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Abstract

A STUDY ON PRIME CORDIAL LABELING AND DIVISOR CORDIAL
LABELING OF GRAPHS

by VISHALLY SHARMA

Let G(V(G), E(QG)) be the graph with a non empty vertex set V(G) and edge set E(G).
An assignment of integers to the vertices (edges) of a graph G under some constraints is
called a vertex labeling (edge labeling) of G. Most graph labelings finds their origins to
those presented by Alexander Rosa in his famous paper titled “On certain valuations of
the vertices of a graph” at International symposium held in Rome, in July 1966. Rosa
identified three types of labelings; «, 5, and p labeling. Rosa called a function f a (-
valuation of G with ¢ edges if f is an injection from V(G) to the set {0,1,2,...,¢} such
that, when each edge uv is assigned the label |f(u) — f(v)|, the resulting edge labels
are distinct. Golomb, later called - labeling as graceful labeling. Graph labeling is
one of the most important concept in graph theory as it plays a vital role in different
domains especially, computer science and communication networks. The known appli-
cations are in coding theory, x— ray crystallography, computer network security, global
mobile communication, radar, circuit design, astronomy etc., yet finding the exclusive
applications of a particular graph labeling is still an open area of research. There are
numerous graph labeling techniques which are introduced and studied for various real
life applications, one of them is a cordial labeling which is actually a weaker version of
graceful and harmonious labeling. From time to time many variants of cordial labeling
have been explored, a few notable ones are prime cordial labeling and divisor cordial
labeling. A graph G is said to admit a prime cordial labeling if there exists a bijection
f:V(G) = {1,2,3,...,|V(G)|} defined by the induced function f*: E(G) — {0, 1} such
that if, f*(uv) = 1 if ged(f(u), f(v)) = 1 and f*(uv) = 0 if ged(f(u), f(v)) > 1, then
the number of edges labeled with 0 and 1 differ by at most 1 i.e; [ef(0) —ey(1)| < 1. If
a graph admits a prime cordial labeling, then it is called a prime cordial graph. Sim-
ilarly, a graph G is said to admit a divisor cordial labeling if there exists a bijection
f:V(G) = {1,2,3,...,|V(G)|} defined by the induced function f* : E(G) — {0,1}
such that if f*(uwv) = 1 if f(u)|f(v) or f(v)|f(u) and f*(uv) = 0 otherwise, then
lef(0) —ep(1)] < 1. If a graph admits a divisor cordial labeling, then it is called a di-
visor cordial graph. Though a significant work has been done concerning prime cordial

labeling and divisor cordial labeling, yet a complete characterization of these labelings
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is still pending and they are the area of high interest. In pursuant of obtaining the com-
plete characterization of these labeling, researchers around the globe have established
the prime cordial and divisor cordial labeling for various classes of graphs and also in
the context of some graph operations such as join, union, intersection, disjoint union,

subdivision, vertex switching, duplication, Cartesian product, etc.

In the proposed work, a complete characterization has been done partially concerning
these labeling besides formulating some interesting conjectures and open problems as a
future direction of research. Further, two new variants of divisor cordial labeling are
also introduced and certain interesting results are established. Thus the thesis titled “A
Study on Prime Cordial Labeling and Divisor Cordial Labeling of Graphs”

deals with the following objectives:-

1. Deriving certain new classes of prime cordial graphs.

2. Obtaining some new classes of divisor cordial graphs.

3. Establishing the prime cordial labeling and divisor cordial labeling in the context of
extension of vertices in graphs.

4. Introducing and studying new variants of divisor cordial labeling for various classes

of graphs.

The thesis consists of six chapters where in chapter 1, a general overview of graph the-
ory and graph labeling has been given. Specifically, the literature review section recalls
some notable established results on prime cordial labeling and divisor cordial labeling
of graphs. Based on the review of literature, research gap has been identified and some
realistic objectives are proposed. This chapter also describes the relevant concepts, ter-
minologies, and mathematical preliminaries used throughout the study undertaken.

In chapter 2, certain general results on prime cordial labeling of graphs are established.
Some new results for graph operation named, corona, are investigated for prime cordial
labeling. Finally, a family of tree, named, lilly graph has been investigated under differ-
ent graph operations of high interest like duplication, degree splitting, subdivision, and
vertex switching.

In chapter 3, prime cordial labeling has been investigated for some standard graphs like,
path, cycle, wheel, gear, helm, flower, fan, double fan, star, bistar etc., in the context of
graph operations namely, extension of vertex and vertex duplication.

In chapter 4, some general results on divisor cordial labeling of graphs are investigated.
Some well known graphs are explored for divisor cordial labeling under the graph op-

eration called corona. Further, lilly graph, classes of planar graphs Pl,, and Pl,,, are



also studied under different graph operations for divisor cordial labeling.

In chapter 5, divisor cordial labeling of certain graphs viz; path, cycle, wheel, gear, helm,
flower, fan, double fan, star, bistar etc., in the context of graph operations namely, ex-
tension of vertex and vertex duplication are established.

In chapter 6, to further enrich the discipline, two new variants of divisor cordial label-
ing, namely, double divisor cordial labeling and average even divisor cordial labeling are
introduced and investigated for various graphs.

In the end, the study undertaken has been justified by an elaborative bibliography given
in the concluding part of the thesis.
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Chapter 1

Introduction

In this chapter, a brief and concise introduction to graph theory and graph labeling
along with a few notable applications are given. Basic definitions and terminologies are
also presented to understand the study under taken. The main theme of the thesis is
presented along with a short history and broad review of literature. Based on the review
of literature, the research gap is identified and consequently objectives of the present

work are proposed.

1.1 Introduction to Graph Theory

A graph is informally a pictorial representation of any real life phenomena where the
objects are treated as nodes and the relations among them are the edges. A study
about graphs and their properties is called graph theory. One of the more fascinating
uses of graph theory is in “biology and conservation where a node might represent
a location where particular species live and the edges can reflect migration patterns
or movements between the areas.” This knowledge is crucial for knowing the breeding
patterns, sickness, parasite distribution, or how changes in migration affect other species.
Graph theory has a long history that dates back to 1735, when L. Euler solved the
famous “Konigsberg bridge problem”. It was an old puzzle in which the goal was to
discover a path that walked over each of the seven bridges that were over a forked river
running past an island without crossing any of them more than once. According to
Fuler, no such path exist. His solution to the riddle involved only references to the
physical arrangement of the bridges (see Figure 1.1), yet he established graph theory’s

first theorem.

Though graph theory was initially used to answer fun puzzles, but now has emerged

as a prominent field of multidisciplinary research due to its vast variety of applications

1
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‘IV O~
I|AI .

FIGURE 1.1: (a)Konigsberg bridge problem (KBG) (b)Graphical representation
of KBG

in different fields. For instance, “in Computer Science, the link structure of a website
can be represented by a graph in which the nodes represent web pages and directed
edges represent links from one page to another. Similarly, in Chemistry, a graph is a
natural representation of a molecule, with nodes representing atoms, and edges repre-
senting bonds. This technology comes in handy in computer-assisted molecular structure
processing, which encompasses anything from chemical editors to database searches. In-
terestingly, though mathematical modeling in Organic Chemistry originates from many
branches of Mathematics, yet a special emphasis is given to Chemical graph theory
(CGT) [13] that applies graph theory to mathematical modeling of chemical phenom-
ena. Moreover, in Statistical Physics, graphs can represent local connections between
interacting parts of a system, as well as the dynamics of a physical process on such
systems. Micro-scale channels of porous medium are also represented using graphs,
with nodes representing pores and edges representing smaller channels linking the pores
[54].” Algebraic graph theory [12] emerged from the investigation of graphs with high
symmetry. It studies various classes of graphs with reference to certain properties of
automorphism groups, such as distance transitive graphs, vertex-transitive graphs, edge-
transitive graphs, semi-symmetric graphs, etc. Likewise, one can see that graph theory
has a numerous applications in other branches of Mathematics, Science, Engineering &

Technology, Communication Networks, and real-world problems [14, 49].

1.1.1 Preliminaries

The fundamental definitions, results and concepts discussed in this subsection are very
essential for the study undertaken and are mainly given by Harary [34] and Bondy and
Murthy [14]. Terms vertices, nodes and points mean the same. Similarly, edges, lines

and arcs mean the same.

Definition 1.1.1. “An undirected graph G(V, E, ¢) consists of a non-empty set V(G) =

{v1,v9,...,v,} called nodes and another set E(G) = {eq,ea,...,e,} called edges and an
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incidence function ¢ that associates with each edge of G an unordered pair of nodes of
G, not necessarily distinct. ¢ is not mentioned explicitly as it can be understood from
edges. If e is an edge and u, v are nodes such that ¢(e) = uv, then e is said to be formed

by joining u and v. The ends of e are u and v.

By G, one means G(V, E) or G(V(G), E(G)). The set of vertices and edges of G are
denoted by V(G) and E(G) respectively. Also |V (G)| and |E(G)| denote the order and
size of G respectively. A graph of order p and size ¢ is oftenly called a (p, q)-graph.
Graph G is called simple, if u and v are distinct, for every edge uv (see Figure 1.3). A
graph G(V, E) is said to be a finite graph if V' and E are finite sets. An infinite graph
is the one with an infinite set of V' or E or both. A graph with just one node is called
trivial and all other graphs non-trivial. For an edge e = uv of G, v and v are adjacent
and each is incident with e. If two distinct edges are incident with a common node, then
they are said to be adjacent edges. T'wo or more edges associated with a given pair of
nodes of G are called parallel edges. An edge of G associated with a node pair (v;, v;) is
called a self-loop or loop. A graph is multigraph if no loops are allowed but parallel edges
can be there. If both are permitted then the graph is called a pseudograph. For a node
v € G, the degree dg(v) or simply, d(v) is the number of edges of G that are incident
with v. The maximum degree of G denoted by A(G) is the degree of the node with the
greatest number of edges incident to it whereas the minimum degree of G denoted by
d(G), is the degree of the node with the least number of edges incident to it. A node of
degree zero and one are respectively known as an isolated node and pendant node of G.
In G, ifdg(v) =k, Vv e V(Q), then G is called a k — regular graph. A regular graph is
a graph which is k — regular for some k. Neighbourhood or open neighbourhood N (u)
of a node u € V(G) is the set of all the nodes which are adjacent to u. Nu| denotes a

closed neighbourhood of u is a set containing u and N (u).”

Definition 1.1.2. “A directed graph or digraph is a graph in which each edge has a

direction, thus the edges v1vy and vov; are not same (see Figure 1.2).”

Vs

Vs Va2 V3

(a) (b)

FiGURE 1.2: (a) Undirected graph (b) Directed graph

In the Figure 1.4, one can observe the following:-

(i) G is not simple.
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FIGURE 1.3: Simple Graph

(ii) a = vivs, b = v3v3, ¢ = V3V4, € = d = V1Ve, [ = VaUs.
(iii) |V(G)| =5 and |E(G)| = 6.

(iv) b is a loop whereas d, e are parallel edges.

(v) v1 and vy are adjacent nodes whereas v1 and vy are not.
(v) a and f are incident edges (d and c¢ are not incident).
(vi) d(v3) =5, d(v1) = d(v2) = 3, d(v4) = 1 and d(vs) = 0.
(vii) vs is an isolated node whereas vy is a pendant node.

Vi a Vs b

v, Wy

FIGURE 1.4: Graph G with self loop and multiple edges

Definition 1.1.3. “A graph H with V(H) C V(G) and E(H) C E(G) is called a
subgraph of G. A subgraph H of G is proper if either V(H) # V(G) or E(H) # E(G).”

Definition 1.1.4. “The subgraph obtained by deletion of a node from G is called a
node deleted subgraph of G whereas subgraph obtained by deletion of an edge from G
is called an edge deleted subgraph of G (see Figure 1.5).”

Definition 1.1.5. “A spanning subgraph of G is a subgraph H of G with V(G) =
V(H).

Definition 1.1.6. “Let G(V, E) be a graph. Let V; be a non-empty subset of V. The
subgraph G[V;] of G induced by V; is a graph G[V1]|(V1, E1) with edge set Ej. The set
E consists of those edges of G having both ends in Vi. G[Vi] is referred as an induced

subgraph of G.
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Vy V3

vy v, " Vi

G G-{v} G- {e;}

Ficure 1.5: “Node deleted” and “edge deleted” subgraphs of G

A walk in G is an alternating sequence of nodes and edges vy, €1,v1, €2, ..., Un_1, €n, Un
beginning with vy and ending with v, such that e; = v;_1v; ; (i = 1,2...n). It is called
a vg — v, walk and n is called the length of the walk. A trial is a walk in which all the
edges are distinct. A walk in which all the nodes are distinct is called a path denoted by
P,,. If the two end points vy and v, coincide in P, it is called a cycle C},. Two nodes u
and v of G are said to be connected if there is a (u,v) — path in G. One can partition
the node set V into non-empty subsets V;, Va,..., Vi such that the two nodes u; and
ug are connected if and only if both the nodes u; and us belong to the same set V;. The
subgraphs G[V1], G[Va], ..., G[V}] are called the components of G.”

Definition 1.1.7. “A graph G is said to be connected if it has exactly one component;

otherwise, it is called disconnected (see Figure 1.3).”
Definition 1.1.8. “A graph is considered acyclic if it without any cycle.”
Definition 1.1.9. “A connected, acyclic graph is referred as a tree.”

Definition 1.1.10. “Any graph without cycle is called a forest. Thus, the components

of a forest are trees.”
Definition 1.1.11. “ A connected graph with a cycle is called a unicyclic graph.”

Definition 1.1.12. “If every pair of distinct nodes of G are adjacent in G then it is

known as complete graph, denoted by K. The size of K, is @ (see Figure 1.6).”

Definition 1.1.13. “ A bipartite graph is a graph G(V,E) in which V(G) can be
partitioned into two non-empty subsets X and Y such that each edge of G has one end
in X and the other end in Y. The pair (X,Y) is called a bipartition of G. Further, if
every node in X is adjacent to all the nodes of Y, then G is called a complete bipartite
graph. The complete bipartite graph with bipartition (X,Y") such that | X| = m and
|Y| = n is denoted by K, (see Figure 1.7). The graph K, is called a star where the

node of degree n is called central node or apex.”
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vy v,

VE v;

Vg Va

FIGURE 1.6: Kg

FIGURE 1.7: K34

Definition 1.1.14. “ Two graphs (G; and G2 are said to be isomorphic if there exists
a bijection ¢ : V(G1) — V(G2) such that uwv € E(Gy) if and only if ¢ (u)y(v) € E(G2);
such a function ¢ is called an isomorphism from G to Go. If G; and G4 are isomorphic,

it is written as G1 = G2 (see Figure 1.8).”

G H

FIGURE 1.8: Isomorphic graphs G and H

Definition 1.1.15. ¢ The complement of G denoted by G is having same node set as
that of G and for each pair u, v of nodes of G, uv is an edge of G if and only if uv is not

an edge of G (see Figure 1.9).”

Remark 1.1. The graph K,, has n nodes and no edges. It is called an empty graph of

order n. Also K; and K represent the same graph.”

Definition 1.1.16. “G; and G are disjoint if they have no node in common and edge

disjoint if they have no edge in common.”
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t U t @ Uz

u, U Uy Uz

5 G

FIGURE 1.9: Graph G and G

Definition 1.1.17. [77] “An edge e = uwv is said to be subdivided if a new node of
degree 2 is inserted in it. A graph obtained by subdividing each edge of G is called the
subdivision of G and is denoted by S(G).”

Definition 1.1.18. “Let G1(Vi, E1) and Ga(Va, E2) be disjoint graphs. Join of G; and
G, denoted by G1 4+ G2 has V(G + G2) = V1 U Vs and E(G1 + Ga) = E1 U Ey U {uv :
u € Vi,v € Va} (see Figure 1.10).”

G, G, G,+G,
FIGURE 1.10: G + Go

Definition 1.1.19. [17] “The graph f,, = P, + K is called a fan and Df,, = P, + 2K,

is known as double fan.”

Definition 1.1.20. “Wheel graph W,, is formed by joining all the nodes of C), to K;
(see Figure 1.11).”

Definition 1.1.21. “Gear graph G, is obtained from W, by subdividing each of its

edge on the rim.”
Definition 1.1.22. [61] Double wheel graph DW,, is a join of 2C), and K.

Definition 1.1.23. “Helm graph H,, is obtained from W,, by attaching pendant edge

to each node on the rim (see Figure 1.11).”

Definition 1.1.24. [17] “Flower graph Fl,, is obtained from H, when each pendant
node is joined to the apex node. It contains three types of nodes; an apex of degree 2n,

n nodes of degree 4 and n nodes of degree 2 (see Figure 1.11).”
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Flower

FIGURE 1.11: Wy, Hg and Flg

Definition 1.1.25. [47] “A globe graph GI(n) is a join of K, and 2K;.”

Definition 1.1.26. [81] “Bistar B, , is obtained by connecting the the apex nodes of
Kim and Ky,

Definition 1.1.27. “ The union of G1(V1, E1) and Go(Va, Es) is denoted by G U Go
which has node set V3 U V5 and edge set E7 U Ey (see Figure 1.12).”

FicURrE 1.12: G1 UGy

Definition 1.1.28. “If ViNV;, # ¢, then G = (V, E), where V. = ViNV, and E = E1NEs,
is called the intersection of G1 and G2 and is denoted by G1 N Gs.”

Definition 1.1.29. “For Cartesian product of G; and G3, consider any two points

u = (u1,uz) and v = (vi,v9) in V.= V; x Vi, then u and v are adjacent in G; X Go
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whenever either u; = v and s is adjacent to vy or uo = vo and wu; is adjacent to vy. It
is denoted by G x G2 (see Figure 1.13).”

H i
U e e :
1
! ey - ' {ug,uy) {uy,va) {ug,ws) !
| b ol :
! : | Uz v, wy 1 !

1
| i 10— —@ | | :
1 1 H ] 1 1
] 1 H 1 1 1
1 1 i 1 1 1
i P b !
: vy : B S e I(“lr”!] h"lr"‘!] ':“'1;“"2] :
e . ! 1
e
G,
G, G, X G,

FIGURE 1.13: G x G4

Definition 1.1.30. “The graph L,, = P, X P, is called a ladder and FP,, x P, is called
a planar grid. The graph C,, x P; is called a prism.”

Definition 1.1.31. “The corona G; ® G2 of G1(p1,q1) and Ga(p2,q2) is defined as the
graph obtained by taking one copy of G1 and p; copies of G2 and then joining the "
node of G to all the nodes of Gy in the i'" copy (see Figure 1.14).”

________ v,
uy
Vi Vi Va Vi Vi V3
Vi v W
uz vz
uy u;
B B, 6, ©6,

FIGURE 1.14: G1 ® Go

Definition 1.1.32. “P, ® K is called a comb whereas C,, ® K; is called a crown.”

Definition 1.1.33. [78] “The one point union of n — copies of Cj is called a friendship
graph and is denoted by F},.”

Definition 1.1.34. [80] “A square graph of G denoted by G2, is a graph having same
node set as that of G and the two nodes are adjacent in G2 if they are at a distance 1

or 2 apart in G (see Figure 1.15).”

Definition 1.1.35. [2] “The total graph T'(G) of G is the graph whose node set is
V(G) U E(G) and the two nodes are adjacent whenever they are either adjacent or
incident in G (see Figure 1.16).”
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G G2

FIGURE 1.15: G and G?

Vi V3 V3 Vg H
i
i
—eo—o—o—9o |
u L] uz Lt ug !
G T(G)

FIGURE 1.16: G and T'(QG)

Definition 1.1.36. [32] “The middle graph M (G) of G is the graph whose node set is
V(G)UE(G) and in which two nodes are adjacent if and only if either they are adjacent

edges of G or one is node of G and the other is an edge incident with it (see Figure
1.17).7

vy v; V3 vy

@
L K
L B
L 1
®s

G M(G)
FIGURE 1.17: G and M(G)
Definition 1.1.37. [79] “The composition of G; and G2 denoted by G1[G2] has V(G1[G2]) =

V(Gl) X V(Gg) and E(Gl[GQ]) = {(ul,vl)(UQ,Ug) D ULUY € E(Gl) or [u1 = ug and
vivy € E(G2)]} (see Figure 1.18).”

P 1 7] e

" (u3,u;) (13, v) ()

e il

L LY L) v pw)
Gy G, G4[G,]

FIGURE 1.18: G1[G2]

Definition 1.1.38. [81] “The splitting graph S’(G) of G is obtained by adding for each
node v of G a new node v’ such that v’ is adjacent to every node that is adjacent to v
(see Figure 1.19).”
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Kis S'(Ky,5)

FIGURE 1.19: S'(Kp5)

Definition 1.1.39. [50] “Let G with V(G) = S1USs,...US; UT, where each S; consists
of a set of nodes containing not less than two nodes and having the same degree, and
T =V —JS;. The degree splitting graph of G denoted by DS(G) is constructed from
G by inserting nodes wi, ws, ..., wy and joining w; to each node of S;; 1 < i < ¢ (see
Figure 1.20).”

O'Q?p‘o

-

®

FIGURE 1.20: DS(Ps)

Definition 1.1.40. [66] “Duplication of a node v; of G produces a new graph G’ by
inserting a node v}, such that N(v}) = N(vg).”

Vertex duplication operation has a lot of applications, especially when it comes to data
integrity and security [9]. In any network, one can duplicate a hub of maximum degree
so that if there is any fault in the hub accidentally, data may not be lost (since vertex

duplication creates a parallel network).

Definition 1.1.41. [41] “Vertex switching of v in G is done by removing all the edges
incident to v in G and adding edges that join v to every other node of G which are not

adjacent to v in G.”

Definition 1.1.42. [80] “A shadow graph D2(G) of G is obtained by taking 2-copies of
G, say, G1 and (9, and join each node u; in G1 to the neighbours of the corresponding

node v; in G (see Figure 1.21).”
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FIGURE 1.21: Dy(K;5)

1.2 Graph Labeling

Graph labeling is informally “an allocation of labels to the nodes or edges (or both) of a
graph under some conditions.” The origin of graph labeling believed to dates back to the
13" century when Yang Hui and others studied the labeling of geometric figures, which
are today categorised as planar graphs. Efforts to solve various practical difficulties in
real-world scenarios have also resulted in the creation of several graph labeling methods,
for instance, “creation of some significant classes of excellent non periodic codes for pulse
radar and missile guidance is similar to the labeling of complete graph with separate
edge labels. The time locations at which pulses are sent are then determined by the
node labels. Similarly, X-rays beam when collides with a crystal, diffracts in a variety
of ways, making X-ray diffraction one of the most powerful methods for evaluating the
structural characteristics of crystalline materials. In some cases, diffraction information
is shared by many structures. This assignment is analogous to locating all labeling
of relevant graphs that provide a given set of edge labels. Further, a communication
network is composed of nodes, each of which has a tendency to compute, transmit, and
receive messages over communication links. Graph labeling is also useful for allocating
a node label to each user terminal, subject to the restriction that all communication
links have unique labels, so that the numbers of any two communicating terminals
automatically specify the link label of the connecting path, and the path label uniquely
specifies the pair of user terminals it interconnects. Surprisingly, channel labeling is
used in order to decide the time at which sensors communicate whereas magic labeling
plays a vital role in communication field [39].” One can also use graph labeling for
issues in Mobile Adhoc Networks (MANET’s). Bloom and Golomb [10] linked graph
labeling to a number of applications, including radar, circuit design, network design, and
communication design. For more complicated families of graphs or unresolved issues, a
particular type of labeling is researched in depth. Meanwhile, additional variations of

labeling are discovered through breadth research by the modification of graph invariants
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like combining two types of labeling that already exist. Specifically most of the methods
in the study of graph labeling find their inception to the labeling concept introduced by
Rosa [62].

Definition 1.2.1. “A vertex labeling of G is a function f that assigns labels to the
vertices of G which induces for each edge uv a label depending on labels f(u) and f(v)
under some contraints. Similarly, an edge labeling of GG is an assignment of labels to
the edges of G that induces for each vertex a label depending on the labels of the edges

incident to it.”

Number theory and graph structures are inextricably linked in graph theory. A vast
literature on graph labeling can be found in [23]. First, recall the basic graph labeling
techniques that are related to the present study.

Definition 1.2.2. [29] “A graph G(p,q) is graceful if there is an 1 — 1 mapping f :
V(G) — {0,1, ..., q} such that the resulting difference of the node labels of all the edges
is the set {1,2,...,q} (see Figure 1.22).”

FiGURE 1.22: Graceful labeling of graph

Definition 1.2.3. [31] “A graph G(p,q) is harmonious, if there is an injection f from
V(G) to Zg, the group of integers modulo ¢ such that when each edge zy is assigned the
label (f(x) 4+ f(y))(mod q), the resulting edge labels are distinct (see Figure 1.23).”

FIGURE 1.23: Harmonious labeling of C7

Definition 1.2.4. [76] “A graph G(p, ¢) is said to admit a prime labeling if 3 a bijection
f:V(G) = {1,2,...,p} such that for each edge e = uv, ged(f(u), f(v)) =1 (see Figure
1.24).”
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FIGURE 1.24: Prime labeling of G

Cahit [19] proposed the idea of “cordial labeling” in 1987 as a “weaker version of graceful
and harmonious graphs” [10, 11, 62, 65].

Definition 1.2.5. “Let G(V, E) be a graph. A mapping f : V(G) — {0,1} is called a
binary vertex labeling of G. For an edge e = wv, the induced edge labeling f* : E(G) —
{0, 1} is given by f*(e) = [f(u) — f(v)].”

Definition 1.2.6. “A binary vertex labeling f of G is called cordial labeling if |v;(0) —
vp(1)] < 1 and |ef(0) — ef(1)] < 1. A graph which admits a cordial labeling is called
cordial. Here, v¢(0), v¢(1) denote the number of nodes having labels 0 and 1, respectively
and ef(0), ef(1) denote the number of edges with labels 0 and 1, respectively.”

A significant research has been done in cordial labeling. In addition to this, a few more

variants of cordial labeling are also introduced. Some of them are given here.

Definition 1.2.7. [35] “A k-cordial labeling of G(V, E) is defined by a function f :
V(G) — Zj, so that when each edge zy is assigned the label (f(z)+ f(y))(mod k), then
lup(@) —vp(d)| < 1and |ep(i) —ep(§)| <1, Vi, j € Zy.”

Definition 1.2.8. [88] “For a graph G(V, E), let f: E(G) — {0,1}. Define f on V(G)
by f(v) =Y {f(uv) : wv € E(G)}(mod 2). Then f is called E-cordial if |v;(0) —vy(1)] <
1 and |ef(0) —ef(1)] < 1.7

Definition 1.2.9. [73] “A product cordial labeling of G(V, E) is a function f : V(G) —
{0, 1} such that if each edge uv is assigned the label f(u)f(v), then |ef(0) —ef(1)] <1
and |vf(0) —vp(1)] < 1. A total product cordial labeling of G(V,E) is a function
f:V(G) — {0,1} such that if each edge uv is assigned the label f(u)f(v) then |(vs(0)+

ef(0)) = (vs(1) +ep (1)) < 1.7

1.3 Prime Cordial Labeling and Divisor Cordial Labeling

First, recall some number theoretic concepts.
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Definition 1.3.1. [18] “An integer b is said to be divisible by an integer a # 0, if 3

some integer k such that b = ka, written as a|b.”

For example, —16 is divisible by 4, because —16 = 4(—4), however 10 is not divisible by
3.

Definition 1.3.2. [86] “The divisor function of integer, d(n), is defined by d(n) = > 1.

That is, d(n) denotes the number of all positive divisors of an integer n.”

For example, for an integer 8, d(8) = 4 as the divisors of 8 are 1,2,4, 8.

Definition 1.3.3. [86] “ Let n € Z and = € R. The divisor summability function is
defined as D(z) = ) d(n).”

n<x
For example, if z = 6.4, then D(6.4) = d(1) + d(2) + d(3) + d(4) + d(5) + d(6) =
1+2+24+3+2+4=14.

Definition 1.3.4. “Let f(z) and g(z) be two functions defined on some subset of R.
f(z) = O(g(2)) as z — oo if and only if 3 a positive real number M and zp € R such
that |f(2)] < M|g(2)| V z > 2p.”

Definition 1.3.5. “For x € R and m,n € Z, ceiling and floor functions are defined as
follows.

[] =min{n € Z:n >z} and

|z] = max{m € Z : m < z}.

Itcanbeseenthat z —1<m<z<n<x+1.

For example, [2.4] =3 and |2.4] = 2.

Definition 1.3.6. [22] “Let a,b € Z, (both not 0), then the greatest common divisor
(ged) of a and b denoted by (a,b) or ged(a,b), is the +wve integer d such that

(i) d|a and d|b

(ii) if c|a and c|b then c|d. ”

For example, (36,48) = 6.

Theorem 1.3.1. [22] A common divisor of m and n is a divisor of their ‘ged’.
Theorem 1.3.2. [22] If g = (a,b), then 3 x,y € Z such that g = (a,b) = ax + by.

Definition 1.3.7. [22] “If («, 5) = 1 then « and f are said to be relatively prime.”

Theorem 1.3.3. [22] If a and [ are relatively prime and if a|By, then o must divide
.



Chapter 1. Introduction 16

Definition 1.3.8. [18] “Let n € N. The Euler’s phi function ¢(n) denotes the number

of positive integers < n and relatively prime to n.”

For example, ¢(1) = 1 and ¢(10) = 4. For a prime p, ¢(p) =p — 1.

Theorem 1.3.4. For n € N,
(i) If n = p*ps?..pp*, then ¢p(n) = n(l — p%)(l - p%)(l — é)
(ii) ¢(n) is even for n > 3.

(iii) 32 ¢(d) = n.

dn
Theorem 1.3.5. [18] Every integer > 1 is either a prime number or a product of prime

factors, with the latter being unique up to the prime factor ordering.

Theorem 1.3.6. [7] For the set F, ={1,2,...,n}, total number of relatively prime
n

pairs is given by > ¢(k).
k=2

Theorem 1.3.7. [52] (i) Given odd integer m and t € N, ged(m, m + 2%) = 1.
(ii) Given odd integer m, an odd prime q and ti,t2 € N, if m # 0(mod q), then
ged(m, m + 211 .¢'2) = 1.

Prime numbers are unique and are rich in terms of their properties. In fact there are
now many applications of prime numbers with real life significance. One such area is
cryptography with the process of encryption of data as of the foremost applications of
prime numbers. The difficult task of factorizing exceptionally large numbers as product
of primes has turned out to be of great importance in keeping important information
safe [21]. For other interesting applications of prime number one can refer to [28].

In 2005, Sundaram et al., [74] brought into being the concept of prime cordial labeling
inspired by prime labeling [76] and cordial labeling [19].

Definition 1.3.9. [74] “A prime cordial labeling of G(V, E) is a bijection f : V(G) —
{1,2,3,...,|V(G)|} defined by the induced function f* : E(G) — {0,1} such that if,
ff(uwv) = 1if ged(f(u), f(v)) = 1 and f*(uv) = 0 if ged(f(u), f(v)) > 1, then the
number of edges labeled with 0 and 1 differ by at most 1 i.e; |ef(0) —er(1)] < 1. If
a graph admits a prime cordial labeling, then it is called a prime cordial (see Figure
1.25).”

K,, n > 3 is not prime cordial.

Varatharajan et al., in 2011, first presented the notion of divisor cordial labeling [86].
Definition 1.3.10. [86] “ A divisor cordial labeling of G(V, E) is a bijection f : V(G) —

{1,2,3,...,|[V(G)|} defined by the induced function f* : E(G) — {0,1} such that if
f*(uwv) = 1if f(u)|f(v) or f(v)|f(u) and f*(uv) = 0 otherwise, then |ef(0) —ef(1)] < 1.
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FIGURE 1.25: Prime cordial graph

If a graph admits a divisor cordial labeling, then it is called a divisor cordial graph (see
Figure 1.26).”

Ficure 1.26: Divisor cordial graph

K,, n > 7 is not divisor cordial.
Note: If G is a prime cordial graph (divisor cordial graph) and G is isomorphic to H

then H also admits a prime cordial labeling (divisor cordial labeling).

1.4 Review of Literature

Throughout this thesis, “PCL, DCL, PCG and DCG” are used to denote “prime cordial
labeling, divisor cordial labeling, prime cordial graph and divisor cordial graph” respec-
tively. For prime cordial graphs and divisor cordial graphs, PCGs and DCGs are used

respectively.

