim; , (0 (Aga’y ()H,Agafy )+ ) =€

By using the property (¢3) (1.3) of a SF, with #; = O(Aga'yﬁ([)ﬂ, flgaym([)H) and
=0(y ak)’ , Ay, ()) o( m([)7‘217m(i))7 we obtain

0< lim[AOOSUPC(D(Aga’Yﬁ(j)_i_lv Aga'Ym(i)+1)>a(7ﬁ([)a AV&([)) + O(Vm([)yAme([))) <0
And that is a contradiction. The series {A~;} is Cauchy, we conclude.

Being (X,0) be complete and fl(fo) be closed, therefore Ay, — Au € fy. To add up,
there is Z € fy such that d*(z, Aa) = d*(f, h). Since fo C ga(fo), i.6. Z = go7 for some
v € fo, and d(ga7y, Ali) = 0(f, h). Obviously, if v = ~; for infinite 7 € N, then Ay = Aa.
Consequently, we presume that v # v, Vi € N. Also, 3 a subsequence {’yﬁ([)} of {vi}
s.t. Aq/ﬁ(i) # Au V1l € N. Again, since A is a Z-PC of family-M, we get

0< C(D(Aga77 Aga’yﬁ([)Jrl)a D(ﬂa Aﬁ) + D(f)/ﬁ([)v d’yﬁ(f)))

< (0@, A) + (1) A% (i) — 2(Agars Agavaiy11)

and hence

0(y,avy) + D(/yﬁ(f)_t,_l’ A’Yﬁ([) +1) < D(;lga’y, aga’yﬁ([)_,_l) < 0(u, Au) + D('Yﬁ([)» A'Yﬁ(i))



V€N, since A € /I . Making [ — o0, we obtain
(v, Ay) +o(vy all)+17 A'Vn(l)+1) — 0 and hence ay = A, this implies that

(ga, Ay) = 0(f, h).

Let v* # ~ be another point in the fy s.t. to prove its uniqueness.

(g™, Ay*) = 3(f, h).

Because A € flga is injective on fo and A is a Z-PC of the family-M, we may claim
that

C(0(Agay, Aga*),0(y, Ay) +0(v*, Av"))
(v, Ay) +0(v*, Av*)) — 9(Aga, Agar")
(v, Ay) +o(v*, Av*)) — 2(A, Ay*) =

| /\

IN A

O]

Corollary 3.5. If f, h and A(fo) are nonempty subsets and closed set in CMS (X,0)
respectively and the map A : f — h fulfill these conditions:

1. Ais a Z-PC of the family-M
2. A is injective on fo
A(fo) € ho
then there is a unique stage, s.t. it is v € f 3(y, Ay) = o(f,h). In addition, for each

Yo € fo there is {x,} C A sequence, 50 3(yiy1, Ava) = 0(f, h) for every i € NU{0} and
Ta -

Example 3.2. The set R with the usual metric 9(v,6) = |y — 0| V 7,6 € R. Ezamine
f=1[-3,-1],h =1[0,1] so that 0(f,h) = 1 and determine A : f — h next to
- 3+7v1 € |-3, -2,
Ay — vifvel ]
—1—vyifvye(-2-1],
we have
fO = {fy € f : 0(775) - D(fvh) = 17 fOT’ some § € h} = {_1}

ho={0 € h:0(~,9) =0(f,h) =1, for some~ € f} ={0}



and hence A(fy) =0 = hgy. As we know A is a Z-PC of the kind-M. Actually 3(1,v) =
2(3,A8) = 1 = o(f,h), we find (4,0) = (—1,—1) for v,6 € [-3,—1] and therefore
¢(0(Au, Av),0(Ay, A5)) = ((2(0,0),0(0,0)) = ¢(0,0) = 1.

Hence, all conditions of Corollary (3.5) remains valid and v = —1 is the unique point
s.t. 9(=1,A(=1)) =o(f, h).

3.3 New Notions of Modified ay — (¢, go)-Proximal Con-
tractions of Type-I and Type-II

We introduce new notions of modified ag — (g, go)- PC of Class-I and Class-1I in MS.

The a-admissible mapping description has been set by Samet et al. [53]. They proved
FPT by using this definition.

Theorem 3.6. [53] “Let (X,d) be a CMS and T : X — X be an a-admissible mapping.

Assume that the following conditions hold:

1. for all x,y € X we have
a(z,y)d(Tz,Ty) < P(d(z,y)), (3.3)
where 1 : [0,4+00) — [0, 4+00) is a nondecreasing function such that
T (t) < +oo for each t > 0,
2. there exists xg € X such that o(xg, Txg) > 1,
3. either T is continuous or for any sequence {x,} in X with a(xy, Tpy1) > 1 for all
n € NU{0} and xz, — x as n — +o0, then a(xy,x) > 1 for alln € NU{0}.

Then T has a fized point.”

We introduce new notions of Class-I and Class-II shown below:

Definition 3.7. If there is a non-negative integer ag < 1, then the mapping F': M — N
is the PC, so for all mq, mo, p1,p2 in M,

dx(mi, Fp1) = dx(M,N) = dx(ma, Fp2) = dx(mi1,m2) < agdx(p1,p2).

Definition 3.8. Let F': M — N, go : M — M be two maps. Let ¢y : [0,00) — [0, 00)
satisfy



p(0) =0, to(t) <t, and limg_,+supihp(s) <t for each t> 0.

Then, F' is said to be a (¢9, go) - PC if

dx(mi, Fp1) = dx(M,N) = dx(me, Fp2) = dx(m1,m2) < tadx(gp1, gp2))
for all mq,ma,p1,p2 in M.

Definition 3.9. Presume M, N are two non-void subsets of a MS (X,dx) and a
function be ag. We can say F' : M — N is triangular o - proximal admissible if,

vpa q,7,p1,P2, M1, M2 € Mv

1.
ao(p1,p2) > 1,
dx(mi, Fp1) =dx(M,N), = ap(mi,ma) > 1,
dx(ma, Fpe) = dx(M,N)
2.
WEIEL g 2 1
dx(r,q) > 1

Now, we introduce the new class of PCs.

Definition 3.10. Presume M, N be two nonempty elements of a MS (X,dx) and
ap: M x M — [0,400) be a function. We're suggesting that F': M — N is

1. a improved ag — (o, 90) - PC if, for all m,n,p,q € M,

ao(gop, gor) > 1,
d%(m>Fp) = d%(Ma N)>
d%(nvFT) = d%(Ma N)

= dx(m,n) < =dx(gop,n) + dx(goq, m)) — odx(gop, n), dx(gog,m)), (3.4)

N | =

2. an ag — (Yo, g0) - PC of class-I if, for all m,n,p,q € M,

dx(m, Fp) = dx(M, N),
dx(n, Fq) = dx(M, N)

= ao(p, q)dx(m,n) < %dx(gopa n) + dx(goq, m)) — Yo(dx(gop, n), dx(goq, m)),

where 0 < ag(gop, gog) < 1 for all gop, gog € M



3. an ag — (¢o, go) - PC of class-1I if, Vm,n,p,q € M,

d%(vap) = d%(Ma N)>
dx(n, Fq) = dx(M,N)

= (ao(gop, goq) + 1)) < (1 + 1)%dae(gop,n)erx(goqm))*wo(dx(gop,n),dx(goq,m))7

3.4 Certain Fixed Point Theorems for Type-I and Type-I1

in Metric Space

Theorem 3.11. Let us suppose M, N be two non-void members of a MS (X,dx) so M
is complete and My is nonempty. Let F : M — N is a continuous modified oo — (¢, go)
- PC go: M — M satisfy the following conditions:

1. F is a triangular ag — (o, go)-prozimal admissible mapping and F(My) C Ny,

2. 3 po,p1 € My s.t. dx(gop1, F'po) = dx (M, N) and oo(gopo, gop1) > 1.

Then there is a BPP for F'. Moreover, the best BPP is special, if, for each p,q € M s.t.
dx(gop, Fp) = dx(M, N) = dx(g0q, Fq), we have ag(gop, goq) > 1.
Proof. By (2), there exists pg, p1 € My such that

dx(gop1, F'po) = dx(M, N)

and ao(gopo, gop1) > 1.

On the other hand, since F'(Mp) C Ny, then there exists pa € My such that
dx(gopa, F'p1) = dx(M, N).

Since F' is the allowable near end of the triangle g, we have ao(gop1, gop2) > 1. Thus
dx(gop2, F'p1) = dx(M, N).

and ao(gop1, gop2) > 1.

Since F(My) C Ny, then 3 p3 € My s.t.

dx(gop3, F'p2) = dx(M, N).



Next, F is a triangular ag — (o, go)-proximal admissible, it becomes ag(gop2, gops) > 1

and hence
dx(gops, F'p2) = dx(M, N)

and ag(gopz, gops) > 1.

In this step, we create a {p,} sequence in such a way that

@0(goPa—1, gopa) > 1
d%(gopa Fpafl — dX(Ma N)7 (35)
d%(gopa+17 Fpa) = d:{(M, N)7

for all @ € N. Now, from (3.4) with m = gopa, n = gopa—1 and gop = gpa, we get

1
dx(90Pas goPa+1) < i(dx(gopafl,gopaﬂ)+dx(gopa,gopa))
—1o(dx(goPa—1, GoPa+1), dx(goPa> GoPa))

1
= —dx(g9opa—1, 9oPa+1) — Yo(dx(goPa—1, GoPa+1,0))

2

1
§dae(gopa—1 , J0Pa+1)

< (dx(gopa—1, 90Pa) + dx(gopas goPa+1)),

IN

which implies that dx(gopa, goPa+1) < dx(goPa—1,9opa). It follows that the sequence
{6a}, where 0, = d(goPa, goPa+1) is decreasing and so 3 § > 0 s.t. §, — § while a — co.

Later, we will take limit a — +o0 in (3.6), it become

(5+8) = 26,

N

6 < %5(Qopa—1,90pa+1) <
that is,
lima—s+oodx(9oPa—1, JoPa+1) = 20. (3.7)
Again, taking the limit as a — 400 in (3.6) and (3.7) and the continuity of ¢, we get
§ <3 —10(24,0).
and so ¥(29,0) = 0. Therefore, by the property of 1y, we get 6 = 0, that is,

lima—+o00dx (goPa+1, GoPa) = 0. (3.8)

Next, we show gop, is a CS. Then there is an € > 0 and two subsequences {u(l)} and

{v(l)} s.t. V positive integer [,

(3.6)



o(l) > u(l) > 1, dx(9opy@ 9oPum) > € dx(9oPu—1> 90Dy < €

The smallest number reaches u(l) go for v(I).

This means that we get [ € N for all of them.

e < dx(9oPy (i 90Pu(i)) < dx2(90Py(r)s Y0Py (iy—1) + dx(90Py(i)> J0Pu()+1)
< d%(gﬂpv([)7gopv(f)—l) te

Making limit as [ — 400, we obtain and using (3.8), we get

limg_, 4 oo dx(9oPy(1): JoPu(iy) = €. (3.9)
Again, from
dx (90Pu(i)> 90Pu(t)) < dx(90Pu(iy> J0Pu(i)+1) +dx (90Py(i)+1: 90Pu(i)+1) +dx (90Py (1) 11> J0Pu())
and
dx(90Py (1) 90Pu@)+1) < dx(90Py(1)s 90Pu(y+1) + dx(9oPu(iy> J0Pw(1)) + dx(90Py(1)41: G0Pu (i)

Proceeding limit as [ — +oo, by (3.8) and (3.9), we deduce

limi, 4 oo dx(90Py(0) 4+ 1> J0Pu(i)41) = € (3.10)
Similarly,
limg, ¢ oo dx(9oPy (), gopu(l) +1) = € (3.11)
and
My 4+ 002 (90P (1) J0Pu(1) 1) = €- (3.12)

We’re going to explain that

a0 (9goPu(1y, 9oPu(@)) = 1, where v(l) > u(l) > L. (3.13)

F is a triangular ag — (g, go) - proximal admissible mapping and

a0 (goPu(1)s J0Pu(iy+1) = 1,

ao(gopu([)ﬂvgopu(z’)u) = 1.

