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Abstract 

The stretch between the microwave and infrared regions of the 

electromagnetic wave spectrum results in the formation of terahertz 

(THz) region. The frequency of THz radiation lies in the frequency range 

~1011 Hz to ~1013 Hz. The THz radiation on an average has a time-

period,τ~1.0 ps, wavelength λ ~ 300 µm, wave number k ~ 33.0 cm−1, 

frequency υ ~ 1THz with  photon energy E =  hυ~ 4.2 meV. The THz 

radiation, therefore, interacts strongly with those systems which have 

their characteristic life-time of the order of ps and energy transition of the 

order of meV, like bound electrical charges, phonons, free electrons of 

plasma in the pattern of CNTs, etc. The boundary lines of THz region are 

not definite and well defined but depend upon the various generation and 

detection methods used for THz radiation. In the early nineties, due to a 

lack of efficient generation, detection methods and due to poor research 

work, the THz region is known as the “THz gap”. From the beginning of 

the 21st century, THz technology has shown immense potential in many 

applications related to the field of science and research. In the present 

times, THz technology is used in many fields like industry-

manufacturing, pharmaceutical-chemical industry, oncology, 

dermatology, medical imaging, explosive-chemical detection, safety-

security-protection measures, oral healthcare sector, broad hand 

communication, etc., depending upon their respective special 

characteristics. To tap the maximum potential of THz technology, it is the 

need of the hour to create compact, proper, portable, cost effective, 

reliable, and efficient sources of THz radiation. One of the most recent 

trends is to employ carbon nanotubes to produce compact, portable and 
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efficient THz sources. This is because of some extraordinary properties of 

CNTs like nano dimensions, high thermal and electrical conductivity. The 

main purpose of the presented thesis is to explore the ways to produce 

efficient and compact sources of THz generation by using some external 

parameters and new information about fundamental concepts behind the 

physical processes. In the present thesis, we have suggested to utilize the 

array of anharmonic vertically aligned CNTs (VA-CNTs) and 

horizontally aligned CNTs (HA-CNTs) for the production of economical, 

portable, and efficient THz sources. In this theoretical research work, 

various mechanisms of resonant THz generation by the propagation of 

laser beams through the array of vertically or horizontally aligned 

anharmonic CNTs has been provided. For this, different schemes by 

using different conditions and parameters are presented in the thesis. In 

the thesis, various lasers like plane-polarized and amplitude modulated 

lasers, etc. are used to interact with the array of CNTs to generate THz 

radiation. The present thesis consists of four distinct and novel objectives. 

Each objective has been explained by using the paraxial ray 

approximation (PRA). Methodology and formulation of hypothesis have 

been explained in the 2nd chapter of the thesis. The proposed novel 

terahertz generation schemes can be combined with different laser-plasma 

and CNTs parameters to increase the power and efficiency of emitted 

THz radiation.  

In the first chapter named Introduction of the thesis, Terahertz gap, THz 

radiations, special characteristics of THz waves, technological 

advancements of THz science with the time, research motivation, 

research objectives, literature review and unique theories of THz 

generation has been explained. In the second chapter, we have provided a 
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detailed explanation of the research methodology and formulation of the 

hypothesis used by us in the present THz generation research work. In the 

third chapter of the thesis, THz radiation is generated by the propagation 

of laser beams through the magnetized anharmonic CNTs. Here the static 

magnetic field is applied transverse to the longitudinal axis of CNTs and 

to the direction of propagation of lasers. The anharmonicity produced in 

the CNTs results in increasing the THz generation. In the fourth chapter, 

we have provided two analytical models for the generation of efficient 

THz radiations by employing laser filaments under the influence of 

externally applied transverse static electric and magnetic fields. In the 

first model, low-intensity THz radiations are generated, which are found 

to be useful in medical diagnosis of the human beings. In the second 

model, we provide the interaction of the amplitude-modulated and 

filamented beam with an array of anharmonic VA-CNTs under the effect 

of electric and magnetic fields. The anharmonicity plays a very 

significant role in this scheme to enhance the efficiency and normalized 

amplitude of THz generation. The fifth chapter of this thesis presents the 

effect of the cross-focusing of laser beams on the array of vertically 

aligned anharmonic and magnetized CNTs to generate efficient THz 

radiation. In the last chapter of the thesis, the prospects and scope of the 

present research work in futuristic applications have been explained. In 

this chapter, several insights, and inferences obtained from the above 

analysis are discussed collectively for the futuristic advancement of the 

THz science and technology in various fields of the scientific research. In 

the proposed research work, the unconventional and unorthodox schemes 

has been developed by using CNTs to obtain the novel THz source to 

generate efficient THz radiations. This novel THz source can provide 
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excellent support in upgrading the THz applications. It can also provide a 

helping hand in making more understanding of nonlinear effects 

involving THz-matter interactions. This can also open up the doors for 

many unrevealed nonlinear effects. During the laser-plasma interactions 

in the array of VA-CNTs and HA-CNTs, the generation of THz radiations 

is also accompanied by some highly energetic particles and radiations. 

Most of the time, these highly energetic sub-atomic particles and 

radiations are electrons, neutrons, protons, positive ions, negative ions, x-

rays, γ-rays, etc. By using these additionally generated particles and 

radiations, we can develop a multipurpose THz pump, x-ray probe, THz 

probe. These pumps and probes can be further used in many applications 

of material science and strong-field physics. The highly energetic THz 

radiations produced by powerful and efficient THz sources can be used to 

accelerate electrons in accelerators. Such accelerators can be further used 

in many investigations of particle physics. This can also help reduce the 

size of high-energy particle accelerators. Researchers from the fields of 

chemistry and biology are likely to use such a THz source as a unique and 

powerful research tool to investigate chemo-catalysis and hydration, 

respectively. THz applications in phase transition and spintronics are also 

the most active research areas of modern material science. The average 

energy of the THz photon (4.2 meV) is comparable to the energy of 

excitons, magnons, and phonons in various systems. Thus, THz 

technology acts as an anchor to control transient states of matter such as 

photonics, spintronics, etc. The novel THz sources can be used in the 

research work of previously inaccessible transients in materials. 
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Chapter 1 

Introduction 

1.1. Overview and History 

Terahertz (THz) waves also known as T-rays or sub-millimeter waves or far infrared waves or 

T-lux or T-Light or tremendously high frequency waves lie in the region of the 

electromagnetic wave spectrum with a frequency range ~1011 Hz to ~1013 Hz. These waves 

were, first of all, come into an observation about 120 years ago. The THz region is defined as 

a sandwich region between the high-frequency band of microwave (MW)  (known as 

electronics) and low-frequency band of infrared light (IR) (known as photonics). The location 

of the THz radiation region is shown in figure 1.1. The THz radiation has a time-

period,τ~1.0 ps, wavelength λ ~ 300 µm, wave number k ~ 33.0 cm−1, frequency υ ~ 1THz 

with average photon energy E =  hυ~ 4.2 meV [1-4]. THz radiation, therefore, interacts 

strongly with those systems which have their characteristic lifetime of the order of ps and 

energy transition of the order of meV, like bound electrical charges, phonons, free electrons of 

plasma in the pattern of CNTs, etc. The boundary lines of THz region are not definite and well 

defined but depend upon the various generation and detection methods used for THz 

radiation. In the early nineties, due to a lack of efficient generation, detection methods and due 

to poor research work, the THz region is known as the “THz gap” [5, 6]. But in the modern 

era “THz gap” (also known as the Shadow region in the electromagnetic spectrum) term is not 

relevant and suitable, as the gap has been filled due to extensive research work and interesting 

developments in the THz generation. Earlier in the biginning of 20th century, there are lot of 

difficulties faced by researchers in producing, generating, propagating, tuning, and controlling 

the THz radiations. However, due to the continuous progressive approach in the THz field, 

THz technology has become the crown technology of the world. Now at present THz 

technology is considered as one of the most advanced and futuristic technologies of the 

modern world for numerous applications in almost every field of science [7-12]. Some of the 

properties of THz waves are the same as that of other electromagnetic waves like THz waves 



2 

 

can travel along a straight line, speed of THz waves is the same as that of other 

electromagnetic waves in air or vacuum (3 × 1010 cm s⁄ ). The THz waves also have some 

special characteristics associated with them as explained below 

 

Figure 1.1 Location of THz gap in the electromagnetic spectrum 

 

(i) THz wave can easily make penetration through many non-polar, optically opaque, and non-

metallic materials. As a result THz wave can pass though ceramics, paper, books, clothes, 

wood, plastics, cardboard, etc. [13]. (ii) Most fundamental molecules like  O2, H2O, CO, and 

chemical substances have their spectral lines, lying in the THz frequency range, which 

provides chemical and structural information of chemical substances and organic molecules 

[14, 15]. (iii) THz radiation can show reflection by the metal surface [16]. (iv) THz radiations 

are very effectively absorbed by the polar molecules (the molecules in which one end is 

positively charged and other end is negatively charged) like water. As a result,  THz 

spectroscopy becomes convenient for the investigation of material structures and biological 

tissues. In medical science, it is well known fact that tumor cells consist of more amount of 

H2O as compared to the healthier tissues and THz radiations show different attenuation 

coefficients in water, or the absorption coefficient in water lies between 100 cm−1 to 

1000 cm−1 [17]. (v) THz radiation is non-ionizing, non-destructive, and non-invasive, 
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resulting in no harm to living cells and tissues of human beings [18, 20]. (vi) The long 

wavelength of THz radiations is responsible for the very small  Rayleigh scattering for THz 

radiation  

The generation of THz radiation has been started even from the early nineties by using various 

schemes and methods such as optical THz generation, quantum cascade laser, optical 

rectification, and sources based on laser-plasma interactions [21-26]. The generation of THz 

radiation by Solid-state electronic devices is limited to lesser than 1 THz. The THz generation 

by optical rectification can be categorized into two types (i) The THz generation in non-linear 

media (ii) The THz generation from accelerating electrons. When electromagnetic waves 

incident in nonlinear media, there occurs non-linear frequency conversion, and it is based on 

the 2nd order nonlinear optical properties of the materials. Moreover, it has been proved that 

many nonlinear media like GaAs, GaSe, GaP have a special ability to generate THz radiation 

through optical excitation techniques [27, 28]. Two types of 2nd order nonlinear processes are 

involved in THz generation in nonlinear media. One of the processes is known as optical 

rectification, which is limited to femtosecond laser excitation and another 2nd order nonlinear 

process is difference frequency generation by laser beating. In this difference frequency 

generation process, two electromagnetic beams (CW) having frequency difference in the THz 

region can generate THz waves (CW). THz radiation can also be generated by accelerating 

electrons. The most popular device to generate THz waves based on the principle of 

accelerating electrons is photoconductive antennas. The incident laser beam illuminates the 

slot present between two electrodes on the photoconductive antenna and generates photo 

carriers. The photo carriers can be accelerated by the D.C. bias field between two electrodes 

and which further results in photocurrent. This time-varying photocurrent increases with the 

increase of the intensity of laser beam and vice versa. The another important medium used to 

generate THz radiation from accelerating electrons is air plasmas. There are two mechanisms 

involved in air plasma THz radiation generation. One of which is the ponderomotively 

induced space-charge field created by laser field gradient and the other is the asymmetric laser 

field by mixing a fundamental beam and its second harmonic beam. In both cases, electric 
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fields can accelerate the free electrons generated by photoionization via femtosecond laser 

pulse excitation and as a result, there is the generation of THz radiations. At present, the most 

powerful THz generation sources are large accelerator-based sources. In these sources, THz 

generation is possible by employing ultra-relativistic electrons via various schemes CUR 

(coherent undulator radiation), coherent synchrotron radiations (CSR), and free electrons laser 

(FEL). FEL employs a strong D.C. magnetic wiggler. This device can produce high powers 

and is tunable between ~0.10 THz to ~10.0 THz. Although, the above-mentioned schemes of 

THz generation can be used to generate THz radiations of ~0.10 THz to ~10.0 THz, still 

these are not efficient enough. Moreover, low damage limit, low conversion efficiency, large 

size, bulky and high cost are associated with these THz sources. 

 After the discovery of carbon nanotubes in 1999 by Iijima [29], CNTs brought a revolution in 

many areas of science and technology due to their extraordinary electrical and thermal 

conductivities [30-37]. In the modern physics world, the latest trend is to use CNTs for the 

THz generation and detection [38-40], because of their nano-scale dimensions that is 

compactness. By CNTs, we mean quasi-one-dimensional carbon macromolecule attained by 

rolling a single or more layers of graphene into a cylindrical structure whose length is in 

micrometers and diameter is in nanometers. Rolling is represented by two indices n1 and n2. 

If n1 = 0, then CNTs are zigzag, if n1 = n2, then CNTs are armchair CNTs, If n1 and n2 are 

not equal but greater than zero then CNTs are chiral chair CNTs. The indices   n1, n2 can also 

decide the nature of CNTs. Metallic CNTs (MCNTs) are formed if the condition (n1 − n2 =

3p), is satisfied where p is an integer. On the same pattern, semiconducting CNTs are formed 

if the condition (n1 − n2 = 3p + 1) is satisfied. With the help of CNTs, we can produce 

compact sources for THz generation with high efficiency. When a laser beam interacts with 

the CNTs, the ponderomotive force will act on the electrons of CNTs to produce an 

oscillatory current. This results in an efficient THz generation. In our research work, we have 

effectively used the anharmonic effects on carbon nanotubes under the influence of  external 

static fields. 
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1.2. Technological Advancements and Applications of THz radiations  

Based on present and past developments and recent advancements in the field of THz 

radiation, there has been a huge surge in the applications of THz technology. Therefore, this 

field is still young and open for some of the futuristic utilizations and applications of THz 

radiation like THz-tomograpohy, THz-sensor, THz-imaging, THz-spectroscopy, THz-security 

system, THz-diognostics, etc. are discussed below 

1.2.1. Industrial uses 

THz radiation can be used in many industrial processes like manufacturing, quality control, 

maintaining the proper chemical composition and process monitoring, etc. THz radiation in 

general is preferred to use in those industries in which products are packed in cardboard or 

plastic packing. In 1995 first time THz time-domain spectroscopy was for producing an image 

of the wrapped electronic chip [41]. In this system, a pulsed beam with a duration of 10−12 

seconds is utilized.  

1.2.2. Security and Safety Systems 

At airport terminals, railway station platforms, VIP places; it is difficult to detect explosives 

with x-ray detection but distinct signatures of explosives lie in the THz region and we can use 

THz for the detection of explosives.  THz radiation can be reflected by the metal surfaces 

therefore, can be used for detection of hidden weapons like pistol, knife and any other sharp 

weapons under the clothes by the terrorists. As these radiations can pass through cardboard, 

clothes, wood, ceramics, etc., hence can be used to detect letter bombs, parcel bombs, and 

others. In some countries like Holland, THz security system has become active at some of the 

airports. In the future, we can upgrade THz security systems to a higher level with new 

advancements in technology. 

1.2.3. Biological and pharmaceutical sciences 
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When a beam of THz radiations passes through the tissues of human beings (such as the chest, 

liver, heart, kidney, breast, etc.) there occurs a notable difference between absorption and 

refractive indices of THz radiations and one can detect easily that which tissue is healthy and 

which one is infected. When THz beam interacts with living tissues of the human beings, the 

reflection or transmission of THz pulses provides a significant insight about the molecular 

structure of healthier or unhealthier biological tissues. This information is quite sufficient  to 

produce  the images of the tissues. Nonionizing nature makes THz radiation safe for 

biological sample diagnostics. In pharmaceutical industries, THz imaging is used to check the 

integrity and uniform distribution of chemicals of tablets and their coating.  

1.2.4. Broad Band Communication 

As THz radiations can be effectively absorbed by the earth’s atmosphere therefore, the range 

of THz radiation becomes very small in air. The propagation distance of THz radiation is 

measured to be very small (only up to ~10.0 m). This shows that THz radiation is not suitable 

for long-distance communication applications. However, within a distance of ~10.0 m, the 

THz band has many applications because of high data transmission rate of the order of 

10 2 Gbits/sec.  As a result, THz band can be used in indoor wireless networking systems. In 

2012, a team of researchers [42] proved that THz radiation can be used as the bandwidth of 

data transmission in the future. They sent a signal with (~542 GHz) resulting in the transfer 

of Gbits/sec. Optical communication may have problems of scattering and absorption of 

signals by clouds, rain, dust, etc. But according to Rayleigh scattering, as the wavelength of 

THz radiation is longer, therefore, scattering is low. As a result, THz can be used for short 

distances very effectively even in the presence of clouds, smoke, dust, and rain.  

The main obstacle in the progressive growth of THz technology is the non-availability of 

compact, cost effective, efficient and appropriate sources of THz generation. Numerous 

schemes have been provided by the researchers for the enhancement and improvement in the 

power, quality, amplitude, tunability and efficiency of THz sources. 

1.3. Review of Literature  
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Hamster et al. [43] formulated a theory in which they explained that when a laser beam of 

power 1013 W interacts with gaseous and solid targets, pulsed radiation is generated whose 

frequency lies in the terahertz region. These radiations are observed to be more intense when 

laser incident on the solid and form plasma. The emission of these radiations is on the same 

pattern as that of x-rays and electrons. In this work first time, laser-induced wakefield came 

into observation. In this, non-linear force (known as ponderomotive force) is responsible for 

the creation of a large density difference between ions and electrons, and charge separation 

results in electromagnetic transient. To determine the magnitude of THz radiation 

hydrodynamic model is used. 

Hamster et al. [44] again proposed a scheme in which high-intensity ultra-short laser pulses 

interact with plasmas, resulting in short-pulsed radiation generation which has a frequency in 

the terahertz region. In this ponderomotive forces results in electromagnetic transient and to 

find out the magnitude of THz radiation in a more accurate way, the linearized hydrodynamic 

model was preferred. It results in the enhancement of THz radiation power to a few MW. 

Braun et al. [45] provided the theory on filamentation action. The filamentation action of 

laser pulses in the air (as a medium) was observed during 1995. Filamentation is a non-linear 

optical phenomenon related to the propagation of a beam of light through the medium without 

significant diffraction. This is possible in accordance with the optical Kerr effect, which 

results in the change of the refractive index in the medium and proportional to the intensity of 

the light beam as a result core of the light beam becomes more intense than the wings of the 

beam.  

Chang et al. [46] have predicted that the plasma channel formation by the laser pulse 

propagates in air results in the emission of THz radiation but transverse to the axis of the 

filament. This is because of radiation pressure exerted by the laser pulse that indues nonlinear 

plasma oscillations in the longitudinal direction with frequency same as that of plasma 

frequency. Electron density in filaments is of the order of ne~1016 cm−3. The ponderomotive 

force is responsible for the THz generation in the system. It is due to this non-linear force that 
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charge separation is produced and wake is neutral as a whole. Out of many significant 

properties of filaments, one of them is their potential to produce weak plasmas in the presence 

of propagating laser pulse. It is also observed that filaments can be used to enlarge the plasma 

strings 

Hourad et al. [47] proposed a theory in which the magnitude of terahertz radiation is 

enhanced by three folds when femtosecond pulse undergoing the action of filamentation in 

the air was considered, in the influence of the applied electric field. The nonlinear 

ponderomotive force excites the plasma oscillations. In this theoretical model, it was observed 

that THz radiation shows sensitive behavior towards the external static electric field. 

Pathak et al. [48] provided a novel theory for the THz generation by interacting relativistic 

electron beam with a rippled density plasma with finite transverse ripple factor, When the 

relativistic beam of electrons incident on the plasma with density ripple making an angle with 

the direction of the beam, then THz signal provides finite oscillatory velocity to the plasma 

electrons. These oscillatory electrons make coupling with the density ripple to produce 

transverse current density which drives the THz signal and amplitude of THz signal increases 

and so on 

Bhasin and Tripathi [49] examined the effect of optical rectification of a picoseconds laser 

pulse in rippled density magnetized plasma for the enhancement in the THz generation. When 

D. C. magnetic field is acting perpendicular to the direction of propagation of the laser beam, 

a nonlinear ponderomotive force will comes into action to provide drift velocity to plasma 

electrons. This drift velocity of electrons results in density ripple to produce an oscillatory 

current and this current is responsible for the THz generation. Due to the azimuthal magnetic 

field, there occurs an increase in the conversion efficiency. 

Sharma et al. [50] observed the enhancement in the THz generation, when circularly 

polarized laser beam interacts with density ripple in the collisionless magnetized plasma. The 

ponderomotive force between high power laser beam and density ripple results in a nonlinear 

current at some frequency difference. In this system, the magnetic field is applied in the 
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direction of the circularly polarized beam. There occurs a coupling with density ripple already 

present to produce nonlinear current density and this generates the THz radiation. 

Bhasin and Tripathi [51] used the filamentation action for the generation of THz radiation 

under the effect of the external static electric field. When two femtosecond laser pulses with 

filamentation action interact with plasma under the applied electric field perpendicular to the 

direction of propagation, then laser exerts ponderomotive force as well as static 

ponderomotive force on the plasma electrons, out of which static ponderomotive force cancels 

out with pressure gradient force and results in transverse density ripple at zero frequency. The 

beat frequency ponderomotive force is responsible for velocity oscillations as well as density 

oscillations. These density oscillations produce a transverse current and this current is suitable 

for the THz generation. 

Malik et al. [52] put forward a new approach in which two spatial-Gaussian laser beams with 

different frequencies and wavenumbers but with the same electric fields interacts in a spatially 

periodic density plasma under the effect of the static magnetic field applied in the direction 

perpendicular to the propagation of laser beams to increase the efficiency of THz radiation 

generation. Due to applied magnetic field,  ponderomotive force is resolved in to its 

components and these components result in the non-linear oscillatory currents. These currents 

at resonance excites the THz radiation. By optimizing the values of magnetic field amplitude 

tuning of THz radiation is also possible. 

Kumar and Tripathi [53] investigated the non-linear absorption and anharmonic generation, 

when a short-pulse laser interacts with a gas embedded with anharmonic clusters. The 

interaction of laser results in the excursions in cluster electrons and these excursions are 

comparable to the cluster radius. These electron excursions are not linearly proportional to the 

restoration force, as a result, plasma resonance is widened and there is a broadband absorption 

and due to this harmonic generations are produced. This theory can be extended for the 

efficient THz generation.  



10 

 

Singh et al. [54] proposed a scheme for the effective generation of terahertz radiation by 

beating two 𝑐𝑜𝑠ℎ-Gaussian laser beams in spatially periodic density plasma. Here 𝑐𝑜𝑠ℎ-

Gaussian lasers are preferred because of their high efficiency as compared to Gaussian laser. 

These lasers exert a non-linear force known as ponderomotive force along the direction 

perpendicular in which oscillatory velocity is provided to the electrons and couples with 

density ripple to produce a transient transverse current which further drives the terahertz 

radiation. In this, they also discussed the importance of laser beam width parameters in 

providing a notable increase in the magnitude of the THz field and its generation efficiency. 

Liu et al. [55] investigated that high-intensity laser when interacting with non-uniform density 

clusters, there occurs broad surface Plasmon resonance due to excursions produced in clusters. 

