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gkmeqw 

(SYLLABUS) 
noEPk;soh dk rfDs 

(Mathematics for Economist) 
 

T[d/P 

• ftfdnkoEhnK B{z noEPk;so d/ rfDs gfjb{ s'A ikD{ eokT[Dk. 

• ftfdnkEhnK B{z rfDs ns/ noEPk;so d/ nzso;zpzX ns/ nzso^fBoGosk s'A ikD{ eokT[Dk. 

•  ftfdnkoEhnK ftZu noEPk;soh dk rfDs d/ r[DXowK d/ nD[gq:'rK dh ;wM tXkT[Dk. 

 

 

Objectives
•	 To aware of students the mathematical aspects of Economics.
•	 To introduce the concept of interrelation and inter dependency of mathematical Economics.
•	 To increase understanding of the application of the mathematical properties of Economics.

•	
•	
•	
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fJekJh^1 L cbB 

 

fJekJh^1L cbB 

(Functions) 
 

B'N 

 

ftP/ t;s{ (Contents) 
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1H5 cbB dh ftnkfynk (Explanation of Functions) 
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1H9 cbB dk v'w/B iK gqGkt y/so ns/ gok; iK o/Ai (Domain and Range of Functions) 

1H10 cbB d/ gqeko (Kinds of Functions) 

1H11 cbBK d/ ;w[Zu ftZu fefonktK (Operations in the Set of Functions) 
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1H14 ;koKP (Summary) 

1H15 Ppde'P (Keywords) 

1H16 nfGnk; gqPB (Review Questions) 

1H17 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• cbB ns/ ;zpzXs okPhnK B{z ikDB ftZu. 

• cbB dk wkB eZYD ;zpzXh. 

• wkBfuZso d[nkok cbB dh gfoGkPk B{z ikDB ftZu. 

• cbB dk gqGkt y/so ns/ gok; eZYD ;zpzXh. 

• noEPk;so ftZu o/fye cbBK d/ T[g:'r B{z ;wMD ;zpzXh. 

 

 

gq;sktBk (Introduction) 

eJh gqPBK ftZu ;kB{z nfijhnK d' okPhnK T[Zs/ ftuko eoBk j[zdk j? fe id'A fJZe okPh ;[szso o{g 

s'A xNdh^tZXdh j? sK T[; T[Zs/ fBoGo ofjD tkb/ d{ih okPh fe; soQK xNdh^tZXdh j?. T[dkjoD 

ti'A, fJZe r'b/ dk y/socb T[;dh sfoi:k T[Zs/ fBoGo eodk j? feT[Afe i/eo fsoi:k xNk fdZsh 

ikt/ iK tXk fdZsh ikt/ sK r'b/ dk y/socB th T[;h d/ nB[;ko xN ikt/rk iK tZX ikt/rk. fJZE/ 

r'b/ dh fsoi:k fJZe okPh ns/ r'b/ dk y/socb d{ih okPh  j? fijVh  fJZe^d{i/ Bkb ;zpzXs jB. 
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noEPk;soh dk rfDs 

 

B'N fJ;h soQK r'b/ dk nkfJsB T[;dh fsoi:k T[Zs/, tor dk y/socb ns/ xB dk nkfJsB T[;dh 

fJZe G{ik dh bzpkJh T[Zs/ fBoGo eodk j?. nuo t/r Bkb iKdh j'Jh o/b d[nkok s?n ehsh j'Jh 

d{oh ;w/A T[Zs/ fBoGo eodh j?. frod/ eD dk t/r T[;d/ d[nkok s?n ehsh j'Jh d{oh T[Zs/ 

fBoGo eodk j?. fe;h ;Ek dk tk:{wzvbh dkp (Atmospheric Pressure) T[; ;EkB dh ;w[zdo 

sN s'A T[ukJh T[Zs/ fBoGo eodk j? nkfd. 

fJZe okPh d/ wkB ftZu gfotosB j'D s/ T[; T[Zs/ fBoGo d{ih okPh d/ wkB ftZu 

gfotosB fe; do s'A j[zdk j? ns/ fJ; gfotosB dh do Bkb ;zpzXs eJh gqPBK ns/ 

fefonktK dk ftPb/PD ns/ nfXnB fBy/VB rfDs (Differential Calculus) ejkT[Adk j?. 

 

1H1 okPhnK (Quantities) 

okPhnK d' soQK dhnK j[zdhnK jB^ 

1H uo (Variables)          2H nuo (Constants) 

1H uo okPhnK (Variables)^gfotosBPhb okPhnK B{z uo (Variables) efjzd/ jB. T[j 

okPhnK fiBQK dk wkB pdbdk ofjzdk j? Gkt fiBQK okPhnK d/ nrfDs ;zfynkswe wkB 

(numerical values) ehs/ ik ;ed/ jB, uo (Variables) ejkT[Ad/ jB. fJj okPhnK ;XkoD o{g 

s'A nzrq/Ih toDwkbk d/ nkyoh nZyoK x, y, z, u, v, w nkfd d/ d[nkok do;kJhnK iKdhnK jB. 

2H nuo okPhnK (Constants)^T[j okPhnK fiBQK dk wkB rfDs dh jo/e fefonk ftZu 

ngfotofss ofjzdk j?, nuo ejkT[Adh j?, nuo okPhnK (Constant Quantities) d' soQK dhnK 

j[zdhnK jB^ 

(i) fBog/y iK g{oD nuo (Absolute Constants) 

(ii) ;t/S nuo (Arbitrary Constants) 

fiBQK okPhnK dk wkB jo/e gqPB ftZu ;fEo ofjzdk j?, fBog/y iK g{oD nuo ejkT[Adh j?l 

fit/AL nkfd. 

fiBQK okPhnK dk wkB fe;h fdZs/ j'J/ gqPB ftZu sK ;fEo ofjzdk j? gozs{ fGzB^fGzB gqPBK ftZu 

fGzB^fGzB j' iKdk j?, ;t/S nuo ejkT[AdhnK jB. fJj okPhnK toDwkbk d/ nozG d/ nZyoK a, 
b, c, d nkfd d/ d[nkok do;kJhnK iKdhnK jB. 

 

1H2 ;zpzXs okPhnK (Related Quantities) 

n;hA ikDd/ jK fe r'b/ dk y/socb T[;dh fsoi:k T[Zs/ fBoGo eodk j?. d{i/ PpdK ftZu, 

fGzB^fGzB fsoi:K tkb/ r'fbnK dk y/socB fGzB^fGzB j[zdk j?. fJ;h soQK fe;h XzB ;zfynk d/ 

xND iK tXD s/ T[;dk tor th xN iK tZX iKdk j?. fJZE/ r'b/ dh fsoi:k ns/ T[;dk 

y/socb iK ;zfynk ns/ T[;dk tor ;zpzXs okPhnK jB. 

 

 

 

 B'N;       nfijhnK d' okPhnK fiBQK ftZu fJZe d/ pdbD s/ d{ih th pdb iKdh j?, T[j 

;zpzXs okPhnK ejkT[AdhnK jB. 

 

 

Gkt/A fJj d'B'A ;zpzXs okPhnK uo jB gozs{ fJjBK ftZu'A fJZe jh dk wkB ;t?^fJZSk Bkb 

pdfbnk ik ;edk j?, d{ih okPh dk wkB ;t?^fJZSk s'A BjhA pbfe fe;h fB:w d/ nB[;ko 

pdb/rk. T[dkjoD d/ bJh r'b/ dh sfoi:k rt i/eo n;hA ;t?^fJZSk s'A 1, 2, 3, 4, HHHH b?Ad/ jK 

sK T[;dk y/socb A, fB:w A =  d/ eqw nB[;ko , 4 , 9 , 16 , HHHH j't/rk. 
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uo okPhnK d' soQK dhnK j[zdhnK jB^ 

(i) ;[szso uo (Independent Variables) 

(ii) nkfPqs uo (Dependent Variables) 

i/eo d' uo okPhnK x ns/ y go;go fJ; soQK ;zpzXs j'D fe fJZe uo okPh x B{z ;t?^fJZSk s'A 

e'Jh th wkB d/D s/ s{ih uo okPh y dk wkB T[; T[Zs/ nkfPqs j't/ sK x B{z ;[szso uo 

(Independent Variable) ns/ y B{z nkfPqs uo (Dependent Variable) efjzd/ jB. 

T[dkjoD ti'A^wzB fbU 2 5= +y x H 

j[D uo x B{z ;t?^fJZSk s'A fGzB^fGzB wkB eqw nB[;ko 0, 1, 2, HHH d/D s/ ;kB{z y d/ fGzB^fGzB wkB 

eqw nB[;ko 5, 7, 9, HHH gqkgs j[zd/ jB, fijV/ ;gPN o{g s'A x T[Zs/ nkfPqs jB. 

fJ; soQK fJZE/ x ;[szso uo ns/ y nkfPqs uo j?. 

 

1H3 cbB (Functions) 

cbB dk f;XKs d' go;go ;zpzXs uo okPhnK (Related Quantities) T[Zs/ nXkfos j?. 

wzB fbU fsoi:k r d/ fe;h r'b/ dk y/socb A j?, T[d'A 

                                     

2A r= π  

fJZE/ okPh r ;[szso uo (Independent Variable) ns/ okPh A nkfPqs uo (Dependent 
Variable) j?, feT[Afe r'b/ dk y/socb A T[;dh fsoi:k r T[Zs/ nkfPqs j?. 

fJ; dPk ftZu n;hA efjzd/ jK fe uo A, d{i/ uo r dk fJZe cbB j? fi;B{z rfDs dh GkPk ftZu 

fJ; soQK fby e/ ftnes eod/ jB^ 

                                     (=A f r) 

Gkt   [A cbB j?, uo r dk] 
 

1H4 cbB dh gfoGkPk (Definition of Functions) 

fJZE/ d' uo okPhnK x (;[szso uo) ns/ y (nkfPqs uo) fe;h fB:w ‘f’ d/ d[nkok fJ; soQK 

;zpzXs (related) j'D fe x d/ jo wkB d/ bJh y dk fJZe fBPfus ns/ ftbZyD (unique) wkB 

gqkgs j't/ sK y B{z x dk f ^ cbB efjzd/ jB fi;B{z y = f(x) fby e/ gqdofPs eod/ jB. 

x d/ cbBK B{z f(x), g(x), φ(x), HHHH nkfd gqsheK d[nkok gqdofPs ehsk iKdk j?. 

 

1H5 cbB dh ftnkfynk (Explanation of Functions) 

i/eo y, uo x dk fJZe cbB j? Gkt y = f(x)H 

T[d'A x B{z ;[szso uo (Independent Variable) ns/ y B{z nkfPqs uo (Dependent Variable) 
efjzd/ jB. 

i/eo y = 5x + 7 sK x d/ jo wkB d/ bJh y dk fJZe fBPfus wkB io{o j?. i/eo y B{z x dk cbB 

efjzd/ jB. 

 

1H6 cbfBe ;ze/sB (Functional Notations) 

fJ; sZE B{z gqrN eoB d/ bJh fJZe uo^okPh y, fe;h j'o uo^okPh x dk cbB j?, pj[s ;ko/ 

;ze/s gq:'r ftZu fbnkJ/ iKd/ jB. ;G s'A tZX gq:'r ftZu nkT[D tkbk ;ze/s j?L 

y = f(x) 

B'N 
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B'N fi;B{z fJ; soQK gfVQnk iKdk j? fe “y pokpo j? x d/ cbB d/”. 

j'o ;e/s jBL     y = F(x), y =φ(x), y = ψ(x), HHH, nkfd. 

 

 

 

eh s[;hA ikDd/ j'      i/eo fJZe uo okPh x d/ fe;h wkB d/ bJh d{ih uo okPh y dk fJZe s'A 

tZX wkB j't/ sK y, x dk cbB BjhA ejkT[Adk pbfe y B{z x dk ;zpzX 

(Relation) fejk iKdk j?. T[dkjoD ti'A y2 = xH fJZE/ x d/ jo wkB d/ 

bJh y d/ d' wkB gqkgs j[zd/ jB. nfij/ ;zpzXK B{z edh^edh tZyA^tZy 

wkB cbB (Multi-valued function) th efjzd/ jB. 

  

1H7 cbB dk wkB (Value of Functions) 

wzfBnk uo x dk e'Jh cbB y = f(x) j?. 

f(x) ftZu x = a oZyD s/ f(a) gqkgs j[zdk j? fi;B{z x = a d/ bJh cbB dk wkB efjzd/ jB. 

 

 

 

 

T[dkjoD ti'A^wzB fbU     f(x) = 2x2 – 3x + 5 

T[d'A                       f(2) = 2(2)2 – 3(2) + 5,                            [x d/ ;EkB s/ 2 oZyD s/] 

                               = 8 – 6 + 5 = 7. 
 

;t?^w[bKeD (Self Assessment) 

1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)- 

(i) gfotosBPhb okPhnK B{z HHHHHHHHHHHH efjzd/ jB. 

(ii) T[j okPhnK fiBQK dk wkB rfDs dh jo fefonk ftZu ngfotofss ofjzdk, HHHHHHHHHHHHHH 

ejkT[Adh j?. 

(iii) nfijhnK d' okPhnK fiBQK ftZu fJZe d/ pdbD s/ d{ih th pdb iKdh j?, T[j HHHHHHHHHHHH 

okPhnK ejkT[AdhnK jB. 

(iv) r'b/ dk y/socb T[;dh HHHHHHHHHHH T[Zs/ fBoGo eodk j?. 

(v) fiBQK okPhnK dk wkB jo gqPB ftZu ;fEo j?, HHHHHHHHHHHHHHHHHH ejkT[Adh j?. 

 

1H8 wkBfuZsoD d[nkok cbB dh gfoGkPk  

    (Definition of Functions by Mapping) 

i/eo nfoes ;w[Zu (Non-empty set) X d/ jo nt:t x dk r[DB (Correspondence) nfoes 

;w[Zu Y d/ fJZe fBPfus ns/ ftbZyD (unique) nt:t y Bkb fe;h fB:w f d[nkok j[zdk j? sK 

f B{z ;w[Zu, X B{z ;w[Zu Y ftZu wkBfuZsoD (Mapping) fejk iKdk j? ns/ fJ;B{z Bkb 

gqdofPs eod/ jB. fJ;h wkBfuZsoD f B{z cbB efjzd/ jB. wkBfuZsoD d' ;w[ZuK X ns/ Y B{z 

nt:tK d/ ftZu r[DB d/ finkfwsh gfjb{ B{z gqdofPs eodk j? ns/ cbB fJ;dk ftPb/PDkswe 

gfjb{ gqdofPs eodk j?. 
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X = a T[Zs/ f(x) dk wkB = f(a) 

fijVk f(x) ftZu x d/ ;EkB s/ a oZyD s/ gqkgs j[zdk j?. 



 

fJekJh^1 L cbB 

 

d{i/ PpdK ftZu, 

 

 

 

 

 

fJ; soQK {( , ) : , }R = x y x X y Y∈ ∈ B{z X dk Y ftZu cbB efjzd/ jB. 

T[dkjoD ti'A^i/eo X = {1, 2, 3}, Y = {3, 4, 5} sK fB:w y = x + 2 d[nkok X d/ nt:t 1, 2, 

3 eqw nB[;ko Y d/ nt:t 3, 4, 5 Bkb r[fDs j'Dr/. fJ; bJh d'uo ;zpzX R = {(1, 3), (2, 4) 
(3, 5)} B{z X dk Y ftZu cbB ejKr/ ns/ fJ;B{z 

:f X Y→  iK 

fX Y→  

th fbyd/ jB. fJ; soQK cbB f fJZe fB:w j? fi;d/ nB[;ko X dk jo/e nt:t Y d/ fJZe 

ftbZyD nt:t Bkb r[fDs j[zdk j?. 

 

1H9 cbB dk v'w/B iK gqGkt y/so ns/ gok; iK o/Ai 

    (Domain and Range of Functions)                 .  

i/eo cbB :f X Y→ s'A gfoGkfPs j? sK ;w[Zu X fJ: gqshfuZsoD iK cbB f dk v'w/B iK 

gaqGkt y/so (Domain) ejkT[Adk j? ns/ ;w[Zu Y fJ;dk gok; iK o/Ai (Range) ;fj^gqGkt y/so 

(Codomain) ejkT[Adk j?. 

cbB f dk gqGkt y/so (Domain) = x d/ T[jBK ;ko/ n;b wkBK dk ;w[Zu fiBQK d/ bJh cbB 

gfoGkfPs j?. 

cbB f dk gok; (Range) = gqGkt y/so (Domain) dhnK ;kohnK okPhnK x d/ ;zrs, y d/ 

wkBK dk ;w[Zu. 

T[dkjoD ti'^y = 2x + 1 ftZu y, x dk cbB j?. i/eo x fJZe s'A tZv/ ns/ gzi s'A S'N/ XzB g{oD 

nze wkB rqfjD eo/ sK cbB dk v'w/B iK gqGkt y/so ;w[Zu {2, 3, 4} j'fJnk ns/ T[d'A cbB dk 

gok; ;w[Zu {5, 7, 9} j'fJnk. fJ;h soQK d'uo ;zpzX R = {(5, 8), (6, 9), (7, 10)} dk gqGkt y/so 

;w[Zu {5, 6, 7} ns/ gok; ;w[Zu {8, 9, 10} j'fJnk. 

 

 

 

 

 

 

 

i/eo cbB f d/ gqGkt y/so dk fJZe sZs x, gok; d/ fe;h sZs y Bkb r[fDs j? sK gok; d/ fJ; 

sZs y B{z, fijVk x Bkb r[fDs j?, f(x) Bkb gqrN eod/ jB, fiZE/ f(x), x d/ bJh cbB f d/ wkB B{z 

do;kT[Adk j?. 

:f x y→  B{z f : x f(x)→  

d/ o{g ftZu fbfynk ik ;edk j?. 

 

1H10 cbB d/ gqeko (Kinds of Functions) 

1H fJZeuoh cbB (Functions of Single Variable)^i/eo uo okPh y e/tb fJZe uo okPh 

x s/ nkfPqs j?, T[d'A y = f (x) fJZeuoh cbB ejkT[Adk j?. fJ;h soQK, y = f (θ), s = f (t), 
v = f (t) nkfd fJZeuoh cbB jB. 

B'N 
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i/eo X ns/ Y d' nfoes ;w[Zu j'D ns/ fe;h fB:w f d[nkok X dk 

jo/e nt:t Y d/ e/tb fJZe ftbZyD (unique) nt:t Bkb i[V 

(associated) j' ikt/ sK d'uo ;zpzX (binary operation) R, X dk Y ftZu 
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B'N 2H pj[uoh cbB (Functions of Many Variable)^i/eo uo okPh u, d' uo okPhnK x ns/ 

y T[Zs/ nkfPqs j?, T[d'A u = f (x, y) pj[uoh cbB ejkT[Adk j?. 

3H ;gPN cbB (Explicit Function)^cbB y = f (x) fJZe ;gPN cbB ejkT[Adk j? i/eo y 
B{z x d/ ;[szso gdK d/ o{g ftZu fbyDk ;zGt j't/. 

fit/AL                y = x2 + 2x – 5,            y = cos x, y = 
21

x

x+
 nkfd. 

4H n;gPN cbB (Implicit Function)^cbB y = f (x) fJZe n;gPN cbB ejkT[Adk j? 

i/eo y B{z x d/ ;[szso gdK d/ o{g ftZu fbyDk ;zGt Bk j't/. 

T[dkjoD ti'A^ 

                                 Y = x sin ( x + y), Gkt f (x, y) = 0, x2 + y2 – xy = 0 nkfd. 

5H ;w cbB (Even Function)^wzB fbU y = f (x) uo x dk e'Jh cbB j?. 

i/eo f (^x) = f (x)  

Gkt i/eo f (x) ftZu x d/ ;EkB s/ -x oZyD s/ cbB dk fuzBQ Bk pdb/ sK T[j ;w cbB 

ejkT[Adk j?. 

T[dkjoD ti'A^ 

f (x) = cos x = cos (-x) = f (^x) 

6H fpyw cbB (Odd Function)^wzB fbU y = f (x) uo x dk e'Jh cbB j?. 

T[dkjoD ti'A^       f (x) = x3 = ^ (^x3) = ^f (^x). 

i/eo f (^x) = ^f (x) Gkt i/eo f (x) ftZu x d/ ;EkB s/ ^x oZyD s/ cbB dk fuzBQ pdb 

ikt/ sK T[j fpyw cbB ejkT[Adk j?. 

7H phie cbB (Algebraic Function)^uo okPh x dh ftfGzB ;zfynkswe xksK tkbk 

nfijk cbB fi; ftZu gdK dh ;zfynk fBPfus j't/, phie cbB ejkT[Adk j?. 

T[dkjoD ti'A^ 

 

 

 

phie cbB jB. 

8H gfow/: cbB (Rational Function)^fJZe fGzB d/ o{g ftZu ftnes ehsk frnk nfijk 

cbB fi;d/ nzP ns/ jo d'B'A jh g{oD nze xksK tkb/ phie ftnzie j'D, gfow/: 

cbB ejkT[Adk j?. 

 

 

9H nphie cbB (Transcendental Function)^ 

nphie cbB fBwB gqeko d/ j[zd/ jB^ 

(i) sfoe'Dfwsh cbB (Trigonometrical Functions)^fit/AL sin x, cos x, sec x, sin 2x + 
sec2 x nkfd. 

(ii) ftgohs r'b cbB (Inverse Circular Functions)^fit/AL sin–1 x, cos–1 x, tan–1 x, sec–1 
x nkfd. 

(iii) bx[rDeh cbB (Logarithmic Functions)^fit/AL logex, logax, loge (x2 + 4x + 3) 
nkfd. 
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fJekJh^1 L cbB 

 

(iv) uoxksh cbB (Exponential Functions)^fit/AL ex, ax, xsinx, (sin x)cosx
 nkfd. 

10H gfoGkfPs cbB (defined Function)^x = a s/ cbB f (x) gfoGkfPs ejkT[Adk j? i/eo    

f (x) ftZu x = a oZyD s/ cbB dk wkB f (a) fJZe fBPfus ns/ gfofws (Finite) okPh d/ 

pokpo j't/ fijVk g{oh soQK noEg{oD Gkt n;b j't/. 

11H ngfoGkfPs cbB (Undefined Function)^x = a s/ cbB f (x) ngfoGkfPs ejkT[Adk j? 

nkfd f (a) dk wkB nfBPfus ns/ noEjhD j?, fit/A^ 

 

 

T[dkjoD ti'A^ 

 

 

 

 

 

 

 

 

12H nuo cbB (Constant Function)^y = f (x) = c, fiZE/ c fJZe nuo okPh j?, fJZe nou 

cbB B{z gqdofPs eodk j?. nuo cbB ftZu x d/ jo wkB d/ bJh y iK f (x) dk wkB 

jw/PK ;fEo ofjzdk j?. 

13H nktosh cbB (Periodic Function)^cbB y = f (x) nktosh cbB ejkT[Adk j?. i/eo x 
d/ jo wkB d/ bJh 

                                    f (x + k) = f (x), 

fiZE/ k e'Jh n;b ;zfynk j? i' 0 d/ pokpo BjhA j?, Gkt k B{z gkbB dk nktosekb 

(Period) efjzd/ jB. 

14H cbB dk cbB (Function of the Function)^wzfBnk f (x) ns/ g(x) uo x d/ e'Jh d' cbB 

jB, T[d'A f [g(x)] cbB dk cbB ejkT[Adk j? fijVk f (x) ftZu x d/ ;EkB s/ g(x) oZyD s/ 

gqkgs j[zdk j?. 

fJ;h soQK, g[f(x)] th cbB dk cbB j? fijVk g(x) ftZu x d/ ;EkB s/ f (x) oZyD s/ gqkgs j[zdk 

j?. 

 

1H11 cbBK d/ ;w[Zu ftZu fefonktK (Operations in the Set of Functions) 

wzB fbU fe S T[jBK ;ko/ n;b cbBK dk ;w[Zu j? fiBQK dk v'w/B D j?. T[d'A i/eo f ns/ g ;w[Zu 

S e'Jh d' cbB j'D sK , , ,
f

f g f g fg
g

+ −  d/ noE fBwBfbus j'Dr/L 

 

 

 

 

 

                  ;gPN j? fe cbBK f + g, f – g, fg dk v'w/B th D j?. 

B'N 
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noEPk;soh dk rfDs 

 

B'N  

 

 

fiZE/ S ;wheoD g(x) = 0 dk jZb (solution) ;w[Zu j?. d{i/ PpdK ftZu S nfijk ;w[Zu j? fe  

 

 

Gkt 

;gPN j? fe f/g dk v'w/B D∼ S j? Gkt D ftZu'A T[jBK nt:tK x B{z eZY fdZsk j? fi;d/ bJh  

g (x) & 0H 

T[dkjoD ti'A^wzB fbU 

1
( )f x

x
=  ns/ 

2( ) ,x x xφ =  B{z d' cbB jB T[d'A ( )f x  ns/ ( )xφ  d/ 

phie :'r B{z ( ) ( )f x x+ φ  iK ( )( )f + xφ  Bkb ;{fus eoKr/ ns/ 

21
( )( )f + x x

x
φ = +  j't/rk. 

d[pkok cbBK d/ r[DK B{z ( ).f x ( )xφ  Bkb ;{fus eoKr/ ns/ ( ).f x 21
( )x x x

x
φ = ⋅ =  j't/rk. 

{ ( )},f x xφ  d/ fJZe cbB d/ cbB B{z ;{fus eodk j? fiZE/ ( )f, xφ dk cbB ns/ fco ( ),x xφ  

dk cbB j?. 

 

 

T[dkjoD 1H eh fBwBfbys cbB jB< 

 

 

jZb L (i) i/eo x  dk e/tb fJZe wkB XzB iK foD fbnk ikt/ sK y = x  cbB j't/rk. i/eo 

d'B'A wkB fJeZm/ bJ/ ikD sK cbB BjhA j't/rk. 

       (ii) x d/ jo/e wkB d/ bJh x3 + 5x dk fJZe fBPfus ns/ ftbZyD wkB gqkgs j[zdk j?. 

fJ; soQK fJj fJZe cbB j?. 

       (iii) R cbB BjhA j? feT[Afe ;w[Zu X d/ nt:t 2 dk r[DB ;w[Zu Y d/ nt:t 3 ns/ 11 

s'A j' fojk j? id'Afe X d/ jo/e nt:t dk r[DB Y d/ fJZe fBPfus ns/ ftbZyD nt:t s'A j'Dk 

ukjhdk j?. 

T[dkjoD 2H x
x

2
3

1
1,

1
−

−
 Bkb gfoGkfPs cbBK dk v'w//B gsk eo', fiZE/ x n;b 

;zfynk j?. 

jZbL (i) f (x) = x2 – 1 ftZu x d/ jo/e n;b wkB d/ bJh f (x) dk fJZe fBPfus n;b wkB j?, 

fJ; soQK fJ;dk v'w/B ;w[Zu R jh j?. 

      (ii) 
3

1
( )f x

x 1
=

−
ftZu x = 1 d/ bJh f (x) dk wkB nfBPfus j? gozs{ i/eo x d/ wkB 

pkeh n;b ;zfynktK j'D sK f (x) dk th wkB n;b j?. fJ; soQK fJ;dk v'w/B R ∼ {1} j?. 

T[dkjoD 3H i/eo x n;b ;zfynk j? sK cbB 

−
−

x
f(x) =

x

2 4

2
 dk gqKs (v'w/B) fBPfus 

eo'. 

jZbL id'A x = 2 sK f (x) dk wkB 

0

0
 d/ o{g ftZu gqkgs j[zdk j? fijVk fJZe nfBPfus wkB j?. 

fJ; d/ fJbktk x d/ jo/e n;b wkB d/ bJh f (x) dk fJZe fBPfus n;b wkB gqkgs j[zdk j?. 

fJ; bJh cbB dk v'w/B 2 d/ fJbktk ;ko/ n;b ;zfynktK dk ;w[Zu j?. ;ze/s o{g ftZu 

               D(f) = R∼ {2}. 
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jZb ;fjs T[dkjoD 

 



 

fJekJh^1 L cbB 

 

T[dkjoD 4H i/eo x R∈ sK cbB 

−
f(x) =

x2

1

9
 dk gqKs (v'w/B) gsk eo'. 

jZbL 
2

1 1

( 3)( 3)9 x x+x
=

−−
 fJ; soQK x = 3 ns/ x = –3 T[Zs/ ftnzie dk jo Iho' ftZu gqkgs 

j[zdk j?, fJ; soQK f (3) ns/ f (-3) dk wkB nfBPfus j' iKdk j?. fJjBK d' wkBK d/ fJbktk x d/ 

jo/e n;b wkB d/ bJh f (x) dk fJZe fBPfus wkB gqkgs j[zdk j?, fJ; bJh f dk v'w/B iK gqKs 3 

ns/ ^3 d/ fJbktk ;zg{oD n;b ;zfynktK dk ;w[Zu j?. 

;ze/s ftZu,               D (f) = R∼ {3, –3}. 

T[dkjoD 5H i/eo f (x) = 5x2 + 8x + 7 sK f (-9) dk wkB gsk eo'. 

jZbL 

 

 

 

 

T[dkjoD 6H i/eo f (x) = log, ‘x’ sK f;ZX eo' fe 

                          f (uv) = f (u) + f (v)H 

jZbL 

 

 

 

 

 

 

 

;wheoD (1) ns/ (2) Bkb, 

                             f (uv) = f (u) + f (v).  

T[dkjoD 7H i/eo f (x) = x2 – x j't/ sK f (y + 1) – y2
 dk wkB gsk eo'. 

jZbL 

 

 

 

 

 

 

T[dkjoD 8H i/eo f x
x2

1
( ) =

(1 + tan )
 sK 

 
  

f
À

4
 dk wkB gsk eo'. 

 

jZbL 

 

 

 

B'N 
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           T[Zso 

 
                     T[Zso 



noEPk;soh dk rfDs 

 

B'N  

 

 

 

 

 

 

 Nk;e      i/eo f (x) = 5x2 + 8x + 7 j't/, sK f (^10) dk wkB eZY'.            (T[ZsoL 427) 

 

 

T[dkjoD 9H i/eo , sK  dk wkB gsk eo'. 

jZbL 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 10H i/eo , sK f;ZX eo' fe H 

 

jZbL                        

fJZE/  d/ ;EkB s/  oZyD s/, 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 11H i/eo φ(x) = cot x, sK f;ZX eo' fe φ(-x) = – φ (x)H 

jZbL 

 

 

 

 

T[dkjoD 12H i/eo  sK  dk wkB gsk eo'. 
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                             T[Zso 

 

                                    

                                    T[Zso 

            T[Zso 

                            T[Zso 



 

fJekJh^1 L cbB 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 13H i/eo
3 1−f x x

x3
( ) =

 
, sK 

1 
  

f
x

 dk wkB eZY'. 

jZbL 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 14H i/eo 

x
f x

x2
( ) =

+ 1
 sK 

    −        
a b

f f
b a

 dk wkB gsk eo'. 

 

jZbL  ∵                         

2
( ) =

 +1

x
f x

x
 

 

 

 

 

 

 

 

 

 

T[dkjoD 15H i/eo

1−f x x
x

3
3

( ) =
 
, sK −f x f x( ) + ( )  dk wkB gsk eo'. 

jZbL ∵                               
3

3

1
( ) =

 
f x x

x
−  

 

 

 

 

 

 

B'N 
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                    T[Zso 

 

          

           T[Zso 

 

                      

                      T[Zso 

 

 

                    T[Zso 



noEPk;soh dk rfDs 

 

B'N 

T[dkjoD 16H i/eo

− x
f x

xe 2

1
( ) = log ,

+ 1
, sK f;ZX eo' fe . 

  
a b

f x f b f
ab

+
( ) + ( ) =

1 +
 

jZbL ∵                         

1
( ) = log

1  e

x
f x

+ x

−
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 17H i/eo 

−x
f x

x

1
( ) =

+1
 sK f;ZX eo' fe  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 18H i/eo v'w/B (gqGkt y/so) = {–2, –1, 0, 1, 2} ns/ f (–2) = 4, f (–1) = 1, f (0) 
= 0 f (1) = 1, f (2) = 4 j't/ sK f fJZe cbB do;kT[Adk j?, f;ZX eo' ns/ gok; (Range) th 

gsk eo'. 
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E L-LOVELY-H math 1-1     IInd  21-10-11     IIIrd  8-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



 

fJekJh^1 L cbB 

 

jZbL fdZsk j?, v'w/B (gqGkt y/so) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

fJ; soQK f fBwB nkb/y d[nkok ftnes j[zdk j?L 

feT[Ai' f d/ d[nkok gqGkt y/so dk jo/e nt:t, ;w[Zu {0, 1, 4} d/ fe;h ftbZyD nt:t Bkb 

r[fDs (connected) js/ ns/ ;w[Zu {0, 1, 4} d/ e'Jh th d' iK tZx nt:t gqGkt y/so d/ fJZe jh 

nt:t Bkb r[fDs BjhA jB. 

fJ; soQK f fJZe cbB B{z do;kT[Adk j? fijVk ;{so f (x) = x2
 d[nkok gfoGkfPs j[zdk j? 

fi;dk gok; = {0, 1, 4}H                                                                       
T[Zso 

T[dkjoD 19H i/eo f (x) = 1 + 2x ns/ g (x) = 
1

2
 x j't/, sK f {g(x)} – g {f(x)} dk wkB gsk 

eo'. 

jZbL                            f (x) = 1 + 2x ftZu x d/ ;EkB s/ g (x) oZyD s/ 

                          f {g (x) = 1 + 2g(x) = 1 + 2 
1

2
x

 ⋅  
 = 1 + x   

fJ;h soQK g(x) = 

1

2
x  ftZu x d/ ;EkB s/ f (x) oZyD s/ 

 

 

 

 

 

T[dkjoD 20H i/eo cbB →:f R R j/m nB[;ko gfoGkfPs j'D 

 

 

 

 

 

sK f (2), f (4), f (–1) ns/ f (–3) dk wkB gsk eo'. 

B'N 
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VED1 

E L-LOVELY-H math 1-1     IInd  21-10-11     IIIrd  8-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 

 

 

gqPB nB[;ko, 

 
                  T[Zso 



noEPk;soh dk rfDs 

 

B'N jZb L feT[Ai' 2 nzsokb (^2, 3) ftZu j? fJ; bJh fJZE/ f (x) = x2 – 2  

∴                                                f (2) = (2)2 – 2 = 2 

feT[Ai' 4 nzsokb (1, ∞) ftZu j? fJ; bJh fJZE/ f (x) = 3x – 1. 

∴                             f (4) = 3.4 – 1 = 11. 

feT[Ai' ^1 nzsokb (^2, 3) ftZu j? fJ; soQK fJ;d/ bJh f (x) = x2 – 2. 

∴                               f (–1) = (–1)2 – 2 = 1 – 2 = – 1.   

feT[Ai' ^3 nzsokb (^∞, ^2) ftZu j? fJ; soQK fJ;d/ bJh f (x) = 2x + 3.  

                               f (–3) = 2 (–3) + 3 = –3.                               T[Zso 

T[dkjoD 21H cbB ( - 2) (4 - )x x  dk gqGkt y/so gsk eo'. 

jZbL wzfBnk 

                        ( ) = ( 2)(4 )f x x x− −  

id'A x > 4, sK          ( ) = f x foDkswe okPh  

                              & ekbgfBe okPh 

id'A x < 2, sK          ( ) = f x =foDkswe okPh ekbgfBe okPh  

fJ; soQK 2 ≤ x ≤ 4 d/ bJh jh f (x) n;b j?. 

∴  ( 2)(4 )x x− −  dk gqGkt y/so & 2 ≤ x ≤ 4H                                     

T[Zso 

T[dkjoD 22H i/eo →: + 3f x x  ns/ gqGkt y/so = {x : – 2 ≤ x ≤ 2, x g{oD nze j?} sK 

cbB f ns/ T[;dk gok; gsk eo'. 

jZbL 

                    f dk gqGkt y/so & {x : – 2 ≤ x ≤ 2, x g{oDnze} 

                                     & {–2, –1, 0, 1, 2}  

f d/ gqGkt y/so dk jo/e nt:t f cbB d[nkok x + 3 Bkb r[fDs j[zdk j? fJ; soQK 

nt:t ^2 cbB f d[nkok ^2 O 3 & 1 Bkb r[fDs j?. 

nt:t ^1 cbB f d[nkok ^1 O 3 & 2 Bkb r[fDs j?. 

nt:t 0 cbB f d[nkok 0 O 3 & 3 Bkb r[fDs j?. 

nt:t 1 cbB f d[nkok 1 O 3 & 4 Bkb r[fDs j?. 

nt:t 2 cbB f d[nkok 2 O 3 & 5 Bkb r[fDs j?. 

fJ; soQK cbB dk gok; & {1, 2, 3, 4, 5} 

ns/ cbB f & {(–2, 1), (–1, 2), (0, 3), (1, 4), (2, 5)}H 

 

1H i/eo f (x) = x2 – 
2

1

x
 sK f;ZX eo' fe f (x) + f 

1

x
 
  

= 0H 

2H i/eo ( ) = 
1

n
f n

n+
 sK 

1
( ) +  f n f

n
 
  

 dk wkB gsk eo'.                    [T[ZsoL 1] 

3H i/eo f (x) = logex sK f (1) dk wkB gsk eo'.                               [T[ZsoL 0] 
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VED1 

E L-LOVELY-H math 1-2     IInd  21-10-11     IIIrd  8-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 

gqPBktbh 

 



 

fJekJh^1 L cbB 

 

4H cbB f (x) & 

21

x

x+
 dk v'w/B (domain) ns/ gfo;o (range) gsk eo'. eh cbB Jekeh 

j?<                                                                          [T[ZsoL R] 

5H i/eo ( ) =
1

x
f x

x −
 sK 

a
f

b
b

f
a

 
  
 
  

 dk wkB gsk eo'.                        [T[ZsoL (-a/b))] 

6H i/eo 

2
( ) = 

1

x+
y = f x

x −
 sK f;ZX eo'A fe ( )x f y= H                      [T[ZsoL (-a/b))] 

7H i/eo 

2 3
( ) =

2 3

x
f x

x

−
+

 sK f;ZX eo' fe f (x). f (–x) = 1H 

8H i/eo f (x) = ex
 sK f;ZX eo' fe f (x + y  + z) =  f (x) . f (y). f (z).  

9H i/eo 

2
2

1
( ) = f x x

x
+  sK f (–1) ns/ 

1
f

x
 
  

 dk wkB gsk eo'.    [T[ZsoL 2, 
2

2

1
x

x
 +  

 

10H i/eo f (x) = x9 – 6x8 – 2x7 + 12x6 + x4 – 7x3 + 6x2 + x – 3 sK f (6) dk wkB gsk eo'. 

                                                                                                                              [T[ZsoL 30] 

11H x d/ feBQK wkBK d/ bJh fBwB cbB gfoGkfPs BjhA jB< 

 

 

 

 

12H i/eo f (x) = 3x2 + 2 ns/ g(x) = 2x + 5, sK fBwBfbys d/ wkB gsk eo'^ 

 

 

 

13H i/eo A = {a, b, c, –1} sK dZ;' fe eh fBwBfbys ;zpzXs ‘A dk A ftZu’ cbB j?. ekoB th 

dZ;'L 

 

 

 

14H  

 

     sK f (3), f (12), f (–15) ns/ f {f (5)} dk wkB gsk eo'. 

 

15H i/eo g : R →  R fiZE/ g (x) &                                     [T[ZsoL 20, ^2, ^4] 

 

 

ftZu g (5), g (0) ns/ g (-2) dk wkB gsk eo'. 

3, id'A –3 ≤ x < –1 

B'N 
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E L-LOVELY-H math 1-2     IInd  21-10-11     IIIrd  8-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



noEPk;soh dk rfDs 

 

B'N  

 

 

 

 

 

 

 

 

 

 

 

1H12 cbB dk b/ykfuZso (Graph of Functions) 

i/eo y = f (x), x  dk e'Jh cbB j't/ sK x B{z x1, x2,, ..., xn, .... nkfd wkB d/D s/ cbB d/ wkB 

eqw nB[;ko f (x1), f (x2), ..., f (xn) ... iK (y1, y2, ..., yn, ...) nkfd j'Dr/. i/eo fBod/PKe 

i:kfwsh dh soQK x-neP s/ x ns/ y- neP s/ y Gkt f (x) B{z do;k e/ fpzd{nK [x1, f (x1)}, {x2, 

f (x2)}, ..., {xn, f (xn)}, ... nkfd B{z do;k e/ fJZe fBPe'D teo (Smooth curve) pDk fbnk 

ikt/ sK fJjh teo cbB dk b/ykfuZso ejkT[Adk j?. 

cbB y = f (x) dk b/yKeB fyZuD d/ bJh x d/ e[ZM u[D/ j'J/ wkBK d/ bJh y Gkt f (x) d/ wkB gsk 

eoe/ fBwB ;koBh pDk fbU^ 

 

 

 

j[D fpzd{nK {–3, f (–3)}, {–2, f (–2)}, {–1, f (–1)}, {0, f (0)}, {1, f (1)}, {2, f (2)}, {3, f (3)} 
nkfd B{z torheos ekrI T[Zs/ do;k e/ fJZe fBPe'D tor pDkU. fJjh teo cbB dk 

b/ykfuZso ejkJ/rk. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 1H cbB y = 4x + 2 dk nkb/y fyZu'. 

jZbL x B{z ftfGzB wkB d/ e/ y d/ wkB gsk eoB s/ fBwB ;koDh pD/rhL 
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fJekJh^1 L cbB 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

j[D x-neP s/ 1 ykBk & 1 ns/ y-neP s/ 1 ykBk & 2 wzB e/ fpzd{nK B{z nzfes eo'. fJjBK 

fpzd{nK B{z fwbkU. fJjh nGhPN b/ykfuZso j?. fJj fJZe ;ob o/yk j?. 

T[dkjoD 2H cbB y = x dk b/ykfuZso fyZu'. 

jZbL y = x d/ bJh ;koDh 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N T[dkjoD 3H cbB y = x  dk b/ykfuZso fyZu'. 

jZbL fJZE/ y = x, i/eo x ≥ 0 ns/ y = –x, i/eo x < 0H  

                   y = x d/ bJh ;koDh 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 4H cbB 

x
y

x
=  dk b/ykfuZso fyZu', i/eo ≠x 0 H 

jZbL fJ; cbB B{z f;rBw (signum) cbB efjzd/ jB. fJ;B{z j/m nB[;ko gfoGkfPs eo ;ed/ 

jK^ 

 

 

 

 

 

cbB 

x
y

x
=  dh ;koDh 
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fJekJh^1 L cbB 

 

fJ; ;koDh dk b/ykfuZso gkoPt fuZso d[nkok gqdofPs j?. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 5H teo 
2 3y = x  dk b/ykfuZso fyZu'. 

jZbL fJZE/ i/eo x dk foD j? sK y dk wkB 

nfXebfgs (imaginary) j?. fJ; bJh 

n;hA e/tb x d/ XB wkB jh fbnKr/. 

           
2 3y = x dh ;koDh 

 

 

 

 

fJ; ;koDh dk b/ykfuZso gkoPt fuZso 

d[nkok gqdofPs j?. 

 

 

 

 

T[dkjoD 6H cbB 4−y = x x +2 5  dk b/ykfuZso fyZu'. 

jZbL ;G s'A gfjbK ;koDh pDkU 

 

 

 

fJZE/ n;hA d/yd/ jK fe fit/A^fit/A x dk ;zfynkswe wkB tZXdk j?. T[;h soQK y dk wkB th tZXdk 

j? ns/ id'A ,x y→ ∞ → ∞  id'A ,x y→ −∞ → +∞ fpzd{nK B{z nzfes eoB s/ fBwB nzfes 

fBPe'D teo pD/rk^ 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 7H teo 4xy =  dk b/ykfuZso fyZu'. 

jZb L fJZE/

4
y =

x
, ns/ i/eo 0,x y→ → ∞  

ns/ i/eo , 0x y→ ∞ → H 

4xy =  dh ;koDh 
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fJekJh^1 L cbB 

 

T[dkjoD 8H cbB 

1

1

−
−

x
y

x

2

=  dk b/ykfuZso fyZu'. 

jZb L fJj cbB x = 1 d/ bJh gfoGkfPs BjhA j?. fJ; d/ fJbktk ;ko/ wkBK d/ bJh 

( 1)( 1)
( 1), ( 1)

1

x x
y x x

x

− += = + ≠
−

 gfoGkfPs j?. 

cbB 

1

1

−
−

x
y

x

2

=  dh ;koDh 

 

 

 

 

b/ykfuZso gkoPt fuZso ftZu fdykfJnk frnk j?. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 9H cbB 

1

1−
y

x
=  dk b/ykfuZso fyZu'. 

jZb L x B{z fGzB^fGzB wkB d/ e/ y d/ wkB gqkgs eoe/ fBwB ;koDh pDdh j?^ 

cbB 

1

1−
y

x
=  dh ;koDh 

 

 

 

 

 

 

 

 

 

 

B'N 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               21 

 

 

 

VED1 

E L-LOVELY-H math 1-2     IInd  21-10-11     IIIrd  8-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



noEPk;soh dk rfDs 

 

B'N b/ykfuZso gkoPt fuZso ftZu fdykfJnk frnk j?. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 10H teo 
2 2 9x y− =  dk b/ykfuZso fyZu'. 

jZb L fdZsk j'fJnk teo fBwB j?^ 

                      

2 2 9x y− =  

iK           

2 2( / 9) ( / 9) 1x y− =  

fijVk 

2 2 2 2( / ) ( / ) 1x a y b− =  d/ 

o{g dk fJZe nfsgotb 

(hyperbola) j?. 

s[bBk eoB s/, 

              

2 9a =  ns/ 

2 9b =  

⇒            3a = ± ns/ 3b = ±  

∴  noX^nB[gq;E neP 3a= =  

ns/  noX^;z:[rwh neP 3b= =  

j[D x-neP s/ 3OA OA′= =  

ns/ y-neP s/ 3OB OB′= =  

d{ohnK b? e/ tor PQRS pDkfJnk. 

 

1H13 noEPk;so ftZu o/fye cbBK dk T[g:'r 

      (Use of Linear Functions in Economics) 

noEPk;so ftZu o/fye cbBK ns/ ;ob o/yk d/ ;wheoDK dk pj[s T[g:'r j?. pkiko ftZu 

fe;h t;s{ dh ehws, wzr ns/ g{osh d[nkok fBoXkfos j[zdh j?. i/eo wzr ns/ g{osh cbB 

fdZsk j'D sK n;hA ;kw:kt;Ek fpzd{ T[Zs/ nfijh ehws ns/ wksok dk fBoXkoD eo ;ed/ jK 

fiZE/ wkb p/uD ns/ yohdD tkb/ d'B'A jh ;zs[PN j' ikD. 
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fJekJh^1 L cbB 

 

wzfBnk fe wzr cbB,             q = 16 – 4p j?                                        HHHH(i) 

ns/ g{osh cbB,                 q = –8 + 4p j?                                         HHH(ii) 

fiZE/, q t;s{ dh wksok ns/ p t;s{ dh ehws do;kT[Ad/ jB. 

j[D n;hA q ns/ p dk nfijk wkB eZYD dk :sB eoKr/ fijVk ;wheoD (i) ns/ (ii) d'B'A B{z 

;zs[PD eoB. fJ;d/ bJh d'B'A ;wheoDK B{z jZb eoBk j't/rk. wzr ns/ g{osh dh ;kw:kt;Ek 

ftZu 

 

 

 

 

 

p dk wkB ;wheoD (i) ftZu oZyD s/ 

                        q = 16 – (4 × 3) = 16 – 12 = 4 

fJ; soQK ;kw:kt;Ek ehws & 3 ns/ wzr ns/ 

g{osh dh wksok 4 fJekJhnK ftZu j't/rh. 

fJjBK ;wheoDK B{z n;hA o/ykfuZso d/ o{g ftZu 

th gqdofPs eo ;ed/ jK. 

o/ykfuZso ftZu X-neP T[Zs/ t;s{ dh wksok 

ns/ Y-neP T[Zs/ t;s{ dh ehws do;kJh rJh 

j?. DD wzr cbB ns/ SS g{osh cbB B{z 

do;kT[Ad/ jB. d'B'A cbB fJZe^d{i/ B{z E fpzd{ 

T[Zs/ eZNd/ jB. fJ; soQK ;kw:kt;Ek th E 

fpzd{ T[Zs/ jh gqkgs j't/rh. fJ; fpzd{ T[Zs/ Y – 

G{iKe ;kw:kt;Ek w[Zb ns/ X-G{iKe wzr ns/ 

g{osh wksok dZ;/rk. 

fJ; soQK ;kw:kt;Ek w[Zb & 3 ns/ t;s{ dh 

wksok & 4 j't/rh. 

noEPk;so ftZu gq:'r j'D tkb/ cbB 

     (T) gotb (Parobola)                     (n) nfsgotb (Hyperbola)  

     (J) bx[rDe cbB (Logarithmic Function) ns/ 

     (;) xksh cbB (Exponential Function). 

(T) gotb (Parobola)L gotb dk noEPk;so ftZu pj[s T[g:'r j[zdk j?. i/eo y, x ns/ T[;dh 

d{ih xks s/ fBoGo eodk j't/ sK y B{z x dk d'xksh (quardratic) cbB efjzd/ jB. fJ;B{z j/m 

nB[;ko do;kfJnk ik ;edk j?^ 

                                                y = a  + bx + cx2                                                                     ...(i) 

fJ;h soQK x, y ns/ T[;dh d{ih xks T[Zs/ fBoGo eodk j't/ sK x B{z y dk d'xksh cbB efjzd/ jB. 

fJ;B{z rfDs o{g ftZu j/m nB[;ko do;k ;ed/ jB^ 

                                               x = a + bx + cy2                                                                      ...(ii) 

T[go'es (i) ns/ (ii) gotb d/ ;XkoD cbBh o{g B{z do;kT[Ad/ jB. fJZE/ fJj T[b/y:'r j? fe 

gobt d/ ;wheoD ftZu (i) xy dk gd BjhA j[zdk j? ns/ (ii) x2
 iK y2

 ftZu fJZe jh j[zdk j?. 

fJZE/ fXnkB d/D :'r rZb fJj j? fe T[go'es ;wheoD dk e/Ado w[Zb fpzd{ T[Zs/ BjhA j't/rk fit/A fe 

o/ykfuZso ftZu do;kfJnk frnk j?^ 

B'N 
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noEPk;soh dk rfDs 

 

B'N i/eo gotb dk ;wheoD y2 = 4ax j't/ sK 

gotb d/ ;wheoD dk e/Ado w[Zb fpzd{ T[Zs/ 

j't/rk ns/ gotb teo o/ykfuZso d/ 

nB[;ko j't/rk. fJ;h soQK i/oe gotb dk 

;wheoD x2 = 4by j't/ sK ;kB{z gotb teo 

o/ykfuZso d/ nB[;ko gqkgs j't/rk. 

T[go'es o/ykfuZsoK ftZu O gotb dk f;yo 

(Vertix) fejk iKdk j?. y2 = 4ax gotb d/ 

bJh OY neP d/ ;wkB fJZe ;ob o/yk, 

f;yo s'A d{oh sZe teo d/ d{i/ gk;/ j[zdh j?, 

fi;B{z vkfJo/efNqe; (Directrix) efjzd/ 

jB. fJ;h soQK teo x2 = 4by d/ bJh 

vkfJo/efNqe; OX d/ ;wkB f;yo b d{oh s/ 

j[zdh j?. 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[j ;ob o/yk fijVh f;yo s'A iKdh j? ns/ vkfJo/efNqe; d/ ;wkB j[zdh j? gotb dk neP 

ejkT[Adh j?. neP gotb B{z d' pokpo ;wkB GkrK ftZu tzvdk j?. neP T[Zs/ f;yo s'A 

vkfJo/efNqe; s'A d{i/ gk;/ a iK b dh d{oh s/ ;fEs fpzd{ dh gotb B{z c'e; (Focus) efjzd/ 

jB. gotb dk fJj ftP/P r[D j[zdk j? fe fJ; T[Zs/ fe;h fpzd{ dh c'e; ns/ vkfJo/efNqe; s'A 

d{oh ;wkB j[zdh j?. 

(n) nfsgotb (Hyperbola) L gotb dh soQK nfsgotb cbB dk th noEPk;so ftZu 

pj[s T[g:'r j?. nfsgotb cbB B{z rfDs o{g ftZu j/m nB[;ko do;k ;ed/ jK^ 
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fJekJh^1 L cbB 

 

i/eo n;hA fBwBfbys sZEK dk nB[o/yD eohJ/ sK 

(i) id'A , 0x a y= ± =  

(ii) x > a , nzfenk wzfBnk fe 3a = b =  

T[d'A                                  

2( 9)y x= ± −  

(iii) i/eo x < 2 j't/ sK y dk wkB ekbgfBe j't/rk, gozs{ x d/ d{i/ w{bK d/ bJh y 

d/ fBwBfbys w{b eZY/ ik ;ed/ jB^ 

x dk w[Zb                             y dk w[Zb 

O 2 iK ^2                           0 iK 0 

O 3 iK ^3                           5+  iK 5−  

O 4 iK ^4                            12+  iK 12−  

 

i/eo w{b fpzd{ (0, 0) nfsgobt dk e/Ado j? sK 

nfsgotb teo j/m nB[;ko j't/rk^ 

i/eo e/Ado^fpzd{ (h, k) j? sK nfsgobt teo dk 

;wheoD j/m nB[;ko j't/rk^ 

 

 

;XkoD s"o s/ nfsgobt cbB B{z xy = a d[nkok 

do;kT[Ad/ jB id'A fe a > 0 j[zdk j?. 

 

 

 

(J) bx[rDe cbB (Logarithmic Function) L id'A y, x dk cbB Bk j' e/ log x dk cbB j't/ sK 

T[; cbB B{z bx[rDe cbB fejk iKdk j?. bx[rDe cbB dk ;XkoD ;wheoD j/m nB[;ko j[zdk 

j?^ 

                                          y = α  + β log x 

fJZE/ α  & 0 ns/ β & 1 j't/ sK fJj ;wheoD y = log x wkso j' ikt/rk. 

wzfBnk fe bx[rDe ;wheoD y = 5 + 5 log10x j't/ (fJZE/ n;hA α  & 5, β & 5 wzfBnk j?) 

sK  

 

 

 

 

 

fJ; dk teo o/ykfuZso (i) d/ nZr/ nB[;ko j't/rk^ 

fXnkB d/D :'r rZb fJj j? fe fJ; ;wheoD ftZu x dk wkB 0 iK foDkswe BjhA j' ;edh j? 

feT[Afe fJjBK dk bx[De BjhA j[zdk j?. pj[Xk log dk nXko e fbnk iKdk j?. 

 

 

B'N 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               25 

VED1 

E L-LOVELY-H math 1-2     IInd  21-10-11     IIIrd  8-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 

 

 

 



noEPk;soh dk rfDs 

 

B'N d'^bx[rDe cbB dk ;XkoD ;wheoD j/m nB[;ko j[zdk j?^ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(id'A fe A = ex
) 

fJ; cbB dhnK w[Zy ftP/PsktK fBwB fbys jB^ 

(i) i/eo β & 1 T[d'A 

A
y

x
=  iK xy = A 

(T[d'A fJj nkfJs gotb j' ikJ/rk) 

(ii) i/eo β < 1 j? sK x d/ tXD d/ Bkb y tZXdh do Bkb tZXdk j?. 

(iii) i/eo 0 <  β < 1 j? sK x d/ tXD d/ Bkb y xNdh do s'A tZXdk j?. 

(iv) i/eo β < 0 j? sK x tXD d/ Bkb y xNdk j?. 

fJZE/ fJj T[b/y:'r j? fe xBkswe xks T[sgkdB cbB ns/ foDkswe xks wzr ftPb/PD ftZu 

T[fus j[zdhnK jB. fJjBK dh gqw[Zy ftP/Psk fJj j? fe xksKe ;fEo b'u B{z do;kT[Ad/ jB. 

(;) xksh cbB (Exponential Function) L xksh cbB th noEPk;so ftZu pj[s T[g:'rh j?. 

fJ; cbB ftZu y, x dk cbB Bk j' e/ x d/ xksh dk cbB j[zdk j?. fJ;B{z fBwB fbys 

;wheoDK d[nkok do;kfJnk ik ;edk j?^ 

                                  y = logex, y = ex, y = esinx  
nkfd 

i/eo ;kvh xksh ;wheoD y = bx
 j't/, id'A fe 

b > 1 j? sK n;hA fJ;dk teo fuZso d/ 

nB[;ko j't/rk^ 

wzfBnk xksh cbB x = A By
 j? sK fJ; 

;wheoD B{z bx[rDe o{g ftZu j/m nB[;ko 

do;k ;edk jK^ 

                                    log x = log A + y log B 
∴                             y log B = log x – log A 

iK                        

log log

log log

x A
y

B B
= −  

wzfBnk      

1

log B
= β  ns/ 

log

log

A

B
− = α  T[d'A                  

                                          y =  α   + β log x, i' fe 

;kvk bx[rDe cbB jh j?. 
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fJekJh^1 L cbB 

 

T[dkjoD 1H wzfBnk fe wzr ns/ g{osh teo fJZe ;ob o/yk j?. i/eo ftfGzB w{bK s/ w{b 

ns/ wzr dh wksok j/m nB[;ko fdZsh j'Jh j't/ sK wzr ns/ g{osh ;wheoD eZY'. 

w{b (P) wzr (D) g{osh (S) 

2 40 50 

5 20 60 

 

jZb L T[go'es ;{uh B{z j/m nB[;ko fpzd{nK d/ o{g ftZu fby e/ o/fye o{g fdZsk ik ;edk j?^ 

                               wzr w{b fpzd{                  g{osh w{b fpzd{ 

              1H                  (40, 2)                        (50, 2) 

              2H                  (20, 5)                        (60, 5) 

wzfBnk x & wksok ns/ y & w{b j? sK (40, 2) ns/ (20, 5) B{z fwbD tkbh o/yk dk ;wheoD 

                               

2 1
1 1

2 1

( )
y y

y y x x
x x

−
⋅ = −

−
 

y1, y2, x1 ns/ x2 dk w{b oZyD s/  

 

 

 

 

 

 

 

 

 

 

 

i/eo x & wzr dh irQk D oZyhJ/ ns/ y & w{b dh irQk p oZyhJ/ sK wzr ;wheoD j't/rk^ 

                                              D = 53.33 – 6.66p 

fJ;h soQK g{osh o/yk (50, 2) ns/ (60, 5) fpzd{nK s'A j' e/ r[iodh j? ns/ fJjBK fpzd{nK B{z 

fwbkT[D tkbh o/yk dk ;wheoD j't/rk^ 

 

 

 

 

 

 

 

 

i/eo x & g{osh wksok dh irQk S ns/ y & w{b dh irQk p oZyhJ/ sK g{osh ;wheoD j't/rk^ 

                                                S = 13 + 3.33p 

T[dkjoD 2H fBwBfbys gotb d/ c'e; ns/ vkfJo/efNqe; gsk eo'^ 

     (i) y2 = 16x                                 (ii) x2 = 20y 

B'N 
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noEPk;soh dk rfDs 

 

B'N jZb L (i) y2 = 16x dh s[bBk eoB s/, 

fJ; soQK vkfJo/efNqe; f;yo s'A teo d/ d{i/ gk;/ ^4 d{oh s/ j? Gkt x = –4 ns/ c'e; f;yo 

s'A vkfJo/efNqe; d/ T[bN (4, 0) T[Zs/ ;fEs j?. 

(ii) x2 = 4by s'A x2 = –20y dh s[bBk eoB s/ 

                                         b = 5  

fJ; soQK vkfJo/efNqe; f;yo s'A teo d/ d{i/ gk;/ O5 d{oh s/ j?, Gkt y = 5 ns/ c'e;,     

(0, 5) s/ ;fEs j't/rk. 

 

;t?^w[bKeD (Self Assessment) 

2H pj[ftebgh gqPB (Multiple Choice Questions)- 

(i) i/eo :f x y→  Bkb gfoGkfPs j? sK ;w[Zu x fJ; cbB f dk eh ejkT[ADk j?< 

  (a) v'w/B          (b) o/Ai          (c) uo          (d) nuo 

(ii) i/eo uo okPh y fJZe uo okPh x T[Zs/ nkfPqs j?, T[d'A y = f (x) eh ejkT[Adk j?< 

  (a) pj[uoh cbB  (b) fJZeuoh cbB (c) ;gPN cbB (d) n;gPN cbB 

(iii) fJZe fGzB d/ o{g ftZu ftnes ehsk frnk nfijk cbB fi;d/ nzP ns/ jo d'B'A jh 

g{oD nze xksK tkb/ phie ftnzie j'D, eh ejkT[Adk j?< 

  (a) phie cbB    (b) fpyw cbB    (c) gfow/: cbB (d) ngfow/: cbB 

 

1H14 ;koKP (Summary) 

• fJZe okPh d/ wkB ftZu gfotosB j'D s/ T[Zs/ fBoGo d{ih okPh d/ wkB ftZu gfotosB 

fe; do Bkb j[zdk j? ns/ fJ; gfotosB dh do Bkb ;zpzXs eJh gqPBK ns/ 

fefonktK dk ftPb/PD ns/ nfXnB fBy/VB rfDs (Differential Calculus) ejkT[Adk 

j?. 

• gfotosBPhb okPhnK B{z uo (Variables) efjzd/ jB. T[j okPhnK fiBQK dk wkB 

pdbdk ofjzdk j? Gkt fiBQK okPhnK d/ nrfDs ;zfynkswe wkB (nummerical values) 
fdZs/ ik ;ed/ jB, uo (Variables) ejkT[Ad/ jB. 

• T[j okPhnK fiBQK dk wkB rfDs dh jo fefonk ftZu ngfotofss ofjzdk j?, nuo 

ejkT[AdhnK jB. 

• cbB dk f;XKs d' go;go ;zpzXs uo okPhnK (Related Quantities) T[Zs/ nXkfos j?. 

• i/eo cbB :f X Y→  Bkb gfoGkfPs j? sK ;w[Zu X fJ; gqfsfusoD iK cbB f dk 

v'w/B iK gqGkt y/so (Domain) ejkT[Adk j? ns/ ;w[Zu Y fJ;dk gok; iK o/Ai 

(Range) ;fj^ gqGkt y/so (Codomain) ejkT[Adk j?. 

• i/eo uo okPh y e/tb fJZe uo okPh x T[Zs/ nkfPqs j?, T[d'A y = f (x) fJZeuoh cbB 

ejkT[Adk j?. fJ;h soQK, y = f (θ), s = f (t), v = f (t) nkfd fJZeuoh cbB jB. 

• i/eo uo okPh u, d' uo okPhnK x ns/ y T[Zs/ nkfPqs j?, T[d'A u = f (x, y) pj[uoh 

cbB ejkT[Adk j?. 

• i/eo okPh x dh ftfGzB ;zfynkswe xksK tkbk nfijk cbB fi; ftZu gdK dh ;zfynk 

fBPfus j't/, phie cbB ejkT[aAdk j?. 

• fJZe fGzB d/ o{g ftZu ftnes ehsk frnk nfijk cbB fi;d/ nzP ns/ jo d'B'A jh 

g{oD nze xksK tkb/ phie ftnzie j'D, gfow/: cbB ejkT[Adk j?. 

 

 

28                                             LOVELY PROFESSIONAL UNIVERSITY 

VED1 

E L-LOVELY-H math 1-2     IInd  21-10-11     IIIrd  8-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



 

fJekJh^1 L cbB 

 

• noEPk;so ftZu o/fye cbBK ns/ ;ob o/yk d/ ;wheoDK dk pj[s T[g:'r j?. pkIko 

ftZu fe;h t;s{ dh ehws, wzr ns/ g{osh d[nkok fBoXkfos j[zdh j?. i/eo wzr ns/ 

g{osh cbB fdZs/ j'J/ j'D sK n;hA ;kw:kt;Ek fpzd{ T[Zs/ nfijh ehws ns/ wksok dk 

fBoXkoD eo ;ed/ jK fiZE/ wkb p/uD ns/ yohdD tkb/ d'B'A jh ;zs[PN j' ikD. 

• T[j ;ob o/yk fijVh f;oy s'A iKdh j? ns/ vkfJo/efNqe; d/ nB[;ko j[zdh j? gotb dk 

neP ejkT[Adh j?. 

 

1H15 Ppde'P (Keywords) 

• v'w/B (Domain)^gqGkt y/so. 

• o/Ai (Range)^gok;. 

 

1H16 nfGnk; gqPB (Review Questions) 

1H fBwB fbys cbBK B{z rqkc d[nkok gqdofps eo'^ 

  (a) y = f (x) = 5 – 3x; gok; x = –2 s'A x = 5 d/ bJh. 

  (b) y = f (x) = 2x2 – 5x + 1; gok; x = –5 s'A x = 7 d/ bJh. 

   (c) y = f (x) =  
24

x
 gok; x = 1 s'A x = 9 d/ bJh 

2H fBwBfbys ;koDh d[nkok wzr ns/ g{osh cbB gsk eo'. 

                w{b               wzr              g{osh 

                 1                100               50 

                 2                 50               75 

                 3                   0              100 

3H fe;h pkIko d/ fBwBfbys wzr ns/ g{osh cbBK d/ ;kw: w{b s/ wksok gsk eo'^ 

(i) D = 15 – 3p; S = - 10 + 2p 

(ii) D = 12 – 2p; S = –20 – 4p 

(iii) D = 50 – 4p; S = 2 + 10p – p2
  

4H fe;h t;s{ dh wzr ns/ g{osh cbB j/m nB[;ko jB^ 

           D = 100 – 10p S = –12 + 9p 

5H gotb dk f;yo, c'e; ns/ vkfJo/efNqe; gsk eo'^ 

  (i) y = x2 + 3x – 2                                                                       ;ze/s^

2
3 17

2 4
y x+ = −  

 

  (ii) (x – 2)2 = 4y – 16  

6H T[sgkdB cbB y = 5L
.5K.5

 ftZu L ns/ K wId{oh ns/ g{zih jB. i/eo ngksekb ftZu 

g{zih ;fEo j? ns/ K = 100 j? fijVh T[sgkdB cbB dk nB[o/yD eo'. n";s wId{oh 

T[sgkd (Y/L) gsk eo' ns/ fJ; teo dk nB[o/y eo'. 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H (i) uo        (ii) nuo        (iii) ;zpzX        (iv) fsoi:k        (v) fBog/y 

  2H (i) (a)              (ii) (b)                (iii) (c)    
 

B'N 
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B'N 1H17 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

2H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ BN ;/v/;No, ghNo jkwzv, gq?BfN; j'b 

gpfbH. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

5H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

6H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

7H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?BfN; jkb fJzvhnk. 

9H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 
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fJekJh^2L ;hwk ns/ brkskosk 

(Limits and Continuity) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

2H1 cbB dh ;hwk (Limit of a Function) 

2H2 dZyD gZy ns/ tkw gZy ;hwk (Right Hand and Left Hand Limits) 

2H3 cbB dh ;hwk dZyD gZy ns/ tkw gZy ;hwk gsk eoB dh fefonk ftXh (Working 

Rules for Finding Right Hand Limit and Left Hand Limit) 

2H4 ;hwk dk ti{d (Existence of Limit) 

2H5 cbB f (x) dh x = a T[Zs/ ;hwk ns/ wkB ftZu nzso (Distinction Between Limit and 

Value of a Function f (x) on x = a) 

2H6 cbB dk wkB ns/ ;hwk (Value and Limit of a Function) 

2H7 ;hwktK T[Zs/ gqw/: (Theorems on Limits) 

2H8 cbB dh ;hwk gsk eoB dh ftXh (Method of Finding the Limit of any Function) 

2H9 i:kfwsh gfoGkPk (Geometrical Definition) 

2H10 fe;h fpzd{ T[Zs/ cbB dh brkskosk (Continuity of a Function at any Point) 

2H11 brkskosk dk i:kfwsh noE (Geometrical Meaning of Continuity) 

2H12 fe;h fpzd{ T[Zs/ cbB dh brkskosk gsk eoB dh ftXh (Method to Finding Continuity 

of a Function at any Point) 

2H13 fJZe nzsokb ftZu cbB dh brkskosk (Continuity of a Function in an Interval) 

2H14 brksko cbBK dk gqw/: (Theorem on Continuous Functions) 

2H15 ;koKP (Summary) 

2H16 Ppde'P (Keywords) 

2H17 nfGnk; gqPB (Review Questions) 

2H18 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• cbB dh ;hwk ;zpzXh ;wZf;nktK B{z jZb eoB ftZu n;kBh j't/rh. 

• cbB f (x) dh x = a T[Zs/ ;hwk ns/ wkB ftZu nzso ;zpzXh ;wZf;nktK B{z jZb eo ;ed/ 

jB. 
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B'N • ;hwktK T[Zs/ gqaw/: ns/ T[; T[Zs/ nXkfos gqPBK B{z jZb eo ;eDr/. 

• cbB dh ;hwk gsk eoB dh ftXh B{z ikD ;eDr/. 

• i:kfwsh gfoGkPk B{z ikDB bJh. 

• fe;h fpzd{ T[Zs/ cbB dh brkskosk gsk eoB dh ftXh ns/ T[; Bkb ;zpzXs 

;wZf;nktK B{z jZb eoB bJh. 

• brksko cbBK T[Zs/ gqw/: ns/ T[; T[Zs/ nXkfos gqPBK B{z jZb eoB ftZu n;kBh 

j't/rh. 

gq;sktBk (Introduction) 

1H fBwBfbys i:kfwsh Pq/Dh (Geometrical Series) d/ :'r T[Zs/ ftuko eo'^ 

                     

2 3

1 1 1

2 2 2
+ + + HHHHHHHH nBzs sZe. 

                      1 gd dk :'rcb & H5 

                      2 gdK dk :'rcb & H75 

                      3 gdK dk :'rcb & H875 

                      4 gdK dk :'rcb & H9375 

                      5 gdK dk :'rcb & H96875 

                      6 gdK dk :'rcb & H984375 

                      7 gdK dk :'rcb & H9921875 

                      8 gdK dk :'rcb & H99609375 

                      9 gdK dk :'rcb & H998046875 

                      10 gdK dk :'rcb & H9990234375 

                         HHHHHHHHHHHHHHHHHHHHHH & HHHHHHHHHHHHHHHHHH 

T[Zgo s'A gsk uZbdk j? fe fit/A^fit/A gdK dh ;zfynk tZXdh iKdh j? T[;h soQK Pq/Dh dk :'rcb 1 

tZb nZr/ tZXdk j?. Gkt/A :'rcb n;b ftZu 1 d/ pokpo BjhA j' gkT[Adk. 

fJ; soQK gdK dh T[fus ;zfynk b? e/ :'rcb ns/ 1 d/ nzso B{z n;hA fizBk ukjhJ/ T[Bk xZN eo 

;ed/ jK. 

2H wkB fbU fdZsh j'Jh sfoi:k d/ r'b/ d/ nzsors fJZe 

;w^pj[G[i pDkfJnk iKdk j?. i:kfwsh s'A ;gPN j? fe  

    (i) pj[G[i dk y/socb, r'b/ d/ y/socb s'A tZX BjhA j' 

;edk, Gkt/A pj[G[i ftZu G[iktK dh ;zfynk fezBh jh tZX feT[A 

Bk j't/. 

    (ii) pj[G[i ftZu G[iktK dh ;zfynk B{z ngfofws o{g s'A 

tXkT[D s/ n;hA r'b/ ns/ pj[G[i d/ y/socb d/ nzso B{z 

fizBk ukjhJ/ xZN eo ;ed/ jK. 

e?be[b; ftZu fJ; sZE B{z fJ; soQK efje/ ftnes ehsk iKdk 

j? fe r'b/ d/ nzsors fyZu/ rJ/ pj[G[i d/ y/socb dh ;hwk, id'Afe G[iktK dh ;zfynk ngfofws 

o{g Bkb tZXdh j? (iK nBzs tZb gqtfos j[zdh j?), r'b/ dk y/socb j[zdh j?. 

lim
n→∞

 (pj[G[i dk y/socb) & r'b/ dk y/socb. 
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3H eqw dh ;hwk (Limit of a Sequence)^eqw 

                        

1 1 1 1
1, , , , ,........

2 3 4 5
 

T[Zs/ ftuko eo' fi;d/ bJh 

1
ns

n
= , fiZE/ ns eqw dk n tK gd gqdofPs eodk j?. n;hA d/yd/ jK 

fe n  dk wkB fit/A^fit/A tZXdk j? 

1

n
 dk wkB T[t/A^T[t/A xNdk j?. n;b ftZu n;hA n  B{z T[fus 

tZv u[D e/, 

1

n
 B{z fizBk ukjhJ/ T[Bk S'Nk eo ;ed/ jK. fJZE/ i/eo n >10,000 sK 

1

n
<0.0001 

ns/ i/eo n >108
 sK 

1

n
<10-8

 fJ; soQK n;hA d/yd/ jK fe fit/A^fit/A n  nBzs d/ tZb gqtfos 

j[zdk j? 

1

n
 Iho' d/ tZb gqtfos (tends to) j[zdk j?. n;hA d/yd/ jK fe eqw {sn} dh ;hwk 0 j? ns/ 

fJ; B{z lim
n→∞

 sn & 0 d[nkok fbnk iKdk j?. 

j[D n;hA d{i/ eqw          

1 2 3 4
0, , , , ,........

2 3 4 5
 

T[Zs/ ftuko eoKr/ fi;d/ bJh 

1
n

n
s

n

−=  n;hA d/yd/ jK fe fit/A^fit/A n  tZXdk j? ns  T[t/A^T[t/A 1 

d/ B/V/ gj[zudk j?. d{i/ PpdK ftZu n  B{z T[fus tZvk u[D e/ n;hA ns  ns/ 1 d/ nzeVk nzso Gkt 

1ns −  B{z fizBk S'Nk ukjhJ/, eo ;ed/ jK. fJ; eqw d/ bJh  

                     lim
n→∞

 sn & 1 

;XkoD s"o s/ fe;h eqw s1, s2, s3,........ d/ bJh n  B{z T[fus tZvk u[DB s/ i/eo ns  ns/ fe;h 

;zfynk A  d/ nzeVk nzso ns A−  B{z n;hA fizBk ukjhJ/ T[Bk fJZSk nB[;ko S'Nk eo ;ehJ/ A  B{z 

eqw {sn} dh ;hwk efjzd/ jB ns/ fJ;B{z  

                     lim
n→∞

 sn & A    

d/ d[nkok fbfynk iKdk j?. 

j[D eqw 

                      1

2

, 2

2

, 3

2

, 4

2

, HHHHHHHHHHHHH n2,HHHHHHHHHHHH 

T[Zs/ ftuko eoB s/ n;hA d/yd/ jK fe fit/A^fit/A n  dk wkB tZXdk j?, ns  th T[t/A^T[t/A tZXdk iKdk 

j?. n;hA n  B{z T[fus tZvk b? e/ ns  B{z fizBk tZvk ukjhJ/, eo ;ed/ jK. fJZE/ ns >10,000 i/eo 

n>100, sn > 108
 i/eo n > 104

, n;b ftZu fJZE/ sn B{z fe;h th tZvh s'A tZvh ;zfynk s'A th tZvk 

pDkfJnk ik ;edk j?. fJ;B{z n;hA nS → ∞ , i/eo n → ∞  d/ d[nkok ftnes eod/ jK. 

4H cbB dh ;hwk B{z gfoGkfPs eoB s'A gfjbK n;hA fBwB T[dkjoD T[Zs/ ftuko eoBk T[fus 

;wMd/ jK. e[ZM cbB x d/ ftP/P wkB d/ bJh ngfoGkfPs j[zd/ jB fit/A 

                               

2 1
( )

1

x
f x

x

−=
−

H 

;gPN j? fe cbB 

2 1

1

x

x

−
−

 dk wkB x = 1 T[Zs/ 

0

0
 Gkt nfBoXko (indeterminate) j?. 

 

B'N 
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B'N 

i/eo x = .9 sK cbB dk wkB 

2(.9) 1
1.9

.9 1

− =
−

, 

i/eo x = .99 sK cbB dk wkB 

2(.99) 1
1.99

.99 1

− =
−

, 

i/eo x = .999 sK cbB dk wkB 

2(.999) 1
1.999

.999 1

− =
−

, 

i/eo x = .9999 sK cbB dk wkB 

2(.9999) 1
1.9999

.9999 1

− =
−

, nkfd. 

x .9 .99 .999 .9999 --- 

f (x) 1.9 1.99 1.999 1.9999 --- 

 

fJ; soQK n;hA d/yd/ jK fe fit/A^fit/A x dk wkB tZXd/^tZXd/ 1 d/ B/V/ gj[zudk j? cbB 

2 1

1

x

x

−
−  

dk wkB 2 d/ B/V/ gj[zu iKdk j?. 

d[pkok i/eo         x & 1H1 sK cbB dk wkB 

2(1.1) 1
2.1

1.1 1

− =
−

, 

i/eo                x & 1H01 sK cbB dk wkB 

2(1.01) 1
2.01

1.01 1

− =
−

, 

i/eo                x & 1H001 sK cbB dk wkB 

2(1.001) 1
2.001

1.001 1

− =
−

, 

i/eo                x & 1H0001 sK cbB dk wkB 

2(1.0001) 1
2.0001

1.0001 1

− =
−

 nkfd. 

x 1.1 1.01 1.001 1.0001 --- 

f (x) 2.1 2.01 2.001 2.0001 --- 
 

fJZE/ n;hA d/yd/ jK fe fit/A^fit/A x dk wkB xNd/^xNd/ 1 d/ B/V/ gj[zudk j?, cbB 

2 1

1

x

x

−
−

 dk 

wkB 2 d/ B/V/ gj[zudk j?. 

fJ; soQK x Gkt/A 1 s'A E'Vk finkdk wkB 1Oε (fiZE/ ε fJZe S'Nh s'A S'Nh ;t/S XB ;zfynk j?) s'A 

xNd/^xNd/ 1 d/ B/V/ gj[zu/ iK 1 s'A E'Vk xZN wkB 1^ε s'A tZXd/^tZXd/ 1 d/ B/V/ gj[zu/. cbB dk 

fJZe fBPfus wkB 2 d/ tZb gqtofs j[zdk j?. fJj fBPfus wkB 2 cbB 

2 1

1

x

x

−
−

 dh 1x →  T[Zs/ 

;hwk ejkT[Adk j?. fJ;B{z  

                   

2

1

1
lim 2

1x

x

x→

− =
−

 

d/ d[nkok fbfynk iKdk j?. 
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2H1 cbB dh ;hwk (Limit of a Function) 

wzB fbU y = f (x) e'Jh cbB j? ns/ h1, h2, ........ hn, ........ fJZe XBkswe ;zfynktK dk ;w[Zu (a 
set of positive numbers) j? fi;dk wkB brksko xZN (continually decreasing) fojk j? Gkt 

                                h1 > h2 > h3 > ....... > hn > ....... > 0                                                        ...(1) 

ns/ fi;B{z, n B{z T[fus tZvk b? e/, fizBk ukjhJ/ T[Bk fJZSk nB[;ko S'Nk p/Dk ;ed/ jK. fJ; 

;fEsh ftZu fit/A^fit/A hn S'Nk j[zdk j? cbB d/ wkB, 

 

 

 

 

 

 

xNd/ iKd/ jB. 

i/eo fJZe ;zfynk A d/ tZb gqtfos (tends to) j[zd/ jB sK fJ; ;zfynk A B{z cbB f (x) dk x = a 
T[Zs/ dZyD gZy ;hwk (right hand limit) efjzd/ jB iK fJ; ;zfynk A B{z cbB f (x) dh, id'A x, a 
d/ tZb gqtfos j[zdk j?, dZyD gZy ;hwsk efjzd/ jB, ns/ fJ;B{z 

                  

0
lim

x a  → +
f (x) = A = f (a + 0)  

d/ d[nkok fbyd/ jB. 

fJZE/ n;hA x d/ e/tb T[jBK wkBK (values) T[Zs/ 

jh ftuko ehsk j? fijV/ fe a s'A tZX (greater) 
jB. (fuZso ftZu e/tb a d/ ;Zi/ gk;/). 

j[D n;hA x d/ T[jBK wkBK T[Zs/ ftuko eoKr/ 

fijV/ a s'A xZN (smaller) jB (Gkt fuZso ftZu 

a d/ yZp/ gk;/). 

fit/A^fit/A hn S'Nk j[zdk iKdk j? cbB 

                                    f (a – h1), f (a – h2)......,f (a – hn),...... 

d/ wkB fJZe ;zfynk B d/ tZb gqtfos j[zd/ jB. fJ; ;zfynk B B{z cbB f (x) dh x = a T[Zs/ tkw 

gZy ;hwk (left hand limit) efjzd/ jB ns/ fJ;B{z  

0
lim

x a→ −
 f (x) = B = f (a ^ 0) 

d/ d[nkok fbyd/ jB. 

i/eo A = B Gkt 

              

0
lim

x a → +
 f (x) = 

0
lim

x a→ −
 f (x) 

sK A B{z f (x) dh x = a T[Zs/ ;hwk efjzd/ jB. 

;w[Zu h1, h2,........, hn,........ fJZe eqw (sequence) j? fi;dh ;hwk 0 j?. fJ;h soQK d{ik eqw (2) 

pDkT[Adk j?. fJZE/ ftP/p fXnkB d/D :'r rZb fJj j? fe ;hwk gqkgs j'D (limit to exist) d/ bJh f 

(a + hn) eqw (1) dh soQK d/ jo soQK d/ eqw d/ bJh, ;zfynk A B{z gqtfos j'Dk ukjhdk j?. Gkt 

f(a - hn) – A dk nzeVk nzso, hn B{z T[fus S'Nk u[De/, fizBk ukjhJ/ fJZSk nB[;ko T[Bk S'Nk eo 

;ed/ jK. a + hn {iK a – hn} = x ns/ x a− = hn oZyD s/ n;hA ;hwk B{z j/m nB[;ko gfoGkfPs 

eo ;ed/ jK^ 

B'N 
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noEPk;soh dk rfDs 

 

B'N gfoGkPk L x = a T[Zs/ cbB f (x) dh ;hwk e'Jh ;zfynk (wzB fbU A j[zdh j? fi; ftZu fJj 

r[D j[zdk j? fe x d/ T[jBK ;ko/ wkBK d/ bJh fiBQK d/  Gkt x - a dk ;zfynkswe 

wkB) T[fus o{g s'A S'Nh (gozs{ Iho' BjhA) j[zdh j?, Gkt f (x) – A dk 

;zfynkswe wkB fJZSk nB[;ko S'Nk j[zdk j?. 

;hwk B{z j/mbh gfoGkPk d[nkok th gofGkfPs eo ;ed/ jK^ 

;hwk dh d{ih gfoGkPk 

id'A  (id'A x, a d/ tZb gqtfos j[zdk j?) cbB f (x) dh ;hwk e'Jh ;zfynk (wzB fbU 

A) j[zdh j? fi; ftZu fJj r[D j[zdk j? fe fe;h ;t/S XBkswe S'Nh s'A S'Nh ;zfynk ε d/ 

bJh fJZe d{ih Iho' Bkb tZvh ;zfynk δ gqkgs ehsh ik ;e/ fi;d/ bJh < ε, x 

d/ T[jBK ;ko/ wkBK d/ bJh 

                                   H 

 

 

 

 B'N;     i/eo x = a T[Zs/ f (x) dh ;hwk (limit) L j't/ sK fJ;B{z j/m nB[;ko fbfynk iKdk j?^ 

 iK  

  

2H2 dZyD gZy ns/ tkw gZy ;hwk (Right Hand and Left Hand Limits) 

2H2H1 dZyD gZy ;hwk (Right hand limit) 

id'A cbB dh ;hwk ;[szso uo d/ wkB d/ ;Zi/ gk;/  

s'A  gqkgs  ehsh  iKdh j? sK T[;B{z cbB dh dZyD  

gZy  ;hwk  (R. H. L.) efjzd/ jB ns/ ;Zi/ gk;/ d/  

bJh  XzB fuzBQ dk gq:'r eod/ j'J/ ;ze/se o{g ftZu  

j/m nB[;ko fbyd/ jB^ 

 

 

      dZyD gZy ;hwk & f (a + 0) =  f (x) = l1.  

2H2H2 tkw gZy ;hwk (Left hand limit) 

id'A cbB dh ;hwk ;[szso uo d/ wkB d/ yZp/ gk;/ s'A gqkgs ehsh iKdh j? sK T[;B{z tkw gZy 

;hwk (L.H.L.) efjzd/ jB ns/ yZp/ gk;/ d/ bJh (^) fuzBQ dk gq:'r eod/ j'J/ ;ze/se o{g ftZu 

j/m nB[;k fbyd/ jK^ 

      tkw gZy ;hwk & f (a – 0) =  f (x) = l2. 

 

2H3 cbB dh ;hwk dZyD gZy ns/ tkw gZy ;hwk gsk eoB dh fefonk 

ftXh 

    (Working Rules for Finding Right Hand Limit and Left Hand 
Limit) 

 

(i) dZyD gZy ns/ tkw gZy ;hwk gsk eoB d/ bJh cbB ftZu uo x d/ ;EkB s/ eqw nB[;ko 

(x + h) ns/ (x - h) ;Ekfgs eo'. 

(ii) fJ; soQK (i) s'A gqkgs cbB x B{z fdZs/ j'J/ fpzd{ (wzB fbU a) Bkb ;Ekfgs eo'. 
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fJekJh^2 L ;hwk ns/ brkskosk 

 

(iii) j[D 0h →  T[Zs/ cbB dh ;hwk gsk eo' [Gkt (ii) s'A gqkgs cbB B{z T[go'es o{g ftZu 

oZye/ h = 0 oZy']. 

 

 

T[dkjoD 1H cbB f (x) = 
x

1

2 +
 dh x = 2 T[Zs/ dZyD gZy (Right hand limit) ns/ tkw gZy 

;hwk (Left hand limit) gsk eo'. 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 2H cbB f (x) = x cos  
  x

1
 dh x = 0 T[Zs/ dZyD gZy ns/ tkw gZy ;hwk gsk 

eo'. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2H4 ;hwk dk ti{d (Existence of Limit) 

i/eo fe;h cbB f (x) dh x = a T[Zs/ dZyD gZy ns/ tkw gZy d'B'A ;hwktK j'D ns/ fJZe ;wkB j'D, 

sK cbB f (x) dh x = a T[Zs/ ;hwk dk ti{d j[zdk j?. 

Gkt                     lim ( ) lim ( )
x a x a

f x f x l
+ −→ →

= =  (wzB fbU) 

fJZE/ l cbB dh ;hwk ejkT[Adh j? ns/ fJ;B{z n;hA j/m nB[;ko ftnes eod/ jK^ 

                         lim ( )
x a

f x l
→

= H 

B'N 
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I. 

II. II. 

III. 



noEPk;soh dk rfDs 

 

B'N 2H5 cbB f(x) dh x = a T[Zs/ ;hwk ns/ wkB ftZu nzso (Distinction 
Between Limit and Value of a Function f (x) on x = a) 

→
lim ( ) =
x a

f x l  ( )f a  

1H cbB dh ;hwk T[j okPh j? fi; d/ tZb 

cbB eqw nB[;ko nZr/ tZXdk j? id'A 

;[szso uo x dk wkB a d/ tZb j[zdk 

j?. 

2H ;hwk gsk eo eoB d/ bJh ;kB{z      

x = a d/ B/Vb/ f (x) d/ wkBK dk 

nfXnB eoBk g?Adk j? ns/ Bshik 

eZYDk g?Adk j?. 

3H x = a T[Zs/ cbB dh ;hwk dk ti{d j' 

;edk j?. 

T[j okPh fijVh fe cbB f (x) ftZu     

x = a oZyD s/ gqkgs ehsh iKdh j?. 

 

 

x = a T[Zs/ wkB eZYD d/ bJh e/tb x = a 
T[s/ f (x) dk wkB eZYDk g?Adk j?. 

 

 

x = a T[Zs/ cbB dk wkB BjhA j' ;edk. 

 

2H6 cbB dk wkB ns/ ;hwk (Value and Limit of a Function)  

uo x d/ fe;h wkB a d/ bJh cbB f (x) dk wkB ns/ ;hwk dk wkB fGzB j'Dk io{oh BjhA j?. 

e[ZM fJ; soQK d/ cbB th j[zd/ jB fiBQK d/ bJh x = a T[Zs/ f (x) dk wkB ns/ ;hwk dk wkB 

pokpo j[zd/ jB Gkt ( ) lim ( )
x a

f a f x
→

= H 

 

2H7 ;hwktK T[Zs// gqw/: (Theorems on Limits) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2H8 cbB dh ;hwk gsk eoB dh ftXh 

    (Method of Finding the Limit of a Function) 

Gkt/A ;kB{z ;hwk gsk eoB d/ bJh dZyD gZy ns/ tkw gZy d'B'A ;hwktk gsk eoBhnK ukjhdhnK 

jB gozs{ wZXfwe ;so s/ n;hA ;hwk finkdkso f;ZX/ jh gsk eod/ jK. 
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eh s[;hA ikDd/ j' 



 

fJekJh^2 L ;hwk ns/ brkskosk 

 

i/eo 

( )
( )

( )

x
y = f x

x

f
=
y

, sK ;hwk gsk eoB d/ bJh j/mbhnK uko soQK dhnK ;fEshnK j'DrhnKL 

;fEsh 1 (Type 1)L id'A x afi  i/eo ( ) 0af = , ( ) 0ay =  sK 

0
( )

0
f a =  fijVk nfBoXko: 

j?. fJ; soQK d/ cbB dh ;hwk j/m nB[;ko gsk ehsh ik ;edh j?^ 

( )i  cbB B{z jZb eoe/ ns/ x a„  wzB e/ nzP ns/ jo Bkb T[G/fBPm r[Dbyzv B{z eZN fdU. 

( )ii  pkeh yzvK ftZu x  d/ ;EkB a  oZy e/ wkB gsk eo fbU. fJjh cbB dh x afi  T[Zs/ ;hwk 

j't/rh. 

;fEsh 2 (Type 2)L x afi  T[Zs/ ( )f x  dh ;hwk gsk eoB d/ bJh x = a+ h  oZye/, fJZE/ h  

XBkswe iK foDkswe tkXk (Increment) j? ( )f a+ h  dh ;hwk gsk eo'. id'A 0h fi  Gkt 

( )f a+ h  ftZu 0h =  oZye/ cbB dk wkB gsk eo fbU. fJjh cbB dh x afi  T[Zs/ ;hwk j't/rh 

feT[Afe id'A 

x = a+ h  ns/ x afi  sK 0h fi H    

;t?^w[bKeD (Self Assessment) 

1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

(i) i/eo fJZe ;zfynk A d/ tZb/ gqtfos j[zd/ jB sK sK fJ; ;zfynk A B{z cbB f (x) dk x = a 
T[Zs/ HHHHHHHHHHHHHHH efjzd/ jB. 

(ii) id'A cbB dh ;hwk ;[szso uo d/ wkB d/ yZp/ gk;/ s'A gqgks ehsh iKdh j? sK T[;B{z HHHHHHHHHH 

efjzd/ jB. 

(iii) i/eo fe;h cbB f(x) dh x = a T[Zs/ dZyD ns/ tkw gZy d'B'A ;hwktK ftdwkB ns/ fJZe ;wkB 

j'D, sK cbB f(x) dh x = a T[Zs/ ;hwk dk HHHHHHHHHHHH j[zdk j?. 

(iv) uo x  d/ fe;h wkB a d/ bJh cbB f (x) dk wkB ns/ HHHHHHHHHHHHH wkB fGzB j'Dk io{oh BjhA 

j?. 

(v) Gkt/A fe ;kB{z ;hwk gsk eoB d/ bJh dZyD gZy ns/ tkw gZy d'B'A ;hwktK gsk eoBhnK 

ukjhdhnK jB gozs{ HHHHHHHHHHHHHH ;so s/ n;hA ;hwk finkdkso f;ZX/ jh gsk eod/ jK. 

 

 

 

edh^edh T[GfBPm r[Dbyzv Bkb Gkr d/Dk ;ob BjhA j[zdk j?. nfijh ;fEsh ftZu (ii) ftXh dk 

T[g:'r eoe/ ;hwk ;obsk Bkb ikDh ;edh j?. fBwB T[dkjoDK s'A fefonk ;gPN j' ikt/rh. 

fNZgDh^nzP ns/ jo d'jK B{z T[;d/ T[GfBPm r[Dbyzv fijVk Iho' BjhA, Bkb Gkr d/Dk s[ozs ;zGt 

Bk j't/ sK Pq/Dh gq;ko (expansion in series) iK fe;h o{gKsoD (transformation) d/ pknd fJj 

fefonk ;zGt j' ;edh j?. 

T[dkjoD 1H 

fi

-
-

3 3

lim
x a

x a

x a
 dk wkB gsk eo'. 

 

 

 

 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

T[dkjoD 2H  dk wkB eZY'. 

 

 

jZbL 

 

 

 

 

 

 

 

 

                                                                                      T[Zso 

 

 

 

 

 Nk;e        dk wkB eZY'.                                        [T[ZsoL 3b2]  

 

 

T[dkjoD 3H  dk wkB gsk eo'. 

 

jZbL 

 

                                                                                      T[Zso 

 

T[dkjoD 4H  dk wkB gsk eo'. 