With condition (2) of Definition (3.9), we have

an(gopu(l‘)ﬂagopu(z‘)w) > 1



Again, F' is a, — (¢o, go) - triangular proximal map,

0 (goPu(1)> J0Pu(ly+2) = 1,

0 (90Py(D)+2: 90Pu(i)+3) = 1.

With condition (2) of Definition (3.9), we have

ao(gopu([),gopu([)+3) > 1.

Therefore, we get (3.13) through this process.

On the second side, we do know that

a0(90Pu(iy 11, FPy(i)) = dx(M, N),

—

040(90171;([)+1, Fpu(*)) =dx(M, N)

Therefore, we have

1
dx(90Pu(t)+1- 90Pu()+1) = 5 (dx(90Pu(r)s J0Pu(p)+1) + dx(90p0(1), JoPu(p)41))
—o(dx(90Pu(1): 90Pu(0)+1)> Ax(J0Pu(D) J0Pu()41))-

Picking limit as | — +oo and using (3.10), (3.11), (3.12), the continuity of vy, one

become

< 5+~ vole,

€< 6*’(#0(676)

and hence 9y(€,e) = 0, which leads to the contradiction e = 0. Thus, {ps} is a CS.
Ahead M has been completed, there is z € M so p, — r. Hereinafter, dx(gopa+1, F'Pa) =
dx(M,N) for all aeNU{0}.

Selecting limit as a — +o00, we gather dx(r, F'r) = dx(M, N), owing to the f consistency.

Lastly, we demonstrate the uniqueness of point p € f s.t. dx(gop, Fp) = dx(M,N).
Suppose, in fact, that there is p, ¢ € M which are BPPs, viz. dx(gop, Fp) = dx(M,N) =

dx(g90q, Fq).

Since ap(gop, gog) > 1, we have

1
dx(gop, 90q) < §(d3€(90p, 909) + dx (904, gop) — Yo(dx(gop, 909), dx (904, gop))

= dx(gop, 90q) — Yo(dx(gop; 909), dx(g9oq; gop)),



which implies dx(gop, gog) = 0, thatis gop = goq. O

Corollary 3.12. Let M,N be non-empty subsets of a MS (X,dx) to this extent M is
complete and My is non - empty. Presume F : M — N and go : M — M are continuous

ap — (Yo, 90) - PC of Type-I or a continuous ag — (Yo, go) - PC mapping of the Class-11
s.t. the following requirements satisfied:
1. F is a triangular ag — (1, go)-prozimal admissible mapping and F(Mp) C Ny.

2. there exists pg,p1 € My such that
dx(gop1, F'po) = dx(M, N)

and ag(gopo, gop1) > 1.
Then the F will have a BPP. Furthermore, if, for every p,q € M, dx(gop, Fp) =
dx(M,N) = dx(g0q, Fq), we have ao(gop, goq) > 1, the BPP is special.

Definition 3.13. Let M, N are two non-void subsets of a MS (X,dx). Here (M, N)
hold V-property if, V sequence {¢,} of N s.t. dx(p,qn) — dx(p,N), Vp € M, q € N is
given s.t. dx(p,q) = dx(p, N).

Theorem 3.14. Suppose M, N be two non - void elements of a MS (X,dx) s.t. M is
complete, the pair (M, N) hold V - property and My is complete. Presume F: M — N

and go : M — M are modified ag— (19, go) - PC in such a way that the following criteria
hold:

1. F is a triangular map of ag — (¢o, go) and F(Mp) C Np.
2. po,p1 € My occurs to such a degree that
dx(gop1, F'po) = dx(M, N)

and ao(gopo, gop1) > 1,
3. if {gopn} is a sequence in M such that co(gopn, gopn+1) = 1 and gopn — gop as

n — 00, then ag(gopn, gop) > 1 Vn € NU {0}.

Then, there is a BPP for F. Furthermore, the BPP is special if we have ao(gop, goq) > 1
for every p,q € M, so that dx(gop, F'p) = dx(M, N) = dx(goq, Fq).



Proof. After the Theorem(3.11) is proved, there are CSs {gope} € M and r € M such
that (3.5) keep gopq — 2z as a — +00. On next side, Va € N, write down

dx(r,N) < dx(r, Fpa)
< dx(r, gopa+1) + dx(gopa+1, F'pa)
= d:{(T’, gOpa+1) + d%(M7 N)

Selecting this limit p — 400, we take
limg—syoodx (1, Fpg) = dx(M,N) = dx (M, N). (3.14)

Since (M, N) has the V-attribute, there is ¢ € N, so dx(r,c¢) = dx(M,N) therefore
r inMy. Moreover, since F(My) C Ny, then there is n € M

dx(n,Fr) =dx(M,N).

Now, by (3) and (3.5), we have ag(gopa,r) > 1 and dx(gopa+1, Fpa) = dx(M, N) for all
a € NU{0}. Also, since F' is a modified ag — (¢0, go) - PC, we get

dx(gopa+1,v) < = (dx(gopa,n) + dx(r, gopa+1)) — Yo(dx(gopa, n), dx (7, goPa+1)

1
2
. Taking this as a — +ocin the equation, we have

da(r,n) < Sdx(r,m) — to(ds(r, ), 0)

. This means that dx(r,n) = 0, that is, n = r. Therefore, r is the BPP for F. The

uniqueness of the best neighbor can easily follow the process in the Theorem (3.11). [

Corollary 3.15. Let M and N be two non-void members of a CMS (X,dx) s.t. M is
complete, the pair (M,N) hold V' - property and My is non-empty. Let F' : M — N
and go : M — M are continuous ag — (Yo, g0) - PC map of Class-I or a continuous
ap — (vo, go) - PC map of Class-II in such a way that the following terms and conditions
hold:

1. F is a triangle oy — (Yo, go) - allowable near-end mapping and F(My) C Ny),

2. there exists elements pg,p1 € My such that
dx(gop1, F'po) = dx(M, N)

and ao(gopo, gop1) > 1,



3. if {gopa} is a sequence in M such that ao(gopa,goPa+1) = 1 and gopa — gop as
a — 400, then ao(gopa, gop) > 1 for all a € NU{0}.

Then the F will have a BPP. Furthermore, for every p,q € M s.t. dx(gop, Fp) =
dx(M, N) = dx(gog, Fq), we have ao(gop, goq) = 1.

There are some results endowed with graph.

Definition 3.16. Suppose that (X, dy) is an MS containing a G graph. A self-mapping
F : X — X is a contraction of Banach G, if F' retains the contour of G, i.e. Vp,q € X,
(p,q) € €(G) = (Fp, Fq) € ¢(G). And F reduces the weight of the G edges as follows:

Jap€(0,1),VpqgeX (pq) € &G) = dx(Fp,Fq) < agdx(p,q).

Definition 3.17. let M and N be two non-vacant closed subsets of a MS (X, dx) own
graph G. We are suggesting that F' : M — N is a non-self map, g9 : M — M are
G - (1/}0790) - PC, 1f7 m,n,p,q S M

(90p, 90q) € €(G),
dx(m, Fp) = dx(M, N),
dx(N, Fq) = dx(M, N).

= dx(m,n) < 5 (dx(gop,n) + dx(gog, m)) — o(dx(gop, ), dx(gog, m))

N | —

and
(90p, 909) € €(G),
dx(m, Fp) = dx(M,N), = (m,n) € €(G),
dx(n, F'q) = dx(M, N).

Theorem 3.18. Let us take M and N be two non-void closed elements of a CMS (X, dx)
with a graph G. Let M is complete and My is non-void and F : M — N, go: M — M

are continuous G — (g, go) - PC map in such a way that the given terms and conditions

hold:

1. F(My) € Ny,
2. then there exists elements pg, p1 € My such that

dx(gopo, gopo) = dx (M, N)

and (gopo, gop1) € €(G),

3. for all (gop, goq) € €(G) and (goq, gor) € E€(G), we have (gop, gor) € E(G).



Next, F has a BPP. Additionally, the BPP is unique if, for every p,q € M such that
dx(gop, F'p) = dx(M, N) = dx(goq, F'q), we have (gop, goq) € €(G).

Proof. Define ag : X x X — [0, +00) by

L, if (gop,g90q) € €(G),

0, otherwise.

ao(gop, 90q) =

First, we prove that F' is a triangle ag — ( psig, G)-near-end allowable map.

aO(gopvg(]Q) > 17
d%(man) = d%(M7 N):
d%(na FQ) = d%(Mv N)

Therefore, we obtain
(90p: 909) € €(G),
dx(m, Fp) = dx(M, N),
dx(n,Fq) = dx(M,N).

Since F'is a G — (1o, go) - PC map, we get (m,n) € &(G), that is ag(gom, gon) > 1 and

(dx(gop, n) + dx(gog, m)) — Yo(dx(gop, n)dx(gogq, m)).

N |

dx(m,n) <

Also, let ag(gop,r) > 1 and ag(r, gog) > 1, then ap(r, gog) > 1, then (r, gog) > 1, then
(gop,r) € €(G) and (r,g0q) € €(G). As a result, we deduce from (3) that (gop, goq) €
¢(G) is ao(gop; 9oq) = 1.

Thus, F' be ag— (1o, go) - triangular proximal admissible mapping with F'(My) € Np. In
addition, F' is continuously modified a — (¢, go)-PC. From (2), there is py, p1 € My s.t.
dx(gop1, F'po) = dx(M, N) and (gopo, gop1) € €(G), that is, dx(gop1, F'po) = dx(M, N)
and ap(gopo, gop1) > 1. As a result, all of Theorem’s (3.11) conditions are satisfied, and
F' has only one fixed point. O

Similarly, we use the Theorem (3.14) to prove the following theorem.

Theorem 3.19. Presume M and N are non - empty closed members of a MS (%, dy)
provided with a graph G. Assume that, M is complete, the pair (M, N) hold V - property
and My is non - empty. Presume that F : M — N and go : M — M are G — (¢, go) -
PC map in a way that the following criteria hold:

1. F(My) C Ny,



2. there exists elements pg,q1 € My such that

dx(gop1, F'po) = dx(M,N)

and gopo, gop1) € €(G),
3.V (p,q) € €(G) and (q,7) € €(Q), we get (p,r) € E(G)

4. if {pa} is a sequence in X s.t. (pa,Pat1) € €(G) for alla € NU{0} and p, — p as
a — 400, 50 (pa,p) € €(G) V a e NU{0}.

Then, F has a BPP. Further, the BPP is unique if, for each p,q € M just like that
dx(p, Fp) = dx(M, N) = dx(q, Fq), we get (p,q) € €(G).

3.5 Results in Partially Ordered Metric Space

Recently, following researchers [50], [41] and [11] work on weaker contraction by repre-

senting self-map in partially ordered MS.

Theorem 3.20. Suppose that M, N be two closed members of a partially ordered CMS
(X,dx, =), My is non - empty and (M, N) has the V' - property. Presume the following
conditions are met by ' : M — N:

1. F is ordered immediately-holding F(My) C Ny in such a way that,

2. there exist elements pg,p1 € My such that
dx(gop1, F'po) = dx(M, N) and po = p1,

3. for allp,q,m,n e M,

gop = 904,
dx(m, Fp) = dx(M,N),=> dx(m,n) < 3(dx(gop,n) + dx(gog, m)) — vo(dx(gop, n), dx(goq,m)]
dx(g0q, F'q) = dx(M, N)

4. if {zp} is an increasing sequence in M converging to x € M,V p € N. Then F
has a BPP.

We are currently collecting multiple FPT in this chapter, which are consequences of the

results mentioned in the important area.

Theorem 3.21. Presume (X,dy) be a CMS. Assume that F': X — X and go : M — M

be a continuous self - map fulfills the below requirements:



1. (a) F is triangular g — (vo, go) - admissible,
(b) there is py in X so ag(gopo, Fpo) > 1,

(c) for all p,q € X,
1
ao(gop, 90q)dx(Fp, Fq) < i(dae(gop, Fq)+dx(g0q, Fp))—o(dx(gop, Fq), dx(gogq, Fp)).