As the clusters get heated, there occurs expansion in clusters hydro-dynamically and resulting 

in enhanced X-ray emission. If we increase the non-uniformity of clusters then yield will 

decrease. If we increase the intensity of the laser, the non-linearity in laser cluster interactions 

may arise even before the electron heating. This theory can be applied for the efficient THz 

generation.  

Bakhtiari et al. [56] presented a theory in which two flat-topped laser beams with different 

frequencies and wavenumbers and the same electric field amplitudes undergo beating in 

spatially periodic density plasma for the THz generation. Here flat-topped laser beams are 

preferred because of the steep gradient in the distribution of laser intensities and wider cross-

section as compared to others. Due to these features stronger ponderomotive force originates 

to produce a stronger non-linear current and as a result stronger terahertz radiation field. If the 

flatness of the beams is increased, it results in enhancement of the terahertz radiation field. It 

was also observed that an increase in beat frequency can have a negative effect on the 

efficiency of the THz generation but this can be neutralized by making suitable changes in the 

density ripple magnitudes. Therefore it was clear that terahertz radiations show a high 

sensitiveness nature towards the flatness of beams and the efficiency of terahertz generation 

can be increased effectively by optimizing the values of laser and plasma parameters 



11 

 

Kumar and Kumar [57] formulated a new scheme for the THz generation by passing an 

ultra-short electron bunch over a planner array of carbon nanotubes across their lengths. When 

an ultra-short electron beam is incident on carbon nanotubes, the repulsive force will act on 

the free-electron cylinder of each nanotube to displace them with respect to the ion cylinder. 

When Pulse Pass through, electron cylinders start oscillating at their natural frequency and 

behave as a dipole antenna to emit THz radiation of suitable frequency.  

Ahmad et al. [58] proposed a theory in which two laser beams with fundamental frequency 

ω1and close to second harmonic 2ω1 propagating along the same axis and direction undergo 

self-focusing in multi-ion species of plasma to make efficient THz generation.The 

ponderomotive force acting on electrons will result in non-linear effects. Due to space charge 

field effects, ions of higher charged state get strong depletion from the axis, and electrons are 

surrounded by the ions of lower charge state. During the self-focusing action, the power of the 

laser beam becomes equal to its critical value. At the same instant,  the plasma generates the 

oscillatory waveguide for the weak beam, as a result, the weak beam shrinks and retraces its 

path when its frequency is lower than that of its counterpart. Also, it retraces its path when its 

frequency is more than its counterpart. The non-linear effects will be produced when both 

beams are equally strong. The cross-coupling of the beams will result in a nonlinear current 

resulting in the generation of terahertz radiation at  ω = ω1− ω2 . The Phase matching is 

provided with an axial density ripple to provide better conversion efficiency in the generation 

of terahertz radiation. 

Sharma and Vijay [59] formulated a theory for the THz generation by using an anharmonic 

CNTs matrix well embedded in the silica surface. When two collinear laser beams interact 

with the CNTs matrix, there occur large diplacements by the electrons of CNTs to produce 

non-linear force at beat frequency ω = (ω1 − ω2).  This non-linear force is responsible for 

the non-linear current and hence this non-linear current generates the THz radiation. 

Sharma and Vijay [60] formulated a theory for the THz generation by using CNTs 

embedded on the metal surface. When two laser beams incident on the metal surface at some 
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angle, due to the non-linear mixing of lasers, a ponderomotive force comes into action on the 

various electrons of CNTs (arranged in the array) at the beat frequency ω = ω1− ω2. It further 

results in nonlinear current as a result CNTs will behave as an array on antennae generating 

THz radiation at the beat frequency. The THz field is resonantly enhanced at plasmon 

resonance. The collisions are not significant in this theory. 

Vij et al. [61] proposed a theory in which vertically aligned CNTs can behave as emitters for 

the THz radiations .when they beat two laser beams and incident on the VA-CNTs under the 

influence of the applied magnetic field, then the power of THz radiation is enhanced. The 

normalized power of the THz radiation dpends on the dimensions of the CNTs. 

Afanas’ev et al. [62] studied that CNTs can behave as dipole antennae which can emit THz 

radiations in the phase when one or two counter-propagating laser beams incident on an array 

of CNTs, phase matching condition is obtained. Due to this condition Plasmon waves of THz 

range can be generated along the CNTs. 

Singh et al. [63] explained THz generation in density ripple plasma by using Cosh-Gaussian 

laser beams. These incident laser beams exert ponderomotive force on the free electrons of the 

plasma and impart finite oscillatory velocity. The coupling with density ripple results in a 

stronger nonlinear transient current. 

Thakur et al. [64]  provided a theoretical analysis of harmonic generation by interacting laser 

beam with anharmonic CNTs grown over the silica surface. The laser beam displaces the 

electrons of CNTs and results in the restoration force. The restoration force of the electrons of 

CNTs does not vary linearly with the corresponding displacement. As a result, there occurs 

broad resonance peak to enhance the power conversion efficiency of harmonic generation.  

Gurjar et al. [65] explained the THz generation by copropagating two laser pulses through 

the electron-hole plasma. These laser pulses exert a nonlinear ponderomotive force on 

electrons and holes of the plasma to provide finite oscillatory velocities at the laser beat 

frequency. The laser beat wave makes interaction with the plasma density perturbation to 
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produce a nonlinear transverse current density, which is further responsible for the coherent 

THz radiation. 

1.4. Laser plasma Intereaction 

Plasma (the fourth state of matter) is defined as the ionized gas, consisting of approximately 

equals number of electrons an ions and exhibits collective behavior. The plasma was 

discovered by William Crooks in 1879, with the help of an electrical discharge tube known as 

‘Crooks tube’. The name ‘plasma’ was later provided by the Nobel Laureate Irving Langmuir, 

in 1928. The plasma is known as the conducting medium due to the presence of free electrons 

and ions. The properties of plasma are not affected by propagation of low intensity 

electromagnetic waves. However, the interaction of intense laser pulses with plasma attracts 

great attention since nonlinear effects lead to several interesting phenomena(66, 67). In order 

to understand nonlinear laser-plasma interaction, consider the electric and magnetic fields of 

an intense linearly polarized laser field, 

E⃗⃗ = x̂E0(r, z, t) cos(kz − ωt),                                                                                          (1.4.1)            

E⃗⃗ = ŷ
ck

ω
E0(r, z, t) cos(kz − ωt)                                                                                       (1.4.2) 

where, E0,k and ω are known as the amplitude of electric field, wave number and angular 

frequency of the incident laser beam respectively.  The beam is propagating along the z- 

direction in pre-ionized plasma having ambient electron density n0 cm
−3.  As the ions of the 

plasma are massive as compared to the electrons of the plasma therefore, ions form immobile 

background. The propagation of laser beam through the plasma can be explained by the 

equation given  as  

(∇2 −
1

c2

∂2

∂t2
) E⃗⃗ =

4π

c2

∂J 

∂t
,                                                                                                      (1.4.3)                                                                                                                                

where J  is known as the current density vector and given by the relation J = n0ev⃗ , here v⃗  is the 

velocity of the plasma electrons. This velocity can be derived by using the basic relations of 
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Lorentz force and continuity equations. If the plasma frequency is lesser than the frequency of 

electromagnetic field of incident laser beam then the plasma is known as underdense plasma 

otherwise it is known as overdense. The electromagnetic fields can not propagate though the 

overdense plasma because in this case propagation constant becomes imaginary. The critical 

plasma density condition determines whether the electromagnetic fields can propagate in the 

plasma or not. One can obtain the refractive index of the medium by using linear dispersion 

equation and it is given as ϵ = √1 − (ωp ω⁄ )
2
, where ωp is known as plasma frequency. From 

this relation it is clear that for underdense plasma is always lesser than one. 

1.5. Unique Schemes for THz generation 

From the beginning of the 21st century, researchers are making efforts to produce efficient 

THz sources. Numerous schemes have been proposed and devised to achieve highly energetic 

and efficient THz sources. The common methods to generate THz radiations include lasers, 

nonlinear optics, and electronics. These common methods can be further divided into some 

familiar schemes like quantum cascade lasers (QCL), gas lasers (GL), and high-frequency 

oscillators (HFO). These are furthermore based on electron accelerators, laser-plasma 

interaction, optical rectification, optical THz generation, and solid-state electronic devices. By 

using these schemes, THz radiations of various frequencies can be generated. Moreover, these 

generated THz radiations may be in the pulse form or continuous waveform. The material 

breakdown, large size, and low conversion efficiency are the unwanted features associated 

with these familiar methods. To achieve high efficiency, laser-plasma interaction can be used 

because plasma doesn't have any damage limit. CNTs are used to achieve compactness in the 

THz sources.  Overall, there are two basic schemes to generate THz waves based on the 

nonlinear laser-plasma interaction [68, 69]. These schemes are known as wakefield and beat 

wave THz schemes. 

1.5.1. Wakefield THz Schemes 

In this scheme of THz generation, there occurs interaction between intense laser beam with 
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plasma and accelerator used is known as laser wakefield accelerator (LWFA). The wakefield 

excitation has been explained by several research workers by employing different means, 

where the enhanced amplitude of THz radiation is required in the applications. The 

wakefield can be explained as a conical emission in the forward direction by laser pulse 

induced oscillating electrons. The configuration for this scheme was first of all provided by 

Tajima and Dawson. The incident laser exerts ponderomotive force and the tip of the laser 

pulse knocks away the electrons of the plasma. As a result, there occurs charge separation in 

the plasma and this further results in the density oscillation of electrons. This charge 

oscillation results in the formation of wake or plasma wave. In the most basic scheme, the 

electron bunch is produced through self-trapping of background plasma electrons in the 

wake.  

1.5.2. Beat Wave Scheme 

In Recent few years, numerous experiments based on laser beating in a corrugated plasma 

have been  reported with  efficient THz generation. Out of these numerous schemes based on 

laser plasma interaction, THz generation by beating of two laser beams of nearly same 

frequencies and wave numbers in plasmas has shown tremendous potential in terms of making 

enhancement in the amplitude, intensity, and efficiency of THz wave. For particular 

applications, THz sources based on beating scheme mechanism can be used to enhance the 

peak power of emitted THz wave. The fundamental mechanism to generate THz radiation by 

beating of two co-propagating laser beams can be explained in the following manner. In this 

scheme, THz radiations are generated by beating of two laser beams of slightly different 

angular frequencies (ω1,  ω2) and wavenumbers (k1,  k2) in the plasma such that the 

difference in the angular frequencies lies in the THz region. Most of the experimental work 

performed by this scheme reported efficient generation of THz radiations [70-77]. The 

researchers have used various laser profiles to enhance the amplitude, power, and efficiency 

of THz radiation in beat wave schemes. In the present research work, we have preferred this 

scheme in the plasma (in the form of CNTs) to achieve our research objectives by using 



16 

 

various laser profiles. We have also used the anharmonic behavior of the CNTs present in the 

array. 

1.6. Motivation & Objectives of the Research Work 

The field of the THz generation has a great impact on the research and development of 

modern times. It has proved its utilization in almost every field of science and technology. 

The penetration power of THz radiations is more than the other electromagnetic waves. So, 

THz technology can be used in the safety-protection and defense sector, This technology 

provides us the information about concealed weapons and illicit drugs.  THz radiations are not 

harmful to the people because of non-ionizing nature. The rotational and vibrational spectra of 

explosive materials and banned drugs lie in the THz region. In oral health care, THz 

technology can bring a medical revolution by taking 3D pictures of the teeth. At present we 

are using X-rays for this purpose but X-rays can detect oral diseases only at a later stage, 

when the only remedy left is filling and drilling whereas, with THz technology, we can detect 

these diseases even at the initial stage. 3D THz imaging and material spectroscopy can be 

employed to conserve cultural heritage. THz technology can also be used in higher altitude 

communication systems for example to send a signal from aeroplane to satellite. On the basis 

of the above explanation, THz generation is the state-of-the-art field of research. However, 

there are still some obstacles present in the development of THz technology. The main 

concern and challenging task is to produce compact, efficient, light-weighted, cheap, and 

powerful THz sources. These are the novel ideas, which require proper research work to 

familiarize the THz technology. So in the present work, new schemes of THz generation are 

discussed by using the array of VA-CNTs and HA-CNTs under the combined influence of 

externally applied static magnetic and electric fields. 

1.6.1. Research Objectives of the purposed work 

The main motive of the proposed theoretical research work is to step up the level of 

understanding and control of THz generation sources for their proper development and 
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appropriate growth. For this, the following objectives have been achieved in the purposed 

research work by using various improved schemes. 

I. Resonant excitation of Terahertz radiation by the interaction of a filamented laser 

beam with an array of aligned CNTs in the presence of D.C. electric field.          

II. Resonant excitation of terahertz generation in anharmonic CNTs by using the 

amplitude-modulated laser. 

III. To study the effect of external magnetic field on terahertz generation in anharmonic 

CNTs. 

IV. To study the effect of cross focusing on Terahertz generation in anharmonic CNTs. 

1.7. Thesis Summary of Research Work   

In the present research work, laser-plasma interaction in the array of CNTs, VA-CNTs and 

HA-CNTs is used for the THz generation. The nonlinear mixing of lasers with anharmonicity 

plays a key role when external static electric and magnetic fields are applied. In this proposed 

work, the effects of several phenomena used laser-plasma-CNT parameters and some 

additional nonlinear processes are discussed. This thesis consists of six chapters 

Chapter 1: Introduction 

This chapter includes the basic and essential facts about the present research work. The 

motivation and objectives of the research work by using laser-plasma interactions in CNTs are 

clearly stated. In this chapter generation of THz radiations by using semiconductors, electro-

optic crystals, CNTs, metallic CNTs, semiconductor CNTs etc. is explained in a well-ordered 

manner. This chapter also throws light on the potential applications of THz technology. 

Chapter 2: Research Methodology 

In this chapter, we have provided details of the research methodology used in every novel 

scheme for the THz generation. 
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Chapter 3: THz generation by the interaction of laser beams with magnetized 

anharmonic CNTs array  

In this chapter, a theoretical analysis of resonant THz generation in the magnetized array of 

anharmonic CNTs array is presented. Two lasers with frequencies (ω1, ω2) and wavenumbers 

(k1, k2) propagate through the array of anharmonic VA-CNTs in the presence of the applied 

static magnetic field. It provides different displacements to the various electrons of CNTs. 

Due to this, restoration force varies nonlinearly with the displacements of electrons and hence, 

results in anharmonicity. This anharmonicity plays a significant role in the enhancement of 

absorption of lasers by the electrons of CNTs. The nonlinear restoration force produces a 

current which is responsible for the THz generation.  

 

Chapter 4: THz generation by using laser filaments under the influence of static electric 

field in magnetized collisional plasma and anharmonic magnetized CNTs 

In this, chapter, we have proposed and compared two models for the THz generation. In the 

first model, we put forward a new scheme of THz generation by employing laser filaments in 

the plasma under the influence of externally applied static electric and magnetic fields. In this 

scheme, two femtosecond laser pulses are co-propagating in the magnetized collisional 

plasma. THz wave is generated due to the nonlinear coupling between nonlinear velocity and 

electron density in magnetized collisional plasma. We have obtained the expression of a 

dielectric tensor with anisotropic nature and it is found to be very useful in the study of THz 

generation. The applied magnetic field also aids to enhance the transverse components of 

nonlinear current. This nonlinear current is responsible to generate enhanced terahertz waves.  

In the second model, we put forward an alternative scheme for THz generation by using the 

rectangular array of horizontally aligned hollow anharmonic CNTs embedded on the base of 

the dielectric surface. Two filamented laser beams interact with this array of CNTs under the 

influence of externally applied static D.C. electric and magnetic fields acting mutually 

transverse  to each other as well as to the propagation direction. The presence of  non-uniform 



19 

 

electron density in CNTs, the restoration force on the different electrons is different and this 

results in anharmonicity. This anharmonicity broadens the resonance peak. The lasers also, 

exert space periodic ponderomotive force and beat frequency ponderomotive force on the 

electrons of CNTs. The space periodic ponderomotive force is well neutarlized by the 

pressure gradient force so that a transverse density ripple can be formed. Nonlinear coupling 

between D.C. drift velocity of electrons and density of plasma electrons in the array of CNTs 

results in the enhancement of THz generation.  

Chapter 5:  THz generation by cross-focusing of Gaussian beams in the array of 

vertically aligned anharmonic and magnetized CNTs. 

 

In this novel scheme of terahertz (THz) generation, the effect of cross-focusing of Gaussian 

laser beams in the array of vertically aligned anharmonic carbon nanotubes (CNTs) has been 

studied. The static magnetic field is applied transverse to the axis of CNTs to magnetize the 

CNTs. The nonlinearity in the system arises due to the ponderomotive force exerted by the 

laser beams on the electrons of CNTs. The plasma in the CNTs rearranges itself due to this 

ponderomotive nonlinearity, which gives rise to the cross-focusing of both laser beams. The 

nonlinear current at THz frequency appears in the array of CNTs on account of the 

ponderomotive nonlinearity and anharmonicity of the system. The anharmonicity plays a 

pivotal role in the enhancement of THz generation. The normalized amplitude of THz 

radiation shows a notable enhancement with the increase of the externally applied static 

magnetic field (90 kG to 330 kG), dimensions of CNTs, and inter-tube separation. The cross-

focusing of two laser beams in the magnetized collisional plasma makes a significant 

enhancement in the THz generation with the help of anharmonicity.   

Chapter 6: Future scope  

This chapter throws light on the futuristic aspects of the present thesis work. With the help of 

important results and conclusions, we explained the future scope of the presented research 

work in various fields of science and technology. 
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Chapter 2 

Research Methodology 

2.1. Hypothesis Formulation 

The main aim of the present theoretical research work is to make advancements in the field of 

THz science and technology by developing highly efficient and compact sources of THz 

generation. To achieve this, single-walled CNTs are employed because of their extraordinary 

electrical and thermal conductivities. The hypothesis is based on the interaction of a high-

power laser beam with an array of anharmonic VA-CNTs and HA-CNTs in the presence of 

the externally applied static magnetic field, electric field, or both. This is in accordance with 

the experimental, theoretical, and simulation work performed by the researchers in the THz 

field. 

2.2. Numerical Methods 

2.2.1. Paraxial Ray Approximation (PRA) Method 

The paraxial ray approximation is assumed when intense finite radius pulse propagates in the 

plasma. The divergence angle of the laser beam is considered to be very small and beam width 

is much greater than the wave length. Till the beam width remains larger than the radiation 

wavelength, the wave equation with paraxial approximation gives quite accurate picture of the 

beam near the axis throughout the propagation. The various nonlinear processes occur during 

the interaction of laser with the VA-CNTs and HA-CNTs. For the analysis of these nonlinear 

processes, one can use Paraxial Ray Approximation (PRA), Moment Theory, and Variational 

Method. Out of these three methods, PRA or ‘near axis method’ is the simplest and most 

accurate one. This method was provided by Akhmanov et al. [1] in 1968 and shows close 

agreement with experimental results. Sodha et al.[2] also used PRA in their theoretical study 

of the propagation of electromagnetic waves in various media. Therefore, in the present 

research work, the PRA approach is preferred to explain the nonlinear processes. The 
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fundamentals of electrostatic-electromagnetic wave coupling along with ponderomotive force 

and wave propagation equation are explained below. 

2.2.2. Linearization Method 

The Linearization is a process to simplify the complexities, which arise due to the presence of 

nonlinear terms. The system of nonlinear equations is much difficult to solve and not too 

much mathematical techniques exist to solve and to investigate it qualitatively. So it is 

difficult to study nonlinear cases in general formulation. The linear case can be studied in 

general formulation, but is limited by small amplitudes of perturbations (where linear 

approach is valid). As the plasmas are unstable, therefore different types of instabilities are 

associated with it. They can be discerned in its initial phase. At this stage it is easily to 

understand the parameters that govern that instability for example plasma-beam densities and 

plasma velocity, magnetic field strength, etc. This is possible by linearizing the corresponding 

equations 

The oscillations produced by the electrons of plasma are much faster than the ions because 

ions are heavier than electrons and assumed as stationary. 

∇⃗⃗ . E⃗⃗ =
1

ϵ0
(n0 − ne).                                                                                                           (2.2.1) 

∂ne

∂t
+ ∇⃗⃗ . (nev⃗ e) = 0.                                                                                                          (2.2.2) 

neme
∂v⃗⃗ e

∂t
+ neme(v⃗ e. ∇⃗⃗ )(v⃗ e) = −eneE⃗⃗ .                                                                           (2.2.3) 

The equation (2.2.2) represents the equation of continuity for the electron density of plasma 

and equation (2.2.3) is the momentum equation for the electrons of plasma. To simplify these 

equations one can use linearization method. With this linearization method, we take 

equilibrium solution  (𝜕 𝜕𝑡⁄ → 0) to the above equations and this equilibrium value is known 

as zeroth order solution. From there onwards, we assume some perturbation in the equilibrium 
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solution and this is known as first order quantity. We put this first order quantity in the above 

equations and neglect the second or higher order terms to get the linearized equations.  

2.3. Nonlinear Ponderomotive Force 

It is defined as a nonlinear force experienced by the electrons and positive ions in an 

inhomogeneous oscillating electromagnetic field. In a homogenous electromagnetic field, 

charged particle makes oscillations around a fixed point whereas, in an inhomogeneous field 

particle is pushed towards the region of weaker field strength.  Consider that a laser beam is 

propagating along the z-direction in the plasma present in the form of CNTs. The electric field 

profile of this laser beam is represented by the equation   E⃗⃗ = E0e
−𝑖(ωt−kz) , where E0 denotes 

the amplitude of laser field, ω  is the angular frequency and k is the wavenumber of the laser 

beam. The equation of motion for the plasma electrons of CNTs under the influence of the 

electric and magnetic fields ( E⃗⃗  and B⃗⃗ ) of the wave can be described as 

                                           m[
∂v⃗⃗ 

∂t
 + (v⃗ − ∇v⃗ )] = −eE⃗⃗ − e (v⃗ × B⃗⃗ )/c.                               (2.3.1) 

By considering the wave amplitude very small and using the linearization approximation, two 

nonlinear terms, m (v⃗ .∇v⃗ ) and e (v⃗ × B⃗⃗ )/c can be neglected. If wave amplitude is large, then 

both nonlinear terms become significant and ponderomotive force is given by the 

relation F⃗ p  =  − m(v⃗  . ∇v⃗ ) –  e(v⃗  × B⃗⃗ )/c, where v⃗  and B⃗⃗  represents real parts of complex 

expressions. Hence, one can write the time average ponderomotive force as 

                                               F⃗ p  =  − Re (m(v⃗  . ∇v⃗ )– Re  (e
v⃗⃗  × B⃗⃗ 

c
),                               (2.3.2) 

where, Re represents the real part of each complex expression. By using standard complex 

number identity, the ponderomotive force can be written as 

              F⃗ p = −
m

2
 Re [(v⃗ . ∇v⃗ + v⃗  . ∇v⃗ ) −

e

2c
 Re[(v⃗  x B⃗⃗ +  v⃗  x B⃗⃗ )].                                (2.3.3) 
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 By neglecting the nonlinear terms from equation (2.3.1) and linearizing it, we get the 

oscillatory velocity of plasma electrons of CNTs as   eE⃗⃗ m𝑖ω⁄ .  By Substituting this value of 

oscillatory velocity in equation (2.3.3) and using Maxwell’s 3rd equation  ∇⃗⃗ × E⃗⃗  = −∂B⃗⃗ ∂t⁄ , 

the expression for nonlinear ponderomotive force can be modified as                                     

F⃗ p = − 
e2

2mω2  Re [(E⃗⃗ . ∇⃗⃗ )E⃗⃗ + (E⃗⃗ . ∇⃗⃗ ) (E⃗⃗ ∗ + E⃗⃗ ∗ × (v⃗ × E⃗⃗ ) + E⃗⃗ × (v⃗ × E⃗⃗ )
∗
].                      (2.3.4) 

If we consider un-magnetized plasma, then corresponding ponderomotive force acting on the 

plasma electrons of CNTs can be expressed by the relation F⃗ p =  e∇ϕP, where ϕP is known as 

ponderomotive potential and given by the relation  ϕP  =  − e/4mω2 ∇ |E|2. Such expression 

for the nonlinear ponderomotive force has been interpreted by many researchers, using 

identical and different approaches [3-6]. This nonlinear force modifies the plasma density of 

CNTs, which further results in the modification of the refractive index. 