 

jZbL 

 

 

 

 

;fEsh 3 (Type 3)L ngfow/: cbB dh ;hwk (Limit of irrational function)  

i/eo y = f(x) fJZe f(x) ngfow/: cbB j? sK f (x) dh ;hwk gsk eoB d/ bJh gfjb/ cbB B{z 

gfow/: pDk fbU fco ;fEsh 1 dh soQK ;hwk gsk eos b?Dk. 

T[dkjoD 5H  dk wkB gsk eo'. 

 

jZbL 
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fJekJh^2 L ;hwk ns/ brkskosk 

 

 

 

 

 

 

 

 

                                                                                        T[Zso 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

;fEsh 4 (Type 4)L cbB dh ;hwk gsk eoBk, id'A x fi ¥ H 

nfij/ cbBK ftZu gfjbK 

1
x =

Z
 oZye/ ;hwk dk o{g x fi ¥  B{z pdbe/ 0Z fi  d/ o{g ftZu oZy 

fdU. fco ;fEsh 3 dh soQK ;hwk eZY' fbU. 

T[dkjoD 7H 

fi

2

2

9 3 7
lim

5 2 1x

x + x +

x + x +¥
 dk wkB gsk eo'. 

jZb L ;gPN j? fe i/eo x = ¥ oZfynk ikt/ sK nzP ns/ jo 

¥
¥

 j' ikt/rh. fJ; bJh nzP ns/ 

jo d'BK ftZu 

2x  dk Gkr d/D s/. 

   

 

 

 

 

 

feT[Ai' x fi ¥  fJ; bJh 

2 2

3 7 2 1
, , ,

5x xx x
 Iho' d/ tZb nZr/ tZXDr/ ns/ cbB 

9

5
  d/ tZb nZr/ 

tZXdk j?. 

fJ; soQK   

2

2x

9 + 3 + 7 9
lim

55 + 2 +1

x x

x xfi ¥
= H                                                       T[Zso 

 

 

B'N 
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                                                                 T[Zso 

 

T[dkjoD  



noEPk;soh dk rfDs 

 

B'N 

T[dkjoD 8H f;ZX eo' fe

→

− =
−

1lim
m m

m -

x a

x a
ma

x a
, fiZE/ m  e'Jh gfow/: ;zfynk j?. 

 

 

 

 

 

 

 

 

 

d{ih ftXh L lim
m m

x a

x - a

x - a→
                    (x = a + h  oZyD s/ ns/ id'A x a→ , 0h → ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

fNZgDh L fJj phie cbB dh ;hwk gsk eoB d/ bJh gqw[Zy ;{so o{g ftZu T[g:[es j[zdk j?. 

T[dkjoD 9H 

→

 +  0
lim 1

x

x

p

x
 dk wkB gsk eo'. 

jZbL lim 1
x

x

p

x→∞

 +  
 

T[gqw/: 

1
lim 1

x

x
e

x→∞

 + =  
 d/ gq:'r Bkb 

        lim 1
x

p

x

p
e

x→∞

 + =  
, feT[Afe lim 1

px / p

p

x / p

p
e

x / p→∞

   + =  
   

H 

T[dkjoD 10H 

→

 
 − 1

log
lim

1x

x

x
 dk wkB gsk eo'. 

jZbL x =  1 + h oZy', id'Afe h pj[s jh S'Nk j?. 

 

fJ; bJh  
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                                                                                        T[Zso 

 

T[dkjoD 11H 

→0
lim

x -x

x

e - e

x
 dk wkB gsk eo'. 

jZbL 

 

 

 

 

 

 

 

 

T[dkjoD 12H 

→

−
0

1
lim

x

x

e

x
 dk wkB gsk eo'. 

 

 

 

jZbL 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 13H 

→∞ 2

1 + 2 + 3..... +
lim
x

x

x
 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

fJ; soQK nGhPN wkB & 

1

2
H                                                            T[Zso 

T[dkjoD 14H f;ZX eo' fe 

→

−
0

lim = log
x x

ex

a b a

x b
H 

iK 

→

−
0

lim
x x

x

a b

x
 dk wkB gsk eo'. 

B'N 
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B'N  

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 15H cbB f(x) fJ; soQK gfoGkfPs j?L 

 

 

 

fdykU fe 

→∞
lim ( )
x

f x  ti{d ftZu BjhA j?. 

jZb L fJZE/ f (0 + h) = 1H 

∴          dZyD gZy ;hwk & f (0 + 0) = 
0 0 0 0

lim ( ) = lim
x x

f x
→ + → +

(1) = 1 H 

ns/         f (0 – h) = – 1  

∴          tkw gZy ;hwk & f (0 –0 ) = 
0 0 0 0

lim ( ) = lim
x x

f x
→ − → −

 (–1) = –1H 

∵         

0 0 0 0
lim ( ) lim

x x
f x

→ + → −
≠  f(x) 

fJ; soQK 

0
lim ( )
x

f x
→

 ti{d ftZu BjhA j?. 

T[dkjoD 16H fdykU fe 

→

−
−2

2
lim

2x

x

x
 dk ti{d BjhA j?. 

jZb L id'A x > 2,            2x − = (x – 2)  

 

∴ 

 

 

∴ 

 

 

fJ; soQK 

2

2
lim

2x

x

x→

−
−

 dk ti{d BjhA j?. 

T[dkjoD 17H cbB ( )f x  fi;d/ bJh 
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fJekJh^2 L ;hwk ns/ brkskosk 

 

fdykU fe 

→1
lim ( ) = 1
x

f x H 

 

jZbL 

 

ns/ 

 

 

 

fJ; soQK 

 

T[dkjoD 18H cbB f (x) j/m nB[;ko gfoGkfPs j?L 

 

 

 

 

 

 

 

→1/ 2
lim ( )

x
f x  dk wkB gsk eo'. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

fBwB fbys dk wkB gsk eo'L 

 

 

 

 

 

 

 

 

 

 

B'N 
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T[Zso 

1H 1 2H 0 3H 

1

2
 4H 3 5H 4 

6H 

1

2
 7H a 8H 1 9H 1 10H 2a2

 

11H 

3

2
 12H 4 13H 

5

2
a3

 14H n 15H 

1

2
 

16H 3 17H 

1

e
 18H 2 

23H 

m

n
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2H9 i:kfwsh gfoGkPk (Geometrical Definition) 

brkskosk ns/ nbrkskosk (Continuity and Discontinuity)L i/eo fe;h cbB f (x) dk 

b/ykfuZso (graph) fyZuD s/ fijVk teo gqkgs j[zdk j?. T[j fJ; soQK j't/ fe fe;h fpzd{ x = a 
T[Zs/ N[ZNdk (break) Bk j't/, (Gzr Bk j[zdk j't/) sK cbB f (x) T[; fpzd{ T[Zs/ brksko (continuous) 
ejkT[Adk j?. 

 

 

 

 

 

 

 

 

 

 

fJ;d/ T[bN i/eo fe;h fpzd{ x = a T[Zs/ cbB f (x) dk b/ykfuZso N[ZN (break) ikt/ sK fpzd{ x = a 
s/ cbB f (x) nbrksko (discontinuous) ejkJ/rk. cbBK d/ fBwB fuZsoK B{z d/y e/ gsk bZrdk j? 

fe fuZso (i) ftZu f (x) d/ b/ykfuZso ftZu fpzd{ x = a T[Zs/ fe;h T[ukJh T[dkjoD ti'A k dk fJZe 

‘T[Skb’ (jump) j? fe i/eo n;hA b/ykfuZso d/ nB[fdP yZp/ s'A ;Zi/ gk;/ uZb oj/ j'JhJ/ sK x = a 
fJZe Gzr (break) j? ns/ ;kB{z x = a tZb d{i/ gk;/ uZbD ftZu g/Af;b B{z T[mkT[Dk gJ/rk. cbB (iii) 
dk teo th x = a T[Zs/ Gzr (break) j?. cbB (ii) x = a T[Zs/ Gzr (break) BjhA j? Gkt teo fJ; 

soQK j? fe N[ZNdk BjhA j?. fJ; soQK cbB f (x), x = a T[Zs/ brksko j?. 

T[dkjoD (i) i/eo n;hA cbB y = x2
 dk b/ykfuZso fyZuhJ/ sK 

fJj fJZe gotb j[zdk j? fit/A fe fuZso ftZu fdykfJnk frnk 

j?. nfij/ cbBK d/ b/ykfuZso T[Zs/ i/eo n;hA ;Zi/ s'A yZp/ iK 

yZp/ s'A ;Zi/ fJZe gk;/ s'A d{i/ gk;/ uZbhJ/ sK n;hA e'Jh eqw^Gzr 

BjhA gktKr/ ns/ i/eo n;hA b/ykfuZso T[Zs/ fJZe feBko/ s'A d{i/ 

feBko/ s/ g/Af;b ubkJhJ/ sK ftueko fe;h EK g/Af;b T[mkT[Dh 

BjhA gJ/rh. fJj cbB brksko cbB (Continuous function) 
j?. 

 

 

 

 

 

 

 

dk b/ykfuZso i/eo n;hA fyZuhJ/ sK d' ftfGzB gotb ns/ 

fJZe fpzd{ (1, 1) gqkgs j't/rk fit/A fe fuZso ftZu 

fdykfJnk frnk j?. fJZE/ i/eo n;hA ;Zi/ s'A yZp/ iK yZp/ s'A 

;Zi/ uZbhJ/ sK, x = 1 T[Zs/ eqw Gzr j? ns/ i/eo n;hA x = 1 
d/ fJZe gk;/ s'A d{i/ gk;/ g/Af;b uZbkJhJ/ sK x = 1 T[Zs/ 

g/Af;b B{z T[mkT[Dk (to lift) gJ/rk. fJj cbB nbrksko 

(Discontinuous) j?. 

n;hA d/yd/ jK fe i/eo fe;h fpzd{ T[Zs/ cbB nbrksko j? 

sK T[; fpzd{ T[Zs/ cbB d/ wkB ftZu fJZedw Skb (sudden 
jump) j[zdh j? id'Afe brksko cbB dk wkB, x dk wkB pdbD s/ j'bh^j'bh pdbdk j?. fJ; soQK  

B'N 
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B'N 
i/eo fe;h fpzd{ x = a s/ cbB brksko j? sK  dk wkB, x B{z a d/ pj[s B/V/ u[D 

e/ fJZSk nB[;ko S'Nk ehsk ik ;edk j?. 

 

2H10 fe;h fpzd{ T[Zs/ cbB dh brkskosk 

     (Continuity of a Function at any Point) 

e'Ph gfoGkPk (Cauchy’s definition): fJZE cbB f (x), x = a T[Zs/ brksko ejkT[Adk j?. 

i/eo fJZe ;t/S (arbitrary) u[Dh rJh XBkswe ;zfynk ε fijVh fezBh th S'Nh j't/ gozs{ 

Iho' Bk j't/, d/ bJh n;hA ε T[Zs/ fBoGo fJZe nfijh XBkswe ;zfynk δ nfijh gqkgs 

eo ;ehJ/ fe  d/ T[jBK ;ko/ wkBK d/ bJh fiBQK d/ bJh 

H 

Gkt nzsokb (a – δ, a + δ) d/ fe;h th fpzd{ x T[Zs/ cbB f (x) ns/ f (a) dk XBkswe nzso fJZe 

;t/Ssk fBdfoPN XBkswe ;zfynk ε s'A th xZN j't/, sK cbB f (x) fpzd{ x = a T[Zs/ brksko 

ejkT[Adk j?. 

t?ebfge gfoGkPkL cbB f (x), x = a T[Zs/ brksko (Continuous) ejkT[Adk j? i/eo  dk 

ti{d j't/ ns/ T[j x = a T[Zs/ cbB d/ wkB d/ pokpo j't/. 

 

 

 

 

 

 

fJ; soQK i/eo f (a + 0) = f (a – 0) = f (a), sK f (x) B{z x = a T[Zs/ brksko efjzd/ jB. BjhA sK 

x = a T[Zs/ cbB nbrksko j?. cbB f (x) fpzd{ x = a T[Zs/ brksko ejkT[Adk j? fe i/eo cbB 

fBwBfbys fszB PosK dh g[PNh eo/ L 

1H i/eo cbB f (x), x = a T[Zs/ gfoGkfPs j't/ Gkt x = a T[Zs/ cbB dk fJZe fBPfus wkB j't/. 

2H id'A x dk wkB a d/ tZb nZr/ tZXdk j't/, T[d'A f (x) fe;h ;hwk d/ tZb nZr/ tX/ Gkt   f 

(x) ti{d j't/. 

3H  f (x) = f (a) j't/. 

 

2H11 brkskosk dk i:kfwsh noE (Geometrical Meaning of 

Continuity) 

wzB b' QR cbB f (x) dk b/ykfuZso j?. fJ; b/ykfuZso 

ftZu fpzd{ P[a, f (a)] T[Zs/ ftuko eo'. i/eo ε e'Jh 

;t/Ssk fBdfoPN XBkswe ;zfynk j? sK o/yktK y = f 
(a) – ε, y = f (a) + ε, x-neP d/ ;wkB ns/ P d/ 

fBZub/ gk;/ ns/ T[Zgo d/ tZb j't/rh. 

fdZs/ j'J/ ε d/ ;zrs x = a d/ gfos n;hA fJZe nzsokb 

fi;dh u"VkJh 2δ j?, gsk eo ;ed/ jK fi;B{z o/yk x 
= a d/ d'B'A gk;/ ns/ y-neP d/ ;wkB o/yktK x = a – 
δ ns/ x = a + δ d[nkok gqdofPs ehsk ik ;edk j?. 
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fJekJh^2 L ;hwk ns/ brkskosk 

 

i/eo d/ o/yktK x = a - δ, x = a + δ d/ ftZu cbB f (x) d/ b/ykfuZso dk jo fpzd{ d' o/yktK y = a - 
ε, y = a + ε d/ ftukb/ th j't/ sK cbB f (x) fpzd{ x = a T[Zs/ brksko j?. 

T[dkjoD L (i) nuo cbB (constant function) f (x) = c, x d/ jo/e n;b wkB d/ bJh brksko 

j?. 

(ii) cbB f (x) = sin x ns/ f (x) cos x, x d/ jo/e n;b wkB d/ bJh brksko j?. 

 

2H12 fe;h fpzd{ T[Zs/ cbB dh brkskosk gsk eoB dh ftXh (Method to 
Finding Continuity of a Function at any Point) 

 

;hwk (limit) dh gfoGkPk s'A ;gPN j? fe lim
x a→

 f (x) dk ti{d (existence) sK jh j[zdk j?, id'A 

          f (x) dh tkw gZy ;hwk & f (x) dh dZyD gZy ;hwk 

Gkt               lim
-x a→
 f (x) = lim

+x a→
 f (x) 

Gkt                f (a – 0) = f (a + 0)  

fJ; soQK fpzd{ x = a T[Zs/ cbB f (x) dh brkskosk (continuity) gqdofPs eoB d/ bJh ;kB{z 

fdykT[Dk ukjhdk j? fe fJ; fpzd{ T[Zs/ f (x) dh tkw gZy ;hwk = f (x) dh dZyD gZy ;hwk & 

cbB dk wkB 

Left Hand Limit = Right Hand Limit = Value of the Function  

Gkt            lim
x a−→

f (x) = lim
x a+→

 f (x) = f (a)  

iK              f (a – 0) = f (a + 0) = f (a)  

dZyD gZy ;hwk (R.H.L.) d/ bJh f (x) ftZu x = a + h oZy', fiZE/ 0h → , id'A x a→  

tkw gZy ;hwk (L.H.L.) d/ bJh f (x) ftZu x = a - h oZy', fiZE/ 0h → , id'A x a→  

 

2H13 fJZe nzsokb ftZu cbB dh brkskosk 

     (Continuity of a Function in an Interval) 

fJZe cbB f (x) fe;h fttfos nzsokb (a, b) ftZu brksko fejk iKdk j? i/eo fJj nzsokb  

(a, b) ftZu x d/ ;ko/ wkBK d/ bJh brksko j?. 

cbB f (x) fe;h pzd nzsokb (closed interval) [a, b] ftZu brksko fejk iKdk j?, i/eo 

(i) fJj x d/ T[jBK ;ko/ wkBK d/ bJh brksko j't/ fi;d/ bJh a < x < b  

(ii) 
0

lim
x a+→

 f (x) = f (a) 

(iii) 
0

lim
x b-→

 f (x) = f (b)H 

Gkt cbB y[Zb/ nzsokb (a, b) ftZu brksko j't/ ns/ x = a T[Zs/ dZyD gZy s'A ns/ x = b T[Zs/ tkw 

gZy s'A brksko j't/. 

fJZe nzsok ftZu nbrkskosk (Discontinuity in an interval)L cbB f (x) fe;h nzsokb ftZu 

nbrksko fejk iKdk j? i/eo fJj nzsokb ftZu fe;h fJZe fpzd{ T[Zs/ iK pj[s ;ko/ fpzd{nK T[Zs/ 

nbrksko j't/. 

 

2H14 brksko cbBK dk gqw/: (Theorem on Continuous Functions) 

(i) i/eo f (x) ns/ g (x) d'B'A fe;h fpzd{ x = a T[Zs/ brksko j'D sK f (x) ± g (x) th x = a 
T[Zs/ brksko j't/rk. 

B'N 
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B'N (ii) i/eo f (x) ns/ g (x) d'B'A fe;h fpzd{ x = a T[Zs/ brksko jB sK f (x) g (x) th x = a 
T[Zs/ brksko j't/rk. 

(iii) i/eo f (x) fe;h fpzd{ x = a T[Zs/ brksko j? ns/ k fJZe fBPfus n;b ;zfynk j? sK 

k f (x) th x = a T[Zs/ brksko j't/rk. 

(iv) i/eo f (x) ns/ g (x) fe;h fpzd{ x = a T[Zs/ brksko j? ns/ g (a) ≠ 0 sK 

( )

( )

f x

g x
 th x 

= a brksko j't/rk. 

(v) i/eo f (x), x = a T[Zs/ brksko j? ns/ f (a) ± 0 sK 

1

( )f x
 th x = a T[Zs/ brksko 

j't/rk. 

(vi) i/eo f (x), x = a T[Zs/ brksko j? sK ( )f x  th x = a T[Zs/ brksko j't/rk. 

T[dkjoD 1H fdykU fe cbB f (x) = x2 + 1, x = 2 T[Zs/ brksko j?. 

jZbL     

2
lim
x→

 f (x) = 5 = f (2).  

fJ; soQK cbB x = 2 T[Zs/ brsko j?. 

T[dkjoD 2H cbB f (x) =
−
1

2x
, x = 2 T[Zs/ nbrksko j?. f;ZX eo'. 

jZbL (i) f (2) gfoGkfPs BjhA j? (jo Iho' j?). 

(ii)  
2

lim
x→

 f (x) dk ti{d BjhA j? (∞ d/ pokpo j?). 

x = 2 B{z SZv e/ pkeh jo fpzd{ T[Zs/ cbB brksko j?. fJ; soQK 

x = 2 T[Zs/ cbB nbkrkskosk (discontinuity) j?. 

T[dkjoD 3H fdykU fe cbB f(x)
−
−

2 4
= 2

2

x
, x

x
 T[Zs/ 

nbrksko  

(discontinuous) j?. 

 

jZbL (i) f (2) gfoGkfPs BjhA j? (nzP ns/ jo d'B'A Iho' 

jB). 

(ii) 
2

lim
x→

 f (x) = 4. 

fJ; soQK cbB x = 2  nbrksko j?. 

T[dkjoD 3 ftZu nbrkskosk B{z d{o ehsk ik ;edk j? feT[Afe 

cbB B{z d[pkok 

2 4
( ) , 2

2

x
f x x

x

−= ≠
−

l gfoGkfPs eoe/ f (2) 

= 4. 

f (x) 
2 4

2

x

x

−
−

 ns/ g (x) = x + 2 d/ rqkc ;wkB jB id'A fe gfjb/ ftZu S/d (hole) j?. 

T[dkjoD 2 ftZu brkskosk B{z d{o BjhA ehsk ik ;edk feT[Afe ;hwk dk th ti{d BjhA j?. 
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fJekJh^2 L ;hwk ns/ brkskosk 

 

jZb L f (x), x = 0 T[Zs/ brksko (continuous) j? feT[Afe f (0) = 1, (fdZsk j?) 

ns/              

0

sin
lim 1 (0)
x

x
f

x→
= =  

  

 

 

 

jZb L f (x), x = 0 T[Zs/ nbrksko (discontinuous) j? feT[Afe f (0) = 1  

 

 

 

 

 

 

 

 

 

 

T[dkjoD 1H                            

                      dk nkb/y fyZu'. 

f;ZX eo' fe cbB w{bfpzd{ T[Zs/ nbrksko 

(discontinuous) j?. 

jZb L f (x) dk nkb/y fyZuDk nfs ;ob j?. fJj fuZso 

ftZu fdykfJnk frnk j?. ;gPN j? fe fpzd{ x = 0 T[Zs/ 

nkb/y ftZu fJZe T[Skb (jump) j?. j[D n;hA dZyD gZy ns/ 

tkw gZy ;hwktK dh iKu eod/ jK. 

w{bfpzd{ (x = 0) T[Zs/ dZyD gZy ;hwk (R.H.L.):  

x ≥ 0 d/ bJh, 

 

 

 

 

 

∴                                                                                      HHHH(i) 

w{bfpzd{ T[Zs/ tkw gZy ;hwk (L.H.L.) (x < 0 d/ bJh) 

x < 0 d/ bJh,                 

 

 

 

 

 

∴                                                                                     HHHH(ii) 

fJ; soQK (i) ns/ (ii) s'A 

fJ; soQK x = 0 T[Zs/ cbB f (x) nbrksko (discontinuous) j?. 

(B'NL ftfdnkoEhnK B{z ukjhdk j? fe T[j do;kT[D fe x = 0 T[Zs/ f (x) dZyD brksko j?.) 

B'N 
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B'N T[dkjoD 2H i/eo f (x) = -1 + + 2x x , fiZE/ x e'Jh n;b ;zfynk j?, sK f;ZX eo' fe 

cbB f (x), x = 1 ns/ x = -2 T[Zs/ brksko j?. 

jZbL x = 1 T[Zs/ dZyD ;hwk (R.H.L.)  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

fJ; soQK x = 1 T[Zs/ brksko j?. 

x = –2 T[Zs/ dZyD ;hwk (R.H.L.)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

fJ; soQK x = 1 T[Zs/ brksko j?. 

T[dkjoD 3H fdykU fe cbB f (x) = 
1

x - a
, x = a T[Zs/ nbrksko j?. 

jZb L 
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fJekJh^2 L ;hwk ns/ brkskosk 

 

 

 

 

 

 

 

 

 

∴ 

fJ; soQK cbB x = a T[Zs/ nbrksko j?.                                                 T[Zso 

T[dkjoD 4H fdykU fe ,f x x x( ) = = 0  T[Zs/ brksko j?. 

jZb L fJZE/ 

 

 

 

 

 

 

 

∴ 

fJ; soQK cbB x = 0 T[Zs/ brksko j?.                                                   T[Zso 

T[dkjoD 5H fdykU fe  

 

fpzd{ x = 1 T[Zs/ nbrsko j?. 

jZb L fdZsk j'fJnk j?, f (1) = 2  

 

 

ns/ 

 

∴ 

 

fJ; soQK cbB x = 1 T[Zs/ nbrksko j?.                                                 T[Zso 

 

T[dkjoD 6H k d/ fe; wkB d/ bJh cbB   

X = 4 T[Zs/ brksko j?. 

jZbL ∵  x = 4 T[Zs/ f (x) dk wkB k j?. 

 

 

 

 

 

 

B'N 
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B'N  

 

 

 

 

 

 

 

 

 

 

fdZsk j? fe x ≠ 4 T[Zs/ brksko j?. 

                              L.H.L. = R.H.L. = f (4) 

                                       8 = 8 = k 

fJ; soQK                          k = 8.                                                        
T[Zso 

 

 

 

 Nk;e       k d/ fe;h wkB d/ bJh  

 

  

             x = 5 T[Zs/ brksko j?.                                           T[ZsoL k = 10 

 

 

T[dkjoD 7H cbB f (x) B{z fpzd{ (0, 0) T[Zs/ brkskosk dk gqhyD eo' id'A 

 

 

 

 

jZb L fJZE/ 

 

 

 

 

 

 

 

 

 

∴ 

fJ; soQK cbB x = 0 T[Zs/ nrksko j?. 

 L.H.L. = R.H.L. = f (1) 

fJ; soQK x = 1 T[Zs/ cbB brksko j?.                                                 T[Zso 

 

T[dkjoD 8H i/eo f (x) =   

X = 1 T[Zs/ fJZe brksko cbB j?, sK a ns/ b d/ wkB gsk eo'. 

jZb L feT[Afe fdZsk cbB f (x), x = 1 T[Zs/ brksko cbB j?. fJ; bJh 
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fJekJh^2 L ;hwk ns/ brkskosk 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

;whH (i) s/ (ii) B{z jZb eoB s/ 

                                                        a = 3, b = 5. 

T[dkjoD 9H cbB f (x) fJZe nzsokb [0, 1] ftZu j/m nB[;ko gfoGkfPs j?^ 

 

 

 

 

 

 

 

T[jBK fpzd{nK B{z gsk eo' fiBQK T[Zs/ cbB nbrsko j?. 

jZb L (i) x = 0 T[Zs/ brksko f (0) = 0  

 

 

 

∴ cbB x = 0 T[Zs/ nbrksko j?. 

(ii) x =
1

2
 T[Zs/ brksko 

1 1

2 2
f

  =  
 

 

 

 

 

 

 

 

 

 

∴ 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

fJ; soQK cbB 

1

2
x =  T[Zs/ nbrksko j?. 

(iii) x = 1 T[Zs/ brksko f (1) = 1  

 

 

 

                                                                                      T[Zso 

fJ; soQK cbB x = 1 T[Zs/ nbrksko j?. 

T[dkjoD 10H cbB f (x) dh x = 0, 1 T[Zs/ brkskosk dk gqhyD eo' id'A 

 

 

 

 

 

jZbL (i) x = 0 T[Zs/ brkskosk 

 

 

 

 

 

 

 

∴ 

fJ; soQK cbB x = 0 T[Zs/ brksko j?. 

(ii) x = 1 T[Zs/ brksko 

 

 

 

 

 

 

 

∴ 

fJ; soQK cbB x = 1 brksko j?.                                                     T[Zso 

T[dkjoD 11H gqdofPs eo' fe fijVk cbB f (x), ∀x ∈  R j/m nB[;ko gfoGkfPs j?L 

 

 

 

 

x = 0 nbrksko (discontinuous) j?. 

jZb L x = 0 T[Zs/ fdZsk j'fJnk j? fe 

                                                    f (0) = 0                                                                           ...(i) 

x = 0 T[Zs/ dZyD gZy ;hwk (R.H.L.)L 
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fJekJh^2 L ;hwk ns/ brkskosk 

 

 

 

 

 

 

 

 

∴ 

 

 

fJ; soQK                                                                                 HHH(i) 

x = 0 T[Zs/ tkw gZy ;hwk (L.H.L.)L 
 

 

 

 

 

 

∴ 

 

 

fJ; soQK                                                                               HHH(iii) 
 

(ii) ns/ (iii) s'A dZyD gZy ;hwk ≠ tkw gZy ;hwk 

fJ; soQK fdZsk j'fJnk cbB x = 0 T[Zs/ nbrksko j?.                                    T[Zso 

T[dkjoD 12H fJZe cbB f (x) j/m nB[;ko gfoGkfPs j?L 

 

 

 

 

 

eh f (x), x = 1 ns/ x = 2 T[Zs/ brksko j?< 

jZbL gfjbK n;hA x = 1 T[Zs/ iKu eod/ jK. 

fJ; soQK x = 1 T[Zs/ f (x) = 2 ^ x s'A f (1) = 2 – 1 =1                                                              ...(i) 

x = 1 T[Zs/ dZyD gZy ;hwk (R.H.L.) ∵  x > 1 d/ bJh f (x) = 2 – x 

j[D  

 

                                                                                                                                              ...(ii) 

x = 1 T[Zs/ tkw gZy ;hwk (L.H.L.) ∵ f (x) = x, 

                                                                                                                                             ...(iii) 

fJ; soQK (i), (ii) s/ (iii) s'A x = 1 T[Zs/ f (1) = f (1 + 0) = f (1 – 0)H 

fJ; soQK x = 1 T[Zs/ f (x) brksko j?. 

d[pkok x = 2 T[Zs/ f (x) = 2 – x s'A f (2) = 2 – 2 = 0                                                               ...(iv)  
 

B'N 
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B'N 

x = 2 T[Zs/ dZyD gZy ;hwk (R.H.L.) ∵ x > 2 d/ bJh f (x) & 

21

2
x x−  

 

 

 

 

                                                                                                                                           ...(v) 

x = 2 T[Zs/ tkw gZy ;hwk (L.H.L.) ∵ x < 2 d/ bJh f (x) = 2 – x  

                         ( )
0

2 0 lim (2 ) lim 2 (2 ) 0
h

f f h h
→

− = − = − − =                  HHH(vi) 

∴ (iv), (v), (vi) s'A, 

f (2) = f (2 + 0) = f (2 – 0) = 0H 

fJ; soQK x = 2 T[Zs/ f (x) brksko j?. 

 

 

 

fBwBfbys cbBK ftZu'A jo/e d/ bJh nbrkskosk (discontinuity) d/ fpzd{, i/eo e'Jh j? 

sK gsk eo' ns/ b/ykfuZso fyZu'^ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

58                                             LOVELY PROFESSIONAL UNIVERSITY 

VED1 

E L-LOVELY-H math2-2     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 

 

gqPBktbh 2H2 

 

                             
     jo fpzd{ T[Zs/ brksko j?. cbB dk b/ykfuZso th fyZu'. 

     fBwB cbBK dh brkskosk dk gqhyD eo'^ 

 



 

fJekJh^2 L ;hwk ns/ brkskosk 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[Zso 

 

1H 0 2H e'Jh BjhA 3H e'Jh BjhA 8H brksko 

9H brksko 10H nbrksko 11H brksko 12H nbrksko 

13H x = 3, nbrksko 14H x = 0, brksko 15H nbrksko 16H nbrksko 

17H x = 0, brksko 18H nbrksko 19H nbrksko 20H nbrksko 

21H brksko 22H brksko 23H jK 24H brksko, x = 1, 
2 ns/ nbrksko 

x = 0 T[Zs/ 

25H nbrksko. 

 

   

 

B'N 
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B'N ;t?^w[bKeD (Self Assessment) 

2H pj[ftebgh gqPB (Multiple Choice Questions)^ 

(i) 
3 3

lim
x a

x a

x a→

−
−

dk wkB j?^ 

(a) 3a2              (b) 3a                (c) 3b2             (d) 3b 

(ii) 
1

lim 1 .......
x

x x→∞

 + =  
 

   (a) 
1

e
               (b) e                   (c) ^e               (d) ∞  

(iii) 
0

lim log .......
xx

x

a - b
e

x→
=  

  (a) 
b

a
               (b) 

1

b
                (c) 

a

b
               (d) 

a

b
−  

(iv) i/eo f (x) ns/ g (x) d'B'A fe;h fpzd{ x = a T[Zs/ brksko j'D sK f (x) ± g (x), x = a T[Zs/ 

eh j't/rk< 

  (a) brksko       (b) nbrksko       (c) ;zrs       (d) n;zrs 

(v) 
1

lim .......
1

2

2

x

xx

e

e +→∞

− =  

  (a) 2                 (b) 2e                 (c) 1                 (d) 
1

e
 

 

2H15 ;koKP (Summary) 

• id'A cbB dh ;hwk ;[szso uo d/ wkB d/ ;Zi/ gk;/ s'A gqkgs ehsh iKdh j? sK T[;B{z cbB 

dh dZyD gZy ;hwk (R.H.L.) efjzd/ jB ns/ ;Zi/ gk;/ d/ bJh XB fuzBQ dk gq:'r eod/ 

j'J/ ;ze/se o{g ftZu j/m nB[;ko fbyd/ jB^ 

    dZyD gZy                 = f (a + 0) 

                               = lim
x a+→

f (x) = l1. 

• id'A cbB dh ;hwk ;[szso uo d/ wkB d/ yZp/ gk;/ s'A gqkgs ehsh iKdh j? sK T[;B{z tkw 

gZy ;hwk efjzd/ jB ns/ yZp/ gk;/ d/ bJh (^) fuzBQ dk gq:'r eod/ j'J/ ;ze/se o{g 

ftZu j/m nB[;ko Bkb fbyd/ jB^ 

     tkw gZy ;hwk         = f (a – 0) 

                            = lim
x a−→

f (x) = l2. 

• dZyD gZy ns/ tkw gZy ;hwk gsk eoB d/ bJh cbB ftZu uo x d/ ;EkB s/ eqw 

nB[;ko (x + h) ns/ (x – h) ;Ekfgs eo'. 

• fJ; soQK (i) s'A gqkgs cbB x B{z fdZs/ j'J/ fpzd{ (wzB fbU a) Bkb gqsh;Ekfgs eo'. 

• 0h →  T[Zs/ cbB dh ;hwk gsk eo' [Gkt (ii) s'A gqkgs cbB B{z T[go'es o{g ftZu oZye/ 

h = 0 oZy']. 
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fJekJh^2 L ;hwk ns/ brkskosk 

 

• i/eo fe;h cbB f (x) dh x = a T[Zs/ dZyD gZy ns/ tkw gZy d'B'A ;hwktK Pkfwb ns/ fJZe 

;wkB j'D, sK cbB f (x) dh x = a T[Zs/ ;hwk dk ti{d j[zdk j?. 

                   lim ( ) lim ( )
+ -x a x a

f x f x l
→ →

= = (wzB fbU) 

• fJZE/ l cbB dh ;hwk ejkT[Adh j? ns/ fJ;B{z n;hA j/m nB[;ko ftnes eod/ jK^ 

                    lim ( )
x a

f x l
→

= H 

• ;kB{z ;hwk gsk eoB d/ bJh dZyD gZy s/ tkw gZy d'B'A ;hwktK gsk eoBhnK ukjhdhnK 

jB gozs{ wZXfwe ;so s/ n;hA ;hwk eJh tko f;ZX/ jh gsk eod/ jK. 

• nzP ns/ jo d'jK B{z T[;d/ T[GfBPm r[Dbyzv fijV/ Iho' BjhA jB, Bkb Gkr d/Dk s[ozs 

;zGt Bk j't/ sK Pq/Dh gq;ko (expansion in series) iK fe;h o{gKsoD (transformation) d/ 

pknd fJj fefonk ;zGt j' ;edh j?. 

• i/eo fe;h cbB f (x) dk b/ykfuZso (graph) fyZuD s/ fijVk teo gqkgs j[zdk j?. T[j 

fJ; soQK j't/ fe fe;h fpzd{ x = a T[Zs/ N[ZNdk (break) Bk j't/, (Gzr Bk j[zdk j't/) sK cbB 

f (x) T[; fpzd{ T[Zs/ brksko (continuous) ejkT[Adk j?. 

• cbB f (x) fe;h fttfos nzsokb (a, b) ftZu brksko fejk iKdk j? i/eo fJj nzsokb 

(a, b) ftZu x d/ ;ko/ wkBK d/ bJh brksko j?. 

• cbB f (x) fe;h pzd nzsokb (closed interval) [a, b] ftZu brksko fejk iKdk j?, i/eo 

(i) fJj x d/ T[jBK ;ko/ wkBK d/ bJh brksko j't/ fi;d/ bJh a < x < b 

(ii) 
0

lim
x a+→

 f (x) = f (a)                                     (iii) 
0

lim
x b+→

 f (x) = f (b)H 

 

2H16 Ppde'P (Keywords) 

• eqw (Sequence)^eqw, f;bf;bk. 

• ;ss (Continually)^brksko. 

 

2H17 nfGnk; gqPB (Review Questions) 

1H 
2 2

0

2
lim
x

x ax a

x a→

 − +
 − 

 dk wkB gsk eo'.                                  (T[Zso L –a) 

2H f;ZX eo' fe 

0
lim log

x x

x

a b a
e

x b→

− = H 

3H 
3

1

1
lim

1x

x

x→

−
−

 dk wkB gsk eo'.                                             (T[Zso L 3) 

4H cbB                           dh brkskosk dk gqhyD eo'.      (T[Zso L nbrksko) 

 

5H do;kU fe ( ) , 0f x x x= =  T[Zs/ brksko j?. 

 

T[Zso L ;t?^w[bKeD (Answer : Self Assessment) 

1H (i) dZyD gZy ;hwk    (ii) tkw gZyh ;hwk    (iii) ti{d    (iv) ;hwKs    (v) wZXfwe. 

2H (i) (a)                          (ii) (b)                         (iii) (c)          (iv) (a)            (v) (c) 
 

B'N 
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B'N 2H18 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

4H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

5H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

6H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

7H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

9H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 
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fJekJh^3 L fBy/VB 

 

fJekJh^3L fBy/VB 

(Differentiation) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

3H1 fBy/VB^r[DKe iK fBy/VBk (Differential Coefficient) 

3H2 gfoGkPk (Definition) 

3H3 fe;h nuo okPh dk fBy/VB^r[DKe (Differential Coefficient of a Constant) 

3H4 nuo okPh ns/ cbB d/ r[DBcb dk fBy/VB^r[DKe (Differential Coefficient of the 
Product of a Constant and a Function) 

3H5 xn
 dk x d/ ;kg/y fBy/VB^r[DKe (Differential Coefficient of xn Respect to x) 

3H6 d' cbBK d/ i'V iK nzso dk fBy/VB^r[DKe (Differential Coefficient of Sum and 
Subtract of two Functions) 

3H7 cbB ex
 dk x d/ ;kg/y fBy/VB^r[DKe, id'Afe e (Exponential) uo xksh j? 

(Differential Coefficient of Function ex Respect to x when e is Exponential) 

3H8 cbB ax
 dk x d/ ;kg/y fBy/VB^r[DKe, id'Afe a fJZe nuo j? (Differential 

Coefficient of Function ax Respect to x when a is a Non-variable) 

3H9 cbB loge x dk x d/ ;kg/y fBy/VB^r[DKe, id'Afe nXko uo xksh j? (Differential 
Coefficient of Function loge x Respect to x, when base is Exponential) 

3H10 cbB loga x dk x d/ ;kg/y fBy/VB^r[DKe, id'Afe bx[rDe dk nXko e'Jh nuo j? 

(Differential Coefficient of Function logax, Respect to x when base of Logarithm is 
a Non-variable) 

3H11 d' cbBK d/ Gkrcb dk fBy/VB^r[DKe (Differential Coefficient of the Quotient of 

Two Functions) 

3H12 ;koKP (Summary) 

3H13 Ppde'P (Keywords) 

3H14 nfGnk; gqPB (Review Questions) 

3H15 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• fBy/VB^r[DKe iK fBy/VBk eZYD ftZu. 

• fe;h nuo okoPh dk fBy/VB^r[DKe gsk eoB bJh. 

• xn
 dk x d/ ;kg/y fBy/VB^r[DKe dh ikDekoh bJh. 

• d' cbBK d/ i'V, nzso, r[Dk ns/ Gkrcb dk fBy/VB^r[DKe eZYD bJh. 
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B'N gq;sktBk (Introduction) 

wzB fbU  y = x2
 

id'A x = 2, sK y = 4, id'A x = 3, y = 9. 

X, 2 s'A tZX e/ 3 j' iKdk j? sK y th 4 s'A tZX e/ 9 j' iKdk j?. e'Jh uo fezBk tZXdk j? T[;B{z 

T[;d/ tkX/ (Increment) efjzd/ j?. x d/ tkX/ B{z brGr δx d[nkok ;{fus eod/ jK ns/ ‘v/bNk 

n?e;’ (delta x) efje/ gVQd/ jK. 

T[go'es T[dkjoD ftZu δx = 3 – 2 = 1 ns/ δy = 9 – 4 = 5  

i/eo x, 1 s'A pdbe/ H8 j' ikt/ sK δx = .8 – 1 = – 2H 

 

 

 

 B'N;       fJj fXnkB oZyDk ukjhdk j? fe δx eoe/ noE = δ × x BjhA j? Gkt fJj δ ns/ x 
dk r[DBcb Bk j' e/ fJZe gqshe (Symbol) j?. fJj J/eb okPh j?. 

 

 

fJj th ;gPN j? fe i/eo ;[szso uo dk wkB x s'A pdbe/ x + δx j' ikt/ sK goszso uo dk 

wkB th y s'A pdbe/ y + δy j' ikt/rk. 

 

3H1 fBy/VB^r[DKe iK fBy/VBk (Differential Coefficient) 

wkB fbU y = x2, x dk cbB j?. wkB fbU x dk nozGe wkB 3 j?. 

j/mbh ;koBh ftZu fdykfJnk frnk j? fe x ftZu tkXk δx j'D s/ y ftZu tkXk δy ns/ fJjBK 

tkfXnK ftZu nB[gks  d/ wkB ftZu fe; soQK gfotosB j[zdk j?. fJZE/ x d/ nozGe wkB 3 

ftZu 4, 3, 2, 1, HHHHHHH nkfd dk tkXk fbnk frnk j?. 

δx BtK x (x + δx) BtK y (y + δy) δy  

4 7 49 40 10 

3 6 36 27 9 

2 5 25 16 8 

1 4 16 7 7 

0.1 3.1 9.61 .61 6.1 

0.01 3.01 9.0601 .0601 6.01 

0.001 3.001 9.006001 .006001 6.001 

0.0001 3.0001 9.00060001 .00060001 6.0001 

h 3 + h 6 + 6h + h2 6h + h2 6 + h 
 

fJ; ;koDh s'A ;gNP j? fe 

1H fit/A^fit/A δx S'Nk j' e/ Iho' tZb nZr/ tXdk j? (approaches zero) T[t/A^T[t/A δy th S'Nk j' e/ 

Iho' d/ tZb nZr/ tXdk j?. 

Gozs{ fJjBK d'jK dk nB[gks  S'Nk j'D s/ th Iho' d/ tZb nZr/ tXD d/ ;EkB s/ fJZe ;fEo 

wkB d/ tZb/ nZr/ tZXdk j? fijVk fJ; T[dkjoD ftZu 6 j?. 
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fJekJh^3 L fBy/VB 

 

fJ; soQK Bshik fBebdk j? fe id'A δx ns/ fJ;d/ Bshi/ ti'A δy pj[s xZN j' iKd/ jB sK , 6 

d/ tZb/ nZr/ tZXdk j?. d{i/ PpdK ftZu, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 B{z cbB y dk x d/ ;kg/y fBy/VB^r[DKe (Differential coefficient of y with respect to x) 

iK ntebi (Derivative) efjzd/ jB. ;[szso uo d/ fe;h soQK d/ ;zd/j s'A puD d/ bJh fejk 

iKdk j? fe cbB dk x d/ ;kg/y fBy/VB^r[DKe  B{z  iK  fbyd/ jB. fJ; soQK 

;hwk gsk eoB dh fJ; fefonk B{z fBy/VB eoBk efjzd/ jB iK fe;h cbB d/ fBy/VB^r[DKe gsk 

eoB dh fefonk B{z fBy/VB (Differentiation) efjzd/ jB. 

B'N 

 

 

eh s[;hA ikDd/ j'                 

 

 

ftfdnkoEhnK B{z  ns/  d/ nzso B{z pj[s ;ktXkBh Bkb ;wMDk ukjhdk j?.  fJZe fGzB 

j? fi;d/ nzP ns/ jo B{z fJZe^d{i/ s'A nbZr ehsk ik ;edk j? gozs{  fGzB BjhA j? pbfe  

d/ ;hwKs wkB (limiting value) B{z gqrN eoB dk fJZe f;oc ;ze/s jh j?. dy B{z dx s'A nbZr BjhA 

ehsk ik ;edk. fJ;B{z dy pN/ dx (dy upon dx) gVQBk nP[ZX j?.  B{z vh vh n?e; nkc tkJh 

[d-dx of y] gfVQnk iKdk j? ns/ fit/A n;hA gfjbK dZ; u[Ze/ jK fJ;dk noE j? (y) Gkt y dk x 

d/ ;kg/y fBy/VB^r[DKe. 

 

3H2 gfoGkPk (Definition) 

i/eo x dk e'Jh cbB f (x) ns/ x + δx dk T[jh cbB f (x + δx) j't/  sK 
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B'N dk ;hwKs wkB (limiting value), x d/ ;kg/y f (x) dk fBy/VB^r[DKe iK fBy/VBk 

(differential coefficient) ejkT[Adk j?. 

fNZgDh 1H ;XkoD o{g s'A fBy/VB^r[DKe (differential coefficient) B{z 

( )
, , ,1

dy df x
y y ,

dx dx
′  

( ), ( ),D ( ),
d

f x f x f x f
dx

′ ′ nkfd ;ze/sK s'A gqrN eod/ jK.  

fNZgDh 2H fe;h cbB d/ fBy/VB^r[DKe (differential coefficient) B{z gsk eoB dh ftXh B{z 

cbB dk fBy/VB eoBk (differentiating the function) efjzd/ jB. 

fJ; soQk n;hA d/yd/ jK fe fBy/VB dh ftXh ftZu uo gd (steps) j[zd/ jBL 

gfjbk gd^x B{z x + δx ftZu pdbDk ns/ f (x + δx) gsk eoBk. 

d{ik gd^ nzso f (x + δx) – f (x) gsk eoBk. 

fsZik gd^nzso B{z δx Bkb tzvDk ns/ fJ; soQK 

( + ´ ) ( )

´

f x x f x

x

−
 gsk eoBk. 

u"Ek gd^id'A δx Iho' d/ tZb/ nZr/ tZXdk j? T[d'A nB[gks 

( + ´ ) ( )

´

f x x f x

x

−
 dh ;hwk gsk 

eoBk. 

fNZgDh^fJZE'A nZr/ x dk tkXk δx d/ ;EkB s/ h fbfynk ikJ/rk sKfe ftfdnkoEh δ ns/ x dh 

d[ftXk ftZu Bk oj'. fJ; bJh i/eo f (x), x dk e'Jh cbB j? sK  

                      

0

( + ) ( )
lim
h

f x h f x

h→

−
 

B{z f (x) dk fBy/VB^r[DKe efjzd/ jB. fJj fXnkB ftZu oZyDk ukjhdk j? fe T[go'es ftnzie B{z 

h dk cbB wzfBnk iKdk j? Gkt h B{z uo wzfBnk iKdk j? ns/ x B{z nuo. 

 

3H3 fe;h nuo okPh dk fBy/VB^r[DKe  

    (Differential Coefficient of a Constant) 

wzB fbU c e'Jh nuo okPh j?. fJ; bJh fJZE/ f (x) = c j[D x d/ ;ko/ wkBK d/ bJh nuo okPh 

ftZu e'Jh gfotosB BjhA j' ;edk. 

 

 

 

 

 

 

 

 

fJ; soQK nuo okPh dk fBy/VB^r[DKe Iho' j[zdk j?. 

 

3H4 nuo okPh ns/ cbB d/ r[DBcb dk fBy/VB^r[DKe (Differential 
Coefficient of the Product of a Constant and a Function) 

 

wzB fbU fe a e'Jh nuo okPh j? ns/ f (x) fdZsk j'fJnk cbB j?, sK 
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B'N 

 

 

eh s[;hA ikDd/ j'      nuo ns/ fe;h cbB d/ r[DBcb dk fBy/VB^r[DKe cbB d/ fBy/VB^r[DKe 

ns/ nuo d/ r[DBcb d/ pokpo j[zdk j?. 

 

 
3H5 xn dk x d/ ;kg/y fBy/VB^r[DKe 

    (Differential Coefficient of xn Respect to x) 

wzB fbU f (x) = xn
 j't/ sK f (x + h) = (x + h)n

 

fJ; soQK xn
 dk x d/ ;kg/y fBy/VB^r[DKe  j?. 

∴                           

                                  B{z pkjo eZYe/. 

j[D feT[Afe , n;hA  B{z fJekjh s'A S'Nk wzB ;ed/ jK. fJ; soQK  d/ ;ko/ wkBK d/ bJh 

 dk d' gd gqw/: (Binomial Theorem) d[nkok gq;ko eoB s/ 
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B'N 

∴                

 

fJ; dk fJZe ftP/P Bshik fJj j?,  

 

 

 

 

 

 

 

 

 

 

 

 

 Nk;e        dk wkB gsk eo'. (T[Zso L 30x5
) 

  

;t?^w[bKeD (Self Assessment) 

1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

(i)    fe;h cbB d/ fBy/VB^r[DKe B{z gsk eoB dh ftXh B{z cbB dk HHHHHHHHHH eoBk efjzd/ jB. 

(ii)   nuo ns/ fe;h cbB d/ r[DBcb dk fBy/VB^r[DKe d/ fBy/VB^r[DKe ns/ nuo d/ HHHHHHH 

d/ pokpo j[zdk j?. 

(iii)                  (iv)  

(v) =......... 

 

3H6 d' cbBK d/ i'V iK nzso dk fBy/VB^r[DKe 

    (Differential Coefficient of Sum and Subtract of Two Function) 
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fJekJh^3 L fBy/VB 

 
                

                        

fJ; soQK d' cbBK d/ i'V iK nzso dk fBy/VB^r[DKe T[jBK d/ fBy/VB^r[DKe d/ i'V iK nzso d/ 

pokpo j[zdk j?. ftnkge o{g ftZu L 

wzB fbU             

sK                        

 

B'N 

 

 

 B'N;       d' iK d' s'A tZX cbBK d/ i'V iK nzso dk fBy/VB^r[DKe T[jBK d/ tZy^tZy fBy/VB^ 

r[DKe d/ i'V iK nzso d/ pokpo j[zdk j?. 

 

 

i/eo                y = u + v, sK         i/eo y = u - v sK 

                    nB[;ko  

ftnkge o{g ftZu, i/eo y = u ± v ± w ± ....... sK 

                                 

 

 

T[dkjoD 1H  dk wkB gsk eo'. 

jZbL              

                                                   H              

T[Zso 

T[dkjoD 2H  dk wkB gsk eo'. 

 

 

 

 

 

                                                                                        T[Zso 

j[D n;hA e[ZM cbBK d/ fBy/VB^r[DKe dk ftT[sgzB T[go'es ;hwk dk wkB gsk eoe/ eo ;ed/ 

jK. gozs{ pknd ftZu n;hA d/yKr/ fe e[ZM wkBe o{gK d/ fBy/VB^r[DKe d/ frnkB s'A w[bKeD dh 

fwjBs puk ;ed/ jK. 

T[DkjoD 3H cbB  dk  d/ ;kg/y fBy/VB^r[DKe gsk eo'. 
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B'N  

 

 

 

 

 

                                                                                      T[Zso 

 

 

 

 

 Nk;e          dk wkB gsk eo'.                      (T[Zso L 14
6

 O 5) 

 

 

T[dkjoD 4H  cbB dk  ;kg/y fBy/VB^r[DKe gsk 

eo'. 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                      T[Zso 

 

 

fBwBfbys cbBK dk  d/ ;kg/y fBy/VB^r[DKe gsk eo'L 
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fJekJh^3 L fBy/VB 

 

 

 

 

 

 

 

T[Zso 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3H7 cbB ex
 dk x d/ ;kg/y fBy/VB^r[DKe, id'Afe e (Exponential) uo 

xksh j? 

    (Differential Coefficient of Function ex Respect to x when e is 
Exponential) 

 

fJZE/                   f (x) = ex
 

sK                 f (x + h) = ex + h
 

fJ; soQK ex
 dk x d/ ;kg/y fBy/VB^r[DKe 

d

dx
ex
 j?. 

d[pkok 

 

 

 

 

 

 

 

 

 

 

 

 

 

B'N 
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B'N 

                            

1
0

1!
x x= e e� �+ =� �
Ł ł

H 

\                 ( )x xd
e e

dx
=  

 

3H8 cbB ax
 dk x d/ ;kg/y fBy/VB^r[DKe, id'Afe a fJZe nuo j? 

    (Differential Coefficient of Function ax Respect to x when a is a 
Non-variable) 

 

fJZE/                        f (x) = ax
  

sK                      f (x + h) = ax+h
  

fJ; soQK ax
 dk x d/ ;kg/y fBy/VB^r[DKe 

d

dx
ax
 j?. 

d[pkok 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

\ 

 

 

3H9 cbB loge x dk x d/ ;kg/y fBy/VB^r[DKe, id'Afe nXko uo xksh j? 

    (Differential Coefficient of Function loge x Respect to x, when base 
is Exponential) 

 

fJZE/ f (x) = loge x  

sK f (x + h) = loge (x + h)  
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fJekJh^3 L fBy/VB 

 

fJ; soQK  dk  d/ ;kg/y fBy/VB  j?. 

 

d[pkok 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

∴ 

 

B'N 

 

 

 B'N;       logex B{z In x d[nkok th do;kT[Ad/ jB. 

 

 

3H10 cbB loga x dk x d/ ;kg/y fBy/VB^r[DKe, id'Afe bx[rDe dk nXko 

e'Jh nuo j? (Differential Coefficient of Function logax, Respect to 
x when base of Logrithimics is a Non-variable) 

 

fJZE/             f (x) = logax = (logex) logae [;{so s'A] 

                                   = logae.logex 

fJ; soQK cbB logax dk x d/ ;kg/y fBy/VB^r[DKe logax  

                     , 
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1
log .a e

x
=                                          

1
loge

d
x

dx x
 =  
∵  

∴         

1
log loga a

d
x = e

dx x
 

 

 

 

T[dkjoD 1H 6x1/3 + 2ex
 dk fBy/VB^r[DKe gsk eo'. 

 

jZb L 

 

 

 

 

                                                                                      T[Zso 

T[dkjoD 2H 6 log x – x  – 7 dk fBy/VB^r[DKe gsk eo'. 

 

jZb L 

 

 

                                                                                      T[Zso 

 

T[dkjoD 3H cbB 5 x  + 7 loge x – 11 loga x dk x d/ ;kg/y fBy/VB^r[DKe gsk eo'. 

 

jZbL 

 

 

 

 

 

 

 

 

fBwBfbys cbBK dk x d/ ;kg/y fBy/VB^r[DKe gsk eo' L 
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fJekJh^3 L fBy/VB 

 

 

 

 

 

 

T[Zso 

 

 

 

 

 

 

 

 

 

 

 

 

 

3H11 d' cbBK d/ Gkrcb dk fBy/VB^r[DKe 

     (Differential Coefficient of the Quotient of Two Functions) 

 

wzB fbU 

 

 

 

∴ 

 

 

 

 

 

nzP ftZu f 1(x) f2 (x) B{z i'VB ns/ xNkT[D s/ 

 

 

 

 

 

 

 

 

 

 

Gkt d' cbBK d/ Gkrcb dk fBy/VB^r[DKe (Diff. Coeff.)  
 

       & 

 

       & 

 

B'N 
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(jo) nzP dk fBy/VB r[DKe) ^ (nzP) (jo dk fBy/VB ^r[DKe) 
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noEPk;soh dk rfDs 

 
  

B'N 

 

eh s[;hA ikDd/ j'               

 

 

 

 

 

  

 

 

T[dkjoD 1H i/eo , sK  dk wkB gsk eo'. 

jZb L                                 T[Zso 

T[dkjoD 2H  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 3H cbB  dk  d/ ;kg/y fBy/VB^r[DKe gsk eo'. 

 

 

jZb L 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 4H i/eo  sK f;ZX eo' fe 

                 

jZb L fdZsk j?,                      
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fJekJh^3 L fBy/VB 

 

 

 

 

 

 

 

∴ 

 

 

ns/ 

 

fJ; soQK (1) ns/ (2) s'A, 

 

                                                                                        T[Zso 

 

 

 

fBwBfbys cbBK dk x  d/ ;kg/y fBy/VB^r[DKe gsk eo' L 

   1H 
1/4

1

x
                                           2H 

log

n

e

x

x
 

   3H 
2 2

x

a x+
                                       4H 

2

2 2

x

e x+
 

   5H 
21

xe

x+
                                         6H 

1

x

x

e

e+
 

   7H i/eo 

3

2 2
( )

x
f x

a x
=

−
 sK 

2

a
f  ′  

 dk wkB gsk eo'. 

   8H i/eo 

4

2

x
y =

x

−
 sK 4x =  s/ 

dy

dx
 dk wkB  gsk  eo'. eh 0x =  T[Zs/ 

dy

dx
 dk  wkB  fwb 

      ;edk j?< 

   9H i/eo 

2

2

5 6 7

2 3 4

x + x+
y =

x x++
 sK 

dy

dx
 gsk eo'. 

  10H i/eo 

x

n

a
y =

x
 sK 

dy

dx
 gsk eo'. 

fBwB cbBK dk x  d/ ;kg/y fBy/VB^r[DKe gsk eo'L 

  11H  (i) 
a x

a x

+
−

                                 (ii)  
x -x

x -x

e e

e e

+
−

 

  12H  (i)  
1xxe

x

−
                                                        (ii)  

21

x

x−
 

   13H  
( )( )( )

1
.

x+ a x+b x+c
 

 

 

 

B'N 
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B'N T[Zso 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

2H pj[ftebgh gqPB (Multiple Choice Questions)- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3H12 ;koKP (Summary) 

• 
0

lim
x

y

xδ →

δ
δ

B{z cbB y dk x d/ ;kgy/ fBy/VB^r[DKe (Differential coefficient of y with 

respect to x) iK ntebi (Derivative) efjzd/ jB. ;[szso uo  d/ fe;h soQK  d/ ;zd/j 
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fJekJh^3 L fBy/VB 

 

s'A puD d/ bJh fejk iKdk j? fe cbB dk x d/ ;kg/y fBy/VB^r[DKe 

0
lim
x

y

xδ →

δ
δ

 B{z 

dy

dx
(y) 

iK  

dy

dx
fbyd/ jB. fJ; soQK ;hwk gskeoB dh fJ; fefonk B{z fBy/VB eoBk efjzd/ jB 

iK fe;h cbB d/ fBy/VB^r[DKe gsk eoB dh fefonk B[z fBy/VB (Differentiation) efjzd/ 

jB. 

• i/eo x dk e'Jh cbB f (x) ns/ x + δx dk T[jh cbB f (x + δx) j't/ sK 

x

f x + x f x

x´ +0

( ) - ( )
lim

δ
δ

 dk ;hwKs wkB (limiting value), x d/ ;kg/y f (x) dk 

fBy/VB^r[DKe (differential coefficient) ejkT[Adk j?. 

• 1 2{ ( )} ( ) ( )
d d d

f x f x f x
dx dx dx

= ±  

• fJ; soQK d' cbBK d/ i'V iK nzso dk fBy/VB^r[DKe T[jBK d/ fBy/VB^r[DKe d/ i'V iK 

nzso d/ pokpo j[zdk j?. 

• ( )x xd
e e

dx
=  

• logx x
e

d
a a a

dx
=  Gkt d' cbBK d/ Gkrcb dk fBy/VB^r[DKe (Diff. Coeff.)  

 

3H13 Ppde'P (Keywords) 

• fBy/VB^r[DKe (Differential Coefficient) ^ ntebi. 

• tkXk (growth) ^ tkXk. 

 

3H14 nfGnk; gqPB (Review Questions) 

1H 2( 6 )
d

x
dx

−  dk wkB eZY'.                                              (T[Zso L –12x) 

2H 6(5 2 )
d

x x
dx

+  dk wkB eZY'.                                       (T[Zso L 30x5 + 2) 

3H f;ZX eo' fe logx x
e

d
a = a a

dx
H 

4H 6 logx x− −  7 dk fBy/VB r[DK gsk eo'.                     (T[Zso L 

1

2
6 1

2
x

x
− ) 

5H i/eo 

5

x
y =

x+
 sK ;kfps eo' fe (1 )

dy
x y y

dx
= − . 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H (i) fBy/VB        (ii) r[DBcb        (iii) a        (v) n – 1        (v) 63x6

  

  2H (i) (a)            (ii) (b)                     (iii) (c)           (iv) (d)               (v) (a)  
 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N 3H15 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

2H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

4H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

5H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

6H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

7H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

9H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 
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fJekJh^4 L bx[rDe fBy/VB 

 

fJekJh^4L bx[rDe fBy/VB 

(Logarithmic Differentiation) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

4H1 bx[rDe fBy/VB (Logarithmic Differentiation) 

4H2 nBzs Pq/DhnK dk :'rcb (Sums of Infinite Tables) 

4H3 n;gPN cbB (Implicit Function) 

4H4 wkgdzve cbB (Parametric Function) 

4H5 ;koKP (Summary) 

4H6 Ppde'P (Keywords) 

4H7 nfGnk; gqPB (Review Questions) 

4H8 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• bx[rDe fBy/VB gsk eoB ftZu. 

• nBzs Pq/DhnK d/ :'rcb eZYD bJh. 

• n;gPN cbB dk gfoebB eoB bJh. 

 

 

gq;sktBk (Introduction) 

i/eo nfij/ cbBK dk fBy/VB eoBk j't/ fi; ftZu xks nze th T[;h uo okPh dk cbB j't/ iK 

T[j cbB fi;dk fBy/VB eoBK j't/ eJh cbBK dk r[DBcb iK Gkrcb j't/, sK nfij/ cbBK dk 

fBy/VB T[jBK dk bx[rDe b? e/ gsk ehs iKdk j?. fJ; gqfefonk B{z bx[rDe fBy/VB efjzd/ 

jB. 

 

4H1 bx[rDe fBy/VB (Logarithmic Differentiation) 

x d/ gsk cbB B{z y d/ pokpo wkB fbU. j[D d'B'A gZyK dk bx[rDe fbU fi; Bkb xks nze r[Dk 

ftZU, r[Dk i'V ftZu, nkfd gfotofss j' ikDr/. 

j[D d'jK gZyK dk x d/ ;kg/y fBy/VB eoe/ 

dy

dx
 dk wkB gsk eo'. 

:kd oZy' fe y d/ cbB dk x d/ ;kg/y fBy/VB eoB d/ bJh cbB dk y d/ ;kg/y fBy/VB eoB 

dy

dx
 

Bkb r[Dk eod/ jK. 
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B'N 

 

 

;ktXkBh      log (a + b) ≠ log a + log b 

 

 

fJ; soQK i/eo y = xx + (sin x)cos x
 j't/, sK log y ≠ log xx + log (sin x)cos x

H 

nfij/ gqPBK ftZu jo gd dk fBy/VB r[DKe tZy^tZy gsk eoBk gJ/rk. fco T[; s'A pknd 

;z:[es fBy/VB r[DKe gqkgs j't/rk. 

 

 

 

 B'N;      e[ZM T[g:'rh ;{soL 

           (i)   log (m. n) = log m + log n 

           (ii)   

                  (iii) log (m)n = n log m. 

  

 

 

T[dkjoD 1H cbB ex . logex . tan x dk x d/ ;kg/y fBy/VB r[DKe gsk eo'. 

jZb L wzfBnk             y = ex . logex. tan x 

d'jK gZyK dk b[rDe b?D s/ 

                                    log y = log ex + log (logex) + log tan x 

d'jK gZyK dk x d/ ;kg/y fBy/VB s/ 

 

 

 

 

 

 

 

 

 

∴ 

 

 

fJ; soQK                                                                             T[Zso 

 

T[dkjoD 2H i/eo y = sK  dk wkB gsk eo'. 

jZb L                    

d'jK gZyK dk log b?D s/ 

                                  

 d/ ;kg/y fBy/VB eoB s/ 
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fJekJh^4 L bx[rDe fBy/VB 

 

 

 

 

 

 

 

 

 

∴                                                                                      T[Zso 

 

 

T[dkjoD 3H cbB 10x
 dk x d/ ;kg/y fBy/VB r[DKe gsk eo', id'A 10 fJZe nuo j?. 

jZb L wzB fbU              y = 10x
 

d'jK gZyK dk bx[rDe b?D s/ 

                         log y = log 10x
 

iK                       log y = x log 10 

iK                       log y = x. 

d'jK gZyK dk fBy/VB eoB s/  

                        

1
. 1
dy

y dx
=  

                           

dy
y

dx
=  

10xy =  oZyD s/ 

                           10xdy

dx
= H                                                   T[Zso 

T[dkjoD 4H cbB 

x a x b x c

1

( + )( + )( + )
 dk x  d/ ;kg/y fBy/VB eo'. 

jZb L wzB fbU             

1

( + )( + )( + )
y

x a x b x c
=  

 

 

 

iK 

 

d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/ 

 

 

 

iK 

 

 

iK                                                                                      T[Zso 

 

B'N 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               83 

 

VED1 

E L-LOVELY-H math4-1     IInd  6-8-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



noEPk;soh dk rfDs 

 

B'N 

T[dkjoD 5H i/eo (sin y)x = a, sK 

dy

dx
 dk wkB gsk eo'. 

jZb L               (sin y)x = a 

d'jK gZyK dk bx[rDe b?D s/ 

                                    log (sin y)x = log a 

iK                     x log sin y = log a 
d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/  

 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 6H i/eo (cos x)y = (sin y)x
 j't/, sK 

dy

dx
 gsk eo'. 

jZb L                      (cos x)y = (sin y)x
 

d' gZyK dk bx[rDe b?D s/ 

                                      y log cos x = x log sin y 

x d/ ;kg/y fBy/VB eoB s/ 

 

 

 

 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 7H log (xy) = x2 + y2
 dk x d/ ;kg/y fBy/VB r[DKe 

dy

dx
 gsk eo'. 

jZb L log (xy) = x2 + y2
 

log x + log y = x2 + y2
 

x d/ ;kg/y fBy/VB s'A 

 

 

 

 

 

 

 

 

                                                                                      T[Zso 
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fJekJh^4 L bx[rDe fBy/VB 

 

 

 

bx[ T[Zsoh gqPB 

        fBwB fbys cbBK dk x d/ ;kg/y fBy/VB eo'^ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[Zso 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B'N 
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B'N  

 

 

 

 

 

 

 

4H2 nBzs Pq/DhnK dk :'rcb (Sums of Infinite Tables) 

T[dkjoD 1H i/eo 

∞xxy = x
---

 sK f;ZX eo' fe =
−

dy y
x

dx y logx

2

1
H 

jZb L 

x---x yy = x x
∞

=  feT[Afe 

x---xx y
∞

=  

bx[rDe b?D s/             log y = y log x  

d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/ 

 

 

 

 

 

∴ 

 

 

fJ; 

soQK    

                                                                          T[Zso 

 

T[dkjoD 2H i/eo y x x x= sin + sin + sin + ...... ,∞  f;ZX eo' fe =dy x

dx y

cos 

2 -1
H 

jZb L fdZsk j?,             = sin + sin + sin + ...... ,y x x x ∞  

⇒                         = sin +y x y  

fJ; soQK                   y2 = sin x + y, tor eoB s/  

d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/ 

 

 

 

 

 

∴                                                                                    T[Zso 

 

T[dkjoD 3H i/eo 

∞x+x+ex+ey = e
---

 sK f;ZX eo' fe 

                          =dy y

dx y1-
 

jZb L fdZsk j?,             

x+---x+ex+ey = x
∞

 

⇒                         

x+yy = e  
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fJekJh^4 L bx[rDe fBy/VB 

 

d'jK gZyK dk bx[rDe b?D s/, 

                                        log y = log {ex+y} 

                                                 = (x + y) log e 

                                                 = x + y,                                                                    [∵ log e = 1] 

d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/ 

 

 

 

 

∴ 

 

 

∴ 

 

 

∴                                                                                     

T[Zso. 

 

T[dkjoD 4H i/eo 

∞xaxy = a
...

 sK f;ZX eo' fe 

                          =
−

dy y logy

dx x ylogx. logy

2

(1 )
 

jZb L fJZE/                

yx...ax xy = a a
∞

=  

d'jK gZyK dk bx[rDe b?D s/ 

                                      log y = xy log a 

d[pkok d'jK gZyK dk bx[rDe b?D s/ 

                             log (log y) = y log x + log (log a) 

d'jK gZyK dk x d/ ;kg/y fBy/VB s/ 

 

 

 

 

 

 

                                                                                        T[Zso 

 

;t?^w[bKeD (Self Assessment) 

1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

(i) nfij/ cbB fiBQK dk fBy/VB bx[rDe b? e/ gsk ehsk iKdk j? T[;B{z HHHHHHHHHH fBy/VB 

efjzd/ jB. 

(ii) log 
m

n
 
  

 = log m ^ HHHHHHHHHHHH 

(iii) log (m)n ......... log m 

B'N 
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B'N (iv) HHHHHHHHH = log m + log n 

(v) log  = log 25 – log HHHHHHHHHHH 

 

 

bx[ T[Zsoh gqPB 

1H i/eo  sK f;ZX eo' fe H 

2H i/eo  sK f;ZX eo' fe H 

3H i/eo  sK f;ZX eo' fe H 

4H i/eo  sK f;ZX eo' fe H 

5H i/eo  sK f;ZX eo' fe H 

6H i/eo  sK f;ZX eo' fe H 

 

4H3 n;gPN cbB (Implict Function) 

i/eo x ns/ y d/ ftZu e'Jh nfijk ;wheoD fdZsk j't/ fi;B{z s[ozs y d/ bJh jZb BjhA ehsk ik 

;e/, sK y B{z x dk n;gPN cbB (implict function) efjzd/ jB. fJ;d/ T[bN i/eo y dk wkB 

x d/ o{g ftZu gsk ehsk ik ;e/, sK y B{z x dk ;gNP cbB (explict function) efjzd/ jB. 

 

 

 

eh s[;hA ikDd/ j'    n;gPN cbB dk fBy/VB^fe;h n;gPN cbB (Implict Function) d[nkok 

dy/dx dk wkB gsk eoB d/ bJh fdZs/ j'J/ ;wheoD d/ jo/e gd dk x d/ 

;kg/y fBy/VB eo' ns/ fco dy/dx d/ gd fJZe gk;/ eoe/ T[;dk wkB gsk 

eo'. 

  

 

 

T[dkjoD 1H i/eo ax2 + 2hxy + by2 = 0, sK  gsk eo'. 

jZb L fdZsk j?L ax2 + 2hxy + by2 = 2 

x d/ ;kg/y fBy/VB eoB s/ 
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iK 

 

iK 

 

 

\                                                                                      T[Zso 

 

T[dkjoD 2H i/eo ax2 + 2hxy + by2 + 2gx + 2fy + c = 0, sK 

dy

dx
 gsk eo'. 

jZb L fdZsk j?, ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 

x d/ ;kg/y fBy/VB eoB s/ 

 

 

 

iK 

 

 

iK 

 

 

\                                                                                      T[Zso 

 

T[dkjoD 3H i/eo 
yy = x , sK f;ZX eo' fe 

dy y
x =

dx - y logx

2

1
H 

jZb L fdZsk j?, 

yy = x , bx[rDe b?D s/ 

                             log y = y log x. 

d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/ 

 

 

 

 

 

 

iK 

 

 

fJ; soQK                                                                                T[Zso 

 

T[dkjoD 4H i/eo sin y = x sin (a + y), sK f;ZX eo' fe 

                                 

dy a + y
=

dx a

2sin ( )

sin 
 

jZb L fdZsk j?, sin y = x sin (a + y) iK x = 
sin

sin( )

y

a y+
 

j[D d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/ 

 

B'N 
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iK 

 

iK 

 

iK 

 

iK 

 

∴                                                                                    T[Zso 

 

T[dkjoD 5H i/eo xy = ex-y
, sK f;ZX eo' fe H 

jZb L fdZsk j?, xy = ex-y
, d'jK gZyK dk bx[rDe b?D s/ 

                               y logex = (x – y) log e iK y logex = x – y 

iK            y (1 + log x) = x iK                  

∴                     H 

 

 

 

 Nk;e       xsin x dk x d/ ;kg/y fBy/VB gsk eo'.  T[Zso L [sin x (cos x log x + )]  

  

 

 

 gsk eo'^ 
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fJekJh^4 L bx[rDe fBy/VB 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[Zso 

 

 

 

 

 

 

 

 

 

 

 

4H4 wkgdzve cbB (Parametric Function) 

edh^edh x ns/ y d'B'A fe;h fsZih uo okPh d/ cbBK d/ o{g ftZu fdZs/ j[zd/ jB. fJ; fsZih okPh 

B{z wkgdzv (Parameter) efjzd/ jB ns/ fJ; soQK d/ ;wheoD wkgdzve ;wheoD ejkT[Ad/ jB. 

fJ; soQK d/ ;zpzXK s'A n;hA wkgdzv dk b'gB (elimination) ehs/ fpBK jh dy/dx gsk eo ;ed/ 

jK. 

fit/A, i/eo x = f1 (t) ns/ y = f2 (t); fiZE/ t ;[szso uo okPh j? ns/ x ns/ y goszso uo okPhnK 

jB sK  

                           . .= =dy dy dt dy dx
dt dtdx dt dx

 

fJ; soQK x d/ ;kg/y y dk fBy/VB^r[DKe, wkgdzv d/ ;kg/y y ns/ x d/ fBy/VB^r[DKeK dk Gkrcb 

j[zdk j?. 

 

 

T[dkjoD 1H i/eo x = at2
 ns/ y = 2 at sK 

dy

dx
 gsk eo'. 

jZb L fJZE/                   x = at2
 

d'jK gZyK dk t d/ ;kg/y fBy/VB eoB s/ 

 

B'N 
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B'N 

                       2
dx

at
dt

=  

ns/                     2y at=  

d'jK gZyK dk t  d/ ;kg/y fBy/VB eoB s/ 

                       2
dy

a
dt

=  

∴                     

dy
dy dt

dxdx
dt

=    

2 1

2

a

at t
= =    

                                                                         T[Zso 

T[dkjoD 2H i/eo x = a cos θ ns/ y = b sin θ, sK dy/dx gsk eo'. 

jZb L fJZE/ sin
dx

a
d

= − θ
θ

 ns/ cos
dy

b
d

= θ
θ

 

∴         

cos
cot

sin

dy b bdy dx
d ddx a a

θ= = = − θ
θ θ − θ

                                      T[Zso 

 

 

   

dy

dx
 gsk eo'^ 

 

 

 

 

 

 

 

 

 

T[Zso 

  1H 

b

a
cosec θ                     2H –cot t                          3H t (et – sin t) 

  4H (ii) ^3$2 
 

;t?^w[bKeD (Self Assessment) 

2H pj[ftebgh gqPB (Multiple Choice Questions)^ 

(i) i/eo x ns/ y d/ ftZu e'Jh nfijk ;wheoD fdZsk j't/ fi;B{z s[ozs y d/ bJh jZb BjhA 

ehsk ik ;e/, sK y B{z x dk fejVk cbB ejKr/< 

  (a) n;gPN           (b) ;gPN             (c) ;wKso              (d) ;zrs 

(ii) i/eo y dk wkB x d/ o{g ftZu gsk ehsk ik ;e/, sK y B{z x dk fejkVk cbB ejKr/< 

  (a) n;gPN           (b) ;gPN             (c) ;wKso              (d) ;zrs 
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fJekJh^4 L bx[rDe fBy/VB 

 

(iii) xy = c dk wkB j't/rk^ 

  (a)  
x

y
−                (b) 

x

y
                 (c) 

y

x
−                      (d) 

y

x
  

 

4H5 ;koKP (Summary) 

• i/eo nfij/ cbBK dk fBy/VB eoBk j't/ fi; ftZu xks nze th T[;h uo okPh dk cbB 

j't/ iK T[j cbB fi;dk fBy/VB eoBk j't/ eJh cbBK dk r[DBcb iK Gkrcb j't/, sK 

nfij/ cbBK dk fBy/VB T[jBK dk bx[rDe b? e/ gsk ehsk iKdk j?. fJ; gqfefonk B{z 

bx[rDeh fBy/VB efjzd/ jB. 

• log (m . n) = log m +  log n 

• log 
m

n
 
  

 = log m – log n 

• log (m)n = n log m. 

• i/eo x ns/ y d/ ftZu e'Jh nfijk ;wheoD fdZsk j't/ fi;B{z s[ozs y d/ bJh jZb BjhA 

ehsk ik ;e/, sK y B{z x dk n;gPN cbB (implicit function) efjzd/ jB. fJ;d/ T[bN 

i/eo y dk wkB x d/ o{g ftZu gsk ehsk ik ;e/, sK y B{z x dk ;gPN cbB (explicit 
function) efjzd/ jB. 

• edh^edh x ns/ y d'B'A fe;h fsZih uo okPh d/ cbBK d/ o{g ftZu fdZs/ j[zd/ jB. fJ; 

fsZih okPh B{z wkgdzv (Parameter) efjzd/ jB ns/ fJ; soQK d/ ;wheoD wkgdzve 

;wheoD ejkT[Ad/ jB. 

 

4H6 Ppde'P (Keywords) 

• cbB (Function) ^ ekoi. 

• nBzs (Infinite) ^ fi;dk nzs Bk j't/. 

 

4H7 nfGnk; gqPB (Review Questions) 

1H i/eo y = xsin-1 x, sK

dy

dx
 dk wkB gsk eZY'. (T[Zso L xsin-1 x 1

2

1 1
sin log

1
x x

x x

− 
+ 

− 
) 

2H i/eo (cos x)y = (sin y)x
 j't/, sK 

dy

dx
 eZY'.          (T[Zso L 

logsin tan

log cos cot

y y x

x - x y

+
) 

3H i/eo y = xy
, sK f;ZX eo' fe 

2

1 log

dy y
x

dx y x
=

−
H 

4H i/eo x = a cos θ ns/ y = b sin θ, sK 

dy

dx
 gfoefbs eo'.     (T[Zso L cot

b

a
− θ ) 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H (i) bx[rDe        (ii) log n                 (iii) n                 (iv) log (m. n)                 (v) 12  

  2H (i) (a)                     (ii) (b)                      (iii) (c). 

B'N 
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V
E
D

 

 



noEPk;soh dk rfDs  

 

B'N 4H8 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

2H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

5H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

6H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; 

jkb gpfbH. 

7H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

9H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 
 

  

 

 

94                                             LOVELY PROFESSIONAL UNIVERSITY 
 



 

fJekJh^5 L d{i/ ns/ T[Zuso eqw d/ fBy/VB 

 

fJekJh^5L d{i/ ns/ T[Zuso eqw d/ fBy/VB 

(Second and Higher Order Differentiation) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

5H1 T[Zgo'Ebh dk fBy/VB (Successive Differentiation) 

5H2 ;koKP (Summary) 

5H3 Ppde'P (Keywords) 

5H4 nfGnk; gqPB (Review Questions) 

5H5 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• T[Zgo'Ebh fBy/VB gsk eoB ftZu. 

 

 

gq;sktBk (Introduction) 

i/eo y, x  dk cbB j? sK 

dy

dx
 th x dk cbB j't/rk. fJ;d/ fBy/VB^r[DKe B{z y dk d{ik fBy/VB^ 

r[DKe ns/ fJ;B{z fsZik fBy/VB^r[DKe dk BKt fdzd/ jB. 

 

5H1 T[Zgo'Ebh dk fBy/VB (Successive Differentiation) 

i/eo, y, x dk e'Jh cbB j't/ sK x d/ ;kg/y y dk fBy/VB^r[DKe Gkt 

dy

dx
 th x dk cbB j[zdk j? 

fi;dk fco s'A fBy/VB ehsk ik ;edk j?. 

dy

dx
 d/ fBy/VB^r[DKe 

d

dx

dy

dx
 
  

 B{z y dk d{ik 

fBy/VB^r[DKe efjzd/ jB, fJ;h soQK y d/ d{i/ fBy/VB^r[DKe B{z y dk fsZik fBy/VB^r[DKe 

efjzd/ jB. fJjBK tZy^tZy fBy/VBK B{z eqw nB[;ko 

2 3

2 3
, , ,.....

dy d y d y

dx dx dx
 d[nkok gqrN eod/ jB. 

T[Zgo'Ebh ntebi d/ bJh gqw[Zy ;ze/sB fBwB skfbek ftZu do;kJ/ rJ/ jB^ 

w{b cbB y = f (x) ;XkoD ;ze/sB j'o ;ze/sB 

gfjbk ntebi 

dy

dx
 f ′ (x), Dy, y1 

d{ik ntebi 

2

2

d dy d y

dx dx dx
  =  

 f ′′  (x), D2y, y2 
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B'N 

 

fsZik ntebi 2 3

2 3

d d y d y

dx dx dx

 
= 

 
 f ′′′ (x), D3y, y3 

HHHHHHHHHHHHHH HHHHHHHHHHHHHHHH HHHHHHHHHHHHHHHH 

ntK ntebi 

-1

-1

n n

n n

d d y d y

dx dx dx

 
= 

 
 f n (x), Dny, yn 

 

fJ; soQK i/eo y = x7, sK 

dy

dx
 = 7x6

  

 

 

 

 

ns/ 

 

 

 

T[dkjoD 1H i/eo f (x) = ax5 + bx4 + cx3 + dx2 + ex + f sK ′′′′f (x) dk wkB gsk eo'. 

jZb L fdZsk j?, 

                   f (x) = ax5 + bx4 + cx3 + dx2 + ex + f 

                          f ′  (x) = 5ax4 + 4bx3 + 3cx2 + 2dx + e + 0 

                          f ′′ (x) = 20ax3 + 12bx2 + 6cx + 2d + 0 

                          f ′′′ (x) = 60ax2 + 24bx + 6c + 0 

                         f ′′′′ (x) = 120ax + 24b.                                              T[Zso 

T[dkjoD 2H i/eo y = A sin mx + B cos mx sK f;ZX eo' fe 

                        

d y
+ m y =

dx

2
2

2
0H 

jZb L fdZsk j?,        y = A sin mx + B cos mx 

x d/ ;kg/y fBy/VB eoB s/, 

 

 

 

 

 

 

 

 

 

 

fJ; soQK 

 

T[dkjoD 3H i/eo y = sin (sin x), sK f;ZX eo' fe y2 + y1 tan x + y cos2 x = 0H 

jZb L fdZsk j?,         y = sin (sin x) 
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                                     y1 = [cos (sin x)]. cos x                                          HHHH(1) 

d[pkok fBy/VB eoB s/ 

 

 

 

 

 

 

fJ; soQK y2 + y1 tan x + y cos2 x = 0 H 

T[dkjoD 4H i/eo y = eax sin bx j't/ sK f;ZX eo' fe 

                         −d y dy
a a + a y =

dxdx

2
2 2

2
2 + ( ) 0  

jZb L fdZsk j?,      y = eax sin bx                                                       HHH(1) 

x d/ ;kg/y fBy/VB eoB s/, 

 

 

 

 

 

 

                                                                                        HHH(2) 

 

x d/ ;kg/y d[pkok fBy/VB eoB s/, 

 

 

 

 

 

 

 

 

 

 

 

 

;wheoD (1) ns/ (2) s'A 

fJ; soQK 

2
2 2

2
2 0

d y dy
- a +(a + a )y =

dxdx
H 

 

;t?^w[bKeD (Self Assessment) 
1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

(i) 
d dy

y
dx dx

 
  

 dk HHHHHHHHHHHHHH fBy/VB^r[DKe efjzd/ jB. 

(ii) 
2

2

d d y

dx dx

 
 
 

HHHHHHHHHHHHH                 (iii) 
d

dx
(HHHHHHHHHHHHH)

2

2

d y

dx
= H 

B'N 
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noEPk;soh dk rfDs 

 

B'N  

 

 

1H i/eo y = 8x3 + 4x2 + 3x + 11 sK 

3

3

d y

dx
 gsk eo'. 

2H i/eo y = ax3 + bx2 + cx + d sK 

3

3

d y

dx
 gsk eo'. 

3H i/eo y = x2 log x, sK f;ZX eo' fe 

3

3

d y

dx

2

x
= H 

fBwBfbys cbBK d/ d{i/ fBy/VB^r[DKe gsk eo'L 

4H (i) x3 log x.                         (ii) x log x.  

5H sin (cos x)H 

6H x3 e4x.                               7H tan ex
H 

8H enx
 dk ntK fBy/VB^r[DKe gsk eo'. 

9H i/eo y = A sin px + B cos px, sK f;ZX eo' fe 

2
2

2
0

d y
p y

dx
+ = H 

10H i/eo x3 + y3 – 3axy = 0, sK f;ZX eo' fe 

2 2

2 2 3

2

( )

d y a xy

dx ax y
=

−
H 

11H i/eo y, z dk cbB j? sK z = ax sK f;ZX eo' fe 

2 2
2

2 2

d y d y
a

dx dz
= H 

12H i/eo y = (sin–1 x)2
, sK f;ZX eo' fe (1 – x2) y2 – xy1 = 2H  

13H i/eo y = 
1tan xe

−

, sK f;ZX eo' fe (1 + x2) y2 + (2x + 1) y1 = 0H 

14H i/eo x+ y y - x c+ = , f;ZX eo' fe 

2

2 2

2d y

dx c
= H 

15H i/eo x2 + xy + y2 = a2
, sK f;ZX eo' fe 

2 2

2

6
0

( 2 )

d y a

x ydx
+ =

+
H 

16H i/eo 

1 11 2 log 3 2log
tan tan

1 2log 1 6log

x x
y =

x x
− −− ++

+ −
, sK f;ZX eo' fe 

2

2
0

d y

dx
= H 

17H i/eo p2 = a2 cos2 θ + b2 sin2 θ, sK f;ZX eo' fe 

2 2 2

2 3

d p a b
p

d p
+ =

θ
H 

18H i/eo 

1sina xy = e
−

, sK f;ZX eo' fe (1 – x2) y2 – xy1 – a2y = 0H 

19H i/eo y = sin (m sin-1 x), sK f;ZX eo' fe (1 – x2) y2 – xy1 + m2y = 0H 
 

5H2 ;koKP (Summary) 

• i/eo y, x dk e'Jh cbB j't/ sK x d/ ;kg/y y dk fBy/VB^r[DKe Gkt 

dy

dx
 th x dk cbB 

j[zdk j? fi;dk fco s'A fBy/VB ehsk ik ;edk j?. 

dy

dx
 d/ fBy/VB r[DKe 

d

dx

dy

dx
 
  

 B{z y 

dk d{ik fBy/VB^ r[DKe efjzd/ jB. 
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fJekJh^5 L d{i/ ns/ T[Zuso eqw d/ fBy/VB 

 

5H3 Ppde'P (Keywords) 

• T[Zgo'Ebh (Successive) ^ eqwkrs. 

• tZy^tZy (Miscellaneous) ^ fwPfos. 

 

5H4 nfGnk; gqPB (Review Questions) 

1H i/eo y = x3
, sK  gsk eo' . (T[Zso L 6x – 12x–5

) 

2H i/eo y = x3 log x, sK f;ZX eo' fe H 

3H i/eo y = eax sinbx j't/, sK f;ZX eo' fe H 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H (i) d{ik                   (ii)                         (iii)  

 

5H5 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

2H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

5H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

6H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

7H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

9H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

fJekJh^6L fBy/VB L ;kg/y 

(Differentiation: Partial) 
 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

6H1 fe;h cbB dk fe;h d{i/ cbB d/ ;kg/y fBy/VB  

  (Differentiation of a Function in Respect of Other Function) 

6H2 ;koKP (Summary) 

6H3 Ppde'P (Keywords) 

6H4 nfGnk; gqPB (Review Questions) 

6H5 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• fe;h cbB dk fe;h d{i/ cbB d/ ;kg/y fBy/VB gsk eoB dh ftXh B{z ;wM ;eDr/. 

  

gq;sktBk (Introduction) 

fe;h cbB dk fe;h d{i/ cbB d/ ;kg/y fBy/VB^r[DKe gfjb/ cbB dk x d/ ;kg/y fBy/VB^ 

r[DKe ns/ d{i/ cbB dk x d/ ;kg/y fBy/VB^r[DKe dk nB[gks j[zdk j?. 

 

6H1 fe;h cbB dk fe;h d{i/ cbB d/ ;kg/y fBy/VB 

    (Differentiation of a Function in Respect of Other Function) 

wzB fbU y1 = f 1 (x) ns/ y2 = f 2 (x) 

Gkt y1 ns/ y2, x d/ d' cbB jB, d'jK dk x d/ ;kg/y fBy/VB eoB s/ 

                        ns/  

j[D y1 dk y2 d/ ;kg/y fBy/VB^r[DKe  

 

 

 

 B'N; 

 

 

 

 

  

fJ; soQK           
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dk x d/ ;kg/y fBy/VB ^ r[DKe 

dk x d/ ;kg/y fBy/VB ^ r[DKe 



 

fJekJh^6 L fBy/VB L ;kg/y 

 
  

 

 

eh s[;hA ikDd/ j'      ;kXe^fe;h cbB dk fe;h d{i/ cbB d/ ;kg/y fBy/VB^r[DKe gfjb/ cbB 

dk x d/ ;kg/y fBy/VB^r[DKe ns/ d{i/ cbB dk x d/ ;kg/y fBy/VB^r[DKe 

dk nB[gks j[zdk j?. 

B'N 

 

 

 

T[dkjoD 1H tan–1 x dk fBy/VB^r[DKe sin–1 x d/ ;kg/y x =  T[Zs/ gsk eo'. 

 

 

jZb L  

 

 

 

 

 T[Zs/                                                                             T[Zso 

 

T[dkjoD 2H etanx
 dk fBy/VB^r[DKe sin x d/ ;kg/y gsk eo'. 

jZb L wzfBnk y1 = etanx
 ns/ y2 = sinx 

  

 

 

 

 

 

                                                                                        T[Zso 

 

T[dkjoD 3H tan-1  dk fBy/VB^r[DKe tan-1 x d/ ;kg/y gsk eo'. 

jZb L wzfBnk y1 = tan–1  ns/ y2 = tan–1 xH 

x = tan q oZyD s/ 
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noEPk;soh dk rfDs 

 

B'N  

∴ 

 

 

 

 

 

ns/ 

 

 

∴ 

 

 

 

                                                                                      T[Zso 

 

 

 

 

 Nk;e    tan–1 x dk fBy/VB^r[DKe sin–1x d/ ;kg/y x =  T[Zs/ gsk eo'. (T[Zso L ) 

 

 

T[dkjoD 4H tan-1
 dk sin-1  d/ ;kg/y fBy/VB^r[DKe gsk eo'. 

jZb L wzfBnk y1 = tan–1
 ns/ y2 = sin–1

  

x = tan θ oZyD s/, 

 

 

 

T[d'A 

 

 

ns/ 

 

 

T[d'A 

 

 

∴ 

 

 

 

 

 

 

                                                                                      T[Zso 
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fJekJh^6 L fBy/VB L ;kg/y 

 

T[dkjoD 5H cbB f (x) = sin–1 (2x − x21 ) dk sin–1x d/ ;kg/y fBy/VB^r[DKe gsk eo'. 

jZb L wzfBnk  

 

 

 

 

 

 

 

 

 

 

d[pkok 

 

 

 

 

T[d'A                                                                                    T[Zso 

 

 

T[dkjoD 6H i/eo 
3− + − −x y a x y6 6 3 31 1 ( )=  j't/, sK f;ZX eo' 

−
−

dy x y

dx y x

2 6

2 6

1

1
= H  

jZb L wzfBnk x3 = sin θ, y3 = sin φ ns/ 

6 6 3 3 31 + 1 = ( )x y a x y− − −  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                        T[Zso 

 

 

T[dkjoD 7H i/eo 
2 3

1

1 + + +
y =

x x x
, T[d'A x = 0 s/ 

dy

dx
 ns/ 

2

2

d y

dx
 dk wkB gsk eo'. 

jZb L 
2 3 1

2 3

1
(1 )

1
y = x x x

x x x
−= + + +

+ + +
 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

                    

2 3 2 2(1 ) (1 2 3 )
dy

= x x x x x
dx

−− + + + + +  

x = 0 T[Zs/           1
dy

=
dx

−  

                   

2
2 3 3 2

2
2(1 ) (1 2 3 )

d y
= x x x x x

dx
−+ + + + +  

                                                        

2 3 2(1 ) (2 6 )x x x x−− + + + +  

x = 0 T[Zs/          

2

2
0

d y
=

dx
                                                         T[Zso 

 

T[dkjoD 8H i/eo sin y = x cos (a + y), sK f;ZX eo' fe =
2cos ( )

cos 

dy a + y

dx a
 ns/ x = 0 T[Zs/ 

= cos 
dy

a
dx

 

jZb L             sin y = x cos (a + y)  

⇒                   

sin

cos( )

y
x =

a y+
  

x  d/ ;kg/y fBy/VB eoB s/  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

⇒ 

 

d[pkok id'A x = 0 

T[d'A sin y = 0    ⇒    y = nπ 

x = 0 T[Zs/   

 

 

 

⇒ 

 

T[dkjoD 9H i/eo y = (sin–1 x)2 + (cos–1 x)2
, sK f;ZX eo' fe 

                − −d y dy
x x

dxdx

2
2

2
(1 ) = 4.  
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fJekJh^6 L fBy/VB L ;kg/y 

 

jZb L 

 

 

 

 

 

⇒ 

 

x d/ ;kg/y fBy/VB eoB s/ 

 

 

 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

pj[ftebgh gqPB (Multiple Choice Questions)^ 

(i) ax7
 dk x7

 d/ ;kg/y fBy/VB r[DKe j't/rk^ 

(a) a                    (b) x                         (c) x7                               (d) a2
 

(ii) log x dk tan x d/ ;kg/y fBy/VB r[DKe j't/rk^ 

  (a) 
2sin x

x
       (b) 

2cos x

x
         (c) 

2cos

x

x
              (d) 

2sin

x

x
 

(iii) tan–1x dk fBy/VB^r[DKe sin–1x d/ ;kg/y x = 

1

2
 T[Zs/ j't/rk^ 

       (a) 
3 2

5
        (b) 

5 2

3
            (c) 

2 3

5
               (d) 

5

2 3
 

 

 

 

fBwBfbys dk fBy/VB^r[DKe gsk eo' L 

  1H x5
 dk x2

 d/ ;kg/y.                        2H ex
 dk x  d/ ;kg/y. 