1.4.1 Important Results on Prime Cordial Labeling

In this subsection, a few important established results on PCL of graphs are recalled.

Somasundram et al., in their introductory paper [74] proved that

e (,isaPCG < n>6.
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e P,isa PCG <= n #3,5.
o S(K;,)isaPCG <= n>2.

e The bistars, dragons, and crowns are PCGs. Triangular snakes are PCG if and

only if the snake has at least three triangles.

Vaidya et al., in [78, 79] established PCL of the following.

e The “path union” of k- copies of C,,.

°

£
S
\
w

e T'(P,) and T(C,) for n > 5.

e P»[P,] for m > 5.

Two cycles joined by P,,, and a graph formed by “switching of an arbitrary node”

in C, except n = 5.
Vaidya and Shah in [80, 81, 84, 85] established the following.

e P2 n=6,n>8isaPCG.

e C2,n>101is a PCG.

o Bfm admits a PCL.

e Dy(By,) is a PCG.

o Dy(Ki,)is a PCG for n > 4.

o S'(K1,),S'(Bnn), and M(P,) are PCGs.
o W,,n>8isaPCG.

o G, n>4isa PCG.

e H,isa PCGVn.

e CH,,n>5isaPCG.

e Fl, is a PCG for n > 4.

e DS(P,) and DS(B,,,) are PCGs.

e Df, permits a PCL for n = 8, n > 10.
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1.4.2 Important Results on Divisor Cordial Labeling

Some notable results on DCL of graphs are presented here. Vartharajan et al., in [86, 87|

proved the following results.

o P, Cp, Wy, K1, Ko, and K3, are DCGs.
e K, permits a DCL only for n = 3,5, 6.
e S(K;,) admits a DCL.

e Let G be a DCG of size m and K», be having bipartition V = V; UV, with V; =
{a1,a2} and Vo = {by,ba, ..., by}, then “G x K3 ,, formed by identifying the nodes
a; and ag of Ky, with that labeled 1 and the largest prime p < m respectively in
G is also a DCG”.

e Let G be a DCG of size m and K3, be having the bipartition V = V; U V, with
Vi ={a1,a2,a3} and Vo = {b1, b2, ..., b,} and n is even, then “G x K3 ,, formed by
identifying the nodes a1, as and a3 of K3, with that labeled 1,2 and the largest
prime p < m respectively in G is also a DCG”.

Vaidya and Shah in [82, 83] established the DCL of the following graphs.

Hy, Flyn, Gp.

“Switching of a node” in C,, “switching of a node at rim” in W, and “switching

of apex node” in H,,.

S"(Kin), S'"(Bnn)-

i DS(an), DQ(BWTL)? B121,n'
Raj et al., in [55-57] proved the following results.
° S/(ngm), S/(Kl,n,n)7 P,+2K,, C, +2K7, (Kn UPm) + 2K, (Pn @] Pm) + 2K are

DCGs.

e Corona of a graph formed by switching of any node of C), for n > 4, with K is
DCG.

e Graph acquired by joining the apex nodes of 2- copies of W), to a new node admits
a DCL.
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e Graph formed by joining 2 copies of W, using a path P, admits a DCL, where
n > 3.

e Disconnected graphs P, U P,,, C, UCy,, P,UChy,, P,UK 1, P,UWy,, C, UKy,
Cn,UW,,, W, UW,, are DCGs.

Maya et al., in [41] established the following results.

e Fl, forn>3, Hy,n > 3.
e Graph formed by switching a node at rim in W,, n > 4.

e Graph formed by switching apex node in H,.
Bosmia et al., in [15, 16] established the following results.

® B, S'(Bmn), DS(Bpmn), D2(Bmy) Bfnyn and S(Bp, ) are DCGs.
e S(Kj3p) and S(K3,) admit a DCL.
Ghodsara et al., in [27] established the following.
e The ring sum of the following graphs with K, admit a DCL (i) C,, (ii) C,, with
one chord (iii) C,, with triangle (iv) C,, with twin chords forming two triangles (v)
P, (vi) Df,.

Gondalia et al., in [30] contributed the following results.

e The ring sum of the following graphs with K, admit a DCL (i) H, (ii) G,, (iii)
DW,, (iv) Jy.

K. Thirusangu et al., in [75] established the following results.
e Extended duplicated graph of K1, By, and Kip, are DCGs.
As every graph need not to admit a PCL or DCL, it becomes an interesting and chal-

lenging job to see the families of graphs that admit PCL or DCL. The graphs considered

in the thesis are mainly finite, simple, connected and undirected.
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1.5 Research Gap and Objectives

Though an enormous work has been done concerning PCL and DCL, still there are
many open problems to work on. Especially, the complete characterization of PCGs
and DCGs are the main areas of high interest. The gap of establishing the PCL and
DCL of some new families of graphs has been filled. Researchers have studied the PCL
and DCL of certain graphs in the context of graph operations such as join, subdivision,
vertex duplication, vertex switching, edge duplication etc. but establishing the PCL and
DCL of graphs in context with extension of nodes is still open. Recently, researchers
have explored some new variants of DCL such as “sum divisor cordial labeling, square
divisor cordial labeling, cube divisor cordial labeling” etc., a few more new variants of
DCL which are not explored yet, such as “average even divisor cordial labeling, double
divisor cordial labeling” etc. can be introduced. Based on these research gaps, the
objectives of the thesis are framed.

1. Deriving certain new classes of PCL.

2. Obtaining some new classes of DCL.

3. Establishing the PCL and DCL in the context of extension of vertices in graphs.

4. Introducing and studying new variants of DCL for various classes of graphs.

1.6 Conclusion

In this chapter, a short introduction to graph theory and graph labeling and their uses
in real life situations have been given. Several graph labeling techniques specifically,
prime cordial labeling and divisor cordial labeling of graphs are recalled. Further, a
comprehensive review of literature along with research gap followed by the proposed

objectives is also presented.



Chapter 2

Results on PCL of Graphs

2.1 Introduction

In this chapter, a few new general results concerning PCL of graphs are derived. PCL
in the context of graph operation named, corona, is discussed in the second subsection

which is followed by the investigation of PCL of lilly related graphs.

2.2 Certain New General Results on PCL of Graphs

This section is dedicated for obtaining some general results concerning PCL of graphs.

First, a few established general results have been recalled.
n

Theorem 2.2.1. [1] “Y" ¢(i) > 5(3) + 1.7
i=2

Theorem 2.2.2. [3] “If G(p,q) is a PCG, then G — e is also a PCG,
(i) ¥ e € E(G) when q is even.
(i) for some e € E(G) when q is odd.”

Theorem 2.2.3. [3] “A mazximum number of edges in a simple PCG having n nodes is
n

n?—n+1-25 ¢k).”
k=2

Theorem 2.2.4. [52] “For an odd prime graph G1(V1, E1), and another graph Go(Va, Eo)
with |Vi| = |Va| and |E1| = |Es|, disjoint union of Gi and Ga is a PCG.”

Theorem 2.2.5. [52] “Let G be an odd prime graph on n nodes and H be a graph
formed by joining any pair of corresponding nodes of two copies, G1 and Go, of G by an
edge. Then H is a PCG.”

22
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Theorem 2.2.6. [52] “Let G be an odd prime graph of order n and H be a graph
obtained by identifying each end node of P, with corresponding nodes of each of the two
copies G1 and Go of G. Then H is PCG, when one end node of Py is identified with a
node in G having label 3 if

(i) k>4, k#5 andn > 2

(ii)) k=3 and n > 4

(ii) k =5 and n > 3.”

Motivated by these results, a few more general results are obtained concerning PCL of

graphs which are discussed as follows.
Lemma 2.2.1. [50] DS(K,,) gives rise to Ky4;.
Theorem 2.2.7. [7}] K,, does not admit a PCL for n > 3.

Theorem 2.2.8. DS(K,,) does not admit a PCL for n > 2.

Proof. Proof is obvious from Lemma 2.2.1 and Theorem 2.2.7. O

Theorem 2.2.9. Disjoint union of a finite copies of P, admits a PCL.

Proof. Let G be constructed by taking the disjoint union of k-copies of P, with V(G) =
{vi,v2,...;vn}. Clearly, |V(G)| = nk, and |E(G)| = k(n —1). Consider ¢ : V(G) —
{1,2,...,nk}. Now three cases arise.

Case (i) If ‘k’ is even.

There are exactly half even labels and half odd. Label the % copies of path with even
labels in any pattern and for the remaining copies assign the odd labels simultaneously
from {1,2,...,nk}. In this case, one can note that |e,(0) — ey (1)| = 0.

Case (ii) If ‘n’ is even and ‘k’ is odd.

Here, nk is even and therefore there are exactly half even and half odd labels available
for labeling. Assign all the %k even labels to the first L%J copies of P, followed by %
nodes of (%Vh copy of P,. Next, assign the remaining %k odd labels to the remaining
nodes simultaneously. Clearly, |e,(0) — ey (1) = 1.

Case (iii) If both ‘n’ and ‘k’ are odd.

Here, nk is odd and therefore there are L%’“j even labels and rest are odd. Labeling can
be done by assigning even labels excluding least even number divisible by 3, say r, to
the nodes of G begining with first copy of P,. Let Lb(v[%k]_l) = r and @Z)(v[%ﬁ) = 3.
Now assign available odd labels simultaneously to the remaining nodes of G. One can
verify that |e,(0) — ey (1) = 0.

Thus, in all the three cases, |e(0) — ey(1)] < 1. Hence, G is a PCG. O

Theorem 2.2.10. Disjoint union of finite copies of 2 — regular graph admits a PCL.



Chapter 2. Results on PCL of Graphs 24

Proof. Suppose G is constructed by considering the disjoint union of finite copies, say
k, of 2 — regular graphs each having order n. Here V(G) = {g;; : 1 <i < k,1 <j<n}
where g;1, gi2, -, gin denote the nodes of it" copy of 2 —regular graph. Clearly, |V (G)| =
|E(G)| = nk. Consider a map ¢ : V(G) — {1,2,...,nk} defined under three conditions
Case (i) If ‘k’ is even.

Assign all even labels to % copies of 2 —regular graph in any order and for the remaining
nodes of G assign the odd labels simultaneously from {1,2,...,nk} in such a way that
ged(y(gi1), ¥ (gin)) =15 & +1 < i <k. Clearly, |ey(0) — ey (1) = 0.

Case (ii) If ‘n’ is even & ‘k’ is odd.

Here, nk is even. Label LgJ copies of 2 — regular graph by using available even labels
except the least even number divisible by 3, say, r. For {%Vh copy, assign the unutilized
even labels in such a way that w(g[gg) = r. Now, fix ¢(gf§1(%+1)) = 3. Label the
remaining nodes with odd labels simultaneously from {1,2,...,nk} in such a way that
ged (¥ (gi1), ¥(gin)) = 1 for (%1 < i < k. Clearly, |ey(0) — ey (1) = 0.

Case (iii) If both ‘n’ and ‘k’ are odd.

Label the {%j copies of 2 —regular graph by using available even labels except the least
even number divisible by 3, say, s in any order. For [g]th copy, assign the remaining
even labels in such a way that w(g[gH%J) = s. Now, fix w(g%”%])) = 3. Label the
remaining nodes of G with unutilized odd labels simultaneously from {1,2,...,nk} such
that ged(v(gi1), ¢ (gin)) = 1 for [%] < < k. Here, |ey(0) —ey(1)| = 1.

In the wake of above cases, it follows that G is a PCG. O

Definition 2.2.1. [78] “Duplication of a vertex vy by a new edge e = v, v} in a graph

G produces a new graph G’ such that N(vy) N N(v)) = vg.”

Ficure 2.1: PCL of a graph formed by duplication of each node by an edge in
H

Theorem 2.2.11. Let H be any PCG. The graph acquired by duplicating a node by an
edge at all the nodes of H admits a PCL.
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Proof. Let H be the given PCG on n nodes, namely, uy, uo, ..., u, and size m with la-
beling f. Let G be formed by duplicating a node by an edge at all nodes of H (see
Figure 2.1). Let v;1,vi2; 1 < i < n, denote the end nodes of an edge introduced at node
u;. Clearly, |V(G)| = 3n and |E(G)| = m + 3n. Consider ¢ : V(G) — {1,2,...,3n} by
letting v (u;) = f(u;) for 1 < i < n and to label the remaining 2n nodes of G, there arise
four cases.

Case (i) If both ‘n’ and ‘m’ are even.

Assign the n even labels to the end nodes of edges introduced at even labeled nodes of
H. One can easily observe that ged(v(u;), v (vi1)) # 1, ged(¢(ui), ¥ (vi2)) # 1 and
ged(¥(vin), ¥(vi2)) # 1. Now allot the unused n odd labels to the remaining end
nodes of edges introduced at odd labeled nodes in H such that ged(v(u;), ¥ (vi1)) =
1, ged(¥(w;),v(vi2)) = 1 and ged(¥(vi1),¥(vi2)) = 1. An easy check shows that
e(0) — ep(1)] = 0.

Case (ii) If ‘n’ is even and ‘m’ is odd.

This case is treated in similar lines with that of Case (i) for assigning the labels. One
can see that |e,(0) — ey (1) = 1.

Case (iii) If ‘n’ is odd and ‘m’ is odd.

Subcase (1) When ef(0) = ep(1) + 1.

Observe that there are ”Tfl number of even labeled nodes in H. Out of 2n labels, as-
sign n even labels excluding the least even number divisible by 3, say r, to the end
nodes of edges introduced at even labeled nodes of H. Assign r to one of the end
nodes of an edge introduced at a node having label 3. Observe that for these edges,
that ged(y(us), ¥(vi)) # 1, ged(vh(us), ¥(viz)) # 1 and ged(¢(vin), P (viz)) # 1. Allot
the unused n odd labels to the remaining end nodes of edges introduced at odd la-
beled nodes of H in such a way that ged(¢(u;), ¥ (vi2)) = 1, ged(¥(u;), ¥ (vi1)) = 1 and
ged (¥ (vin), ¥(vi2)) = 1. It is easy to see that |ey(0) — ey (1)] = 1.

Subcase (i) When ef(1) = ef(0) + 1.

~L number of even labels for H. Assign n even labels excluding the least

Here there are "5+
even number divisible by 3, say r, to the end nodes of edges introduced at even labeled
nodes of H. Assign r to one of the end nodes of an edge introduced at node having label
3 and any odd number divisible by 5, say s, to one of the end nodes of an edge introduced
at the node having label 5. Observe that for the above edges ged(v(u;), ¥ (vi1)) # 1,
ged((u;), ¥ (vi2)) # 1 and ged(v(vi1), ¥ (vi2)) # 1. Allot the unused labels to the re-
maining end nodes of edges introduced at odd labeled nodes of H in such a way that
ged(¥(uq), ¥(vi)) = 1, ged(¥(us), ¥(vir)) = 1 and ged(y(vir), ¥ (viz)) = 1. An easy
check shows that |e,(0) — ey (1)| = 0.

Case (iv) If ‘m’ is even and ‘n’ is odd.

—1
2

n even labels excluding the least even number divisible by 3, say r, to the end nodes of

Observe that there are number of even labeled nodes in H. Out of 2n labels, assign
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edges introduced at even labeled nodes of H. Assign r to one of the nodes of an edge
introduced at node having label 3. Observe that for these edges, ged (v (u;), ¥ (vi1)) # 1,
ged((u;), ¥ (v2)) # 1 and ged((vi1), ¥ (vi2)) # 1. Allot the unutilized n odd labels
to the remaining end nodes of edges introduced at odd labeled nodes of H in such a
fashion that ged (4 (u;), ¥ (vi1)) = 1, ged(¥(wi), Y(vi2)) = 1 and ged(¥(vir), ¥ (vi2)) = 1.
It is easy to see that |ey(0) — ey (1) = 1.

Thus, in all the cases, ¥ induces a PCL for G. O

Theorem 2.2.12. If H is a PCG of even order, then G formed by subdividing all the
edges of H admits a PCL.

Proof. Given H a PCG, with order ‘n’ and size ‘m’ where n is even, with labeling f.
Let Vi = {v; : 1 <i < 5} & Vo ={v;: §+1< i< n}suchthat V(H) =11 UV,
and E(H) = E1 U Ey with f : V(H) — {1,2,...,n} given by f : Vi(H) — {2,4,...,n}
and f: Vo(H) — {1,3,...,n — 1} such that |e;(0) — ef(1)] < 1. Let G be acquired by
subdividing all the edges of H. One can easily see that |V (G)| = n+m and |E(G)| = 2m.
Consider ¢ : V(G) — {1,2,....,n+ m}. Let ¢(v;) = f(v;); 1 < i < n. Now arises the
given conditions.

Case (i) If G = Gy, where G; admits a PCL, nothing remains to prove.

Case (ii) If G 2 G4, where G is yet to be proved a PCG. Define a PCL for G. One can
see that there are n + m labels and 2m edges. So exactly m edges receive label 1 and
the remaining edges label 0. Name the newly added nodes wy, ws, ..., w,,. The available
labels are n+ 1,n+ 2,...,n + m. Let wy,ws, ..., w,—1 be the nodes which are inserted
between the edges having odd end labels in H. Similarly, let we, wy, ..., w,, be the nodes
inserted between the edges having even end labels in H. Without loss of generality,
assign 3 even labels to the nodes wy,wy, ..., wy,. Note that ged(y(vi),v(w;)) # 1,
ged(Y(wy),(vig1)) #1for 1 <i <5 —1,2< 5 <m (jis even) where ¥(v;), ¥(vit1)
are even. Similarly, assign the % odd labels to the nodes w1, w3, ..., wy,—1 in such a way
that ged((vs), ¥ (w;)) = 1, ged(Y(wj), Y(vig1)) =1for 54+1<i<n—-1,1<j<m—1
(7 is odd) where ¥ (v;), % (v;41) are odd. Thus, there is an induced function ¢’ from E(G)
to {0,1} such that |e,(0) —ey(1)] < 1, so G is a PCG. This completes the proof. O

Notation [n] and O,, denote the set of naturals < n and set of first n odd naturals,

respectively.

Definition 2.2.2. [51] “A function ¢ : V(G) — O, is said to be an odd prime labeling
of G if for each wv € E(G), ged(¢(u),v(v)) = 1. A graph which admits an odd prime

labeling is called an odd prime.”
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ged (Wix), ged (wia).
Wiy} =1 Wh)) 1

Ficure 2.2: PCL of disjoint union of graphs

Theorem 2.2.13. Let G.(V,, E,) be odd prime graphs and Gs(Vs, Es) be any graphs

such that |V,| = |Vs| and |E,| = |Es| where r = s € N. Let U (G (Vi E)) be odd prime
graph then the disjoint union of G, and Gg is again a PCG

Proof. Let G, be odd prime graphs for 1 < r < k with |V;| = n and |E,| = m and
G4(Vs, Es) be graphs for 1 < s < k such that |V5| = |V,| = n and \E8| = |E,| = m. Since

k
U G»(V;, E,) is odd prime graph, there exists a bijection g : U V, — Ogpy, such that
r=1 r=1

for any edge xy € E,; 1 <r <k, ged(g1(z),91(y)) = 1. Now define another bijective

k
function g2 : |J Vs — {1,2,...,2kn}—0O2py,. Observe that g2(u) is always an even number
s=1
for any u € Vi; 1 < s < k. For any edge zy € Es; 1 < s <k, ged(g2(x), g2(y)) # 1. Let

G(V, E) be acquired by taking disjoint union of G, and Gswherel <r < k and 1 < s <k

(see Figure 2.2). See that V(G) = (U V)U(U Vs) and E(G) = (UE)U(UE)

with |V(G)| = 2kn and |E(G)| = ka Deﬁne 1/} V(G) = {1,2,. 2k‘n} by ﬁxmg

V) = gi(u), ifu eV, 1 <r <k, ¢¥u) = g(u), ifu € Vi 1 < s < k. The

induced labeling ¢/ : E(G) — {0,1} is obtained as follows. For any edge e € G,
k

k k
Y'(e) =1,if e € |J Er and ¢'(e) = 0, if e € |J Es. Thus, ey(l) = > |Er| = km
r=1 r=1

k

and ey (0) = > |Es| = km establishing that |e,(0) — ey(1)] < 1. Hence, G admits a
s=1

PCL. U

Definition 2.2.3. [67] “Let G1,Ga,...,G, k > 2 be the k — copies of G. Adding an
edge between G; and G for i =1,2,...,k — 1 is called the path union of G;.”

Theorem 2.2.14. Let G;j; 1 <i <k, k> 2 be the ‘k’-copies of a graph G of even size.
Suppose that their disjoint union is a PCG then the graph acquired by taking the path
union of G; also admits a PCL.
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FIGURE 2.3: Path union of graphs

Proof. Let G be the given PCG of even size and G;; 1 < ¢ < k, kK > 2 be the ‘k’-copies
k
of G such that |J Gj is also a PCG with labeling g, thus e4(0) = e4(1). Let H de-

=1
notes the graph formed by taking the path union of k-copies of G (see Figure 2.3). Let
P1, P2, ..., Pk denote the nodes of path formed due to path union of ‘k’- copies of Gj.
k
Clearly |[E(H)| = |E(U Gi)|+ (k—1). Consider h : V(H) — {1,2,...,k|V(G;)|} defined
i=1
under three conditions.
Case (i) When ‘k’ is even.
Superimposition of p; with nodes of G; can be done in such a way that ged(h(p;), h(pi+1)) =
1 for 1 < i < & and ged(h(pj), h(pj+1)) # 1 for 5 +1 < j < k—1. Clearly,
len(0) — en(1)] = 1.
Case (ii) When ‘%’ is odd.
Superimposition of p; with nodes of G; can be done in such a way that ged(h(p;), h(pi+1)) =
1 for1 < i < k—gl and ged(h(p;), h(pj+1)) # 1 for % < j < k—1. Clearly,
\eh(O) - eh(l) =0.
Thus, in both the cases, |e,(0) — ex(1)] < 1, which proves that H is a PCG. O

Corollary 2.2.1. Let G,(V;, E,) be odd prime graphs and Gs(Vs, Es) are graphs such
that |Vs| = |V;| and |Es| = |E;| where r,s € N. Suppose that disjoint union of G, and
Gs is a PCG. Then the graph acquired by taking the path union of these graphs also
admits a PCL.

Proof. The proof is evident from Theorem 2.2.13 and Theorem 2.2.14. 0
Theorem 2.2.15. If G1(V1, E1) is an odd prime graph and Go(Va, E2) be any graph of
same order and size as that of G1, then the graph formed by joining G1 and Gy using a

path of finite length, also admits a PCL.

Proof. Let G1(V1, E1) be an odd prime graph with |Vi| = n and |E1| = m and Ga(Va, Es)
be another graph such that |Va| = [V1| and |Es| = |E4|. Clearly, G1 UG» is a PCG with



Chapter 2. Results on PCL of Graphs 29

zed (W {u) Wiv)) =1 god [Wia) Wib)) =1

G, G,

Ficure 2.4: PCL of a graph acquired by joining two graphs by P,

labeling f. Let H be acquired by joining these graphs by P, (see Figure 2.4) and
P1, P2, ..., Pt denote the nodes of P; such that p; is superimposed with a node of Gy, say,
r having label 1 and p; is superimposed with any node of Gy. Clearly, |V (H)| = 2n+t—2
and |[E(H)| = 2m+t—1. Define ¢ : V(H) — {1,2,...,2n+t—2} by letting ¢ (u;) = f(u;)
for u; € G1 U G5. Now arise two cases.

Case (i) When ‘¢’ is even.

Out of the remaining ¢ — 2 labels, assign odd labels to ps,ps,...,p t and even labels to
Pti1sPtygy s Die1, simultaneously from {2n+1,2n+2,...2n+t — 2}. Clearly, |e,(0) —
ep(1)| = 1.

Case (ii) When ‘t’ is odd.

Out of the remaining ¢t — 2 labels, assign odd labels to po, ps, Dt and even labels to
Priys e P simultaneously from {2n+41,2n+2,...,2n+t—2}. Clearly, |e,(0)—ey(1)] =
0.

Hence, H is a PCG. O

Theorem 2.2.16. If G1(V1, E1) and G3(Va, E3) are of same order and size such that
their disjoint union is a PCG, then graph acquired by joining G1 and Go using a path
of finite length admits a PCL.

The proof is in similar lines of Theorem 2.2.15.

2.3 PCL in the Context of Corona

Though, a significant amount of work concerning PCL of graphs using various graph
operations has been done, yet PCL of graphs in the context of an interesting graph
operation called corona has to be explored. The Corona product is of utmost significance
in data analytics, where enormous amounts of data must be evaluated quickly in order

to make a judgement. It can be applied to forensic analysis and DNA sampling in
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biotechnology besides understanding compound structures in chemistry. This makes
”corona” an important graph operation in graph theory. To begin with, a few notable

established results in PCL are recalled here.

Definition 2.3.1. [69] “Consider P,gl) and PT(IQ) with V(Rgl)) = {u1,ua,...,u,} and
V(P,(LZ)) = {v1,v2, ..., v, }. Join the nodes Unpt and Untt by an edge, if n is odd, otherwise

join un with (ENER The resultant graph is called a H — graph on 2n nodes.”
Theorem 2.3.1. [70] P, ® K1 5,1 is a PCG.

Theorem 2.3.2. [72] Corona of H — graph with K; admits a PCL.

In pursuant of this, the following results are obtained.

Theorem 2.3.3. P, ® K, permits a PCL Y n > 2.

Proof. Let V(P,) = {p1,p2,....,pn} and E(P,) = {pjpj+1 : 1 < j < n—1}. Let G be
acquired by taking the corona of P, with K; having V(G) = V(P,) U {p}, Db, ..., P}
and, E(G) = E(P,) U {p;p; : 1 < j < n}. Clearly, |V(G)| = 2n and |E(G)| = 2n — 1.
Consider ¢ : V(G) — {1,2,...,2n}. Fix ¥(p1) = 2, ¥(p;) = ¥(pj—1) +2,for 2 < j <n
and ¥ (p}) = ¥(pj) —1; 1 < j < n. Evidently, e;(0) = n — 1 and ey (1) = n which

justifies that |ey(0) — ey (1)] < 1. Hence, G is a PCG (see Figure 2.5). O
P1 P2 P's Pa
4 6 1
o/

P1 P2 P3 Pa

Ficure 2.5: PCL of P, ® K;

Theorem 2.3.4. C,, ® K; permits a PCL ¥ n > 3.

Proof. Let V(Cy) = {c1,¢2,...,¢n} and E(Cp) = {cjcjt1:1 <j<n—1}U{cpcr}. Let
G = C, © Ky with V(G) = V(C,) U{d}|, e, ...,c,,} and E(G) = E(C,,) U {cjc;- 1< <
n}. Clearly, |V(G)| = 2n and |E(G)| = 2n. Counsider ¢ : V(G) — {1,2,...,2n}. Fix
P(er) =2, 9(cj) = Plcj—1) +2; 2 < j <nand Y(cj) = P(c;) — 1; 1 < j < n. Following
the above pattern, e (0) = ey (1) = n which shows that G is a PCG. O

Theorem 2.3.5. W,, ® K, permits a PCL Y n > 3.
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Proof. Let V(Wy,) = {wo} U {w1,ws,...,wy} with wy the apex node, and E(W,) =
{wjwjp1 11 < j <n—1}U{wpwit U{wow; : 1 < j < n}. Let G =W, ® K; with
V(G) =V (Wy) U{wy, w), wy, ..., wy, } & E(G) = E(Wy,) U{w;w} : 1 < j < n}U{wowp}
Clearly, |[V(G)| = 2n+2 and E(G) = 3n+1. Consider ¢ : V(G) — {1,2,...,2n+2}. Let
P(wp) = 2 and ¥ (wy) = 4. Now the given cases arise.

Case (i) If ‘n’ is even.

Fix ¢(wp) = 1, ¢(wn) = 6, P(wn 1) = 3, Y(wy) = Y(wj—1) +4; 5 +2 < j < n,
1/1(10;-) =1(w;) +2; §+1<j <n and assign the remaining labels to unlabeled nodes
(see Figure 2.6). Observe that |e,(0) — ey (1) < 1.

Case (ii) If ‘n’ is odd.

Fix p(wp) = 2n+ 1, p(waps) =6, Y(wipy) =1, Y(waz 1) =3, 9(w;) = v(wj—1) + 4
”7“ +2 < j <nand Pp(w;) = Pp(w;) + 2 ntl | ] < j < n. Assign the remaining labels
to unlabeled nodes. Here e,(0) = ey (1).

Thus, G is a PCG. [

FIGURE 2.6: PCL of W5 ® K;

Theorem 2.3.6. DW,, ® K, permits a PCLY n > 3.

Proof. Let V(DW,)) = {zo,zi,y; : 1 <i <n}wherez;; 1 <i<nandy;1<i<n
are rim nodes of inner and outer cycles respectively. Let G = DW,, ® K; with V(G) =
V(W) UA{zh, 2,y - 1 < i < n}. Clearly, |V(G)| = 4n + 2 and |E(G)| = 6n + 1.
Consider ¢ : V(G) — {1,2,...,4n+2}. Let ¢(zo) = 2, ¥(xp) = 3, ¥(y1) = 1, ¥(y}) = 5,
Y(y2) =7, (yi) = Y(yim1) +4 ;3 <i<nand ¥(y)) = Y(yi) +2; 2 <i < n. Assign
the remaining labels to z; &  ; 1 < i < n. Clearly, |ey(0) — ey(1)] < 1 establishing
that G is a PCG. O

Theorem 2.3.7. G, ® K, permits a PCLY n > 3.



Chapter 2. Results on PCL of Graphs 32

Proof. Let node and edge set of G,, are {vp,vj,u; : 1 < j < n} and, {vov; : 1 < j <
n}U{ujvj 1 1 <j <npU{ujvjir: 1 <j < n—1}U{u,v1} respectively. Let G = G,,© K
with V(G) = V(Gp) U {v),vi,u; 0 1 < j < n} and E(G) = E(Gn) U {uju},v;v;
1 < j < n}UA{vry}. Clearly, |V(G)| = 4n + 2 and |E(G)| = 5n + 1. Consider
Y :V(G) = {1,2,...,4n+ 2} defined by fixing ¢ (vo) = 2, ¥(v()) = 1 and ¢(vy) = 4. The
given cases arise.

Case (i) If ‘n’ is odd.

Let ¢h(vng1) = 6, ¥(ungr) =3, Y(van ) =7, () = ¥(vj-1) +8; - +2<j <,
P(ug) = P(uj-1)+8; A +1 < j < myp(uf) = Pluy)+2; 251 < j < n,p(v)) = ¢(v))+2
for "T‘H 4+ 1 < j < n. Now assign unused even labels to unlabeled nodes.

Case (ii) If ‘n’ is even.

Let ¢p(uz) = 6, P(vzyr) = 3, Y(unir) =7, P(vj) = P(vj1) +8 5 §+2 < j <,
b(ug) = Pluj1) +85 5 +2 <5 <n, (V) =9, Y(uy ) =5, o)) = P(uy) + 25
5+2<j<n YW) =) +2;5+2<j<n. Now assign unused even labels to
unlabeled nodes.

In both the cases, |ey(0) — ey (1)] < 1 showing that G is a PCG. O

Theorem 2.3.8. Fl,, ® K| permits a PCLY n >3 .

Proof. Let V(Fl,) = {vo,vi,u; : 1 < i <n} and E(Fl,) = {vovi, voui, viu; : 1 <i <
n} U{vvip1 1 1 < i < n—1}U{vyv1}, where v; , u; &, vg are nodes of degree 4, 2
and 2n respectively. Let G = Fl,, ® K1 with V(G) = V(Fl,) U {v),v},u} : 1 <i <n}
and E(G) = E(Fl,) U {vovj} U{v)l : 1 < i < npU{wu, : 1 <i < n}. Clearly,
|V(G)| = 4n+ 2, and |E(G)| = 6n + 1. Consider ¢ : V(G) — {1,2,...,4n + 2}. Let
P(vo) = 2, P(vp) = 1, P(v1) = 4, Y(vi) = P(vi—1) +45 2 <0 <n, P(v) = P(vi) +2
1<i<n, Yw)=1v)+1;1<i<nand ;) =1(v;) —1; 1 <i <n. Following
this, e (0) — ey (1)] < 1. Hence, G is a PCG (see Figure 2.7). O

Theorem 2.3.9. f, ® K| permits a PCLY n > 3.

