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Abstract

The dynamics of any system, whether mechanical, electrical, thermal, economical,
biological and so on, may be described in terms of difference or differential or integral
equations. Such equations may be obtained by using physical laws governing a
particular system, for example, Newton’s laws for mechanical systems, Kirchhoff’s
laws for electrical systems, etc. We should continually keep in mind that deriving a
reasonable, if not the best, mathematical model is an essential part of the complete
analysis of any system.

The modelling assumes many different forms. Depending on the particular system
and circumstances, one model may be better suited than others in given conditions. For
example, using the state-space model in the optical control modelling is advantageous.
On the other hand, the transfer function representation may be more convenient than
any other for a transient response or the frequency response analysis of single-input-
single-output, linear time-invariant systems. After developing the mathematical model
of a system, various analytical and computational tools can be used for analysis and
synthesis purposes.

Models of any system in science come in a wide variety of forms. The well-known
modelling expert, Babour G. lan, lists four types of models in his extensive discussion
of models. According to him, different modelling types are categorised under one of
the following methods: material model, mathematical models, logical models,
theoretical models. The simplified scaled-down or up miniatures, e.g., the wind tunnels,
hydrodynamic models or analogue models, e.g., an electric circuit having the same
behaviour as a mechanical system of springs & dampers, are available in the literature.
They are helpful when it is too difficult to experiment on the actual system or when the
mathematical equations are unknown or too complex to solve. Some models can
be better than others, but that model also gives an idea of the functioning of the physical
behaviour of the system. The model is a mental construct of the physical behaviour of
any system.

A set of equations describes the mathematical model of a system’s behaviour’s

functioning. We focus on developing dynamic models that will ultimately result in
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differential equations. How to represent such differential equations in the form of a
block diagram? It is not possible to develop a precise model of any Physical system.
Many processes cannot be modelled even. So Model error or model uncertainties
occur. Even if a model describes a part of the reality, it can be very useful for analysis
and design if it describes the dominating dynamic properties of the system. Some
models are based on the physical principles of the system. Models can also be
developed from experimental (historical) data. This way of mathematical modelling is
called system identification.

Most of the books on electronic circuits deal with the analysis of various types
of passive and active circuits (containing BJTs, FETs, MOSFETs, and Operational
Amplifiers) in the conventional way of replacing the BJTS, FETs, MOSFETSs, and
Operational Amplifiers by its small-signal equivalent circuits. Then the well-known
tools of KCL, KVL, Thevenin’s, Norton’s etc., are taken to advantage for the solution
of the given network. Chirlian. P. “Electronic Circuits-Physical Principles Analysis and
Design” proposed a generalised network analysis method containing the BJTs, FET,
MOSFETSs, and Operational Amplifiers.

The model proposed by Chirlian was so general that this method seemed to be very
cumbersome. The proposed work defines different functions of electronic circuits, the
active ones, to solve them elegantly using the Floating Admittance Matrix (FAM)
approach. This matrix is called floating as because the reference terminal (ground) for
the potential is arbitrary and lies outside the selected multi-pole network. For any
network solution, the floating admittance matrixes of active and passive networks are
written separately and then merged according to the node numbers. Once the overall
floating admittance matrix of the complete amplifier or any circuit (active device and
passive components) is obtained, its various transfer and self-port functions such as the
input impedance (resistance), the output impedance (resistance), the voltage gain, the
current gain and the power gains are obtained in terms of the co-factors of the derived
floating admittance matrix. The voltage-current relationship for even complicated
passive networks is usually linear, and hence, the solution of such a network is simple,
using well-known tools like the KCL, the KVL, the Thevenin’s, the Norton’s etc.

On the contrary, electronic devices such as the BJT, FET, MOSFET, and

Operational Amplifier are governed by current-voltage relationships that are typically
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nonlinear and somewhat complex. In general, it is not easy to analyse devices that obey
nonlinear equations because there are much less developed design methods for circuits
that include these devices. The basic concept of modelling of an electronic device is to
replace the device as the circuit with linear components that approximate the voltage-
current characteristics of the device as the piecewise linear models. A model can then
be defined as a collection of simple components or elements used to represent a more
complex electronic device. Once the device is replaced in the circuit by the model, well-
known tools for the circuit analysis can be applied.

The necessity of modelling for engineering lies in the very nature of technology
and its advancement. As technology approaches its limit, i.e. fundamental changes do
not occur as used to occur previously, and the engineers have to find a suitable
substitute.

Our aim is to simplification of the analog circuit combining BJT, FET, MOSFET, and
their combinations along with resisters and capacitors using properties of the Floating
Admittance Matrix (FAM) technique. The gist of the development of the Thesis reviles

as following.

1) We have developed formulae for the Voltage gain, Current gain, Input Impedance,
Output Impedance, and Power Gain using our technique (FAM) for all types of
Circuit using BJT, FET/MOSFET, Op-Amp including resistances and Capacitances
in the form of its cofactors.

2) Solving Complicated Circuits such as Twin-T and Bridge T Networks is a very
good example of applying our technique for achieving a simple solution.

3) The Zero-Sum Property of all elements of any Row or any Column of FAM
satisfies the superposition theorem.

4) Once the FAM of any network is written, it is easy to find out transfer or self-port
functions between as many ports as possible.

5) We have shown that the FAM technique to solve cascaded or cascoded circuits

become very easy with respect to conventional Methods.



Organization of the Thesis

The thesis has been divided in six chapters. The first chapter deals with the modelling
technique vis-a-vis literature survey. All types of transfer (voltage gain, current gain,
power gain) or self-port functions (input and output resistances) have been derived in
Chapter-2 in the form of cofactors of the floating admittance matrix of any circuit.
Chapters-3 and 4 show the beauty of the FAM to obtain all types of transfer and self-
node functions easily in the form of cofactors only of the BJT and the FET/MOSFET
amplifiers. Chapter-5 discusses the drawback of the four terminal MOSFET, if its body
is not connected to the source terminal and this effect is included on its small-signal
model. Thus, all the four terminals of a MOSFET play active role in functioning of the
MOSFET. The sixth chapter is devoted the discussion and conclusion derived from
Chapter-1 to Chapter-5.



Chapter 1

Modelling: Review of Literature

1.1 Introduction

We start with the question 'what is modelling'? Modelling is the process of making
models. Its most straightforward answer would be that models are often simplified
versions of a complicated one. We might have played with a small toy car during our
childhood. It can be called a model of an actual car. They gave us a unique idea of
what a real car looks like, but they are much smaller and oversimplified. A model
cannot always be accurate. We must realize this so that we do not build up an
incorrect idea about something.

One way of defining the model is that it is the essential theoretical construct of
anything. It exists in our brain, and we use it to explain how the phenomena of any
object work. What is gravity? It is almost like a black box or an abstract. We cannot
touch it, but we get to develop models that help us to predict it. What was the gravity
for Einstein? What was he doing when the model was already developed by Sir Isaac
Newton? He was looking at the construct of the model. He was able to improve on
that model based on the data he had received. So why does an apple fall to the Earth?
It is not that there is some magical force pulling it there. What did Einstein say that
they are wrapping time and these objects are travelling through the shortest path?
Was he able to confirm that using data? Yes.

The model of any system might be of different in nature. It is important to note
that a model is not the real world but merely a human construct to understand real -
world systems better. In general, all models include information input, an
information processor, and the output of expected results.

The models are inherently inexact as they only approximate natural
phenomena. The mathematical description may be imperfect, and/or our
understanding of the phenomenon may or may not be complete. The mathematical
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input parameters used in models to represent real processes might be uncertain as
these input parameters are empirically determined or represent multiple input/output.
Additionally, the initial conditions and/or the boundary conditions in a model may
not be exactly known.

Despite the above-stated weaknesses, models are effective tools for describing
natural processes. Often, models are the only means to extrapolate to large spatial
scales. Because of their importance in the earth sciences, we assess model accuracy
by calibrating and validating models. To quantify the model's uncertainty, we
correlate the result's sensitivity to the model parameters.

It is well known that an atom is the smallest part of the element that can further
be divided by nuclear reactions only. An atom is an ensemble of the smallest particles
of energy that make up everything on the Earth. A variety of models have been used
over the past decades to speculate on how an atom works and what particles it
contains.

Before more discussion here, we describe first, the 4-research objectives to
formulate the problem statement for the thesis. The third and the fourth objectives
have been implemented in the papers published, which forms the basis of the problem
statements.

1.2 Objectives
Objective 1: Design to formulate the mathematical model for active semiconductor

devices.

The proposed technique of the floating admittance matrix is an elegant mathematical
modelling approach for both active and passive circuits. The fundamental benefit of the
floating admittance matrix approach is that the algebraic sum of all elements in any row
or column producing zero serves as a preliminary check that the circuit analysis and
design process is going in the right direction. The remaining entries in the floating
admittance matrix whole circuit incorporating passive components can be written by
inspection without much difficulty once the floating admittance matrix of the active
device is understood. This technique can be used to avoid performing a rigorous
equivalent circuit analysis with more active devices in any circuit. Mathematical

modelling should be the foundation of every educational system, especially engineering



education, because it shows where to put the right tools to get the job done. It is needless
to say that stakeholders are students, guardians, faculty positions, management groups,
and, very importantly, the industrialist as employers and others. These variables are
correctly set in the mathematical model to achieve the desired outcome. If the desired
result is not reached for a given set of inputs from all stakeholders, the mathematical
modelling is revisited, with fine-tuning of one or more variables increased or decreased
to get the desired result. As a result, mathematical modelling variables should be fine-
tuned so that the desired result is attained quickly and elegantly. (A paper as presented
on “Mathematical modelling of semiconductor devices and circuits: A review,” 3™
International Conference on Intelligent Circuits and Systems (ICICS 2020) held on
June 26-27th, 2020, organised by “The School of Electronics and Electrical
Engineering”  at  Lovely  Professional University, Punjab (India)
DOI:10.1201/9781003129103-14).

Objective 2: Performance validation of the developed models using the floating
admittance technique.

Problem Statement: Using the floating admittance matrix approach, all forms of
transfer and self-port functions such as voltage gain, current gain, input resistance
(impedance), output resistance (impedance), and power gains of any complicated
circuit may be easily generated. The superposition theorem is nicely satisfied by this
FAM approach. Because the method only uses co-factors from the created FAM, the

computer can be used for complex networks.

Work Explanation: The conventional approach to a mathematical model of the actives
devices such as BJT, FET, MOSFET, and Op. Amp uses its equivalent circuit as per
the requirement of (a) either large signal or small-signal models, (b) low frequency or
high-frequency models, so and so forth. The typical way of equivalent circuit approach
becomes quite onerous for cascaded or cascoded connections of several devices (BJTs.
FETs, MOSFETSs, and Op Amps) or combinations of BJTs & FETs, MOSFETSs, and
Op Amps in any circuit. “Mathematical Modelling of Simple Passive RC Filters Using
(FAM) Floating Admittance Technique” (2020 IEEE International Conference for
Innovation in Technology (INOCON) Technically Cosponsored by IEEE Bangalore



Section 06th - 08th November 2020 DOI: 978-1-7281-9744-9/20/$31.00 ©2020 IEEE)
was presented (IEEE, SCOPUS).

In this article, the problems relating to modelling simple electrical circuits
consisting of resistors, capacitors, voltage sources, and current sources were taken up.
Generally, we avoid using passive inductors because the planar spiral inductors are
heavy, take more space, and dissipate considerable power with respect to resistors and
capacitors. On the other hand, simulated inductances are frequently utilised in filters to
achieve good performance, but that is the realm of active filters. Mesh equations, node
equations, or Thevenin or Norton equivalent methods are used to solve fundamental
networks consisting of resistances (R), capacitances (C), voltage sources, and current
sources. These techniques do not conform to the state-space form of the mathematical
model or, even later, cannot be converted by any means to the state space form.

The fundamental understanding of transfer function characterisation provides
sufficient information to determine whether proper functioning has been attained. The
circuit structure's input impedance and output impedances, power supply coupling and
uncoupling, circuit component change, and other dynamic behaviour are all significant

elements.

Objective 3: Simulation and analysis of developed models using MATLAB/
SIMULINK/ LTSpice.

Problem Statement: The analysis becomes lucid and corroborates the transfer
functions obtained in the literature. These transfer functions are solely dependent on the
co-factors of FAM of any circuit, whether active, passive or a combination of both. The
floating admittance matrix has the distinct advantage of being able to be written by

inspection for basic circuits.

Work Explanation: The modelling and simulation of bridge -T network has been
carried out using MATLAB’s Simulink system environment. This paper provides
simulated and numerical validation of two forms of bridge -T network used for band
pass filter. The MATLAB program developed for the transfer function for both types
of the RC bridge-T network are plotted in the form of magnitude and phase w.r.t.
frequency. The input and output impedances are derived and drawn using the FAM

technique.



“Mathematical Modelling and Simulation of Band Pass Filters using the Floating
Admittance Matrix Method” (WSEAS TRANSACTIONS on CIRCUITS and
SYSTEMS E-ISSN: 2224-266X DOI: 10.37394/23201.2021.20.24) was another
paper published (SCOPUS).

Objective 4: Comparative analysis of floating-point admittance technique with

existing methods for active semiconductor devices

Problem Statement: The traditional analysis approach employs one of the widely used
tools, such as KCL, KVL, Thevenin’s, Norton’s, and others, depending on the circuit’s
suitability, whether active or passive. The floating admittance matrix technique
proposed here is unique, and it may be used to any type of circuit. The matrix
partitioning method is used to benefit the difficult network. The fact that all elements
of any row or column add up to zero gives you the confidence to go deeper into analysis
or re-observe the circuit at the first equation to save time and energy. Work
Explanation: The floating admittance mathematical model presented here is so simple
that anybody with slight knowledge of electronic devices, but an understanding of
matrix maneuvering, can analyse the circuits to derive all types of transfer functions
provided the parameters of devices are known to them. The floating admittance matrix
model is used to analyse and subsequently build any circuit. It is based on pure
mathematical maneuvering of matrix elements of the circuit. All transfer or self-port
functions are defined as the ratios of co-factors of the first and or second order of the
FAM. The FAM approach’s mathematical modelling allows the designer to adjust their

design style at any analysis stage comfortably.

“Unique Analysis Approach to Bridge-T Network using Floating Admittance
Matrix Method” (INTERNATIONAL JOURNAL OF CIRCUITS, SYSTEMS
AND SIGNAL PROCESSING Volume 15, 2021 DOI: 10.46300/9106.2021.15.140)
was published (SCOPUS).

Another paper, “Unique Analysis Technique for 4-Terminal MOSFET Amplifiers
using Floating Admittance Matrix Approach” 2022 International Conference for
Advancement in Technology (ICONAT) Goa, India. Jan 21-22, 2022, DOI: 978-1-
6654-2577-3/22/$31.00 ©2022 IEE was published (IEEE, SCOPUS).



The paper presents an elegant technique of analysing the 4-terminal MOSFET
amplifier circuit. The proposed technique helps in writing the floating admittance
matrix (FAM) of any circuits by inspection once the FAM of electronic devices
(BJT/FET/ MOSFET) is known. The matrix partitioning technique suits an extensive
network well using the proposed technique. The proposed floating admittance matrix
technique does not assume any reference terminal. For this reason, it is called the

floating admittance matrix approach.

1.3 Mathematics in modelling

Mathematics helps engineers form, analyse, and optimize the functionality of the
phenomena to design and develop a system. Mathematics enhances teachers' and
students' ability to engage in abstract thinking and arouses their imagination. Innovative
engineers and scientists are creative, and creativity is essential for strong imagination
and abstract thinking. As a result, a successful innovative engineer is likely to have a

solid understanding of mathematics.

1.4 Modelling of physical environment

Modelling also refers to the study of processes and items in one physical environment
utilising processes and objects from another physical environment as models to
replicate the system's behaviour. Collins, Brown, and Newman [1] believe modelling
shows how and why an expert does a task. It is one method that is critical to expert
teaching regarding any procedure or process.

The complexity of the processes in modern engineering, economics, and other
systems is so powerful that they expect to have useful information and the
characteristics of the complete systems and predictions of the consequences of their
behaviours.

Modelling is a powerful technique that may be used in various fields. It's "a natural
requirement of practically any engineering course," according to the author Crawley et
al. [2]. Massoud Moussavi [3] in 1998 submitted a Ph.D. dissertation on Mathematics,
Modelling, and Modular Curriculum. Grinter [4] proposed retraining programs in
Engineering for Johnson & Wales University and School of Technology to emphasize

the maneuverability of mathematical models in the curriculum.
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Modelling is part of the management process nowadays at every stage of human
involvement. Engineering colleges/institutes should, for example, investigate the

efficiency and efficacy of an engineering curriculum by:

e Predict the program performance of the proposed curriculum.
e Evaluate and assess the proposed curriculum.
e |dentify the points of deficiencies.
Modelling becomes a powerful tool to accomplish these tasks for them. Fig. 1.1 shows

a typical model for an effective engineering education program.

Engineering Program Proposes Teaching Develop a working

\4

\ 4

(Objective) Learning Materials model

A
A\ 4

Utilize the model

A\ 4

Model Performance

Evaluation
Reimplementation with YES o
constant < ?bjectlv
Evaluation
NO

Relook of Model |__, |

Fig. 1.1 Model of an Effective Engineering Education Program
This model helps engineering education to continuously evaluate their proposed

program, identify its deficiencies, and improve and modify it in a timely manner.

To model an effective engineering program, as an example, for Electronics

Engineering students, we have first to define the Program's Educational Objectives as;

(a) To enrol students having a basic knowledge of mathematics and science.

(b) To train students so that they will be able to maintain and handle electronics

systems, equipment, and component parts with creativity and critical spirit in
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the technological development as per necessity and viability, globally, and

especially for our country.

(c) To enable the student to achieve employment in Electronics, Communication,
and IT-related industries with appropriate title and compensation.

(d) To enable the student to innovate, design, and develop hardware and software
components and equip the student with technical and communication skills to
function in national/international/multi-cultural corporations and

organizations.

(e) To build strong fundamental knowledge amongst students to pursue higher
education and continue professional development in Electronics and other

related fields.

The syllabi's design comes into the picture as per the stated objectives with the target
set. The working model defines the mechanism to meet the targeted objective. The
working model is divided into many subheadings: Assignments, Quizzes, mid-term
examinations, end-term examinations, seminars, projects, etc. The marks distribution is
as per the weightage of all such subheadings assigned. The students go through this
process, and their performance is analysed to suit the stated objectives. If the working
model matches 75% to 80% of the objective set, then we assume the working model is
successful. Even if the desired model results in acceptable limits, we try to input
components from all stakeholders, such as students, alumni, guardians, industrialists,
etc., to improve the model management. If the model does not result in an acceptable
limit, we do in-house brainstorming, inviting experts to strengthen the program

objectives to match the desired result.

1.5 Advantages of Modelling

Modelling provides several advantages for engineers at the design and
development stage. The modelling helps engineers to evaluate the unknown properties
of objects. Modelling may become the sole viable approach for engineers to design,
develop, and optimise new systems due to limited resources and options. Modelling is
a valuable tool for engineers to avoid the consequences of bad technical decisions. Let

us take another example of the automated manufacturing of an automobile. The
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decision of optimum weight, speed, fuel consumption, etc., are designed and tested on
the computer, and then only the industrialists go to manufacture the automobile. What
should be the weight of the automobile if the break is suddenly applied when it is
running at a certain speed so that it does not overturn? Many more iterations are
performed on the computer before the final design is accepted for manufacturing.
Engineers may proceed in the following ways with regard to methods and
methodology. They aim to acquire as much relevant information as possible for each
challenge. Then they look for connections between the various themes to create a
workable model. They then propose solutions that must be optimised for a variety of
factors such as time, cost, size, and performance. According to Rodencker [5], the
designing process is "a transition of knowledge, leading from the abstract to the
concrete.” He proposed eight rules for developing a technical system that starts by

defining and abstracting the requirements.
Rodencker's rules are:

@) Clarify the task (the required relationship)

(b) Establish the function structure (the logical relationship)

(©) Choose the physical process (the physical relationship)

(d) Determine the embodiment (the constructional relationship)

(e) The appropriate calculation can check the logical, physical, and

constructional relationships.

)] Eliminate disturbing factors and errors.
(9) Finalize the overall design.
(h) Review the chosen design.

What Rodencker tried to establish is a model that employs mathematics to design
a technical system. Rules' 'd', 'e," and 'f' are nothing but formalizing the system using
mathematics. In fact, these three rules are the heart of the design process. They show
that a scientific, efficient, and cost-effective design would be possible only by the
employment of modelling.

Electronic processes and objects, in general, are used as models because
electronic systems have an unusual combination of properties and characteristics. The

electronic process parameters and the structure of the connection between individual
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elements can also be changed easily, explicitly, or implicitly. Along with rapid progress
in the field of electronics, the calculation and designing of electrical devices and
networks have become a much more sophisticated and challenging task than ever been
taken.

Consequently, Electronic engineers must continuously improve the mathematical
description, numerical analysis, and computer-aided design of electronic devices and
systems. Modelling is the only effective technique that responds to the current
marketplace, demanding fast and inexpensive design and production methods.

Mathematical modelling helps electronic engineers extensively to study and
investigate the dynamic behaviour of electrical networks. Verlan [6] has developed a
mathematical model called an integral equation. This is essentially the procedure which
finds the integral mathematical relationships between the known source of data and
unknown network parameters. The following brief description of Verlan's work depicts
how mathematical modelling helps engineers study a system's behaviour to further
develop a more accurate system.

The RC circuit can act as a simple integrator or a first-order low-pass filter. The
signals of low frequencies pass approximately unchanged through the filter, while
signals of high frequencies are filtered out (stopped). We will find the mathematical
model to analyze it relating V;,, and V,,,; = V. We start by considering the following
RC circuit of Fig. 1.2.