Then there’s a fixed point of F.

2. (a) F be ag — (Yo, 90) - admissible,
(b) 3 po in X s.t. ap(gopo, Fpo) > 1,
(¢c) Vp,q€X,

(ao(gop, gog)+1) = IPFD) < (y41)2(dx(90P.FD)+dx(900. 1))~V (dx (90p-Fq) dx (900 Fp)

Then, there is a fixed point F.

3. (a) F is triangular ag — (o, go) - admissible,
(b) there is pg in X such that co(gopo, Fpo) > 1,
(¢) absolutely p,q € X,

ao(gop, 909)dx (Fp, Fq) < 5(dx(gop, Fq)+dx(g90q, Fp))—o(dx(gop, Faq), dx(g0q, Fp)).
Then F has a fized point.

(d) if {gopa} is a sequence in X such that ao(gopa, goPat+1) = 1 and p, — p as
a — 00, then aog(gopa, gop) > 1V a € N. Then there is a fized point at F.
4. (a) F be triangular ao — (o, go) - admissible,
(b) there is py in X such that ao(gopo, Fpo) > 1,
(c) VpgeX,

(ao(g0p, gog) + 1)
Then F has a fized point.

dx(Fp,Fq) < 9l5(dx(90p,Fa)+dx(900,F'P)) ~tbo(dx (90p,F).dx (909, F'P))]

(d) if a sequence {gopa} in M s.t. ap(goPas goPa+1) > 1 and p, — p as a — +o0,
then ao(gopa, gop) > 1V a € N. Then there is a fized point of F.

3.6 The Proximal Contraction of First and Second Kind

regard to Simulation Function

We present notions of the first and second forms of generalized PC mappings with

simulation method that vary from another type in the writings.



Suppose M and N are non-empty sets of (X,d*) CMS. The following remarks were
accompanied by:
d*(M,N) = inf{d*(a,b) :a € M,b € N}

My = {a € M : d*(a,b) = d*(M, N) for whatever b € N}
No = {be N :d*(a,b) = d*(M, N) for some a € M}
With simulation method we add new notions of first kind and second kind.

Definition 3.22. A mapping F : M — N is first-class PC if 0 < a < 1 s.t. for all

wy, we, 41, a2 in M and (e’ if
d*(wl,Fdl) :d*(M,N)

d*(WQ,FdQ) = d*(M, N),

implies that,
0 < ¢(d" (w1, w2), ad" (a1, az)).

Definition 3.23. A map of F: M — N is assumed to be a strong first-class PC if a

non-negative integer exists a < 1 and 8 < 1 s.t. V wy,wo, a1,02 in M and { € Z if

d*(wl,Fﬁq) S Bd*(M,N)
d*(w27Fd2) < 6d*(M7 N)a

implies that,

0 < {(d*(wy,u2), (ad*(ay,a2) + (B — 1)d* (M, N)).

Definition 3.24. A mapping F': M — N is a second class PC if a non-negative integer

occurs a < 1 such that for all wy, we, a1,a2 in M w.r.t. ( and ¢ € Z if
d*(wy, Fay) = d* (M, N)
d*(wQ,ng) :d*(M,N),

implies that,
0 < {(d*(u1,ug),ad(a, as)).

Each time a1, ao, w1 and wy are elements in M which satisfy the requirement that
d*(wy, Fay) = d* (M, N) and d*(ws, Fag) = d*(M, N).

The precondition for a F' self-map to be a proximal second-class contraction is



0 < ((d*(F%ay, F%ay), ad*(Fay, Fag)),

for all a; and as in the domain of F.

We implement and explain these findings:

Theorem 3.25. Suppose X be a CMS w.r.t.  and ( € Z. Let M and N be non-empty,
with X closed subsets so M is equally compact to N. Suppose My and Ny are non-empty,
instead. Suppose F': M — N and gg : M — M satisfied this:

1. F is the second type of persistent PC.

IS

. go reflects an isometry.
3. F My is contained in Ny.
4. My is contained in goNp.

5. F retains isometric variance in addition to go.

Therefore an item a exists in M to this extent
d*(goa, Fa) = d*(M, N).

In addition, if a* is another variable that holds the preceding assumption for, then Fa

and F'a* are similar.

Proof. Let ag be a fixed point in My. Because F'My is in Ny and My is in goMy, there

is an item a; in My that exists
d*(goar, Fag) = d*(M, N).

Again, because Fa; is an item of F'M, that is contained in Ny and My in goMy, it

follows that a9 is contained in My
d*(godg, F&l) = d*(M, N)

Will start this phase. Having selected a, in Mgy, G;4+1 can be contained in My in such
a way that
d*(godm+1, de) = d*(M, N)



For any positive integer m then F My is in My and Ny is in ggMy. As F' is a second type
of PC,

0 Sﬁ(d*(gode,F@m), Otd*(de, defl))
<ad*(Fam, Fam—1) — d*(gams1, Fam)

d*(godm+17de) SOAd*(de,de_l)
Because F' retains isometric distance relative to go,

0 <C(d*(Famas1, Fam), ad*(Fém, Fam_1))
<ad*(Fém, Fam—1) — d*(Fami1, Fém)
d*(Féami1, Fam) <ad*(Fén, Fam_1).

Then, {Fa,} is a CS and thus converges to any b vector in N. Further,

d* (b, M) < d*(b, goim) <d*(b, Fiy—1) + d*(Fam-1, goim)
=d*(b, Fap_1) + d* (M, N)
<d*(b, Fy_1) + d* (b, M).
So d*(b, goém) — d*(b, M). Provided that In terms of N, M is roughly compact, {god }
has the {godm(k)} subsequence which converges to any ¢ in M. And it can be inferred

that
d*(&,b) = limpg—so0d” (90Gm(k): Famry—1) = d* (M, N).

Essentially, ¢ is a part of My. As My is in goMy, ¢ = goa is in My for some a. Because
9olm(k) — goa and go are isometries, G,,x) — @ is an isometry. Because the mapping
of I is constant, Fa,,) — Fa is the result. Therefore b and Fa are similar. And it

follows that
d*(goa, Fa) = limm—ood” (90lm(k), Famk)—1) = d* (M, N).
Suppose there is another a* factor so
d*(goa*, Fa*) = d*(M, N).
As F' is a second type of PC,

0 <C(d*(Fgoa, Fgoa*), ad*(Fa, Fa*))
<ad*(Fa, Fa*) — d*(Fgoa, Fgoa®)
d*(Fgoa, Fgoa*) <ad*(Fa, Fa*).



F retains isometric distance regards gg, we have

0 <C(d*(Fa, Fa*), ad*(Fa, Fa*))
<ad*(Fa, Fa*) — d*(Fa, Fa*)
d*(Fa, Fa*) <ad*(Fa, Fa*)

which implies F'a = Fa*. O

The following corollary is given by the theorem if gy is the identity mapping.

Corollary 3.26. Presume M, N be non-void, closed subsets of a CMS X s.t. M is about
compact for N. Additionally, presume that My and Ny are non-empty. Let F': M — N
follow these conditions:

1. F is a second type of persistent PC.

2. F My is continuous in Ny.

Therefore an item a € M such that
d*(a,Fa) =d*(M,N).

Furthermore, if a* is the highest proximity point of F', Fa* is equivalent.
Theorem 3.27. Let X be a CMS with respect to (. Suppose M, N be closed members
of X and ¢ € Z. Additionally, suppose My and Ngy are non-empty. Let F: M — N and
go : M — M fulfill the requirements of:

1. F is a first type of continuous PC.

2. go reflects an isometry.

3. F My is contained in Ny.

4. My s contained in goNy.
Then, there’s a special a factor in M that exists
d*(goa, Fa) = d*(M, N).
Proof. As in the Theorem (3.25), a sequence of {a,} exists in M which satisfies the

following condition.
d*(godm+1, de) = d*<M, N)



Because F' is first kind of PC, we’ve

0 SC(d* (90&m+17 gO&m)7 ad*(drm CAlm—l))
<ad*(am, Gm-1) — d*(golm+1, 9oam)

d* (90@m+1> g()a/m) SOéd* (dm, dmfl).

Since gg is an isometry, we can deduce that

0 <{(d*(am+1, am), ad* (Gm, Gm-1))
<ad” (&ma dm—l) - d*(dm+la dm)
d* (&m+17 &m) <ad* (&ma CAlm—l)-
So, {am} is a CS, which converges in M to any a. Because gyp and F' are continuing, we
also have

d*(god, Fa) = limum—ood* (golm1, Fim) = d*(M, N).

Suppose there is another element (c)
d*(go¢, F¢) =d* (M, N).
Because F' is a first kind of PC and gg is isometry, we have

0 SC(d* (90&7 goé)7 Oéd*(&, é))
<ad*(a,¢) — d*(goa, go¢)
d*(goa, go¢) <ad*(a,¢e).
Therefore,
d*(&a é) =d" (.90&790@) < ad*(da é)

That means & and ¢ are the same. The proof is now complete. O

If go is an identity mapping, then the Theorem (3.27) provides the next inference.

Corollary 3.28. Suppose X be a CMS and M, N are an empty closed subsets of a MS.
Further, assume that My and No are non-empty. Let a mapping F : M — N fulfill the
following conditions:

1. F is the first kind of continuous PC.

2. FMy is contained in Ny.



Then there’s a special a factor in M that exists

Theorem 3.29. Let M, N be non-void, closed members of a MS and ( € Z and let
go: M — M and F : M — N fulfill the following requirements:

1. In M there is a {am} sequence, such that d*(godm, Fay,) — d*(M, N).
2. F is the first kind of persistent, powerful PC.

3. go reflects an isometry.

Then there is a special ag dimension that exists in M
d*(gag, Fag) = d* (M, N).

Additionally there is a {apq)} subsequence of {am} converging to the ag element.

Proof. Let us describe [ for any positive integer
Ml:{(AZEMold(ana) (1—|—ld*(MN)}

Since d*(goGm, Fam) — d*(M, N), there exists a member a,,,) of the sequence {a,}
such that

* ~ ~ 1 *
0 <¢(d*(90am(), Famay), (1 + 7)61 (M,N))

1 * * ~ a
<1+ g)d (M, N) = d" (g0t (1), Fim)

d*(golm(), Fama)) <(1+ l)d*(M N).

Hence for every I, M; is non-empty. Because of the continuousness of gy and F' through
M; is closed. Also, it’s clear that M is in M;. If a, ¢ are two elements of some sort in

M;j, then as F is a strong first form PC, we have

0 <C(d" (90, 908), (0" (,) + (7)d*(M, N))
<ad*(a,¢) + ()" (M, N) — " (g0 go¢)
1
i

d*(goa, go¢) <ad*(a,¢) + (5)d" (M, N)

for all o € [0, 1].



Because gg is an isometry, the consequence is

0 < 0.0). oy (M. N)
<(1_1a)ld*(M, N) — d*(a, &)
d*(6,¢) g(l_la)ld*(M, N).

So, diam(M;) — 0. Since X is a CMS, (| M; comprises just one level, claim ag, which
fulfills the requirement that d*(goao, Fap) = d*(M, N) does. In addition, since gg is an
isometry and F' is a strong first-type PC, it follows that

* ~ N * [ A N 1 *
0 <C(d™(90@m(1), 90o), (@d” (am), Go) + (7)d" (M, N))

<(ad* (G, ao) + (%)d*(ﬂ/ﬂ N)) — d*(goam), goao)
d*(90Gm()> goGo) <ad™ (G, do) + (%)d*(M, N),
d" (am(1), @0) = d*(golm(), goao) < ad”(amq), ao) + (%)d*(M» N).
Therefore,
0 <C gy i), (3" (M, N)
(1—a)l

1

“d-a)

d* (M, N) = d* (G, Go)

& (1), G0) < ( d* (M, N).

1—aw)l
Therefore, the subsequence {a,,(;)} converges to the variable ao.