Proof. Let V(fn) = {uo,u; : 1 < i < n}, where ug is apex node, and V(f, ® K1) =
V(fn) U{uh,us: 1 < i <n}. Clearly, |V(fn ® K1)| = 2n+ 2 and |E(f, © K1)| = 3n.
Consider ¢ : V(f,, ® K1) — {1,2,...,2n+2}. Fix ¥(up) = 2 and ¥(ufy) = 1. There arise
the given cases.

Case (i) If ‘n’ is even.

Fix ¢(uz) =6, P(uzy1) = 3, P(wi) = Y(ui—1) +4 5 5+2 <0 <n, ¥(u)) = ¥(w) + 2 ;
5 +1 <4 < n. Assign even labels to unlabeled nodes. Note that e, (0) = ey(1).

Case (ii) If ‘n’ is odd.

Fix ¢(uny) = 6, EZ)(UI[%Q =3, Y(upny1) =5, Y(ui) = P(ui-1) +4; [5]+2<i<n,
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FicURE 2.7: PCL of Fl; ® K;

Y(u;) = P(ug) +2 5 [5]4+1 < i < n. Assigning even labels to unlabeled nodes yields,

ew(O) = €¢,(1) + 1.
Hence, f, ® K is a PCG (see Figure 2.8). O

Theorem 2.3.10. Df, ® K; permits a PCL.

Proof. Let V(D f,) = {x0,v0,u; : 1 <i<n}. Consider Df, ® K1 with V(Df, ® K;) =
V(Dfn) U{zh,yh,ul 2 1 < i < n}and E(Df, ® K1) = E(Df,) U {xox}, yoyh, witt, :
1 <i < n}. Clarly, |V(Df, ® Ki)| = 2n+4 and |E(Df, ® K1)| = 4n + 1. Define
Y :V(Df, ® K1) — {1,2,...,2n + 4} by fixing 1(z¢) = 2, ¥(yo) = 1, ¥(x}) = 2n + 4,
(o) = 2n+3, Y(w) = 4, Y(wi) = Y(ui1) +25 2 < i <nand P(uj) = P(u) —1;
1 <i < n. Note that |e,(0) —ey(1)] < 1, which proves the theorem (see Figure 2.8). [

1 1 1 1 1
i i 1 i 1
u’y u'; u's u'y u's u's

FIGURE 2.8: PCL of fs ® K; and Dfs ® K

Theorem 2.3.11. /3] “If G is a PCG then G £ e is also a PCG.”

Theorem 2.3.12. K, ® K, admits a PCLY n > 2.
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Proof. Let V(K1) = {ko, ki : 1 <i <n}. Consider corona of K, with K with node
set V(K1) U{ky, ki : 1 < i < n} and edge set E(Ky,) U {kok{, kikl : 1 < i < n}.
Note that cardinality of node and edge set of Ki, © K is respectively 2n + 2 and
2n + 1. Consider v : V (K1, ® K1) — {1,2,...,2n + 2} by fixing 9 (ko) = 2, ¥(k}) = 1,
P(ki) =2i+2; 1 <i<nand ¢(k)) =¥(k)—1; 1 <i<n. Clearly, |e)(0) —ey(1)] <1
proving that Ky, ® K, is a PCG. ]

Remark 2.1. S(K1,) is obtained from K, ® K; by deleting an edge. Thus, S(Kj )
admits a PCL by Theorem 2.3.11 and Theorem 2.3.12.

Theorem 2.3.13. B, ©® K, permits a PCL.

Proof. Let V(Bym) = {20, Y0, %i,yj : 1 <i<n,1 <j<m}. Let G = By, ® K; with
V(G) = V(Bpm) U{z0, yp, 7,9+ 1 <i<m, 1 <j<m}. Clearly, |V(G)| = 2n+2m+4
and |E(G)| = 2n + 2m + 3. Consider ¢ : V(G) — {1,2,...,2n + 2m + 4}. There arise
given cases.

Case (i) If n = m.

Let ¢(z0) = 2, ¥(xp) = 2n +2m +4, P(yo) = L, ¥(y)) = 2n+ 2m + 3, ¢(y1) = 3,
Y(yi) = Y(yi—1) +4; 2 <i<mand Y(y,) = ¥(y;) +2; 1 <i < m. Assign even labels to
z; & z; ; 1 <1i < nin any fashion. One can see that |e,(0) — ey (1)] < 1 proving that
B,.m © K is a PCG.

Case (ii) If n # m.

Assume that n > m. Fix ¢(20) = 2, ¥(yo) = 1, ¥(y1) = 3, ¥(yi) = ¢¥(vi—1) + &
2<i<m, YY) =U(yi) +2; 1 <i<m. Assign even labels to z; & x} simultaneously
from available labels and once even labels are consumed, allot unused odd labels to
remaining z; and 2} in the same way that was followed for the labeling of y; and y..
Finally, allot the last unutilized label to zf,. Here |ey(0) — ey,(1)] < 1 and hence the
result. O

Theorem 2.3.14. K, ® P, permits a PCL ¥ n > 2.

Proof. Suppose V(K40 P,) = {k:l-,pl(j) :1<i<4,1<j<n}where{k;: 1 <i<4}are
nodes of Ky, and E(K4 ® P,) = E(K4) U {kipgj) 11 <i<4,1<j<n}uU {pgj)p§j+1) :
1 <i<4,1<j<n-—1}. Notethat |V(K4® P,)| =4n+4 & |E(K4® P,)| =8n+ 2.
Consider ¢ : V(K40 P,) — {1,2,...,4n+4} by taking (k1) = 2, ¥(k2) = 4, ¢¥(k3) = 8,
P(kq) =1, w(pén_l)) = 10, w(pén)) =5, w(pgl)) =3, 1/1(p§2)) = 9. Assign the remaining
even labels to pgj); 1 <j<nand pgj); 1 < j <n—2. Next, assign unused odd labels
simultaneously, to the remaining unlabeled nodes. Observe, ged(v(k1),9¥(k2)) > 1,
ged(v(ka), B(ks) > 1, ged((kn), w(ks)) > 1, ged(@(k),v(@) > 1; 1 < j < n,

ged(¥(ky), v(@Y)) > 1; 1 < j < n—1, ged(@@?), oY) > 1, 1 < j<n-1,
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acd(W(p§), v (P ™) > 11 < j <n—1, and ged(®(p), ¥(pS)) > 1. The remaining
edges are labeled 1 (see Figure 2.9), resulting which e, (0) = ey (1) = 4n + 1, hence the
result. O

2n+10

2n=8

4n+3

2n=5 n+3

FIiGure 2.9: PCL of K4, ® P,

Theorem 2.3.15. K, ® K,, permits a PCLY n > 2.

Proof. Let V(K, © K,,) = {ki,ugj) : 1 <1 <4,1 <j<n} where {k;: 1 <i<4}
are nodes of Ky, and E(K4 ® K,,) = E(K4) U {k‘iul(.j) :1<i<4,1<j<n} Note
that |V(K4 ® K,)| = 4n +4 and |E(K4 ® K,)| = 4n + 6. Consider v : V(K4 ® K,,) —
{1,2,....,4n + 4} by taking 1(k1) = 2, (k) = 6, ¥(ks) = 4, (ks) = 1 and (u?) = 3.
Assign the remaining even labels to unlabeled ugj ); 1 <j<nand ugj ); 1<j5<n—-1,
and odd labels to u$ and uij); 1 < j < n. Observe that ged(¢(k1),v(k2)) > 1,
ged(y(ka), ¥(ks)) > 1, ged(y(kr), (ks)) > 1, ged(w(kr),v(ui) > 11 < j < n,
gcd(w(kg),¢(u(2j))) >1;1<j <n. Evidently, e,;(0) = ey(1) = 2n+ 3 which proves the
result. O

Theorem 2.3.16. One point union of n-copies of K4 allows a PCL.

Proof. Let G be produced by taking the one point union of n — copies of K4 having
V(G) ={ko} U{kij : 1 <i<n,1 <j<3}and E(G) = {kokij: 1 <i<n,1<j<
3} U A{kinkio, kirkis, kiokis = 1 < i < n}. Clearly, |V(G)| = 3n + 1 and |E(G)| = 6n.
Consider ¢ : V(G) — {1,2,3,...,3n+ 1} as given. Choose the largest prime p such that
3p < 3n+ 1. Fix ¥(ko) = 2p. Begining with k;1, allocate all even labels simultaneously
to the nodes {ki2, k13, ko1, ko2, ko3, ....}. There arise given cases.

Case (i) If ‘n’ is odd.

Allocate odd labels simultaneously from {1,2,...,3n + 1} to unlabeled nodes.
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Case (ii) If ‘n’ is even.

Fix w(kgg) =1, Q/J(k:(%ﬂ)l) =3, ?l)(k(%+1)2) = 9 and assign unutilized labels to unlabeled
nodes namely, k(%+1)3, k(%+2)1, k(%H)Q, .oy kp3 simultaneously from {5,7,11,13,...,3n +
1}.

Thus, G is a PCG (see Figure 2.10). O

Ficure 2.10: PCL of one point union of 4-copies of K4

Theorem 2.3.17. P, ® Ky permits a PCL.

Proof. Let V(P,) = {p1,p2,...pn} and G = P, ® Ko with V(G) = V(P,) U {p},p} :
1 <i<n}and E(G) = E(P,) U{pip} : 1 <i <n}U{pp!:1 <i<n}. Clearly,
|[V(G)| =3n and |E(G)| =3n — 1. Consider ¢ : V(G) — {1,2,...,3n} defined by given
cases.

Case (i) If ‘n’ is even.

Fix ¢(p1) = 2, ¥(pg 1) = L, oo y) = 3, (P 44) = 5. Next, ¢(pi) = ¢(pi-1) +2;
2<i< % ¢(pi) =P(pic1) +6; 5 +2<i<n, ) =¢(@_,)+6 5+2<i<nand
Y(pf) = (pi_1) +6; 5§ +2 < i < n. Assign the available even labels to p; & p;’ where
1 <i< 4. Evidently, |ey(0) —ey(1)] < 1.

Case (ii) When ‘n’ is odd.

Fix ¥(p1) = 2, ¥(pzp) = 6, ¥(Pon) = 3, v(Pup) = L $Pnpyy) = 7, ¥(pi) =
Y(Pic1) + 6 L +2 < i <n, ) =P(p) +2; B+ 1 <i <n, p()) =) — 2%
"TH +1 < i < n. Assigning available even labels to unlabeled nodes yields ey (0) =
ep(l) = 21,

Hence, G is a PCG. O

Theorem 2.3.18. C,, ® Ky permits a PCLY n > 4.

Proof. Let V(Cy,) = {c1,¢2,...,cn} and G = C, ® Ko with V(G) = V(C,)U{c,, ! : 1 <
i <n}, BE(G) = E(Cp)U{cic}, cic] : 1 <i<n}. Clearly, |V(G)| = 3n and |E(G)| = 3n.
Consider ¢ : V(G) — {1,2,...,3n} defined under two cases.

Case (i) If ‘n’ is even.
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Fix p(er) =2, ¥(cz) =6, ¢¥(czt1) = 3, ¥(caio) =7, ¥(c) = ¥(cim1) +6; 5+3 < i <,
w(c/%_H) =1, Q,ZJ(C/%+2) =0, w(c’éﬂ) =5, ¥(cf) = ¥(ci_1) +6; §+3 < i <nand
() =p(cf ) +6; §+2 < i <n. Assign the unused labels to remaining nodes in any
fashion implies |e,(0) — ey (1) < 1.

Case (ii) If ‘n’ is odd.

Follow the labeling pattern of Case (ii) of Theorem 2.3.17.

Thus, G is a PCG. ]

Theorem 2.3.19. P, ® K,, permits a PCL.

Proof. Let V(P,) = {p1,p2,-.»Pn}. Let G = P, ® K,, with V(G) = V(P,) U {kij :
1 <i<n,1<j<n}and E(G) = E(P,) U{pikij : 1 <i<n,1 <j <n}. Clearly,
[V(G)| =n?+nand |E(G)| =n?+n—1. Consider ¢ : V(G) — {1,2,...,n? +n} defined
under the given conditions.

Case (i) If ‘n’ is even.

Fix ¢(p1) = 2, ¥(pi) = ¥(pi-1) +2; 2 <4 < 3, ¥(pz4q) = 1. Consider the sequence of
consecutive primes, say qn42,q2435 - 4n such that n? +n > Qn > Qn—1 >, ..., > qn 2.
Fix ¢(p;) = ¢; for § +2 < i < n. Assign available even labels to k;; for 1 < i < %,

1 < j < n. Next, assign unused odd labels to k;; for %—F 1<i1<n, 1<353<n
simultaneously from {1,2,...,n? +n}.

Case (ii) If ‘n’ is odd.

Fix ¢(p1) = 2, ¥(pi) = ¥(pi-1) + 2 for 2 < i < [5], ¥(przy41) = 1. Consider the
sequence of consecutive primes, say qre1+2s 412143 - dn such that n? +n > ¢, >
Gn—1> ;> qra)4o. Fix Y(p;i) = q; for [§]+2 < i < n. Assign available even labels to
kijfor 1 <i <[5, 1 <j<nand k’(%b‘ for 1 < j < [§]. Assign unused odd labels
to k(%]]- for [§] < j <mnand ki for [3]+1 <i<n, 1 <j<n simultaneously from
{1,2,....,n% + n}. Observe that |e,(0) — ex(1)] < 1.

Hence, G is a PCG (see Figure 2.11).

FIGURE 2.11: PCL of Ps ® K
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Remark 2.2. One can also derive the PCL of C,, ® K,, in a similar way with the Theorem
2.3.19.

2.4 PCL of Lilly Related Graphs

A data structure is a particular way of organizing data in a computer and therefore trees
constitute an important class of graphs in graph theory. Many researchers are investi-
gating trees for different kind of graph labelings. Baskar Babujee et al., in [8] proved
that the double star K1, , for n > 3 and the full binary tree admits a PCL. Motivated

by [8] and [64], some results on a tree family, named, lilly graph are derived here.

Definition 2.4.1. [64] “Lilly graph I,,, n > 2 is formed by two star graphs 2K ,,, n > 2
and two path graphs 2P, n > 2 which share a common node. i.e; I,, = 2K, ¢2P,. For

illustration, refer to Figure 2.12.”

FIGURE 2.12: 14

Throughout this section V(I,,) = {ui,ug,...,usn—1} and E(I,) = {ugpu; : 1 < i <
2n} U {uuiyrr : 2n+ 1 < i < 4n — 2}. Note that {uy,us,...,uz,} and {ugp41,van—1}
are pendant nodes of I, in which the former and latter are representing respectively
the star pendant nodes and path pendant nodes in I,,. Also us, is apex node. Clearly,
|V(I,)| =4n — 1 and |E(I,)| = 4n — 2.

Note: Edward samuel [64] used + sign to represent the definition of lilly graph. Since

+ denotes the join operation in general, so ¢ is used in this thesis.

Theorem 2.4.1. I,, admits a PCL.

Proof. Let V(I,) = {u1,ua,...;usn—1} and E(I,) = {ugpu; : 1 < i < 2n} U {uuiyr :
2n+1 < i < 4n — 2}. Clearly, |V(I,)] = 4n — 1 and |E(I,)| = 4n — 2. Consider
Y V(G) — {1,2,...,4n — 1}. Fix ¢¥(uzn) = 2, Y(usnt1) = 4, ¥(uwi) = ¥(ui—1) + 2;
2n+2 < i <3n—1, Y(ugnt1) = 3, Y(uspt2) = 9, ¥(u;) = P(ui—1) +2; 3n+ 3 <
i <dn —1, ¥(u1) = Y(ugn—1) + 2, ¥(u;) = Y(ui—1) +2; 2 < i < n—1, P(u,) = 1,
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Y(uns1) =5, Y(unt2) =7, YV(unss) = Y(Uan—1)+2, ¥(u;) = Y(ui—1)+2;n+4 <i < 2n.
Observe that ged((us,), ¥(us) # L n — 1> i > 1, ged((uznpn), (uznsa)) # 1 and
ged((ug), ¥(uit1)) #1; 2n+ 1 < i < 3n — 1. Evidently, e, (0) = ey(1) = 2n — 1 which
shows that I, is a PCG (see Figure 2.13). O

FIGURE 2.13: PCL of I5

Theorem 2.4.2. Switching of an arbitrary pendant node in I, admits a PCL forn > 4.

Proof. Let G be constructed by switching an arbitrary pendant node of I, say, uj, where
ke{1,2,..,2n,2n+1,4n—1}. Clearly, |V(G)| = 4n—1 and |E(G)| = 8n—6. Consider
Y :V(G) = {1,2,...,4n — 1} defined under the given conditions.

Case (i) When k € {1,2,...,2n}.

Fix ¢(ur) = 2, ¢(uszn) = 6. Assign all available even labels out of {1,2,...,4n — 1} to
UL, U,y o U1, Ut 15 -+, U2p 88 & Tesult of which two nodes out of uy, ug, ...uk—1, Ugt1, ..., U2n
can not be labeled (since there are exactly 47” — 1 number of even labels available).
For unlabeled star pendant nodes, assign the labels 3 and 9. Next, fix ¥(us,—1) =
1,9(usps+1) = 15 and ¥ (usnt2) = p, where p is the largest prime < 4n — 1, and assign
the unused (odd) labels simultaneously to unlabeled nodes (see Figure 2.14). Observe
that ged(¢(usn), ¥ (ui)) > 1, ; 1 < i < 2n, ged(¢(usn), ¥ (usnt1)) > 1 and ged of
¥ (ug) with all pendant nodes of star except for the those that are labeled with 3 and
9, is greater than 1. Clearly there are exactly 4n — 3 edges having label 0. Evidently,
ley(0) —ey(1)| < 1.

Case (ii) Switching of either ug,+1 OF Ugp—1.

Without loss of generality, switch ugpt1. Fix ¢(ugnt1) = 2, ¢¥(usn) = 6, ¥(u1) = 4,
P(uz) =8, Y(ui) = P(ui—1)+2; 3 <i < 2n—3, P(uzn—2) = 3, Y(uan—1) =5, Y(u2,) =9,
Y(ugn—1) = 1 & ¥(usny1) = p, where p is the largest prime < 4n — 1. Assign the un-
used labels out of {1,2,...,4n — 1} simultaneously to remaining nodes. Observe that
ged(P(usp), ¥(ui)) > 1; i = 1,2,..2n,2n + 1; i # 2n — 1, ged(¥(ugnt1), ¥(ug)) > 1;
1 < i < 2n — 3. The edges formed using these nodes bear 0 which are 4n — 3 in
count. The remaining edges bear 1. Evidently, e, (0) = ey (1) = 4n — 3 which justifies
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lew(0) — ey(1)| < 1 (see Figure 2.15).
Hence the theorem. O

FicURE 2.15: PCL of a graph formed by switching of w17 in I5

Theorem 2.4.3. Switching of apex node in I,, admits a PCL.

Proof. Let G be acquired by switching us,,. Clearly, |V (G)| = 4n—1and |E(G)| = 4n—8.
Consider ¢ : V(G) — {1,2,...,4n — 1} as per the following algorithm. Fix ¢ (us,) = 1,
Y(uznt1) = 2, Y(ui) = Y(ui—1) +2 5 2n4+2 < i < 3n — 1, Y(ugns1) = P(uzn—1) + 2,
() = Y(ui—1) +2; 3n+2 < i < 4n — 1. Assign unused labels to the remaining nodes.
Clearly, e,(0) = ey(1) = 2n — 4 which justifies that |ey(0) — ey (1)] < 1. Thus, G is a
PCG (see Figure 2.16). O

Theorem 2.4.4. Duplication of apex node with a node in I, admits a PCL for n > 2.

Proof. Suppose G is formed by duplicating us, by a node, say, v. Here V(G) = V (I,,) U
{v} and E(G) = E(I,) U{uv: 1 <i<2n} U {ugp_1v,usp+1v}. Clearly, |V (G)| = 4n
and |E(G)| = 6n. Consider ¢ : V(G) — {1,2,...,4n}. Fix ¢¥(uzn) = 2, ¢¥(v) = 4,
Y(ugn—1) = 3, Y (ugn—2) = 6. Assign unused even labels to all u;’s where i € {1,2,...,n}U
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u;

Uy

D

uz ug ug Ujg Uiy

Ug

Ficure 2.16: PCL of a graph formed by switching of ug in I3

{3n +1} U {3n +2,...,4n — 3} in any order. Next, assign ¢(un+1) = 1, ¥(unt2) = 5,
(i) = P(ui—1) +2; n+3 < i < 3n—1. Observe that ged(v(usn), ¥ (ui)) > 1;
1 <i<n,ged((uw;),Y(uir1)) > 1; 3n < i < 4dn — 2, ged(¥(v),¥(u;)) > 1; 1 <i<n
and ged(¢(v), ¥ (ugns1)) > 1. Clearly, e;(0) = ey(1) = 3n showing that G is a PCG
(see Figure 2.17). O

Ficure 2.17: PCL of a graph formed by duplication of us, in Iy

Theorem 2.4.5. Duplication of any pendant node in I, n > 2 permits a PCL.

Proof. Let G be formed by duplicating any pendant node of I, say, ug, by a node
v. Clearly, |V(G)| = 4n and |E(G)| = 4n—1. Consider ¢ : V(G) — {1,2,...,4n} defined
by letting 1(v) = 1, (usn) = 2, ¥(w1) = 4, ¥(w) = Y(ui—1) +2; 2 <1 < n,
Y(uznt1) = Y(un) +2, ¥(ui) = Y(ui-1) +2 5 2n+2 <40 < 3n— 1, ¢Y(upt1) = 3,
Y(ui) = Y(ui-1) +2 3 n+2 <0 < 2n, Pugngr) = P(uzn) + 2, P(wi) = P(ui-1) + 2 ;
3n+2 < i <4n — 1. Clearly, e,(0) = 2n — 1 and ey (1) = 2n which proves that G is a
PCG (see Figure 2.18).
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Ficure 2.18: PCL of a graph formed by duplication of ug in Iy

Theorem 2.4.6. Duplication of an arbitrary path node (except pendant and apex) in I,
permits a PCL.

Proof. Let G be acquired by duplicating an arbitrary path node of I, say, u; with a
node v, where k € {2n+2,2n+3,...,3n—1}U{3n+1,3n+2,...,4n—2}. Clearly, |V (G)| =
|E(G)| = 4n. Consider ¢ : V(G) — {1,2,...,4n}. Fix ¢ (us,) = 2, ¥ (v) = 1, P(usny1) =
3, Y(ugnt2) = 9, Y(ur) =4, ¥(ui) = ¥(uim1) +2; 2 <0 < n, Pluzng1) = Y(un) + 2,
Y(u;) = P(ui—1) +2; 2n+2 < i < 3n — 1. Assign unused labels simultaneously to the
unlabeled nodes begining with us,+3 and heading to wgp—1. Next, assign the unused
labels to u; where n +1 < i < 2n, in any order. Observe that ged (v (usy), ¥ (ui)) > 1;
1 <i < n,ged(®(ui), Y(uit1)) > 15 2n+1 < i < 3n—1 and ged (¢ (uzn+1), ¥ (usnt2)) > 1.
Evidently, e,;(1) = 2n and ey;(0) = 2n which proves that G is a PCG (see Figure
2.19). 0

Ficure 2.19: PCL of a graph formed by duplication of uis in I

Theorem 2.4.7. DS(I,,), n > 4 permits a PCL.

Proof. Let V(DS(1,)) =V (I,)U{v,w} and E(DS(I,,)) = E(I,)U{uv: 1 <i<2n}U
{ugn4+1v, uan—1v} U{ww : 2n+2 < i < 4n — 2, i # 3n}. Clearly, |V(DS(I,))| =4n+1
and |E(DS(I,))| = 8n—4. Define ¢ : V(DS(1,)) — {1,2,...,4n+1} by fixing 1(v) = 4,
Y(w) =1, P(ugn) = 2, P(ugns1) = 15, P(ugny2) = 9, ¥(ugnss) = 3, (ur) = 6 and
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P(u;) = P(ui—1) +2; 2 <i < 2n—2. Assign unused labels simultaneously to unlabeled
nodes. Observe that ged(v(usy,), ¥(u;)) > 1,;1 <i < 2n—2, ged(Y(uznr1), ¥ (uont2)) >
1, ged(¢(uan+2), ¥ (ugnts)) > 1 and ged(¢(v), ¥ (u;)) > 1 ;1 <4i < 2n—2. It can be
found that ey (1) = 4n — 2 and ey (0) = 4n — 2 which shows that DS(I,) is a PCG (see
Figure 2.20). O

Ficure 2.20: PCL of DS(1y)

Theorem 2.4.8. S(I,,) permits a PCL.

Proof. Let G be formed by taking the subdivision of I,. Clearly, V(G) = V(I,) U
{v1,02, sy Von, V241 ooy Van—2} and E(G) = {uspv; : 1 < i < 2nfU{vju; : 1 < i <
2n} U{uv; : 2n+1 < i < 4n — 2} U {vuizr : 2n+1 < i < 4n — 2}. Clearly,
[V(G)| = 8n — 3 and |E(G)| = 8n — 4. Consider ¢ : V(G) — {1,2,...,8n — 3}. Fix
Blusn) = 2, B(u) = 3, Y(van) = 1, Bluzn) = 5, B(v1) = 4, Y(vr) = Bloi1) +2 5
2 <4< 2n—1. Assign even labels to u;’s where 1 < i < 2n — 1, ¢ # 2, in any order.
Next, fix Y(ugn+1) = 7, Y(vop+1) = 9, Y(wi) = Y(uim1) +4 5 2n+2 < i < 3n—1,
P(vi) = P(vic1)+4;2n+2 < i <3n—1, Y(vsy) = Y(v3n-1) +2, Y(usnt1) = ¥(van) +2,
Y(vi) = Y(vic1) +453n+1 <0 <dn —2, P(u;) = P(ui—1) +4;3n+2<i<4dn—1.
Clearly, ey(1) = 4n — 2 and ey(0) = 4n — 2 showing that G is a PCG (see Figure
2.21). O
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FI1GURE 2.21: PCL of S(I3)
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Open Problems and Conjectures

Some open problems and conjectures on PCL are given here which are formulated after
a keen study of literature and present work which will further fill the gap.

Conjecture 1. P, ® K,,, permits a PCL.

This conjecture can be proved if one can find a labeling pattern. One can get the idea
from Theorem 2.3.19.

Conjecture 2. If G is a k-regular PCG, then G ® K; is a PCG.

Since corona has been discussed for numerous graphs in this chapter, the above conjec-
ture once proved can characterize the regular graphs for PCL.

Open problem 1. Investigate whether the graph acquired by duplicating each edge by
a node, each edge by an edge and each node by a node, of a given PCG admits a PCL?
Open problem 2. Investigate whether the following graphs permit a PCL?

Ch ® Ky, W © Ky, Fl,, © Ky, G © Ky,

Open problem 3. If G is a k-regular PCG, then does G ® K, also permit a PCL?
More generally, whether corona of a given PCG with any given graph, permit a PCL?
The solution to open problem 3 can eventually settle open problem 2.

Open problem 4. To investigate the PCL of graphs acquired using other graph oper-

ations.

2.5 Conclusion

In this chapter, some general results for PCL of graphs are derived. Further, PCL of
corona of P,, C,, Wy, Gy, Fl,, K1y, B,m etc. with K, has been established, in
addition to corona of P, with K,. The PCL of lilly graph with various graph operations
namely, switching of a node, duplication of node by a node, degree splitting graph and
barycentric subdivision are discussed besides formulating some interesting conjectures

and open problems for future work.



Chapter 3

PCL in the Context of Extension

3.1 Introduction

In this chapter, PCL of certain graphs in context to graph operation named, extension
of a node, is explored. The concept of extension is motivated by duplication which is
used in network data security. Vertex duplication acts as a foundation in Reordering
Assisted Duplication/Duplication Assisted Reordering (RADAR), a method that inte-
grates duplication and reordering into a single graph processing optimization, reaping

their advantages and doing away with their disadvantages.

3.2 PCL in the Context of Extension of a node

PCL of graphs obtained by duplication operation has been investigated for various graph

families. A few have been recalled with necessary definitions as follows.

Definition 3.2.1. [78] “Duplication of an edge e = uv by a new vertex w in a graph G

produces a new graph G’ such that N(w) = {u,v}.”

Definition 3.2.2. [85] “Duplication of an edge e = uv by a new edge ¢/ = w'v' produces
a new graph G’ such that N(v') = N(u) U{v'} —{v} and N(v') = N(v) U{uv'} — {u}.”

Theorem 3.2.1. [78] (i) Duplicating each edge by a node in C,, admits a PCL V¥ n
except 4. (ii) Duplicating each node by an edge in C,, permits a PCL.

Theorem 3.2.2. [85] (i) Duplication of an arbitrary rim edge by an edge in W,, V
n > 6 is a PCG. (ii) Duplication of an arbitrary spoke edge by an edge in W,, is a PCG
form=7n2>9.

45
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Theorem 3.2.3. [66] Duplication of a rim node by node in H, admits a PCL.

Motivated by the concept of duplication, some results on duplication are presented.
Moreover, an operation named, extension of a node, given by [48], is considered and a

few more results on PCL are obtained.

Definition 3.2.3. [48] “An extension of a node u of H by a new node w, results in a
new graph K such that N(w) = N[u] (see Figure 3.1).”

FIGURE 3.1: Graph G and extension of node b by w in G

Throughout this thesis extension means extension of node by a node.

Lemma 3.2.1. Extension of an arbitrary node in K, gives rise to K,11.

Proof. Since the newly added node is joined with all the nodes of K, including the node

itself as every pair of nodes in K, are adjacent, which eventually gives rise to K. 0O

Theorem 3.2.4. Graph G formed by performing extension of an arbitrary node in K,
does not admit a PCL for n > 2.

Proof. Proof is evident from Lemma 3.2.1 and Theorem 2.2.7. O

Theorem 3.2.5. Duplicating each node with a node in P, results in a PCG.

Proof. Let {u; : 1 < i < n} denote the node set of P,. Suppose G be formed by
duplicating each node by a node in P, with V(G) = V(P,) U {v; : 1 < i < n} and
E(G) = E(P,) U{uj—1v; : 2 < i <n}U{vuit1: I <i<n-—1}. Clearly |V(G)| = 2n
and |E(G)| = 3n — 3. Consider ¢ : V(G) — {1,2,...,2n} defined under the given
conditions.

Case (i) When ‘n’ is odd and n > 7.

Fix w(u[%]) = 6, w(v[%ﬂ = 2, w(u[%H_l) =5, w(U[gH-l) = 3. Allot the remaining
even labels to u;;1 < i < [§] and to vj;;2 < j < [§] in any fashion. Next, fix
Y(ui) = P(ui—1) + 653 > [5] + 1, ¥(v;) = P(vi—1) +6;3 > [§] 4+ 1. Assume that wuy, is
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the farthest node that can be labeled by using above pattern. Assign the largest unused
label out of {1,2,...,2n} to ugsrq. Assign ¥(u;) = ¥(ui—1) — 12 ; ¢ > k + 2 and for
unlabeled v;, fix ¥ (v;) = ¥ (u;) — 6 for ¢ > k + 1. Once this pattern ends, allot the
unutilized labels to the remaining unlabeled node/nodes.

Case (ii) When ‘n’ is even and n > 6.

Fix (uz) = 6, Y(ve) = 2, P(uz 1) =5, P(vziq) = 3. Allot the available even labels
to u;’s and v;’s for 1 <4 < § in any fashion. Next, fix ¥(u;) = ¥(ui—1) +6 ;0> § +1,
Y(v;) = P(vi—1) +6 ;¢ > § 4+ 1. Assume that up and v; are the farthest nodes that
can be labeled by using above pattern. Label up4; with largest unused odd label out
of {1,2,...,2n}. Next, let ¥(u;) = (ui—1) —12; k+2 < i < n and ¥(v;) = P(u;) — 6
; k41 < i < n(if choice exists). Once this pattern ends, assign the unutilized label, if
any, to the unlabeled node/nodes.

In view of the above cases, it follows that |e,(0) — ey (1)| < 1. Hence, G is a PCG (see
Figure 3.2). O

F1GURE 3.2: PCL of a graph formed by duplicating each node in P

Remark 3.1. 1t is easy to deduce the PCL of the graph formed by duplicating each node

of C,, and W,, on similar lines with Theorem 3.2.5.

Theorem 3.2.6. Extension of an arbitrary node of C, results in a PCG for n > 6.