Fig. 1.2 Circuit Model of a passive RC Integrator

We apply Kirchhoff's voltage law (KVL) in the circuit, which contains the input voltage
terminals, the resistor, and the capacitor, considering the voltage drop positive in the

clockwise direction. The non-homogeneous equation delineates the RC circuit's

14



response to a step input to the register's interconnected terminals and capacitance.If a

step voltage (V;,) is applied at t = 0, what is the form of the output?
Writing the KVL yields
~Vi+ Ve +V,=0 (1.5)
If a step voltage (V;,,) is applied at t = 0, what is the form of the output?
. . aVe
For a capacitor i, = C? (1.6)
Current through the resistor = i = %R .7

Since there is a single path for the current through the resistor and the capacitor, we can
write

g = lc (1.8)
Then, i = £ = i¢ = % (1.9)
Ve = RC e (1.10)

dt
Substituting Vi = V;,, — V- and rearranging yields

ave
dt

RC = VR = Vin - VC (111)

Now separating the variables as

ave

dt = RC;—— (1.12)
Integrating [ dt =RC [ V:l‘if/c (1.13)
Thus,t = —RC In{V;,, — V¢} + k(constant) (1.14)
Fort=0,V, =0 (1.15)
Slowly the charge builds up across the capacitor from zero value.
0=—RCIn{V;,, — 0} + k
k = RC InV,, (1.16)

Now, t = —RC ln{Vin - VC} + RC anin = RC [ln{Vm - (Vin - VC)}] (117)
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Vin

—=In{Vin = (Vin = VO)} = In T (1.18)
t Vin
e (55) = 7
{Vm VC} - Vint
exp(zg)
Vin
Ve =Vin — T (1.19)
exp(zg)
1 t
VC Vi ll - m] = Vi [1 — exp (— E)] (120)
If we substitute t = 0 in Eq. (1.20), V, = V;,[1 — exp(—0)] =0 (1.21)

This condition verifies that at the moment t = 0, the capacitor was fully discharged.
Att =00, V. =Vy,[1 — exp(—)] =V, (1.22)

Equation (1.22) reveals that the capacitor is charged to the input voltage's full
value after a considerable time. The plot of this response for unit values of capacitor
C, resistor R, and input step voltage V;, is given as in Fig. 1.3.

The RC is the product of resistance R (Ohms), and capacitance C (Farads) has the
unit of seconds and is always constant. The Greek letter t (tau) is usually used to denote
this variable.

The output voltage (V) reaches 63.2% of its final value in 1 time constant (1 second in
this case). The time taken to reach a particular value is related to the number of time

constants given in Table 1.1.

Capacitor
Voltage

- ] L - o o -l o w
T

(=}

Time (sec)

Fig. 1.3 Response of RC Integrator for input step
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Table 1.1 Required number of time constants to reach a proportion of the final value

T

2T

3T

4T

5t

61

7T

63.2%

86.5%

95.0%

98.2%

99.3%

99.7%

99.9%

Reducing the value of t (i.e., reducing R or C) means that the output will change faster,
and any given voltage will be reached sooner.

Thus, the integral equations provide a most common and convenient means to
examine and determine the inherent and the induced part of the components of
processes that may take place in linear circuits. The use of integral equations for
describing electrical networks' dynamic behaviour results in several specific methods
for their quantitative and numerical analysis.

Another straightforward example of mathematical modelling is the relationship
between the voltage across and current through a resistor. The relationship between

current and voltage for the resistor, capacitor, and inductor is depicted in Fig. 1.4.

If the current through the component is I (A) and the voltage drop across the

component is v (V). The current and voltage are then related as follows.

Resistor— Ri(t) » Ohm's Law (1.23)
Capacitor - i(t) = CdZ—(tt) (1.24)
Inductor - v(t) = L%(tt) (1.25)
R (Q) CI(IMF)
i(A) VW (]
+v(V) -
+v(V) -
; , (H
Inductor (A)—('{ )
RGN

Fig. 1.4 Circuit symbol Model of Resistor, Capacitor, and Inductor
Power —Instantaneous Power:
When current i(t) flows through the resistor (R), the power delivered to the resistor is
given as;

P(t) = v(t)i(t) (1.26)
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Mean Power: When an alternating (sinusoidal) current of amplitude I flows through a
resistor R (for example, a heating element), the mean or average power delivered to the

resistor is written as;
iv?

P= RI?=
2 2R

(1.27)
A resistor is a two-terminal component described by the mathematical model in terms

of voltage and current as;

V(volt)

R (Ohm) = 7222

(1.28)

Where V and | are the voltage across and current through the resistor, the large signal
Model of the resistor is described by Eq. (1.28). However, a resistor dissipates power,
and as it dissipates power, it gets heated. Depending upon the material of the resistor,
the heat can change the value of the resistor. Hence, considering the effect of heat, the
large-signal model of the resistor could be written as;

R() = R(t,)f1(t — t,) (1.29)
Where R(t,) is the resistance at the reference temperature t, and f(t — t,) isasuitable
function that represents the variation in the value of the resistor. This function is
dependent on the power dissipation in the resistor and its thermal properties. So, we can
write the value of the resistor at any terminal voltage as

R(V) = RW)fo(V —V,) (1.30)
Where R(V) is the value of resistance at a reference voltage V, and f, is a function of
terminal voltage V and the reference voltage V. It is possible to interrelate the function
f1 and f, through the physics of heating and thermal properties of the material. The
nature of these functions also depends upon the nature of variation of resistance with
temperature. The resistance of metal film resistors increases linearly with temperature.
On the contrary, the resistance of a Thermistor made of semiconducting material
decreases linearly with temperature. Therefore, we may have a simple or a complex
large-signal model of the resistor depending on the resistor's material.

The small-signal model of a resistor is simply a dynamic resistance that changes with

respect to the change in the operating points that can be represented by

AR(V) = AA—‘I’ (1.31)

Where AR (V) is the ratio of AA—‘I/ and Al and AV are small signal variations.
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Modelling is one of the most important means for accelerating scientific and
technological progress.

The modelling also intensifies the development of science and the economy, but
unfortunately, it is given the least priority in Indian engineering education, mainly at
the Undergraduate College Level. Several factors play a role in de-emphasizing
modelling in engineering education globally. The Grinter [4] report supports converting
engineering colleges to research institutes and takes away the engineering curriculum
design. The Grinter report is one of the essential documents followed in engineering
education in the United States.

The U.S. had much better resources and options after World War Il than any
other well-developed nation. The defence budget and military spending were very high,
and engineering colleges were funded by the armed forces and Government. "Only
research that helped to war-making was rewarded,” presumably, "to keep alive the
expectations of a perpetual war economy." by Ferguson [7]. Almost unlimited resources
left no room for modelling instead, a philosophy of "trial-and-error" became popular in
engineering development and design.

As global marketplaces got more intensive in their pursuit of re-engineering,
American companies have adapted to the concepts of re-engineering, continuous
design, just-in-time strategy, and product cost reduction. Consequently, modelling is
getting attention among engineers and engineering schools.

A mathematical model uses mathematical language to explain a system.
Mathematical models area unit used not solely within the natural sciences and
engineering disciplines (such as physics, biology, natural science, meteorology, and
electrical engineering) however conjointly within the social sciences (such as political
economy, sociology, and political science); physicists, engineers, pc scientists, and
economists use mathematical models most extensively. Eykhoff [8] outlined a
mathematical model as an illustration of the essential aspects of the Associate in
Nursing existing system (or a system to be constructed) that presents information of
that system in usable form'. However, mathematical models will take several forms, not
restricted to resurgent systems, applied math models, differential equations, or game-
theoretic models. These different kinds of models will overlap with a given model

involving a range of abstract structures.
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1.6 Background of Modelling
Often, once engineers analyze a controlled or optimized system, they use a
mathematical model. Within the analysis, engineers will build a descriptive model of
the system as a hypothesis; however, the system might work or try {an} estimate.
However, an unpredictable event might affect the system. Similarly, engineers will try
totally different management approaches in simulations on top of things of a system.
The mathematical model typically describes a system by a collection of variables
and a collection of equations that establish relationships between the variables. The
values of the variables are often anything; real or numbers, Boolean values, or strings,
for instance. The variables are some properties of the system; as an example, the
measured system outputs typically within the variety of signals, temporal arrangement
knowledge, counters, and event prevalence (yes/no). The particular model is the set of

functions describing the various variables' relations.

1.7 Building Blocks of Modelling

There are six basic groups of variables; input variables, state variables, exogenous
variables, random variables, and output variables. Since there may be several variables
of every sort, the variables are typically denoted by vectors, call variables, or are
typically referred to as freelance variables. Exogenous variables are typically referred
to as parameters or constants. The variables do not seem to be freelance of every
alternative because the state variables are captivated by the choice, input, random, and
exogenous variables. Moreover, the output variables are captivated by the state of the
system. The system's objectives and constraints are represented as functions of the
output variables or state variables. The target functions can depend upon the angle of
the model's user. Counting on the context, the Associate in Nursing objective operates
additionally referred to as the Associate in Nursing index of performance because it is
a few life of interest to the user. Though there is no limit to the number of objective
functions and constraints a model will have, mistreatment or optimizing it becomes an

additional concern (computationally).

1.8 Classification of Mathematical Models

Mathematical models may be classified in some of the following ways;
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(@) Linear vs nonlinear—the linear systems are of two types, namely,

e Linear time-invariant, and

e Linear time-varying systems.
A differential equation is linear if its coefficients are constants or functions of the only
independent variable. Dynamic systems composed of linear time-invariant lumped-
parameter may be described by a linear time-invariant (or linear constant-coefficient)
system. Systems that are represented by differential equations with their coefficients as
functions of time are called linear time-varying systems. An example of a time-varying
control system is a spacecraft control system—the mass of the aircraft changes due to
fuel consumption.
Nonlinear Systems: A nonlinear system where the principle of superposition does not
hold well. The response to two inputs cannot be calculated by treating the one input at
a time and adding the result for a nonlinear system. Examples of nonlinear differential

equations are;

d? dx)? .

d—t: + (d—:) +x =Asinwt (1.32)
d?x 2 dx _

E+(x —1)E+x—0 (133)
d?x | dx 3 _

E+E+x+x = (134)

If operators in a mathematical model are linear, the resulting mathematical model
of the linear system suggested by Olof Staffans [9] is linear; otherwise, a model is
considered nonlinear.

The question of linearity and nonlinearity depends on the context. A linear model
might have nonlinear expressions. For instance, a linear statistical model assumes a
linear relationship in parameters, but it might be nonlinear among predictor variables.

Similarly, a differential equation is alleged to be linear if it is often written with
linear differential operators. However, it will still have nonlinear expressions in it. In
an exceedingly mathematical programming model, if the target functions and
constraints square measure diagrammatic entirely by linear equations, then the model
is thought to be a linear model. If one or a lot of the target functions or constraints
square measure diagrammatic with a nonlinear equation, then the model is thought of

as a nonlinear model. Even in relatively simple systems, nonlinearity is usually related
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to phenomena like chaos and un-changeableness. Though there square measure
exceptions, nonlinear systems and models tend to be tougher to check than linear ones.
a typical approach to nonlinear issues is linearization. However, this could be
problematic if one attempts to check aspects like un-changeableness, that square

measure powerfully tied to nonlinearity.

(b) Deterministic vs probabilistic (stochastic)— A deterministic model of Lin and Segel
[10] is one within which variable states are unambiguously determined by
parameters within the model and by sets of previous states of those variables.
Therefore, settled models perform a similar method for a given set of initial
conditions. Conversely, randomness is a gift in an exceedingly random model, and
variable states don't seem to be delineated by distinctive values but rather by
likelihood distributions.

(c) Static vs dynamic— the static model does not account for the time of elements, but
a dynamic model does. Dynamic models are represented either in the form of
difference or differential expressions.

(d) Lumped versus distributed parameters— if the model is homogeneous, the
parameters are lumped. If the model is heterogeneous (a varying state within the
system), then the System's parameters are distributed. Distributed parameters are

represented with partial differential equations and in many more ways.

1.9 Priori Information of Models

According to how much a priori information suggested by Jason and Jenkins
[11,12] is available, Black box and white box models are commonly used to classify
mathematical modelling difficulties. A black-box model is a system in which there is
no a priori information available. A white-box model is known as a system where all
necessary information required is available for use. In practice, all systems fall in-
between black-box and white-box models. So, this concept works as an intuitive guide
only.

It is desirable to use the maximum amount of a priori data to make the model a
lot of correct predictions. The white-box models are typically thought of as softer due

to acquired knowledge correctly; the model can behave appropriately. Often, a priori
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data comes within the type of knowing the kind of functions regarding totally different
variables. For Associate Nursing instance, if we tend to create a model of how a drug
works in a human system, we all know that the number of drugs within the blood is
associated with Nursing exponentially decaying performance. However, our tendency
is still to live with many unknown parameters. How speedily will the medication
quantity decay, and what is the initial quantity of drugs in the blood? In this instance, it
is not a very simple white-box model. These parameters have to be calculable through
some suggestions before using the model.

In black-box models, one tries to estimate each useful type of relationship
between variables and, therefore, the numerical parameters in those functions.
Employing a priori data, we tend to find ourselves, for instance, with a group of
functions that most likely may describe the system adequately. If there is no a priori
data, we will try to use functions as general as possible to hide all different models. In
Nursing's often-used approach for black-box models, associates are neural networks
that generally do not assume nearly one thing regarding the incoming information.
Using a vast set of functions to elucidate a system estimates the parameters becomes
increasingly powerful once the number of parameters (and different types of functions)

increases.

1.10 Subjective Information of Models

Many a time, incorporating subjective information into a mathematical model is useful.
This may be done based on intuition, experience, expert opinion, or mathematical
convenience.

Bayesian statistics suggest a theoretical framework for incorporating a subjective
approach in rigorous analysis. One specifies a prior subjective probability distribution
and then updates it based on empirical data. An example of one such Associate in
Nursing approach would be a necessary scenario within which an Associate in Nursing
experimenter bends a coin slightly and tosses it once, recording whether or not the head
comes up gives a chance of predictions that the following flip comes up heads. The
probability of the coin coming up with a head after tossing is unknown. So, the

experimenter makes an arbitrary decision (perhaps by looking at the shape of the coin)
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about what prior distribution to use. Incorporating subjective information is necessary
to predict the next flip accurately; being head would lead to wrong predictions.

MacKay's contribution to machine learning and information theory is based on the
development of Bayesian methods for neural networks, called the rediscovery (with
Radford M. Neal Shahbaba, B. and Neal, R. M. (2005). Improving classification when
a class hierarchy is available using a hierarchy-based prior (Technical Report No. 0510,
Dept. of Statistics, 11 pages.) of low-density parity-check codes and the invention of
Dasher. This software application for communication was most popular with those who
cannot use a traditional keyboard. MacKay [13] in 2003 he published a book on
Information Theory, Inference, and Learning Algorithms based on the above
statements.

1.11 Complexity of Models

Usually, the model complexity involves a trade-off between the simplicity and accuracy
of the model. Occam Razor’s [14] principle is particularly relevant to modelling; the
essential idea is that the simplest one is the most desirable among models with roughly
equal predictive power. On the one hand, adding complexity usually improves the fit
of a model; it may make the model too difficult to understand and work with and pose
computational problems, including Numerical instability. Thomas Kuhn [15] argues
that explanations become more complex as science progresses before a Paradigm shift
offers radical simplification. For example, when modelling an aircraft's flight, we
embed each mechanical part of the aircraft into our model to acquire an almost white-
box model of the system. Moreover, the computational cost of adding such a massive
amount of details would not allow the use of such a complicated model.

Additionally, the uncertainty would increase thanks to a very sophisticated system
due to every separate half induces some quantity of variance in the model. It is,
therefore, typically acceptable to create some approximations to scale back the model
to an acceptable size. Engineers typically will settle for some approximations to get a
lot of sturdy and easy models. As an example, Newton's classical mechanics is an
approximate model of the real world. Still, Newton's model is comfortable for many
ordinary-life things, that is, as long as particle speeds are well below the sunshine's

speed and we solely study macro-particles.
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1.12 Training of Models

Any model which is not a pure white box contains some parameters that may be
accustomed to match the model of the system it describes. If a neural network completes
the modelling, the optimization of parameters is named coaching. In addition, standard
modelling through expressly given mathematical functions determines parameters by

curve fitting.

1.13 Model Evaluation

A crucial part of the modelling method is evaluating whether a given mathematical
model accurately describes a system. This question will be challenging to answer

because it involves many different kinds of analysis.

1.14 Model Fitting of Empirical Data

Usually, the best part of the model analysis checks whether or not a model fits
experimental measurements or different empirical information. A typical approach to
check this work is to separate {the information} into 2 disjoint subsets in models with
parameters: coaching information and verification data. The coaching information
measure would not estimate the model parameters. The correct associate model can
closely match the verification information even though it did not set the model's
parameters. The cross-validation of the regression model by Richard and Dennis [16]
was presented in statistics.

Defining a metric to live the deviation between ascertained and foretold
knowledge could be an excellent tool for assessing model work. A loss performs a
similar role in statistics, call theory, and a few economic models. It is very tough to
check the validity of a model's general mathematical kind when it is comparatively
simple to check the parameters' appropriateness. In general, additional mathematical
tools are developed to check applied math models' work than models involving
Differential equations. Tools from statistic statistics will typically not measure;
however, good knowledge fits a known distribution or comes back up with a general

model that creates marginal assumptions regarding the model's mathematical kind.
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1.15 Model's Scope

Assessing the model's scope is crucial. What things the model applies to may be less
straightforward. If the model was created supported by a collection of information, one
should confirm what systems or things could be a typical set of information. Whether
or not the model describes well the properties of the system between knowledge points
is named interpolation and it was suggested by Crochiere and Rabiner [17], and
therefore the same question for events or knowledge points outside the determined
knowledge is named extrapolation That was the suggestion of Brezinski and Zaglia
[18]. Likewise, he did not include molecules’ movements and different tiny particles.
However, macroparticles were solely considered. It is then not stunning that his model
does not extrapolate well into these domains, although his model is entirely decent for
standard life physics.
1.16 Philosophical Considerations of Models
Many types of modelling implicitly involve claims concerning relation. This is often
typically (but not always) true of models involving differential equations because
modelling aims to extend our understanding of the globe. However, the validity of a
model rests not solely on its acceptable empirical observations but also on its ability to
extrapolate to things or information on the far side that was originally delineated within
the model. One argues that a model is nugatory unless it provides some insight that goes
on the far side of what's already notable from the development's direct investigation.

An example of such criticism is that the mathematical models of the optimum
forage theory projected by Graham H. Pyke [19] do not supply insight that goes on the
far side of the common-sense conclusions of evolution and alternative basic principles
of ecology. We would discuss the general topic of deriving equivalent circuits from the
differential equations that determine a given system's response. This is the procedure
usually followed in modelling solid-state devices, where the distributed parameters of
the equivalent circuits are derived from the solutions to Laplace or Poisson equations.
The circuital visualization of this process provides insights that are extremely helpful
in understanding the system response.

Mathematical modelling is the process of representing a physical system

(structure, automobiles, graphs, diagrams, scattered plots, tree diagrams, circuits, etc.)
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in the form of mathematical expressions that can predict the behaviour of the system.
The model provides an insight into the physical system that reduces the problem to its
essential characteristics.

A continuous model can use an ordinary or partial differential equation to
describe a physical problem. This type of model may not necessarily contain any
analytical solution. Hence, they require approximate solution methods such as finite
differences, boundary elements, finite volumes, etc. These methods involve splitting
the region of interest into a set of small elements. These elements produce a discrete
approximation of the differential equations in each element and are required to solve

all the discrete approximations simultaneously. Brief uses of continuous modelling are;

e Heat flow

e Acoustic

e Electromagnetic wave propagation

e Vibration analysis

e Active device modelling
As stated previously, mathematical modelling is a powerful tool in engineering
education that enables its users to minimize time and cost in the design process. Also,
mathematical modelling usage facilitates the process of redesign or concurrent
engineering, a relatively new addition to American engineering education.

We are particularly interested in the mathematical modelling of electronic devices
and their integration with passive components using a neat method called "Floating
Admittance Matrix (FAM)"[20,21]. First, we would like to develop a floating
admittance matrix of one of the devices, the Field Effect Transistor (FET or MOSFET)
and then Bipolar Junction Transistor (BJT), and then integrate them in all types of
circuits. The failure mechanism modelling of devices was taken up by Li,Tian, and
Wang [22].

Thus, the methodology of analysis used is to form a Floating Admittance Matrix
of the circuit, including active devices and passive components (resistances and
capacitances) for any complicated circuit. Then any mathematical tool such as
MATLAB or MATHEMATICA can be used to get the result of the simulated

mathematical model in the form of the matrix for complicated active circuits.
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Chapter 2

Transfer Function Generation of Three
Terminal Devices (Two-Port Model)

2.1 Introduction

The small-signal models of a transistor (BJT), FET, MOSFET, and Op Amp can
either be in terms of mathematical relationships between input and output variables
or in the form of equivalent circuits. Equivalent circuit models are popular for several

reasons, such as;

e Circuit designers tend to feel more at ease with a circuit diagram rather than
a set of numbers or mathematical relationships.

e Transistor and integrated circuit designers prefer a model that reflects the
device's construction, enabling modifications to the construction to be
mapped onto the model.

e Many circuit analysis packages are now available that use equivalent circuit
models of transistors and other devices used in larger circuits to be analysed.

In general, it is easy to analyse an electrical network with its equivalent model,
giving the relationship between input and output variables. This is the reason we use
a two-port [1-14] representation for any network. Port-1 functions as the input port
and two-2 functions as the output port [4-7, 10-12]. In one port network, the current
enters from one terminal and leaves from the other terminal. All types of passive
components such as resistors, capacitors, and inductors are examples of one-port

networks because each of them has only two terminals indicated in Fig. 2.1.
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Fig. 2.1 Circuit Model of One Port Network

The pair of terminals, 1 & 1', represents a port, i.e., port-1. This is the case of only

one port because it has only two terminals.

2.2 Two-Port Network Model
Similarly, a two-port network has four terminals. A pair of two-terminal electrical
networks in which current enters through one terminal and leaves through another

terminal of each port. The two-port network representation is shown in Fig. 2.2.

1 11 12 2 —
+ ﬁ— —<—T +
Four Terminal
" (Two Port Network) V2 T
| 1' 11 .M — !
]

Fig. 2.2 Circuit Model of Two-Port Network

The pair of terminals, 1 & 1', represents one port called the input port-1, and
the other pair of terminals, 2 & 2’, represents another port, which is called the output

port-2.

The two-port network has four variables V;, V,, I, and I, as shown in Fig. 2.2.
Out of these four variables, we can choose any two variables as independent, and
then another two variables become dependent on them. It results in six possible pairs
of equations. These equations have dependent variables and independent variables.
The coefficients of independent variables are called parameters. Thus, each pair of

equations results in 4-parameters.
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A single-phase transformer is an ideal example of a two-port network shown in 2.2 (b).

i1 — - |
f | | A
V1 Np Ns Va

Fig. 2.2 (b) Circuit Model of Single-Phase Transformer as two-port Network

2.3 Two-Port Network Model Parameters

The parameters of a 2-port network are called two-port network parameters or, only,
two-port parameters. The following are the important types of two-port network
parameters [1-13].
e Z parameters
e Y-parameters
e h-parameters
e (g-parameters
We proceed with the discussion about the above-mentioned 2-port parameters one by
one. in the sequence.
Z-parameters
Assuming variables V; & V, as dependent and I; & I, as independent, results in the
following two sets of equations. The coefficients of independent variables, I; and I,
are called Z parameters.
Vi =211 + 2131
Vo = 25110 + 23,1,
The Z parameters are

Zi1 = o Iz:O(Open circuit parameter)

Ziy = 11/—21 Ilzo(Open circuit parameter)

Zy = ‘I/—f 1 _O(Open circuit parameter)
-

Zyy = % o (Open circuit parameter)
=
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The Z-parameters are called impedance parameters because these are simply

the ratios of voltages and currents. The units of Z parameters are Ohm (Q).