  3H x sin–1 x dk sin–1 x d/ ;kg/y.             4H 
1 1

sin
1

x

x
− − 

 + 
 dk x  d/ ;k/gy. 

  5H (log sin x)sin x
 dk sin x d/ ;kg/y.         6H log (x2 + 2x + 1) dk (x2 + 2x) d/ ;kg/y. 

  7H 
1

2

1
sec

2 1x
−

−
 dk 

21 x−  d/ ;kg/y x = 

1

2
 T[Zs/ wkB dZ;'. 

 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N T[Zso 

 

 

 

 

 

 

 

 

 

6H2 ;koKP (Summary) 

• wzB fbU y1 = f1(x) ns/ y2 = f2(x) Gkt y1 ns/ y2, x d/ d' cbB jB, d'jK dk x d/ 

;kg/y fBy/VB eoB s/ 

                               ns/  

 

6H3 Ppde'P (Keywords) 

• ;kg/y (Partial) ^ nzfPe. 

 

6H4 nfGnk; gqPB (Review Questions) 

1H tan–1
  dk fBy/VB^r[DKe tan-1 x d/ ;kg/y gsk eo'. (T[Zso L ) 

2H i/eo  = a3 (x3 – y3) j't/, sK ;kfps eo' fe  

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

   (i) (a)                           (ii) (b)                               (iii) (c)H 
 

6H5 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

4H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

5H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

6H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

7H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

9H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 
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fJekJh^7 L ;wo{g cbB ns/ :{bo; gqw/: 

 

fJekJh^7L ;wo{g cbB ns/ :{bo; gqw/: 

(Homogeneous Function and Euler’s Theorem) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

7H1 ;wo{g cbBL gfoGkPk (Homogeneous Function: Definition) 

7H2 :{bo; gqw/: (Euler’s Theorem) 

7H3 e'p^v'rb; T[sgkdB cbB (Cobb-Douglas Production Function) 

7H4 ;hHJhHn?;H (;fEo gqfs;EkgB b'u) T[sgkdB cbB (The C.E.S. Production Function) 

7H5 ;koKP (Summary) 

7H6 Ppde'P (Keywords) 

7H7 nfGnk; gqPB (Review Questions) 

7H8 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• ;wo{g cbB dh gfoGkPk ikDB ftZu. 

• :{bo; gqw/: B{z GbhGKs ;wMD bJh. 

• e'p^v'rb; T[sgkdB cbB dh ikDekoh bJh. 

• ;hHJhH;hH (;fEo gqfs;EkgB b'u) T[sgkdB cbB s'A ikD{ j'D bJh. 

 

 

gq;sktBk (Introduction) 

fJZe ftP/P gqeko d/ cbB fijV/ finkdkso gq:'r j[zd/ jB, ;wo{g cbB ejkT[Ad/ jB. 

:{bo; gqw/: dZ;dh j? fe id'A ;ko/ T[sgZsh d/ ;kXB fJZe fdZs/ j'J/ nB[gks ftZu tXkJ/ iKd/ jB 

sK Bshi/ ti'A T[sgkdB th T[;h nB[gks ftZu tZX ikJ/rk. 

:{bo; gqw/: dk nkofEe y/so ftZu ftP/P eoe/ tzv/ rJ/ y/so ftZu ftP/P wjZstg{oD ;EkB j?. 

T[sgkdB ftfGzB ;kXBK d/ ;z:[es ;zi'r d[nkok j[zdk j?. 

e'p^v'rb; T[sgkdB cbB dk nkofEe y/so ftZu wjZstg{oD ;EkB j?. toswkB ftZu 

noEPk;soh e'p^v'rb; T[sgkdB cbB dk ftfGzB nkofEe y/soK ftZu gq:'r eoB bZr rJ/ jB. 

 

7H1 ;wo{g cbB L gfoGkPk (Homogeneous Function: Definition) 

noEPk;so ftZu finkdkso gq:'r j'D tkb/ fJZe ftP/P soQK d/ cbB B{z ;wo{g cbB efjzd/ jB. 

T[dkjoD ti'A, 

                          f (x, y) = x2 – y2
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noEPk;soh dk rfDs 

 

B'N i/eo and  T[go'es cbB ftZu oZyd/ jK t XBkswe ;fEo nze j?. 

sK                 f (tx, ty) = (tx)2 – (ty)2 = t2 (x2 – y2)   

                                            = t2 f (x, y)  

i/eo cbB           f (x, y) = x3 – y3
  j? sK 

                                f (tx, ty) = t3 f (x, y)  

                                  f (x, y) = xn - yn
  

sK                  f (tx, ty) = tn f (x, y)  

;wo{g cbB dk j'o T[dkjoD, 

                                   f (x, y) = x2 + xy – 3y2
  

sK,                  f (tx, ty) = t2 f (x, y)  

                                    f (x, y) = x3 + 3x2y – 3xy2 + y3
  

ns/,                 f (tx, ty) = t3 f (x, y)  

cbB B{z j/m nB[;ko fby/ ;ed/ jK^ 

f (tx, ty) = tn f (x, y)  

 

 

 

 B'N;        T[go'es cbB f (x, y)n e'fN dk ;wo{g cbB j?. noEPk;so ftZu finkdkso 

Iho' e'fN d/ cbB dk gq:'r ehsk iKdk j?. 

 

 

T[dkjoD 1 L 

 

sK, 

 

 

T[dkjoD 2 L 

 

 

 

 

 

 

T[dkjoD 3L i/eo q wksok, p ehws ns/ y nkwdB j? sK wzr cbB fBwB jB 

q = f (p, y) =  fiZE/ k ;fEo nze j?. 

 

sK 

 

 

fJ; soQK id'A w{b p ns/ nkwdB x fJZe jh nB[gks ftZu pdbd/ ofjzd/ jB sK wzr q ftZu e'Jh 

gfotosB BjhA j[zdk. 

 

 1. Euler’s Theorem states that all factors of production are increased in a given proportion resulting 
output will also increase in the same proportion each factor of production (input) is paid the value of 
its marginal product, and the total output is just exhausted. 
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fJekJh^7 L ;wo{g cbB ns/ :{bo; gqw/: 

 

7H2 :{bo; gqw/: (Euler’s Theorem) 

:{bo; gqw/: dZ;dh j? fe id'A ;ko/ T[sgZsh d/ ;kXB fJZe fdZs/ j'J/ nB[gks ftZu tXkJ/ iKd/ jB 

sK Bshi/ ti'A T[sgkdB th T[;h nB[gks ftZu tZX ikJ/rk, i/eo jo/e T[sgZsh d/ ;kXB B{z T[;dh 

;hwKs T[sgkdesk d/ w{b d/ pokpo g[o;eko fdZsk iKdk j? ns/ e[ZbQ T[sgkdB g{oD o{g s'A ysw 

j' iKdk j?.

1

 rfDse o{g ftZu :{bo; gqw/: B{z j/mb/ o{g ftZu do;kfJnk ik ;edk j?. i/eo 

T[sgkdB cbB, p = f (L, K) fJZe o/yh ;wo{g cbB (Linear Homogenous Function) j[zdh j?^ 

                         

P P
P L K

L K

∂ ∂= +
∂ ∂

, d{i/ PpdK ftZu P = LMPL + KMPK  

fiZE/ P = e[ZbQ T[sgkdB L = fwjBs ;kXB dhnK fJekJhnK, K = g{zih ;kXB dhnK fJekJhnK, 

P

L

∂
∂

 iK MPL & fwjBs dh ;hwKs T[sgkdesk ns/ 

P

K

∂
∂

 iK MPK = g{zih dh ;hwKs T[sgkdesk 

B{z do;kT[Ad/ jB. 

wkBsktK (Assumptions) 

gqw/: fBwBfbys wjZstg{oD wkBsktK T[Zs/ nXkfos j?^ 

1H g?wkB/ d/ ;fEo gqfscb dk fB:w (The Law of Constant Returns of Scale) fefonkPhb 

j[zdk j?. fJj sK jh ;zGt j[zdk j? id'A fe T[sgkdB cbB o/yh ;wo{g ns/ fJZe e'fN 

(Degree) dh j[zdh j?. 

2H pkIko ftZu g{oD gqfs:'frsk dh ;fEsh gkJh iKdh j?. 

3H fJj T[sgZsh d/ ;kXB dh tzv dh wkBsk B{z b? e/ uZbdh j?. 

4H fdZs/ j'J/ ;w/A d/ bJh seBheh ;fEo j[zdh j?. 

 

7H2H1 :{bo; gqw/: dk fusoe gqdoPB 

      (Diagramatical Presentation of Euler’s Theorem) 

:{bo; gqw/: B{z T[go'es wkBsktK B{z fXnkB ftZu oZye/ fuZso d[nkok gqdofPs ehsk ik ;edk j?. 

wzB fbU T[sgkdB cbB P = f (L, K) j? sK d'B'A ;kXB L ns/ K dk e[ZbQ T[sgkdB P T[Zs/ gqGkt 

g?Adk j?. gfjbk, n;hA L ;kXB dk eqw T[sgkdB P T[Zs/ gqGkt d/yKr/ id'A fe K ;kXB ;fEo 

ofjzdk j?. fJ;d/ pknd K ;kXB dk P T[Zs/ gqGkt d/yKr/ id'A fe L ;kXb ;fEo ofjzdk j?. 

 

 

 

 

 

 

 

 

 

 

 

o/ykfuZso 7H1 

o/ykfuZso 7H1 ftZu L ;kXB dhnK fJekJhnK X-neP T[Zs/ ns/ e[ZbQ T[sgkdB B{z Y-neP T[Zs/ 

wkfgnk frnk j?. TP e[ZbQ T[sgkdB B{z do;kT[Ad/ jB. M fpzd{ T[Zs/ e[ZbQ T[sgkdB tZX s'A tZX j[zdk 

j?. wzb fbU e[ZbQ T[sgkdB teo TP T[Zs/ N fpzd{ TI ;goP o/yk fyZuh rJh j?. N fpzd{ s'A X-

neP T[Zs/ bzpts o/yk fyZuh rJh j? fijVh X-neP T[Zs/ Q fpzd{ T[Zs/ fwbdh j?. 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N 
 

j[D, N fpzd{ T[Zs/ Ykb (Slope)  
 

 

 

j[D                                                                                  HHHHH(i) 
 

:{bo; gqw/:, 

 

iK                                                                                  HHHHH(ii)  
 

fiZE/ P = e[ZbQ T[sgkdB ;so 

 

 

iK     QN = NG + QG  

fJ; soQK e[ZbQ T[sgkdB QN, NG ns/ OG GkrK ftZu tzv j[zdk j?. fiZE/ NG ns/ QG eqw 

nB[;ko L ;kXB ns/ K B{z fdZs/ ikD tkb/ g[o;eko jB. fJ; soQK i/eo fe;h cow d/ jo/e 

;kXB B{z T[;dh ;hwKs T[sgkdesk d/ pokpo g[o;eko fdZsk iKdk j? sK e[ZbQ T[sgkdB g{oh soQK 

ysw j' ikDr/. 

 

7H2H2H :{bo; gqw/: dk rDhse jZb 

       (Mathematical Solution of Eulers Theorem) 

:{bo; gqw/: ;wo{g cbB dh ;jkfJsk d[nkok ;hwKs T[sgkdesk d/ f;XKs ftZu fJZe ftP/P 

;zpzX B{z dZ;dh j?. i/eo u = f (x, y) fJZe h e'fN dk ;wo{g cbB j? sK fJj gqw/: nZr/ fby/ 

;zpzX B{z do;kT[Adh j?^ 

                                      = xftx + yfty 

 

 

 

 

 

fiZE/ L.H.S. yZpk j? ns/ R.H.S. ;Zik j? sK L.H.S. = R.H.S.  

                        xftx + yfty = hth-1 f (x, y) 

fJ; soQK i/eo t = 1 sK, t dh e[ZM ;zfynk j' ;edh j?. 

                          xfx + yfy = hf (x, y) 

h ;wheoD dh e'fN j?. i/eo n;hA ;wo{g cbB b?Adk jK sK h = 1  

sK              xfx + yfy = f (x, y) 

iK          

u u
x y u

x y

∂ ∂+ =
∂ ∂

 

i/eo d{ik e'fN ;wheoD b?Ad/ jK sK fJj j't/rk 

            2
u u

x y u
x y

∂ ∂+ =
∂ ∂
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fJekJh^7 L ;wo{g cbB ns/ :{bo; gqw/: 

 

d' uoK s'A tZX d/ bJh ;XkoBheoD eoB s/ 

                  ... ( , , ,....)
u u u

x y ku x y z
x y z

∂ ∂ ∂+ + + =
∂ ∂ ∂

 

fiZE/ k ;hwoD dh e'fN j?. 

                                                f (x, y, z) = 3x + 2y – 4z  

fJZe ;wo{g o/yh cbB j? 

sK w{b d/ nB[;ko  

                                          xfx + yfy + zfz = 1 × (3x + 2y – 4z)  

                                                            fx = 3, fy = 2, fz = –4   

fJ; soQK yZpk gZy j/mbk j't/rkl 

                                                    L.H.S. = 3x + 2y – 4z = R.H.S.  
 

7H2H3 :{bo; gqw/: dk wjZst (Importance of Euler’s Theorem) 

:{bo; gqw/: dk nkofEe y/so ftZu, ftP/P eoe/ tzv y/so ftZu ftP/P wjZstg{oD ;EkB j?. 

T[sgkdB ftfGzB ;kXBK d/ ;z:[es ;zi'r Bkb j[zdk j?. j[D ;tkb T[Zmdk j? fe e[ZbQ T[sgkdB B{z 

T[sgZsh d/ ftfGzB ;kXBK ftZu fe; soQK tzfvnk ikt/. i/eo T[sgkdB cbB ;wo{g j[zdh j? sK ;kB{z 

fJj dZ;dk j? fe jo/e ;kXB B{z T[;dh ;hwKs T[sgkdesk d/ pokpo g[o;eko gqkgs j'Dk ukjhdk 

j? sK fe e[ZbQ T[sgkdB g{oD o{g s'A ysw j' ikJ/rk. fJ;d/ fJbktk fJj gqw/: T[sgkde dh 

ngbekbhB ;wZf;nktK B{z jZb eoB ftZu wdd eodh j?^T[sgkdB dk jo/e ;kXB ftZu pNtkok 

ns/ e[ZbQ T[sgkdB B{z ftfGzB ;kXBK d/ ftukb/ tzv nkfd ;wZf;nktK B{z jZB eodh j?. gqw/: coe 

B{z fJj th dZ;dh j? fe ;kXBK dk fe; soQK Bkb gq:'r eoBk ukjhdk j?. T[sgZsh d/ ;kXB B{z T[; 

;hwk sZe gq:'r eoBk ukjhdk j? fiZE/ T[;dk w[Zb T[;dh ;hwKs nkrw T[sgkdesk d/ pokpo j' 

ikt/. fJ; soQK fJj T[sgZsh d/ ;kXB dh ehws fBoXkoD ftZu th ;jkfJsk eodh j?. 

 

;t?^w[bKeD (Self Assessment) 

1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H noEPk;so ftZu finkdkso gq:'r j'D tkb/ fJZe ftP/P soQK d/ cbB B{z HHHHHHHHH cbB 

efjzd/ jB. 

2H HHHHHHHHHHH gqw/: ;wo{g cbB dh ;jkfJsk Bkb ;hwKs T[sgkdesk d/ f;XKs ftZu fJZe 

ftP/P ;zpzX B{z dZ;dhnK jB. 

3H :{bo; gqw/: dk HHHHHHHHHHH y/so ftZu ftP/P wjZstg{oD ;EkB j?. 

4H HHHHHHHHHHH ftfGzB ;kXBK d/ ;z:[es ;zi'r Bkb j[zdk j?. 

5H i/eo T[sgkdB cbB HHHHHHHHHHH j[zdh j? sK ;kB{z fJj dZ;dk j? fe jo/e ;kXB B{z T[;dh 

;hwKs T[sgkdesk d/ pokpo g[o;eko gqkgs j'Dk ukjhdk j? sK fe e[ZbQ T[sgkdB g{oD 

o{g s'A ysw j' ikJ/rk. 

 

7H3 e'p^v'rb; T[sgkdB cbB (Cobb-Douglas Production Function) 

e'p^v'rb; T[sgkdB cbB dk nkofEe y/so ftZu ftnkge o{g s'A gq:'r ehsk iKdk j?. fJ; 

T[sgkdB cbB d/ ;{soheoD dk ;fjok ;hHvpfb:{H e'p (C.W. Cobb) ns/ vhH n?uH v'rb; B{z 

fdZsk iKdk j?. T[jBK B/ fJ; cbB dk nB[wkB brkT[D d/ bJh ftPg d/ ftfGzB T[d:'rK dk 

nfXnB ehsk. fJ; soQK fJ;dk gq:'r T[sgkdB d/ ;XkoD fB:w (Universal law) d/ o{g ftZu 

ehsk iKdk j?. 

B'N 
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noEPk;soh dk rfDs 

 
  

B'N 

 

 

eh s[;hA ikDd/ j'     e'p^v'rb; T[sgkdB cbB B{z ;XkoD o{g ftZu j/m nB[;ko do;kfJnk 

iKdk j?^ 

 

                                 P = ALα Kβu   
 

                     fiZE/ P = T[sgkdB, L = fwjBs ;kXB, K = g{zih ;kXB, u = so[ZNh 

(Disturbance Terms) ns/ A fJZe ;fEo okPh j?. 

 

 

α ns/ β XBkswe wkgdzv (Parameters) j?. fJ; d/ Bkb α > 0, β > 0, L > 0 ns/ α + β = 1 
j[zdk j?. e[ZM noEPk;soh fJ; T[sgkdB cbB B{z u d/ fpBK th do;kT[Ad/ jB. 

                                       P = ALα Kβ (α > 0, β > 0)  

i/eo                       α O β = 1 

e'p^v'rb; T[sgkdB cbB ftZu d' T[sgZsh d/ ;kXB j[zd/ jB Gkt 

                                       P = f (L, K) 
i/eo d'jK gk;/ fe;h ;fEo λ (Lemda) Bkb r[DK eo fdZsk ikt/ sK 

                                     λP = f (λL, λK)  
sK,             f (λL, λK) = A (λL)α (λK)βu 
                                          = λα+βALα Kβ u 
                                          = λα + βP           (feT[Afe & P = ALα Kβ u )  

i/eo α + β & 1, T[d'A T[sgkdB g?wkB d/ ;fEo gqfscb d/ nzsors j'J/rk. 

i/eo α + β > 1, g?wkB/ dk tZXdk j'fJnk gqafscb ekoiPhb j't/rk. 

ns/ α + β < 1, g?wkB/ dk xNdk j'fJnk gqfscb ekoiPhb j't/rk. 

 

7H3H1 e'p^v'rb; T[sgkdB cbB dhnK ftP/PsktK (Characteristics of Cobb Douglas 
Production Function) 

1H i/eo T[sgZsh d/ ;kXBK ftZu fe;h ;fEo okPh λ Bkb tkXk ehsk iKdk j? sK T[sgkdB th  λ 
r[Dk tZX ikJ/rk. e'p^v'rb; T[sgkdB cbB P = Lα Kβ u j? sK i/eo fwjBs L ns/ g{zih (K) 
λ s'A r[Dk tXk fdZs/ ikD sK 

 

 

 

                                                                         (i/eo α + β & 1) 

 

 

 

 

 

 

 

 

 

 

 

 

 

o/ykfuZso 7H2 
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fJekJh^7 L ;wo{g cbB ns/ :{bo; gqw/: 

 

fJ; soQK fi; nB[gks ftZu ;kXBK B{z tXkfJnk iKdk j? T[;h nB[gks ftZu T[gkdB th tZX iKdk 

j?. fJ;B{z o/ykfuZso 7H2 dh ;jkfJsk Bkb th ;gPN ehsk ik ;edk j?. X-neP T[Zs/ ;kXB L 
(fwjBs) ns/ Y-neP T[Zs/ ;kXB K (g{zih) B{z fbnk frnk j?. T[sgkdB dhnK 100 fJekJhnK 

T[sgkfds eoB d/ bJh ;kXB L dh OA1 fJekJhnK ns/ ;kXB K dh OB1 fJekJhnK ezw ftZu 

bJhnK iKdhnK jB. i/eo T[sgkdB dhnK 200 fJekJhnK T[sgkfds eod/ jB sK ;kXB L ns/ 

;kXB R B{}z th d[ZrDh io{oh gJ/rh. fJZE/ OA2 fpbe[b OA1 dk d[ZrDk j?. fJ;h soQK OB2 

fpbe[b OB1 dk d[Zrdk j?. fJ;h soQK T[sgkdB dhnK 300 fJekJhnK d/ bJh ;kXB A ns/ B B{z 

fszB r[Dk fJekJhnK dh io{os j't/rh. fit/A fe o/ykfuZso 7H2 ftZu ;gPN ehsk frnk j?. 

fJ;B{z d{i/ sohe/ Bkb th ;gPN ehsk ik ;edk j?. OM T[sgkdB dk ft;sko gE j? fijVk P, 
Q ns/ R ;zs[bB fpzd{nK B{z fwbkT[Adh j?. fJj ;ko/ ;zs[bB fpzd{ ;wkB nzso s/ j'Dr/ Gkt OP = 
PQ = QR, fijVk fJj dZ;dk j? fe T[sgkdB T[;h nB[gks ftZu tX/rk fi; nB[gks ftZu ;kXB 

tXkJ/ iKd/ jB. 

2H T[sgkdB cbB ;wo{g ns/ fJZe e'fN dk j[zdk j?L i/eo T[sgkdB cbB ;wo{g ns/ fJZe 

e'fN (Degree) dk j[zdk j? sK T[;dk Gkt fJj j? fe T[sgkdB ;fEo g?wkB d/ gqfscb d/ nzsors 

nkT[Adk j?, Gkt 

T[sgkdB cbB, P = ALα Kβ u  

d'jK gk;/ log b?D s/ 

                            log P = log A + αlog L + βlog K + log u  

tZy^tZy o{g ftZu L ns/ K d/ ;zdoG ftZu nzPe fBy/VB (Differentiate) eoB s/ 

                      

1 P

P L L

∂ α=
∂

                                                       HHHHH(i) 

ns/                  

1 P

P K K

∂ β=
∂

                                                      HHHHH(ii) 

(i) ns/ (ii) B{z d[pkok fbyD s/ 

                     

P
L P

 L

∂ = α
∂

                                                     HHHHH(iii) 

                    

P
K P

 L

∂ = β
∂

                                                      HHHHH(iv) 

;wheoD (iii) ns/ (iv) B{z i'VB s/ 

            ( )
P P

L K P P + P
 L  L

∂ ∂+ = α + β α + β
∂ ∂

 

                          P=                                                 [∴   1α + β = ]  

3H i/eo T[sgkdB cbB ;wo{g ns/ fJZe e'fN dk j[zdk j? sK gqfs;EkgB dh b'u (Elasticity of 
Substitution) jw/PK fJekJh d/ pokpo jzdh j?. i/eo T[sgkdB cbB P = ALα Kβ u fiE/        

α O β &1 n;hA ikDd/ jK fe  

 

           gqfs;EkgB dh b'u & σ &  

 

∴                         

( ) / ( ) ( ) /

( ) /L K L K

K / L K / L K / L K / L
=

 P / P P / P  R / R

∂ ∂σ =
∂ ∂

 

fiZE/     K / L & ;kXB wksok nB[gks 

               L KR = P P & ;kXB ehws nB[gks 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

n;hA ikDd/ jK fe ;hwKs gqfs;EkgB seBheh dh do & 

K

L

∂
∂

 

 

∴ 

 

 

j'o PpdK ftZu, 

 

;kvk T[sgkdB cbB 

L ns/ K d/ ;zdoG ftZu tZy^tZy fBy/VB s/ 

                     

P
AL K u

L
α β∂ = β

∂
 

 

fJ; soQK 

 

 

 

 

 

 

 

 

fJ; soQK 

 

 

 

 

                                                                                      T[Zso 

 

4H T[sgkdB d/ bJh g{zih ns/ fwjBs io{oh ;kXB j[zd/ jB^T[sgkdB d/ bJh XzB Iho' j' ikt/ 

sK e[ZbQ T[sgkdB th Iho' j' ikt/rk 
 

T[sgkdB cbB, 

 

wzfBnk 

 

 

wzfBnk 

 

 

5H i/eo T[sgkdB cbB (P = ALα Kβ u) o/yh ns/ ;wo{g j[zdh j? sK α ns/ β eqw nB[;ko e[ZbQ 

T[sgkdB ftZu fwjBs ns/ g{zih d/ fjZ;/ B{z gqdofPs eod/ jB. 

T[sgkdB cbB,   P = ALα Kβ u  

L ns/ K d/ ;zdoG ftZu tZy^tZy fBy/VB eoB s/ 

 

 

 

 

 

 

∴ 
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fJekJh^7 L ;wo{g cbB ns/ :{bo; gqw/: 

 

 

 

 

 

 

ns/ 

 

 

 

 

                                                                                        T[Zso 

6H T[sgkdB cbB d/ ns/ eqw nB[;ko fwjBs b'u ns/ g{zih b'u B{z gqdofPs eod/ jB. T[sgkdB 

cbB dh ftP/Psk (5) s'A 

 

 

 

 

 

 

 

 

                                                                                        T[Zso 

 

e'p^v'rb; T[sgkdB cbB dk ft;sko gE (Expansion Path) o/yh ;wo{g j[zdk j? ns/ w{b fpzd{ 

s'A j' e/ r[iodk j?. 

e'p v'rb; T[sgkdB cbB 

                                       P = ALα Kβ u 

d'jK gk;/ ‘Log’ b?D s/ 

                                 log P = logA + α logL + β logK + log u  

L ns/ K d/ ;zdoG ftZu tZy^tZy o{g ftZu fBy/VB eoB s/ 

 

                                                                                                                                            .....(A) 
 

                                                                                                                                            .....(B) 
 

;wheoD (A) ns/ (B) B{z d[pkok fbyD s/ 

 

 

 

 

ns/ 

 

 

∴ 

 

 

 

 

iK 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N iK                      α.KPK = β.LPL  

iK               α.KPK –β LPL = 0  

fJ; soQK cbB dk ft;sko gE o/yh ;wo{g j? ns/ w{b fpzd{ s'A r[iodh j?. 

 

7H3H2 e'p^v'rb; T[sgkdB cbB dk nkofEe wjZst 

      (Economic Significance of Cobb-Douglas Production Function) 

e'p^v'rb; T[sgkdB cbB dk nkofEe y/so ftZu wjZstg{oD ;EkB j?. toswkB ftZu eJh 

noEPk;soh e'p v'rb; T[sgkdB cbB dk ftfGzB nkofEe y/soK ftZu gq:'r eoB bZr rJ/ 

jB. fJ; cbB dk gq:'r fdB^gqshfdB ftP/P eoe/ ftfGzB T[d:'rK ns/ y/sh y/soK ftZu tXD 

bZr frnk j?. fJj fJjBK y/soK d/ bJh wjZstg{oD ;{uBktK gqdkB eodh j?. fJj ftfGzB 

BhshnK d/ fBowkD eoB ftZu th ezw nkT[Adh j?. 

fJ; cbB dh ;jkfJsk Bkb n;hA fwjBs g{zih dh ;hwKs T[sgkdesk (Marginal Productivity) 
eZY ;ed/ jK ns/ fJ; soQK wId{oh fBoXkoD d/ f;XKs ftZu ;jkfjsk fdzdh j?. (T[sgkdB cbB 

T[sgkdB seBheh dk toDB eodk j?.) fJ; cbB d[nkok fJj th gsk ehsk ik ;edk j? fe 

fe;h ;kXB B{z fdZsk ikD tkbk g[o;eko T[;dh ;hwKs T[sgkdesk d/ pokpo j? iK BjhA. fJ;h 

soQK fJj cbB y/sh ftZu nkofEe b'u dk fBoXkoD eoB ftZu th wdd eodk j?. fJ; 

T[sgkdB cbB d/ ns/ g?okwhNo; b'u r[DKe (Elasticity Coefficients) B{z gqdof:s eod/ jB. 

fJj b'u r[DKe nzso^okPNoh iK nzdo{Bh y/soK d/ ftukb/ s[bBk eoB ftZu ;fj:'r eo ;ed/ 

jB. 

fJj toDB ehsk ik u[Zek j? id'A cbB o/yh ns/ ;wo{g j[zdk j? ns/ α O β & 1 j[zdk j? sK 

cbB ;fEo cbB d/ nzsors ekoiPhb j't/rk. id'A α O β > 1 ns/ α O β < 1 j[zdk j?. sK 

cbB eqw nB[;ko tX/ j'J/ ns/ xNd/ j'J/ g?wkB/ d/ gqfscb d/ nzsors ekoiPhb j't/rk. fJ; 

soQK fJj cbB g?wkB d/ ftfGzB gqfscbBK d/ fB:wK dk nfXnB eoB ftZu ;fj:'r fdzdk j?. 

fJ;d/ fJbktk fJj cbB T[sgZsh d/ ;kXBK dh gqfs;Ekfgsk (Substitutability) d/ bJh io{oh 

;{uBktK gqdkB eodk j?. 

;zy/g ftZu, fJj cbB nkofEe y/so ftZu ftP/P eoe/ y/sh ns/ T[d:'rK ftZu wjZstg{oD 

G{fwek fBGkT[Adk j?. fJj fwjBs BhshnK, fJ; soQK y/so s[bBk, ;kXBK dh gqfs;Ekfgsk ns/ 

;wo{gsk e'fN (Degree of Homogeneity) dk fBoXkoD eoB ftZu gq:'r ehsk iKdk j?. 

 

7H3H3 e'p^v'rb; T[sgkdB cbB dhnK ;hwktK  

      (Limitations of Cobb-Douglas Production Functions) 

Gkt/A fe e'p^v'rb; T[sgkdB cbB dk nkofEe y/so ftZu ft;Ekog{oD gq:'r ehsk iKdk j? 

ns/ fJ;dk gq:'r ftP/P eoe/ y/sh ns/ fBowkDekoh T[d:'rK ftZu tZXdk ofjzdk j?, gozs{ ftfGzB 

noEPk;sohnK d/ d[nkok fJ; cbB dhnK nkb'uBktK ehshnK iKdhnK jB. fJ; cbB d/ w[Zy 

nkb'ue gq'He/Hi/H no'H (K.J. Arrow), n?uHphH u/Boh (H.B. Chenery), phH n?;H fwBjk; 

(B.S. Minhas), ns/ nkoHn?wH ;/b' (R.M. Salow) oj/ jB. fJ;dh fBwB nkb'uBktK 

ehshnK iKdhnK jB^ 

1H fJ; cbB dk w[Zy d'P fJj j? fe fJj e/tb T[sgZsh d/ d' ;kXB (fwjBs ns/ g{zih) B{z b? e/ 

uZbdh j? id'A fe n;bhns fJj j? fe T[sgkdB ftXhnK ftZu j'o ;kXBK dk th ;wkB wjZst 

j[zdk j?. d{i/ PpdK ftZu, fJj cbB eJh ;kXBK (d' ;kXBK s'A tZX) d/ bJh bkr{ BjhA j[zdk j?. 

fJ;d/ fJbktk fJ;dk gq:'r e/tb fBowkDekoh T[d:'rK ftZu jh ehsk ik ;edk j?. fJ; soQK 

fJ; cbB d[nkok gq:'r dk y/so ;ze[fus j' iKdk j?. 

2H fJj T[sgkdB cbB e/tb g?wkB d/ ;fEo gqfscb d/ nzsors ekoiPhb j[zdk j?. g?wkB/ d/ 

tXd/ ns// xNd/ j'J/ gqfscb d/ fB:w th T[sgkdB gqfefonktK ftZu fefonkPhb ofjzd/ jB. 

gozs{ fJj cbB fJjBK fB:wK ftZu ekoi BjhA eodk j?. 
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fJekJh^7 L ;wo{g cbB ns/ :{bo; gqw/: 

 

3H cbB fJ; wkBsk T[Zs/ nXkfos j? fe seBheh frnkB ;fEo ofjzdk j? ns/ T[sgkdB 

gqfefonktK ftZu seBheh gfotosB BjhA j[zd/ jB. gozs{ T[sgZsh dk g?wkBk th seBheh 

gfotosB ftZu gotofss j' ;edk j?. fJ; soQK ;fEo seBheh dh fJj wkBsk M{mh j?. 

4H e'p^v'rb; T[sgkdB cbB fJj wzB e/ uZBdk j? fe ;ko/ ;kXB (Inputs) ;wo{g j[zd/ jB. 

n;b ftZu fJZe ;kXB dhnK ;kohnK fJekJhnK th ;wkB e[PB BjhA j[zdhnK jB. T[dkjoD ti'A, 

fwjBs iB;zfynk ftZu e[ZM wId{o sK e[Pb j[zd/ jB ns/ e[ZM BjhA. 

5H fJj T[sgkdB cbB dh e'Jh T[Zusw ;hwk fBoXkfos BjhA eodk j?. fJ;h ;zdoG ftZu n?wH 

gq'H uKd (M. Chand) dk efjDk j?, “feT[Afe cbB P (T[sgkdB) d/ bJh e'Jh T[Zusw ;hwk 

fBPfus BjhA eodk j?, fJ; bJh fJj ;[thXkiBe j't/rk fe fttjko ftZu cbB dk nzeVk wkg 

eoB d/ bJh fJ;d/ w{bK B{z fJZe ;hwk s'A pkjo Bk ehsk ikt/.”

1

 

6H cbB d/ α ns/ β eqw nB[;ko T[sgkdB ftZu fwjBs ns/ g{zih d/ fjZ;/ B{z gqdofPs eod/ jB. 

fJj sK th ;Zu j[zdk j? id'A fe pkIko ftZu g{oD gqsh:'frsk dh ;fEsh gkJh iKdh j?. gozs{ i/eo 

noEftt;Ek ftZu ng{oD gqsh:'frsk iK J/ekfXeko dh ;fEsh gkJh ikt/ sK T[go'es ;zpzX gqkgs 

BjhA ehsk ik ;edk. 

7H feT[A i' fJj ;kXBK sdh e/tb XBkswe ;hwKs T[sgkdesk T[Zs/ fXnkB fdzdk j?, fJ; soQK fJj 

;kXB dh foDkswe ;hwKs T[sgkdesk B{z G{bk fdzdk j?. id'A fe fe;h ;kXB dh ;hwKs 

T[sgkdesk Iho' iK foDkswe th j' ;edh j?. 

8H nkyoh, cbB T[sgkdB d/ ;kXBK d/ nyohb/ ;zpzX d/ pko/ ftZu ikDekoh d/D ftZu n;woZE j[zdk 

j?. 

 

7H4 ;hHJhHn?;H (;fEo gqfs;EkgB b'u) T[sgkdB cbB 

    (The C.E.S. Production Function)                      . 

e'p^v'rb; T[sgkdB ftZu fJj toDB ehsk ik u[Zek j? fe fJ; ftZu gqfs;EkgB dh b'u 

(Elasticity of Substitution) jw/PK fJekJh j[zdh j?. fJZE/ n;hA fJZe nfij/ T[sgkdB cbB dk 

toDB eoKr/ fi; ftZu gqfs;EkgB dh b'u ;fEo (io{oh BjhA j? fe gqfs;EkgB b'u fJekJh d/ 

pokpo j't/) j[zdh j?. fJj ;fEo gqfs;EkgB b'u T[sgkdB cbB (Constant Elasticity 

Substitution Production Function) d/ Bkw Bkb ikfDnk iKdk j?. fJ; cbB dk ;{soheoD d' 

ftfGzB noEPk;sohnK d/ ;w{jK B/ ehsk j?. gfjb/ ;w{j ftZu e/Hi/H no' (K.J. Arrow), u/Boh 

(Chenery), phHn?;H fwBjk; (B.S. Minhas) ns/ nkoHn?wh ;/b' (R. M. Salow) nkT[Ad/ jB id'A 

fe d{i/ ftZu n?wH pokT{B (M. Brown) vh eBh (De Cani) nkT[Ad/ jB. Gkt/A fe fJ; cbB B{z 

T[jBK B/ fGzB o{gK ftZu ;{soheoD ehsk ;h gozs{ Bshik (Result) ;wkB ;B. gfjb/ ;w{j B/ 

;hHJhHn?;H (C.E.S.) T[sgkdB cbB B{z j/m nB[;ko do;kfJnk j?^ 

                               P = γ[δ C-α + (1 – δ)N-α]-u/α
  

                               (γ > 0, 0 <  δ < 1,α > –1)  

fiZE/ P & T[sgkdBl C & g{zih ;kXBl N & fwjBs ;kXBl α & gqfs;EkgB g?okwhNo 

(Substitution Parameter); γ & seBheh e[Pbsk r[DKe iK e[Pbsk g?okwhNo (Technical 
Efficiency Coefficient or Efficiency Parameter) (;hHJhHn?;H cbB ftZu fJZE/ e'p^v'rb; ftZu A 

dh soQK gq:'r ehsk iKdk j?)l δ & g{zih shposk r[DKe (Coefficient of Capital Intensity) (fJZE/ 

e'p^v'rb; cbB ftZu α dh soQK ekoi eodk j?.)l 

                         1 ^ δ & fwjBs shposk r[DKe (Labour Intensity Coefficient)  

                                               v & ;wo{gsk e'fN (Degree of Homogeneity)  
 

B'N 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               117 

VED1 

E L-LOVELY-H math7-1     IInd  6-8-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



noEPk;soh dk rfDs 

 

B'N 7H4H1 ;hHJhHn?;H T[sgkdB cbB d/ r[D (Properties of C.E.S. Production Function) 

1H i/eo T[sgkdB cbB o/yh ns/ ;wo{g j[zdh j? sK gqfs;EkgB b'u (σ) ;fEo 

1

1
 
 + α 

 d/ 

pokpo j[zdh j? id'A fe T[sgkdB cbB P = γ(δ C-α + (1 - δ)N-α)-u/α
 j[zdk j?, pPos/ γ > 0, 0 < δ 

< 1 ns/ α>^1 

T[sgZsh^gfoGkPk d/ nB[;ko gqfs;EkgB dh b'u 

                

log( / ) ( / ) / /

log /

N C N C N C

R R R

∂ ∂σ = =
∂ ∂

 

fJZE/, 

N

C
& T[sgkdB ;kXBK dk nB[gks ns/ 

C

N

P
R =

P
& w{b nB[gks. 

j[D T[sgkdB 

                                              P = γ[δ C-α + (1 – δ)N-α]-v/α
                           HHHH(7H1) 

N d/ ;kg/y ftZu nzfPe fBy/VB eoB s/ 

 

 

 

 

 

;wheoD (7H1) d[nkok 

 

 

 

 

iK 

 

 

iK                                                                                 HHH(7H3) 

 

;wheoD (7H3) B{z ;hwoD (7H2) ftZu oZyD s/ 

 

 

                                                                                  HHHH(7H4) 

 

d[pkok ;wheoD (7H1) B{z C d/ ;kg/y ftZu fBy/VB eoB s/ 

 

 

 

 

 

n;hA ikDd/ jK e/ 
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fJekJh^7 L ;wo{g cbB ns/ :{bo; gqw/: 

 

 

 

∴ 

 

 

 

iK 

 

 

iK 

 

d'B'A gk;/ log b?D s/ 

 

 

 

 

 

fJZE/, 

 

G d/ ;kg/y ftZu fBy/VB eoB s/ 

 

 

 

iK 

 

 

iK 

 

iK 

 

 

∴  gqfs;EkgB dk b'u                                                                  T[Zso 

 

2H ;hHJhHn?wH d/ ;hwKs T[sgkd (Marginal Product) jw/PK XBkswe j[zd/ jB Gkt Iho' s'A 

tZX j[zd/ jB ns/ edh foDkswe BjhA j[zd/ jB. 

T[sgZsh^T[sgkdB cbB 

                                                   P = γ[δ C-α + (1 – δ)N-α]-v/α
 

N d/ ;kg/y ftZu fBy/VB eoB s/ 

 

 

 

 

 

 

 

i/eo T[sgkdB ;fEo gqfscbB d/ nzsors j[zdk j? sK v = 1  
 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N  

∴ 

 

 

iK 

 

∴ 

d[pkok 

 

C d/ ;kg/y ftZu nzfPe fBy/VB eoB s/ 

 

 

 

 

 

iK 

 

i/eo T[sgkdB cbB ;feo gqfscb d/ nzsors fefonkPhb j't/ sK v = 1  
 

 

 

 

 

 

 

                                    & XBkswe 

fJ; soQK MPC > 0  

3H T[sgkdB cbB d/ ;hwKs T[sgkdB teo j/mK tZb frod/ j'J/ j[zd/ jB Gkt 

                         ns/  

 

 

 

 Nk;e      ;hHJhHn?;H T[sgkdB cbB d/ eh r[D jB< 

  

7H4H2 ;hHJhHn?;H T[sgkdB cbB dk e'p^v'rb; T[sgkdB cbB T[Zs/ bkG 

      (Advantages of C.E.S. Production Function Over Cobb-Douglas Production 
Function) 

1H ;hH JhH n?;H (C.E.S.) T[sgkdB cbB e'p^v'rb; T[sgkdB cbB e'p^v'rb; T[sgkdB 

cbB dh ng/fynk tZX ;XkoD T[sgkdB seBheh gqdofPs eodk j?. ;hHJhHn?;H T[sgkdB 

cbB ftZu gqfs;EkgB b'u ;fEo j[zdh j? ns/ io{oh BjhA j? fe fJj b'u fJekJh d/ pokpo j't/. 

2H ;hH JhH n?;H T[sgkdB cbB e'p^v'rb; T[sgkdB cbB dh ng/fynk tZX wjZstg{oD 

g?okwhNo; (Parameters) oZydk j?. fJ; soQK fJ;dk gqfs;Ekfgssk (Substitutability) ns/ 

e[Pbsk ftZu tZX ft;Ekog{oD y/so j?. 
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fJekJh^7 L ;wo{g cbB ns/ :{bo; gqw/: 

 

3H e'p^v'rb; cbB ;hHJhHn?;H T[sgkdB cbB dk jh fJZe ftP/P o{g j[zdk j?. i/eo ;hHJhHn?;H 

cbB α & 10 ftZu oZy fdzd/ jK sK e'p^v'rb; cbB gqkgs j' ikJ/rk. 

4H ;hHJhHn?;H T[sgkdB cbB d/ g?okwhNo; dk nB[wkB brkT[Dk n;kB j[zdk j?. fJ;d/ fJbktk 

fJ; cbB B/ e'p^v'rb; cbB dhnK ;kohnK ;wZf;nktK ns/ M{mhnK wkBsktK B{z d{o eo fdZsk 

j?. 

 

7H4H3 ;hHJhHn?;H T[sgkdB cbB dhnK ;hwktK (Limitations of C.E.S. Production 

Function) 

Gkt/A fe ;hHJhHn?;H T[sgkdB cbB B/ e'p^v'rb; cbB dhnK ;kohnK ;wZf;nktK ns/ M{mhnK 

wkBsktK B{z d{o eo fbnk j? ns/ noEPk;so ftZu th fJ;dk y/so ftnkge j?, gozs{ fco th 

fJ; dhnK j/mbhnK nkb'uBktK ehshnK iKdhnK jB^ 

1H ;hHJhHn?;H T[sgkdB cbB th e'p^v'rb; dh soQK T[sgZsh d/ e/tb d' ;kXBK (fwjBs ns/ 

g{zih) B{z b? e/ uZbdk j?. fJj T[sgZsh d/ tZX ;kXBK d/ bJh bkr{ BjhA j[zdk j?. gq'Hn?uHT[iktk 

(Prof. H. Uzawa) dk efjDk j? fe fJ; cbB B{z n^T[sgZsh d/ ;kXBK d/ bJh bkr{ eoBk w[Pfeb 

j?. 

T[dkjoD^i/eo x= A ab  T[sgkdB cbB j?, a ns/ b ;kXB d/ bJh wzr gsk eo' id'A fe T[jBK 

dhnK ehwsK Pa ns/ Pb ;fEo jB. i/eo wzr teo x = β - α p j'D sK ;kXB dh wzr ehwsK ns/ 

;fEo nze ftZu eh j't/rh< 

If x= A ab  is the production function, find the factor demand for ‘a’ and ‘b’ when their 
prices are Pa and Pb. If the demand curve is x = β - a p what is the factor demand in terms of 
prices and constants. 

jZb (Solution)^fdZsk j'fJnk T[sgkdB cbB 

                            x = A ab  

                              

1/2 1/2Aa b=                                                HHHH(i) 

;wheoD (i) B{z tZy^tZy o{g ftZu ‘a’ ns/ ‘b’ d/ ;zdoG ftZu fBy/VB eoB s/ 

 

 

 

ns/                                                                                    HHHH(ii) 
 

;wheoD (i) ns/ (ii) s'A 

 

                                                                                 ( )x = A ab  

 

 

 

gozs{ n;hA ikDd/ jK fe 

 

 

 

 

 

 

iK 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N  

iK 

 

‘a’ ns/ ‘b’ dk wkB ;wheoD (i) ftZu oZyD s/ 

 

 

 

 

iK                                                                                  HHHHH(iii) 
 

 

fJ;h soQK Bkb                                                                      HHHHH(iv)  
 

;hweoD (iii) ns/ (iv) a ns/ b ;kXB dhnK ehwsK d/ o{g ftZu ;kXB wzr B{z gqdofPs eod/ 

jB. j[D, wzr teo 

                                             x = β – α p  

feT[Afe                    TC = apa + bpb  

a ns/ b dk wkB oZyD s/ 

 

                                                                                        
 
 

                                                                                                                      [;wheoD (iii) s'A] 
 

x d/ ;zdoG ftZu fBy/VB eoB s/ 

                       ( )2( ) 2a
b a a b

pTC
p / p P P

x A A

∂ = =
∂

 

                          ( )2
a bMC = p p

A
 

feT[Ai'                     MC = p                       (g{oD gqsh:'frsk dh ;fEso ftZu) 

d[pkok                        x = β – αp  
2

( )a bp p
A

= β − α                                  ....(v) 

                                                   

x dk wkB ;wheoD (i) ftZu oZyD s/ 

 

                                                                                       

 

iK 

 

 

iK 

 

 

fJ; soQK                                                                             HHHH(vi)  
 

;wheoD (v) ns/ (vi) ;kXB a ns/ b d/ ;kXB wzr B{z gqdofPs eod/ jB. 

T[dkjoD&(T) i/eo T[sgkdB fJ; soQK j?^ 

                                   Q = A Kα Lβ
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fJekJh^7 L ;wo{g cbB ns/ :{bo; gqw/: 

 

sK g{zih (K) s/ fwjBs (L) dh ;hwKs T[sgkdesk gsk eo'. 

(n) T[go'es T[sgkdB cbB ftZu g{zih s/ fwjBs dh T[sgkdB b'u j?. fJ;B{z f;ZX eo'. 

jZb (Solution)^(T) fdZsh j'Jh T[sgkdB cbB j?^ 

                                                  Q = A Kα Lβ                                                                        .....(i) 

;wheoD ‘K’ ns/ ‘L’ d/ ;zdoG ftZu tZy^tZy nzPe fBy/VB eoB s/ 

 

                                                                                                                                            .....(ii) 

 

                                                                                                                                           .....(iii) 

cbB (ii) ns/ (iii) eqw nB[;ko g{zih K ns/ L dh ;hwKs T[sgkdesk B{z do;kT[Ad/ jB. fJjBK B{z 

;ob o{g ftZu d[pkok fbyD s/ 

 

                                                                                                                            (∴ Q = AKα Lβ) 
 

 

ns/ 

 

(n) g{zih dh T[sgkdB b'u 

 

 

 

 

 

fwjBs dh T[sgkdB b'u 

 

 

 

 

 

 

 

fJ; soQK α ns/ β fdZsh j'Jh T[sgkdB cbB ftZu g{zih s/ fwjBs dh T[sgkdB dh b'u B{z 

gqdofPs eod/ jB. 

 

;t?^w[bKeD (Self Assessment) 

2H pj[ftebgh gqPB (Multiple Choice Questions)^ 

6H e'p^v'rb; T[sgkdB cbB d/ ;{soheoD dk ;fjok fe;B{z fdZsk iKdk j?< 

    (a) ;hHvpfbT{H e'p ns/ vhHn?uH v'rb;        (b) e'p ns/ wkoPb 

    (c) v'rb; ns/ no;s{                         (d) T[go'es ;ko/ 

7H T[sgkdB cbB j?^ 

    (a) P = A Lβ Kα u                              (b) P = ALα Kβ u 

      (c) P = Lα Kβ                                                      (d) AKβ u 

8H ;hHJhHn?;H d/ ;hwKs T[sgkd jw/PK j[zd/ jB^ 

       (a) foDkswe     (b) xBkswe     (c) XBkswe         (d) fJBQK ftZu'A e'Jh BjhA 

B'N 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               123 

 

 

 

VED1 

E L-LOVELY-H math7-1     IInd  6-8-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



noEPk;soh dk rfDs 

 

B'N 7H5 ;koKP (Summary) 

• noEPk;so ftZu finkdkso gq:'r j'D tkb/ fJZe ftP/P soQK d/ cbB B{z ;wo{g cbB 

efjzd/ jB. 

• :{bo; gqw/: dZ;dh j? fe id'A ;ko/ T[sgZsh d/ ;kXB fJZe fdZs/ j'J/ nB[gks ftZu tXkJ/ 

iKd/ jB sK Bshi/ ti'A T[sgkdB th T[;h nB[gks ftZu tX ikJ/rk, i/eo jo/e T[sgZsh 

d/ ;kXB B{z T[;dh ;hwKs T[sgkdesk d/ w[Zb d/ pokpo g[o;eko fdZsk iKdk j? ns/ 

e[ZbQ T[sgkdB g{oD o{g s'A ysw j' iKdk j?. 

• :{bo; gqw/: dk nkofEe y/so ftZu, ftP/P eoe/ tzv y/so ftZu ftP/P wjZstg{oD 

;EkB j?. T[sgkdB ftfGzB ;kXBK d/ ;z:[es ;zi'r Bkb j[zdk j?. 

• e'p^v'rb; T[sgkdB cbB dk nkofEe y/so ftZu ftnkge o{g s'A gqa:'r ehsk iKdk 

j?. fJ; T[sgkdB cbB d/ ;{soheoD dk ;fjok ;hHvpfbT{H e'p (C.W. Cobb) ns/ 

vhH n?uH v'rb; B{z fdZsk iKdk j?. 

• i/eo T[sgkdB cbB ;wo{g ns/ fJZe e'fN (Degree) dk j[zdk j? sK T[;dk Gkt fJj j? 

fe T[sgkdB ;fEo g?wkB d/ gqfscb d/ nzsors nkT[Adk j?. 

• e'p^v'rb; T[sgkdB cbB dk nkofEe y/so ftZu wjZstg{oD ;EkB j?. toswkB 

ftZu noEPk;soh e'p v'rb; T[sgkdB cbB dk ftfGzB nkofEe y/soK ftZu gq:'r 

eoB bZr rJ/ jB. 

• Gkt/A fe e'p^v'rb; T[sgkdB cbB dk nkofEe y/so ftZu ft;Ekog{oD gq:'r ehsk 

iKdk j? ns/ fJ;dk gq:'r ftP/P eoe/ y/sh ns/ fBowkDekoh T[d:'rK ftZu tZXdk fojk 

j?, gozs{ ftfGzB noEPk;sohnK d/ d[nkok fJ; cbB dhnK nkb'uBktK ehshnK 

iKdhnK jB. 

• e'p^v'rb; T[sgkdB ftZu fJj toDB ehsk ik u[Zek j? fe fJ; ftZu gqfs;EkgB dh 

b'u (Elasticity of Subsitution) jw/Pk fJekJh j[zdh j?. 

• ;hH JhH n?;H (C.E.S.) T[sgkdB cbB e'p^v'rb; T[sgkdB cbB e'p^v'rb; 

T[sgkdB cbB dh ng/fynk tZX ;XkoD seBheh gqdofPs eodk j?. 

 

7H6 Ppde'P (Keywords) 

• ;wo{g (Homogeneous)^ ;wxks. 

• gqw/: (Theorem)^ ;kXe, fi;B{z gqwkfDs ehsk ik ;e/. 

 

7H7 nfGnk; gqPB (Review Questions) 

1H ;wo{g cbB B{z T[dkjoD ;fjs gfoGkfPs eo'. 

2H :{bo; gqw/: dh gq;zr ;fjs ftnkfynk eo'. 

3H :{bo; gqw/: d/ rfDse jZb B{z fby'. 

4H e'p^v'rb; T[sgkdB cbB dh ftnkfynk eo'. 

5H e'p^v'rb; T[sgkdB cbB d/ nkofEe wjZst dk toDB eo'. 

6H e'p^v'rb; T[sgkdB cbB dhnK ;hwktK B{z fby'. 

7H ;fEo gqfs;EkgB b'u (;hHJhHn?;H) T[sgkdB cbB dh ftnkfynk eo'. 
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fJekJh^7 L ;wo{g cbB ns/ :{bo; gqw/: 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H ;wo{g         2H :{bo;         3H nkofEe          4H T[sgkdB         5H ;wo{g. 

  6H (a)            7H (b)            8H (c)  
 

7H8 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

2H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

4H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

5H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

6H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

7H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

8H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

9H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

fJekJh^8L fBy/VB dk noEPk;so ftZu T[g:'r 

(Use of Differentiation in Economics) 
 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

8H1 noEPk;so ftZu fBy/VB dk T[g:'r (Use of Differentiation in Economics) 

8H2 ;koKP (Summary) 

8H3 Ppde'P (Keywords) 

8H4 nfGnk; gqPB (Review Questions) 

8H5 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• noEPk;so ftZu fBy/VB d/ T[g:'r B{z ikD ;eDr/. 

• ;hwKs nkrw ns/ wzr dh b'u dh ftnkfynk eo ;eDr/. 

• e[ZbQ bkrs d[nkok ;hwKs bkrs ns/ e[ZbQ nkrw d[nkok ;hwKs nkrw eZYD d/ 

sohfenK B{z ikD ;eDr/. 

 

 gq;sktBk (Introduction) 

fBy/VB dk noEPk;so ftZu gq:'r fdB'^fdB tZXdk ik fojk j?. g/P gkm ftZu fBy/VB dk 

noEPk;so ftZu T[g:'r dh uouk eoKr/. 

 

8H1 noEPk;so ftZu fBy/VB dk T[g:'r  

    (Use of Differentiation in Economics) 

fBy/VB dk noEPk;so ftZu gq:'r fdB'^fdB tZXdk ik fojk j?. fBy/VB dk noEPk;so ftZu 

T[g:'r fBwB fbys fpzd{nK d/ nXko s/ ;gPN ehsk ik ;edk j?^ 

 

8H1H1 b'u (Elasticity) 

noEPk;so ftZu b'u eZYD d/ bJh fBy/VB dk gq:'r ehsk iKdk j?. i/eo e'Jh cbB y = f (x) 
j't/ sK y d/ ;zx ftZu x dh b'u nZr/ fby/ gqeko d[nkok gsk ehsk ik ;edh j?^ 

                              

 

 

 

 B'N;     i/eo wzr cbB q = f (p) j't/ sK wzr dh b'u (Ed) j/m nB[;ko eZYh ik ;edh j?^ 
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fJekJh^8 L fBy/VB dk noEPk;so ftZu T[g:'r 

 

T[dkjoD 1H i/eo wzr cbB q = 300 – 4 . p2
 j? sK ehws p = 2 j'D s/ wzr dh b'u eZY'. 

jZb L wzr dh b'u Ed = l fJZE/  

∴                    

i/eo p = 2 j't/ sK    

8H1H2 ;hwKs nkrw ns/ wzr dh b'u (Marginal Revenue and Elasticity of Demand) 

n;hA ikDd/ jK fe e[ZbQ nkrw & ehws × wksok 

iK                              TR = p × q                             [p = w[Zb, q = wksok] 

q d/ ;zdoG ftZu fBy/VB eoB s/ 

 

 

 

 

 

iK 

 

 

 

iK 

 

B'N 

 

 

eh s[;hA ikDd/ j'     feT[Ai' wzr dh b'u jw/PK foDkswe j[zdh j? fJ; bJh T[go'es ;zpzX B{z j/m 

nB[;ko do;k ;ed/ jK^ 

                                       

 

 

8H1H3 e[ZbQ bkrs Bkb ;hwKs bkrs ns/ e[ZbQ nkrw Bkb ;hwKs nkrw eZYDk (Finding 
Marginal Cost from Total Cost and Marginal Output from Total Output) 

wzfBnk e[ZbQ bkrs cbB C = f (q), q e[ZbQ T[skgd dh wksok do;kT[Adk j?. 

T[d'A bkrs (MC) =  (C) 

fJ;h soQK e[ZbQ nkrw cbB (R) = f (p, q) 

T[d'A ;hwKs nkrw (MR) =  (R)  

T[dkjoD 2H wzfBnk eZ[bQ bkrs C = 15 + 10q – 9q2 + q3
 fdZsh j'Jh j? sK ;hwKs bkrs 

(MC) eZY'. 

jZb L e[ZbQ bkrs C = 15 + 10q – 9q2 + q3
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noEPk;soh dk rfDs 

 

B'N q d/ ;kg/y fBy/VB eoB s/ 

                                       MC = 
dc

dq
 = 10 – 18q + 3q2. 

T[dkjoD 3H wzfBnk e[ZbQ nkrw R = 6q – 9q2
 fdZsk j'fJnk j? sK ;hwKs (MR) eZY' ns/ 

T[go'es bkrs cbB B{z b?Ad/ j'J/ ;wK wksok eZY'. 

jZb L e[ZbQ bkrs              R = 6q – 9q2
 

‘q’ d/ ;kg/y fBy/VB eoB s/ 

                                              MR = 
dR

dq
 = 6 – 18q 

;kw: dh dPk ftZu MR = MC, fJ; soQK  

                                        6 – 18q = 10 – 18q + 3q2
  

iK                    3q2 = 4  

                                     q2 = 
4

3
   iK   q = 4 / 3± H 

 

;t?^w[bKeD (Self Assessment) 

1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)L 

1H fBy/VB dk HHHHHHHHHHHHH ftZu gq:'r fdB'^fdB tZXdk ik fojk j?. 

2H noEPk;so ftZu b'u eZYD d/ bJh HHHHHHHHHH dk gq:'r ehsk iKdk j?. 

3H nkrw & ehws × HHHHHHHHHHHHHHHH 

4H ehws &  

5H MR =  HHHHHHHHHHHHHHHH
1

1
dE

 
− 

 
 

 

8H1H4H J/ekfXekoh ftZu ;kwsktkd nt;Ek L tZX s'A tZX bkG gsk eoBk (Equalibrium 
in Monopoly: Finding Maximum Profit) 

fBy/VB dh ;jkfJsk Bkb J/ekfXeko dh ;wsktkd nt;Ek gsk eo'. T[;d/ tZX s'A tZX bkG B{z 

n;kBh Bkb do;k ;ed/ jBL 

J/ekfXekoh dh ;wsktkd nt;Ek MR = MC j[zdh j? Gkt 

                      

( ) ( )d R d C

dq dq
=  

e[ZbQ bkG π & R – C 

tZX s'A tZX bkG dh dPk ftZu fBwB fbys d' PosK dk j'Dk io{oh j?^ 

                        0
d

dq

π =                                                      HHHHH(i) 

ns/ 

                        

2

2
0

d

dq

π < (foDkswe)                                         HHHHH(ii) 
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fJekJh^8 L fBy/VB dk noEPk;so ftZu T[g:'r 

 

T[dkjoD 4H ieo wzr cbB p = 20 – 5q j? ns/ n";s bkrs cbB Ac = q j? sK J/ekfXeko 

dk ;wsktkd w[Zb ns/ tZX s'A tZX bkG dZ;'. 

jZb L (i) fdZsk j'fJnk wzr cbB p = 20 – 5q  

ns/                             AC = q  

e[ZbQ nkrw                          = p × q  

                                                          = (20 – 5q)q = 20q – 5q2
   

q d/ ;kg/y fBy/VB eoB s/ 

                                 

                      e[ZbQ bkrs (C) = AC×  q = q × q = q2
  

q d/ ;kg/y fBy/VB eoB s/ 

 

 

;wsktkd nt;Ek ftZu, 

 

iK 

 

iK 

(ii) e[ZbQ bkG 

 

 

tZX s'A tZX bkG d/ bJh 

 

fJ; soQK 

 

iK 

 

iK 

 

 

 

 

fJ; soQK  T[Zs/ J/ekfXekoh bkG tZX s'A tZX j't/rk. 

B'N 

 

 

 B'N;         ns/  ftZu ;zpzX ;Ekfgs eo'. 

 

 

T[dkjoD 5H wzr cbB Q = 23 – 4p + p2
 fdZsh j'Jh j? fi; ftZu P ns/ Q eqw nB[;ko t;s{ 

dh ehws ns/ wksok jB. wzr dh b'u eh j't/rh id'A t;s{ dh ehws (i) 8 o[gJ/ ns/ (ii) 5 
o[gJ/ j?. 
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noEPk;soh dk rfDs 

 

B'N jZb L fdZsh j'Jh wzr dk cbB 

                          

225 4
p dq

Q p p
q p

 
= − + α − 

 
 

‘p’ d/ ;zdoG ftZu nzPe fBy/VB eoB s/ 

                         4 2
Q

p
p

∂ = − +
∂

 

n;hA ikDd/ jK fe 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

fJ; soQK id'A ehws 8 o[gJ/ j? sK wzr dh b'u 1H6 ns/ ehws 5 o[gJ/ j' ikD s/ wr dh b'u 

fJekJh j't/rh. 

T[dkjoD 6H i/eo wzr teo Q = 150 – 15p j't/ sdK wzr dh b'u gsk eo' id'A fe p = 4 
j?. 

jZb L fdZsh j'Jh wzr cbB j?^ Q = 150 – 15P   

                                      

‘p’ ftZu ;zdoG ftZu fBy/VB eoB s/  15
Q

p

∂ = −
∂

 

                         

n;hA ikDd/ jK fe 

wzr dh b'u 

 

 

 

 

gqPBL fBwB fbys T[Zs/ ;zy/g B'N fby'^(I) wzr dh fsoSh b'u, (II) g{osh b'u, (III) wzr 

dh nkwdB b'u, (IV) n";s nkrw, ;hwKs nkrw ns/ wzr dh b'u ftZu ;zpzX, (V) 
jkBhg{oe wzr cbB ns/ (VI) wzr dh ;EkgB wzr. 

(Write short notes on following-(I) Cross elasticity of demand, (II) Elasticity of supply, 
(III) Income elasticity of demand, (IV) Relationship between average revenue, marginal 
revenue and elasticity of demand, (V) Compensated demand function and (VI) Elasticity of 
substitution of demand). 
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fJekJh^8 L fBy/VB dk noEPk;so ftZu T[g:'r 

 

T[Zso L (I) wzr dh fsoSh b'u (Cross Elasticity of Demand)  

wzr cbB fJj do;kT[Adk j? fe fe;h t;s{ dh wzr T[; t;s{ dh ehws dk cbB j[zdk j?. gozs{ 

fe;h t;s{ dh wzr d{ih ;zpzXs t;s{nK dh ehws dk th cbB j[zdh j?. wzr dh fsoSh b'u fJj 

dZ;dh j? fe ;zpzXs t;s{ dh ehws ftZu gfotosB j' ikt/ sK T[jBK d/ ekoB t;s{ dh wzr ftZu 

gfotosB j' ikt/rk. wzfBnk fJZE/ d' t;s{nK X ns/ Y jB. fJZE/ Y-t;s{ dh ehws d/ ekoB X-
t;s{ dh ehws wzr ftZu gfotosB j[zdk j?, Gkt 

 

 

 

T[dkjoD 7H i/eo fe;h g{oD gqsh:'frsk cow dk wzr ns/ g{osh cbB fBwB j?^ 

wzr cbB              P = 30 – x  

g{osh (bkrs) cbB   C = x2 + 6x + 7  

sK T[sgkdB d/ fe;h ;so T[Zs/ bkG tZX s'A tZX j't/rk ns/ w[Zb, bkG ns/ ;eb nkrw d/ 

;zrs wkB eh j'Dr/< 

jZbL cow d/ tZX s'A tZX bkG dh dPk ftZu fBwB PosK g{oD j'DhnK io{oh jB^ 

                    MR = MC iK 0
x

∂π =
∂

                                             HHHHHH(i) 

ns/                

2

2
0

x

∂ π <
∂

                                                           HHHHH(ii) 

fJZE/ ;eb bkG π & e[ZbQ nkrw (R) & e[ZbQ bkrs (C) 

e[ZbQ nkrw (R) & w[Zb × t;s{ dh wksok  

 

 

 

 

fJ;h soQK 

 

 

 

;zs[bB dh dPk ftZu MR = MC 

                          30 – 2x = 2x + 6   

iK                  –4x = –30 + 6 = –24  

iK                    

24
6

4
x = =   

x dk wkB d{ih soQK th eZfYnk ik ;edk j?^ 

                                    π = R – c = (30x – x2) – (x2 + 6x + 7) 

                                       = 30x – x2 – x2 – 6x – 7 

                                       = 24x – 2x2 – 7 

x d/ ;zdoG ftZu fBy/VB eoB s/ 

                    24 4x
x

∂π = −
∂

 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

tZX s'A bkG d/ bJh 

x

∂π
∂

& 0 iK 24 – 4x = 0 iK –4x = 24 iK x = 6 

tZX s'A tZX bkG dh d{ih Pos 

2

2
0

x

∂ π <
∂

 

fJ; soQK 

2

2
4 0

x

∂ π = <
∂

 fJ; soQK fJj Pos g{oh j[zdh j?. 

wzr cbB ftZu x = 4 oZyD s/ 

 

;eb nkrw 

 

 

 

fJ;h soQK 

 

 

 

T[dkjoD 8H i/eo g{oD gqsh:'frsk d/ nzsors fe;h cow dk e[ZbQ bkrs cbB, 

                                         C = 0.3x3 – 3x2 + 20x + 15  

j't/ sK fJ;dk g{osh cbB gsk eo'. 

jZb L n;hA ikDd/ jK fe g{osh cbB d/ bJh 

P ≥ AVC fJZE/, P = w[Zb, AVC & n";s gfotosBPhb bkrs 

;kB{z gsk j? fe        

TVC TC -TFC
AVC =

x x
=  

fJZE/ TVC = e[ZbQ gfotosBPhb bkrs, TC = e[ZbQ bkrs, TFC e[ZbQ ;fEo bkrs ns/ x = t;s{ 

dh wksok j?. fJ; bJh 

 

                                                                                                                         (∵    TFC = 15) 
 

 

AVC B{z fBT{BswheoD eoB s/ 

( )
0

AVC

x

∂
=

∂
 ns/ 

( )2

2
0

AVC

x

∂
>

∂
 

fJ; soQK          

( ) ( )20.3 3 20
0.6 3 0

x xAVC
x

x x

∂ + +∂
= = − =

∂ ∂
 

iK                     0.6x = 3 fJ; soQK x = 5  

                 

( )2

2
0.6 0

AVC

x

∂
= >

∂
 fJ; soQK x = 5 T[Zs/ AVC fBT{Bsw j't/rh. 

fBT{Bsw AVC eZYD d/ bJh x = 5 oZyD s/ 

                                    AVC = (3 × 5 × 5) – (3 × 5) + 20 

                                            = 7.5 – 15 + 20 = 12.5 

i/eo             P < AVC = 12.5, T[sgkdB ;so Iho' j't/rk. 

i/eo             P > AVC = 12.5, T[d'A g{osh ;so XBkswe j't/rk. 
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fJekJh^8 L fBy/VB dk noEPk;so ftZu T[g:'r 

 

g{osh cbB gsk eoB d/ bJh 

                         

23 0.3 6 20
C

MC = x.  x x
x

∂ = − +
∂

 

                             

20.9 6 20x x= − +  

feT[Ai' g{oD gqsh:'rs ftZu ;zs[bB dh ;fEsh ftZu 

                                           P = MC  

fJ; soQK                  P = 0.9x2 – 6x + 20  

iK       0.9x2 – 6x + 20 – P = 0  

X dk wkB gsk eoB d/ bJh d'xksh ;wheoD B{z jZB eoB s/ 

 

 

 

 

 

 

 

 

fJ; soQK P ≥ 12.5 sK g{osh cbB 

6 3.6 36

1.2

P
x =

± −
 

ns/ P < 12.5 j't/ sK g{osh cbB x = 0 j't/rk. 

T[dkjoD 9H fe;h J/ekfXekoh dk wzr cbB ns/ bkrs cbB fBwB jB^ 

                                                   P = 50 – 6q                                      (wzr cbB) 

                                                   x = 60 + 14q                                   (bkrs cbB) 

fBors w[Zb ns/ bkG dk ;zs[bB ;so eh j't/rk< bkG tZX s'A tZX dh d{ih Pos B{z f;ZX 

eo'. 

jZb L wzr cbB ns/ bkrs cbB fBwB jB^ 

                                                                                        HHHH(i) 
                                                                                        HHHH(ii) 

e[ZbQ nkrw cbB 

                                                                                       HHHH(iii) 

bkG 

                                                                                       HHHH(iv) 
 

bkG tZX s'A tZX ;zpzXh 

;wheoD (iv) B{z ‘q’ d/ ;kg/y ftZu fBy/VB eoB s/ 

 

 

 

iK 

 

iK 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N q dk wkB ;wheoD (i) ftZu oZyD s/ 

                         w[Zb = p = 50 – (6 × 3) = 50 – 18 = 32  

;wheoD (iv) ftZu q dk wkB oZyD s/ 

                         bkG = π = 36 × 3 – 6 × 3 × 3 – 60  

                                               = 108 – 54 – 60  = 108 – 114 = –6 

                                                

bkG tZX s'A tZX dh d{ih Pos 

                         

2

2
0

d

dq

π <  

fJZE/,                    

2

2
12 0.

d

dq

π = − <  

T[dkjoD 10H fe;h J/ekfXekoh cow dk o/yh cbB 

                                             p = 15 – 0.5q  

ns/ e[ZbQ bkrs cbB 

                                            C = 0.5q2 + 5q + 10 

j't/ sK fBors (q), w[Zb (p), ;wZro bkG (π) ns/ e[ZbQ nkrw d/ nB[e{b wkB gsk eo'. 

     (T) bkG tZX s'A tZX d/ nzsors. 

     (n) fpeoh iK nkrw tZX s'A tZX. 

jZb L (T) ;kB{z gsk j?^ 

                                                                                      HHHH(i)  
                                                                                     HHHH(ii) 

∴   e[ZbQ nkrw 

                                                                                     HHHH(iii) 

e[ZbQ bkG 

 

 

                                                                                     HHHH(iv) 
bkG tZX s'A tZX ;zpzXh, 

 

 

 

iK 

 

iK 

 

q dk wkB (i), (iii) ns/ (iv) ftZu oZyD s/ 
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fJekJh^8 L fBy/VB dk noEPk;so ftZu T[g:'r 

 

 

 

 

     (n) e[ZbQ nkrw cbB 

                                                        R = 15 q – 0.5q2
  

R tZX s'A tZX j't/rk i/eo 

                                 15 (0.5 2) 0
dR

q q
dq

= − × =  

iK                            15 – q = 0 

iK                                 q = 15 

q dk wkB (i), (ii) ns/ (iv) ftZu oZyD s/ 

 

 

 

 

 

 

 

 

 

T[dkjoD 11H fe;h J/ekfXekoh dk o/yh wzr cbB 

                                                       P = 12 – 0.4q  

ns/ bkrs cbB 

                                                      C = 0.6q2 + 4q + 5  

j't/ sK fBors (q), w[Zb (p) ns/ ;ko/ bkG (π) dh bkG tZX s'A tZX d/ nzsors rDBk eo'< 

jZb L ;kB{z gsk j?. 

                                                                                        HHHH(i) 
                                                                                        HHHH(ii) 

e[ZbQ nkrw, 

                                                                                       HHHH(iii) 

 

e[ZbQ bkG 

 

 

                                                                                       HHHH(iv) 
bkG tZX s'A tZX ;zpzXh, 

 

 

 

iK 

 

 

 

d{ih Pos ;zpzXh, 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N q dk wkB ;wheoD (i) ns/ (iv) ftZu oZyD s/ 

                                             p = 12 – (0.4 × 4) 

                                                = 12 – 1.6 = 10.4 

                                             π = (8 × 4) – (4 × 4) – 5 

                                                = 32 – 16 – 5 

                                                = 16 – 5 = 11. 

T[dkjoD 12H fe;h J/ekfXekoh cow dk wzr cbB 

                                            P = 140 – 6q  

ns/ e[ZbQ bkrs cbB 

                                            C = 60 + 20q 

j't/ sK fBors (q), w[Zb (p), ;ko/ nkrw (R) ns/ bkG (π) d/ nB[e{b ;so gsk eo'. bkG 

tZX s'A tZX dh d{ih Pos dZ;'. 

i/eo J/ekfXekoh g{oD gqsh:'rh j' ikt/ sK T[;d/ w[Zb (p), fBors (q) ns/ bkG d/ eh wkB 

j'Dr/< 

jZb L fdZs/ j'J/ wkB jB^ 

                                                                                      HHH(i)  

                                                                                     HHH(ii)  

fJ; soQK e[Zb nkrw, 

                                                                                     HHH(iii)  

e[ZbQ bkG, 

 

                                                                                     HHH(iv)  
bkG tZX s'A tZX ;zpzXh, 

 

 

 

 

 

 

 

q dk wkB ;wheoD (i), (iii) ns/ (iv) ftZu oZyD s/ 

 

 

 

 

 

 

 

bkG tZX s'A tZX dh d{ih Pos, 

                         

2

2
12 0

d

dq

π = − <  

i/eo J/ekfXeko g{oD gqsh:'rh j' ikD sK ;zs[bB dh fdPk ftZu MC = P j't/rk. 

                                                     (∴    g{oD gqsh:'frsk ftZu P = MR) 
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fJekJh^8 L fBy/VB dk noEPk;so ftZu T[g:'r 

 

j[D,                      C = 60 + 20q  

‘q’ d/ ;kg/y ftZu fBy/VB eoB s/ 

                       20
dC

MC =
dq

=  

fJ; soQK                 20 = 140 – 6q                                        (∴    MC = P) 

iK                       6q = 140 – 20 = 120  

                                          q = 20 ns/ p = 20  

ns/                      π = –60  

bkG foDkswe j't/rk. 

T[dkjoD 13H d' gqEe pkIkoK d/ wzr cbB s/ bkrs cbB fBwB jB. 

                                       P1 = 80 – 5q1, P2 = 180 – 29q2  

ns/                     C = 50 + 20 (q1 + q2).  

w[Zb G/d dh ;fEsh ftZu d'jK pkIkoK d/ w[Zb, T[sgkdB, ;hwKs nkrw ns/ T[sgkde dk e[ZbQ bkG 

gsk eo'. 

jZb L ;kB{z gsk j?^ 

                                       P1 = 80 – 5q1                                                                                   ...(i) 

                                       P2 = 180 – 29q2                                                                              ...(ii) 

                                        C = 50 + 20 (q1 + q2)                                                                   ...(iii) 

gfjb/ pkIko dk e[ZbQ nkrw 

                                       R1 = P1q1 = (80 – 5q1)q1 

                                            = 80q1 – 5q2                                                                              ...(iv) 

d{i/ pkIko dk e[ZbQ nkrw 

                                       R2 = p2q2 = (180 – 29q2)q2 

                                            = 180q2 – 29q2
2
                                              ...(v)  

;wheoD (iv) B{z q1 d/ ;kg/y ftZu nzfPe fBy/VB eoe/ Iho' d/ pokpo oZyD s/ 

                      

1
1 2

1

80 10 0
R

MR = q
q

∂
= − =

∂
                                      ....(vi)  

iK                         10q1 = 80 iK q1 = 8  

fJ;h soQK ;wheoD (v) dk nzfPe fBy/VB eoe/ Iho' d/ pokpo oZyD s/ 

                      

2
2 1

2

180 58 0
R

MR = q
q

∂
= − =

∂
                                     ...(vii) 

iK                    58q2 = 180 iK 2

180 90

58 29
q = =  

 

 

                                           = 80q1 – 5q1
2 + 180q2 – 29q2

2 – 50 – 20q1 – 20q2 

                                           = 60q1 – 5q1
2 + 160q2 – 29q2

2 – 50                                        ....(viii) 
 

B'N 
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noEPk;soh dk rfDs 

 

B'N q1 ns/ q2 dk wkB ;wheoD (i), (ii), (vi) (vii) ns/ (viii) ftZu oZyD s/ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 14H fJZe J/ekfXekoh d/ d' pkIkoK d/ wzr cbB ns/ e[ZbQ bkrs cbB fBwB 

fbys jB^ 

                                      P1 = 2 – q1  

                                      P2 = 9 – 6q2  

                                       C = q1 + q2  

w[Zb G/d dh ;fEsh ftZu d'jK pkIkoK w[Zb, T[sgkdB (fpeoh wksok), ;hwKs nkrw ns/ 

J/ekfXekoh dk bkG eZY'. pkIko A ns/ B dh wzr b'u th gsk eo'. 

jZb L ;kB{z gsk j?^ 

                                      P1 = 2 – q1                                                                                    ...(i) 
                                      P2 = 9 – 6q2                                                                                 ...(ii) 
                                       C = q1 + q2                                                                                 ...(iii) 
pkIko A d/ bJh e[ZbQ nkrw 

                                      R1 = P1q1 = 2q1 – q1
2                                                                   ...(iv) 

pkIko B d/ bJh e[ZbQ nkrw 

                                     R2 = p2q2 = 9q2 – 6q2
2                                                                   ...(v) 

;wheoD (iv) ns/ (v) dk q1 ns/ q2 d/  ;kg/y ftZu gqEe^gqEe fBy//VB eoB s/ 

                    

1
1 1

1

2 2
R

MR = q
q

∂
= −

∂
                                             ...(vi) 

                    

2
2 2

2

9 12
R

MR = q
q

∂
= −

∂
                                           ...(vii) 

e[ZbQ bkG,              π = R1 + R2 – C 

                                        = 2q1 – q1
2 + 9q2 – 6q2

2 – q1 – q2 

                                        = q1 – q1
2 = 8q2 – q2

2                                                              ...(viii)  

bkG tZX s'A tZX ;zpzXh, 

;wheoD (viii) dk q1 ns/ q2 d/ ;kg/y ftZu gqEe^gqEe fBy/VB eoe/ Iho' d/ pokpo oZyD s/ 
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P1 = 80 – 5 × 8 = 80 – 40 = 40 
 



 

fJekJh^8 L fBy/VB dk noEPk;so ftZu T[g:'r 

 

                       1
1

1 2 0q
q

∂π = − =
∂

 iK 1

1

2
q =  

                      2
2

8 12 0q
q

∂π = − =
∂

 iK 2

2

3
q =  

q1 ns/ q2 dk wkB oZyD s/ 

 

 

 

 

 

 

 

 

 

fJZE/                 MR1 = MR2 j? gozs{ P1 ≠ P2  

 

j[D 

 

 

 

 

MR1, MR2, P1 ns/ P2 dk wkB oZyD s/ 

 

 

 

 

 

 

fJ; soQK pkIko A ftZu wzr dh b'u pkIko dh ng/fynk tZX j?, fJ; soQK pkIko A ftZu t;s{ dh 

ehws pkIko B dh ng/fynk xZN j?. 

T[dkjoD 15H fe;h J/ekfXekokswe gqsh:'rh cow d/ wzr cbB ns/ bkrs cbB fBwB 

nzes jB^ 

                                     P = 36 – 5q 
                                     C = q2 + 6q + 5 
cow dk bkG, T[sgkdB ;so (q) ns/ w[Zb (p) dk wkB dZ;'. fJ; cow dh J/ekfXekfos 

;woZEk fezBh j?< fJ; d/ bJh wzr b'u eZY'. 

jZb L ;kB{z gsk j?^ 

                                                                                                                                               ...(i) 
                                                                                                                                              ...(ii) 
∴                                                                                      ...(iii)  
 

∴                                                                                      ...(iv) 
 

ns/ 

 

                                                                                                                                               ...(v) 

B'N 
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noEPk;soh dk rfDs 

 

B'N bkG tZX s'A tZX ;zpzXh 

                      30 12 0q
q

∂π = − =
∂

 

                     12 30q =  

iK                     

30 5
2.5

12 2
q = = =  

q dk wkB (i), (iv) ns/ (v) ftZu oZyD s/ 

 

 

 

 

 

 

 

 

 

 

 

 

 

feT[Ai' fJZE/ P > MR j?, fJ; soQK cow dh J/ekfXekfoe ;woZEk 100
P MR

MR

−= ×  

                         

23.5 11
100

11

−= ×  

                         

12.5 100
113.6%

11

×= =  

fJ; ;fEsh ftZu cow w[Zb ftZu 113H6# tkXk eoB dh J/ekfXekfoe ;woZEk j?. 

fJ; soQK   wzr dh b'u ( )
P

e
P MR

=
−

 

                         

23.5 23.5

23.5 11 12.5
= =

−
 

                         1.8.=  

T[dkjoD 16H i/eo wzr cbB ns/ bkrs cbB fBwB jB. 

                                     P = 100 – 0.5 (q1 + q2)  

                                    C1 = 5q1 

                                    C2 = 0.5q2
2
  

j'D sK q1, q2, P, π ns/ π
2
 dk wkB gsk eo'. 

bkG tZX s'A tZX dh dPk ftZu d'jK cowK dh d{ih Pq/Dh dh Pos gsk eo'. eh fJZe cow 

d/ T[sgkdB ftZu tkXk j'D s/ d{i/ d/ T[sgkde ;so ftZu ewh j't/rh< 

jZb L ;kB{z gsk j?, 

                                     P = 100 – 0.5 (q1 + q2)  

                                    C1 = 5q1 

                                    C2 = 0.5q2
2
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fJekJh^8 L fBy/VB dk noEPk;so ftZu T[g:'r 

 

gfjbh cow dk e[ZbQ nkrw 

∴                         R1 = Pq1 = [100 – 0.5(q1 + q2)]q1  

                          d{ik = 100q1 – 0.5q1
2 – 0.5q2  

ns/ d{ih cow dk e[ZbQ nkrw 

∴                         R2 = Pq2 = [100 – 0.5(q1 + q2)]q2  

                              = 100q2 – 0.5q1 q2 – 0.5q2
2
  

gfjbh cow dk bkG cbB 

                                            π1  = R1 – C1 

                                                 = 100q1 – 0.5q1
2 – 0.5q1q2 – 5q1  

                                                 = 95q1 – 0.5q1
2 – 0.5q1q2 

d{ih cow dk bkG cbB 

                                            π2  = R2 – C2 

                                                 = 100q2 – 0.5q1 q2 – 0.5q2
2 – 0.5q2

2
  

                                                 = 100q2 – 0.5q1 q2 – q2
2
 

bkG tZX s'A tZX 

 

 

 

iK                                                                                       ....(i) 
 

 

 

iK                                                                                      ....(ii) 
 

;wheoD (i) B{z 4 Bkb r[Dk eoB s/ 

                                4q1 + 2q2 = 380                                                                                   ....(iii) 

;wheoD (iii), ;wheoD (ii) ftZu xNkT[D s/ 

                       13.5 280q =  

iK                        1

280
80

3.5
q = =  

q1 dk wkB ;wheoD ....(i) ftZu oZyD s/ 

                  280 0.5 95q+ =  

iK                     20.5 95 80 15q = − =  iK 2

15
7.5

0.5
q = =  

q1 ns/ q2 dk wkB wzr cbB ns/ bkG cbB ftZu oZyD s/ 

 

 

 

 

 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N d{ih Pq/Dh dh Pos^ 

                       

2
1
2

1

1 0
q

∂ π
= − <

∂
 

                       

2
2
2

2

2 0
q

∂ π
= − <

∂
 

gqshfefonk cbB, (i) ns/ (ii) d[nkok  

                          1 295 0.5q q= −  

ns/                      

1
2 1

100 0.5
50 0.25

2

q
q q

−
= = −  

feT[Ai' fJBQK teoK dk Ykb foDkswe j?, fJ; bJh fJZe cow d/ T[sgkdB ftZu tkXk j'D s/ d{ih 

cow d/ T[sgkdB ftZu ewh j't/rh. 

 

;t?^w[bKeD (Self Assessment) 

fBwBfbys eEBK ftZu ;Zu iK M{m dh gfjukD eo' (State whether the following 
statements are True or False) –  

6H fBy//VB dh ;jkfJsk Bkb J/ekfXeko dh ;wsktkd nt;Ek gsk ehsh iKdh j?. 

7H 
( ) ( )d R d c

dq dq
≠  

8H MR MC=  

9H 
TC TVC

AVC
x

−=  

10H 
TC TFC

AVC
x

−=  

 

8H2 ;koKP (Summary)  

• noEPk;so ftZu b'u eZYD d/ bJh fBy/VB dk gq:'r ehsk iKdk j?. 

• wzr cbB fJj do;kT[Adk j? fe fe;h t;s{ dh wzr T[; t;s{ dh ehws dk cbB j[zdk 

j?. gozs{ fe;h t;s{ dh wzr d{ihnK ;zpzXs t;s{nK dh ehws dk th cbB j[zdhnK jB. 

wzr dh fsoSh b'u fJj dZ;dh j? fe ;zpzXs t;s{ dh ehws ftZu gfotosB j' ikt/ sK 

T[jBK d/ ekoB t;s{ dh wzr ftZu gfotosB j' ikt/rk. 

 

8H3 Ppde'P (Keywords) 

• T[g:'r (use)^nB[gq:'r. 

• b'u (Elasticity)^buhbk. 

 

8H4 nfGnk; gqPB (Review Questions) 

1H b'u eZYD dh ftXh B{z fby'. 

2H ;hwKs nkrw ns/ wzr dh b'u ftZu ;zpzX ;Ekfgs eo'. 

3H e[ZbQ bkrs Bkb ;hwKs bkrs ns/ e[ZbQ nkrw Bkb ;hwKs nkrw fe; soQK eZfYnk 

iKdk j?< 

 

 

142                                             LOVELY PROFESSIONAL UNIVERSITY 

VED1 

E L-LOVELY-H math8-1     IInd  6-8-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



 

fJekJh^8 L fBy/VB dk noEPk;so ftZu T[g:'r 

 

4H i/eo wzr cbB P = 20 – 5q j? ns/ n";s bkrs cbB AC = q j? sK J/ekfXeko dk 

;wsktkd w[Zb ns/ tZX s'A tZX bkG dZ;'. (T[Zso L ;wsktkd w[Zb & 2H5, tZX s'A tZX 

bkG & )  

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H noEPk;so        2H fBy/VB        3H wksok        4H nkrw        5H AR.  

  6H ;Zu                7H M{m            8H ;Zu          9H M{m         10H M{m  

 

8H5 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

2H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

4H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

5H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

6H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

7H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

8H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

9H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

fJekJh^9L T[uso ns/ fBwBso L fJZe uo 

(Maxima and Minima : One Variable) 
 

 ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

9H1 T[uso ns/ fBwBso dh ebgBk (Concept of Maxima and Minima) 

9H2 T[uso ns/ fBwBso dh gfoGkPk (Definition of Maxima and Minima) 

9H3 T[uso ns/ fBwBso gsk eoB d/ gqshpzX (Condition to Finding Maxima and 
Minima) 

9H4 T[uso iK fBwBso fe;h d/ th Bk j'D dk gqshpzX (Condition to Absent of Maxima 
or Minima) 

9H5 cbB y = f (x) dk T[uso ns/ fBwBso wkB gsk eoB d/ fefonk gd (Steps of 
Finding Maxima and Minima of the Function y = f (x)) 

9H6 ;koKP (Summary) 

9H7 Ppde'P (Keywords) 

9H8 nfGnk; gqPB (Review Questions) 

9H9 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• T[uso ns/ fBwBso dh ebgBk B{z ikDB bJh. 

• T[uso ns/ fBwBso dh gfoGkPk B{z ;wMD bJh. 

• T[uso ns/ fBwBso gsk eoB d/ gqshpzX ;zpzXh ikDekoh gqkgs j't/rh. 

• cbB y = f (x) dk T[uso ns/ fBwBso wkB gsk eoB bJh. 

  

gq;sktBk (Introduction) 

i/eo s[jkv/ wekB dh T[ukJh nrb^prb (;Zi/ ns/ yZp/) ftZu ;fEs d'B'A wekBK dh T[ukJh s'A 

tZX j? sK s[jkv/ wekB dh T[ukJh T[uso (Maximum) ejkJ/rh ns/ i/eo s[jkv/ wekB dh 

T[ukJh nrb^prb (;Zi/ ns/ yZp/) ftZu ;fEs d'B'A wekBK dh T[ukJh s'A xZN j? sK s[jkv/ wekB 

dh T[ukJh fBwBso (Minimum) ejkJ/rh. 

 

9H1 T[uso ns/ fBwBso dh ebgBk (Concept of Maxima and Minima) 

rfDs dk fJZe w[Zy T[g:'r fe;h cbB d/ T[uso ns/ fBwBso wkB gsk eoB ftZu j[zdk j?. 

i/eo e'Jh cbB nkgD/ ;[szso uo d/ fe;h fBPfus wkB sZe brksko tZXdk j? ns/ ;[szso uo 

d/ T[Zu wkBK d/ bJh xNdk j? sK nkgD/ tXD tkbh ;fEsh s'A xND tkbh ;fEsh ftZu nkT[D 

ftZu cbB T[Zuso wkB gqkgs eodk j?. fJ;h soQK id'A cbB ;[szso uo d/ fe;h fBPfus fpzd{ 

sZe  xNdk j?  ns/ T[; s'A nrb/  wkBK d/ bJh tZXdk j? sK  xNdh j'Jh  ;fEsh s'A tXD tkbh 
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fJekJh^9 L T[uso ns/ fBwBso L fJZe uo 

 

;fEsh d/ nkT[D ftZu cbB fBwBso wkB gqkgs eodk j?. fJ; soQK ;gPN j? fe T[uso fpzd{ T[Zs/ 

cbB dk wkB T[;d/ mhe gfjbK ns/ mhe pknd (small neighbourhood) d/ fpzd{nK T[Zs/ wkBK s'A 

tZX j[zdk j? ns/ fBwBso fpzd{ T[Zs/ T[;d/ mhe gfjbK ns/ T[;d/ mhe pknd (small 
neighbourhood) d/ fpzd{nK T[Zs/ d/ wkBK s'A xZN j[zdk j?. 

T[dkjoD L wzB fbU cbB y = x3 – 6x2 – 2, 
x d/ ;ko/ wkBK d/ bJh fijVk 1 s'A xZN j?. 

Gkt (x < 1) y dk wkB th tZXdk j? ns/ 

1 < x < 3 d/ bJh y dk wkB xNdk j?. 

fJ; soQK fJ; d/ wZX y dk wkB fJZe T[Zuso 

wkB j?. 

wzB fbU y = f (x), fJZe cbB j?. y = f (x) 
dk nkb/y fuZso d/ nB[;ko fBo{fgs j?. 

fJ; teo T[Zs/ A, B, C, D uko fpzd{ jB 

fiBQK T[Zs/ ;goP o/yktK x-neP d/ ;wKso 

jB. 

j[D cbB f (x) dk wkB A ns/ C T[Zs/ fInkdk j? ns/ A ns/ C d/ nZr/ tXD s/ f (x) d/ wkB dk 

tXDk o[e iKdk j?, gozs{ xNDk nozG j' iKdk j?. fJ; bJh A ns/ C fpzd{nK T[Zs/ f (x) 

fInkdkso wkB rqfjD eodk j?. fJ; soQK fpzd{ A ns/ C T[Zs/ cbB dk wkB T[Zuso (Maximum) 

ejkT[Adk j?. fJ;h soQK B ns/ D T[Zs/ cbB dk wkB xNDk pzd j' iKdk j? Gkt nZr/ tXD s/ f (x) 

dk tXDk nozG j' iKdk j?. fJ; soQK f (x) cbB B ns/ D T[Zs/ i' wkB gqkgs eodk j? T[jBK B{z 

fBwBso (Minimum) efjzd/ jB. 

T[uso (Maxima)  

wzB fbU teo T[Zs/ ;fEo fpzd{ A d/ bJh x = a = OL  

∴    x = a T[Zs/, y = f (a) = AL 

fpzd{ A d/ yZp/ gk;/ bx{ B/Vsk (small neighbourhood) ftZu e'Jh fpzd{ A1 fbU fi;d/ bJh x = a – 
h = OL1, fJZE/ h pj[s S'Nk j?.  

fJ; soQK             x = a – h T[Zs/, y = f (a – h) = A1L1 < AL  

fJ;h soQK fpzd{ A d/ ;Zi/ gk;/ bx{ B/Vsk (small neighbourhood) ftZu e'Jh fpzd{ A2 fbU fi; d/ 

bJh  

                                                 x = a + h = OL2. 

fJ; soQK x = a + h T[Zs/,      y = f (a + h) = A2L2 < AL 

j[D feT[Ai'A A1L1, AL s'A S'Nk j?, Gkt A1L1 < AL 

∴                                      f (a – h) < f (a) iK f (a) > f (a – h) 

ns/ feT[aAi'A A2L2, AL s'A S'Nk j?, Gkt  A2L2 < AL 

∴                              f (a +h) < f (a) iK f (a) > f (a + h) 

fJ; soQK A (fi;d/ bJh x = a) T[Zs/ f (x) dk wkB, Gkt f (a) A d/ yZp/ iK ;Zi/ jo fpzd{ T[Zs/ f (x) 
d/ ;zrs wkBK, Gkt f (a – h) ns/ f (a + h) s'A tZvk j?. 