Proof. Let V(C,,) = {c; : 1 <i <n} and G be produced by taking the extension of an
arbitrary node of C),. Consider the extension of ¢; and w be the freshly inserted node.
Clearly, |[V(G)| = n+ 1 and |E(G)| = n+ 3. Consider ¢ : V(G) — {1,2,...,n + 1}
defined by letting ¥ (c1) = 6, ¥(¢,) = 2 and ¥(w) = 4 defined under two conditions.
Case (i) If ‘n’ is even.

Let ¥(ci) = ¥(ci-1)+2;2<i < 5-2,¢(caq) =1, ¥(c;) = ¢(cim1)+25 5§ <i<n—1.
Case (ii) If ‘n’ is odd.

Let ¢(c;) = ¢(eim1) +2 5 2 < i < 251 — 1, Plens) = 1, ¢ler) = Y(eim1) + 2 ;5
ply1<i<n-—1

Clearly, |ey(0) — ey (1)] < 1 which ensures that G is a PCG (see Figure 3.3). O

Theorem 3.2.7. Extension of an arbitrary node at rim of W,,, n > 7 allows a PCL.
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FicUuRE 3.3: PCL of a graph formed by taking the extension of v; in C7

Proof. Let V(W,,) = {wo,w1,ws,...,w,} and G be produced by taking extension of
an arbitrary rim node. Without loss of generality suppose extension of w; is taken
and x is newly added node. Clearly, |V(G)| = n + 2 and |E(G)| = 2n + 4. Consider
Y V(G) = {1,2,...,n+ 2} defined under three conditions.

Case (i) If ‘n’ is even.

Let (wo) = 2, () = 6, $(w1) = 8, th(wy) = 4, d(ws 1) = 1, Y(ws) = 3, Y(ws ) =
9, ¥(w;) = Y(w;—1) +2; 2 < i < § —2. Allocate the unutilized labels to unlabeled nodes
simultaneously from {1,2,...,n + 2}.

Case (ii) If ‘n’ is odd.

Subcase (i) If n = 2(mod 3).

Let ¥(wo) = 2. ¥(x) = 6, w(w)) = 8, (wy) = 4, Y(wa1) = 1, P(wap_y) = 3,
¢(wnT+1_1) =9 and ¢(w;) = P(wi—1) +2; 2 < i < 2 — 3. Allocate unutilized labels to
unlabeled nodes namely, wn+1, Wnt1
Subcase (ii) If n # 2(mod 3)2 )
Let w(wo) = 2, ¥(x) = 8, ¥(wr) = 10, $lws) = 4, Blwass_y) = 6, Y(wags ) = 3,
w(wnTﬂfl) = 9 and ¢(w;) = P(wi—1) +2; 2 < i < 2L — 4 (if the case exists).
Allocate unutilized labels to unlabeled nodes wn+1, Wnt1
{1,2,3,...,n+2}. C
In all the three cases, |ey;(0) — ey (1)] < 1, which ensures that G is a PCG (see Figure
3.4). O

415+ Wp—2 simultaneously from {1,2,...,n + 2}.

415 -+ Wp—1 simultaneously from

Remark 3.2. Duplication of an arbitrary rim node in W,, admits a PCL ¥V n > 7 and its

proof is same as that of Theorem 3.2.7.
Theorem 3.2.8. Extension of apex node of H, admits a PCG Y n > 2.
Proof. Let V(H,,) = {ho, hi,h; : 1 <i <n} ; ho, hi, b represent the nodes of degree n,

4 and 1 respectively. Let G be produced by taking extension of apex node and w be the
newly added node. Clearly, | V(G)| = 2n+2 and |E(G)| = 4n+1. Consider ¢ : V(G) —
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FI1GURE 3.4: PCL of a graph obtained by taking the extension of rim node in Wy

{1’2) )2n + 2} as given' Let 1/](11)) = 17 w(hO) = 27 w(hl) = 47 w(hl) = w(hl—l) + 2a
2<i<n& ) =) —1;1<i<n following which G is a PCG. O

Remark 3.3. Duplication of an apex node of H,, is a PCG V n > 2 and the its proof is

same as that of Theorem 3.2.8.

Theorem 3.2.9. Extension of an arbitrary node of degree 4 in Hy results in a PCG YV
n > 6.

Proof. Let V(Hy) = {ho, hi, b}, - 1 <1i < n}; ho, h;, h} represent the nodes of degree n,
4 and I respectively. Let G be produced by taking extension of h; and w be the freshly
inserted node. Clearly, |V(G)| = 2n + 2 and |E(G)| = 3n + 5. Consider ¢ : V(G) —
{1,2,...,2n+ 2}. Fix ¢¥(w) =4, ¥(ho) = 2, ¥(h,,) = 8. The given cases arise.
Case (i) If ‘n’ is even.
Let ¢(hg 1) =10, Y(Wy_;) = 1, ¥(hy) = 3, P(hi) = P(him1) +4 5+ 1 <i<n—1,
Y(hi) = Y(hi_y) +4; & <i < n— 1. Assign remaining even labels to unlabeled nodes
in any order.
Case (ii) If ‘n’ is odd.

1) = Lop(hia)) =3, ¢(hi) = Y(hia)+4; [3]+1 <i<n—1,
Y(hi) = p(hi_) +4; |5] +1<i<n—1. Allot remaining even labels to unlabeled
nodes.
It follows that G is a PCG (see Figure 3.5). O

Remark 3.4. Proof of Theorem 3.2.9 holds good even if duplication of a node of degree
4 by a node in H,, is taken.

Theorem 3.2.10. Eztension of a pendant node in H, results in a PCG Y n > 5.

Proof. Let V(H,) = {ho, hi,h} : 1 <i <n}; hg is apex, h] represent the pendant nodes
of H,. Let G be produced by taking extension of k] and w be the added node. Clearly,
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F1GURE 3.5: PCL of a graph acquired by taking extension of h; in H7

[V(G)| =2n+2 & |E(G)] = 3n+ 2. Consider ¢ : V(G) — {1,2,...,2n + 2} as given.
Let ¢(w) = 12, ¥(ho) = 2, ¥(h1) = 6, ¥(h,) = 4 and (k) = 3. The given cases arise.
Case (i) If ‘n’ is even.

Let ¢(hg 1) = 8, d(hg) = 5, p(Wu) = 1, P(hi) = P(hi1) +4 5+ 1 <i<n—1,
Y(hi) = (hi) =2 ; §+1 <i<n—1. Assign remaining even labels simultaneously to
unlabeled nodes.

Case (ii) If ‘n’ is odd.

Let ¢(hiz)) = 8, d(hjn)) = L, (hz)11) =5 ¥(h]n 1) = T, D) = Plhi1) + 4
5] +2<i<n—1,¢%(0h)) =) +2;[5]+2<i<n— 1. The remaining labels are
assigned simultaneously to unlabeled nodes.

It follows that G is a PCG. O

Remark 3.5. The proof of Theorem 3.2.10 can be used in proving the PCL of a graph
acquired by duplicating a pendant node at random, by a node in H,, V n > 7.

Theorem 3.2.11. Extension of all pendant nodes in Hy, results in a PCG Y n > 5.

Proof. Let V(H,) = {ho,hi,h}, : 1 < i < n} where h}’s are pendant nodes. Let G
be produced by taking extension of all pendant nodes and {w; : I < i < n} be the
freshly inserted nodes. Clearly, |V(G)| =3n+1 & |E(G)| = 5n. Consider ¢ : V(G) —
{1,2,...,3n 4+ 1}. Let ¢(ho) = 2 and ¢(h;) = 4. There arise the given cases.

Case (i) If ‘n’ is even.

Let $(w,) = 1, G(hg) = 6, 6(l) = 12, blhgs1) = 9, V(hgsa) = 11, Blwy) = 3,
UMy 1) = 5, V(wga1) = T, 0(h) = V(o) + 6 % +3 < i < n, w(h) = v(h) + 2
5+2<i<n Yw) =) +4 §+2<i<n-—1 Assigning the remaining labels
simultaneously to unlabeled nodes gives ey (0) = e, (1) = 22.

Case (ii) If ‘n’ is odd.

Let ¢(hrz1) = 6, ¥(htag) = 3, d(wrg)) = 1, ¢lhrgi4a) = 5, ¥(hi) = P(hi-1) + 6;
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(842 <0 <ny (k) = (k) +2 T3] 41 <0 <y wwy) = o(h) +4; [3]+1 < i <n.

Assign the remaining labels to unlabeled nodes results in e,(0) = 251 & e, (1) = 25H.

For both the cases, G is a PCG (see Figure 3.6). O

FI1GURE 3.6: PCL of a graph acquired by taking extension of all pendant nodes in Hy

Remark 3.6. Graph acquired by duplicating each rim node by an edge in W, is a PCG

as it is isomorphic to a graph obtained by taking extension of each pendant node in H,,.

Remark 3.7. Proof of Theorem 3.2.11 can be used to prove that graph acquired by
duplicating each pendant node by a node in H,, admits a PCL.

Theorem 3.2.12. Ezxtension of apex node by a node in Fl, admits a PCLY n > 5.

Proof. Let V(Fl,) = {vo,vi,u; : 1 < i < n} where v; & u; have degrees 4 & 2 re-
spectively and vy is apex node. Let G be produced by taking extension of apex node
and w be the added node. Clearly, |V(G)| = 2n + 2 and |E(G)| = 6n + 1. Consider
v V(G) = {1,2,...,2n + 2} given by assigning ¢(vo) = 2, ¥(w) = 4, ¥(v1) = 6,
) = 3, ¥(v2) = 10, ¥luz) = 5, (o) = 9, Y(un) = 1 and Y(va1) = 12. As
sign remaining even labels to unlabeled nodes of degree 4. Next, ¥ (u;) = ¥(v;) — 1;
3 < i <n—1. Following this, G is a PCG. O

Remark 3.8. Duplication of an apex node of Fl, results in a PCG V n > 5. Labeling is
same as that of Theorem 3.2.12.

Theorem 3.2.13. Extension of an arbitrary node of degree 2 in Fl, results in a PCG
vV n>3.

Proof. Let V(Fl,) = {vo,vi,u; : 1 < i < n} where v; & u; have degrees 4 & 2 re-
spectively and vy is apex node. Let G be produced by taking extension of u; and w
be the newly added node. Clearly, |V(G)| = 2n + 2 and |E(G)| = 4n + 3. Consider
Y V(G) = {1,2,...,2n+2} given by fixing ¢ (vo) = 2, ¥(v1) = 6, P(u1) = 3, P(v2) =4,
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P(ug) = 5 and ¢(w) = 1. Allocate the available unutilized even labels simultaneously
to vi; 3 < i < m. Next, set ¥(u;) = ¥(v;) —1; 3 < i < n. Following this G is a PCG (see
Figure 3.7). O

FicUure 3.7: PCL of G acquired by taking extension of uy in Fi,

Remark 3.9. Duplicating an arbitrary node of degree 2 by a node in Fl,, admits a PCL

and its proof is same as that of Theorem 3.2.13.

Theorem 3.2.14. Eztension of an arbitrary node of degree 4 in Fl, results in a PCG
YV n>4.

Proof. Let V(Fl,) = {vo,vi,u; : 1 < i < n} where v; & u; have degrees 4 & 2 respec-
tively. Let G be produced by taking extension of an arbitrary node of degree 4. With-
out loss of generality, consider the extension of v; and w be the added node. Clearly,
[V(G)| = 2n+ 2 and |E(G)| = 4n + 5. Consider ¢ : V(G) — {1,2,...,2n + 2}. Fix
Y(vo) = 2, Y(v1) = 6, P(v2) = 8, Y(u1) = 3, ¥(vn) = 4, Y(up) = 5, Y(vp-1) = 10,
Y(up—1) =1, and Y(w) = 9. Allocate available unutilized even labels to v;; 3 < i < n—2.
Next, set (u;) = ¥ (v;) — 1; 2 < i <n —2. Clearly, G is a PCG. (see Figure 3.8). O

Remark 3.10. Duplicating an arbitrary node of by a node of degree 4 in Fl,, results in
a PCG V n > 4 and its proof is same as that of Theorem 3.2.14.

Theorem 3.2.15. Ezxtension of apex node in Gy permits a PCLY n > 4.

Proof. Let V(G,) = {vo,vi,u; : 1 < i <n}and E(Gp) = {vov; : 1 < i < n}U{vu; :
1 <i<n}U{uwitr 1 <i<n—1}U{uyvi}. Here vy, v; and u; represent respectively
the apex, node of degree 3 and 2. Let H be obtained by taking extension of vg in G,
by adding a new node, say, w. Clearly |V (H)| =2n+2 and |E(H)| = 4n+ 1. Consider
Y V(H) — {1,2,...,2n + 2} as per the given algorithm. Fix ¢ (vy) = 2, ¢¥(w) = 6,
P(v1) =4, Y(vy) = 3, Y(vp—1) = 10, P(u,) = 1 and ¥(u,—1) = 5. Assign even labels
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F1cUre 3.8: PCL of a graph acquired by taking extension of vy in Flr

simultaneously from unused labels to v;; 2 < i < n — 2 and ¥(u;) = Y(vit1) — 1;
1 < i <n—2, resulting which |e;(0) — ey (1)| < 1. Hence, H is a PCG. O

Remark 3.11. Duplication of an apex node by a node in G, permits a PCL V n > 4 and

its proof is same as that of Theorem 3.2.15

Theorem 3.2.16. FExtension of an arbitrary node of degree 3 in Gy permits a PCL ¥V
n > 4.

Proof. Let V(G,,) = {vo,vi,u; : 1 <1 < n} where v; and u; are respectively the nodes

of degree 3 and 2. Without loss of generality, let H be obtained by taking the extension

of v; and w be the added node. Clearly |V(H)| =2n+2 and |E(H)| = 3n+4. Labeling

isdefined by ¢ : V(H) — {1,2,...,2n+2} as per the following algorithm. Fix ¢(vg) = 8,

Y(w) = 2 and ¥ (uy,) = 4. Now given cases arise.

Case (i) If ‘n’ is even.

Let (un_1) =6, ¢(va) =3, ¥(uz) =1, ¥(vat1) =5, ¢(v;) = P(vi—1)+4; 3+2<i<n

and ¥(u;) = P(v;) +2; §+1 <4 <n—1. Next assign the remaining labels in any

fashion. Note that ey(0) = ey(1) = 25t which proves that H is a PCG.

Case (ii) If ‘n’ is odd.

Let t(viz)) =6, ¥(un)) =3, Y(vray)) =1, Y(urzy) =5, ¥(ui) = ¥(ui—1) +4; [5]+1 <

i <n—1and(v;) = Y(ui—1)+2; [§]
¥

+1 <i < n. Next allot the remaining even labels
in any fashion. Note that ey (0) = e,(1) + 1 which proves that H is a PCG. O

Remark 3.12. Duplication of an arbitrary node of degree 3 in G, permits a PCL ¥V n > 4.
The proof is same as that of Theorem 3.2.16.

Remark 3.13. One can also establish the PCL of graphs obtained by taking extension

as well as duplication of an arbitrary node of degree 2 in G,,.

Theorem 3.2.17. Extension of all nodes of P, allows a PCL.
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(a) {b)

FIGURE 3.9: PCL of a graph acquired by taking extension of (a) v; in G7 and (b)
in G7

Proof. Suppose node set of P, is {u; : 1 <1i < n} and G be acquired by taking extension
of all nodes of P,. Let V(G) = V(P,) U{v; : 1 <i<n} and E(G) = E(P,) U {w; :
1 <i<n}U{viui—1:2 <i<n}U{vjuis1: 1 <i<n-—1}. The cardinality of node and
edge set of G is respectively 2n and 4n — 3. In order to define ¢ : V(G) — {1,2,...,2n},
refer to Theorem 3.2.5. O

Theorem 3.2.18. Extension of all nodes of Cp, n > 8, allows a PCL.

Proof. Suppose node set of C, is {uy,u2, ..., u,} and G be produced by taking extension
of all nodes of C,,. Note that V(G) = V(C,)U{v; : 1 <i<n}and E(G) = E(Cy)U
{wv; + 1 <i <n}U{viui—1 : 2 <i < npU{viuisq : 1 <i <n—1}U{viu,,vyur}. Clearly,
|[V(G)| = 2n whereas |E(G)| = 4n. In order to define ¢ : V(G) — {1,2,...,2n}, one
can refer to Theorem 3.2.5, except for the following few changes. Replace ¢(Ug+1) =9,
Y(vzpr) = 3, Pluzyz) = 11, Y(vaye) = 5, Y(uzys) = 17, P(veis) = 15. (Similar
pattern when n is odd). O

Remark 3.14. One can deduce the PCL of a graph acquired by performing the extension

of all the rim nodes of W,, on similar lines.
Theorem 3.2.19. [81] S'(K1 ) admits a PCL.

Theorem 3.2.20. Extension of all nodes of K1, allows a PCL.

Proof. Let V(K1) = {ko,ki : 1 < i < n}; ko is apex node. Let G be produced by
performing extension of each node of Kj, and wug,u1,us,...u, be the freshly inserted
nodes with V(G) = V(K1) U {up, u1,ug,...,un} and E(G) = E(K1y) U {ku; : 1 <
i < n} U {kouo} U{kou; : 1 < i < n}U{upk; : 1 < i < n}. One can see that
[V(G)| = 2n+2 & |E(G)| = 4n + 1. Consider ¢ : V(G) — {1,2,...,2n + 2}. Fix
ko) = 2, (k1) = 3, (k) = 4, P(ks) = 8, (ki) = W(ks1) + 2 4 < i < 1, P(up) = 6,
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Y(ur) =1, ¥(u2) =5, ¥(u;) = ¥(k;) — 1; 3 < i < n. Note that ged(¢(ko), ¥ (ki) > 1;
2 <i<n,ged(v(ko),¥(up)) > 1 and ged(¥(ug), (ki) > 1; 1 < i < n. The edges due
to above observation are labeled 0 and the remaining are labeled 1. Note e,(0) = 2n

and ey (1) = 2n + 1 implies G is a PCG (see Figure 3.10). O
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FIGURE 3.10: PCL of a graph acquired by taking extension of all nodes of K;

Remark 3.15. Duplication of each node with a node in K, results in S’(K,) which
admits a PCL by Theorem 3.2.19.

Theorem 3.2.21. [81] S'(B,,,,) admits a PCL.

Theorem 3.2.22. Extension of all nodes of By, admits a PCL.

Proof. Let V(Byn) = {uo,vo,ui,v; : 1 < i <n} where ug, vy represent the apex nodes.
Let G be produced by performing extension of each node of B,, ,, and let uy, v(), u}, v} be
the freshly added nodes, 1 < i < n. Clearly, V(G) = V (B, »)U{ug, vy, ul,vi : 1 <i<n}
and E(G) = E(Bpn)U{uju} - 1 <i <n}U{v): 1 <i<n}U{upv], voug, uoug, vovy U
{uouf,vovf + 1 < i < n}pU{uju; : 1 < i < n}U{vjv; : 1 <i < n}. Apparently,
IV(G)] = 4n+4 & |E(G)| = 8n + 5. Consider ¢ : V(G) — {1,2,...,4n + 4}. Fix
P(uo) = 2, P(vo) = 4, Y(uy) =6, P(vy) = 1, Y(u1) = 3, Y(u}) = 12. Allot the unutilized
even labels to u; and u}; 2 <4 < n in any order. Next, ¥(v1) =5, ¥(v;) = Y (vi—1) +4;
2 <i < nand Y) = P(v;)) +2; 1 < i < n. Observe that ey(1) = 4n + 3 and
ey(0) = 4n + 2 which proves that G is a PCG (see Figure 3.11). O

FIGURE 3.11: PCL of a graph acquired by taking extension of all nodes in B3 3
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Remark 3.16. Duplication of each node with a node in B, ,, results in S’(B,, ) which is
a PCL by Theorem 3.2.21.

Open Problems

The following open problems arose due to the results established in this chapter.

1. If G is a PCG, then does graph obtained by performing extension of each node of G
also permit a PCL?

2. Is there a characterization of graphs that do not admit a PCL but whose extension
admits a PCL?

3.3 Conclusion

In this chapter, duplication and extension, which are widely used graph operations in
many real life problems, permits PCL for the following graphs; arbitrary rim node in
W, apex node in H,, G, & Fl,, pendant node in H,, node of degree 1 & 3 in H,,
node of degree 2 & 4 in Fl,, apex node, node of degree 2 & 3 in GG,,. Further, it has
been established that duplication and extension of all nodes in P,, Cp, Wy, K, and

By, », permit a PCL, while formulating some open problems.



Chapter 4

Results on DCL of Graphs

4.1 Introduction

In this chapter, certain general results concerning DCL of graphs are derived. The DCL
of some familiar families of graphs in the frame of various notable graph operations has

also been discussed.

4.2 Certain New General Results on DCL of Graphs

In this section, some general results on DCL of graphs are presented. Babitha et al., [3]
studied the PCL of the construction of a new graph by using an existing PCG, say, H,
and then gluing a node of some particular class of graph to one of the selected node of

H. Motivated by this, some new graphs by using an existing DCGs are constructed.

Definition 4.2.1. [3] “Let H;(ps,q;) and Ha(p2,q2) be two connected graphs, then
H,;0H> is acquired by overlaying any chosen node of Hs on any selected node of H;.
The resultant graph H = H;0 Hs has p; + po — 1 number of nodes and ¢; + g2 number
of edges.”

Theorem 4.2.1. If G(p,q) is a DCG with labeling g, then Gof,, admits a DCL when
(i) q is even
(it) q is odd with ey(0) = [4].

Proof. Suppose G is a DCG having V(G) = {u1,us, ..., u,} under the labeling g. Let
ur € V(G) such that g(ug) = 1. Consider f,, with V(fp,) = {vo,v; : 1 <i < m} and
E(fm) =A{vov; : 1 <i<m}U{vviy1:1 <i<m—1}. Let H= Gof,, be obtained by
superimposing vy on ug of G (see Figure 4.1). Then V(H) = V(G)U{v; : 1 <i < m}

o7
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and E(H) = E(G) U{ugv; : 1 < i < m}U{vjvig1 : 1 < i < m— 1}. Consider
v:V(H)—{1,2,...p,p+ 1,....,p+m} defined by ¢(u;) = g(u;) for 1 <i < p. Recall
that g(ug) = ¥(vg) = 1, fix ¥(v;) =p+i for 1 <i < m. Next to show that Gof,, is a
DCG for the following cases.

Case (i) ‘q’ is even.

Then ey4(0) = e4(1) = %. Note that |[E(H)| = g+ 2m — 1 and observing v, one can see
that for edges e = ugv;; 1 <i < m, ¢(e) =1 and Y (v;v;y1) =0; 1 <i < m — 1. Hence,
ep(1) = 4 +m and ey (0) = 4 +m — 1 which justifies that |e,(0) — e, (1)] < 1.

Case (ii) ‘g’ is odd with e4(0) = [2] i.e; e4(0) = e4(1) + 1.

Keeping v in view, one can verify that ¢¥(ugv;) = 1; 1 < i < m and ¥(v;vi41) = 0 ;
1 <i<m—1. Consequently, ey(1) = || +m and ew(()) = [4] + m — 1 which justifies
that |e,(0) — ey (1)) < 1.

Hence, H is a DCG. ]

FIGURE 4.1: DCL of G 0 fp,

Remark 4.1. If G(p, q) is a DCG then, GoW,, and GoFl,, admit a DCL. One can easily

prove this in accordance with Theorem 4.2.1.

Theorem 4.2.2. If G(p,q) is a DCG then, GoK1 ,, admits a DCL when
(i) m is even

(i) m is odd and

(a) q is even

(b) Both p and q are odd with eg(1) = |4

(¢c) p is even and q is odd with eq(1 [31

Proof. Let G be a DCG having V(G) = {u1,us, ..., up} and labeling g. Let u, € V(G)
such that g(ug) = 2. Consider Ki,, having V(K ) = {vo,v; : I < i < m} and
E(Kim) =A{vovi : 1 <i<m}. Let H= GoK ;, be obtained by superimposing vg on u
of G. Clearly, V(H) = V(G)U{v;: 1 <i<m}and E(H) = F(G)U{ugv; : 1 <i<m}.
Consider ¢ : V(H) — {1,2,...,p, p+1,...,p+m} defined by ¥(u;) = g(u;) for 1 <i < p.
Recall that g(ug) = ¥(vg) = 2, fix ¥(v;) = p+i for 1 < i < m. Next is to show that
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GoK 1, is a DCG for the given conditions.

Case (i) ‘m’ is even.

If ‘¢’ is even, then ey4(0) = e4(1) = . Note that |[E(H)| = ¢ + m, one can see that the
aggregate count of edges bearing labels 1 and 0 are respectively 2 + % and £ + 3 which
justifies that |e,(0) — ey (1) < 1.

If ‘¢’ is odd, then either e4(0) = e4(1) + 1 or e4(1) = e4(0) + 1. On the other hand
m being even always yield equal count of edges labeled with 1 and 0. Thus, either
ey(0) = ey(1) + 1 or ey (1) = ey (0) + 1 justifiying that [e,(0) — ey (1)] < 1.

Case (ii) When ‘m’ is odd.

Subcase (i) When ‘¢’ is even.

Since ¢ is even, e4(0) = e4(1) = %. Note that |[E(H)| = ¢ + m. Following the labeling
pattern ¢, one can see that either e, (1) = ey(0) + 1 or ey (0) = ey (1) + 1.

Subcase (ii) When both ‘" and ‘p’ are odd with eg(1) = |%|. Then e4(0) = [2]| + 1.
Following 1, one can observe that ey (1) = ||+ [2] and e,(0) = (|4 +1)+ ([ 2] - 1)
which justifies that |e,(0) — ey (1)] < 1.

Subcase (iii) When ‘g’ is odd and ‘p’ is even with ey(1) = [4]. Then e4(0) = [4] — 1.
Following 1, one can see that ey(1) = [4] + ([%] — 1) and 4(0) = ([4] — 1) + [ 2]
which justifies that |e,(0) — ey (1)] < 1.

Hence, H is a DCG under all the mentioned conditions. ]

Theorem 4.2.3. Let H(p1,q1) and K(p2,q2) be two disjoint DCGs such that H U K
is a DCG with labeling 1, then the graph formed by joining H and K by an edge also
admits a DCL when

(i) 1 and qo are even.

(i) Both q1 and q2 are odd with

(a) ey(1) = [ 5]+ [5] (0) ep(1) = [5] + %]

Proof. Given that H U K is a DCG with labeling v, where union is taken over disjoint
DCGs H and K. Join H with K by an edge e. Denote the newly obtained graph by G
with V(G) =V(HUK) and E(G) = E(H)UE(K)U{e}. Clearly, |V(G)| = p1 + p2 and
|E(G)| = q1 + g2 + 1. Next to show that G is DCG for the following cases.

Case (1) When both ‘q;” and ‘g2’ are even.

This implies q1 +¢> is even and therefore edges having labels 1 and 0 are equal. Joining H
with K by an edge ‘e’ contribute either label 1 or 0 and in both way |e,(0) — ey (1) < 1.
Case (ii) Both ‘q;” and ‘g2’ are odd then g1 4 ¢ is even. Consider the following subcases.
Subcase (1) When ey (1) = 4| + [2] then ey (0) = (| L] + 1)+ ([2] — 1). In this case
adding an edge contributes edge label 1 or 0 and in either of the case |e(0) —ey(1)] < 1.
Subcase (i) When ey (1) = [4] + [%] then ey(0) = ([%] — 1) + (|%] +1). Again,
adding an edge leads to |ey(0) — ey (1)] < 1. Thus, G is a DCG. O
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Theorem 4.2.4. [86] K,, does not admit a DCL forn > 7.

Theorem 4.2.5. DS(K,,) does not permit a DCL for n > 6.

Proof. Proof is evident from Theorem 4.2.4 and Lemma 2.2.1. O
Lemma 4.2.1. Ezxtension of any arbitrary node of K, yields Kn41.

Theorem 4.2.6. The graph G produced by performing extension of any arbitrary node
in K, does not admit a DCL for n > 6.

Proof. Proof is evident from Theorem 4.2.4 and Lemma 4.2.1. O

Lemma 4.2.2. The graph formed by switching any arbitrary node in K, admits a DCL
forn <8.

Proof. Switching of any arbitary node in K, yields a disconnected graph whose com-
ponents are K,,_1 and K. The result clearly follows for switching of node in K, for
n = 3,4,6,7 (see Figure 4.2). Consider the DCL of graph produced by switching of a
node in K5 and Ksg.

Case (i) When n = 5.

Label the isolated node with 4 and assign the remaining labels to the nodes of Kjy.
Clearly, e(0) = e(1) = 3.

Case (ii) When n = 8.

Label the isolated node with 7 and assign the remaining labels to the nodes of K7. Here

e(0) =10 and e(1) = 11. O
4 6 5
o ® o
1 1 1 2
5 2
6 3
3 ? 4 3 5 F

F1GURE 4.2: DCL of a graph formed by switching of a node in K4, K¢ and K7

Theorem 4.2.7. Switching of an arbitrary node in K, forn > 9 does not admit a DCL.

Proof. Switching of an arbitrary node in K,,; n > 9 yields a disconnected graph G whose
components are K,,_1 and K7. Consider n = 9 for the sake of discussion. A disconnected
graph G is produced by switching a node in K¢ whose components are Kg and K. A
method of contradiction is used in proving this. Assume that G admits a DCL. Without
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loss of generality, label the isolated node with the largest prime p where p < 9 (i.e.,
7) in order to get more edges having label 1, and assign the remaining labels to nodes
of Kg in any pattern. Here e(0) = 15, e(1) = 13 which results in |e(0) — e(1)] > 1, a
contradiction. The other possibilities of assigning different labels to the isolated node
can be dealt in the similar lines. The similar argument holds good for n > 10. Hence

the theorem. O

4.3 DCL in the Context of Corona

In this section, DCL of corona of some known graphs has been discussed. First, some

established results are recalled.

Theorem 4.3.1. /]7/ “[(17n®K1, KQJL@Kl, Kg}nQKl, W,oKy, H,® Ky, Fl,® Kj,
fn® K1, Df, ® Ky and S(K1,) © K1 admit DCL.”

Motivated by this, a few more results in the context of corona operation are derived.

Theorem 4.3.2. G ® K| admits a DCG where G(n,m) is a k — regular DCG.

Proof. Suppose G is a k — regular graph with node set {v1,vs,...,v,} that admits a
DCL say g. Clearly, [V(G)| = n and |E(G)| = %. For ease of computation, fix
gv;)) =i 1 <i<n. Let H=G0o Ky with V(H) = V(G) U {ug,ug,...,u,} and
E(H) = E(G)U{vu; : 1 <i<n}. Cleatly, |V(H)| = 2n and E(H) = ¥ + n. Define
Y :V(H) = {1,2,...,n,n+ 1,....,2n} as follows. Fix ¢(v;) = g(v;) for 1 < i < n. For
labeling of u;’s the below mentioned cases arise.

Case (1) When both ‘n” and ‘m’ are even.

For odd values of i, fix ¢(u;) = 2g(v;) ; § < < n, and label ¥ (u;) with the largest
value of i(2') such that i(2') < 2n for 1 < i < % and I € N. Now label ug, ug, ..., upn
simultaneously from {n + 1,n + 3,...,2n}. Since m is even therefore, e4(0) = e4(1). In
the wake of above pattern one can find that e, (0) = e, (1) proving that H is a DCG.
Case (ii) When ‘n’ is even and ‘m’ is odd.

Since m is odd, therefore, either e,(0) = e4(1) + 1 or e4(1) = e4(0) + 1. Following the
labeling pattern of Case (i), it is an easy check that |ey(0) — ey (1) < 1.

Case (iii) When ‘n’ is odd and ‘m’ is even.

For odd values of 4, fix ¢(u;) = 2g(v;) ; [2] < i < n and label ¥(u;) with the largest
value of i(2) such that i(2') < 2n for 1 <i < [2] and [ € N. Label the remaining u;’s

simultaneously with unused labels out of {n+1,n+2,...,2n}. Since m is even, therefore,

eg(1) = e4(0). Following the labeling pattern, ey(1) = ey (0) + 1 which justifies that
ey (0) — ey ()] < 1.
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Case (iv) When both ‘n” and ‘m’ are odd.

Here, either e4(0) = e4(1) + 1 or e4(1) = €4(0) + 1 for G. Now three subcases arise.
Subcase (i) If €4(0) = e4(1) + 1, then follow the labeling pattern of Case (iii).