We can obtain two Z-parameters, Z;, and Z,; by opening the circuit of port-
2. Similarly, we may obtain the other two Z parameters, Z,, and Z,, by opening the
circuit of port-. So, the Z parameters are the open circuit parameter.
Y-parameters
Assuming variables I; & I, as dependent and V; & V, as independent, two sets of
equations will result. The coefficients of independent variables, V; and V, are called
Y parameters.

I =Y1,V1 + Y,V

I, =Y Vi + Y2,V

The Y parameters are

Y, = L (Short circuit parameter)
Vily,=o

Y, = 1 (Short circuit parameter)
Va2ly, =0

Y, = & (Short circuit parameter)
ily,=o

Y,, = 4 (Short circuit parameter)
Valy, =0

The Y-parameters are called admittance parameters because these are simply the

ratios of currents and voltages. Units of Y -parameters are mho.

We can obtain two Y-parameters, Y;; and Y,; by doing a short-circuiting of
port-2. Similarly, we can obtain the other two Y parameters, Y;, and Y,, by short-
circuiting of port-1. Hence, the Y-parameters are also called short-circuit admittance
parameters.
h-parameters
Assuming V; & I, as dependent variables and I; & V, as independent variables,
results in the following two sets of equations. The coefficients of independent
variables, I; and V, are called h-parameters.

Vi =hy1ly + hepVs

I; = hy1 1y + hyoVs
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The h-parameters are defined as;

hi = Lt (Short circuit parameter)
1 V2=0

hy, = o (Open circuit parameter)
Va2l =0

hy,, = =2 (Short circuit parameter)
1 V2=0

h,, = = (Open circuit parameter)
V2 11=0

The h-parameters are called hybrid parameters. The parameters h;,
and h,, are unitless since those are the ratio of similar quantities, i.e., either ratio of
two currents or two voltages and become dimensionless. The units of parameters,
hy; and h,, are Ohm and Mho, respectively.

We can obtain two parameters, h;; and h,; by doing short-circuiting of port2.
Similarly, we can obtain the other two parameters, h;, and h,, by opening the circuit
of port-1. For modelling the transistor (BJT), the h-parameters or hybrid parameters
are useful.
g-parameters
Assuming variables I; & V, as dependent and V; & I, as independent, two sets of
equations result. The coefficients of independent variables, V; and I, are called g-
parameters.

I = 911V1 + 91212
Vo = g21V1 + 9221,
The g-parameters are defined as;

gy =2 (Open circuit parameter)
V1 12=0

g1z =2 (Short circuit parameter)
Valy, =0

g21 =2 (Open circuit parameter)
Vilj,=o

922 =22 (Short circuit parameter)
21y, =0

The g-parameters are called inverse hybrid parameters. The parameters, g;,
and g,; are unitless since those are ratios of similar quantities. The units of

parameters, g,; and g,, hybrid parameters are mho and ohm, respectively.
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We can obtain two parameters, g,; and g,; by doing open circuiting of port-2.
Similarly, we can obtain the other two parameters, g,, and g,, by doing short-
circuiting of port-1. These two-port models have been described here only for
academic purposes. Presently, it is very rarely used in the design and analysis of
active devices.

The BJTs, FETs, MOSFETs, and Op. Amp. are important three-terminal
electronic devices that may be modelled as four-terminal or two-port devices.
Electronic circuits' performance evaluation appropriately incorporating electronic
devices is a difficult proposition in the absence of a mathematical model. The usual
practice is to visualize the circuit physically and make measurements in the absence
of a mathematical model, but very often, it is not feasible, and we have to choose the
alternative method called simulation. For simulation also, we need all the variables
affecting the properties and behaviour of devices and circuits. The properties of the
devices are captured using mathematical relationships among different variables of
the devices. The passive and active electrical and electronic components are
characterized by terminal voltages and the current relationship between them.
Therefore, the circuits and devices' behaviour is modelled by thinking a voltage
depends on currents, or currents depend on a voltage, or the suitable combination of
one set of currents and voltages depends on another set of currents and voltages.

This dependency of one variable or a set of variables on the other set of
variables of any device or circuit is given the name of mathematical modelling. In
essence, mathematical modelling predicts the physical behaviour of any device or
circuit. The two-port model developed based on voltage, and current variables is used
in deriving different transfer functions such as the voltage transfer ratio, the current
transfer ratio, the mutual transfer function between current and voltage ratio, and

power transfer ratios.

2.4 Model Development of two-port Network

The Model development is a crucial part of the devices and circuits to predict their
behaviour. A very simple model may not reflect the devices' complete behaviour and

circuits using its terminal voltages and currents. There is not only one relationship
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between voltage and current but a set of relationships will be required to accurately
predict any circuit and device [1-32].

It is desirable to have one relationship between the terminal voltage and the
terminal current of the device for convenience, but most often, it does not serve the
purpose. Hence, a number of equations of dependent variables and independents are
used to cover all aspects of the devices and circuits' behaviour. However, different
applications require a different model, and many times these prove to be
contradictory constraints necessitating a compromise between them. A few of the
requirements of different models and their applications are listed below:

1. The physical understanding of the device depends on the relationship between
its terminal voltage and current.
2. Representation of device in circuits with

0] Accuracy for achieving the desired characteristic

(i)  Simplicity to use in the real-world problem.

(iii)  Division of nonlinear characteristics of the device in different zones

for better understanding and model development

(iv)  The use of an empirical relationship that fits in the voltage-current

relationship to predict the expected characteristics.

(v)  Observable effects in the variation of the values of the variables.

(vi) A minimum number of parameters to describe the behaviour of the

device completely.
3. Process control should be

(1 Simple

(i)  Reversible

(iti)  Available off the self.

The state-of-the-art technology encounters many physical effects in the
manufacturing of any device. While the development of a complete theoretical model
of any device based on physical effects is practically intractable. The Development
of a Mathematical model base on empirical data results in a loss of predictive
capabilities. It suggests a compromise between them to model the device for circuit
simulation.

The device model should be of two basic categories:

36



e Primary, and
e Secondary

The model's primary category has a close relationship between understanding
of device physics and aid to process control.

The secondary category of the model partly uses empirical relation to simplify
the desired characteristics.

The device's mathematical equation should be such that it directly affects the
variation of its characteristic. Sometimes different parameters affect the device
characteristics in different zones. This helps in decoupling the model parameters with
minimal iterations and its extraction.

The Newton-Rapson is a very well-known numerical technique for
convergence of the relationship between terminal current or charges with its terminal
voltages' continuous function. This method takes the help of the computation based
on its 1st derivative. However, in some cases, it is very tedious, cumbersome, and
prone to error to compute its derivatives analytically. The finite difference is another
method to be used in such a situation, but it increases the computation time.

The device's operating ranges are often divided into different regions of its
operation to formulate the model equation easily. Different mathematical models are
developed in different device operations zones with the condition that the device
current and voltages are continuous across the zones of boundaries to make the
problems simpler. The terminal capacitance should be based on the charge control
model of the device.

The modelling paradox states that a complex model is potentially better capable
of producing accurate characteristics of the device. On the contrary, it is more
difficult to extract all the parameters from such a complex model, and if the model
parameters are not specified properly, it may not result in the device's desired

characteristics.
2.5 Model Specifications

We start the explanation of model specification with an example of the model of the
transistor [2-13]. The model development of the transistor depends on three pieces

of information;
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1. Fundamental constant
2. Operating conditions, and

3. Model parameters.

The fundamental constants, such as electronic charges or currents, are defined
in the circuit. The operating condition defines the environment in which the model
equations are evaluated. For instance, the bias voltage is taken as one of the operating
conditions for transistors' model development [1-15]. The temperature variations are
another operating condition that disturbs the device's quiescent point, and its
parameters change as per the temperature variations. The values of any transistor's

parameters vary very widely on the variation of the bias conditions and temperature.

The third condition requires the extraction of a set of model parameters for
each and every device in a given circuit. The discrete circuit may have many discrete
devices of similar types. A similar type of device in an integrated circuit undergoes
similar types of fabrication steps. They may exhibit similar behaviour. Hence, such
model parameters can be specified only once instead of repeating for all such
components. So, there is a large number of parameters, which are common to similar
devices. These parameters are generally related to the device geometry in an
integrated circuit. The mathematical equation using terminal voltage and currents are
used to realize any circuit. Such circuits are given the name of the equivalent circuit
[11-22]. In essence, the model and the equivalent circuit mimic the property of
components very closely.

As already discussed, many electronic or electrical components cannot be
expressed by a single mathematical model or by a single equivalent circuit in all their
operations regions. Then the models are developed in the regions valid and usable
under the restricted condition such as terminal voltages, currents, and regions of
operation and or other external conditions to cite the temperatures. The development
of low-frequency models, high-frequency models, small-signal models, and large-
signal models are important model development schemes for analyzing and
designing amplifiers incorporating electronic devices such as BJT, FETs, MOSFETSs,

and Op Amp. The switching model, noise model, and thermal model are developed
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for special functions of the devices and circuits, but small signal and large signal

models are prevalent in the analysis of circuits containing electronic devices.
2.6. Large Signal Model

A large-signal model takes into account the fact that the large signal does affect the
operating point. Also, elements are nonlinear, and power supply values can limit
circuits. A small-signal model ignores simultaneous variations in the gain and supply
values.

The large-signal model [5-6, 9-11] of the active and passive components must
be used when components are subjected to large signal variation with respect to the
maximum permissible swing that the device can withstand without getting damaged.
The large-signal model development is based on the nonlinear nature of the
components. The popular use of large-signal models of the BJT is in the circuits of
power amplifiers, switches, comparators, limiters, etc. It is said that most of the time,
large-signal models are inaccurate, as they have to represent devices over a wide
range of terminal voltage and current with nonlinearity. The large-signal model of a

diode and a BJT are shown in Figs. 2.3 and 2.4, respectively.

+—»I— +Ip Practical Diode
- W
Vp = 0, Ideal Diode +—>I» —

l V,, Practical Diode
> \/k
fi
__>I_+ © v

Fig. 2.3 Large-signal model of Semiconductor Diode

-VR:

ov v,

Ip = Iy(e"?/M"'T — 1) = —I,, Reverse biased constant current
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Fig. 2.4 Large Signal circuit Model of the BJT
The built-in potential, V, is the internal DC voltage present across the base-
emitter junction as in Fig. 2.4. The base-emitter junction is forward-biased if the
externally applied voltage across Vg is more than V. In an ideal diode, it is assumed
that I/, = 0, and hence the diode current becomes infinite for Vzr = 0 as in Fig. 2.3.
If V, # 0, the device is a practical diode, and current once again becomes infinite at

2.7. Small-Signal Model

As the name suggests, "small signal” deals with very low amplitude signals. With
the quiescent point concept, we may say that the small-signal operation of a BJT or,
for that matter, MOSFETS, JFETS, anything should not disturb the quiescent point.
In essence, the types of signals which are small enough and do not push the circuit
out of its linearity (should not be confused with the linear region of MOSFET/ BJT).

The small-signal model [5-16, 18-32] is based on very small fluctuations in the
device's current and voltage around its Q-point. How do we quantify this small
fluctuation of voltage and current? This is taken as small as measurable. Someone
can measure it in microvolt, but others can measure it in millivolts. Hence, the small
quantity is different for different people. The accuracy may be more for the
measurement in microvolt than the measurement is done in millivolt.

The small-signal model is called the linear model, as the voltage and current
produce small signal variations in magnitude. The small-signal models are used in
all configurations of BJT amplifiers, FET, MOSFET, and Op. Amp., differential

amplifiers, low noise amplifiers, and filters. A very important property of a small
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signal model for any linear amplifier circuit is that the superposition theorem should
hold good and produces accurate results. The small-signal models are generally used
to analyze all transfer functions (voltage gain, current gain, input resistance, output
resistance, power gain) of any amplifier configuration. The hybrid, hybrid-=, and T-

model of the BJT is shown in Fig. 2.5. Fig. 2.5 includes the small-signal FET/
MOSFET model also.

(a) L.F. Hybrid model of a BJT

ip ™  Tobr

(c) T-model of a BJT
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(d) L. F. small-signal model of a MOSFET
Fig. 2.5 Small-signal circuit models of BJT & FET

2.8. Low-Frequency Model

The same electronic and electrical circuit components behave differently at low and
high frequencies. At high frequencies, parasitic capacitances start appearing across
the device and components. As the impedance of capacitance is frequency-
dependent, the value of its impedance changes with a change in frequencies. The
low-frequency models [4-16] are used both at low and medium frequency ranges.
The model developed for the low-frequency range does not operate appropriately at
high frequencies. Hence, each electronic device has its equivalent circuit model
different at different frequencies: low frequency, medium frequency, and high-
frequency models. The low-frequency representation of common emitter and
Common-source devices is shown in Fig. 2.6. The low-frequency model is also called
the mid-band model because there is no capacitive reactance present in this frequency

range. The small-signal models drawn in Fig. 2.5 also do not have any capacitance.

A

\ 4
<
QU
%)

Fig. 2.6 Low-Frequency Symbolic Models of the BJT, MOSFET
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Generally, the hybrid-rm model) is used for analysis at a high frequency of any
amplifier, including the parasitic capacitances. Figure 2.5 also displays the small-

signal models at low frequencies.

2.9. High-Frequency Model

The manufacturers specify the operating frequency range of electronic and electrical
components for their best use. At high frequency [4-16], the parasitic capacitances
appear between the BJT/ FET terminals, resistance, inductance, and even across big

capacitors, as in Fig. 2.7.

|
I L | -« lag
iB — / + ig,» +
+ + >
A1 j— Cce Vece J_ C — Cds Vas
T S

/
1|
D
vgs —_ Cys ImVgs To _— Cas Vas
S

Fig. 2.8 High-Frequency Models of The BJT and MOSFET
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The parasitic capacitances across the junctions of active devices start
appearing at high frequencies. This parasitic capacitance produces an undesirable
effect. The manufacturers specify the value of any device's parasitic capacitance, but
it may not be very accurate and hence produce undesirable performance behaviour.
For general purposes, manufacturers' parasitic values work well, but they should be
measured and used for higher accuracy, such as military purposes. Fig. 2.8 shows the
presence of parasitic capacitances Cpe, Cpic, Ceer Cys,
capacitances provide effective short circuits across the BJTs and FETs junctions and

Cga, and Cyzs  These

hence gain, or the output voltage starts decreasing as the frequency increases. Apart
from these capacitances, the stray capacitances also become effective at high

frequencies.

2.10. Floating Admittance Model

We would be proposing a model of the electronic devices using a floating admittance
matrix approach. The inverse of resistance R is given as;

G=-
R
Here, G is given the name of conductance having a dimension of Siemens (S) or

mho. Similarly, the inverse of impedance (Z) is admittance (Y) expressed as;

Y ==
Z

The dimension of Y is again S or mho.

Since the circuit generally consists of active devices and passive components
such as resistances and capacitance, the inverse of resistance and the inverse of
capacitive impedances have been given the name of admittance for the analysis.
Though resistances may be used, yet the name of its inverse is assumed as
admittance, not the conductance, for generality.

A new approach in developing models of the active and passive components is
proposed here. This method is given the name floating admittance matrix approach
[17-25] to the model development, especially for active devices such as BJT and
FET/ MOSFET. All network functions of any amplifier incorporating these devices

may be obtained in the form of ratios of the 1st-order and or 2nd-order cofactors
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[25-32] of the circuit's floating admittance matrix. The conventional analysis of an
n-port circuit or amplifier assumes anyone terminal as the reference node, and all
other node voltages are defined w.r.t. this reference node. On the contrary, if all
nodes of an n-port network are accessible nodes to which external voltage
connections are made, it is called an n-port live network of floating nodes. Hence,
such networks are named the floating admittance matrix network. The n-port network
is very easily analysed using the floating admittance matrix approach. The definite
admittance matrix network uses at least one node as a reference node for all other
nodes, but the floating admittance matrix approach does not use any reference node.

A general topology of an n-terminal network consisting of arbitrary active and
passive components connected in any manner is shown in Fig. 2.9. None of the
terminals of Fig. 2.9 is taken as the reference terminal. All terminals are live in this
network. In other words, if any reference terminal at all is there, it falls outside the
purview of the network. For such a statement to hold good, all node currents are

independent, and its initial conditions are set to zero. [17-24].

1\)\ n-terminal

Network

Fig. 2.9 n-terminal Network Model

The current entering from terminal-1 of Fig. 2.9 is expressed as;
il = Y11v1 + Y12U2 + o e Ylnvn + 101 (21)

Similarly, the other n-terminal currents of Fig. 2.9 can be expressed as;
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iz = Y21v1 + Yzzvz s YZnUn + 102 (22)

in =Y +Yov + Y + Ly (2.3)
where, v4, vy, ... ... v, are the potentials connected at terminals 1, 2.....n and to some
arbitrary but unspecified reference point and iy, i, ....... i, are currents entering
through terminals 1, 2, ...... n from outside the network with initial conditions 1,4,
Logy oonn.... I,,,. The n-terminal network, together with the load, is assumed to be
linear. Its voltage and current relationship from Egs. (2.1) through (2.3) can be

arranged in the form of a matrix as;

(47 Y1 Yip .. Y [lon]
Iy Y1 Yoo Yop || V2 Ioz

= + (2.4)
iy Y1 Yng oo Yondtond Lo, |

Equation (2.4) is further simplified in the form of a mathematical equation relating

its terminal voltage and currents as;
ii = Yl’jvn + Ioi (25)

Where in the subscript ‘i’ indicates the row value and ’j’ the indicates the column

value from 1 to n of V;;.

To verify the special conditions on the row elements of a FAM, if a voltage

(v,) [19-20, 25-32] is added to all existing terminal voltages vy, v,, ...... v, the
terminal currents are given by Eq. (2.4) changes to
(17 Y1 Y, Yinq[Vi t Vo1 [lo1]
iy Y21. Yo Yop||v2+ v Iy,
= + (2.6)
iy Y1 Yng oo Yondlvn + 000 Ly,
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Subtracting Eq. (2.4) from Eq. (2.6) yields as;

(117 Y11 Yip ... Yin]pVo;
iz Y21 YZZ 'YZTl UO

= . =0 (2.7)
i, LY, Ynz ..., llvgl

For quick and better understanding, we would like to reduce this matrix to represent
the three-terminal devices such as BJTs, FETs, and MOSFETSs using Eq. (2.7). So,

Eq. (2.7) simplifies to a 3 x 3 floating admittance matrix of three-terminal electronic

devices as;
[t] [Yn Yi2 Y13] [170]
[ | | | |
liz[=]Y1 Yoo Yas||vo]|= (2.8)
| | | |
li3J Y31 Y3 Va3 lVOJ

The equation of each current i;, i,, and i; from Eq. (2.8) is written as;
iy =i, =i3=0, (2.9)
Substituting the values of iy, i, and i; from Eq. (2.8) in Eq. (2.9) yields;
L= +Y1,+Y3)v,=0
iy = +Y +Y3)v, =0 (2.10)
i3 = (Y31 + Y55 + Y33)v, = 0
From Eq. (2.10), i; = (Y11 + Y1, + Yi3)v, =0
We have connected v,, an additional voltage to all terminals, and so v, 0, then
Yy, + Yy, +Y5=0 (2.11)
Similarly, from Eq. (2.10), iy = (¥21 + Y22 + V23)v, = 0and v,# 0,then  (2.12)
Y1 + Yoy + Y3 =0 (2.13)
Again from Eq. (2.10), iz = (y31 + V32 + V33)V, = 0 and v,= 0, then (2.14)
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Yap + Y3+ Y33 =0 (2.15)

Equations (2.11), (2.13), and (2.15) reveal a very important hypothesis that the

sum of all elements of any row of a floating admittance matrix must be equal to zero.

Now, we would like to demonstrate the condition of all elements of any column
of a floating admittance matrix. It is well known from KCL that the sum of all
currents entering the network must be equal to the sum of leaving the currents of the

network. In other words, the algebraic sum of the currents in any network must be

zeroi.e.
51 Vi, Y Vi3 o1
|=|Y21 Y2 st] V2| +|1o2 (2.16)
l1'3J Y31 Y3p Va3 lv3

Setting initial conditions zeroi.e. I,; = 1,, = 1,5 = 0 in Eq. (2.16) yields,
il 11 Y12 Y13
|=|Y21 Yoz Ya3 l ‘ (2.17)
i3 31 Y32 Y33

Expanding currents iy, i,, and i; from Eq. (2.17) yields;

il = Yllvl + levz + Y13173 (218)
iz = Y21vl + Yzzvz + Y23v3 (219)
i3 e Y31v1 + Y32172 + Y33U3 (220)

As no current comes out from any terminal of Fig. 2.6, currents entering from all the
three-terminal can be equated as;

i1 +i,+i3=0 (2.21)
Substituting the values of iy, i,, and i3 from Egs. (2.18), (2.19), and (2.20) in Eg.
(2.21) yield as;

Y1101 + V1,05 + Yi3v3 + Vo101 + Yoov, + Vo303

+Y3,v; + Y30, + Y3303 =0 (2.22)

Let us suppose that all but terminal-1 of the three-terminal network is grounded i.e.
v, =vz =0and v; # 0, then Eq. (2.22) reduces to

Y1301 + o101 + Y390 = (Y11 + Vo1 + Y31 =0 (2.23)
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Yig+ Y +Y5 =0 (2.24)
This proves that the sum of all elements of the first column of a three-terminal
floating admittance matrix is zero.
Similarly, if we suppose that all but terminal-2 is grounded i.e. v; = v; = 0 and
v, # 0, then EqQ. (2.22) reduces to
Yipvp + Yoovp + Yaov, = (Y12 + Yop + Y32)v, =0 (2.25)
Yip+ Yy + Y5, =0 (2.26)
Equation (2.26) suggests that the sum of all elements of the second column of the
three-by-three matrix is zero.
Lastly, let us suppose that all but terminal-3 are grounded i.e. v; = v, = 0 and v; #
0, then Eq. (2.22) reduces to

Y1303 + Yo303 + Y3305 = (Vi3 + Y3 + Y33)v3 =0 (2.27)
Since, v; # 0,
Y13 + Y23 + Y33 = O (228)

Equation (2.28) reveals that the sum of all elements of the 3rd column of a 3x3
matrix is zero.
So one by one, it has been proved that the sum of all elements of any row or
any column of any floating admittance matrix becomes zero.