This completes the theorem argument. O

The following result provides the necessary and sufficient conditions for a contraction to
have the BPP.

Example 3.3. Presume that X = [0,1] and defined by d*(5,5) = |8 — 6|. Define
Fogo: X — X as FB = % 908 = 5. Then, d*(goB, FB) < dj(M,N) ¥ 8,6 € X. Put

S(t,5) = g7 — 1, G(5,1) =5 -, (X,d*) is a CMS for ¢ and { € Z.

¢(d*(gop, F'B3),d" (M, N))

LN
1+3|8—46] B+2 §+2



18- 7|ﬁ6+25—5ﬁ—25
2464 (B+2)(6+2)

_ B8 2084
24+186-6 B+2)(0+2) —

whenever 3,6 € X.
However, because f = % and § = % fulfill all the conditions indicating that the F and go

mappings have a specific fixed point. As such ﬁ is single point which is unique.



Chapter 4

Theorems of Fixed Points in
G-Metric and Generalized Metric

Spaces

This chapter discusses theorems of certain fixed points for G — v — -proximal cyclic
weak contractive mapping, a new method of SF fixed-point theoretical research. Also,

we illustrate common FPT for ap, — 1 contractive pair of mappings in G-M.S..

It consists of six parts. In the first part, we focus on the concept of G — v — ¥-proximal
loop weak contraction mapping in G-M.S.. The second part is about the FPT of the
weak contraction mapping of the PC. In the third part, we introduce the concept of
Z-contraction. In the fourth part, we compressed Z using simulation methods to prove
some FPT. In the fifth part, we introduced the new concept of ap — 1 contractive
mapping pair in g.m.s.. In the last section, we prove several common FPT with ap-

admissible mapping for class-(i) and class-(ii).

4.1 Notions of G—v—1-Proximal Cyclic Weak Contractive
Mapping

Mustafa and Sims [44] presented the G-metric notion and studied the topology of such

spaces.

71



We introduce the notions of G — v — ¥ - proximal cyclic weak contractive mapping in
G-M.S.. We initially believe that

v = {v:[0,00) = [0,00) s.t.v is nondecreasing and continuous},

v = {¢:]0,00) = [0,00) s.t.¢ is lower semicontinuous} (4.1)

da(2,9) = G(2,9,9) + G(§,2,1), V &, € X. (4.2)

Let (X,G) be a G-M.S.. Suppose P and @ are non-empty subsets of a G-M.S. (X, G).

Sets are described as follows:

Py = {meP:dg(m,n)=dg(P,Q) for somen € Q},
Qo = {ne@:dg(m,n)=de(P,Q) for some m € P}. (4.3)

where dg(P, Q) = inf{dg(m,n) : m € P,n € Q}.

The definitions are listed below:

Definition 4.1. Let (X,G) be a G-M.S. and P, @ be two non-empty subsets of X.

1. With respect to P, @ is considered to be roughly compact if every sequence {n, }
in Q, fulfill the criteria dg(m,n,) = dg(m, Q) for some m in P, has a convergent

subsequence.

2. Let S: PUQ — PUQ be a non - self mapping s.t. S(P) C @, S(Q) C P. We
say that S is generalized G — v — % - proximal cyclic weak contractive mapping if

for m,v,v* € P, w,n € Q.

G(",5m) = da(P,Q)
G(v,5v") = da(P,Q)
G(w,Sn) = dg(P,Q) (4.4)

v(G(v,v*,w)) < v(M(m,w,n)) — (M (m,w,n))

holds where v € T and ¢ € V.
and M(m,w,n) = mazx{G(m,w,n), G(m,Sm,Sm),G(n,Sn,Sn)}.



4.2 Theorems of Fixed Points for Proximal Cyclic Weak

contractive Mapping

Theorem 4.2. Let P,Q are two non-vacant subsets of a G-M.S. (X,G) such that
(P,G),(Q,G) are complete G-M.S., Py is non empty and Q is similarly compact to
P. Presume S : PUQ — PUQ is a G — v — 1 - proximal cyclic weak contractive
mapping s.t. S(P) C @, S(Q) € P and S(Py) € Qo. Then, S has a BPP, there is
unique z € P s.t. dg(2,52) = da(P, Q).

Proof. Since Py is not empty, we take mg in Py. Take m; = Smgy € S(Py) C @Q, so
da(mgo,m1) = dg(mo, Smgy) = dg(P, Q). Further, mo = Sm; € S(Qo) C P, it follows
that dg(m1,Sm1) = dg(mi,me) = da(P, Q). Recursively, we obtain a sequence {m, }
in PUQ satisfying

de(mysmys) = da(P,Q) for all v € NU {0} (4.5)
This shows that

dg(v*,Sm) = dg(P,Q)
dG(Ua SU*) = dG(Pv Q)
dG(wa Sn) = dG(Pa Q)

where m = my_1, v = Mypy1, V° = Mypp1, = My, W = M.

Therefore, from (4.4), we get

U(G(mr+la mei1, mr)) < U(M(mrfla my, mT‘)) - ¢(M(mr717 my, mr))

IN

U(M(mrfla my, mr))
where

M(mr—h mT7 m’l‘) = mal'{G(mr_l, mT7 mT): G(mr—b Smm Sm?‘); G<m’r7 SmT? Sm’r’)}
= max{G(my_1,m,,m;), G(my_1,my, my), G(my, Myi1,mMyp1)}

= max{G(my—1, My, my), G(My, Myy1,Myri1) }

If

M(my—1,mp,mp) = G(My, My 1, My 1),



then, we have

(G (my, M1, meg1) = V(G (M, M1, Myt1) — Y(G Mg, M1, M 41))

= v(G(my, My41,Mmr41)) =0
= Y(G(my, myy1,mr41)) =0
= My = M1,
which is not true, if for ro, mro = mroy1 = Smo,
then mry would become fixed point of S.

Then, we get

M(mrfla my, mr) = G(mrfla my, mr)-

Therefore,

IN

U(G(m’ﬁ Mr41, m'f-‘rl)) U(G(m’f—h my, mT")) - w(G(mT—la my, m’l“))

v(G(mp—1,mp,m;)) (4.6)

IA

which implies

G(mm myy1, mr—l—l) < G(mr—h mpy, mr)-

Therefore, the {G(m,, m, 1, m,1+1)} series decreases in RT and thus convergent to t, €
R*. Then, we're saying t, = 0. Conversely, assume t, > 0. Putting limit as r — +o0,

we get

v(ta) < v(ta) = P(ta) (4.7)

which denotes ¥(t,) = 0. i.e., t, = 0, this is the inverse. Consequently, ¢, = 0.
That is,

limy— 00 G(My,mMypgq,mMpgq) = 0. (4.8)

Let’s prove that {m,} (TOZOO) in (X, G) is a CS. Suppose, on the other side, there are € > 0
and corresponding {p(I)} and {¢(I)} sub-sections of N that satisfy p(I) > q(I) > [ where
q(1) is the smallest integer with

Gy, gy My My (py) = 0 (4.9)

Gy (i () 2 €



G(mp(f)’mq(f)fl’ mq(i)—l) <e€ (4.10)

A
Q
3

A
2

My(i) Mgy —1 Mg(iy—1) T G0y 1 Mgy Mg i)

< €+ G(mq([)il, mq([), mq(i)) (4.11)
Making [ — oo in (4.9), we get
limi_>+ooG(mp(Z), mq([),mq(i)) =e. (4.12)

Every [ € N; there is r(I) meets 0 < r(I) < p such that

q(l) —p(i) + r(Z) =1 mod m = 1(m).

Consequently, for every sufficiently large value of I,

A~ ~ ~

o(l) =p(l) —r(l) > 0 and M) and M) lie in the set P and Q respectively.

Now, using m = M1y ¥ vt = My gy =My ) and w = My iy

WAOISE

V(G gy Mgy 1 Mgy) < (WM my gy mg gy mgq))) = (M (my gy, my gyome )
< WGMyg) M) 10 00 (4.13)
where
M(my gy iy My qy) = maz{ G gy, my gy my ) )
Gy iy S0y ST(1y )y Gy gy, STy ST 1)) -

= mam{G(mo(Z)’ mq(i), mq(Z))y G(ml(,;) 5 ml(];)+17 ml(];:)-i-l)?

G My iy My iy 410 Mg(i) 423

Employing rectangle inequality repeatedly, we get

Gy gy, Mgy Myiiy) < G Moy Mgy 115 Moy 11) T GO0y 110 Mgy Ty i)

< G(m o(D)? Mo(i)+1 o(i)+1) +G(m o(D)+1° (l)+2’mo(i)+2)
+ G My 0) 49 Mgy My i)
p—1

1=l



or

p—1
G4y g 3y 1y 3y) = Glmy gy ) < 1Y Glmagymygy g mygy )]

i=l

Letting [ — 00, we get

lim[%ooG(mp(lA)’mq(lA)’mq(i)) =e. (4.14)
Using rectangular inequality, we get
G0y Ma(iy1 My er) = Gy Mgy Myyen) T G0 410 Mg(iy 1 My)

On letting [ = o0

limlA—moG(mo(lA)’ mq(i)-i—l’ mq([)) = €. (4.15)

If we move the limit as [ — oo in (4.13) and use (4.14), (4.15), we get

v(€) = (v(maa{e, 0,0}) - ((mazfe,0,0})) = v(e) - ¥(e)

and hence v(e) = 0 or ¥ (e) = 0, therefore e = 0 which is a conflict so that {m,} is not
G - Cauchy. Therefore, {m,} is a CS.

Since, P and @ are complete, there is 2 € P C P U @Q such that m, — Z as r — 2.

On the contrary, r € N,
da(2,Q) < dg(z,5m;) = dg(2,mr4+1) < dg(2, my)+da(my, mpy1) < dg(Z,m,)+da(P, Q).
Putting limit as r — oo, we get

da(2,Q) < limit,+00dc(2,5m;) = da(P, Q) = da (2, Q).

Because () is about compact to P, so {Sm,} has a subsequence {qu(l;)} converges to

acertain n®* € Q C PUQ.

dg(z,n") = limrﬁoodg(mq([), qu([)) =da(P,Q)

and so Z € Py.

Now, since z € S(Py) C Qo, there exists | € Py such that dg(l,S2) = dg(P, Q).



Now, we claim o = 2. For this, with m =m,_1, n=m,, 2 =m,, v =0, v* = 2, we get

G(27 o, mr) S U(M(m’r‘—la my, mr)) - w(M(m’l‘—h my, m’r‘))
< (U(max{G(m'r—la my, mT)7 G(m'f—la my, mT)a G(m'r'—17 my, m'r’)}

_(max{G(mTfla my, m?"); G(mrfb my, mT’)a G(mTfla my, mr)}

Making r — oo, we have

Then, G(2,0,2) = 0. i.e., 0 = 2. Thus, dg(%2,5%2) = da(P, Q).

Therefore, S has BPP. ]

Theorem (4.2), we take v(tq) = tq and ¥(ts) = (0 — )ty where [ € (0,1) and 0 <[ < 1.

Corollary 4.3. Let P,Q be two subsets of a G-M.S. (X,G) s.t. (P,G) is a complete
G-M.S.. Py be non-empty and Q be approximately compact with respect to P.

Let us suppose S : P — @ is a non-self mapping s.t. S(Py) C Qo and S(Qo) C Py and
forv,v*,m € P and w,n € Q.

where M(m,w,n) = maz{G(m,w,n),G(m, Sm, Sm), G(m, Sm, Sm)} and [ € (0,1).

Then, S has the BPP.

In this Theorem (4.2), we will use integral type functions to make a new Consequence.

Corollary 4.4. Let P,Q be two non-void members of a G-M.S. (X,G) s.t. (P,G) is a
full G-M.S., Py is non-empty and Q) is essentially compact with respect to P.

Suppose that S : PUQ — P UQ satisfying

1.5(P)c@Q, 5@Q)cPp,



=l (B oo [ (MG oo | (MG,

where v € T and Y € V.