Subcase (ii) If eg(1) = e4(0) + 1, and n # 5 + 4m, where m € {0,1,2,...}. Label ¥(u;)
with the largest value of L%J 2! such that L%J 2l < 2n, 1 € N. For odd values of i,
fix ¥(u;)) = 29(v;); [%] < i < n and label ¢(u;) with the largest value of i(2!) for
3<i< L%J — 2. Next, assign remaining one even label to Uln|- For wo,uq, ...y ty_1,
label these nodes simultaneously with unused labels out of {n+1,n+2,....2n}. Following
above pattern, ey (1) = ey (0) which justifies that |ey(0) — ey (1)] < 1.

Subcase (iii) If e4(1) = €4(0) + 1, and n = 5 + 4m, where m € {0,1,2,...}. Fix ¥(u1)
with the largest value of (|%| — 1)2! such that (|%| — 1)2' < 2n. For odd values of
i, put ¥(u;) = 2g9(v;) ; { ] < i < n and label ¥(u;) with the largest value of i(2!) for
3<i < bJ —2 and [ € N. Assign remaining one even label out of {n+1,n+2,...,2n} to
Uz g For remaining nodes, namely, us, u4, ..., u,—1, label them simulatenously with
unconsumed labels out of {n + 1,n + 2,....2n}. Following the above pattern, one can
find that ey (1) = ey (0) which justifies that |e,(0) — ey (1)| < 1.

Thus, under all the cases, H is a DCG. O

Definition 4.3.1. [56] “Shell graph Sh,, is obtained by taking n — 3 concurrent chords

in C},. The node at which all chords are concurrent is called an apex node.”

Theorem 4.3.3. Sh, ® K; is a DCG, n > 5.

Proof. Suppose {uj,ug,...,un} and {uui41 1 <i<n—1} U{upui} U{uju; : 3 <i <
n — 1} represent respectively the node and edge set of Shy,. Let G = Sh,, ® K; having
V(G) = V(Shy) U{u} : 1 < i < n} and E(G) = E(Shy,) U {wu} : 1 <i < n}. Here,
|[V(G)| = 2n, whereas |E(G)| = 3n — 3. Consider ¢ : V(G) — {1,2,...,2n}. The
following possibilities arise.

Case (i) If ‘n’ is even.

Put ¥(u1) = 1, P(uy) = 2, P(u2) = 4, Y(uz) = 6, Y(u;) = P(ui—1) +4; 4 <i < 5+ 1,
lugse) = 8, W) = V(uir) +4 543 < i < n, () = TG ) = U,
3<i<3, ¢(u’%+1) = p(uhy) + 2, Y(u;) = P(uj_;) +2; 5§ +2 < i < n. Observe that
ep(l) =22 — 2 and e,(0) = 3 — 1.

Case (ii) If ‘n’ is odd.

Put ¢(ur) =1, 9(uy) = 2, ¥(uz) =4, ¥(us) =6, P(us) = Y(ui—1) + 44 <i < [5] +1,
Wlursa) = 8, Blug) = Y(ui) + 4 [5]+3 < i < my plup) = 1 slergr) e~ st
3<ii < [%], w(u’(%Hl) = p(uhy) + 2, Y(uj) = Y(u;_;) +2; [§] +2 < i < n. Observe
that ey (1) = ey (0) = 3”2_3.

This shows that G is a DCG. O




Chapter 4. Results on DCL of Graphs 63

Theorem 4.3.4. DW,, ® K1, n > 3 is a DCG.

Proof. Let V(DW,,) = {vo,u;,v; : 1 <1i < n}; u; and v; respectively the internal and
external rim nodes of DW,, with vg, the apex node. Let G = DW,, ® K; with V(G) =
V(DW,,) U{vj, u;,v) : 1 <i<n}, and E(G) = E(DW,,) U {uu},v;v},vovy : 1 < i < n}.
Clearly, |[V(G)| = 4n+2, and |E(G)| = 6n+1. Consider ¢ : V(G) — {1,2,...,4n+2} by
fixing ¢(vo) = 1, ¥(u1) = 6, P(u;) = Y(ui—1) +4; 2 < i < n such that Y(u1) f¢(un)
(If this happens, swap the labels of w,, and u),). Next, let ¢)(u)) = %; 1 <4 <n,
Y(v1) = P(ul) + 2, Y(vi) = Y(vi—1) +2; 2 < i < n such that ¥(vi) J¢(v,) (If this
happens, swap the labels of v, and v],) ¥(v]) = 2, ¥(vh) = 4, Y(v]) = Y(v,_,) + 4;
3 < ¢ < n and remaining even label to v{. It can be seen that G is a DCG (see Figure
4.3). O

FIGURE 4.3: DCL of DW5 © K,

Definition 4.3.2. [66] “The jewel graph J,, has V(J,,) = {z,y,u,v,2; : 1 <i <n} and
E(J,) = {zu, zv, yu, yv,uv, xz;, yz; - 1 <i < n}.”

Theorem 4.3.5. J,, ® K; is a DCG.

Proof. Let G = J, ® K; with V(G) =V (J,) U{, ¢/, v/, v, 2 :<i<n}and E(G) =
E(J,) U{za! yy w00’ zi2) : 1 < i < n}. It can be seen that |[V(G)| = 2n + 8 and
|E(G)| =3n+9. Consider ¢ : V(G) — {1,2,...,2n + 8} under the given possibilities.
Case (i) If ‘n’ is even.

Fix ¢(z) = 2, ¢¥(y) = L, ¥(21) = 4, ¥(z:) = ¥(2i- 1)+2‘2<i<ﬂ¢(2£
1<i<3g, ¢(2”+1) () +2,9(z) = ¥(zi1) + 2 5 +2 < i <n, (7

3121 <. Next put (o) = $(on) -+ 2, $(u) = () + 2 Ylal) = 6(10) + 1, B{0)
P(z,) +4, () =¥(v) + 1, Y(y') = ¥(2],) + 6. One can verify that e, (1) = e, (0) + 1.
Case (ii) If ‘n’ is odd.

Put ¢(z) = 2, ¥(y) = 1, ¥(z1) = 4, ¥(z) = P(zim1) +2; 2 < i < 5], (%) =
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(o) = 11 <0< (3] 0larg)) = () + 2 6(z) = v(sm) + 2 (3] +1<i<m,
15 [5] <@ < n. Next, fix () = ¢(zn) +2, ¢(u) = 9(z) +2,

L) = 9(z) +4, 9() = ¢(v) +1, ¥(y) = ¢(z,) + 6. One can

observe that ey (1) = 2n — [§] +5 & ey(0) = 2n — [ 5] + 4.

Thus, G admits a DCL (see Figure 4.4). O

FIGURE 4.4: DCL of J, ® K,

Theorem 4.3.6. Gl(n) ® K1, n > 2 admits a DCL.

Proof. Suppose node and edge set of Gl(n) are respectively {u,v,u; : 1 < i < n} and
{uuj,vu; : 1 <i<n}. Let G =Gl(n )@l_(l with V(G) = V(Gl(n)) U{u/, v/, u}: 1 <i<
n} & E(G) = E(Gl(n)) U{uu,vv',uu; : 1 <i < n}. Observe that |V(G)| =2n+4 &
|E(G)| = 3n+2. Consider ¢ : V(G) — {1, 2,...,2n+4} given by underlying conditions.
Case (1) When ‘n’ is even. Fix ¥(u) = 1, ¢(v/) = 2n + 4, ¥(v) = 2, () =
Y(ur) =4, P(w) = Y(ui1) +2; 2 <i < 5, Pluzyr) = duz) +3, Y(u) = P(ui-1) + 2
54+2<i<n, P(u;) =P(u;) +1;1 < i < § and P(u;) = (u;) —1; 5 +1 < i < n. Note
that ey (0) = ey (1) = 252 hence G is a DCG (see Figure 4.5).

Case (ii) When ‘n’ is odd.

Put ¢(u) =1, P(u) = 2n +4, P(v) = 2, Y() = 3, P(u1) = 4, Y(wi) = P(ui-1) + 2
2 < i < 5], Ylurgren) = $lurg) +3, d(w) = Pluica) +25 3] +2 < i <n
b(uf) = w()+1,1§z§(21andw(z) $(wi) = 1; [3]+1 < i <n. Note that
ey (1) = ey (0) + 1, establishing the DCL of G. O

Theorem 4.3.7. F,, ® Ky is a DCG for n > 4.

Proof. Let V(Fy,) = {ug,ui,uio : 1 < i < n} and E(F,) = {uoui1, uouiz, izt : 1 <
i < n}. Let G = F, ® K; with V(G) = V(F,) U {uf,ul,uly : 1 < i < n} and



Chapter 4. Results on DCL of Graphs 65

Ficure 4.5: DCL of GI(8) ® K3

E(G) = E(F,) U {uoug, uint}y, uppu)y : 1 < i < n}. Observe that |V(G)| = 4n + 2
& |E(G)] = 5n+ 1. Consider ¢ : V(G) — {1,2,...,4n + 2} for the under mentioned
possibilities.

Case (1) When ‘n’ is even.

Fix ¢(ug) = 1, (up) = 4n+2, (uir) = 2, P(uir) = Y(ui-1y1) +4: 2 < i <, h(urn) =
4, P(uiz) = Ylug_1y) +45 2 < i <my lufy) = L2 < < B p(uly) = Plua) + 1;
5+1 <14 <n, P(uly) = Y(uig) +1; % 7+1 <3 § n. Assign the unused odd labels
simultaneously to the remaining nodes. Observe that ey (1) = ey(0) + 1 which proves
that G is a DCG.

Case (ii)) When ‘n’ is odd.

Fix ¢(uo) = 1, ¥(up) = 4n + 2, P(ur) = 2, P(uin) = ¥(uu- 1)1) +4;2<i<mn,
Yluiz) = 4 Plui) = Y(ug-12) +4; 2 < i <, ¢( ) o= g <o <2,
Ylujy) = (uin) + 1; [5] < i <, P(uly) = Y(ue) + 15 [§] < @ < n. Allot the unused
odd labels simultaneously to the remaining nodes gives e;(0) = ey (1), therefore G is
DCG. O

4.4 DCL of Lilly Related Graphs

Only a few results are available in the literature considering the DCL of tree related
graphs except that Vartharajan et al. in [87] proved that full binary tree admits a
DCL. Motivated by this, one of the families of tree called, lilly graph, for different graph

operations has been investigated.
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Theorem 4.4.1. I, admits a DCL.

Proof. Let V(I,) = {z1,x2, ..., xan—1} and E(I,,) = {x3pzi : 1 < i < 2n}U{xs,_123n, T3nT3n+1 tU
{zizit1 : 2n+1 < i < 3n—2}U{x;x;y1 : 3n+1 < i <4n—2}. Clearly, |V(I,)| =4n—1&
|E(G)| = 4n — 2. Define ¢ : V(I,,) — {1,2,...,4n — 1} by letting ¥ (z3,) = 2, ¥(z1) = 4,
Y(@i) = P(zim1)+2;2 < i <2n=2,P(z2p-1) = 1, ¥(@i) = P(zi-1)+2;2n <10 < 3n—1,
Y(xan+1) = Y(r3n—1) + 2, ¥(z;) = Y(xi—1) +2 ;5 3n+2 < i < 4n — 1. Observe that
ey(0) = ey (1) = 2n — 1 which establishes that I,, is a DCG (see Figure 4.6). O

FIGURE 4.6: DCL of Iy

Theorem 4.4.2. Switching of an arbitrary node in I, admits a DCL.

Proof. Let V(I,,) = {x1, %2, ..., Xan—1}. Here, 1,29, ..., T, Tyt 1, vy T2y L2041, Tdn—1 aT€
pendant nodes. Let G be constructed by switching arbitrary pendant node of I, say,
xg. Clearly, |V(G)| =4n —1 & |E(G)| = 8n — 6. Consider ¢ : V(G) — {1,2,...,4n — 1}
by assigning ¢ (xr) = 1 and ¢ (x3,) = p,where p is the largest prime, < 4n — 1. Label
the remaining nodes simultaneously with unutilized labels out of {1,2,...,4n — 1} gives,
ley(0) —ey(1)] < 1. O

Corollary 4.4.1. Switching of any node of degree 2 in I, admits a DCL.

Proof. Switching a node of degree 2 in I, results in a graph having 4n — 1 nodes and

8n — 8 edges. The labeling is done on the similar lines as in Theorem 4.4.2. O

Theorem 4.4.3. Switching of the apex node in I,, n > 2 admits a DCL.

Proof. Let V(I,,) = {x1,22,...,24n—1} and G be formed by switching the apex node of
I,,, namely, x3,. Clearly, |V(G)| = 4n — 1 & |E(G)| = 4n — 8. Define ¢ : V(G) —
{1,2,...,4n — 1} by assigning ¥ (z3,) = 1, ¥(von+1) =4, ¥(x;) = Y(xi-1) +2;2n+2 <
i <3n—1, Y(x3nt1) = V(x3n-1) + 2, Y(x;) = Y(xi—1) +2; 3n+2 < i < 4n — 1. Now
assigning of unutilized labels to unlabeled nodes in any order yields |e,(0) — ey (1)] <1
(see Figure 4.7). O
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FIGURE 4.7: DCL of a graph acquired by switching of xg in I3

Theorem 4.4.4. Duplication of the apex node by a node in I,, n > 3 admits a DCL.

Proof. Let V(I,) = {x1,x2,...,24n—1} and G be formed by duplicating the apex node
x3y, of I, by the newly added node, say, s. Clearly, |V(G)| = 4n & |E(G)| = 6n. Define
Y V(G) = {1,2,...,4n} by assigning ¥ (x3,) = 2, ¥(s) = 4, ¥(x1) = 1, ¥(z2) = 6,
Y(x;) = P(wio1) +2; 3 <0 <2n— 1, Y(x2,) =5, Y(T2n41) = 3 and P(22,42) = 9. Now
allocate the unutilized labels from {1,2,...,4n} simultaneously to the unlabeled nodes
xzj;2n+3 < j<4n—1and j # 3n. It is clear that |e,(0) — ey (1)] < 1 which shows
that G is a DCG. O

Theorem 4.4.5. The duplication of an arbitrary node of degree 1 or 2 by a node in I,
permits a DCL for n > 3.

Proof. Let V(I,,) = {x1,x2,...,24n—1} and G be formed by duplication of an arbitrary
node of degree 1 or 2, say, zj of I,, by a new node s. Observe that |V (G)| = 4n. Now
the given cases arise.

Case (i) When duplication of a node of degree 1 is taken.

In this case, |E(G)| = 4n — 1. Define ¢ : V(G) — {1,2,...,4n} by fixing ¢(x3,) = 2,
Y(xz1) = 1 and 9(s) be the largest prime p < 4n. Assign unutilized even labels to z;;
2 <4 < 2n and odd labels simultaneously to z; ; 2n+1 < j <4n — 1,5 # 3n.

Case (i) When duplication of a node of degree 2 is taken.

In this case, |[E(G)| = 4n. Labeling is done by using the pattern of Case (i) (see Figure
4.8).

In both the cases, G is a DCG. O

Theorem 4.4.6. DS(I,,) permits a DCL.

Proof. Let V(I,) = {z1,x2,...,24n—1}. Consider DS(I,) with V(DS(I,)) = V(I,) U
{v,w} and E(DS(I,)) = E(I,) U{zv : 1 < i < 2n} U {xop+1v, Tapn—1 v} U {z;w :
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FI1GURE 4.8: DCL of a graph acquired by duplication of z15 by s in I5

2n 42 < i < 4n — 2,7 # 3n}. Observe that |V(DS(I,))| = 4n + 1 & |E(DS(I,))| =
8n —4. Consider ¢ : V(DS(1,)) — {1,2,...,4n+ 1} determined by choosing ¢ (z3,) = 1,
Y(v) =4, Y(w) = 2, Y(xan—1) = 4n — 2, Y(x1) = 3, Y(2:) = Y(xi1) +2;2 <0 < 2n
and ¥ (x2,41) = 6. Assign the unutilized labels simultaneously to the remaining nodes.
It follows that DS(I,) is a DCG (see Figure 4.9). O

FIGURE 4.9: DCL of DS(I4)

Theorem 4.4.7. S(I,,) permits a DCL.

Proof. Let V(I,,) = {x1,x2, ..., Tan—1}, and E(L,) = {z3p2; : 1 < i < 2n}U{x3,-1%3n, T3nT3n+1 U
{ziziy1 :2n+1 <i <3n -2} U{ziziy1 : 3n+1 < i < 4n — 2}. Consider S(I,) with
V(S(1,)) = V(I,) U {v1,v2, ..., Van, Vont1, .o, Van—2} and E(S(I,)) = {xspv; + 1 < i <
npU{vx; : 1 <i<2n}U{zjv; : 2n+1 < i < 4dn — 2} U {vzipg : 2n+ 1 <
i < 4n — 2}. Clearly, |V(S(1,))| = 8 — 3 & |E(S(I,))| = 8n — 4. Consider v :
V(S(I,)) — {1,2,...,8n — 3} by choosing ¥ (z3,) = 2, ¥(x1) = 1, ¥(v1) = 4, ¢¥(v2) = 6,
Y(vi) = P(vi1)+4 3 < i < 2m—1, Pai) = L5252 <i < 2m—1, ¢(van) = Y(2n-1) +2
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and ¥ (z2n) = ¥(v2n) + 2. Next, fix ¢(zon41) = 8, Y(van+1) = 12, ¥(xi) = (zi-1) + 8;
2n+2<i<3n—1,9(v;) = P(vi-1) +8 2n+2 <i < 3n—2, Y(Tan—1) = P(T3n-1) +4,
P(vsn—1) = ¥(x2n)+2, Y(v3n) = Y(v3n-1)+2, Y(@3n11) = P(v3n)+2, Y(vi) = P(vi1)+4;
3n+1 <i <4n—2and Y(x;) = P(xi—1)+4; 3n+2 < i < 4n—2. Evidently, e, (1) = 4n—2
& ey (0) = 4n — 2 which ensures that S(I,,) is a DCG (see Figure 4.10). O

FIGURE 4.10: DCL of S(I3)

Theorem 4.4.8. Extension of all pendant nodes in I, permits a DCL.

Proof. Let V(I,) = {x1,22,...,x4n—1} and G be formed by performing the extension of
all pendant nodes of I, with V(G) = V(I,,) U {v1,v2, ..., v2n, Von+t1,V4n—1} and E(G) =
E(I)U{zv; : 1 <i<2n}U{vizs, : 1 <i<2n}U{@2n4102n+1, T20n+2V2n+15 Tdn—1V4n—1, Ton—2V4n—1 }-
Clearly, |[V(G)| = 6n+1 & |E(G)| = 8n + 2. Consider ¢ : V(G) — {1,2,...,6n + 1}
defined by letting 1(z3,) = 2, ¥(z1) = 1, ¥(x2) = 6, 1¥(v1) = 4. Now the given possibil-
ities are there.

Case (i) when ‘n’ is even.

Choose ¢(z;) = Y(zi—1)+4;3 <i <n+3,P(v;) = @7 2<i<n+tg, Y(@pny1) =38,
V(i) = Y(@i-1) + 8 n+5+2 <0 <20, Y(v;) = Y(z;) +4 n+5+1 < < 2n,
Y(vant1) = Y(vptz) + 2 and Y(van—1) = 6n + 1. Assign all the unutilized even labels
first and then odd labels simultaneously to z2,,41, Z2n42, -, Tan—1 (excluding xs;,).
Case (ii) When ‘n’ is odd.

Fix p(z;) = (zio1) +4 3 < i < n+[2], ow) = Y 2 <@ < n+ 2],
V(@nir2141) = 8 Y(xi) = Y(@im1) + 8 n+ [3] +2 <0 < 2n, P(ui) = Y(wi) + 4
n+[5]+1<4<2n, ¢Y(vans1) = Y(vpi21) + 2 and Y(van—1) = 6n + 1. Allocate all

unutilized even labels first and then odd labels simultaneously to xo,11, on12, ..., Tan—1
(excluding z3,) from {1,2,...,6n + 1}.
In both the cases, ¥ induces a DCL for G. O

Theorem 4.4.9. Extension of the apex node in I, permits a DCL.
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Proof. Let G be constructed by taking the extension of the apex node of I,, where
V(I,) = {1, 22, ...,x4n-1}. Clearly, V(G) = V(I,) U{w}, and E(G) = E(I,) U {z;w :
1 <i<2n}U{z3pw,x3p1w, T3,41w}. Note here, |V(G)| = 4n and |E(G)| = 6n + 1.
Consider ¢ : V(G) — {1,2,...,4n} and fix ¢¥(z3,) = 2, Y(w) = 4, Y(x1) = 6, Y(z;) =
V(i) +2;2 <1< 2n—2, YP(rey—1) = 1 and ¢(x9,) = 3. Assigning unutilized odd

labels simultaneously to xo,+1, 2n42, ..., Tan—1 yields G a DCG. ]

4.5 DCL of Classes of Planar Graphs

Fuler’s polyhedral formula, which is connected to polyhedron edges, nodes, and faces,
serves as the foundation for planar graph theory. This section focuses on exploring the
DCL of certain classes of planar graphs obtained from K, and K,,,. These graphs are
investigated for some graph operation. Recall, a graph is planar “if it can be embedded
in the plane.” Planar graphs are of great importance due to their variety of applications
in circuit design, networking and cryptography [9]. A careful thought is given to the
crossings especially at the crowded places. As planarity ensures the zero crossing, most
of the daily life problems can be dealt by considering the planar graphs.

Though, Euler’s Inequality and Kuratowski Theorem can be used to check planarity
of graph, the use of planar graphics in Printed Circuit Board (PCB) manufacturing is
intended to put an effort for efficient working of design process. A 2D board called a
PCB contains every component and circuit that will be utilised in an electronic network.
A graph can be used to represent an electrical circuit. The idea of a planar graph can

then be used to create a 2D board PCB. First, recall the definitions given in [6] and [59].

Definition 4.5.1. [6] “The class of graph, denoted by Pl,, has V(Pl,) = {vi,v2,...,vn}
and E(Pl,) = E(K,) \{vgv: 1 <k<n—-4k+2<[1<n-2}"

Definition 4.5.2. [59] “Let V;, = {v; : 1 < i < m}and U, = {u; : 1 < j < n}
be the bipartition of K,,,. The class of graph Pl,,, has the node set V,, U U, and
E(Plpy) = E(Kmp) \{vug :3<1<m,2<k<n-—1}"

The embedding used for Pl,, is discussed as follows. Lay vy, vs, ..., v,—2 along a vertical
line with v at top and v,_o at the bottom. Place v,_1 and v, as the end points of a
horizontal line perpendicular to the line having v1,vs, ..., v,—2, at the bottom in such a
fashion that v,_2, v,_1, v, makes a triangular face, see Figure 4.11(a).

Similarly, for embedding of Pl,, , that is going to be used for proofs is explained here.
First place uy,uo, ..., u, horizontally with u; and u, respectively at left and right ends.
Next, place v, vs, ..., v, vertically above the segment uq,uo, ..., u,, with v at bottom

and v,, at the top of the segment. Then place v, below the segment w1, uo, ..., u, so that
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vy

(a)

FicURE 4.11: The class of (a) Pl, (b) Pl
v1, Uk, V2, Uptr1 forms a face of length 4 for 1 < k < n — 1. Remember, this discussion
is about segment placement; no edges other than those indicated in the definitions are
to be introduced, see Figure 4.11 (b).

Cordial labeling of Pl,, & Pl,,  has been established in [59]. DCL of PI,, and Pl in

addition to exploring these two classes for graph operations are presented here.

Theorem 4.5.1. Pl,, admits a DCL.

Proof. Suppose node and edge set of Pl,, are given by {v; : 1 < i < n} and {vvi41 :
1 <i<n—3U{vp—1vn} U{vpv,vp—1v; : 1 < i < n — 2} respectively. One can see
that |V (Pl,)| = n and |E(Pl,)| = 3n — 6. Consider ¢ : V(Pl,) — {1,2,...,n} for the
following three cases.

Case (1) When n > 5 is odd.

Let ¥ (vp—1) =1, ¥(vn) =2, Y(v;) =2 +4; 1 <@ <n—2. Clearly, ey(1) = ey (0) + 1.
Case (ii) When n > 10 is even such that 3 is odd.

Let p be the largest prime < n. Fix ¢ (v,—1) = 1, ¥(v,) = p. Label the remaining nodes

begining with v,_s and proceeding to v; in the following fashion

2, 2.2, 222 2.2k

“eey

3, 3.2, 3.2%2 .., 32k,

ceny ceey ceey ceey ceey

upto, 2 —2, (2—-2).2,..., (% —2)2%, where (2t —1)2" < pand ¢t > 1, k; > 0. Assign the

unutilized labels simultaneously to the remaining nodes. Observe that e, (0) = ey (1) =
3n

2
Case (iii) When n > 8 is even such that J is even.

Let p be the largest prime < n. Fix ¢¥(v,—1) = 1, ¥(v,) = p. Label the remaining nodes
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begining with v,_s and proceeding to v; in the following fashion

2, 22, 222 .., 22k
3, 3.2, 3.2% .., 32k,

ceny ceey ceey ceey ceey

upto, 2 —3, (% —3).2,..., (& — 3)2%, where (2t — 1)2" < npand ¢t > 1, k; > 0. Now
assigning unutilized labels simultaneously to the remaining nodes shows that e, (0) =
ep(l) = 5 —

Hence, Pl, is a DCG. O

Theorem 4.5.2. Pl,,,, admits a DCL.

Proof. Let Vi, ={v;: 1 <i<m} and Uy, = {u; : 1 <j <n}. Let V(Ply, ) =V, UU,
and E(Ply, n) = E(Kmn)\{viug : 3 <1 <m,2 <k <n—1}. Clearly, |V(Ply, )| = m+n
and |E(Ply, )| = 2m + 2n — 4. Consider ¢ : V(Ply ) — {1,2,...,m + n}. Now three
cases arise.

Case (i) When m = n with m >4, m # 5.

Let p1, pa be sufficiently large primes : pa < p1 < m + n. Fix ¢(u1) = p1, ¥(up) = p2,
¥(v1) =1 and ¥ (vy) = 2. Assign even labels to unlabeled u;; 2 < i < n—1 and remaining
labels simultaneously to unlabeled nodes. Observe that e (0) = ey (1) = 2m — 2, which
ensures that Pl ,, is a DCG.

Case (ii) When m > n where m >,n > 2.

Let p1, p2 be sufficiently large primes : pa < p1 < m +n. Fix ¢¥(u1) = 1, ¥(u,) = p1,
Y(vy) = 2 and ¥(v2) = py. Assign even labels to unlabeled u;; 2 < i < n — 1 and
remaining labels simultaneously to unlabeled vj; 3 < j < m. Observe that e, (0) =
ey(1) = m +n — 2, which proves that Pl,,, is a DCG.

Case (iii) When m < n where m > 2,n > 3.

Let p1, p2 be sufficiently large primes so that ps < p1 < m +n. Fix ¢¥(u;) = 2,
Y(un) = p1, Y(v1) = 1 and ¥(v2) = pa. Assign even labels to unlabeled vj; 3 < j <m
and remaining labels to unlabeled u;; 2 < ¢ < n — 1, simultaneously. Observe that
ey(0) = ey (1) = m + n — 2 showing that Pl,,, is a DCG.

Thus, in all the cases, Pl,,, admits a DCL. ]

Theorem 4.5.3. Duplicating a node by a node in Pl,, n > 4 admits a DCL.
Proof. Let V(Pl,) = {v; : 1 < i < n} and E(Pl,) = {viviz1 : 1 < i < n -3} U

{vp—1vp} U {vpvi,vp—1v; + 1 < i < n—2}. Suppose G is acquired by duplicating a
node of highest degree namely, v,, by a node, say, w. Here, V(G) = V(Pl,) U{w} and
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Ficure 4.12: DCL of a graph acquired by duplication of vig in Plig

E(G) = E(Pl,) U{vp—1w,v;w : 1 < i < n—2}. See that |V(G)| = n + 1, whereas
|E(G)| =4n — 7. Consider ¢ : V(G) — {1,2,...,n + 1} for the under mentioned cases.
Case (i) When n = 0(mod 2) and n > 4.

Fix ¢¥(v,—1) = 1, ¥(w) = 2, ¥(v,) = 4. For odd values of 4, 1 < i < § — 2, put
Y(v;) =2+ 14, Y(viy1) = 2(1(v;)) and for the remaining nodes, assign the unused labels
simultaneously. Here, e,,(0) = ey (1) 4 1( see Figure 4.12).

Case (ii) When n = 1(mod 2) and n > 5.

Fix ¢(vn-1) = 1, ¥(w) = 2, ¢(v,) = 4. For odd values of i, 1 < i < 2 — 2 put
Y(v;) = 2414 and ¥ (vi+1) = 2(¥(v;)), and for remaining nodes, assign the unused labels
simultaneously. Here, ey (1) = e,(0) + 1.

In both the cases, G is a DCG. [

Theorem 4.5.4. Duplicating a node in Pl,, , admits a DCL Y m,n > 4.

Proof. Let V(Ply, ) = Vi UU, where Vi, = {v; : 1 <i <m}and U, = {u; : 1 < j <n},
and E(Ply,,) = E(Kpp) \ {vug : 3 <1 <m,2 <k <n-—1}. Let G be produced by
duplicating a node namely, u,, by a node, say, w. Here, V(G) = V(Plp, ) U {w} and
E(G) = E(Plpy) U{viw : 1 < i < m}. Clearly, |V(G)| = m+n+1 and |E(G)| =
3m+2n—4. Consider ¢ : V(G) — {1,2,...,m+n+1}. Now the under mentioned cases
arise.

Case (1) When n = m.

Let k be the largest odd integer < [2%E]. Fix ¢(u1) = 1, ¢(v1) = 2, ¢(v2) = 4,
Y(uy) = 8 and p(w) = k. Assign even labels to u; for 2 < i < n—2. Next assign unused
labels simultaneously to unlabeled nodes {u,_1,vs, v4, ..., Uy }.

Case (ii)) When n > m.

Choose p1, p2 sufficiently largest prime such that ps < p1 <m+n+ 1. Fix ¢(u;) = 2,
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Y(up) =4, P(v1) = 1, Y(vy) = pa, ¥(vs) = 8 and ¥ (w) = p;. There arise two subcases.

Subase (1) If m is odd.

Fix ¢(v;) = (vio1) +4; 4 <0 < [2H] +1, P(Upminy ) = 6, P(vi) = P(vi1) +4;

[mTH] + 3 <4 < m. Allot unused labels simultaneously to remaining unlabeled nodes.

Subcase (ii) If m is even.

Fix (vi) = ¢(vic1)+44 <0 < F+1,Y(vmy0) =6, 9(v;) = P(vi1)+4; F+3 <0 <m.

Allot unused labels simultaneously to unlabeled nodes. Clearly, |e,(0) — ey (1) < 1.
Case (iii) When m > n.

FI1cure 4.13: DCL of a graph obtained by duplicating ug in Plg g

Let p; and pg be sufficiently large primes such that po < p; < m+n+1. Fix ¢(u;) = 1,
P(vr) = 3, P(v2) = p2, Ylun) = 2, P(vn) = 4, P(uz) = 6, Y(w) = p1, P(us) =
Y(ui—1) +3; 3 < i < k < n such that ¢¥(ug) < m + n + 1. Next assigning of unused
labels simultaneously to unlabeled nodes shows that |e,(0) — ey (1)] < 1.

Hence, G is a DCG (see Figure 4.13). O

Theorem 4.5.5. Pl,, ® Ky admits a DCL.

Proof. Let G = Pl, ® Ky with V(G) = V(Pl,) U{u; : 1 < i < n} and E(G) =
E(Pl,) U{viu; : 1 < i < n}. Clearly, |V(G)| = 2n and |E(G)| = 4n — 6. Consider
v V(G) — {1,2,...,2n} defined by fixing (vp—1) = 1, ¥(v,) = 2, Y(up—1) = 4,
Y(un) = 3, Y(v1) = 6, ¥(vi) = P(vi1) +2; 2 <@ < n—3, P(u) = Y(v;) — 1 ;
1 <i<n-—3, P(vn_2) = Y(vp—3) + 1 and YP(up—2) = ¢¥(vy—2) + 1. Observe that
ey(0) = ey (1) = 2n — 3, proving that G is a DCG (see Figure 4.14). O

Theorem 4.5.6. Pl,, ,,, © K1 admits a DCL.