The coefficient matrix Y;; relating voltages vy, v,, ....... v, and currents iy,

| i, In EQ. (2.4) is separated as;
_Y11 le 000 O Yln_

Y21 Yzz T Y2n (2.29)

Y, Yoz Yo

This coefficient matrix in Eq. (2.29) is also called the floating admittance
matrix of any n-terminal network because the reference point for the potentials is
some arbitrary but unspecified point outside the network. Here coefficient matrix
[v;;] is called the floating admittance matrix (FAM). As stated above, the short circuit

initial current I,; results from the independent sources and/ or initial conditions in

the interior of the n-port network. For this purpose, we shall consider all independent
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sources outside the network, and all initial conditions are set to be zero. Hence, I,;

is supposed to be zero, and Eq. (2.5) further simplifies to

Since BJTs, FET, and MOSFETSs are 3-terminal active devices, the coefficient
matrix can be stated to a 3-terminal devices matrix as;

[Yn Yi2 Y13]
I I

[Y21 Y22 Y23‘ (231)
Y3, Y3, Y33

Equation (2.31) represents the floating admittance matrix of any 3-terminal
device.

If any of the terminals are made common to the other two, the corresponding
row and column are deleted from the floating admittance matrix. For example, say
terminal '3' is made common, then the 3rd row and 3rd column of the coefficient
matrix are deleted, and the coefficient matrix of Eq. (2.31) reduces to;

Yi1 Y12]
(2.32)

Y21 Y22
Equation (2.32) is the 2 x 2 matrix reduced from the above Eq. (2.31).

The floating admittance matrix finds extensive use in designing and analysing
complicated circuits using active devices such as BJTs, FETs, MOSFETs, and Op.
Amp. and complex passive circuits. Since each of these active devices has three

terminals, their 3-terminal currents and voltages are denoted as;
Base current and base voltage of the BJT = i, v,

Gate current and gate voltage of the FET/ MOSFET = iy, v,
Collector current and voltage of the BJT= i, v,

Drain current and drain voltage of the FET/ MOSFET =i , v,
Emitter current and emitter voltage of the BJT =i,, v,

Source current and the source voltage of the FET/ MOSFET = i, v
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As the vacuum tube has become obsolete, except for any special purpose, we
take up the more frequently used active devices in electronic circuits such as BJTSs,
FETs, MOSFETs, and Op. Amps. Usually, these are used as 3-terminal devices,
though their variant as four-terminal devices is also available. The four-terminal BJT
and MOSFET are used at high frequencies. Even the BJTs and MOSFETSs
manufactured for low-frequency operations are also represented as a 4-terminal or
two-port network by making one of its terminals common to both input and output
sides in any of the configurations of BJTs, FETs, MOSFETSs, and Op. Amp. We will
be analysing these devices throughout our thesis work, assuming BJTs, FETS,
MOSFETS, and Op. Amps. as two-port networks. The symbolic representation of
typical 3-terminal devices is shown in Fig. 2.10.

These devices can be presented as a two-port network if any one of the terminals
is referred to as common to both the input and output sides of the network in Figs.
2.11 and 2.12.

2 |c 21C 2|D 3\3
B B G
1 1 1G 1

E |3 E|3 3|5 Z\D

1

Fig. 2.10 Circuit Symbolic Model of BJT, MOSFET, Op. Amp.
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Fig. 2.11 Two-port Circuit Model of the npn Transistor

3 - 1
1 = lgé G

171 = U13 3

‘« iz =id

Y

3 3

Fig. 2.12 Two-port Circuit Model of n-channel MOSFET

Figure 2.13 is the generalized two-port network. For the analysis of the circuits
incorporating electronic devices using FAM, the 3-terminals of these active devices
are assigned here numerics instead of their usual terminal symbolic letters such as
B—1 for the base, C—2 for the collector, E—3 for the emitter, G—1 for the gate,
D—2 for drain, S—3 for source. These numbers have been assigned for generalized
description and analysis of the floating admittance matrix of these devices. With

their terminal letters and numbers, these devices are shown in Figs. 2.11 and 2.12.

1 Two Port Network 3

i) f "ol

2] _| ()
| 4

Fig. 2.13 Generalized 2-port network Model
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The common base configuration is analogous to the common-gate of the
FET, and MOSFET. common emitter configuration is analogous to a common-source
and common collector configuration is analogous to a common drain.

Here, current i; and voltage v, are the generalized representation of the base
current and base voltage of the BJT or gate current and the gate voltage of the FET/
MOSFET, i, and v, are the generalized representation of the collector current and
collector voltage of the BJT or drain current and drain voltage of the FET/ MOSFET,
i; and v5 represent the emitter current and emitter voltage of the BJT or source
current and the source voltage of the FET/ MOSFET. Equation (2.20) represents the
generalized floating admittance matrix relationship between voltages and currents of
any 2-port network. The generalized form of a 2-port network for BJT in common
emitter (CE) configuration and MOSFET in common-source (CS) configuration are
shown in Figs. 2.11 and 2.12.

The 3-terminal currents and voltages of the BJT and FET/MOSFET can be
expressed [17-32] in the form of a matrix as;

b =0p/igIY1n Yz Yas[Vi = Vb/vy
ip =i/ig||Y2r Yoz Yasl||vz =wc/va (2.33)

i3 =1,/igllY3y Y3, Y3sllv; = v, /v,

To demonstrate the beauty of the floating admittance matrix and how the common
base, collector, and emitter configurations of the BJTs are easily obtained, we take
them up one by one. Eq. (2.33) is easily converted to the common emitter (CE) or
common-source (CS) by just deleting the 3rd row and 3rd column of the floating
admittance matrix of Eq. (2.33) as;

i1 =Ip/ig 1111 Yio * [ V1 = Vp/ 7y
iZ = ic/id Y21 Yzz i vy, = UC/Ud (234)
b — 3 * E 3 * E3 = £

The simplification of Eq. (2.34) can be done as;
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i =1p/ly Y14 Yis||v1 = vs/vg
= (2.35)
i, =ic/ip Y31 Y33]|v2 = ve/vp

The common collector/ common-source configuration may be represented by
deleting the 2nd row and 2nd column of Eq. (2.33) as;

[1=0/lg|[Y1  *  Yi3][V1 = vs/7g]
| |

U | * *x = * (2.36)
lis = ie/isJ L/31 i Y33le3 = ve/vsJ
Equation (2.36) is further simplified as;
il = ib/ig Y11 Y13 V1= vb/vg
= (2.37)
i3 = ie/is Y31 Y33 U3 = ‘Ue/vs

Finally, the common base/ common-gate configuration can be represented by

deleting 1st row and 1st column of the floating admittance matrix of Eq. (2.33) as;

iy =ic/ig| * H 2 = Vc/Vq (2.38)

i3 = lo/igll V3 = V[ Vs
Equation (2.38) further simplifies as;

i =1ic/ig Y5, Yoz | |v2 = ve/va
= (2.39)
i3 =lg/is Y3, Y3 |vs = Ve [ Vs

The next section covers the mathematical tool that makes the information

transformation possible.

2.11 First Order Cofactor of Matrix Model

The sub-matrix of the matrix [Y] is denoted as Y;; and obtained from it by deleting
the i*" row and j* column.

The first-order cofactor [17-24, 28-32] is denoted by the symbol Y;; of [Y] matrix is

defined as;
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Y;; = (—=1)™*/ the determinant of [Y] (2.40)

The main difference between cofactors and minors is the sign. Minors with the

sign are called cofactors.

A class of matrix arises in linear systems analysis, known as the Equicofactors

because all the first-order cofactors are equal.

As a consequence of the sum of all elements of any row producing zero and the
sum of all elements of any column producing zero properties, all the cofactors of the
elements of the floating admittance matrix are equal. A square matrix is an
Equicofactors Matrix if the SUM of the elements of every row or every column
equals zero. If "Y' is an Equicofactors matrix, then all of its first-order cofactors are
equal. Since the FAM of a linear, lumped, and time-invariant multi-terminal network
has the property that the sum of elements of every row or every column is equal to

zero, it is an Equicofactors Matrix. If Y,,,, and Y;; are any 2-cofactors of the matrix

[Y], then
Ve = g (2.41)

2.12. Second Order Cofactors of Matrix Model
If the sub-matrix Y,,, is obtained from the floating admittance matrix [Y] by
deleting two rows' r' & 's' and two columns 'p' & 'q’, the second-order cofactor [17-

32] results. The second-order cofactor is denoted by the symbol Y, ,,, of the element

S,pq

Y., and Y, of the matrix [Y] and is the scalar quantity defined by the relationship

after prefixing the sign,

Yrs,pq = sgn(r - S)Sgn(p - Q)(_l)r+s+p+qdetyrp,sq (2.42)
wherer # s,p # q and (2.43)

sgn(x) =1,if x>0
sgn(x) =0,if x =0
sgn(x) = —-1,if x <0
It is convenient to define
Yispq =0, forr=pands=q (2.44)

This convention will follow throughout the remainder section.
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The FAM greatly facilitates the formulation of the driving point or transfer
functions between any pair of nodes or from any pair of nodes to any other pair of
nodes in the network. The network functions can be expressed as the ratios of the
second and/or first-order cofactors of the FAM. Because of its importance and its

further applications in this work, it is repeated here.

2.13 Transfer Function Model of 2-Port Network

The network transfer functions [17-32] are important for analysing the active
network. Hence, we would like to obtain different types of network functions of two-
port networks in a generalized form. For this purpose, Figs. 2.14 and 2.15 are
considered here. In Fig. 2.14, terminal 4 is grounded, whereas, in Fig. 2.15, terminal
2 is grounded, but terminal 3 is open-circuited in both of Figs. 2.14 and 2.15 (without
load).

il —_— <o i3
v v
_ T | Two Port Network | ¥ |
liz V12 _ V34
| <y
iZ —> U, Uy —:_

Fig. 2.14 Two-Port Network Model with V4 =0

We would like to derive all types of transfer functions of BJTs, FETs, and
MOSFETSs, considering them as two-port networks. It is evident from Fig. 2.14 that
the output port is open, and the 4th terminal is grounded. The transfer impedance
between nodes 3 & 4 and 1 & 2 is defined as the ratio of potential difference
measured between nodes 3 & 4 to the current extracted from nodes 1 & 2. It is

mathematically written as =2* where v, is the voltage across terminals 3 & 4, and

l12

the current source i,, connected between terminals 1 & 2. The generalized floating
admittance matrix of the 4-pole network can be written as the extension 4-terminal

network of Eq. (2.4) as;
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Ul Yim. Yz Yz Y
) Y21 Yoo Yoz Youl|v2
= (2.45)
i3 Y31 Vi Vi3 Yau||vs
lg Yo Vi Yiz Yyullvg

From Fig. 2.14, the terminal variables (voltages and currents) of the 2-port

network (without load) can be expressed as;

liz = 11 = 1)

\ (2.46)

= (2.47)

i, =01 Yy Yo Yz Yiullvy =0

Since, v, = 0, means the 4th terminal is grounded. This condition simplifies Eq.
(2.47) after deleting the 4th row and the 4th column as;

iy Yii. Yz Yz
=iz |=|Y21 Y22 Yasf|?2 (2.48)
iz=0 Y31 Y3 Yi3llus

Now, Eq. (2.48) is further simplified, substituting terminal variables from Eg.
(2.46) as;
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i Vi1 Yi, Yi3 U1
—i; |=|Ya1 Yoo Y3 () (2.49)

|J.3 = OJ Y31 Y32 Y33 U3 = V34

The node voltage v; = v5, is obtained from Eq. (2.49) using the property of

matrix as;
Y11 Y12 iq
Y21 Ya2 —iy
Y- Y- Y21Y32,—Yo,Y31+Y11Y3,—Y1,Y31 .

Hence’v3 — v34 — 31 Bi 0 — 21132 22131 4-11 32 12131 1«12 (250)

A |v;|

Rearranging floating admittance element in Eq. (2.50) as;

Y11+Y21)Y32—(Y12+Y22)Y3q .
U3 — v34 — ( 11 21) 32 ( 12 22) 31 (251)

|y44| 12
Applying the zero-sum property for the 1st column in Eq. (2.47) yields as;
Yiin+ Y=Y =Y =—(Y31 +Y41) (2.52)
Similarly, applying the zero-sum property for the 2nd column in Eq. (2.47) yields;
Yio+ Yo ==Y =Y, = —(Y3, +Y,,) (2.53)
Substituting Egs. (2.52) and (2.53) in Eqg. (2.51) yields;

—(Y31+Y41)Y3p+(Ya2+Y42)Y31 . —Vy1Y32+V31Yy; .

VU3q = T li2 = T l12 (2-54)
Y31 Y32
Y31Y4o—Y3,Y4q . .
U3g = I 432 iy, = L 4Y42 l12 (2.55)
|v:| |vz|

Rearranging elements of the floating admittance matrix of Eq. (2.55) in the form of

the cofactor of matrix yields;

Y31 Y33

Va1 Yaol . V32| .

V3q = V2] lig = WHZ (2.56)

The minor of any element of a matrix is the determinant of the matrix obtained
by deleting the row and column that intersect the particular element.
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Example

[Y] = (2.57)

The minor of the element intersecting 1st row and 3rd column of Eq. (2.57) is

expressed as;

Minor Y3 = =31 Yz VYau (2.58)

We know that a cofactor is it's minor with the proper sign. The sign of any
element of the floating admittance matrix is given as;
= (=1, (2.59)
wherei=j#0
Thus, cofactors concerning 2-rows (1 & 2) and 2-columns (3 &4) are expressed as;
Cofactor |Y3Z| = Minors of the matrix in Eq. (2.58) after eliminating 1st and
2nd rows and eliminating 3rd and 4th columns with proper signs as;

Y31 Vs
= sgn(1 — 2)sgn(3 — D (- #3*+4|r| (2.60)

Y41 Y42

In Eq. (2.60), after deleting the 1st & 2nd rows and 3rd & 4th columns of the 4x4

. . . . |Y- Y.
floating admittance matrix, one of the cofactors is Y31 Y32 . Hence, Eq. (2.56) can
41 42
now be written as;
Y31 Yz
12
e el — sgm(1 - 2)5gn(3 - 4) (-1 L (261)
l12 |vi| |vi|
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Equation (2.61) is the transfer impedance between terminal voltage v; and

terminal current i, as;

Vs _ Vs _ g (2.62)

l12 l1

2.14. Self-Admittance Model of 2-Port Network

One of the important transfer functions of the two-port networks is the input
impedance. The input impedance is also referred to the self-impedance [17-32]. In
order to obtain the self-port driving point impedance, let us modify the two-port
network of Fig. 2.14 to Fig. 2.15 by grounding the 2nd node and not the 4th as in
Fig. 2.14. The self-port driving port impedance is defined as the ratio of the self-port
voltage to the self-port current. Mathematically it is expressed between nodes 1 and

2, forming ports 1-2 as;

Self-port driving port impedance = % (2.63)
12
i1 — -< -i3

v v T

[ o Two Port Network ’
li12 V12 V34

- i4_ |

iZ....) _:_ Uz v4

Fig. 2.15 Two-Port Network Model with V. =0

Where, v;, = v, is the potential difference between terminals 1 & 2 of Fig. 2.15,
with terminal 2 connected as the reference node and i,, = i;. This leads to two-port

voltage and current variables of Fig. 2.15 as;

12 = i; = 0y

i,=0
Vip =Vq, ¢ (2.64)
v, = 0,and
iz=0 )
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Since terminal 2 is grounded, Eq. (2.47) is further simplified by substituting
terminal variables at 2 by shorting 2nd row and 2nd column and substituting

conditions written in Eq. (2.64) for Fig. 2.15 as;

= (2.65)

i, =01 LYy Y Yz Yull v

The floating admittance matrix for Fig. 2.15 with substitution of Eq. (2.65) after
deleting the 2nd row and 2nd column (since terminal 2 is grounded) is expressed as;

[ iy 1 [Yn Yis Y14] U1

| [ |
iz =0]=|Ys1 Ya3 Y34‘|v3| (2.66)

| |
li, =0l lv,, v, v.llv

Rearranging port variable i;, = i; of Eq. (2.66) results in;

i1, Yii. Yz Ytz
0=[Ys1 Ysz3 Yau I%‘ (2.67)
0 Y41 3 Yaull vy

Y, v

The input port voltage is obtained using the property of the matrix as;

i3z Y13 Yia
0 Y33 Y34 Y33 Y34
0 )¢ )¢ Y, Y, .

Now, v, = |Y‘§3| = “3|Y2| i1, (2.68)

2 2
- Y33 Y34 - -
Since v.. y..|isone of the cofactors deleting 1st & 2nd rows and 1st and 2nd
43 44

columns of the 4x4 floating admittance matrix of Eq. (2.65) and is expressed as;

Y3 3 Y3 4
Y43 Y44-

= sgn(1 - 2)sgn(1 - 2)(-D 12|y (2.69)

Now Eq. (2.68) is written as;
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Y33 Y34

Viz _ Va3 Y44‘ =7, = sgn(l _ 2)sgn(1 _ 2)( 1)1+2+1+2

l12 |¥7]

Mévil

2]

(2.70)

Hence, the voltage transfer functlon can be expressed by combining Egs. (2.70)

and (2.61) as;

|v3Z]
|v:|

v 12|

/3 (2.71)

Uﬂ/% =sgn(1—2)sgn(3 — 4)(—1)1+2+3+4

12
Since terminal 2 is taken as a reference terminal in one case and terminal 4 is taken

as the reference for the other case, then |Y2| = |Y;}|, then Eq. (2.71) simplifies as;

B4 sqm(3 — 4)sgn(l — 2)(—1)3+4+1+2 Lot (2.72)
12

V|

Equation (2.72) gives the voltage gain [29-32] between output port voltage vs, and

input port voltage v,,.

From self-port driving point impedance, i;, = i; = ||: 2| Vi (2.73)

From the equation of the voltage transfer function i, = is = v3,G;,
Y12
V34 = sgn(3 — 4)sgn(1 — 2)(—1)3+4+1+2 %Vu

. . Y-
l3g = 13 = v34GL = Sgn(?) - 4‘)Sgn(1 - 2)(—1)3+4+1+2I 3142I IZGL (274)

YL
Vi = ||;z|| l12 (2.75)

. Y- 2
i34 = VU34Gp = ggn(g = 4)sgn(1 — 2)(_1)3+4+1+2 Iy3142I x ||y2||

i,G,  (2.56)

Hence, Current gain [29-32] = i3—4

iz _ _ _ _ 3+4+1+2|Y34| |vZ|
12—Sgn(3 4)sgn(1—2)(-1) |Y12| Iv2 |GL

B3a _ sgn(3 — 4)sgn(1 — 2)(—1)3+4+1+2 1541 |v5| G, (2.77)

i12 |YZ|
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The transfer impedance between output port voltage and input port current can now

be generalized to n-pole networks as [17-24, 28-32];

24 .. L ymn
ZJ, = lvi = sgn(i — j)sgn(m — n)(—l)‘+1+m+n|l;’—n| (2.78)
Self-port driving point impedance Z,,,, = ';m—” = % (2.79)
Voltage Gain = 4, |7 = vv”
» o Y/
;n—”n = sgn(i — j)sgn(m — n)(—1)t/tm+n !Ylﬁ (2.80)
Current Gain = 4|, = lli
L. ymn
iin;]n = sgn(i — j)sgn(m — n)(—1)t/+m+n —‘ |;’r,:|‘ G, (2.81)
Power Gain = A |ij = A\ xA Y = D (2.82)
14 mn vimn timn Vmn lmn *

where i # j,m # nand

+1
sgn(x) = +1 forx >0 sgn)
sgn(x) =0 forx =20 —X 5 > X
sgn(x) = —1 forx <0 -1 (2.83)

determinant of submatrix deleting m*", n** rows and

mn —
ith, jt columns of |y|

7]
Here, m & n are excitation terminals, and 'i'&'j’ are response terminals.

2.15. Conclusions

Different transfer functions such as voltage gain, current gain, power gain, input
impedance, and output impedance of any three-terminal device, amplifiers
containing three-terminal devices or circuits can be easily obtained, have been
demonstrated here in this chapter. Additionally, how any n-port network can be
described using the floating admittance matrix has also been shown. It has been

demonstrated that all transfer functions can be obtained in the form of ratios of
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cofactors of the floating admittance matrix. This elegant approach is superior to the

equivalent circuit approach for analysing the amplifier transfer functions of two-port

networks.
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Chapter 3

Modelling of the BJT Amplifiers

3.1 Introduction

The BJT is modelled by the circuit elements such as a current source or voltage source,
resistances, and capacitances. The modelling technique [1-17] is much simpler than the
graphical analysis procedures of BJT amplifiers. The use of models may result in some
loss of accuracy since the representation of a device by a model assumes some degree
of approximation. However, the approximations are often very good, resulting in the
most accurate circuits. Appropriate approximations are important in most analysis and

design procedures for practical devices.

When the signal levels are small, electronic devices can be represented by linear
models consisting of linear circuit elements like a voltage source, current source,
resistance, and capacitances. Such models are applied to many amplifier circuits, except

in the case of the power amplifier.

When the signal levels are large, the models assume the nonlinearities of the

device. Such models are applied to large-signal amplifiers or digital circuits.

There are many ways to characterise the BJT Amplifiers. One way of

categorisation is based on its frequency [4] response i.e.

1. Low frequency
2. Mid-frequency, and
3. High Frequency
Consequently, the low-frequency BJT model [1-26] has two prevalent categories,

namely,
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e the h-parameter model
e hybrid-r model.

e T-model

For high frequency again, there are two models called

e Hybrid-m model, and
e Y-parameter model
These days hybrid-m or T-model provides a much simpler analysis technique and is

normally used to analyse the BJT amplifier.
3.2 Small-Signal Model Development of the BJT

The BJT starts functioning as an amplifier if the base-emitter junction (Ve or Ves) is
forward-biased and the collector-base (Vcs or Vec) junction is reverse-biased [1-40].

For that, let us consider the circuit of Fig. 3.1.

The relationship between DC voltages and DC current in the circuit [1-26] of Fig. 3.1

is expressed as;

Ic = Igexp (%) = [gexp (%)

n — 1 for the simplification of analysis and Vg > V. (3.2)
IC = O,’IE (32)
- I'C
. +
lp — _CB + % Rc
' %
T I\ CE
Ube VBg B
lie  =ve
Vee I

Fig. 3.1 Circuit Model of the BJT amplifier with DC and AC superimposed

I, = Bl (3.3)
IEzlc‘l‘IB (34)
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Vee = Ve = Vee —IcRc (3.5)

Obviously, the voltage at the collector point (V. = V) should be larger than the
voltage at the base point (/) for the npn transistor to operate in the active region.
Conversely, V- should be more negative than V; in the case of a pnp transistor to remain

in the active region.