M(m,w,n) = maz{G(m,w,n),G(m,Sm,Sm), G(n, Sn,Sn)},

where m,v,v* € P, w,n € Q. Then, S has a BPP.

One found certain fixed-point results as an application of our best results in proximity.
Note that if,
dg(v*, Sm) = da(P, Q)
da (v, Sv*) = da(P, Q)
de(w, Sn) = da(P, Q)
and P=Q = X, then v=Sm,v* = Sv and w = Sn.
That is, v* = S%m.
If we consider P = @ = X, in Theorem (4.2), we take below results:

Theorem 4.5. Let X be a complete G-M.S. and the S self-map meets the conditions
below; V. m,n € X where v € Y and ¢ € U,

v(G(v*,v,w) < v(M(m,w,n)) —Pp(M(m,w,n)).

v(G(S*m, Sm, Sn)) < v(M(m,Sn,n)) — (M (m, Sn,n))
. Then, S has a unique fixed point.

Corollary 4.6. Let (X,G) be a complete G-M.S. and S be a map that meets the condi-
tions V m,n € X, where 0 < s <1,

G(S*m, Sm, Sn) < sG(m, Sn,n).

A unique fized point S.



4.3 The Concept of Z-Contract With Simulation Function

The well-known BCP [8] guarantees the presence and consistency of a fixed point of
contraction on a CMS. Following that concept, many scholars extended this theory by
adding the separate contractions on MS [14, 16, 26, 27, 40]. Within this work, we add

a mapping method called SF and Z-contraction notion.

Example 4.1. Let (M,0) be the CMS then, G : M x M x M — [0,00) set to G(5,w,d) =
maz{d(f,w),d(w,9),0(8,8)} V B,w,d € M is a G-M.S..

As we have already define SF (1.3)

Lemma 4.7. Suppose (M,G) is G-M.S., and f : M — M is about the contraction of
C € Z. Then, f approaches the rule at each B € M.

Proof. Let it be random, 5 € M. If it is p € N, we have got

fPB = fPH13, that is fw = w, where w = fP~13, that is f§ = &, where 6 = P18

then, ffw = " fw=f"lw=..=fw=wVneN. Next, for n € N, which is large

enough, we get

GUf"B, fH1B, [PTB) = G g, fr PR e g, R )
_ g(fnprrlw7 fnfp+2w, fn*p+2w)

= G(w,w,w) = 0.

Therefore, lim,ooG(f"8, f*T18, f*T15) = 0.

Suppose, 3 # 71 for all n € N, then it follows from (1.19) that

0

IN

G B, 178, f7B), G(f"B, 7B, 11 B))
G B, F I8, FF8), G B, f 1B, 1771 B))
Sg(fnﬁvfn_lﬁvfn_lﬁ)_g(fn—‘rlﬁafnﬂvfnﬁ)'

g
g

This suggests that {G(f"8, f*~ '8, f*~!18)} is a sequence of non-negative real numbers

that monotonically decreases, it has to be convergent.



Presume that lim,cG(f"3, f"8, f*18) = r > 0. If r > 0 therefore f is Z-

contraction relative to { therefore, we have

0< limnHOOSUPC(g(fn—i_lﬂv fnﬁv fnﬁ)7 g(fnﬁ7 fﬂ_lﬁ? fn_lﬁ)) <0.

This contradiction shows that r = 0, i.e. lim, ooG(f"B, f*13, f713) = 0. is shown

by this inconsistency. Therefore, f at [ is an asymptotic periodic map. O

Lemma 4.8. Let (M,G) be a G-M.S., f : M — M be a Z-contraction. Then, {8}
Picard sequence with an initial value By € M generated by f is a bounded sequence,

where By, = fBn—1 is used for n € N.

Proof. Let By € M be random and let the Picard series be {f,}, i.e. B, = ffBn-1 V
n € N. Assume, on the other hand, here is no constraint to {3,}. We can assume with
WLOG that Sy4p # Bn V n,p € N. Since {f,} is not bounded, 3 a subsequence {3, }

occurs in such a way that ny = 1 and each ¢* € N, ngay1 is the minimum integer s.t.

G (Bn(g*)+1> Bnige)> Bn(gw) > 1

and

g(ﬂﬂ’w Bn(qa)a /Bn(qa)) < 1

for nge <m < N(gay+1 — L

Therefore, with triangular inequality, we have

1< g(ﬁn(q“)—i—l?ﬁn(q”)? 6n(q“)) < g(ﬁn(q“)-&-l?ﬂn(q“)-{-l -1, ﬁn(q“)—i—l - 1) + g(ﬁn(qa)—l—l - 176n(qa)a Bn(q“))
< g(ﬁn(q“)—l—l?ﬁn(g“)—&-l - 17ﬁn(qa)+1 - 1) + L

Making k£ — oo and use Lemma (4.7) we get
limq”—)oog(/é}n(qa)+17 6n(qa)7/8n(q“)) =1

By (119)7 we get g(ﬁn(qa)—ﬁ—la Bn(q“)w@n(q“)) < g(ﬁn(q“)-{—l -1, 5n(qa)—1a /Bn(qa)—l)7 therefore
use the above triangular inequality, we obtain

1< G(Bn(gny+1 Bg)s Bnige) < G(Bnigy+1 =1 Buign) 15 B(gn) 1)
< g(ﬁn(q”)—i—l — 1’ Bn(qa)? /Bn(q“)) + g(ﬂn(qa)7/Bn(qa)_hﬂn(qa)—l)
< 1+ G(Buge)s Bu(ge)—1» Ba(ge)-1)-

Letting ¢ — oo and using Lemma (4.7), we obtain



limqaﬁoog(ﬁn(q’l)—i—l - 13/8n(q’1)—1>6n(q'1)—1) =L

Now, since f is a Z-contraction, therefore, it become

0< limq“—)oosupC(g(fﬂn(qa)—‘rl -1 fﬁn(qa)—la fﬂn(qa)—l))
= limqa%oosupC(g(Bn(qa)—&—la ﬁn(q“)? Bn(qa))a g(ﬁn(qa)—s—l -1 ﬂn(qa)—lv Bn(qa)—l)) <0.

This contradiction proves result. O

4.4 Fixed Point Theorems Using Simulation Function for

Z-Contraction

Theorem 4.9. Presume (M, G) is a G-M.S. and f : M — M be a Z-contraction. Then,
f has a unique fized point u in M and for every By € X the Picard sequence {3, } where
Bn = fBn—1 converges to the fixed point of f.

Proof. Let 5y € M be arbitrary and {3,} be the Picard sequence, that is, 8, = ffn—1.
We’ll demonstrate that this sequence is a CS. Let’s do it this way,

Cn = Sup{g(ﬁwﬁjvﬁj) : 1)) > n}

Note that {3, } is a monotonically positive real sequence and that the {8n} sequence is
bounded by Lemma (4.8), so C,, < oo ¥V n € N. Thus, {C,} is monotone bounded series,
thus a convergent series, i.e. C > 0 s.t. lim,—0Cr, = C. We are expected to demonstrate

that C = 0. If C > 0 then by the Definition C,, for every ¢* € N 3 mge > nge > ¢* and

1
Car = 67“ < g(ﬁm(q“)vﬁn(qa)»ﬂn(q“)) < Cga

Hence,
limqa%mg(ﬁm(qa), Bn(qa), ﬁn(qa)) § an. (416)

Using (1.19) and the triangular inequality, we obtain
g(ﬁm(q“) ’ /Bn(q“)? 6n(qa)) < g(ﬁm(qa)—la Bn(qa)—la /Bn(qa)—l)

< g(ﬁm(q“)—la Bm(q“)a 6m(qa)) + g(ﬁm(qa)v Bn(q“) ) Bn(q“))
+ g(ﬂn(qa)a ﬁn(q“)—la Bn(q“)—l)-



Using Lemma (4.7), (4.16) and letting ¢* — oo in the above inequality, it become

limqa%mg(ﬁm(qa),l, 5n(qa),1, 5n(qa),1> =C. (4.17)

Since T is a Z-contraction, therefore using (1.19), (4.16), (4.17) and ({2), we get

0< limqaﬂoosupC(g(ﬁm(qa)—l, ﬂn(qa)—la Bn(qa)—l)v g(ﬁm(q“)a Bn(qa)a Bn(qa))) <0.

This inconsistency shows that C = 0 and thus {#,} is a CS. Since M a full G-MS file,
u € M exists, so lim, o8, = u. We can demonstrate that u is a fixed point of f.
Suppose fu # u then G(u, fu, fu) > 0. Again, using (1.19), (1, (2 (1.3) already defined

as in previous chapter, we have

0< limn—)ooSUpg(g(fﬂm fu, fu)v G(/an u, u))
< llmn_ﬂ,oSUPC[g(ﬁm u, U,) - g(,anl, fua f’LL)]
- _g(u7 fua fu)

This contradiction shows that G(u, fu, fu) = 0, i.e. fu = u. Thus, u is a fixed point of
[ O

Example 4.2. Take M = [0,1] and G be defined by G(B,w,d) = mazx{|f — w|,|w —
81,16 — B|}. Then, (M,G) is a complete G-M.S.. Define a mapping f : M — M as
fB= % for all B € M. It is a Z-contraction, where

5
C(t,s) = o t for all t,s € [0, 00).
Indeed, if B,w € M, then by a simple calculation it can be shown that
Obuviously, 0 is the f fized point.

There are some consequences as follows:

Corollary 4.10. Presume (M,G) be a complete G-M.S. and f : M — M be a map
which meets the condition: G(ff, fw, f6) < AG(B,w,0) for all B,w,d6 € M, where A is
in the range [0, 1]. Then, in M, f has a single fixed point.

1. Define (g : [0,00) x [0,00) = R by

(B(t,5,8) = As —t V s,t € [0,00). [t’s worth noting that the mapping f is a

Z-contraction in terms of (p € Z.



As a consequence of taking ¢ = (g in Theorem (4.9), the outcome is as follows: .

2. Define (g : [0,00) x [0,00) — R by
CR(t7575):5_¢(5)_t Vooste [0,00)
It’s important to note that the mapping f is a Z-contraction w.r.t. (g € Z.

Taking ¢ = Cr in Theorem (4.9) as an example, the result follows.

3. Define (g : [0,00) x [0,00) — R by

Cr(t,s,8) =sp(s) —t forall s,t€]0,00).

4. Note that, the mapping f is a Z-contraction w.r.t. (g € 2.
Therefore, the result follows by taking ¢ = (g in Theorem (4.9).
Define (gW :[0,00) x [0,00) — R by

(W (t,s,5) =sn(s) —t forall s,te][0,00).
Note that, the mapping f is a Z-contraction with respect to (gW € Z.
Therefore, the result follows by taking ( = (gW in Theorem (4.9).

5. Define (i : [0,00) x [0,00) — R by
(r(ts,8)=s5— [ (é)qﬁ(u)du for all  s,te€|0,00).
Then, (g € Z.

Therefore, the result follows by taking ¢ = Cx in Theorem (4.9).

4.5 New Concepts of (a;,—1;,) Contractive Pair of Mappings

in Generalized Metric Space

Branciari [15] has implemented the g.m.s. definition. Thus, any MS is a g.m.s., but
the converse is not valid for [29]. In such a space he proved the Banach FPT. The
reader might refer to [31, 34, 37, 42] for more information. We remember the notion

that Branciari [15] implemented a g.m.s..

Proposition Let {7,} is a CS in a gm.s. (M,d) with lim,,—cod(Fa, M) = 0, where
M e X. At that point limmy,_eed(Fu,6) = d(M,8), for all § € M. In Particular, {¥,}

series does not converge to J if § # M.

As earlier in the previous chapter, we have already defined SF (1.3). We start this by

introducing the new concepts of ay — 1, contractive pair of mappings.



Definition 4.11. Let (X,d) be a gm.s., S : X x X be a map. We claim that S is a
generalized (ap, ¥p)-type-I-contractive mapping regards ¢ and ¢ € Z if there are a3 :x
xX — [0,00) and iy, € ¥y, s.t.