Proof. Let V(Plpy) = Vin UU, where Vp,, = {v; : 1 < i < m} and U, = {u; :
1 <j <n}and E(Plypy,) = E(Kmp) \ {vug : 3 <1 <m,2 <k <n-—1}. Let
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FIGURE 4.14: DCL of Pl,, ® K3

G = Plpm © K1 with V(G) = V(Plpyn) U{vj,u; 0 1 < i <m,1 <j < n} and
E(G) = E(Plyy) U {vwg,uju; :1 <i<m,1 < j <n}. The cardinality of node
and edge set of G is respectively 4m and 6m — 4. Consider ¢ : V(G) — {1,2,...,4m}
given by fixing ¢(u1) = 1, ¥(uz) = 8, ¥(u;) = Y(ui—1) +4;3<i<n-—1, ¥(u,) =6,
(o) =2, $(02) = 4, (}) = dm—1, () = dm, (v§) = B(ez) 1, Y(u]) = (i) —1
; 2 < i < n. Assigning available odd labels to v; ; 3 < ¢ < m and ¥(v]) = ¢¥(v;) + 1 ;
3 <1 < m implies that e,;(0) = ey (1) = 3m — 2, which shows that G is a DCG. O

Considering the fact that characterization of DCGs is challenging in general, the follow-

ing conjecture is formulated.
Conjecture 4.5.1. For a given graph G, establishing a DCL of G is NP-hard.

Remark 4.2. The conjecture can be true as there are no algorithm available in the

literature and devising a particular pattern of DCG is also the hardest.

4.6 Conclusion

This chapter has dealt with certain interesting general results on DCL of graphs besides,
formulating an impressive conjecture on DCL. Some new results for graph operation
named, corona, for various notable graphs have been derived. Further, a class of tree
named, lilly graph, has been investigated for various graph operations. Also, DCL
of certain classes of planar graphs, in addition to exploring these graphs for graph

operations of high interest are also established.



Chapter 5

DCL in the Context of Extension

5.1 Introduction

In this chapter, certain results concerning the DCL of graphs in the context of “dupli-
cation of a node by a node”, “duplication of edge by a node”, “duplication of a node
by an edge” are recalled. The DCL of some well-known graphs in the frame of a graph
operation known as extension of a vertex in addition to a few results on duplication

operation are also been investigated.

5.2 DCL in the Context of Extension of a node

No significant work has been done concerning DCL of graphs in the context of extension
operation. Motivated by this fact and inspired by [48], DCL of standard graphs in the
context of extension of a node and, a few results on duplication operation are derived.

First, recall some established results on duplication.

Theorem 5.2.1. [56] “Duplicating an arbitrary node by a node in Cp, n > 3 admits a
DCL.”

Theorem 5.2.2. [/1] “Duplicating an edge by an edge in C,, admits a DCL.”

Theorem 5.2.3. [43] “Duplication of an arbitrary node by an edge in Cy, and duplication
of an arbitrary edge by a node in Cy, permits a DCL.”

Theorem 5.2.4. The extension of both pendant nodes of P,, n > 3 admits a DCL.

Proof. Suppose the node set of P, is given by {v; : 1 < i < n} and G be acquired
by taking extension of both pendant nodes of P, with newly added nodes, u; and

76
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ug. Clearly, V(G) = V(P,) U{uj,uz} and E(G) = E(P,) U {viu1,vous, vyug, vp_1uz}.
The cardinality of node and edge set of GG is respectively n + 2 and n + 3. Consider
Y :V(G) = {1,2,...,n+ 2} for the given cases.

Case (1) When ‘n’ is even.

Fix ¢¥(u1) = n+1, ¥(uz) = n — 1 and label the remaining nodes begining with v; in the

following fashion

1, 1.2Y, 122, .., 1.2M,
3, 3.2', 322 .., 3.2k,
5, 5.2', 522 .., 5.2k,

ceey ceey ceey ceey ceey ceey

where (2t —1)25 <n +2 and [ > 1, k; > 0. Evidently, |e,(0) — ey (1)] < 1.
Case (ii) When ‘n’ is odd.
Fix ¥(u1) = n+ 2, ¥(uz) = n and label the remaining nodes begining with v; in the

following fashion

1, 1.2Y, 122, .., 1.2M,
3, 32!, 322 .., 3.2k,
5, 5.2', 522 .., 5.2k,

ceey ey ceey ey ceey ceey

where (2t —1)2% < n+ 1 and [ > 1, k; > 0. Observe that |ey(0) — ey (1)] < 1.
Thus, G admits a DCL. O

Theorem 5.2.5. Extension of an arbitrary node of C,, n > 4 permits a DCL.

Proof. Suppose node set of C,, is {v; : 1 < i < n} and G be formed by operating
extension of a random node of C,,. Without loss of generality, suppose extension of vy
is taken and let w be the newly added node. The cardinality of node and edge set of G
is respectively n + 1 and n + 3. Consider ¢ : V(G) — {1,2,...,n + 1}. Fix ¥(v,) = 2,
Y(vp—1) = 1 and ¥(w) = p; p is the largest prime < n + 1. Label the remaining nodes

begining with v1 in the following pattern

2.2, 222 2923 .., 229k
3, 3.2', 322 .. 3.2k,
5, 521, 522 .. 5.2k

ceny ceey ceey ceey ceey aeey
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such that (2t —1)2* <n+1and ¢t > 1, k; > 0. Allot unused labels out of the available
labels to unlabeled nodes. Obviously, |ey(0) — ey (1)] < 1 which proves that G is a DCG
(see Figure 5.1). O

FI1GURE 5.1: DCL of a graph formed by taking an extension of v; in Cg
Remark 5.1. For ('3, the above theorem does not hold good.

Theorem 5.2.6. FExtension of apex node in W,, n > 3 permits a DCL.

Proof. Let V(W,,) = {vg,v; : 1 <i < n} where vg is apex node and G be acquired by
taking extension of vg. Let w be the newly added node. Clearly, |V(G)| = n + 2 and
|E(G)| = 3n + 1. Define ¢ : V(G) — {1,2,...,n + 2} by fixing ¢¥(w) = 1, ¥(vg) = 2,
P(v1) = 3 and ¥ (v;) = Y(vi—1) + 1; 2 < i < n with the condition that ¢ (vi) f(v,) (If
this occurs, swap the labels of v, with v,_1). Observe that |e,;(0) — ey (1)] < 1 proving
that G is a DCG (see Figure 5.2). O

Remark 5.2. Graph acquired by duplicating apex node by a node in W,, permits a DCL
for n > 3 and the proof is same as that of Theorem 5.2.6.

Theorem 5.2.7. Extension of an arbitrary node at rim of Wy, n > 3 permits a DCL.

Proof. Let V(W,,) = {vg,v; : 1 < i < n} where vy is apex node and v; are rim nodes.
Let G be acquired by taking extension of a random rim node of W,,, say, v; and let w
be the added node. Clearly, |[V(G)| =n+2 & |E(G)| = 2n + 4. Consider ¢ : V(G) —
{1,2,...,n+2} by taking ¥(vg) =1, ¥(v1) =n+1, ¥(ve) =2 and ¥(v;) = Y(vi—1) +1;
3 <i<nand¥(w)=n+2. Clearly, |e,(0) —ey(1)] <1 which shows that G is a DCG
(see Figure 5.3). O

Remark 5.3. Duplication of an arbitrary rim node by a node in W,, permits a DCL for

n > 3 and its proof is same as that of Theorem 5.2.7.
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F1GURE 5.3: DCL of a graph acquired by taking an extension of vy in W7

Theorem 5.2.8. Extension of apex node in H, permits a DCL for n > 3.

Proof. Let V(H,) = {vo,vi,u; : 1 < i < n} where vy, v; and u;; 1 < i < n represent
respectively the apex, rim and pendant nodes. Let G be formed by taking an extension of
vo in H,, and w be added node. Clearly, |V(G)| = 2n+2 and |E(G)| = 4n+1. Consider
Y :V(G) = {1,2,....2n + 2}. Fix p(w) =1, ¥(vo) = 2, P(v1) = 4, P(vi) = ¥(viz1) + 2
;2 <i<n, YP(u;) =¢¥(v;) —1;1<i<n, with the condition that neither ¥ (vy)[(v1)
nor ¥ (vy)|¢(vy,) (if such a case happens, swap the labels of v,_; and v,). Observe that

ley(0) — ey (1)| < 1, which shows that G is a DCG (see Theorem 5.4). O

Remark 5.4. Duplication of apex node by a node in H,, permits a DCL for n > 3 and
its proof is same as that of Theorem 5.2.8.

Theorem 5.2.9. Extension of an arbitrary rim node of Hy,, n > 3 permits a DCL.

Proof. Let V(H,) = {vo,vi,u; : 1 < i < n} where vy, v; and u;; 1 < i < n represent
respectively the apex, rim and pendant nodes of H,. Let G be formed by taking ex-
tension of an arbitrary rim node of H,. Suppose extension of v is taken and let w

be the newly added node. Clearly, |V(G)| = 2n + 2 and |E(G)| = 3n + 5. Consider
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FIGURE 5.4: DCL of a graph acquired by taking extension of vy in Hyg

¢ : V(G) - {172772n+ 2} Fix ’l/)(’UJ) = 2n + 17 2JZ)(UO) = 27 ¢(U1) = 17 QJZ)(UQ) = 47
(i) = P(vi—1) +2 5 3 < i < n, Yluy) = P(vn) + 2, Y(u;) = w(;i) such that w(;i is
odd. Assign the remaining labels to unlabeled u;’s simultaneously from {1,2,...,2n+2}.

Observe that |e(0) — ey (1)] < 1 which shows that G is a DCL (see Figure 5.5). O

N

F1GURE 5.5: DCL of a graph formed by taking the extension of vy in Hg

Remark 5.5. Duplication of rim node by a node in H,, permits a DCL for n > 3 and its

proof is same as that of Theorem 5.2.9.

Theorem 5.2.10. Ezxtension of an arbitrary node of degree 1 in H, permits a DCL.

Proof. Let V(H,,) = {vo,vi,u; : 1 < i < n} where vy, v; and w;; 1 < i < n represent
respectively the apex, rim and pendant nodes of H,,. Let G be formed by taking exten-
sion of u; and w be the added node. Clearly, |V(G)| = 2n + 2 and |E(G)| = 3n + 2.
Define ¢ : V(G) — {1,2,...,2n + 2} as given. Let ¢¥(w) = 2, ¥(vg) = 1 & ¥(v1) = 3.
Now arise the under mentioned cases.

Case (1) When ‘n’ is even.
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Let ¥(v;) = ¥(vi—1) + 2 ; 2 < i < n such that ¥ (v1) f(v,) (If such a case happens,
swap the labels of vy, and uy). Next, let t(u;) = 2¢(vi) ; 1 <@ < 3, P(uzi) = 4,
Y(us) = Y(ui—1) +4; § +2 < i < n. Observe that |ey(0) — ey (1) < 1.

Case (ii) When ‘n’ is odd.

Let ¥(v;) = ¥(vi—1) +2; 2 < i < n such that ¥(v1) A (vn) (If such a case happens,
swap the labels of v, and u,). Next, fix ¥(u;) = 2¢(v;) ; 1 <i < [5], T/J(UL%JH) =4,
Y(us) = Y(ui—1) +4; | 5] +2 < i <n. One can find that |e;(0) — ey (1)] < 1.

Thus, G is a DCG. O

Theorem 5.2.11. Ezxtension of apex node of Fl,, n > 3 permits a DCL.

Proof. Let V(Fl,) = {vo,vi,u; : 1 < i < n} where vy is apex node and v;, u; are the
nodes of degree 4 and 2 respectively. Let G be acquired by taking an extension of vy
and w be the newly introduced node. Clearly, |V(G)| = 2n + 2 and |E(G)| = 6n + 1.
Consider ¢ : V(G) — {1,2,...,2n 4+ 2} given by fixing ¢(w) = 2, ¥(vg) = 1, ¢ (v1) = 3,
Y(vi) = P(vi—1)+2; 2 <i<nand Y(u;) = P(v;)+1; 1 < i <n with the restriction that
neither v (v1)|Y(v,) nor ¥(vy,)[1(v1). It can be seen that |e,(0) — ey (1)] < 1 proving
that G is a DCG. O

Remark 5.6. Duplication of apex node by a node in Fl,, n > 3 permits a DCL and its

proof is same as that of Theorem 5.2.11.

Theorem 5.2.12. Ezxtension of an arbitrary node of degree 2 in Fl, permits a DCL.
Proof. Let {vo,vi,u; : 1 < i < n} be the node set for Fl,, where vy is apex node and
vi, u; are the nodes of degree 4 and 2 respectively. Let G be acquired by taking an
extension of u1 and w be the newly introduced node. The cardinality of node and edge

set of GG is respectively 2n+ 2 and 4n+ 3. Labeling is defined in a similar way as defined
in Theorem 5.2.11. 0

Remark 5.7. Duplication of an arbitrary node of degree 2 by a node in Fl,, n > 3

permits a DCL and its proof is same as Theorem 5.2.11.

Theorem 5.2.13. FEaxtension of an arbitrary node of degree 4 in Fl,, n > 3 permits a
DCL.

Proof. Proof is same as that of Theorem 5.2.11. O

Remark 5.8. Duplication of an arbitrary node of degree 4 by a node in Fl,, n > 3
permits a DCL and its proof is same as that of Theorem 5.2.11.

Theorem 5.2.14. Duplication of each node of degree 2 by a node in Fl, permits a DCL.
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Proof. Let V(Fl,) = {vo,vi,u; : 1 < i < n} where vy is apex node and v;, u; are the
nodes of degree 4 and 2 respectively. Let GG be acquired by duplicating each node of
degree 2 by a node in Fl,, with V(G) = V(Fl,,) U{u; : 1 < i < n}. Clearly, |V(G)| =
3n+ 1 and |E(G| = 6n. Consider ¢ : V(G) — {1,2,...,3n + 1} defined by given cases.
Case (i) If ‘n’ is even.

Fix t(vo) = 1, 9(01) = 4, 9(05) = (v 1)+3 ;2 < i < 1, () = 3, ¥(us) = Hlus_1)+3
12 <i<mn, YP)) =5 ;) =v_1)+3;2<i<n-—1and¢(u,) = 2. Evidently,
ey (0) = ey (1) = 3n.

Case (ii) If ‘n’ is odd.

Fix ¢(vo) = 1, (v1) = 4, ¥(vi) = P(vi-1) +3 ;2 < i <n—1, P(uy) = P(vp-1) + 3,
() = 3, () = V(i) 4352 1< 01, P(0n) = Plun—1)+3, Bluy) = 5, ¥(uf) =
P(ui_1) +3;2<i<n—1and(u),) =2. One can check that e,;(0) = ey(1) = 3n.
Thus in both the cases, G is a DCG (see Figure 5.6). O

FIGURE 5.6: DCL of a graph formed by duplicating each u; by a node in Fl;

Theorem 5.2.15. Ezxtension of apex node in Gy, n > 3 permits a DCL.

Proof. Let V(G,) = {vo,vi,u; : 1 <i<n}and E(G,) = {vov; : 1 <i <n}U{vju;: 1<
i <npU{uvit1 : 1 <i<n—1}U{upv1}. Let G be obtained by taking extension of apex
(vg) of Gy, by a node, say, w. Clearly, |V(G)| =2n+ 2 and |E(G)| = 4n + 1. Consider
Y V(G) — {1,2,...,2n + 2} as per the given algorithm. Fix ¢(w) = 2, ¢(vg) = 1,
Y(v1) =4, Y(un) = 3, Y(v;) = Y(vi1) +2; 2 < i < n such that P(u,) f(vn), (if this
happens then swap the labels of v,_1 and v,) and ¥ (u;) = Y(v;) +1; 1 <i < n—1.
Note that |ey(0) — ey (1)] < 1 which proves that G is a DCG (see Figure 5.7). O

Remark 5.9. Duplication of apex node by a node in G,, permits a DCL and the proof is
same as that of Theorem 5.2.15.
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Fi1cURE 5.7: DCL of a graph formed by taking the extension of vy in G7

Theorem 5.2.16. Extension of an arbitrary node of degree 2 in G, n > 3 permits a
DCL.

Proof. Let V(Gy) = {vo,vi,u; : 1 < i <n} and E(Gp) = {vov; : 1 < i < n} U {vu; :
1<i<n}U{uwiyr:1<i<n—-1}U{u,vi}. Let G be formed by taking extension
of an arbitrary node of degree 2 say u; in G,, by adding a new node, say, w. Clearly,
[V(G)| =2n+2 and |E(G)| = 3n+3. Consider ¢ : V(G) — {1,2,...,2n+ 2} as per the
given possibilities.

Case (i) If ‘n’ is even.

Fix ¢(vo) =1, ¢(w) =2, ¥(v1) = 3, ¥(vi) = ¥(vi-1) +2; 2 < i < nand P(u;) = 2¢(v;);
1 << 5. Now assign the remaning unused labels simultaneously to unlabeled nodes.

Case (ii) If ‘n’ is odd.

Fix ¢(vo) = 1, ¢(w) = 2, ¢(v1) = 4, ¢P(v2) = 3, P(v;) = P(vim1) +2; 3 < i < n,
Y(up) = 2n+ 1, ¢(ur) = 6, P(uz) = 8 and Y(u;) = 2¢(v;); 3 < i < [§]. Now assign the
remaning unused labels simultaneously to unlabeled nodes.

In both the cases, |e,(0) — ey (1)] < 1 which proves that G is a DCG. O

Theorem 5.2.17. Duplication of an arbitrary node of degree 2 by a node in Gy, n > 3
permits a DCL.

Proof. Let V(Gy) = {vo,vi,u; : 1 < i <n}and E(Gp) = {vov; : 1 < i < n}U{vu; :
1 <i<n}U{uwiyr :1<i<n-—1}U{u,v1}. Let G be formed by duplicating an
arbitrary node of degree 2 say u; in G,, by a node, say, w. Clearly, |V (G)| = 2n + 2 and
|E(G)| = 3n+ 2. Consider ¢ : V(G) — {1,2,...,2n + 2} as given here.

Case (i) If ‘n’ is even.

Fix (o) = 1, ¥(w) = 2, (v) = 6,
3<i<nand ¢P(u;) = 2¢(v;); 2 <0 <
to unlabeled nodes with the condition that ¢ (uy,) f1(v1) (If such a case happens then

Y(ur) = 3, P(v2) = 5, ¥(vi) = Y(vic1) + 25
%%

. Assign the remaning labels simultaneously
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swap the labels of v, and u,).

Case (ii) If ‘n’ is odd.

Follow the Case (ii) of Theorem 5.2.16. In both the cases, |e,(0) — ey (1) < 1 showing
that G is a DCG. t

Theorem 5.2.18. Extension of an arbitrary node of degree 3 of Gn, n > 3 permits a
DCL.

Proof. Let V(G,) = {vo,vi,u; : 1 < i <n}and E(Gn) = {vov; : 1 < i < n}U{vu, :
1<i<n}U{wwiyr:1<i<n—-1}U{u,v}. Let G be formed by taking extension
of an arbitrary node of degree 3 of G, say, v1, by adding a new node, say, w. Clearly,
[V(G)| =2n+ 2 and |E(G)| = 3n + 4. Consider ¢ : V(G) — {1,2,...,2n + 2} as given
below.

Case (i) If ‘n ’is even.

Fix (09) = 1, $(w) = 20+ 1, Y(01) = 2, (v2) = 3, Y(0g) = b(vi1) +2 3 <i <n—1,
P(vp) = 2n, P(up) = 2n — 1 & P(u;) = 2¢(v;); 1 < i < § + 1. Alloting the remaining
labels simultaneously to unlabeled nodes gives |ey(0) — e4(1)| < 1 which proves that G
is a DCL.

Case (ii) If ‘n’ is odd.

Fix ip(vo) = 1, ¥(w) = 2n+1, P(v1) = 2, ¢p(v2) = 3, ¢(vi) = P(vi-1) +2;3 < i <n—1,
P(vp) = 2n 42, Y(up) = 2n — 1 & P(u;) = 2¢(v;); 1 < 4 < [§]. Assigning the
remaining labels simultaneously to unlabeled nodes gives |e,(0) — ey (1)] < 1. Hence, G
is a DCG. O]

Remark 5.10. Duplication of an arbitrary node of degree 3 by a node in Gy, n > 3

permits a DCL and its proof is same as Theorem 5.2.18.
Theorem 5.2.19. [82] S’(K,) permits a DCL.

Theorem 5.2.20. Ezxtension of each node in Ky, admits a DCL.

Proof. Let {vo,v; : 1 <1i < n} be the node set of K1, where vy is apex node and G be
obtained by taking the extension of each node of K ,, having V(G) = V(K1 ) U{ug, u; :
1 <i<n}, and E(G) = E(K1n) U {viu;, vous, uov; : 1 < i < n} U {voup}. Note that
[V(G)| = 2n + 2, whereas |E(G)| = 4n + 1. Consider ¢ : V(G) — {1,2,...,2n + 2}
defined by fixing (vg) = 2, ¥(uo) = 1, Y(v1) = 4, ¥(v;) = Y(viy) +2 2 < i < n,
() = $(w1)—1; 1 <7 < n. Observe that 4(uo)|(v:); Vi, (uo)|#(vo) and 1(uo)|e(w:);
V i, it implies that e, (1) = 2n+1 and ey (0) = 2n which establishes that G is a DCG. O

Theorem 5.2.21. Duplicating each node by a node in K1, for n > 3 results in a DCG.
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Proof. Duplication of each node by node in K, results in S’(K; ,) which is a DCG by
Theorem 5.2.19. O

Theorem 5.2.22. Duplicating each edge by a node in Ki,, n > 3 admits a DCL.

Proof. Let V(K1) = {vo,v; : 1 < i < n}, and E(K;1,) = {vov; : 1 < i < n} and
G be formed by duplicating each edge with a node in K, having node and edge set
respectively V(K1) U {u; : 1 < i < n} and E(Ky,) U {viu,vou; : 1 < i < n}.
See that the cardinality of node, and edge set of G is respectively 2n 4+ 1 and 3n.
Consider ¢ : V(G) — {1,2,...,2n + 1} given by fixing 1(vg) = 2, ¥(v1) = 1, ¢ (v2) = 4,
Y(v;) = Y(vim1) +2; 3 < i < n, Yu) = %ﬂl) such that ¥ (u;) is odd. Assign the
remaining odd labels simultaneously to the unlabeled nodes. Observe that if n is odd
then ey (1) = ey (0) + 1 while ey, (0) = ey (1), if n is even. For both the cases, G is a DCG
(see Figure 5.8). O

s LE]

FI1GURE 5.8: DCL of a graph formed by duplicating each edge by a node in K 4

Remark 5.11. Duplicating each edge by a node in K7, results in a friendship graph
which is eventually a DCG by Theorem 5.2.22.

Theorem 5.2.23. [82] S'(B,,) permits a DCL.

Theorem 5.2.24. Extension of each node in B, , admits a DCL.

Proof. Let V(Bypn) = {vo,u0,vi,u; : 1 <i < n} and E(By,,) = {vovi, uoui, voup : 1 <
i < n}. Let G be formed by taking the extension of each node in B, , with V(G) =
V(B n)U{v), ug, vl w0 1 < i < n}and E(G) = E(By, ) U{vov,, upu,, v;vl, wiu,, vjv;, uju;
1 <@ < n}U{vouf, upug, vhuo, uGuo . See that |V (G)| = 4n+4 and |E(G)| = 8n+5. Con-
sider ¢ : V(G) — {1,2,...,4n + 4} defined by fixing ¥ (vo) = 1, ¥(v)) = 2, ¥(uy) = 4,
Y(ug) = t, where t is the largest odd number < 4n + 4. Next, ¢¥(vi) = 3, ¢¥(v;) =
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Y(vic1) +25 2 < i <n, P(v7) = 20(v); 1 <d <ny P(un) = 8, (wi) = Plui-1) + 4
2 < i < n, Y)) = Po,) +2 and P(u)) = P(ul_y) +2; 2 < i < n. Observe
that ¢ (vo)¢(vi), P(vo)lth(vi), ¥(vi)l(v), P (wo)l¥(vh), P(wo)ly(uo), ©(vo)l¥(up) and

(ug)|1(u;) for all 4; 1 < @ < n. Therefore, ey (1) = 4n + 3 and ey (0) = 4n + 2 resulting
which G is a DCG (see Figure 5.9). O

FIGURE 5.9: DCL of a graph formed by taking extension of each node in By 4

Remark 5.12. Duplication of each node by a node in B,, ,, results in S’(B,, ) which is a
DCG by Theorem 5.2.23.

Theorem 5.2.25. Duplication of each edge by a node in By, , admits a DCL.

Proof. Let V(Bpyn) = {vo,u0,vi,u; : 1 < i < n} and E(B,) = {vovi, uoui, vouo :
1 < i < n}. Let G be formed by “duplicating each edge by a node” in B, , having
V(G) = V(Bpyn) U{w,v,u; : 1 <i<n}and E(G) = E(Bp,) U {vov}, upt;
1 <1< n}U{vw,upw}. Clearly, |V(G)| = 4n + 3. Define ¢ : V(G) — {1,2,...,4n +
3} by fixing G(uo) = 1, Pluo) = 2, (o) = 3, P(v) = Bloi1) +2 2 < i < n,
) = 4, Be]) = Bl +2 2 <0 < n, ) = Blon) + 2, Plus) = Plui) +2
2 << n, Y(uh) = P(e) + 2, P = Y(ul_) +2 2 < i < nand P(w) = dn + 3
Observe, 4(uo) (o), (w0) [B(), (uo)[Y(w), Ploo)(uo), Bluo)(ul); 1 < i < n.
Here, e (1) = 3n + 2 and e, (0) = 3n + 1, proving that G is a DCG. O

L ubug, vl

Open Problems

The following open problems are framed due to the study done in this chapter.

1. If G is a DCG, then does graph obtained by performing extension of each node of G
also permit a DCL?

2. Is there a characterization of graphs that do not admit a DCL but whose extension

admits a DCL?
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5.3 Conclusion

This chapter has dealt with certain results on graph operations namely, duplication
of node by a node, duplication of edge by a node and extension of node for various

well-known graphs viz; P,, C,, W,,, H,, Fl,, Gy, K1, and B, , for DCL.



Chapter 6

New Variants of DCL

6.1 Introduction

Murugesan et al., in [42] introduced a variant of DCL named, square divisor cordial
labeling. Kanani et al., [37] introduced the notion of cube divisor cordial labeling and
contributed some standard results. Later, Lourdusamy [40] coined a new variant of
DCL named sum divisor cordial labeling. Motivated by this, two new variants of DCL
namely, double divisor cordial labeling (DDCL) and average even divisor cordial labeling
(AEDCL) are introduced and studied in this chapter. Throughout this chapter, DDCL,
AEDCL, DDCG and AEDCG are used to denote respectively the double divisor cordial
labeling, average even divisor cordial labeling, double divisor cordial graph and average

even divisor cordial graph.

6.2 Double Divisor Cordial Labeling

In this section, certain general results concerning DDCL of graphs are established be-
sides, exploring the same for some well known graphs. First, definition of DDCL is

introduced.

Definition 6.2.1. “A double divisor cordial labeling (DDCL) of G(V, E) is a bijection
¥ from V to {1,2,3,...,|V(G)|} defined by the induced function ¢* : E — {0,1} such
that for each edge yz, ¥*(yz) is given label 1 if 2¢(y)|v(2) or 2¢(2)|¥(y) and label 0
otherwise, then the modulus of the difference of edges having labels 0 and labels 1 do
not exceed 1 i.e; |ey(0) — ey (1)| < 1. If a graph permits a DDCL, then it is known as
double divisor cordial graph (DDCG).”

88
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6.2.1 DDCL of Some Well Known Graphs

In this section, DDCL of some standard graphs has been studied.

Theorem 6.2.1. For a givent € N, 3 a DDCG, G ont nodes.

Proof. There can be two cases for t.

Case (i) When t is even.

Construct a path having %+1 nodes say v, v, ..., Uiy Attach %—1 nodes namely, Vi,
Ut ygs e Uy 1O U1 Define a labeling ¢ by fixing ¢ (v;) = 2i—1for 1 <i < £, w(véﬂ) =2,

¢(v%+i) = ¢(v%+(i_1)) +2for2<i< % Observe that edges viv;; %+ 2 < <tare

t

labeled 1 and the remaining edges are labeled 0. Clearly, e,(1) = § — 1 and e,(0) = £.

Case (ii) When t is odd.

Construct a path having 1

% nodes say v1,v2,...,vt+1 and attach % nodes namely,
2

Viets, Uess, ..., vy to v1. Define a labeling ¢ by taking ¢ (v1) = 1, ¥(v;) = ¥ (vi—1) + 2 for
2 2

2<3< %, and label {v%,v%, ..., vt} with unutilized even labels out of {1,2,...,t}.

Observe that edges v1v;; %

0. Clearly, e4(0) = ey (1) = 5.

Hence, G is a DDCG (see Figure 6.1). O

<7 <t are labeled 1 and the remaining edges are labeled

FI1GURE 6.1: Construction of a DDCG on 11 nodes

Theorem 6.2.2. If G(p,q) is a DDCG with q even, then G + e admits a DDCL.

Proof. Since G is DDCG with labeling 1 and ¢ is even therefore, e,(0) = ey (1). Thus,
addition or deletion of one edge yields either e, (0) = ey(1) + 1 or ey(1) = ey(0) + 1
which justifies that |e,(0) — ey (1)] < 1. O

Theorem 6.2.3. If G(p,q) is a DDCG with q odd, then G — e admits a DDCL.
Proof. Let G be a DDCG with g odd. Then either e, (0) = ey (1)+1 or ey (1) = e4(0)+1.

Suppose e,(0) = ey (1)+1, then removing the edge having label 0 yields |e,(0) —eqy(1)| <
1. O

Remark 6.1. Theorem 6.2.3 holds good for G + e.
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Definition 6.2.2. [87] “A full binary tree is a binary tree in which each internal vertex

has exactly two children.”

In this chapter, by full binary tree one means a binary tree having 2° nodes at it level,

where ¢ = 0,1, 2....

Theorem 6.2.4. Fvery full binary tree admits a DDCL.

Proof. Let T,, denotes the full binary tree of n levels and ty is fixed as root node. It is
noteworthy that V(7},) is always odd and therefore yield even count of edges. The root
node is also called as zero level. Clearly, i* level has 2! nodes. Clearly, |V (T},)| = 27! —1
and |E(T)| = 2" —2. Consider ¢ : V(T;,) — {1,2,...,2" "1 —1} and define according to
the given pattern. Fix (o) = 1. Next, assign the labels 2¢, 2/ +1, 20 +2,....2¢71 — 1 to
the it" level nodes where 1 < i < n. Observe that 2(204+m)|2H 4 2mfor 0 <m < 20— 1
and 2(2' + m) does not divide 271 + 2m + 1 for 0 < m < 2¢ — 1 resulting which
ley(0) — ey (1)| = 0 which proves that T), is a DDCG (see Figure 6.2). O

FIGURE 6.2: DDCL of T3

Theorem 6.2.5. P,, n > 3 admits a DDCL.

Proof. Let V(P,) = {p; : 1 < i < n}. Consider ¢ : V(P,) — {1,2,...,n} as given.

Assign labels begining with p1, according to the given pattern.

1, 1.2%, 122 .., 120,
3, 3.2', 322 .., 3.2k,
5, 5.2', 522 .., 5.2k,

ceey ceey ceey ceey ceey ceey
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where (2d — 1)2% < n, d > 1, kg > 0. Note that (2d — 1)2"|(2d — 1)2° ; (r < s) and
(2d — 1)2% does not divide (2d + 1). Now, alloting unutilized labels out of {1,2, ....... n}
simultaneously to the unlabeled nodes yields |ey(0) — ey (1)| < 1, hence P, is a DDCG.

O

Theorem 6.2.6. C),, n > 3 admits a DDCL.

Proof. Let V(Cy) = {c1,¢2,¢3,...,¢n}. Consider ¢ : V(C,,) — {1,2,...,n} explained as

follows. Allocate labels, begining with ¢1, according to the given pattern.

1, 1.2%, 122, .., 1.2M,
3, 3.28, 322 .. 3.2k,
5, 5.2 522 .., 5.2k,

ceey aeey ceey ey ceey ceey

where (2d—1)2% < n, d #2and d > 1, kg > 0. Alloting unutilized labels simultaneously
to unlabeled nodes yields |e,(0) — ey (1)| < 1. Hence the result. O

Theorem 6.2.7. W,,, n > 3 admits a DDCL for odd values n.
Proof. Let V(W,,) = {wo, w1, ws,...,w,} where wy denotes the apex node. Consider

V(W) = {1,2,....,n+1}. Fix ¢)(wg) = 1. Assign labels begining with w; according

to the given pattern.