The circuit of Fig. 3.1 has the pure ac input voltage (v;.) and pure DC voltage (Vzg)
connected in series to set the required biased point taking into consideration of the DC
supply voltage V.. and the dc load resistance R.. Now, the effective base-emitter
voltage in Fig. 3.1 is given as;

Vpe = Vpg + Vpe (3.6)

Merging Eq. (3.1) and (3.6) yields the collector current as;

ic = Isexp (I;L:) = Isexp (VBE;/—:UM) = Isexp (VVLf) exp (l;_b:)

= Icexp (l;—b:) (3.7)

Since, v, K Vr, the exponential function of Eq. (3.7) can be expanded as;

ic = Icexp (22) =1C{1+%(”VL:)+%(”V—”:)Z+---..} (3.8)

T

Again, since, v, < Vi, the higher-order terms of Eg. (3.8) can be neglected to yield;

i =1 {1 + (%)} =1+ (I’/—‘;) Vpo (3.9)

Ic

The dimensionally (V—
T

) is conductance; more appropriately transfer conductance

between the output current (/) and the thermal voltage (/;); which changes the input
voltage (Vzg). This transfer conductance is given the name mutual conductance, g,,.

Hence, Eq. (3.9) simplifies as;

Ic

ic =1Ic+ (V_T) Vpe = Ic + GmVbe = Ic + GmVpe (310)
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Equation (3.10) indicates that the total collector current consists of (a) DC collector

current (I) and the (b) ac collector current (i.). So, Eq. (3.10) relates the ac collector

current as;
. 1
le = V_ivbe = ImVUpe (3-11)
iC = IC + ImVpe = IC + iC (312)
Here, g, = e 3.13
|4
T

We observe from Eq. (3.13) that the transconductance (g,,) of the BJT is directly
proportional to the collector bias current (I;). The value of the transconductance of the
BJT is always higher than that of the MOSFET because g,, of the MOSFET depends
on the dimension (L & W) of the MOSFET. The small-signal representation of the g,,
is approximately equated to the tangent at the Q-point in Fig. 3.2.

Similarly, the base current is defined as;

. _i_c_IC+ngbe_I_C l I_C = 1
iy = L2 = Letr __B+,8(Vrvbe) Iy + i, (3.14)

The total base current in Eq. (3.14) is composed of the dc base current (Ig) and the ac
base current (i,). The swing of the ac input voltage produces the corresponding swing

in the collector current as indicated in Fig. 3.2 at the Q-point.

Tangent

> Upg

Fig. 3.2 Graphical model representation of Ic vs Ve
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3.3 Circuit model of CE for Input resistance

3.4 The base current is the input current that drives the transistor in the
conduction region, as in Fig. 3.3 (a).

3.5 The dc base current is written as;

Ig =%: and (3.15)

Similarly, the ac base current is expressed as;

. 1/(1 9m
Ip = E(V_(; vbe) =5 Vbe (3.16)
P lp <— - ¢
. c e c
lbb—) — N- I/
+ R v
Rip =1 —> v, ) Ry = 1> be i,
) e| ¢ Le + b

Fig. 3.3 Circuit Symbol model of the BJT (a) CE and (b) CB configurations
The small-signal input resistance looking into the base terminal in the CE configuration

of the BJT is shown in Fig. 3.3 (a), given the name 1, is expressed as;

Rinecey = 1o = i—l: = % = ﬁ% = % (3.17)
Merging Egs. (3.16) and (3.17) yield,;

Rinccey = vl—l;e = ﬁ =Ty (3.18)
Hence, 8 = g1 (3.19)

Equation (3.18) indicates [3-16] that the small-signal input resistance of a CE
configuration of the BJT is directly proportional to g and Eq. (3.17) indicates that it is
inversely proportional to the bias collector current, 1. Substituting for g,,, in Eq. (3.18)
from Eq. (3.13) yields;

B

_ _ B _ LpVr _ Vr _Vr
et el e T A
Vr

Ic  Ic/B 1B

. (3.20)

70



In the case of the MOSFET, the gate current corresponds to the base current in the BJT.

The gate current in MOSFET is zero (0), so input resistance is infinite.
3.4 Circuit model of CB for Input resistance

In the case of a common-base configuration of the BJT, the input drives current is the
emitter current, as in Fig. 3.3 (b). To find the input resistance seen at the input (emitter)

terminal, we have to represent the base current in terms of the emitter current i.e.

. i I i .
lE:;C:;C‘l‘;C:IE‘l‘le (321)
The ac emitter current is now expressed as;

i, =% (3.22)
e

a

Substituting for i, from Eq. (3.11) in Eq. (3.22) yields;

. ic 1 I I 1 I

le :l;:;xV_CTvbe = (Ec)xv_Tvbe :V_ivbe (3-23)
Now, the small-signal input resistance looking into the emitter terminal in the common-
base configuration shown in Fig. 3.3 (b) of the BJT, represented by r,, is defined as;

eV
Rinecpy =Te = 22 =-L (3.24)

le Ig

Substituting for (vﬂ) from Eq. (3.23) in Eq. (3.24) yields;

le

Te=%=éﬁ=‘;—; (3.25)
Rincr) =T = vl_z;e _ # - a‘I’_CT = ﬁ (3.26)
o (3.27)

Now, from Eq. (3.17), vy, = 1,,ip = rnli_eﬁ
(4 o (3.28)

Equation (3.28) gives a relationship between input resistances of common-emitter (r;;)

and common-base (7,) configurations of the BJT.
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3.5 T-model of the BJT

Although the hybrid--t model of the BJT is simple and suitable for analysing the
amplifiers, the other model variant is more convenient in some situations. This variant

is called the T-model, [4-16] as drawn in Fig. 3.4 (a).

If we just rotate the Fig. 3.4 (b) by 90° left and then horizontally, the structure looks
like a T and hence its name was given as the T-model small-signal equivalent circuit as
in Fig. 3.4 (b). We know that the plot of the collector current versus collector-to-emitter
voltage does not remain constant but rather increases very slowly for a large change in
the Vce due to the Early effect. Hence, the BJT has a finite output resistance r,. The

small-signal T-model of the BJT including the output resistance r, is drawn in Figs. 3.4

(©).

Fig. 3.4 (a) Vertical Circuit T-model of the BJT

9mVn

c iC - le B - ic

Fig. 3.4 (b) Horizontal Circuit T-model of the BJT
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Fig. 3.4 (c) Vertical Circuit T- model of BJT including 7,
3.6 Hybrid-n Circuit model of the BJT

The hybrid-r circuit model of the BJT drawn in Fig. 2.8 (b) is repeated here for deriving
the floating admittance matrix of the BJT, assuming 7, as large as open-circuited and
Tpp, @S SMall as short-circuited and hence considering these facts the hybrid-n small-
signal equivalent circuit model of the BJT is shown in Fig. 3.4 (d).

Iy —> L
B 1 > C
+
Ungrﬂ <l GmVn % Yo
3 T i
E

Fig. 3.4 (d) hybrid-= circuit model of the BJT including
The currents and voltages [1-39] are related from Fig. 3.4 (d) as;

i =iy = gn(Wp — V) = gn(v1 — v3) = gpv1 + (0)V2 — g3 (3.29)
2 =ic=go(We = Ve) + Gm(Vp — Ve) = GmVp + GoVe — (G + Go) Ve

I = lc = gmVp + GoVe = (gm + go)Ve (3.30)
i3 =l = gr(We = Vp) + 9o (Ve — V) — g (vp — Ve)

3=l =—(9gn + 9m)Vp — GoVc + (Gr + Gm + Go)Ve (331)
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The above equations (3.29), (3.30), and (3.31) are arranged in the form of a matrix [34-
41] as;

1 2 3
i1 =1 9, 0 —9n V1 =7y
. .= 3.32
12 = lc gm gO _gm - gO UZ = vC ( )
Li3 = i, l—9r —9m 9o Gzt Gm T gollvs = v,

Where, g, = 1/, gm = B/%, and g, =0

The coefficient matrix in Eq. (3.32) is called the floating admittance matrix of the
BJT as none of its terminals is taken as a reference for the other terminals. This Eq.
(3.32) will be used to derive all transfer functions of any configuration BJT amplifier

using low-frequency FAM of hybrid-m model.

Now, we would like to demonstrate the use of the floating admittance matrix
developed for BJT in the hybrid-r model to obtain its different transfer functions in

different configurations.
3.7 Circuit Model of the BJT Phase-Splitter Amplifier

The BJT phase-splitter amplifier [1-33] provides two types of amplified output
voltages; one in phase with the input signal at the emitter terminal and the other out of
phase of the input signal at the collector terminal. i.e. v, = A,v,20° and v, = —A, v, =
A.v,2180° as depicted in Figs 3.5. An elementary circuit of the BJT phase-splitter
amplifier with two supply voltages V. and Vg used to bias it is shown in Fig. 3.5. The
ac circuit, shorting all capacitors and the dc supply voltages at low frequency, is drawn
in Fig. 3.6.

Since the analysis is proposed to be done using the floating admittance matrix, the three
terminals of the BJT are denoted as B—1 for the base, C—2 for the collector, and E—3

for the emitter.

The floating admittance matrix of a BJT in hybrid-r model [34-41] of Eq (3.32)

is repeated here for ease in further analysis.
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1 2 3
i1 =1 9 0 ~In V1 =7Vp
] .= 3.33
i, =i, Im Yo —90 — 9m V2 =V ( )
Li3 = [, l—9r — 9m “Y9o YGn Tt Im + Gollvs = v,
+Vce
Re Cc
: ( Ve
Cs R
11 |) _%_ L1
)1 Ce L
Ty Ve
Re Re1 Ri2
US
= - —VEE B

Fig. 3.5 Circuit Model of the BJT Phase-Splitter Amplifier

N A R.=Re Il Ry
J’_
, I\<| 3
Re
Re
_ R _
Vs Ru 4 Ras 241 Rg=Rgq Il Ry

Fig. 3.6 AC circuit model of the BJT Phase-Splitter Amplifier
As the BJT phase-splitter has 4-nodes, the coefficient floating admittance matrix in 3

x 3 of the BJT (active element) in hybrid-z model in Eq. (3.33) is now transformed to

4 x4 as;
1 2 3 477
I 0 —In 0 1
Im 9o —9m — 9o 0|f2 (3.34)

9 —9m  —9Y0 Intgm+g0 0 |f3

0 0 0 0 1L4
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Similarly, the 4 x 4 floating admittance matrix of passive elements present in Fig.

3.6 of the BJT phase-splitter amplifier is written as;

1 2 3 4 -
gs + Gg 0 0 —9gs — Gp 1
G 0 -G
0 L L 2 (3.35)
0 0 GE _GE 3
|—gs —Gg —G —Gg gs +Gg+ G+ Gy 114

The overall floating admittance matrix of active and passive elements present in a
BJT phase-splitter circuit of Fig. 3.6 can be obtained by merging Egs. (3.34) and (3.35)

as per node specifications that yields;

1 2 3 4 -
In T 9st GB 0 —In —Y9s — GB 1
+G —Gm — —G
—I9r — Im —90  GntImtgot Gk —Gg 3
| _gS_GB _GL _GE gS+GB+GE+GL— ‘4"

Eq. (3.36) is the floating admittance matrix of a BJT phase-splitter circuit of Fig.
3.6. Now, we are interested in getting the overall floating admittance matrix of the
common-emitter amplifier from the BJT phase-splitter amplifier [34-41] of Fig. 3.6.
For that, the 3" column is added to the 4™ column in Eq. (3.36) to yield;

1 2 3 4 o
gn T 9s + Gp 0 —9n —9n —9s — Gp 1
Im YJo + GL —9Im — Yo —9Im — Yo — GL 2 (337)
—9n + Gm 9o Gt Imtgo+tGe gt gm+tgotGg—Gegll3
L —gs—Gp -G, —Gg —Gp + gs+ Gp + Gp + G 1M 4-

Simplification of Eq. (3.37) yields;
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1 2 3 4 o
In+9s+Gp 0 ~In —9n—9s —Ge||1
Im 9o + G, —9m — 9o —9m — 9o —GL|| 2 (3.38)
—9n — Im 90 GntImtgot+tGg IGntIm+go ||3
—9gs — Gp =Gy —Gg gs+Gg+ G, 1-4-
Again, adding the 3 row to the 4" row in Eq. (3.38) yields;
1 2 3 4
In+ 9s + Gp 0 —9n —9n — 9s — Gp 1
Im 9o + Gy ~9m — Yo ~9m — 9o — G 2
~9r — Im —9o Ir + Gm + go + Gg r t 9m + 9o 3
l—9r =9 —9s—Gs ~90=GL Gnt+gn+9o+G:— G Gnt+Ggm+go+gst+Gs+GIta-

(3.39)
Simplifying Eq. (3.39) yields;
1 2 3 4
gn + 95+ Gp 0 —9n —9n — 9s — Gp 1
Im o + Gy —9m — Yo —gm — 9o — G 2
—9n — Im —90 Iz + 9m + go + Gg gzt 9m + Jo 3
l~9r —9m —9s—Gs —90—G.  GntIm+tJdo Gt gm+got+gs+Gg+Glta-

(3.40)
Now, deleting the original 3 row and the 3™ column from Eq. (3.40) yields;
1 2 3 4

gn + 95+ Gp 0 —9= —9n— 9s — Gp 1

Im 9o + Gy, —gm—Ho —9m — 9o — G 2

—fr—m —fo Ytz t+got+bz f=+8o 3

l—9n —9m—9s— G —9o— G  Gxtgm+do GntIm+tgo+9gs+Gpg+Glh4a-

(3.41)

Simplification of Eqg. (3.41) yields;
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1 2 4 -
9r + 9s + Gp 0 —9n — 9gs — Gp 1

3.42
Im go + G —9m — 9o — G, 2 (3.42)

—_gn_gm_gs_GB —Yo -G Int9m T 9o t 9s + Gg + G 14

3.8 Circuit Model of the Common-Emitter Amplifier
Since the 3™ row and the 3" column have been merged to the 4™ row and the 4"

column, the 4™ row and the 4™ column of Eq. (3.42) are now assigned the 3™ row and

the 3™ column, and then Eq. (3.42) simplifies to;

1 2 3 -
gn+gs+GB 0 _gn_gs_GB 1
3.43
9Im go + Gy —9m — 9o — Gy 2 (343)
-_gn_gm_gs_GB _gO_GL gn+gm+go+gs+GB+GL-‘3‘

This Eq. (3.43) is the floating admittance matrix of a common-emitter amplifier in
hybrid-z model. The circuit of a common-emitter amplifier is drawn as in Fig. 3.7 using
this Eq. (3.43).

vy I/Z +

1
Ts I\ 3 V.
Rs
Us Ri3 3 R23 _

Fig. 3.7 AC Circuit Model of the Common-Emitter Amplifier

Ri=R¢ Il Rp4

WWWA

The floating admittance matrix for the circuit in Fig. 3.7, including the node currents
and node voltages, is written as;
il:ib gn+gs+GB 0 _gn_gs_GB

i,=1 VU, =7, 3.44
2 ¢ Im 9o + Gy —9m — 9o — G 2 ¢ ( )
i»=1 Vy = 7,
3T g —9m—9s—Gp —90—GL Gr+tGnt+Go+gs+Gs+Gl P °
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The voltage gain [34-41] between the output terminals 2 & 3 and the input

terminals 1 & 3 of a common-emitter amplifier in Fig. 3.7 using Eq. (3.44) is expressed

as;
A |23 = sgn(2 — 3) 1 — 3)(—=1)2+3+1+3 2 |vE 3.45
vil13 — g Sgn( )( ) |Y13| - |Y13 ( . )
13 13
From Eq. (3.44), |Y35| = g, IY5| = 90 + G,
23 _ B8l gm ~ _
Av|13 - - - gm(TO”RL) = ngL (3-46)

¥ go+GL

The input resistance [34-41] between the input terminals 1 & 3 of a common-

emitter amplifier in Fig. 3.7 using Eq. (3.44) is expressed as;

R. _ |v{3] (3.47)
in(13) V2] 9e=0

|Y1133| =go t+ G,

|Y3| = gn+g's+GB 0
oo =7 g gotGy

= (gr + Gp)(go + GL) = (gr + Gp)(go + G1.)

Rinagy = b2l = —g0%0___ 1 _. g = (3.48)

in(13) |73 (gntGp)(go+GL)  gntGp n B—= 'm '

9gs=0
The output resistance [34-41] between the output terminals 2 & 3 of a common-

emitter amplifier in Fig. 3.7 using Eq. (3.44) is expressed as;

|35 |

Ros) = ﬁc . (3.49)
L=

|Y2233 =0gnt9s+Gp
Y3 6,20 = (Gn + g5 + G)(go + €1) = (g + g5 + Gp)go

|Y2233| — IntgstGp — 1 —r (3 50)
¥l gm0 Wntgs+Gr)do g0 ¢ '

The current gain [34-41] between the output terminals 2 & 3 and the input terminals

1 & 3 of a common-emitter amplifier in Fig. 3.7 using Eq. (3.44) is expressed as;
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%l (3.51)
3|~k '

13
A = sgn(2 - Dsgn(1 - (-1l 6, = -

Y3
| |GL=_ Im

1
A 23 _ __ 1723 G
il v (gn+9s+68)(go+GL) -

- (9n+9;g)r(r;19@+GL) GL = —9m (r:r:is) = _gm(rn I rs) = _ﬁ (352)

The Power gain [34-41] between the output terminals 2 & 3 and the input terminals

1 & 3 of a common-emitter amplifier in Fig. 3.7 is written as;

Ap %g = Avl%gx‘élil%g = (_ngL)(_ﬁ) = BgmR, (3.53)

3.9 Circuit Model of the Common-Collector Amplifier

The common-collector amplifier can be analysed using the floating admittance matrix
of the BJT phase-splitter amplifier of Eq. (3.36). For that, the 2" row is added to the 4"
row in Eq. (3.36) to yield;

1 2 3 4 o
gn + 95+ Gp 0 —Jn —gs — Gp 1
+G — G — -G
Im o+ Gy 9m — 9o L 2 (3.54)
—9:9n —90 In + 9m + Jo + Gg —Gg 3
.gm—gs—GB gO+GL—GL _gm_gO_GE _GL+gs+GB+GE+GL_’4'

Simplification of Eq. (3.54) yields;

1 2 3 4 -
In T Gs t GB 0 —Yn —9s — GB 1
+ G - — —G
—9n — Im 90  Gnt9m+ 9o+ Gk —Gg 3
Lgm — gs — Gp do —9m — 9o — Gk gs + Gp + Gglt4-

Now, adding the 2" column to the 4™ column in Eq. (3.55) yields;
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1
gn + 9s + Gp

9m

9 — 9Im

L9m — 9s — Gp

3 4
—9In —9s — GB
Jo *+ Gy, —9m — 9o go + G, — Gy
—90 Yzt 9m* go + Gg —90 — Gg

—9m — 9o — Gk

Simplification of Eq. (3.56) yields;

Now, deleting the original 2" row and the 2" column of Eq. (3.57) yie

1 2
gn +9s + Gg 0
Im 9o + Gy,
—9r — Im —9Jo
l9m —9s—Gp  YJo

1 2
9n + gs +Gp 0
Gm
G On
Lgm — gs — Gp 'g_v

3
—9In

—9Im — Yo
It Gm + go + Gg

—9m — 9o — Gk

3
—9n

otz  —Gm—bo

gn+gm+gO+GE

—9m — 9o — Gk

Jo + gs + Gg + Gglt

—9s — GB
9o

—90 — Gg

go + gs + G + Ggl*

4
—9s — GB

Yo

—90 — Gg

go + gs + Gg + Ggl

Ids;

1

2

3

[ 4|

(3.56)

(3.57)

(3.58)

Equation (3.58) simplifies after assigning the 2" row and the 2" column to the 4™ row

and 4™ column that yields;

1
In +9s + Gp

97 — 9m

LIm — 9s — GB

3
—9n

gn+gm+go+GE

—9m — 9o — Gg

gs + 9o+ Gg + GplL 2

2 _
—9s — GB 1

—90 — Gg 3

(3.59)

Equation (3.59) is the floating admittance matrix of the common-collector amplifier

derived from Eq. (3.36) of the BJT phase-splitter circuit in Fig. 3.6. The common-

collector amplifier circuit is drawn from the floating admittance matrix of the Eq. (3.59)

as Fig. 3.8. The conductance Ge may be equal to Ge1+G.
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Up I/Z

1
v I 3 Rg=Rgy | Ry,
! Ts U, V3
Fkv»t |_>§ Re Re 4_‘ t
Vs Rz 2 Rs2

Fig. 3.8 AC Circuit Model the Common-Collector Amplifier

The collector terminal of the BJT is common to both the input and output sides in
Fig. 3.8, and hence it is called a common-collector amplifier. The floating admittance

matrix for the circuit in Fig. 3.8, along with the currents and voltages, is written as;

1 3 2
il = ib gﬂ.’ + gS + GB _gn _gs - GB Ul = vb
o 3.60
I3 =1 —97r — 9m Irt+ 9m t 9o + Gg —9go — Gg V3 = U, ( )

i =i dlgm — 9s — Gp —9m — 9o — Gk go +9s + Gp + Gellv, = v,
The voltage gain [34-41] between the output terminals 3 & 2 and the input
terminals 1 & 2 of a common-collector amplifier in Fig. 3.8 is written as;

12
Ayl = sgn(3 — 2)sgn(1 — 2) (- 1)8'Yzz| _ Iz (3.61)

V7| |vi7]

From Eq. (3.60), Y35 | = —gn — gm, IYi2| = gn + 9 + go + Gk

A |32 - _ |v:2| - _ —9n—9m — _9ntdm _ (1+B)RE
|7 Intgm+ee+Ge  Gntgm+Ge  Tn+(1+P)RE
R R R . ..
=—t— = £ — =—£_ =1 (ideal condition of EF)  (3.62)
Ete Rp+Bre — Rp+r,
a+p) ET7a+p)

The current gain [34-41] between the output terminals 3 & 2 and the input terminals

1 & 2 of a common-collector amplifier in Fig. 3.8 using Eq. (3.60) is expressed as;

|Y32|

Y12
A% = sgn(3 - Dsgn1 - (-6, = I, (369)

From Eq. (3.60), |Y32| = —9x — gm

Ir + gs+65 —9n

|Y22| = _ _ G
In Im gn+gm+g0+ E
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= | g” _gT[ | = ’ g” 0 = G
—9n—9m Yn T gm t+ Gg —9r — 9m Gg GnE

|Y3122| —In—9m H
Gg=——"—"Gg=(1+p) (CC current gain) (3.64)

132 —
Al|12 |Y22| 9nGE

The input resistance [34-41] between terminals 1 & 2 of a common-collector

amplifier in Fig. 3.8 using Eq. (3.60) is expressed as;

Rina12) = (3.65)

From Eq. (3.60), |Y22| = gr + gm + 9o + G

|Y2| = gn+GB —9In |=| In 0
219520 7 |—gr —Gm GntImt 9o+ Gel  |=9r—9m Go+ G
= 9r(90 + Gg)
_ ¥ _ Gntgmtge+GE _ GntgmtGg _
Rina2) = |v2] gs=0 "~ gn(g0+GE)  gnGE T+ (14 B)Re
=A+pB)r,+(A+P)Rg =1+ )7 +Rg) (3.66)