C(aw(k,D)d(Sk, S1), (M (K, 1)) > 0,
o (k, 1)d(Sk, S1) < y(My(k,1)), for all k,1 € X, (4.18)
where
M (k,1) = maz{d(k,1),d(k, Sk),d(l, SI)}. (4.19)

Definition 4.12. Assume (X, d) be a g.m.s. and S be a mapping. We say that S is a
generalized (ap, ¥y )-type-Il-contractive mapping and ¢ € Z if there are two functions oy
and ¥y € Uy s.t.

Claw(k, Dd(Sk, 51), (N1 (K, 1)) = 0,

ay(k, 1)d(Sk, SI) < by(N1(k, 1)), for all k,1 € X, (4.20)
where
Ni(k,1) = maz{d(k,1), d(k, Tk) 2+ d, ) }. (4.21)

4.6 Fixed Point Theorems for class-(i), class-(ii) with a-

Admissible Mapping

Theorem 4.13. Let the g.m.s. be (X, ci), and S : X x X be the mapping provided. We
are claiming S is a (ap, ¥p) -class-(1)-contractive mapping generalised. Assume that the
fact is

1. S is ap-admissible;

2. there is kg € X s.t. ab(ko,gko) >1 and ab(ko,SQko) >1;

3. S is constant.
Therefore, v € X occurs such that Sv = .

Proof. There is one point, by assumption (2), ko € X s.t. ay(ko, Sko) > 1 and oy (ko, S%ko) >
1. We have a sequence specified as {k;} in X by ki41 = Sk, = gt“k‘o, V¢t > 0. Expect



that ki, = ki 41 for some to. Since v = ki, = kiy+1 = S ki, = Sw. Therefore, all through

the verification, we assume that
ki # kyyq for all ¢. (4.22)
Look out for this
ap(ko, k1) = ap(ko, Sko) > 1 = ay(Sko, Sk1) = ap(k1, k) > 1,
Since S is aj-admissible, we infer
ap(ky, ki) > 1, forall t =0,1,2, ... (4.23)
By utilizing a similar method, we get
ap(ko, k2) = ap(ko, S?ko) > 1 = ap(Sko, Ska) = ap(k, ko) > 1,
The expression above yields
ap(ky, ko) > 1, for all m =0,1,2, ... (4.24)

Step I: We’ll show

limtﬁood(k‘t, ktJrl) =0. (425)

Combining (4.18) and (4.23), we find that

0 < C(ap(ke—1, km)d(Ski—1, Skm)), Yo (M (ki_1, kt)))
< Pp(My (ky—1, kt)) — cp(ke—1, ke )d(Sky—1, Sky)
(ko1 ke )d(Ske_1, Skt) < by (M (o1, kt))

)
)
J(kt, kiy1) = J(Sktflys’k’t) < O‘b(ktfbkt)cz(gktfla gkt) <y (Mi(ki—1,kt)), (4.26)

for all £ > 1, where

My (kv ke) = maz{d(ki_1, k), d(ki—1, Ske—1), d(ke, Sky)}
= max{d(ki_1, k), d(ke_1, ke), d(ke, ke1)}
= max{d(kt_l,k:t),d(kt, kt+1)}. (427)

If for some ¢, My (ky_1, ki) = d(ks, key1)( 0), then the inequality (4.26) turns into

Ak, kry1) < Op(My(k—1, ke)) = Up(d(ke, k1) < d(k, ki),



a contradiction. Hence M (ki—1, ki) = d(ki—1, ki), for all t € N, and (4.26) becomes

0 < ¢(d(ke, ks1), u(d(ke—1, km)))
< hyp(d(ke—1, k) — d(ke, key1)
d(k‘t, kt+1) < lﬁb( (k‘t 1, k}t)), for all t € N. (428)

This yields

0 < ¢(d(ke, k1), d(ke—1, ke))
< d(kta k1) — d(km kit1)
d(ky, ki) < d(ke_1, ky), for all t € N. (4.29)

By (4.28), we have

< ((d(ke, ksr), p(d(ko, kr)))
< p(d(ko, k1)) — d(ke, ke11)
d(ke, k1) < (d(ko, k1)), for all ¢ € N. (4.30)

Through the 1, property, it is obvious that

llmm%ood(k‘ta ktJrl) =0

Step II: We will show
limt%ooci(k:t, k‘t+2) =0. (431)

By (4.18) and (4.24), we get

0 < C(ewp(ki—1, kt1)d(Ski—1, Skrs1), Yo (M (ki—1, ker1)))
< by (M (kg1 kri1)) — (ko1 ke1)d(Ske—1, Skiyr)
ap(ke—1, ki) d(Ski—1, Skis1) < V(M (ke—1, kit))-
d(ks, kiro) = d(Ski1,Skii1) < ap(ke_1, kry1)d(Ski—1, Skey1)
@Zjb(Ml(kt,l’ kt+1))7 (432)

IN

for all t > 1, where

Ml(kt—lakt) = mal’{d(kt—hktﬂ) (kt 175kt 1) (kt+17kt+2)}
= max{d(ki_1, key1), d(ki_1, kt), (g1, ko). (4.33)



By (4.31), we have
My (ky—1, key1) = maz{d(ki—1, key1), d(ke—1, k) }.

Thus, from (4.33)

bt = d(k‘t, ktJrQ) S 1/Jb(M1(]€t,1, k?t+1)) = Qﬁb(mam{bt,l,ct,l}), for all ¢ e N. (434)

Again, by (4.31)

ct < cpm1 <max{b1,¢-1}

Therefore, the maxz{b;, ¢;} sequence is non-increasing in monotony, and it converges to
any t > 0. Suppose, r > 0.
Now, by (4.25)

limi—sooby = limy_soosupmax{b, ¢} = limy_oomaz{b, c;} = r.
Putting m — oo in (4.34), we get

2 = limy_sooby < limy—soosupthp(max{bi_1,ci—1})
< Yp(limy—oomax{bi_1,ci—1})

=p(r)<r

which appeared to be a contradiction.
Step III: We’ll show

ki # kj, every t # j. (4.35)

For all of that t,j € N, presume k; = k; with ¢ # j. Since J(ks,ks+1) > 0, for each
s € N. without loss of consensus, we may expect that j >t + 1.

Examine it next,

0 S C(ab( j—1, )N(S J— 175k ) wb(Ml(kJ_lﬁk)))
< op(My(kj-1, kj)) — aw(kj—1, k;)d(Skj 1, Skj)
ap(kj—1,k;)d(Skj_1, Skj) < bp(Mi(kj-1,kj))

d(ke, key1) = d(ke, Ske) = d(kj, Skj) = d(Skj_1,Sk;) < ap(kj_1,k;)d(Sk;_1, Skj)
< Yp(Mi(kj—1,kj)). (4.36)

N



where

My(kj1,kj) = max{d(kj-1,k;),d(kj-1,Skj1),d(kj, Sk;)}
= mazx{d(kj_1,k;),d(k;j_1,k;),d(kj, Sk;)}
= maz{d(kj-1, k;),d(kj, kj+1)}.

If M1 (kj, k‘jfl) = d(k?jfl, kj), then from (436), we get

d(kt, ker1) = d(ke, Ski) = d(ky, Sk;j)
= d(kj, kj+1) < ap(kj, kjs1)d(Skj-1, Sk;)
< (M (kg ke)) = Yo(d(keg, k)
< ) (d(ke, ki)

If My(kj_1,k;) = d(k;, kji1), (4.36) becomes

d(ky, Sky) = d(kj, Sk;)
d(Skj_1,Sk;) < ap(kj_1,k;)d(Skj_1, Sk;)
Uo(Mi(kj-1, k7)) = Pu(d(kj, ki)

U (d (ke ki)

J(kn kiv1)

IN I

IA

Due to a property of 1y, (4.38) and (4.39) together yields
d(key, krsr) < W (d(ke, ki) < d(ke, i)
and
d(kr, kerr) < 9T Hd(ke ig)) < d(Re ki),

respectively. There is a contradiction in each case.

Step IV: We must show {k;} to be a CS, that is,

limy—ood(ky, k) = 0, for all h* € N.

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

Two cases arise: h* =1 and h* = 2 are proved by (4.25) and (4.31) respectively. Now,

carry on the arbitrary h* > 3. Two situations are plenty to look at.

Situation(I): Expect that h* = 20 + 1, where j > 1. Next, along with Phase-III and



Quadrilateral Inequality (4.30), we consider

d(ke, ki) = d(ke, bt + 25 +1) < d(kg, kevr) + d(keyr, ko) + oo+ d(keyog, kiraji)
t42j-1

> e (d(ko, k1))

p=t+2

IN

IN

+oo
> 4 (d(ko, k1)) = 0 as t — oo (4.43)
p=t

Case (II): Assume h* = 2j, where j > 2 is. By the implementation of quadrilateral

inequalities and step-III along with (4.30), we consider again

(ke keyns) = d(ke, bt +25) < d(ke, kir) + d(kegn, keya) + o+ d(keyaj1, krra))
t4+2j

< d(ky ko) + Z Wy (d(ko, k1))

p=t

+oo
< d(kr, ko) + Y P (d(ko, k1)) — 0 as t — oo, (4.44)

p=t
Now, from these two expressions (4.43) and (4.44), we have

Lim so0d(kj, kjype) =0, for all B* > 3.

We conclude that a CS in (X, d) is {k:}. Due to the completeness of (X,d), it occurs in

such a way that v € X occurs

Because S is continuous, we get that from (4.45)
limt%wd(kt_ﬂ, 5’1}) = llmtﬁoodv(gkt, S’U) = 0, (446)

that is, lim—ockir1 = Sw.

Considering Proposition (4.5), we infer that Sv = v, i.e. v be fixed point of S.

The below sentence is taken from the (4.13) Theorem due to the inequality of Ni(k,[) <
My (k). O

Theorem 4.14. Let the g.m.s. be (X, J) and S : X x X be the mapping provided. Ezpect
that Sv = v be fized point of S. We say that S is a generalized (cw, 1p)-class-(ii)-
contractive mapping. Assume that

1. S is ap-admissible;

2. there is ko € S such that ay(ko, Sko) > 1 and ay(ko, S%ko) > 1;



3. S is constant.

There is then v € X such that Sv = v.
Theorem 4.15. If S is a generalized (v, y)-class-(i)-contractive mapping on g.m.s.
(%,d). Assume that
1. S is ap-admissible;
2. there is kg € X s.t. ab(ko,gko) >1 and ab(ko,,§'2k0) >1
3. if {kt} is a X sequence like ap(ke, kiy1) > 1,V t and ky — k € X as t — oo, then
there is a {ki(h*)} subsequence of {ki}, like ap(ke(h*),x) > 1,V h*.

So v € X exists, such that Sv = v.

Proof. We know the {k;} series defined by ki y; = S k: ¥V t > 0is a CS and converges to
some v € X. Provided the Preposition (4.5),

limpood (k1) 41, Sv) = d(v, Sv). (4.47)

Now, we 're going to know Sv = v. On the opposite, assume that Sv # v, SO CZ(S’U, v) >
0. The subsequence {k¢(h*)} of {k:} occurs from (4.23) and (3) in such a way that
ap(ki(h*),v) > 1, for all h*.
By applying (4.18), we get

0 < C((aw(kegnry, v)d(Ski(ey, v)), Yo (M ki), v)))
< Py (M (kg v) — p(Kigpey, v)d(Sky(gpe, v)
ap (kyny, 0)A(Skyey, v) < Yp(My (kg v))

J(kt(h*)+1a SU) < ab(kt(h*)vv)d(gkt(h*)a SU) < ¢b(M1(k‘t(h*)a v)), (4.48)
where

My (kygey,v) = maz{d(kypry, v), d(kyney, Skiney), d(v, Sv)}
= max{d(kt(h*),v),d(k t(h*)> kt(h*)-‘,—l) d( SU)} (449)

By (4.25) and (4.47), we have

~

limh*—)ooMl(kt(h*)’v) == d~(’U,S’U). (450)



Making h* — oo in (4.48) and regarding that 1, is upper semi continuous
d(v, Sv) < p(d(v, Sv)) < d(v, Sv), (4.51)

That’s one contradiction. But we consider v to be a fixed point of S , that is, Sv = v.
The upper semi-continuity hypothesis of v, is not needed below. For the generalized
class-(ii) ap — 1y contractive mappings we have the following, which is similar to (4.15),

we have the following for the generalized class-(ii) .