2, 2.2' 222 . 22k,
3, 32!, 322 .., 3.2k,
5, 5.2', 522 .., 5.2k,

ceey “eey ceey ceey ceey ceey

where (2d—1)2F¢ < n4+1and d > 1, kg > 0. Allocate the unutilized labels simultaneously
to unlabeled nodes. Observe that |e,(0) — ey (1)] = 0, which gives W,, a DDCG (see
Figure 6.3). O

Remark 6.2. Note that W,, does not admit DDCL for n = 4,6, 8, 10.
Theorem 6.2.8. W,,, n > 12 admits a DDCL for even values of n.

Proof. Let V(W,,) = {wo, w1, ws,...,w,} where wy denotes the apex node. Consider
Y V(W) = {1,2,...,n+ 1}. Fix ¢(wp) = 1, ¥(wy,) = 12, ¥(w,—1) = 3, and assign



Chapter 6. New Variants of DCL 92

the labels 3.2%, 3.23, 3.2%,....3.2%2 to wy,_9, Wp_3, .... Now begining with w;, assign the

labels according to the given pattern.

2, 221 222 . 22k,
5, 52!, 522 .., 5.2k,
7, 72, 722 ., 7.2k,

ceey ey ceey ey ceey ceny

where (2d — 1)2F¢ <n 41 and d > 1, kg > 0. Allocating the unutilized labels simulta-
neously to unlabeled nodes gives W,, a DDCG (see Figure 6.3). O

FIGURE 6.3: DDCL of W7 and Wis

Theorem 6.2.9. H,,n > 3 admits a DDCL.

Proof. Let V(Hy,) = {xo} U{x1, 22,23, ..., xn} U{y1,92, ..., Yn} ;x0, x; and y; represent
respectively the apex, rim and pendant nodes. Clearly, |V (H,)| = 2n+1 and |E(H,,)| =
3n. Consider ¢ : V(H,) — {1,2,...,2n + 1} defined by letting ¢ (xz¢) = 1 and assign

labels begining with x; according to the given pattern.

2, 22 222 . 22k
6, 6.2', 6.22, .. 6.2k,
where (4d —2)2%¢ < 2n+1 and d > 1. Note that 2(4d —2)2" divides (4d —2)2° ; (r < s).

Allocating the unutilized labels simultaneously to the remaining nodes, begining with

y1 yields |ey(0) — ey (1)] < 1, which proves that H, is a DDCG. O

Theorem 6.2.10. f,, n > 3 admits a DDCL.

Proof. Let V(f,) = {x0,x1,x2,...,x,} where z( is an apex node. Clearly, |V (f,)| =
n+ 1 and |E(f,)| = 2n — 1. Consider ¢ : V(f,) — {1,2,....,n + 1}. Assign labels to
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xg, 1,2, ..., simultaneously, according to the given pattern.
1, 1.2Y, 122 .., 1.2M,
3, 3.2', 322 .., 3.2k,
5, 5.2', 522 .., 5.2k,

ceey ceey ceey ceey ceey ceey

where (2d — 1)2F¢ < n 41 and d > 1. Assign unutilized labels simultaneously to the
unlabeled nodes. Clearly, |e,(0) —ey(1)| < 1 which justifies that f,, admits a DDCL. O

Definition 6.2.3. [66] “Jelly fish graph denoted by J(m,n) is obtained from a 4-cycle
1, T2, T3, x4 by joining x; and z3 by an edge and adding m pendant edges to x2 and n

pendant edges to x4.”

Theorem 6.2.11. J(m,n) admits a DDCL.

Proof. Let V(J(m,n)) = {x1, 22,23, 24,¥;,2j : 1 <i <m,i < j <n}and E(J(m,n)) =
{z129, 1203, 1204, w23, W43} U {z2y; : 1 < i < m}U{zygz; : 1 < j < n}. Clearly,
[V(J(m,n))| =n+m+4 and |[E(J(m,n))| =n+ m+5. Consider ¢ : V(J(m,n)) —
{1,2,...,n+m + 4} for the given cases.

Case (1) When n = m.

Label ¢(z1) = 2, ¥(z2) = 1, ¥(x3) = 4, ¥(z4) = 3. Now assign all the unused even
labels to y;; 1 <4 < m and unused odd labels to z; where 1 < j <n.

Case (ii) When n > m.

Fix ¢(x1) = 2, ¥(x2) = 3, ¥(x3) = 4, ¥(x4) = 1. Now assign all unused even labels to
zj’s where 1 < i < n and once even labels are consumed, assign unused labels (odd) to
remaining z;’s if any, and to all y;’s where 1 <1 < m.

Case (iii) When m > n.

Fix ¢(x1) = 2, ¥(x2) = 1, ¢¥(z3) = 4, ¥(x4) = 3. Allocate all the unutilized even labels
to y; where 1 < ¢ < m and once even labels are consumed, assign unused odd labels to
remaining ¥;’s and to all z;’s where 1 < j < n.

In all the cases, one can establish that |e,;(0) —ey (1) < 1 which proves the theorem. O

Theorem 6.2.12. F,, admits a DDCL.

Proof. Let V(F,) = {ko, ki1, kio : 1 <1 <n} and E(F,) = {koki1, ki1ki2, koki2 : 1 < i <
n}. Clearly, |V (F,)| = 2n+1 and |E(F,,)| = 3n. Consider ¢ : V(F,,) — {1,2,...,2n+1}.
Fix ¢(ko) = 1, ¥(ki1) = 2, Y(ka1) = 3, ¥(ka) = ¥(ka_1)1) + 2 3 < i < n, P(ki) =
2¢(k;1) for 1 <4 < §. Now assign remaining labels out of {1, 2, ..., 2n+1} simultaneously
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to unlabeled nodes. (If n is odd then 1 (k;2) = 2¢(k;1) for 1 <4 < [§]). Consequently,
ley(0) — ey (1)] < 1, which shows that F), is a DDCG. O

Theorem 6.2.13. K,, does not admit a DDCL for n > 5.

Proof. Let V(K,) = {ki,kz,...kn}. Clearly, |V(K,)| = n and |E(K,)| = 21
Suppose K, allows a DDCL, say, ¥ for n > 5. Fix ¢(k;) =4; i = 1,2,...,n. Now, arise
two possibilities.

Case (i) n = 0, 1(mod 4).

Since 9 is DDCL on K,, therefore e;(0) = ey(1) = n(n471) should hold. Observing

¥, ki contributes |F% | edges having label 1, ky contributes |[5%] edges having label

n

1, k3 contributes |5%5| edges having label 1 and so on, thus ey(1) = |3%5] + [5%]

+ [g5)++l55,], where m is the largest positive integer such that 2m < n. By
assumption, ey (1) = @, but @ > |35 ] + l3%]) + la5]) ++l55 ], which leads
to a contradiction.
Case (i) n = 2,3(mod 4).

. -1 —1 -1
Then cither ey(1) = [M207 and e,(0)= || or €,(0) = [M2U7] and ey(1)
= L@J should hold. Observing v, k1 contributes |5% | edges having label 1, ko

n

contributes | 5% | edges having label 1, k3 contributes | 5% | edges having label 1, and so

2.3
on, thus ey (1) = [55] + [55]) + |35]+-+ 5% |, where m is the largest positive integer
such that 2m < n. Again, ey(1) = [ ] + [25] + L] +.+ [o2] < |22 <

[@], a contradiction.
Hence, if n > 5, then K,, does not allow a DDCL (see Figure 6.4). O

Remark 6.3. One can obtain the DDCL of K,, for n = 2,3, 4.

1 2 ks ks
FIGURE 6.4: K5 and K3 are DDCG whereas K4 is not

Remark 6.4. One can observe that not every DCG is DDCG as such it becomes very
intresting to look for classes of graph that admit DCL but not DDCL. For example, K5
and Kg are DCG but not DDCG. Similarly, not every DDCG is DCG, it becomes equally
interesting to see the families of graph that are DDCG but not DCG. For instance, Ky
is DDCG but not DCG.

One more example is flower graph. For instance, consider Fl3, which exhibits DCL but
not DDCL.



Chapter 6. New Variants of DCL 95

6.2.2 DDCL of Some Star Related Graphs

In this section, star related graphs are investigated for DDCL.

Theorem 6.2.14. K, admits a DDCL.

Proof. Let V(K1) = {xo,z; : 1 < i < n} with 29 as apex node. Consider 1 :

V(K1) — {1,2,...,n+ 1}. Fix ¢(z9) = 1 and allot the unutilized labels to remaining
nodes yields the result. O

Theorem 6.2.15. B,, ,,, admits a DDCL.

Proof. Let V(B m) = {z0,%0,2i,y; : 1 < i < n,1 < j < m} where zg, yo are apex
nodes. Clearly, |V (B )| = n+m+ 2 and |E(Bym,)| = n+ m + 1. Consider a map
Y :V(B(n,m)) = {1,2,...,n+m+ 2} defined by the below mentioned cases.

Case (i) When n = m.

Put ¢ (zo) = 1, ¥(x1) = 2, ¥(yo) = g where ¢ is the largest prime < n + m + 2,
(i) = Y(xi—1) +2; 2 <i < n and allot the remaining labels to y;’s where 1 < j < m.
Case (ii) n > m or n < m.

First suppose n > m, fix ¥(x¢) = 1, ¥(z1) = 2, ¥(yo) = q where ¢ is the largest prime
<n+m+2, Y(x;) = P(ri—1)+2 ;2 < i < n. Once even labels are consumed fully, assign
unutilized labels to remaining unlabeled nodes x;, if any, and to all y;’s, simultaneously
from {1,2,...,n+m+ 2}.

Similar argument holds good for n < m too.

Evidently, |e,(0) — ey (1)| < 1, which shows that B,, ,, is a DDCG (see Figure 6.5). O

FI1GURE 6.5: DDCL of By4

Theorem 6.2.16. S(K,) admits a« DDCL.

Proof. Let V(K1) = {zo,z; : 1 < i < n} and E(Ky,) = {zozr; : 1 < i < n}. For
S(Ki1p), VIS(Kin) = V(Kin) U{yi : 1 <i<n}and E(S(Ki,)) = {zoy; : 1 <i <
n}U{yiz; : 1 <i<n}. Clearly, [V(S(Kiy))| =2n+1 and |E(S(K1,))| = 2n. Consider

¢ V(S(Kin)) = {1,220 + 1} Fix ¢(zo) = 1, ¥(y1) = 2, ¥(v:) = d(yi-1) +2;
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2 <i<nand Y(x;) = Y(y;) +1; 1 < i < n. Evidently, |e,(0) — ey (1)| = 0 which proves
that S(K; ) is a DDCG (see Figure 6.6). O

FIGURE 6.6: DDCL of S(K1¢)

Theorem 6.2.17. S(B,,,) admits a DDCL.

Proof. Let V(Bynn) = {zo0,v0,2:,y : 1 < i < n} and E(Bpy) = {zoz; : 1 < i <
ntU{yoy; : 1 <i < n}U{xoyo}. Consider S(By) with V(S(Byy)) = V(Bpn)U{x}, .
1 <i<n}U{u}and E(S(Bpn)) = {zoz, : 1 <i <n}U{zlz; : 1 <i<n}U{yy :
1 <i<n}U{yy :1<1i<n}U{zou,uy}. Clearly, [V(S(Bpn))| = 4n + 3 and
|E(S(Bn,n))| = 4n + 2. Consider ¢ : V(S(By)) — {1,2,...,4n + 3} defined by fixing
P(wo) = 1, ¥(u) = 4, P(yo) = 2, ¥(z}) = 6, ¥(y1) = 3, () = 8, ¥(y1) = 5,
(a)) = d@i) +4 2 <i <n,dla) =¢(@) + 1 1< i <n, 9y) = ¥(y) + 4
3<i<nandY(y;) =¢(y;) +1; 2 <i < n. Evidently, |ey(0) — ey (1)| < 1 which proves
that S(By, ) is a DDCG. O

Remark 6.5. As subdivision of P, and C), yields path and cycle again, therefore S(P,)
and S(C)) are DDCGs.

Theorem 6.2.18. S'(K; ,,) permits a DDCL.

Proof. Let V(K1) = {zo,z; : 1 < i < n} and E(K1,) = {xor; : 1 < i < n}.
Consider S'(K ) with VI(S'(K1,)) = V(K1 n)U{uo,u; : 1 <i<n}and E(S'(Ki,)) =
E(Kin)U{zou; : 1 < i <n}U{ux;: 1 <i<n}. Clearly, |V(S'(Ki,))| = 2n+ 2
and |E(S'(K1,))| = 3n. Consider ¢ : V(S (K1) — {1,2,...,2n + 2}. Fix ¢(xg) = 1,
Y(ug) = 2, Y(x1) =4, Y(x;) = Y(xi—1) + 2; 2 < i < n and allocate the unutilized odd
labels to u;; 1 < i < n. Observe that when n is even, e, (0) = n+2% = 2 and ey (1) = 22,
and when n is odd, e;(0) = n+ |§] and ey (1) = n + [5]. Thus, [ey(0) —ey(1)] < 1

and hence the result. O

Theorem 6.2.19. S'(B,,,,) permits a DDCL.
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Proof. Let V(Bpm) = {zo0,y0,zi,y; : 1 <i <n,1 <j <m} and E(Bym) = {zoz; :
1 <i<n}U{yy; : 1 <1< m}U{zoyo}. Let S'(Bpm) be having V(S (Bnm)) =
V(Bpm) UA{zg, 9o, 25,5 0 1 < i <n, 1 <j <m} and E(S'(Bnm)) = E(Bpm) U {zox; :
1<i<njU{zgr;: 1 <i<n}U{yoy;: 1 <7 <mpuU{yy;:1 <5< mpU{zoys, yoro}-
Clearly, |V(S'(Bnm)| = 2n + 2m + 4 and |E(S'(Bnm)| = 3n + 3m + 3. Consider
Y : V(S (Bnm) = {1,2,...,2n + 2m + 4} under the below mentioned cases.

Case (i) When n = m.

Let (o) = 1, v(ap) = 2, bly) = 4, ¥(@1) = 8, (ws) = blwir) +4 2 < i < n
and ¢ (yy) = p; p is the largest prime < 4n + 4. Assign the unutilized even labels to
x;; 1 <4 < n and odd labels to y; and y;; 1 < j < n, in any order. Observe that
ey(1) =3n+ 2 and ey (0) = 3n + 1.

Case (i) When n # m.

Without loss of generality, suppose n > m. Let pi,ps be sufficiently large primes
and p2 < p1 < 2n +2m + 4. Fix ¢(yo) = p1, ¥(y)) = p2, P(z0) = 1, ¥(z5) = 2,
W(xy) =4, P(x;) = Y(xi—1) +4; i > 2 such that ¢ (zx) < 2n 4+ 2m + 4 for some k < n.
Next allocate the unutilized even labels to z; ¢ > 1 in such a way that ¢ (z}) < 2n+2m+4
for some t < n, and to unlabeled z;, if any. Next, assign the unconsumed labels to un-
labeled nodes in any fashion.

In both the cases, |e,(0)—ey(1)| < 1 and hence S’(B,,) is a DDCG (see Figure 6.7). [

F1GURE 6.7: DDCL of S"(Bg 4)

Theorem 6.2.20. S'(S(K,)) permits a« DDCL.

Proof. Let V(S(K1)) = {z,yi,z : 1 <i < n} and V(S5'(S(K1,))) = V(S(K1,)) U
{',y},2[; 1 <i < n}. Clearly, |V(S'(S(Kin)))| = 4n+ 2 and |E(S'(S(K1,)))| = 6n.
Consider the function ¢ : V(S'(S(K1,))) — {1,2, ...,4n+2} defined by taking ¢(z) = 1,
(') =2,¢9@y) =4, 1 <i<n, ¢Yy) =4i+2; 1 <i<n, P(z)=4+11<i<m
P(zl) =41 —1; 1 < i < n. It follows that ey(0) = ey (1) = 3n proving that S’(S(K1))
is a DDCG. O

Definition 6.2.4. [87] “G = <K(1) K

Lo B o KYZ)> denote the graph formed by joining
(t—1)
1n

the apex nodes of K and K QL, to a newly inserted node r;—; where 2 <t <m.”
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Theorem 6.2.21. G = <K(1) K( )

1,n**1n

> admits a DDCL.

Proof. Let G be formed by joining the apex nodes, say, xg and yg respectively of Kﬁ)l

and K 527)” to a new node, say, w. The cardinality of node and edge set of G is 2n+3 and
2n + 2 respectively. Consider ¢ : V(G) — {1,2,...,2n + 3} given by fixing ¢(zo) = 1,
Y(w) = 2 and Y(yp) = p; p is the largest prime < 2n 4 3. Allocate all the unused

(1)

even labels to the pendant nodes of K,

Consequently, |e,(0) — ey (1)| < 1, establishing that G is a DDCG (see Figure 6.8). [

and remaining labels to unlabeled nodes.

FIGURE 6.8: DDCL of < fli’ K£24)>

Theorem 6.2.22. <K(1) K® K(3>> permits a DDOL.

In"*1no

() ()1<z<38tands

for apex nodes. Let r; and ro be the newly introduced nodes such that x(() ) and x( )
adjacent to r1, and x((]Q) and x(()3) are adjacent to ro to form G = <K£ T)L, Kﬁ, (3 )> One
can see that |V (G)| = 3n+5 and |E(G)| = 3n+4. Consider ¢ : V(G) — {1,2,...,3n+5}
defined by fixing ¥ (r1) = 4, 1/1(:1:61)) =1, 1/1(:1:82)) = 2 and 1/1(:1:83)) = p; p is the largest

prime < 3n+5. Now allocate all unused even labels of the form 4n; n € N to the pendant

Proof. Let x(()),:vgl),:ng ), azg) represent the nodes of K, where x

are

nodes of Ky’ (2 ) and remaining even labels to the unlabeled nodes of K7 (1 ) Allocating the

remaining labels simultaneously to the remaining unlabeled nodes ylelds G aDDCG. O

Inspired by definition 6.2.4, a similar construction for bistar is proposed.

Definition 6.2.5. “G = <B7(1177)L,B7(12721,...,B,(1%)> denotes the graph by connecting the
apex nodes of By(f,;l) and B,(z)n, to new nodes ry_1, s;—1 where 2 <t < m (see Figure
6.9).”

1

Theorem 6.2.23. <Bn 2

%,Bnﬂ)l> admits a DDCL.

)

Proof. Let V(B,(f%) = {xéi),yéi),xg-i),yj(.) 1 <j<n}and E(B,(fn) = {xo yo X (l) gl),yé )y]()
1<j<n}. Let G = <B,(L12L, B7(L2,)1> and r, s be newly introduced nodes such that r is
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Fievns 6.9: (B{Y, B, B, BYY )

adjacent to :z(()l) and x((]Z), and s is adjacent to y(()l) and y((f). Clearly, |V(G)| = 4n + 6

and |E(G)| = 4n 4+ 6. Consider ¢ : V(G) — {1,2,...,4n + 6} defined as follows. Fix

Wlag)) = 1 oleg?) = 2, w(ye”) = 6, vlyy”) = 3, () = 4, d(s) = 9. Assign even
(1.
i ’
1 < j < n. Next, allocating the unused labels to unlabeled nodes simultaneously shows

that G is a DDCG. O

labels of the form 4¢;¢ € N to 1:52) ; 1 < 7 < n and remaining even labels to x

6.2.3 DDCL in the Context of Ring Sum

In this section, ring sum of G with K1 ,, is discussed.

Definition 6.2.6. [27] “Ring sum of two graphs G; and G2 denoted by G @ G have
node set V; U V5 and edge set (Ey U Ey) — (Eq N Eg).”

Note: The ring sum of G with K ,, is taken by fixing one node of G and the apex node

of K1, as a common node.

Theorem 6.2.24. For a DDCG, G(p, q) with labeling g, G & K1 ,, admits a DDCG for
the following conditions.

(i) Even values of m

(ii) Odd values of m and

(a) q is even

(b) Both q and p are odd with eg(1) = | 1]

(¢) q is odd and p is even with ey(1 [31

Proof. Given G(p,q) a DDCG, with labeling g, and V(G) = {u1,u2,...,up}. Choose
u; € V(G), such that g(u;) = 1. Consider Ki,, with V(K1) = {vo = ui,v; :
1 <i<m}and E(Kyy,) = {vvi;l <@ < m}. Let H=_G& Ky, with V(H) =
VG)U{v; : 1 < i <m}and E(H) = E(G)U{uv; : 1 < i < m}. Consider v :
V(H) = {1,2,....p,p+1,...,p+ m} defined by ¥ (u;) = g(u;) for 1 < i < p. Recall that
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P(vg) = g(ur) =1, fix Y¥(v;) = p+ifor 1 <i < m. Next is to show that G & Ky, is a

DDCL for the under mentioned conditions.

Case (i) ‘m’ is even.

If ‘¢’ is even, then ¢,(0) = ey(1) = 2. Also |E(H)| = ¢ +m and 2¢(u1) divides

every even number, see that ey (1) = 4 + % and ey(0) = 4 4+ 3 which justifies that

lew(0) —ey(1)] < 1. If ¢ is odd, then either e4(0) = e4(1) + 1 or e4(1) = e4(0) + 1. On

the other hand m being even always yields equal count of edges having labels 1 and 0

(because 21 (u1) divides every even label that appears on pendant nodes of K7 ,,). Thus,

either ey (0) = ey (1) + 1 or ey (1) = ey (0) + 1, which justifies that |e,(0) — ey (1) < 1.

Case (ii) ‘m’ is odd.

The following subcases arise.

Subcase (1) ‘q’ is even and ‘p’ is even.

Since q is even, ey4(0) = ey4(1) = 4. Also |E(H)| = q 4+ m, following v, one can see that

ep(l) =2+ [2] — 1 and ey(0) = £ + [2] which justifies that |e,(0) — ey (1)] < 1.

Subcase (ii) ‘¢’ is even and ‘p’ is odd.

Since ¢ is even, e4(0) = ey(1) = . Also, |E(H)| = ¢+ m. Following 1), see that

ep(1) =2+ [2] and €4(0) = 4 + [%] — 1 which justifies that |e,(0) — ey (1)] < 1.

Subcase (iii) Both ‘¢’ and ‘p’ are odd with ey(1) = | £].

Then e4(0) = |4] + 1. By looking at t, one can find that ey(1) = |4] 4+ [%2] and
ep(0) = (4] + 1)+ ([%] — 1) which justifies that |es(0) — ey (1)] < 1.

Subcase (iv) ‘g’ is odd, ‘p’ is even, with e4(1) = [4].

Then e4(0) = [4] — 1. Observing ¢, one can find ey(1) = [4] + (][] — 1) and e (0) =

([4] = 1) + [%Z] which gives |es(0) — ey (1)] < 1.
Hence, G @ K1 ,, admits a DDCL (see Figure 6.10). O

G
esl0)=e (1)

Wivg)=glu)=1

FIGURE 6.10: DDCL of G ® K14

Corollary 6.2.1. P, ® K1,, is a DDCG.
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Proof. Let V(P @ Kim) = V1 U Va; Vi = {p1,02, ..., pm }, Vo = {vo = p1,v1,02, ..., 0; }
represent V(P,,) and V(K ), respectively with vy apex node of Kj,,. Note that
|V (Pm @ Kim)| = 2m and |E(P,, ® Ki,m)| = 2m — 1. Consider ¢ : V(P ® Kim) —
{1,2,...2m}. Fix ¢(p1) = 1, ¥(v1) = 2, ¥(vi) = P(vie1) +2; 2 < i <m, Y(pi) =
Y(pi—1) +2; 2 < ¢ < m. One can see that e,;(0) = m — 1 and ey (1) = m resulting in
DDCL of Py, & K1 . O

Corollary 6.2.2. C,, ® K1, is a DDCG.

Proof. Let V(Cp® K1 m) = ViUVa 3 Vi = {c1, ¢, ..., e} and Vo = {vg = ¢1,v1, v2, ..., U }
represent V(Cp,) and V(K ,,) respectively. Observe that |V (Cy, @ K1) = 2m and
|E(Cr, & K )| = 2m. Consider ¢ : V(Cp, & Ki1,m) — {1,2,...,2m} defined by fixing
Y(er) =1, ¥(v1) =2, P(vi) = P(vi—1) + 252 < i <m, P(e) = YP(eim1) +252 <i <m.
Note that ey (0) = m and ey (1) = m, therefore C,, ® K1, is a DDCG. O

Corollary 6.2.3. G @© K1, is a DDCG, where “G is cycle with 1 chord.”

Proof. Let V(G@® K1) = ViUVa; Vi = {c1, ¢, ...,em } and Vo = {vg = ¢1, 01,2, ..., U }
represent V(Cy,) and V(K ,,) respectively. Also e = cacy, be a chord of C,, and vy
an apex node of K ,,. Observe, |V(G & K1 )| = 2m and |E(G & Ky )| = 2m + 1.
Labeling is done by ¢ : V(G ©® K1) — {1,2,...,2m} as defined here. Let 9(c1) = 1,
Y(vy) =2, Y(v;) = Y(vi—1) +2; 2 < i <m, P(e) = P(cim1) +2; 2 < i < m. Observe
that e, (0) = m+ 1 and ey (1) = m, thus proving that G & K, is a DDCG. O

Corollary 6.2.4. f,,, ® Ky, permits a DDCL.

Proof. Consider fp, & Ki,, with Vi3 U Vo; Vi = {ug,u1,uz,...,un} and Vo = {uy =
V0, U1, V2, ..., Un, } Tepresenting V' (f,) and V(K1 ) respectively. Clearly, |V (frn @K1 m)| =
2m + 1 and |E(fm @ Kim)| = 3m — 1. Labeling function ¢ : V(fy, & Kim) —
{1,2,...,2m + 1} is defined by fixing ¥ (up) = 1, and assigning the available even la-

bels to u;; 1 <4 < m in the following fashion.

2, 22! 222 2.2k,

5 ceey

6, 6.2', 6.22, .. 6.2k,

ceey aeey ceey ey ceey ceey

such that (4t—2)2kf <2m+1and ¢ > 1. Assigning the remaining labels tov;; 1 <i <m
yields |ey(0) — ey (1) < 1 establishing that f,,, ® K1, is a DDCG. O

Corollary 6.2.5. Df,, ® K1 ,, permits a DDCL.
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Proof. Let D fp, & Ky, with Vi U Va; Vi = {x0,90,u1,u2, ..., up} and Vo = {x¢ =
V0, V1, V2, ..., Uy } representing V(D fy,,) and V(K ,,) respectively. Clearly, |V (D f,, &
Kim)| =2m+2 and |E(Dfp @ Kim)| = 4m — 1. Consider ¢ : V(D fp, @ Kim) —
{1,2,...,2m + 2} by fixing ¥ (xg) = 1, ¥(yo) = 2 and assign the available even labels to

u;; 1 <4 < m in the following fashion.

2, 221 222 . 22k
6, 6.2', 6.2%2, .., 6.2k,

ceey ceey ceey ey ceey ceey

such that (4t—2)2kt <2m+42andt > 1. Assigning the remaining labels to v;; 1 <i <m
gives |ey(0) — ey (1)| < 1 showing that Df,, @ K1, is a DDCG (see Figure 6.11). O

F1GUre 6.11: DDCL of Dfs © K15

Corollary 6.2.6. K ,, ® K1 ,, permits a DDCL.

Proof. Let K1y @ K1 m be with Vi U Vs, where Vi = {ug, w1, ug, ..., um } and Vo = {vg =
U1, V1,02, ..., Uy }. Clearly, |V(Kim @ Kim)| = 2m+ 1 and |E(Ki ., & Kim)| = 2m.
Consider ¢ : V(K1 m@®K1m) = {1,2,...,2m+1} defined by letting ¢ (up) = 1, ¢ (vg) = 2.
Assign the remaining even labels to u;; 2 < i < m and odd labels to v;; 1 < i < m. Note

that |ey(0) — ey (1)| < 1 which settles that Ky, ® K1, is a DDCG. O

6.2.4 DDCL of Corona of Certain Graphs

Here, certain results on DDCL of different graphs under a graph operation named,

corona, are derived.
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Theorem 6.2.25. W,, ® Ky permits a DDCL.

Proof. Let V(W,,) = {wp,w; : 1 < i < n}, wy the apex node and G = W,, ® K; be
formed with V(G) = V(W,) U {wj,w; : 1 < i < n}. Clearly, |V(G)| = 2n + 2 and
|E(G)| = 3n+ 1. Consider ¢ : V(G) — { 1,2,...,2n + 2} given by fixing ¢ (wo) = 1,
(w)) = 2n + 2 and assign the available even labels to w;; 1 < i < n in the following

fashion.

2, 221 222 . 22k,

6, 6.2', 6.2%2, .., 6.2k,

ceey ceey ceey ceey ceey ceey

such that (4t —2)2% < 2n and t > 1. Note that 2(4t—2)2"|(4t—2)2%; r < s. Fix ¢(w})
3 and Y(w]) = Y(w,_;) +2; 2 < i < n. One can easily see that |e,(0) — ep(1)] <1
establishing that G is a DDCG. O

Theorem 6.2.26. DW,, ® K1 permits a DDCL.

Proof. Let V(DW,,) = {xo,z;,y; : 1 < i < n} where zg, z;, and y;; 1 < i < n are
respectively the apex, rim nodes of inner and outer circles. Let G = DW,, ® Ky with
V(G) = V(DW,)U{z(, 2}, yi : 1 <i<n}. Clearly, |V(G)| = 4n+2 and |E(G)| = 6n+1.
Labeling function 1 : V(G) — {1,2,...,4n + 2} is given by fixing v (x¢) = 1, ¥(x) = 3,
(1) = 6, P(x}) = 2, Y(w) = P(zia) +4; 2 < i < n, P(z)) = L) 2 < < p,
V(y1) =4, Y(i) = Y(yi-1) + 4 2 <0 <, Pyy) = () + 2, YY) = P(yig) + 2
2 < i < n. Clearly, |e)(0) — ey(1)] < 1 establishing that G' is a DDCG (see Figure
6.12). O

FIGURE 6.12: DDCL of DW5 ® K3
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Theorem 6.2.27. f, ® Ky permits a DDCL.

Proof. Let f, ® K; be formed by adding wu(, u}, ub, ..., u], corresponding to nodes uy,
Uy, U2,...,upy of f, where ug is apex node of f,. Clearly, |V(f, ® Kj)| = 2n + 2 and
|E(fn ® K1)| = 3n. Consider ¢ : V(f, ® K1) — {1,2,...,2n + 2} given by ¢(ug) = 1,
P(up) = 2n+ 1, Y(u),) = 2n + 2 and assign the available even labels to u;; 1 <i < n in

the following fashion.

2, 221 222 . 22k
6, 6.2', 6.2%2, .., 6.2k,

ceey “eey ceey ey aeey ceey

such that (4t — 2)2% < 2n and ¢t > 1. Note that (4t — 2)2"|(4t — 2)2%; r < s and
2(4t — 2)2%i does not divide (4t + 2) (nor 2(4t + 2) divides (4t — 2)2%). Fix ¢(u}) = 3
and ¥(u]) = P(u;_1) +2; 2 <1 < n—1. Note that |e;(0) — ey(1)] < 1 which makes
fn ® K1 a DDCG. O

Theorem 6.2.28. Df, © K1 permits a DDCL.

Proof. Let V(D f,) = {zo,y0,u; : 1 <i<n} and V(Df, ® K1) = V(D f,) U{z{, y), u :
1 <i<n}. Clearly, |V(Df, ® Ki1)| =2n+4 and |E(Df, ® K;)| = 4n + 1. Consider
Y V(Dfp, © K1) = {1,2,...,2n + 4}. Let ¥(x0) = 1, ¥(y0) = 2, ¥(z() = 2n + 4,
¥(yl) = 2n + 3 and assign the available even labels to u;; 1 < i < n in the following

fashion.

2, 221 222 . 22k
6, 6.2', 6.22, .. 6.2k,

ceey “eey ceey ey ceey ceny

such that (4t — 2)2% < 2n +2 and ¢t > 1. Fix ¢(uv})) = 3 and ¢ (u}) = ¥(u}_ ;) + 2;
2 <14 < n. Observe that |ey(0) — ey (1)] < 1, which shows that G is a DDCG. O

Theorem 6.2.29. Gl(n) ® K; permits a DDCL.