The output resistance [34-41] between terminals 3 & 2 of a common-collector

amplifier in Fig. 3.8 is expressed as;

Ml

R = 3.67
0(32) V2 Ga0 ( )
From Eq. (3.60), |Y32| = g + gs + Gg
|Y2| = gn+gs+GB —9x
2 1Gg=0 ~9r—9m  Gnt+ Im +Ho+Ex
_ |9t gs+Es  —Gn |_| GntIs Gs
9 —9m (A+P)Gxl 1=9n—Ggm O
= (gn + gm)gs
32
R0(32) — ||Yy32;| _ 9ntgstés _ gntgs _ Tty (368)

lg,=0  (ntam)gs — gn(1+Bgs — 1+F

The power gain [34-41] between the output terminals 3 & 2 and input terminals 1

& 2 of a common-collector amplifier in Fig. 3.8 is written as;

Rg
Rg+71e

Apl = A, 133xA,32 = (

Ja+p)=1+p (3.69)
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3.10 Circuit Model of the Common-Base Amplifier
The floating admittance of the common-base amplifier using the hybrid-m model of the

BJT can be obtained using Eq. (3.36) of a BJT phase-splitter amplifier in Fig. 3.6. For
that, the 1% row is added to the 4" row in Eq. (3.36) to yield:;

1 2 3 4 o
grn t9s+ Gg 0 —YGn —9s — GB 1
Im Jo t+ Gy —9m — Yo -G, 2
—9n — 9Im —90 9zt 9gm+ go + Gk —Gg 3
g +9s+ G —gs—Gg  —Gy —9r — Gg —9gs— Gp+gs+ G+ Gg + G 14
(3.70)
Simplification of Eqg. (3.70) yields;
1 2 3 4 -
gn+9s+ Gp 0 ~9n —9s—Gp|| 1
+G —Gy, — -G
—9n — 9m —90 9ot Gm+ 9o + Gk —Gg 3
In _GL _gn_GE GE+GL 1t4
Now, adding the 1% column to the 4™ column in Eq. (3.71) yields;
1 2 3 4 o
gn + 95+ Gp 0 —9n In+9s+Gs — gs — G| 1
G —qg. — -
Im YJo + L Im Jdo Im GL 2 (372)
—9r — 9m —90  Gnt9Gm+ Ggo+ Gk —9rn — 9m — Gg 3
In -G, —9r — Gg gp+Gs + G, 1Lg ]

Simplification of Eq. (3.72) and deleting the original 1% row and the 1% column yields;

1 2 3 4 o
g=+o+6x 0 —b= b= 1
——Gm —90 Yzt Imtgo+ G —9zr—9m —Gel||3
b= -G, —9n — Gg gn + G+ Gy 1H4-
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Eq. (3.73) simplifies as;
2 3 4 -
go + Gy —9m — Yo Im — Gy 2

3.74
—9Y0 gn+gm+go+GE _gn_gm_GE 3 ( )

L -G, —9r — Gg gr + Gg + G 114

Since the 1%t row and the 15t column were added to the 4" row, and 4™ column, the
4" row and 4™ column are designated as the 1% row and the 1% column with G; = G +
gs as;

2 3 1 -
Jo + Gy, —9m — 9o Im — Gy, 2

3.75
—9Yo gn+gm+go+gs+GE _gn_gm_gs_GE 3 ( )

L =G, —9n — 9s — Gg In+9s+ G +G, 1L1-
Equation (3.75) is the floating admittance matrix of common-base amplifier in the
hybrid-z model. Eq. (3.75) suggests a common-base amplifier’s circuit of Fig. 3.9. The
base terminal of the BJT is common to both input and output sides in Fig. 3.9, and hence

it is called a common-base amplifier.

Ys Ra %1 R
:’ " |R,=R¢ Il Ry,

Fig. 3.9 AC Circuit Model of the Common-Base Amplifier

The load resistance could be R, = R Il Ry;.
The voltage gain [34-41] between the output terminals 2 & 1 and the input

terminals 3 & 1 of a common-bas amplifier in Fig. 3.9 is written as;

A |21 = 2-1 3—1)(-1 2+1+43+1 V21| _ _ |vr]
vl31 = sgn( )sgn( )(=1)

| Y3311 B | Y3311

(3.76)
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From Eq. (3.75), [Y5'| = —gm — go. |Ys1 | = g0 + G,

Yo | -9m—9o _ g
A 121 = 27| _ _ —9m=90 _ gm _ R 3.77
vl31 = V31| 904G 6L ImiyL ( )

The current gain [34-41] between the output terminals 2 & 1 and the input terminals

3 & 1 using Eq. (3.75) of a common-bas amplifier in Fig. 3.9 is expressed as;

Y31 Y31
All%% = Sgn(z - 1)8971(3 - 1)(_1)2+1+3+1 ||;11|| GL = - ||;11|| GL (378)
1 _ |80+ GL —9m — Go _
A2 = — |Y2311|G —__—9m=%0 o~ __9m _ B _, (3.79)
il31 | "L Grtgm)Gr L gntgm  B+1 '

The input resistance [34-41] between the input terminals 3 & 1 of a common-base

amplifier in Fig. 3.9 is expressed as;

|37 |

R; = Rz = il (3.80)
1lgs=0
From Eq. (3.75), |Y5i| = go + G,
1 o +G; —9m — o B
|Y1 |gs=0 —do I + Im + o _l_g_s + GE - {gTL’ + Im + GE}GL
= {rx + (1 + B)Rp}GLg,GE
o M eere e
ETUGD TR ) Ont(+PREIGLIRGE  (rat(L+AIRE)
—_ rRE 1 _ (+Pre _ 1
T (A4B)(re+RE)  (1+B) (1+B) Te = am (3.81)

The output resistance [34-41] between the output terminals 2 & 1 of a common-

base amplifier in Fig. 3.9 is expressed as;

(3.82)

From Eq. (3.75), [YA'| = g + gm + g0 + &5 + Gz = {1y + (1 + BIR} g Gr
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Jo +6¢ —9m — 9o

Y. g =
¥ilei=0 ~9o  GntGm+go+gs+Gg
_ Jo —9m — Yo |
—90 Ynt+ 9mt+ 9o+ Gg
do —9Im — Yo
= | 0 g”m+ Gg | = 90(gn + Gg) = go (1 + Rg) grnGi
R =R =l _ xt(+BRERGE _ (et (+BIRE)
0 0(21) |Y11| GL=0 90 (rn+RE)InGE 9o(rz+RE)
rr+(1+B)Rg _ (1+B)RE
goREg 9oRE ( + ﬁ)TO (3 83)

If we look at the output resistance through R;, then
Rozry = (L + B)ro | Re = R (3.84)

The power gain [34-41] between the output terminals 2 & 1 and the input terminals

3 & 1 of a common-base amplifier in Fig. 3.9 is written as;

Ap13 = A,l3xA3 = (gmRD) (155) = GmRs (3.85)

3.11 Circuit Model of the BJT Phase-Splitter Amplifier (Complete
Analysis)

Now, we will analyse the BJT phase-splitter amplifier in detail using Fig. 3.5 and the
corresponding floating admittance matrix of Eq (3.36). The common-emitter amplifier
with an unbypassed emitter resistor (Re), as shown in Fig. 3.6, is called a phase-splitter
circuit. The floating admittance matrix of Eq (3.36) for the BJT phase-splitter amplifier

shown in Fig. 3.6 is repeated here for ease in the further analysis.

1 2 3 4 -
It 9st GB 0 —Yn —Y9s — GB 1
+G — G — —G
gm gO L gm gO L 2 (386)
—9n — 9m —Yo 9zt 9Gm t+ 9o + GE _GE 3
| _gS_GB _GL _GE gS+GB+GE+GL— '4‘
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The voltage gain [34-41] between the output terminals 2 & 4 and the input terminals
1 & 4 of Fig. 3.6 using Eq. (3.86) is expressed as;

Y14- Y14-
Ayl =22 = sgn(2 - Dsgn(1 - H(-D" [ = 120 (387)
—Gm — o
From Eq. (3.86),¥54 = | i Gm it Gm + o +GE|
_ | m —9m | _ | Im 0 _ G
—Gi—9m Gi+Im+Gel = |9 — gm Gg| = IM"E

4 o + Gy, —9m — Yo
V= e Gt G+ 9o + Ge| = G T Im + )G
A |24- — Voa _ _ ImGE — Im'nGERE — B
147y, (Gn+Im+GE)GL  (rr+(1+PRE)GL  (rp+(1+B)RE)GL
= —L = — = =
= (- i) = —1forRe=RL= 1k (3.88)

The input resistance [34-41] between input terminals 1 & 4 of a BJT phase-splitter

circuit in Fig. 3.6 is expressed as;

- R, = 1l 3.89
Rin - R14 = ly4 ( ) )
|Y4|g5=0
gn + g5+ Gp 0 —Ji
From Eq. (3.86), |Y4 |gs Im go+ Gy —9m — Yo
—97 — 9m 90 Y9nt9m+ 9o+ Gk
In T+ GB 0 —Ji I 0 —9r
—9r—9Gm 0 Yzt 9m + Gg —9n—9m 0 IGrt9m + Gg
I 0 O
= 9m G, 0|=9.G.Ge
9~ 9Im O GE
n+t9Im+GE)G
Rip = Ryy = 0% = 4 (14 PRy = (1 + ) (2 + R) (3.90)

The current gain [34-41] between the output terminals 3 & 4 and the input terminals

1 & 4 of a BJT phase-splitter circuit in Fig. 3.6 is expressed as;

i 4
A4 =2 = sgn(2 — H)sgn(1 — 4)(—1)11 12 |' G, = 'lyj‘*l' G, (3.91)
9n + 9s + Gp 0 ~—Yrn
From Eq. (3.86), |Y,}| = Im go + Gy —9m — Yo
—9n — Im —9o Izt 9mtgo+ Gk

88



gnt gs+Gg 0O ~—YIrn gt gs+Gg 0 gs+Gp
= Im G, —9m = Im Gy 0
—9r—9m 0 Gntgm+tGg —9r—9m O Gg

= {(gr + €8)Gg + (gr + gm)EB}GL = 9,GEG,,

|Y21f| = gmGE
24 _ _ mGE  _ _Gm _ _
Aty =22 = _n_ _p (3.92)

To derive the current gain including the source current, the voltage source is converted

to the current source as in Fig. 3.10.

1 ] 11

Ts L =1l _ I =i
l% Ri4 Ls T l% Ri4
Us

4 4

Fig. 3.10 Model of Voltage source converted to Current source

Ts

FromFig.3.4,i; =i} = lST'STRi = lsm

R S— (3.93)

is rs+r+(1+L)RE

The current gain [34-41], including source resistance in Fig. 3.10, is written as;

24_i_2 1_1_1_2_ _ Ts - _ Brs

Aislia = i1x i is (=8) {rs+rn+(1+B)RE} Ts+T+(1+B)RE (3.94)
=y R, mnt@4BRE

Via = Vs rg+R; Vs rtrmt (L4 PRE S (3.95)

The voltage gain, including the source resistance of the signal, is;

Avs _ v_oxvﬁ _ (_ BRL )( +(1+B)RE ) _ _L(ggm

Vig Vg T+ (1+B)Rg/ \rs+rz+(1+B)RE s+ +(1+L)RE

The output resistance [34-41] between the output terminals 2 and 4 of a BJT phase-

splitter circuit in Fig. 3.6 is expressed as;

_ _ |
RO - R24 - |Y4-| (397)
41GL=0
9r t Gs 0 —Yn
From Eq. (3.86), Y|, =0 = Im 9o —9m — Yo

97 —9Im —Yo gn+gm+go+GE
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In + gs 0 —9n
= Im 9o — 9m ~ Yo|= go{(gn + gs)GE + gngs}
9s 0 Gg

In t Gs —In |_| —In
9 — 9m It 9m + 9o + Gg g—+GE gn + 9m + g+ Gg

= gn(rn + 9mGnRe + RE)gsGE + 9:.Gg = gn{rrt + 1+ ,B)RE}gsGE + 9:.Gg
= 9= [{rn +(1+ ,B)RE} + n]gsGE

I [{Tn+(1+ﬁ)RE}+rs]gsGE Irl{rp+(1+B)RE}I+75]195GE

V74| =

RO - R24- -

go{gn.gs(rn'*'rs)GE'*'gngs} Golrn+71s+RE}GngsGE
_ {(rs+r)+(1+PRE} _ [ PRE ]
- {rp+7rs+Rg} ="l Tp+7s+RE (398)

The voltage gain [34-41] between the output terminals 3 & 4 and the input terminals
1 & 4 of a BJT phase-splitter circuit in Fig. 3.6 is written as;

Ay =2 = sgn(3 — Hsgn(1 - H (-1 [ = 4 (399)
From Eq. (3.86), 11 = |, 97 o 90 | = (g + g6, = (1 + B)gnti

Y = [0 o o G| = (9 + Im + G

A |3 =22 Gntgm)G  _ _gntgm _ _(+BRe . 4 (3.100)

* T vy GLGn+9gm+GE)  GntIm*Ge  Tat(1+P)RE
The current gain [34-41] between the output terminals 3 & 4 and the input terminals
1 & 4 of BJT phase-splitter circuit in Fig. 3.6 is written as;

IYs“I

=R G, =148 (3.101)

el
|vi|

A; |14 = -_ =gn(3 —4)sgn(1 —4)(— 1)12 Gg = Gg

The phase shift between voltages gains at the collector point and emitter point of a BJT
phase-splitter circuit in Fig. 3.6 is given as;

A3t = 4,174 = 4,]%4.180°.

The output resistance [34-41] between the output terminals 3 & 4 of a BJT phase-
splitter amplifier in Fig. 3.6 is expressed as;

\&
Ry =234 = Ve (3.102)
41 Gg=0
gt g 0
VA = (gt GL)(Gr + 9s) = GL(gr + g5)
Im 90t Gy
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9r t Gs 0 —In 9r t Gs 0 9s
|Y44|GE=0 = 9m o+ G, —IGm—Fs |= Im G, G
9 — Im —Yo Irn + Im +',9§ =9 —9m O 0
= GL(gn' + gm)gs
Ro — R34 — GL(Irt9s) — Irngs(Tn+7s) — Tg+7s (3103)

GL(Grn+9Im)Is In(1+P)gs 1+p

The LTSpice simulation and Differential Amplifier using varies topologies have been
discussed by Ibrahim, Hisham, Soh, Hamzah, Othman, Shilpa and Srilatha [42-43].

3.12 Simulation and Validation of Common Emitter Amplifier

The Common Emitter Amplifier discussed in Fig. 3.7 is constructed in LTSpice shown

in Fig. 3.11. The biasing of the BJT with amplification factor B =100 is set to give

2M_~9 Q and 1, = 919 Q. Thus the theoretical

I =2.85 mA. This results in r, = anma s

voltage gain obtained from Eq. (3.46) is

Ay = —gmR, = —222000 = —217.6

919

Fig. 3.11 LTSpice Circuit for Common Emitter Amplifier

The LTSpice plot is shown in Fig. 3.12. The vy(,p) = 440 mV for an input voltage of

2 mV is shown in the plot of the LTSpice circuit. So, the practically achieved gain from
the plot is

4, =-22=-220

This value of the gain from the plot of LTSpice is close to the theoretical gain obtained
from our Eq. (3.46) derived.
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Fig. 3.12 LTSpice Response of the Common-Emitter Amplifier

3.13 Conclusions

All equations of the transfer function and self-port functions of the CE, CC, CB, and
the phase-splitter amplifier circuits derived elegantly in this chapter using the floating
admittance matrix approach corroborates the equations obtained using the conventional
tools of KCL, KVL, and Thevenin’s. Norton’s etc. The advantage of computers can be
taken for the complicated network to obtain the solution easily. Without the knowledge
of electronics, even a pure mathematician can obtain the complete solution of any
network, provided they know the matrix maneuvering technique. The LTSpice plot of

Common Emitter Amplifier very closely results the voltage gain obtained theoretically.

References:

1. | Chirlian M. Paul, Analysis and Design of Integrated Electronic Circuits,
Harper & Row, Publishers, New York, 1987.

2. | Streetman, B. G. and S. Banerjee, Solid State Electronic Devices, the d, upper
Saddle River, NJ, Prentice Hall, 200.

3. | S.M. Sze and K. K. Nag, Physics of Semiconductor Devices, 3" ed, New
York, John Wiley and Sons, Inc., 2007.

4. | B. P. Singh and Rekha Singh, Electronic Devices and Circuits, Pearson
Education, New Delhi, 2013.

5. | Jacob Millman, Microelectronics, New York, McGraw-Hill, 1979.

6. | P.D. Ankrum, Semiconductor Electronics, Englewood Cliffs, N.J., Prentice-
Hall, 1971.

7. | Donald A. Neamen, Microelectronics Circuit Analysis and Design, McGraw-
Hill, 2009

8. |Adel S. Sedra and Keneth C. Smith, Microelectronics Theory and
Applications, 7™" edition, OXFORD University, Press, 2018.

92


http://www.flipkart.com/author/donald-a-neamen
http://www.flipkart.com/microelectronics-circuit-analysis-design-0073380644/p/itmczyzguxfjzpub/search-books-circuit-analysis/39?pid=9780073380643&ref=8caf0823-ffc6-4979-954b-6c2c407c0fe8

9. | M.N. Horenstein, Microelectronic Circuits and Devices, 2" ed. Englewood
Cliffs, N.J., Prentice-Hall, 1995.

10. | R.T. Howe, and C.G. Sodini; Microelectronics: An Integrated Approach,
Upper Saddle River, Englewood Cliffs, N.J., Prentice-Hall, 1997.

11. | N. R. Malik, Electronic Circuits: Analysis Simulation, and Design,
Englewood Cliffs, N.J., Prentice-Hall, 1995.

12. | H.F. Mitchell Jr., and F. H. Mitchell, Sr. Introduction to Electronics Design,
2" ed. Englewood Cliffs, N.J., Prentice-Hall, 1992.

13. | M. S. Roden, and G. L. Carpenter, ELECTRONIC Design: from Concept to
Reality, 3" ed. Burbank, CA: Discovery Press, 1997.

14. | R. R. Spencer, and M. S. Ghausi, Introduction to Electronic Circuit Design,
Upper Saddle River, Englewood Cliffs, N.J., Prentice-Hall, 2003.

15. | H. William Hayt, Jack E. Kemmerly, Problems and Solutions in Engineering
Circuit Analysis, Tata McGraw-Hill, 2012

16. | Kousourou Boylestad, Experiments in Circuit Analysis, McGraw-Hill, 2012.

17. | Paul R. Gray Paul J. Hurst Stephen H. Lewis Robert G. Meyer, Analysis and
Design of Analog Integrated Circuits, Wiley India, 2009.

18. | Wai-Kai Chen, Circuits and Filters Handbook; CRC Publisher, 2003.

19. | P. Cutler, Semiconductor Circuit Analysis, McGraw-Hill, 1964

20. | P. E. Gray and C. L. Searle, Electronic Principles; Physical Models and
Circuits, Wiley Eastern, 1969.

21. | J. Millman, and C. C. Halkias, Electronic Devices and Circuits, McGraw-
Hill, 1967.

22. | Texas Instruments Catalog, Preferred Semiconductors and Components
CC202, pp6304,1970.

23. | P. M. Chirlian, Electronic circuits: Physical Principles: Analysis and Design;
New York, McGraw-Hill, 1971

24. | Modified Nodal Analysis and Symbolic Circuit Analysis in Analog
Electronics, Montagne Design & Consultancy, Google source.

25. | ZdenekKolka, DaliborBiolek, Viera Biolkova, Symbolic Analysis of Linear
Circuits with Modern Active Elements, WSEAS Trans on Electronics, Issue
6, Volume 5, June 2008, ISSN: 1109-9445.

26. | Jiri Vlachand Kishore Singhal, Computer Methods for Circuit Analysis and
Design, Springer, 2010

27. | 1. Getreu, Modeling the Bipolar Transistor, Beaverton, Ore: Tektronix, Inc.,
1976

28. | E. J. Angelo, Jr., Electronics: BJT, FETs, and Microcircuits, New York:
McGraw-Hill, 1969.

29. | M. S. Ghausi, Electronic Devices and Circuit: Discrete and Integrated,
Oxford Publication, 1995.

30. | C. L. Searle, A. R. Boothroyd, E. J. Angelo, Jr., P. E. Gray, and D.O.
Pederson, Elementary Circuit Properties of Transistors, Vol.3, SEEC Series,
New York, Wiley, 1964.

31. | R.C. Jaeger, and T. N. Blalock, Microelectronic Circuit Design, 3™ ed. New

York, McGraw-Hill, 2008.

93



http://www.flipkart.com/author/h-william-hayt
http://www.flipkart.com/author/jack-e-kemmerly
http://www.flipkart.com/problems-solutions-engineering-circuit-analysis-0071333037/p/itmd8kghfzhnay3d/search-books-circuit-analysis/19?pid=9780071333030&ref=d465e53d-a9de-48ac-830d-ffc4d064e50a
http://www.flipkart.com/problems-solutions-engineering-circuit-analysis-0071333037/p/itmd8kghfzhnay3d/search-books-circuit-analysis/19?pid=9780071333030&ref=d465e53d-a9de-48ac-830d-ffc4d064e50a
http://www.flipkart.com/author/kousourou-boylestad
http://www.flipkart.com/experiments-circuit-analysis-0675207436/p/itmczzh8zdvzfhww/search-books-circuit-analysis/9?pid=9780675207430&ref=def3b2f7-b869-43d3-8cdd-ad70dbae1741
http://www.flipkart.com/author/paul-r-gray-paul-j-hurst-stephen-h-lewis-robert-g-meyer
http://www.flipkart.com/analysis-design-analog-integrated-circuits-8126521481/p/itmdytmwxjkpcrup/search-books-circuit-analysis/26?pid=9788126521487&ref=7d17b47d-e532-449c-907d-ef0a002b9de8
http://www.flipkart.com/analysis-design-analog-integrated-circuits-8126521481/p/itmdytmwxjkpcrup/search-books-circuit-analysis/26?pid=9788126521487&ref=7d17b47d-e532-449c-907d-ef0a002b9de8
http://www.flipkart.com/author/jiri-vlach
http://www.flipkart.com/author/kishore-singhal
http://www.flipkart.com/computer-methods-circuit-analysis-design-0442011946/p/itmczz8gaghfkrwg/search-books-circuit-analysis/21?pid=9780442011949&ref=7d17b47d-e532-449c-907d-ef0a002b9de8
http://www.flipkart.com/computer-methods-circuit-analysis-design-0442011946/p/itmczz8gaghfkrwg/search-books-circuit-analysis/21?pid=9780442011949&ref=7d17b47d-e532-449c-907d-ef0a002b9de8

32.