 

9H2 T[uso ns/ fBwBso dh gfoGkPk (Definition of Maxima and Minima) 

T[Zuso (Maxima)  

wzB fbU y = f (x) e'Jh fdZsk j'fJnk cbB j? ns/ x = a e'Jh fdZsk j'fJnk fpzd{ j?. 

B'N 
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B'N wzfBnk fpzd{ x = a d/ yZp/ gk;/ (L.H.S.) ;fEs e'Jh B/Vbk fpzd{ x = a – h ns/ x = a d/ ;Zi/ gk;/ 

(R.H.S.) ;fEs e'Jh B/Vbk fpzd{ x = a + h j?, fiZE/ h pj[s fInkdk nbg okPh j?. 

fpzd{ x = a T[Zs/ cbB f (x) dk wkB = f (a)  

fpzd{ x = (a – h) T[Zs/ cbB f (x) dk wkB = f (a – h)  

ns/ fpzd{ x = (a + h) T[Zs/ cbB f (x) dk wkB = f (a + h)H 

fpzd{ x = a T[Zs/ cbB f (x) T[uso ejkT[Adk j?, i/eo 

 

Gkt x = a T[Zs/ f (x) dk wkB f (a), yZp/ ns/ ;Zi/ ;fEs B/Vb/ fpzd{nK T[Zs/ T[;d/ wkBK f (a – h) 
ns/ f (a + h) d'jK s'A tZvk j?. 

 

 

 

 B'N;      e'Jh cbB f (x), x = a T[Zs/ T[d'A T[uso (maximum) ejkT[Adk j?, id'A f (a) T[jBK 

;ko/ wkBK s'A tZvk j't/ fijVk x = a d/ bx{ B/Vb/ ftZu x jo/e wkB d/ bJh f (x) 
rqfjD eo ;edk j?. 

 

 

fBwBso (Minima)  

wzB fbU teo T[Zs/ ;fEs fpzd{ B d/ bJh x = a = OM  

∴ x = a T[Zs/, y = f (a) = BM.  

j[D fpzd{ B d/ yZp/ gk;/ bx{ B/Vb/ (small neighbourhood) ftZu e'Jh fpzd{ B1 fbU fi;d/ bJh 

x = a – h = OM1, fiZE/ h pj[s S'Nk j?. 

fJ; soQK x = a – h T[Zs/,   y = f (a – h) = B1M1 > BM.  

fJ;h soQK fpzd{ B d/ ;Zi/ gk;/ bx{ B/Vb/ (small neighbourhood) ftZu e'Jh fpzd{ B2 fbU fi;d/ 

bJh  x = a + h = OM2.  

fJ; soQK x = a + h T[Zs/,   y = f (a + h) = B2M2 > BM.  

j[D feT[Ai' B1M1, BM s'A tZvk j?, Gkt B1M1 > BM 

                f (a – h) > f (a)  iK f (a) < f (a – h) 

ns/ feT[Ai' B2M2, BM s'A tZvk j?, Gkt B2M2 > BM. 

              f (a + h) > f (a)  iK f (a) < f (a + h) 

fJ; soQK fpzd{ B (fi;d/ bJh x = a) T[Zs/ f (x) dk wkB, Gkt f (a), B d/ yZp/ iK ;Zi/ jo fpzd{ 

T[Zs/ f (x) d/ ;zrs wkBK, Gkt f (a – h) ns/ f (a + h) s'A S'Nk j?. 

fpzd{ x = a T[Zs/ cbB f (x) fBwBso ejkT[Adk j?, i/eo 

 

Gkt x = a s'A f (x) dk wkB f (a), yZp/ ns/ ;Zi/ ;fEs B/Vb/ fpzd{nK T[Zs/ T[;d/ wkBK f (a – h) ns/ 

f (a + h) d'jK s'A S'Nk j?. 

fe;h cbB d/ T[uso wkB (Maximum) dk fJj noE BjhA j? fe T[j T[[;dk ;G s'A tZvk wkB j? 

ns/ Bk fBwBso wkB dk fJj noE j? fe T[j ;G s'A S'Nk wkB j?. fe;h cbB d/ pj[s ;ko/ 

T[uso ns/ fBwBso wkB j' ;ed/ jB ns/ fJj ;zGt j? fe T[uso wkB d{i/ fBwBso wkB s'A 

S'Nk j't/. A cbB iK e'fN dk T[uso wkB j?, fJ;dk noE fJj j? fe fJ; fpzd{ d/ nk;gk; 

tkb/ d'jK fpzd{nK s'A fJ;dk wkB ;G s'A fInkdk j? ns/ fJ;h soQK fpzd{ B T[Zs/ cbB iK e'fN dk  

 

 

146                                             LOVELY PROFESSIONAL UNIVERSITY 
 

f (a – h) < f (a) > f (a + h) 

f (a – h) > f (a) < f (a + h) 

VED1 

E L-LOVELY-H math9-1     IInd  6-8-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



 

fJekJh^9 L T[uso ns/ fBwBso L fJZe uo 

 

wkB fBwBso (minimum) j?, fJ;dk noE e/tb fJj j? fe fJ; fpzd{ d/ nk;gk; tkb/ d'B'A 

fpzd{nK T[Zs/ e'fN dk wkB ;G s'A xZN j?. 

 

9H3 T[uso ns/ fBwBso gsk eoB d/ gqshpzX 

     (Condition to Finding Maxima and Minima) 

fe;h fpzd{ x = a T[Zs/ cbB y = f (x) d/ T[uso iK fBwBso wkB gsk eoB d/ gqshpzX fBwB jB^ 

(i) Io{oh gqshpzX (Necessary Condition) 

T[uso (maximum) ns/ fBwBso (minimum) d'jK d/ jh bJh Io{oh gqshpzX fBwB jB^ 

 

 

(ii) T[fus gqshpzX (Sufficient Condition) 

T[uso (maximum) ns/ fBwBso (minimum) d/ bJh T[fus gqshpzX j/m nB[;ko jB^ 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H rfDs dk fJZe w[Zy T[g:'r fe;h HHHHHHHHHHHHH d/ T[uso ns/ fBwBso wkB gsk eoB ftZu 

j[zdk j?. 

2H fe;h cbB d/ pj[s ;ko/ T[uso ns/ HHHHHHHHHHHHHHHH wkB j' ;ed/ jB. 

3H HHHHHHHHHHH d/ bJh x = a T[Zs/ 

2

2

d y

dx
 dk wkB foDkswe j[zdk j?. 

4H fBwBso d/ bJh x = a T[Zs/ 

2

2

d y

dx
 dk wkB HHHHHHHHHHH j[zdk j?. 

 

9H4 T[uso iK fBwBso fe;h d/ th Bk j'D dk gqshpzX  

    (Conditions to Absent of Maxima or Minima) 

fpzd{ x = a T[Zs/ cbB y = f (x) Bk sK T[uso j't/rk ns/ Bk jh fBwBso j't/rk, i/eo 

 

 

 

T[uso ns/ fBwBso wkBK d/ r[D L 

1H T[uso wkB d/ pknd fBwBso wkB ns/ fBwBso wkB d/ pknd T[uso wkB nkT[Adk j? 

Gkt T[uso ns/ fBwBso wkB J/eKso eqw Bkb nkT[Ad/ jB. 

B'N 
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f ’ (x) = 0 iK 

dy

dx
 = 0 

T[uso (maximum) d/ bJhL 

     x = a T[Zs/ 

2

2

d y

dx
 dk wkB & foDkswe 

okPh fBwB (minimum) d/ bJh L 

     x = a T[Zs/ 

2

2

d y

dx
 dk wkB & XBkswe 

 

2

2

d y

dx
 dk wkB & 0 ns/ 

3

3

d y

dx
 dk wkB ≠ 0 

VED1 
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B'N 2H cbB d/ d' ;wkB wkBK d/ ftukb/ xZN s'A xZN fJZE T[uso iK fBwBso wkB io{o j[zdk 

j?. 

3H T[jBK fpzd{nK T[Zs/ fiZE/ cbB dk wkB T[uso iK fBwBso j? ;goP o/yktK x-neP d/ 

;wKso j[zdhnK jB. fJ; soQK nfij/ fpzd{nK T[Zs/  dk wkB Iho' j't/rk  & 0 

wkB d/ e/ gqkgs ;wheoD B{z jZB eoB Bkb x d/ wkB gsk j' iKd/ jB fiBQK T[Zs/ cbB 

dk wkB T[uso iK fBwBso j[zdk j?. 

4H cbB d/ T[uso iK fBwBso fpzd{nK T[Zs/  dk fuzBQ pdbdk j?. T[uso fpzd{ T[Zs/ fJj 

fuzBQ XB s'A foD ns/ fBwBso fpzd{ T[Zs/ foD s'A XB ftZu gfotofss j[zdk j?. 

 

 

 

 Nk;e      fBwBso B{z gfoGkPs eo'. 

  

9H5 cbB y = f (x) dk T[uso ns/ fBwBso wkB gsk eoB d/ fefonk gd  

    (Steps of Finding Maxima and Minima of the Functions y = f (x)) 

(i) y = f (x) dk  gsk eoBk. 

(ii)  & 0 oZye/ gqkgs ;wheoD d[nkok x d/ fGzB^fGzB wkB gsk eoBk. 

(iii) wzB fbU fe x d/ fGzB^fGzB wkB a1, a2, a3 jB. 

(iv) d2y/dx2
 gsk eoe/ a1, a2, a3 nkfd T[Zs/  dk wkB gsk eoBk. 

i/eo x d/ fe;h wkB d/ bJh  dk wkB XBkswe j? sK cbB T[; x d/ wkB d/ bJh 

fBwBso j't/rk ns/ i/eo foDkswe j't/ sK T[uso j't/rk. 

(v) i/eo x d/ fe;h wkB d/ bJh  & 0 j't/ sK T[; x d/ wkB d/ bJh  gsk 

eoBk. i/eo T[; x d/ wkB d/ bJh 0 sK cbB dk wkB T[; x d/ wkB T[Zs/ Bk 

sK T[uso ns/ Bk fBwBso j't/rk. 

(vi) i/eo fe;h x d/ wkB d/ bJh  & 0 j't/ sK T[; x d/ wkB d/ bJh  gsk 

eo' i/eo T[; x  d/ wkB d/ bJh  foD j? sK T[; x d/ wkB T[Zs/ cbB T[uso j? 

ns/ i/eo XB j? sK fBwBso j't/rk. i/eo fJj th Iho' j? sK fJ;h soQK nZr/ 

fefonk eod/ ikDk j?. 
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T[dkjoD 1H f;ZX eo' fe sin x + cos x dk T[uso wkB 2  j?. 

jZb L wzfBnk              y = sin x + cos x   

d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/ 

                        

dy

dx
 = cos x – sin x   

d[pkok x d/ ;kg/y d'jK gZyK dk fBy/VB eoB s/ 

                                   
2

2

dx

yd
 = – sin x – cos x 

y d/ T[uso ns/ fBwBso wkBK d/ bJh, 

dy

dx
 = 0. 

∴           cos x – sin x = 0 

iK                     sin x = cos x   

iK          tan x = 1 

iK                x = 
À

4
 

                                           x = 
À

4
 T[Zs/ 

2

2

dx

yd
dk wkB = –sin 

À

4
 – cos 

À

4
 

                   = –
1

2
–

1

2
 

                     = 
2

2
2

− = −  

                             & foDkswe okPh 

fJ; soQK x = 
À

4
 T[Zs/ y dk wkB T[uso j?. 

y dk T[uso wkB & sin 
À

4
 + cos 

À

4
 

                                             
1 1

2 2
= +  

                                             2= . 
T[dkjoD 2H cbB x4 – 8x3 + 22x2 – 24x d/ T[usw ns/ fBT{Bsw wkBK d/ bJh x d/ wkB gsk 

eo'. 

jZb L wzfBnk              y = x4 – 8x3 + 22x2 – 24x 

d'jK gZyK dk wkB x d/ ;kg/y fBy/VB eoB s/ 

                                       
dx

dy
 = 4x3 – 24x2 + 44 x – 24                                                         ....(i) 

 

B'N 
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B'N cbB d/ T[usw iK fBT{Bsw wkB d/ bJh  

                                                              
dx

dy
 = 0 

∴                               4x3 – 24x2 + 44x – 24 = 0  

iK                        4(x3 – 6x2 + 11x – 6) = 0  

iK                        x3 – 6x2 + 11x – 6 = 0  

iK                                (x – 1) (x – 2) (x – 3) = 0 

∴                                        x = 1, 2, 3 

;whH (i) d/ d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/ 

                                                          
2

2

dx

yd
 = 12x2 – 48x + 44 

                  x = 1 T[Zs/ 

2

2

dx

yd
dk wkB = 12(1)2 – 48(1) + 44 

                            = 12 – 48 + 44 

                            = 8 =  XBkswe okPh 

fJ; soQK x = 1 T[Zs/ cbB dk wkB fBT{Bsw j? 

                              x = 2 T[Zs/ 

2

2

dx

yd
dk wkB = 12 (2)2 – 48(2) + 44 

                                          = 48 – 96 + 44 

                              = – 4 = foDkswe okPh 

fJ; soQK x = 2 T[Zs/ cbB dk wkB T[usw j? 

                              x = 3 T[Zs/ 

2

2

dx

yd
dk wkB = 12 (3)2 – 48(3) + 44 

                                          = 108 – 144 + 44 

                              = 8 = XBkswe okPh 

fJ; soQK x = 3 T[Zs/ cbB dk wkB fBT{Bsw j?. 

T[dkjoD 3H x3 – 2x2 + x + 6 dk T[uso ns/ fBwBso wkB gsk eo'. 

jZb L wzfBnk                                             y = x3 – 2x2 + x + 6 

                                                             
dx

dy
= 3x2 – 4x + 1 

ns/  
2

2

dx

yd
 = 6x – 4  

j[D 

dx

dy
= 0 oZyD s/ 

                   3x2 – 4x + 1 = 0 iK (3x – 1) (x – 1) = 0, fi; Bkb x = 
1

3
 iK 1 
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fJjBK jh fpzd{nK T[Zs/ cbB T[uso iK fBwBso j't/rk. 

j[D x = 
1

3
 T[Zs/ 

2

2

dx

yd
 dk wkB = 6.

1

3
– 4 = – 2 < 0 (foDkswe) 

∴ cbB x = 
1

3
 T[Zs/ T[uso j?. 

ns/         x = 1 T[Zs/ 

2

2

dx

yd
 dk wkB = 6.1 – 4 =  2 > 0 (XBkswe) 

fJ; soQK x = 1 T[Zs/ fBwBso j?. 

                T[uso wkB = f 
1

3
 
  

 = 
3

1

3
 
  

 – 2 .
2

1

3
 
  

 + 
1

3
 + 6 = 

166

27
 

          ns/ fBwBso wkB =  f (1) = 13 – 2. 12 + 1 + 6 = 6.                             T[Zso 

T[dkjoD 4H cbB 2x3 – 9x2 + 12x – 3, x d/ feBQK wkBK T[Zs/ T[uso iK fBwBso j?< 

cbB d/ T[jBK wkBK B{z th gsk eo'. 

jZb L wzB fbU fe y = 2x3 – 9x2 + 12x – 3 

j[D cbB dk x d/ ;kg/y fBy/VB eoB s/ 

                            
dx

dy
 = 6x2 – 18x + 12 = 6(x2 – 3x + 2)                                                     ....(1) 

cbB d/ T[usw iK fBT{Bsw wkB d/ bJh 

                             
dx

dy
 = 0 

∴ 6(x2 – 3x + 2) = 0            iK      x2 – 3x + 2 = 0 

iK (x – 1) (x – 2) = 0           ∴          x = 1, 2 

j[D (1) dk fBy/VB eoB s/ 

                           
2

2

dx

yd
= 6 (2x – 3) 

ns/ x = 1 d/ bJh 

2

2

dx

yd
= 6(2. 1 – 3) = – 6 fijVk foD j?. 

fJ; soQK x = 1 T[Zs/ cbB T[uso j?. 

                  fJj T[uso wkB = 2. 13 – 9. 12 + 12. 1 – 3 

                                                       = 2 – 9 + 12 – 3 = 2                                  T[Zso 

j[D x = 2 d/ bJh 

2

2

dx

yd
 = 6(2.2 – 3) = 6 XB j?. 

fJ; soQK x = 2 T[Zs/ cbB T[uso j?. 

ns/ cbB dk fBwBso wkB 

                                                       = 2.23 – 9.22 + 12.2 – 3 = 1                                           T[Zso 

B'N 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               151 

VED1 

E L-LOVELY-H math9-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



noEPk;soh dk rfDs 

 

B'N T[dkjoD 5H x d/ feBQK wkBK d/ bJh, cbB f (x) = x5 – 5x4 + 5x3 – 1, T[uso iK fBwBso 

j?. f;ZX eo' fe x = 0 T[Zs/ fJj cbB Bk T[uso j? ns/ Bk fBwBso. 

jZb L wzB fbU y = x5 – 5x4 + 5x3 – 1  

d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/ 

                                               
dy

dx
= 5x4 – 20x3 + 15x2

 

                                                     = 5x2 (x2 – 4x + 3) = 5x2 (x – 1) (x – 3) 

cbB T[usw iK fBT{Bsw wkB d/ bJh 

dy

dx
& 0  

∴                    5x2 (x – 1) (x – 3) = 0         ∴        x = 0, 1, 3 

j[D            

2

2

d y

dx
 = 20x3 – 60x2 + 30x = 10x(2x2 – 6x + 3) 

                                                  x & 1 gqfs;Ekfgs eoB s/ 

                                           
2

2

d y

dx
  = 10 (2 – 6 + 3) = – 10 foDkswe 

∴                                              x & 1 T[s/ cbB T[uso j?. 

                                                  x & 3 gqfs;Ekfgs eoB s/ 

                           
2

2

d y

dx
= 10× 3 (2× 32 – 6× 3 + 3) = 30(18 – 18 + 3) 

                                   = 90 XBkswe 

∴                            x & 3 T[s/ cbB fBwBso j?. 

                                x & 0 gqfs;Ekfgs eoB s/ 

                          
2

2

d y

dx
 = 0, cbB T[uso j? iK fBwBso BjhA fejk ik ;edk. 

j[D              

3

3

d y

dx
= 60x2 – 120 x + 30 

                                x & 0, gqfs;Ekfgs eoB s/ 

                           
3

3

d y

dx
=  0 – 0 + 30 = 30 i' Iho' BjhA j?. 

fJ; soQK x & 0 T[Zs/ cbB Bk T[uso j? ns/ Bk fBwBso. 

T[dkjoD 6H cbB (x – 1) (x – 2) (x – 3) dk T[uso wkB gsk eo'. 

jZb L wzB fbU  y = (x – 1) (x – 2) (x – 3) 

                          = x3 – 6x2 + 11x – 6 

d'jK gZyK dk x d/ ;kg/y fBy/VB eoB s/ 

                                            
dy

dx
 = 3x2 – 12x + 11 

T[uso iK fBwBso wkB d/ bJh 

                            

dy

dx
& 0 
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∴                   3x2 – 12x + 11 = 0 

                                             x = 
12 144 4 3 11

6

± − × ×
 = 

12 2 3

6

±
 

⇒                   x = 2 ± 1

3
 

∴                                        x = 2 +
3

1
         iK       x = 2 – 

3

1
 

j[D                                  
2

2

d y

dx
= 6x – 12  

x = 2 + 
1

3
 d/ bJh 

            
2

2

d y

dx
= 6

1
2

3

 + 
 

 – 12 = 2 3  XBkswe 

                                            x = 2 + 
1

3
 T[Zs/ cbB fBwBso j?. 

ns/ x = 2 – 
1

3
 d/ bJh  

                                      
2

2

d y

dx
= 6

1
2

3

 − 
 

 – 12 = – 2 3  foDkswe 

∴                 x = 2 – 
2

3
  T[Zs/ cbB T[uso j?. 

    j[D fdZs/ j'J/ cbB ftZu x = 2 – 
1

3
 gqfs;Ekfgs eoB s/ 

                  T[uso wkB = 
1

2 1
3

 − − 
 

 
1

2 2
3

 − − 
 

 
1

2 3
3

 − − 
 

  

                     = 
1

1
3

 − 
 

 
1

3

 − 
 

 
1

1
3

 − − 
 

 = 
2

3 3
                            

T[Zso 

T[dkjoD 7H f;ZX eo' fe 

1
x

x
 
  

 dk T[uso wkB (e)1/e  j?. 

jZb L wzB fbU y = 
1

x

x
 
  

 

‘e’ nXko s/ d'jK gZyK dk logarithm b?D s/ 

                                      log y = log 
1

x

x
 
  

 = x log 
1

x
 = x log x-1 = – x log x 

‘x’ d/ ;kg/y fBy/VB eoB s/ 

                                   
1

y

dy

dx
 = – 

1
. 1.logx x
x

 +  
 

∴                          
dy

dx
 = – (1 + log x)y 

B'N 
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B'N y d/ T[uso iK fBwBso wkB d/ bJh  

                          

dy

dx
& 0 

∴                    – (1 + log x) y = 0      iK      log x = – 1       ∵      y ≠ 0 

iK                     –log x = 1 

iK                    log 
1

x
 = log e ⇒  x = 

1

e
. 

j[D                     

2

2

d y

dx
 = –

1
. (1 log )

dy
y x

x dx
 + +  

 

x = 
1

e
 gqfs;Ekfgs eoB s/ 

                              
2

2

d y

dx
= – [ey + 0],          ∵          

dy

dx
= 0 

2

2

d y

dx
= – ey foDkswe j?.    ∴          x = 

1

e
 d/ bJh cbB T[uso j?. 

∴     fBofdPN cbB ftZu x = 
1

e
 gqfs;Ekfgs eoB s/ 

T[uso wkB = 

1/

1
1

e

e

 
 
 
   

= (e)1/e
 f;ZX j'fJnk j?. 

T[dkjoD 8H 

log x

x
 dk T[uso wkB gsk eo', id'A fe 0 < x < ∞ H 

jZb L wzB fbU y = 
log x

x
 

 

∴ 

 

 

 

 

 

dy

dx
& 0 oZyD s/, 

2

1 log
0

x

x

− =       iK     1 – log x = 0  

iK                  log x = 1 = log e,  ∴ x = e  

x = e T[Zs/,          

2

2 3 3 3

2 log 3 2 3 1d y e

dx e e e

− −= = = −  & foDkswe j?. 

∴ x = + e T[Zs/ cbB T[uso j? ns/ 

     fJ;dk T[uso wkB 

log 1e

e e
= = H                                                 T[Zso 
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T[dkjoD 9H i/eo y = a log x + bx2 + x d/ x = – 1 ns/ x = 2 T[Zs/ T[uso^fBwBso wkB 

(extremum values) jB sK a ns/ b d/ wkB gsk eo'. 

jZb L y = f (x) = a log x + bx2 + x     ⇒     

1
2 1

dy
a. bx

dx x
= + +  

T[uso^fBwBso d/ bJh, 0
dy

dx
= , 

 

 

⇒                                                                                      ....(i) 

 

ns/                                                                                    ....(ii) 
 

(i) ns/ (ii) B{z jZb eoB s/ 

                                                      a = – 2, b = – 
1

2
                                                             T[Zso 

 

T[dkjoD 10H cbB x + sin 2x, (0 < x < 2π) d/ T[uso iK fBwBso wkB gsk eo'. 

jZb L wzB fbU                            y = x + sin 2x  

∴                                      1 2cos 2
dy

x
dx

= +  

0
dy

dx
=  gqfs;Ekfgs eoB s/, 1 + 2cos 2x = 0  

iK   

 

fJ; soQK                                                          [∵  0 < x < 2π]  ⇒   
2

,
3 3

x =
π π

 

j[D 

 

(1) id'A 

3
x =

π
 

2

2

2 3
4sin 4 2 3

3 2

d y

dx

 π= − = − = −   
 foDkswe  

∴                        

3
x =

π
T[Zs/ cbB T[uso j?. 

ns/ fdZs/ j'J/ cbB ftZu

3
x =

π
 gqfs;Ekfgs eoB s/, cbB dk T[uso wkB 

                            

2 3 2 3 3
sin

3 3 3 2 6
=

π π π π ++ = + =                          T[Zso 

(2) id'A 

2

3
x =

π
 sK 

2

2

4
4sin

3

d y

dx

π= −  

 

B'N 
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B'N 

                         

3
4 2 3

2

 
= − − =   

 XBkswe 

∴                     

2

3
x =

π
T[Zs/ cbB fBwBso j?. 

ns/ 

2

3
x =

π
 gqfs;Ekfgs eoB s/, cbB dk fBwBso wkB 

                         

2 4 2 3 4 3 3
sin

3 3 3 2 6
=

π π π π −+ = − =                        T[Zso 

 

;t?^w[bKeD (Self Assessment) 

fBwBfbys eEBK ftZu ;Zu iK M{m dh gfjukD eo' 

(State whether the following Statements are True or False) – 

5H T[uso d/ bJh x = a T[Zs/ 

2

2

d y

dx
 dk wkB XBkswe j[zdk j?. 

6H fBwBso d/ bJh x = a T[Zs/ 

2

2

d y

dx
 dk wkB XBkswe j[zdk j?. 

7H cbB d/ d' ;wkB wkBK d/ ftukb/ xZN s'A xZN fJZe T[uso iK fBwBso wkB io{o j[zdk 

j?. 

8H cbB d/ T[uso iK fBwBso fpzd{nK T[Zs/ 

dy

dx
 dk fuzBQ BjhA pdbdk j?. 

 

9H6 ;koKP (Summary) 

• i/eo s[jkv/ wekB dh T[ukJh nrb^prb (;Zi/ ns/ yZp/) ftZu ;fEs d'jK wekBK dh 

T[ukJh s'A tZX j? sK s[jkv/ wekB dh T[ukJh T[uso (Maximam) ejkJ/rh ns/ i/eo 

s[jkv/ wekB dh T[ukJh nrb^prb (;Zi/ ns/ yZp/) ftZu ;fEs d'B'A wekBK dh T[ukJh 

s'A xZN j? sK s[jkv/ wekB dh T[ukJh fBwBso (Minimam) ejkJ/rh. 

• cbB ;[szso uo d/ fe;h fBPfus fpzd{ T[Zs/ xNdk j? ns/ T[; s'A nrb/ wkBK d/ bJh 

tZXdk j? sK xNdh j'Jh ;fEsh ftZu tXD tkbh ;fEsh d/ nkT[D ftZu cbB fBwBso 

wkB gqkgs eodk j?. 

• T[uso wkB d/ pknd fBwBso wkB ns/ fBwBso wkB d/ pknd T[uso wkB nkT[Adk 

j? Gkt T[uso ns/ fBwBso wkB J/eKso eqw Bkb nkT[Ad/ jB. 

• i/eo x d/ fe;h wkB d/ bJh 

2

2

d y

dx
 dk wkB XBkswe j? sK cbB T[; x d/ wkB d/ bJh 

fBwBso j't/rk i/eo foDkswe j't/ sK T[uso j't/rk. 

 

9H7 Ppde'P (Keywords) 

• T[uso (Maximum) ^ tZX s'A tZX. 

• fBwBso (Minimum) ^ fBT{Bsw. 
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9H8 nfGnk; gqPB (Review Questions) 

1H x3 – 2x2 + x + 6 dk T[uso ns/ fBwBso wkB gsk eo'. 

                                                (T[Zso L T[uso & , fBwBso & 6) 

2H cbB (x – 1) (x – 2) (x – 3) dk T[uso wkB gsk eo'. (T[Zso L T[uso & ) 

3H do;kU fe  dk T[uso wkB (e)1/e
 j?. 

4H cbB 2x3 – 9x2 + 12x – 3, x d/ feBQK wkBK T[Zs/ T[uso iK fBwBso j?< 

                                                    (T[Zso L T[uso & 2, fBwBso & 1) 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H cbB          2H fBwBso          3H T[uso          4H XBkswe 

  5H M{m           6H ;Zu               7H ;Zu             8H M{m. 

 

9H9 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

2H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

3H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

4H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

5H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

6H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

7H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

8H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

9H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

B'N 
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B'N 

fJekJh^10L T[uso ns/ fBwBso L d' uo ns/ b/Aro/Ai 

r[De ;fjs gqshpzX T[uso ns/ fBwBso 

(Maxima and Minima: Two Variables and 
Constrained Maxima and Minima with 

Langrange’s Multiplier) 
 

 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

10H1 T[uso ns/ fBwBso gsk eoB d/ gqshpzX  

    (Conditions to Finding Maxima and Minima) 

10H2 b/Aro/i r[De ;fjs gqshpzX T[uso ns/ fBwBso 

  (Constrained Maxima and Minima with Langrange’s Multiplier) 

10H3 ;bN;eh ;wheoD (Slutsky Equation) 

10H4 ;bN;eh ;wheoD b'u o{g ftZu (Slutsky Equation in Elasticity Form) 

10H5 ;koKP (Summary) 

10H6 Ppde'P (Keywords) 

10H7 nfGnk; gqPB (Review Questions) 

10H8 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• T[uso ns/ fBwBso gsk eoB d/ gqshpzX ;zpzXh ikDekoh gqkgs j't/rh. 

• b/Aro/i ftXhdh ikDekoh ;zpzXh. 

• ;bN;eh ;wheoD B{z ikD ;eDr/. 

• ;bN;eh ;wheoD b'u o{g ftZu uzrh soQK ;wM ;eDr/. 

 

 gq;sktBk (Introduction) 

wzB fbU e'Jh, u = f (xy) fdZsk j'fJnk j?, ns/ (x0, y0) d' fdZs/ j'J/ fpzd{ jB fiBQK T[Zs/ tZX s'A 

tZX ns/ fBT{Bsw cbB gsk eoBk j? ns/ e < n d' XBkswe ;fEo nze jB sK cbB T[uso 

(x0, y0) T[Zs/ j/m nB[;ko j't/rk, f (x0 – e, y0 – n) < f (x0, y0) ns/ f (x0, y0) > f (x0 + e, y0 + n) 

ns/ fBwBso f (x0 – e, y0 – n) > f (x0, y0) ns/ f (x0, y0) < f (x0 + e, y0 + x)  fiZE/ f (x0, y0) cbB 

dh T[uso ns/ fBwBso w[Zb j?. 
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10H1 T[uso ns/ fBwBso gsk eoB d/ gqshpzX 

     (Conditions to Finding Maxima and Minima) 

(A) io{oh gqshpzX (Necessary Condition)L i/eo u = f (x, y)  

           sK ∂u/∂x = ∂u/∂y = 0  

(B) T[fus gqshpzX (Sufficient Condition)L 

T[uso d/ bJh, i/eo u = f (x, y) ns/ io{oh gqshpzX fx = 0, and fy = 0 sK 

                      ∂2u/∂x2 < 0 and ∂2u/∂y2 > 0  

∴               

( )

2
2 2 2

2 2

( )( )

.

A
CB

u u u

x yx y
↓

 ∂ ∂ ∂ >
 ∂ ∂∂ ∂  

 or AB > C2 or   

 

fBwBso d/ bJh 

sK 

 

 

 

∴ 

 

or 

T[dkjo 1H u = x3 + x2 – xy + y2 + 4 T[uso ns/ fBwBso w[Zb eZY'. 

jZb L                   

u

x

∂
∂

= 3x2 + 2x – y = 0                                          

....(1) 

                         

u

x

∂
∂

= –x + 2y = 0                                                                          ....(2) 

(1) s/ (2) B{z jZb eoB s/ 

                          3x2 + 2x – y = 0  

                                  –x + 2y = 0  

i/eo x = 2y sK gfjb/ ;wheoD d/ oZyD s/ 

                3(2y)2 + 2 (2y) – y = 0  

                             y(12y + 3) = 0  

id'A                        y = 0   or  y = –
1

4
  

id'A y = 0  

                                            x = 2y  = 0  

id'A y = –
1

4
 

sK        x = 2y  = –
1

2
 

fJ; soQK, io{oh gqshpzX B{z gsk eoB d/ bJh ;kv/ e'b d' fpzd{ (0, 0) ns/ (^1$2, ^1$4) j?. j[D 

n;hA fJj gsk eoKr/ fe T[go'es wkB, T[uso ns/ fBwBso dhnK PowK B{z ;zs[PN eod/ jB iK 

BjhA. 

B'N 
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B'N 

                    

2 2 2

2 2
6 2, 2, 1

u u u
x

x yx x

∂ ∂ ∂= + ⋅ = = −
∂ ∂∂ ∂

                                HHH(3) 

(0, 0) wkBK d/ bJhl 

                    

2 2

2 2
6(0) 2 2 0, 2 0

u u

x y

∂ ∂= + = > = >
∂ ∂

 

                

22 2 2
2

2 2
2 2 4 ( 1) 1

u u u

x yx y

 ∂ ∂ ∂= ⋅ = > = − = ∂ ∂∂ ∂  
 

fJ; soQK, (0, 0) w[Zb, fBwBso PosK B{z ;zs[PN eodk j?. 

u = x3 + x2 – xy + y2 + 4 = 4 (0, 0) w[Zb fpzd{ T[Zs/ fBwBso w[Zb j't/rk. 

fpzd{ (–1/2, –1/4) d/ bJh,  

                     

2 2

2 2

1
6 2 1, 2

2

u u

x y

∂ ∂ = − + = − = ∂ ∂ 
 

     

22 2 2

2 2
( 1)2 ( 1) 3 0

u u u

x yx y

 ∂ ∂ ∂− = − − − = − < ∂ ∂∂ ∂  
 

fpzd{ (–1/2, –1/4), gbkfJD fpzd{ fdzdk j?. 

BshfinK B{z ;zy/g o{g ftZu j/m nB[;ko fbfynk ik ;edk j?. 

 

 

 

 

 

 

 

2H fBZu/ fdZs/ j'J/ cbB dh ;jkfJsk Bkb u dk uow w[Zb gsk eo'l 

                                     y = x3 + y3 – 3x – 27y + 24   

jZb L gfjbh Pq/Dh dhnK PosK 

                                    fx = 3x2 – 3 = 0,    x2 – 1 = 0 

                                    fy = 3y2 – 27 = 0,  y2 – 9 = 0 

∴ (1, 3), (1, ^3), (^1, 3), (^1, ^3) 

d{ih Pq/Dh dhnK PosK 

                                   fxx = 9x 

                                   fyy = 9y 

                                   fxy = 0 

(1, 3) d/ ;zdoG ftZu 

                                  fxx = 9x = 9 > 0 
                                  fyy = 9y = 27 > 0 
                 fxxfyy – (fxy)

2 = 243 – 0 = 243 > 0 
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fJ; soQK, fpzd{ (1, 3) T[Zs/ u fBwBso j't/rk 

(1, ^3) d/ ;zdoG ftZu 

                                   fxx = 9x = 9 > 0 

                                   fyy = 9y = 27 < 0 

                    fxxfyy – (fxy)
2 = 9(–27) – 0 < 0 

fJ; soQK fpzd{ (1, ^3) T[Zs/ gbkfJD fpzd{ (Bk tZX s'A tZX bk fBT{Bsw) j't/rk. 

(^1, 3) fpzd{ d/ ;zdoG ftZu 

                                   fxx = 9x = – 9 < 0 

                                   fyy = 9y =  27 > 0 

                    fxxfyy – (fxy)
2 = (–9) (27) – 0 < 0 

fpzd{ (^1, 3) T[Zs/ th gbkfJD jZb gqkgs j't/rk. 

(^1, ^3) d/ ;zdoG ftZu 

                                    fxx = 9x = –9 < 0,  fyy = 9y = –27 < 0 

                     fxxfyy –(fxy)
2 = (–9) (–27) – 0 > 0 

fpzd{ (^1, ^3) T[Zs/ u dk w[Zb tZX s'A tZX j't/rk 

fBopZX d/ Bkb T[uso ns/ fBwBso b/Aro/Ai r[DKe ftXh wzfBnk, T[g:'rsk cbB ns/ nkwdB 

fBopZX fBwB fdZsk j?^ u = f (x, y) Pxx + Pyy = M  

fJZE/ u → T[g:'rsk x, y → t;s{nK, M → nkwdB px ns/ py → t;s{nK dh ehws 

fJZE/ T[gG'esk nkgDh T[g:'rsk tZX s'A tZX eoBk ukj[zdk j? fdZs/ j'J/ nkwdB fBopZX T[Zs/ sK 

b/Aro/Ai r[DKe dk gq:'r eoB s/ 

                                      v = f (x, y) + λ(M – Px . X – Py . y)    
 

10H2 b/Aro/Ai r[De ;fjs gqshpzX T[uso ns/ fBwBso 

     (Constrained Maxima and Minima with Langrange’s Multiplier) 

b/Aro/Ai ftXh dh ;jkfJsk Bkb th T[jh Bshi/ gqkgs j'Dr/ fijV/ T[go'es, ftXh d[nkok gqkgs j'J/ 

jB. s[PNheoD cbB ns/ piN o/yk B{z b?D s/ 

                                      V = f (q1q2) + λ(y – p1q1 – p1q2) 

fJZE/ V, λq1 ns/ q2 dk cbB j? ns/ λ b/Aro/Ai r[De (Multiplier) j?. fJZE/ ;kvk T[d/P V B{z tZX 

s'A tZX eoBk j?. fJ; soQK V B{z q1, q2 ns/ λ ;zdoG ftZu nzfPe fBy/VB (Partial differentiation) 
eoe/ Iho' d/ pokpo oZyD s/ 

                                                                                                                                              ...(4) 

 

                                                                                                                                             ....(5) 

 

 

                                                                                                                                            ....(6) 

;wheoD (4) ns/ (5) B{z b?D s/ 

                                       f1= λp1 ns/ f = λp2  

B'N 
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B'N d'BK B{z se;hw eoB s/ 

                               ns/  

fJZE/ T[jh Bshik gqkgs j'fJnk fijVk gfjbh ftXh d/ ;wheoD (A) s'A gqkgs j[zdk j?. 

;wheoD dk g{oD fBy/VB (Total differentiation) eoB s/ 

 

 

 

d{i/ eqw (Second Order) dhnK PosK d/ bJh d{i/ fBy/Ve dk j/; ;kofDe (Bordered Hession 
Determinant) j'Dk ukjhdk j?. fJ; bJh 

                                                            HHHH(7) 

;wheoD (7) dk ft;sko eoB s/ 

f11 (0.f22 – p2
2) – f12 (0.f21 – p1p2) – p1{f21(–p2) – f22 (–p1)} > 0 

iK                                f11p2
2 – f12p1p2 + f21p1p2 (– f22) (– p1

2) > 0 
iK                                               f11p2

2 – 2f12p1p2 + f22 p1
2 > 0 

 

fJZE/ T[j ;wkB Bshik gqkgs j[zdk j? fijVk gfjbh ftXh ftZu ;wheoD (5) s'A gqkgs j[zdk j?. 

 

 

 

 B'N;         n;hA efjzd/ jK fe T[g:'rsk tZX s'A tZX dhnK d'jK ftXhnK d[nkok ;wkB Bshi/ 

gqkgs j[zd/ jB. 

 

 

T[dkjoD L T[dk;hBsk teo dh ;jkfJsk Bkb T[gG'esk fttjko f;XKs dh rfDse 

ftnkfynk eo'. 

(Discuss Mathematically the theory of consumer’s behaviour with the help of Indifference 
curve Technique.)  

jZbL fJZe T[gG'esk dh nkwdB ;fEo ofjzdh j? ns/ fJZe ftt/ePhb T[gG'esk T[; nkwdB s'A 

tZX ;zs[PNh gqkgs eoBk ukj[zdk j?. fi; fpzd{ T[Zs/ T[gG'esk B{z tZX s'A tZX ;zs[PNh gqkgs j[zdh 

j?, T[j T[gG'esk ;zs[bB ejkT[Adk j?. 

T[gG'esk ;zs[bB dh ;fEsh T[; dPk ftZu j[zdh j?, id'A piN o/yk iK ehws o/yk T[dk;hB teo 

B{z ;goP eodh j?. d{i/ PpdK ftZu, piN o/yk dk Ykb ns/ T[dk;hB teo dk Ykb ;wkB j'D s/ 

T[gG'esk ;zs[bB dh ;fEsh ftZu j[zdk j?. rfDse o{g ftZu ;hwKs gqfs;EkgB dh do (T[dk;hB 

teo dk Ykb) ns/ d'B'A t;s{nK d/ ehws nB[gks (piN o/yk dk Ykb) ;wkB j'D sK T[gG'esk 

;zs[bB dh ;fEsh ftZu j[zdk j?. 

T[dk;hB teo gqDkbh ftZu T[dk;hBsk teo d/ Ykb B{z ;hwKs T[g:'rsktK d/ nB[gks ftZu 

gfoGkfPs ehsk frnk j? ns/ piN o/yk d/ Ykb B{z ehwsK d/ nB[gks d[nkok gfoGkfPs ehsk 

frnk j?. Gkt  

T[dk;hBsk dk Ykb & ;hwKs T[g:'rsktK dk nB[gks 
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                    ns/ piN o/yk dk Ykb & ehws nB[gks 

                                          

1

2

p

p
=  

T[dk;hBsk teo ftPb/PD ;gPN eodk j? fe teo d/ jo/e fpzd{ T[Zs/ T[gG'esk B{z ;wkB s[PNhr[D 

gqkgs j[zdh j?. Gkt 

                                                                u = f (q1 ⋅q2)  

e[ZbQ fBy/VBE eoB ns/ Iho' d/ pokpo oZyD s/ 

                                                              du = f1dq1 + f2dq2 = 0 

(du = 0 dk Gkt j? fe ;hwKs s[PNheoD Iho' j[zdk j?) Gkt T[g:'rsk ftZu e'Jh gfotosB BjhA 

j[zdk j?. 

iK                                  f1dq1 = − f2dq2  

iK                                 

2 1

1 2

dq f

dq f
− = −  

2

1

dq

dq
−  T[dk;hBsk teo d/ YkbB B{z gqdofPs eodk j? Gkt ;hwKs gqfs;EkgB dh do (M R S) 

ejkT[Adk j?. ;hwKs gqfs;EkgB dh do t;s{ Q2 dh T[j wksok j? fi;dk T[gG'es Q1 dh tkX{ 

fJekJh B{z gqkgs eoB d/ bJh fsnkr eoB d/ bJh fsnko ofjzdk j?. 

2

1

dq

dq
−  dk foDkswe ;ze/s 

fJj do;kT[Adk j? fe T[dk;hBsk teo dk Ykb frodk j'fJnk j[zdk j?. 

∴  f1 ns/ f2 r[DB ;zfynk (Cardinal) d/ o{g ftZu gfjbk nzfPe fBy/VB iK ;hwKs s[PNhr[D j?. 

Gkt  

                                      1 1
1

U
f MU

q

∂= =
∂

 

                                      2 2
2

U
f MU

q

∂= =
∂

 

ns/                                  

1 1

2 2

f MU

f MU
=  

 

ns/ fJ;d/ Bkb   

piN o/yk B{z fBwB ;wheoD d[nkok gfoGkfPs ehsk ik ;edk j?^ 

                                                               y = p1q1 + p2q2  

fJZE/ y & nkwdB, p1 = q1 ^ t;s{ dh ehws ns/ p2 = q2^t;s{ dh ehws B{z gqdofPs eod/ jB. 

T[go'es ;wheoD dk fBy/VB eoB s/ 

                                                           dy = p1dq1 + p2dq2  

dy = 0 j't/rk feT[Afe T[gG'esk dh nkwdB ;fEo ofjzdh j?, 

T[; ftZu e'Jh gfotosB BjhA j[zdk j?, fJ; bJh 

                                        p1dq1 + p2dq2 = 0  
iK                               p1dq1 = − p2dq2  

iK                              

2 1

1 2

dq p

dq p
− =  

iK                          

1
1 2

2

p
MRSq q

p
=  

B'N 
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B'N Gkt T[dk;hBsk teo dk Ykb & piN o/yk dk Ykb T[gG'esk ;zs[bB ftPb/PD B{z j/m nB[;ko 

do;kfJnk ik ;edk j?^ 

o/ykfuZso 10H1 ftZu IC T[dk;hB teo j? ns/ piN o/yk fdZsh j'Jh j? fijV/ E fpzd{ T[Zs/ fJZe 

d{i/ B{z ;goPN eod/ jB. Gkt E fpzd{ T[Zs/ d'jK dk Ykb pokpo j?. fJ; fpzd{ T[Zs/ 

1
1 2

2

p
MRSq q

p
=  gqkgs j't/rk fiZE/ T[gG'esk B{z tZX s'A tZX ;zs[PNh j't/rh. 

 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H fJZe T[gG'esk dh nkwdB HHHHHHHHHHHHHH ofjzdh j?. 

2H fi; fpzd{ T[Zs/ T[gG'esk B{z tZX s'A tZX ;zs[PNh gqkgs j[zdh j?, T[j HHHHHHHHHHH ;zs[bB 

ejkT[Adk j?. 

3H T[gG'esk ;zs[bB dh ;fEsh T[; dPk ftZu j[zdk j? id'A piN o/yk iK ehws o/yk 

HHHHHHHHHHHH teo B{z ;goP eodh j?. 

4H T[dk;hB teo gqDkbh ftZu T[dk;hBsk teo d/ YbkB B{z HHHHHHHHHH T[g:'rsk d/ nB[gks 

ftZu gfoGkfPs ehsk frnk j?. 

5H T[dk;hBsk teo dk Ykb & ;hwKs T[g:'rsk dk nB[gks HHHHHHHHHHH. 

 

10H3 ;bN;eh ;wheoD (Slutsky Equation) 

i/eo fe;h t;s{ dh ehws ftZu gfotosB j' ikt/ sK T[gG'esk d/ T[gG'r ftZu ehsk gfotosB 

j'J/rk< fJj ehws gqGkt dZ;dk j?. ehws gqGkt d/ ekoB fBwB gqGkt T[sgzB j[zd/ jB^ 

1H nkwdB gqGkt (Income Effect) ns/ (2) gqfs;EkgB gqGkt (Substitution Effect). 

i/eo fe;h t;s{ dh ehws ftZu ewh j' iKdh j? sK T[gG'esk dh n;b nkwdB ftZu tkXk j' 

iKdk j?. fJ;d/ T[bN t;s{ dh ehws ftZu tkXk j' ikD Bkb T[gG'esk dh n;b nkwdB ftZu 

ewh nk ikt/rh. fJ; soQK ehws ftZu gfotosB j'D d/ ekoB T[gG'esk dh n;b nkwdB ftZu 

gfotosB j' iKdk j? ns/ T[;d/ cb;o{g T[gG'esk d/ T[gG'r ftZu th gfotosB j' ikJ/rk. 

fJ; soQK dh ;fEsh B{z nkwdB gqGkt (Income Effect) efjzd/ jB. 

i/eo fe;h t;s{ dh ;kg/y ftZu ehws tkXk j' iKdk j? sK T[gG'esk gqfs;Ekfgs t;s{ dk 

T[gG'r tZX eoB bZr iKdk j?. fJ;d/ T[bN t;s{ dh ;kg/y ftZu ehws dh ehw j' iKdh j? sK 

T[gG'esk gqfs;Ekfgs t;s{ dk T[g:'r xZN eo fdzdk j?. fJ; soQK i/eo ehwsK ftZu gfotosB 

j[zdk j? ns/ nkwdB ;fEo ofjzdh j?, T[d'A t;s{ dh xZN iK tZX wksok dk T[g:'r ehsk iKdk 

j?. fJ; soQK d/ gqGkt B{z gqfs;EkgB gqGkt (Substitution Effect) fejk iKdk j?. 

fJjBK gqGktK dk nfXnB eoB d/ bJh ;bN;eh gqw/: (Slutsky Theorem) dk gq:'r ehsk 

iKdk j?^ 

T[g:'rsk ;wheoD 

                                            U = f(q1 ⋅ q2) 

ns/ piN fBopZX (Budget Constraint)  

                                            y = p1 q1 + p2 q2   

b/Aro/Ai r[De (Langrang’s multiplier) nfBoXkfos ;wheoD dk gq:'r eoB s/^ 

                                           Y = f (q1, q2) + λ(y – p1q1 – p2q2)   

;wheoD B{z q1, q2 ns/ λ d/ ;zdoG ftZu fBy/VB eoe/ Iho' d/ pokpo oZyD s/, 
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fJekJh^10 L T[uso ns/ fBwBso L d' uo ns/ b/Aro/Ai r[De ;fjs gqshpzX T[uso ns/ fBwBso 

 

 

 

 

 

                                                                                       HHHH(8) 

 

 

 

j[D T[gG'esk d/ ehws, nkwdB ns/ gqfs;EkgB gqGkt gsk eoB d/ bJh ;wheoD dk g{oD 

nzdkIk brkT[D s/ 

 

 

                                                                                       HHHH(9) 

fJ; ;wheoD B{z jZB eoB d/ bJh n;hA t:{j phirfDs d/ eq/wo fB:w (Cramer’s Rule) dk 

T[g:'r eod/ jK. fJ; fB:w d/ nB[;ko i/eo AB = C fiZE/ A, B ns/ C t:{j j? T[d'A^ 

                                                  B = A-1C fiZE, A-1 = 
adjA

A
  

;wheoD (9) B{z t:{j (Matrix) d/ o{g ftZu gqdofPs eoB s/ 

        

11 12 1 1 1

21 22 2 2 2

1 2 1 1 2 20

f     f      p dq dp

f     f      p dq dp

p    p      d dy+ q dp + q dp

− λ     
     − = λ     
     − λ −     

                             HHHH(10) 

eq/wo fB:w dk gq:'r eoB s/ 

 

 

 

fJZE/, 

 

fJ; soQK 

 

 

 

ns/ 

 

;wheoD (11) ftZu d'B'A gk;/ dp1 dk Gkt d/D s/ p2 ns/ y B{z ;fEo wzBD s/ dy = 0 ns/ dp2=0  

                            

311 11
1

1

Dq D
q

p D D

∂ λ
= +

∂
                                      HHHH(14) 

(fJZE, 

1

1

q

p

∂
∂

& ehws gqGkt j? feT[Afe p2 ns/ y d/ ;fEo ofjD s/ p1 gfotosB d/ ekoB p1 ftZu 

gfotosB j'fJnk j?.) 

 

 

B'N 
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B'N 

fJ;h soQK                                                      HHHH(15) 

(fJZE, & ehws gqGkt j? feT[Afe p2 ns/ y d/ ;fEo ofjD s/ p2 gfotosB j'D d/ ekoB q1 

ftZu gfotosB j'fJnk j?.)  

;wheoD (11) ftZu d'B'A gk;/ dy dk Gkr d/D s/ p1 ns/ p2 ;fEo wzBD s/ (Gkt dp1 = 0, dp2 = 
0). 

fJ; soQK 

                                                                       HHHH(16) 

fJZE/,  nkwdB gqGkt B{z do;kT[Adk j? feT[Afe fJZE/ p1 ns/ p2 ;fEo ofjD s/ y ftZu 

gfotosB j'D Bkb q1 ftZu gfotosB j'fJnk j?. 

id'A fe;h t;s{ dh ehws ftZu gfotosB j' iKdk j? sK T[gG'esk dh ;zs[PNh ;so ftZu th 

gfotosB nk iKdk j?, fJ; bJh T[gG'esk ;zs[bB th d{i/ j'o T[dk;hBsk teo T[Zs/ ;Ekfgs j' 

iKdk j?. wzB fbU ehws gfotosB dh jkBhg{osh nkwdB gfotosB Bkb eo bJh iKdh j? 

ns/ T[gG'esk T[;h T[dk;hBsk teo T[Zs/ pfDnk ofjzdk j? Gkt T[;dh ;zs[PNh ftZu e'Jh 

gfotosB BjhA j[zdk j?, Gkt dU = 0, fJ; soQK 

                                             U = f (q1, q2) 

Gkt                       dU = f1dq1 + f2dq2 = 0  

gozs{ ;kB{z gsk j? fe , fJ; bJh 

                         p1 dq1 + p2 dq2 = 0  

fJj wkB ;wheoD (9) d/ fsZi/ Gkr ftZu oZyD s/ 

              dy + q1 dp1 + q2 dp2 = 0 

fJ; soQK ;wheoD (11) d[nkok 

 U = ;fEo (Constant)  

fJ; soQK ;wheoD (14) B{z d[pkok fbyD s/ 

              U = ;fEo q1  ehws & ;fEo                    HHHH(17) 

           ehws  gqGkt gqfs;EkgB gqGkt  nkwdB  gqGkt 

;wheoD (17) ;bN;eh ;wheoD ejkT[Adk j?. 

 

 

 

 Nk;e        T[g:'rsk ;wheoD B{z fby'. 
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10H4 ;bN;eh ;wheoD b'u o{g ftZu (Slutsky Equation in Elasticity 

Form) 

n;hA ikDd/ jK fe wzr dh b'u, 

 

 

 

 

 

 

 

 

 

 

ns/                           

fJZE/  & ehws b'u, gqfs;EkgB b'u ns/  & nkwdB b'u gqdofPs eod/ jB. 

;XkoBheoD (Generalisation)L T[go'es d' t;s{nK d/ ftPb/PD B{z n^t;s{nK d/ bJh ft;sfos 

ehsk ik ;edk j?. wzfBnk n T[gG'esk a t;s{nK dk T[gG'r eodk j?. nfijh dPk ftZu T[;dh 

T[g:'rsk cbB j't/rh^ 

 

ns/ piN o/yk j't/rh^ 

 

iK 

 

iK 

b/Aro/Ai r[De dk gq:'r eoB s/ ;wro T[g:'rsk cbB j't/rh^ 

                                               V = f (q1, q2, ....,qn) +   

tZX s'A tZX ;zs[PNh d/ bJh gfjbk nzfPe fBy/Ve Iho' j'Dk ukjhdk j? Gkt 

 

 

or 
 

fJ; soQK 

 

B'N 

 

 

eh s[;hA ikDd/ j'     i t;s{ d/ bJh j t;s{ dh gqfs;EkgB dh do T[jBK dh ehws nB[gks d/ 

pokpo j[zdh j? 
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B'N tZX s'A tZX T[g:'rsk d/ d{i/ eqw d/ fBy/Ve dk p'ovv j/; ;kofDe XBkswe j'dk ukjhdk j?, 

Gkt 

                         

11 12 1 1

21 2 2 2 2

1 2

1 2

0

0

n

n

n

n

f     f       f     p

f     f       f    p

fn    fn      fnn   p

p    p      p    

⋅ ⋅ ⋅
⋅ ⋅ ⋅
⋅ ⋅ ⋅

⋅
⋅
⋅

⋅ ⋅ ⋅ −
⋅⋅ ⋅ −

>

⋅⋅ ⋅ −
− − ⋅⋅⋅ −

 

;wheoD ftZu ;bN;eh ;wheoD j't/rh^ 

                        const. const.i i i

i i

q q q
u q p

p p y

 ∂ ∂ ∂ 
= = − =   ∂ ∂ ∂  

 

b'u d/ o{g ftZu^;bN;eh ;wheoD d/ d'B'A gk;/ pi/qi Bkb r[Dk eoB s/ 

                  

const.const.

i i i i i i
i

i i i i i pu

p q p q p q
= q

q p q p q y ==

   ∂ ∂ ∂ 
−     ∂ ∂ ∂    

 

iK                      1
i i

ip is y

p q

y
η = η − = η  

fJZE/                    ipη & dh b'u, 

                         isη & gqfs;EkgB b'u ns/ 

                         iyη & nkw b'u B{z gqdofPs eod/ jB. 

gqfs;Ekfgs ns/ g{oe t;s{nK (Substitutes Goods and Complementary Goods) 

i/eo d' t;s{nK gqfs;Ekfgs jB sK gqfs;EkgB gqGkt XBkswe (Positive) j[zdk j?. fJ;d/ 

T[bN i/eo d' t;s{nK g{oe jB sK gqfs;EkgB gqGkt foDkswe (Negative) j[zdk j?. Gkt 

                  

2

1

const. 1,
q

U
p

 ∂
= > ∂ 

 gqfs;Ekfgs t;s{nK 

                  

2

1

const. 1,
q

U
p

 ∂
= < ∂ 

 g{oe t;s{nK 

                  

2

1

const. 0,
q

U
p

 ∂
= = ∂ 

 ;[szso t;s{nK 

;XkoD t;s{nK, jhB t;s{nK ns/ frfcB t;s{nK (Normal Goods, Inferior Goods and 
Giffon Goods)  

n;hA ikDd/ jK fe 

               ehws gqGkt & gqfs;EkgB gqGkt O nkwdB gqGkt 

;XkoD t;s{nK d/ bJh nkwdB gqGkt XBkswe j[zdk j?, Gkt 

1

0

q

y = <

 ∂
 ∂ 

ehws ; fEo

 

ehws ftZu ewh j'D d/ ekoB XBkswe nkwdB gqGkt, XBkswe gqfs;EkgB gqGkt B{z wIp{s 

eodk j?. fJ;d/ T[bN ehws tXD s/ T[gG'esk dh n;b nkwdB xZN j[zdh j? ns/ gqfs;EkgB 

gqGkt q1 wksok  B{z xZN eoB d/ bJh wIp{s gfotofss j[zdh j?, Gkt 
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1

1

0
q

p

 ∂
< ∂ 

, ;XkoD t;s{ d/ bJh 

fJ;d/ T[bN nkwdB gqGkt foDkswe j't/ iK nkwdB gqGkt gqfs;EkgB gqGkt B{z wIp{s Bk eodk 

j't/ sK t;s{nK xNhnk j'DrhnK. 

T[j t;s{ fi;dk nkwdB gqGkt, gqfs;EkgB gqGkt s'A tZX j[zdk j?, Gkt ehws xZN j'D s/ t;s{ dh 

wzr th xZn j' iKdh j?, frfcB t;s{nK ejkT[AdhnK jB. 

frfcB t;s{nK ns/ xNhnK t;s{nK, d'B'A ;fEshnK ftZu nkwdB gqGkt foDkswe j[zdk j?, fco 

eh d'B'A t;s{nK ;wkB jB, T[Zso j? BjhA, feT[Afe xNhnk t;s{nK d/ bJh gqfs;EkgB gqGkt 

foDkswe nkwdB gqGkt s'A tZX j[zdk j?. efjD dk Gkt j? fe xNhnk t;s{nK wzr d/ fB:w dk 

gkbD eodhnK jB, fJ;d/ T[bN frfcB t;s{nK wzr d/ fB:w dh g{osh BjhA eodhnK jB. 

T[dkjoD 1L u = xa yb
 d' t;s{nK dh s[PNhr[D cbB j? fiZE/ x ns/ y fJjBK d'jK t;s{nK dh 

eqw nB[;ko wksoktK jB. x ns/ y t;s{nK T[Zs/ you ehsh ikD tkbh nkwdB M j? sK 

f;ZX eo' fe t;s{nK dh wzr^ 

                       

x

aM
x =

a + b p( )
 ns/ 

y

bM
y =

a + b p( )
 

fiZE/ px ns/ pyx ns/ y t;s{nK dh ehwsK jB. 

jZb L fdZsh j'Jh s[PNr[D cbB j?^ 

                                    U = xayb
  

‘x’ ns/ ‘y’ d/ ;zdoG ftZu tZy^tZy o{g ftZu nzfPe fBy/VB eoB s/ 

                  

1 1 1a b a b
x y

U U
MU ax y MU bx y

x y
− − −∂ ∂= = = =

∂ ∂
 

T[gG'esk d/ tZX s'A tZX ;zs[PNh gqkgs eoB dh ;fEsh ftZu 

                 

yx

x y

MUMU

p p
=  

iK               

x x

y y

MU p

MU p
=                                                            ....(i) 

ns/       x ⋅ px + y ⋅ py = M                                                            ....(ii) 

MUx ns/ MUy dk wkB ;wheoD (i) ftZu oZyD s/ 

 

 

 

 

 

 

y dk wkB ;wheoD (ii) ftZu oZyD s/ 

 

 

 

 

iK 

 

B'N 
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B'N T[dkjoD 2L T[g:'rsk cbB u = xy ns/ piN fBopZX 2x + y = 6 sK x, y dk w[Zb ns/ 

T[g:'rsk dh rDB eo'. 

jZb L b/Aro/Ai r[DKe dk gq:'r eoB s/ 

 

 

 

 

 

 

 

T[go'es ;kfonK B{z x, y ns/ λ d/ bJh jZb eoB s/, x = 2/3, y = 4/3 ns/ λ = − 2/3  

sK, tZX s'A tZX T[g:'rsk 

2 4 8

3 3 9
u xy  = = =  

 

fJj ;w ;hwKs T[g:'rsk fB:w B{z do;kT[Adk j?. 

 

;t?^w[bKeD (Self Assessment) 

6H i/eo fe;h t;s{ dh ehws ftZu gfotosB j' ikt/ sK T[gG'esk d/ T[g:'r ftZu 

gfotosB fe;dk gqGkt dZ;dk j?< 

     (a) ehws         (b) T[gG'r         (c) T[gG'esk         (d) t;s{. 

7H i/eo fe;h t;s{ dh ehws ftZu ewh j' iKdh j? sK TgG'esk dh n;b nkwdB ftZu eh 

gfotosB j[zdk j?< 

     (a) ewh          (b) tkXk            (c) ;wkB            (d) fJBQK ftZu'A e'Jh BjhA 

8H t;s{ dh ehws ftZu tkXk j' ikD Bkb T[gG'esk dh n;b nkwdB ftZu eh gfotosB 

j[zdk j?. 

     (a) ;wkB         (b) tkXk            (c) ewh              (d) fJBQK ftZu'A e'Jh BjhA 

9H ............. .p

q
E

p
= �

�
 

     (a) 
q

p
           (b) 

d

q
               (c) 

q

d
              (d) 

p

q  

10H ehws gqGkt & gqfs;EkgB gqGkt O HHHHHHHHHHHHHH 

     (a) nkwdB gqGkt (b) ehws gqGkt      (c) T[gG'esk gqGkt   (d) ;ko/ 

 

10H5 ;koKP (Summary) 

• 

2
2 2 2

2 2

( )A
CB

u u u

x yx y
↓

 ∂ ∂ ∂ ⋅ <
 ∂ ∂∂ ∂  

 or AB < C2 or fxx ⋅ fyy < fxy  

fBwBso d/ bJh, 

                                    u = f (x, y), fx = 0 ns/ fy = 0  
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fJekJh^10 L T[uso ns/ fBwBso L d' uo ns/ b/Aro/Ai r[De ;fjs gqshpzX T[uso ns/ fBwBso 

 

     sK 

∂2u/∂x2 > 0 ns/ ∂2u/∂yz > 0 

       ∴               
22 2

2 2
2

/
u u

u x
x yy

 ∂ ∂∂ ∂ <  ∂ ⋅∂∂  
   or   2A.B C<  

       Or                         fxx ⋅ fyy < f xy 

• T[gG'esk ;zs[bB dh ;fEsh T[; dPk ftZu j[zdh j?, id'A piN o/yk iK ehws o/yk T[dk;hB 

teo B{z ;goP eodh j?. d{i/ PpdK ftZu, piN o/yk dk Ykb ns/ T[dk;hB teo dk Ykb 

;wkB j'D s/ T[gG'esk ;zs[bB dh ;fEsh ftZu j[zdk j?. 

• T[dk;hB teo gqDkbh ftZu T[dk;hBsk teo d/ YbkB B{z ;hwKs T[g:'rsktK d/ nB[gks 

ftZu gfoGkfPs ehsk frnk j? ns/ piN o/yk d/ YbkB B{z ehwsK d/ nB[gks d[nkok 

gfoGkfPs ehsk frnk j?. 

• T[dk;hBsk teo ftPb/PD ;gPN eodk j? fe teo d/ jo fpzd{ T[Zs/ T[gG'esk B{z ;wkB 

s[PNhr[D gqkgs j[zdh j?. 

• i/eo fe;h t;s{ dh ehws ftZu gfotosB j' ikt/ sK T[gG'esk d/ T[gG'r ftZu eh 

gfotosB j'Dr/< fJj ehws gqGkt dZ;dk j?. 

• i/eo fe;h t;s{ dh ehws ftZu ewh j' iKdh j? sK T[gG'esk dh n;b nkwdB ftZu 

tkXk j' iKdk j?. fJ;d/ T[bN t;s{ dh ehws ftZu tkXk j' ikD Bkb T[gG'esk dh n;b 

nkwdB ftZu ewh nk ikt/rh. 

• i/eo fe;h t;s{ dh ;kg/y ftZu ehws tkXk j' iKdh j? sK T[gG'esk gqfs;Ekfgs t;s{ 

dk T[gG'r tZX eoB bZr iKdk j?. 

• id'A fe;h t;s{ dh ehws ftZu gfotosB j' iKdk j? sK T[gG'esk dh ;zs[PNh ;so ftZu 

th gfotosB nk iKdk j?, fJ; bJh T[gG'esk ;zs[bB th d{i/ j'o T[dk;hBsk teo T[Zs/ 

;Ekfgs j' iKdk j?. 

• i/eo d' t;s{nK gqfs;Ekfgs jB sK gqfs;EkgB gqGkt XBkswe (Positive) j[zdk j?. 

• ehws ftZu ewh j'D d/ ekoB XBkswe nkwdB gqGkt, XBkswe gqfs;EkgB gqGkt B{z 

wIp{s eodk j?. fJ;d/ T[bN ehws tXD s/ T[gG'esk dh n;b nkwdB xZN j[zdh j?. 

• fJj t;s{ fi;dk nkwdB gqGkt, gqfs;EkgB gqGkt s'A tZX j[zdk j?, Gkt ehws xZN j'D 

s/ t;s{ dh wzr th xZN j' iKdh j?, frfcB t;s{nK ejkT[AdhnK jB. 

• frfcB t;s{nK ns/ xNhnK t;s{nK, d'B'A ;fEshnK ftZu nkwdB gqGkt foDkswe j[zdk 

j?. 

 

10H6 Ppde'P (Keywords) 

• g{oe (Complementary) – nB[g{oe. 

• nkwdB (Income) ^ nkwdBh. 

 

10H7 nfGnk; gqPB (Review Questions) 

1H eq/wo fB:w B{z fby'. 

2H ;bN;eh ;wheoD dh ftnkfynk eo'. 

3H b/Aro/Ai ftXh eh j?< 

B'N 
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B'N 4H fBwBso d/ bJh f;ZX eo' fe 

fxx ⋅ fyy < fxy. 

5H u = x3 + x2 – xy + y2 + 4 d/ T[uso ns/ fBwBso w[ZB eZY'. 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H ;fEo          2H T[gG'esk          3H T[dk;hB          4H ;hwKs         5H  

  6H (a)            7H (b)                8H (c)               9H (d)           10H (a)H 
 

10H8 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

2H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

4H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

5H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

6H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

7H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

8H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

9H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 
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fJekJh^11 L gqshpzX T[uso ns/ fBwBso 

 

fJekJh^11L gqshpzX T[uso ns/ fBwBso 

(Constrained Maxima and Minima) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

11H1 bkG nfXeheoD (Profit Maximization) 

11H2 jkBhg{oe wzr cbB (Compensated Demand Function) 

11H3 ;koKP (Summary) 

11H4 Ppde'P (Keywords) 

11H5 nfGnk; gqPB (Review Questions) 

11H6 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• bkG nfXeheoD B{z ;wMD ftZu. 

• jkBhg{oe wzr cbB dh ikDekoh gqkgs eoB bJh. 

 

 

gq;sktBk (Introduction) 

wzB fbU fJZe cow d' T[sgkd Q1 ns/ Q2 dh wksok q1 ns/ q2 dk eq: eqwnB[;ko p1 ns/ p2 dh 

ehws T[Zs/ eq: eodh j? sK nifjh dPk ftZu e[ZbQ nkrw j't/rk^ 

                             R = p1q1 = p2q3                                                                       ....(1) 

wzB fbU cow dk fJZe fBors (Input) d[nkok d' T[sgkdK (Output) θ
1
 ns/ θ

2
 dk T[sgkd eodh 

j?. nfijh dPk ftZu X d/ ;zdoG ftZu cow d/ d' T[sgkd dh bkrs (x), q1 ns/ q2 dk cbB 

j't/rk. Gkt 

                             x = h (q1, q2)                                                                           ....(2)  

nfijh dPk ftZu fJZe cow dh nkrw B{z tZX s'A tZX eoB d/ bJh e[ZbQ nkrw ns/ cbB B{z b?D s/ 

                                             V = p1q1 = p2q2 + µ [x – h (q1q2) σ]                                        ....(3)  

fJZE/ µ b/Aro/Ai r[De j?. ;wheoD (1) dk nzfPe fBy/VB eoe/ Iho' d/ pokpo oZyD s/ 

                                        
1

V

q

∂
∂

= p1 – µh1 = 0   

                         

2

V

q

∂
∂

= p2 – µh2 = 0                                                                       ....(4) 

                                        
V∂

∂µ
= x – h (q1,q2)= 0  
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B'N ;wheoD (1) ns/ (2) B{z b?D s/ 

                                                      (fJZE/,  

T[sgkdB o{gKsoD dh do) 

fJ; soQK                                                       ....(5) 

;wheoD (5) fJj do;kT[Adk j? fe T[sgkdB o{gKsoD dh do ehws nB[gks d/ pokpo j[zdh j? 

fijVh fJj dZ;dh j? fe nkrw o/yk T[sgkd o{gKsoD teo B{z ;goPN eodh j?. 

gfjbhnK eqw PosK B{z j/m nB[;ko do;k ;ed/ jK^ 

                               

iK                             

feT[Ai' RPT B{z ;hwKs T[sgkdB ftZu j/m nB[;ko th do;kfJnkik ;edk j? 

                             

 

 

 

 B'N;       RPT eqw (Second Order) dhnK PosK d/ bJh d{i/ fBy/Ve dk p'ovv j/; ;kofDe 

(Bordered Hession Determinant) nfXeheoD bkG d/ bJh XBkswe j'Dk ukjhdk 

j?. 

 

 

fJ; soQK  

                                                           ....(6) 

;wheoD (6) dk ft;sko eoB s/ 

                         µ (h11 h2
2 – 2h12 h1 h2 + h22h1

2) > 0                                          ....(7) 

iK                          h11 h2
2 – 2h12 h1h2 + h22h1

2) > 0                  ....(8) (feT[Ai'A µ > 0) 

fJ; soQK cow ;wheoD (5) ns/ (7) B{z ;zs[PN eodh j? sK cow fBPfus o{g s'A nkgD/ 

nkrw B{z nfXeheoD eoB ftZu ;cb j't/rh. 

 

11H1 bkG nfXeheoD (Profit Maximization) 

bkG θ
1
 ns/ θ

2
 T[sgkd dh wksok q1 ns/ q2 dk cbB j[zdk j?^ 

                                          π = p1q1 + p2p2 – rh (q1q2)                                                      ....(8) 

;wheoD (8) nzfPe fBy/Ve eoB s/ ns/ T[jBK d/ pokpo Iho' oZyD s/ 

                                                                    ....(i)  
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                                                                     ....(ii) 

;wheoD (1) s/ (2) B{z b?D s/ n;hA gqkgs eod/ jK^ 

                             

iK                                                                  ....(9) 

d{ik eqw PosK (Second-order Conditions) d/ nB[;ko 

                                                            (fJZE/, rh11 < 0) 

;wheoD B{z ft;wko eoB s/ 

                       r2 (h11h12 – h12
2) > 0  

feT[Afe r > 0, d{i/ eqw PosK B{z fBwB nB[;ko do;kfJnk ik ;edk j?^ 

                       h11 > 0 h11 h22 – h12
2 > 0                                                                              ....(10) 

d'B'A fJeZmhnK do;kT[AdhnK jB fe h22 > 0 j'Dk ukjhdk j?. nfijh dPk ftZu jo/e T[sgkd dh 

;hwKs bkrs tXdh j'Jh j[zdh j?. ;wheoD (10) dhnK PosK fJj dZ;dhnK jB fe T[sgkdB 

;zGktBk teo T[; fpzd{ T[Zs/ w[Zb fpzd{ d/ tZb T[Bs'do j[zdh j? fiZE/ ;wheoD (9) dhnK gfjbh^ eqw 

PosK ;zs[PN j[zdhnK jB. cow nfXeheoD bkG dh dPk ftZu j't/rh. 

B'N 

 

 

 Nk;e    i/eo bkG θ
1
 ns/ θ

2
 j? Bkb jh T[sgkd dh wsok q1 ns/ q2 j? sK fJ;dk cbB eh j?< 

 

 

11H2 jkBhg{oe wzr cbB (Compensated Demand Function) 

jkBh g{oe wzr t;s{ dh T[j wksok do;kT[Adk j? fijVh fJZe T[gG'esk fBPfus PosK (fit/A eo, 

nkofEe ;jkfJsk) nkfd d/ nzsors eq: eodk j?. 

i/eo                        U = q1 q2 T[d'A ftnzie 

                                              Z = p1 q1 + p2q2 +  q1 q2  

B{z nzfPe fBy/VB eoe/ Iho' d/ pokpo oZyD s/, 

 

 

 

 

 

q1 ns/ q2 d/ bJh jZb eoB s/ nGhPN jkBhg{oe wzr j't/rh^ 
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B'N T[dkjoD 1L wzr ns/ g{osh cbB j/m nB[;ko j?^ 

                            −q p
5 1

=
2 2

 ns/ q = 2p – 3 

;zs[bB ehws ns/ wksok dZ;'. 

jZb L ;zs[bB dh ;fEsh ftZu t;s{ dh wzr ns/ g{osh d'B'A ;wkB j'DrhnK, Gkt 

 

 

iK 

 

iK 

 

d[pkok 

 

p dk wkB oZyD s/ 

 

 

T[dkjoD 2H i/eo d' t;s{nK d/ bJh T[g:'rsk cbB U = 3x2 y2
 j? ns/ piN ;hwk 2x + 

3y = 18 j't/ sK X s/ Y t;s{nK dh wzrhnK ikD tkbhnK wksoktK B{z gsk eo'. 

jZb (Solution)L fdZsh j'Jh T[g:'rsk cbB j?^ 

                                            U = 3x2y2  

ns/ piN ;hwk (budget constraint) j?^ 

                                   2x + 3y = 18 

iK               2x + 3y – 18 = 0  

b/Aro/Ai r[De dk gq:'r eoB s/ wzr cbB j't/rh^ 

                                             V = 3x2y2 + λ (2x + 3y – 18)                                                 ....(i) 

wzr cbB dk ‘x’‘y’ ns/ ‘λ’ d/ ;zdoG ftZu tZy^tZy fBy/VB nzfPe ehsk ikt/rk. fco T[; s'A 

pknd T[g:'rsk B{z nfXeheoD eoB d/ bJh gfjb/ fBy/Ve (first derivative) B{z Iho' d/ pokpo 

oZyD s/^ 

                                                                                                                                         ....(ii)  

 

                                                                                                                                        ....(iii) 

 

                                                                                                                                         ....(iv) 

;wheoD (2) ns/ (3) B{z b?D s/ 

                         

2

2

2 6

3 6

xy

x y

− λ =
− λ

 iK 

2

3

y

x
=  iK 2 3x y=  

iK                           x = (3/2)y  

x dk wkB ;wheoD (iv) ftZu oZyD s/ 

                  2 × (3/2)y + 3y – 18 = 0  
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iK 6 y = 18 iK y = 18/6 = 3  

y dk wkB d[pkok ;wheoD (iv) ftZu oZyD s/ 

                                  2x + (3 × 3) – 18 = 0  

iK 2x = 9 iK x = 9/2 = 4.5  

fJ; soQK x ns/ y dh wzr ikDB tkbh wksok eqw nB[;ko 4H5 ns/ 3 gqkgs j't/rh. 

T[dkjoD 3L cow dk ft;sko gE T[;d/ ekoeK d/ e[ZbQ you o{g ftZu eZY' i/eo T[sgkdB 

cbB fdZsh j'Jh j?^ P = 12 log L + 30 log K  

ns/ fJ;d/ ndktK dh ehwsK PL = 2 ns/ P2 = 5 j?. 

(Find the firm’s expansion paths expressed in terms of its total expenditure on its inputs in the 
given production function is P = 12 log L + 30 log K and the input prices are PL = 2 and PK = 
5) 

jZb L fJZE/ T[sgkde dk w[Zy T[d/P nkgD/ T[sgkdB (P) B{z tZX s'A tZX eoBk j? id'A fe T[;dk 

gqshpzX (e[ZbQ bkrs) fBwB j?^ 

                                               TC = 2 L + 5 K                                                                  

b/Aro/Ai r[De λ dk gq:'r eoB s/ 

                                                 Z = 12 log L + 30 log K + γ (TC – 2 L – 5 K)                 

Z B{z K ns/ λ d/ ;zdoG ftZu tZy^tZy o{g ftZu nzfPe fBy/VB eoB s/ 

 

                                                                                                                                              ....(i) 

 

                                                                                                                                             ....(ii) 

 

                                                                                                                                            ....(iv) 

;wheoD (i) ns/ (ii) B{z b?D s/ 

 

 

d'BK B{z se;hw eoB s/ 

 

 

iK 

 

iK 

 

iK 

;wheoD (11H1) ftZu L dk wkB oZyD s/ 

 

 

iK 

 

ns/ 

 

B'N 
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B'N (2) fJ; cbB ns/ g?okwhNo v (;wo{gsk e'fN) g?wkB/ dh gqfefonk (Scale of Operation) ns/ 

seBheh gfotosBK s'A gqGkfts j[zdk j?. fJj d'B'A PeshnK g?wkB/ d/ gqfscb dh e'fN B{z 

gqGkfts eo ;ed/ jB, gozs{ fJBQK dk tZyo/ o{g ftZu gsk BjhA ehsk frnk j?. 

(3) fJ; ftZu fJj wkBsk b? e/ uZbd/ jK fe gqfs;EkgB dh b'u e/tb seBheh d/ gfotosB s'A 

gqGkfts j[zdh j? ns/ ;kXBK d/ nB[gks fJ;B{z gqGkfts BjhA eod/ jB, gozs{ fttjkfoe nfXnB 

s'A gsk uZbdk j? fe gqfs;EkgB b'u ;kXBK d/ nB[gksK s'A th gqGkfts j[zdh j?. fJ; soQK fJj 

cbB fJZe pj[s wjZstg{oD sZE B{z SZv fdzdk j?. 

(4) nzs, fJ; cbB dk g?okwhNo δ wkfgnk BjhA ik ;edk. fJ;d/ fJbktk fJ; cbB ftZu 

nzefVnK B{z iKuD ftZu th pj[s w[PfebK dk ;kjwDk eoBk g?Adk j?. 

T[dkjoD 4L fJZe T[sgkdB P = ALα Cβ
 fiZE/ A, α ns/ β ;fEo jB. do;kU fe i/eo 

L ns/ C ekoeK B{z ;wkB nB[gks ftZu tXkfJnk ikt/ ns/ α O β fJekJh d[nkok ;wkB 

j'D s/ T[sgkdB tZX, xZN iK ;wkB nB[gks ftZu tX/rk. 

(The production function is P = ALα Cβ where A, α and β are constant. Show that if the 
factors L, C are increased in the same proportion, the product increases in greater, equal or 
less proportion, according as α + β is greater than, equal to, or less than unity). 

jZbL T[sgkdB cbB j?^ 

                                          P = ALα Cβ
  

wzfBnk ;kXB L ns/ C ftZu r[Dk ψ r[Dk tkXk eo fdZsh ikt/ sK 

                                       = A (ψL)α (ψ C)β
                               (fJZE/ ψ > 0 j?) 

                                            =  ψα+β ALα Cβ
  

                                            = ψα + βP                                                              (∴  P = ALα Cβ)     

i/eo               α O β = 1 j't/ sK 

                                       =  ψP  

fJ; soQK T[sgkdB mhe T[;h nB[gks ftZu tZX ikt/rk fi; nB[gks ftZu ;kXBK ftZu tkXk ehsk 

frnk j?. fJ; ;fEsh ftZu T[sgkdB g?wkB/ d/ ;fEo gqfscb d/ fB:w d/ nzsors j't/rk^ 

i/eo α O β < 12-3 i.e. wzfBnk α O β  T[d'A 

                                      = ψ1/2 P  

fJ; ;fEsh d/ T[sgkdB ;kXBK ftZu tkXk eoB Bkb nB[gks s'A xZN tX/rk. fJj ;fEsh g?wkB 

d/ xNd/ j'J/ gqfscb d/ fB:w dh j't/rh. 

i/eo α O β > 1 i.e. wzfBnk α O β & 2 T[d'A 

                                      = ψ2 P  

 

 

 

eh s[;hA ikDd/ j'      T[sgkdB ;kXBK ftZu tkXk d/ nB[gks s'A tZX j't/rk ns/ T[sgkdB g?wkB d/ 

tXd/ j'J/ gqfscb d/ fB:w d/ nzsors fefonkPhb j't/rk. 

 

 

                         ns/  

fJj ;ko/ w[Zb Io{oh ft;Eko gE dk f;oiB eoBr/. 
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fJekJh^11 L gqshpzX T[uso ns/ fBwBso 

 

T[dkjoD 5L i/eo bkG do (g{zih dh ehws) ;fEo oj/ ns/ g{zih fwjBs nB[gks 10L10 s'A 

pdb e/ 12L11 j' ikt/ ns/ wId{oh ftZu 25# dk tkXk j' ikt/ sK gqfs;EkgB dh b'u 

fBoXkfos eo'. 

(If the profit rate (price of capital remains unaltered, the ratio of amount of capital employed 
per unit of labour shifts from 10 : 10 to 12 : 11, given that rise in wages is 25%. Determine 
the elasticity of substitution).  

jZb (Solution)L n;hA ikDd/ jK fe  

                  gqfs;EkgB dh b'u

/ /

( / )
/

K L

K L

L
L K

K
p P

P P

 ∂   = σ =
∂

 

fJZE/ L ns/ K eqw nB[;ko fwjBs ns/ g{zih B{z gqdofPs eod/ jB ns/ PL/PK ;kXB L ns/ K 

ehwsK dk nB[gks j?. fdZsk j'fJnk j?^ 

  

 

 

 

 

 

 

nozG ftZu 1:1K

L

P

P
= , j[D wId{oh 25# tZX iKdh j? sK nB[gks 1H25L1 & 5$4 j' iKdk j?. 

 

 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H x = .................. (q1q2)  

2H V = p1q1 = p2q2 + µ [x – h (............... )σ] 

3H π = .................. + p2 q2 – rh (q1q2) 

4H gqfs;EkgB dh b'u 

/ /

................

L
L K

K
 ∂   = σ =  

fBwBfbys gqPBK B{z jZb eo' (Solve the following numericals)  

B'N 

 

LOVELY PROFESSIONAL UNIVERSITY                                               179 

 

 

VED1 

E L-LOVELY-H math11-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth 10-9-12 



noEPk;soh dk rfDs 

 

B'N 1H gsk j?^ 

T[g:'rsk cbB, U = q1q2  

gfjbh t;s{ dk w[Zb, P1 = 4 o{L 

d{ih t;s{ dk w[Zb, p2 = 10 o{L 

T[gG'esk dh nkwdB, Y = 100 o{L 

t;s{ dh Q1 ns/ Q2 dk T[gG'r dk ;zs[fbs ;so dZ;' ns/ nfXeheoD dhnK PosK dh 

g[PNh eo'.                                               T[Zso L 

1 2

25
, 5

2
q q = =  

 

2H i/eo T[g:'rsk cbB U = 4q1 q2 + 3q1 ns/ nkwdB fBopZX (Constraints) 60 = 2q2 + 
6q1 j't/ sK tZX s'A tZX T[g:'rsk bJh Q1, Q2, dhnK wksoktK gsk eo'. 

                                                 (T[Zso L q1 = 16.125, q2 = –
4.625) 

3H i/eo s[PNhr[D cB U = (x1, x2) = 2log x2 j't/ sK gfjbh t;s{ d/ bJh wzr teo eh 

j't/rk< i/eo e[ZbQ nkwdB W j? ns/ d' t;s{nK dh ehwsK p1 ns/ p2 jB. 

                                                               T[Zso 1 2
1 2

2
,

3

W W
x x

p p

 
= = 

 
 

11H3 ;koKP (Summary) 

• wzB fbU fJZe cow d' T[sgkd Q1 ns/ Q2 dh wksok q1 ns/ q2 dk eq: eqw nB[;ko p1 

ns/ p2 dh ehws T[Zs/ eq: eodh j? sK nfijh dPk ftZu e[ZbQ nkrw j't/rk^ 

       R = p1q1 = p2q3  

• wzB fbU cow fJZe fBors (Input) s'A d' T[sgkdK (Ouput) θ
1
 ns/ θ

2
 dk T[sgkd 

eodh j?. nfijh dPk ftZu X d ;zdoG ftZu cow d/ d' T[sgkd dh bkrs (x), q1 ns/ 

q2 dk cbB j't/rk. Gkt x = h (q1, q2)  

• bkG θ
1
 ns/ θ

2
 T[sgkd dh wksok q1 ns/ q2 dk cbB j[zdk j?^ π = p1q1 + p2q2 – rh 

(q1q2) 

• jkBh g{oe wzr t;s{ dh T[j wksok do;kT[Adk j? fijVh fJZe T[gG'esk fBPfus PosK 

(fit/A eo, nkofEe ;jkfJsk) nkfd d/ nzsors eq: eodk j?. 

11H4 Ppde'P (Keywords) 

• gqfefonk (Operation) ^ fefonk. 

• nkpzX (Condition) ^ Pos. 

11H5 nfGnk; gqPB (Review Questions) 

1H bkG nfXeheoD B{z ;gPN eo'. 

2H jkBhg{oe wzr cbB eh j?< toDB eo'. 

3H i/eo d' t;s{nK x ns/ y dh T[g:'rsk cbB U = 3x2y2
 ns/ piN ;hwk 2x + 3y = 18 

j't/, sK x s/ y t;s{nK dh wzrh ikD tkbhnK wksoktK B{z gsk eo'.  

                                                                (T[Zso L x = 4.5, y = 3) 
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fJekJh^11 L gqshpzX T[uso ns/ fBwBso 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H h          2H q1q2          3H P1q1           4H  

 

11H6 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

2H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

4H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

5H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

6H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

7H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

8H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

9H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

fJekJh^12L nB[ebB L nB[ebB d/ nXkoG{s fB:w 

(Integration : Basic Rules of Integration) 
 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

12H1 ftnkge nB[ebB (Comprehensive Integrals) 

12H2 wkBe nB[ebB (Standard Integral) 

12H3 xn
 dk x d/ ;kg/y nB[ebB, fiZE/ n ≠–1.  

   (Integration of xn Relative to x, Where n ≠–1)   

12H4 fe;h nuo ns/ fJZe cbB d/ r[DBcb dk nB[ebB 

  (Integration of the Multiplication of a Constant and a Function) 

12H5 cbBK d/ :'rcb iK nzso dk nB[ebB 

  (Integration of the Sum and Subtract of the Functions) 

12H6 ;koKP (Summary) 

12H7 Ppde'P (Keywords) 

12H8 nfGnk; gqPB (Review Questions) 

12H9 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• ftnkge nB[ebB B{z jZb eoB ftZu. 

• wkBe nB[ebB B{z ;wMD ;zpzXh. 

• xn
 dk x d/ ;kg/y nB[ebB, fiZE/ n≠1, Bkb ;zpzXs ;wZf;nktK B{z jZ beoB ;zpzXh. 

• fe;h nuo ns/ fJZe cbB d/ r[DBcb dk nB[ebB eZYD ;zpzXh. 

• cbBK d[nkok :'rcb iK nzso dk nB[ebB eoB ;zpzXh. 

  

gq;sktBk (Introduction) 

cbB dk nB[ebB (Integration of the Function)^fe;h cbB dk fBy/VB gsk eoB dh gqfsb'w 

(Inverse) fefonk B{z nB[ebB (Integration) efjzd/ jB. fBy/VB rfDs ftZu n;hA fdZs/ j'J/ 

cbB dk fBy/VB r[DKe (differential coefficient) gsk eod/ jK, gozs{ nB[ebB^rfDs ftZu ;kB{z 

T[jBK cbBK B{z gsk eoBk j[zdk j? fiBQK dk fBy/VB r[DKe fdZsk j'fJnkj?. 

T[dkjoE ti'A, sin x dk x dk ;kg/y fBy/VB eoB s/ nfBy/VB r[DKe cos x j[zdk j? sK cbB cos 
x dk x d/ ;kg/y nB[ebB eoB s/ nB[ebB (integral) sin x j't/rk. 

wzB fbU f (x), x dk e'Jh cbB j? fi;dk fBy/VB r[DKe f ′ (x) j?, Gkt 

                         { ( )} ( )
d

f x f x
dx

′=  
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fJekJh^12 L nB[ebB L nB[ebB d/ nXkoG{s fB:w 

 

sK n;hA efjzd/ jK fe  dk fJZe nB[ebB (integral), f (x) j?. 

gqsheK dh ;jkfJsk Bkb fJ;B{z j/m nB[;ko fbyd/ jBL 

                              

fuzBQ “ ” nB[ebB dk gqshe j? fi;B{z nB[ebB fuzBQ (sign of integration) efjzd/ jB. fJj 

cbB d/ nB[ebB B{z do;kT[Adk j?. dx ftZu x d[nkok fJj gqrN j[zdk j? fe nB[ebB (integration) 
uo (variable) x d/ ;kg/y ehsk frnk j?. i/eo nB[ebB fe;h j'o uo d/ ;kg/y eoBk j't/, sK x 
d/ ;EkB s/ uo B{z oZy fdzd/ jK. 

;ze/s  nzrq/Ih nZyo S dk fteqs o{g j?. n;b o{g ftZu nB[ebB :'r dh fJZe ftP/P ftXh j? 

ns/ nzrq/Ih Ppd sum d/ gfjb/ nZyo S d[nkok jh ;ze/s  pfDnk j?. 

B'N 

 

 

 B'N;       fe;h cbB dk nB[ebB (integration) eoB dh ftXh B{z nB[ebB eoBk (integration) 
efjzd/ jB. fi; cbB dk nB[ebB ehsk iKdk j? T[;B{z nB[ebB (integrand) efjzd/ 

jB ns/ nB[ebB d[nkok gqkgs cbB B{z nB[ebB (integral) efjzd/ jB. 

 

 

                     ftZu  nB[ebB ns/  nB[ebB j?. 

T[go'es toDB s'A ;gPN j? fe 

 

 

 

 

 

 

 

ns/ 

 

fJ; soQK T[go'es cbBK ftZu cos x, sin x, ex
 ns/  nB[ebB (integrand) jB ns/ sin x, –cos 

x, ex
 ns/ log t nB[ebB (integrals) jB. 

fe;h cbB T[Zs/ eqw nB[;ko nB[ebB ns/ fBy/VB d'B'A fefonktK ehshnK ikD sK cbB nkgDh 

n;b jkbs ftZu ofjzdk j?. 

T[dkjoD ti',  

Gkt, H 

fJ; s'A ;gPN j[zdk j? fe fBy/VB ns/ nB[bB gqfsb'w fefonktK jB. 
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noEPk;soh dk rfDs 

 

B'N 12H1 ftnkge nB[ebB (Comprehensive Integrals) 

fBy/VB rfDs d[nkok, n;hA ikDd/ jK fe i/eo f (x) dk fBy/VB r[DKe (differential 
coefficient) F (x) j?, sK f (x) + c dk fBy/VB r[DKe th F (x) jh j't/rk, fiZE/ c e'Jh ;t?^ 

fJS[Ze nuo (arbitrary constant) j?. 

Gkt i/eo  

 

sK 

 

∴ 

 

fJZE/ c fJZe ;t?^fJS[Ze nuo j? fi;d/ n;zfyn wkB j' ;ed/ jB. 

fJ; soQK fe;h cbB dk nB[ebB ftbZyD (unique) BjhA j[zdk, feT[Ai' c B{z fGzB^fGzB wkB d/D s/ 

F (x) d/ eJh nB[ebB (integrals) gqkgs j[zd/ jB, fJ; bJh i/eo f (x), F (x) dk e'Jh nB[ebB 

(integrals) j't/, sK f (x) + c T[;dk ftnkge nB[ebB (Comprehensive Integral) j't/rk. 

 

 

 

eh s[;hA ikDd/ j'   ;t?^fJS[Ze nuo c B{z nB[ebB nuo (Constant of integration) efjzd/ jB. 

  

12H2 wkBe nB[ebB (Standard Integral) 

wkB cbBK d/ fBy/VB r[DKe d/ nXko s/ n;hA e[ZM wZy cbBK d/ nB[ebBK B{z gsk eoKr/, fijV/ 

fBwB jBL 
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fJekJh^12 L nB[ebB L nB[ebB d/ nXkoG{s fB:w 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

12H3 xn
 dk x d/ ;kg/y nB[ebB, fiZE/ n ≠ - 1  

     (Integration of xn Relative to x, Where n ≠ – 1) 
 

∵ 

 

 

iK 

 

 

∴ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N ;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H fe;h cbB dk fBy/VB gsk eoB dh gqshb'w fefonk B{z HHHHHHHHHHHHHH efjzd/ jB. 

2H fi; cbB dk nB[ebB ehsk iKdk T[;B{z HHHHHHHHHHHH efjzd/ jB. 