Proof. Let V(Gl(n)) = {xo,y0,u; : 1 < i < n} and V(Gi(n) ® K1) = V(Gl(n)) U
{x,vp,u;, : 1 < i < n}. Clearly, |V(G)| = 2n +4 and |E(G)| = 3n + 2. Consider
Y V(G) = {1,2,...,2n + 4} given by fixing (x¢) = 1, ¥(yo) = 2, ¥(z;) = 2n + 4,
(o) = 2n+3, Y(w) =4, (w) = P(ui1) +2; 2 < i <my Y(yy) = P(w) - 1< i <.
Clearly, Df, ® K; is a DDCG (see Figure 6.13). O
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FIGURE 6.13: DDCL of GI(5) ® K;

Theorem 6.2.30. Fl,, ® K1 permits a DDCL.

Proof. Let V(Fl,) = {xo,u;,v;; 1 <i < n}, where xg, u; and v; represent respectively
the apex, nodes of degree 4 and 2. Let G = Fl,, ® Ky with V(G) = V(Fl,) U {z, u}, v}:
1 <i<n}and E(G) = E(Fl,)U{zoz), uju,viv, : 1 <i < n}. Clearly, |[V(G)| = 4n+2
and |E(G)| = 6n+1. Consider ¢ : V(G) — {1,2,...,4n+ 2} given by assigning ¢ (xo) =
L, ¢(zp) = 2, ¥(ur) = 6, Y(w) = Y(ui—1) +4; 2 <i < n, Yu)) = @; 1 <i<mn,

b(vi) = (ui) =2 1 < i <y p(vr) = 9(up) + 2 and Y(v) = Y(viy) +2 2 <0 <.
Note that |ey(0) — ey (1)] < 1 establishing that Fi,, ® K; is a DDCG. O

Theorem 6.2.31. K, ® Ky admits a DDCL.

Proof. Let V(K ) = {ko,ki : 1 <i < n} where kg is apex node. Consider K, ® K;
with V(K1 © K1) = V(K1) U{k{, ki : 1 <i <n}and E(K;, ® K1) = E(K1,) U
{kok{, kik} : 1 <i <n}. Clearly, |[V(Ki,® K1) =2n+2 and |E(K;, © K;)| = 2n+ 1.
Let ¢ : V(K1 © K1) — {1,2,...,2n + 2} defined by fixing ¢ (ko) = 1, ¥(kj)) = 2n + 2,
(ki) =243 1 < i <nand (k) =¥(k;) +1; 1 < i < n. Observe, |ey(0) —ey(1)] <1
which establishes that K1, © K is a DDCG. OJ

Theorem 6.2.32. K>, ® Ky admits a DDCL.

Proof. Let U = {z1,22} and V' = {y1,y2,...,yn}, be the bipartition of node set of
Ky ,. Let Ko, ® K be having V(K , © K1) = V(Ka,) U {2}, 25, y1, 95, ...y, } and
E(K2,0K1) = E(Kan)U{z12), zoxh, yiy; : 1 < i < n}. Clearly, |V (K2, OK1)| = 2n+4
and |E(Ka2, © K1)| = 3n+2. Consider ¢ : V(K3, © K1) = {1,2,...,2n + 4} defined by
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fixing ¥(21) = 1, ¥(2}) = 2 + 4, (wa) = 2, h(a}) = 20+ 3, Y(y) =2 +2 1 <i<n
and ¥ (y;) = ¥(y;) —1; 1 < i < n. Observe that |e,(0) — ey (1)] < 1, showing Ko, © K
a DDCG. O

Theorem 6.2.33. K3, ® Ky admits a DDCL.

Proof. Let U = {z1, 22,23} and V' = {y1, y2, ..., yn } be the bipartition of node set of K3 ,,.
Let K3, ® Ky with V(K3, © K1) = V(K3,) U {2}, 25, 25,91, y5, ...y, } and E(K3, ©
Ki) = E(K3y,)U{z12], zoxh, x3xh, yiys : 1 < i <n}. Observe, |V (K3, ® K1) =2n+6
and |E(K3, ® K1)| = 4n+ 3. Consider ¢ : V(K3, ® K1) — {1,2,...,2n + 6} defined by
fixing ¥(x1) = 1, ¥(x]) = 6, Y(z2) = 2, Y(z3) = 2n+ 5, Y(zh) =4, () = 2n + 3 and
¥(y1) = 10. There arise below mentioned possibilities.

Case (i) When ‘n’ is odd.

Let ¢(yi) = ¥(yi-1) +4; 2 <i < [5], P(yr21) =8, () = ¥(yi-1) +4 [3]+1 <i<n,
Y(y)) = M; 1 <4 < [5]. Assign the unused labels simultaneously to unlabeled nodes.

2

Case (ii)) When* n’ is even.

(ii
Let (yi) = ¥(yim1) +452 < i < 5, d(yz 1) =8, ¥(yi) = (yi-1) +4 5 +2 <1 <n,

Y(yh) = w%’i); 1 <4 < 5. Assign the unconsumed labels simultaneously to unlabeled

nodes.
In both the cases, |e(0) — ey (1)] < 1. Hence K3, ® K is a DDCG (see Figure 6.14).

FI1GURE 6.14: DDCL of K36 ® K3

Theorem 6.2.34. B,, , ® K; permits a DDCL.

Proof. Let {z{,y{, =}, yl; 1 <i <n} be the added nodes corresponding to {xo, yo, z;, yi
1 < i < n} of By, p, for the construction of B, ,®K;. Clearly, |V (B, »®K1)| = 4n+4 and
|E(Bpn®K1)| = 4n+3. Consider ¢ : V(B ,© K1) — {1,2,...,4n+4} defined by letting
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P(xo) =1, P(xg) = 4n +4, P(yo) = 2, ¥(yp) = 4n + 3, P(21) = 6, P(z:) = Y(wi1) + 4
2<i<n ) =4 Yw) =P(yi-1) +4 2 <i<n, Y@) =9Y@)-1;1<i<n
and ¥(y;) = ¥(y;) —1; 1 < i < n. One can see that |e,(0) — ep(1)] < 1 proving that
By ® K is a DDCG. 0

6.3 Average Even Divisor Cordial Labeling

In this section, a few general results concerning AEDCL of graphs are established.
AEDCL of various families of graphs are investigated for different graph operations

of high interest.

Definition 6.3.1. “An average even divisor cordial labeling (AEDCL) of G(V, E) is a
bijection ¢ : V' — {2,4,6,...,2|]V(G)|} defined by the induced function ¢* : E — {0,1}
such that for each edge yz, ¥*(yz) is given label 1 if Z\M and label 0 otherwise,
then [ey(0) — ey(1)] < 1. If a graph permits an AEDCL, then it is known as average

even divisor cordial graph (AEDCG).”

Theorem 6.3.1. If G(p,q) admits an AEDCL with q even, then G + e is also an
AEDCG.

Proof. Since G(p, q) is an AEDCG with labeling 1 therefore e, (0) = ey (1) (¢ is even).
Clearly, an addition or deletion of one edge yield either e, (0) = ey(1) + 1 or ey(1) =
ey(0) + 1 which in turn justifies that |e,(0) — ey (1)] < 1. O

Theorem 6.3.2. IfG(p,q) is an AEDCG with q odd, then G—e also admits an AEDCL.

Proof. Since G(p,q) is an AEDCG with labeling 1 with ¢ odd, therefore, either e, (0)
=ey(1)+1orey(l) = ey(0)+ 1. Suppose ey (0) = ey(1) + 1. Removing an edge having
label 0 yields |ey(0) — ey (1)] < 1. Similarly, if ey (1) = ey(0) + 1, then removing any
edge having label 1 results in AEDCG again. O

Remark 6.6. On similar lines of proof one can observe that Theorem 6.3.2 also holds

good for G + e.

Theorem 6.3.3. K,, does not admit AEDCL for n > 4.

Proof. Let V(K,) = {ki: 1 <i<mn}. Consider ¢ : V(K,) = {2,4,6,...,2n} defined by
fixing ¥(k;) = 2i; 1 < i < n. Now the below mentioned cases arise.
Case (i) When ‘n’ is even.

n

Observing the labeling pattern, one can see that ey (1) = e,(0) — 5§ which implies that
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ey (0) — ey (1)] = 5 or |ey(0) — ey (1) > 2.

Case (ii) When ‘n’ is odd.

Observing 1, one can find that e, (1) = ey (0) — | 5| which shows that |e,(0) — ey (1) =
[ 5] or Jey(0) —ey(1)] > 2.

Thus, for both the cases K, n > 4 is not an AEDCG (see Figure 6.15). O

FIGURE 6.15: K5 are K3 admitting AEDCL and K4 is not

Remark 6.7. For Ky and K3, result is obvious (see Figure 6.15).

Observation 1: If G admits an AEDCL, its supergraph need not admit AEDCL, for
instance K, is always a supergraph of a given graph on same number of nodes.
Observation 2: For a graph G admitting an AEDCL, its subgraph need not admit an
AEDCL. For the sake of explanation, it is clear that Cyg is a subgraph of Wiy and Wy
admits an AEDCL but Cjg does not admit (see Figure 6.16).

FIGURE 6.16: Cqg is not admitting an AEDCL whereas Wig is admitting

Theorem 6.3.4. K,, ,, admits an AEDCL.

Proof. Let V(Kpn) =ViUVy where Vi ={z; : 1 <i<m}and Vo ={y; : 1 <j <n}.
Consider ¢ : V(Kpn) — {2,4,6,....,2m + 2n} given by fixing ¢(z1) = 2, ¢(z;) =
V(i) +2;2<i<m, ¥(y1) = V(xm) + 2, ¥(wi) = ¥(yi—1) +2; 2 < i < n. Observe
that if mn is even, then ey (0) = ey (1) = "5* and if mn is odd then |e,(0) — ey (1)| =1,
which shows that K, , admits an AEDCL. O
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Theorem 6.3.5. Let G and H be isomorphic graphs. If G admits an AEDCL then H

also does.

Proof. Let G and H be isomorphic graphs with isomorphism ¢ from V(G) = {u1, ug, ..., up}
to V(H) = {v1,v2,...,vp}. Let g be an AEDCL of G. If e = uju; € E(G) = (e =
uiuj) € E(H) for any i,j. Let g(u;) = r, g(u;) = s for some r,s € {2,4,...,2p} such
that |eg(0) — eg(1)] < 1. Define h : V(H) — {2,4,...,2p} such that h(¢(u;)) = g(ws);
1 <i<p. Then h is a desired AEDCL of H as |ey(0) —ey(1)| = |en(0) —ep(1)] < 1. O

Theorem 6.3.6. All trees are AEDCG.

Proof. Let T™ denote a tree with n edges. To show that 7 is an AEDCG, principle
of mathematical induction is followed. Suppose n = 2, the T® is a path on 3 nodes
which is an AEDCG. Suppose that the result holds for n = k — 1, i.e; T¢=1 is an
AEDCG. Next is to show that 7(*) is an AEDCG. Adding an edge to T*—1 yields 7*)
which is an AEDCG by Theorem 6.3.1 which completes the induction. Hence T is an
AEDCG. O

Corollary 6.3.1. Full n — ary tree admits an AEDCL, where n = 2k, k € N.

Proof. Let T(;, y,) denotes the full n — ary tree having m levels. Clearly, zero level has
one node, first level has n nodes, second level has n? nodes, third level has n? nodes and
m!" level has n™ nodes. Define ¢ : V/(T(;, 1n)) = {2,4,6,...,2(n™ + n™ 1 +n™"2 + . +
n 4+ 1)} such that the node of zero” level be labeled 2. For first level, assign the labels,
begining from leftmost node and proceeding to right, simultaneously from the available
labels. By doing so, the last node of the first level is labeled with 2n + 2. Similarly, for
second level, the last node has label 2n? + 2n + 2. Proceeding this way, one can find
that the last(rightmost) node in m”* level has 2n™ +2n™~1 4202 4 .. 4 2n+ 2 label.
Note that in every level, e,(0) = ey (1) which means that |e,(0) — ey (1)| = 0 and hence
T(n,m) admits an AEDCL (see Figure 6.17). O

n,m

12 14 16 18 20 2224 26 28 30 32 34 36 38 40 42

FIGURE 6.17: AEDCL of full 4 — ary tree with 2 levels
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Corollary 6.3.2. P, admits an AEDCL.

Proof. Let V(P,) = {p; : 1 < i < n}. Consider ¢ : V(P,) — {2,4,6,...,2n} defined
under the below mentioned cases.

Case (i) When ‘n’ is even.

Let ¢(p1) =2, ¥(pi) = ¥(pi-1) +2; 2 <i < 5, ¥(pry1) = ¥(pz) +4.

Now two subcases arise.

Subcase (i) When ‘3’ is even.

Fix (pi) = d(pi-1)+4; §+2 <i < 547, ¥(poroi) = ¥(p2)+2, ¥(pi) = Y(pi-1) +4;
5+ % +2<i<n. One can see that |ey(0) — ey (1) < 1.

Subcase (ii) When ‘5’ is odd.

Fix ¢(p;) = ¥(pi-1) +4 §+2 <0 < 54 [F], oy nj41) = dlpz) + 2, Y(p) =
Y(pim1) +4; 5+ 7] +2 < i <n. One can see that |ey(0) — ey (1)] < 1.

Case (ii) When " is odd.

Fix ¢(p1) = 2, ¥(pi) = ¥(pi-1) + 2 2 < i < [5], ¥(pr2)41) = Ylppz)) +4, ¥(p) =
Y(pi-1) + 4 [5] +2 <i <k <n, where ¢(pg) < 2n. Next, let ¢(pr11) = ¥(pz)) +2
Y(prt2) = Y(Pe+1) +4, P(pi) = Y(pi-1) +4; k+3 < i < n. An easy check shows that
ley(0) —ey(1)] < 1. O

Lemma 6.3.1. C), admits an AEDCL for all n except when 5 is odd.

Proof. Let V(Cyp) = {¢; : 1 <i < n}. Consider ¢ : V(C,) — {2,4,6,...,2n} defined by
the given cases.

Case (1) When ‘n’ is odd.

Fix ¢(c1) = 2, ¥(ci) = ¥(ci1) + 25 2 <0 < [F], ¥lepnj) = ¥lepn)) +4, ¥(a) =
Y(eio1) +4; 5] +2 < i < k < n, where ¢(c;) < 2n. Next, (cpq1) = w(cL%J) +2
Y(ckt2) = Ylert1) +4, Yla) =Pleim) + 4 k+3 <

Case (i) When ‘%’ is even.

Fix ¢(c1) = 2, ¢(ci) = d(cima) +2; 2 <i < 5, plen i) = ¥(en) +4, d(e) = Pleia) +4;
§+2<i< g+ 7, dleapni) =dlen) +2, ¥(c) =¢(ci1) +4 5+ +2<i<n.
One can see that e, (0) — ey (1)] = 1.

For both the cases, C,, is an AEDCG. O

< n. Here, |ey(0) —ey(1)| = 1.

Remark 6.8. When % is odd in C,, then either e,(0) = ey (1) + 2 or ey (1) = ey (0) + 2,
which means that C), is not an AEDCL.

Definition 6.3.2. [44] “The Mycielskian of G(V, E) denoted by p(G) has VUV’ Uz as
its node set where V' = {v/ : v € V(G)} and E(u(G)) = {uwv' :uv € E(G)}U{v'z: v €
V’}.”

Theorem 6.3.7. u(P,) admits an AEDCL Y n > 3.
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the node and edge set of P,. Let V(u(P,)) = V(P,) U{p, : 1 < i < n}U{z} and
E(u(Py)) = E(Py) U{pipi,; : 1 <n—1}U{pip,_; :2<i<n}U{piz:1<i<n}
Clearly, |V(u(Py))| = 2n+ 1 and |E(u(P,))| = 4n — 3. Consider ¢ : V(u(Py,)) —
{2,4,...,2(2n+1)} defined by fixing ¥(2) = 2, ¥(p1) = 4, ¥(pi) = Y(pi—1)+4; 2 <i < n,
P(p}) =6 and Y(p)) = ¥ (p;_;)+4; 2 < i < n. One can observe that |ey(0) —ey(1)] < 1,
which proves the theorem (see Figure 6.18). O

Proof. Let {p; : 1 < i < n} and {pipiy1 : 1 < i < n — 1} represent respectively

F1GURE 6.18: AEDCL of u(P,)

Theorem 6.3.8. u(Cy,) admits an AEDCL Y n > 3.

Proof. Let {c¢;:1<i<n} and {¢cjcit1:1<i<n—1}U{c,c1} represent respectively
the node and edge set of C,,. Let V(u(Cy)) = V(Cp) U{c, : 1 < i < n}U{z} and
E(u(Cp)) = E(Cp)U{cici, 11 <n—1}U{cici_; : 2 <i <n}U{cic),, cnci }U{cz: 1 <
i <n}. Note that |V (u(Cp))| =2n+1 and |E(u(Cy))| = 4n. Consider ¢ : V(u(Cy)) —
{2,4,...,2(2n+1)} defined by fixing ¢ (z) = 2, ¥(c1) =4, ¥(¢;) = Y(ci—1)+4; 2 < i < mn,
¥(c)) =6 and ¢(c}) = ¥(c,_;) +4; 2 < i < n. Observe that |e,(0) — ey (1)] < 1, which

proves the theorem. O

Theorem 6.3.9. T(P,) admits an AEDCL V¥ n > 3.

Proof. Let node and edge set of T'(P,) be given respectively by V(P,)U{e; : 1 < i <
n — 1} and E(P,) U {pie;,pit1e; : 1 < i < n—1}U{eei+1 : 1 < i < n— 2} where,
V(P ={pi: 1 <i<n}and E(P,) ={e; = pipix1 : 1 < i < n—1}. One can
see that |[V(T'(P,))| = 2n — 1 and |E(T(F,))| = 4n — 5. Consider ¢ : V(T'(P,)) —
{2,4,...,2(2n — 1)} defined by fixing ¥ (p1) = 2, ¥(pi) = Y(pi-1) +4; 2 < i < n,
P(er) =4, Y(e) = Y(ei—1) +4; 2 < i <n—1. Consequently, |e,;(0) — ey(1)] < 1 (see
Figure 6.19). O

Remark 6.9. T'(C,,) permits an AEDCL as one can define the labeling in a same way as
in Theorem 6.3.9.
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Ficure 6.19: AEDCL of T'(P,)

Theorem 6.3.10. P2 admits an AEDCL Y n > 3.

Proof. Let V(P,) = {p; : 1 < i < n}. Consider P? having V(P2) = V(P,) and
E(P?) = E(P,) U{pipite : 1 <i <n—2}. Cleatly, V(P3| =n & |E(P2?)| = 2n — 3.
Define 1 : V(P?) — {2,4,...,2n} by fixing ¢(p1) = 2, ¥(p;) = ¥(pi—1) +2; 2 < i < n.
One can verify that e,(0) = ey (1) + 1 which proves that P? is an AEDCL. O

Remark 6.10. C? admits an AEDCL for even values of n and proof is similar to Theorem
6.3.10. Moreover, for odd values of n, C2 does not admit an AEDCL as |e,(0) —ey(1)| >
2.

Lemma 6.3.2. W,, admits an AEDCL VY n # 4k + 3, k € N.

Proof. Let V(W,,) = {xo,z; : 1 < i < n} and E(W,) = {zoz;,xixiz1 : 1 < i <
n—1}U{zpz1}. Consider ¢ : V(W,,) — {2,4,6,...,2n 4+ 2}. Now the given cases arise.
Case (i) If n = 4k.

Fix ¢(zo) = 2, ¥(21) = 4,9(x) = Y(@i-1) + 2,2 <0 < § — 1, ¢(2n) = (zn_q) + 4,
Y(x;) = Y(wim1) +4; § +1 <@ < k < n, such that ¥(x;) < 2n + 2. Next, ¢(2p41) =
Y(xz 1) +2, P(xi) = P(@i1) +4; k+2 < i <n. See that |ey(0) — ey(1)| = 0.

Case (ii) If n = 4k 4 2.

Fix ¢(zo) = 4, ¢¥(21) = 2, P(x2) = 6, ¥(zi) = P(i1) +2 3 < i < 3, Y(wny) =
Y(zn) +4, P(z) = Y(@i-1) +45 § +2 < i < k <n, such that ¢(zx) < 2n + 2. Next,
fix ¥(@p+1) = ¥(@2) + 2, ¥(2) = ¥(@i1) + 4 k+2 < i < n. In this case also,
e0(0) = e, (V)] = 0.

Case (iii) If n = 4k + 1.

Fix ¢(x0) = 2, ¢¥(x1) = 4,9 (x:) = P(zi1) +2; 2 < i < 251, D(Tn1) = P(rnc1) + 4,
PY(z) = (1) + 4 L + 1 <4 < k < n, such that ¢(zx) < 2n + 2. Next, ¥(zp41) =
¢(mnT_1) + 2, () = P(ri—1) +4; k +2 < i < n. Observe that |e,(0) — ey (1) = 0.
Hence, W, is an AEDCG. O
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Remark 6.11. If n = 4k + 3 in W,,, then either ey (0) = ey (1) 4+ 2 or ey (1) = ey (0) + 2,
which means that W, is not an AEDCG.

Theorem 6.3.11. If G(p,q) is an AEDCG, then G ® K; admits an AEDCL for t =
0(mod 2).

Proof. Given G(p,q) is an AEDCG with V(G) = {u} : 1 < i < p}, therefore 3 a
labeling function 1 : V(G) — {2,4,6,...,2p} on G such that |e,(0) — ey (1)] < 1. Given
t = 0(mod 2), fix t = 2m. Consider G © Kam, with V(G © Kam) = V(G) U {k\” : 1 <
i <p1<j<2m)and BGO Kam) = B(G)U{ufk{) 11 <i<pl<j<2m).
Consider f: V(G ©® Kom) — {2,4,6,...,2p,2p+ 2, ...,2p 4+ 2p(2m)} defined as here. Let
flul) =v(ul); 1 <i<p. Assign {2p+2,2p+4,...,2p + 2p(2m)} labels simultaneously
to unlabeled nodes, begining with first copy of Ky, that is attached to u} and then
slowly proceeding to the right most copy, i.e; the one attached with wy;. Here are the
following observations.

(i) If g is even, then ey (0) = ey (1) and pendant nodes that appear at each u] yields
equal number of edges with labels 1 and 0. Thus, ef(0) = ef(1).

(i) If g is odd, then either e, (0) = ey (1) 41 or ey (1) = €4(0) + 1. But pendant edges at
each u yield same count of edges having labels 1 and 0 showing that |e;(0) —e¢(1)| =1,
which proves that G ® Ky, is an AEDCG (see Figure 6.20). O

G OKam

E #2|2m | Zm HEn|2m
prjam  FZEET i) ) 2+ 292(pa) 2]

F1GURE 6.20: AEDCL of G ® Ks,,

Corollary 6.3.3. P, ® Ko, is an AEDCG.

Proof. Follows directly from Corollary 6.3.2 and Theorem 6.3.11. O

Corollary 6.3.4. C,, ® Ko,,, n # 4k +2, k € N is an AEDCG.

Proof. The proof is evident from Lemma 6.3.1 and Theorem 6.3.11. ]
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k H H H

G=nH

FIGURE 6.21: Disjoint union of ‘n’-copies of H

Theorem 6.3.12. The disjoint-union of ‘n’-copies of H(p,q) admits an AEDCL, where
H is an AEDCG with q even.

Proof. Consider H(p, q), which is an AEDCG, with labeling h. Let V(H) = {v1,v2, ..., vp}.
Let G = nH as shown in Figure 6.21 with V(G) = {v; :1<j<p1<i<n}. De-
fine a function ¢ : V(G) — {2,4,...,2np} as follows. Let @Z)(vjl-) = h(vjl-); 1 <5 <p,
P(v7) = P(v)) +2p; 1 < j < p, ¥(v}) = ¢(v7) +2p; 1 < j < p. Proceeding this way,
Y(v}) = w(v;l_l) +2p; 1 < j < p. It can be seen that ey (0) = ey (1) which establishes
that G is an AEDCG. O

Corollary 6.3.5. Let G be an AEDCG of even size and G* be a copy of G. Then GUG*
is also an AEDCG.

Proof. Since G with V(G) = {uy,us,...,u,} is an AEDCG of even size, with labeling
[, therefore e;(0) = ef(1). Let G* be a copy of G with V(G*) = {u},u),...,u;}.
Let H = G U G*, define labeling ¢ on V(H) by fixing ¥ (u;) = f(u;); 1 < i < n and
P(uf) = (u;)+2n; 1 < i < n. This way, €,;(0) = ey(1), hence GUG* is an AEDCG. [

)

Theorem 6.3.13. Let G(p,q) be an AEDCG with q even. Then G + G is also an
AEDCG.

FIGURE 6.22: G+ G

Proof. The proof is evident from Theorem 6.3.4 and Corollary 6.3.5 (see Figure 6.22). [
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Theorem 6.3.14. Ladder graph L, = P, X P is an AEDCG.

Proof. Let V(Ly) = {u;,v; : 1 <i<n}and E(L,) = {ujuiyr1 : 1 <i<n—1}U{vviy; :
1<i<n—1} U {wv;: 1 <i<n}. Here, [V(Ly)| = 2n and |E(L,)| = 3n—2. Labeling
is done by considering a ¢ : V(L,) — {2,4,6,...,4n} defined for under mentioned
conditions.

Case (i) When n =4k, k € N.

Let ¢(u1) = 2, Y(u;) = P(uim1) +2; 2 <i <n—1, ¢(un) = P(un—1) +4, Y(v1) = 4n—2,
Y(vi) = P(vic1) =452 < i < G =1, P(ve) =4n, P(v) = Y(vi-1) -4 g+1<i<n
Evidently, e4(0) = ey(1).

Case (ii) When n =4k — 1, k € N.

Let ¢(u1) = 2, ¥(ui) = Y(ui—1) +2 ;2 < <n, P(vr) = 4n — 2, Y(v;) = P(vi-1) — 4;
2<i< 3], ¥(vrey) = 4n, ¥(vi) = ¢(vi-1) — 4; [5]+1 <4 < n. One can verify that
e (0) = #5L amd (1) = 222,

Case (iii) When n =4k — 3, k € N—{1}.

Let ¥(u1) = 2, ¥(us) = Y(ui—1) +2 ;2 <i <n—2, P(up—1) = Y(un—2) + 4, ¥(u,) =
Y(un—1) +4, ¥(v1) = 4n — 2, P(v;) = Y(vi1) —4 2 < i < [5] — 1, floz)) = 4n,
Y(v;) = (vi—1)—4; | 2]+1 < i < n. It can be seen that ey (0) = 222 and ey (1) = 221
Case (iv) When n = 4k — 2, k € N — {1}.

Let (ur) = 2, $(ui) = $lui) + 22 < < n— 2, Punr) = Wltns) + 4, () =
Y(un—1) + 4, Y(v1) = 4n, Y(vi) = Y(vi-1) =45 2 < i < 5 =1, P(vz) = 4n — 2,
Y(v;) = P(vi—1) —4; 5§+ 1 < <n. Here, ey(0) = ey(1).

Thus, in all the cases, |ey(0) — ey(1)| < 1 which proves that L, is an AEDCG. O

Theorem 6.3.15. Triangular ladder TL,, is an AEDCG.

Proof. Let V(TL,) = {uj,v; : 1 < i < n} and E(TLy,) = {wjuit1 : 1 < i < n—
1IJU{vivigr 1 < i <n—1}U{ww : 1 < i < nlU{vu 11 <i<n-—1}
Consider ¢ : V(T'Ly,) — {2,4,6, ...,4n} defined by fixing ¢(u1) = 2, ¥(u;) = ¥ (ui—1)+4;
2<i<n,Y(v1) =4, ¢Y(vi) = ¢Y(vi—1) +4; 2 < i < n. It is noted that e, (0) —ey(1)] <1

which implies that T'L, is an AEDCG. O

Theorem 6.3.16. P, x P,, admits AEDCL.

Proof. Let V(P, x P,) = {vl(j) 01 <i<mn1<j<n}, where fugj) represents the it"
node of j** copy. Clearly, |V (P, x P,)| = n? and |E(P, x P,)| = 2n? — 2n. Consider
¥ V(P x P) — {2,4,6, ...,2n%} defined by the given cases.

Case (1) When* n’ is even.

Let p(vf") = 2, w(o") = p(0) + 42 < i < n, 9(?) = 4, 9P = PP + 4
2 <i <, (") = o) +4, 0) =P + 42 < i <ny o) = (o) +4,
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b)) = ) + 4,2 < i <ny ooy oy oy ETY) = z,z)( =) 44, "V =
DT 4 45 2 < i <y (™) = Pof 2))+4and¢( N=p™)+42<i<n
It can be verified that ey (0) = ey (1) = n* — n.

Case (ii) When ‘n’ is odd.

For first n — 1 rows, follow the pattern of Case (i). For last row, proceed with the
remaining labels as per Corollary 6.3.2. In this case, |ey(0) — ey (1)] < 1.

Thus, P, x P, is an AEDCG (see Figure 6.23). d

FIGURE 6.23: AEDCL of P x P;

Definition 6.3.3. [38] The stack Sj of books is a union of k — copies of triangular book

Bs = K15, joined in a way that their spines form a path.

Lemma 6.3.3. Ky, admits an AEDCG.

Proof. Let K 1, with node set {zg, z(}U{z; : 1 <14 < n} and edge set {zoz;, vox(), T(T;
1 <i<mn}. Consider ¥ : V(Ki1,) = {2,4,...,2n 4+ 4} defined by fixing ¢ (z9) = 2 and

¥ (z() = 4 and allocate the unused labels to remaining nodes in any fashion. O

Theorem 6.3.17. S, admits an AEDCG.

Pmof Let V(Sk) = V(Pepr) U{oY) 1 <i <51 <j <k} and B(Sy) = E(Peq) U
{pj ,pJHU( D <1 <5,1<j <k} where v( 7 represents the ¥ node of j*"* copy.
Clearly, |V (Sg)| = 6k+1 and |E(Sk)| = 11k. Consider ¢ : V(Sk) — {2,4,6,...,2(6k-+1)}.
First label the k + 1 nodes of Pyy1 by using Corollary 6.3.2. This way {2,4,...,2k + 2}
labels are consumed. Now start assigning the remaining labels simultaneously, begining
with the first node of degree 2 of first copy of Bs and proceeding to the last node of the
last copy. Clearly, |ey(0) — ey(1)] < 1 which shows that Sy is an AEDCG (see Figure
6.24).
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FIGURE 6.24: AEDCL of S

Open Problems

Since the two new variants are introduced in this chapter, a lot can be done towards
characterization of these labelings. Thus, the following open problems are proposed.

1. To investigate DDCL and AEDCL of other graph families for different graph opera-
tions.

2. To investigate DDCL and AEDCL for real life apllications.

6.4 Conclusion

In this chapter, new variants of DCL, namely, double divisor cordial labeling and aver-
age even divisor cordial labeling are introduced and have been investigated for various
classes of graphs. Similarly, other interesting variants of these kind can be introduced
and studied to enrich the discipline. Moreover, one can investigate the necessary and
sufficient condition for a graph to admit DCL, DDCL and AEDCL.



Conclusion

In this thesis, “prime cordial labeling” (PCL) and “divisor cordial labeling” (DCL) of
graphs are discussed for various classes of graphs such as “path, cycle, wheel, helm,
flower, fan, gear, double fan, star, bistar, regular graph, lilly graph, some classes of
planar graphs” in the context of some graph operations along with some notable general
results. Specifically, the PCL and DCL of some families of graphs in the context of
graph operations namely, “corona, duplication of a node by a node, duplication of a
node by an edge, duplication of edge by a node, subdivision, degree splitting, extension
of a node” etc. are derived. The different graphs and graph operations considered
in the present work are due to their utility and applications nowadays. Motivated by
some of the variants of DCL, two more variants namely “double divisor cordial labeling”
(DDCL) and “average even divisor cordial labeling” (AEDCL) are introduced and some
remarkable results are also obtained. Moreover, a few interesting conjectures and open
problems are also formulated specifically “establishing the DCL for the given graph is
NP-hard”. A complete characterization of PCL and DCL is yet to be done, but this thesis
may serve as a path in achieving the characterization of PCL and DCL either partially or
fully. One can also explore PCL, DCL, DDCL and AEDCL for other classes of graphs
and graph operations which are not discussed in the thesis and this is for the future
work. Though, graph labeling finds applications in numerous fields, yet discovering the
exclusive applications of PCL, DCL, DDCL and AEDCL in different domains is also an

interesting and open area of research.
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