D. A. Neamen, An Introduction to Semiconductor Physics and Devices:
Basic Principles, 3" Ed. Boston: McGraw-Hill, 2003.

33.

D. G. Haigh, F. Q. Tan, C. Papavassiliou, Systematic Synthesis of Active-
RC Circuit Building-Blocks, Analog Integrated Circuits and Signal
Processing, v.43 n.3, p.297-315, June 2005.

34.

D.B.S.J. Prasada Rao, and B. P. Singh, A Unified Approach to Electronics
Circuit Analysis, IJEEE, Vol. X, pp.276-285, July 1978.

35.

B. P. Singh, Meena Singh, Sanjay Kumar Roy, and S. N. Shukla,
Mathematical Modeling of Electronic Devices and its integration;
Proceedings of National Seminar on Recent Advances on Information
Technology, organized by Indian School of Mines Dhanbad University,
Published by Allied Publishers Pvt. Ltd., New Delhi, pp.494-502, Feb. 6-7,
2009

36.

M. Singh, and P. Prerna, "Floating Admittance Matrix Modeling Approach to
BJT," JRSI, Vol. VI, Issue X, October 2019.

37.

Wai-Kai Chen, Active Network Analysis, World Scientific Publisher.

38.

Wai-Kai Chen, On second-order cofactors and null return difference in
feedback amplifier theory, International J. of Circuit Theory and
Applications, Vo. 6, issue 3, pp. 305-312, 2006.

39.

Pragati Kumar and Raj Senani, improved grounded capacitor SRCO using
only a angle passive four terminal floating nullor (PFTEN), Analog
Integrated circuits and Signal processing, V.50, n.2, p.147-14, February
2007.

40.

Hung-Yu Wang, Sheng-Hsiung Chang, Yuan-Long Jeang, Chun-Yueh
Huang, Rearrangement of mirror elements, Analog Integrated Circuits and
Signal Processing, v.49 n.1, p.87-90, October 2006.

41.

Sanjay Kumar Roy, Kamal Kumar Sharma, Brahmadeo Prasad Singh, An
Elegant Method of Analysis for the BJT Amplifiers using Floating Admittance
Matrix, “International Journal of Systems Applications, Engineering &
Development, Volume 15, 2021. DOI: 10.46300/91015.2021.15.34”

42.

Mohammad Nizam Ibrahim, Zainal Hisham Che Soh, Irni Hamiza Hamzah, Ali
Othman, Simulation of Single Stage BJT Amplifier using LTSpice” Volume 5,
Issue 2 2016 e-Academia Journal UiTMT.

43.

S Shilpa and J Srilatha, Design and analysis of high gain differential amplifier
using various topologies. Int Res J Eng Technol, 4(5):636-640, 2017.

94



http://portal.acm.org/citation.cfm?id=1068442&dl=GUIDE&coll=GUIDE&CFID=4544959&CFTOKEN=35020017
http://portal.acm.org/citation.cfm?id=1068442&dl=GUIDE&coll=GUIDE&CFID=4544959&CFTOKEN=35020017
http://portal.acm.org/citation.cfm?id=1068442&dl=GUIDE&coll=GUIDE&CFID=4544959&CFTOKEN=35020017
http://portal.acm.org/citation.cfm?id=1151198&dl=GUIDE&coll=GUIDE&CFID=4544959&CFTOKEN=35020017
http://portal.acm.org/citation.cfm?id=1151198&dl=GUIDE&coll=GUIDE&CFID=4544959&CFTOKEN=35020017
http://portal.acm.org/citation.cfm?id=1151198&dl=GUIDE&coll=GUIDE&CFID=4544959&CFTOKEN=35020017

Chapter 4

Modelling of FET Amplifier

4.1 Introduction:
Before we start dealing with the modelling of the FET amplifier, the parameters that

affect the model is discussed here. A simplified cross-section of symmetrical n-channel
and p-channel JFETSs is shown in Figs. 4.1 and 4.2, respectively [1-18]. In the n-channel
between the two p-regions, the majority of carrier electrons flow from the source to the
drain terminal. Hence, the JFET is called a majority-carrier device. It is normally ON
device. The two gate terminals shown in Figs. 4.1 and 4.2 are connected together to
form a single gate terminal. The gate-to-source i.e. v Or v is always reverse biased
that appears across the two p-n junctions from both upper and lower sides. This
increases the depletion width and decreases the thickness of the channel opening,
reducing the flow of negative or positive charge carriers (electrons/ holes) from the
source to the drain. Thus, the drain current, i, flows in the direction of the flow of the

holes and opposite to the flow of electrons.

T + Gate
w I

—> e D Source— — Drain
.t pe L

%e_ n "
m 'T‘
p Ips
G
— VUbps
— Vgs T

Fig. 4.1 Physical Cross-section of a symmetrical n-channel JFET
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Fig. 4.2 Physical Cross-section of a symmetrical p-channel JFET

The current direction and voltage polarities in the p-channel JFET are reversed
from those in the n-channel device. Also, the p-channel JFET is generally a lower
frequency device than the n-channel JFET because the hole mobility is approximately
two and half times lower than the electron mobility. Thus, the same dimension and
external voltages applied across the nJFET produce more drain current than the pJFET.

Figure 4.3 (a) shows an n-channel JFET with zero volts applied to the gate i.e. vgg =
0. If the source is at ground potential, and if a small positive drain voltage is applied, a
linear drain current i, is produced between the source and drain terminals. Since the n-
channel acts essentially as a resistance, the i, versus vpg characteristic for small vpg

values are approximately linear, as shown in the Fig. 4.3 (a).

UGS = O UGS = _Vl
g iy
N pt
S D +vps S D+vps
I In € - & -~
= mA 'b = [ "
+
\ AR \

T T |

96



Vgs=0

‘)vnq ‘)UDS'
()
Vs = —V;
iy
Vgs=0
Y | r* in Vgs=-v,
S D //,
im b ‘
— <—Ip //
! p* k\ Ves=-vp
________ —=> VUpg

(©)
Fig. 4.3 Gate-to-channel space-charge regions and current-voltage characteristics for
very small v, with (a) zero gate voltage, (b) small reverse-biased gate voltage, and (c)

a gate voltage that achieves pinch-off.

If a reverse bis voltage (-V1) is applied to the gate of a pn JFET, the channel
constriction increases, and the channel conductance changes as in Fig. 4.3 (b). If a
further negative gate voltage is applied to the n-channel JFET in Fig. 4.3 (b) and (c),
the gate-to-channel pn junction becomes more reverse-biased. The space-charge region
widens, the channel region narrows, the resistance of the n-channel increases, and the
slope of the ij, versus v curve, for small vy, decreases. These effects are shown in
Fig. 4.3 (b) by dotted lines. If a larger negative gate voltage is applied, the condition
shown in Fig. 4.3 (c) can be achieved (-Vp). The reverse-biased gate-to-channel space-
charge region completely fills the channel region. This condition is known as pinch-
off. Since the depletion region isolates the source and drain terminals, the drain
current at the physical pinch-off is essentially zero. The i, versus vpg curves are

shown by the dotted line in Fig. 4.3 (c). The gate voltage controls the current in the
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channel. The control of the current in one part of the device by a voltage in another part
of the device is the basic FET transistor action. The pn JFET is a “normally on,” or
depletion mode device; that is, a voltage must be applied to the gate terminal to turn the
device OFF.

Consider the situation in which the gate voltage is zero, v;s = 0, and the drain voltage
change is very small as shown in Fig. 4.4 (a). The channel is maximum open and hence
maximum drain current flows [4]. As the reverse bias between gate-to-source is
increased (-V1) as in Fig. 4.4 (b), the channel thickness decreases, and the drain current
decreases. With increasing reverse bias, a point is reached when the depletion region
occupies the complete channel width, and physically no channel exists between the
drain and the source and hence no current can flow. This condition is called the physical
pinch-off and is illustrated in Fig. 4.4 (c). The Vp = —V,s denotes the voltage at which

the physical pinch-off occurs.
Vs = VGS(OFF)l (4.1)

Ip=0,Vps=very small

iD:|2 iD = O
Dy ¥ Vos D|J—|¢ Vos DH—J small
n N —

AL

Fig. 4.4 lllustration of physical pinch-off with increasing reverse Vgs

When drain to source voltage is very small with Vs = 0, the channel is maximum
open and i, versus vpg characteristic is linear as ondicated in Fig. 4.5 (a) [4]. As the
drain voltage increases (positive), the gate-to-channel pn junction becomes reverse-
biased near the drain terminal, and the space-charge region widens, extending farther

into the channel. The channel acts essentially as a variable resistor, and the effective
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channel resistance increases as the space-charge region widen; therefore, the slope of
the i, versus vy characteristic decreases are shown in Fig. 4.5 (b) by dotted lines. The
effective channel resistance now varies along the channel length, and, since the channel
current must be constant, the voltage drop through the channel becomes dependent on

the position.

Vps1 |-L-|¢iD1

- -
@ T
= -
G
Ves=0
GS p p
T
1D¢ iD A lDA
o '\ “““““ o
£ Channel resistance Saturation
i changes region
PVps >Vps p” > Vpg
DS(sat)
(@) (b) ©)

Fig. 4.5 Gate-to-channel space-charge regions and current-voltage characteristics for
zero gate voltage with (a) a small drain voltage, (b) a larger drain voltage, and (c) a

drain voltage that achieves pinch-off at the drain terminal

If the drain voltage increases further, the condition shown in Fig. 4.5 (c) can result.
The channel is electrically pinched-off at the drain terminal. Any further increase in
drain voltage will not increase the drain current. The ip-vps Characteristic for this

condition is also shown in the Fig. 4.5 (c). The drain voltage at pinch-off is vpgsas).
Therefore, for vpg > vpgsary The JFET is biased in the saturation region, and the drain

current for this ideal case is independent of vp;.
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All books use small-signal equivalent circuit models to analyse and design circuits
incorporating FET and MOSFETSs. Our approach to the analysis follows a mathematical
model of the FET/ MOSFET using its floating admittance matrix. First, we write the
expressions of both input and output currents as functions of the voltage of the FET/

MOSFET as in Fig. 4.6.
Ic = f1(Vgs)
(4.2)
Ip = fz (VGS' VDS)

D S
: 3
i
2 i P Vsg +
1 ' C—<] i
G é_}_ UDS 175 D
Vgs B a
-13 2 l, lp
S D

Fig. 4.6 Circuit Symbol Representation of three-terminal FETs

4.2 FET Small-Signal Equivalent Model
The small fluctuation of DC current yields AC current. The small fluctuations in
DC current [4] of Eq. (4.2) yield:;

. al
AIG = lg = TCG;SAVGS (43)
dlg _ Alg _
Vs - AVgs —Jg (44)

Now, ac gate current as a function of change in the gate to source voltage is

expressed as;

dlg

ig = WVes AVGS = ggvgs (45)

The total deviation in the drain current due to partial deviation in the gate to source
voltage and also partial deviation in the drain to source voltage is expressed as;

alp alp

AID = id = AVGS' + AVDS (46)

Wesly o=k Wpsly, o=k

dlp Alp
Vgs - AVgs = 9m (47)

R
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b =P = g, (48)

dVps - AVps -

Substituting Egs. (4.7) and (4.8) in Eq. (4.6) yields;

lg = GmVgs + JaVas (4.9)
The negligible amount of gate current i, from Eq. (4.5) that can flow even though

the gate-to-source under reverse biased is a function of only the gate-to-source voltage,
and hence it can be expressed in the circuit by a conductance g, across the input
terminals, i.e. between the gate to the source.
The drain current from Eq. (4.9) is the sum of two current sources;

e Input voltage-controlled output current source (g, vys), and

e Output voltage- output current source (g4vg4s)
For developing the floating admittance matrix of the FET shown in Fig. 4.7, the small-
signal equivalent circuit of FET is drawn as in Fig. 4.7. Thus, the drain current is the

algebraic sum of the two current sources, as in Fig. 4.7.

[

g = lhu—> ~—i; =1,
G 1 v 2 v D
controlled
Vgs g ImVys GaVas Vg
3 S
lS == l3|_
Fig. 4.7 Current Source small-signal model of a 3-terminal FET
| =i, —> 1 «— (=1
lg ll I G 1 2 D d 2
% S
9 gg gmvgs 9a Vas
3 S
iS - i3

Fig. 4.8 Modified small-signal circuit model of a 3-terminal FET
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From Eqg. (4.5), a conductance (gg4) is connected between the gate and the source
terminals, i.e. across the input terminals. Similarly, from Eqg. (4.9), two current sources
are connected across the drain and the source terminals as in Fig. 4.7.

Since the current source g,v 4, IS across the self-voltage node voltage v, in Fig.
4.7, it can be reduced in Fig. 4.8 [2-17] by a conductance g, after dividing the current
source g4 vgs by vy as;

gaves _ (4.10)

d
Vds

Writing current equations [2-17] at all nodes of Fig. 4.8 yields;

ig=1iy=g4(vy—vs) = ggv1 + (0)v, — g,vs (4.11)
ig =iy = gaa — vs) + gm(vy — v5)
= gmV1 + gav2 — (Gm + ga)Vs (4.12)
s =13 = gg(vs - Vg) - gm(Ug - Us) + ga(vs — vg)
= —(9g + gm)V1 = Gava2 + (g + gm + 9a)V3 (4.13)
Equations (4.11), (4.12), and (4.13) can be expressed in the form of a matrix [19-26]
as;
i) = i 1 2 _3 B
g 0 g Vg = V1
ig=1|= Im ga —0m —9a ||vg = v, (4.14)
BT gy —9gm —9a gg+ gm+ gallv, = v,

Since, 1, —very large, as the gate is always reverse biased, it is approximated to be
infinity () and g, — 0. Hence, the floating admittance matrix of the FET only can be

approximated as;

1 2 3 1 11 2 3
Y5 0 —Y7 0 0 0
Y| = = 4.1
] Im Ya —9Im — Ya Im Ya —Y9Im — Ya (4.15)
l—95—9m ~Y9d gt Im t Jal l—=9m —9a Y9m t+ ga -
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Though g, is negligibly small w.r.t. the g, and g4, yet we will carry the same for the

analysis of different types of amplifier configurations. Hence, the coefficient matrix
from the floating admittance matrix [18-24] of the FET in Eq. (4.14) is written as;

1 2 3 o
9y 0 —Yg 1

416
Im Y9a —9m — YGd 2 ( )

|—9g —9m ~Y9a Ggt gm + gal-3-
Having developed the floating admittance matrix (FAM) model of the FET as an active
device in Eq. (4.46), we can use this model in deriving all transfer functions of any
amplifier configurations of the FET.

4.3 Circuit Model of FET Common-Source Amplifier

The circuit of a common-source amplifier is shown in Fig. 4.9, where coupling and
bypass capacitors have been added along with the signal source and load resistors.
These coupling and bypass capacitors do not behave as short circuits at low frequencies.
Since, vg is also used for the voltage at the source terminal of the JFET, the signal

voltage will be represented by v; in the JFET and MOSFET amplifiers.

A +VDD
Ip R
l > "0 Cp

vO
Ce \

| Ilc=0— D

I s %
Te R, o 3 J_ RL
v; l % Rs TCS

Fig. 4.9 Circuit Model of a Common-Source FET Amplifier

The coupling capacitors Cg and Cp isolate the amplifier dc (Vpp) from the signal
source and the load. The bypass capacitor provides the low impedance path for the ac
signal so that the presence of the source resistor Rg does not reduce the gain of the

amplifier. The common-source amplifier (CS) is similar to the common emitter (CE)
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amplifier configuration. The common-source amplifier configuration is perhaps the

most widely used configuration of the FET amplifier.

For the small-signal analysis of the FET amplifier, the coupling, bypass capacitors,

and dc supply Vpp, are replaced by short circuits. After these replacements, the circuit

is called the ac circuit, as shown in Fig. 4.10.

D

G1
Te r . S| 3
G .
V; R13 \Lls

R23

RL

Fig. 4.10 AC Circuit Model of a CS JFET Amplifier

The floating admittance matrix of the JFET only [18-24] used in Fig. 4.10 is

rewritten here as;

1 2
9, 0
Y.l =
=l .
—9g = 9m ~Ya

2
_gg

—9m — Ya

gg +gm +gd_

1

2

[ 3]

(4.17)

The floating admittance matrix of the passive components used in the CS amplifier

in Fig. 4.10 is written as;

1
Is + GG

[Ygs.GG.GD.GL] = 0
L —0s — GG

2
0

Gp + G,

_GD_GL gS+GG+GD+GL-

3

—9s — GG

—Gp — G,

1

2

[ 3]

(4.18)

Now, Eqgs (4.17) and (4.18) are merged together as per node specifications to yield the

complete floating admittance matrix of the common-source amplifier in Fig. 4.10 as;
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1 2 3
gg+9s +Gg 0 —9g — 9s — Gg 1

Im ga +Gp + G, —9m —9a — Gp — G, 2

=99 —9m —9s— G  —9a—Gp =G,  gg+gm+gatgs+Gs+Gp+G I3
(4.19)
The voltage gain [18-24] between the output terminals 2 & 3 and the input terminals
1 & 3 of a common-source amplifier in Fig. 4.10 using Eq. (4.19) is expressed as;

Y13 Y13
Avl%; = Sgn(z - 3)Sgn(1 - 3)(_1)9 IY2133I = - IY2133| (420)
13 13
From Eq. (4.19), |Y3| = g4 + Gp + G, and |V = g
23 _ Y23 _ V2 _ Im _
A== e In g (rg | Rp | Ry) (4.21)

Asry > Rp & Ry, EQ. (4.21) reduces to
Avl%% = —gm(R.) = —gm(Rp I RL) (4.22)
The input resistance [18-24] between the input terminals 1 & 3 of a common-source
amplifier in Fig. 4.10 using Eq. (4.18) is expressed as;

_ ¥

Rin = Rz = V2| (4.23)
31gs=0
From Eq. (4.19), |Y{3| = g4 + Gp + G,
9g +8s+Gg 0
Y3 | gm0 = =(9gg + G)(9a + Gp + GL)
gm GD + GL
_ _ 9d4a+Gp+Gy, _ ~
Ry, = Ri3 = 99766)(9atGoToD) 3l Rg = Rg asRg K1y (4.24)
1 — Ri . = —RG .= E .= V:
From Fig. 4.11, v,5 = —y Vi = Vi S Vi = Vi

Since the internal resistance r; of the input voltage source is very low i.e. r; & R,

above equation simplifies to

V13 __
g o, (4.25)
7"S
Ri= R;
Vi
3

Fig. 4.11 Effective Voltage Gain Model with R; = R,3 = R for CS Amplifier
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Aps = Zx2 =75 = _g (ro I Rp | R) = —gm(Rp Il R,) (4.26)

Vi3 Vi Vi
The output resistance [18-24] between the output terminals 2 and 3 of a common-

source amplifier in Fig. 4.10 using Eq. (4.19) is expressed as;

|YZZS3
RO - R23 == | 3| (427)
31GL=0
From Eq. (4.18), |5 | = g4 + gs + Gg
gg +9s+Gg 0
|Y33|GL=0 = = (ga +Gp)(gg + g5 + G¢)
Im 9a + GD + GL
Ro — R23 — 9gt+9stGeg — 1 =1, " RD (428)

(9a+Gp)(gg+9gs+Gs)  (9a+Gp)
The current gain [18-24] between the output terminals 2 & 3 and the input
terminals 1 & 3 of a common-source amplifier in Fig. 4.10 using Eq. (4.19) is expressed

as,;

Y. Y13
Al = sgn(2 - Dsgn(1 - H(-D*1El6, = -, (429

From Eq. (4.19), |Y22| = gm

gg + Is + GG 0
3| = = (ga *+ Gp + G1)(gg + gs + G)
Im 9d + GD + GL
23 _ W8l _ ImGL _ _ 9mGL
Ailis = [¥3| G, = (9a+Gp+G1)(gg+gs+66)  Gp+Gy (rg Il RG)
ImRp
T RptR, (4.30)

The power gain [18-24] between the output terminals 2 & 3 and the input

terminals 1 & 3 of the common-source amplifier in Fig. 4.10 is written as;

mR
AP 13=A4 | |13 = —gm(Rp Il Ry) (— IfDHfLTS)

) (4.31)

= g&(Rp IR (2

4.4 Circuit Model of FET Common-Drain Amplifier
The common-drain amplifier is more popularly known as a source follower. It is similar

to the emitter follower amplifier circuit as the source terminal follows the voltage at the

106



gate (input) terminal. The basic circuit of a common-drain amplifier is shown in Fig.

4.12. The ac circuit of the common-drain amplifier is drawn as in Fig. 4.13.

A +VDD

Zn

C1l ls = 0—>

Rbp

D

-

Cs
Ts R2 S _l vO
” % Rs 3R

Fig. 4.12 Circuit Model of Source Follower Amplifier

gS S 3

vO
V; %GG GS (3:12
¢ R, 2 32

Fig. 4.13 AC circuit Model of a Source Follower Amplifier

The floating admittance matrix of the JFET [18-24] only in Fig. 4.12 is written as;

1 2 3
Yg 0 —Yg

Im 9a —9m — YGa

=99 —9m —Ya gt 9Gm t galt

(4.32)

The floating admittance matrix of the passive components in Fig. 4.13 is written as;

107



1 2 -
gs + Gg —9s — Gg 0 1

w

Yoscoonal =|_g _ 6. gt GotGs4+6, —Gs—Gi||2 (4.33)

0 —Gs — G, Gs+ G, 1L3 ]
Now, Egs. (4.32) and (4.33) are merged together as per node specifications to yield the

overall floating admittance matrix of the common-drain amplifier as;

1 2 2
gg+gs+GG —9gs — Gg —Yg 1

4.34
Im—9s— Gz  gat9s+Gs+Gs+ Gy —9m—9a—Gs— G, || 2 (4.34)
—99 — 9m —9a — Gs — G, 9gt+tgm+gat+Gs+G I3

The voltage gain [18-24] between the output terminals 3 & 2 and the input
terminals 1 & 2 of the common-drain amplifier in Fig. 4.13 is expressed using Eq. (4.34)

as,;

Y. le
A,J35 = sgn(3 - Dsgn(1 - (-1 = — [ (435)

From Eq. (4.34), |Y37] = —g4 — gm

|Y12| =g+t 9m+9at+Gs+G

V32 _ _ —9m - _ —9m — i
A5 = Viz  Gm+@4+Gs+GyL ImtGstG,  Im (gm I Rs | RL)
=9gm(Rs Il Ry) (4.36)

The input resistance [18-24] between the input terminals 1 & 2 of a common-

drain amplifier in Fig. 4.13 using Eq. (4.34) is expressed as;

Rin =Ry = V2| (4-37)
31gs=0
From Eq. (4.34), | Y22 =gg+Imt ga+ Gs+G,
dg +8s+ Gg 0
|Y22|g5=0 =
—Om ggt9gat gmtGs+G
=(gg+9a+9m+Gs+G)(gg + Gg)
Rip = Ryp = —— 247 9m 94705700 r I Rg = Rg (4.38)

(gg+gd+gm+GS+GL)(gg+GG)
The overall voltage gain [18-24] including voltage source resistance r; can be
obtained using Fig. 4.14.
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Fig. 4.14 Effective Voltage Gain Model with R; = R,, = R; for CD Amp

R; _ Rg

Vqip = V; = V; = V;
12 rs+R; t rs+Rg t t
iz _q
Vi
_ V3 Viz _ V3 __
Ays = X = o= gm(RS I RL) (4-39)
Vi2 Vi Vi

The output resistance [18-24] between the output terminals 3 & 2 of a common-

drain amplifier in Fig. 4.13 using Eq. (4.34) is expressed as;

_ %

RO = R32 == |Y3| (440)

31GL=0

From Eq. (4.34), |55 | =g+ gs + Gg
'gg + s + GG _gg

|Y22|GL=0 =

—H9g — Im gg+gm+gd+GS+GL

= (Gm + 94+ Gs)(gs + Gg) = (Gm + 8a + Gs)(gs + G;)
= (gm *+ Gs)(gs + Gg)

|Y22|GL=0 = (gm + GS)(gs + Gg)
Ry =Ryy=—2% = -1 ||py= — (4.41)

(Gm+Gs)(gs+Ge) N (gm+Gs) - Im dm

A Common-source amplifier's output resistance is extremely low.