3H x a  dx = ...............+c∫  

4H cos ............. dx ...............=  x+c−∫  

5H 1 (.............)n nd
x x

dx
+ =  

 

 

nfsbx{ T[Zsoh gqPB 

        fBwBfbys nB[ebBK (Integrals) dk wkB gsk eo'^ 
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fJekJh^12 L nB[ebB L nB[ebB d/ nXkoG{s fB:w 

 

T[Zso 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

12H4 fe;h nuo ns/ fJZe cbB d/ r[DBcb dk nB[ebB 

     (Integration of the Multiplication of a Constant and a Function) 

 

i/eo 

 

 

∵ 

 

 

 

∵ 

 

 

 

Gkt fe;h nuo ns/ cbB d/ r[DBcb dk nB[ebB T[; nuo ns/ cbB d/ nB[ebB d/ r[DBcb 

d/ pokpo j[zdk j?. 

 

 

 

T[dkjo 1H cbB 15x4
 dk x d/ ;kg/y nB[ebB eo'. 

jZb L            
4 415 15 x  dx =  x  dx∫ ∫  

                            
5 515

3
5

x c = x c= + + H                                      T[Zso 

T[dkjoD 2H ∫  7
dx

x
 dk wkB gsk eo'.. 

jZb L                7 7  7 log .
dx dx

x c
x x

= = +∫ ∫                                       T[Zso 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N 
T[dkjoD 3H  dk wkB gsk eo'. 

jZbL              

                                                        

T[Zso 

T[dkjoD 4H  dk wkB gsk eo'. 

jZbL                                                    

T[Zso 

T[dkjoD 5H cbB ex+a
 dk x d/ ;kg/y nB[ebB eo'. 

jZbL                

                              

                                                                           T[Zso 

 

 

 

 Nk;e      cbB 20x4
 dk x d/ ;kg/y nB[ebB eo'.                        (T[ZsoL 4x5 + c) 

  

12H5 cbBK d/ :'rcb iK nzso dk nB[ebB 

      (Integration of the Sum and Subtract of the Functions) 

i/eo 

 

ns/ 

cbBK d/ :'r iK nzso d/ fBy/VB ;{so d[nkok  

 

 

 

 

 

 

\ 

 

 

fJ; soQK 

 

fJj fefonk fJ;h soQK d'A tZX cbBK d/ bJh ;Zu j?. 

 

 

 

eh s[;hA ikDd/ j'     fe;/ cbBK d/ :'rcb iK nzso dk nB[ebB eqw nB[;ko T[jBK cbBK d/ 

nB[ebB d/ :'rcb iK nzso d/ pokpo j[zdk j?. 
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fJekJh^12 L nB[ebB L nB[ebB d/ nXkoG{s fB:w 

 

 

fJ; soQK 

 

 

 

 

 

 

T[dkjoD 1H cbB x6 + −1

x
ex + 1 dk x d/ ;kg/y nB[ebB eo'. 

jZb L 

 

 

                                                                                        T[Zso 

 

T[DkjoD 2H ∫ 2 2

1
 
sin  cos

 dx
x x

 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

                                                                                        T[Zso 

T[dkjoD 3H 

 −  ∫
1

 3  sec  tan  
5

xe + x x dx
x

 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

                                                                                        T[Zso 

 

T[dkjoD 4H +∫ 2 ( + ) ax bx c dx  dk wkB gsk eo'. 

jZb L 

 

 

 

 

 

 

 

 

fiZE/ d nB[ebB ;fEonze j?.                                                           T[Zso 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

T[dkjo 5H 

 −  ∫
2

1
  x dx

x
 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 6H −∫ 3 (5 4)  x dx  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

 

T[dkjoD 7H cbB 
2sin

2

x
 dk x d/ ;kg/y nB[ebB eo'. 

 

jZb L 

 

 

                                                                                      T[Zso 

 

T[dkjoD 8L −∫ 4 4 (cos sin ) x x dx  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 9H ∫
4

2
 

+1

x
 dx

x
 dk wkB gsk eo'. 

 

jZb L 

 

 

                                                                                      T[Zso 
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fJekJh^12 L nB[ebB L nB[ebB d/ nXkoG{s fB:w 

 

T[dkjoD 10H ∫ 2 tan  x dx  dk wkB gsk eo'. 

 

jZb L              
2 2tan (sec 1) x dx = x  dx−∫ ∫  

                               tan x x c.= − +                                           T[Zso 

 

T[dkjoD 11H 

 
  ∫

5 + 7
+ xx

e  dx
x

 dk wkB gsk eo'. 

jZb L        

5 + 7 7
+  5 +  x xx

e dx = e dx
x x

   +      ∫ ∫  

                               5 + 7 log x= x  x e c.+ +                                   T[Zso 

T[dkjoD 12H 

 
 
 

∫
4 2

4

+ax bx + c
 dx

x
 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

fiZE/ d nB[ebB ;fEo nzr j?.                                                          T[Zso 

T[dkjoD 13H ∫
2

2 +1

x
 dx

x
 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

                                                                                        T[Zso 

T[dkjoD 14H ∫
1

1 + cos 
 dx

x
 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

 

B'N 
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B'N 

T[dkjoD 15H cbB 

−
sec tan 

sec tan 

x + x

x x
 dk x d/ ;kg/y nB[ebB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                      T[Zso 

T[dkjoD 16H cbB 

2( + 2)(4 - 5)x x

x
 dk x d/ ;kg/y nB[ebB eo'. 

 

jZb L 

 

 

 

 

 

 

 

                                                                                      T[Zso 

 

 

 

 

         fBwB fbys dk wkB gsk eo'^ 
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fJekJh^12 L nB[ebB L nB[ebB d/ nXkoG{s fB:w 

 

 

 

 

 

 

 

T[Zso 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

fBwB fbys eEBK ftZu ;Zu iK M{m dh gfjukD eo' (State whether the following 
statements are True or False) – 

6H fe;/ cbBK d/ :'rcb iK nzso dk nB[ebB eqw nB[;ko T[jBK cbBK d/ nB[ebB d/ 

:'rcb iK nzso d/ pokpo j[zdk j?. 

7H fe;h nuo ns/ cbB d/ r[DBcb dk nB[ebB T[; nuo ns/ cbB d/ nB[ebB d/ :'rcb 

d/ pokpo j[zdk j?. 

8H ( ) ( )af x dx = a f x dx ′ ′∫ ∫  

9H 1 2 1 2{ ( ) ( )} ( ) ( )
d d d

f x f x f x f x
dx dx dx

± = ±  

 

12H6 ;koKP (Summary) 

• fe;h cbB dk fBy/VB gsk eoB dh gqshb'w (Inverse) fefonk B{z nB[ebB (Integration) 

efjzd/ jB. fBy/VB rfDs ftZu n;hA fdZs/ cbB dk fBy/VB r[DKe (differential 

coefficient) gsk eod/ jB, gozs{ nB[ebB^rfDs ftZu ;kB{z T[jBK cbBK B{z gsk eoBk 

j[zdk j? fiBQK dk fBy/VB r[DKe fdZsk j'fJnk cbB j?. 

 

B'N 
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B'N • fuzBQ “ ” nB[ebB dk gqshe j? fi;B{z nB[ebB fuzBQ (sign of integration) efjzd/ 

jB. fJj cbB d/ nB[ebB B{z do;kT[Adk j?. dx ftZu x d[nkok fJj gqrN j[zdk j? fe 

nB[ebB (integration) uo (variable) x d/ ;kg/y ehsk frnk j?. 

• fe;h cbB dk eqw nB[;ko nB[ebB ns/ fBy/VB d'B'A fefonktK fdZsh ikD sK cbB 

T[;h soQK ofjzdk j?. 

• fe;h cbB dk nB[ebB ftbZyD (unique) BjhA j[zdk, feT[Ai' c B{z fGzB^fGzB wkB d/D s/ 

F(x) d/ eJh nB[ebB (integrals) gqkgs j[zd/ jB, fJ; soQK i/eo f (x), F (x) dk e'Jh 

nB[ebB (intregal) j't/, sK f (x) + c T[;dk ftnkge nB[ebB (Comprehensive 
Integral) j't/rk. 

 

12H7 Ppde'P (Keywords) 

• gqshb'w (Inverse) ^ T[bNk. 

• gqshe (Symbol) ^ fuzBQ. 

 

12H8 nfGnk; gqPB (Review Questions) 

1H  dk x d/ ;kg/y nB[ebB gsk eo', fiZE/              (T[Zso L ), 

2H nB[ebB  dk wkB gsk eo'.                                 (T[Zso L ex + c) 

3H  dk wkB gsk eo'.                                (T[Zso L –6 cos x + c) 

4H  dk wkB eZY'.                                 (T[Zso L ) 

5H  dk wkB gfoefbs eo'.                          (T[Zso L tan x – x + c) 
 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H nB[ebB          2H nB[ebe          3H          4H sin x        5. n + 1. 

  6H ;Zu               7H M{m               8H ;Zu            9H ;Zu. 

 

12H9 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

2H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

4H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

5H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

6H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

7H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

8H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

9H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 
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fJekJh^13 L nB[ebB dhnK ftXhnK 

 

fJekJh^13L nB[ebB dhnK ftXhnK 

(Methods of Integration) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

13H1 gqfs;EkgB (Substitution) 

13H2 gqfs;EkgB d[nkok gqkgs e[ZM Bshi/ (Some Results Gain from Substitution) 

13H3 xn
 d/ cbB dk nB[ebB (Integration of xn Function) 

13H4 nB[ebe (Integrand) 

13H5 nfijh fGzB dk nB[ebB fi;dk nzP (numerator), jo (denominator) dk fBy/VB^ 

r[DKe j't/ (Integration of the Fraction whose Numerator is Integral Coefficient of 
the Denominator) 

13H6 gqfs;EkgB d[nkok e[ZM wkBe cbBK d/ nB[ebB (Integration of Some Standard 
Function by Substitution) 

13H7 ;koKP (Summary) 

13H8 Ppde'P (Keywords) 

13H9 nfGnk; gqPB (Review Questions) 

13H10 ;zdoG g[;seK (Further Readings) 

   

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• gqfs;EkgB B{z ;wMD ;zpzXh. 

• gqfs;EkgB d[nkok gqkgs e[ZM BshfinK B{z ikDB ;zpzXh. 

• xn
 d/ cbB dk nB[ebB eZYD ;zpzXh. 

• nB[ebe s'A ikD{ j'Dr/. 

• gqfs;EkgB d[nkok e[ZM wkB cbBK d/ nB[ebB eZYD ftZu. 

 

 

gq;sktBk (Introduction) 

fe;h cbB dk nB[ebB gsk eoB dhnK fBwBfbys d' w[ZY ftXhnK jB^ 

1H gqfs;EkgB d[nkok nB[ebB (Integration by Substitution)  

2H yzv d[nkok nB[ebB (Integration by Parts)  
 

13H1 gqfs;EkgB (Substitution) 

fJ; fefonk ftZu fdZs/ j'J/ nB[ebe (Integrand) B{z wkBe ;{soK (Standard formula) ftZu 

gfotosB eoe/ nB[ebB ehsk iKdk j?. fJ;d/ bJh nB[ebe dh uo okPh d/  fe;h cbB B{z j'o 

 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               195 

VED1 

E L-LOVELY-H math13-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12 



noEPk;soh dk rfDs 

 

B'N uo okPh d/ pokpo oZyd/ jB ns/ nB[ebe ftZu gqfs;Ekfgs eoe/ nB[ebe B{z BthA uo okPh 

d/ cbB d/ o{g ftZu fJ; soQK gfotfss eo b?Ad jB fe ;{soK dk gq:'r ;obsk Bkb ehsk ik 

;e/. 

 

13H2 gqfs;EkgB d[nkok gqkgs e[ZM Bshi/  

      (Some Results Gain from Substitution) 

(i) cbB sin (ax + b) dk x d/ ;kg/y nB[ebB gsk eo'. 

jZb L wzB fbU          ax + b = t  

                     

iK                           

∴                

                                 

 

 

 

 B'N;        

 

 

T[go'es T[dkjoD Bkb fBwBfbys cbBK d/ x d/ ;kg/y nB[ebB gsk eo ;ed/ jB^ 
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(ii) cbB 
2 2

1

+a x
 dk x d/ ;kg/y nB[ebB eo'. 

jZb L wzB fbU                  x = at            ∴              dx = a dt 

 

 

 

 

 

 

 

 

 

 

fJ; bJh 

 

fJ;h soQK 

 

 

 

 

 

 

 

 

T[go'es BshfinK B{z nB[ebB ftZu fpBK fe;h gqfs;EkgB d/ tos ;ed/ jK. 

 

 

nfs bx{ T[Zsoh gqPB 

T[dkjoD 1H −∫ 3( 1 5 + 9 )xx e dx H 

jZb L 

 

 

 

 

                                                                                        T[Zso 

 

T[dkjo 2H wkB gsk eo'^ 

                      ∫ sin 4 cos 6x x dx H 

 

 

 

 

 

 

 

 

B'N 
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                                                                                      T[Zso 

 

T[dkjoD 3H ∫ 3sin   dθ θ  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 4H −∫ 1 sin x dx  dk wkB gsk eo'. 

 

 

 

 

 

 

 

∴ 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 5H 

 + − −  ∫ 2 25
7 + sec 3 2 1 5

2 + 7
xe x x  dx

x
 dk wkB gsk eo'''. 

 

jZbL 
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fBwBfbys cbBK dk x d/ ;kg/y nB[ebB gsk eo'^ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[Zso 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B'N 
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13H3 xn
 d/ cbB dk nB[ebB (Integration of xn Function) 

i/eo xn
 d/ cbB ftZu xn-1

 dk r[DBcb fdZsk j[zdk j? sK T[; cbB dk nB[ebB xn = t wzB e/ 

ehsk ik ;edk j?. 

n;hA ikDd/ jK fe 

                  , fiZE/  

j[D i/eo fJ; ;{so ftZu 

                                

∴    oZyhJ/ sK n Bkb Gkr d/D s/ 

                       

 

 

 

eh s[;hA ikDd/ j'      i/eo nB[ebe dk o{g  j?, sK xn = t wkB oZyD Bkb 

nB[ebB ;ob j' iKdk j?. 

  

 

 

T[dkjoD 1L cbB cos2 x sin x dk x d/ ;kg/y nB[ebB gsk eo'. 

jZb L 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 2H  dk wkB gsk eo'. 

 

jZb L wzfBnk                      1 – x3 = t 

∴                                                       – 3x2 dx = dt 
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fJekJh^13 L nB[ebB dhnK ftXhnK 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                        T[Zso 

T[dkojD 3H 

+∫
dx

x x
 dk wkB gsk eo'. 

jZb L wzfBnk 

 

 

∴ 

 

 

∴ 

 

 

 

 

 

 

                                                                                        T[Zso 

T[dkjoD 4H 

π 
  ∫ x +  dxsin 2

2
 dk wkB gsk eo' 

 

jZb L 

 

 

                                                                                        T[Zso 

 

T[dkjoD 5H 

−∫ 2

sin 

9  cos  

x
 dx

x
 dk wkB gsk eo'. 

 

B'N 
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B'N jZb L wzfBnk            cos x = t 

∴                               –sin x dx = dt 

∴                                 sin x dx = –dt 

 

 

 

 

 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 6H wkB gsk eo'^ 

                         ∫
x

 dx.
x

log 
 

 

jZb L 

 

wzfBnk 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 7H 

+∫
x

 
x

7

161
 dk wkB gsk eo'. 

jZb L wzB fbU x8 = t sK 8x7 dx = dt  
 

 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 8H ∫  x x x dx 3 2 2sin   cos  dk wkB gsk eo'. 

jZb L wzB fbU           sin x2 = t    ⇒    (cos x2) 2x dx = dt  
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                                              T[Zso 

T[dkjoD 9H  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

                                                                                        T[Zso 

 

T[dkjoD 10H  dk wkB gsk eo'. 

jZb L wzB fbU 1 + log x = t sK  

∴ 

 

 

                                                                                        T[Zso 

 

B'N 

 

 

 Nk;e         dk wkB gsk eo'. 

                                              [T[Zso L ] 

 

 

 

 

fBwB nB[ebBK d/ wkB gsk eo' ^ 
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T[Zso 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H gqfs;EkgB fefonk ftZu fdZs/ rJ/ nB[ebe B{z wkBe ;{soK ftZu pdb e/ HHHHHHHHHHH ehsk 

iKdk j?. 

2H 
1

sin( ) cos(............)ax b dx c
a

+ = − +∫  

3H 2 ...............
sec  ax dx c

a
+ = − +∫  

4H i/eo xn
 d/ cbB ftZu HHHHHHHHHHHH dk r[DBcb fdZsk j[zdk j? sK T[; cbB dk nB[ebB xn 

= t ehsk ik ;edk j?. 
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13H4 nB[ebe (Integrand) 

i/eo nB[ebe (Integrand) φ [f (x)] (x) d/ o{g dk j't/ Gkt fJj fe;h okPh f (x) d/ cbB ns/ 

fJ;h okPh f (x) d/ fBy/VB r[DKe  dk r[DBcb j't/ iK fJ; o{g ftZu fbfynk ik ;edk j't/ 

sK n;hA fJ; okPh f (x) B{z t d/ pokpo wkB e/ nB[ebB eod/ jB. 

B'N 

 

 

 B'N;            i/eo f (x) = t sK  (x) dx = dt  

∴               (wzB fbU) 

                          = ψ [φ(x)], [t dk wkB oZyD s/] 

 

 

 

 

T[dkjoD 1H  dk wkB gsk eo'. 

jZb L wzB fbU sin x = t  cos x dx = dt.  

fJ; soQK             

                                                                  

T[Zso 

T[dkjoD 2H  dk wkB gsk eo'. 

jZb L wzB fbU    wzB fbU sK  

                     

∴             

                                   &                                        T[Zso 

T[dkjoD 3H  dk wkB gsk eo'. 

jZb L wzB fbU  

 

 

∴                                                                                      T[Zso 

 

T[dkjoD 4H  dk wkB gsk eo'. 

jZb L wzB fbU  log x = t        dx = dt  
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∴ 

 

 

 

 

                                                                                      T[Zso 

 

 

 

 

nfs bx{ T[Zsoh gqPB 

fBwBfbus d/ wkB gsk eo'^ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[Zso 
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13H5 nfijh fGzB dk nB[ebB fi;dk nzP (numerator), jo (denominator) 
dk fBy/VB^r[DKe j't/ (Integration of the  Fraction whose  
Numerator            is Integral Coefficient of the Denominator)                                          . 

wzB fbU n;hA  dk wkB gsk eoBk j? fiZE/ ,  dk fBy/VB^r[DKe j?. 

 oZyD s/,  

∴                

fJ; soQK         

B'N 

 

 

eh s[;hA ikDd/ j'      i/eo fe;h fGzB dk nzP (Nr), jo (Dr) dk fBy/VB r[DKe j't/ sK T[; fGzB dk 

nB[ebB jo d/ bx[rDe (log) d/ pokpo j't/rk. 

       ∴            

 

 

 

 

T[dkjoD 1H  dk wkB gsk eo'. 

jZb L wzB fbU 1 + ex = t sK ex dx = dt   

∴                
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                                         T[Zso 

T[dkjkoD 2H  dk wkB gsk eo'. 

jZb L wzB fbU 

∴ 

 

iK 

 

 

∴ 

 

 

                                                                                      T[Zso 

 

T[dkjoD 3H  dk wkB gsk eo'. 

jZb L wzB fbU   

 

fJ; soQK                                                                             T[Zso 

 

T[dkjoD 4H  dk wkB gsk eo'. 

jZb L  

 

 

 

                                                                                      T[Zso 

 

 

 

 

 Nk;e         dk wkB gsk eo'. 

                                        (T[Zso L ) 

 
 

13H6 gqfs;EkgB d[nkok e[ZM wkBe cbBK d/ nB[ebB (Integration of 
Some Standard Function by Substitution) 

(i) tan x ns/ cot x d/ nB[ebB 

(1)                 

wzB fbU cos x = t, fBy/VB eoB s/ –sin x dx = dt  

∴                  
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∴ 

 

(2)               

cos
cot

sin

x
 x dx dx

x
=∫  

wzB fbU sin x = t, fBy/VB eoB cos x dx = dt  

∴                cot log log sin
dt

 x dx =   t +c =    x +c
t

=∫ ∫  

 

 

 

 

 

 

bx{ T[Zsoh gqPB 

fBwBfbys dk wkB gsk eo'^ 

 

 

 

 

 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

pj[ftebgh gqPB (Multiple Choice Questions)^ 

5H sin cos x  x dx∫  dk wkB j?^ 

       (a) 21
sin

2
x c+                              (b) 21

cos
2

x c+  

     (c) 21
cos ec

2
x c+                            (d) fJBQK ftZu'A e'Jh BjhA. 

6H 3 2cot . cos ec dθ θ θ∫ dk wkB j't/rk^ 

     (a) 
4cot

4
+c

θ
                               (b)

4cot

4
+c

θ−  

     (c) 
4cos ec

4
+c

θ
                             (d) e'Jh BjhA. 

 

B'N 
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tan log cos x dx x c= − +∫  iK log sec x c+  

cot log sin x dx    x +c.=∫
 

gqPBktbh 13H4 
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noEPk;soh dk rfDs 

 

B'N 7H sin (loge x) + c fe;dk jZb j' ;edk j?< 

     (a) 2 2sin cosx  x dx∫                     (b) 2 2cot cos ecx  x dx∫  

     (c) 
cos(log )e  x   dx

x∫                      (c) fJBQK ftZu'A e'Jh BjhA. 

8H log 1 x e  c+ +  fe;dk jZb j?< 

     (a) 
1

x

x

e
dx

e+∫                            (b) 
1 x

x

e
dx

e

+
∫  

     (c) xe  dx∫                                (d) 
1

x

x

e
dx.

e

−
+∫  

13H7 ;koKP (Summary) 

• fe;h cbB dk nB[ebB gsk eoB dh fBwB fbys d' w[Zy ftXhnK jB^ 

(i)  gqfs;EkgB d[nkok nB[ebB (Integration by Substitution)  

(ii)  yzv d[nkok nB[ebB (Integration by Parts)  

• fJ; fefonk ftZu fdZs/ j'J/ nB[ebe (Integrand) B{z wkBe ;{soK (Standard formulae) 
ftZu gfotofss eoe/ nB[eb ehsk iKdk j?. 

• i/eo nB[ebe (Integrand) φ [f (x)] f ′ (x) d/ o{g dk j't/ Gkt fJj fe;h okPh f (x) d/ 

cbB ns/ fJ;h okPh f (x) d/ fBy/VB r[DKe f ′ (x) dk r[DBcb j't/ iK fJ; o{g ftZu 

fbfynk ik ;edk j't/ sK n;hA fJ; okPh f (x) B{z t d/ pokpo wzB e/ nB[ebB eod/ 

jK. 

13H8 Ppde'P (Keywords) 

1H gqfs;EkgB (Substitution) ^ ft;EkgB. 

2H ftXh (Methods) ^ sohek. 

13H9 nfGnk; gqPB (Review Questions) 

1H 2sec 3x dx∫  dk wkB eZY'.                                     (T[Zso L 

tan 3

3

x
c+ ) 

2H 3sin  dθ θ∫  dk wkB gfoefbs eo'.              (T[Zso L 

3 1
cos cos3

4 12
c− θ + θ + ) 

3H cbB cos2 x sin x dk x d/ ;kg/y nB[ebB gsk eo'.          (T[Zso L 

3cos

3

x
c− + ) 

4H sin 2
2

x+  dx
π 

  ∫ dk wkB gsk eo'                              (T[Zso L

sin 2

2

x
c+ ) 

5H 
1

2

4sin

(1 )

x
dx

x

−

−∫  dk wkB eZY'                                 (T[Zso L 2 (sin-1 x)2 + c) 
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fJekJh^13 L nB[ebB dhnK ftXhnK 

 

T[Zso L ;t?^w[bKeD (Answer : Self Assessment) 

  1H nB[ebB           2H ax + b          3H tan ax          4H xn-1
  

  5H (a)                6H (b)              7H (c)             8H (a)  
 

13H10 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

2H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

5H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

6H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

7H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

8H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

9H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

fJekJh^14L :'r (i'V) d/ o{g ftZu nB[ebB 

(Integration as a Summation) 
 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

14H1 d' cbBK d/ r[DB dk nB[ebB (tzfvnk j'fJnk nB[ebB) gsk eoBk [Finding 

Integral of Multiplication of Two Functions (Divided Integration)] 

14H2 nzfPe fGzBK d[nkok nB[ebB (Integration by Partial Fractions) 

14H3 d' wkBe nB[ebB (Two Standard Integral) 

14H4 ;koKP (Summary) 

14H5 Ppde'P (Keywords) 

14H6 nfGnk; gqPB (Review Questions) 

14H7 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• d' cbBK d/ r[DB dk nB[ebB gsk eoB ;zpzXh. 

• nzfPe fGzBK d[nkok nB[ebB gsk eoB ftZu. 

• d' wkBe nB[ebB dh ikDekoh gqkgs eoB ftZu. 

  

gq;sktBk (Introduction) 

nB[ebB fB:w dk gq:'r eoB s'A gfjbK ;kB{z fJj d/yDk ukjhdk j? fe fefonk B{z fJZe iK d' 

tko eoB s/ nB[ebe iK sK fe;h gqwkfDe nB[ebe dk o{g b? bJ/ iK nfij/ o{g ftZu nk ikJ/ 

fi;dk nB[ebB ehsk ik ;e/. i/eo d' cbBK ftZu'A fJZe cbB nfijk j't/ fi;dk nB[ebB ;kB{z 

gsk Bk j't/, sK T[; cbB B{z ;dk gfjbk cbB wzBDk ukjhdk j?. i/eo ;Zi/ gZy ftZu nB[ebB 

foD fuzBQ d/ Bkb nkgD/ gfjb/ o{g ftZu nk iKdk j? sK ;wheoD jZb eoB ftZU fB:wK dk gq:'r 

eoe/ gqPB jZb eoBk ukjhdk j?. 

 

14H1 d' cbBK d/ r[DB dk nB[ebB (tzfvnk j'fJnk nB[ebB) gsk eoBk 

      [Finding Integral of Multiplication of Two Functions (Divided 
Integral] 

 

i/eo f (x) ns/ cbB φ(x) dk r[DB f (x). φ(x) j't/ sK T[;dk fBy/VB 

                   { ( ). ( )} ( ) ( ) ( ) ( )
d

f x x f x  x f x  x
dx

′ ′φ = φ + φ  

d'jK gZyK dk x d/ ;kg/y nB[ebB eoB s/ 
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fJekJh^14 L :'r (i'V) d/ o{g ftZu nB[ebB 

 

 

 

iK 

 

 

 

  gfoGkPk Bkb  dk  d/ ;kg/y nB[ebB j? fJ; soQK  d/ ;EkB 

f dk oZfynk frnk j?. T[go'es Bshi/ B{z ;ob o{g ftZu do;kT[D d/ bJh f (x) d/ ;EkB 

s/ f1(x) ns/  d/ ;EkB f2(x) oZyD s/ 

 

 

 

 

B'N 

 

 

eh s[;hA ikDd/ j'      d' cbBK d/ r[DB dk nB[ebB 

                     & gfjbk cbB × d{i/ cbB dk nB[ebB 

                     ^[gfjb/ cbB dk fBy/VB r[DKe × d{i/ cbB dk nB[ebB dk nB[bB] 

 

 

T[go'es fB:w dk gq:'r eoB s'A gfjbK fJj d/y b?Dk ukjhdk j? fe T[go'es fefonk B{z fJZe iK 

d' tko eoB s/ nB[ebe iK sK fe;h gqwkfDe nB[ebe dk o{g b? bJ/ iK nfij/ o{g ftZu nk ikJ/ 

fi;dk nB[ebB gsk ehsk ik ;e/. fJ; ftXh dh ;cbsk pj[s e[ZM nB[ebe d/ gfjb/ ns/ d{i/ 

cbB d/ nfXnB T[Zs/ fBoGo eodh j?. gfjb/ cbB dh u'D fJ; soQK ehsh iKdh j? fe ;Zi/ gZy d/ 

d{i/ gd dk nB[ebB ;obskg{oD Yzr Bkb ehsk ik ;e/. fJ; soQK gfjb/ cbB dh u'D ftZu 

;ktXkBh posDh ukjhdh j?. 

fJ; ftXh d/ gq:'r ftZu e[ZM wjZstg{oD rZbK fJ; soQK jB^ 

(1) i/eo d' cbBK ftZu'A fJZe cbB nfijk j't/ fi;dk nB[ebB (integral) ;kB{z gsk Bk j't/, sK 

T[; cbB B{z jw/PK gfjbk cbB wzBDk ukjhdk j?. 

 ftZu log x dk nB[ebB n;hA ikDd/. fJ; bJh log x B{z gfjbk cbB wzBDk ukjhdk 

j?. 

(2) i/eo d'B'A cbB nfij/ j'D fe d'jK dk jh nB[ebB (integral) ;kB{z gsk j't/ sK T[jBK ftZu'A 

i/eo xn
 d/ o{g dk e'Jh fJZe cbB j't/, sK T[;B{z jw/PK gfjbk cbB wzB'. 

T[dkjoD ti'A,  ftZu  B{z gfjbk cbBk wzBDk ukjhdk j?. 

(3)  nkfd dk nB[ebB gsk eoB d/ bJh ‘1’ B{z jw/PK d{ik cbB wzB e/ 

nB[ebB eod/ jB. 

fit/A  nkfd. 

(4) io{os nB[;ko tzfvnk j'fJnk nB[ebB d/ ;{so dk gq:'r fJZe s'A tZX tko eoBk ukjhdk j?. 

(5) i/eo ;Zi/ gZy ftZu nB[bB foD fuzBQ d/ Bkb nkgD/ g[okD/ o{g ftZu nk iKdk j? sK ;wheoD 

jZb eoB d/ fB:wK dk gq:'r eoe/ gqPB jZb eoB/ ukjhd/ jB. 
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noEPk;soh dk rfDs 

 
  

B'N 

 

 

 B'N;        n;hA, Ppd ‘ILATE’ ftZu, gfjbK nkT[D tkb/ cbB B{z gfjbk cbB s/ pknd 

ftZu nkT[D tkb/ cbB B{z d{ik cbB u[D e/ tzfvnk j'fJnk nB[ebB eo ;ed/ 

jK. 

 

 

fiZE/ I-(Inverse trigonometrical functions) gqshb'w fse'Dfwsh cbBK (sin-1 x, cos-1 x, tan-1 x 
nkfd) d/ bJh j?. 

L-(Logarithmic functions) bx[rDe cbBK (log x, log (x2 ± a2) nkfd) d/ bJh j?. 

A-(Algebraic functions) phie cbBK (x, x + 1, 2x,  nkfd) d/ bJh j?. 

T-(Trigonometrical functions) fse'Dfwsh cbBK (sin x, cos x, tan x) d/ bJh j?. 

E-(Exponential functions) uoxksh cbBK (ax, ex, 2x, 10x, 3-x nkfd) d/ bJh j?. 

T[AM sK tzfvnk j'fJnk nB[ebB eoB d/ d"okB cbBK dh u'D dh e'Jh gqwkfDs ftXh BjhA j?, 

fco th ftfdnkoEh T[go'es fNZgDh ftZu toDs ‘ILATE’ d[nkok cbBK dh u'D eoe/ tzfvnk 

j'fJnk nB[ebB eo ;ed/ jB. 

 

 

T[dkjoD 1H  dk wkB gsk eo'. 

jZb L wzB fbU fJZE/ fJekJh d{ih cbB j? feT[Afe i/eo loge x B{z d{ik cbB fdZsk ikt/ sK fJ; 

dk nB[ebB BjhA gsk bZr ;edk. 

 

 

 

 

 

 

 

                                                                                      T[Zso 

 

ukjhJ/ sK n;hA x loge x – x B{z  th fby ;ed/ jK, feT[Afe loge e = 1H 

T[dkjoD 2H  dk wkB gsk eo'. 

jZb L fJZE/ nB[ebe d/ d' r[Dbyzv jB, x ns/ sin x d'jK dk nB[ebe gsk j? gozs{ fJBQK ftZu'A 

cbB x, xn
 d/ gqeko dk j?. fJ; bJh fJ;B{z gfjbk cbB wzBDk ukjhdk j?. 

 

fJ; soQK 

 

 

 

 

 

                                                                                      T[Zso 
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fJekJh^14 L :'r (i'V) d/ o{g ftZu nB[ebB 

 

T[dkjoD 3H ∫ 2 logx   x dx  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

 

 

                                                                                        T[Zso 

 

T[dkjoD 4H ∫ lognx   x  dk nB[ebB eo'. 

jZb L               log logn nx x dx = x x  dx∫ ∫  

[log x, fi;dk nB[ebB gsk BjhA j? fJ; bJh fJ;B{z gfjbk cbB wzB fbU.]  
 

 

 

 

 

 

 

 

 

T[dkjoD 5H ∫ 2 cosx   x dx  dk wkB gsk eo'. 

jZb L wzB fbU x2
 gfjbk cbB j?. 

∴              

2 2.cos .sin 2 sinx x dx = x x x.  x dx.−∫ ∫  

d{i/ nB[ebB ftZu x B{z gfjbk cbB wzB fbU fco yzvK d[nkok nB[ebB eo'. 

∴ 

 

 

 

 

 

                                                                                        T[Zso 

 

T[dkjoD 6H ∫ sinxe   x dx  dk wkB gsk eo'. 

jZb L wzB fbU ex
 gfjbk cbB j?. 

∴ 

 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N d[pkok yzvK d[nkok nB[ebB Bkb, 

               sin cos [ sin sin ]x x x xe x dx = e x e x e  x dx− + −∫ ∫  

nkyhob/ gd B{z yZp/ gk;/ b? ikU. fco 2 Bkb Gkr d/D s/ 

               

1
sin (sin cos )

2
x xe x dx = e x x c.− +∫                                    

T[Zso 

T[dkjoD 7H ∫ 2

1
 log x dx

x
 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 8H cbB x2 ax
 dk x d/ ;kg/y nB[ebB eo'. 

jZb L wzfBnk I = 2 xx  a  dx∫  

fJZE/ nB[bebe d' cbBK x2
 ns/ ax

 r[DBcb j?. fiZE/ x2
 fJZe phie cbb j? ns/ ax

 uoxkszeh 

cbB j? ns/ ILATE ftZu gfjbk A nZyo nkT[Adk j?. fJ; bJh x2
 gfjbk cbB ns/ ax

 B{z d{ik 

cbB b? e/ tzfvnk j'fJnk nB[ebB eoBr/. 

 

 

 

 

 

 

 

 

∴                                                                                    T[Zso 

 

T[dkjoD 9H + +∫ 2 2log { }x x a  dx  dk wkB gsk eo'. 

 

jZb L 
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fJekJh^14 L :'r (i'V) d/ o{g ftZu nB[ebB 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                        T[Zso 

T[dkjoD 10H dk wkB eZY'. 

 

jZb L 

 

 

 

 

 

 

 

 

 

                                                          (1 + x2 = t ns/ 2x dx = dt oZyD s/) 

 

 

 

 

                                                                                        T[Zso 

 

B'N 

 

 

 Nk;e          dk wkB gsk eo'.           (T[Zso L (x2 – 2) sin x + 2x cosx + c) 

 

 

T[dkjoD 11H  dk wkB gsk eo'. 

 

jZb L 
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noEPk;soh dk rfDs 

 

B'N  

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 12H ∫ 1 + cos

x
 dx

 x
 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 13H 
−∫ 1 1

cos  dx
x

dk wkB gsk eo'. 

 

jZb L wzfBnk                                               

 

 

 

 

sec–1 x B{z gfjb/ ns/ 1 B{z d{i/ cbB b? e/ tzfvnk j'fJnk nB[ebB eoB s/ 

 

 

 

 

 

 

 

 

                                                                                      T[Zso 
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1 11
cos sec x

x
− − =  

∵  



 

fJekJh^14 L :'r (i'V) d/ o{g ftZu nB[ebB 

 

 

 

bx{ T[Zsoh gqPB 

fBwBfbys nB[ebB dk wkB gwk eo'^ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[Zso 

 

 

 

 

 

 

 

 

 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

14H2 nzfPe fGzBK d[nkok nB[ebB (Integration by Partial Fractions) 

n;hA f;ZX eo u[Ze/ jK fe e[ZM e[ cbBK d/ :'i iK nzso dk nB[ebB T[jBK cbBK d/ nB[ebBK 

d/ :'r iK nzso d/ pokpo j[zdk j?. fJ; bJh nB[ebB dh fJZe wjZstg{oD ftXh fdZs/ j'J/ 

cbBK B{z :'r iK nzsod/ o{g ftZu gfotofss eoe/ (s'V e/) T[go'es f;XKs dk gq:'r eoB dh 

j?. fJ;d/ bJh nzfPe fGzBK dhnK ftXhnK dk io{os nB[;ko T[g:'r ehsk iKdk j?. 

nzfPe fGzBK ftZu Gzr eoB dhnK ftXhnK B{z nkg nkgDh phirfDs dh g[;sse ftZu gVQ u[Ze/ 

jK. 

phirfDs s'A s[;hA ikDd/ j' fe jo/e pj[gd d/ fJZexks ns/ d'xks r[Dbyzv ehs/ ik ;ed/ 

jB^j' ;edk j? fe e[ZM r[Dbyzv eJh tko nkT[D. cb;o{g gfow/: fGzB d/ nzfPe fGzB fJ; 

soQK d/ j'Dr/^ 

(i) jo d/ Bk^d[jokT[D:'r (non-repeated) fJZe xks r[Dbyzv x – a d/ ;zrs nzfPe fGzB 

A

x a−
 d/ o{g dk j[zdk j?, fiZE/ A ≠ a H 

(ii) jo/e pkowpko (repeated) r[Dbyzv (x – b) d/ ;zrs r nzfPe fGzB fBwBfbys o{g d/ 

j[zd/ jB. 
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fJekJh^14 L :'r (i'V) d/ o{g ftZu nB[ebB 

 

1 2
2

...........
( ) ( )

r
r

B B B

x b x b x b
+ + +

− − −
 

fJZE/ B ≠ 0.  

(iii) x2 + px + q d/ yzv fijV/ fJZe s'A tZX tko Bk nkT[D ;zrs nzfPe fGzB 

2

Cx D

x px q

+
+ +

 d/ 

o{g dh j't/rh. fJZE/ C ns/ D d'B'A Iho' BjhA j' ;ed/. 

(iv) x2 + px + q d/ yzv fijV/ r tko nkJ/ j'D iK i/eo yzv (x2 + px + q)r
 j? sK T[jBK d/ ;zrs 

nzfPe fGzB 

1 1 2 2
2 2 2 2

..........
( ) ( )

r r
r

C x D C x D C x D

x px q x px q x px q

+ + +
+ + +

+ + + + + +
 d/ o{g dh j't/rh. 

 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H i/eo d'B'A cbB nfij/ j'D fe d'jK dk jh HHHHHHHHHH gsk j't/, sK T[jBK ftZu'A i/eo xn
 d/ 

o{g dk e'Jh fJZe cbB j't/, sK T[;B{z ;dk gfjbk cbB wzBd/ jB. 

2H io{os nB[;ko HHHHHHHHHHHHHH nB[ebB d/ ;{so dk gq:'r fJZe s'A tZX tko eoBk ukjhdk j?. 

3H tzfvnk j'fJnk nB[ebB eoB d/ d"okB cbBK dh u'D dh e'Jh HHHHHHHHHHH ftXh BjhA j?. 

4H fJZe cbBK d/ :'r iK nzso dk nB[ebB T[jBK cbBK d/ nB[ebBK d/ :'r iK nzso d/ 

HHHHHHHHHHH jz[dk j?. 

5H jo/e pj[gd fJZe xks ns/ HHHHHHHHHHHH r[Dbyzv ehs/ ik ;ed/ jB. 

 

14H3 d' wkBe nB[ebB (Two Standard Integral)  

1H 

−∫ 2 2

1
 dx

x a
 dk wkB gsk eo', id'A fe x > aH 

jZb L ∵             
2 2

1 1

( )( )x a x ax a
=

+ −−
 

wzB fbU             
2 2

1 ( ) ( )

( )( )

A B A x a B x a

x a x a x a x ax a

− + += + =
+ − + −−

 

∴       A (x – a) + B (x + a) = 1 

⇒         (A + B) x + (B – A) a = 1  

d'jK gZyK d/ r[DKe dh s[bBk eoB s/ 

 

∴ 

 

∴ 

 

∴ 

 

 

 

B'N 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               221 

 

VED1 

E L-LOVELY-H math14-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  10-9-12 



noEPk;soh dk rfDs 

 

B'N  

 

 

 

 

 

 

 

2H 

−∫ 2 2

dx

a x
 dk wkB gsk eo', id'A fe x > a H 

 

 

 

 

 

 

 

∴ 

 

 

 

 

T[dkjoD 1H 

−∫
dx

a x b2 2 2
 dk wkB gsk eo'. 

 

jZb L  

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 2H 

−∫
dx

x224 6
 dk wkB gsk eo'. 

 

jZb L 

 

 

                                                                                      T[Zso 

 

T[dkjoD 3H 

− −∫ dx
x x2

1

5 2
 dk wkB dZ;'. 

 

jZb L 

 

 

 

 

∵ ;{so Bkb, 
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fJekJh^14 L :'r (i'V) d/ o{g ftZu nB[ebB 

 

∴            

2

1 6 ( 1)
log

5 2 2 6 6 ( 1)

dx x
c.

x x x

+ += +
− − − +∫                                  T[Zso 

T[dkjoD 4H '
− − −∫

3

( 1)( 2)( 3)

x
dx

x x x
 dk wkB gsk eo'. 

jZb L 

3 3 1 1 9 1
6. .

( 1)( 2)( 3) 2 ( 1) ( 2) 2 ( 3)

x

x x x x x x
= − +

− − − − − −
 nzfPe fGzBK ftZu yzvs eoB 

s/

3

( 1)( 2)( 3)

x
dx

x x x− − −∫  

                           

3 9
6

2 1 2 2 3

dx dx dx

x x x
= − +

− − −∫ ∫ ∫  

                           

3 9
log ( 1) 6 log ( 2) log ( 3)

2 2
x x x c.= − − − + − +             T[Zso 

T[dkjoD 5H 

−∫
dx

x + x22 1
 dk wkB gsk eo'. 

jZb L ∵
2

1 1

( 1)(2 1)2 1 x xx x
=

+ −+ −
 

fJ; soQK wzB fbU 

2

1 (2 1) ( 1)

1 2 1 ( 1)(2 1)2 1

A B A x B x

x x x xx x

− + += + =
+ − + −+ −

 

∴   A (2x – 1) + B (x + 1) = 1  

iK    (2A + B) x + (B – A) = 1  

d'jK gZyK d/ r[DkeK dh s[bBk eoB s/ 

 

 

 

 

 

 

∴ 

 

 

 

 

 

                                                                                        T[Zso 

 

T[dkjoD 6H 

−∫
dx

x x3
 dk wkB gsk eo'. 

jZb L  
3 2

1 1 1

(1 )(1 )(1 ) x x xx x x x
= =

− +− −
 

 

B'N 
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wzB fbU 

 

                                                                                     HHHH(1) 

 

 

 

 

∴ 

 

 

                                                                                      T[Zso 

 

T[dkjoD 7H 

−∫
dx

x24
 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

T[dkjoD 8H wkB gsk eo' ∫ dx
x b x a2 2

1

( + )( + )
H 

jZb L nB[ebe B{z nzfPe fGzB ftZu i'VB s/ 

 

 

 

 

jZb eoB s/ 
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fJekJh^14 L :'r (i'V) d/ o{g ftZu nB[ebB 

 

T[dkjoD 9L ∫
dx

x31 +
 dk wkB gsk eo'. 

 

jZb L 

 

jZb eoB s/ 

 

 

 

∴ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 10H 

−
−∫

x
dx

x x2

2 3

+ 3 18
 dk wkB gsk eo'. 

 

jZbL 

 

iK 

id'A 

 

 

 

id'A 

 

 

 

 

T[d'A 

 

                                                                                        T[Zso 

B'N 
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T[dkjoD 11H ∫ x

dx

e -1
 dk wkB gsk eo'. 

 

jZb L                                                           (id'A fe ex = t, ex dx = dt) 
 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 12H 

− −∫ 2( 2)( 1)

x
dx

x x
dk wkB gsk eo'. 

 

jZb L wzfBnk 

 

 

 

 

∴ 

 

 

∴ 

 

 

 

 

 

 

 

                                                                                      T[Zso 

 

 

 

 

bx{ T[Zsoh gqPB 

fBwB nB[ebBK d/ wkB gsk eo'^ 
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fJekJh^14 L :'r (i'V) d/ o{g ftZu nB[ebB 

 

T[so 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

2H pj[ftebgh gqPB (Multiple Choice Questions)^ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B'N 
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B'N 14H4 ;koKP (Summary) 

• i/eo cbB f (x) ns/ φ(x) dk r[DB f (x). φ(x) j't/ sK T[;dk fBy/VB 

    { ( ). ( )}
d

f x  x
dx

φ =     ( ) ( ) ( ) ( )f x  x f x  x′ ′φ + φ  

• gfjb/ cbB dh u'D fJ; soQK ehsh iKdh j? fe yZp/ gZy d/ d{i/ gdk dk nB[ebB 

;obskg{oD Yzr d[nkok ehsk ik ;e//. fJ; bJh gfjb/ cbB dh u'D ftZu ;ktXkBh 

posDh ukjhdh j?. 

• i/eo d' cbBK ftZu'A fJZe cbB nfijk j't/ fi;dk nB[ebB (integral) ;kB{z gsk Bk j't/, 

sK T[; cbB B{z ;dk gfjbk cbB wzBDk ukjhdk j?. 

• i/eo d'B'A cbB nfij/ j'D fe d'jK dk jh nB[ebB (integral) ;kB{z gsk j't/ sK T[jBK 

ftZu'A i/eo xn
 d/ o{g dk e'Jh fJZe cbB j't/, sK T[;B{z ;dk gfjbk cbB wzB'. 

• tzfvnk j'fJnk nB[ebB eoB d/ d"okB cbBK dh u'D dh e'Jh gqwkfDs ftXh BjhA j?. 

fco th ftfdnkoEh T[go'es fNZgDh ftZu toDs ‘ILATE’ d[nkok cbBK dh u'D eoe/ 

tzfvnk j'fJnk nB[ebB eo ;ed/ jB. 

• nB[ebB dh fJZe wjZstg{oD ftXh fdZs/ j'J/ cbBK d/ :'r iK nzso d/ o{g ftZu 

gfotofss eoe/ (s'V e/) T[go'es f;XKs dk gq:'r eoB dh j?. fJ; d/ bJh nzfPe 

fGzBK dhnK ftXhnK dk io{os nB[;ko T[g:'r ehsk iKdk j?. 

 

14H5 Ppde'P (Keywords) 

• :'r (Summation) ^ i'V. 

• nB[ebB (Integral) ^ ;zg{oD. 

 

14H6 nfGnk; gqPB (Review Questions) 

1H sinx x dx∫  dk wkB eZY'.                            (T[Zso L ^x cos x + sin x + c) 

2H 2 cosx  x dx∫  dk wkB gfoefbs eo'.         (T[Zso L (x2 – 2 ) sin x + 2x cos x + c) 

3H 1tanx  x dx−∫  dk wkB gsk eo'.                 (T[Zso L 
2 11

( 1) tan
2 2

x
x  x c−+ − + ) 

4H 
22 1

dx

x x+ −∫  dk wkB dZ;'.                              (T[Zso L 

1 2 1
log

3 1

x
c

x

− +
+

)  

5H 
3

dx

x x−∫  dk wkB eZY'.               (T[Zso L 

1 1
log log 1 log 1

2 2
x x x c− − − + + ) 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H nB[ebB          2H tzfvnk          3H gqwkfDs         4H pokpo 

  5H d'^xks           6H (a)              7H (b)             8H (c)H 
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fJekJh^14 L :'r (i'V) d/ o{g ftZu nB[ebB 

 

14H7 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

2H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

4H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

5H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

6H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

7H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

8H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

9H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

B'N 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 

 

 

  

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               229 
 

VED1 

E L-LOVELY-H math14-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  10-9-12 



 

noEPk;soh dk rfDs 

 

B'N 

fJekJh^15L fBPfus nB[ebB 

(Definite Integration) 
 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

15H1 nB[ebB dhnK ;hwktK (Limitations of Integration) 

15H2 fBPfus nB[ebB gsk eoB dh ftXh (Method of Finding Definite Integration) 

15H3 fBPfus nB[ebBK ftZu gqfs;EkgB (Substitution in Definite Integration) 

15H4 fBPfus nB[ebB d/ ;XkoD r[D (General Properties of Definite Integrals) 

15H5 nBzs ;hwk tkb/ nB[ebB (Integral of Infinity Limits) 

15H6 ;koKP (Summary) 

15H7 Ppde'P (Keywords) 

15H8 nfGnk; gqPB (Review Questions) 

15H9 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• fBPfus nB[ebB d/ noE, ;hwktK ns/ gsk eoB dh ftXh B{z ikDBr/. 

• fBPfus nB[ebBK ftZu gqfs;EkgB B{z ;wM ;eDr/. 

• fBPfus nB[ebB d/ ;XkoD r[D B{z ikD ;eDr/. 

• nBzs ;hwk tkb/ nB[ebB dh ikDekoh fwb/rh. 

  

gq;sktBk (Introduction) 

wzB fbU x d/ ;kg/y cbB f (x) dk nB[ebB (integral), F (x) j?. 

i/eo ;[szso uo x d/ d' fBod/fPs wkBK (values), wzB fbU, a ns/ b d/ bJh cbB f (x) d/ 

nB[ebB F (x)  d/ wkBK ftZu nzso F (b) – F (a) j?, sK fJ; nzso B{z nzsokb [a, b] d/ bJh 

f(x) dk fBPfus nB[ebB (Definite Integral) efjzd/ jB ns/ fJ;B{z nZr/ fby/ nB[;ko gqrN 

eoKr/^ 

( )
b

a
f x  dx ∫  

fBPfus nB[ebB dk noE^id'A fe;h cbB dk nB[ebB, fe;/ d' fBPfus ;hwktK d/ bJh 

gsk ehsk iKdk j? sK T[;B{z fBPfus nB[ebB (definite integral) efjzd/ jB. 
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     sK ( ) [ ( )] ( ) ( )
b b

aa
f x  dx F x F b F a= = −∫  
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fJekJh^15 L fBPfus nB[ebB 

 

fe;h fBPfus nB[ebB (definite integral) dk wkB g{oh soQK ftbZyD (unique) j[zdk j?, feT[A i',  

 

i/eo 

 

 

 

 

B'N 

 

 

 B'N;      fBPfus nB[ebB d/ wkB s/ nB[ebB nuo dk e'Jh gqGkt BjhA g?Adk. 

 

 

15H1 nB[ebB dhnK ;hwktK (Limitations of Integration) 

;zfynk a B{z, fijVh nB[ebB fuzBQ d/ fBZu/ fbyh iKdh j?, nB[ebB dh fBwB ;hwk (lower limit) 

ns/ ;zfynk b B{z, fijVh nB[ebB fuzBQ d/ T[Zgo fbyh iKdh j?, nB[ebB dh T[Zu ;hwk (upper 

limit) efjzd/ jB. 

 

15H2 fBPfus nB[ebB gsk eoB dh ftXh  

     (Method of Finding Definite Integration) 

fdZs/ j'J/ cbB dk nB[ebB (Integral) gsk eoe/ T[;B{z tZv/ e'Pm (bracket) ftZu oZy' ns/ e'Pm d/ 

;Zi/ gk;/ nB[ebB dhnK ;hwktK fby'. j[D nB[ebB ftZu uo okPh d/ ;EkB s/ T[Zu ;hwk oZy e/ 

gqkgs cb ftZu'A, T[;h nB[ebB ftZu fBwB ;hwk oZy e/ gqkgs cb B{z xNk fdU. jZb eoB s/ 

nGhPN nB[ebB gsk j' ikJ/rk. 
 

 

 

T[dkjoD 1H  dk wkB eZY'. 

jZb L           wzB fbU log x = t  

 

 

 

 

 

 

 

 

 

 

                                                                                        T[Zso 
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B'N 

T[dkjoD 2H ∫
À/4

0
tan sec x x dx  dk wkB gsk eo'. 

jZb L  

 

                                                                                     T[Zso 

 

T[dkjoD 3H ∫
3

1

dx

x
 dk wkB gsk eo'. 

 

jZb L                                                                               T[Zso 

 

T[dkjoD 4H ∫
À/ 2 2

0
cos x dx  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

                                                                                      T[Zso 

 

 

T[dkjoD 5H ∫
À/4 2

0
tan x dx  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 6H ∫ 2

0

a
y  dx  dk wkB gsk eo', x2 + y2 = a2

H 

 

jZb L ∵ 

 

∴ 

 

 

                                                                                      T[Zso 

 

T[dkjoD 7H 

−∫0 2 2

a dx

a x
 dk wkB gsk eo'. 

 

jZb L 
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fJekJh^15 L fBPfus nB[ebB 

 

                          

1 1sin (1) sin (0) 0 .
2 2

− − π π= − = − =                              T[Zso 

T[dkjoD 8H ∫
À/ 2

0
cos x x dx  dk wkB gsk eo'. 

jZb L tzv/ j'J/ nB[ebB d[nkok  

 

 

 

 

 

                                                                                        T[Zso 

 

T[dkjoD 9H −∫
À/4

0
1 sin2x dx  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                        T[Zso 

 

T[dkjoD 10H ∫
2

1
log x x dx  dk wkB gsk eo'. 

jZb L tzv/ j'J/ nB[ebB d[nkok 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                        T[Zso 

 

B'N 
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B'N 

T[dkjoD 11H ∫
À/4

0
tan x dx  dk wkB gsk eo'. 

 

jZb L 

 

 

 

                                                                                                                          [∵    log 1 = 0] 

                                                                                      T[Zso 

 

T[dkjoD 12H −∫
À/6

0
1 sin2x dx  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                      T[Zso 

 

 

 

 

fBwB nB[ebBK dk wkB gsk eo'^ 

 

 

 

 

 

 

 

 

 

 

 

 

T[Zso 
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fJekJh^15 L fBPfus nB[ebB 

 

 

 

 

 

 

 

 

15H3 fBPfus nB[ebBK ftZu gqfs;EkgB  

     (Substitution in Definite Integration) 

nfBPfus nBe[bB dh soQK edh^edh nB[ebB ftZu th uo B{z pdbBk io{oh j' iKdk j?. 

fefonk^ftXh ;ob pDh oj/ fJ; soQK gqfs;EkgB d/ Bkb^Bkb ;hwktK B{z th pdb fdZsk iKdk j?. 

       T[dkjoD ti', wzB fbU fe n;hA ψ(x) = t oZyhJ/ sK 

                 

B'N 

 

 

eh s[;hA ikDd/ j'      i/eo uo x d/ bJh nB[ebB ;hwktK a ns/ b sZe j'D, sK t d/ bJh ;hwktK 

;zpzX t = ψ(x) s'A ehsh iKdh j?. 

        ∴id'A x = a, T[d'A t = ψ (a) ns/ id'A x = b, T[d'A t = ψ (b)H 

        ∴  

 

 

 

 

T[dkjoD 1H  dk wkB gsk eo'. 

jZb L  wzB fbU log x = t sK (1/x) dx = dt  

id'A 

ns/ id'A 

 

∴ 

 

                                                                                        T[Zso 

 

T[dkjoD 2H  dk wkB gsk eo'. 

jZb L wzB fbU x = tan θ;    ∴   dx = sec2 θ dθ  

id'A            x = 0, sK tan θ = 0 Gkt θ = 0   

ns/ id'A x = 1, sK tan θ = 1 Gkt θ =  

 

 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               235 

 

jZb ;fjs T[dkjoD 

 

VED1 

E L-LOVELY-H math15-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     Vth  10-9-12 



noEPk;soh dk rfDs 

 

B'N 
 

∴ 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 3H 

−∫
a x

 dx
a x0 2 2

 dk wkB gsk eo'. 

jZb L  

 

 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 4H ∫
À/ 3

0

cos 

3 + 4 sin 

x
  dx

x
 dk wkB gsk eo'. 

jZb L  

ns/ id'A 

ns/ id'A  

 

∴ 

 

 

 

 

                                                                                      T[Zso 

 

T[dkjoD 5H ∫
À 2

0
 sin  x x dx  dk wkB gsk eo'. 

jZb L 
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fJekJh^15 L fBPfus nB[ebB 

 

 

∴ 

 

 

 

 

 

 

                                                                                        T[Zso 

 

T[dkjoD 6H ∫
2

21

log  e x
  dx

x
 dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

 

 

∴ 

 

 

 

 

                                                                                                                             [∵    loge 1 = 0] 
 

 

                                                                                        T[Zso 

 

T[dkjoD 7H ∫
À/ 2

0

cos 

(1 + sin )(2 + sin )

x
  dx

x x
 dk wkB gsk eo'. 

jZb L sin x = t oZy e/ nzfPe fGzB d[nkok jZb eoB s/ 

 

 

 

 

 

 

 

 

                                                                                        T[Zso 

 

 

 

 

 

B'N 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               237 

 

 

tzfvnk j'fJnk nB[ebB eoB s/ 

 

VED1 

E L-LOVELY-H math15-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     Vth  10-9-12 



noEPk;soh dk rfDs 

 

B'N 

T[dkjoD 8H ∫
À/ 2

0
 sin x x dx  dk wkB gsk eo'. 

 

jZb L 

 

 

 

 

 

 

 

 

 

                                                                                      T[Zso 

 

 

 

bx{ T[Zsoh gqPB 

     fBwB nB[ebBK dk wkB gsk eo'^ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[Zso 
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fJekJh^15 L fBPfus nB[ebB 

 

 

 

 

 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H id'A fe;h cbB dk nB[ebB fe;/ d' fBPfus ;hwktK d/ bJh gsk ehsk iKdk j? sK T[;B{z 

HHHHHHHHHH efjzd/ jB. 

2H fe;h fBPfus nB[ebB dk wkB g{oh soQK HHHHHHHHHHHHHHH j[zdk j?. 

3H nfBPfus nB[ebB dh soQK edh^edh fBPfus nB[ebB ftZu th uo B{z pdbBk HHHHHHHHHHH 

j' iKdk j?. 

4H fBPfus nB[ebB d/ wkB s/ nB[ebB HHHHHHHHHHHHHH dk e'Jh gqGkt BjhA g?Adk j?. 

5H ;zfynk a fijVh nB[ebB fuzBQ d/ fBZu/ fbyh iKdh j?. T[j nB[ebB dh HHHHHHHHHHH ejkT[Adh 

j?. 

 

15H4 fBPfus nB[ebB d/ ;XkoD r[D  

     (General Properties of Definite Integrals) 

r[D 1H −∫ ∫
b b

a a
f x  dx = f x  dx.( ) ( )  

gqwkD (Proof)L 
 

 

∴ 

 

 

 

 

 

 

∴ 

 

r[D 2H ∫ ∫( ) ( )
b b

a a
f x  dx = f t  dt.  

gqwkD (Proof)L  
 

 

 

 

B'N 
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yZpk gZy 

 

 

;Zik gZy 

 

yZpk gZy 

 

 

;Zik gZy 



noEPk;soh dk rfDs 

 

B'N  

∴ 

 

r[D 3H ∫ ∫ ∫( ) ( ) ( )
b c b

a a c
f x  dx = f x  dx + f x  dx, id'Afe a < c < bH 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

r[D 4H .−∫ ∫
a a

f x  dx = f a  x  dx
0 0

( ) ( )  

gqwkD (Proof)L wzB fbU a – x = t   ∴∴   –dx = dt iK dx = – dt  

ns/ id'A x = 0, T[d'A t = a ns/ id'A x = a, T[d'A t = 0  

∴             ;Zik gZy &

0 0

0
( ) ( ) ( ) ( )

a

a a
f a x  dx f t  dt f t  dt− = − = −∫ ∫ ∫  

                        

0
( )

a
f t  dt= ∫                                            (r[D 1 Bkb) 

                        

0
( )

a
f x  dx= ∫                                           (r[D 2 Bkb) 

                        & yZpk gZy. 

r[D 5H ∫ ( ) 0
a

-a
f x  dx = , i/eo f (x), x dk Nke cbB (odd function) j?. 

Gkt               f (–x) = – f (x)  

            

0
( ) 2 ( )

a a

a
f x  dx f x  dx

−
=∫ ∫  

i/eo f (x), x dk fi;s cbB (even function) j? Gkt f (–x) = f (x).   

gqwkD (Proof)L
0

0
( ) ( ) ( )

a a

a a
f x  dx f x  dx f x  dx

− −
= +∫ ∫ ∫                                   ....(i) 

∵  – a < 0 < a 

j[D            

0 0
( ) ( ) ( ),

a a
f x  dx f t  dt

−
= − −∫ ∫                   [x = – t ⇒  dx = – dt oZyD s/] 

                          

0
( )

a
f t  dt= − − −∫  
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yZpk gZy 

 

 

;Zik gZy 



 

fJekJh^15 L fBPfus nB[ebB 

 

                          

0
( )

a
f t  dt= −∫                                                (r[D 1) 

                          

0
( )

a
f x  dx= −∫                                               (r[D 2) 

;fEsh IL i/eo f (x), x dk NKe cbB (odd function) j?. 

T[d'A                 f (–x) = – f (x)                                            (gfoGkPk Bkb) 

              

0

0
( ) ( )

a

a
f x  dx f x  dx

−
= −∫ ∫  

fJ; soQK ;wheoD (i) Bkb, 

              

0 0
( ) ( ) ( ) 0.

a a a

a
f x  dx f x  dx f x  dx

−
= − + =∫ ∫ ∫  

;fEsh IIL i/eo f (x), x dk fi;s cbB (even function) j?. 

T[d'A                 f (–x) = f (x)                                                                          (gfoGkPk Bkb) 

∴            

0

0
( ) ( )

a

a
f x  dx f x  dx

−
=∫ ∫  

fJ; soQK (i) Bkb, 

              

0 0
( ) ( ) ( )

a a a

a
f x  dx f x  dx f x  dx

−
= +∫ ∫ ∫  

                         

0
2 ( )

a
f x  dx.= ∫  

 

 

 

T[dkjoD 1L f;ZX eo' fe 

           

 = −  ∫ ∫
À/ 2 À/ 22 2

0 0

À
sin  sin  

2
x dx x  dx. 

 

 

 

 

                                                                                        HHHH(1) 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                       HHHH(2) 

 

∴             yZpk gZy & ;Zik gZy. 

B'N 
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B'N T[dkjkoD 2H f;ZX eo' fe 

        =∫ ∫
À/ 2 À/ 2

-À/ 2 0
sin  2 sin x x dx x x dx  

ns/    =∫
À/ 2

-À/ 2
cos  0.x x dx  

jZb L fJZE/ cbB  f (x) = x sin x  

∴               f (–x) = (–x) sin (–x) = x sin x = f (x)  

fJ; soQK cbB fi;s j? 

∴      

/ 2 /2

/2 0
sin 2 sinx  x dx x  x dx

π π

−π
=∫ ∫  

i/eo              f (x) = x cos x  

∴                f (–x) = (–x) cos (–x) = – x cos x = – f (x)  

fJ; bJh cbB NKe j?. 

∴      

/ 2

/2
cos 0.x  x dx

π

−π
=∫  

T[dkjoD 3L f;ZX eo' fe 

=∫
À/ 2

0
sin 2 log tan 0.x x dx  

jZb L wzfBnk                                                                         ....(i) 

 

 

 

 

 

 

 

                                                                                                                                         ....(ii) 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

∴                   I = 0  
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fJekJh^15 L fBPfus nB[ebB 

 

T[dkjoD 4L f;ZX eo'^ 

.∫
2

3À/8

2 2À/8

tan  À
 

8tan  + cot  

x
dx = 

x x
 

                                                                                        HHH(1) 

 

 

 

 

 

 

 

 

 

 

                                                                                        HHH(2) 

 

 

 

 

 

 

 

iK                                                                                      T[Zso 

 

 

 

ft;Ekog{oD T[Zso tkb/ gqPB 

1H f;ZX eo' fe 

/ 2

0
log (tan ) 0  x  dx

π
=∫  

2H f;ZX eo' fe 

4

1

3
.

25

x dx

x  x
=

− +∫  

3H f;ZX eo' fe 

/ 2

0
.

41 tan

dx

x

π π=
+∫  

4H f;ZX eo' fe 

/ 2

0

sin
.

sin cos 4

 x
 dx

 x  x

π π=
+∫  

 

15H5 nBzs ;hwk tkb/ nB[ebB (Integral of Infinity Limit) 

i/eo fe;h fBPfus nB[ebB dh T[Zu ;hwk ∞ j't/ sK 

  ( )
a

f x  dx
∞

∫ dk noE j? fe lim ( ) ,
b

ab
f x  dx

→∞ ∫  

gqshpzX fJj j? fe ;hwk e'Jh gfofws (finite) okPh j't/. 

i/eo fe;h fBPfus nB[ebB dh fBwB ;hwk –∞ j't/ sK 

  ( )
b

f x  dx
−∞∫  dk noE j? fe lim ( ) ,

b

aa
f x  dx

→−∞ ∫  

gqshpzX fJJ j? fe ;hwk e'Jh gfofws ;zfynk j't/. 

B'N 
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B'N  

 

T[dkjoD 1L ∫ 21

1
 dx

x

∞
 dk wkB gsk eo'. 

jZb L      
21

1

1 1 1
= lim lim 1 1.

b

b b
 dx

x bx

∞

→∞ →∞

   − = − + =      ∫                                  

T[Zso 

T[dkjoD 2L 

+∫ 20

1
 

1 
dx

x

∞
 dk wkB gsk eo'. 

jZb L 

 

 

                                                                                      T[Zso 

 

T[dkjoD 3L 

+∫ 2 20 (1 )

dx

x

∞
 dk wkB gsk eo'. 

jZb L gfjbK n;hA 

2 20 (1 )

b dx
I  

x
=

+∫ dk wkB gsk eoKr/. 

wzB fbU x = tan θ   ∴   dx = sec2 θ dθ  
j[D θ dhnK ;hwktK 0, tan–1 b jB. 

 

 

 

 

 

 

 

 

∴ nGhPN nB[ebB                                                                  T[Zso 

 

 

 

 

bx{ T[Zsoh gqPB 

fBwB nB[ebBK dk wkB gsk eo'^ 
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fJekJh^15 L fBPfus nB[ebB 

 

;t?^w[bKeD (Self Assessment) 

2H pj[ftebgh gqPB (Multiple Choice Questions)^ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

15H6 ;koKP (Summary) 

• i/eo ;[szso uo x d/ d' fBod/fPs wkBK (values), wzB fbU, a ns/ b d/ bJh cbB f (x) 
d/ nB[ebB F (x) d/ wkBK ftZu nzso F (b) – F (a), j?, sK fJ; nzso B{z nzsokb [a, b] 
d/ bJh f (x) dk fBPfus nB[ebB (Definite Integral) efjzd/ jB. 

• fe;h fBPfus nB[ebB (definite integral) dk wkB g{oh soQK ftbZyD (unique) j[zdk j?. 

• fdZs/ j'J/ cbB dk nB[ebB (integral) gsk eoe/ T[;B{z tZv/ e'Pm (bracket) ftZu oZy' ns/ 

e'Pm d/ ;Zu/ gk;/ nB[ebB dhnK ;hwktK fby'. j[D nB[ebB ftZu uo okPh d/ ;EkB s/ 

T[Zu ;hwk oZy e/ gqkgs cb ftZu'A, T[;h nB[ebB ftZu fBwB ;hwk oZy e/ gqkgs cb B{z xNk 

fdU. jZb eoB nGhPN nB[ebB gsk j' ikt/rk. 

• nfBPfus nB[ebB dh soQK edh^edh fBPfus nB[ebB ftZu th uo B{z pdbDk io{oh j' 

iKdk j?. fefonk^ftXh ;ob pDh oj/ fJ; bJh gqfs;EkgB d/ Bkb^Bkb ;hwktK B{z th 

pdb fdZsk iKdk j?. 

 

15H7 Ppde'P (Keywords) 

• cbB (Function) ^ ekoi. 

• fBwB ;hwk (Lower limit) ^ fBT{Bsw ;hwk. 

• T[Zu ;hwk (Upper limit) ^ T[Zuso ;hwk. 

 

15H8 nfGnk; gqPB (Review Questions) 

1H 
/ 4 2

0
tan  x dx

π

∫  dk wkB eZY'.                                          (T[Zso L 1
4

π− ) 

B'N 
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B'N 

2H  dk wkB eZY', fiZE/ x2 + y2 = a2
                             (T[Zso L ) 

3H  dk wkB gfoefbs eo'.                               (T[Zso L ) 

4H f;ZX eo' fe  

5H f;ZX eo' fe  

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H fBPfus nB[ebB          2H ftbZyD          3H io{oh           4H nuo 

  5H fBwB ;hwk                6H (a)              7H (b)             8H (c)H 
 

15H9 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

4H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

5H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

6H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

7H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

8H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

9H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 
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fJekJh^16 L nB[ebB d/ nkofEe gq:'r 

 

fJekJh^16L nB[ebB d/ nkofEe gq:'r 

(Economic Applications of Integration) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

16H1 ;wsbh teoK d/ nzsors y/socb (Area Under Plane Curves) 

16H2 noEPk;so ftZu nB[ebB dk T[g:'r (Use of Integration in Economics) 

16H3 ;koKP (Summary) 

16H4 Ppde'P (Keywords) 

16H5 nfGnk; gqPB (Review Questions) 

16H6 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• ;wsbh teoK d/ nzsors y/socb eZYD ftZu. 

• noEPk;so ftZu nB[ebB d/ T[g:'r B{z ikDB ;zpzXh. 

 

 

gq;sktBk (Introduction) 

nZi^eZbQ nB[ebB dk gq:'r noEPk;so ftZu s/Ih Bkb tfXnk j?. fBPfus nB[ebB fJZe :'r 

;hwk j?. noEPk;so ftZu gq:'r B{z n;hA sZEK d[nkok ;gPN eo ;ed/ jB^ 

1H ;hwKs bkrs, n";s bkrs ns/ e[ZbQ bkrs feT[A i' ;hwKs bkrs 

( )d c

dq
=  j[zd/ jB fJ; 

bJh e[ZbQ bkrs 

( )
.

d c
dq

dq�  

2H T[gG'esk pus L T[gG'esk B{z th nB[ebB ftXh d[nkok gsk ehsk ik ;edk j?. 

 

16H1 ;wsbh teoK d/ nzsors y/socb (Area Under Plane Curves) 

wzB fbU CPQD teo y = f (x) B{z gqdfPs eodk j?, fiZE/ f (x), gqKs [a, b] ftZu x dk e'Jh 

brksko cbB j? ns/ wzB fbU fe fit/A x dk wkB a s'A b sZe tZXdk j? y th tZXdk jh iKdk j?. 

wzB fbU fe CA ns/ DB eqw nB[;ko x = a ns/ x = b T[Zs/ e'NhnK jB. 

     teo T[Zs/ ;fEs e'Jh fpzd{ P (x, y) fbU ns/ wzB fbU fe PM T[;dh e'Nh j?. teo T[Zs/ P d/ 

B/V/ fJZe j'o fpzd{ Q(x + dx, y + dy) fbU ns/ wzB fbU fe QN fJ;dh e'Nh j?. 

     QN ns/ MP T[Zs/ eqw nB[;ko PR, QS bzp fyZu' sK 

 

 

 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               247 

VED1 

E L-LOVELY-H math16-1     IInd  21-10-11     IIIrd  21-4-12     IVth  20-8-12     Vth  20-8-12     Vth  10-9-12 
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B'N               OM = x, ON = x + δx; 

∴           MN = δx 

ns/     PM = y,  

             QN = y + δy;  ∴   QR = δy.  

     i/eo AMPC ns/ ANQC y/socbK B{z 

eqwnB[;ko S + δS d[nkok gqrN ehsk ikt/ sK 

     δS = y/socb ANQC ^ y/socb AMPC & 

y/socb MNQP  

     j[D MNQP y/socb Bshi/ ftZu MNRP 

ns/ MNQS nkfJsK d/ ftukb/ ;fEs j?, Gkt 

                             yδx < δS (y + δy) δx 

iK                   (  Bkb Gkt d/ e/)                            HHHH(1) 

iK                ,                           [id'A fe ns/ ]  

fJ; bJh   

                      & (S dk wkB x = b) ^ (S dk wkB id'A x = a) 

                      & y/socb ABDCH 

     fBPfus nB[ebB fJZe :'r ;hwk (Limit) j? wzB fbU e'Jh cbB f (x) fe;h nzsok [a, b] 

ftZu brksko (Continued) j? fi;dk nkb/y fJZe teo j? fi; ftZu C ns/ D e'Jh d' fpzd{ jB. 

x^nZyo T[Zs/ CA ns/ DB bzp jB. ‘a’ ns/ ‘b’ eqw nB[;ko fpzd{nK C ns/ D d/ G{i jB. 

nzsokb [a, b] Gkt AB B{z, fi;dk wkB (b – a) j?, n pokpo pj[s S'N/ GkrK ftZu tzfvnk frnk 

j?. wzB fbU fpzd{ P s/ Q fijV/ teo T[Zs/ jB, d/ G[i eqw nB[;ko (a + rh) ns/  

jB. PM s/ QN T[jBK dhnK e'NhnK jB. fJ; soQK ;hwKs ;fEsh ftZu id'A , PRNM 

fJZe pj[s jh S'Nk nkfJs j?. fJ; nkfJs dk y/socb f (a + rh) × h j't/rk. fJ; soQK :'r d/ 

PpdK ftZu n;hA fBPfus nB[ebB  

 

 

 

 

 

 

 

 

 

 

 

 B'N;         T[j g{oD y/socb j? fijVk teo y = f (x), x^neP ns/ x = a s'A x 

= b ;hwktK d/ nzdo pDdk j?. 

 

 

     Teo y = f (x), x^neP ns/ o/yktK x = a ns/ x = b Bkb fxo/ y/so ABCD dk y/socb 

fBwB ;{so d[nkok gsk ehsk iKdk j?L 
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fJekJh^16 L nB[ebB d/ nkofEe gq:'r 

 
 

x=b

x=a
A y dx= ∫  

 

     yZp/ gk;/ d/ f;o/ D T[Zs/ x dk wkB (x = a) nB[ebB 

dh fBwB ;hwk ns/ ;Zi/ gk;/ d/ f;o/ C T[Zs/ x dk wkB (x = 
b) nB[ebB dh T[Zu ;hwk wzBh iKdh j?. 

     fJ;h soQK teo x = f (y), y^neP ns/ o/yktK y = a 
ns/ y = b Bkb fxo/ y/so dk y/socb fBwB ;{so Bkb 

gsk ehsk iKdk j?^ 

y=b

y=a
A x dy= ∫  

fJ; dPk ftZu nB[ebB dhnK ;hwktK fBu/ s'A T[Zgo B{z 

bJhnK iKdhnK jB. 

 

 

T[dkjoD 1H y = mx, x^neP ns/ e'Nh x = 2 d/ ftZu dk y/socb gsk eo'. 

jZb L fdZs/ j'J/ teo dk ;wheoD 

                                                     y = mx                                                HHHH(1) 

;wheoD (1) ftZu y = 0 oZyD s/ x = 0                               (∴  x^neP T[Zs/ y = 0)  

∴               nGhPN y/socb 

2 2 2

0 0 0
ydx mx dx m x dx= = =∫ ∫ ∫  

                                  

22

0

(4 0) 2
2 2

x m
m m

 
= = − = 

 
tor fJekJh.            T[Zso 

T[dkjoD 2H gotb y2 = 4x ns/ ;ob o/yk x = 4 d/ ftZu dk y/socb gsk eo'. 

jZb L gotb dk ;wheoD 

                                   y2 = 4x 

o/yk x = 4 gotb s'A A ns/ B T[Zs/ fwbdh j?. 

nGhPN y/socb OBAO j?. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B'N 
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B'N 

     T[dkoD 3H dhoxr'b/ 

2 2

2 2
+ = 1

x y

a b
 dk y/socb gsk eo'. 

     jZb L dhoxr'b ABA B′ ′  dk y/socb gsk eoBk j?. OAB dk y/socb gsk eoKr/ ns/ 

u"r[Dk eoB s/ nGhPN y/socb gsk j' ikJ/rk 

 

∵ 

 

 

∴ 

 

⇒  

 

     fpzd{ B d/ bJh x = 0 ns/ A d/ bJh y = 0 oZyD s/, fpzd{ B s/ A d/ fBod/Pe nze eqw 

nB[;ko (a, b) s/ (a, 0) j'Dr/. 

 

∴ 

 

 

 

 

 

 

                                                                                      T[Zso 

     T[dkjoD 4H gotb y2 = 4ax ns/ fJ;dh BkGhbzp ihtk Bkb fxo/ y/so dk y/socb 

gsk eo'. 

     jZb L gotb dk ;wheoD 

                                                y2 = 4ax  

ns/ BkGhbzp ihtk dk ;wheoD x = a  

     BkGhbzp ihtk gotb s'A L ns/ L′  fpzd{nK T[Zs/ fwbdh j?. 

nGhPN y/socb OL SLO′  j?. 

i/eo A  y/socb j't/, sK 
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fJekJh^16 L nB[ebB d/ nkofEe gq:'r 

 
  

 

 

 Nk;e      gotb y2 = 4x ns/ ;ob o/yk x = 4 d/ ftZu dk y/socb eZY'. (T[ZsoL  teo 

fJekJh) 

B'N 

 

 

 

bx{ T[Zsoh gqPB 

     fBwBfbus teoK, x^neP ns/ fdZsh j'JhnK e'NhnK d[nkok fxo/ y/socb B{z gsk 

eo'L 

1H y = ex, x = 0 s'A x = 2 sZe. 

2H y = x sin x, x = 0 s'A 2π sZe.  

      [;ze/sL nGhPN y/socb  tzfvnk j'fJnk 

nB[ebB eoB s/.] 

3H  s'A  sZe. 

4H  s'A  sZe. 

5H xy = b2, x = a s'A x = b sZe. 

6H , x = 0 s'A x = b sZe. 

7H ;ob o/yk y = mx, x^neP ns/ e'Nh x = 3 d/ nzsors y/socb gsk eo'. 

8H ;ob o/yk  d[nkok se;hw r'bk x2 + y2 = a2
 d/ GkrK d/ y/socbK dk nB[gks gsk 

eo'. 

    [;ze/sL nGhPN GkrK d/ y/socbK dk nB[gks wzB fbU x = a sin θ]. 

 

 

 

 

 

T[Zso 
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B'N ;t?^w[bKeD (Self Assessment) 

1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H nZi^eZbQ nB[ebB dk gq:'r noEPk;so ftZu HHHHHHHHHHHH Bkb tfXnk j?. 

2H fBPfus nB[ebB fJZe HHHHHHHHHH ;hwk j?. 

3H T[gG'esk pus HHHHHHHHHHHH ftXh Bkb gsk ehsk ik ;edk j?. 

 

16H2 noEPk;so ftZu nB[ebB dk T[g:'r  

     (Use of Integration in Economics)  

nZi^eZbQ nB[ebB dk gq:'r noEPk;so ftZu s/ih Bkb tfXnk j?. fJ;B{z n;hA fBwBfbus 

sZEK d[nkok ;gPN eo ;ed/ jK^ 

     1H ;hwKs bkrs, n";s bkrs ns/ e[ZbQ bkrs 

                 feT[A i' ;hwKs bkrs & 

( )d c

dq
 j[zdk j?, fJ; bJh 

                           e[ZbQ bkrs 

( )
.

d c
dq

dq
= ∫  

fJZE/, 

( )d c

dq
=  ;hwKs, bkrs, c = e[ZbQ bkrs, dq = T[sgkdB ftZu gfotosB. 

     T[dkjoD 1H fe;h cow dh ;hwKs bkrs = 3 + 150q – 9q2
 fdZsh j'Jh j? sK e[ZbQ 

bkrs eZY' id'A fe fszB fJekJh T[sgkdB eoB s/ e[ZbQ bkrs 300 o[L j[zdh j?. 

     jZb L n;hA ikDd/ jK fe e[ZbQ bkrs, 

 

 

 

 

 

 

ns/ n";s bkrs, 

 

 

 

 

 

 

iK 

 

 

ns/ 

 

     T[dkjoD 2H i/eo ;fEo bkrs 100 o[L j? ns/ ;hwKs cbB (6x + 3) d/ o{g ftZu j?, 

sK e[ZbQ bkrs cbB gsk eo'. 

jZb L n;hA ikDd/ jK fe e[ZbQ bkrs & ∫ ;hwKs bkrs 
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fJekJh^16 L nB[ebB d/ nkofEe gq:'r 

 

fJ; soQK                

                            

     fJZE/ ;fEo bkrs & 100 o[L j? sK nfijh dPk ftZu T[sgkdB Iho' (Gkt x & 0) j'D s/ th 

;fEo bkrs 100 o[L jh T[;h soQK pDh oj/rh ns/ e[ZbQ bkrs th 100 o[L jh j't/rh. nfijh dPk 

ftZu 

TC = (6 × 0) + (3 × 0) + c = 100 

     fJ; soQK bkrs cbB 3x2 + 3x  + 100 j't/rk. 

     2H T[gG'esk pus 

     T[gG'esk pus B{z th nB[ebB ftXh d[nkok gsk ehsk ik 

;edk j?. fJ;B{z n;hA fBwB d[nkok ;gPN eo ;ed/ jK. fJ; 

o/yk fuZso ftZu DD wzr j?. T[gG'esk fe;h t;s{ dh OP ehws 

fdzdk j? ns/ wzfBnk T[j OX eo eodk j?. o/yk fuZso ftZu 

y/so OXRD d/ pokpo T[gG'esk t;s{ dh OX wksok dh e[ZbQ 

ehws d/D B{z fsnko j? gozs{ T[j n;b ftZu OXRP ehws d/D B{z 

fsnko j?. T[gG'esk pus d'B'A dk nzso j?. 

B'N 

 

 

eh s[;hA ikDd/ j'       T[gG'esk pus & y/socb OXRD ^ y/socb OXRP  

(wzr teo)  

 

 

     T[dkjoD 3H wzfBnk e'Jh wzr teo p = 100 – 5x + 3x2
 j't/ ns/ x = 5 fJekJh j't/ sK 

T[G'esk pus eZY'. 

     jZb L fJZE/ wzr teo, p = 100 – 5x + 3x2
 j? ns/ wzr dh wksok x = 5 j? sK fJZE/ p = 100 – 

(5 × 3) + (3 × 5 × 5) = 100 – 90 = 10  

                   T[gG'esk (wzr teo)  

 

 

 

 

 

 

 

 

 

T[dkjoD 4H wzr cbBL p = 50 – 5x – x2
 j?, i/eo p = 0 j? sK T[gG'esk pus eh j't/rh< 

jZb L wzr cbBl p = 50 – 5x – x2
  

                     i/eo p = 0 j't/ sK 

                                           0 = 50 – 5x – x2
  

iK              x2 + 5x – 50 = 0  
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B'N                 x2 + 10x – 5x – 50 = 0  

iK     x(x – 10) – 5(x + 10) = 0  

iK           (x – 5) (x + 10) = 0  

         x – 5 = 0  iK x = 5; fJ;h soQK x + 10 = 0 iK x = – 10   

i/eo n;hA x = – 10 B{z SZv fdzd/ jK feT[Ai' x < 0, fJ; bJh 

 

 

 

 

 

 

 

 

                            

5 5 5 5 5 5
50 5

2 3

× × × × = × − −  
 

                            

125 125 1500 375 250
250

2 3 6

− −= − − =  

                            

875
145.82

6
= =                                          T[Zso 

 

 

 

 

nkgD/^nkg jZb eo' 

1H gsk eo' L 

2 cosx x dx.∫  

2H nB[ebB gsk eo' L 

7(8 7 )x  dx.+∫  

3H gsk eo' L 

1
22

0
cos x dx.∫  

4H fBwB fbys dk wkB gsk eo' L 

      (i)
2 2

dx

a x+∫                     (ii)
sin

sin( )

x
 dx.

x − α∫  

5H gsk eo' L 

    (i) 2 34 3x x +∫                 (ii)
24 9

dx

x −∫  

    (iii)
2

2

4

3 2

x
dx

x x

−
+ +∫             (iv) 3 xx e dx∫   

6H nB[ebB eo' L 

      (i) 
3

31

x

x

e

e+
                       (ii) 

3

(3 1)( 3)

x

x x+ −
 

    (iii) 3 logx x,                    (iv) sin( ).ax b+  
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fJekJh^16 L nB[ebB d/ nkofEe gq:'r 

 

7H e[ZbQ bkrs cbB f (x) gsk eo' i/eo x & e[ZbQ T[sgkdB 

    (i) 3x3 – 4x + 5, x = 0 T[Zs/ 100 o[L e[ZbQ bkrs 

   (ii) 
100

x
, x = 0 T[Zs/ 100 o[L e[ZbQ bkrs 

  (iii) 6.75 – 0.0006x, x = 0 T[Zs/ 10,485 o[L e[ZbQ bkrs. 

8H Gsk eo'L 

    (i)
5 3

1
x x dx∫                        (ii)

14

1
x dx∫  

  (iii)
3 3

1
(1 5 )x x  dx+ +∫                (iv)

3 2

1
( )x xe e  dx+∫  

9H i/eo wzr cbB teo p = 33 – 3x – 2x2
 j't/ ns/ x = 3 fJekJh j't/ sK T[gG'esk pus 

gsk eo'. 

10H wzr cbB p = 100 – 2x3
 j't/ sK p = 5 o[L T[Zs/ T[gG'esk pus fezBh j't/rh< i/eo p = 0 

j't/ sK pus fezBh j't/rh< 

 

;t?^w[bKeD (Self Assessment)  

2H pj[ftebgh gqPB (Multiple Choice Questions)^ 

4H e[ZbQ bkrs & HHHHHHHHHHHHH < 

    (a) ∫ ;hwKs bkrs    (b) ∫ g{oD bkrs     (c) ∫ e[ZbQ bkrs    (d) ∫ jkBh 

5H T[gG'esk pus B{z fe; ftXh d[nkok gsk ehsk ik ;edk j?< 

    (a) fBy/VB                               (b) fBy/Ve 

    (c) nB[ebB                              (d) eq/wo 

6H ;hwKs bkrs & HHHHHHHHHHHH j[zdk j?. 

    (a) 
d

dq
                                   (b) 

( )

dq

d c
 

    (c) 
( )d c

dq
                                  (d) fJBQK ftZu'A e'Jh BjhA. 

 

16H3 ;koKP (Summary) 

• wzB fbU fe CPQD teo y = f (x) B{z gqdof:s eodk j?, fiZE/ f (x), gqKs [a, b] ftZu x 
dk e'Jh brksko cbB j? ns/ wzB fbU fit/A x dk wkB a s'A b sZe tXdk j? y th tXdk 

jh iKdk j?. wzB fbU fe CA ns/ DB eqw nB[;ko x = a ns/ x = b T[Zs/ e'NhnK jB. 

• teo T[Zs/ ;fEs e'Jh fpzd{ P (x, y) fbU ns/ wkB fbU fe PM T[;dh e'Nh j?. teo T[Zs/ 

P d/ B/V/ fJZe j'o fpzd{ Q (x + δx, y + δy) fbU ns/ wzB fbU fe QN fJ;dh e'Nh j?. 

• nZi^eZbQ nB[ebB dk gq:'r noEPk;so ftZu s/ih Bkb tfXnk j?. fJ;B{z n;hA 

fBwBfbys sZEK d[nkok ;gPN eo ;ed/ jK^ 

1H ;hwKs bkrs, n";s bkrs ns/ e[ZbQ bkrs 

feT[Ai' ;hwKs bkrs & 

( )d c

dq
 j[zdk j?, fJ; bJh 

B'N 
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B'N 

e[ZbQ bkrs &  

• fJZE/,  & ;hwKs bkrs, c & e[ZbQ bkrs, dq & T[sgkdB ftZu gfotosB. 

• T[gG'esk pus B{z th nB[ebB ftXh d[nkok gqkgs ehsk ik ;edk j?. 

 

16H4 Ppde'P (Keywords) 

• gq:'r (Applications) ^ nB[gq:'r. 

• e'Nh (Ordinate) ^ G[i. 

 

16H5 nfGnk; gqPB (Review Questions) 

1H dhox r'b/  dk y/socb eZY'.                (T[Zso L πabtor fJekJh) 

2H i/eo ;fEo bkrs 100 o[L j? ns/ ;hwKs cbB (6x + 3) d/ o{g ftZu j?, sK e[ZbQ bkrs 

cbB gsk eo'.                                            (T[Zso L 3x2 + 3x + 100) 

3H ;ob o/yk y = mx, x^neP ns/ e'Nh x = 3 d/ nzsors y/socb gsk eo'. 

                                                           (T[Zso L  tor fJekJh) 

 

T[Zso L ;t?^w[bKeD (Answer : Self Assessment) 

  1H s/ih          2H :'r          3 nB[ebB 

  4H (a)           5H (c)          6H (c)  
 

16H6 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

2H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

5H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

6H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

7H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

9H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 
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fJekJh^17 L fBy/VB ;wheoDK dh ikDekoh ns/ jZb L ubokPhnK dh gqEeDh dPk ns/ ;wo{g ;wheoD 

 

fJekJh^17L fBy/VB ;wheoDK dh ikDekoh ns/ jZbL 

ubokPhnK dh gqEeDh dPk ns/ ;wo{g ;wheoD 

(Introduction to Differential Equations and Solutions: 
Variable Separable Case and Homogenous Equation) 

 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

17H1 gfjbk eqw ns/ gfjbh e'Nh dk fBy/VB ;wheoD  

  (Differential Equation of First Order and First Degree) 

17H2 ;jh fBy/VB ;wheoD (Exact Differential Equations) 

17H3 ;koKP (Summary) 

17H4 Ppde'P (Keywords) 

17H5 nfGnk; gqPB (Review Questions) 

17H6 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• gfjb/ eqw ns/ gfjbh e'Nh d/ fBy/VB ;wheoD s'A ikD{ j'Dr/. 

• ;jh fBy/VB ;wheoD s'A ikD{ eokT[Dk. 

 

 

gq;sktBk (Introduction) 

fBy/VB ;wheoD T[j ;wheoD j[zdh j? fi; ftZu nkPfos ns/ ;[szso ub okPhnK j[zdhnK jB 

ns/ nkPfos ub okPhnK d/ fJZE iK fJZe s'A tZX ;[szso ub okPhnK d/ ;kg/y ftZu ftfGzB r[DKe 

(derivatives) j[zd/ jB. fJZe fBy/VB ;wheoD dk eqw (order) T[; ;wheoD ftZu Pkfwb ftfGzB 

r[DkeK dk T[Zusw eqw (highest order) j[zdk j?. e'Jh th ;wheoD o/yh ejkJ/rk id'A fe nkPfos 

ub okPhnK d/ r[DKe gfjbh e'Nh d/ j'D, BjhA sK T[j r?o^o/yh ejkT[Dr/. 

cbB f (x) ftfGzB ;wheoDK dk jZb ejkJ/rk id'A fe fJ;B{z fe;h ;wheoD ftZu gqfs;Ekfgs eoB 

sK fJj ;wheoD B{z fJZe fJekJh (identy) sZe xZN eo fdzdk j? ns/ ;ko/ jZbK d/ eZYD dh 

gqfefonk B{z fBy/VB ;wheoD dk jZb ejkJ/rk. 

;XkoD jZbL fJZe fBy/VB ;wheoD dk jZb fi; ftZu ;[szso ekbgfBe ;fEo nze fBy/VB 

;wheoD d/ eqw d/ pokpo j'D sK T[;B{z T[;dk ;XkoD jZb fejk iKdk j?. 

ftP/P jZb (Particular Solution)L ;XkoD jZb ftZu ;fEo nzeK B{z i/eo e'Jh ftP/P w[Zb fdZsk 

iKdk j? sK T[j T[; ;wheoD dk ftP/P jZb fejk iKdk j?. 

T[dkjoD ti'AL y = Aex + B/ex
 teo B{z A ns/ B d/ ftfGzB w[ZbK d/ bJh fBy/VB ;wheoD gsk 

eo'. 

fdZsk j'fJnk w[Zb     y = Aex + B/ex
                                                    HHHH(1) 
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B'N T[go'es ;wheoD d/ A ns/ B w[ZbK d/ bJh fBy/VB ;wheoD gsk eoB d/ bJh ;wheoD (1) B{z 

d' pko fBy/VB eoKr/. ;wheoD (1) B{z fBy/VB eoB s/ 

                                                                    HHHH(2) 

;wheoD (2) B{z d[pkok fBy/VB eoB s/ 

                    

;wheoD (2) ns/ (3) ftZu'A A ns/ B B{z jNkT[D s/ n;hA d/yd/ jK^ 

                    

fJjh ;kvk fBy/VB ;wheoD j't/rk. 

 

17H1 gfjbk eqw ns/ gfjbh e'Nh dk fBy/VB ;wheoD 

     (Differential Equation of First Order and First Degree) 

gfjb/ eqw ns/ gfjbh e'Nh d/ fBy/VB ;wheoD B{z fBwB fbys o{g ftZu gqdofPs eod/ jB^ 

M + N (dy/dx) = 0 iK M dx + N dy = 0 

fJZE/ M ns/ N ;fEo jB ns/ x ns/ y d/ e[ZM cbB jB. Gkt/A fe gfjb/ eqw d/ ;ko/ fBy/VB 

;wheoD jw/PK jZb BjhA ehsk ik ;ed/ jB, fco th i/eo T[j fBwB fbys ;o{g ftZu T[gbpX 

j[zd/ jB sK e[ZM T[fus ftXhnK d[nkok T[jBK dk jZb eZfYnk ik ;edk j?^ 

17H1H1 ubokPhnK dh gqEeheoD dPk (Variable Separable Case)  

i/eo fBy/VB ;wheoD fBwB fbys o{g ftZu gqdofPs j't/^ 

                         f1 (x) dx = f2 (y) dy  

fJZE/ f1 (x) ns/ f2 (y) eqw nB[;ko x ns/ y d/ cbB j?. 

nfijh dPk ftZu ;wheoD d/ d'jK gk;/ nB[ebB eo b?Ad/ jB ns/ T[; s'A pknd ;wheoD d/ 

fJZe gk;/ e'Nh ekbgfBe ;fEo nze i'V b?Ad/ jB. fJ; soQKL 

                        

 

 

 

 B'N;        fJZE/, c fJZe ekbgfBe ;fEo nze j?. 