2.4. THz wave propagation equation 

For the discussion of THz generation through CNTs, the THz wave propagation equation is 

very useful. This equation can be derived by using Maxwell’s four equations of 

electromagnetic theory.  

Maxwell 1st equation: First equation can be yielded from Gauss’s law in electrostatics (with 

due consideration to dielectric polarization). This equation also represents Laplace or Poisson 

equation 

                                                                 ∇⃗⃗ . D⃗⃗ = 4π𝜌,                                               (2.4.1) 

where,  D⃗⃗  and 𝜌 are known as electric displacement vector and current density of charge 

carriers. 

Maxwell 2nd equation: Second equation is represented by Gauss’s law in magnetism and 

shows that the divergence of the curl of a vector is always zero. 
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                                                             ∇⃗⃗ . B⃗⃗ = 0,                                                                (2.4.2) 

where, B⃗⃗  is known as the magnetic induction vector 

Maxwell 3rd equation: Third equation can be obtained by using Faraday’s law and Lenz’s 

law of electromagnetic induction. 

                                                           ∇⃗⃗ × E⃗⃗ = −
1

c

∂B⃗⃗ 

∂t
 ,                                                     (2.4.3) 

where, the term E⃗⃗  is known as an electric field vector. The speed of electromagnetic waves in 

air or vacuum is denoted by c. 

Maxwell 4th equation: Fourth equation can be obtained from Ampere’s law and Maxwell’s 

modification of displacement current. 

                                                        ∇⃗⃗ × H⃗⃗ =
4π

c
J +

1

c

∂D⃗⃗ 

∂t
 ,                                                 (2.4.4) 

where, H⃗⃗  is the magnetic vector and J  is known as current density in the medium. The relation 

between E⃗⃗  and D⃗⃗  is given as D⃗⃗ = ϵE⃗⃗ , here ϵ is known as lattice dielectric constant in 

semiconductors and dielectric constant in gaseous plasma. The relation between H⃗⃗  and B⃗⃗  is 

given as B⃗⃗ = µH⃗⃗ , here µ is known as magnetic permeability of the medium. By taking curl on 

both sides of Maxwell’s 3rd equation (2.4.3), we can write  

                                                Curl(∇⃗⃗ × E⃗⃗ ) = Curl (−
1

c

∂B⃗⃗ 

∂t
)                                            (2.4.5) 

With the help of standard vector identities and Maxwell’s 4th equation, the above equation 

(2.4.5) can be written as 

                                              ∇⃗⃗ (∇⃗⃗ . E⃗⃗ ) − ∇2E⃗⃗ = −
1

c

∂

∂t
(
4π

c
J +

ε

c

∂E⃗⃗ 

∂t
),                                  (2.4.6) 
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Simplifying the above equation, the THz wave propagation equation can be obtained as                                                

∇2E⃗⃗ − ∇⃗⃗ (∇⃗⃗ . E⃗⃗ ) =
4π

c2

∂J 

∂t
+

4πεl

c2

∂2E⃗⃗ 

∂t2
.                                                                                       (2.4.7) 

2.5. Carbon nanotubes (CNTs) 

After the discovery of Carbon Nano Tubes in 1999 [7] by Iijima, CNTs brought a revolution 

in many areas of science and technology due to their extraordinary electrical and thermal 

conductivities. The large value of electrical conductivity helps to enhance the nonlinear 

current density and the large value of thermal conductivity helps to hold the plasma with in 

the CNTs. CNTs are formed by rolling up the sheets of graphene. A single-walled carbon 

nanotube (SWCNT) can be formed by rolling a single sheet of graphene into the closed 

cylinder. The multi-walled carbon nanotube (MWCNT) can be formed by rolling up several 

graphene sheets concentrically and coaxially. 

 

Figure 2.5.1 Representation of SWCNTs and MWCNTs by rolling up the graphene sheets. 

Both SWCNT and MWCNT have been shown in figure 2.5.1. In the modern physics world, 

the Latest trend is due to use the carbon nanotubes for the generation and detection of THz 

radiation, because of their nano scale dimensions that is compactness (CNTs are cylindrical 

molecules with 10-9 m diameter and 10-6 m length)  [8] and high efficiency. A metallic nano 

structure surface was used by welsh and wyne [9] to generate ultrafast THz radiation with the 
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help of excitation of plasma. More over carbon nano tubes have electron plasma frequencies 

in the THz range and as a result, CNTs appear as a favorable medium for terahertz radiation 

generation via nonlinear coupling with lasers. As a result, CNTs are the frontrunners for the 

next generation THz sources. Several methods have been developed for the synthesis of CNTs 

like arc methods, laser methods, chemical vapor deposition method (CVD), etc. In our 

research work, we have preferred the CVD method because it is cost-effective and the 

dimensions of CNTs can be easily varied according to the requirements 

2.6. Anharmonicity 

To understand the concept of anharmonicity, we will define the anharmonic oscillator. An  

anharmonic oscillator is that oscillator which is not oscillating in harmonic motion and the 

anharmonicity can be calculated by using numerical techniques like perturbation theory. In 

this, there occurs deviation in the frequency ω from the actual frequency ω0 of harmonic 

oscillation. As a result change in frequency will occur and it is given by the relation ∆ω =

ω − ω0. The amplitude of oscillations can be written as 

                                                        A2 ∝ (ω − ω0).                                                          (2.6.1)                                             

Anharmonicity modifies the energy profile of the resonance curve resulting in super harmonic 

resonance. In CNTs, anharmonicity comes into action, when laser beam interacts with the 

array of VA-CNTs or HA-CNTs. Laser beam ionizes the atoms of CNTs by displacing the 

electrons from the positive ions. The restoration force will act on the electrons of CNTs to 

bring back the electrons to their original positions. This restoration force is different for 

different electrons. It means some of the electrons of CNTs will experience weak restoration 

force, whereas; remaining other electrons will experience strong restoration force. This 

nonlinearity in the electrons results in the anharmonicity and CNTs behave as anharmonic 

CNTs. In the present research work, we have used anharmonic CNTs in various schemes. The 

anharmonicity of CNTs in two of the schemes of the presented work depends on the 

anharmonicity factor α and characteristic parameter β. The characteristic parameter is given as 
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 β =
2 loge(b/a) 

 (b a⁄  )2−1
 ,                                                                                                                   (2.6.2) 

The anharmonicity factor is given by the relation 

  α = 4 (b + a),⁄                                                                                                                  (2.6.3) 

where a and b are known as inner and outer radii of CNTs. The numerical values of both  

and α (represented by the equations (2.6.2) & (2.6.3)) depend on the dimensions of CNTs. 

Both  and α  plays very significant role in our research work to determine the anharmonicity 

up to second order. This anharmonicity in the behavior of CNTs has been used to enhance the 

THz generation. 

2.6.1. Derivation of anharmonicity factor 𝛂 and characteristic parameter 𝛃 

The incident laser beams interact either with VA-CNTs or HA-CNTs to ionize the atoms of 

CNTs in the respective array and provide finite oscillatory velocity to the free electrons of 

CNTs. As a result the electrons of CNTs get knocked out from the ion cylinder to cover a 

displacement of Δ⃗⃗ . The space-charge electric field is created with each CNT if the 

displacement of the electrons Δ⃗⃗  is perpendicular to the axis of CNT. This field is represented 

by the overlapped region of the electron and ion cylinders in figure 2.6.1. The net space 

charge electric field E⃗⃗ s can be calculated as the vector sum of the space-charge electric field 

due to ion and electron cylinders ( E⃗⃗ ele , E⃗⃗ ion ) and given as 

E⃗⃗ s = E⃗⃗ ion + E⃗⃗ ele.                                                                                                               (2.6.4)                                                                                                                            

The interior space-charge electric field at a point  (r, φ, z) as shown in figure 2.6.1 due to ion 

cylinder can be calculated as  

E⃗⃗ ion =
n0e(r2−a2)

2ϵ

r⃗ 

r2,                                                                                                            (2.6.5)                                                                                                     

where e is the electronic charge and ϵ = ϵ0ϵr  is known as the electric permittivity of the 

medium. The interior space-charge electric field at a point (r, φ, z) due to the electron cylinder 

shifted by displacement Δ⃗⃗  with the respect to the ion cylinder is given by the relation 



34 

 

 

Fig.2.6.1. Shifting of the electron cylinder by distance ∆⃗⃗   with respect to the ion cylinder 

 

E⃗⃗ ele =
−n0e

2ϵ
[|r − ∆⃗⃗ |

2
− a2] [

r⃗ −∆⃗⃗ 

|r⃗ −∆⃗⃗ |
2].                                                                                   (2.6.6)                                                                                                             

Substituting Eq. (2.6.4) and (2.6.5) in Eq. (2.6.6), the net space charge electric field at the 

point (r, φ, z) would be 

E⃗⃗ s =
n0e(r2−a2)

2ϵ

r⃗ 

r2 −
n0e

2ϵ0
[|r − ∆⃗⃗ |

2
− a2] [

r⃗ −∆⃗⃗ 

|r⃗ −∆⃗⃗ |
2].                                                               (2.6.7)                                                                                   

It is observed that the displacement of the electrons along the axis of CNTs or parallel to the 

CNT axis is zero. The displacement of the electrons of CNTs is non-zero along the 

perpendicular direction (x-axis) and it is represnted in the figure 2.6.1. Therefore, one has to 

calculate the x-component of space charge electric field and it can be derived from Eq. (2.6.7), 

Esx =
n0e

2ϵ
[(1 +

a2

r2) ∆x + (
5cosφ

r
+

4cos2φ

r
−

(r2−a2)

r3 cosφ) ∆x
2].                                         (2.6.8)                                            

Corresponding to the x-component of space charge electric field, the restoring force for each 

electron along the x-axis can be obtained by using the relation, Fsx = −eEsx, 

Fsx =
−n0e2

2ϵ
[(1 +

a2

r2) ∆x + (
5cosφ

r
+

4cos2φ

r
−

(r2−a2)

r3 cosφ) ∆x
2].                                       (2.6.9)                                                     

Due to anharmonicity, the restoration force is not the same for all the electrons. Some of the 

electrons experience a weak restoration force, whereas others experience a strong restoration 

force. Hence, we need to calculate the  (average) and the  (average) of restoration force to 

obtain its linear (FLsx) and nonlinear components( FNLsx).  
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〈FLsx〉 = −
n0e

2

2ϵ

∫ (1+
a2

r2
)2πr.dr

b
a

∫ 2π
b
a

r.dr
 ∆x and  〈FNLsx〉 = −

n0e2

2ϵ
 (

1

2π
)∫ (

5 cos φ

r
+

4cos2φ

r
−

(r2−a2)

r3 cosφ) dφ
2π

0
∆x

2. 

Solving these, net average restoration force is given by 

〈FLsx〉 + 〈FNLsx〉 =
−mωP

2

2ϵr
∆x [1 + {2 loge(

b
a⁄ ) (b2 a2 − 1⁄ )⁄ } + {4/(b + a)}∆x],    (2.6.10)                                                

where, ωP = [n0e
2 mϵ0⁄ ]

1
2⁄  is the plasma frequency and m is the electronic rest mass and e is 

the electronic cherge. From the equation (2.6.10), 2 loge(
b

a⁄ ) (b2 a2 − 1⁄ ) =⁄ β and 4/(b +

a) = α are known as characteristic parameter and anharmonicity factor respectively. Both the 

terms are responsible for nonlinear mixing in the response. We have calculated anharmonicity 

up to second order in our neoteric schemes of THz generation.  

2.7. Effect of Laser-Plasma Parameters on THz generation 

The various laser-plasma parameters affect the THz generation in a very significant manner 

and it is evident from our research work. The effect of some of the relevant parameters is 

explained as 

2.7.1 Magnetized Plasma 

It is the plasma in which the ambient magnetic field is so strong that it can affect the 

trajectories of the charged particles in a significant manner. It has been used by various 

researchers in many applications like accelerating charged particles, in generating THz 

radiations [10, 12]. As magnetized plasmas show different responses to the forces which are 

parallel, oblique and perpendicular to the applied magnetic field, as a result, magnetized 

plasmas are anisotropic in nature. If plasma is considered to be in the frame of rest, the 

electric field will be zero. If magnetized plasma is in the frame of motion, moving with 

velocity v⃗  under the influence of the externally applied magnetic field B⃗⃗ , then Lorentz force 

will come into action and it is given by the relation  F⃗ = q(v⃗  × B⃗⃗ ). As a result, charged 

particles will move in circular paths known as gyro-orbits, in the direction perpendicular to B⃗⃗ . 

The gyro radius of charged particles under the influence of the magnetic field can be written 

as r = mv qB⁄  and corresponding gyro frequency is νc = qB m⁄ . This gyro radius is different 
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for different species, ions, electrons, and neutrals. If the temperature of each species is 

comparable to each other then one can write re = (me mi⁄ )2ri. The magnetization parameters 

can affect the trajectories of charged particles in a significant manner. The external static 

magnetic field is considered to be very supportive in increasing the amplitude of THz 

generation. Thus, we have applied static magnetic field in our every research objective.   

2.7.2 Rippled density Plasma 

For the THz generation, we have considered laser-plasma interaction in the array of VA-CNTs 

or HA-CNTs. The THz generation cannot be directly excited by the beating of two incident 

lasers (ω1, k⃗ 1 and ω2, k⃗ 2) having frequency difference (ω = ω1 − ω2)  in the THz region 

because k⃗  ≠ k⃗ 1 − k⃗ 2; this phase matching condition can be attained by providing some extra 

momentum to the system. The corrugated plasma with density ripples equal to mismatch in 

phase may turn the process into a resonant process. There is number of ways in which ripple 

can be produced in plasma. The best and simplest way to generate ripple is machining. 

2.7.3 Laser intensity (Optical power per unit area) 

With the advancement in laser technology, we have availability of a broad range of laser 

intensities (1016 Wcm−2 to 1023 Wcm−2). The intensity of incident beam of the order of 

1016 Wcm−2 is known as the ionization threshold. The laser intensity more than, this 

ionization threshold is responsible for the ionization of the material. Laser intensity more than  

1018 Wcm−2 is known as the relativistic threshold and results in the relativistic motion of the 

electrons. In the laser-plasma interactions, the intensity of the incident laser beam plays a very 

significant role. The highly intense laser beam results in a higher degree of ionization in 

plasma. It also increases the nonlinearities of the system, which is responsible for the increase 

in anharmonicity of the system. Because of this, more intense THz radiations are produced. 

So, the laser intensity of incident beam is directly proportional to the output THz yield. 

2.7.4 Laser Polarization 
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The state of polarization is one of the most significant features of the laser beam and it plays 

an important role during the laser-plasma interaction in array of anharmonic CNTs. The 

polarization state of the laser beam identifies the direction, which is always at right angles to 

the direction of propagation of the incident laser beam, in which the electric field vector is 

oscillating. This vibration of the electric field vector can be simple, having one direction along 

the beam propagation. In this case, the laser beam is known as linearly polarized. In the 

present research work, we have used linearly polarized incident laser beams for the detailed 

analysis of various THz generation schemes. 

2.7.5 Self-focusing and Cross-focusing of laser beams 

Both self-focusing and cross-focusing are nonlinear optical phenomenon, which comes into 

existence due to the interaction of laser beams with plasma [1, 2, 13, &14]. Primarily, three 

nonlinearities are found to be responsible for these, named as  (i) Thermal 

nonlinearity (ii) Relativistic nonlinearity (iii) Ponderomotive nonlinearity. Thermal 

nonlinearity is due to collisional heating of the plasma when laser beams incident on it. The 

collisions between the plasma electrons of CNTs results in the increase of temperature. This 

rise in temperature induces hydrodynamic expansion in the plasma of CNTs, which further 

leads to rise in refractive index. Relativistic nonlinearity is due to the increase in the mass of 

plasma electrons of CNTs, traveling at a speed approaching the speed of light. This results in 

the rise of the refractive index of the medium. Ponderomotive nonlinearity is caused by 

ponderomotive force, which knocks the plasma electrons away from the region where the 

laser beam is more strong and intense. This again results in the rise of the refractive index of 

the medium. In the cross-focusing phenomenon, there is a simultaneous propagation of two 

laser beams in such a way that the self-focusing of one beam is affected by the other and vice-

versa. The nonlinearity introduced in the medium depends on the intensities of both the laser 

beams. Both self-focusing and cross-focusing phenomenon are found to be very beneficial in 

the enhancement of THz generation. 

2.7.6 Amplitude Modulation wave  
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In communication systems, the information message can be transmitted via carrier wave of 

radio frequency using amplitude modulation technique. In this, the information message can 

be transmitted to the other end by modulating the strength of the signal. Furthermore, the 

pulse can be amplitude modulated with the help of THz signal by employing the electro-optic 

modulator technique. In one of the proposed schemes of the research work, we have used an 

amplitude-modulated Gaussian laser beam to generate THz radiation. 

2.7.7 Gaussian Laser Beam Profile 

The Gaussian laser beam is a highly monochromatic electromagnetic radiation whose 

amplitude envelope is in the transverse plane. The amplitude envelope is represented by the 

Gaussian function. This Gaussian mode describes the output of most of the lasers because 

such a beam can be focused into the most concentrated spot. The Gaussian beam remains 

Gaussian if the paraxial nature of the wave is maintained. As per the requirement in various 

schemes, one can generate many profiles from Gaussian laser beams by using appropriate 

methods [13, 15-19]. In the present research work, we have used a Gaussian profile to achieve 

one of the objectives. 

2.7.8 Plasma Density 

In the proposed work, the plasma density term plays a major role in the efficient THz 

generation. It can be defined as the concentration of electrons present in the given volume of 

plasma. Plasma density determines the plasma state, electron density, and ionized state in 

fully or ionized gases. The characteristics of plasma can be varied with plasma density. The 

plasma which has low plasma density is known as cold plasma and the plasma which has high 

plasma density is known as hot plasma. The other important term in plasma study is the 

critical density of the plasma. On the basis of the value of critical density, we can make a 

distinction between underdense and over-dense plasma. The plasma is known as underdense 

plasma if the electron density of plasma is less than its critical density. The over-dense plasma 

is that in which the electron density of plasma is more than its critical density. Because of this 

high electron density, the laser beam cannot propagate through the overdense plasma with 
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proper ease. In the present research work, we have preferred underdense plasma for the ease 

of THz wave propagation. The mathematical relation for the plasma density term is given as 

ωp = (4πne2 m⁄ )1 2⁄  (in CGS system) and ωp = (ne2 mϵ0⁄ )1 2⁄  (in SI system), here the 

terms  n, e, and m represent the number density, charge, and mass of electrons respectively.   

2.7.9 Filamentation and Filaments 

Filamentation is defined as the nonlinear propagation of the laser beam, in a nonlinear 

medium, when the balance is achieved between optical Kerr effect-induced self-focusing and 

defocusing effects such as diffraction and plasma defocusing. Laser filament is the 

propagation zone of the beam, in which there is intensity clamping. Filamentation can be used 

in various applications like long-distance propagation of ultra-short pulses, generation of 

harmonics, and THz generation [20-22]. In our present work, we have also employed 

filamentation in achieving one of the research objectives. 

2.8 Research Design 

The research design of our proposed research work is based on solving the simple and 

differential coupled equations by using some standard numerical methods. 

2.9 Software used 

MATHEMATICA and MATLAB are the software used for analyzing our results, obtained by 

using standard numerical methods. ORIGIN software is preferred for graphical analysis by 

plotting the results obtained in various schemes. Origin software is used because of its 

accuracy in plotting the graphs. 

2.10 Tools used 

Laptop, printer, and scanner are the tools used in our research work. 

2.11 Sources of Data 
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In our present research work, we have collected the data through various research papers on 

the related THz generation field. Finally, to obtain the authenticity of our analytical, 

numerical, and theoretical results, the comparison is made with experimental and simulation 

work.    
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Chapter 3 

  THz generation through magnetized anharmonic CNTs array  

3.1. Introduction 

In this modern world, THz technology has attained great importance due to compact and 

highly efficient THz sources for various applications in many fields like security–protection 

[1], medical sciences [2-4], broadband communication [5], etc. The various researchers have 

proposed a number of schemes for THz wave generation to provide compact, efficient, and 

reliable THz sources. For this purpose, they have used different mechanisms to enhance the 

amplitude of THz radiation. Some of these are; by beating of two chirped-pulse lasers in 

spatially periodic density plasma [6], by the interaction of laser filaments in the presence of a 

static electric field in a magnetized collisional plasma [7], laser coupling to an anharmonic 

CNTs array [8], nonlinear mixing of lasers [9], by applying a magnetic field on an array of 

CNTs [10-12].  The CNTs are considered very reliable and effective sources for THz 

generation, due to their compact size, large current density, high electrical conductivity, and 

excellent combination of transverse-longitudinal dimensions. The CNTs are considered a 

more favorable medium for the efficient generation of terahertz radiation [13].  Moreover, 

CNTs are also helpful in the strong absorption of the laser beam [14] due to which generated 

THz amplitude is enhanced. Titova et al. [15] have proposed the generation of THz radiation 

by using single-walled CNTs, excited by femtosecond lasers. Batrakov et al. [16] and Portnoi 

et al. [17] have explained and reviewed THz generation processes in CNTs to increase the 

efficiency of THz generation. Wang and Wu [18] studied the properties of THz radiation 

experimentally, emitted by CNTs antenna. Dragoman and Dragoman [19] have studied the 

characteristics of metallic single-walled CNTs as a THz antenna. Dagher et al. [20] have 

studied the amplification of THz radiation in metallic CNTs under the influence of the D.C. 

magnetic field and observed enhancement in the normalized amplitude of THz radiation. 