Theorem 4.16. If S s generalized (ap, Yy)-type-1I-contractive pair of mappings on
g.m.s. (%,d),

1. S is ap-admissible;

2. ko € X exists s.t. Oé(kio,gkg) > 1 and oz(k:o,SQkO) > 1 are available;

3. if {ki} is a sequence in X s.t. ap(ke,kip1) > 1,V t and by — X € X ast — oo,
then 3 a subsequence {ki(h*)} of {ki} s.t. ap(ki(h*),v) > 1, for all h*.

Then 3 v € X s.t. Sv=v.

We know that the sequence k11 = Sky, ¥V'm > 0is cauchy and converges to some v € X
after proof of this theorem is the same as the Theorem (4.15). Similarly, in Proposition

(4.5), we obtain
limps—yo0d(ki(pey 41, Sv) = d(v, Sv). (4.52)

We will show that Sv = v. Assume that Sv # v. From (4.23) and condition (3), there
is a {ki(h*)} subsequence to {k;} such that ap(k¢(h*),v) > 1, for all h*. By applying
(4.20), for all h*, we get

0 < Clap(kry, v)d(Skiey, S0), o (N1 (i), v)))
< Py (N1 (kyneys v) — p(kigney, v)d(Skigey, Sv)
ab(kt(h*),v)d(skt(h*) S’U) < ’l/}b(Nl(kt h* ,’U))

d(ky(py 41, 90) < ap(kyuey, V)d(Skyney, Sv) < Py (N1 (ky(ey, v), (4.53)

where

] Ay
Ni(kyghey,v) = maz{d(kypey, v), t 5 1. (4.54)



Letting h* — oo in (4.53), we have

. d(v, Sv
llmh*ﬁoo]\h(kt(h*),v) = ( B ) (455)

From (4.55), for a sufficiently large h*, we have Ny (K, v) > 0, which means

0 < C(¥p(N1(ke(ne), v)), N1(ky(pey,v))
< Nl(kt(h*)vv) — wb(Nl(k't(h*),U))
Yo (N1 (Ky(ney, v)) < Ni(kee), ).

We have h* big enough from (4.55),
Yo (N1 (k(ne), ) < Ni(Ky(peys v).

Thus, from (4.53) and (4.55), we have

this’s the fallacy.
We therefore consider v to be S as a fixed point. And that is, Sv = . O



Chapter 5

Theorems on fixed points in

Partial Metric Space

We are showing some common FPT in PMS with cyclic rational contraction in this sec-
tion, adding some new sorts of cyclic (¢, ¢1, I, J)-rational contraction in PMS settings,
an altering distance function. There’s also an illustration given to help our findings and
validated implementation of the data. It is composed of two parts. In first part, we
introduce the new notions of cyclic (¢1, ¢1, I, J)-rational contraction in the settings of
PMS. In the second part, we prove certain theorems of fixed points in PMS. There is

one example and one application of key cyclic contraction results.

5.1 New Notions of Cyclic (¢1, ¢1, 1, J)-Rational Contrac-

tion

In PMS, we introduce the new notions of cyclic (11, ¢1, I, J)-rational contraction. Agar-
wal et al. [2] began the FPT analysis for complete PMS mappings that satisfy cyclically

generalised contractive conditions. Matthews [39] presented the definition of PMS.

Now we implement the modern notion of cyclic (i1, ¢1, 1, J)-rational contraction in

PMS, mentioned earlier:
Definition 5.1. Suppose I, J be two disjoint members of a PMS (X,p). An R: X — X
mapping is referred to as a cyclical (¢1, ¢1, I, J)-rational contraction if

1. 91 and ¢ are changing the distance function.

2. Cyclic representation of I U J is w.r.t. R;
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In other terms R(I) C J and R(J) C I.

3.
. p(2, R2)p(2, RY) + p(y, RY)p(9, R)
B (%, RZ)p(Z, Ry) + p(4, RY)p(y, RT)
aul p(a, Ry) + p(y, Ri) ) 6D

forallz € I and g € J.

5.2 Theorems of fixed point in PMS with cyclic Rational

contraction

Theorem 5.2. Let I and J be non-empty, with (X,p) PMS subsets closed. If R : X —
X is a cyclic (Y1, ¢1,1,J) - rational contraction, then R has a CFPw € INJ.

Proof. Let us have &g € I. Because RI C J, we pick 1 € J to RTy = Z1. Also, we
choose Ty € I since RJ C I such that Rz = Z9. We will start with this method and
create sequences {#;} in X such that T € I, @911 € J, &9i11 = Rig and Zog19 =
Riopq. If To1y41 = @oy,42 for some [ € N, then Z9;,11 = RZ9,+1. Therefore, 29,41 is a

fixed point of R in I NJ. And we would say Zo;411 # Z9142 VI € N.

Provided with [ € N. If [ is even, then for any [ = 2@, k € N.

Y1(P(Z141, T142))
= Y1(p(T2a+1, T2a+2))
= Y1(p(R2a, RT25+1))
I(P(ifQ&, Ri25)p(22a, REoa41) + P(T2a+1, R¥2a+1)p (22641, Ri2a) )
p(T2a, RToa+1) + p(T2a+1, REoa
p(Z2a, RT2a)p(Z2a, RE2a+1) + p(Z2a+1, RT2a+1)p(T2a+1, RE2a) )
p(Z2a, R2a+1) + p(Z2a+1, RT2a)
0 (Z2a, T2a+1)P(Z2a, T2a+2) + P(T2a+1, T2a+2)P(T2a+1, T2a11) )
p(Z2a, Toa+2) + P(Z2a+1, T2a41)
(Z2a, Toa+1)0(T2a, T2a+2) + P(Z26+1, T2a+2)P (T2a+15 T2a+1) )
p(Z2a, Z2a+2) + p(Z2a+1, T2a+1) '

- ¢1(

= 11 (

— (P




If p(Z2a, T2a+1) < P(Z2a+1, L2a+2), then

1(p(Z2a+1, T26+2))

(Z2a-+1, T2a+2)P (L2641, T26+1) )

wl(lﬂ(fﬁzdﬂ,@dw) p(Z2a, Toat2) +
(SAU 20y x2a+2) +
+

= =

p(Z2a+1, Toa+2

(2641, T2a+1)

7¢1(P(562d+1,3?2a+2)13(53 28, T2a+2)
p(Z2a, T2a+2) + P(T2a+1, T2a+1

= P1(p(Z2a+1, T2ar2)) — P1(P(T2a+1, T2a+2))
< (p(Z2a11, T2a+2))

< p(226+1, T2a+2),
then,
V1(p(Z2a41, Bogppnara)) < Y1(P(Z2a+41, T2a+2)) — d1(P(Z25+1, T2a+2))-
Therefore, ¢1(p(Z2a+1,Z2a+2)) = 0 and hence
p(Z2a41, F2a42) = 0.
By (1) and (2) of definition of PMS.
Tog+1 = Toa+2, a contradiction.

Therefore, V1 (p(Z2a+1, T2a+2)) = P(&2a, L2a+1)-

Hence,
p(Z2a+1, T2a+2) = P(T2a+1, T2a+2)
< p(Z2a, T2a+1)
= p(&, T141),
and

V1(p(Eig1, Biv2) < Y1(p(E, Big1)) — o1(p(21, B141))-

0(L2641, T2g11) )
)

(5.3)



If [ is odd, then [ = 2@ + 1, & € N.

From (5.3), we have reference to

¢1 (p(jn+la in+2))
= Y1(p(22a+2, T26+3))
= P1(p(RZ2a+2, RT2511))
< ¢1(P(332d+2, Rii‘2&+2)}3(56%d+2, Riﬁ%aﬂ) + P(JAU%&H, R@%dﬂ)lﬂ(iﬁzdﬂ, R@2d+2))
p(Z2a+2, RE2a+1) + p(Z2a+1, Ri2a)
_ gbl(P(@a,Ri"zd)P 2a, RT2641) +p(33"2a+1,R92'2a+1)P(532a+1,R@d))
(Z2a, RE2a+1) + p(Z2a+1, RT2a+2)
¢1(p(§c2d+2’ T2643)P (2512, T2a+2) + P(T2a+1, T2a+2)P (L2641, T2a+3) )
p(Zoa+2, T2a+2) + (2641, T2a+3)
p(£26+2, T2a+3)P(225+2, T2a+2
— ¢1( SO
p(Z2a+2, T2at2

) + p(Z2a41, Toa+2)p(T2a+1, 562a+3))
) + p(Z2a+1, T26+3) ’

If p(Z2a, Z2a+1) < P(£26+1, T2a+2), then

1(p(Z2a+2, £26+3))
_ wl(p(i’mw, Z2a+3)P(T2a+2, Toat2) +
p(Z2a+2, Toat2) +
T26+2, 24 +
_ ¢1<P($2 +2, 2 +3)EE

= Y1(p(Z2a+2, T2a+3) — P1(P(Z9fos T2a+3))

p(Z2a+2, P2a+1)P(F2a+1, $25+3) )
p(%2a+1, T25+3)

p(%2a+2, £26+1)P(Z2a+1, £26+3) )
2642, Tog+2) + P(T2a+1, T2a+3)

Z2a+2, T2a+2)
T

< (p(Z2a42, T26+3)

< p(22a+2, T26+3)-
then,

P1(p(Z2a42, T2a+3)) < V1 (p(Toa+2, T2a+3)) — O1(P(T2a+2, T2a+3))-

Therefore, ¢1(p(Z2a+2, Z2a+3)) = 0 and hence
p(Z2a+2, T2a+3) = 0.

Through (1) and (2)

Tog+2 = T2a+3, a contradiction.

Therefore, V1 (p(Z2a+2, T2a+3)) = P(L2a+1, T2a+2). Hence,

p(L2a+2,T2a+3) = P(L2ar2, T2a+3)

IN

(22641, T2a+2)

= p(Z1, T141)- (5.4)



and

V1(p(Zi41, Big2)) < 1(p(8r, Bi41)) — D10, 41))- (5.5)
From (5.2) and (5.4), we get

{p(Zi41,2%n) : | € N} is a non-decreasing number, and thus s > 0 occurs in such a way

that it does not decrease.

lZmn—)oop(t%la C%ZJrl) =Ss.