 

 

T[dkjoD 1H  dk jZb eZY'. 

jZb L d'jK gk;/ nB[ebB eoB s/ 

 

 

iK 

 

iK           , fJjh ;kv/ fdZs/ j'J/ ;wheoD dk jZb j?. 
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fJekJh^17 L fBy/VB ;wheoDK dh ikDekoh ns/ jZb L ubokPhnK dh gqEeDh dPk ns/ ;wo{g ;wheoD 

 

T[dkjD 2H (1 + ex) y dy = (1 + y) ex dx dk jZb gsk eo'. 

jZb L fJ; ;wheoD B{z n;hA j/m nB[;ko th fby ;ed/ jK^ 

                  

d'jK gk;/ fBy/VB eoB s/ 

 

 

iK 

 

iK 

iK        c (1 + y) (1 + ex) = ey
 fJjh T[go'es ;wheoD dk jZb j'J/rk. 

17H1H2 ;wo{g ;wheoD (Homogeneous Equations)  

i/eo fJZe fBy//VB ;wheoD  d/ o{g ftZu gqdofPs ehsk ikt/ sK T[j ;wo{g 

;wheoD ejkT[Adh j?. fJZE/ f1 (x, y) ns/ f2 (x, y); x ns/ y d/ ;wkB e'Nh d/ cbB jB. fJ; soQK 

d/ ;wheoD B{z jZb eoB d/ bJh n;hA 

         oZy fdzd/ jK, fiZE/  

nfijh ;fEsh ftZu fdZsk j'fJnk ;wheoD nZr/ fby/ o{g ftZu gqdofPs ehsk iKdk j?^ 

                 

Gkt                 

fJZE/ ubokPhnK B{z gqEe ehsk ik ;edk j? ns/ T[; s'A pknd d'jK gk;/ T[jBK dk nB[ebB eo 

b?Ad/ jK^ 

             

fJZE/, c fJZe ekbgfBe ;fEo w[Zb j?. 

B'N 

 

 

eh s[;hA ikDd/ j'      ;wheoD dk nB[ebB eoB d/ pknd v d/ w[Zb d/ ;EkB s/ y/x oZy b?Ad/ jK 

ns/ T[jh T[; ;wheoD dk jZb j'J/rk. 

 

 

T[dkjoD 3H (x3 – 3xy2) = dx (y3 – 3x3 y) dy dk jZb gsk eo'. 

fdZs/ j'J/ ;wheoD B{z j/m nB[;ko th fbfynk ik ;edk j?. 

                                                                       HHHH(1) 

y = vx ns/  ;wheoD (1) ftZu oZyD s/ 
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B'N  

 

 

iK 

 

 

iK 

 

(nzfPe cbB d[nkok) 

d'jK gk;/ nB[ebB eoB s/ 

 

 

 

iK 

 

 

iK 

 

iK 

 

 

17H1H3 ;wheoD fijVk ;wo{g ;wheoD ftZu pdfbnk ik ;e/ 

       (Equations Changable to Homogeneous Form) 

i/eo fBy/VB fBwB fbys o{g ftZu j?^ 

                                

1 1 1

,
dy ax by c

dx a  x  b  y  c

+ +=
+ +

fiZE/ 

1 1

a b

a b
≠  

sK n;hA T[;B{z gfjbK x = x + h ns/ y = y + k oZye/ ;wo{g ;wheoD ftZu pdb b?Ad/ jK. (fJZE/ 

h ns/ k ;fEo nze jB) fJ;d/ fJbktk dy = dY ns/ dx = dX oZy b?Ad/ jK^ 

 

 

 

 

 

T[go'es ;wheoD ;wo{g j't/rh i/eo ah + bk + c = 0 ns/ a1h + b1 k + c1 = 0 j'D, 

                               

1 1

DY ax by

DX a x  b y

+=
+

 

j[D n;hA ;wheoD B{z fgSb/ T[dkjoD (n) d/ nB[;ko Y = vX oZye/ jZb eoKr/. nzs ftZu X = 
x – h ns/ y = y – k oZye/ fdZs/ j'J/ ;wheoD dk jZb y'i fbnk ikJ/rk. 

i/eo 

1 1

a b
m

a b
= =  j't/ sK T[go'es fdZsk j'fJnk ;wheoD fBwB nB[;ko j't/rk^ 

                               

1 1

1 1 1

( )m a x  b y cdy

dx a x  b y  c

+ +
=

+ +
 

fJ; soQK d/ fBy/VB ;wheoD B{z jZb eoB d/ bJh v = a1x + b1y wkB b?Ad/ jK. 

T[dkjoD 4L 

1

5

dy y x  

dx y x  

− +=
+ +

 dk jZb gsk eo'. 
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fJZE/ 

1 1

a b

a b
≠  dh ;fEsh j?, fJ; bJh x = X + h ns/ y = Y + k oZyD s/ 

                   

( ) ( ) 1 ( 1)

( ) ( ) 5 ( 5)

DY Y k X h Y X k h

DX Y k X h Y X k h

+ − + + − + − += =
+ − + + − + − +

                   HHHH(1) 

k – h + 1 = 0 ns/ k + h + 5 = 0 oZyD s/ n;hA d/yd/ jK k = – 3, h = – 2k ns/ h dk wkB oZyD s/ 

;wheoD (1) j/m nB[;ko j't/rk^ 

                   

dY Y X 

dX Y X 

−=
+

 

Y = vX oZyD s/ n;hA d/yd/ jK 

 

 

 

iK 

 

d'jK gk;/ 2 Bkb r[Dk eoB s/ 

iK         

2 2

2 2 2

1 1

v v X
dv dv

dxv v

−+ =
+ +

 

d'jK gk;/ nB[ebB eoB s/ 

              log (v2 + 1) = 2 tan–1 v = –2 log X + c  

iK         log (v2 + 1) + 2 log X = –2 tan–1 v + c  

iK            log [(v2 + 1) X2] = – 2 tan–1 v + c  

v dk wkB oZyD s/ 

                            log (Y2 + X2) = – 2 tan–1 (Y/X) = c   

     Y ns/ X dk wkB oZyD s/ 

   Log [(y + 3)2 + (x + 2)2] + 2 tan–1 {(y + 3) / (x + 2)} = c   

fJjh fdZs/ j'J/ nB[ebB ;wheoD dk jZb j?. 

17H1H4 o/yh fBy/VB ;wheoD (Linear Differential Equation) 

o/yh fBy/VB ;wheoD B{z fBwB fbys o{g ftZu gqdofPs ehsk iKdk j?^ 

                       

dy
PY = Q

dx
+  

fJZE/ P ns/ Q e/tb x d/ cbB j[zd/ jB ns/ y fJZe nkPfos ubokPh j?. fJ; ;wheoD dk jZB 

eoB d/ bJh d'jK gk;/ 

p dx
e∫

 Bkb r[Dk eoB s/ 

 

 

 

iK 

d'jK gk;/ ‘x’ d/ ;zdoG ftZu nB[ebB eoB s/ 

p dx p dx
ye Q e  dx c∫ ∫= +∫  

fJjh ;kv/ fdZs/ j'J/ ;wheoD dk jZb j'J/rk. 

B'N 
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B'N 

T[dkjoD L 5

2

2 xdy
xy e

dx
−+ −  dk jZb eZY'. 

T[go'es ;wheoD dh 

dy
PY = Q

dx
+  Bkb s[bBk eoB s/ n;hA d/yd/ jK  

2

2 , xP x Q e−= =  

d'jK dk gqEe^gqEe ‘x’ d/ ;kg/y nB[ebB eoB s/ 

 

 

 

 

                     fJ; soQK

2x
e p dx e=∫  

fdZs/ j'J/ fBy/VB ;wheoD dk jZb j't/rk^ 

 

 

 

 

iK 

17H1H5 o/yh o{g ftZu pdbDk (Change in Linear Form)  

i/eo e'Jh fBy/VB ;wheoD o/yh o{g ftZu pdbh ik ;edh j? sK T[;dk jZb d' ftXhnK d[nkok 

ehsk ik ;edk j?^ 

     (I) poB'bh ;wheoDL i/eo e'Jh ;wheoD fBwB fbus o{g ftZu fdZsk j'fJnk j't/^ 

               

ndy
PY = Q y

dx
+  

sK nfijh dPk ftZu n;hA d'jK gk;/ y-n
 Bkb r[Dk eod/ jK. 

       

1n ndy
y PY = Q 

dx
− − ++                                                          HHH(1) 

     n;hA 

1ny v− + =  oZy fdzd/ jK sK (1 ) ndv dy
n y

dx dx
−−  j't/rk. 

j[D ;wheoD (1) dk o{g j/m nB[;ko j't/rk^ 

          

1

1

dv
pv Q

n dx
+ =

−
 

iK      (1 ) (1 )
dv

n pv n Q
dx

+ − = −                                                     HHH(2) 

fJj ;wheoD fJZe o/yh ;wheoD j?, fiZE/ v fJZe nkPfos ubokPh j?. fJ; fBy/VB ;wheoD 

dk jZb 17H1H4 d/ nB[;ko j't/rk. 

     (II) i/eo e'Jh ;wheoD fBwB fbus o{g ftZu gqdofPs j't/^ 

          ( ) ( )
dv

P  y Q f y
dx

+ φ =  

fiZE/, P ns/ Q e/tb x d/ cbB j?. 
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sK T[go'es ;wheoD B{z o/yh ;wheoD ftZu pdbD d/ bJh ;wheoD d/ d'jK gk;/ f (y) dk Gkt d/D 

s/ 

              

1 ( )
Q

( ) ( )

dv  y
P

f y dx f y

φ+ =  

     ;wheoD ftZu        

( )

( )

 y
v

f y

φ =  oZyhJ/ sK 

( )

( )

dv d  y

dx dx f y

 φ=  
 

 

                                

1
,

( )

dy
k.

f y dx
=  fiZE/ k fJZe ;fEo nze j?. 

fJ; soQK ;wheoD (2) B{z j[D n;hA fBwB fbys o{g ftZu fby ;ed/ jK^ 

                     

1 dv
Pv Q

k dx
+ =  

iK                         

dv
k Pv kQ

dx
= =  fijVk fe fJZe o/yh ;wheoD j?. 

T[dkjoD 6 L 
2 61dy

y x y
dx x

+ =  dk jZb eZY'. 

fdZs/ j'J/ ;wheoD B{z y6
 Bkb Gkr d/D s/ 

 

                                                                                        HHHH(1) 

 

wzfBnk 

 

 

iK 

 

;wheoD (1) ftZu oZyD s/ 

                  

21 1

5

dv
v x

dx x
− + =  iK 

21
5

5

dv
v x

dx
− = −  

fJj fJZe o/yh ;wheoD j? fi; ftZu v fJZe nkPfos ubokPh j?. 

fJZE/ P = –5/x ns/ Q = –5 x2
  

 

fJ; soQK 

 

 

         ∴ 

 

 

 

         iK 

 

                                                                                                                                [∵   v = 1 /y5] 
 

 

        iK 

 

fJjh fBy/VB ;wheoD dk jZb j?. 

B'N 
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B'N 17H2 ;jh fBy/VB ;wheoD (Exact Differential Equations) 

fBy/VB ;wheoD M dx + N dy = 0 ;jh (exact) j't/rh i/eo  j'D. i/eo fdZsk 

j'fJnk ;wheoD ;jh j? sK n;hA fJ;d/ pknd fBwB fbys edw T[mktKr/^ 

(i) M B{z x d/ ;zdoG ftZu nB[ebB eoKr/ id'A fe y ;fEo j'D. 

(ii) N B{z e/tb y d/ ;zdoG ftZu nB[ebB eoKr/ ns/ n;hA e/tb T[jBK gdK dk jh nB[ebB 

eoKr/ fi; ftZu x Bk j'D. 

(iii) T[go'es d'jK nB[bBK dk :'r eo btKr/. 

fJ; soQK i/eo fBy/VB ;wheoD M dx + N dy = 0 ;jh (exact) j? sK fJ;dk jZb fBwB fbus 

j't/rk^ 

 (y B{z ;fEo wzBd/ j'J/) O (e/tb T[jBK d' dk fi; ftZu x Bk j't/) = c   

T[dkjoD ti'L (x2 – ay) dx – (ax – y2) dy = 0  dk jZb gsk eo'. 

fJZE/, M = x2 – ay ns/ N = (ax – y2) jB. 

ns/  

fJ; soQK  j?, fJ; bJh fdZsh j'Jh ;wheoD ;jh (exact) j?. 

j[D  (y B{z ;fEo wzBd/ j'J/)                        HHH(1) 

ns/  (e/tb T[j gd fi; ftZu x Bk j'D)  

∴ ;kB{z T[gbpX j't/rk^ 

     (i) + (ii) = c (ekbgfBe ;fEo nze) 

     iK  

     iK  

 

 

 

 Nk;e        dk jZb eZY'. (T[Zso L ) 

 
 

;t?^w[bKeD (Self Assessment) 

   1H ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H fBy/VB ;wheoD T[j ;wheoD j[zdh j? fi; ftZu HHHHHHHHHH ns/ ;[szso ubokPhnK 

j[zdhnK jB. 

2H e'Jh th ;wheoD o/yh ejkJ/rk id'Afe nkPfos ubokPhnK d/ HHHHHHHHH gfjb/ e'Nh d/ 

j'D. 
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fJekJh^17 L fBy/VB ;wheoDK dh ikDekoh ns/ jZb L ubokPhnK dh gqEeDh dPk ns/ ;wo{g ;wheoD 

 

3H fJZe fBy/VB ;wheoD dk jZb fi; ftZu ;[szso ekbgfBe ;fEo nze fBy/VB ;wheoD 

d/ eqw d/ pokpo j't/ sK T[;B{z T[;dk HHHHHHHHHHHH jZb fejk iKdk j?. 

4H ;XkoD jZb ftZu ;fEo nzeK B{z i/eo e'Nh ftP/P w[Zb fdZsk iKdk j? sK T[j T[; ;wheoD 

dk HHHHHHHHHHH jZb fejk iKdk j?. 

5H i/eo fJZe fBy/VB ;wheoD 

1

2

( , )

( , )

f x ydy

dx f x y
=  d/ o{g ftZu gqdofPs ehsk ikt/ sK T[j 

HHHHHHHHHHH ;wheoD ejkT[Adh j?. 

 

17H3 ;koKP (Summary) 

• fBy/VB ;wheoD T[j ;wheoD j[zdh j? fi; ftZu nkPfos ns/ ;[szso ubokPhnK j[zdhnK 

jB ns/ nkPfos ubokPhnK d/ fJZe iK fJZe s'A tZX ;[szso ubokPhnK d/ ;kg/y ftZu 

ftfGzB r[DKe (derivatives) j[zd/ jB. fJZe fBy/VB ;wheoD dk eqw (order) T[; ;wheoD 

ftZu Pkfwb ftfGzB r[DKeK dk T[Zuso eqw (highest order) j[zdk j?. e'Jh th ;wheoD o/yh 

ejkJ/rk id'A fe nkPfos ubokPhnK d/ r[DKe gfjbh e'Nh d/ j'D, BjhA sK T[j r?o^o/yh 

ejkT[Dr/. 

• ;XkoD jZb L fJZe fBy/VB ;wheoD dk jZb fi; ftZu ;[szso ekbgfBe ;fEo nze 

fBy/VB ;wheoD d/ eqw d/ pokpo j'D sK T[;B{z ;XkoD jZb fejk iKdk j?. 

• ftP/P jZb (Particular Solution)L ;XkoD jZb ftZu ;fEo nzeK B{z i/eo e'Jh ftP/P w[Zb 

fdZsk iKdk j? sk T[j T[; ;wheoD dk ftP/P jZb fejk iKdk j?. 

• i/eo fBy/VB ;wheoD fBwBfbys o{g ftZu gqdofPs j't/^ 

                             f1 (x) dx = f2 (y) dy  

        fJZE/ f1 (x) ns/ f2 (y) eqw nB[;ko x ns/ y d/ cbB jB. 

• nfijh dPk ftZu ;wheoD d/ d'jK gk;/ nB[ebB eo b?Ad/ jB ns/ T[; s'A pknd ;wheoD 

d/ fJZe gk;/ e'Jh ekbgfBe ;fEo nze i'V b?Ad/ jB. 

 

17H4 Ppde'P (Keywords) 

• ;wo{g (Homogeneous) ^ ;wKrh. 

• gqEeheoD (Separable) ^ tZy^tZy. 

 

17H5 nfGnk; gqPB (Review Questions) 

1H y = A ex + B/ex
 teo B{z A ns/ B d/ ftfGzB w{bK d/ bJh fBy/VB ;wheoD gsk eo'. 

                                                                      (T[Zso L 

2

2

d y
y

dx
= ) 

2H 
2 2

1
1 1

x y
 dx  dy

x y

  
 = − 
 + +   

 dk jZb eZY'.        (T[Zso L 
2 21 1x y c+ + + = ) 

3H 22 xdy
xy e

dx
−+ −  dk jZb eZY'.                                   (T[Zso L yex2 = x + c) 

 

B'N 
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B'N T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H nkPfos                 2H r[DKe                 3H ;XkoD  

  4H ftP/P                   5H ;wo{g. 

 

17H6 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

4H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

5H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

6H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

7H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

8H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

9H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 
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fJekJh^18 L t:{j (w?fNqe;) L noE ns/ gqeko 

 

fJekJh^18L t:{j (w?fNqe;) L noE ns/ gqeko 

(Matrices : Meaning and Types) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

18H1 w?fNqe; dk eqw iK ftwktK (Order of Matrix) 

18H2 w?fNqe; dk ;ze/sB (Notation of a Matrix) 

18H3 t:{j d/ gqeko (Kinds of Matrix) 

18H4 w?fNqe; d/ w[Zy r[D (Important Properties of Matrices) 

18H5 t:{jK dk :'r ns/ nzso (Addition and Subtraction of Matrices) 

18H6 w?fNqe; r[DB (Matrix Multiplication) 

18H7 ;koKP (Summary) 

18H8 Ppde'P (Keywords) 

18H9 nfGnk; gqPB (Review Questions) 

18H10 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• w?fNqe; d/ eqw ns/ ;ze/sB B{z f;ZyD ;zpzXh. 

• t:{j d/ gqekoK dh ikDekoh gqkgs j't/rh. 

• w?fNqe; d/ w[Zy r[DK B{z ;wMD ;zpzXh. 

• t:{jK dk :'r ns/ nzso B{z ikDB ;zpzXh. 

• w?fNqe; r[DB ;zpzXh gqPBK B{z jZb eoB ;zpzXh. 

 

 

gq;sktBk (Introduction) 

fJZe nkfJseko nzekfJs (Rectangular Arromy), fi;B{z gzeshnK (Rows) ns/ ;szGK ftZu 

ftt;fEs ehsk frnk j't/, t:{j ejkT[Adk j?. 

m gzeshnK (Rows) ns/ n ;szGK (Columns) ftZu mn ;zfynktK d/ eqw^gfotosB 

(Permutation) B{z m × n eqw dk w?fNqe; (Matrix) efjzd/ jB. 

a11    a12    ....    a1n 

a21    a22    ....    a2n 

 :  

am1   am2    ....    amn 
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B'N 

 

 

 B'N;       ;zfynktK a11, a12, ............... w?fNqe; d/ xNe iK ;zxNe (Elements or 
Constituents) ejkT[AdhnK jB. 

 

 

fyfsi (Horizontal) ;zxNeK d[nkok gzesh (Row) ns/ yVQt/A (Vertical) ;zxNeK Bkb ;szG 

(Column) pDd/ jB. fi;B{z^ 

fJZe nkfJskeko ftB:k; jB fi; ftZu 2 gzeshnK ns/ 3 ;szG jB ns/ 2 × 

3 & 6 ;zxNeK dhnK ;zfynk jB. 

fJ;h soQK  fJZe nkfJskeko ftB:k; j? fi; ftZu 3 gzeshnK ns/ 1 ;szG j? ns/ 

gqt/PK (Entries) dhnK ;zfynktK 3 × 1 & 3 jB. 

 

18H1 w?fNqae; dk eqw iK ftwktK (Order of Matrix) 

fit/A nkfJskeko (Rectangle) dhnK d' ftwktK bzpkJh ns/ u"VkJh j[zdhnK jB T[;h soQK w?fNqe; 

dhnK ftwktK gzeshnK dh ;zfynk  ;szGK dh ;zfynk j[zdh j?. gfoGkPk ftZu fdZs/ j'J/ w?fNqe; B{z 

A, B, C nkfd Bkb ;ze/s eod/ jB. fit/A Am×n. B2×3. C1×3 nkfd. 

 

18H2 w?fNqe; dk ;ze/sB (Notation of a Matrix) 

i/eo fe;h th w?fNqe; ftZu gzeshnK ns/ ;szGK dhnK ;zfynktK m ns/ n j'D, sK nkfJskeko 

ftB:k; ftZu e[ZbQ m × n ;zxNeK dh ;zfynk j't/rh. w?fNqe; dh ith
 gzesh ns/ jth

 ;szG ftZu 

;zxNeK dh ;fEsh aij j't/, sK w?fNqe; B{z j/m nB[;ko fbfynk iKdk j?^ 

                                       Am×n = A = [aij]m×n   

fiZE/, i = 1, 2, 3, ...., m ns/ j = 1, 2, 3, ...., n j?. 

 

 

 

eh s[;hA ikDd/ j'    fJZE/ fJj T[b/y:'r j? fe w?fNqe; ;zfynktK dk nkfJskeko ftB:k; (ftP/P 

;zrms ns/ ;zy/ge o{g ftZu fby/ j'J/) wkso jB. fJjBK dk e'Jh 

;zfynkswe wkB BjhA j?. 

  

18H3 t:{j d/ gqeko (Kinds of Matrix) 

[I] tor w?fNqe; (Square Matrix)  

i/eo fe;h wfNqe; ftZu gzeshnK ns/ ;szGK dh ;zfynk pokpo j? T[d'A T[;B{z tor w?fNqe; 

efjzd/ jB. Gkt i/eo m = n j't/ sK nze nkfJs B{z n eqw dk tor t:{j efjzd/ jB. j'o t:{j 

fiZE/ j'D T[j nkfJskeko t:{j ejkT[Ad/ jB. T[dkjoD ti'A, 
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1 2 3
2 3

2 4 0
1 7

7 2 5

          
     

A  B        
   

         

 
   = = −   −    

 

T[go'es d'B'A t:{j tor w?fNqe; jB fiBQK d/ eqw (2 × 2) ns/ (3 × 3) jB. 

  [II] gzesh w?fNqe; (Row Matrix) 

i/eo m = 1, T[d'A w?fNqe; ftZu e/tb fJZe gzesh oj/rh, fJ;B{z gzesh w?fNqe; ejKr/. T[dkjoD 

ti'A^ 

A = [2 3]1×2 

B = [–5 2 0]1×3 

C = [1 3 0 –7]1×4   

  [III] ;szG w?fNqe; (Column Matrix)  

i/eo n = 1, T[d'A w?fNqe; ftZu e/tb fJZe ;szG oj/rk ns/ gzeshnK dhnK ;zfynktK eJh, fJ;B{z 

;szG w?fNqe; ejKr/. T[dkjoD ti'A, 

2 1
3 1

4 1

1
2

1 2
1

3 4
0

7

  

A  ,B  ,C  

  ×
×

×

 
        = = − =           

 

 

  [IV] Iho' w?fNqe; (Null Matrix or Zero Matrix)  

i/eo fe;h w?fNqe; d/ ;ko/ ;zxNe Iho' j'D, sK T[j Iho' w?fNqe; ejkT[Adk j?. T[dkjoD ti'A, 

[ ]
0 0 0

0 0 0
0 0 0 0 0

0 0 0
0 0 0

        
    

A   , B  , C  , D         
    

        

 
     = = = =           

 

T[go'es ;ko/ Iho' w?fNqe; jB. Iho' w?fNqe; B{z O tZv/ (Capital) nZyo Bkb fbfynk iKdk j?. O 

Iho' BjhA j?, fJj e/tb w?fNqe; dk ;ze/s j?. 

  [V] ss;we iK fJekJh w?fNqe; (Identity or Unit Matrix)  

fJj fJZe tor w?fNqe; j? fi;d/ ;ko/ fteoD ;zxNe (Diagonal Elements) fJekJh jB ns/ j'o 

;zxNe Iho' jB. fJ;B{z ss;we iK fJekJh w?fNqe; efjzd/ jB. T[dkjoD ti'A, 

1 0 0 0
1 0 0

1 0 0 1 0 0
; 0 1 0 ;

0 1 0 0 1 0
0 0 1

0 0 0 1

            
        

                
A   B          C

                
        

            

 
        = = =           

 

 

  [VI] fteoD w?fNqe; (Diagonal Matrix)  

i/eo fe;h tor w?fNqe; d/ gqw[Zy fteoD T[Zs/ ;fEs ;zxNeK B{z Szve/ pkeh ;ko/ Iho' jB, T[d'A 

T[;B{z fteoD w?fNqe; efjzd/ jB. T[dkjoD ti'A,  

1

2

3

4

0 0 0
4 0 0

0 0 02 0
; 0 3 0 ;

0 0 00 3
0 0 1

0 0 0

d             
        

    d             
A   B       C

        d         
        

            d

 
        = = − =              

 

B'N 

;zy/g ftZu fJ;B{z fteoD [d1, d2, d3, d4] Bkb do;kT[Ad/ jB. 
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B'N  

  [VII] ;e/bo w?fNqe; (Scalar Matrix)  

T[j fteoD w?fNqe;, fi;d/ ;ko/ fteoD ;zxNe ;wkB j'DF, ;e/bo w?fNqe; ejkT[Adk j?. 

T[dkjoD ti'A, 

                           

                                           A = [aij] ;e/bo j't/rk i/eo aij = 0, id'A fe i ≠ j; aij = 2 id'A i = j  

                           

                                          B = [aij]3×3, fiZE/ aij = 0 id'A i ≠ j; aij = k, id'A i = j T[d'A B ;e/bo 

w?fNqe; j?. 

  [VIII] nX'fse'Dh w?fNqe; (Lower Triangular Matrix)  

T[j tor w?fNqe;, fi;d/ w[Zy fteoD d/ T[Zgo d/ ;zxNe Iho' j'D, nX'fse'Dh w?fNqe; (Lower 
Triangular Matrix) efjzd/ jB. T[dkjoD ti'A, 

                               , fJZE/ aij = 0; id'A i < j  

 

 

 

 Nk;e        ss;we w?fNqae; dk fJZe T[dkjoD fby'. 

 

 

  [IX] T[gohfse'Dh w?fNqe; (Upper Triangular Matrix)  

T[j tor w?fNqe; fi;d/ gqXkB fteoD d/ ;G ;zxNe Iho' j'D, w?fNqe; dk T[gohfse'Dh (Upper 
Triangular) ejkT[Adk j?. T[dkjoD ti'A, 

 

 

 

 

 

 

tor w?fNqe; A (eqw n × n )lfiZE/ ;zxNe aij = 0 id'A i < j  

  [X] w?fNqe; fteoD :'r (Trace of a Matrix)  

tor w?fNqae; d/ gqXkB fteoD d/ ;ko/ ;zxNeK dk i'VQ, w?fNqe; dk fteoD :'r ejkT[Adk j?. 

T[dkjoD ti'A, 
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T[go'es t:{j B{z w?fNqae; fteoD :'r = a + b + c j?. tor w?fNqe; A eqw, n × n ftZu w?fNqe; 

fteoD :'r & 

1

n

ij
i

a
=
∑  j?. fiZE/, j = i efjzd/ jB ns/ T[;B{z Tr fbyd/ jB. 

  [XI] ;wfws w?fNqe; (Symmetric Matrix)  

T[j tor w?fNqe; A (eqw n × n), fi;d/ jo/e (i – j)th
 xNe (;zxNe) d/ bJh aij = aji j't/, 

;wfws w?fNqe; ejkT[Adk j?, T[dkjoD ti'A, 

 

 

 

T[go'es w?fNqe; fJZe ;wfws w?fNqe; j? feT[Afe aij = aji i.e. a21 = h = a12; a32 = f = a23; a22 = b = 
a22  

  [XII] NKe^;wfws w?fNqe; (Skew-Symmetric Matrix)  

T[j tor w?fNqe; A (eqw n × n), fi;d/ jo/e (i - j)th
 fiBQK d/ jo/e oue d/ bJh aji = aij j't/, 

NKe^;wfws w?fNqe; ejkT[Adk j?. T[dkjoD ti'A, 

 

 

 

fteoD ;zxNeK a11, a22, a33, ........, aij fJ; soQK j? ns/ gqshpzX aij = – aji d/ ;ko/ wkBK d/ bJh. 

∴  2aij = 0 or – aij = 0  

fJ; bJh NKe^;wfws w?fNqe; d/ ;ko/ fteoD ;zxNe Iho' j[zd/ jB. 

 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H fJZe nkfJskeko nze nkfJs, fi;B{z gzeshnK ns/ ;szGK ftZu ftt;fEs ehsk frnk j't/ 

HHHHHHHHHHHHH ejkT[Adk j?. 

2H i/eo fe;h th w?fNqe; ftZu gzeshnK ns/ ;szGK dh ;zfynk m ns/ n j'D, sK nkfJseko 

nfGnk; ftZu e[ZbQ HHHHHHHHHHHHH ;zxNeK dh ;zfynk j't/rh. 

3H i/eo fe;h w?fNqe; ftZu gzeshnK ns/ ;szGK dh ;zfynk pokpo j? sK T[;B{z HHHHHHHHHHHH 

w?fNqe; efjzd/ jB. 

4H i/eo fe;h w?fNqe; d/ ;ko/ ;zxNe Iho' j'D, sK T[j HHHHHHHHHHHH w?fNqe; ejkT[Adk j?. 

5H i/eo fe;h B{z w?fNqe; d/ gqw[Zy fteoD T[Zs/ ;fEo ;zxNeK B{z SZv e/ pkoh ;G Iho' jB, 

T[d'A T[;B{z HHHHHHHHHHHHH w?fNqe; efjzd/ jB. 

 

18H4 w?fNqe; d/ w[Zy r[D (Important Properties of Matrices) 

1H t:{jK dh ;wkBsk (Equality of Matrix)  

d' w?fNqe; A = [aij]m×n, B = [bij]p×q s[b j'Dr/ i/eo d'jK d/ eqw (Order) pokpo j'Dr/ Gkt m = p; 
n = q ns/ aij = bij j[zd/ jB. 

 

 

B'N 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               271 

 

 

VED1 

E L-LOVELY-H math18-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth  10-9-12 



noEPk;soh dk rfDs 

 

B'N 2H w?fNqe;K d/ ;ws[b ;zpzX (Equivalence Relations of Matrices)  

i/eo A, B, C w?fNqe; nB[e[bB (Conformable) jB Gkt ;wkB eqw (Order) j?l sK 

     (i) A = A; ;ws[b ;zpzX (Reflexive Relation)  

    (ii) A = B ⇔  B = A ⇒  ;wfws ;zpzX (Symmetric Relations)  

   (iii) A = B ns/ B = C ⇒  A = C; ;zeqkwe ;zpzX (Transitive Relation)  

fiZE/, ;ze/s (Notation) ⇒  i/eo HHHH sK (If....then) ns/ ⇔  i/eo ns/ e/tb i/eo (iff = if 
and only if)  

     (T) A = A dk noE j? aij = aij fiZE/ i = 1, 2, 3, ....m ns/ j = 1, 2, 3, ....., n. fJZe ;t?s[b 

;zpzX ejkT[Adk j?. 

     (n) A = [aij]m×n ns/ B = [bij]m×n jB sK A = B dk noE j? aij = bij iK bij = aij. fJ; 

bJh bJh B = A.  

∴   A = B ⇒  B = A fJ;B{z ;wfws ;zpzX efjzd/ jB. 

     (J) i/eo A = B, fJ;B{z B= C ;wfws ;zpzX efjzd/ jB^ 

                                           aij = bij  ns/ bij = cij  

fJ; soQK                   aij = cij    ∴   A = C  

w?fNqe;K A, B, C ftZu T[j ;zpzX j?, fijV/ ;t?s[b, ;wfws ns/ ;zeqkwe j't/, s[bsk ;zpzX 

ejkT[Adk j?. T[dkjoD ti'A^ 

s[b w?fNqe; dh gfoGkPk d[nkok x, y ns/ z dk wkB 

fJ; soQK d' s[b w?fNqe;K d/ ;zrs ;zxNe s[b j[zd/ jB. 

∴   x + 3 = 0; 2y + x = –7; z – 1 = 3 ns/ 4a – 6 = 2a  

fJBQK ;wheoDK d[nkok x =–3; y = –2; z = 4 ns/ a = 3H 
 

18H5 t:{jK dk :'r ns/ nzso (Addition and Subtraction of Matrices) 

i/eo A = [aij] ns/ B = [bij] d' m × n eqw d/ w?fNqe; jB, T[d'A T[jBK dk :'rcb A + B n;hA 

eqw m × n w?fNqe; C = [cij] d[nkok do;kT[Ad/ jB. 

fiZE/ cij = bij, i = 1, 2, ......, m; j = 1, 2, ......., n ;ko/ wkBK d/ bJh. 

fJZE/ fJj T[by:'r j? fe i/eo w?fNqe; ;wkB eqw d/ BjhA jB sK T[jBK dk :'rcb ;zGt 

BjhA j?. 

T[dkjoD 1H wkB eZY' (Evaluate)^ 
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t:{j :'r d/ y/soh r[D (Field properties of Matrix Addition)  

(i) d' w?fNqe; fJZe jh eqw d/ (Order) iK nB[ebB (Conformable) jB sK fJBQK d/ i'V s/ gqkgs 

w?fNqe; th fJ;h eqw dk j[zdk j?. 

i/eo A = [aij]m × n; B = [bij]m × n j't/ sK 

                 A + B = C   ⇒    [aij bij]m × n; :'r dk ;zuoD r[D (Closure Law)  

(ii) i/eo d' w?fNqe; nB[ebB (;wkB^eqw d/) jB, sK 

A + B = B + A :'r dk eqw^ftfBw/sk r[D (Commutative Law for Addition)  

A + B = [aij bij]m × n = [bij + aij]m × n = B + A  j't/ sK nB[ebB w?fNqe; dk :'r, eqw ftfBw/ r[D 

dk gkbD eod/ jB. 

(iii)  i/eo fszB w?fNqe; A, B, C nB[ebB jB, sK 

(A + B) + C = A + (B + C) :'r dk ;fjuo r[D (Associative Low for Addition)  

 

 

 

 

 

(iv) i/eo A fJZe w?fNqe; m × n eqw dk j? ns/ 0 (Iho') w?fNqe; th T[;h eqw dk j? sK A + 0 = A 

fiZE/, 0 (Iho') w?fNqe; dk :'r ss;we ;zxNe (Identity Element) j?. 

(v) i/eo A fJZe w?fNqe; m × n eqw dk j? ns/ A + (–A) = 0 j't/, sK –A w?fNqe; A w?fNqe; dk 

:'r t:{seqw (Additive Inverse) j[zdk j?. 

d' w?fNqe;K dk nzso (Subtraction of Two Matrices)  

A = [aij]m × n; B = [bij]m × n sK d' w?fNqe;K dk nzso A – B, T[j w?fNqe; C j? fi; ftZu i/eo C = 
[cij]m × n i/eo cij = aij = bij  

Gkt cij = aij + (–bij)  

d' w?fNqe;K dk nzsol A ns/ B d/ :'iBkswe gqshb'w (Additive Inverse) Gkt A – B i'VB 

s/ fwbdk j?. 

 

 

 

 

 

 

18H6 w?fNqe; r[DB (Matrix Multiplication) 

i/eo A = [aij], m × n eqw dk w?fNqe; j? ns/ B = [bik], n × p eqw dk w?fNqe; j?, T[d'A A ns/ B 

w?fNqe;K dk r[DB AB = C; fiZE/, C = [cik], m × n eqw dk w?fNqe; A j?. Gkt i/eo d' w?fNqe; A 

ns/ B nB[ebB j'D fiBQK ftZu A ;szGK dh ;zfynk B dhnK gzeshnK d/ pokpo j't/, sK d'jK 

w?fNqe;K B{z r[Dk eo ;ed/ jB ns/ r[DB B{z AB d[nkok gqdofPs eod/ jB. 

fJ; soQK w?fNqe; r[DB AB d/ ftnkge gd cik B{z gqkgs eoB dh ftXh fJj j?^ 

A dh ithA gzesh ns/ B d/ kt/A ;szG d/ ;zrs oueK (;zxNeK) dh r[Dk eoBk s/ fJBQK dk :'rcb 

b?Dk. fJ;B{z gzesh r[fDs ;szG ftXh efjzd/ jB. 

B'N 
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B'N 

wzfBnk A = [ai1, ai2....ain] ns/ 

1

2

:

k

k

nk

b

b
B

  

b

 
 
 =  
 
 

 j't/ sK AB dk r[DBcb j't/rk^ 

                     [ai1, ai2....ain]

1

2

:

:

:

:

k

k

ik

nk

b   

b   
 

c  

b   

   
   
   = →   
   

  

 

fiZE/ cik = ai1 b1k + ai2b2k.....+aijbik + .... + ainbnk  

fJj fXnkB ftZu oZyD :'r j? fe r[DB AB e/tb sK jh gfoGkfPs j? id'A fe w?fNqe; A d/ 

;szGK dh ;zfynk B gzeshnK dh ;zfynk d/ pokpo j?. fJ: ;fEsh ftZu w?fNqe; A ns/ B 

r[DB d/ bJh nB[ebB jB. fJ; bJh fJZe gzesh w?fNqe; ns/ ;szG w?fNqe; dh r[Dk eo 

;ed/ jB i/eo d'jK ftZu oueK dh ;zfynk pokpo j?. 

i/eo w?fNqe; A, 1 × n eqw dk j? ns/ B, n × 1 eqw dk j? T[d'A w?fNqe; r[DB A . B, 1 × 1 eqw 

dk j't/rk gozs{ B ns/ A t:{j dk r[DBcb n × n eqw dk j't/rk. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

wjZstg{oD B'N^i/eo w?fNqe; A ns/ B d'B'A fJZe jh eqw d/ tor w?fNqe; jB T[d'A AB ns/ 

BA d'B'A gfoGkfPs ofjDr/ ns/ d'B'A T[;h eqw d/ tor w?fNqe; j'Dr/, fco th ;XkoD o{g s'A 

(in general) AB ≠ BA, Gkt w?fNqe; r[DB eqw ftfBw/ (Commutative) BjhA j?. 
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T[dkjoD 4H i/eo 

 
 
 

0    1
=

0    0
A  ns/ 

 
 
 

1    0
=

0    0
B  

j't/, sK AB dk wkB eZY'. 

jZb L                     

0 1 1 0 0 0
0

0 0 0 0 0 0

            
A    

            

     
= = =     

     
 

fJ; s'A fJj f;ZX j[zdk j? fe w?fNqe; r[DB fJZe Iho' w?fNqe; j? gozs{ A ≠ 0 ns/ B ≠ 0  

t:{j r[DB dk ;fjuo fB:w 

(i) w?fNqe; r[DB dk ;fjuo fB:w (Associative Law of Matrix Multiplication)  

i/eo A = [aij]m × n eqw dk j?, B = [bik], n × p eqw dk j? ns/ C = [cik], p × q eqw dk j?, T[d'A    

A (B . C) = (A . B) . C, d'B'A gZy m × q eqw d/ w?fNqe; jB, Gkt w?fNqe; r[DB ;fjukoh jB. 

fJj ;obsk Bkb f;ZX eo ;ed/ jK. 

wzB fbU fiZE/ B. C = [dji], fiZE/ 

 

 

 

fJ; soQK A . (B . C) = [cij], fiZE/ cji = ai1d1i + .....aindni  

 

 

 

 

feT[Ai' gdK dh ;zfynk gfofws j?, fJ; bJh :'r dk eqw gfotosB s/ 

 

 

 

(ii) w?fNqe; r[DB dh tzv fB:w (Distributive Law of Matrix Multiplication)  

i/eo A = [aij], m × n eqw dk j?, ns/ B = [bik], C = [cjk], n × p eqw d/ jB, 

T[d'A 

 

 

feT[Ai' 

fJ; soQK 

fiZE/ 

 

 

 

 

 

 

 

fJ; soQK 

fJ; soQK A (B + C) = AB + AC  

fJ;h soQK i/eo B = [bik], C = [cjk], n × p eqw d/ jB ns/ A = [aij], p × n eqw dk j?, T[d'A (B + C) 
A = BA + CA.  
 

B'N 
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B'N  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

fJ; soQK AB ≠ BA.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

fBwBfbys eEBK ftZu ;Zu iK M{n dh gfjukD eo' 

(State whether the following statements are True or False) – 

6H A = Al ;t?s[b ;zpzX j? id'A A w?fNqe; nB[ebB j?. 

7H A = B ⇔  B = A ;wfws ;zpzX j?, id'A A, B nB[ebB j?. 

8H id'A A, B, C w?fNqe; nB[ebB jB sK A = B ns/ B = C ⇒  A = C ;t?s[b ;zpzX 

fdykT[Adk j?. 
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fJekJh^18 L t:{j (w?fNqe;) L noE ns/ gqeko 

 

9H i/eo fszB w?fNqe; A, B, C nB[ebB jB sK (A + B) + C = A + (B + C) :'r dk ;fjuo 

r[D do;kT[Adk j?. 

10H d' w?fNqe;K dk nzsol A ns/ B d/ :'iBkswe gqshb'w Gkt A + B i'VB s/ fwbdk j?. 

 

18H7 ;koKP (Summary) 

• fJZe nkfJskeko nzenkfJs (Rectangular Arromy), fi;B{z gzeshnK (Rows) ns/ ;szGK 

ftZu ftt;fEs ehsk frnk j't/, t:{j ejkT[Adk j?. 

• m gzeshnK (Rows) ns/ n ;szGK (Columns) ftZu mn ;zfynktK d/ ftB:k; 

(Permutation) B{z m × n eqw dk w?fNqe; (Matrix) efjzd/ jB. 

• fit/A nkfJs (Rectangle) dhnK d' ftwktK bzpkJh ns/ u"VkJh jB ns/ T[;h soQK w?fNqe; 

dhnK ftwktK gzeshnK dh ;zfynk × ;szGK dh ;zfynk j[zdh j?. gfoGkPk ftZu fdZs/ j'J/ 

w?fNqe; B{z A, B, C nkfd d[nkok ;ze/s eod/ jB. fit/A Am × n. B2 × 3.C1 × 3 nkfd. 

• i/eo fe;h th w?fNqe; ftZu gzeshnK ns/ ;szGK dhnK ;zfynktK m ns/ n j'D, sK 

nkfJskeko nfGnk; ftZu e[ZbQ m × n ;zxNeK dh ;zfynk j't/rh. 

• i/eo fe;h w?fNqe; ftZu gzeshnK ns/ ;szGK dh ;zfynk pokpo j? T[d'A T[;B{z tor 

w?fNqe; efjzd/ jB. 

• i/eo n = 1, T[d'A w?fNqae; ftZu e/tb fJZe ;szG oj/rk ns/ gzeshnK dhnK ;zfynktK eJh, 

fJ;B{z ;szG w?fNqe; ejKr/. 

• i/eo fe;h w?fNqe; d/ ;ko/ ;zxNe Iho' j'D, sK T[j Iho' w?fNqe; ejkT[Adk j?. 

• fJj fJZe tor w?fNqe; j? fi;d/ ;ko/ fteoD ;zxNe (Diagonal Elements) fJekJh jB 

ns/ j'o ;zxNe Iho' jB. fJ;B{z ss;we iK fJekJh w?fNqe; efjzd/ jB. 

• i/eo fe;h tor w?fNqae; d/ gqw[Zy fteoD T[Zs/ ;fEs ;zxNeK B{z SZv e/ pkeh ;G Iho' jB, 

T[d'A T[;B{z fteoD w?fNqe; efjzd/ jB. 

• T[j fteoD w?fNqe;, fi;d/ ;ko/ fteoD ;zxNe ;wkB j'D, ;e/bo w?fNqe; ejkT[Adk j?. 

• T[j tor w?fNqe;, fi;d/ w[Zy fteoD d/ T[Zgo d/ ;zxNe Iho' j'D, nX'fse'Dh w?fNaqe; 

(Lower Triangular Matrix) efjzd/ jB. 

• T[j tor w?fNqae; fi;d/ gqXkB fteoD d/ ;ko/ ;zxNe Iho' j'D, w?fNqe; dk T[Zgohfse'Dh 

(Upper Triangular) ejkT[Adk j?. 

• tor w?fNqe; d/ gqXkB fteoD d/ ;ko/ ;zxNeK dk i'VQ, w?fNqe; dk fteoD :'r ejkT[Adk 

j?. 

• T[j tor w?fNqe; A (eqw n × n), fi;d/ jo/e (i – j)th
 xNe (;zxNe) d/ bJh aij = aji 

j'D, ;wfws w?fNqe; ejkT[Adk j?. 

• T[j tor w?fNqe; A (eqw n × n), fi;d/ jo/e (i – j)th
 fiBQK d/ jo/e oue d/ bJh aji = aij 

j'D, ;wfws w?fNqe; ejkT[Adk j?.   

 

18H8 Ppde'P (Keywords)  

• w?fNqe; (Matrix) ^ t:{j, nk:skeko. 

• ;zxNe (Elements) ^ sZs. 

 

 

B'N 
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B'N 18H9 nfGnk; gqPB (Review Questions) 

1H i/eo ns/  sK A + B eZY'.(T[Zso L ) 

2H i/eo  ns/  sK A + B dk wkB eZY'.  

                                                                 (T[Zso L ) 

3H i/eo  ns/  sK A – B eZY'.  (T[Zso L ) 

4H i/eo  ns/  j't/, sK AB eZY'.   

                                                             (T[Zso L ) 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H t:{j         2H m ×  n        3H tor         4H Iho'          5H fteoD 

  6H ;Zu          7H ;Zu           8H M{m           9H ;Zu          10H M{m   

 

18H10 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

2H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

3H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

5H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

6H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

7H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

8H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

9H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 
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fJekJh^19 L gfotos ns/ ftgohs w?fNqe; 

 

fJekJh^19L gfotos ns/ ftgohs w?fNqe; 

(Transpose and Inverse of Matrix) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

19H1 w?fNqe; dk gfotos (Transpose of a Matrix) 

19H2 d' w?fNqe; d/ r[DB d/ gfotos (Transpose of Product of Two Matrices) 

19H3 fB:fws w?fNqe; (Regular Matrix) 

19H4 w?fNqe; d/ T[bN iK ftgohs (Inverse or Opposite of Matrix)  

19H5 bzpe w?fNqe; (Orthogonal Matrix) 

19H6 ;koKP (Summary) 

19H7 Ppde'P (Keywords) 

19H8 nfGnk; gqPB (Review Questions) 

19H9 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• w?fNqe; d/ gfotos B{z ikDB ;zpzXh. 

• d' w?fNqe; d/ r[DB d/ gfotos dh ikDekoh gqkgs eoB ftZu. 

• fB:fws w?fNqe; B{z ;wMD ftZu. 

• w?fNqe; d/ T[bN iK ftgohs ;zpzXh gqPBK B{z jZb eoB ftZu wdd fwb/rh. 

• bzpe w?fNqe; ;zpzXh rZbK B{z ikDB ;zpzXh. 

 

 

gq;sktBk (Introduction) 

gq;s{s gkm ftZu w?fNqe; d/ gfotos ns/ ftgohs dh uouk j?. fJ;d/ nzsors i/eo A fJZe 

m×n eqw dk w?fNqe; j?, T[d'A fJ; dhnK gzeshnK ns/ ;szGK B{z nkg; ftZu pdbD Bkb fijVk 

n×m w?fNqe; gqkgs j'J/rk, T[;B{z A dk gfotos ejKr/. 

i/eo w?fNqe; A ns/ B r[DB d/ bJh nB[ebB jB, sK AB dk gfotos T[seqw ftZu gfotosK d/ 

r[DBcb d/ pokpo j't/rk. 

 

19H1 w?fNqe; dk gfotos (Transpose of a Matrix) 

i/eo A ns/ m × n eqw dk w?fNqe; j?, T[d'A fJ; dhnK gzeshnK ns/ ;szGK B{z nkg; ftZu pdbD 

Bkb fijVk n × m w?fNqe; gqkgs j't/rk, T[;B{z A dk gfotos ejKr/ ns/ A′  iK At
 iK AT

 Bkb 

do;ktKr/. 
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B'N T[dkjoD ti'A, i/eo 

                  

1 3 7

5 2 4

        
A

        

 
=  

 
 T[d'A 

1 5

3 2

7 4

    

A     

    

 
 ′ =  
  

 

;gPN j? fe ;zxNe Aij, fijV/ w?fNqe; A dh ithA gzesh ns/ jt/A ;szG ftZu ;h, gfotos 

w?fNqe; A′  dh jthA gzesh ns/ it/A ;szG T[Zs/ oj/rk. fJ; bJh i/eo 

                             A = [aij] ns/ A′  = [aij]  ⇒   ij ija  a′ =   

B'N^i/eo n;hA A′  dk gfotos btKr/, sK fco s'A A gqkgs j' ikJ/rk. 

∴            ( ) ( ) [ ]T T t tA A A A′ ′ = = =  

fJ;h soQK ′ ′[ ] = ;KA KA  fJZE/ K fJZe nkfdP okPh (Scalar) j?. 

gqw/: 1^ i/eo A ns/ B d'B'A m × n eqw d/ w?fNqe; jB, T[d'A 

           ( )A B A B′ ′ ′+ = +  

T[gZsh^;kB{z gsk j? fe A ns/ B :'r d/ nB[ebB j'Dr/ i/eo d'B'A fJZe jh eqw m × n d/ j'D. 

fJ; bJh wzB fbU. 

A = [aij] ns/ B = [bij] T[d'A, C = A + B = [cij], fiZE/, cji = aji + bij  

j[D [ ] [ ]ji jiA a B b′ ′= = = , fiZE/ aji = aij ns/ bji = bij  

            ( ) [ ] [ ] [ ] [ ]ji ij ij ji jiA B C c a b a b A B .′ ′ ′ ′+ = = = + = + = +  

 

19H2 d' w?fNqe; d/ r[DB d/ gfotos  

     (Transpose of Product of Two Matrices) 

gqw/: 2^i/eo w?fNqe; A ns/ B r[DB d/ bJh nB[ebB jB, sK AB dk gfotos T[seqw ftZu 

gfotosK d/ r[DBcb d/ pokpo j'J/rk Gkt i/eo A ns/ B eqw nB[;ko m × n ns/ n × p eqw 

d/ jB, T[d'A ( )AB B A′ ′ ′=   

T[gZsh^AB dk eqw m × p j?, sK ( )AB ′  eqw p × m dk j't/rk, B′  dk eqw p × n ns/ A′  dk 

eqw n × m dk j?, fJ; bJh B A′ ′ , p × m eqw dk j'J/rk. Gkt d'B'A ( )AB ′  ns/ B  .A′ ′  pokpo 
eqw d/ jB. 

wzB fbU T[d'A A = [aij], B = [bjk], T[d'A 

( )AB ′  dk (k – i)tK ;zxNe & (AB) dk (i – k)tK ;zxNe 

                                   

1

n

ij jk
j

a b
=

= ∑  

( ) ( ) ( )kj jiB b A a′ ′= =  fiZE/ ,jk jk ji ijb b a a′ ′ ′ ′= =  

fJ; soQK B A′ ′  dk (k – i)tK ;zxNe 

1

n

jk ij
j

a b
=

= ∑  

                                   

1 1

n n

jk ij ij jk
j j

a b a b
= =

= =∑ ∑  

Gkt B A′ dk (k – i)tK ;zxNe & ( )AB ′  dk (k – i)tK ;zxNe 
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fJekJh^19 L gfotos ns/ ftgohs w?fNqe; 

 

∴                              

fJ; Bshi/ B{z nB[ebB eqw d/ fe;h th ;zfynk d/ w?fNqe;K sZe ftnkge ehsk ik ;edk j?, Gkt 

 

B'N 

 

 

 B'N;       i/eo A = B T[d'A  fJ;h soQK A dh e'Jh th XBkswe g{oD nze 

(Positive Integer) xks b?D s/  

 

 

19H3 fB:fws w?fNqe; (Regular Matrix) 

Tor^w?fNqe; A B{z fB:fws ejKr/ i/eo B nfij/ w?fNqe; n;fsst ftZu j? id'A BA = I, fiZE/ I 
T[;h eqw dk ss;wekoh w?fNqe; j?. 

 

 

 

eh s[;hA ikDd/ j'    fijVk tor^w?fNqe; fB:fws BjhA j?, T[;B{z ftfuso (Singular) w?fNqe; 

efjzd/ jB. 

 

 

n;hA fJj f;ZX eoBk ujKr/ fe i/eo BA = I j?, AB = I th j'J/rk. w?fNqe;^r[DB d/ o{g ftZ f;ZX 

eoBk j'J/rk fe i/eo 

 

 

 

 

T[d'A 

 

fijVk fe Bk e/tb ;Zu j? pbfe ;gPN j?. 

 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H i/eo w?fNqe; A ns/ B r[DB d/ bJh nB[ebB jB, sK AB dk gfotos T[seqw gfotosK 

d/ HHHHHHHHHHH d/ pokpo j[zdk j?. 

2H tor^w?fNqe; A B{z fB:fws ejKr/ i/eo B nfij/ w?fNqe; n;fsst ftZu jB id'A BA = I, 
fiZE/ I T[;h eqw dk HHHHHHHH w?fNqe; j?. 

3H fe;h T[bNh w?fNqe; dk ftgohs HHHHHHHHH j[zdk j?. 

4H i/eo A HHHHHHHHHHH tor w?fNqe; j?, T[d'A AB = 0  B = 0  

5H i/eo  sK A B{z HHHHHHHHHHHHHH w?fNqe; efjzd/ jB. 

 

19H4 w?fNqe; d/ T[bN iK ftgohs (Inverse or Opposite of Matrix) 

i/eo tor^w?fNqe; A fB:fws j? T[d'A nfij/ tor w?fNqe; B dk n;fsst j? fe BA = AB = I  

fJ; soQK n;hA fB:fws w?fNqe; A B{z T[bN (Invertible) ejKr/ ns/ B B{z A dk ftgohs ejKr/ 

ns/ T[;B{z A–1 do;ktKr/. fJ; ;fEsh ftZu t:{j dk T[bN j/m nB[;ko eZfYnk iKdk j?^ 
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B'N (i) t:{j A d/ ;zxNeK aij d/ ;fj^yzvk (co-factors) cji d[nkok gqfs;Ekfgs eoe/ t:{j dk 

gfotos (Transpose) pDk b?Ad/ jB. fJ; soQK pD/ gfotofss t:{j B{z A dk ;fjyzv 

(Adjoint) efjzd/ jB sK fe 

 

 

 

 

 

 

 

 

 

 

 

 

                                       Adj. 
( )A

A
 jh A-1

 j[zdk j?. 

T[dkjoD 1L i/eo 

 
 
 
  

1    2    3

= 2    3    5

3    5   12

A  j'D sK A-1
 gsk eo'. 

jZb L ;kB{z gsk j? fe 

1 Adj.A
A

A
− =   

fdZs/ j'J/ t:{j dk gfotos (Transpose of Matrix) pDkT[D s/  

                                

1    2    3

2    3    5

3    5   12

A

 
 ′ =  
  

 

;fjyzv (Adjoint) gsk eoB d/ bJh t:{j A (aij) d/ ;fjyzv j/m nB[;ko eZYKr/^ 

;fjyzv 

3    5
1 36 25 11

5   12

 
= + = − = 

 
 

;fjyzv 

2    5
2 (24 15) 9

3   12

 
= − = − = − 

 
 

;fjyzv 

2    3
3 10 9 1

3    5

 
= + = − = 

 
 

;fjyzv 

2    3
2 24 15 9

5   12

 
= − = − = − 

 
 

;fjyzv 

1    3
3 12 9 3

3   12

 
= + = − = 

 
 

;fjyzv 

1    2
5 (5 6) ( 1) 1

3    5

 
= − = − − = − − = + 
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fJekJh^19 L gfotos ns/ ftgohs w?fNqe; 

 

                 ;fjyzv 

2    3
3 (10 9) 1

3    5

 
= + = − = 

 
 

                 ;fjyzv 

1    3
5 (5 6) 1

2    5

 
= − = − − = + 

 
 

                ;fjyzv 

1    2
12 (3 4) 1

2    3

 
= + = − = − 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[bN t:{j d/ r[DXow (Properties of Inverse Matrices) 

fe;h T[bNh w?fNqe; dk ftgohs (Inverse) ftbZyD j[zdk j?. ftbZyD dk noE j?^i/eo A dk 

ftgohs B j?, sK B d/ fJbktk e'Jh d{ik w?fNqe; A dk ftgohs BjhA j?. 

T[gZsh^i/eo ;zGt j?, sK wzB fbU B ns/ C d'B'A w?fNqe; A d/ ftgohs jB. T[d'A 

                                   A B = BA = I  

ns/                   AC = CA = I  

                                    AB = AC   ⇒    B(AB) = B(AC)  

⇒                           (BA)B = (BA)C  

⇒                                 IB = IC  

⇒                                  B = C  

(ii) i/eo A ns/ B T[bN w?fNqe; jB ns/ T[jBK dk eqw n j?, T[d'A T[jBK dk r[DB AB th T[bN j? 

ns/ (AB)-1 = B-1 A-1.  

T[gZsh^feT[Ai' A ns/ B T[bN jB, fJ; bJh A-1
 ns/ B-1

 dk n;fsst j?l Bshi/ ti'L 

(B-1 A-1) (AB) = B-1 (A-1 A) B ∴ r[DB ;fjukoh j?. 

                                       = B-1 (IB) A-1 A = 1  

                                       = B-1 B = I  

d[pkok (AB) (B-1 A-1) = A (BB-1) A-1
  

                                      = A (IA-1)  

                                      = AA-1 = I  

fJ; soQK AC T[bN j? ns/ (AB)-1 = B-1 A-1
  

B'N 
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B'N fNZgDh^(i) i/eo A, B, C,....,AM ;wkB eqw d/ T[bN w?fNqe; jB, T[d'A (A.B.C.....M) = M-1 
....C-1 B-1 A-1

  

(ii) i/eo A fB:fws tor^w?fNqe; j?, T[d'A AB = 0 ⇒  B = 0;  

i/eo B fB:fws tor^w?fNqe; j?, T[d'A AB = 0 ⇒  A = 0  

(iii) w?fNqe; ftZu gfotos ns/ T[bN fefonk eqw ftfBw/: (Commutative) j?. 

                   

1 1 1( ) ( ) .A A− −′ =   

19H5 bzpe w?fNqe; (Orthogonal Matrix) 

i/eo AA = I′  sK A B{z bzpe w?fNqe; efjzd/ jB. 

n;t?fJS[Ze Involuntary w?fNqe; 

i/eo A tor w?fNqe; j? ns/ A2 = I (ss;we iK fJekJh), sK A B{z n;t?fJS[Ze (Involuntary) 
w?fNqe; efjzd/ jB. 

T[dkjoD L do;kU fe fBwBfbus o{g d/ 2 % 2 w?fNqe;K d/ bJh r[DB eqw^ftfBw/: 

jB^ 

 

 

 

jZb L fJZE/ 

 

 

 

 

ns/ 

 

 

;t?^w[bKeD (Self Assessment) 

fBwBfbys eEBK ftZu'A ;Zu iK M{m dh gfjukD eo' 

(State whether the following statements are True or False)^ 

6H t:{j A d/ ;zxNeK aij d/ ;fj^yzvK Cji Bkb gqfs;Ekfgs eoe/ t:{j dk gfotos pDk 

b?Ad/ jB. fJ; soQK pD/ gfotofss t:{j B{z A dk ;fjyzvi efjzd/ jB. 

7H fe;h T[bN w?fNqe; dk ftgohs ftbZyD BjhA j[zdk j?. 

8H i/eo B fB:fws tor w?fNqe; j?, T[d'A AB = 0 ⇒  A = 0  

9H i/eo IAA =′  sK A B{z Iho' w?fNqe; efjzd/ jB. 

10H i/eo tor w?fNqe; A j? ns/ A2 = I, sK A B{z n;t?fJS[Ze w?fNqe; efjzd/ jB. 

 

19H6 ;koKP (Summary) 

• i/eo A fJZe m × n eqw dk w?fNqe; j?, T[d'A fJ;dhnK gzeshnK ns/ ;szGK B{z nkg; 

ftZu pdbD Bkb fijV/ n × m w?fNqe; gqkgs j't/rk, T[;B{z A dk gfotos ejKr/ ns/ 

A′  iK At
 iK AT

 Bkb do;ktKr/. 

• w?fNqe; A ns/ B r[DB d/ bJh nB[ebB jB, sK AB dk gfotos T[seqw ftZu 

gfotosK d/ r[DBcb d/ pokpo j't/rk Gkt i/eo A ns/ B eqw nB[;ko m × n ns/ 

n×p eqw d/ jB, T[d'A ( ) .AB B  A′ ′ ′= H 
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fJekJh^19 L gfotos ns/ ftgohs w?fNqe; 

 

• tor w?fNqe; A B{z fB:fws ejKr/ i/eo B nfij/ w?fNqe; n;fsst ftZu jB id'A BA = I, 
fiZE/ I T[;h eqw dk ss;wekoh w?fNqe; j?. 

• n;hA fB:fws w?fNqe; A B{z T[bN (Invertible) ejKr/ ns/ B B{z A dk ftgohs ejKr/ ns/ 

T[;B{z A-1
 do;ktKr/. 

• fe;h T[bN w?fNqe; dk ftgohs (Inverse) ftbZyD j[zdk j?. ftbZyD dk noE j?^i/eo A 

dk ftgohs B j?, sK B d/ fJbktk e'Jh d{ik w?fNqe; A dk ftgohs BjhA j?. 

• i/eo A ns/ B T[bN w?fNqe; jB ns/ T[jBK dk eqw n j?, T[d'A T[jBK dk r[DB AB th 

T[bN j? ns/ (AB)-1 =  B-1 A-1
H 

• i/eo A, B, C,....,AM ;wkB eqw d/ T[bN w?fNqe; jB, T[d'A (A.B.C....M) = M-1....C-1 B-1 
A-1

 i/eo A fB:fws tor^w?fNqe; j?, T[d'A AB = 0  B = 0;  

• i/eo B fB:fws tor^w?fNqe; j?, T[d'A AB = 0  A = 0 w?fNqe; ftZu gfotos ns/ 

T[bN fefonk eqw^ftfBw/: (Commutative) j?. 

• i/eo  sK A B{z bzpe w?fNqe; efjzd/ jB. 

• i/eo A tor w?fNqe; j? ns/ A2 = I (ss;we iK fJekJh), sK A B{z n;t?fJS[Ze 

(Involuntary) w?fNqe; efjzd/ jB. 

 

19H7 Ppde'P (Keywords) 

• nfdP (Scalar) ^ fi;dk Bshik j't/, gozs{ fdPk BjhA. 

• T[bN (Inverse) ^ ftgohs. 

 

19H8 nfGnk; gqPB (Review Questions)  

1H f;ZX eo' fe  

2H ;kfps eo' fe  

3H i/eo  j'D sK A-1
 eZY'.                   (T[Zso L ) 

 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H r[DB       2H ss;wekoh       3H ftbZyD       4H fB:fws       5H bzpe 

  6H ;Zu        7H M{m              8H ;Zu           9H M{m           10H ;Zu 

 

19H9 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 2H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

3H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

5H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

6H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

7H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

9H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 
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fJekJh^20 L eq/wo d/ fB:w 

 

fJekJh^20L eq/wo d/ fB:w 

(Cramer’s Rule) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

20H1 :[rgs ;wheoDK dk jZb (eq/wo d/ fB:w) [Solution of Simultaneous Equations 
(Cramer’s Rule)] 

20H2 ;koKP (Summary) 

20H3 Ppde'P (Keywords) 

20H4 nfGnk; gqPB (Review Questions) 

20H5 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• :[rws ;wheoDK B{z jZB eoB dh ftXh B{z f;Zy ;eDr/. 

• eq/wo d/ fB:w s'A ikD{ j'Dr/. 

 

 

gq;sktBk (Introduction) 

eq/wo B/ :[rgs ;wheoDK B{z jZB eoB dh ;ob ftXh dh y'i ehsh fi;B{z ;kofDe ftXh dk BKt 

fdzd/ jB. fJ; ftXh Bkb ;wheoDK B{z n;kBh Bkb jZb ehsk ik ;edk j?. 

 

20H1 :[rgs ;wheoDK dk jZb (eq/wo d/ fB:w) 

       [Solution to Simultaneous Equations (Cramer’s Rule)] 

:[rgs ;wheoDK dk jZb ;kofDe d[nkok n;kBh Bkb j/m nB[;ko eZfYnk ik ;edk j?^ 

gfjbK n;hA d' uoK d/ :[rws ;wheoDK B{z jZb eoKr/^ 

                               a1x + b1y = c1                                                                                         ....(i) 

                               a2x + b2y = c2                                                                                        ....(ii) 

uoK (x ns/ y) d/ r[DKeK dk ;kofDe 

1 1

2 2

    

    

a b

a b
 jB, x dk wkB eZYD d/ bJh r[DKeK d/ ;kofDe d/ 

r[DKeK d/ ;szG d/ ;EkB s/ nuoK dk ;szG fby fdzd/ jK, fJ; soQK ;kofDe 

1 1

2 2

    

    

c b

c b
 j' ikJ/rk. 

fJ;h soQK y dk wkB eZYD d/ bJh y d/ r[DKeK d/ ;szG d/ ;EkB s/ nuoK dk ;szG fby fdzd/ jK. 

fJ;B{z n;hA j/m nB[;ko fby fdzd/ jK^ 
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B'N fJZE/ T[b/y:'r j? fe jo/e ;wheoD ftZu ;kohnK nuo okPhnK (&) fuzBQ d/ ;Zi/ gk;/ fby b?Ad/ 

jB. fJ;B{z eq/wo d/ fB:w d/ nB[;ko j/m nB[;ko jZb ehsk ik ;edk j?^ 

T[go'es B{z n;hA fJ; o{g ftZu th fby ;ed/ jK^ 

                        

     fJ; soQK d' s'A tZX uoK d/ ;wheoDK B{z th jZb ehsk ik ;edk j?. 

T[dkjoD 1H ;kofDe dk gq:'r eoe/ fBwB fbys ;wheoDK B{z jZb eo'. 

                                    3x + 4y = 5 

                                    3x – 4y = 2 

jZb L r[DKeK dk ;kofDe  j? ns/ nuoK dk ;szG  j?, fJ; bJh 

 

 

 

 

ns/ 

 

 

iK 

 

 

fJ; soQK 

 

 

 

 

 

 

 

 Nk;e       d' uoK tkbk fJZe :[rws ;wheoD fby'. 

 

 

nkU, j[D fBwB fbys :[rws ;wheoDK d/ ;w[Zu T[Zs/ ftuko eohJ/^ 

                     a11x1 + a12x2 + a13x3 = c1 

                     a21x1 + a22x2 + a23x3 = c2 

                     a31x1 + a32x2 + a33x3 = c3  

T[go'es ;wheoDK B{z eq/wo d/ fB:w (Cramer’s Rule) d/ nB[;ko t:{j d/ o{g ftZu j/m nB[;ko 

fbfynk ik ;edk j?^ 

                                                AX = z                                                  ....(i) 

fJZE/, A & r[DKe aij dk t:{j j? 
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fJekJh^20 L eq/wo d/ fB:w 

 

                            

11 12 12

21 22 23

31 32 33

        

        

        

a a a

A a a a

a a a

 
 =  
  

 

X = uoK dk ;szG ;fdP 

                              

1

2

3

x

x

x

 
 =  
  

ns/ C = nuoK dk ;szG ;fdP 

                            

1

2

3

z

Z z

z

 
 =  
  

 

;wheoD (i) B{z A-1
 Bkb gfjbK r[Db eoB s/ 

                                     A-1 AX = A-1 Z  

iK                                         X = A-1 Z                                                                        [∴  AA-1=I] 

iK                      

11 21 311 1

2 12 22 32 2

3 313 23 33

        
1

        

        

c c cx z

x c c c z
A

x zc c c

    
    =     
        

 

fJZE/ Cijaij d/ ;zrs ;fjyzv jB. 

fJ; soQK                  

1 11 2 21 3 31z c z c z c
X

A

+ +
=  

fJ;h soQK, x2 ns/ x3 dk wkB eZfYnk ik ;edk j?. 

T[dkjoD 2H t:{j d/ gq:'r d[nkok jZb eo'^ 

                                   4x + 2y = 2                                                                                         ....(i) 

                                   3x + 5y = 21                                                                                      ....(ii) 

jZb L T[go'es ;wheoDK B{z t:{j d/ o{g ftZu fbyD s/ 

                                         AX = Z  

fJZE/                      

4    2
,

3    5

x
A X

y

 
= = 

 
 ns/ 

2

21
Z

 
=  

 
 

eq/wo d/ fB:w dk gq:'r eoB s/ 

                                           X = A-1Z 

                            

Adjoint 
.

A
Z

A
=  

A–1
 gsk eoB d/ bJh gfjbK ;kB{z fdZs/ j'J/ t:{j dk gfotos (Transpose) eoBk j't/rk^ 

                         

4    3

2    5
A

 ′ =  
 

 

                 Adjoint 
 5   2

3     4
A

− 
=  − 

 

B'N 
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B'N                      ;fjyzv 4 & O 5 

                     ;fjyzv 3 & ^ 2 

                     ;fjyzv 2 & ^ 3 

                     ;fjyzv 5 & O 4 

 

 

 

 

 

j[D 

 

 

 

 

 

 

 

fJ; soQK 

 

T[dkjoD 3H w?fNqe; gqDkbh d[nkok jZb eo'^ 

                              x – 2y + 3z = 1                                                                                    .....(i) 

                              3x – y + 4z = 3                                                                                    ....(ii) 

                              2x + y – 2z = -1                                                                                 ....(iii)  

jZb L T[go'es ;wheoDK B{z t:{j d/ o{g ftZu fbyD s/ 

                              

1   2     3   1

3    1     4   3

2     1   2 1

x

y

z

−     
     − =     
     − −     

 

eq/wo fB:w dk gq:'r eoB s/ 

                          

1   2     3   1

3    1     4   3

2     1   2 1

x

y

z

−     
     = −     
     − −     

 

                    ;fjyzv 

   1      3    2

 2    1     1

   3     4   2

A

 
 = − − 
 − 

 

                     ;fjyzv 

1    1
1 ( 2 4) 6

  4    2

− 
= + = + − − = − 

 
 

                     ;fjyzv 

2     1
3 ( 4 3) 1

  3  2

− 
= − = − − − = − − 

 

                     ;fjyzv 

2   1
2 ( 8 3) 5

  3     4

− − 
= + = + − + = − 
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fJekJh^20 L eq/wo d/ fB:w 

 

                ;fjyzv

3     2
2 ( 6 8) 14

4  2

 
− = − = − − − = + − 

 

                ;fjyzv

1     2
1 ( 2 6) 8

3  2

 
− = + = + − − = − − 

 

                 ;fjyzv

1     3
1 (4 9) 5

3    4

 
= − = − − = + 

 
 

                 ;fjyzv

  3    2
3 (3 2) 5

1    1

 
= + = + + = + − 

 

                 ;fjyzv

  1    2
4 (1 4) 5

2    1

 
= − = − + = − − 

 

               ;fjyzv

  1     3
2 ( 1 6) 5

2  1

 
− = + = + − + = + − − 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B'N 
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B'N 

fJ; soQK jZb eoB s/ 

8
, 1, 1

15
x y z= − = =  gqkgs j'Dr/. 

 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H :[rws ;wheoDK dk jZb HHHHHHHHHHHHHHH d[nkok n;kBh Bkb ehsk ik ;edk j?. 

2H 
1 1 1 1

2 2 2 2

.........
        

        

x y
c b a c

c b a c

= =
   
   
   

 

3H A-1
 gsk eoB d/ bJh gfjbK fdZs/ j'J/ t:{j dk HHHHHHHHHHHH eoBk j[zdk j?. 

 

20H2 ;koKP (Summary) 

• :[rws ;wheoDK dk jZb ;kofDe d[nkok n;kBh Bkb j/m nB[;ko eZfynk ik ;edk j?^ 

gfjbK n;hA d' uoK d/ :[rws ;wheoDK B{z jZb eoKr/^ 

a1x + b1y = c1  

a2x + b2y = c2 

uoK (x ns/ y) d/ r[DKeK dk ;kofDe 

1 1

2 2

    

    

a b

a b
 jB, x dk wkB eZYD d/ bJh r[DKeK d/ 

;kofDe d/ r[DKeK d/ ;szG d/ ;EkB s/ nuoK dk ;szG fby fdzd/ jB. 

 

20H3 Ppde'P (Keywords) 

• :[rws (Simultaneous) ^ Bkb^Bkb. 

 

20H4 nfGnk; gqPB (Review Questions) 
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fJekJh^20 L eq/wo d/ fB:w 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

    1H ;kofDe                2H                   3H gfotos 

 

20H5 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

2H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

4H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

5H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

6H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

7H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

8H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

9H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

fJekJh^21L ;kofDe L gqeko ns/ r[D^Xow 

(Determinant : Types and Properties) 
 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

21H1 ;kofDe dh gfoGkPk (Definition of Determinant) 

21H2 ;kofDe dhnK gzeshnK ns/ ;szG (Rows and Columns of a Determinant) 

21H3 ;kofDe dk o{g ns/ T[;d/ ;zxNe (Shape and Constituents of a Determinant) 

21H4 ;kofDe dk ft;Eko (Expansion of a Determinant) 

21H5 ;fj^yzv (Cofactors) 

21H6 ;kofDeK d/ r[D^Xow (Properties of Determinants) 

21H7 d' ;kofDeK dk r[DBcb (Multiplication of Two Determinants) 

21H8 ;koKP (Summary) 

21H9 Ppde'P (Keywords) 

21H10 nfGnk; gqPB (Review Questions) 

21H11 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• ;kofDe dh gfoGkPk B{z ;wMD ftZu. 

• ;kofDe dhnK gzeshnK ns/ ;szGK dh ikDekoh gqkgs eoB ;zpzXh. 

• ;kofDe dk o{g ns/ T[;d/ ;zxNe ;zpzXh ikDekoh gqkgs eoB ftZu. 

• ;kofDe dk ft;Eko Bkb ;zpzXs gqPBK B{z jZb eoB ;zpzXh. 

• ;fj^yzv ;zpzXh gqPBK B{z jZb eoB dh ikDekoh ;zpzXh. 

• ;kofDeK d/ r[D^Xow s'A ikD{ j'Dr/. 

• ;kofDeK dk r[DBcb gsk eoB ftZu. 

 

 gq;sktBk (Introduction) 

:[rws ;wheoDK B{z jZb eoBk pj[s w[Pfeb j[zdk j? feT[Afe fJBQK ;wheoDK ftZu fizB/ uoK dh 

;zfynk j[zdh j? T[B/ jh ;wheoD j[zd/ jB. fJBQK ;wheoDK d/ n;kB jZb d/ bJh phirfDs ftZu 

ftP/P ftXh dk gq:'r ehsk iKdk j?, fi;B{z ;kofDe (Determinant) efjzd/ jB. 
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fJekJh^21 L ;kofDe L gqeko ns/ r[D^Xow 

 

21H1 ;kofDe dh gfoGkPk (Definition of Determinant) 

fBwBfbys d' fJZexksh ;wheoDK T[Zs/ ftuko eo'^ 

                                a1x + b1y = 0                                                                                          ....(i) 

                                a2x + b2y = 0                                                                                        ....(ii) 

T[go'es ;wheoDK d[nkok x ns/ y dk ftbhnB (Elimination) eoB d/ bJh ;wheoD (i) B{z a2 

d[nkok ns/ ;wheoD (ii) B{z a1 eoe/ xNkT[D s/ 

                        (b1a2 – b2a1) y = 0 

iK                b1a2 – b2a1 = 0  

iK                a1b2 – a2b1 = 0  

ftnzie (a1b2 – a2b1) B{z fBwB fbys o{g ftZu gqdofPs ehsk frnk j?^ 

                     

fi;B{z ;kofDe (Determinant) efjzd/ jB. 

∴                 

ftnzie (a1b2 – a2b1) B{z fJ; ;kofDe dk gq;ko (Expansion) iK wkB (Value) efjzd/ jB. 

T[go'es ;kofDe ftZu d' gzeshnK (Rows) ns/ d' ;szG (Columns) jB. fJ; bJh T[go'es 

;kofDe, d{ih e'Nh iK d{i/ eqw (Second Order) dk ;kofDe ejkT[Adk j?. ftnzie (a1b2 – a2b1) 
B{z fJ; ;kofDe dk ft;Eko (Expansion) efjzd/ jB. a1, a2, b1, b2 ;kofDe d/ ;zxNe 

(Constituents) ejkT[Ad/ jB ns/ a1, b2 ns/ a2, b1 fJ;d/ nzr (Elements) ejkT[Ad/ jB. 

j[D fBwBfbys fszB fJZexksh ;wheoDK T[Zs/ ftuko eo'^ 

                        a1 + b1y + c1z = 0 

                        a2 + b2y + c2z = 0 

                        a3 + b3y + c3z = 0 

fJBQK fszB'A ;wheoDK d[nkok x, y, z dk ftb'gB eoB s/ fBwBfbys cb gqkgs j[zdk j?^ 

                      a1 (b2c3 – b3c2) – b1 (a2c3 – a3c2) + c1 (a2b3 – a3b2) = 0 

iK 

                      a1 (b2c3 – b3c2) – a2 (b1c3 – b3c1) + a3 (b1c2 – b2c1) = 0 

gqkgs cb ftZu gqkgs yZp/ gk;/ d/ ftnzie B{z fBwB fbys o{g ftZu gqdofPs ehsk frnk j?^ 

 

fi;B{z fsZih e'Nh (Third Order) dk ;kofDe efjzd/ jB. fsZih e'Nh d/ ;kofDe ftZu fszB 

gzeshnK (Rows) ns/ fszB ;szG (Columns) j[zd/ jB. 

B'N 

 

 B'N;        yZp/ gk;/ d/ ftnzie B{z T[go'es ;kofDe dk gq;ko (Expansion) iK wkB (Value) 
efjzd/ jB. 

 

  

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               295 

VED1 

E L-LOVELY-H math21-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth  10-9-12 



noEPk;soh dk rfDs 

 

B'N 21H2 ;kofDe dhnK gzeshnK ns/ ;szG 

         (Rows and Columns of a Determinant) 

fe;h ;kofDe ftZu, T[Zgo s'A fBZu/ tZb fyfski o/yktK T[;dh eqw nB[;ko gfjbh, d{ih, fsZih 

gzeshnK (Rows) ejkT[AdhnK jB fiBQK B{z eqw nB[;ko R1, R2, R3,....d[nkok ftnes eod/ jB 

ns/ yZp/ gk;/ s'A ;Zi/ gk;/ T[oXtkXo o/yktK T[;d/ eqw nB[;ko gfjb/, d{i/, fsZi/HHHH;szG 

(Columns) ejkT[Ad/ jB fiBQK B{z eqw nB[;ko C1, C2, C3....d[nkok ftnes eod/ jB. 

 

21H3 ;kofDe dk o{g ns/ T[;d/ ;zxNe 

     (Shape and Constituents of a Determinant) 

jo/e ;kofDe dk o{g torkeko j[zdk j?. fJ; bJh e'Jh ;kofDe fizB/ e'Nh (Order) dk j't/rk 

T[; ftZu gzeshnK ns/ ;szGK dh frDsh th T[jh j't/rh. 

T[dkjoD ti'A^fsZih e'Nh (Third Order)  dh ;kofDe ftZu 3 gzeshnK ns/ 3 ;szG j[zd/ jB 

ns/ e[ZbQ ;zxNeK dh ;zfynk 3

2

 Gkt 9 j?. fJ; soQK n e'Nh d/ ;kofDe ftZu n gzeshnK ns/ n 
;szG j'Dr/ ns/ e[ZbQ ;zxNeK dh ;zfynk n2

 j't/rh. 

 

 

 

eh s[;hA ikDd/ j'      ;kofDe ftZu ;zxNeK dh ;zfynk & (;kofDe dh e'Nh)

2

 

  

21H4 ;kofDe dk ft;Eko (Expansion of a Determinant) 

d{ih e'Nh dh ;kofDe dk ft;Eko j/m nB[;ko eod/ jB^ 

 

 

 

 

T[dkjoD ti'^  

 

 

fsZih e'Nh (Third Order) d/ ;kofDe dk ft;Eko 

wzB fbU fsZih e'Nh dk ;kofDe j?^ 

                             

;kofDe dk ft;Eko ;XkoD o{g s'A gfjbh gzesh (Row) d/ ;zxNeKd/ ;kg/y iK gfjb/ ;szG 

(Column) d/ ;zxNeK d/ ;kg/y ehsk iKdk j?. 

  (i) gfjbh gzesh d/ ;zxNeK (a1 b1 c1) d/ ;kg/y ft;Eko (Expansion in Terms of First 
Row)^ 

ebgBk eo' fe  ∆ & a1A – b1B+ c1C                                                 HHHH(1) 

fiZE/ A, B, C eqw nB[;ko ;kofDeK B{z gqrN eod/ jB. 

B'N^ ft;Eko ftZu gdK d/ fuzBQ eqw nB[;ko O, ^, O, ^, HHHH eqw ftZu b?Ad/ jK. 

A, B, C B{z fBwB fbys ftXh d[nkok gsk eod/ jB^ 

            A = a1 fi; gzesh ns/ ;szG ftZu nkT[Ad/ j? T[jBk B{z SZvD d/ gqkgs ;kofDe 
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B = b1 fi; gzesh ns/ ;szG ftZu nkT[Adk j? T[jBK B{z SZvD s/ gqkgs ;kofDe 

C = c1 fi; gzesh ns/ ;szG ftZu nkT[Adk j? T[jBK B{z SZvD s/ gqkgs ;kofDe 

fJZE/, a1 gfjbh gzesh ns/ gfjb/ ;szG ftZu nkT[Adk j?l fJ; soQK fJjBK B{z SZvD s/ gqkgs 

;kofDe 

                        

fJ;h soQK, b1 gfjbh gzesh ns/ d{i/ ;szG ftZu nkT[Adk j?, fJ; soQK fJjBK B{z SZvD s/ gqkgs 

;kofDe 

                        

ns/ c1 gfjbh gzesh ns/ fsZi/ ;szG ftZu nkT[Adk j?, fJ; soQK fJjBK B{z SZvD s/ gqkgs ;kofDe 

                        

;wheoD (1) d[nkok, fdZs/ j'J/ ;kofDe dk ft;Eko eoB s/ d/yd/ jK^ 

 

 

 

 

B'N 

 

 

 Nk;e      fsZih e'Nh dh ;kofDe ftZu gzeshnK ns/ ;szGK dh ;zfynk fezBh j[zdh j?< 

 

    

  (ii) gfjb/ ;szG d/ ;zxNeK (a1a2a3) d/ ;kg/y ft;Eko (Expansion in Terms of First 
Column)^ 

ebgBk eo' fe ∆ & a1P – a2 Q + a3R                                                  HHHH(2) 

fiZE/ P, Q, R eqw nB[;ko ;kofDeK B{z gqrN eod/ jB. 

  a1, a2 ns/ a3 fiBQK gzeshnK ns/ ;szGK ftZu nkT[Ad/ jB, T[jBK B{z SZv e/, T[Zgo dh soQK fbyD 

s/^ 

 

 

∴  ;wheoD (2) d[nkok 

 

 

 

 

 

;gPN j? fe T[go'es d'B'A ftXhnK d[nkok tZy^tZy ft;Eko eoB s/ fJZe jh cb gqkgs j[zdk j?. 

fJZE/ T[b/y:'r j? fe jo/e ;kofDe dk fJZe fBPfus wkB j[zdk j? fijVk T[;dk gq;ko eoB s/ 

gqkgs j[zdk j?. 
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B'N fe;h ;zxNe dk T[g;kofDe gsk eoB dh ftXh 

wzfBnk ;kB{z T[go'es fsZih e'Nh d/ ;kofDe d/ ;zxNe c2 dk T[g;kofDe gsk eoBk j?, sK c2 

fi; gzesh (Row) ns/ ;szG (Column) ftZu nkT[Adk j? T[;B{z SZvD s/ fijVk ;kofDe pkeh 

pu/rk T[jh ;zxNe c2 dk T[g;kofDe j't/rk. 

fJ; soQK c2 dk T[g;kofDe j/m nB[;ko j?^ 

                              

1 1

3 3

    

    

a b

a b
 

fJ;h soQK j'o ;ko/ ;zxNeK d/ T[g;kofDe gsk ehs/ ik ;ed/ jB. fXnkB oZfyU fe 

T[g;kofDe eZYd/ ;w/A fuzBQ s/ ftuko BjhA ehsk iKdk j?. fJ; bJh jo/e T[g;kofDe XBkswe 

(O) fuzBQ dk j[zdk j?. 

 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H HHHHHHHHHHHHH e'Nh d/ ;kofDe ftZu fszB gzeshnK ns/ fszB ;szG j[zd/ jB. 

2H fe;h ;kofDe ftZu T[Zgo s'A fBZu/ tZb HHHHHHHHHH o/yktK T[;hnK eqw nB[;ko gfjbh, d{ih, 

fsZih gzeshnK ejkT[AdhnK jB. 

3H yZp/ gk;/ s'A ;Zi/ gk;/ HHHHHHHHHHHHH o/yktK T[;d/ eqw nB[;ko gfjb/, d{i/, fsZi/ ;szG 

ejkT[Ad/ jB. 

4H jo ;kofDe dk o{g HHHHHHHHHHH j[zdk j?. 

5H jo ;kofDe dk fJZe HHHHHHHHHHH wkB j[zdk j? fijVk T[;dk gq;ko eoB s/ gqkgs j[zdk j?. 

 

21H5 ;fj^yzv (Cofactors) 

fit/A T[Zgo dZf;nk frnk j? fe fe;h ;zxNe dk T[g;kofDe gsk eod/ ;w/A fuzBQ T[Zs/ ftuko 

BjhA ehsk iKdk j?. j[D i/eo ;zxNeK d/ T[g;kofDeK d/ fuzBQK T[Zs/ th ftuko ehs/ ikt/ sK T[j 

T[jBK ;zxNeK d/ ;fj^yzv (Cofactors) pD iKd/ jB fiBQK B{z tZv nZyoK C1, C2, C3 ...... d[nkok 

gqdof:s ehsk iKdk j?. 

;gPN j? fe T[g;kofDe ns/ ;fy^yzv ftZu e/tb fuzBQ dk nzso j[zdk j? id'A fe d'jK dk 

wkB pokpo j[zd/ jB. 

;fj^yzv dh fBwB fbys gfoGkPk fdZsh rJh j?^ 

           ;zxNe aij dk ;fj^yzv & (-1)+ × Aij  

fiZE/ aij ;kofDe dh i thA gzesh ns/ j t/A ;szG dk ;zxNe j? ns/ Aij, ;zxNe aij dk T[g;kofDe 

j?. 

 

 

 

 

 

 

 

 

fJ; soQK ;wheoD (i) d[nkok, fdZsk j'fJnk ;kofDe = a1C1 + a2C2 + a3C3  
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21H6 ;kofDeK d/ r[D^Xow (Properties of Determinants) 

;kofDe d/ r[D^Xow fBZy/ fdZs/ rJ/ jB. fJBQK r[DK dh ;jkfJsk Bkb ;kofDe gqPBK B{z ;obsk 

Bkb jZb ehsk ik ;edk j?. ;kofDe d/ r[D j/m nB[;ko jB^ 

1H i/eo fe;h ;kofDe dhnK ;kohnK gzeshnK (Rows) ns/ ;ko/ ;szGK (Columns) B{z nkg; 

ftZu pdb fdZsk ikt/, sK ;kofDe d/ wkB ftZu e'Jh gfotosB BjhA j[zdk j?. 

2H i/eo ;kofDe ftZu d' brksko iK B/VbhnK (Adjacent) gzeshnK iK ;szGK B{z go;go 

pdb fdZs/ ikt/, sK ;kofDe dk ;zfynkswe wkB T[jh ofjzdk j?, gozs{ fuzBQ pdb iKdk j?. 

3H i/eo fe;h ;kofDe dhnK e'Jh d' gzeshnK (Rows) iK ;szG (Columns) d/ ;ko/ ;zxNe 

(Elements) fe;h fJZe jh okPh d/ r[DB (Multiple) j'D sK w{b ;kofDe dh T[; okPh Bkb 

r[Dk j' iKdh j?. 

4H fJ; r[Dk ;zpzXs fBwB fbys d' fB:w ftP/P fXnkB d/D :'r jB^ 

    (i)  i/eo ;kofDe dh fe;h fJZe jh gzesh iK ;szG e'Jh okPh nkw (Common) j't/, sK 

T[;B{z fJZe r[Dbyzv (Factor) d/ o{g ftZu ;kofDe s'A pkjo b?Ad/ jB. 

T[dkjkoD ti'A^ 

                          

1 1 1 1 1 1

2 2 2 2 2 2

3 3 3 3 3 3

                

                      

                      

ma mb mc a b c

 a b c m a b c

 a b c a b c

=  

    (i)  i/eo ;kofDe dh fe;h fJZe jh gzesh iK ;szG B{z fe;h okPh Bkb r[Dk eod/ jK sK 

g{o/ ;kofDe B{z T[; okPh Bkb Gkr eo d/Dk ukjhdk j?. 

                              

1 1 1 1 1 1

2 2 2 2 2 2

3 3 3 3 3 3

                  
1

                      

                      

a b c ka kb kc

a b c   a b c
k

a b c  a b c

=  

5H i/eo ;kofDe ftZu fe;h gzesh iK ;szG dk jo ;zxNe d' okPhnK dk :'rcb j't/ sK T[; 

;kofDe B{z T[;h e'Nh d/ d' ;kofDeK d/ :'rcb d/ o{g ftZu gqdofPs ehsk ik ;edk j?. 

T[dkjoD ti'A^ 

                          

1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

3 3 3 3 3 3 3 3

+                         

+                         

+                         

a p b c a b c p b c

a q b c a b c q b c

a r b c a b c r b c

= +  

6H i/eo ;kofDe dh fe;h gzesh iK ;szG B{z ;ko/ ;zxNeK B{z fe;h fBPfus okPh Bkb r[Dk 

eoe/ fe;h j'o gzesh iK ;szG d/ ;zrs ;zxNeK ftZu i'V iK xNk fdZsk ikt/ sK ;kofDe 

dk wkB ngfotofss ofjzdk j?. 

T[dkjoD ti'A^ ′∆ = ∆ , id'Afe 

         

1 1 1 1 1

2 2 2 2 2

3 3 3 3 3

+          

+         

+         

a mb nc b c

a mb nc b c

a mb nc b c

−
−
−

 ns/ 

1 1 1

2 2 2

3 3 3

        

        

        

a b c

a b c

a b c

∆ =  

;kofDe d/ gqPBK B{z jZb eoB ftZu fJ; r[D dk ftP/P wjZst j?. fJ; r[D d/ nB[;ko ;kofDe 

ftZu, fe;h gzesh d/ ;zxNeK ftZu fe;h j'o gzesh iK gzeshnK d/ ;zrs ;zxNeK B{z fezB/ jh r[Dk 

i'fVnk iK xNkfJnk ik ;edk j?. fJjh fefonk ;szGK ftZu th ehsh ik ;edh j?. 