 

3.2. Proposed Model for THz generation through anharmonic magnetized CNTs 

 

https://www.sciencedirect.com/science/article/abs/pii/S0749603607002108#!
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In the present chapter, we propose a new scheme for THz generation by irradiating two co-

propagating lasers of nearly equal frequencies on vertically aligned hollow anharmonic CNTs 

in the presence of an external static magnetic field. In this, we are using an array of CNTs to 

ease the propagation of THz radiation. A single-walled carbon nanotube is generally modeled 

as a hollow cylinder [21] to calculate electrical and optical conductivity. But the response of 

these nanotubes towards the transverse electric and magnetic fields is assumed as solid 

cylindrical tubes [22-24]. This assumption is reasonable because the diameter of CNTs is very 

small and the density of atoms is very high. The array of anharmonic CNTs is grown over the 

glass dielectric surface. Here restoration force of electrons of CNTs is a non-linear function of 

electron displacements in CNTs. Consider an array of vertically aligned anharmonic CNTs 

grown over the dielectric surface of glass (ϵr = 2.5 ). This arrangement of CNTs can be 

obtained by the chemical vapor deposition (CVD) process. It is because, in the CVD process, 

radius, length, wall number, and alignment of CNTs can be easily controlled [25, 26]. There 

are nc number of CNTs per unit area, given by nc = 1 d2⁄ , where d is known as inter-tube 

separation. The term n0 is the number density of free electrons of CNTs. The inner and outer 

radius of each CNT is denoted by  and  respectively. The length of CNT is represented by 

L, parallel to the y-axis, and perpendicular to the x-z plane as shown in figure 3.2.1. The 

external magnetic field B⃗⃗  is applied along the y-axis, parallel to the axis of CNTs. The lasers 

with nearly equal angular frequencies (ω1, ω2) and wavenumbers (k1, k2) propagate through 

an array of anharmonic CNTs with electric field profiles, 

E⃗⃗ j = x̂Aje
−𝑖(ωjι−kjz); j = 1,2.                                                                                             (3.2.1)                                                                             

The laser beams ionize the atoms of CNTs and impart finite oscillatory velocity to the free 

electrons of CNTs. The electrons of CNTs get separated from the ion cylinder with a 

displacement of Δ⃗⃗  . When the displacement  Δ⃗⃗  is perpendicular to the axis of CNT, the space-

charge electric field is created. This field is represented by the overlapped region of the 

electron cylinder and ion cylinder in figure 2.6.1. The net space charge electric field E⃗⃗  is the 

vector sum of the space-charge electric field due to ion cylinder E⃗⃗ ion and electron 

cylinder E⃗⃗ ele. 
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Fig.3.2.1. Schematic of THz generation by the interaction of lasers with vertically aligned anharmonic 

carbon nanotube array in the presence of an external magnetic field. 

 

E⃗⃗ s = E⃗⃗ ion + E⃗⃗ ele.                                                                                                              (3.2.2)                                                                                                                            

By using Eq. (2.6.8) one can write the corresponding x-component of space charge electric 

field as 

Esx =
n0e

2ϵ
[(1 +

a2

r2) ∆x + (
5cosφ

r
+

4cos2φ

r
−

(r2−a2)

r3 cosφ) ∆x
2].                                          (3.2.3)                                            

Corresponding to the x-component of space charge electric field, the restoring force for each 

electron along the x-axis can be obtained by using the relation, Fx = −eEx, 

Fsx =
−n0e2

2ϵ
[(1 +

a2

r2) ∆x + (
5cosφ

r
+

4cos2φ

r
−

(r2−a2)

r3 cosφ) ∆x
2].                                       (3.2.4)                                                     

Due to anharmonicity, the restoration force is not the same for all the electrons. Some of the 

electrons experience a weak restoration force, whereas others experience a strong restoration 

force. Hence, we need to calculate the φ (average) and the r (average) of restoration force to 

obtain its linear (FLsx) and nonlinear components( FNLsx). By using Eq. (2.6.10) net average 

restoration force is given by 

〈FLsx〉 + 〈FNLsx〉 =
−mωP

2

2ϵr
∆x[1 + β + α∆x],                                                                        (3.2.5)                                                                                      

where, ωP = [n0e
2 mϵ0⁄ ]

1
2⁄  is the plasma frequency and m is the electronic rest mass. β =

2 loge(
b

a⁄ ) (b2 a2 − 1⁄ )⁄  and α = 4/(b + a) are known as characteristic parameter and 

anharmonicity factor respectively. Both the terms are responsible for nonlinear mixing in the 
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response. The numerical values of both  and α depend upon the inner and outer radii of 

CNTs. As the static magnetic field B⃗⃗  is applied along the y-axis, therefore, magnetic force 

FB = e(v⃗ × B⃗⃗ ) c⁄   can be resolved into their x and z components, FBx = −evzB c⁄  and FBz =

evxB c⁄   respectively. Under the effect of electric fields of the interacting laser beams, 

externally applied static magnetic field B⃗⃗  and space charge electric field, the displacement of 

electrons in CNTs is directed by the following equations motion 

d2Δx

dt2
+

ωP
2

2ϵr
(1 + β + αΔx)Δx +

FBx

m
+ υ

dΔx

dt
=

−eEx

m
,                                                             (3.2.6)                                                                              

d2Δz

dt2
+

FBz

m
+ υ

dΔz

dt
=

−eEz

m
,                                                                                                   (3.2.7)                                                                                                               

where,  represents electron collision frequency which is lesser than ω. 

Simplifying equations (3.2.6) and (3.2.7) we get 

−ω2ΔX +
ωP

2

2ϵr
(1 + β + αΔx)Δx + 𝑖ωωcΔz−𝑖ωυΔx =

−eEx

m
,                                                (3.2.8)                                                               

−ω2∆z − 𝑖ωωc∆x − 𝑖υωΔz =
−eEz

m
,                                                                                    (3.2.9)                                                                                     

where, ωc = eB mc⁄  is known as the cyclotron frequency of plasma electrons. 

By solving equations (3.2.8) and (3.2.9) we get  

Δz =
1

m
[
eEz−𝑖mωωcΔx

ω2+𝑖υω
].                                                                                                       (3.2.10)                                                                                                         

By Substituting ∆z in equation (3.2.9), and ignoring the anharmonicity, we can calculate Δx 

−ω2Δx +
ωP

2

2ϵr
(1 + β + αΔx)Δx +

ιωωc

m
[
𝑖eEz−ιmωωcΔx

ω2+𝑖υω
] − ιυωΔx =

−eEx

m
.                           (3.2.11)                                               

Δx =
e[Ex+

𝑖ωωcEz
ω2+ιυω

]

m[ω2−
ωP
2

2ϵr
(1+β)−

ω2ωc
2

(ω2+𝑖υω)
+𝑖υω]

.                                                                                       (3.2.12)                                                                                            

As explained above the displacement of electrons in CNTs is finite for the field perpendicular 

to the CNT axis and zero for the field along the axis. Therefore, the term  Ez is taken as zero. 

Δx =
eEx

m[ω2−
ωP
2

2ϵr
(1+β)−

ω2ωc
2

(ω2+𝑖υω)
+𝑖υω]

.                                                                                      (3.2.13)                                                                                                     

The anharmonicity factor  is responsible for nonlinear mixing in the electron response 
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towards the incident lasers. If we neglect the nonlinear terms, then electron displacement due 

to lasers is given as,  

Δj =
eEj

m[ωj
2−

ωP
2

2ϵr
(1+β)−

ωj
2ωc

2

(ω2+𝑖υω)
+𝑖υωj]

.                                                                                      (3.2.14)                                                                                              

With the help of equations (3.2.6) and (3.2.12), the non-linear term provide electron 

displacement ∆x at frequency ω = (ω1 − ω2) and becomes responsible for THz generation. 

[ω2 −
ωP

2

2ϵr
(1 + β) −

ω2ωc
2

(ω2+𝑖υω)
+ 𝑖υω] Δx = −

αωP
2 Δ1Δ2

∗

4ϵr
,                                                     (3.2.15)                                                               

Δx =
−αωP

2Δ1Δ2
∗

4ϵr[−ω2+
ωP
2

2ϵr
(1+β)−𝑖υω+

ω2ωc
2

(ω2+𝑖υω)
]

.                                                                                  (3.2.16)                                                                                                                                                              

Due to this displacement (∆x) of electrons, plasma electrons start oscillating with THz 

oscillatory velocity given by vωx = −𝑖ωΔx . The THz oscillatory velocity is further 

responsible for the generation of non-linear THz current density J′
ωx
NL

. 

J′
ωx
NL = −enovωx.                                                                                                            (3.2.17)                                                                                                                

The nonlinear current density  J′
ωx
NL

 is non zero over the cross-section π(b2 − a2) and zero over 

the area d2. Thus, the average nonlinear THz current density due to the array of CNTs is 

Jωx
NL = −πenonc(b

2 − a2)vωx.                                                                                        (3.2.18)                                                                                                                                                                                                                                                                                             

The standard equation for the generation of THz waves is  

∇2Eωx + k2Eωx =
−4πιω

c2 Jω
NL.                                                                                             (3.2.19)                                                                                      

Along the x-axis above equation, we can write as: 

∂2Eωx

∂z2 + k2Eωx =
−4πιω

c2 Jωx
NL,                                                                                               (3.2.20)                                                                                

where,  k2 =
ω2

c2 [ϵr − π(b2 − a2)nc
ωP

2

[ω2−(1+β)
ωP
2

2ϵr
−

ω2ωc
2

ω2+𝑖υω
]

] 

On solving Eq. (3.2.20), we get a terahertz electric field Eωx  given below 

Eωx = [π(b2 − a2)nc]
1

ϵr
[

n0e2

m ϵ0 ω1
2] [

e A2A1

m ω2c
] [

ωp
2

−ω2+(1+β)
ωP
2

2ϵr
−𝑖υω+

ω2ωc
2

ω2+𝑖υω

] [
ω1

2

−ω1
2+(1+β)

ωP
2

2ϵr
−𝑖υω1+

ω1
2ωc

2

ω1
2+𝑖υω1

]  
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[
ω2

2

−ω2
2+(1+β)

ωP
2

2ϵr
+𝑖υω2+

ω2
2ωc

2

ω2
2+𝑖υω2

] [
ω2

[kω
2−(k1+k2)2]c(b+a)ω2

].                                                           (3.2.21)                                                     

 

The normalized THz electric field equation is 

Eωx

A1
= [π(b2 − a2)nc]

1

ϵr
[

n0e
2

m ϵ0ω1
2
] [

e A2

m ω2c
] [−

ω2

ωP
2 + (

1+β

2ϵr
) − 𝑖 (

ω

ωP
) (

υ

ωP
) +

ωc
2 ωP

2⁄

1+𝑖υ ω⁄
]
−1

[1 + 𝑖
υ

ω1
−

(
ωP

2

ω1
2)(

(1+β)

2ϵr
) − 

ωc
2 ω1

2⁄

1+𝑖υ ω1⁄
]
−1

[1 − 𝑖
υ

ω2
− (

ωP
2

ω2
2) (

(1+β)

2ϵr
) −

ωc
2 ω2

2⁄

1+𝑖υ ω2⁄
]
−1

[
ω2 ω2

2⁄

[kω
2−(k1+k2)2]c(b+a) ω2⁄

].      (3.2.22)                                                                       

       

3.3. Graphical Analysis and Observations 

Numerical simulations are performed with the following set of lasers and CNTs parameters. 

The carbon dioxide lasers of frequencies ω1 =  2 × 1014 rad/s and ω2 =  1.85 × 1014 rad/s 

have been chosen in such a way that frequency difference lies in the region of THz. The 

corresponding wavelengths of lasers are λ1 = 9.45 μm  and   λ2 = 10.20 μm. The intensities 

of both lasers are I~1013 W cm2⁄   and e A2 m ω2c =⁄ e A2 m ω2c⁄ = 0.03. The length of 

CNT is 1 μm with an inner radius of 20.0 nm, an outer radius of 40.0 nm. Corresponding to 

these dimensions of CNTs, characteristic parameter β = 0.4622 and anharmonicity factor α = 

0.06 nm−1. The relative permittivity of a dielectric surface is 2.5 and the applied static 

magnetic field lies in the range 170 kG to 235 kG. In figure 3.3.1., we have plotted the graph 

between normalized THz amplitude and normalized frequency for different values of external 

static magnetic field  B = 170 kG,  195 kG, and 235 kG. From figure 3.3.1, it is observed that 

each curve shows an increase in normalized THz amplitude with the increase of normalized 

THz frequency and attains its maximum value. After attaining the maximum value, 

normalized THz amplitude shows a decrease with the increase of normalized frequency. The 

curve shows the maxima at frequency, ω = ωP√(1 + β) 2ϵr⁄ + (ωc
2 ωP

2⁄ ). This is the 

frequency where surface plasmon resonance occurs. At this resonance frequency, absorption 

of lasers by the electrons of CNT becomes maximum and hence, THz wave of maximum 

amplitude is produced. Also, the external magnetic field is used to enhance the normalized 

THz amplitude. It is due to the reason that, the applied magnetic field increases the 
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nonlinearity of the system. Similar results were shown by Jain et al. [11] where they have 

applied a magnetic field on an array of CNTs embedded on the metal surface. It is further 

observed from this figure that, with the increase of the external magnetic field, the surface 

plasmon resonance point gets shifted towards the higher value of normalized frequency. This 

is due to the dependence of surface plasmon resonance frequency on the external magnetic 

field. Hence it is observed that surface plasmon resonance condition does not only depend 

upon dimensions of CNTs but also depends upon the external magnetic field. The inset figure 

of figure 3.3.1 is plotted in the absence of a static magnetic field; other parameters are the 

same as in figure 3.3.1. We observe an increase in the normalized THz amplitude, in the 

presence of a static magnetic field as compared to the absence of a magnetic field. This also 

shows the significance of a external magnetic field in our proposed theory. 

To study the effect of dimensions of CNTs on the normalized THz amplitude, we have plotted 

a graph between normalized THz amplitude with normalized frequency as shown in figure 

3.3.2. In the first case, external and internal radii of CNTs are 40.0 nm and 20.0 nm whereas 

in the second case these are 36.0 nm and 12.0 nm. Corresponding to the first case b a = 2.0,⁄  

β = 0.4622, α = 0.06 nm−1 whereas, corresponding to second case b a = 4.0,⁄  β = 0.1848, α = 

0.08 nm−1  . The value of normalized THz amplitude is observed to decrease with the 

increase in the value of b a⁄ . THz amplitude is more for  b a = 2.0⁄  (first case) as compared to 

b a = 4.0⁄  (second case). The physical mechanism of this observation is as follows: with a 

lesser value of b a⁄  for CNTs, there is more absorption of lasers by CNTs. A similar 

observation was made by Vij et al. [10] where they observed direct dependence of THz 

amplitude on the radii of CNTs. Watanabe et al. [27] have also shown the direct dependence 

of the THz electric field on the radii of CNTs in their experiment, in which they generated 

intense THz pulse excitons by using CNTs.  Also, a shift in the surface plasmon resonance 

point is observed towards the lower side of THz frequency at the lower value of b a⁄ . This 

shift can be well explained from the expression of surface plasmon resonance condition.  

In figure 3.3.3, we have shown a variation of normalized THz amplitude with normalized 

frequency at different values of inter-tube separation d = 60.0 nm, 75.0 nm,90.0 nm. 

Whereas, other parameters are the same as that of figure 3.3.1.   
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Fig.3.3.1 Variation of normalized terahertz amplitude with normalized THz frequency at different values 

of external magnetic field B = 170 kG, 195 kG, 235 kG for β = 0.4622 and 𝛂 = 𝟎. 𝟎𝟔 𝐧𝐦−𝟏. Inset graph; 

plot similar to figure, in the absence of static magnetic field. 

 

 

Fig.3.3.2 Variation of normalized terahertz amplitude with normalized THz frequency for different values 

of characteristic parameter β and anharmonicity factor α at the optimized value of external magnetic field 

B = 235 kG. 

 

From the three curves of figure 3.3.3, it is observed that the normalized THz amplitude shows 

maxima at the lower value of inter-tube separation 60.0 nm. This is because at the lower value 

of inter-tube separation, the number density of CNTs increases, and hence nonlinearity of the 
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array of CNTs behaving as plasma increases. The same observation was made by Kumar et al. 

[28]. From the graph, it is also observed that the surface plasmon resonance shifts towards the 

left with the decrease in the inter-tube separation. In figure 3.3.4., we have shown the effect 

on normalized THz amplitude by considering the anharmonicity and without considering the 

anharmonicity in the CNTs. From the curves, it is clear that by considering the anharmonicity, 

there is a significant increase in the normalized amplitude of THz radiation. From figure 3.3.4,  

 

Fig.3.3.3 Variation of normalized terahertz amplitude with normalized THz frequency at different values 

of inter-tube separation at the optimized value of external magnetic field B = 235 kG for characteristic 

parameter β = 1.064 and 𝛂 = 𝟎.𝟎𝟔 𝐧𝐦−𝟏. 

 

Fig.3.3.4 Variation of normalized terahertz amplitude with normalized THz frequency, with and without 

anharmonicity at the optimized value of external magnetic field B = 235 kG and other parameters are the 

same as that of fig.3.3. 
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it is observed that normalized THz amplitude shows a nearly 2.0 times increase in anharmonic 

CNTs as compared to the case where anharmonicity is not considered. Hence the THz 

amplitude is enhanced significantly by considering anharmonicity as compared to considering 

the ponderomotive nonlinearity only. One more very important observation which we have 

made from this figure is that the surface plasmon resonance is broadened. It is very useful 

when we are using this THz source for communication purposes because, with the broadening 

of surface plasmon resonance frequency, bandwidth is increased. 

 

3.4. Conclusion 

The surface plasmon resonance peaks expand and broaden due to the anharmonic behavior of 

an array of CNTs in the presence of a static magnetic field. It also results in the enhancement 

of normalized THz amplitude. Under the influence of electric fields exerted by lasers, 

electrons of CNTs experience restoration force to induce the nonlinear current. This nonlinear 

current is further responsible for the generation of THz radiations. The normalized THz field 

gets resonantly enhanced at the surface plasmon resonance frequency. One can tailor this 

resonance condition ω = ωP√(1 + β) 2ϵr⁄ + (ωc
2 ωP

2⁄ ) for the enhancement of normalized THz 

amplitude by changing the values of characteristic parameter β and external magnetic field B. 

It is also observed that the normalized THz amplitude shows a significant variation with the 

change of values of the applied external magnetic field, inter-tube separation, dimensions, and 

the density of CNTs, by considering the anharmonicity. 
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Chapter 4 

 Terahertz generation by using laser filaments under the influence 

of  static electric field in magnetized collisional plasma and 

magnetized anharmonic CNTs 

4.1. Introduction 

In modern days compact and efficient THz sources have great importance in the field of 

science and technology because of their numerous applications in industrial manufacturing 

and packaging units [1], security and safety [2], broad band communication [3], biological 

and pharmaceutical sciences [4-6], remote sensing [7]. Due to this, various researchers have 

studied the schemes of THz wave generation by using different mechanisms to enhance the 

normalized THz amplitude like optical rectification [8], cross-focusing [9], optical mixing 

[10], and filamentation [11,13], etc. Among them, the mechanism of THz generation by laser 

filamentation produces THz pulses of very high-order energy. Femtosecond laser 

filamentation is a distinctive, dynamical, and unique phenomenon in which laser beam breaks 

up in transverse direction by maintaining the balance between an optical Kerr effect induced 

self-focusing and plasma de-focusing. In this laser, intensity is stabilized along the 

propagation distance and this is known as intensity clamping. The filamentary propagation of 

laser pulses in the air was observed in 1995 [14] which led to a lot of research in the emission 

of electromagnetic waves. Houard et al. [15] noticed three orders of magnitude enhancement 

of the terahertz energy beamed by a femtosecond pulse undergoing filamentation through the 

air in the presence of the static electric field. Loffler et al. [16] observed enhancement in the 

efficiency of THz radiation generation by using a static electric field. Bhasin et al. [17] 

proposed 30 times increase in the magnitude of normalized terahertz amplitude by applying a 

D.C. electric field in plasma 50kV/cm. Mclaughlin et al. [18] have shown an enhancement in 

THz field energy by applying an external magnetic field up to 8T in plasma.  
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In the present work, we develop a comprehensive theoretical model for the generation of 

terahertz waves by using two filamented femtosecond laser pulses in the presence of an 

applied static electric field in the magnetized collisional plasma. In this analysis, we have 

taken two femtosecond lasers of slightly different frequencies so that their difference in 

frequency may lie in the terahertz region. Also for two lasers of nearly equal frequencies, the 

symmetry of +ve and –ve half cycles of fundamental laser are broken. As a result, the 

ionization causes drift currents in the same direction in every cycle. Therefore terahertz 

generation becomes more efficient [19]. 

To explain and understand the basic theory of THz generation by using filamented laser 

beams we have provided two analytical models in this chapter. In the first model, we have 

generated THz radiations by using laser filaments under the effect of externally applied static 

electric field in the magnetized collisional plasma whereas, in second theoretical model same 

has been explained with anharmonic magnetized CNTs. The externally applied both static 

electric and magnetic fields play vital roles in the enhancement of the normalized THz 

amplitude and power.  In the second model, we have also considered the anharmonicity in the 

CNTs. The HA-CNTs helps to form compact and highly efficient sources of THz generation. 

4.2. Proposed Model for THz generation by using laser filaments under the influence of  

static electric field in a magnetized collisional plasma 

In this, we have considered two transversely amplitude-modulated femtosecond laser beams 

having electric fields, E⃗⃗ 1(ω1, k1) and E⃗⃗ 2(ω2, k2). These laser beams are propagating along Z-

direction, polarizing along Y-direction, and amplitude modulated along the x-direction. To 

produce magnetized plasma, a static magnetic field is applied over the plasma along the y-

direction. This static magnetic field can be applied by using a current-carrying coil having a 

finite number of turns and a magnetic core with an air gap. The static D.C. electric field is 

applied along X- direction. This D.C. electric field can be applied with the help of two 

metallic plates, keeping one plate at positive potential and the other at negative potential as 

shown in figure 4.2.1. The applied electric and magnetic fields aid in the enhancement of the 
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normalized amplitude of the terahertz wave. The laser fields impart oscillatory velocity to the 

plasma electrons. Whereas, externally applied static D.C. electric field is responsible for the 

D.C. drift to electrons in the opposite direction. The lasers also exert a beat ponderomotive 

force F⃗ PMω
NL  as well as static ponderomotive force F⃗ PMβ

NL   on the electrons of magnetized 

collisional plasma. In steady-state, the static ponderomotive force is well poised by pressure 

gradient force. It results in transverse density ripple at zero frequency and wave number  

which can be represented by n0β. The ponderomotive force gives rise to velocity oscillations 

 v⃗⃗ ω,k
NL  and density oscillations nω,k

NL . The density oscillation beats with D.C. drift to produce a 

transverse current density J  ω,k
NL  which is responsible for THz generation. In most of the 

research works on THz generation, collisions have been ignored because of the extraction of 

energy from the electrons of plasma. In reality, these collisions are the inherent part of every 

nonlinear system hence, it becomes important to consider the effect of collisions in our 

analysis to get more accurate results.  