We get from (5.3) and (5.6),

D1(p(Zrg1, Bry2)) < 1(p(@r, 2141)) — ¢1(p(0, Z141)) for allle N (5.6)
If we put n — oo in (5.6) and use the 11 and ¢; facts which are constant, we have
P1(s) < ¥1(s) — du(s).
Therefore, ¢1(s) = 0 and hence s = 0. Thus
limi—oop(Z1, T141) = 0. (5.7)
By (2), we get
limi—oop (21, 21) = 0. (5.8)
Since dy(2,9) < 2p(2,9) V 2,9 € X, we get

liml—modp (21, 2141) = 0. (5.9)

We then say that {#;} be CS in the MS (I U J,dy). It is enough to say that {Z3} is a
CSin (TUJ,dy). Alternatively, let’s say, {22} is not a CS in (I U J,dy). So, there exists
€ > 0, we will consider two sub-sequences for this {Zo,, ()} and {Zg)} of {#2} s.t. the

index for which [(w) is the smallest is
Ww) > m(w), dy(Zam)> Ta(w)) = € (5.10)
This means that

dy (Tom(a)s Loy —2) < € (5.11)

S



We get from (5.10) and (5.11) as well as the triangular inequalities

€< d; (‘%Zm(w)? j?l(ﬁ}))
< dy (Zom(wys Taw)—2) + dp(Zarw)—2> Taaga)—1) + dy (Bou(i)—15 L))
< €+ d;; (i‘zl(uv,), 3?2[(11“;)—1) + d; (-f2l(u“;)—17 i‘Ql(u“)))'

Making n — oo in (5.10) and (5.11) and using (5.9), we have
iMoo dy (Z91(i) 15 T2i(w)) = € (5.12)

Once again, we get from (5.10) and from that inconsistency, we get

| /\

2m(w)» le(w))

IN

o) Lar(w)—1) T dpZai(w), Lam(w))

ININ
Noa S SS

o (@
a(@
o (E1(i)s Tar()—1) + Ay (Zor(i)—15 Zam(w)+1) + Ao (Zom(i)+15 Tam ()
o
d;

Loy Tai(i)—1) T dy (To1i)—15 Tam()) T 205 (Lo (is)+15 Tam(w))
(

IN

(@)s Tarw)—1) T dp(Z2r(w)> Tom()) + 205 (Zom()+1> Tam(ws))-

Putting limy_ 1o in the inequalities described above and using (5.9) and (5.12), we

have
limm%Jrood; (.ﬁgm(w) , j32l(uv;)) = limw*)Jrood; (QAJQm(w)Jrla i'2l(u“))71)
= limwaJrood; (~§72m(7i))+17 i‘Ql(w))
= limu“}—)-i-ood; ('%Zm(u“;) J le(w)_l)
= €.
Since

Vz,9y € X, then

Vi —s 4 00D (Bam (i), T21(w)) = 1Mt 0oP (Zam (i) 415> T21()—1)
= 1M 1 0oP (Tom )+ 15 L2i(w))

= llmw—>+oop(i‘2m(uuj)7 52‘2[(171)—1)
€

5"



We get it by (5.1),

V1P (Bom(a)+15 Taw))) = Y1 (P(RE2m (i), Ry 1))
P(Z2m (), BE2m () )P (Zom (i), BE2w)—1) + P(Za(w)—1, RLoi(m)— 1)13( 1aRl’2m(w)))
P(Z2m(w)> BE2)—1) + P(E2(m)—1> BE2m(w))

P(Z2m (i) BE2m(w)) P (Zam(iw)> BE2(i)—1) + P(E21(i) -1, BE21()—1)P (Z21( 1ny2m(uv)>)
p(Zam(W), Tyep)) + P(L21(i)—1, BE2m ()
P(Zom(is)> BT om (i) +1)P (om (i) Tou(a)) + P(Zai()—15 Tai() )P (E2u()— 1,$2m(w)+1))

P(Zom (s Tarw)) + P( 1) 1> Tom (i) +1)
P(Z2m () Tom(w)+1)P (Zam(a), Taw)) + P (Zaus)—15 T2 )P (
p(Z2m (W), Zo(w)) + P(Z21(w)— 1 L2m () +

< Py (

—¢1(

< P (

Ty 17x2m(w)+1))
1)

—1(

Letting @ — 400 and using the continuity of ¢1 and 91, we get ¥1(5) < 1(5) — d1(5).

Hence, we get that ¢1(5) = 0. € = 0 is thus, a paradox. Thus {#;} is a CS in (I U J, d}).
But I U J is a closed subset of (&,p) and (&,p) is complete. Therefore, (I U J,dp) is
complete. The {Z;} sequence converges in the MS beginning with the Lemma (1.16),
(I U J,dy), say limy_oody(21,v) = 0.

Again, by (1.16), we obtain

p(v,v) = limy_oop (T, v) = limy m—sooP (L1, Tm)- (5.13)
Additionally, since {#;} is a CS in the MS (I U J,dy), we have
imy m—soody (%1, £m) = 0. (5.14)
We get from the dy description,
dy (21, Bm) = 2p(1, 8m) — P(&1, 21) — P(Em, Tm).
Letting, [,m — oo and using (5.8) and (5.14), we get
limgmsoop (1, Em) = 0.
Therefore, by means of (5.13), it become
limi—oop(21,v) = p(v,v) = 0. (5.15)

Because p(29;,v) — 0 = p(v,v), {22} is a sequence in I, and I is closed in (X, p), we

have v € I. Equally, we’ve got v € J, which means v € I N J. Similarly, according to



the p description, we are getting

p(@1, Ro) < p(

p )+p(U’Rv)_p(Uﬂv)
p

ﬁ:l,v
(i’l,’l)) + p(vajf'l) +p<i‘1,R’U) - p(i'lv'%l) - p(’l),’l)).

IN

Making [ — oo and using (5.9) and (5.15), we get
limy-oob(i1, R) = p(v, R0).

Now, we say Rv = v.
Since Z9p € [ and v € J,
From (5.1), we get

¢1 (p (jQH-la RU) = 7111 (p(Rin RU))
p(Zar, REo)p (221, Rv) + p(v, Rv)p(v, Ria)

<

< il p(Za1, RV) + p(v, Riay) )

B ¢1(P(i2z,R5621)p(§32z,Rv) +P(U,RU)P(U,Ri2l))
p(.fgl, RU) + p(v, Rle)

p(Zor, Lo4+1)p(Zar, Rv) + p(v, Ru)p(v, 5621))
p(xar, Rv) + p(v, 2141)

p(zar, Tor41)p (221, Rv) + p(v, Ru)p(v, To;) )
p(Zar, Rv) + p(v, D2141) '

< P (

— 1 (

Making | — oo, we get

1(p(v, Ru)) < d1(p(v, Ru)) — ¢1(p(v, Rv)).

So, ¢1(p(v, Rv)) = 0.

Behind that ¢; is a distance altering function, so p(v, Rv) = 0, i.e. v = Rv. v is, thus,
the fixed point of R. Now, for the purpose of proving the uniqueness of the R fixed
point, assume that | is every other fixed point of R in I NJ. Proving that p(|,[) =0 is
simple. We are displaying v = |, however. Sinceve INJ CTand | € INJ C J, we're



having

+p )
D) + (L, Rv)
(

So ¢1(p(v, |)) = 0 and thus p(v, |) = 0. Hence, v = |. O

Putting 11 = I|g o (the identity function) into Theorem (5.2) would result as shown

below:

Corollary 5.3. “Let I and J be nonempty closed subsets of a (X,p) complete PMS. Let
R be a map that gives a cyclic representation of I U J. Presume that distance function

¢1 1s adjusted so that

=

o(Ri, Rj) < p(&, R)p(Z, RY) + p(9, RY)p(J, RZ) _¢1(p(w7Rw) (2, Rg) + »(

]
p(Z, RY) + p(9, R2) p(Z, Rj) + »(9, R2)
forallz €I, y€ J. Then R has a unique fized pointv e INJ.”
Example 5.1. Let’s assume X = [0, 1]. Defines the p partial metric on X by x
0, Zf X = W;
p(x,w) =
maz{x,w}, ifx #w.

Let R: X — X be the mapping by Rx = ¥X. Also, let ¢, ¢1 : [0,00) = [0,00) be defined

by Y1(t) =% and ¢1(t) = §. Take I =[0,3] and J = [0,1]. Then

1. Complete PMS is (X,p) .
2. The cyclic representation of [ U J is w.r.t. R

3. We have x € I and x € J for any



p (X, Rx)p(x, Rw) + p(w, Rw)p(w, Rx)
Qpl(p(RXa RW)) S ¢1( p(X’ RU.)) + P(OJ,RX) )
7¢1(P(x, Rx)p(x; Rw) + p(w, Rw)p(w, Rx))
p(x, Bw) + p(w, Rx)

Proof. Note that RI = [0,4] € J and RJ = [0,3] C I. Thus, I U J has a cyclic

representation of R. Given that x € I, w € J. WLOG, suppose that y > w. So,

w

Ui (p(Rx, Bw)) = vn(p(5. ) = 1(3) = o

0]

Now, p(x, Rx) = p(x; §) = X, p(w, Rw) = p(w, §5) = w, p(x, Rw) = p(x, §) = X, p(w, Rx) =
plw; 3)-

Case 1. If p(w, §) = w, then

F‘(X7RX)P(XaRW)+P(waRw)P(Wva) _ X-Xtw.wy _ X2+UJ2 X2+w2 2 2 _ X2
W p(x, Rw)+p(w,Rx) ) = 1( Xtw )—¢1(4(X+w)) ST =T =5
and

POGCRX)POGRw)+p(w, Rw)p(w, RX) \ _ 1 xexFw.wy _ X2 +w? iAw? _ 2x2  x2
é1( p(x, Rw)+p(w,Rw) )= X+w )= ¢1(8(X+w)) St% S%®% =7
Since

2 2 2
X D R
E I e
and

Case 2. If p(w, ¥) = %, then

w w,Rw)p(w, XAw. X w
1/}1(p(x,Rx)ggigw;ng’gX;p( Rx)> _ ¢1(X§+§ 5) = ¢1(8X+ ) < Ix _ %.

w w,Rw)p(w, XXX w
¢1(p(xﬂx)ﬁ&%ﬂ%iggw’gxgp( Rx)) _ ¢1(X§+>% 5) = ¢1<8(X+ )) < % %_

X
32S

et
ool
et

O

In order to satisfy the hypothesis, denote the set of functions f : [0, +00) — [0, +00)
with I:

1. Every compressed Lebesgue integrable map of [0, +00) is fi.

2. For every € > 0, we have

/ At)dt > 0.
0



Theorem 5.4. Let I,J be non-void closed subsets and R be a map of a (X,p) complete
PMS such that I U J has a cyclic representation w.r.t. R. Presume x € I, w € J, it

becomes

POGRX)P (X Rw) +p(w, Rw)p(w, Rx) p(xnyw(x,Rw)ﬂ(wwa)p(w,Rx))

p(ftx, ) ( POxFw) T (e, FiX) ) ( PO, o)+ )
/ [ (t)dt < / i (4)dt — / fn(t)dt
0 0 0

where AH,,uAg € 1. Since R has a fized point that no one else hasv € I N J.

Proof. Pass (5.2) Theorem, setting 11, ¢;1 : [0,+00) — [0,400) via 91 (t) = fot fi1(s)ds
and ¢ (t) = fot tia(s)ds and noticed that 11, ¢1 are altering distance functions. O

5.3 Summary and Conclusion

It is clear that new view of proximal contractions of kind-R and kind-M in the frame
of CMS upgrade and enhance the existing results, which are given in the literature. A
new class of generalized § — ¢ — Z-contractive pair of mappings extend other well-known
material of FPT within the literature. More precisely, with aid of SF and PC of first
kind and second kind with respect to ( which also generalize several known types of
contractions. Several interesting results for BPP and also a new approach to the study
of SF in G-M.S.. Consequences of almost Z-contraction w.r.t. to G-M.S. and MS is
beneficial to discover unique solution of the integral equations. We introduce the new
notions of modified o — (1, g)-PC of type-I and type-II. We also extend our results with
the new notion of cyclic (11, ¢1, I, J)-rational contraction in the settings of partial metric
spaces. Some fixed point results are proved using this notion. We also prove some FPT
in g.m.s.. Some FPT are proved in the setting of new notion (G — v — ¢)-proximal cyclic

weak contractive mapping in G-M.S..

There are some results which have been proved using property E.A. and (CLR) in MS.
Using the same method introduced by Altun et al., we prove a specific FPT for a pair of
maps for four WC self maps that satisfy a general condition. Extending and generalizing
new fixed point findings, as well as E.A. and (CLR) properties, using this method of
analysis. Moreover, we enhance our results for C-contractive condition with the aid of
SF in ordered G-M.S.. We will not to list all results due to our concern on the size of

the thesis.



5.4 Future Scope

The new fixed point results during research work can be applied to obtain the solu-
tions of linear and non-linear problems. It is the answer to world’s present and future
problems.The nature theory of differential and integral equations will benefit from our
work. Fixed point results with SF can also be proved in PMS and in other spaces. The
Z-contractive mapping can also use in partial metric and other spaces. The property
E.A. and (CLR) can also be used for WC maps to get fixed points in G-M.S., g.m.s.
and PMS.
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