B'N 
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B'N 21H7 d' ;kofDeK dk r[DBcb (Multiplication of Two Determinants) 

d' ;kofDeK dk r[DBcb e/tb T[;h dPk ftZu gsk ehsk ik ;edk j? id'A T[j d'B'A ;wkB e'Nh 

(Same Order) d/ j'D, BjhA sK BjhA. 

                 wzfBnk 

1 1 1

2 2 2

3 3 3

        

        

        

a b c

A a b c

a b c

=  ns/ 

1 1 1

2 2 2

3 3 3

        

        

        

x y z

B x y z

x y z

=  

fsZih e'Nh (Third Order) d/ d' ;kofDe jB. fJBQK dk r[DBcb, fijVk AB d[nko ftnes 

ehsk iKdk j?, fJZe fsZih e'Nh dk jh ;kofDe j't/rk fi;B{z j/m nB[;ko gsk eod/ jB^ 

gfjbK ;kofDe A dh gfjbh gzesh (a1b1c1) B{z ;fEo oZy e/ fJ;d/ ;zxNeK dh, d{i/ ;kofDe B 

dh gfjbh, d{ih ns/ fsZih gzesh d/ ;zrs ;zxNeK s'A tZy^tZy r[Dk eo' ns/ T[jBK d/ tZy^tZy 

:'rcb gsk eo' fit/A j/mK fdykfJnk frnk j?^ 

 

 

 

i'V & 

T[go'es fszB'A i'Vcb ;kofDe AB dh gfjbh gzesh d/ eqw nB[;ko gfjb/, d{i/, fsZi/ ;zxNe 

j'Dr/. 

fJ;h soQK, ;kofDe A dh d{ih gzesh (a2b2c2) B{z ;fEo oZye/, d{i/ ;kofDe B dhnK fszB'A 

gzeshnK d/ ;zrs ;zxNeK Bkb r[Dk eoe/ tZy^tZy :'rcb gsk eo' fijV/ ;kofDe AB dhnK 

d{ihnK gzeshnK d/ ;zxNe j'Dr/. 

fJjh fefonk A dh fsZih gzesh (a3b3c3) ns/ B dhnK ;kohnK gzeshnK d/ Bkb ehsh iKdh j?. 

fJ; soQK A ns/ B dk r[DBcb & AB  

 

 

 

jZb eoB dh ftXh (Working Rule)  

T[Zgo fdZs/ rJ/ r[DK dh ;jkfJsk Bkb fe;h th gzesh iK fJZe ;szG ftZu ;zGt sohe/ Bkb 

‘Iho'’ pDkU ns/ ;kofDe dk ft;Eko T[;h gzeshf iK ;szG d/ ;zxNeK d/ ;kg/y eo'. 

gqPBK d/ jZb ftZu gfjbh, d{ih, fsZih,HHHHHHHnkfd gzeshnK (Rows) B{z eqw nB[;ko R1, R2, R3, 
......nkfd Bkb ns/ gfjb/, d{i/, fsZi/,HHHHHHH, nkfd ;szGK (Columns) B{z eqw nB[;ko C1, C2, 
C3,......nkfd Bkb do;kT[Ad/ jB ns/ ;kofDe dhnK gzeshnK ns/ ;szGK d/ ftZu i' th fefonk 

eod/ jB. T[;B{z ;kofDe d/ ;Zi/ gk;/ fby fdzd/ jB. 

T[dkjkoD 1H fBwBfbys ;kofDe dk wkB gsk eo'^ 

                           

13    16    19

14    17    20 = 0

14    18    21

H 
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jZb L wzfBnk ;kofDe & ∆ 

  ∴ 3 2

13    16    3

14    17    3 ( )

14    18    3

C C∆ − Bkb 2 1

13    3    3

14    3    3 ( )

14    3    3

C C= − Bkb 0=                  2 3(    )C C∴ −  

T[dkjoD 2H f;ZX eo' fe^ 

                             .

23    12    11

36    10    26 = 0

63    26    37

 

jZb L fdZsk j'fJnk ;kofDe 

       

11    12    11

26    10    26

37    26    37

 (C1 ftZu'A C2 B{z xNkT[D s/) 

                          & 0,  ∴  C1 ns/ C3 pokpo jB. 

T[dkjoD 3H wkB gsk eo'^ 

                             .

13    18    23

14    19    24

14    20    25

 

jZb L fdZsk j'fJnk ;kofDe 

                           3 2

13    18    5

14    19    5 ( )

14    20    5

C C= − Bkb 

                           3 2

13    5    5

14    5    5 ( )

14    5    5

C C= − Bkb & 0 ∴           C2 ns/ C3 ;wkB jB. 

T[dkjoD 4H wkB gsk eo'^ 

                             .

29    26    22

25    31    27

65    54    46

 

jZb L fdZsk j'fJnk ;kofDe 

     1 2

  3    26    22

6    31    27 ( )

  9    54    46

C C= − − Bkb 2 3

  3    4    22

6    4    27 ( )

  9    8    46

C C= − − Bkb 

                              

  1    1     22

3 4 2    1    27

  3    2    46

= × −   ∴       C1 s'A 3 ns/ C2 s'A 4 B/Vbk j?. 

 

B'N 
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B'N 

                              

1       1      22

12 0      3      71

0    1   20

=
− −

 

R2 ftZu 2R1 i'VB s/ ns/ R3 ftZu 3R1 xNkT[D s/ 

                                                = 12 [13(–20) – 71 (–1)] = 12 [–60 + 71] 

                                                = 12 × 11 = 132.  

T[dkjoD 5H wkB gsk eo'^ 

                       .2

2

1     0     0
1

2        1
( + )

3        1

x
x y

y

 

jZb L fdZsk j'fJnk ;kofDe 

                       

2

2

11

( + ) 1

x

x y y

    

    
 

Gfjbh gzesh d/ ;kg/y ft;Eko eoB s/ 

              

2 21 ( )( + )
.( )

( + ) ( + )

x y x y
x y = x y

x y x y

−− = −  

T[dkjoD 6H f;ZX eo' fe^ 

                   .

1         +

1         = 0

1         +

x y z

y z + x

z x y

 

jZb L  ;kofDe & 

1

1

1

x x y z

y x y z

z x y z

        + +

        + +

        + +

 

C2 B{z C3 ftZu i'VB s/ 

               

1 1

( ) 1 1

1 1

x

x y z y

z

=
        

+ +         

        

 

               ( ) 0x y z= ×+ +  

               0=                                                1 3[ 0]C C∴ = ∴ ∆ =             

T[dkjoD 7H f;ZX eo' fe^ 

                .− − −
2 2 2

1      1       1

            = ( )( )( )

        

a b c a b b c c a

a b c
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fJekJh^21 L ;kofDe L gqeko ns/ r[D^Xow 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T[dkjoD 8H f;ZX eo' fe^ 

            .− − −

2

2

2

1        

1        = ( )( )( )

1        

a a

b b b c c a a b

c c

 

;ze/s^T[dkjoD 6 dh soQK fefonktK R2 – R1 ns/ R3 – R1 brkU. 

T[dkjoD 9H f;ZX eo' fe^ 

            .− − −2 2 2

3 3 3

            

        = ( )( )( )

        

a b c

a b c abc b c c a a b

a b c

 

jZb L C1 ftZu a, C2 ftZu b ns/ C3 ftZu c B/Vbk j?, 

∴              ;kofDe 

2 2 2

1      1       1

            

        

abc a b c

a b c

=  

nZr/ T[dkjoD 7 dk jZb d/y' 

T[dkjoD 10H f;ZX eo' fe^ 

           .− − −
3 3 3

 1      1      1

           = ( )( )( )( + + )

        

 a b c a b b c c a a b c

a b c

 

jZb L fdZsk j'fJnk ;kofDe 

 

 

 

 

 

 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N  

 

 

 

 

 

 

 

T[dkjoD 11H f;ZX eo' fe^ 

 

 

 

 

 

jZb L 

 

 

 

 

 

 

 

T[dkjoD 12H f;ZX eo' fe^ 

 

 

 

 

jZb L fdZsk j'fJnk ;kofDe 
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fJekJh^21 L ;kofDe L gqeko ns/ r[D^Xow 

 

T[dkjoD 13H f;ZX eo' fe^ 

 

 

 

 

jZb L R1 – (R2 + R3) Bkb, fdZsk j'fJnk ;kofDe 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

;t?^w[bKeD (Self Assessment) 

fBwBfbys eEBK ftZu ;Zu iK M{m dh gfjukD eo' 

(State whether the following statements are True or False) – 

6H T[g;kofDe ns/ ;fj^yzv ftZu e/tb fuzBQ dk nzso j[zdk j? id'A fe d'jK d/ wkB pokpo 

j[zd/ jB. 

7H i/eo fe;h ;kofDe dhnK gzeshnK ns/ ;ko/ ;szGK B{z nkg; ftZu pdb fdZsk ikt/, sK 

;kofDe d/ wkB ftZu gfotosB j' iKdk j?. 

8H i/eo ;kofDe ftZu d' brksko iK B/VbhnK gzeshnK iK ;szGK B{z go;go pdb fdZsk 

ikt/, sK ;kofDe dk ;zfynkswe wkB T[jh ofjzdk j?, gozs{ fuzBQ pdb iKdk j?. 

9H i/eo ;kofDe dh fe;h fJZe jh gzesh iK ;szG B{z fe;h okPh Bkb r[Dk eod/ jB sK g{o/ 

;kofDe B{z T[; okPh Bkb r[Dk eoBk ukjhdk j?. 

10H d' ;kofDeK dk r[DBcb e/tb T[;h dPk ftZu gsk ehsk iKdk j? id'A T[j d'B'A ;wkB e'Nh 

d/ j'D, BjhA sK BjhA. 

 

21H8 ;koKP (Summary) 

• :[rws ;wheoDK B{z jZb eoBk pj[s w[Pfeb j[zdk j? feT[Afe fJBQK ;wheoDK ftZu fizB/ 

uoK dh ;zfynk j[zdh j? T[B/ jh ;wheoD j[zd/ jB. fJBQK ;wheoDK d/ n;kB jZb d/ bJh 

phirfDs ftZu ftP/P ftXh dk gq:'r ehsk iKdk j?, fi;B{z ;kofDe (Determinant) efjzd/ 

jB. 

• ftnzie (a1b2 – a2b1) B{z fJ; ;kofDe dk gq;ko (Expansion) iK wkB (Value) efjzd/ 

jB. 

• fe;h ;kofDe ftZu, T[Zgo s'A fBZu/ tZb fyfsi o/yktK T[;dh eqw nB[;ko gfjbh, d{ih, 

fsZih gzeshnK (Rows) ejkT[AdhnK jB fiBQK B{z eqw nB[;ko R1, R2, R3,....d[nkok ftnes 

eod/ jB ns/ yZp/ s'A ;Zi/ gk;/ T[oXtkXo o/yktK T[;d/ eqw nB[;ko gfjb/, d{i/ 

fsZi/HHHHH;szG (Columns) ejkT[Ad/ jB fiBQK B{z eqw nB[;ko C1, C2, C3....d[nkok ftnes 

eod/ jB. 

B'N 
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noEPk;soh dk rfDs 

 

B'N • ;kofDe dk ft;Eko ;XkoD o{g s'A gfjbh gzesh (Row) d/ ;zxNeK d/ ;kg/y iK gfjb/ 

;szG (Column) d/ ;zxNeK d/ ;kg/y ehsk iKdk j?. 

• jo/e ;kofDe dk fJZe fBPfus wkB j[zdk j? fijVk T[;dk gq;ko eoB s/ gqkgs j[zdk j?. 

• T[g;kofDe ns/ ;fj^yzv ftZu e/tb fuzBQ dk nzso j[zdk j? id'A fe d'jK d/ wkB pokpo 

j[zd/ jB. 

• i/eo fe;h ;kofDe dhnK ;kohnK gzeshnK (Rows) ns/ ;ko/ ;szGK (Columns) B{z 
nkg; ftZu pdb fdZsk ikt/, sK ;kofDe d/ wkB ftZu e'Jh gfotosB BjhA j[zdk j?. 

• i/eo ;kofDe ftZu d' brksko iK B/Vb/ (Adjacent) gzeshnK iK ;szGK B{z go;go pdb 

fdZs/ ikD, sK ;kofDe dk ;zfynkswe wkB T[jh ofjzdk j?, gozs{ fuzBQ pdb fdZsk iKdk 

j?. 

• i/eo fe;h ;kofDe dhnK e'Jh d' gzeshnK (Rows) iK ;szG (Columns) d/ ;ko/ 

;zxNe (Elements) fe;h fJZe jh okPh d/ r[DB (Multiple) j'D sK w{b ;kofDe dh T[; 

okPh Bkb r[Dk j' iKdh j?. 

• d' ;kofDeK dk r[DBcb e/tb T[;h dPk ftZu gsk ehsk ik ;edk j? id'A T[j d'B'A ;wkB 

e'Nh (Same Order) d/ j'D, BjhA sK BjhA. 

 

21H9 Ppde'P (Keywords) 

• ft;Eko (Expansion) ^ ft;sko. 

• wkB (value) ^ w[Zb. 

 

21H10 nfGnk; gqPB (Review Questions) 

1H ;kofDe dh T[dkjoD ;fjs gfoGkPk fdU. 

2H ;kofDeK d/ r[D^Xow B{z fby'. 

3H fBwBfbys ;kofDe dk wkB gsk eo'^ 

    (a) 

29    26    22

25    31    27

65    54    46

                         (b) 
2 2 2

1      1       1

            

        

a b c

a b c

 

               (T[Zso L 132)                           (T[Zso L (a – b) (b – c) (c – a)) 

4H f;ZX eo' fe  

    

2

2

2

1        

1        = ( )( )( ).

1        

a a

b b b c c a a b

c c

− − −  

5H f;ZX eo' fe 

   

23    12    11

36    10    26 0

63    26    37

=  
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fJekJh^21 L ;kofDe L gqeko ns/ r[D^Xow 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

   1H fsZik        2H fyfsi        3H T[oXtkXo        4H torkeko        5H fBPfus 

   6H ;Zu         7H M{m           8H ;Zu              9H M{m             10H ;Zu 

 

21H11 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

2H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

4H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

5H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

6H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

7H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

9H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

fJekJh^22L nkt:{j (w?fNqe;) dh o?Ae 

(Rank of Matrix) 
 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

22H1 o?Ae d/ r[D (Characteristics of Rank) 

22H2 ;koKP (Summary) 

22H3 Ppde'P (Keywords) 

22H4 nfGnk; gqPB (Review Questions) 

22H5 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• o?Ae d/ r[DK s'A ikD{ j'Dr/. 

• o?Ae d/ r[DK B{z T[dkjoD ;fjs ;wMDr/. 

  

gq;sktBk (Introduction) 

w?fNqae; d/ Bkb ;zpzX oZyD tkbh fJZe wjZstg{oD ;zfynk B{z o?Ae efjzd/ jB. fJZe m × n 
w?fNqe; A ftZu n ;szG t?eNo ns/ m xNe j?, sK o/ye ;[szso ;?N d/ tZX s'A tZX ;szG t?eNo 

B{z T[; w?fNqe; dh o?Ae efjzd/ jB fJ;B{z r(A) d[nkok gqdofPs eod/ jB. 

d{i/ PpdK ftZu fJj th efj ;ed/ jK fe ;[szso ;szGK dh tZX s'A tZX ;zfynk B{z w?fNqae; dh o?Ae 

efjzd/ jB fJZe An × n w?fNqe; r?o fJZetuBh (non-singuler) T[d'A j[zdk j? id'A T[;dh o?Ae n d/ 

pokpo j't/rh. 

 

22H1 o?Ad d/ r[D (Characteristics of Rank) 

• e/tb Iho' w?fNqe; dh jh Iho' o?Ae j[zdh j?. 

• rank (A) ≤ min (m, n) {o?Ae (A) ≤ fBT{Bsw (m, n)}  

• i/eo A tor w?fNqe; j? (m = n) sK A sK jh gfotosh j't/rk id'A A dh o?Ae n 
j't/rh. 

• o?Ae (AB) ≤ fBT{Bsw (o?Ae A, o?Ae B)  

• o?Ae (A) O o?Ae (B) – n  ≤ o?Ae (AB)  

• o?Ae (CA) & o?Ae (A) {C ;fEo nze j?}  
 

 

 

eh s[;hA ikDd/ j'       ;[szso gzeshnK dh tZX s'A tZX ;zfynk B{z nkt:{j (w?fNqe;) dh o?Ae 

efjzd/ jB. 
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fJekJh^22 L nkt:{j (w?fNqe;) dh o?Ae 

 

T[dkjoD 1L j/mK fdZs/ w?fNqe; dh o?Ae eZY' 

                               

1    2    1

2    3    1

1    1    2

A =  

jZb L fdZsk j?,  

1    2    1

2    3    1

1    1    2

A =  

gzesh nkgo/PB dk gq:'r eoB s/, 

 

 

 

 

 

 

 

 

 

Gkt o?Ae (A) = 3 j't/rh. 

T[dkjoD 2L i/eo 

1    2    1

2    3    1

1    1    0

A =  sK w?fNqe; dh o?Ae eZY'. 

jZb L fdZsk j? 

1    2    1

2    3    1

1    1    0

A =  

 

 

 

 

 

 

 

 

fJZE/ non-zero gzeshnK 2 jB Gkt o?Ae (A) = 2 j't/rh. 

T[dkjoD 3L i/eo 

5     2          1

   2     1       0

   1        0    1

x

A x

x

− 
 = − 
 − 

 sK x dh jo w[Zb d/ bJh o?Ae dk fBoXkoD eo'. 

jZb L fdZsk j? 

5     2          1

   2     1       0

   1        0    1

x

A x

x

− 
 = − 
 − 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N T[go'es ;kofDe dk fsZi/ ekbw d/ nXko s/ ft;Eko eoB s/ 

= x(x – 1) (x – 6) A  = 1 {(0 – 1 (1 – x)} – 0 {0 – 2} + (1 – x) {(5 – x) (1 – x) – 4}  

Gkt, i/eo x ≠ 0, 1 ns/ 6 w?fNqe; A dh o?Ae 3 j't/rh 

ns/ i/eo x = 0, 1, 6 sK 

5      2
2 0,

   1        0

x− 
= − ≠ 

 
 o?Ae 2 j't/rh. 

o/yh fBoGosk ns/ w?fNqe; dh o?Ae (Linear Dependance and Rank of Matrix)L fJZe w?fNqe; 

dhnK gzeshnK (ekbw) ftZu sK jh o/yh fBoGosk d/yh iKdh j? id'A T[jBK gzeshnK (ekbw) dk 

o/yh ;z:'iB Iho' t/eNo (vector) d/ pokpo j[zdh j?. Gktl 

 

i/eo   

 

 

 

 

fJZE/ K1, K2 ns/ K3 ftZu xZN s'A xZN fJZe dk w[Zb Iho' j'Dk ukjhdk j?. 

T[dkjoD 1L fBZu/ fdZs/ j'J/ w?fNqe; dh o/yh ;[szsosk dh iKu eo' ns/ o?Ae eZY'l 

                       

1    2     4

2    4    8

3    6   12

A

 
 =  
  

 

jZb L r[Dk eoB s/ Row 1 (R1) ns/ 2(R2) ftZu ^1 ns/ i'VB s/ 3(R3)] sK 

                        –1R1 – 1 R2 + R3 = 0                                                                                     (1) 

                        –2 R1 + R2 = 0                                                                                               (2) 

                        –3 R1 + R3 = 0                                                                                               (3) 

;wheoD (1) ftZu R1, R2, ns/ R3 ftZu o/yh ;[szsosk BjhA j?, ;wheoD (2) R1, ns/ R2 ns/ 

;wheoD (3) R1 ns/ R3 ftZu o/yh fBoGosk do;k fojk j?. o?Ae d/ bJh, 

              

1    2     4 1    2     4

2    4    8 0    0    0

3    6   12 0    0    0

   
   
   
      

∼  Gkt o?Ae (A) = 1 j't/rh. 

T[dkjoD 2L i/eo 

  6      3     5

10    2     8

  5      2     3

A

 
 = − 
  

 sK o/yh fBoGosk dk gqhyD eo' ns/ w?fNqe; (A) dh 

o?Ae eZY'. 

jZb L    C1R1 + C2R2 + C3R3 = 0 

               6C1 – 10C2 + 5C3 = 0                                                                                            (1) 

               3C1 + 2C2 + 2C3 = 0                                                                                              (2) 

               5C1 + 8C2 + 3C3 = 0                                                                                              (3) 
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fJekJh^22 L nkt:{j (w?fNqe;) dh o?Ae 

 

;wheoD (1), (2) ns/ (3) B{z jZb eoB s/ 

              C1 = –10, C2 1 ns/ C3 = 14 
j? sK o/yh fBoGosk d/yh ikt/rh, 

Gkt R1  R2 ns/ R3 o/yh fBoGosk j't/rh feT[Afe e'Jh o/yh ;z:'r Iho' BjhA j? Gkt o?Ae (A) = 2 
j't/rh. 

 

22H2 ;koKP (Summary) 

• e/tb Iho' w?fNqe; dh jh Iho' o?Ae j[zdh j?. 

• rank (A) ≤ min (m, n) {o?Ae (A) ≤ fBT{Bsw (m, n)} 

• i/eo A tor w?fNqe; j? (m = n) sK A sK jh gfotosh j't/rh id'A A dh o?Ae n j't/rh. 

• o?Ae (AB) ≤ fBT{Bsw (o?Ae A, o?Ae B) 

• o?Ae (A) + o?Ae (B) – n ≤ o?Ae (AB)  

• o?Ae (A) = o?Ae (A) {C ;fEo nze jB}   
 

22H3 Ppde'P (Keywords) 

• w?fNqe; o?Ae (Matrix) ^ ;[szso ;szGK dh tZX s'A tZX ;zfynk. 

 

22H4 nfGnk; gqPB (Review Questions) 

1H j/mK fdZs/ rJ/ w?fNqe; dh o?Ae gsk eo'. 

         

2H o/yh ;[szsosk dh iKu eo' 

            

 

22H5 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

3H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

5H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

6H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

7H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

9H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

fJekJh^23L nkt:{j (w?fNqe;) d/ noEPk;so ftZu nD[gq:'r 

(Application of Matrices in Economics) 
 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

23H1 noEPk;so ftZu nkt:{j (w?fNqe;) d/ nD[gq:'r (Application of Matrices in 
Economics) 

23H2 ;koKP (Summary) 

23H3 Ppde'P (Keywords) 

23H4 nfGnk; gqPB (Review Questions) 

23H5 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• noEPk;so ftZu nkt:{j (w?fNqe;) d/ nD[gq:'r B{z ;wMD ftZu. 

  

gq;sktBk (Introduction) 

nkofEe ;wZf;nktK d/ jZb d/ bJh nkt:{j fJZe pj[s T[g:'rh rfDse seBhe j?. fJ;d/ 

wkfXnw Bkb n;hA eJh nkofDe ;wZf;nktK dk jZb eod/ jK. fizBhnK th ftnkge nkofEe 

;wZf;nk, o/yh j[zdh j? T[BQK;kohnK dk jZb n;hA w?fNqe; dh ;jkfJsk Bkb eod/ jK. fJ;d/ 

nzsors n;hA eq/wo fB:w, fJBto; (A-1) ftXh dh ;jkfJsk Bkb T[sgkdB, wzr, g{osh, 

nkrs^fBors ns/ okPNoh nkwdB dk fBoXkoD nkfd ;wZf;nktK B{z jZb eod/ jB. 

 

23H1 noEPk;so ftZu nkt:{j (w?fNaqe;) d/ nD[gq:'r 

        (Application of Matrices in Economics)          . 

T[dkjoD 1L wzfBnk fJZe fszB^y/soh tfojs nkofEe wkvb fBwB ;wheoD d/ d[nkok fdZsk 

iKdk j?^ 

                            Y = C + A0 

                            C = a + b (Y – T) 

                            T = d + ty 

fiZE/     Y →  nkwdB, C →  T[gG'r 

         T →  eo oki;t, t →  eo dh do 

A0, a, b ns/ c ;fEo gqkub j? sK okPNoh nkwdB, T[g:'r ns/ eo oki;t dh frDsh eo'l 

jZbL fdZsk j?    Y = C + A0 

or       y – C = A0                                                                                                                   (1) 
          –by + c + bT = a                                                                                                         (2) 
          –ty + T = d                                                                                                                  (3) 
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fJekJh^23 L nkt:{j (w?fNqe;) d/ noEPk;so ftZu nD[gq:'r 

 

;wheoD (1), (2) ns/ (3) B{z j/mb/ o{g ftZu fbyD s/l 

 

 

 

 

 

fiZE/ 

 

 

or 

eq/wo fB:w dk gq:'r eoB s/, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                       T[Zso 

 

 

 

T[dkjoD 2H i/eo 

1    2    3

2    3    5

2    5   12

A =  sK A-1
 gsk eo'. 

fdZs/ j'J/ t:{j dk gfotos (Transpose of Matrix) pDkT[D s/ 

                             

1    2    3

2    3    5

2    5   12

A =  

;fjyzve (Adjoint) gsk eoB d/ bJh t:{j A (aij) d/ ;fjyzve j/m nB[;ko eZYKr/^ 

                              

                    ;fjyzve 

3    5
1 36 25 11

5   12
= + = − =  

 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

;fjyzve 

2    5
2 (24 15) 9

3   12
= − = − = −  

;fjyzve 

2    3
3 10 9 1

3    5
= + = − =  

;fjyzve 

2    3
2 24 15 9

5   12
= − = − = −  

;fjyzve 

1    3
3 12 9 13

3   12
= + = − =  

;fjyzve 

1    2
5 (5 6) ( 1) 1

3    5
= − = − − = − = +  

;fjyzve 

2    3
3 (10 9) 1

3    5
= + = − − =  

;fjyzve 

1    3
5 (5 6) 1

2    5
= − = − − =  

;fjyzve 

1    2
12 (3 4) 1

2    3
= + = − = −  

      

11   9      1

9     3      1

  1      1    1

Adj. A

−
= −

−
 

          

1    2    3
3    5 2    5 2    3

2    3    5 1 2 3
5   12 3   12 3    5

3    5   12

A = = − +  

             1 (36 25) 2(24 15) 3(10 9)= − − − + −  

             (1 11) (2 9) (3 1) 11 18 3 4= × − × + × = − + = −  

          

1

11 9 1
        

4 4 411   9      1
1 9 3 1

9     3      1           
4 4 4 4

  1      1    1 1 1 1
          

4 4 4

Adj. A
A =

A
−

− −
−

= − − = − −
−

− −

 

T[dkjoD 3L w?fNqe; gqDkbh dh ;jkfJs Bkb x, y ns/ z d/ nB[eb w[Zb gsk eo'. 

                      x – 2y + 3z = 1                                                                                            .....(i) 

                      3x – y + 4z = 3                                                                                           .....(ii) 

                      2x + y – 2z = –1                                                                                        .....(iii) 
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fJekJh^23 L nkt:{j (w?fNqe;) d/ noEPk;so ftZu nD[gq:'r 

 

jZb L T[go'es ;wheoDK B{z t:{j d/ o{g ftZu fbyD s/ 

           

1   2    3  1

3   1    4  3

2     1  2 1

x

y

z

−     
     − =     
     − −     

 

eqw/o fB:w dk gq:'r eoB s/ 

                       

1   2    3  1

3   1    4  3

2     1  2 1

x

y

z

−     
     = −     
     − −     

 

Transpose of 

 1      3    2

2   1    1

 3      4  2

A

 
 = − − 
 − 

  

                 ;fjyzve 

1   1
1 ( 2 4) 6

 4    2

− 
= + = + − − = − 

 
 

                 ;fjyzve 

2   1
3 (4 3) 1

 3  2

− 
= − = − − = − − 

 

                 ;fjyzve 

2  1
2 ( 8 3) 5

 3     4

− − 
= + = + − + = − 

 
 

                ;fjyzve 

3     2
2 ( 6 8) 14

4   2

 
− = − = + − − = + − 

 

                ;fjyzve 

1     2
1 ( 2 6) 8

3   2

 
− = + = + − − = − − 

 

                  ;fjyzve 

1    3
1 (4 9) 5

3    4

 
= − = − − = + 

 
 

                  ;fjyzve 

 3    2
3 (3 2) 5

1    1

 
= + = + + = + − 

 

                  ;fjyzve 

 1     2
4 (1 4) 5

2    1

 
= − = − + = − − 

 

                 ;fjyzve 

 1      3
2 ( 1 6) 5

2  1

 
− = + = + − − = + − − 

 

                              Adjoint 

 6    1    5

14   8    5

 5    5    5

A

− − − 
 = + − + 
 + − + 

 

                           

1   2    3
1    4 3     4 3   1

3   1    4 1 2 3
  1  2 2   2 2      1

2    1   2

A

− 
− −      = − = − +       − −      − 

 

 

B'N 
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noEPk;soh dk rfDs 

 

B'N  

 

 

 

fJ; soQK 

 

 

 

 

 

 

 

 

 

 

j[D 

 

 

 

 

 

 

 

 

 

 

fJ; soQK jZb eoB s/ x = 
8

15
− , y = 1, z = 1 gqkgs j'Dr/. 

 

23H2 ;koKP (Summary) 

• fizBh th ftnkge nkofEe ;wZf;nk, o/yh j[zdh j? T[BQK ;kohnK dk jZB n;hA w?fNqe; dh 

;jkfJsk Bkb eod/ jK. fJ;d/ nzsors n;hA eq/wo fB:w, fJBto; (A-1) ftXh dh 

;jkfJsk Bkb T[sgkdB, wzr, g{osh, nkrs fBors ns/ okPNoh nkwdB dk fBoXkoD 

nkfd ;wZf;nktK B{z jZb eod/ jK. 

 

23H3 Ppde'P (Keywords) 

• w?fNqe; (Matrix) ^ ;zouB, YKuk, pDktN, eqwpZXsk. 

 

23H4 nfGnk; gqPB (Review Questions) 

1H i/eo 

2    3    4

3    4    6

3    6   13

A =  j't/ sK A-1
 gsk eo'. 
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fJekJh^23 L nkt:{j (w?fNqe;) d/ noEPk;so ftZu nD[gq:'r 

 

2H w?fNqae; gqDkbh dh ;jkfJsk Bkb a, b, c dk nB[e[b w[Zb gsk eo'. 

             a + 2b + 6c = 1 

             3a – 4b – 2c = 6 

             2a – b – 5c = –2 
 

23H5 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

2H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

4H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

5H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

6H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

7H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

9H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 

fJekJh^24L nkrs^fBors ftPb/PD 

(Input-Output Analysis) 
 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

24H1 nkrs^fBors ftPb/PD dhnK wkBsktK (Assumptions of Input-Output Analysis) 

24H2 fb:'AfNc dk nkrs^fBors pzd nkdoP (Leontief’s Input-Output Closed Model) 

24H3 pzd nkdoP d/ ;zs[bB ;wheoDK dk gfjbk ;w[Zu (First Set for Equilibrium 
Equation of Closed Model) 

24H4 pzd nkdoP d/ ;zs[bB ;wheoDK dk d{ik ;w[Zu (The Second Set of Equilibrium 
Equation of Closed Model) 

24H5 ;koKP (Summary) 

24H6 Ppde'P (Keywords) 

24H7 nfGnk; gqPB (Review Questions) 

24H8 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• nkrs^fBors ftPb/PD dhnK wkBsktK B{z ;wMD ftZu. 

• fb:'AfNc dk nkrs^fBors pzd nkdoP B{z ikDB ;zpzXh. 

• pzd nkdoP d/ ;zs[bB ;wheoDK d/ gfjb/ ;w[Zu dh ikDekoh ;zpzXh. 

• pzd nkdoP d/ ;zs[bB ;wheoDK d/ d{i/ ;w[Zu dh ikDekoh ;zpzXh. 

  

gq;sktBk (Introduction) 

nkrs^fBors ftPb/PD dh ftnkfynk eoB s'A gfjbK fJj ikDBk io{oh j? fe nkrs ns/ 

fBors dk eh Gkt j?< nkrs (Input) dk Gkt T[sgkde dk T[sgkdB d/ bJh ;wZroh 

(Material) dh wzr eoB s'A j? id'A fe fBors (Output) Ppd dk Gkt T[sgkdesk :sB d/ 

Bshi/ d/ cb s'A j?. gq'H i/HnkoH fje; (J.R. Hicks) d/ nB[;ko bkrs dk wsbp T[; ;wZroh 

s'A j? i' T[sgkde T[sgkdB d/ bJh eo eodk j?. fJ;d/ T[bN fBors Ppd dk Gkt j? fe 

T[sgkde fi;dk fteoh eodk j?. efjD dk Gkt j? fe nkrs cow d/ bJh fJZe soQK s'A bkrs 

j? ns/ fBors gqkgsh j?. 

nkrs^fBors ftPb/PD dh ;jkfJsk Bkb nzs ftZu T[d:'r ;zpzX ns/ g{oh noEftt;Ek B{z 

nzs ftZu fBoGosk gqkgs j[zdh j? feT[Afe fJZe T[d:'r dk fBors d{i/ T[d:'r d/ bJh nkrs j' 

;edk j?. fJ;h soQK d{i/ T[d:'r dk fBors gfjb/ T[d:'r d/ bJh nkrs j' ;edk j?. T[dkjoD 

ti'A, e'bk T[d:'r dk fBors fJ;gks T[d:'r dk nkrs j' ;edk j?. 
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fJekJh^24 L nkrs^fBors ftPb/PD 

 
  

 

 

 B'N;        fJ;gks T[d:'r dk fBors e'bk T[d:'r d/ bJh nkrs j[zdk j?. 

B'N 

 

24H1 nkrs^fBors ftPb/PD dhnK wkBsktK 

     (Assumptions of Input-Output Analysis) 

nkrs^fBors ftPb/PD dhnK j/mbhnK wkBsktK j[zdhnK jB^ 

(1) noEftt;Ek g{oD ;zs[bB ftZu j[zdh j?. 

(2) noEftt;Ek d' GkrK ftZu tzvh j[zdh j?^nzs T[d:'r y/so ns/ nyhobk wzr y/so ns/ jo 

y/so dh T[g^tzv ehsh ik ;edh j?. 

(3) jo T[d:'r e/tb fJZe jh t;s{ dk T[sgkdB eodk j? ns/ d' t;s{nK dk ;z:[es T[sgkdB 

BjhA j[zdk j?. 

(4) fe;h fJZe T[d:'r dk e[ZbQ T[sgkdB fe;h j'o T[d:'r d/ nkrs d/ o{g ftZu ezw ftZu 

fbnkfJnk iKdk j?. 

(5) T[sgkdB ;fEo gqshcb d/ fB:w d/ nzsors j[zdk j?. 

(6) seBheh gqrsh ;fEo ofjzdh j?, fJ;dk Gkt fJj j'fJnk fe nkrs r[DKe ;fEo ofjzd/ jB. 

(7) fJZE/ T[sgkdB ftZu e'Jh pkjoh fwstsktK iK nfwstsktK T[sgzB BjhA j[zdhnK jB. 

 

24H1H1 fB:'AfNc dk ;N?fNe nkrs^nkdoP^y[Zbk nkdoP 

(Leontief’s Static Input-Output Model—Open Model) 

fb:'AfNc dk ;N?fNe nkrs^fBos nkdoP T[go'es wkBsktK T[Zs/ nXkfos j?. fb:'AfNc dk 

;N?fNe nkdoP B{z fJZe T[dkjoD d[nkok ;wMkfJnk ik ;edk j?. wzfBnk noEftt;Ek fszB 

y/soK ftZu tzvh j'Jh j?. fJBQK ftZu y/sh ns/ T[d:'r nzs T[d:'r d/ o{g ftZu ns/ xo/b{ y/so 

nkyoh wzr y/so d/ o{g ftZu fbnk frnk j?. 

nkrs^fBors ;koDh dh ;jkfJsk d[nkok fJ; nkdoP B{z ;wMkfJnk ik ;edk j?. fJ; ;koDh 

ftZu fszB'A y/soK dk fBors (Output), gzeshnK (Rows) (fyfsi o{g ftZu) d[nkok do;kfJnk 

frnk j? id'A fe fJBQK y/soK dk nkrs (Input), ;szGK (Columns) (bzpe o{g ftZu) d[nkok 

do;kfJnk frnk j?. gfjbh gzesh dk e[ZbQ :'r 300 fJekJhnK jB i' y/sh dk e[ZbQ fBors 

gqdofPs eodh j?. fi; ftZu 50 fJekJhnK y/sh nkgD/^nkg, 200 fJekJhnK T[d:'r ns/ pkeh 

50 fJekJhnK xo/b{ y/so ftZu nkrs o{g ftZu ezw ftZu fbnkJhnK iKdhnK jB. ;koDh dh d{ih 

gzesh T[d:'r d/ e[ZbQ T[sgkdB B{z gqdofPs eodh j?. T[d:'r ftZu e[ZbQ 150 fJekJhnK d/ pokpo 

T[sgkdB j[zdk j? fi; ftZu 55 fJekJhnK y/sh, 25 fJekJhnK nkgD/^nkg T[d:'r ns/ 70 

fJekJhnK xo/b{ y/so ftZu ezw ftZu fbnkJhnK iKdhnK jB. 

fJ;h soQK ;szGK (Columns) B{z d/yhJ/ sK fJBQK y/soK dh bkrs B{z dZ;d/ jB. gfjb/ ;szG ftZu 

fJj dZ;dk j? fe y/sh y/so ftZu 300 fJekJhnK dk e[ZbQ T[sgkdB eoB d/ bJh 125 fJekJhnK dh 

bkrs nkT[Adh j? fi; ftZu 50 fJekJhnK nkgD/^nkg y/sh, 55 fJekJhnK T[d:'r ns/ 20 

fJekJhnK xo/b{ y/so d[nkok nkrs d/ o{g ftZu ezw ftZu fbnkJhnK iKdhnK jB. d{i/ ;szG fJj 

do;kT[Adk j? fe T[d:'r dhnK 150 fJekJhnK d/ T[sgkdB d/ bJh 255 fJekJhnK d/ pokpo 

bkrs brkJh iKdh j? fi; ftZu 200 fJekJhnK y/sh, 25 fJekJhnK nkgD/^nkg T[d:'r ns/ 30 

fJekJhnK xo/b{ y/so ftZu ezw ftZu fbnkJhnK iKdhnK jB. fsZi/ ;szG ftZu Iho' fJj gqrN 

eodk j? fe xo/b{ y/so T[gG'r y/so j? i' e[ZM th fteo BjhA eodk j?. 
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noEPk;soh dk rfDs 

 

B'N  

  

 

yohd y/so 

→ e[ZbQ T[sgkdB 

iK e[ZbQ nkwdB 

 y/so y/sh 

(1) 

T[d:'r 

(2) 

nkyoh wzr 

(3) 

f
t
e
o
h
 
y
/s
o
 

→
 

(1) y/sh 

(2) T[d:'r 

(3) xo/b{ 

50 

55 

20 

200 

25 

30 

50 

70 

0 

300 

150 

50 

 e[ZbQ bkrs iK 

e[ZbQ nkrs 

125 255 120 500 

 

 

 

 

T[go'es ;koDh dh ;jkfJsk Bkb ;XkoD gqd/: t:{j (Transaction Matrix) dh ouBk ehsh ik 

;edh j?. 

  

  

 

yohd y/so 

e[ZbQ fBors  y/so y/sh 

(1) 

T[d:'r 

(2) 

nkyoh wzr 

(3) 

f
t
e
o
h
 
y
/s
o
 

→
 

(1) y/sh 

(2) T[d:'r 

(3) xo/b{ 

x11 

x21 

x31 

x12 

x22 

x32 

D1 

D2 

D0 

X1 

X2 

X3 

 

 

 

 

i/eo T[go'es ;koDh ftZu ;szGK B{z b?Adk jK sK j/mb/ T[sgkdB cbB gqkgs j'Dr/^ 

                            X1 = f1 (x11, x21, x31) iK 300 = f1 (50, 55, 20)   

                            X2 = f2 (x12, x22, x33) iK 150 = f2 (200, 25, 30)  

fJ;h soQK Bkb e[ZbQ T[sgkdB B{z ftfGzB y/soK ftZu j/m nB[;ko tzfvnk ik ;edk j?. (gzesh 

ftZu ;ko/ y/soK d/ Gkr B{z i'VB s/) 

                           X1 = x11 + x12 + D1 

                           X2 = x21 + x22 + D2 

                           X3 = x31 + x32 

n;hA fJZE/ wzBd/ jK fe i T[d:'r dk e[ZbQ T[sgkdB n T[d:'rK d[nkok nkrs d/ o{g ftZU ezw 

ftZu fbnkfJnk iKdk j? sK nfijh ;fEsh ftZu, 

                           X1 = x11 + x12 + .......... + xin + D1 
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fJekJh^24 L nkrs^fBors ftPb/PD 

 

fb:'AfNc B/ ;fEo r[DKe dh XkoDk dk th wkB j?. fJ; ;fEsh ftZu seBheh r[DKe 

(Technological Coefficient) j't/rk^ 

                

ij
ij

j

x
a

X
=  

fJZE/,      x11 = itK T[d:'r dk T[sgkdB i' fe jt/A T[d:'r d[nkok ezw ftZu fbnkfJnk iKdk j?. 

                            X1 = jt/A T[d:'r dk e[ZbQ T[sgkdB 

T[go'es ;koDh^1 ftZu seBheh r[DKe j/mb/ gqkgs j'Dr/^ 

B'N 

  

 

(nkrs^fBors r[DKe) 

 ekoi y/so 

nkyoh wzr 

(3) 

e[ZbQ T[sgkdB 
y/sh 

(1) 

T[d:'r 

(2) 

f
t
e
o
h
 
y
/s
o
 

y/sh 

T[d:'r 

fteoh y/so 

0H16 

0H18 

0H06 

1H33 

0H16 

0H20 

50 

70 

0 

600 

150 

50 

 

 

 

 

seBheh r[DKe eZYD dk sohek pj[s ;ob j?. fJZE/ n;hA Io{oh y/so d/ nkrs ftZu T[; y/so d/ 

e[ZbQ T[sgkdB dk Gkr fdzd/ jB. T[dkjoD ti'A, y/sh y/so dk e[ZbQ T[sgkdB 300 fJekJhnK jB 

ns/ y/sh dk nkrs 50, 55 ns/ 20 fJekJhnK jB, nfijh ;fEsh ftZu r[DKe 

50 55
0.16,  0.18

300 300
= =  ns/ 

20
0.06

300
=  j'Dr/. fJ;h soQK d{i/ y/soK dk eZfYnk iKdk j?. 

fb:'AfNc nkrs^fBors nkdoP B{z t:{j phirfDs dh ;jkfJsk Bkb j/m nB[;ko do;kfJnk ik 

;edk j?^ 

wzfBnk ;kvk ;XkoD nkdoP j/m j?^ 

X1 = x11 + x12 + ..... xin + D1                                                         HHHH(24H1) 

fJZE/ X1 = it/A y/so dk e[ZbQ T[sgkdB, fiZE/ i = 1, 2, ............. n  

xij = it/A y/so d/ T[sgkdB dk T[j fjZ;k fijVk jt/A y/so d[nkok nkrs d/ o{g ftZu ezw ftZu 

fbnkfJnk iKdk j?. 

nkdoP (24H1) B{z n y/soK d/ bJh j/m nB[;ko do;kfJnk ik ;edk j?^ 

                        X1 = x11 + x12 + .... + x1n + D1 

                        X2 = x21 + x22 + .... + x2n + D2 

                        Xn = xn1 + xn2 + .... + xnn + Dn 

n;hA ikDd/ jK fe seBheh ;fEo nze 

              

ij
ij

j

x
a

X
=                                    fJZE/ xi = jt/A y/so dk e[ZbQ T[sgkdB 

Or                                     xij = aijXj 
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B'N i/eo     x11 = a11 X1, X12 = a12X2 nkfd. 

j[D ;kv/ :[rwgd ;wheoD j'Dr/^ 

                        X1 = a11X1 + a12X2 + .... + a1nXn + D1 

                        X2 = a21X1 + a22X2 + .... + a2nXn + D2 

                        Xn = an1X1 + an2X2 + .... + annXn + Dn 

;XkoD nkdoP j/m nB[;ko fbfynk ik ;edk j?^ 

               

iK        X = AX + D                                                           HHHHH(24H2) 

fJZE/      

;wheoD (24H2) Bkb 

                       D = X – AX = (I – A) X 

fJZE/ I ;s;wekoh t:{j (Idently Matrix) j?. fJ; bJh 

                       X = (I – A) –1 D                                                    HHHH(24H3) 

 

 

 

eh s[;hA ikDd/ j'     fJZE/ (I – A) fJZe ftgohs t:{j (Inverse Matrix) j?. 

 

 

24H1H2 nkrs^fBors nkdoP dhnK ;hwktK (Limitations of Input-Output 
Model) 

Gkt/A fe fb:'AfNc nkrs^fBors ftPb/PD nkofDe ftPb/PD ftZu fJZe wjZstg{oD :'rdkB j? 

gozs{ fJ;dh nkgDhnK e[ZM ;hwktK jB fijVhnK fBwB fbys jB^ 

1H g{ot^XkoDktK dh nfttjkfoesk (Impracticability of the Assumptions)^fb:'AfNc 

nkdoP dhnK wkBsktK nfttjkfoe jB. fJ; ftZu fJj wzfBnk frnk j? fe seBheh r[DKe 

(Technological Coefficient) ;fEo ofjzdk j? fJ; dk Gkt j? fe seBheh ;fEosk iK T[sgkdB 

ftZu gfotosB d[nkok brkJ/ rJ/ ;kXBK dhnK wksoktK ftZu th gfotosB j't/rk. fJ;h soQK 

nkdoP fJj th wzfBnk frnk j? fe noEftt;Ek d/ ;ko/ y/soK dh g{zih ;zouBk ;wkB j[zdh j? 

gozs{ jo/e y/so dh g{zih dh wzr fGzB^fGzB j[zdh j?, fJ; bJh g{zih ;zouBk th jo/e y/so d/ 

bJh fGzB^fGzB j't/rh. 

2H e[ZM ;kXBK dh T[g/fynk (Neglecting Certain Factors)^fJ; Bkb nkdoP dh fdqVQ gqfeosh 

(Rigid Nature) d/ ekoB tZXdh j'Jh bkrs ns/ ftfGzB soQK dhnK ;wZf;nktK dk fBtkoD ;zGt 

BjhA j?. 

3H fJZe gZyh f;XKs (One Sided Analysis)^fJj f;XKs fJZe gZyh ftPb/PD wzfBnk iKdk j?, 

feT[Afe fJ; ftZu noEftt;Ek d/ e/tb T[sgkde y/so (Productive Sector) B{z jh fbnk iKdk 

j?. fJ; bJh T[sgkde y/so dh fpbe[b T[g/fynk ehsh rJh j?. 

4H ;kXB gqfs;EkgB dh T[g/fynk (Neglecting Factors of Substitution)^seBheh r[DKe dh 

;fEosk dh wkBsk ;kXB gqfs;EkgB dhnK ;zGktBktK dh T[g/fynk eodh j?. gozs{ n;bhns 

ftZu d/fynk ikt/ sK nfijh gqfs;EkgB dhnK ;zGktBktK nbgekb ftZu th j[zdhnK jB. 

fInkdk ;w/A ftZu fJBQK dhnK ;zGktBktK pj[s tZX iKdhnK jB. 
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5H y/soh ;zpzXK dk b'g (Absence of Linear Relations)^fJ; nkdoP ftZu fJj wzB fbnk frnk 

j? fe fJZe y/so dk nkrs d{i/ y/so dk fBors j? Gkt y/soK ftZu o/yh ;zpzXh d/fynk iKdk j?, 

fijVk sZEK d/ ftgohs j?, feT[Afe ;kXBK dh nDtzvsk d/ ekoB fBors ftZu tkXk jw/PK nkrs 

tkX/ d/ pokpo BjhA j[zdk j?. 

6H G"fse fJekJhnK dk gq:'r (Use of Physical Units)^fttjko ftZu t;s{nK ns/ ;/tktK B{z 

e/tb w[doe o{g ftZu jh ftnes ehsk iKdk j?. fJ; s'A fJbktk G"fse fJekJhnK d/ o{g ftZu 

nkrs^ fBors ftPb/PD d/ ;zs[bB ;wheoDK d[nkok noEftt;Ek dk ;w[fus o{g ftZu g{ot 

nB[wkB w[Pfeb j[zdk j?. fJ;d/ fJbktk ftfGzB t;s{nK ns/ ;/tktK dhnK G"fse fJekJhnK dk 

wkg fGzB^ fGzB j[zdk j?. fJ; bJh nkrs^fBors ;koDh ns/ seBheh r[DKeK B{z fBofws eoB 

ftZu pj[s w[Pfeb dk ;kjwDk eoBk gJ/rk. 

7H ifNbsk (Complexity)^fJ; ftPb/pD ftZu eJh ;zouBkswe ;wheoDK ns/ rfDse 

seBhehnK dk ;jkok b?Dk g?Adk j?, fiBQK d/ T[Zu rfDs ns/ ;zfyne ftXhnK dk frnkB io{oh j?. 

fJ; ekoB fJj seBheh pj[s fInkdk ifNb j' iKdh j?. 

B'N 

 

 

 Nk;e      nkrs^fBors ftPb/PD dhnK fe;/ fszB wkBsktK B{z fby'. 

 

 

24H2 fb:'AfNc dk nkrs^fBors pzd nkdoP 

      (Leontief’s Input-Output Closed Model) 

fb:'AfNc nkrs^fBors y[Zb/ nkdoP ftZu n;hA nkyoh wzr y/so (xo/b{ y/so) B{z gqEe o{g s'A 

wzfBnk ;h. i/eo fJ; y/so B{z th nkofDe ftt;Ek ftZu fwbk fbnk ikt/ sK e'Jh th y/so 

nfijk BjhA oj/rk fi;dk ;zpzX pkjoh y/so Bkb j't/. nfijh ;fEsh ftZu jo/e t;s{ wZXfwe 

t;s{nK (Intermediate Goods) dh gqfeosh dh j't/rh feT[Afe fJ; (n + 1) T[d:'r ftt;Ek ftZu 

T[sgkds fBorsK B{z, fJBQK jh fBorsK d/ T[sgkdB ;zpzXh gq:'r ehsk iKdk j?. fJ; dPk B{z pzd 

nkdoP (Closed Model) fejk iKdk j?. 

fJ; ;fEsh ftZu, g{oh noEftt;Ek g{oh gqsh:'rsk dh ;fEsh d/yh iKdh j? ns/ ;oekoh 

dybnzdkIh BjhA ofjzdh j?. fJZE/ (n + 1) T[d:'rK ftZu'A jo fJZe ftfGzB fBors xi (i = 1, 2 ..... n 
+ 1) wksok dk T[sgkdB eodk j?. nkyoh y/so xo/b{ y/so j? fi;dk fBors Xn+1 j?. wzfBnk 

xij = it/A T[d:'r dk fBors, i' fe jt/A T[d:'r B{z iKdk j?. 

 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H nkrs dk Gkt T[sgkde dk HHHHHHHHHHH eoB d/ bJh ;wZroh dh wzr eoB s'A j?. 

2H HHHHHHHHHHHH Ppd dk noE T[sgkdesk :sB d/ Bshi/ d/ cb s'A j?. 

3H fe;h fJZe T[d:'r dk e[ZbQ T[sgkdB fe;h j'o T[d:'r d/ HHHHHHHHHHHHHHH d/ o{g ftZu ezw ftZu 

fbnkfJnk iKdk j?. 

4H HHHHHHHHHHHH nkdoP dhnK wkBsktK nfttjkfoe jB. 

5H nkrs^fBors ftPb/PD dh ;jkfJsk Bkb nzs T[d:'r ;zpzX ns/ g{oh noEftt;Ek B{z 

nzs HHHHHHHHHH gqkgs j[zdh j?. 
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B'N 24H3 pzd nkdoP d/ ;zs[bB ;wheoDK dk gfjbk ;w[Zu 

      (First Set for Equilibrium Equation of Closed Model) 

rfDse o{g ftZu pzd nkdoP d/ nzsors 

                    

1

1

n

i ij
j

X X
+

=

= ∑                                                  HHHHH(24H4) 

                                   (i = 1, 2, .... n + 1)  

;fEo seBheh r[DKe dh dPk ftZu, 

                                  xij = aijXi                                                   HHHHH(24H5) 

;wheoD (24H5) dk wkB ;wheoD (24H6) ftZu oZyD s/ 

                    

1

1

n

i ij j
j

X a X
+

=

= ∑  

iK                  

1

1

0
n

i ij j
j

X a X
+

=

= =∑                                           HHHHH(24H6) 

;wheoD (24H6) ;zs[bB ;wheoDK dk gfjbk ;w[Zu j?. 

 

24H4 pzd nkdoP d/ ;zs[bB ;wheoDK dk d{ik ;w[Zu 

      (The Second Set of Equilibrium Equation of Closed Model) 

fJZE/ n;hA w[ZbK Pi (i = 1, 2 .... n + 1) T[Zs/ fXnkB e/Adfos eoKr/. fJZE/ Pi xo/b{ y/so dh 

fwjBs do j?. 

fJZE/ fJj wzBe/ fe T[d:'r ftZu gqkgshnK (Receipts) ns/ bkrsK (Costs) ;wkB jB, ;zs[bB 

;wheoD B{z j/m nB[;ko t:{s T[sgkds ehsk ik ;edk j?. 

it/A T[d:'r d/ bJh, 

               gqkgshnK = XiPi  

ns/               bkrs

1 1

1 1

n n

i ij ij i i
j j

P X a X P
+ +

= =

= =∑ ∑  

fiZE/,                 xij = aij Xi  

;zs[bB dh dPk ftZu, 

                   

1

1

n

i i ij i i
j

X P a X P
+

=

= ∑  

iK                 

1

1

n

i i ij i i
j

X P a X P
+

=

= ∑  

iK                 

1

1

0
n

i i ij i i
j

X P a X P
+

=

= =∑                                         HHHHH(24H7) 

                                      i = 1, 2, .... n  

;wheoD (24H7) ;zs[bB ;wheoDK dk d{ik ;w[Zu j?. 
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24H4H1 fb:'AfNc d/ rshPhb nkdoP T[Zs/ ;zy/g fNZgDh 

       (Short note on Leontief’s Dynamic Model) 

;fEse nkdoP ftZu noEftt;Ek d/ ftfGzB y/soK d/ seBheh r[DKeK dh ;jkfJsk Bkb go;go 

fBoGosk dk nfXnB eod/ jB. gozs{ fJj r[DKe noEftt;Ek ftZu ;Nke (Stock) dh n;b 

io{os T[Zs/ gqekP BjhA gkT[Ad/ jB. fJj, fJj th dZ;D ftZu n;woZE ofjzd/ jB fe ;kXB dh T[j 

wksok fijVh fe T[d:'r d[nkok ygs ehsh iKdh j?, d/ bJh fezBh g{zih dh io{os j't/rh. fJ; 

g{zih dh wzr ;fEo g{zih ftfB:'r fit/A fBowkD, wPhB nkfd iK T[sgkdB d/ bJh eZu/ wkb dk 

;Nke pDkJ/ oZyD d/ bJh ehsh iKdh j?. i/eo ;fEoe nkrs^fBors nkdoP (y[Zbk nkdoP) d/ 

nzsors g{zih dk gqGkt Pkfwb eo fbnk ikt/, T[d'A fJj ftt;Ek rshPhb j' iKdh j?. fJ; bJh 

g{zih fBt/P fJ; rshPhb nkrs^fBors nkdoP dk fJZe nGhBt bZSD j?. 

fJ; soQK nkrs^fBors ;fEse nkdoP (y[Zbk nkdoP) ftZu fiBQK ;zouBkswe ;wheoDK dk 

;jkok fbnk iKdk j?, T[; ftZu jo y/so d/ bJh io{oh g{zih ;w/A nzsokb ;fjs Pkfwb eo fbnk 

iKdk j?. fJ; soQK fJj nkdoP ;fEse nkrs^fBors nkdoP (fb:'AfNc y[Zbk nkdoP) dk 

ft;Eko jh j?. 

wkBsktK (Assumptions)  

nkrs^fBors rshPhb nkdoP ;fEse nkdoP dk ;XkoD o{g j?. fJ; soQK fJ;dhnK wkBsktK 

nkdoP d/ nB[;ko j'DrhnK. fit/A^(1) jo/e T[d:'r e/tb fJZe jh ;wo{g t;s{ dk T[sgkdB 

eodk j? ns/ (2) jo/e t;s{ d/ T[sgkdB d/ bJh e/tb fJZe jh seBheh T[gbpX j?, fiZE/ T[sgsh 

d/ ;kXBK dk ;z:'r ;fEo j?. 

wzfBnk Ci(t) ukb{ ;kb dk T[gG'r j? fijVk it/A T[d:'r d[nkok T[sgkds j[zdk j?. Xi(t) it/A T[d:'r 

t ;w/A ntXh ftZu e[ZbQ T[sgkdB j? fijVk fszB T[d/PK d/ o{g ftZu ezw ftZu nkT[Adk j?^(i) nrbh 

ntXh d/ T[gG'r {Ci (t + 1)}, (ii) n T[d:'rK ftZu g{zih t;s{nK dk P[ZX ;Nke Si (t + 1) – Si (t) 
ns/ (iii) noEftt;Ek ftZu T[d:'fre T[sgkdB dk ukb{ gqtkj. fJBQK ;fEshnK ftZu ;zs[bB 

;wheoD j't/rk^ 

                              Xi(t) = Ci (t + 1) + Si (t + 1) – Si(t) + x11 (t) + x12 (t) 

(fJZE/ i = 1, 2) 

j[D ;tkb fJj T[Zmdk j? fe ukb{ T[sgkdB X1 (t) ns/ X2 (t) fet/A T[sgkdB j[zdk j?< fb:'AfNc 

T[sgkdB cbB ftZu e[ZbQ T[sgkdB d' soQK d/ ;kXBK dk cbB j't/rk^(i) ukb{ ;kb d/ bJh eZuk wkb 

ns/ (ii) g{zih ;zpzXh t;s{nK dk ;Nke^ 

                             X1 (t) = f[x11 (t), x21 (t), S11(t), S21(t)] 

                             X2 (t) = f[x12 (t), x22 (t), S12(t), S22(t)] 

noEftt;Ek ftZu e[ZbQ g{zih ;Nke ;ko/ T[d:'rK d/ g{zih ;Nke dk i'VQ j't/rk^ 

                              Si (t) = Si1 (t) + Si2 (t)  

ns/ g{zih ;Nke ftZu gfotosB do gqkgs j't/rh^ 

                           • Si (t) = Si (t + 1) – Si (t)  

g{zih ;Nke r[DKe B{z j/m nB[;ko t:{j T[sgzB ehsk ik ;edk j?^ 

                    

ij
ij

j

S
b

X
=  

fJZE/ bij = g{zih ;Nke r[DKe, xi = jt/A T[d:'r dk e[ZbQ T[sgkdB ns/ Sij = jt/A T[d:'r d/ T[sgkdB B{z 

it/A T[d:'r d[nkok ehsk frnk P'X. 

B'N 
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B'N 24H4H2 fJZe nk:'fis noEftt;Ek d/ bJh nkrs^fBors nkdoPK dk wjZst 

        (The Importance of Input-output Models for a Planned Economy) 

nkofEe y/so ftZu nkrs^fBors ftPb/PD dh ftXh fJZe wjZstg{oD G{fwek fBGkT[Adh j?. 

nkofEe f;XKs s/ ftuko, okPNoh^b/yK dh ouBk, nkofEe :'iBktK dh ouBk, T[d:'rK dk 

go;go ;zpzXK ns/ fBoGosk dk nfXnB eoBk, tgko ueoK dk nfXnB nkdh wjZstg{oD 

y/so jB, fiBQK dk ftPb/PD fJ; ftXh Bkb jh ;zGt j'fJnk j?. toswkB ftZu brGr 

noEftt;Ek d/ jo/e y/so ftZu fJ; seBheh dk gq:'r ehsk ikD bZrk j?, gozs{ toswkB ftZu 

fJ; seBheh dk gq:'r ftP/P eoe/ fB:'fis noEftt;Ek ftZu finkdk tZXdk ik fojk j?. 

toswkB ftZu eJh ;wkitkdh ns/ j'o d/PK B/ nkgD/ nkofEe ftek; ftZu ekoieowK B{z ;zgzB 

eoB d/ bJh nkrs^fBors seBheh dh w"fbe XkoDktK B{z ngDkfJnk j?. fInkdkso 

;wkitkdh ns/ ;kwtkdh noEftt;Ek dk fJj ;zouBkswe ftuko ofjzdk j? fe g{oh 

noEftt;Ek B{z fJZe ;[rw ;wBfts J/eheqs f;XKs d/ nzsors Ykfbnk ikt/. ;kohnK 

T[d:'fre fJekJhnK okPNoh fB:'iB ;z;Ek d/ nzsors fB:zsoD ftZu ofjzdhnK jB. fJ; soQK 

fJ; e/Adoh ;z;Ek dk fJj eosZp j? fe T[j noEftt;Ek dhnK Io{osK dk ikfJIk b?D ns/ 

Io{osK d/ nB[;ko ftfGzB T[sgkde ;kXBK B{z T[gbpX eokT[D sK fe tZX s'A tZX ;wkfie 

efbnkD d/ T[d/P dh g{osh ehsh ik ;e/. fJ; bJh fJj io{oh j? fe ftfGzB T[d:'fre 

rshftXhnK dk :'iBkpZX Yzr Bkb fBod/P d/D. 

fJ; seBheh dh ;jkfJsk Bkb fJj gsk ehsk ik ;edk j? fe fJZe T[d:'r d/ e[ZbQ T[sgkdB dk 

fezBk Gkr d{i/ T[d:'r ftZu nkrs d/ o{g ftZu ezw nkT[Adk j?. nkrs^fBors t:{j dh 

;jkfJsk d[nkok nzeVk^ftfrnkBh (Statisticians) ns/ :'iBk nfXekohnK B{z g{oh noEftt;Ek 

B{z ndk^gqdk ;zpzX ;wMD ftZu wdd fwbdh j?. 

nkrs^fBors ftPb/PD noEftt;Ek d/ ftfGzB y/soK d/ ftukb/ ;zpzXk dk frnkB eokT[Adh j?. 

fJ; s'A fJbktk noEftt;Ek dh nzdo{Bh ;zouBk B{z ;wMD d/ bJh fB:'ieK d/ bJh fJj 

ftPb/PD ;[ftXkiBe j?. nfB:'fis noEftt;Ek ‘gqhyD ns/ so[ZNh’ dh gqDkbh T[Zs/ nXkfos 

j?, gozs{ fB:'fis noEftt;Ek ftZu fJ; soQK dhnK so[ZNhnK d/ fBtkoD dk fJ; ftPb/PD 

d[nkok :sB ehsk iKdk j?. 

fJj fXnkB d/D :'r sZE j? fe okPNh nkofEe nk:'iB ftZu rshPhb nkrs^fBors dh XkoDk 

;fEse nkrs^fBors dh XkoDk dh ng/fynk wjZstg{oD j? feT[Afe d/P d/ nkofEe ftek ftZu 

s/ih Bkb gfotosB j'D d/ ekoB noEftt;Ek dh ;zouBk dk gqtkj ;fEo BjhA ofj ;edk. 

fJ; ;zdoG ftZu fJj seBheh noXftef;s noEftt;Ek ftZu nkofEe nk:'iB d/ bJh tZX 

T[g:'rh f;ZX j[zdh j?. fJ;dk ekoB fJj j? fe o/yh ;wo{g nkrs^fBors nkdoP ;fEo 

seBheh r[DKe d/ nzsors b'egqh: ;wzeK dh nDT[g;fEsh ftZu th bkr{ ehsk ik ;edk j?. 

nkrs^fBors nkdoP dk gq:'r Bk e/tb ftfGzB T[sgkdB y/soK ftZu go;go ;zpzXK dk 

nfXnB eoB ftZu j[zdk j?, pbfe ftfGzB T[d/PK dh g{osh ;zpzXh th fJ; dk gq:'r ehsk iKdk 

j?. ;td/P ns/ j'o d/PK d/ gqPk;fBe y/soK d/ nfXnB d/ bJh th fJ; ftPb/PD dk gq:'r 

ehsk iKdk j?. fJ; nkdoP ftZu fe;h d/P d/ ftfGzB y/soK ns/ ftfGzB d/PK d/ ftukb/ nkrs^ 

fBors gqtkj d/ ;ob nfXnB bJh fJZe :'iBk (Scheme) gqkgs j[zdh j?

1

. 

fJ; ftPb/PD dk gq:'r o/bt/ GkVk (Freeght) tgko d/ nfXnB d/ bJh th ehsk iKdk j?. o/bt/ 

tgko ;koDhnK ftZu T[sgkdB y/soK dk ;fj:'r ftfGzB o/bt/ ;N/PBK d[nkok ;kbK s'A fbnk 

iKdk fojk j?. ‘nzso y/so gqtkj’ B{z ‘NBK ftZu Gkr’ Bkb ;EkgB ehsk iKdk j?, fijVk fe 

fJZe ;N/PB s'A d{i/ ;N/PB B{z G/fink iKdk j?. 

 

 

 

1. Oskar Lang: Introduction to Economics (1959). 
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T[go'es toDB s'A ;gNPN j? fe nkrs^fBors t:{j :'iBk d/ nkofEe ;kXBK d/ toDB bJh 

gq:'r ehsk iKdk j?. fJ; ftPb/PD dhnK ;koDhnK B{z tZy^tZy gqeko Bkb u[fDnk iKdk j? fi; 

Bkb noEfwsh d/ ftfGzB y/soK fit/A T[d:'rK ftZu go;go ;zpzXh ns/ fBoGosk, ftfGzB d/PK d/ 

nzso gqtkj d/ ftPb/PD dk nfXnB ;obsk Bkb ehsk ik ;edk j?. ;wkitkdh ;fEshnK d/ 

nzsors nkrs^fBors ftPb/PD okPNoh :'iBktK d/ nzdo{Bh ;wzi; d/ nBt/PD ;zpzXh fJZe 

io{oh T[geoD j?. 

T[dkjoD 1H fdZsh rJh nzsoD w?fNqe; d[nkok nkrs^fBors ;fj^r[DKe gsk eo'. 

B'N 

 

yohdkoh 

y/so→ 

 

T[sgkdB  

y/so ↓ 

y/sh T[d:'r nkyoh wzr e[ZbQ T[sgkdB 

y/sh 300 600 100 1000 

T[d:'r 400 1200 400 2000 

 

 

 

 

i/eo gqkgs wzr pdbdh j? eqw nB[;ko 200 ns/ 800, s'A e[ZbQ T[sgkdB gsk eo' fijVh BthA wzr 

d/ ;wkB j't/. 

jZb (Solution)L seBheh r[DKe dk ;{so gq:'r eoB s/, 

                      

ij
ij

j

x
a

X
=  

fJZE/                  aij = seBheh r[DKe, 

                      Xi = jt/A y/so ftZu e[ZbQ T[sgkdB, 

xij = jt/A y/so dk T[j T[sgkdB fijVk it/A y/so d[nkok ezw ftZu (ntP'PD) fbnk iKdk j?. 

 

 

seBheh r[DKe eZYD dh ;koDh 

y/so 

(Sector) 

y/sh 

(Agriculture) 

T[d:'r 

(Industry) 

e[ZbQ T[sgkdB 

(Total Output) 

 

y/sh (Agriculture)  

 

T[d:'r (Industry) 

300
0.3

1000
=  

400
0.4

1000
=  

600
0.3

2000
=  

1200
0.6

2000
=  

1000 

 

2000 

 

 

 

 

i/eo nkyoh wzr y/sh ns/ T[d:'r ftZu eqw nB[;ko 200 ns/ 800 j' ikt/ T[d'A^ 

 

y/so y/sh T[d:'r nkyoh wzr e[ZbQ T[sgkdB 

y/sh 

T[d:'r 

300 

400 

600 

1200 

200 

800 

1100 

2400 

 

 

 

 

fJ; soQK e[ZbQ T[sgkdB (Gross Output) & 1100 O 2400 & 3500H 
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B'N T[dkjoD 2H j/mK fdZsh rJh ;koDh noEftt;Ek d/ fszB ;?eNoK S1, S2 ns/ S3 d/ Bkb eo'VK 

o[gJ/ d/ nzso^T[d:'fre b?D^d/D B{z do;kT[Adh j?^ 

 

 

 S1 S2 S3 nkyoh wzr e[ZbQ fBors 

S1 

S2 

S3 

50 

40 

100 

25 

50 

50 

25 

10 

150 

100 

200 

300 

200 

300 

600 

 

 

 

 

;fjr[DKe w?fNqe; dh r[DB eo' 

jZb (Solution)L n;hA ikDd/ jK fe 

ij
ij

j

x
a

X

 
= 

  
 seBheh r[DKe &  

 

 

seBheh r[DKe eZYD dh ;koDh 

 
S1 S2 S3 

e[ZbQ T[sgkdB 

(Total Output) 

 
S1 

 
S2 

 

S3 

50
0.25

200
=  

40
0.20

200
=  

100
0.50

200
=  

25
0.08

300
=  

50
0.16

300
=  

50
0.16

300
=  

25
0.04

600
=  

10
0.016

600
=  

150
0.25

600
=  

 

200 

 

300 

 

600 

 

 

 

 

T[dkjoD 3H nkrs^fBors nkdoP ftZu seBheh w?fNqe; j/mK fdZsh rJh j?^ 

 y/so I y/so II nkyoh wzr 

Sector I 

Sector II 

Labour 

0H1 

0 

0H9 

0H3 

0H2 

0H8 

F1 

F2 

^ 

 

 

 

 

i/eo nkyoh wzr              F3 = 0.5y + 100  

                                                F2 = 0.3y + 204   

sK nkwdB dk ;zs[bB ns/ ftfGzB ;?eNoK dk fBors gsk eo'. f;ZfNnK dh s[bBk eo' i/eo F1 
= 100, F2 = 200 j't/. 

jZb L ;zs[bB dh ;fEsh ftZu, 

                                               F1 = F2 

∴                               0.5y + 100 = 0.3y + 200 

iK                    5y + 1000 = 3y + 2000  
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fJekJh^24 L nkrs^fBors ftPb/PD 

 

iK                         2y = 1000 

iK                          y = 500  

d[pkok                     F1 = 0.5y + 100 = (.5 × 500) + 100 = 350 

                                           F2 = 0.3y + 200 = (0.3 × 500) + 200 = 350  

n;hA ikDd/ jK fe^ 

                                            X = AX + D  

iK                         X = (I – A)-1 D  

fJZE/                      X & y/so ns/ I y/so II dk e[ZbQ T[sgkdB j?. 

                                            I = fJekJh t:{j 

                                           D = nkyoh wzr 

                                            A = t:{j r[DKe (Coefficient of Matrix)  

j[D  

 

 

 

 

 

 

 

 

 

gZyh t:{j 

  0.9     0
( )

0.3   0.8
I A

 
− =  − 

 

of  0.9 0.8

of  0.3 0

0    0.3

0.8 0.9

=


= 


= 
= 

; fjyzv 

; fjyzv 

; fjyzv 

; fjyzv 

                                                    

 ( 1)

for cofactor sign

i j+ ∴ −
 
 

 

 

 

 

 

 

 

 

 

 

 

 

j[D 

 

fJ; bJh gfjb/ y/so dk e[ZbQ T[sgkdB & 532 fJekJhnK 

 

B'N 
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B'N ns/ d{i/ y/so dk e[ZbQ T[sgkdB & 437H5 fJekJhnK 

(iii) i/eo F1 = 100 ns/ F0 = 200 j't/ sK 

                 

1 1.11   0.41 100
( )

   0    1.25 200
X I A D−    

− =    
   

 

                              

192

250

 
=  

 
 

fJ; ;fEsh ftZu gfjb/ y/so dk T[sgkdB & 192 fJekJhnK 

ns/ d{i/ y/so dk T[sgkdB & 250 fJekJhnK. 

 

;t?^w[bKeD (Self Assessment) 

fBwBfbys eEBK ftZu ;Zu iK M{m dh gfjukD eo' 

(State whether the following statements are True or False) – 

6H 
1

1

n

i ij
j

X X
+

=

= ∑  

7H 
1

1

0
n

i i ij i i
j

X P a X P
+

=

= =∑  ;wheoD, ;zs[bB ;wheoDK dk d{i/ ;w[Zu j?. 

8H nkofEe y/so ftZu nkrs^fBors ftPb/PD dh ftXh fJZe wjZstg{oD G{fwek BjhA 

fBGkT[Adh j?. 

9H nkrs^fBors ftPb/PD noEftt;Ek d/ ftfGzB y/soK d/ ftukb/ ;zpzXk dk frnkB BjhA 

eokT[Adh j?. 

10H seBheh r[DKe 

ij
ij

j

x
a

x
= H 

 

24H5 ;koKP (Summary) 

• nkrs (Input) dk Gkt T[sgkde dk T[sgkdB eoB d/ bJh ;wZroh (Material) dh wzr 

eoB s'A j? id'A fe fBors (Output) Ppd dk Gkt T[sgkdesk :sB d/ Bshi/ d/ cb s'A 

j?. 

• nkrs^fBors ftPb/pD dh ;jkfJsk Bkb nzdo{Bh T[d:'r ;zpzX ns/ g{oh noEftt;Ek 

B{z nzdo{Bh fBoGosk gqkgs j[zdh j? feT[Afe fJZe T[d:'r dk fBors d{i/ T[d:'r d/ bJh 

nkrs j' ;edh j?. 

• fb:'AfNc dk ;fEse nkrs^fBors nkdoP T[go'es wkBsktK T[Zs/ nXkfos j?. 

fb:'AfNc dk ;fEse nkdoP B{z fJZe T[dkjoD d[nkok ;wMkfJnk ik ;edk j?. 

• nkrs^fBors ;koDh dh ;jkfJsk d[nkok fJ; nkdoP B{z ;wMkfJnk ik ;edk j?. 

fJ; ;koDh ftZu fszB'A y/soK dk fBors (Output), gzeshnK (Rows) (fyfsi o{g ftZu) 

d[nkok do;kfJnk frnk j? id'A fe fJBQK y/soK dk nkrs (Input), ;szGK (Columns) 
(bzpts o{g ftZu) d[nkok do;kfJnk frnk j?. 

• seBheh r[DKe eZYD dk sohek pj[s ;ob j?. fJZE/ n;hA io{oh y/so d/ nkrs ftZu 

T[; y/so d/ e[ZbQ T[sgkdB dk Gkr fdzd/ jK. 
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• fb:'AfNc nkdoP dhnK wkBsktK nfttjkfoe jB. fJ; ftZu fJj wzfBnk frnk j? fe 

seBheh r[DKe (Technological Coefficient) ;fEo ofjzdk j?. fJ;dk Gkt j? fe seBheh 

;fEosk iK T[sgkdB ftZu gfotosB Bkb brkJ/ rJ/ ;kXBK dh wksoktK ftZu th 

gfotosB j't/rk. 

• fttjko ftZu t;s{nK ns/ ;/tktK B{z e/tb w{doe o{g ftZu jh ftnes ehsk iKdk j?. fJ; 

s'A fJbktk G"fse fJekJhnK d/ o{g ftZu nkrs^fBors ftPb/PD d/ ;zs[bB ;wheoDK 

d[nkok noEftt;Ek dk T[fus o{g tZu g{ot^nB[wkB w[Pfeb j[zdk j?. 

• fb:'AfNc nkrs^fBors y[Zb/ nkdoP ftZu n;hA nkyoh wzr y/so (xo/b{ y/so) B{z gqEe 

o{g s'A wzfBnk ;h. i/eo fJ; y/so B{z th nkofEe ftt;Ek ftZu fwbk fbnk ikt/ sK e'Jh 

th y/so nfijk BjhA oj/rk fi;dk ;zpzX pkjoh y/so Bkb j't/. 

• ;fEse nkdoP ftZu noEftt;Ek d/ ftfGzB y/soK d/ seBhehe r[DKeK dh ;jkfJsk 

d[nkok go;go fBoGosk dk nfXnB eod/ jB. 

• nkrs^fBors rshPhb nkdoP ;fEse nkdoP dk ;XkoD o{g j?. fJ; bJh fJ; dhnK 

wkBsktK ;fEse nkdoP d/ nB[;ko j'DrhnK. 

• nkofEe y/so ftZu nkrs^fBors ftPb/PD dh ftXh fJZe wjZstg{oD G{fwek fBGkT[Adh 

j?. nkofEe ;fXKs T[Zs/ ftuko, okPNoh^b/yK dh ouBk, nkofEe :'iBktK dh ouB, 

T[d:'rK dk go;go ;zpzXK ns/ fBoGosk dk nfXnB eoBk, tgko ueoK dk nfXnB 

nkfd wjZstg{oD jB, fiBQK dk ftPb/PD fJ; ftXh d[nkok jh ;zGt j'fJnk j?. 

• nkrs^fBors ftPb/PD noEftt;Ek d/ ftfGzB y/soK d/ ftukb/ ;zpzX dk frnkB 

eokT[Adh j?. fJ; soQK noEftt;Ek dh nzdo{Bh ;zouBk B{z ;wMD d/ bJh fB:'ieK d/ 

bJh fJj ftPb/PD ;[ftXkiBe j?. 

 

24H6 Ppde'P (Keywords) 

• nkrs (Input) ^ gqkgs. 

• fBors (Output) ^ fBebDk. 

 

24H7 nfGnk; gqPB (Review Questions) 

1H pzd nkdoP d/ ;zs[bB ;wheoDK d/ gfjb/ ;w[Zu dh rfDse ftnkfynk eo'. 

2H fb:'AfNc dk nkrs^fBors pzd nkdoP s'A eh Gkt j?< 

3H fb:'AfNc d/ rshPhb nkdoP T[Zs/ ;zy/g fNZgDh fby'. 

4H fJZe nk:'fis noEftt;Ek d/ bJh nkrs^fBors nkdoPK dk wjZst ;wMkU. 

5H pzd nkdoP d/ ;zs[bB ;wheoDK d/ d{i/ ;w[Zu dh rfDse ftnkfynk eo'. 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H T[sgkdB        2H fBors        3H nkrs        4H fb:'AfNc        5H fBoGosk. 

  6H ;Zu             7H ;Zu           8H M{m           9H M{m            10H ;Zu. 

 

 

 

B'N 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               331 

VED1 

E L-LOVELY-H math24-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth  10-9-12 



noEPk;soh dk rfDs 

 

B'N 24H8 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

3H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

5H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

6H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

7H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

9H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 
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fJekJh^25 L j"feB;^f;w'B dhnK PosK 

 

fJekJh^25L j"feB;^f;w'B dhnK PosK 

(Conditions of Hawkins and Simon) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

25H1 j"feB; ns/ f;w'B dhnK PosK (Conditions of Hawkins and Simon) 

25H2 w?fNqe; dk seBheh r[Dk eZYDk (To Find the Technical Multiplications of Matrix) 

25H3 ;koKP (Summary) 

25H4 Ppde'P (Keywords) 

25H5 nfGnk; gqPB (Review Questions) 

25H6 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L  

• j"feB;^f;w'B dhnK PosK s'A ikD{ j'D ftZu. 

• w?fNaqe; dk seBheh r[Dk eZYD ftZu. 

 

 

gq;sktBk (Introduction) 

edh^edh nkrs^fBors w?fNqe; dk jZb, foDkswe ;zfynk nk iKdk j?. i/eo ;kvk fBors, 

foDkswe fBors nkT[Adk j? sK fJ;dk wsbp fJj j? fe n;hA fBors s'A tZX nkrs dk gq:'r 

eo oj/ jK, fijVk fe fJZe ntk;sfte ;fEsh j?. sK n;hA fJj efj ;ed/ jK fe nfijk 

System Viable BjhA j?. 

 

25H1 j"feB; ns/ f;w'B dhnK PosK (Conditions of Hawkins and Simon) 

Hawkins-Simon dhnK PosK fJ; ;fEsh s'A fBiks fdtkT[AdhnK jB. ;kvk gfjbk ;wheoD X = 
(I – A)-1 F j?, sK (I – A) B{z j/m nB[;ko fby ;ed/ jK. 

 

 

 

 

 

 

 

 

sK H.S. dhnK j/mbhnK d' PosK j'DrhnK^ 

(1) w?fNqe; dk ;kofDe jw/PK XBkswe j'Dk ukjhdk j? 

(2) fteoD sZs i.e, (1 – a11), (1 – a22), (1 – a33) ....... (1 – ann), XBkswe j'D/ ukjhd/ jB Gkt 

a11, a22, a33, ..... ann jw/PK 1 s'A xN j'D/ ukjhd/ jB. 
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B'N 

 

 

eh s[;hA ikDd/ j'     T[go'es d'B'A PosK B{z jh Hawkins-Simon dhnK PosK efjzd/ jB. 

 

 

T[dkjoDL i/eo  

∴          

ns/ ;kofDe dk wkB (I – A) j't/ sK, 0H06 ^ 0H18 & (^) 8H12 fijVk fe Iho' s'A xZN j?. 

fJZE/ H.S. Condition ;zs[PB BjhA j[zdh j?. 

sK e'Jh th jZb ;zGt BjhA j?. 

 

 

 

 Nk;e       j"feB;^f;w'B dhnK PosK B{z fby'. 

 

 

T[dkjoDL ;kb 1990 ftZu nzdo{Bh T[d:'r dk b?D^d/D fBoXkoD j/mK fdZsk j?^ 

fdZsh rJh nzso^T[d:'fre b?D^d/D ;koDh ;kb 1990 d/ bJh fJZe noEftt;Ek d/ bJh pDkJh 

rJh j?. 

T[d:'r 1 2 nkyoh T[gG'r e[ZbQ 

1 

2 

fwjBs 

500 

1,750 

250 

1,600 

1,600 

4,800 

400 

4,650 

^ 

2,500 

8,000 

5,050 

e[ZbQ 2,500 8,000 5,050 15,500 

 

 

  

25H2 w?fNqe; dk seBheh r[Dk eZYDk 

      (To Find the Technical Multiplication of Matrix) 

gqsZy io{os gqdofPs eod/ j'J/ seBheh ;fjr[DKe w?fNqe; pDkU. eh fJ; gZXsh d/ bJh jZb 

j?< 

jo/e nkrs B{z ;?eNo d/ e[ZbQ fBors Bkb Gkr d/ e/, fBors dh jo/e fJekJh (o[gJ/) dh gqsZy 

io{os gqdofPs eod/ j'J/ seBheh w?fNqe; gsk eo ;ed/ jK. 

fit/A fe, 

T[Zso^ 
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fJekJh^25 L j"feB;^f;w'B dhnK PosK 

 

                   

21
21

1

1,750
0.70

2,500

X
a

X

 
= = = 

 
 

                   

22
22

2

1,600
0.20

8,000

X
a

X

 
= = = 

 
 

fJ; soQK fdZsh rJh seBheh w?fNq; 

T[d:'r 1 2 

1 

2 

0H20 

0H70 

0H20 

0H20 

fwjBs 0H10 0H60 

 

and                                 ( ) 1    0.20    0.20   0.80    .20

     0.70   1  0.20 0.70    0.80
I A

− − −   
− = =   − − −   

 

∴                      ( )   0.80    0.20

0.70       0.80
I A

−
− =

−
 

                                0.80 0.80 0.20 0.70 0.50= × − × =  

feT[Afe I A−  XBkswe j? ns/ (I – A) d/ w[Zb fteoD d/ ;ko/ sZs th XBkswe j'Dr/, fJ; bJh 

j"feB; ns/ f;w'B dhnK PosK g{oD j[zdhnK jB fJ; soQK gq:'re gZXsh dk fJZe jZb j?. 

T[dkjoDL fdZsk j?l 

                             

0.1    0.3    0.1

 0      0.2    0.2

 0       0      0.3

A

 
 =  
  

 

ns/ nkyoh wzr F1, F2 and F3 j? output dk ;so eZY' 

ns/ nkyoh wzr jB F1, F2 ns/ F3. nkdoP dh fB:fwssk d/ Bkb fBors ;so gsk eo'. 

fBors ;so eh j't/rk i/eo F1 = 20, F2 = 0 ns/ F3 = 100 j't/< 

T[Zso^         ( )
1 1

1

2 2

3 3

X F

X I A F

X F

−
   
   = = −   
      

 

j[D,            ( )
0.9    0.3    0.1

   0       0.8    0.2

   0          0      0.7

I A

− −
− = −  

;fjGkie fJ; soQK j?L 

                         11

0.8    0.2
0.56

   0       0.7
A

−
= =  

                         13

0    0.2
0

0       0.7
A

−
= − =  

 

B'N 
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B'N 

13

0    0.8
0

0       0
A

−
= + =  

21

0.3    0.1
0.21

    0       0.7
A

− −
= − =  

22

0.9    0.1
0.63

    0       0.7
A

− −
= − =  

23

0.9    0.3
0

    0       0
A

− −
= − =  

31

0.3    0.1
0.14

  0.8    0.2
A

− −
= − =

−
 

33

0.9    0.1
0.18

     0    0.2
A

− −
= − =

−
 

33

0.9    0.3
0.72

  0       0.5
A

−
= − =  

fJ; soQK ;kofDe dk wkB j?, 0H9 × 0H56 & 0H504 

fJ; soQK         ( ) 1

0.56    0.21    0.14
1

   0      0.63    0.18
0.504

   0         0      0.72

I A
−

 
 − =  
  

 

                           

1.11    0.42    0.28

   0      1.25    0.36

   0         0      1.43

 
 =  
  

 

∴                   

1 1

2 2

3 3

1.11    0.42    0.28

   0      1.25    0.36

   0         0      1.43

X F

X F

X F

    
    =    
        

 

                     

1 1 2 2

2 2 3

3 3

1.11   +  0.42   +  0.28

   0      +  1.25    +  0.36

   0      +      0       +  1.43

X F F F

X F F

X F

  
   =   
     

 

F1, F2 ns/ F3 d/ fdZs/ rJ/ wkB s'A ;kB{z gqkgs j[zdk j?, 

                                       X1 = 1.11F1 + 0.42F2 + 0.28F3 

                                           = 1.11 × 20 + 0 + 0.28 × 100 

                                           =50.2 

                                       X2 = 1.25F2 + 0.36F3 

                   0 + 0.36 × 100 = 36 ns/ 

                                       X3 = 1.43F3 = 143   
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fJekJh^25 L j"efB;^f;w'B dhnK PosK 

 
  

 

 

 B'N;       fJj B'N eoB :'r j? fe i/eo seBheh w?fNqe; T[Zu fse'Dh (i' fe), i/eo w{b 

fteoD d/ j/mK d/ ;ko/ sZs Iho' jB iK Iho' d/ B/V/ jB, sK (I – A)-1
 w?fNqe; 

fse'Dh j't/rh. nfijh ;fEsh ftZu X3 fBors g{oh soQK Bkb ;?eNo 3 dh nkyoh 

wzr T[Zs/ fBoGo eo/rk ns/ X3 ;?eNo 2 ns/ 3 dh nkyoh wzr T[Zs/ fBoGo eo/rk. 

B'N 

 

T[dkjoDL T[go'es T[dkjoD ftZu i/eo nkyoh wzr ftZu 10, 10, 10 gfotosB j[zdk j? sK 

fBors ftZu eh gfotosB j't/rk. 

In the above example, if final demands change by 10, 10, 10 then what will be the change in 
sector outputs? 

We have               X = (I – A) –1 F 

∴                       ∆X = (I – A) –1 ∆F   

fiZE/, ∆X ns/ ∆F fBors ns/ nkyoh wzr ftZu nkJ/ j/mb/ pdbktK d/ eqw nB[;ko tkje jB, 

fJ; bJhL 

                 

                         ∆X1 = 1.11 × 10 + 0.42 × 28 × 10 = 18.1 

                         ∆X2 = 0 + 1.25 × 10 + 0.36 × 10 = 16.1 

                         ∆X3 = 14.3   
 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H edh^edh nkrs^fBors w?fNqe; dk jZb HHHHHHHHHHHH ;zfynk nk iKdk j?. 

2H i/eo ;kvk jZb fBors foDkswe j? sK fJ;dk wsbp fJj j? fe n;hA fBors s'A tZX 

HHHHHHHHHH dk gq:'r eo oj/ jK. 

3H w?fNqe; dk ;kofDe jw/PK HHHHHHHHHHH j'Dk ukjhdk j?. 

 

25H3 ;koKP (Summary) 

• edh^edh nkrs^fBors w?fNqe; dk jZb, foDkswe ;zfynk nk iKdk j?. i/eo ;kbk jZb 

fBors, foDkswe fBors nkT[Adk j? sK fJ;dk wsbp fJj j? fe n;hA fBors s'A tZX 

nkrs dk gq:'r eo oj/ jK, fijVh fe fJZe ntk;sfte ;fEsh j?. 

• ;kvh gfjbh ;wheoD X = (I – A)-1 F j? sK (I – A) B{z j/m nB[;ko fby ;ed/ jK. 
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noEPk;soh dk rfDs 

 

B'N 25H4 Ppde'P (Keywords) 

• Pos (Condition) ^ gqfspzX. 

 

25H5 nfGnk; gqPB (Review Questions) 

1H fBwB seBheh r[DKe (A) ns/ nkyoh wzr fdZsh j'Jh j?, T[sgkdB (output) gsk eo' 

                         

2H fBwB ;koDh dh ;jkfJsk Bkb seBheh r[DKe eZY'^ 

 

 

eo y/so → 

 

↓ T[sgkde y/so 

y/sh T[[d:'r nkyoh wzr e[ZbQ T[sgkdB 

(1) y/sh 

(2) T[d:'r 

500 

700 

1000 

1500 

200 

600 

1700 

2800 

 

 

  

T[Zso L ;t?^w[bKeD (Answer: Self Assessment) 

  1H foDkswe               2H nkrs               3H XBkswe 

 

25H6 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

5H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

6H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

7H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

9H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 
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fJekJh^26 L pzd noEftt;Ek L nkrs^fBors wkvb 

 

fJekJh^26L pzd noEftt;Ek L nkrs^fBors wkvb 

(Closed Economy : Input-Output Model) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

26H1 nkrs^fBors ftPb/PD d/ w[Zy sZs (Prime Elements of Input-Output Analysis) 

26H2 pzd nkrs^fBors w'vb (Closed Input-Output Model) 

26H3 ;koKP (Summary) 

26H4 Ppde'P (Keywords) 

26H5 nfGnk; gqPB (Review Questions) 

26H6 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• nkrs^fBors ftPb/PD d/ w[Zy sZsK B{z ikDB ftZul 

• pzd nkrs^fBors wkvb B{z ;wMD ftZu. 

 

 

gq;sktBk (Introduction) 

nkrs Ppd dk Gkt T[sgkde dk T[sgkdB d/ bJh ;wZroh dh wzr s'A j?. fJ;h soQK fBors Ppd 

dk noE T[sgkdesk d/ cb Bkb i[fVnk j?. bkrs dk wsb T[; ;wZroh s'A j? fijVh T[sgkde 

T[sgkdB d/ bJh eo eodk j? id'A fBors Ppd dk noE T[; s'A j? fi;dk T[sgkde fteoh 

eodk j?. fJ; soQK nkrs fe;h cow d/ bJh bkrs j? id'A fe fBors gqkgsh. 

nkrs^fBors ftPb/PD dh y'i ;zBQ 1951 ftZu W.W. Leontief dh ;h. fJj ftPb/PD fJ; rZb 

dk nfXnB eodk j? fe fJZe dh fdZsh j'Jh seBhe T[Zs/ ftfGzB y/soK dk fezBk T[sgkdB ehsk 

ikt/ fijVk T[gG'r d/ s"o s/ T[gG'esk ns/ T[d:'rK d/ d[nkok g{oh soQK gq:'r eo fbnk ikt/ ns/ 

fJZE/ ;zs[PNh dk ;so tZX s'A tZX j?. 

 

26H1 nkrs^fBors ftPb/PD d/ w[Zy sZs 

      (Prime Elements of Input-Output Analysis) 

• fJj ftPb/PD ;zs[fbs noEftt;Ek T[Zs/ bkr{ j[zdk j?. 

• fJj ftPb/PD T[sgkdB fefonktK ns/ seBheh Bkb ;zpzXs ;wZf;nktK dk nfXnNB 

eodk j?. 

• fJj ftPb/PD ;otG"fwe y'iK T[Zs/ nXkfos j?. 

nkrs^fBors wkvb L 

fJ;dh seBheh B{z ;gPN eoB d/ bJh d' soQK d/ ;wheoDK dk gq:'r ehsk iKdk j? (A) 
s[bBkswe ;wheoDL fJj  ;wheoD  ;gPN eodk j? fe fe;h  T[d:'r dk ;zg{oD  T[sgkdB iK 
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noEPk;soh dk rfDs 

 

B'N sK nkgD/^nkg d/ d[nkok ygs eo fbnk iKdk j? iK d{i/ T[d:'rK iK pkjoh y/soK d[nkok ygs 

eo fbnk iKdk j?. wzfBnk pkjoh y/so s'A fJbktk T[d:'rK dh ;zfynk n j? ns/ T[d:'r i j?. 

fi;dk e[ZbQ T[sgkdB xi j?. sK fBwB s[bBkswe ;koh j't/rhl 

X1 = X11 + X12 + X13 + .... + X1n + F1 

X2 = X21 + X22 + X23 + .... + X2n + F2 

∴                        Xi = Xi1 + Xi2 + Xi3 + .... + Xin + Fi   

fiZE/ F  ⇒  pkjoh y/so dh wzr 

  (B)  ;zouBkswe ;wheoDL fJ; ;wheoD d/ fBowkD d/ bJh seBheh r[DKe dk ;jkok fbnk 

iKdk j?. wzfBnk i ns/ j d/ d' T[d:'r jBL 

T[d:'r ‘j’ ftZu ‘i’ dk seBheh r[DKe 

 

 

 

Gkt                      

i j
ij

j

X
a

X
=  

Or                                     Xiy = aij × Xj                                                                           .....(A) 

fJZE/ aij seBheh r[DKe j?. 

T[go'es (A) ;wheoD ;zouBkswe ;wheoD ejkT[Adk j?. j[Dl s[bBkswe ;wheoD B{z 

;zouBkswe ;wheoD ftZu gfotosB eoB s/, 

X1 = a11X1 + a12X2 + a13X3 + ...... + ainXn + F1 

X2 = a21X1 + a22X2 + a23X3 + ...... + a2nXn + F2 

  ................................................................... 

  ................................................................... 

Xi = ai1X1 + ai2X2 + ai3X3 + ...... + ainXn + Fi 

  .................................................................. 

  .................................................................. 