We irradiate two transversely amplitude-modulated femtosecond laser pulses in the 

magnetized collisional plasma with density n0. The field profile of lasers can be given as 

E⃗⃗ j = y ̂ [1 + μ
j
cosβ0x] Dj0e

−𝑖(ωjt− kjz),                                                                             (4.2.1)                                                                      

Where j =  1, 2, μ
j
 is the modulation depth of the beam and β0 is the periodicity parameter. 

The frequency difference of femtosecond lasers (ω = ω1- ω2) lies in THz range.  The 

significant gain in the oscillatory velocities of plasma electrons is observed due to the laser 

filaments and are provided as 

v⃗ j =  
−e E⃗⃗ j

me(𝑖ωj−  υe)
 .                                                                                                               (4.2.2)                                                                                                                                                      

Due to externally applied static D.C. electric field along X-axis, plasma electrons will get 

D.C. drift and is given as 

v⃗ D.C = 
−eE⃗⃗ D.C

meυe
 ,                                                                                                                   (4.2.3)                                                           
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Where  – e, me, υe  represent the electronic charge, mass, and collisional frequency 

respectively. The term E⃗⃗ D.C represents the applied D.C. electric field. The plasma electrons 

drift in the opposite direction of D.C. electric field and get accumulated near the edge of the 

filament. It results in the complete screening of   D.C. electric field in the plasma but at the 

same time, there occurs a transient process of redistribution of charges. It is due to 

instantaneous ionization in the plasma. Now electric current is directed along the direction of 

the external D.C. electric field and it exhibits oscillations at plasma frequency. These 

oscillations decay due to collisions between the electrons of plasma. The temporal electric 

current directed along the external D.C. electric field and perpendicular to the laser filament 

plays a significant role in the generation of THz waves.  

The femtosecond lasers beat together in the presence of D.C. electric field and static applied 

magnetic field to exert a ponderomotive force F⃗⃗ PM
NL  , which is equivalent to the vector sum of 

static ponderomotive force F⃗ PMβ
NL  and beat frequency ponderomotive force F⃗ PMω

NL . 

F⃗ PM
NL  = F⃗ PMβ0

NL + F⃗ PMω
NL  ,                                                                                                     (4.2.4)                                                

where,  F⃗ PMω
NL  = e ∇⃗⃗ ϕ

PMω
 and F⃗ PMβ0

NL   =  e ∇⃗⃗ ϕ
PMβ0

 . The beat frequency ponderomotive 

potential is provided as 

ϕ
PMω

= 
−me

2e
v⃗ 1v⃗ 2

∗ ,                                                                                                           (4.2.5) 

where, v⃗ 1 & v⃗ 2 represent the velocity of plasma electrons. By putting the value of v⃗ 1 and v⃗ 2
*
 

and using the standard relation cosβ
0
x =  (e𝑖β0x + e−𝑖β0x) 2⁄  , we can calculate the 

ponderomotive potential. In the expression, we have two terms e−𝑖β0x and e𝑖β0x. Out of these 

two terms one term e𝑖β0x is responsible for exciting THz radiation at resonance condition. We 

can neglect the second term e−𝑖β0x, because it moves out of resonance. 
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ϕ
PMω

= 
e 

2 me(𝑖ω1− υe)(𝑖ω2−υe)
{1 + (

μ1+μ2

2
) e𝑖βx}D10D20e

−𝑖(ωt−kz).                                    (4.2.6)                                                                                    

The static ponderomotive potential is given by  

ϕ
PMβ0

=  
e

4me
{

μ1D10
2

(𝑖ω1−υe)
+ 

μ2D20
2

(𝑖ω2−υe)2
} e𝑖β0x.                                                                          (4.2.7)                       

 

Figure 4.2.1: Schematic of THz generation by irradiating amplitude-modulated lasers in magnetized 

collisional plasma in the presence of D.C. electric field. 

The static ponderomotive force is responsible for ambipolar diffusion of plasma along the 

direction of the applied D.C. electric field. To obtain the sustainability and balancing 

condition within the plasma the static ponderomotive force is neutralized by pressure gradient 

force and results in the zero frequency transverse density ripples in the plasma. By using the 

equation of motion for electrons in the steady-state, we can obtain the relation between the 

density of the transverse ripple and the equilibrium temperature of electrons. One can write 

 n0β0
=  en0 ϕ

PMβ0
Te⁄  [18], where Te is the equilibrium temperature of electrons in the 

plasma n0β0
 is the density of the ripple. By using the static ponderomotive potential, n0β 

attains the following form 



59 

 

n0β0
= 

e2n0

4meTe
(

μ1D10
2

(𝑖ω1−υe)2
+ 

μ2D20
2

(𝑖ω2−υe)2
) e𝑖β0x.                                                                      (4.2.8) 

The beat frequency ponderomotive force and magnetic field force will provide oscillatory 

velocity to plasma electrons. By using the equations of motion, the oscillatory velocity of 

electrons can be calculated as 

m
dV⃗⃗ PM

NL

dx
=F⃗ PM

NL
− e (v⃗ PM

NL
×B⃗⃗ ) ,                                                                                          (4.2.9)                                                                                                                                     

v⃗ PM
NL

= 
1

m(υ−𝑖ω)
 [F⃗ PM

NL
− e (v⃗ PM

NL
×B⃗⃗ )] ,                                                                               (4.2.10)                                                                                                                          

v⃗ PM
NL

×B⃗⃗ = 
1

m(υ−𝑖ω)
 [F⃗ PM

NL
×B⃗⃗ −e (v⃗ PM

NL
×B⃗⃗ ) ×B⃗⃗ ] ,                                                              (4.2.11)                                                               

            =  
1

m(υ−𝑖ω)
 [F⃗ PM×B⃗⃗ +e v⃗ PM

NL
 B2] ,                                                                        (4.2.12)                                               

v⃗ PM
NL

= 
1

m(υ−𝑖ω)
 [F⃗ PM

NL
−

e

m(υ−𝑖ω)
(F⃗ PM

NL
×B⃗⃗ +e v⃗ PM

NL
 B2)] ,                                                   (4.2.13)                                                            

v⃗ PM
NL =

F⃗⃗ PM
NL

me(υe−𝑖ω)
−

F⃗⃗ PM
NL ×ω⃗⃗ c

me(υe−𝑖ω)2
−

ωc
2

(υe−𝑖ω)2
v⃗ PM

NL ,                                                                   (4.2.14)                                                                                                             

here ωc = eB m⁄  is cyclotron frequency of electrons. Due to the applied magnetic field along 

y-axis, we resolve the velocity of electrons along the x-axis and z-axis as 

vPMx
NL = 

e2D10D20

4me
2ωα

2(𝑖ω1−υe)(𝑖ω2+υe)
[{(υe − 𝑖ω)β0 + ωck }𝑖(μ1 + μ2)e

−𝑖(ωt−kz−β0x) +

2ιωck e
−𝑖(ωt−kz)],                                                                                                            (4.2.15) 

vPMz
NL =

e2D10D20

4me
2ωα

2(𝑖ω1−υe)(𝑖ω2+υe)
[{(υe − 𝑖ω)k − ωcβ

0
 }𝑖(μ

1
+ μ

2
) e−𝑖(ωt−kz−β0x) + 2𝑖(υe −

𝑖ω)k e−𝑖(ωt−kz)].                                                                                                                (4.2.16) 

where [(υe  −  𝑖ω)2  +  ωc
2] = ωα

2. With the help of velocity perturbations provided by Eq. 

(4.2.15) and (4.2.16), density perturbations nω,k
NL   , nω,k+β0

NL   in the presence of static electric and 

magnetic fields can be calculated by using the equation of continuity as 
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nω,k
NL =

n0e2D10D20[𝑖k
2](ωc+υe−𝑖ω)

2me
2ωωα

2(𝑖ω1−υe)(𝑖ω2+υe)
e−𝑖(ωt−kz),                                                                           (4.2.17)                                                                                             

nω,k+β0

NL = 
n0e2(μ1+μ2)(D10D20)

4me
2(𝑖ω1−υe)(𝑖ω2+υe)

𝑖[(υe−𝑖ω)2(k
2+β0

2)−ωc
2β0

2+ωck
2]

ωωα
2 e−𝑖(ωt−kz−β0x).                             (4.2.18)                                        

One can write nonlinear current density as the vector sum of three terms J 1, J 2  and J 3, where 

the first term J 1 arises due to coupling between equilibrium plasma density n0  and nonlinear 

velocity v⃗ ω,k 
NL

, the second term J 2 arises due to coupling between nonlinear density perturbation 

nω,k
NL and D.C. drift of electrons v⃗ D.C. The third term J 3 arises due to coupling between zero 

frequency transverse density ripple n0β and nonlinear velocity v⃗ ω,k
NL

. Therefore, the total 

nonlinear current density J ω,k

NL
= J 1+ J 2+ J 3, 

J ω,k

NL
= −n0  e v⃗ ω,k

NL
− nω,k

NL  e v⃗ D.C − no,β
∗  e v⃗ ω,k+β

NL
 .                                                               (4.2.19)                              

On resolving the total current density in its x and z components, we get Jx ω,k
NL  and Jz ω,k

NL  as 

Jx ω,k
NL =  

−n0e4D10D20[𝑖]

2me
3ωα

2(𝑖ω1−υe)(𝑖ω2+υe)
{

k
2
ED.C[(υe−𝑖ω+ωc)]

ωυe
−

eβ0(μ1+μ2)

8Te
(

μ1D10
2

(𝑖ω1−υe)
2
+

μ2D20
2

(𝑖ω1+υe)
2
) (υe − 𝑖ω −

ωc)} e−𝑖(ωt−kx),                                                                                                                  (4.2.20) 

 

Jz ω,k
NL = 

 
−n0e4D10D20[𝑖]

2me
3ωα

2(𝑖ω1−υe)(𝑖ω2+υe)
{

ek(μ1−μ2)

8Te
(

μ1D10
2

(𝑖ω1−υe)2
+

μ2D20
2

(𝑖ω1+υe)2
) (υe − 𝑖ω + ωc) +

mek(υe−𝑖ω+ωc)

e
} e−𝑖(ωt−kz).                                                                                                  (4.2.21)                                                                                                                                                                                                                                                                                          

Due to the presence of an external magnetic field along the Y-direction in collisional plasma, 

the dielectric constant will behave as an anisotropic tensor  
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ϵ = |

ϵXX ϵXY ϵXZ

ϵYX ϵYY ϵYZ

ϵZX ϵZY ϵZZ

|,                                                                                                       (4.2.22)     

The components of the dielectric anisotropic tensor are 

ϵYZ =  ϵZY = ϵYX = ϵXY = 0, ϵYY = 1 − ωp
2 𝑖ω(υe − ιω)⁄   , ϵXX = 1 −

 ωp
2(υe − 𝑖ω) 𝑖ω[(υe − 𝑖ω)2 + ωc

2]⁄ =  ϵZZ , ϵZX = −𝑖ωcωp
2 ω[(υe − 𝑖ω)2 + ωc

2]⁄ =  −ϵXZ . 

Due to collisions some of the components of dielectric tensor become imaginary which are 

responsible for the resistivity in plasma. The wave equation for the generation of THz 

radiation is given by  

−∇2E⃗⃗ + ∇. (∇. E⃗⃗ ) =
4πιω

c2
J 

NL
+

ω2

c2
ϵE⃗⃗  .                                                                               (4.2.23)                                                  

With the use of components of dielectric constant, Eq. (4.2.23) is modified as 

−
ω2

c2
ϵzzEz −

ω2

c2
ϵzxEx =

+4πιω

c2
JZ

NL,                                                                                      (4.2.24)                                                    

−2𝑖k′ ∂Ex

∂z
+ (k

′2 −
ω2

c2
(ϵxx +

ϵzx
2

ϵzz
))Ex =

+4πιω

c2
(Jx

NL +
ϵzx

ϵzz
Jz

NL)  .                                        (4.2.25)                                                                      

Where k
′ =  k1 − k2 + β

0
 is the wave number with which current density oscillates at 

frequency ω. The wave number  of transverse density ripple is responsible for phase 

matching condition by providing extra momentum. By using phase matching condition  

k
′2 −

ω2

c2
(ϵxx +

ϵzx
2

ϵzz
) = 0,                                                                                                     (4.2.26)                                   

k1 − k2 + β
0

=
ω

c
{1 −

ωP
2

ιωωα
2 ((υe − 𝑖ω) −

ωc
2ωP

2

𝑖ωωα
2−ωP

2(υe−𝑖ω)
)}

1
2⁄

.                                          (4.2.27)                  

By using the above condition, Eq. (4.2.25) provides the electric field of THz radiation.  

Eωx =  
−2πω

k
′
c2

{Jx ω,k
NL +

ϵzx

εzz
Jzω,k

NL } z.                                                                                       (4.2.28)                                    

Using  Jx ω,k
NL  and Jz ω,k

NL  , the THz electric field can be derived as 
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Eωx =
−2πωz

k
′
c2

(
−n0e4D10D20𝑖

2me
3ωα

3(𝑖ω1−υe)(𝑖ω2+υe)
) (

k
2
ED.C(υe−𝑖ω+ωc)

ωυe
−

eβ0(μ1+μ2
)

8Te

μ1D10
2

(𝑖ω1−υe)
2
+

μ2D20
2

(𝑖ω2+υe)
2
) (υe − 𝑖ω + ωc) +

ωcωP
2

𝑖ωωα
2−ωP

2 (υe−𝑖ω)
{

ek(μ1+μ2
)

8Te
(

μ1D10
2

(𝑖ω1−υe)
2
+

μ2D20
2

(𝑖ω2+υe)
2
)} (υe − 𝑖ω + ωc) +

meK

e
(υe − 𝑖ω + ωc).              (4.2.29)                                                                                              

Using the above equation, the normalized amplitude of the electric field component of THz 

radiations can be written as 

eEωx

meωPc
= 

ω′z′D10
′

D20
′ 𝑖

4k
′′
ω0

2(𝑖ωP1−υe
′ )(𝑖ωP2+υe

′ )
[

k0
2
ED.C

′ (υe
′ −𝑖ω′+ωc

′ )

ω′υe
′ + (υe

′ − 𝑖ω′ − ωc
′ ) {

k0

8
(

ωc
′

𝑖ω′
ω2−(υe

′ −𝑖ω′)
) −

β
′

8
}

(μ1+μ2)

Vth
′ (

μ1D10
′ 2

(𝑖ωP1−υe
′ )

2 +
μ2D20

′ 2

(𝑖ωP2+υe
′ )

2) + (
ωc

′

𝑖ω′
ω2−(υe

′ −𝑖ω′)
)].                                                      (4.2.30)                                                                                                                                                                                               

The different parameters are normalized as, 

D10
′ = eD10 mωpc⁄ , D20

′ = eD20 mωpc⁄ , ω’ = ω ωp⁄ , z’ = ωpz c⁄ , ωp1 = ω1 ωP⁄ , ωp2 =

ω2 ωp⁄ , ʋe
′  = ʋe ωp⁄ , ED.C

′ = e ED.C
′ mωpc⁄ . k0 = ck ωp⁄ , k′′ = ck

′
ωp⁄ , ωc

′ = ωc ωp⁄ , q’ =

cβ
0

ωp⁄ , 𝑣th
′  = 𝑣th c⁄   

4.3. Graphical Analysis and Observations 

In the present research work, we provide numerical treatment and graphical analysis of THz 

generation in magnetized collisional plasma with the following set of parameters. CO2 

femtosecond lasers with frequencies  ω1 =  2 × 1014rad /s and ω2 = 1.85 × 1014 rad/s are 

chosen. The corresponding wavelengths of CO2 femtosecond lasers are λ1=10.20 μm & 

λ2= 9.440 μm with a peak value of intensity of ~1014 W/cm2. The graph between normalized 

THz amplitude and normalized THz frequency is represented in figure 4.3.1, for values of 

static magnetic field ranging from 10 kG to 50 kG at the optimized value of D.C. electric field 

of 10 kV/cm. From the graph, it is concluded that normalized THz amplitude increases with 

the decrease of normalized THz frequency and vice versa. It is observed that the THz 

amplitude acquires maximum value when ω/ωp approaches 1. One can notice from Fig.4.3.1 

that the normalized THz amplitude is maximum corresponding to the magnetic field of 50 kG. 

It is due to the fact that the external magnetic field modifies the plasma dielectric anisotropic 

tensor and excites nonlinear current strongly. It results in the enhancement of the normalized 

THz amplitude with the external magnetic field. Similar results are observed by Mehta et al. 
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[20] with a magnetic field range from 54 kG to 322 kG but in the present work magnetic field 

is applied in the range 10 kG to 50 kG which is very much cost-effective feasible. 

 

Figure 4.3.1 Plot of the normalized amplitude of THz radiation with normalized THz frequency ω/ωp, at 

the various value of magnetic fields ranging from 10 kG to 50 kG. 

In nonlinear system υe is comparable with ωp. If υe is very large as compared to ωp, then 

plasma is strongly coupled plasma otherwise plasma is weakly coupled plasma. In most of the 

expressions υe appears together with ωp and laser frequency ω. The figure 4.3.2  shows an 

increase of normalized THz amplitude with the decrease of normalized collision frequency 

. Due to the decrease of collisions in the plasma, the magnitude of the ponderomotive 

force and hence nonlinear current shows an increase. This increases the normalized THz 

amplitude. From figure 4.3.2 one can observe clearly that an external magnetic field is useful 

to decrease the effect of collisions on the normalized THz amplitude 
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Figure 4.3.2 Plot of the normalized amplitude of THz radiation with normalized collision frequency  , 

at electric field 10 kV/cm. 

To check the effect of applied D.C. electric field on the normalized THz amplitude we have 

drawn a graph between normalized THz amplitude and normalized D.C. electric field at the 

optimized value of magnetic field B = 30 kG, as shown in figure 4.3.3. Due to the applied 

D.C. electric field  (ranging from 10 kV/cm  to 30 kV/cm , drift force   act on 

the plasma electrons which increases the nonlinearity of the system and hence helps in the 

enhancement of normalized THz amplitude.  Similar results were observed by Bhasin et al. 

[17] when they applied static electric field up to 50 kV/cm and obtained the maximum value 

of normalized THz amplitude up to 4.280 x 10−5.   However, In the present work, we have 

obtained better results by applying D.C. electric and static magnetic field and obtaining the 

maximum value of normalized THz amplitude up to 0.4650 x 10−3, for the static electric field 

of 30 kV/cm.  
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Figure 4.3.3 Plot of the normalized amplitude of THz radiation with the normalized electric field, at the 

magnetic field of .s 

4.4. Proposed Model for THz Generation by propagating amplitude-modulated lasers 

through the anharmonic CNTs under the combined influence of D.C. electric and 

magnetic fields 

This is the second theoretical model, in which we proposed a new alternative scheme for the 

efficient generation of THz radiations by using filamented beams interacting with an array of 

horizontally aligned anharmonic CNTs (embedded on the base of the dielectric surface) under 

the influence of externally applied static electric and magnetic fields. Two transversely 

amplitude-modulated filamented laser beams interact with this array of CNTs in the presence 

of static D.C. electric and magnetic fields acting mutually perpendicular to each other as well 

as to the direction of propagation of the laser beam. Due to the non-uniform density of 

electrons in CNTs, the restoration force on the different electrons is different and this results 

in anharmonicity. This anharmonicity broadens the resonance peak. The lasers also, exert 

space periodic ponderomotive force and beat frequency ponderomotive force on the electrons 

of CNTs. The space periodic ponderomotive force is well balanced by the pressure gradient 

force to form a transverse density ripple. Nonlinear coupling between D.C. drift velocity of 

electrons and electron density in the plasma of CNTs results in enhancement in the generation 

of THz radiation. We have found that the normalized THz amplitude increases significantly 
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with the increase of applied electric field from 10kV/cm to 30kV/cm and magnetic field 

from 11.5 kG to 24.5 kG. These optimized values of applied static electric and magnetic fields 

can easily be attained in any modern laboratory. The terahertz generation is one of the fast-

developing areas for the last few decades with a variety of applications in Spectroscopy [21], 

medical Science [22] photovoltaic manufacturing [23], etc. Creating a Compact, reliable, 

proper, and efficient source of THz generation is one of the most formidable tasks of modern 

physics. For this purpose, metallic nano particles and carbon nanotubes are employed to 

produce THz radiations. The metallic or semiconductor CNTs provide both compactness and 

efficiency in THz sources [24]. Moreover, CNTs have electron plasma frequencies in the THz 

range and hence, appear to be a favorable medium for THz generation [25]. Several Schemes 

for the generation of efficient THz radiations have been proposed by various researchers. 

Some of which includes THz generation via laser coupling to anharmonic CNTs [26], optical 

rectification in CNTs to generate THz radiations [27], THz generation from macroscopic 

arrays of aligned SWCNTs excited by femtosecond optical pulses [28], THz generation 

through vertical aligned CNTs by using wiggler magnetic field [29]. Dragoman and 

Dragoman have achieved considerable gain at THz frequencies by using the Gunn effect in 

semiconductor array biased with D.C. electric field [30]. Welsh and Wyne [31] explained the 

incoherent rectification in the metallic nanostructure surfaces to generate highly efficient THz 

radiations with the help of surface plasma excitation. Portnoi et al. [32] have shown that CNTs 

under the influence of static electric fields can emit THz radiations. They also find that 

armchair CNTs can be used to form THz detectors and THz emitters. Batrakev et al. [33] have 

provided a review on THz generation and application of CNTs to the THz optoelectronics. 

Haurd et al. [15] observed enhancement in the normalized THz amplitude energy due to 

filamentation of a femtosecond laser pulse in the air in the presence of the static electric field, 

by using amplitude-modulated laser beams. Kumar et al. [34] also investigated the 

enhancement in the THz generation by using laser filaments in the presence of a static electric 

field in magnetized collision plasma. In this chapter, we develop an analytical formulism for 

the THz generation by the interaction of amplitude-modulated laser beams with the 
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rectangular array of HA-CNTs in the presence of D.C. electric and magnetic fields as CNTs 

can support both transverse magnetic and electric plasmon modes with in THz regime [35].  

Consider a rectangular array of single-walled CNTs nested in dielectric surface (glass) as 

shown in Fig. 4.4.1. For this arrangement of CNTs, the microwave plasma-enhanced chemical 

vapor deposition (MPECVD) technique can be preferred over others [36, 37]. It is because, in 

CNT structure, wall number, inner radius, outer radius, length, thickness and alignment of 

CNTs can be easily controlled by the CVD technique [38, 39]. There are nc CNTs per unit 

volume, and  n0 is the free electron density of each CNT. Each CNT is characterized by the 

radius b and length L in the array. As electrons are non-uniformly distributed in each CNT, 

therefore, the variation of  n0  with r is n = n0(1 − b0 r b⁄ ), where b0 is known as the non-

uniformity parameter. Each SWCNT is generally modeled as a hollow cylinder of nanometer 

thickness and micrometer length to determine the polarization and electrical conductivity [40]. 