Xn = an1X1 + an2X2 + an3X3 + ...... + annXn + Fn 

;kofDe d/ o{g ftZu fbyD s/ 

 

 

 

 

 

or                                X = AX + F                                                                                     ....(I) 

fJj nkrs^fBors wkvb dk ;XkoD ;wheoD j[zdh j?. 

 

26H2 pzd nkrs^fBors w'vb (Closed Input-Output Model) 

i/eo pkjoh y/so dh wzr Gkt F, nzdo{Bh y/so dh soQK ekoi eo/ sK T[j w'vb pzd nkdk^gqdk 

j?. fi; soQK nkyoh  T[gG'r y/so, j'o  T[d:'rK B{z  wId{oK dh g{osh  eodk j? sK  T[j fJZe 
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fJekJh^26 L pzd noEftt;Ek L nkrs^fBors wkvb 

 

T[d:'r dh soQK ekoi eodk j?. fJ; nt;Ek ftZu T[d:'rK dh ;zfynk (n + 1) j' ikJ/rh, i/eo 

pkjoh y/so B{z X0 T[d:'r Bkb gqdofPs eohJ/ sK, 

 

 

 

 

or 
or 

or 

T[dkjoD ti'AL T[gG'r cbB ftPb/PD (pzd w'vb) wzfBnk d' T[d:'r ns/ fJZe nkyoh wzr fdZsh 

j'Jh j?. 

^ 1 2 Final Demand 

1 0H1 0H3 F1 

2 0 0H2 F2 

wId{oh (L) 0H9 0H5 ^ 

j[D wzfBnk Final demand th T[d:'r dh soQK ekoi eo ojh j? sK 

1 10.5F y C= +  

2 20.3F y C= +  

       fJZE/ 0.5 and 0.3 MPC j? ns/ 1C  and 2C  ;tk:es T[g:'r j?. 

sK r[De                   

1 1
5

1 (0.5 0.3) 0.2
k = = =

− +
 

sK BtK nkrs^fBots w'vbl 

                                          X1 = 0.1X1 + 0.3X2 + 0.5y + 1C  

                                          X2 = 0.0X1 + 0.2X2 + 0.3y + 2C  

ns/ wId{oh do 0H9 ns/ 0H5 fdZsh j'Jh j? sK .9x1 + 0.5x2 = y  
sK  

X1 (1 – 0.1) – 0.3 X2 – 0.5y = 1C  

                                                –0.0X1 + X2 (1 – 0.2) – 0.3 y = 2C  

0.9X1 + 0.5X2 + y = 0   

sK ;kofDe d/ o{g ftZul 

 

 

 

 

Or 
 

 

sK ;zs[fbs nkwdB y = 5X 1C   + 5X 2C  = 5 ( 1C – 2C )  Ans. 

B'N 
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noEPk;soh dk rfDs 

 

B'N 26H3 ;koKP (Summary) 

• nkrs Ppd dk Gkt T[sgkde dk T[sgkdB d/ bJh ;wZroh dh wzr s'A j?. fJ;h soQK 

fBors Ppd dk noE T[sgkdesk d/ cb Bkb i[fVnk j?. bkrs dk wsbp T[;h 

;wZroh s'A j? fijVk T[sgkde T[sgkdB d/ bJh eo eodk j? id'A fBors Ppd dk 

noE T[; s'A j? fi;dk T[sgkde fteoh eodk j?. fJ; soQK nkrs fe;h cow d/ bJh 

bkrs j? id'A fe fBors gqkgsh. 

 

26H4 Ppde'P (Keywords) 

1H nkrs ^ fe;h cow d/ bJh T[sgkdB dh ;wZroh. 

 

26H5 nfGnk; gqPB (Review Questions) 

1H pzd noEftt;Ek ftZu nkrs^fBors w'vb B{z ;gPN eo'. 

2H fe;h cow dh bkrs tXD s/ T[sgkdB T[Zs/ eh n;o gJ/rk< 

 

26H6 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

5H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

6H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

7H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

9H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 
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fJekJh^27 L o/yh gq'rokfwzr 

 

fJekJh^27L o/yh gq'rokfwzr 

(Linear Programming) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

27H1 o/yh gq'rokfwzr dk noE (Meaning of Linear Programming) 

27H2 PosK ns/ ;XkoBheoD (Conditions and Generalisation) 

27H3 cow d/ f;XKs T[Zs/ T[g:'r (Application to the Theory of the Firm) 

27H4 o/yh gq'rokfwzr dhnK ;hwktK (Limitations of Linear Programming) 

27H5 ;koKP (Summary) 

27H6 Ppde'P (Keywords) 

27H7 nfGnk; gqPB (Review Questions) 

27H8 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• o/yh gq'rokfwzr d/ noE, PosK ns/ ;XkoBheoD Bkb ;zpzXs ikDekoh gqkgs eoB 

ftZu. 

• cow d/ f;XKs T[Zs/ T[g:'r dh ikDekoh gqkgs eoB ftZu. 

• o/yh gq'rokfwzr dhnK ;hwktK B{z ikDB ftZu. 

 

 

gq;sktBk (Introduction) 

o/yh gq'rokfwzr fJZe rfDse ftXh j? fi;dk rfDs^ftfrnkBh ikoi v?Bfir (George Dantzig) 
B/, ;/BktK B{z g{osh gj[zukT[D dh ;wZf;nk Bkb ;zpzXs nwohek dh jtkJh ;/Bk d/ ftfGzB ekoiK 

dh :'iBk pDkT[D d/ bJh, 1947 ftZu ftef;s ehsk ;h. cow d/ nkofEe f;XKs, gqpzXkswe 

noEPk;so, nzdo{Bh gqd/fPe tgko, ;XkoD ;zs[bB ftPb/PD, efbnkD noEPk;so ns/ ftek; 

nk:'iB ftZu gq:'r d/ bJh th fJ;dk ftek; j'fJnk j?. fJ; nfXnkJ/ ftZu cow Bkb ;zpzXs 

o/yh gq'rokfwzr dh ftnkfynk ehsh ik ojh j?. 

 

27H1 o/yh gq'rokfwzr dk noE (Meaning of Linear Programming) 

nfXeheoD ns/ fBT{BswheoD dhnK ;wZf;nktK B{z nkPktkdheoD (optimisation) dhnK 

;wZf;nktK th efjzd/ jB. fJBQK ;wZf;nktK B{z jZb eoB d/ bJh noEPk;sohnK d[nkok fijVhnK 

seBheK ngDkJhnK iKdhnK jB T[jBK B{z o/yh gq'rokfwzr efjzd/ jB. o/yh ;wZf;nktK d/ o{g ftZu 

e[ZM gqfspzXK (constraints) d/ ofjzd/ j'J/, nkPktkdh fBofDnK d/ ftPb/PD d/ bJh fJj fJZe 

rfDse seBhe j?. rfDse GkPk ftZu fJj T[jBK ;kohnK ;wZf;nktK T[Zs/ bkr{ j[zdh j? fiBQK ftZu, 

e[ZM uoK d/ o{g ftZu ftnes o/yh n;wkBsktK dk ftt;Ek d/ ofjzd/ j'J/ nfXeheoD 

(maximisation) ns/ fBT{BswheoD (minimisation) d/ jZbK dh Io{os j[zdh j?.i/eo x ns/ y, 
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noEPk;soh dk rfDs 

 

B'N d' uo (variables), z d/ cbB (function) j'D, sK z dk w[Zb T[; ;w/A tZX s'A tZX j't/rk, id'A T[; 

fpzd{ Bkb ehsh rJh fe;h th rsh d[nkok z dk w[Zb xZN j' ikt/. z dk w[Zb T[; ;w/A fBT{Bsw 

j[zdk j?, id'A fe fe;h th rsh Bkb z dk w[Zb tZX j' ikt/. id'A fBors d/ nkeko d/ Bkb gqsh 

fJekJh bkrs ns/ ehws ftZu gfotosB j't/, sK ;wZf;nkt o/yh BjhA j[zdh ns/ i/eo fBors 

d/ Bkb T[jBK ftZu gfotosB BjhA j[zdk, sK ;wZf;nk o/yh j[zdh j?. fJ; soQK gq'rokfwzr dh 

gfoGkPk fJ; soQK fdZsh ik ;edh j? fe fJj T[j ftXh j? fijVh fdZsh j'Jh fBors d/ T[sgkdB 

d/ bJh ;kXBK d/ nkPktkdh ;z:'r iK fdZs/ j'J/ gbKN ns/ T[geoD Bkb T[sgkdB ehsh iKdh 

j?. t;s{ d/ nkPktkdh ;z:'r dk fBoDk eodh j?. fJZe t;s{ d/ T[sgkdB ftZu seBheh tZyo/gD 

dk fBoDk eoB d/ bJh th fJ;dk gq:'r j[zdk j?. 

 

27H2 PosK ns/ ;XkoBheoD (Conditions and Generalisation) 

o/yh gq'rokfwzr seBhe dk gq:'r e[ZM PosK ns/ ;XkoBheoD T[Zs/ fBoGo eodk j?. 

gfjbk, fJZe fBPfus T[d/P j[zdk j?. fJj T[d/P bkG iK nkwdB B{z tZX s'A tZX pBkT[Dk iK 

bkrsK B{z fBT{Bsw eoBk j' ;edk j?. fJ;B{z T[d/P cbB (objective function) iK e;"Nh cbB 

(tenterion function) efjzd/ jB. i/eo fJZe wksok tZX s'A tZX pDdh j? sK T[;dh foDkswe 

wksok fBT{Bsw pD iKdh j?. jo/e nfXeheoD ;wZf;nk dk d'jo/ (dual) fBT{BswheoD dh 

;wZf;nk j[zdh j?. w[Zb ;wZf;nk gqw[Zy (primal) ;wZf;nk j?, fi;dh jw/Pk fJZe d'joh j[zdh j?. 

i/eo gqw[Zy ;wZf;nk dk ;zpzX nfXeheoD Bkb j't/, sK d'joh dk fBT{BswheoD Bkb j't/rk ns/ 

ftgohs th. 

d{i/, T[d/P B{z g{ok eoB d/ bJh t?ebfge T[sgkdB fefonktK (processes) j'Dh ukjhdh j?. 

fefonk iK fefonkPhbsk (activity) dk ftuko o/yh gq'rokfwzr ftZu pj[s fInkdk wjZstg{oD 

j?. gqfefonk “fe;h nkofEe ezw B{z eoB dh ftP/P ftXh j?.” fJj “fe;h soQK dh G"fseh 

fefonk j[zdh j?, fit/A fe;h t;s{ dk T[gG'r eoBk, fe;h dk ;zrqfj eoBk, fe;h dk eo eoBk, 

fe;h t;s{ B{z ;[ZN d/Dk ns/ fJZe ftP/P Yzr Bkb fe;h t;s{ dk T[sgkdB eoBk.@ 

 

 

 

 B'N;       o/yh gq'rokfwzr seBhe fBoDk eoB tkbh J/iz;h dh fJ; rZb ftZu ;jkfJsk eodh 

j? fe T[j T[d/P B{z g{ok eoB d/ bJh ;G s'A fInkdk ;woZE ns/ fwsoe gqfefonk 

u[D ;eD. 

 

 

fsZi/, ;wZf;nk d/ e[ZM gqfspzX (constraints) iK nto'Xe (restraints) th io{o j[zd/ jB. T[j 

;wZf;nk dhnK ;fEshnK Bkb ;zpzXs ;hwktK iK o[ektNK j[zdhnK jB fijVhnK fJj dZ;dhnK 

jB fe eh^eh ehsk ik ;edk j? ns/ eh^eh eoBk io{oh j?. fJBQK B{z n;wkBsktK 

(inequalities) th efjzd/ jB. T[sgkdB ftZu brGr T[j G{wh, fwjBs ns/ g{zih dhnK fdZshnK 

j'JhnK wksoktK j[zdhnK jB, fiBQK dk fBPfus T[d/P B{z g{ok eoB d/ bJh ;woZEk gqfefonk 

ftZu gq:'r j[zdk j?. 

u"E/, ‘u'D uo’ (choice variables) th j[zd/ jB. fJj T[j ;z;EktK jB fiBQK dh u'D ehsh iKdh 

j?, sK fe T[d/P cbB B{z tZX s'A tZX iK fBT{Bsw pDkfJnk ik ;e/ ns/ ;G o[ektNK B{z ;zs[PN 

ehsk ik ;e/. 

nkyoh, ;zGkte (feasible) ns/ nkPktkdh (optimal) jZb j[zd/ jB. T[gG'esk dh nkwdB ns/ 

t;s{nK dhnK ehwsK fdZshnK j'JhnK j'D s/, t;s{nK d/ ;G ;zGt ;z:'r, fiBQK B{z fJj ;zGkte 

o{g s'A yohd ;edk j?, ;zGkte jZb j[zd/ jB. T[gG'esk d/ bJh, d' t;s{nK d/ ;zGkte jZB T[j 

;G ;z:'r j[zd/ jB, fijV/ piN o/yk s/ iK T[; s'A yZp/ gk;/ ;fEs j'D id'A fe ;wbkrs o/yk 

(isocost line) s/ T[j iK sK T[; s/ iK T[;d/ ;Zi/ gk;/ B{z ;fEs j[zd/ jB. 
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d{i/ PpdK ftZu n;hA efj ;ed/ jK fe ;zGkte jZb T[j j?, fijVk ;G o[ektNK B{z ;zs[PN eo'. ;G 

;zGkte jZbK ftZu'A T[Zu jZb nkPktkdh jZb (optimum solution) j[zdk j?. i/eo fJZe ;zGkte T[d/P 

cbB B{z tZX s'A tZX iK fBT{Bsw pDkT[dk j? sK T[j nkPktkdh jZb j[zdk j?. ;G ;zGt ;zGkte jZbK 

ftZu'A nkPktkdh jZb y'iD dk T[Zuso T[gbpX sohek f;wgb?e; ftXh (simplex method) j?. 

f;wgb?e; ftXh Bkw Bkb gqf;ZX fJj sohek pj[s fInkdk rfDse ns/ seBheh j?. fijVk o/yh 

gq'rokfwzr dk gqw[Zy Nhuk nkPktkd jZbK B{z y'iDk ns/ T[jBK dhnK ftP/PsktK dk nfXnB eoBk 

j?. 

B'N 

 

 

 Nk;e        o/yh gq'rokfwzr eh j?< 

 

 

27H3 cow d/ f;XKs T[Zs/ T[g:'r (Application to the Theory of the Firm) 

cow dk Btebkf;eh f;XKs fJZe ;w/A ftZu fJZe iK d' uoK B{z b? e/ fBoD dh ;wZf;nk dk 

ftPb/PD eodk j?. fJ;dk ;zpzX fJZe ;w/A ftZu fJZe T[sgkdB gqfefonk Bkb j[zdk j?. o/yh 

gq'rokfwzr ftZu T[sgkdB cbB nkofEe f;XKs d/ fJBQK ;hfws y/soK d/ go/ ufbnk iKdk j?. fJj 

T[sgkdB gqfefonk ftZu fijVhnK ftfGzB ;woZEk ;hwktK ns/ o[ektNK T[sgzB j[zdhnK jB T[jBK 

T[Zs/ ftuko eodk j?. fJj bkrsK dk fBT{BswheoD iK bkGK dk nfXeheoD eoB d/ bJh ftfGzB 

ifNb T[sgkdeh gqfefonktK d/ ftZu u'D eodk j?. 

wkBsktK (Assumptions)L cow dk o/yh gq'rokfwzr ftPb/PD fBwBfbys wkBsktK T[Zs/ nXkfos 

j?L 

    (i) fBoDk eoB tkbh ;z;Ek B{z e[ZM gqfspzXK (constraints) iK ;kXB o[ektNK (restrictions) dk 

;kjwDk eoBk g?Adk j?. j' ;edk j? fe T[j T[Xko, eZuk wkb iK T[;d/ ekoiebkgK T[Zs/ ;EkB 

gqfspzX (space constraints) j'D. gqfspzXK dk gqeko n;b ftZu ;wZf;nk dh gqfeosh T[Zs/ fBoGo 

eodk j?. fInkdkso o{g s'A T[j T[sgkdB gqfefonk d/ ;fEso ;kXB j[zd/ jB. 

    (ii) fJj t?ebfge T[sgkdB gqfefonktK dh ;zfynk ;hfws wzBe/ uZbdk j?. 

    (iii) fJ;dh fJZe wkBsk fJj j? fe fGzB^fGzB uoK ftZu o/yh ;zpzX j[zd/ jB fi;dk wsbp j? fe 

fJZe gqfefonk d/ nzsors nkrs^fBors d/ ftZu ;fEo nB[gksesk j[zdh j?. 

    (iv) nkrs^fBors ehwsK ns/ r[DKe fdZs/ j'J/ ns/ ;fEo j[zd/ jB. T[j fBPfus o{g s'A gsk 

j[zd/ jB. 

    (v) :'rPhbsk (additivity) dh  XkoDk th o/yh gq'rokfwzr d/ w[Zb ftZu ;fEo ofjzdh j? fi;dk 

wsbp j? fe ;G cowK d[nkok gq:'r ehs/ rJ/ e[ZbQ ;kXB jo/e ftneshrs cow d[nkok gq:'r 

ehs/ rJ/ ;kXBK d/ i'VQ d/ pokpo j[zd/ jB. 

    (vi) o/yh gq'rokfwzr seBheK t;s{nK ns/ ;kXBK ftZu fBozsosk ns/ ftGkiesk B{z th 

wzBdhnK jB. 

    (vii) ;z;EkfBe ;kXB th ;fEo wzB bJ/ iKd/ jB. 

    (viii) gq'rokfwzr d/ bJh fJZe fBPfus ;wK wzB fbnk iKdk j?. ;[ftXk ns/ tZX ;jh BshfinK 

d/ bJh ;wK ;XkoD o{g s'A xZN j[zdk j? Gkt/A fe ng/fynk ti'A fInkdk ;w/A dh ;zGktBk B{z ysw 

BjhA eo fdZsk iKdk. 

fJj wkBsktK fdZshnK j'JhnK j'D s/ cow d/ f;XKs T[Zs/ o/yh gq'rokfwzr dk T[g:'r fBwBfbys 

fszB ;wZf;nktK d/ jZb d/ bJh ehsk iKdk j?. 
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B'N (1) T[sgkdB dk nfXeheoD (Maximisation of Output) 

n;hA wzB b?Ad/ jK fe fJZe cow X ns/ Y nkrsK d/ gq:'r Bkb fJZe t;s{ Z dk T[sgkdB eoB 

d/ bJh pDkJh iKdh j?. fJ;dk T[d/P j? fe T[sgkdB B{z tZX s'A tZX pDkJ/. fJ;d/ e'b d' 

t?ebfge T[sgkdB gqfefonktK C (g{zih^rfjB) ns/ L (fwjBs^rfjB) j?. o[ektN, bkrs^ 

yoi MP o/yk j? fit//A fe fuZso 27H1 ftZu fdykfJnk frnk j?. o/yh gq'rokfwzr seBhe Bkb 

;zpzXs (T[Zgo dZ;h rJh) pkeh ;kohnK wkBsktK bkr{ j[zdhnK jB. fuZso 27H1 dh GkPk ftZu 

;wZf;nk dh ftnkfynk eysh ik ojh j?. 

ehws (;kXB) Y dh fJekJhnK gqsh ntXh 

nB[bzp neP T[Zs/ wkghnK rJhnK jB ns/ 

nkrs X dhnK fJekJhnK gqsh ntXh 

;wKso neP T[Zs/ fdykJhnK rJhnK jB. 

i/eo gqfefonk C B{z X nkrs dh gqsh 

fJekJh d/ Bkb Y dhnK 2 fJekJhnK dh 

io{os j? sK T[j t;s{ Z dhnK 50 

fJekJhnK dk T[sgkdB eo/rh. ns/ X ns/ 

Y nkfJsK B{z d'r[Dk eoe/ X dhnK fJekJhnK 

ns/ Y dhnK 4 fJekJhnK eo fdZshnK ikD 

sK fBors th d'r[Dh j' e/ Z dhnK 100 

fJekJhnK j' ikDrhnK. a ns/ b d[nkok 

gqrN ehs/ rJ/ X ns/ Y d/ fJj ;z:'r 

g{zih^rfjB gqfefonk o/yk OC T[Zs/ 

T[sgkdB g?wkBk ;Ekfgs eod/ jB. d{i/ gk;/, t;s{ Z dh w[Zb jh fJekJhnK (50) gqfefonk L 

d[nkok X ns/ Y dh fJZe fJekJh d/ ;z:'r Bkb T[sgkdB ehsh ik ;edh j? ns/ Z dhnK 100 

fJekJhnK X ns/ Y B{z d'r[Dk eoe/ X dhnK 2 ns/ Y dhnK 6 fJekJhnK Bkb T[sgkds ehsh 

ik ;edh j?. fJj T[sgkdB g?wkB/ fwjBs^rfjB dh gqfefonk o/yk OL T[Zs/ ;Ekfgs j[zd/ jB 

fiBQK B{z ehwsK d/ c ns/ d ;z:'r B{z fwbk fdZsk ikt/ sK T[j ;wwksok teo (isoquant) pDkT[Ad/ 

jB (fi;B{z fpzd{ okjhA fdykfJnk frnk j?.) 100^fJekJh T[sgkdB ;so d/ nB[;ko ;wwksok 

ftZu t, bdS j?. bkrs^you o[ektN B{z ;wbkrs teo MP gqrN eodk j? cow dh T[sgkdB 

;woZEk dh fJZe ;hwo fBPfus eo fdzdk j?. fsqG[i Obd d[nkok gqrN ehs/ rJ/ y/so d/ nzdo 

cow d'B'A T[gbpX C ns/ L seBheK ftZu'A fe;h th fJZe d/ d[nkok T[sgkdB eo ;edh j?. 

fJ; “;zGkte jZbK d/ y/so” d/ pkjo cow T[sgkdB BjhA eo ;e/rh. cow d/ T[sgkdB B{z tZX 

s'A tZX pDkT[D tkbk “nkPktkdh jZb” T[; fpzd{ T[Zs/ j't/rk, fiZE/ tZX s'A tZX T[sgkdB d/ 

;wwksok teo B{z ;wbkrs teo ;goP eodk j?. fuZso ftZu ;wbkrs teo MP gqfefonk 

feoD (process ray) OC d/ fpzd{ b T[Zs/ ;wwksok I1bdS B{z ;goP eodk j?. fJ; soQK gqrN 

j[zdk j? fe cow nkrs Y dhnK 4 fJekJhnK ns/ bkrs X dhnK 2 fJekJhnK dk gq:'r eoe/ 

g{zih^rfjB seBhe dk gq:'r eo/rh ns/ Z t;s{ dhnK 100 fJekJhnK dk T[sgkdB eo/rh. 

(2) nkrs dk nfXeheoD (Maximisation of Revenue)  

d{ih cow B{z fbU fi;dk T[d/P cbB ;hfws ;woZEktK d/ e[ZM gqfspzXK d/ j[zd/ j'J/, T[;d/ nkrw 

B{z tZX s'A tZX pDkT[Dk j?. wzB fbU gfo:'iBk X ns/ Y, d' t;s{nK dk T[sgkdB eodh j?. fJ; 

d/ uko ftGkr jB fiBQK ftZu jo/e ;woZEk ;fEo j?. wzB fbU fe fJBQK ukoK ftGkrK dk ;zpzX 

t;s{ d/ fBowkD, ;zrqfj, gkfbfPzr ns/ g?fezr Bkb j? n;hA A, B, C, D Bkw fdzd/ jB. ;wZf;nk 

B{z fuZso 27H2 ftZu fdykfJnk frnk j?. 
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A, B, C, D gqfspzXK d/ ofjzd/ j'J/ X ns/ Y dk 

T[sgkdB j[zdk j?. gqfspzX A t;s{ X d/ T[sgkdB B{z 

OA sZe ;hfws eo fdzdk j?. gqfspzX B t;s{ Y d/ 

T[sgkdB B{z OB sZe ;hfws eodk j?. gqfspzX C d'B'A 

t;s{nK, X ns/ Y, d/ T[sgkdB B{z eqw nB[;ko OC1 

ns/ OC sZe, id'A fe gqfspzX D T[BQK d'jK d/ 

T[dkgdB B{z OD1 ns/ OD sZe ;hfws eodk j?. 

OATSRB y/so X ns/ Y d/ T[jBK ;ko/ ;z:'rK B{z 

ftnes eodk j? fiBQK dk, fe;h th gqfspzX dk 

nfseqwD (violation) ehs/ fpBK, T[sgkdB ehsk ik 

;edk j?. fJj ;zGkte T[sgkdB (feasible 
production) dk y/so j? fi;d/ nzdo X ns/ Y dk T[sgkdB j' ;edk j? gozs{ fJ; y/so d/ pkjo 

fe;h th fpzd{ T[Zs/ fe;h ;z:'r d/ T[sgkdB dh e'Jh ;zGktBk BjhA j?. 

;zGktesk y/so d/ nzdo ;wbkG o/yk (isoprofit line) b? e/ nkPktkdh jZb (optimum solution) 
y'fink ik ;edk j?. ;wbkG o/yk X ns/ Y d/ T[jBK ;ko/ ;z:'rK B{z gqrN eodh j?, i' cow d/ 

;wkB bkG gqdkB eod/ jB. nkPktkdh jZb pj[G[i OATSRB d/ nzdo T[Zuso ;wbkg o/yk EF d/ 

fpzd{ S T[Zs/ ;fEs j?. S d/ fJbktk e'Jh th j'o fpzd{ ;zGkte T[sgkdB d/ y/so s'A pkjo ;fEs 

j't/rk. 

(3) bkrs dk fBT{BswheoD (Minimisation of Cost)  

nkjko ;wZf;nk gfjbh nkofEe ;wZf;nk ;h fi;dk o/yh gq'rokfwzr d[nkok jZb bkrs d/ 

fBT{BswheoD d[nkok ehsk frnk ;h. wzB fbU fe fJZe T[gG'esk wkofeN ehwsK T[Zs/ pq?Zv ns/ 

wZyD yohddk j?. ;wZf;nk fJj j? fe d'B'A ykd^gdkoEK dhnK ftfGzB wksoktK d[nkok e[ZbQ g'Pe 

dot (nutrients) dh gqkgsh dh bkrs B{z fBT{Bsw pDkfJnk ikt/. 

nkjko ;wZf;nk tk fpzd{o/yh jZb fuZso 27H3 ftZu 

fdykfJnk frnk j?. pq?Zv (x2) ns/ wZyD (x2)  eqw 

nB[;ko d'jK nZyoK T[Zs/ wkg/ rJ/ jB. AB o/yk xZN pq?Zv 

ns/ tZX wZyD d/ ;z:'r B{z, ns/ CD o/yk tZX pq?Zv ns/ xZN 

wZyD d/ ;z:'r B{z gqrN eodh j?. ;zGkte jZb (feasible 
solution) rfjoh o/yk AZD T[Zs/, iK T[; s'A T[Zgo ;fEs 

j?. nkPktkdh jZb Z fpzd{ T[Zs/ j?, fiZE/ ;wbkrs (fpzd{ 

d[nkok do;kJh) o/yk RK j?, fijVh AB ns/ CD d/ 

nkg; ftZu eZND s/ fpzd{ Z ftZu'A r[Iodh j?. i/eo pq?Zv 

wfjzrh j't/, sK ;zGte jZb A T[Zs/ j' ;edk j? ns/ i/eo 

wZyD ng/fynk ti'A wfjzrk j't/, sK D T[Zs/ j' ;edk j?. 

gozs{ fJ; ;wZf;nk ftZu fJj jZb Z T[Zs/ j't/rk feT[Afe 

fJZE/ jh bkrs dk fBT{BswheoD j[zdk j?. 

 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H o/yh gq'rokfwzr dk ftek; HHHHHHHHHH ftZu j'fJnk. 

2H o/yh gq'rokfwzr d/ iBe HHHHHHHHHHHHH ;h. 

3H nfXeheoD ns/ fBT{BswheoD dhnK ;wZf;nktK B{z HHHHHHHHHHH dhnK ;wZf;nktK th efjzd/ 

jB. 

4H ;zGkte y/so d/ nzso HHHHHHHHH o/yk b? e/ nkPktkdh jZb y'fink ik ;edk j?. 

5H nkjko ;wZf;nk gfjbh nkofEe ;wZf;nk ;h fi;dk HHHHHHHHHHH gq'rokfwzr d[nkok jZb 

bkrs d/ fBT{swheoD d[nkok ehsk frnk ;h. 

 

B'N 
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B'N 27H4 o/yh gq'rokfwzr dhnK ;hwktK (Limitations of Linear Programming) 

o/yh gq'rokfwzr noEPk;so ftZu pj[s jh bkGdkfJe ;kXB f;ZX j'fJnk j?. gozs{ fJ; dhnK 

nkgDhnK ;hwktK jB. n;b ftZu, fJBQK d/ gqfspzXK d/ ekoB n;b ;wZf;nktK o/yh gq'rokfwzr 

seBhe d[nkok jZb BjhA ehsh ik ;edhnK. gfjbh, fJZe ftfPPN T[d/P cbB B{z gfoGkfPs 

eoBk ;ob BjhA j?. d{i/, i/eo fJZe ftP/P T[d/P cbB fBoXkfos eo th fdZsk ikt/ sK fdZs/ 

j'J/ T[d/P dh fdqPNh d/ wkor ftZu gquZbs ftfGzB ;wkfie, ;z;EkfBe ftZsh ns/ j'o gqfspzXK B{z 

ikDBk e'Jh n;kB ezw BjhA j?. fsZi/, fJZe ftfPPN T[d/P ns/ gqfspzXK dk ;?N fdZs/ j'D s/, 

fJj io{oh j? fe gqfspzX o/yh n;wkBsktK d/ o{g ftZu gqsZy o{g s'A ftnes Bk ehsk ik ;eD. 

u"E/, i/eo toDs ;wZf;nktK gko eoB :'r th j'D sK fJZe w[Zy ;wZf;nk ftfGzB ;fEo r[DKeK 

d/ ;zpzX ftZu nkrDB dh j? fijVh fJZe o/yh gq'rokfwzr ;wZf;nk fit/A ehwsK nkfd ftZu gqt/P 

eodh j?. gzit/A fJ; seBhe dh w[Zy ewh fJj j? fe fJj nkrsK ns/ fBorsK ftZu o/yh ;zpzX 

dh ;EkgBk T[Zs/ nXkfos j? fi;dk Gkt fJj j? fe ftfGzB nkrsK ns/ fBorsK ftZu :'r, r[DB 

ns/ ftGkiesk d/ ;zpzX gkJ/ iKd/ jB. gozs{ fJj ;zpzX jo/e o/yh gq'rokfwzr ;wZf;nk T[Zs/ BjhA 

j[zd/ feT[Afe pj[s ;kohnK ;wZf;nktK ftZu no/yh (non-linear) ;zpzX gkJ/ iKd/ jB. S/t/A, 

seBhe t;s{ ns/ ;kXB pkIkoK ftZu g{oD gqfs:'rsk dh wkBsk T[Zs/ nXkfos j?. gozs{ ftZu 

g{oD gqfs:'rsk dh nt;Ek BjhA d/yh iKdh. ;Zst/A, o/yh gq'rokfwzr noEftt;Ek ftZu 

gqfscbK dh wkBsk b?e/ uZbdh j?, go n;b ftZu iK sK gqfscb xNd/ j'J/ iK tXd/ j'J/ j[zd/ 

jB. nkyoh, fJj fJZe pj[s fInkdk rfDse ns/ ifNb seBhe j?. o/yh gq'rokfwzr d/ Bkb 

;wZf;nk dk jZb fJZe ;gPN nkdoP uo d/ nfXeheoD iK fBT{BswheoD dh ng/fynk eodk 

j?. fJZe o/yh gq'rokfwzr ;wZf;nk dk jZb f;wgb?e; ftXh (simplex method) fij/ ifNb 

sohfenK Bkb th gqkgs ehsk iKdk j?, fiBQK ftZu pj[s ;ko/ rfDse gforDB eoB g?Ad/ jB. 

fJ;d/ bJh ftP/P rDB^seBhe (computational technique) fit/A fpibJh rDe (electric 
computer) iK v/;e rDe (desk calculator) dh io{os j[zdh j?. nfij/ rDe e/tb wfjzr/ jh 

BjhA j[zd/ pbfe T[jBK B{z ubkT[D d/ bJh ftP/PZrK dh th Io{os g?Adh j?. 

 

 

 

eh s[;hA ikDd/ j'     o/yh gq'rokfwzr wkvb fInkdkso ‘gqhyD ns/ u{e’ jZb (trial and error 
solutions) g/P eod/ jB. ftfGzB nkofEe ;wZf;nktK dk n;b ftZu 

nkPktkdh jZb y'iDk w[Pfeb j[zdk j?. 

  

27H5 ;koKP (Summary) 

• o/yh gq'rokfwzr fJZe rfDse ftXh j? fi;dk rfDs ftfrnkBh ikoe v?Bfir (George 

Dantzig) B/, ;/BktK B{z g{osh gj[zukT[D dh ;wZf;nk Bkb ;zpzXs nwohek dh jtkJh 

;/Bk d/ ftfGzB ekoi^ebkgK dh :'iBk pDkT[D d/ bJh, 1947 ftZu ftef;s ehsk ;h. 

cow d/ nkofEe f;XKs, gqpzXkswe noEPk;so, nzdo{Bh gqd/fPe tgko, ;XkoD 

;zs[bB ftPb/PD, efbnkD noEPk;so ns/ ftek; :'iBk ftZu gq:'r d/ bJh th fJ;dk 

ftek; j'fJnk j?. 

• nfXeheoD ns/ fBT{BswheoD dhnK ;wZf;nktK B{z nkPktkdh (optimisation) dhnK 

;wZf;nktK th efjzd/ jB fJBQK ;wZf;nktK B{z jZb eoB d/ bJh noEPk;sohnK d[nkok 

fijVhnK seBheK ngDkJhnK iKdhnK jB T[jBK B{z o/yh gq'rokfwzr efjzd/ jB. 
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fJekJh^27 L o/yh gq'rokfwzr 

 

27H6 Ppde'P (Keywords) 

• nkPktkdh (Optimise) ^ fJZSktkdh. 

• gqw[Zy (Primal) ^ w[Zy. 

 

27H7 nfGnk; gqPB (Review Questions) 

1H o/yh gq'rokfwzr eh j?< fJ;dhnK PosK dk toDB eo'. 

2H cow dk o/yh gq'rokfwzr ftPb/PD feZBQK wkBsktK T[Zs/ nXkfos j?< 

3H T[sgkdB dk nfXeheoD dh ftnkfynk eo'. 

 

T[ZsoL ;t?^w[bKeD (Answer: Self Assessment) 

  1H 1947          2H ikoi v?Bfir           3H nkPktkdh           4H ;wbkG 

  5H o/yh 

 

27H8 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

4H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

5H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

6H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

7H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

9H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

B'N 

  

  

  

  

  

  

  

  

  

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               349 
 

VED1 

E L-LOVELY-H math27-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth  10-9-12 



 

noEPk;soh dk rfDs 

 

B'N 

fJekJh^28L o/yh gq'rokfwzr dh ouBk 

(Formulation of Linear Programming) 
 

 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

28H1 o/yh gq'rokfwzr dh ouBk (Linear Programming Formulation) 

28H2 ;koKP (Summary) 

28H3 Ppde'P (Keywords) 

28H4 nfGnk; gqPB (Review Questions) 

28H5 ;zdoG g[;seK (Further Readings) 

 
 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• o/yh gq'rokfwzr dh ouBk B{z ikDB ftZu. 

  

gq;sktBk (Introduction) 

nfXeheoD ns/ fBT{BswheoD dhnK ;wZf;nktK B{z jZb eoB d/ bJh noEPk;soh fijVh 

seBhe ngDkT[Ad/ jB T[;B{z o/yh gq'rokfwzr efjzd/ jB. fJj fJZe rfDse ftXh j?. fJ; dk 

ftek; fJZe rfDse ikoi v/Bfizr B/ 1947 ftZu ehsk j?. 

fBopZX fdZs/ j'D s/, fe;h ;wZf;nk dk tZX s'A tZX ns/ fBT{Bsw w[Zb gsk eoB dh seBhe B{z 

o/yh gq'rokfwzr efjzd/ jB. fJZE/ fJZe T[d/P cbs j[zdk j? id'A fe d{ik fBopZX (Condition) fdZsh 

j'Jh j[zdh j?. 

 

28H1 o/yh gq'rokfwzr dh ouBk (Linear Programming Formulation) 

o/yh gq'rokfwzr (Formulation) d/ uoDK B{z T[dkjoD d/ d[nkok ;wMkfJnk ik ;edk j?. 

fit/A fe n;hA ikDd/ jK fe LPP (Linear Programming Problem) d/ fszB gkoN j[zd/ jB. 

• T[d/P cbB (Objective function) : fi;B{z n;hA tZX s'A tZX iK fBT{Bsw eod/ jB. 

• ;zouBkswe fBopZX (Structural constrants)  

• r?o^foDkswe fBopZX (Non-Negativity constraints)  

T[dkjkoD ti'A wzfBnk d' t;s{nK X ns/ Y jB fiBQK dh ehws 2 ns/ 5 j? sK, T[d/P cbB 

                               Max : f = 2x + 5y                                                                                  (A)   

ns/ ;zouBkswe fBopZX L 

X + 4y ≤ 24 

3X + y ≤ 21                                                                                            (B) 

X + y ≤ 9 
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fJekJh^28 L o/yh gq'rokfwzr dh ouBk 

 

ns/ r?o^foDkswe fBopZX L 

                                            X ≥ 0 (C)  

ns/                        y ≥ 0  

T[go'es ;wZf;nk ftZu ;wheoD A T[d/P cbB B{z gqdofPs eodh j? fi;dk T[d/P ;wZf;nk B{z tZX 

s'A tZX ns/ fBT{Bsw eoB dk j[zdk j?. id'A fe ;wheoD B fJj gqdofPs eodh j? fe T[sgkdB 

d/ ftfGzB ;kXBK d/ ;z:'rK Bkb X ns/ y dk fezBk T[sgkdB ;zGt j' ;edk j?. Gkt fJj T[sgkdB 

d/ ;kXBK d/ fBopZX B{z gqdofPs eod/ jB ns/ ;wheoD C r?o^foDkswe fBopZX B{z gqdofPs 

eodk j?. T[go'es gqfefonk Formulation of Linear programming  ejkT[Adh j?. 

T[dkjoD L j/mK dh ;{uh B{z o/yh gq'rokfwzr d/ o{g ftZu gfotosB eo'. 

B'N 

 

ftNkfwB (gqeko) 

gqsh kg ykd gdkoE ftZ u 

ftNkfwB 

fBT{Bsw d?fBe 

ftNkfwB io{os 

I II 

A1 

A2 

A3 

10 

5 

2 

4 

5 

6 

20 

20 

12 

ykd gdkoE dh gqsh kg ehws  0H60  1H00  

 

 

 

 

jZbL               Min f = 0.6x1 + 1 

                                     x2 = 0.6x1 + x2 

fBopZX     10x1 + 4x2 ≥ 20 

  5x1 + 5x2 ≥ 20 

  2x1 + 6x2 ≥ 12 

ns/                 x1 ≥ 0 

                                 x2 ≥ 0  

r?o^foDkswe fBopZX 

 

28H2 ;koKP (Summary)  

• nfXeheoD ns/ fBT{BsweheoD dhnK ;wZf;nktK B{z jZb eoB d/ bJh noEPk;soh 

fijV/ seBhe ngDkT[Ad/ jB T[;B{z o/yh gq'rokfwzr efjzd/ jB. fJj fJZe rfDse ftXh j?. 

fJ;dk ftek; fJZe rfDs ftfrnkBh ikoi v/Bfizr B/ 1947 ftZu ehsk j?. 

 

28H3 Ppde'P (Keywords) 

1H o/yh gq'rokfwzr^tZX s'A tZX ns/ fBT{Bsw Bkb i[Vh ;wZf;nk jZb eoB dh noEPk;soh 

ftXh. 
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noEPk;soh dk rfDs 

 

B'N 28H4 nfGnk; gqPB (Review Questions) 

j/mK fdZsh rJh ;{uh B{z o/yh^gq'rokfwzr ftZu pdb'. 

 

 

e?bPhnw (gqeko) 

 

gqsh kg ykd gdkoE ftZ u e?bPhnw d?fBe e?Phnw io{os 

(fBT{Bsw) I II 

Z1 

Z2 

Z3 

20 

10 

4 

8 

5 

6 

40 

40 

24 

ehws gqsh kg  1H20  2H00  

 

 

  

28H5 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

3H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

5H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

6H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

7H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

9H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 
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fJekJh^29 L o/ykfuZso ftXh 

 

fJekJh^29L o/ykfuZso ftXh 

(Graphic Method) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

29H1 ;wZf;nk dk o/ykfuZso jZb (The Graphic Solution of the Problem) 

29H2 nkrs dk fBT{BswheoD L nkjko ;wZf;nk dk jZb (Minimisation of Cost : Solution 
of the Food Problem) 

29H3 ;koKP (Summary) 

29H4 Ppde'P (Keywords) 

29H5 nfGnk; gqPB (Review Questions) 

29H6 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• noEPk;soh ;wZf;nk d/ o/ykfuZso jZb B{z ikDBr/l 

• nkrw d/ fBT{BswheoD B{z ;wMDr/. 

 

 

gq;sktBk (Introduction) 

fJZe cow fbU fijVh fdZshnK j'JhnK ehwsK 12  ns/ 15  T[Zs/ eqw nB[;ko d' t;s{nK X ns/ 

Y B{z gqsh fJekJh T[sgkds eodh j?. t;s{ X T[sgkds eoB d/ bJh, cow B{z A nkrs dhnK 12 

fJekJhnK, B nkrs dhnK 6 fJekJhnK ns/ C nkrs dhnK 14 fJekJhnK ukjhndhnK jB. 

t;s{ Y d/ bJh A nkrs dhnK 4 fJekJhnK, B nkrs dhnK 12 fJekJhnK C nkrs dhnK 12 

fJekJhnK ukjhdhnK jB. e[ZbQ T[gbpX A dhnK 48 fJekJhnK jB, R dhnK 72 fJekJhnK ns/ 

C dhnK 84 fJekJhnK jB. fJ; o/yh gq'rokfwzr ;wZf;nk d/ nkrs^fBors nzefVnK B{z nZr/ 

;{uh 29H1 ftZu fdykfJnk frnk j?. 

 

 

 

 

nkrs 

t;s{ dh fJekJh T[sgkds eoB d/ bJh 

nkrsK dh ;zfynk 

e[ZbQ gqkgs bkrsK 

dhnK fJekJhnK 

 

A 

B 

C 

X t;s{ 

12 

6 

14 

Y t;s{ 

4 

12 

12 

 

48 

72 

84 

ehws gqsh fJekJh  12  15 ^ 
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noEPk;soh dk rfDs 

 

B'N jo/e o/yh gq'rokfwzr ;wZf;nk d/ fszB Gkr j[zd/ jB. T[Zgo fbyh ;wZf;nk d/ T[j fJ; soQK jB. 

(i) T[d/P cbB (Objective Function)LT[d/P cbB fJj dZ;dk j? fe i/eo d' t;s{nK X ns/ Y 

gqsh fJekJh o[H 12 ns/ o[H 15 nkrw bkT[AdhnK jB sK fJBQK t;s{nK dhnK fezBhnK wksoktK 

T[sgkds ehsh ikD fe cow tZX s'A tZX nkrw iK nkwdB nofis eo ;e/. fJ;B{z fJ; soQK 

fbfynk ik ;edk j?^ 

                                  Maximise R = 12 X + 15 Y 

(ii) gqfspzX (The Constraints)LT[Zs/ dh ;{uh B{z j[D ;wheoDK d/ o{g ftZu gfotofss ehsk ik 

;edk j? fijV/ gqfspzXK B{z ftnes eod/ jB fiBQK d/ nzsors cow ekoi eodh j?. fJj 

;zouBkswe gqfspzX (structural constraints) ejkT[Ad/ jB. 

gfjbK n;hA nkrw A B{z b?Ad/ jK. nkrs A dh tZX s'A tZX T[gbpX wksok 48 fJekJh j?. 

gozs{ d'jK t;s{nK X ns/ Y dhnK wksoktK 48 fJekJhnK s'A tZX BjhA j' ;edhnK jB. 

rfDse o{g ftZu, feT[Afe 12X + 4Y fJekJh 48 s'A tZX BjhA j' ;edh, fJ; bJh nkrs A dk 

gqfspzX j't/rk L 12X + 4Y ≤ 48. fJ;h soQK d/ soe d[nkok B ns/ C nkrsK d/ gqfspzXK dhnK 

n;wkBsktK B{z fbfynk ik ;edk j?. fJ; soQK ;kvh ;wZf;nk d/ fszB ;zouBkswe gqfspzX 

jB^ 

                       12X + 4Y ≤ 48                                                                                           .....(1) 

                       6X + 12Y ≤ 72                                                                                           .....(2) 

                     14X + 12Y ≤ 84                                                                                           .....(3) 

(iii) nfoDkswe gqfspzX (Non-negative Constraints)L o/yh gq'rokfwzr ;wZf;nk ftZu 

nfoDkswe gqfspzX th j[zd/ jB fijV/ fJ; wkBsk T[Zs/ fBoGo jB fe ;wZf;nk d/ jZb ftZu e'Jh 

uoK d/ foDkswe w[Zb BjhA j' ;ed/ jB. fJ;dk Gkt j? fe X ns/ Y t;s{nK dk T[sgkdB Iho' 

iK XBkswe j' ;edk j? gozs{ fJj foDkswe BjhA j' ;edk. fJ; soQK ;kvh ;wZf;nk d/ 

nfoDkswe gqfspzX jB X ≥ 0 ns/ Y ≥ 0H 
 

29H1 ;wZf;nk dk o/ykfuZso jZb (The Graphic Solution of the 

Problem) 

o/ykfuZso jZb d/ bJh n;hA T[Zgo toDs ;wZf;nk B{z d[pkok fbyd/ jKL 

Maximise                 R = 12X + 15Y 

Subject to (i)                   12X + 4Y ≤ 48                                                                          .....(1) 

                                        6X + 12Y ≤ 72                                                                          .....(2) 

                                        14X + 12Y ≤ 84                                                                        .....(3) 

(ii)                                    X ≥ 0, Y ≥ 0 

jo/e n;wkBsk B{z o/ykfuZso d[nkok ftnes eoB d/ bJh, n;hA fszB'A ;wheoDK d/ n;wkBsk 

fuzBQ (≤) B{z Szve/ pokpo (&) d/ fuzBQ b?Ad/ jK. fJ; soQK ;wheoD (1) B{z fJ; soQK fbud/ jKL 

                            12X + 4Y = 48. 

fJj wzB e/ fe t;s{ X e/tb nkrs A dhnK ;kohnK 48 fJekJhnK d[nkok T[sgkds ehsh 

iKdh j? ns/ t;s{ Y fpbe[b BjhA j[zdkL 

                            12X + 0 = 48 (at the maximum) 

iK                      X = 4 (id'A Y = 0)  
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fJekJh^29 L o/ykfuZso ftXh 

 

fJ;h soQK fJj wzB e/ fe ;kohnK 48 fJekJhnK 

s'A e/tb Y t;s{ jh T[sgkds ehsh iKdh j? sKL 

                                 0 + 4Y = 48 

iK                        Y = 12  (id'A X = 0)  

;wheoD 12X + 4 Y = 48 B{z fuZso 29H1 ftZu AB 

o/yk d[nkok ftnes ehsk frnk j? fiZE/ OA = Y 

ns/ OB = 4X. o/yk AB T[Zs/ e'Jh th fpzd{ fit/A T 

;wheoD 12X + 4Y = 48 B{z ;zs[PN eodk j? 

feT[Afe fJ; o/yk AB d/ fBZu/ ns/ yZp/ gk;/ dk 

y/so n;wkBsk 12X + 4Y ≤ 48 B{z ;zs[PN eodk 

j?. 

fJ;h soQK ;wheoD 6X + 12Y = 72 B{z jZb eoB 

s/ X = 12 ns/ Y = 6 gqkgs j[zd/ jB fiBQK B{z fuZso 29H1 ftZu CD o/yk d[nkok do;kfJnk frnk 

j? fiZE/ OC = 6Y ns/ OD = 12X ns/ ;wheoD 14X + 12Y = 84 B{z jZb eoB s/ ;kB{z gqkgs j[zdk 

j?, X = 6 ns/ Y = 7 fiBQK B{z fuZso 29H1 ftZu EF o/yk d[nkok fdykfJnk frnk j? fiZE/ OE = 7Y 
ns/ OF = 6X.  

;zGkte y/so (Feasible Region)^fuZso 29H1 fJj fdykT[Adk j? fe goSkt/A tkb/ (shaded) y/so 

ftZu fpzd{ fijV/ fJZe^d{i/ B{z eZNdhnK j'JhnK fszB'A o/yktK d[nkok d[nkok fxo/ j'J/ jB jo/e fszB'A 

n;wkBsktK B{z ;zs[PN eoDr/. fpzd{ S T[Zs/ EF o/yk CD o/yk B{z eZNdh j? ns/ fpzd{ T T[Zs/ CD 

o/yk AB B{z eZNdh j?. fJ; soQK OBTSC y/so fijV/ fszB'A o/yktK d/ fJZe^d{i/ B{z eZND tkb/ S ns/ 

T fpzd{nK d/ yZp/ gk;/ fBZu/ ;fEs j?, fszB'A ;wheoDK dhnK n;wkBsktK B{z ;zs[PN eodk j?. fJj 

goSkt/A tkbk (shaded) y/so T[sgkdB dk ;zGkte y/so ejkT[Adk j? ns/ jo/e fpzd{ fijVk fJ; 

y/so d/ nzdo iK fJ;dh ;hwi T[Zs/ j[zdk j? ;wZf;nk dk ;zGkte jZb ftnes eodk j?. 

nkPktkdh jZb (Optimum Solution)^ftfGzB fpzd{ B, T, S, C fijV/ ;zGkte jZb B{z ftnes eod/ 

jB, fJBQK ftZu'A fejVk nkPktkdh fpzd{ j? fijVk cow d/ nkrw B{z tZX s'A tZX eo/rk< fJ; fpzd{ B{z 

phi rfDs d[nkok fet/A ikfDnk ik ;edk j?< 

n;hA ;wheoDK (1) ns/ (2) d[nkok fpzd{ B ns/ C d/ fBod/P^nzeK (coordinates) B{z ikDd/ jK 

fiBQK d/ nB[;ko OB = 4X ns/ OC = 6Y. fpzd{ T d/ fBod/P^nzeK B{z fBoXkfos eoB d/ bJh 

n;hA ;wheoDK (1) ns/ (2) B{z :[rws ;wheoDK d/ o{g ftZu b?Ad/ jK. (feT[Afe o/yktK AB ns/ 

EF fpzd{ T T[Zs/ eZNdhnK jB) ns/ fJBQK B{z jZb eod/ jBL 

                                12X + 4Y = 48                                                                                     .....(1) 

                              14X + 12Y = 84                                                                                     .....(3) 

;wheoD (1) B{z 3 Bkb r[Dk eoe/ ns/ ;wheoD (3) B{z T[; ftZu'A xNke/L 

                              36X + 12Y = 144 

                              14X + 12Y = 84 

                                         22X = 60 

                                             X = 2.73 

;wheoD (1) ftZu X = 2.73 d/ w[Zb B{z brke/, 

                          12X  2.73 + 4Y = 48 

                              32.76 + 4Y = 48 

                                           4Y = 48 – 32.76  

iK                         4Y = 15.24 

                                             Y = 3.81  

B'N 
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B'N fJ; soQK T d/ fBod/P^nze X = 2.73, ns/ Y = 3.81 jB. fJ;h soQK fpzd{ S d/ fBod/P^nzeK B{z 

;wheoDK (3) ns/ (2)! d[nkok jZb eoB s/ X = 1.5 ns/ Y = 5.25  

X ns/ Y d/ nkPktkdh ;z:'r y'iD d/ bJh X ns/ Y dhnK ehwsK (eqw nB[;ko 12  ns/ 

15 ) B{z fJBQK fBod/P^nzeK d/ fpzd{nK d/ w[ZbK B{z i' T[Zgo eZY/ rJ/ jB ;EkBkgB eod/ jB. 

fpzd{ B T[Zs/ X = 4 ns/ Y = 0. fJBQK B{z T[d/P cbB ( ) f = 12X + 15Y ftZu ;EkBkgB eoB 

BkbL 

                      (  12) (4) + (  15) (0) =  48                                                               .....(4) 

fpzd{ T T[Zs/ X = 2.73 ns/ Y = 3.81 j'D s/, fJ;h soQK gqkgs eod/ jB 

    (  12) (2H73) O (  15) (3H81) &  89H91                                   HHHH(5) 

fpzd{ S T[Zs/ X = 1.5 ns/ Y = 5.25 j'D s/ ;kB{z gqkgs j[zdk j? 

      (  12) (1H5) O (  15) (5H25) & 96H75                                     HHHHH(6) 

fpzd{ C T[Zs/ X = 0 ns/ Y = 6 j'D s/ 

                         (  12) (0) + (  15) (6) =  90                                                              .....(7) 

                                              14X + 12Y = 84 

                                                6X + 12Y = 72 

 

 

 

 

 

 

 

 

ftfdnkoEh fJ; d[gZyh ;wZf;nk dk jZb nkjko ;wZf;nk d/ ehs/ j'J/ jZb dh soQK nkgD/^ nkg 

eoB. 

 

29H2 nkrs dk fBT{BswheoD L nkjko ;wZf;nk dk jZb 

     (Minimisation of Cost : Solution of the Food Problem) 

nkjko ;wZf;nk gfjbh nkofEe ;wZf;nk ;h fi;dk o/yh gq'rokfwzr d[nkok jZb bkrd d/ 

;wheoD d[nkok ehsk frnk. wzB fbU fe fJZe T[gG'esk ehwsK T[Zs/ pq?Zv ns/ wZyD yohddk 

j?. ;wZf;nk fJj j? fe d'B'A t;s{nK dhnK ftfGzB wksoktK d[nkok T[jBK d/ e[ZbQ gdkoEK dh 

gqkgsh dh bkrs B{z fBT{Bsw pDkfJnk ikt/. 

 

  

 

g'Pe nkjko^sZs 

g'Pe^dot gqsh fJekJh 

fBT{Bsw nkdoP 

pq?Zv x1 wZyD x2 

e?b'oh (1,000) 

gq'NhB (25 rqkw) 

ehws (  gqsh fJekJh) 

1 

2 

2 

2 

8 

6 

3 

8 

(<) 

 

 

 
 

wzB fbU fe x1 ns/ x2 eqw nB[;ko pq?Zv ns/ wZyD B{z gqrN eod/ jB fiBQK ftZu'A jo/e ftZu 

e?b'oh (calories) dhnK wksoktK ns/ gq'NhB d/ rqkw  ;{uh 29H2 ftZu  fdZs/ jB. pq?Zv  d/ g'Pe 
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dot gqsh feb'rqkw 1000 e?b'oh ns/ gq'NhB dh 50 rqkw wksok j?l ns/ wZyD d/ 2000 e?b'oh ns/ 

200 rqkw gq'NhB gqsh nZXk feb'rqkw j?. nkdoP nkjko ftZu gqshfdB 3000 e?b'oh ns/ 200 rqkw 

gq'NhB ukjhdk j?. 500 rqkw p?qZv dh wkofeN ehws o[H 2 ns/ wZyD dh gqsh 500 rqkw ehws o[H 6 

j?. 

;wZf;nk fJj  j? fe T[Zgo ;{uh d/ nkyoh ekbw ftZu fdZs/ rJ/ fBT{Bsw g'Pe^nkjko^nkdoP d/ 

nB[;ko ;G s'A T[Zu nkjko ns/ gqPBfuzBQ (<) d[nkok gqrN ehsh rJh fBT{Bsw bkrs eh j'Dr/.  

nkjko dh e[ZbQ bkrs  

Minimise 

 

 

Subject                                                                                                                                .....(1) 
 

 

ns/ 

fBT{Bsw ehsh ikD tkbh bkrs C j?, fijVh d'B'A x1 ns/ x2 uoK dk o/yh cbB (linear function) 
j?. gkoPt ;zpzX 3 ns/ 8 n;wkBsktK jB fijVhnK fdZs/ j'J/ nkjko d/ gqkgs ehs/ ikD tkb/ 

fBT{Bsw g'Pe nkjko nkdoP B{z gqrN eodh jB. ;wZf;nk o/yh j? feT[Afe o/yh n;wkBsktK d/ 

ofjzd/ j'J/ nfoDkswe uo (non-negative veriables) fBT{Bsw pDkT[D/ jB. fszB'A ftZu'A fe;/ d' 

f;EshnK Bkb jZb j' ;edk j?. T[dkjoD d/ bJh, fJZe gkoPt ;zpzX (side relation) d/ j[zd/ j'J/ 

bkrs C B{z fBT{Bsw pDkfJnk ik ;edk j?L x1 + 2x2 = 3 fJ;B{z jZb eoB s/L x1 = 3 ns/ x2 = 3/2 
= 1.5 fuZso 29H2 ftZu fJ;B{z AB o/yk d[nkok ftnes ehsk frnk fiZE/ OA = 1.5x2 ns/ OB = 
3x1.  

d{ik gkoPt ;zpzXh j?L 2x1 + 8x2 = 8 
ns/ fJ;B{z jZb eoB s/, x1 = 4 ns/ x2 
= 1 gqkgs j[zd/ jB. fJ;B{z fuZso 29H2 

ftZu CD o/yk d[nkok fyZfunk frnk j? 

fijVk fJ; ;wheoD B{z ;zs[PN eodk j? 

fiZE/ OC = 1x2 ns/ OD = 4x1.  

fJ; soQK fuZso ftZu x1 (pq?Zv) ;wKso 

neP T[Zs/ ns/ x2 (wZyD) nB[bzp neP 

T[Zs/ wkg/ rJ/ jB. AB o/yk ;wheoD  

x1 + 2x2 = 3 ns/ CD o/yk ;wheoD  

2x1 + 8x2 = 8 B{z ftnes eodhnK jB. 

;zGkte jZb w'Nh o/yk AZD T[Zs/ iK T[;d/ T[Zgo j't/rk. fJj ;kvh ;wZf;nk ftZu Z fpzd{ T[Zs/ j[zdk 

j? fiZE/ d'B'A o/yktK AB ns/ CD eZNdhnK jB. 

fJj gsk eoB d/ bJh fe ;zGkte jZb Z T[Zs/ jh j[zdk j? iK A iK D fpzd{ T[Zs/, n;hA ;wZf;nk d/ 

d'B'A ;wheoDK B{z :[rws ;wheoDK d/ o{g ftZu jZb eod/ jBL 

                                  x1 + 2x2 = 3                                                                                        .....(1) 

                                2x1 + 8x2 = 8                                                                                        .....(2) 

T[dkjoD L wzfBnk fJZe T[sgkdB fdZs/ j'J/ gqfspzXK (Constraints) d/ nzsors nkgDk nkrw 

(Revenue) tZX s'A tZX eoBk ukj[zdk j?. wzfBnk fJZe cow d' T[sgkd X1 ns/ X2 dk T[sgkdB 

eoBk ukj[zdh j? ns/ T[;d/ bJh T[;d/ e'b j/m nB[;ko fszB ;kXB a, b ns/ c fdZs/ j'J/ jB^ 

                                            a = 40, b = 50, c = 42   
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B'N n;hA fJj th wzB fbnk X1 dh fJZe fJekJh dk T[sgkdB eoB d/ bJh T[;B{z j/m nB[;ko jo/e 

;kXB dh io{os j't/rh^ 

                                     a = 4, b = 10, c = 6  

fJ;h soQK n;hA fJj th wzB fbU fe X2 dh fJekJh dk T[sgkdB eoB d/ bJh T[;B{z j/m 

nB[;ko jo/e ;kXB dh io{os j't/rh^ 

                                     a = 10, b = 5, c = 7 

n;hA fJj th wzB fbnk fe X1 ns/ X2 dh gqsh fJekJh ehws eqw nB[;k 5 o[gJ/ ns/ 7 o[gJ/ 

j?. fJ; soQK T[j T[sgkde fdZs/ j'J/ ;kXBK T[Zs/ nkgDh e[ZbQ nkwdB (Total Revenue) tZX s'A 

tZX eoBk ukj/rk. rfDse o{g ftZu, T[d/P cbB^ 

                          Max TR = 5X1 + 7X2 = Z 

cow s/ gqfspzX fdZs/ j'J/ jB ns/ cow T[jBK ;kXBK s'A tZX T[g:'r BjhA eo/rh^ 

                                4X1 + 10X2 ≤ 40                                                                               ....(i) 

                              10X1 + 5X1 ≤ 50                                                                               .....(ii) 

                                6X1 + 7X2 ≤ 42                                                                              .....(iii) 

fJZE/,               X1, X2 ≤ 0  

cow d/ fJBQK gqfspzXK B{z j/m nB[;ko do;kfJnk ik ;edk j?^ 

gfjbk gqfspzX fJj dZ;dk j? fe a ;kXB fijVk fe X1 ns/ X2 d/ T[sgkdB d/ gq:'r ftZu 

fbnkfJnk iKdk j?. T[j ;kXB ‘a’ dh e[ZbQ g{osh s'A tZX BjhA j' ;edk. fJj ;kXB g{osh s'A 

xZN iK pokpo j' ;edk j?, tZX BjhA. fJ;h soQK d/ j'o gqfspzXK d/ ;zpzX ftZu j't/rk. fJZE/ 

n;hA o/yh gq:'iB B{z rqkc dh ;jkfJsk Bkb do;ktKr/. 

;G s'A gfjbK n;hA X1 ns/ X2 d/ fBod/Pe nze eZYKr/, fi;d/ bJh n;hA fBopZX ;wheoDK 

dhnK n;wkBsktK (Inequalities) jNk fdnKr/ ns/ fJ; soQK n;hA fszB seBhehnK d/ fBod/Pe 

nze (10, 4), (5, 10) ns/ (7, 6) gqkgs j'Dr/. fJjh seBhehnK gq:'iB ;wZf;nk dk ;zGkts 

jZb (Feasible Solution) gqrN eoBrhnK. fuZso ftZu X-neP T[Zs/ X1 T[sgkd ns/ Y-neP 

T[Zs/ X2 T[sgkd wkfgnk frnk j?. fJZE/ cow d[nkok ngDkJ/ rJ/ fszB gqfspzXK d/ fBod/Pe 

nzeK dh ;jkfJsk d[nkok rqkc d[nkok fJZe ;ob o/yk d/ o{g ftZu do;kJ/ rJ/ jB. Z1^T[d/P 

cbB (Objective Function) j?. 

wzfBnk T[sgkde a ns/ b gqfspzXK B{z 

gq:'r ftZu fbnkT[Adk j? sK cow d/ 

bJh OAMG y/so ;zGkts y/so 

(Feasible Zone) gqkgs j't/rk. fJ;h 

soQK i/eo T[j a ns/ c gqfspzXK dk 

gq:'r eodk j? sK T[;B{z y/so OATK 

;zGkts y/so gqkgs j't/rk. fJ;h soQK 

i/eo cow b ns/ c gqfspzXK B{z gq:'r 

ftZu fbnkT[Adh j? sK y/so OLNG 

;zGkts y/so gqkgs j't/rk. i/eo T[j 

fszB'A gqfspzXK a, b ns/ c B{z fJeZm/ ezw 

ftZu fbnkT[Adk j? sK T[;B{z y/so 

OAMG d/ pokpo ;zGkts y/so gqkgs 

j't/rk. cow dk ;zgkts jZb fJ; 

y/so d/ nzsors jh j't/rk. 
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i/eo T[sgkde y/so OAMG fijVk fe fuZso ftZu goSkt/A tkb/ y/so Bkb do;kfJnk frnk j?, 

ftZu X1 ns/ X2 T[sgkd dk ;zGkts jZb :'iBk ukj/rk sK T[j mhe BjhA j't/rk feT[Afe T[;B{z jo/e 

seBheh dk tZX s'A tZX T[g:'r eoBk ukjhdk j?. fJ; bJh ;zGkts jZb (Feasible Solution) y/so 

OAMG dh ;hwk T[Zs/ j't/rk. j[D ;tkb T[Zmdk j? fe i/eo T[j ;zGkts y/so dh ;hwk T[Zs/ T[d/P 

cbB b?Adk j? sK T[;B{z X1 ns/ X2 dk nB[e[bD jZb (Optimum Solution) gqkgs eoB d/ bJh 

cow B{z e/tb fJZe jh fpzd{ gqkgs j'Dk ukjhdk j? fijVk fe X1 ns/ X2 dk fJZe jh jZb d/t/rk. 

fJ;d/ bJh T[;B{z e'B/ dk jZb (Corner Solution) y'iDk j't/rk. fJ; soQK fJ; ;fEsh ftZu cow 

T[d/P cbB Z1 B{z ;wKso gfotofss eo/rh. ;zGkts jZb d/ fJZe e'B/ d/ fi; fJZe fpzd{ B{z T[d/P 

cbB ;goP eo fdzdh j?, T[j X1 ns/ X2 dk fJZe nB[ebD jZb eo/rk. fJZE/ fuZso^29H6 ftZu M 

fpzd{ T[Zs/ X1 ns/ X2 T[sgkd dk nB[ebD jZb gqkgs j't/rk. 

 

;t?^w[bKeD (Self Assessment) 

pj[ftebgh gqPB (Multiple Choice Questions)^ 

1H o/yh gq'rokfwzr fe; ftZu pj[s jh bkGdkfJe f;ZX j'fJnk j?< 

    (a) noEPk;so ftZu  (b) ftfrnkB ftZu  (c) rfDs ftZu  (d) okiBhsh ftZu. 

2H eJh gqfspzXK d/ ekoB n;b ;wZf;nktK fe; seBhe d[nkok jZb BjhA ehsh ik ;edhnK< 

    (a) fBy/VB             (b) o/yh gq'rokfwzr  (c) nB[ebB    (d) fJBQK ftZu'A e'Jh BjhA. 

3H fejVh ;wZf;nk gfjbh nkofEe ;wZf;nk ;h fi;dk o/yh gq'rokfwzr d[nkok jZb bkrs d/ 

;wheoD d[nkok ehsk frnk< 

    (a) XzB                 (b) fBtk;          (c) nkjko      (d) gkDh 

 

29H3 ;koKP (Summary) 

• cow dk Btebkf;eh f;XKs sZe ;w/A ftZu fJZe iK d' uoK B{z b?e/ fBoD/ dh ;wZf;nk dk 

ftPb/PD eodk j?. fi;dk ;zpzX fJZe ;w/A ftZu fJZe T[sgkdB gqfefonk Bkb j[zdk j?. 

• nkjko ;wZf;nk gfjbh nkofEe ;wZf;nk ;h fi;dk o/yh gq'rokfwzr d[nkok jZb bkrs d/ 

fBT{BswheoD d[nkok ehsk frnk ;h. 

• o/yh gq'rokfwzr noEPk;so ftZu pj[s jh bkGdkfJe ;kXB f;ZX j'fJnk j? gozs{ fJ;dhnK 

nkgDhnK ;hwktK jB. n;b ftZu, eJh gqfspzXK d/ ekoB n;b ;wZf;nktK o/yh 

gq'rokfwzr seBhe d[nkok jZb BjhA ehsh ik ;edhnK. 

 

29H4 Ppde'P (Keywords) 

• fJPN (Optimise)L nfGbkfPs. 

• gqw[Zy (Primal)L w[Zy. 

 

29H5 nfGnk; gqPB (Review Questions) 

1H bkrs dk fBT{BswheoD dh ftnkfynk eo'. 

2H o/yh gq'rokfwzr dhnK ;hwktK fby'. 

3H nkrs dk fBT{BswheoD^nkjko ;wZf;nk dk jZb g/P eo'. 
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B'N T[ZsoL ;t?^w[bKeD (Answer: Self Assessment) 

  1H (a)             2H (b)                3H (c).  
 

29H6 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

2H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

3H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

5H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

6H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

7H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

8H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

9H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 
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fJekJh^30L f;wgb?e; ftXh 

(Simplex Method) 
 

B'N 

 

ftP/ t;s{ (Contents) 

T[d/P (Objectives) 

gq;sktBk (Introduction) 

30H1 f;wgb?e; ftXh (Simplex Method) 

30H2 ftXh d/ frDsh ;zpzXh uoD (Calculating Steps of Method) 

30H3 ;koKP (Summary) 

30H4 Ppde'P (Keywords) 

30H5 nfGnk; gqPB (Review Questions) 

30H6 ;zdoG g[;seK (Further Readings) 

 

 

T[d/P (Objectives) 

fJ; fJekJh d/ nfXn?B s'A pknd ftfdnkoEh :'r j'Dr/L 

• f;wgb?e; ftXh B{z ;gPN Bkb ;wMD ftZu. 

• ftXh d/ uoD B{z ;wMD ;zpzXh. 

 

 

gq;sktBk (Introduction) 

o/yh gq'rokfwzr ftXh ftZu n;wheoDK dh ;zfynk tZX j'D d/ ekoB rqkfce ftXh tZX ifNb j' iKdh 

j?. fJ; ftXh dk gq:'r d' iK fszB n;wheoDK dh ;fEsh ftZu ehsk ik ;edk j?. fJ; soQK 

;wheoDK dh ;zfynk pj[s fInkdk j' ikD d/ ekoB :'rwgd ;wheoDK d/ bJh fJZe j'o rfDse 

ftXh dk gq:'r ehsk iKdk j? fi;B{z f;wgb?e; ftXh fejk iKdk j?. 

 

30H1 f;wgb?e; ftXh (Simplex Method) 

wzB fbU fJZe T[d/P cbB j/mK j? fi;B{z tZX s'A tZX (iK fBT{Bsw) eoBk j?^ 

                                     Z = c1x1 + c2x2 + .............. + cnxn 

fJZE/ ;ko/ ;fEoK (Ci) dk w[Zb gsk j?. 

n;hA fJZE/ fJj th wzBe/ uZb oj/ jK fe m o/yh n;wheoD j? fi; ftZu jo/e ;wheoD ftZu n 
ubokPhnK jB. fJ; soQK gqfspzX (Constraints) j/mK jB^ 

                     ai1 + ai2 + .... ainxn {≤ = ≥} bi, i = 1, 2 .................., m                                    (30.1) 

 

 

 

 B'N;       fJZE/ fJZe ns/ e/tb fJZe ;ze/s (≤ = ≥) jo/e gqfspzX d/ bJh j't/rk. ubokPhnK dk 

w[Zb jw/PK XBkswe j't/rk, Gkt xi ≥ 0, j = 1, 2 ..... n.  
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B'N xj dk jo/e ;w{j fijVk gqfspzXK B{z ;zs[PN eodk j?, fJZe jZb (Solution) ejkJ/rk. e'Jh th 

jZb fijVk nfoDkswe gqfspzXK (Non-negativity Restrictions) B{z ;zs[PN eodk j?, fJZe 

;zGkte jZb (Feasible Solution) ejkJ/rk. fJ;h soQK Bkb e'Jh th ;zGkte jZb fijVk T[d/P 

cbB (Objective Function) Z B{z tZX s'A tZX (iK fBT{Bsw) eodk j?, T[j nB[ebD ;zGkte jZb 

(Optimal Feasible Solution) ejkJ/rk. 

fJZE/ n;hA T[d/P cbB dk fdZs/ j'J/ gqfspzXK d/ nzsors nB[ebD ;zGkte jZb y'iD dh e'fPP 

eoDr/. nB[ebD ;zGkte jZb B{z gks eoB d/ bJh n;hA gfjbK ;ko/ ;zGkte jZb (Feasible 
Solution) B{z gsk eoKr/, fco T[; s'A pknd T[jBK ftZu'A fJZe ;zGkte jZb gsk eoKr/ fijVk fe 

T[d/P cbB B{z tZX s'A tZX (iK fBT{Bsw) B{z ;zs[PN eodk j?, T[jh ;kvk nB[ebD ;zGkte jZb 

j't/rk. fit/A^fit/A ubokPhnK dh ;zfynk tZXdh ikt/rh, T[;h soQK ;zGkte jZbK dh ;zfynk tZXdh 

ikt/rh. i/eo ;kvh ;wZf;nk ftZu 6 ubokPhnK jB sK ;zGkte jZbK dh ;zfynk  

j't/rh, fiZE/ fszB :[rwgd ;wheoD j'D ns/ fszB jh nfrnks w[Zb j'D. 

 

 

 

 Nk;e       f;wgb?e; ftXh eh j?< 

 

 

;wheoD (29H1) B{z d[pkok fJ; soQK fbfynk ik ;edk j?^ 

T[d/P cbB  (tZX s'A tZX iK fBT{Bsw) 

fBwBfbys gqfspzXK d/ nzsors 

                      

                    i = 1, 2 .......... m  

                    j = 1, 2 .......... n (fJZE/ ;wheoDK B{z ;wkB pDkT[d/ j'J/) 

                    j = 1 

T[go'es nB[;ko dhnK ;wZf;nktK d/ ;zdoG ftZu fBwBfbus nXkoG{s gqw/:K dk frnkB io{oh 

j?^ 

(1) o/yh gq:'iBk dh ;wZf;nk dk ;zGkts jZb fJZe ;fdP (Vector) X = [x1, x2, ..... xn] j't/ sK 

gqfspzX (29H1) dh g{osh eodk j?. xj d/ ;zpzX ;fdP aj j/m nB[;ko gfoGkfPs ehsk ik ;edk 

j?^ 

                             aj = [a1ja2j ........... amj] 

(2) okPhnK b1 b2 ........ bm fJZe ;szG ;fdP b d/ ;zxNe jB fi;B{z ng/fyns ;fdP 

(Requirement Vector) fejk iKdk j?. fJZE/ 

             ns/ b ≥ 0, fJZE/ 0 fJZe Iho' ;fdP j?. 

(3) T[d/P cbB d/ nzsors r[DKe C1 C2 .......... Cn B{z uoK x1, x2 .......... xn d/ ;zpzX Gko 

(Prices Associated) fejk iKdk j? ns/ fJBQK d/ d[nkok pD/ ;fdP B{z w[Zb okPh (Price Vector) 
fejk iKdk j?, i' fe C d[nkok do;kfJnk iKdk j?. fJ; soQK 

                             C = [c1, c2, .......... cn]   
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(4) x1, x2 ..... xn d/ wkBK dk ;w[Zu (Set) fijVk gqfspzX (30H2) ns/ nfoDkswe Pos dh g{osh 

eodk j't/, T[;B{z ;zGkts jZb (Feasible Solution) fejk iKdk j?. 

(5) T[j ;kXe jZb fijVk fe T[d/P cbB (30H1) B{z nB[ebD eodk j?, T[;B{z nBe[bD jZb 

(Optimal Solution) fejk iKdk j?. Gkt i/eo ;kXe jZb T[d/P cbB B{z fBT{Bsw eodk j?, T[d'A 

T[j fBT{Bsw ;kXe jZb (Minimum Feasible Solution) ns/ i/eo ;kXe jZb T[d/P cbB B{z tZX 

s'A tZX eodk j? T[d'A T[j tZX s'A tZX ;kXe jZb fejk iKdk j?. 

(6) i/eo ;kXe jZb fi; ftZu m s'A tZX XBkswe xi BjhA jB sK T[j w[Zb ;kXe jZb (Basic 
Feasible Solution) fejk iKdk j?. fJ; soQK ;kXe jZb B{z w[Zb ;kXe jZb ftZu gfotosB eoBk 

ukjhJ/ sK xZN s'A xZN (n – m) uoK dk b[gs (Vanish) j'Dk Io{oh j?. 

(7) fi; w[Zb ;kXe jZb ftZu mhe m XBkswe j? sK T[;B{z nftefos w[Zb ;kXe jZb (Non- 
Degenerate Basic Feasible Solution) efjzd/ jB. nIho' (Non-Zero) uoK B{z w[Zb uo fejk iKdk 

j?. id'A xZN s'A xZN fJZe w[Zb uo b[gs j[zdk j't/ sK w[Zb ;kXe jZb B{z ftefos w[Zb ;kXe jZb 

(Degenerate Basic Feasible Solution) fejk iKdk j?. 

(8) T[j jZb fijVk gqfspzX (30H1) ns/ nfoDkswe Pos dh g{osh Bk eodk j't/ sK T[j n;kXe 

jZb (Non-feasible Solution) ejkT[Adk j?. 

(9) i/eo gqfspzX ftZu fuzBQ (≤) j? sK fJ;B{z ;zs[bB ;wheoDK ftZu gfotosB eoB d/ bJh uoK 

B{z gq:'r ehsk iKdk j?, T[jBK B{z ;b?e uo (Slack-Variable) efjzd/ jB. 

B'N 

 

 

eh s[;hA ikDd/ j'      T[j uo fijVk n;wheoDK (fuzBQK ≥) dhnK ;wheoDK ftZu pdbD d/ bJh 

gq:'r ehs/ iKd/ jB, T[jBK B{z tkX{ uo (Surplus Variable) efjzd/ jB. 

fJBQK d'jK d/ gqeko d/ uoK B{z ;z:[es o{g ftZu w[euo (Dummy Variable) 
fejk iKdk j?, fiBQK dh ;zfynk brGr T[d/P cbB ftZu uoK dh ;zfynk d/ 

pokpo j[zdh j?. 

 

 

30H2 ftXh d/ frDsh ;zpzXh uoD (Calculating Steps of Method) 

(1) n;wheoDK B{z ;wheoDK ftZu pdbD d/ bJh io{os nB[;ko ;b?e iK tkX{ uo dk gq:'r 

eoBk ukjhdk j?. 

i/eo io{oh j't/ sK Bebh uoK dh tos'A eoBh ukjhdk j?. T[; s'A pknd gqfspzXK B{z AX = b d/ 

o{g ftZu fby b?Dk ukjhdk j?, fiZE/ b ≥ 0 j'D. i/eo e'Jh bi foDkswe j'D sK T[;d/ nzsors 

gqfspzX B{z (^1) Bkb r[Dk eoe/ XBkswe pDk b?Dk ukjhdk j?. 

(3) nozGe w[Zb ;kXe jZb gsk eoe/ Xj dh rDBk eo b?dh ukjhdh j? ns/ Zj – Cj dk wkB A d/ 

jo/e ;szG d/ bJh gsk eo b?Dk ukjhdk j?. 

(4) nfXekos ;wheoD bJh jo/e Zj – Cj ≥ 0, sK fJjh d[jokT[ (Iteration) nB[ebD jZb j?. 

d[pkok i/eo Zj – Cj > 0, (jo/e nBkXko ;fdPK d/ bJh) T[d'A T[fus jZb ftbZyD (Unique) j? BjhA 
sK t?ebfge jZb th fwb ;edk j?. 

(5) nkrs ;fdP (Entering Vector) ns/ ufbs ;fdP (Departing Vector) dh u'D eo b?Dh 

ukjhdh j?. 

(6) nzs ftZu, Bebh uoK B{z gqEe eo b?Dk ukjhdk j?. 

T[dkjoD 1L fBwB B{z f;wgb?e; ftXh d[nkok jZb eo'^ 

fBT{Bsw                    Z = 2X1 – 3X2 + 7X2                                                               .....(1) 
fijVk fe                 3X1 – 4X2 – 6X3 ≤ 2                                                                   .....(2)  

 

 

 

LOVELY PROFESSIONAL UNIVERSITY                                               363 

VED1 

E L-LOVELY-H math30-1     IInd  21-10-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth  10-9-12 



noEPk;soh dk rfDs 

 

B'N                             2X1 – X2 – 2X3 ≥ 11                                                                             .....(3) 

                                      X1 – 3X2 – 3X3 ≤ 5                                                                     .....(4) 

fi; Bkb     X1, X2, X3 ≥ 0  

jZb L ;G s'A gfjbK gqfspzXK d/ n;wheoDK dh ;wheoDK ftZu gfotosB eoB d/ bJh ;b?e 

(Slack) ns/ tkX{ (Surplus) uoK dk gq:'r ehsk ikt/rk. feT[Ai' fJZE/ fszB gqfspzX ;wheoD 

jB. fJ; soQK fszB ;b?e ns/ tkX{ uoK dk gq:'r ehsk ikt/rk. fJ; bJh X4, X5 ns/ X6 dk 

;wkt/P eoB s/ fdZsh j'Jh ;wZf;nk B{z j/m nB[;ko do;kfJnk ik ;edk j?^ 

2X1 – 3X2 + 6X3 + 0X4 + 0X5 + 0X6                                                                                 .....(5) 

id'A fe gqfspzX fBwBfbys jB^ 

              3X1 – 4X2 – 6X3 + X4 + 0X5 + 0X6 = 2                                                               .....(6) 

                        2X1 – X2 + 2X3 + 0X4 – X5 + 0X6 = 11                                                     .....(7) 

                         X1 + 3X2 – 2X4 + 0X4 + 0X5 + X6 = 5                                                      .....(8) 

;kXe jZb B{z gsk eoB d/ bJh sZEK B{z j/mb/ t:{j o{g ftZu do;kT[Ad/ jB^ 

 

fJZE/ 

 

 

 

 

 

iK 

 

feT[Ai' nXko t:{j fJekJh t:{j (Unit Matrix) j'Dk ukjhdk gozs{ gqkgs sZEK d[nkok fJj ;zGt 

BjhA j' fojk j?. fJ; bJh fJZe BthB ;fdP (Vector)P7 dk ;wkt/P eoBk io{oh j?. fJ; bJh 

nozGe nXko P4, P7 ns/ P6 j'fJnk. fJ; soQK fBwB ;koDh fbyD s/ 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1H o/yh gq:'iBk dh gqw[Zy gqw/:K d/ bJh d/y'^ 

(i) Linear Programming by Gass. 

(ii) Economic Theory and Operation Analysis by William J. Baumol. 
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fJZE/ T[d/P cbB dk wkB 

                                      Zj = Zo = 0  

gozs{ fJ;dk fBT{BswheoD BjhA j'fJnk j?, feT[Afe ;fdP P2 d/ ;zdoG ftZu Zj – Cj > 0 j?. fJ; 

bJh P2 B{z fBT{Bsw eoB d/ bJh n;hA θ ukb (θ trick) dk T[g:'r eoKr/^ 

   Po = 2P4 + 11P7 + 5p6                                                                      ....(i) 

   P2 = –4P4 + P7 – 3P6                                                                       ....(ii) 

;wheoD (ii) B{z θ Bkb r[Dk eoB s/ 

                                   θP2 = –4θ P4 + 5P7 = 3θ P6                                                             ....(iii) 

;wheoD (iii) B{z (i) ftZu'A xNkT[D s/ 

                                     Po = θP2 + (2 – 4θ) P4 + (11 – θ) P7 + (5 – 3θ) P6                       .....(iv) 

θ d/ fszB wkBK 

1

2
, 11 ns/ 

5

3
 ftZu'A 

1

2
θ =  ;zpzX wkB jB, fJ; s'A fJbktk (iv) ftZu 

1

2
θ =  

oZyD s/ 

                      0 2 4 7 6

1 21 7
0

2 2 2
p P P P P= + + +  

                         2 7 6

1 21 7

2 2 2
P P P= = +                                          .....(v) 

;wheoD (v) BthB nXko 11 j'fJnk fi; ftZu P2, P7 ns/ P6 Pkfwb j?. fJ; soQK P4 d/ ;EkB 

s/ P2 dk ;wkt/P eoB s/ nZr/ fbyh ;koDh d/ o{g ftZu fby ;ed/ jK^ 

fJZE/ T[d/P cbB dk wkB Zj = Zo = 
3

2
−  

fJj Io{oh wzfBnk j? feT[Afe Zj – Cj < 0 

                                               j = 1, 2, .......... 7 

B'N 
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B'N T[dkjoD 2L fBwB o/yh gq'rokfwzr ;wZf;nk B{z jZb eo'^ 

tZX s'A tZX     Z = 5X1 + 4X2  

fijVk fe        X1 + 2X2 ≤ 8000 
                                                 3X1 + 2X2 ≤ 9000  
fi; Bkb                        X1, X2 > 0  
jZb L ;G s'A gfjbK n;hA ;wheoDK dhnK n;wkBsktK B{z ;b?e ubokPhnK dk ;wkt/P eoe/ 

d{o eoKr/. j[D n;hA gqfspzXK B{z j/m nB[;ko do;k ;ed/ jK^ 

                                     X1 + 2X2 + 0X3 = 8000 
                                3X2 + 2X2 + 0X4 = 9000 
j[D n;hA T[go'es sZEK d/ nXko s/ j/mK do;kJh ;koDh pDktKr/^ 

  

 

 

 

 

 

 

 

 

 

 

 

 

fJZE/ n;hA gfjbK do;kJ/ Yk dk ;wkt/P eoKr/. fJ;d/ bJh 0 dk wkB gsk eoKr/. θ dk wkB 

gfjbK Yk dh ;zpzXs w[Zb Gkr d/e/ gsk eo ;ed/ jK^ 

                          

8000
8000

1
θ = =  

ns/                      

9000
0 3000

3
= =  

fco T[; s'A pknd gzesh (Row) dh fBT{Bsw w[Zb B{z ;wkt/P eoKr/. fJZE/ lthA gzesh (d{ih 

gzesh) B{z ktK ;fdP jZb (Gkt 3) d/ d[nkok jNktKr/. 

d{ih ;koDh ftZu ;G s'A gfjbK n;hA kthA gzesh (gfjb/ dh d{ih gzesh) B{z gfjbh ;koDh dh 

d{ih gzesh d/ Pivot Bkb Gkr d/e/ gsk eoKr/. pkeh gzeshnK d{ih ;koDh dh BthA gzesh 

(fijVh fe Pivot Bkb r[Dk eoe/ gqkgs j[zdh j?) Bkb r[Dk eo d/tKr/ ns/ pknd ftZu T[;B{z 

gfjbh ;koDh ithA gzesh Bkb'A xNk fdnKr/. fJj d{ih ;koDh dh ithA gzesh d/ Bshi/ B{z 

do;kT[Dr/. T[j ;fEsh T[d'A sZe d[jokT[Dr/ id'A fe Zj – Cj dk wkB XBkswe nk ikt/. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

366                                             LOVELY PROFESSIONAL UNIVERSITY 

 

 

VED1 

E L-LOVELY-H math30-1     IInd  6-8-11     IIIrd  24-1-12     IVth  21-4-12     Vth  20-8-12     VIth  10-9-12 



 

fJekJh^30 L f;wgb?e; ftXh 

 

gfjbh gzesh d/ bJh  

 

 

 

 

 

 

 

fJj ftXh T[d'A sZe d[jokT[Ad/ iktKr/ id'A Zj – Cj dk wkB foDkswe nk ikD. feT[Ai' β gfjbh 

gzesh ftZu fBT{Bsw j? id'A Zj – Cj; Y2 d/ bJh foDkswe j?. fJ; bJh n;hA gfjbh gzesh B{z 

fBwB ;koDh ftZu jNk fdnKr/. fJZE/ Pivot dk wkB 4$3 j? id'A n;hA ftXh B{z d[jokT[Ad/ iKdk jK^ 

B'N 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

d{ih gzesh d/ bJh 

 

 

 

 

 

 

 

 

feT[Ai' fJZE/ Zj – Cj dk wkB XBkswe j?. jZb dk ;szG (Column) X2 =
15000

4
 ns/ X1 = 500 tZX 

s'A tZX wkB gqdkB eodk j?. 

j[D 2 dk tZX s'A tZX wkB gqkgs j't/rk^ 

                         1 2

4 15000
2 5 4 (5 500)

5
X X

×= + = × +  

2500  15000 17500= +    =  

T[dkjoD 3H bkG tZX s'A tZX eo' Z = 4X + 3Y  

fijVk fe          

7
9

2
x y+ ≤  

                                 2x + y ≤ 8 

                                   x + y ≤ 6  
fit/A fe  
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B'N jZb (Solution)L ;G s'A gfjbK n;hA ;wheoDK B{z ;zs[fbs eoB d/ bJh (Slack variables) dk 

gq:'r eoKr/. Slack variables fit/A fe s1, s2, s3 nkfd j?. fJBQK ubokPhnK B{z Iho' Bkb r[Dk 

eo fdzdk jK, fJBQK B{z sK e/tb ;wheoD ;zs[fbs eoB d/ bJh i'V fbnk iKdk j?. fit/A^ 

                           Z = 4x + 3y + os1 = os2 + os3 = R 

f;wgb?e; ftXh d[nkok nozGe ;koDh  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Key Column ↑  fJZE/ Key Factor = 4  

B'N L Key factor = 4 j't/rk feT[Afe fJ; nB[gks dk w[Zb ;G s'A xZN j?. 

Subject to          x +
7

2
 y + s1 + os2 + os3 = 9 

                            2x + y + os1 + s2 + os3 = 8 

                              x + y + os1 + os2 + s3 = 6 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

jkb/ Cj – Zj dh w[Zb iK sK XBkswe (Positive) ftZu j? iK Iho' d/ pokpo iK xZN. n;hA T[d'A 

sZe BthA ;koDh pDkT[D ojKr/ id'A fe Cj – Zj eoe/ ;ko/ w[Zb iK sK foDkswe (Negative) ftZu 

iK Iho' ftZu Bk nk ikD. 
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B'N 

T[go'es ;koDh ftZu Cj – Zj dh ;koh w[Zb iK sK foDkswe (Negative) iK Iho' d/ pokpo j' iKdk 

j?. 

fJ; bJh 

                                     x = 19/6 

                                     y = 5/3 

                                    s3 = 7/6 
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B'N  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B'NL O.V. = Original value, 

N.T. = New table value.  
 

;t?^w[bKeD (Self Assessment) 

ykbh ;EkBK dh g{osh eo' (Fill in the blanks)^ 

1H o/yh gq:'iBk ftXh ftZu n;wheoDK dh ;zfynk tZX j'D d/ ekoB HHHHHHHHHHH ftXh tZX 

ifNb j' iKdh j?. 

2H e'Jh th jZb fijVk nfoDkswe gqfspzXK B{z ;zs[PN eodk j?, fJZe HHHHHHHHHHHHH jZb 

ejkJ/rk. 

3H e'Jh th ;zGkte jZb fijVk T[d/P cbB B{z tZX s'A tZX iK fBT{Bsw eodk j?, T[j HHHHHHHHH 

;zGkte jZb ejkJ/rk. 

4H n;wheoDK B{z ;wheoDK ftZu pdbD d/ bJh io{os nB[;ko HHHHHHHHHHH iK tkX{ uo dk 

gq:'r eoBk ukjhdk j?. 

5H T[j jZb fijVk nfoDkswe Pos dh g{osh Bk eodk j't/, sK T[j HHHHHHHHHHHHH jZb 

ejkT[Adk j?. 

 

30H3 ;koKP (Summary) 

• o/yh gq:'iBk ftXh ftZu n;wheoDK dh ;zfynk tZX j'D d/ ekoB rqkch ftXh fInkdk 

ifNb j' iKdh j?. fJ; ftXh dk gq:'r d' iK fszB n;wheoDK dh ;fEsh ftZu ehsk ik 

;edk j?. fJ; soQK ;wheoDK dh ;zfynk pj[s fInkdk j' ikD d/ ekoB :[rwgd 

;wheoDK d/ bJh fJZe j'o rfDse ftXh dk gq:'r ehsk iKdk j? fi;B{z f;wgb?e; ftXh 

fejk ikdk j?. 
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30H4 Ppde'P (Keywords) 

• o/yh (Linear) ^ o/ye. 

• ftXh (Method) ^ fB:w. 

 

30H5 nfGnk; gqPB (Review Questions) 

1H ;zGkte jZb ns/ nB[ebD ;zGkte jZb s'A s[;hA eh ;wMd/ j'< 

2H ftXh d/ ftfGzB frDsh ;zpzXh uoDK B{z fby'. 

3H fBwB fbys o/yh gq'rokfwzr ;wZf;nk B{z jZb eo'^ 

tZX s'A tZX z = 5X1 + 4X2   

ftPk X1 + 2X2 ≤ 8000  

3X1 + 2X2 ≤ 9000  

fJ; soQK X1, X2 > 0 (T[ZsoL tZX s'A wkBL 17500) 

 

T[Zso L ;t?^w[bKeD (Answer: Self Assessment)  

  1H rqkce        2H ;zGkte        3H nB[ebD        4H ;b?e        5H n;kXe. 

 

30H6 ;zdoG g[;seK (Further Readings) 
 

 

 p[e; 

1H noEPk;soh dk rfDs ^ wkJheb j?oh;B, g?fNqe tkbvoB. 

2H w?E/w/fNe; cko fJe'B'fwe; ^ ekob ghH f;w'B, b'o/A; pb{w. 

3H w?E/w/fNe; cko fJe'B'fwe; n?Av ckJhBK; ^ wkofNB BkowB. 

4H w?E/w/fNe; cko fJe'B'fwe; ^ wkbe'w, fBe'b;, :{H;hH bzdB. 

5H w?E/w/fNe; cko fJe'B'fw;N ^ :kwkB/, gq?AfN; jkb fJzvhnk. 

6H J;/AfPnb w?E/w/fNe; cko fJe'B'fwe; ^ B'N ;/v/;No, ghNo jkwzv, gq?AfN; jkb 

gpfbH. 

7H w?E/w/fNe; cko fJe'B'fwe; ^ ekT{Af;b cko fJe'B'fwe n?i{e/PB. 

8H w?E/w/fNe; cko fJe'B'fw;N ^ w/jsk ns/ wdBkBh, ;[bskB uzd n?Av ;z;. 

9H w?E/w/fNe; cko fJe'B'fw;N ^ f;w'B ns/ pb{w, thtk gpfbe/PB. 

B'N 
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