As far as the response of SWCNTs is concerned to the transverse electric and magnetic fields, 

we assume these nanotubes as solid cylindrical tubes [41, 42]. The amplitude-modulated laser 

beams co-propagating along the z-axis, polarized along the y-axis, and amplitude modulated 

along the x-axis. The laser beams impinge on the rectangular array of anharmonic CNTs with 

the electric and magnetic profile. 

E⃗⃗ j = y ̂Aj [1 + μ
j
cos β

0
x] e−𝑖(ωjt−kjz);   𝑗 = 1,2                                                               (4.4.1)   

and                                                                                  

B⃗⃗ j =
ck⃗⃗ j×E⃗⃗ j

ωj
 ,                                                                                                                       (4.4.2)                                                                

where,  μ
j
 is the modulation depth of laser, β is the periodicity parameter and  kj

2 =

ωj
2 c2⁄ (1 − ωP

2 ωj
2⁄ ) represents the dispersion relation of beating lasers. The frequency 

difference of two laser beams (ω1 − ω2) lies in the THz region of the spectrum.                                                                                                                            
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The lasers exert ponderomotive force F⃗ Pω as well as static ponderomotive force F⃗ Pβ0
 on the 

electrons of CNTs. In the steady-state, static ponderomotive force is well balanced by pressure 

gradient force. It results in the formation of transverse density ripple at zero frequency. The 

beat frequency ponderomotive force is responsible for velocity and density perturbation in 

CNTs. The laser filaments are also responsible to provide oscillatory velocities to the plasma 

electrons present in CNTs arranged in the array. 

v⃗ j =
eE⃗⃗ j

m(𝑖ωj−𝜐)
,                                                                                                                       (4.4.3) 

where,  −e, m, and 𝜐 represent electronic charge, mass, and collision frequency respectively. 

The electron collision frequency of plasma electrons in CNTs is 𝜐,  which is lesser than ω. 

The static D.C. electric field E⃗⃗ D.C.  is applied parallel to the x-axis and perpendicular to the 

applied magnetic field. This D.C. electric field imparts a D.C. drift to electrons of CNTs. 

v⃗ D.C =
−eE⃗⃗ D.C.

m𝜐
.                                                                                                                     (4.4.4) 

The plasma electrons present in CNTs drift in the opposite direction of the applied D.C. 

electric field and get accumulated near the edge of the filament. It results in the complete 

screening of applied electric field in the plasma but at the same time, there occurs a transient 

process of redistribution of charges. It is due to instantaneous ionization in the plasma. Now 

electric current is directed along the direction of the external D.C. electric field and it exhibits 

oscillations at plasma frequency. These oscillations decay due to collisions between the 

electrons of plasma present in CNTs. The temporal electric current directed along the external 

D.C. electric field and perpendicular to the laser filament plays a significant role in the 

generation of THz wave. 
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Figure 4.4.1 Schematic representation of THz generation from an array of HA-CNTs nested in the glass 

plates under the combined influence of magnetic and electric fields. 

The amplitude modulated filamented lasers will also exert static ponderomotive force F⃗ Pβ =

−e∇⃗⃗ φ
Pβ0

 and beat frequency ponderomotive force F⃗ Pω = −e∇⃗⃗ φ
Pω

 on the electrons of CNTs.  

Here, φ
Pβ0

=
e

4m
[

A1
2μ1

(𝑖ω1−𝜐)2
+

A2
2μ2

(𝑖ω2+𝜐)2
] e𝑖β0x and  φ

Pω
=

−eA1A2

2m(𝑖ω1−𝜐)(𝑖ω2+𝜐)
[1 +

(μ1+μ2)

2
e𝑖β0x]. 

The static ponderomotive force causes ambipolar diffusion of plasma along the x-axis in 

CNTs. In the steady-state, the static ponderomotive force is balanced by the pressure gradient 

force. It results in the formation of transverse density ripple in the system.   

n0,β0
= n0 (1 − b0

r

b
) e

φpβ0

Te
= n0 (1 − b0

r

b
)

e2

4mTe
[

A1
2μ1

(𝑖ω1−𝜐)2
+

A2
2μ2

(𝑖ω2+𝜐)2
] e𝑖β0x,                   (4.4.5)                                                                      

where, Te is the equilibrium electron temperature.  

The incident amplitude modulated laser beams (co-propagating) interact with the CNTs, to 

displace electron cylinder from the ion cylinder. As a result, electron cylinder gets separated 

from the ion cylinder by ∆⃗⃗  as shown in Fig.2.6.1. The space charge field in the overlap region 

is not uniform. Hence, the restoration force on the different electrons is different which results 

in anharmonicity in the system. The electrons are distributed non-uniformly in CNTs with 

density profile, n = n0(1 − b0 r b⁄ ). The space charge field exerted by the ion cylinder of 

CNT is given as 
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E⃗⃗ ion =
e∫ n0(1−b0

r

b
)2πrLdr

r
0

2πrLϵ
r̂ ,                                                                                               (4.4.6)                                      

    =
e n0

2ϵ
(1 −

2b0r

3b
) r .                                                                                                          (4.4.7)                                                                                                             

The space charge field exerted by the electron cylinder of CNT is given as 

E⃗⃗ ele = −
e n0

2ϵ
(1 −

2b0

3b
|r − ∆⃗⃗ |) (r − ∆⃗⃗ ).                                                                             (4.4.8)                                                                                                                                 

Now, the total space-charge field is calculated as the vector sum of the space charge field due 

to the electron and ion cylinders (E⃗⃗ ele,  E⃗⃗ ion ) and is given as 

E⃗⃗ s = E⃗⃗ ion + E⃗⃗ ele.                                                                                                                (4.4.9)                                  

By using Eq. (4.4.7), (4.4.8), and (4.4.9) total space-charge field is, 

E⃗⃗ s =
e n0

2ϵ
[(1 −

2b0r

3b
) r − (1 −

2b0

3b
|r − ∆⃗⃗ |) (r − ∆⃗⃗ )].                                                      (4.4.10)                                                                                                       

As anharmonicity is along the x-axis, therefore x-component of the electric field is, 

Esx =
e n0

2ϵ
[(1 −

2b0r

3b
−

2b0r

3b
cos2 θ)∆x +

2b0∆
2

3b
cos θ].                                                    (4.4.11)                                                                                                                          

The restoration force is different for different electrons with respect to the ion cylinder. We 

take the average over θ such that the average value of cos2θ = 1 2⁄  and the average value of 

cosθ = 0. 

Fsx  = −
m ωP

2

2ϵr
 (1 −

b0r

b
) ,                                                                                                 (4.4.12)                                                                    

where,  ωP = (n0e
2 mϵ0⁄ )2,  is known as the plasma frequency of CNTs.                                                                                                             

The equation of motion executing the shift of the electrons of CNT, under the influence of the 

electric field of laser, applied magnetic field and space charge restoration force is given as 

d2∆⃗⃗ 

dt2
+

F⃗⃗ S

m
+ 𝜐

d∆⃗⃗ 

dt
+

e

m
v⃗ × B⃗⃗ = −

F⃗⃗ Pω

m
.                                                                                  (4.4.13) 
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Corresponding to the above equation  (4.4.13), one can write the x and z components of the 

equation of motion as 

d2∆x

dt2
+

Fsx

m
+ 𝜐

d∆x

dt
+

e

m
(−Bvz) = −

FPωx

m
,                                                                         (4.4.14)                    

[ω2∆x −
 ωP

2

2ϵr
 (1 −

br

b
) + 𝑖𝜐ω∆x] − 𝑖ωωc∆z=

FPωx

m
 ,                                                          (4.4.15)                   

and                                                       

d2∆z

dt2
+ 𝜐

d∆z

dt
+

e

m
(Bvx) = 0,                                                                                             (4.4.16)                    

ω2∆z + 𝑖𝜐ω∆z + 𝑖ωωc∆x= 0,                                                                                           (4.4.17)                

where ωc = eB mc⁄  represents cyclotron frequency of plasma electrons in CNTs.  

On simplifying the equations (4.4.16) and (4.4.17), one can easily obtain the x and z 

components for the displacement of CNT electrons 

∆z=
−𝑖ωc∆x

(ω+𝑖𝜐)
 ,                                                                                                                       (4.4.18)                                                                                                                        

∆x,ω,k+β0
=

𝑖(β0+k)(μ1+μ2)e2A1A2e−𝑖(𝜔𝑡−𝑘𝑧−β0x)

4m2(𝑖ω1−𝜐)(𝑖ω2+𝜐)[ω2−
 ωP

2

2ϵr
 (1−

b0r

b
)+𝑖𝜐ω−

ωωc
2

(ω+𝑖𝜐)
]

 ,                                                     (4.4.19)                                                    

and 

∆x,ω,k=
𝑖ke2A1A2e−𝑖(𝜔𝑡−𝑘𝑧)

2m2(𝑖ω1−𝜐)(𝑖ω2+𝜐)[ω2−
 ωP

2

2ϵr
 (1−

b0r

b
)+𝑖𝜐ω−

ωωc
2

(ω+𝑖𝜐)
]

 .                                                          (4.4.20)                      

The x-component of the displacement ∆x,ω,k+β and ∆x,ω,k has different values for different 

electrons, depending on their positions with respect to ion cylinder. In the electron cylinder 

(within a CNT) of radius r, thickness dr, and length L, the number of electrons is 2πn0rLdr 

and hence, the average value of ∆x,ω,k+β0
 and ∆x,ω,k  is given as 
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〈∆x,ω,k+β0
 〉 =

𝑖(β0+k)(μ1+μ2)e2A1A2e−𝑖(ωt−kz−β0x)

4m2(𝑖ω1−𝜐)(𝑖ω2+𝜐)N
∫

2πrLn0(1−
b0r

b
)dr

(ω2−
 ωP

2

2ϵr
(1−

b0r

b
)+𝑖𝜐ω−

ωωc
2

(ω+𝑖𝜐)
)

R

0

 ,                (4.4.21)                              

and 

〈∆x,ω,k 〉 =
𝑖ke2A1A2e−𝑖(ωt−kz)

2m2(𝑖ω1−𝜐)(𝑖ω2+𝜐)N
∫

2πrLn0(1−
b0r

b
)dr

(ω2−
 ωP

2

2ϵr
(1−

b0r

b
)+𝑖𝜐ω−

ωωc
2

(ω+𝑖𝜐)
)

R

0

.                                           (4.4.22)                                                             

where N = ∫ 2πrLn0(1 − b0 r b⁄ )dr.
b

0
    

We can write equations (4.4.21) and (4.4.22) as, 

〈∆x,ω,k+β0
 〉 =

𝑖(β0+k)(μ1+μ2)e2A1A2e−𝑖(ωt−kz−β0x)

4m2(𝑖ω1−𝜐)(𝑖ω2+𝜐)N
 I1 and  〈∆x,ω,k 〉 =

𝑖β0μe2A1A2e−𝑖(ωt−kz)

2m2(𝑖ω1−𝜐)(𝑖ω2+𝜐)N
I1, 

where  I1 = ∫
2πrLn0(1−

b0r

b
)dr

(ω2−
 ωP

2

2ϵr
(1−

b0r

b
)+𝑖𝜐ω−

ωωc
2

(ω+𝑖𝜐)
)

b

0

.                                                               

Now average velocity of electrons of CNTs is given by 

〈vx,ω,k+β0
 〉 =

𝜔(β0+k)(μ1+μ2)e2A1A2e−𝑖(ωt−kz−β0x)

4m2(𝑖ω1−𝜐)(𝑖ω2+𝜐)N
I1,                                                            (4.4.23)                                  

and 

〈vx,ω,k 〉 =
ωke2A1A2e−𝑖(ωt−kz)

2m2(𝑖ω1−𝜐)(𝑖ω2+𝜐)N
I1.                                                                                       (4.4.24)                            

Corresponding to these average velocities of electrons at (ω, k + β
0
) and  (ω, k), average 

density perturbations of the electrons of CNTs (nω,k+β0
)  and  (nω,k) can be determined with 

the help of the equation of continuity, 
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nω,k+β0
 =

n0(1−b0r b⁄ )(β0
2+k2)(μ1+μ2)e2A1A2e−𝑖(𝜔𝑡−𝑘𝑧−β0x)

4m2(𝑖ω1−υ)(𝑖ω2+υ)N
I1,                                               (4.4.25)                                           

and 

nω,k  =
n0(1−b0r b⁄ )k2μe2A1A2e−𝑖(𝜔𝑡−𝑘𝑧)

2m2(𝑖ω1−𝜐)(𝑖ω2+𝜐)N
I1.                                                                            (4.4.26)                       

In our system of CNTs, the corresponding current density at ω, k  arises due to coupling 

between the various nonlinear terms explained as (i) CNTs per unit volume (nc) with 

corresponding nonlinear average velocity 〈vx,ω,k 〉 of the electrons of CNTs (ii) The zero-

frequency transverse density ripple n0,β0

∗  with corresponding nonlinear average velocity 

〈vx,ω,k+β0
 〉 of the electrons of CNTs and (iii) nonlinear density perturbation nω,k with D.C. 

electron drift velocity v⃗ D.C of the electrons of CNTs 

Jx,ω,k = −ncNe〈vx,ω,k 〉 − n0,β0

∗ Ne 〈vx,ω,k+β0
〉 nc(πb2L) − ncNenω,kvD.C(πb2L).             (4.4.27)                                                                                                                                                                                  

Jx,ω,k = Jx1 + Jx2 + Jx3 .                                                                                                     (4.4.28)                                                                                        

Where Jx1 =
ωknce

3A1A2e−𝑖(ωt−kz)

2m2(𝑖ω−𝜐)(𝑖ω+𝜐)
  I1,  Jx2 =

ω(k+β0)nce
5A1A2n0

02(1−2b0 3)πb2L⁄

8m3Te(𝑖ω−𝜐)(𝑖ω+𝜐)
[

A1
2μ1

(𝑖ω−𝜐)
+

A2
2μ2

(𝑖ω+𝜐)
] e−𝑖(ωt−kz)I1 and                                                                                                    

Jx3 =
−n0nce

4(1−2b0 3⁄ )πb2Lk2A1A2ED.C.

2m3(𝑖ω−𝜐)(𝑖ω+𝜐)𝜐
e−𝑖(ωt−kz)I1.   

Now, the net nonlinear current density present in the rectangular array of horizontally aligned 

anharmonic CNTs is given as                                                                             

Jx,ω,k = −
ωe3A1A2nc

2m2(𝑖ω−𝜐)(𝑖ω+𝜐)
[k + n0(1 − 2b0 3⁄ )(k + β

0
)

πb2Le2

16mTe
[

A1
2μ1

(𝑖ω−𝜐)
+

A2
2μ2

(𝑖ω+𝜐)
] −

n0πb2L(1−2b0 3⁄ )k2eED.C

m𝜐𝜔
] e−𝑖(ωt−kz)I1.                                                                                                  (4.4.29)   

The standard THz  wave propagation  equation obtained by using Maxwell’s equations can be 

described as 
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∇2Ex,ω,k + kω
2  Ex,ω,k = −

−4π𝑖ω

c2 Jx,ω,k .                                                                              (4.4.30) 

We can write the above equation along the x-axis as 

∂2Ex,ω,k

∂2z
+ kω

2Ex,ω,k =
−𝑖ω

c2∈0
Jx,ωk.                                                                                        (4.4.31) 

Simplifying the above equation (4.4.31), we get a terahertz electric field Ex,ω,k as 

Ex,ω,k =
−𝑖ω2e3A1A2nc

2m2ϵ0c2[kω
2−k2](𝑖ω−𝜐)(𝑖ω+𝜐)

[k + n0(1 − 2b0 3⁄ )(k + β
0
)

πb2Le2

16mTe
[

A1
2μ1

(𝑖ω1−𝜐)
+

A2
2μ2

(𝑖ω2+𝜐)
] −

n0πb2L(1−2b0 3⁄ )k2eED.C

m𝜐𝜔
] I1.                                                                                                  (4.4.32)        

By solving the integral term I1 = ∫
2πrLn0(1−

b0r

b
)dr

(ω2−
 ωP

2

2ϵr
(1−

b0r

b
)+𝑖𝜐ω−

ωωc
2

(ω+𝑖𝜐)
)

b

0

 , equation (4.4.32) can be 

modified as 

Ex,ω,k =
−2𝑖πb2Ln0

0ω
2
e3A1A2ncϵr

m2b0ϵ0c2ωP
2 [kω

2−k2](𝑖ω−𝜐)(𝑖ω+𝜐)
[k + n0(1 − 2b0 3⁄ )(k + β

0
)

πb2Le2

16mTe
[

A1
2μ1

(𝑖ω1−𝜐)
+

A2
2μ2

(𝑖ω2+𝜐)
] −

n0
0πb2L(1−2b0 3⁄ )k2eED.C

m𝜐𝜔
] [(1 −

b0

2
)

(1−ωP
2 2ϵrω2+⁄ i𝜐 ω⁄ −ωc

2 ω(ω+i𝜐)⁄ )(1−b0ωP
2 2ϵrω2+⁄ i𝜐 ω⁄ −ωc

2 ω(ω+i𝜐)⁄ )

b0(ωP
2 2ϵrω2⁄ )

2 log |
(1−ωP

2 2ϵrω2+⁄ i𝜐 ω⁄ −ωc
2 ω(ω+i𝜐)⁄ )

(1+(b0−1)ωP
2 2ϵrω2⁄ +i𝜐 ω⁄ −ωc

2 ω(ω+i𝜐)⁄ )
|].    

                                                                                                                                                (4.4.33)  

The normalized THz electric field equation is given as 

eExω,k

mωc
= −

2𝑖

b0
(πb2Lnc)ϵr [

eA1

mω1c
] [

eA2

mω2c
] [1 +

𝑖𝜐

ω1
]
−1

[1 −
𝑖𝜐

ω2
]
−1

[
kω
2

k2 − 1]
−1

[ 1 + (πb2Ln0) (1 −

2b0

3
) {

1

16
(

c

vth
)
−2

((
eA1

mω1c
)
2
(1 +

𝑖𝜐

ω1
)
−2

μ
1
+ (

eA2

mω2c
)
2
(1 −

i𝜐

ω2
)
−2

μ
2
) (1 +

β0

k
) − (

eED.C

mυc
)}] [(1 −

b0

2
)

(1−ωP
2 2ϵrω2+⁄ 𝑖𝜐 ω⁄ −ωc

2 ω(ω+𝑖𝜐)⁄ )(1−bωP
2 2ϵrω2+⁄ 𝑖𝜐 ω⁄ −ωc

2 ω(ω+𝑖𝜐)⁄ )

b0(ωP
2 ϵr2ω2⁄ )

2 log |
(1−ωP

2 2ϵrω2+⁄ 𝑖𝜐 ω⁄ −ωc
2 ω(ω+𝑖𝜐)⁄ )

(1+(b0−1)ωP
2 2ϵrω2+⁄ 𝑖𝜐 ω⁄ −ωc

2 ω(ω+𝑖𝜐)⁄ )
|].       
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                                                                                                                                                (4.4.33) 

4.5 Graphical Analysis and Observations 

We deal with numerical treatment and graphical analysis with the following set of parameters. 

In our calculations, we have used Nd: YAG lasers with frequencies ω1 = 17.80 × 1014 rad/s 

and ω2 = 17.77 × 1014 rad/s, corresponding wavelengths are; λ1 = 1.058 μm and λ2 =

1.064 μm. The intensities of beating lasers are   I1~I2~1014 W cm2⁄ . The values of 

e A1 mω1c⁄  and  eA2 mω2c⁄  are of the order of 0.02 and 0.03 respectively. Each CNT in the 

rectangular array is 2μm long with a radius of 15 nm and inter-tube separation is 25nm. The 

value of relative permittivity of glass, in which CNTs are nested, is 2.5. The non-uniformity 

parameter b0 has the values of 0.30, 0.20 and 0.15. The applied static magnetic field lies in 

the range 11.5 kG to 24.5 kG with applied static D.C. electric field 10 kV/cm to 30 kV/cm. 

Moreover, these fields are practically feasible and can be achieved in laboratories [40, 43-45]. 

In fig. 4.5.1, we have shown the variation of normalized THz amplitude with normalized 

frequency for the above-given parameters corresponding to a magnetic field strength of 

11.5 kG to 24.5 kG. The resonant enhancement in normalized THz amplitude is observed 

when ω approaches towards the resonance;  ω = ωP√(1 − b0) 2⁄ ϵr + (ωc
2 ωp

2⁄ ). At this 

frequency, surface plasmon resonance occurs. The enhancement in the normalized THz 

amplitude is due to this plasmon resonance. At the resonance frequency, absorption of lasers 

by the electrons of CNTs in the array increases, and hence, nonlinearities increase, and hence, 

the normalized THz amplitude is enhanced. There is a sharp reduction in the normalized THz 

amplitude, as one moves away from the resonance point on both sides. Similar results have 

been shown by Jain et al. [46] where they have applied a magnetic field of 100 kG on an array 

of CNTs mounted on a metallic base. In our research work, we have obtained the better results 

by applying lesser values of the static magnetic field. Vij et al. [47] also showed that the THz 

generation efficiency enhances with the increase of the wiggler magnetic field. Also, 

according to Yao and Belyanin [48], high order increase of nonlinearities in SWNTs under the 
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effect of the magnetic field of few kG is observed which shows enhancement in the generation 

of THz radiation. This also supports our observations. 

Fig. 4.5.2 shows the variation of normalized THz amplitude with normalized THz frequency 

at various values of non-uniformity parameter b0 = 0.30, 0.20, and 015. The normalized THz 

amplitude peaks at the surface plasmon resonance frequency. The width of the absorption 

peak increases with the non-uniformity parameter b0. The tallness of each peak falls and shifts 

to a higher frequency side. This shift in the resonance point can be explained by the surface 

plasmon resonance condition, which depends upon ‘b0’. With the increase of non-uniformity 

in CNTs, anharmonicity increases which further enhances the 

 

Figure 4.5.1 Variation of normalized THz amplitude with normalized THz frequency at different values of 

external magnetic field B = 11.5 kG, 17.5 kG, 24.5 kG for 𝐛𝟎 = 0.30, d = 25 nm, b = 15 nm and Static D.C. 

electric field of 10 kV/cm. 
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Figure 4.5.2 Variation of normalized THz amplitude with normalized frequency at different values of non-

uniformity factor 𝐛𝟎 = 0.30, 0.20, and 0.15 at optimized value of external magnetic field. The other 

parameters are the same as given in figure 4.5.1. 

normalized THz amplitude. Sharma and Vijay [26] have also shown that anharmonicity in 

CNTs broadens the surface Plasmon resonance peaks. In Fig. 4.5.3, we have plotted the 

variation of normalized THz amplitude with normalized THz frequency for various values of 

the radius of CNT,  b = 25 nm,30 nm, and 35 nm. The other parameters are kept the same as 

that of figure 4.5.1. From the curves of figure 4.5.3, it is clear that the normalized THz 

amplitude attains the peak value at a lower value of CNT radius 15nm. This is because the 

nonlinearity of the array of CNTs behaving as plasma increases. A similar observation was 

made by Kumar et al. [49]. They found that deccrease in the radius of CNT leads to 

enhancement of normalized THz amplitude. It is also observed that there is no change in the 

plasmon resonance point for all three curves.  
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Fig. 4.5.3 Variation of normalized THz amplitude with normalized THz frequency for different values of 

CNTs radii b = 25 nm, 20 nm, 15 nm at 𝐛𝟎 = 0.30 and optimized value of the external magnetic field. The 

other parameters are the same as given in figure 4.5.1. 

 

Figure 4.5.4 Variation of normalized THz amplitude with normalized THz frequency at different values of 

inter-tube separation d = 45 nm, 35 nm, 25 nm for 𝐛𝟎 = 0.30 at the optimized value of the magnetic field. 

The other parameters are the same as that of figure 4.5.1. 

The reason behind this is that the plasmon resonance condition is independent of the radii of 

CNTs. Vij et.al [47] have shown direct dependence of THz power on CNTs radius, under the 

effect of external magnetic field 200 kG. 
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In figure 4.5.4, we have shown the variation of normalized THz amplitude with normalized 

frequency at different values of inter-tube separation between the CNTs d =

45 nm,35 nm, 25 nm. The values of other parameters are kept same as that of figure 4.5.1. It 

is observed that the normalized THz amplitude increases with the decrease of the inter-tube 

separation (decreases with the increase of inter-tube separation) and the surface plasmon 

resonance point shifts towards a higher value of the normalized frequency because more 

absorption of lasers by the CNTs occurs due to the increase of nonlinearity in CNTs. In figure 

4.5.6, we have shown the variation of normalized THz amplitude with normalized THz 

frequency at various values of static electric field E = 10 kV/cm, 20 kV/cm, and 30 kV/cm. 

From the graph, it is observed that normalized THz amplitude increases with the static D.C. 

electric field. This is because of the increase in 

 

Figure 4.5.5 Variation of normalized THz amplitude with normalized THz frequency at different values of 

static D.C electric field for 𝐛𝟎 = 0.30 at the optimized value of the magnetic field. The other parameters are 

the same as that in figure 4.5.1. 

anharmonicity due to an increase in the mobility of electrons in CNTs. Dragoman et al. [50] 

have shown that the mobility of electrons in CNTs could even attain the value of 1.2 ×

109 cm2V−1s−1at a moderate static electric field of 10 kV/cm. Kibis et al. [51] have 

demonstrated that under the applied voltage of 0.16 V, all the SWCNTs will emit THz 

radiation in a similar fashion. The SWCNTs can be used to create such a THz source, whose 

frequency is well  controlled by the applied voltage. In our case, it can be controlled by a 
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static D.C. electric field. In figure 4.5.6, we plot normalized THz amplitude as a function of 

normalized D.C. electric field at the surface plasmon resonance frequency. It shows the 

increase in normalized THz amplitude with the normalized D.C. electric field and vice versa. 

This explains the graph shown in figure 4.5.5., is an accurate description of the effect of static 

D.C. electric field on the normalized THz amplitude 

 

Figure 4.5.6 Variation of normalized THz amplitude with normalized THz frequency at different values of 

static D.C electric field for 𝐛𝟎 = 0.30 at the optimized value of the magnetic field. The other parameters are 

the same as that of figure 4.5.6. 

4.6 Conclusion 

In this chapter, we have studied the numerical and graphical analysis of two theoretical 

models for the efficient THz generation. In the first model, we deal with THz generation by 

the interaction of filamented laser beams in the collisional plasma under the influence of 

externally applied static electric and magnetic fields. In the second model, THz radiations are 

generated by the propagation of filamented laser beams through the array of anharmonic HA-

CNTs under the influence of external electric and magnetic fields. The externally applied both 

static electric and magnetic fields have their own importance and significance in the 

enhancement of normalized amplitude of emitted THz radiation. The interaction of amplitude-

modulated laser beams with the rectangular array of anharmonic CNTs nested in silica glass, 

under the effect of external static magnetic and electric fields, offers a viable scheme for the 
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efficient THz generation. The non-uniformity in the density distribution inside the array of 

CNTs significantly broadens the resonance curve. The height of the resonance peak decreases 

with the nonuniformity parameter and the width increases. Further, it results in anharmonicity 

in the response of CNTs. It broadens the resonance peak significantly. The generated THz 

radiation shows enhancement at surface plasmon resonance. The laser breakdown of the glass 

dielectric surface is a limiting mechanism for the proposed theory. The Threshold intensity for 

the dielectric breakdown of the glass surface with Nd: YAG laser is 7 × 1014 W cm2⁄ ,  hence,  

this theory is applicable for intensity ≤ 7 × 1014 W cm2⁄ . By exploiting this condition of 

resonance ω = ωP√(1 − b0) 2ϵr⁄ + (ωc
2 ωp

2⁄ ) for values of non-uniformity parameter and 

magnetic field, one can enhance the normalized THz amplitude. In our analysis, we have also 

analyzed the variation of THz amplitude with the inter-tube separation of CNTs, radii of 

CNTs, density of CNTs, and static D.C. electric field. Thus, our results show that CNTs can 

be very helpful in providing highly efficient and compact sources of THz generation. 
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Chapter 5 

Resonant THz generation by cross-focusing of Gaussian beams in 

the array of vertically aligned anharmonic and magnetized CNTs. 

5.1. Introduction 

In the contemporary technical world, terahertz technology has explored many new research 

opportunities in various potential fields like imaging [1, 2], medicine [3] biological chemical 

sensing [4], communication [5], and explosive detection [6]. The numerous schemes for THz 

generation have been introduced by the researchers to provide packed, compact, highly 

efficient, and reliable THz sources. To attain this, they have used different mechanisms, 

techniques, and theories. Some of these are; by applying external static and wiggler magnetic 

fields on the array of CNTs [7, 8], by nonlinear mixing of lasers [9], by using filamentation 

under the influence of external magnetic and electric fields applied at the right angle to each 

other [10], by using laser coupling to anharmonic CNTs array [11] and by using a thin 

semiconductor slab under the influence of the external magnetic field [12]. The CNTs have 

extraordinary thermal and electrical conductivity with the advantage of compact size, which 

makes these nanotubes effective and reliable THz sources. Titova et al. [13] have shown the 

THz generation by using single-walled carbon nanotubes (SWCNTs) with femtosecond lasers. 

Ahmad et al. [14] generated THz radiation from multi-ion plasmas by using two-color laser 

self-focusing. The study of the cross-focusing in collisional plasma in the presence of a static 

external electric field has a significant impact on the THz generation [15]. The intense laser 

beams can undergo cross-focusing in the plasma by the various nonlinear interaction 

mechanisms. Akhmanov et al. [16] and Sodha et al. [17] have provided the theoretical models 

to study the self-focusing of intense laser beams in the plasma by applying an external 

magnetic field and without applying the magnetic field. Sharma [18] has studied the self-

focusing and filamentation of the laser beam in plasma under the effect of the external static 

magnetic field. The effect of external magnetic field on the cross focusing of two co-
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propagating Gaussian laser beams in plasma has been studied and it was observed that the 

focusing of one beam affects the other and vice versa [19-22]. 

In this chapter, we have proposed a theoretical model for THz generation by irradiating two 

cross-focused and co-propagating Gaussian laser beams on vertically aligned hollow 

anharmonic CNTs in the presence of an external static magnetic field (shown in Fig.5.5.1). 

The array of CNTs is embedded on the glass dielectric surface, having a refractive index of 

2.5. This array is synthesized by using the plasma-enhanced chemical vapor deposition 

(PECVD) method. The CNTs are coated with non-conductive polymer to suppress the mutual 

interactions of CNTs and to enhance the THz generation. The mutual interactions between 

laser beams, THz radiations, and CNTs in the form of plasma can decrease the efficiency of 

output THz radiations. Therefore THz efficiency has been calculated by using optimized CNT 

and Gaussian laser beam parameters including the mutual effects.  Each CNT is characterized 

by inner radius a, outer radius b, length L, and free-electron density n0 corresponding to the 

plasma frequency ωP = (n0e
2 mε0⁄ )1 2⁄ , where e and m represent electronic charge and rest 

mass respectively. In the array, there are 𝑛c  number of CNTs per unit area given by 𝑛c =

1 d2⁄ , where d is the inter-tube distance.  A single-walled CNT is used as a hollow cylinder in 

most of the experimental works [23] but as far as the response of this CNT towards the 

electric and magnetic fields of laser is concerned, it behaves like a solid cylindrical tube [24]. 

The static magnetic field is applied mutually perpendicular to the direction of co-propagation 

and polarization of laser beams. The ponderomotive force acts on the electrons of CNTs to 

produce nonlinearity and the plasma of CNTs gets rearranged along the direction of the 

applied static magnetic field. This nonlinearity carries the main responsibility to produce the 

cross-focusing of laser beams in the magnetized collisional plasma.  

5.2. Proposed Model for THz generation by cross-focusing of Gaussian beams in the 

array of vertically aligned anharmonic and magnetized CNTs. 

In the proposed scheme, we consider two Gaussian laser beams with slightly different 

frequencies (ω1, ω2) and wavenumbers (k1, k2), polarized along x-direction and co-

propagating along z-direction. The static magnetic field B is applied along the y-direction that 
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is mutually perpendicular to the direction of propagation of lasers and the axis of CNTs. The 

electric field profiles of laser beams are provided as  

E⃗ j = x̂Ejx0e
−𝑖(kjz−ωjt);  j = 1, 2.                                                                                           (5.2.1)                                                                                                

where, Ejx0 represent the amplitude of the electric fields of the laser beams. kj = ωj √ϵj c⁄  is 

the wavenumber of each beam, ϵj is the dielectric function of plasma and c is the speed of 

light in free space. x̂ is the unit vector along the x-axis. j represents the running index of the 

Gaussian laser beam. One can easily describe the propagation of Gaussian laser beam in the 

CNTs (in the form of plasma) by the dielectric function given as ϵj = ϵ − (ωp ωj⁄ )
2
, here ϵ is 

known as the relative permittivity of the lattice. The oscillatory velocities induced by the 

Gaussian laser beams in the electrons of CNTs can be written as 

vjx =
e[𝑖(ωj+𝑖𝑣)Ejx−ωcEjz]

m[(ωj+𝑖𝜈)
2
−ωc

2]
  and  vjz =

e[𝑖(ωj+𝑖𝑣)Ejz+ωcEjx]

m[(ωj+𝑖𝑣)
2
−ωc

2]
, 

where, ωc = eB m⁄  and 𝜈 represent the cyclotron frequency and collision frequency 

respectively. The collision frequency 𝜈 of electrons is lesser than ωj and ωc.  E⃗ jx and E⃗ jz are the 

electric field components of laser beams along the x-axis and z-axis. 

The electric permittivity shows anisotropic behavior under the dominion of static magnetic 

field and hence, acts as an anisotropic tensor. It can be represented by the following equation  

ϵj = |

ϵjxx ϵjxy ϵjxz
ϵjyx ϵjyy ϵjyz
ϵjzx ϵjzy ϵjzz

|.                                                                                                         (5.2.2)                    

The various components of this anisotropic tensor are as:  

ϵjzy = ϵjyz = ϵjxy = ϵjyy = ϵjyx = 0,  ϵjxx = ϵjzz = 1 −

ωP
2(ωj + 𝑖𝜈) ωj [(ωj + 𝑖𝜈)

2
− ωc

2]⁄  and ϵjxz = −ϵjzx = − iωcωP
2 ωj [(ωj + 𝑖𝜈)

2
− ωc

2]⁄ . 
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Both the Gaussian lasers exert static ponderomotive force as well as beat frequency 

ponderomotive force on the electrons of CNTs. The beat frequency ponderomotive force 

carries the responsibility to generate THz radiation. The static ponderomotive force acting on 

the electrons of CNTs along the direction of the static magnetic field (y-direction) can be 

written as  

FPy = ∑  
−e2

4m[(ωj+𝑖𝜈)
2
−ωc

2]

∂

∂y
(EjxEjx

∗ + EjzEjz
∗ +

𝑖ωc

ωj
(EjxEjz

∗ − EjzEjx
∗ ))j=1,2 .                                 (5.2.3) 

To obtain the equilibrium in the system, the pressure gradient force and static ponderomotive 

force cancels out each other’s effect. Hence, there occurs change in the electron density of the 

plasma present in the form of CNTs. This change in the electron density is given by the 

relation n = n0e
− ∑ qjEjxEjx

∗
j=1,2 . The term  qj can be obtained by using the relation   Ejz =

−(ϵjxz ϵjzz⁄ )Ejx for extraordinary mode and can be written as: 

q
j
=

e2

4mKB(Te+Ti)[(ωj+𝑖ν)
2
−ωc

2]
[1 + (

ωc

ωj
)

2 ωP
4+2ωP

2[(ωj+𝑖ν)
2
−ωc

2−ωP
2(1+𝑖ν ωj)⁄ ]

[(ωj+𝑖ν)
2
−ωc

2−ωP
2(1+𝑖ν ωj)⁄ ]

2 ],                              (5.2.4) 

where, Te and Ti are the equilibrium electronic and ionic temperatures respectively. KB is 

known as the Boltzmann constant. By using Ampere’s and Faraday’s law for non-absorbing 

and non-conducting medium, the wave propagation equation in magnetized collisional plasma 

can be written as 

∇2E⃗ j − ∇(∇E⃗ j) +
ωj
2

c2
(ϵjE⃗ j) = 0.                                                                                          (5.2.5) 

One can make expansion in the dielectric tensor εj with in the PRA regime and this expansion 

is given as ϵj = ϵ0j − ϵ2jx
2 ,  where ϵ0j and ϵ2j represent the linear and nonlinear parts of the 

dielectric function. By considering the x-component of equation (5) one can write  
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∂2Ejx

∂z2
+ 2δj

∂2Ejx

∂x2
+

ϵjxz0

ϵjzz0

∂2Ejx

∂x ∂z
+

ωj
2

c2
(ϵ0j − ϵ2jx

2)Ejx = 0,                                                    (5.2.6) 

where, ϵjxx0 = ϵjzz0 = 1 − ωP
2(ωj + 𝑖𝜈) ωj [(ωj + 𝑖𝜈)

2
− ωc

2]⁄ , ϵjxz0 = −ϵjzx0 =

− iωcωP
2 ωj [(ωj + 𝑖𝜈)

2
− ωc

2]⁄ ,  ϵjzz0 ∓ ϵjxz0 = ϵj0±, and ϵ0+ϵ0− (ϵ0+ + ϵ0−)2 = δj⁄ . In these 

relations, +  and – signs used in the subscripts have their significance. The + sign in the 

subscript represents the extraordinary mode of the laser beams whereas, − sign in the 

subscript represents ordinary mode of laser beams. By assuming the solution of equation 

(5.2.6) as Ejx = Aj(x, z)e−ιkjz  and neglecting the term ∂2Ajz ∂z2⁄  (as Aj varies slowly) one can 

reduce the wave propagation equation as 

2𝑖kj
∂Aj

∂z
= 2δj

∂2Aj

∂x2 −
ωj

2

c2 ϵ2jx
2Aj.                                                                                            (5.2.7) 

One can solve the above equation (5.2.7) by using the Akhmanov et al. [16] approach as 

extended by Sodha et al. [17] and expressing the complex amplitude Aj(x, z) as Aj(x, z) =

Aje
−ιkjSj(x,z). Where Aj(x, z) and Sj(x, z) are the real function of space. By replacing the 

expression for Aj in equation (5.2.7) and separating the real and imaginary parts, one can 

write  

2 (
∂Sj

∂z
) + 2δj (

∂Sj

∂x
)

2

=
Sj

kj
2
Aj0

∂2Aj0

∂x
2 −

ωj
2ϵ2j

kj
2
c2

.                                                                             (5.2.8) 

∂Aj0
2

∂z
+ 2δj (

∂Sj

∂x
) (

∂Aj0
2

∂x
) +

∂2Sj

∂x
2 Aj0

2 = 0,                                                                                 (5.2.9) 

By using Gaussian ansatz for  Aj0
2

, one can write the intensity profile of Gaussian laser beams 

as 

Aj0
2 = 

Ejx00
2

fj
e
−(x2/rj0

2 fj
2)

,                                                                                                      (5.2.10) 

where, fj is known as the normalized dimensionless beam width parameter as a function of the 

distance of propagation z in the paraxial regime. It is used to determine the beam width profile 
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and spot size of laser beams when propagating through the plasma of CNTs.  The term rj0 

represents the radii of Gaussian laser beams. The electric field amplitude is represented 

as Ejx00
2  and the amplitude of eikonal Sj  (in paraxial ray approximation) is given as Sj =

(x2 2⁄ )β
j
(z) + ϕ

j
(z), where  ϕ

j
(z)  is the phase factor and β

j
(z) is known as the wavefront of 

the laser beam. The value of β
j
(z) is represented by the relations β

j
(z) = (1 2δj fj⁄ ) ∂fj ∂z⁄  . 

One can obtain the following equation for the dimensionless beam width parameter fj by 

substituting the values of Aj0
2

 and Sj in equation (5.2.9). 

d
2
fj

dζ
2 = 4δj

2 1

fj
3 − kj

2
rj0
4 f

j
ϵ2j,                                                                                                     (5.2.11) 

where, ζ = z kj⁄ rj0
2  is known as normalized distance. Equation (5.2.11) represents the 

convergence or divergence character of laser beams in the collisional plasma of CNTs when 

the magnetic field is applied along the y-direction. The values of ϵ0j and ϵ2j can be obtained by 

using the relation ϵj = ϵ0j − ϵ2jx
2 .   

ϵ0j = 2δj(ϵj0+ + ϵj0−) + 2 (
ϵj0+

ϵj0++ϵj0−
)
2

(
ωP

2

ωj((ωj+𝑖𝜈)+ωc)
)(1 +

((ωj+𝑖𝜈)+ωc)εj0−
2

((ωj+𝑖𝜈)−ωc)εj0+
2

) (1 −

e−q1E1x00
2 f1⁄ −q2E2x00

2 f2⁄ ).             (5.2.12)                                                             

ϵ2j=2(
ϵj0+

ϵj0++ϵj0−
)
2

(
ωP

2

ωj((ωj+𝑖𝜈)+ωc)
)(1 +

((ωj+𝑖𝜈)+ωc)εj0−
2

((ωj+𝑖𝜈)−ωc)εj0+
2

)(
q1E1x00

2

r10
2 f1

3 +
q2E2x00

2

r20
2 f2

3 ) e−q1E1x00
2 f1⁄ −q2E2x00

2 f2⁄ .     (5.2.13)                                   

The electrons of CNTs in the presence of static magnetic field experience a non-linear 

ponderomotive force at beat frequency ω = ω1 − ω2 and corresponding wave number k =

 k1 − k2. One can calculate the ponderomotive force at this beat wave frequency and it is 

given as 

F⃗ PM = −
e2∇(E⃗ 1E⃗ 2

∗
)

2m(𝑖ω1+ν)(−𝑖ω2+ν)
;   E1E2

∗ = (1 −
ϵ1xz0ϵ2xz0

∗

ϵ1zz0ϵ2zz0
∗ ) E1x0E2x0

∗ e−𝑖(kz−ωt).                               (5.2.14) 
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As the static magnetic field is applied along the y-axis, therefore x and z component of the 

beat frequency ponderomotive force (FPMx  and FPMz) can be expressed as:  

FPMx =
e2E1x00E2x00

2m(𝑖ω1+ν)(−𝑖ω2+ν)√f1f2
(1 −

ϵ1xz0ϵ2xz0
∗

ϵ1zz0ϵ2zz0
∗ ) (

x

r10
2 f1

2 +
x

r20
2 f2

2) e

−x2

2
(

1

r10
2 f1

2+
1

r20
2 f2

2)−𝑖(kz−ωt)
.          (5.2.15)                          

FPMz =
e2E1x00E2x00

2m(𝑖ω1+ν)(−𝑖ω2+ν)√f1f2
(1 −

ϵ1xz0ϵ2xz0
∗

ϵ1zz0ϵ2zz0
∗ ) {(

1

2f1

df1

dz
+

1

2f2

df2

dz
) − x2 (

1

r10
2 f1

3

df1

∂z
+

1

r20
2 f2

3

df2

dz
) +

ik} e
−

x2

2
(

1

r10
2 f1

2+
1

r20
2 f2

2)−𝑖(kz−ωt).
                                                                                                (5.2.16) 

 

Fig.5.2.1 Schematic of THz generation by the interaction of Gaussian laser beams with vertically aligned 

anharmonic carbon nanotube array in the presence of an external static magnetic field. 

These incident lasers (cross-focusing) interact with the array to ionize the atoms of CNTs and 

provide oscillatory velocities to the free electrons of CNTs. The electrons of the plasma (in 

the form of CNTs) get shifted away from the ion cylinder with a displacement of Δ⃗⃗  . When  

the displacement of the electrons is perpendicular to the axis of CNTs, there is a creation of  

space charge electric field. The upper cross-sectional view of this field is shown in figure 

2.6.1, as the overlapped region of the electron and ion cylinders. The net space charge electric 

field E⃗⃗ s is calculated as the vector sum of the space charge electric field due to ion and 

electron cylinders ( E⃗ ion and E⃗ ele  ) and given by the relation E⃗⃗ s = E⃗⃗ ion + E⃗⃗ ele. Following 

Kumar et al. [25] one can calculate this net space charge electric field at the point (r, φ, z) as 
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E⃗⃗ s =
n0e(r

2−a2)

2ϵ

r 

r2
−

n0e

2ϵ0
[|r − ∆⃗⃗ |

2
− a2] [

r −∆⃗⃗ 

|r −∆⃗⃗ |
2],                                                                  (5.2.17) 

where ϵ is the electric permittivity of the lattice. The displacement of the electrons parallel to 

the CNT axis is zero but non-zero along the perpendicular direction (x-axis). Therefore, the 

expression of x-component of space charge electric field can be derived from Eq. (5.2.17), 

Esx =
n0e

2ϵ
[(1 +

a2

r2
) ∆x + (

5cosφ

r
+

4cos2φ

r
−

(r2−a2)

r3
cosφ) ∆x

2].                                             (5.2.18) 

Corresponding to the x-component of space charge electric field, the restoring force for the 

electrons of the CNTs along the x-axis can be written as 

 Fsx =
−n0e

2

2ϵ
[(1 +

a2

r2
) ∆x + (

5cosφ

r
+

4cos2φ

r
−

(r2−a2)

r3
cosφ) ∆x

2].                                         (5.2.19) 

Due to the presence of anharmonicity in the CNTs, the restoration force for the electrons of 

CNTs is not equal. Some of the electrons of CNTs experience a weak restoration force, 

whereas others experience a strong restoration force. Hence, by using standard integration 

procedure one can easily calculate the average value of restoration force for various electrons 

over φ and r  to obtain its corresponding linear (FLsx) and nonlinear components ( FNLsx). 

With the help of equation (2.6.10) the net average restoration force of the electrons of CNTs is 

given by 

〈FLsx〉 + 〈FNLsx〉 =
−mωP

2

2ϵr
∆x[1 + β + α∆x],                                                                      (5.2.20) 

 where, β = 2 loge(
b

a⁄ ) (b2 a2 − 1⁄ )⁄  is known as a characteristic parameter and  α = 4/(b+

a) is known as anharmonicity factor. Both the α and β are responsible for nonlinear mixing in 

the response of electrons of CNTs. The numerical values of both α and β depend upon the 

chosen dimensions of CNTs. The equations governing the displacement of the electrons of 

CNTs in the presence of space charge restoration force, Ponderomotive force, and the 

magnetic force is given as  

d2∆x

dt2
+

ωP
2

2ϵr
(1 + β + α∆x)∆x + ν

d∆z

dt
 −

eB

m

d∆z

dt
= −

FPMx

m
.                                                       (5.2.21) 

d2∆z

dt2
+ ν

d∆z

dt
+

eB

m

d∆x

dt
= −

FPMz

m
.                                                                                             (5.2.22) 
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On solving equations (5.2.23) and (5.2.24), one can find the value of ∆z and ∆x as 

Δz =
(ω2−

ωP
2

2ϵr
(1+β)+𝑖υω)FPMz−ωωc FPMx

m(ω2+𝑖υω)(ω2−
ωP

2

2ϵr
(1+β)+𝑖υω−

ω2ωc
2

(ω2+𝑖υω)
)

                                                                              (5.2.23) 

 Δx =
(ω2+𝑖υω)FPMx+𝑖ωωc FPMz

m(ω2+𝑖υω)(ω2−
ωP

2

2ϵr
(1+β)+𝑖υω−

ω2ωc
2

(ω2+𝑖υω)
)

.                                                                            (5.2.24) 

As the plasma electrons of the CNTs show displacements along the x-direction and z-direction 

( ∆x and Δz), therefore they start oscillating with THz oscillatory velocity,  vx = −𝑖ω∆x 

andvz = −𝑖ω∆z.  

vx = −𝑖ω
(ω2+𝑖υω)FPMx+𝑖ωωc FPMz

m(ω2+𝑖υω)(ω2−
ωP

2

2ϵr
(1+β)+𝑖υω−

ω2ωc
2

(ω2+𝑖υω)
)

 .                                                                     (5.2.25) 

vz = −𝑖ω
(ω2−

ωP
2

2ϵr
(1+β)+𝑖υω)FPMz−ωωc FPMx

m(ω2+𝑖υω)(ω2−
ωP

2

2ϵr
(1+β)+𝑖υω−

ω2ωc
2

(ω2+𝑖υω)
)

.                                                                      (5.2.26) 

The nonlinear current density corresponding to the oscillatory velocity of CNT electrons can 

be expressed by using the relation   JNL = −enqv, where nq = nq0e
−𝑖qz ,   nq0 is known as the 

amplitude and q as the wavenumber of the ripple density. This current density has a finite 

value over the CNT cross-section π(b2 − a2) whereas, over the area d2
 (d is known as the 

intertube-separation distance between the consective CNTs arranged in the array) nonlinear 

current density becomes zero. Therefore, one has to calculate the average value of  THz 

nonlinear current density over the array. This average nonlinear current density is given by the 

relation  

   JNL = −πenq0nc(b
2 − a2)v.                                                                                          (5.2.27) 

 By using the above relation (5.2.27), x and z components of nonlinear current density are, 



95 

 

J
x
NL = 𝑖ωπ(b2 − a2)ncenq0

(ω2+𝑖υω)FPMx+𝑖ωωc FPMz

m(ω2+𝑖υω)(ω2−
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.                                           (5.2.28) 

J
z
NL = 𝑖ωπ(b2 − a2)ncenq0

(ω2−
ωP

2

2ϵr
(1+β)+𝑖υω)FPMz−ωωc FPMx

m(ω2+𝑖υω)(ω2−
ωP

2

2ϵr
(1+β)+𝑖υω−

ω2ωc
2

(ω2+𝑖υω)
)

.                                           (5.2.29) 

The above calculated nonlinear current density Jx
NL provides its contribution to the THz 

generation. It is obvious from the following standard wave propagation equation (derived 

from Maxwell’s equations)  

∇2E⃗⃗ TH − ∇(∇. E⃗⃗ TH) =
4π

c2

∂

∂t
(j 

NL
) +

1

c2

∂2E⃗⃗ TH

∂t
2 ,                                                                   (5.2.30) 

where, E⃗⃗ TH is the THz field produced by the THz radiations. It varies as 

 E⃗⃗ TH = x̂E⃗⃗ TH0(x, t)e−i(kz−ωt).                                                                                         (5.2.31) 

On solving the above equation (5.2.30), by neglecting the term ∇(∇. E⃗⃗ TH), one can write the 

following equation of THz electric field  
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                                                                                                                                         (5.2.32)         

The phase-matching condition demands that 

k=√ 
ω

c
{1 −

ωP
2

ω2 (
ω(ω(ω+𝑖𝜐)−ωP

2)

(ω+𝑖𝜐)(ω(ω+𝑖𝜐)−ωP
2 )−ωωc

2)}.                                                                    (5.2.33)                                                                                                                                                                      
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Finally, the normalized equation for the electric field amplitude of THz radiation is obtained 

as 

∂

∂ζ
(

ETHx0

E2x00
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,                                                                                                                                        (5.2.34) 

where,  D1 = (1 +
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𝑖𝜐
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2
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2

ω2 
(1 +

𝑖𝜐
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),  x1 = x r10⁄ , and  x2 = x r20⁄ . 

As the efficiency of the generated terahertz radiation plays a very significant role in many of 

the THz applications. So, we have to calculate the efficiency of emitted THz radiation. The 

efficiency of THz radiation is defined as the ratio of the energy of generated THz radiation 

(WTHx) to the energy of the incident Gaussian laser beams (WL) . The average energy per unit 

volume associated with electromagnetic radiations is given as 

WE𝑖 =
∈

8π

∂

∂ω𝑖
[ωi (1 − (

ωp

ω𝑖
)
2

)] 〈|E𝑖|
2〉.                                                                           (5.2.35)                                                                              

By using equation (5.2.35) we can calculate the efficiency of THz radiation. The efficiency 𝜂 

of the THz radiation is given by the relation 

η =
WTHx

WL
=

ϵ|ETHx|2

ϵ1E1x00
2 +ϵ2E2x00

2 .                                                                                           (5.2.36)                               
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When the energy transferred from the Gaussian laser beams to the THz radiation is of a small 

order then the above-mentioned equation (5.2.36) is correct. This means equation (5.2.36) is 

valid for the THz generation with small efficiency (η ≪ 1). Following Bakhtiari et al. [26], if 

the THz generation efficiency is not small, we have to use a self-consistent method by 

considering the mutual interaction between the incident laser beams, generated THz radiation, 

and CNTs in the form of plasma. With the help of equation (5.2.36), the energy density of 

THz radiation emitted in the plasma is given by the relation WTHx = ηWL. This is known as 

first-order density reduction of Gaussian laser beams due to the THz generation. As a result of 

this reduction, one can write the energy density of Gaussian laser beams and THz radiation by 

using first-order correction, and is given as WL1 = (1 −  η)WL and WTHx1 = η1WL 

respectively. Here, η1 = η(1 −  η) is known as THz radiation efficiency with first-order 

correction.  Similarly, the energy density of Gaussian laser beams and THz radiation up to 

second-order corrections are given as WL2 = (1 − η1)WL and WTHx2 = η2WL respectively. 

Here, η2 = η(1 − η1) is the efficiency up to second-order correction. Continuing in this way, 

we can obtain WTHxn =  ηnWL, here ηn = η(1 − ηn−1). This recursion formula results in a 

series, which converges to the given relation η, = η (1 + η)⁄ . By using this relation, for the 

specified parameters of laser-plasma, CNTs, and the optimized value of the normalized 

density ripple (nq0 n0 ⁄ )=0.3,  the conversion efficiency is of the order of  2.36 × 10−2. 

Here, the mutual interactions between lasers, THz radiations, and CNTs in the form of plasma 

have been included. If we calculate the THz generation efficiency by neglecting these 

interactions then for the specified parameters of laser-plasma and CNTs, the conversion 

efficiency increases slightly and becomes of the order of  2.4 × 10−2. Hamster et al. [27] and 

Kim et al. [28] have provided the efficiency of 10−5 in their model of THz generation as 

compared to the efficiency of 0.0236 provided in our case. On the basis of conversion 

efficiency, we can say that the present analysis of cross-focusing of two Gaussian laser beams 

in the array VA-CNTs provides a better alternate scheme for the efficient THz generation. 
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5.3. Graphical Analysis and Observations 

One can solve the equation (11) numerically by using Runge-Kutta (RK) method. For this 

purpose, the following initial conditions are employed (i) f1|ζ=0 = f2|ζ=0 = 1.   (ii)  
𝑑𝑓1

𝑑ζ
|
ζ=0

=

 
𝑑𝑓2

𝑑ζ
|
ζ=0

= 0. To investigate the quantitative mathematical analysis, we have preferred the 

following specified parameters of laser-plasma and CNTs: ω1 = 2.40 × 1014rads−1, ω2 =

2.10 × 1014rads−1, λ1 = 0.800  μm, λ2 = 0.700  μm, the intensity of both laser beams 

I1~I2 =  1014 𝑊cm−2, radii of both laser beams r10 = 20 μm and r20 = 40 μm. The inner and 

outer radii of CNTs are 40 nm and 80 nm respectively. The inter-tube separation between the 

CNTs is d =  60 nm in the array.  The variation of dimensionless beam width parameters  f1 

and f2 of two laser beams (characterized by q
1
E

1x00

2 = 0.4 and q
2
E

2x00

2 = 0.60)  with 

normalized distance ζ  is depicted in Fig. 3. From the curves, it is observed that at the start of 

the journey, the laser beams tend to converge. After covering a small distance, in the direction 

of propagation, laser beams tend to diverge. This is because of the energy attenuation due to 

the collisions and anharmonicity between the plasma electrons of CNTs. As a result of this 

energy attenuation, the laser beams are unable to propagate longer distances in the CNTs 

From fig. 5.3.1, we also observe that both laser beams when propagating through the 

magnetized CNTs, the focusing of one laser beam is guided by the other and vice versa. 

Hence, the mutual guidance between the two lasers results in the phenomenon of cross 

focusing of the lasers. A similar observation was also made by Sodha et al. [29] in their work 

of cross-focusing of Gaussian lasers in the collisional magnetoplasma. It is also observed that 

the focusing of both the Gaussian laser beams increases with the increase of the static 

magnetic field. The same behavior has been observed by Singh and Sharma [30] in their study 

of THz generation by using two cross-focused Gaussian lasers. 
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The variation of normalized THz field amplitude with normalized distance  𝛇 at the optimized 

value of static magnetic field 330 kG is shown in Fig. 5.3.2. From the graph, it is quite evident 

that normalized THz amplitude shows an oscillatory behavior and exhibits maxima and 

minima with the normalized distance of propagation ζ. The normalized THz amplitude shows 

maxima at the point where the laser beams are cross-focused. Therefore, a very important role 

is played by the cross focusing of the lasers in the enhancement of the THz amplitude. The 

normalized THz field obtained in the present scheme is more as compared to some other 

schemes [31, 32]. 

 

Fig. 5.3.1 Variation of the beam width parameter 𝐟𝟏 and 𝐟𝟐 with normalized distance 𝛇, when both laser 

beams are present at the optimized value of static magnetic field 𝟑𝟑𝟎 𝐤𝐆. 
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Figure 5.3.2 Variation of normalized THz field amplitude with normalized distance 𝛇, at the optimized 

value of the static magnetic field. 

Figs. 5.3.3(a) and 5.3.3(b) depict the three-dimensional variation of normalized THz field 

amplitude in the radial x r10⁄  and axial direction ζ, at the optimized value of static magnetic 

field 330kG, with and without (i. e., f1(ζ) = 1, f2(ζ) = 1) cross focusing respectively. From 

the plot, it is evident that the normalized THz amplitude attains maximum value along the 

direction of co-propagating laser beams and decreases along with the radial distance. The 

normalized THz amplitude shows oscillatory behavior with the normalized distance of 

propagation ζ. From the Figs. 5.3.3(a) and 5.3.3(b), it is clear that normalized THz amplitude 

increases by approximately 4.6 times with cross focusing as compared to, without cross 

focusing. This is because, with the focusing of the beam, the intensity of the beam increases 

and results in the enhancement of the normalized THz amplitude. A similar result has also 

been observed by Sharma and Singh [15] due to cross-focusing in collisional plasma. Thakur 

et al. [20] has also shown such amplitude enhancement of THz radiation in carbon 

nanoparticles, in the presence of cross focusing. In Fig. 5.3.3(a), the peak at ζ = 4.7 is 

observed to have a maximum normalized amplitude as compared to other peaks. At the 

normalized distance of propagation ζ = 4.7, both the laser beams are cross-focused, because 

of which their intensities increase. This results in a significant enhancement in the normalized 

THz amplitude. A similar result has been  

 

Figure 5.3.3 Variation of normalized THz field amplitude with normalized distance 𝛇 and 𝐱 𝐫𝟏𝟎⁄  at the 

optimized value of static magnetic field (a) with cross focusing (b) without cross focusing 
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shown by Singh and Sharma [31] by using the cross-focusing of two laser beams in the THz 

generation.  Figs. 5.3.4(a), 5.3.4(b), and 5.3.4(c) illustrate the variation of normalized THz 

amplitude with x r10⁄  and ζ, at various values of applied static magnetic field (B =

330 kG,240 kG, and140 kG). The variation of normalized THz amplitude has also been 

shown by the 2D graph in figure 5.3.4(d). The values of other corresponding parameters are 

kept the same as that of Fig. 5.3.3(a). From these three graphs, it is observed that the 

normalized THz amplitude increases with the increase of the magnetic field. This is because 

of the increase in the ponderomotive nonlinearity in the direction of the applied static 

magnetic field. The normalized THz amplitude attains its peak value in Fig. 5.3.4(a), at the 

frequency ω = ωP√(1 + β) 2ϵr⁄ + (ωc
2 ωP

2⁄ ).  This is known as the resonance point 

condition. The optimized value of static magnetic field corresponding to this resonance point 

is 330 kG. It is because of the significant increase in the ponderomotive nonlinearity in the 

system. Similar results have been shown by Sharma and Singh [33] in their study of THz 

generation by the cross-focused lasers in magnetized plasma. 
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Fig. 5.3.4 Variation of normalized THz field amplitude with normalized distance 𝛇 and 𝐱 𝐫𝟏𝟎⁄  at various 

values of static magnetic field (a) 𝟑𝟑𝟎 𝐤𝐆 (b) 𝟐𝟒𝟎 𝐤𝐆 (c) 𝟏𝟒𝟎 𝐤𝐆 and (d) shows 2D variation. 

The variation of normalized THz field amplitude with normalized distance  ζ and x r10⁄  at the 

optimized value of applied static magnetic field 330 kG, for various values of CNTs outer 

radii (b = 60 nm, 70 nm, and 80 nm) has been illustrated in Figs. 5.3.5(a), 5.3.5(b), and 

5.3.5(c).  The same variation has been shown by the 2D graph in 5.3.5(d). The inner radius of 

each CNT in the array is kept constant (a = 40 nm). The values of other corresponding 

parameters are kept the same as that of Fig. 5.3.3(a). Corresponding to these dimensions of 

CNTs, respective characteristic parameters, and anharmonicity factors are given as: (β =

0.648, α = 0.04 nm−1), (β = 0.542,α = 0.036 nm−1), (β = 0.462,α =

0.031 nm−1) and (β = 0.398, α = 0.0296 nm−1).  From the graphs, it is clear that 

normalized THz amplitude rises with the increase of the value of the characteristic parameter 

(α) and anharmonicity factor (β). Therefore, normalized THz amplitude attains maximum 

value in Fig. 5.3.5(a).  

 

Fig. 5.3.5 Variation of normalized THz field amplitude with normalized distance 𝛇 and 𝐱 𝐫𝟏𝟎⁄  at the 

optimized value of static magnetic field 𝟑𝟑𝟎 𝐤𝐆  for various values of CNT radii (a) 𝟔𝟎 𝐧𝐦  (b) 𝟕𝟎 𝐧𝐦 (c) 

𝟖𝟎 𝐧𝐦 𝐚𝐧𝐝 (d) shows 2D variation. 
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The physics behind this can be explained as with the increase in the value of α and β, there is 

more absorption of laser beams by the electrons of CNTs and hence, an increase in the 

nonlinearities of the system. This results in a significant enhancement in the THz amplitude of 

the radiation. Such dependence of normalized THz amplitude on the dimensions of CNTs has 

been shown by Vij et al. [7] in resonant THz generation through CNTs by applying a wiggler 

magnetic field. In their experimental work, Watanabe et al. [34] has also shown the 

dependence of the THz electric field on the radii of CNTs. In this experiment, they generated 

intense THz pulse excitons by using CNTs. 

The variation of normalized THz amplitude with normalized distance ζ and x r10⁄  at the 

optimized value of applied static magnetic field 330 kG, for various values of inter-tube 

separation (d = 60 nm, 70 nm, and 80 nm) is illustrated in Figs. 5.3.6(a), 5.3.6(b), and 5.3.6(c). 

 

Fig. 5.3.6 Variation of normalized THz field amplitude with normalized distance 𝛇 and 𝐱 𝐫𝟏𝟎⁄  at the 

optimized value of magnetic field 𝟑𝟑𝟎 𝐤𝐆 for various values of inter-tube separation distance (a) 𝟔𝟎 𝐧𝐦 

(b) 𝟕𝟎 𝐧𝐦 (c) 𝟖𝟎 𝐧𝐦 𝐚𝐧𝐝 (d) shows 2D variation. 
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The same has been shown by the 2D graph in 5.3.6(d). The values of other corresponding 

parameters are kept the same as that of Fig. 5.3.3(a). From Fig. 5.3.6, it is clear that the 

normalized THz amplitude shows maxima at the lower value of inter-tube separation. The 

normalized amplitude attains maximum value in the case of Fig. 5.3.6(a).  This is because at 

the lower value of inter-tube separation, the number density of CNTs increases. This increases 

the nonlinearities of the array of CNTs behaving as plasma. Parashar and Sharma [35] have 

shown similar results in their theoretical study of THz generation through CNTs by using 

optical rectification. 

 

5.4 Conclusion 

In this proposed scheme, the THz generation is well enhanced by the cross focusing of two 

Gaussian laser beams in the vertical array of CNTs, under the influence of the static magnetic 

field. The nonlinear coupled differential equations have been derived by using PR and WKB 

approximation, to discuss the beam width parameters of laser beams. The focusing of each 

beam depends upon the applied static magnetic field and intensity of each laser beam. The 

normalized THz amplitude shows significant enhancement with the increase of cross-focusing 

as compare to the case without cross-focusing. It is also observed that the normalized THz 

amplitude shows significant variation with the change of the values of the magnetic field, radii 

of CNTs, inter-tube separation, and density of CNTs in the array, by considering the 

anharmonicity. 
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Chapter 6 

 Future Prospective and Scope 

6.1. Future prospective and Scope 

To enhance the efficiency of terahertz radiation along with its intensity, amplitude, power, 

directionality, compactness, and tunability, we have provided the various neoteric schemes in 

the proposed research work analysis. We have introduced anharmonicity in the CNTs along 

with laser and plasma interactions to obtain an appreciable gain in the THz yield. Also, we 

have optimized the various parameters of the laser, plasma, and CNTs such as plasma density, 

polarization, modulation index, beam width parameter, initial laser intensity, the inner radius 

of CNTs, outer radius of CNTs, number density of CNTs, and inter-tube separation between 

the consective CNTs in the array, etc. to obtain enhanced efficiency of THz output. THz wave 

propagation equation, equation of continuity, the ponderomotive force equation has been 

derived along with nonlinear current density. Also, the role of transverse density ripple, 

anharmonicity, externally applied static magnetic and electric fields has been elaborated in 

different schemes of the present thesis. The conclusion of the significant results obtained from 

the presented schemes has already been explained in the last section of the particular chapter. 

The results obtained from our present theoretical work provide a mathematical guideline for 

generating compact, efficient, and cost-effective sources of THz radiation. Thus THz sources 

developed in our research work will have a significant effect on the wide-ranging potential 

utilizations in various fields of scientific research and technology. In this way, this research 

work can be successful in attracting inter-disciplinary and cross-disciplinary researches. With 

this, THz science and technology can make great advancements in every field.  So, the 

proposed work in the thesis is expected to have significant impacts on the THz high field 

community, condensed matter researchers, and other multiple research communities that will 

take advantage of the capabilities of this new source of THz radiations. The proposed novel 

unprecedented THz source opens up the following new opportunities:- 

6.2. THz Community 
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In the proposed research work, an unconventional and unorthodox scheme is developed by 

using CNTs to obtain the novel THz source to generate efficient THz radiations. This novel 

THz source can provide excellent support in upgrading the THz applications. It can also 

provide a helping hand in making more understanding of nonlinear effects involving THz-

matter interactions. This can also open up the doors for many unrevealed nonlinear effects. 

6.3. Ultra intense THz-Plasma interactions 

The generation of THz radiations from relativistic laser-plasma interactions is one of the 

emerging research areas of high-energy-density physics. The extreme THz pulses offer a new 

long-wavelength pump light source capable of driving strong-field physics, opening a door for 

a new branch of research known as ultra-intense THz-plasma interactions. 

6.4. Modern Condensed Matter Physics 

 It is defined as the branch of physics that deals with the various physical properties of solid 

and liquid phases. These properties are due to the presence of electromagnetic forces between 

the atoms of the solid and liquid phases. THz applications in phase transition and spintronics 

are also the most active research areas of modern material science. The average energy of the 

THz photon (4.2 meV) is comparable to the energy of excitons, magnons, and phonons in 

various systems. Thus, THz technology acts as an anchor to control transient states of matter 

such as photonics, spintronics, etc. The novel THz sources can be used in the research work of 

previously inaccessible transients in materials. 

6.5. Material Science and Strong Field Physics 

During the laser-plasma interactions in the array of VA-CNTs or HA-CNTs, the generation of 

THz radiations is also accompanied by some highly energetic particles and radiations. Most of 

the time, these highly energetic particles and radiations are electrons, neutrons, positive ions, 

negative ions, x-rays, γ-rays, etc. By using these additional particles and radiations, we can 

develop a multipurpose THz pump, x-ray probe, THz probe. These pumps and probes can be 

further used in many applications of material science and strong-field physics. 
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6.6. Particle Physics 

The highly energetic THz radiations produced by powerful and efficient THz sources can be 

used to accelerate electrons in accelerators. Such accelerators can be further used in many 

investigations of particle physics. This can also help reduce the size of high-energy particle 

accelerators.  

6.7. THz Astronomy 

THz observations of interstellar atoms, molecules, and dust serve as powerful probes of the 

conditions within the interstellar medium that spreads all our the galaxy, providing insights 

into the origins of far away stars, planets, galaxies, and the Universe. By using THz radiation, 

one can make a cross-disciplinary approach to the subject. THz Astronomy can help in 

 exploring the new rapidly evolving fields. 

Researchers from the fields of chemistry and biology are likely to use such a THz source as a 

unique and powerful research tool to investigate chemo-catalysis and hydration, respectively. 
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