The current gain [18-24] between the output terminals 3 & 2 and the input terminals
1 & 2 of a common-drain amplifier in Fig. 4.13 using Eq. (4.34) is expressed as;

12
A% = sgn(3 - Dsgn(1 - (-1* 6, =

7]

_|vE
2|

Gy (4.42)

From Eq. (4.34), |Y32| = =84 — gm

g9+ 9s + 6 0
|Y22|=

= (gm t ga + Gs + G)gs
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A |32 _ —9m _ ImTs _ ImTs
il12

(Gm+9a+Gs+GL)gs ¢ gm+&a+Gs+Gy L gm+Gs+Gp L

— 9ImRsTs
" {(1+9m(RsIRD}(Rs+RL) (4.43)

The power gain [18-24] between the output terminals 3 & 2 and the input

terminals 1 & 2 of a common-drain amplifier in Fig. 4.13 is written as;

32 _ 32 4132 _ gmTsRs
Apliz = Apli3-Ailiz = {gm(Rs | Ry) }{1+gm(RS"RL)}(RS+RL) (4.44)

Equation (4.44) indicates that the power of a common-drain amplifier is very low.

4.5 Circuit Model of FET Common-Gate Amplifier
The simple circuit of a common-gate amplifier circuit is shown in Fig. 4.15. This
configuration is used to match low input resistance to high output resistance. Its ac

circuit is drawn in Fig. 4.16.

C: C

31 |1 C

Jl D 1\

Rs
’r(, -T-
Rb %
G RL
V; ——

T Vee = Voo

Fig. 4.15 Common-Gate Circuit Model of a FET Amplifier

3 2
S D

()
[EEN

v; R31 Rog

Fig. 4.16 AC circuit model of a FET CG Amplifier

The floating admittance matrix of only the JFET in Fig. 4.16 is once again

repeated for ease in the further analysis as;
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1 2 3 -
9yg 0 —Yg 1

4.45
9m Ya ~9m — Ya 2 (4.49)

199+ 9m —9a GgtIm+9ga 1-3-
The floating admittance matrix [18-24] of the passive circuits used in the amplifier

of Fig. 4.14 is once again repeated for ease in the further analysis as;

1 2 3 o
gS+GS+GD+GL _GD_GL _gS_GS 1

[Ygs.Gs.GD.GL] = —Gp — Gy, Gp + G, 0 2 (4.46)
—gs — Gs 0 gs+ Gs 113

Now, Egs. (4.45) and (4.46) are merged together to form the overall floating admittance
matrix of the common-gate amplifier in Fig. 4.16 as;

1 2 3 1. -
ggt+9s+Gs+Gp+G, -G, -G, —85— 9s — Gs 1
4.47
m — Gp — Gy, ga t+ Gp + Gy —9m ~ 9Ga 2 (4.47)
| —95— 9m — gs — Gs —9a gt 9m T ga + gs + Gs1'-3-
Assuming g, = 1/g, very small, Eq. (4.47) reduces as;
1 2 3 -
gs+Gs+Gp+G, —Gp—G —9gs — Gs 1
4.48
gm — Gp — Gy ga+Gp + G —9m — YGa 2 (4.48)
L —gm — gs — Gs —Ja Im tga t gs + GslL 3-

The voltage gain [18-24] between the output terminals 2 & 1 and the input terminals

3 & 1 of a common-gate amplifier in Fig. 4.16 using Eq. (4.48) is expressed as;

Y31 y31
Ayl3 = sgn(2 — Dsgn(3 - (-1 [ = - 125 (4.49)
From Eq. (4.48), |V = —gm — 94
|Y3311 =ga+ Gp + Gy
21 _ B _var . —gm—94 _ _9m  _
Av|31 - |Y3311| - V31 - ga+Gp+Gy, - Gp+Gy, - gm(RD " RL) (4-50)
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The input resistance [18-24] between the input terminals 3 & 1 of a common-gate

amplifier in Fig. 4.16 using Eq. (4.48) is expressed as;

Rin = Rgy = 122 (4.51)

ylll gs=0

gd+GD+GL —9Im — Ya
From Eq. (4.48), |Y{'|g.=0 =

—9a Im t Ja +§s + Gs
gat+tGp+G, —9m—YGa Gp + G, Gg

—94 9m + ga + Gs
GD+GL GS

—%a 9Im t =+ Gs

= (Gp + GL)(gm + Gs)

0 Im + ga + Gs
#4+Gp+Gy, _ Gp+Gy, _ 1
(Gp+GL)(gm+Gs) (Gp+GL)(gm+Gs)  gm+Gs

1
Rin =Rz, = :a" Rg

~ 1
= - (4.52)

Equation (4.52) indicates that the output resistance of a common-gate amplifier is very
low.

The overall voltage gain, including voltage source resistance r; can be obtained
from Fig. 4.17.

R .

From Fig. 4.17, v3, = rs+LRi v; = rsi} v; = v
1 q
Vi
Aps = %xvj—l = 1% = gm(Rp Il R) (4.53)

The output resistance [18-24] between the output terminals 2 & 1 of a common-

gate amplifier in Fig. 4.16 using Eq. (4.48) is expressed as;

(4.54)
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gd+GD+GL _gm_gd
From Eq. (4.48), |Y{ |, =0 =

—Ja Im + 9a + 9gs + Gs

ga+Gp —9m — Ya ga+Gp —9m — Ya

GD s + GS GD Is + GS
= (Gs + g5)(ga + Gp) + Gp(gm + ga)
|Y2211| =9m+gat+ 9gs+ Gs

R =R — Im+gdda+gs+Gs — Im+9s+Gs
© 7 T2l T (Gs+95)(9a+Gp)+6p(gm+ga)  (Gs+9s)Gp+gmGp
gmt+9gstGs
=———_2_=—_ =R 4.55
{Gs+gstgm}Gp b ( )
Since the internal resistance of a voltage source is 7, is very small w.r.t. r; and hence
RO = R21 = rd ” RD - RD (456)

The current gain [18-24] between the output terminals 2 & 1 and the input
terminals 3 & 1 of a common-gate amplifier in Fig. 4.16 using Eq. (4.48) is expressed

as,;
Y31 Y31
A = sgn(2 - Dsgn(3 - D176, = -lg, (457)

gd+GD+GL —9m — Y4
From Eq. (4.48), |Y| =

—Jda Im T 9Ga + Gs
GD + GL gS

—9a 9Im * 9Ga + Gs
= (gm t+Gat gs)(GD + GL) +Ha9s = (gm + gs)(GD + GL)

v ~9m—9d Gy Rp
Afs = -tlg, = - ——on = = 4.58
il vt L (Gm+95)Gp+GL) L~ (Gp+Gr)  (Rp+Ry) (4.58)

The power gain [18-24] between the output terminals 2 & 1 and the input

terminals 3 & 1 of a common-gate amplifier in Fig. 4.16 is written as;

21 R
Al = Ap1BL AN = gm(Ry Il R { 2] (4.59)

Rp+Ry,

The power of the Common-gate amplifier is also very low.

4.6 Circuit Model of FET Phase-splitter amplifier (complete analysis)

A versatile circuit of FET amplifier with resistances connected to all the three terminals
(drain, gate, and source) is drawn in Fig. 4.18. The drain resistance Rp, the source
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resistance Rs and the gate resistance R are connected in Fig. 4.18. We will try to derive
all types of transfer functions of the FET amplifiers in all the three configurations, i.e.
common-source, common-drain, and common-gate. Fig. 4.19 is the ac circuit derived
from Fig. 4.16 after shorting all capacitances Cs and Cp and the DC supply voltages at
the frequency of interest. The bypass capacitor Cs is left open to implement this circuit
as a FET phase-splitter amplifier. Fig. 4.19 is called a phase-splitter amplifier because

the phase of the voltage at terminal-2 is 180° out of phase to the voltage at terminal-3.

A +VDD
Io

gRl } Diﬁ__ )

Cs %
S
R, Io —|+ Ve Ri1
v; ! % Rs1 RL2

Fig. 4.18 Circuit Model of a FET Phase-Splitter Amplifier

2 « |

Us

T S
R :

Ri4 4 Rz Rz |Rs=Rs1i Il Ry,

Fig. 4.19 AC Circuit Model of a FET Phase-Splitter Amplifier

Since the phase-splitter amplifier is defined by 4-nodes, the floating admittance

matrix [18-24] of the three-node JFET is converted to 4-nodes as;
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1
Yy

9m

—9g9 — 9m

0

2 3
0 —Yy
da —9Im — YGd

—9a 9gt9m+ Ya

0 0

o
<
=

0 [|vs

0llv,

(4.60)

Similarly, the floating admittance matrix of only passive components used in the circuit

of the phase-splitter amplifier of Fig. 4.19 is written as;

1 2 3 4 B
Ll gs+G 0 0 —9s — Gg 1
iy 0 Gy 0 -Gy, 2 (4.61)
I3 0 0 Gs —Gg 3
Ligdll=9s —G¢ -G, —Gs gs+ Gg+ Gs + G 1M 4

Now, Egs. (4.60) and (4.61) are merged together as per node specification to form the
overall floating admittance matrix of Fig. 4.19 as;

2}

1
gg +gs+GG

9m

—99 — 9m

-t _gs_GG

2
0

ga + G,
—Ya

_GL

3

—9m — Ya
gg+gm+gd+GS

_GS'

_GS

gS+GG+GS+GL_—

(4.62)

The voltage gain [18-24] between the output terminals 2 & 4 and the input

terminals 1 & 4 of a FET phase-splitter circuit in Fig. 4.19 using Eq. (4.62) is expressed

as,;

A3t = sgn(2 — H)sgn(1 — 4)(-1)

g

From Eq. (4.62), |Y,4f| =

11 |¥24 ]

|4

|Y1144 - |Y111fL (463)
m —9m — Ya Im —9m — Yd
99— 9m Y9g t 9m + ga *+ Gs —89 89 tGs
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= gmGs

gd + GL _gm - gd gd + GL _gm - gd
|Y1144| = =
—gq Gt ImtgatGs G, Gs
= (gq + GL)Gs + (gm + 9a)GL,
24 _ gmGs - _ gmGs — _9mGs o
Avlis = (Ga+GL)Gs+(gm+84)GL (Gs+gm)GL GsGL gmBy  (4.64)

The current gain [18-24] between the output terminals 2 & 4 and the input
terminals 1 & 4 of a FET phase-splitter circuit in Fig. 4.19 using Eq. (4.62) is expressed
as;

24 11 V34| |v34]
A% = sgn(2 - Hsgn(1 - H(-D' TG, = -LEe, (4.65)
gg +9s + G 0 —8g
From Eq. (4.62), |V, = Im ga t+ Gy —9m — 9a
—fg — Im —9a 8G9t gm+gatGs
9Is + GG 0 0
= Im ga T GL —9Im — Ya
—9m —Ya Im + 9a + GS
ga + G —9m — Ya
= (gs + GG)
—9a 9m T 9ga + Gs
gat+ G —9m —YGa
= (gs + GG)
Gy, Gs
= (gs + Gc){(ga + GL)Gs + GL.(gm + 9a)}
A |24 = — |v24] — _ gmGsGyL,
s |vi| L =(g5+6){(ga+G1)Gs+GL(gm+9a)}
ImGsGL _ __ _9mTs ~ _
- (9s*+GG)GL{Gs+gm} - 1+gmRs = "Ym's (466)

The input resistance [18-24] between the input terminals 1 & 4 of a FET phase-
splitter circuit in Fig. 4.19 using Eq. (4.62) is expressed as;

vy

= R =y

(4.67)
gs=0

116



Gg TG+ Gg 0 —Yyg
From Eq. (4.61), |Y;!|g.—o = Im ga+ G, ~9m — 9Ja

—fg — Im —9a 89+ 9Im +ga+ Gs
Gg 0 0
9a+ G —9m — YGa
=|9m Yat G —9m —Y9a | = Gg
Gy Gs
—9m —Y9a 9m T 9a +Gs

= Ge{(ga + GL)Gs + GL,(gm + ga)}

R, = _ (ga+GL)Gs+(gm+ga)GL _
! 147 66{(ga+GL)Gs+(gm+9a)GL)

G

(4.68)

The output resistance [18-24] between the output terminals 2 & 4 of a FET phase-

splitter circuit in Fig. 4.19 using Eq. (4.62) is expressed as;

_ v
Ry = Ryy = vz
4

| G1L=0

gg + 95 + Gg —8g
From Eq. (4.62), |Y4!| =
—6§g—9m GgTImtgatGs

gs+GG 0

= = (gs + G5)(Gm + ga + Gs)
—9m 9m + ga + Gs

Y9 +9s + GG 0 —Yy
1Y g,=0 = Im Jda t 6, —9m — 9a

Y9 — 9m —Yad Yg +9m t9at GS
Is + GG 0 0

= Im 9a —9m — Yd

—I9m =94 9Gm Tt 9a t GS
da —9m — YGa

= (gs + Gg) = (gs + Gg)

—9d 9m T 9ga + Gs 0 Gs

= (gs + G5)gaGs
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(9s+G6)(gm+ga+Gs) (gm+Gs)
Ro = Ras = : (g(s;+GG)gdgs - = gdGsS - rd(l +ngS) (4'70)

The voltage gain [18-24] between terminals 3 & 4 and 1 & 4 of a FET phase-
splitter circuit in Fig. 4.19 using Eq. (4.62) is expressed as;

14 14
4,138 = sgn(3 — H)sgn(1 — 4)(—1)*2 1l _ et (4.71)
Vel v
Im 9d + GL Im dd + GL
From Eq. (4.62), |Y34| = =
89 —9m  —gq —9m  —Ga
0 G
= = gmGy
“9Im —Ga
34 __ ImGL _ ImGL _ 9mRs ~
Avliy = (@4+GL)Gs+(gm+84)6L  (Gs+gm)G,  (1+gmRs) — (4.72)

The output resistance [18-24] between its terminals 3 & 4 of a FET phase-splitter
circuit in Fig. 4.19 using Eq. (4.62) is expressed as;

N
Ry = Ry = —o (4.73)
|Y4- | GS=O
'gg + Is + GG 0
From Eq. (4.62), |Y5;'| = = (gs + G5)(9a + GL)
Im da + GL
Hg t9s+ Gg 0 —Hg
Vi =0 = Im ga + G, —9m — Ja
9 — 9m —Yd Hg Tt 9Gm t ga + &
Is + GG 0 0
=| gn GatGL —9m—da
—9Im —Ya 9Im + 9a
ga+ G —9m —Ya
= (gs + GG)
—9d Im + 9a
ga+ G, —9m — Ya
= (gs + G¢) = (9s + Gs)(gm + 9a)GL
Gy, 0
_ _ _(9s+G6)(9atGL) _ _@atG) _ GL  _ 1
Ros = Ras GstG6)(gm+9a)6L  (Gm+8a)6L  ImGL  Im (Verylow) — (4.74)
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The current gain [18-24] between terminals 3 & 4 and 1 & 4 of a FET phase-
splitter circuit in Fig. 4.19 using Eq. (4.62) is expressed as;

A3 = sgn(3 — )sgn(1 — 4)(-1)* ||YY31|| Gs = ||Y34|| e (4.75)
Im 9a + GL 0 GL
From Eq. (4.62),|Y3| = = ImGy,
89— 9m  —gq —9m —Ja
134 — |Y31f — ImGL — ImGlL, — &
Al = |2 Gs 0s+6e)gm+9a)6r S (9s+G6)gmGL Gs ds
_ s
= (4.76)

The power gain [18-24] between the output terminals 2 & 4 and the input terminals
1 & 4 of a FET phase splitter circuit in Fig. 4.19 using Eq. (4.62) can be expressed as;
Ap|Ty = A1t Ailit = (—gmRL) (—gmTs) = gm1sR, (4.77)
Power gain [18-24] between the output terminals 3 & 4 and the input terminals 1
& 4 of a FET phase splitter circuit in Fig. 4. 19 using Eq. (4.62) can be written as;

Apliz = A, 135 A4 (gm—RS) (RTTS) = Imls (4.78)

(1+gmRs) (1+gmRs)

4.7 Conclusions

The analysis of all configurations FET amplifier to derive all types of transfer functions
and self-node functions becomes very simple using the floating admittance matrix
approach. All equations derived here corroborate the equations derived using the small-
signal equivalent circuits.

References:

1. | Julius Edgar Lilienfeld, the first idea for a field effect device was patented by
an Austro-Hungarian physicist, 1925.

2. | W. Shockley, A Unipolar Field-effect Transistor, Proc. IRE, vol 40, pp.135-
137, November 1952,

3.| B. G. Streetman, and S. Banerjee, Solid State Electronic Devices, 6™ ed,
upper Saddle River, NJ, Prentice Hall, 2003.

4. | B. P. Singh and Rekha Singh, Electronic Devices and Circuits, Pearson
Education, New Delhi, 2013.

5.| S.M. Sze and K. K. Nag, Physics of Semiconductor Devices, 3" ed, New
York, John Wiley and Sons, Inc., 2007.

6. | L.J. Sevin, Field-effect Transistors, McGraw-Hill Book Company, New
York, 1965.

119



7.| D. Chattopadhyay, Junction field-effect transistor (JFET)". Electronics
(fundamentals and applications). New Age International. pp. 269 ff. ISBN 978-
8122417807, 2006.

8. | Paul R. Gray Paul J. Hurst Stephen H. Lewis Robert G. Meyer, Analysis and
Design of Analog Integrated Circuits, Wiley India, 2009.

9. | Donald A. Neamen, Microelectronics Circuit Analysis and Design, McGraw-
Hill, 2009

10| Adel S. Sedra and Keneth C. Smith, Microelectronics Theory and
Applications, 7" edition, OXFORD University, Press, 2018.

11| Cutler, P, Semiconductor Circuit Analysis, McGraw-Hill, 1964

12| P. E. Gray and C. L. Searle, Electronic Principles; Physical Models and
Circuits, Wiley Eastern, 19609.

13} J. Millman. and C. C. Halkias, Electronic Devices and Circuits, McGraw-
Hill, 1967.

14] C. T. Sah, "A new semiconductor triode, the surface-potential controlled
transistor,” Proceedings of the IRE, Vol. 49, No.11 (November 1961) pp. 1623-
1634.

15| S. R. Hofstein, and F. P. Heiman, "The Silicon Insulated Gate Field Effect
Transistor," Proceedings of the IEEE, Vol. 51 (September 1963) pp. 1190 -
1202.

16| H. E. Hallday, and A. Van der Zeiel: DC Characteristics of Junction Gate Field-
effect Transistor, IEEE Trans. Electron. Devices, vol. ED-13, pp.531-532, June
1906.

17| Dawn Kahng, "Electric Field Controlled Semiconductor Device," U. S. Patent
No. 3,102,230 (Filed 31 May 31, 1960, issued August 27, 1963).

18| D.B.S.J. Prasada Rao, and B. P. Singh, A Unified Approach to Electronics
Circuit Analysis, IJEEE, Vol. X, pp.276-285, July 1978.

19| B. P. Singh, A new Active Bridge for Measuring FET parameters, J. Phy. E.
Scientific Instruments, Vol. 11, pp.667-670, 1978.

20/ B. P. Singh, Minimum sensitive FET Filter; Indian Journal of Pure & Applied
Physics, Vol.20, May 1982.

21| B. P. Singh and DBSJ Prasada Rao, "A null method for measuring the
parameters of a FET, Int. J. Electronics, Vol.44, March 1978, pp. 251-256,
Published online: 29 Oct 2007.

22| M. Singh, S. K. Roy, and B. P. Singh, "Modeling of Active Devices and
Circuits", American Institute of Physics Conference Proceedings, Volume
1324, pp. 65-70, December 2010.

23| S. Natarajan, “An Effective Approach to Obtain Model Parameters for BJTs
and FETs from Data Books.” IEEE Transactions on Education 35, No. 2, pp.
164-69, May 1992.

24] Sanjay Kumar Roy, Kamal Kumar Sharma, Cherry Bhargava, Brahmadeo

Prasad Singh, “Mathematical Modelling and Simulation of Band Pass Filters
using the Floating Admittance Matrix Method” WSEAS Transactions on
Circuits and  Systems, Vol. 20, pp. 208-214, 2021 DOI:
10.37394/23201.2021.20.24 (SCOPUS)

120



https://books.google.com/books?id=n0rf9_2ckeYC&pg=PA269
https://en.wikipedia.org/wiki/ISBN_(identifier)
https://en.wikipedia.org/wiki/Special:BookSources/978-8122417807
https://en.wikipedia.org/wiki/Special:BookSources/978-8122417807
http://www.flipkart.com/author/paul-r-gray-paul-j-hurst-stephen-h-lewis-robert-g-meyer
http://www.flipkart.com/analysis-design-analog-integrated-circuits-8126521481/p/itmdytmwxjkpcrup/search-books-circuit-analysis/26?pid=9788126521487&ref=7d17b47d-e532-449c-907d-ef0a002b9de8
http://www.flipkart.com/analysis-design-analog-integrated-circuits-8126521481/p/itmdytmwxjkpcrup/search-books-circuit-analysis/26?pid=9788126521487&ref=7d17b47d-e532-449c-907d-ef0a002b9de8
http://www.flipkart.com/author/donald-a-neamen
http://www.flipkart.com/microelectronics-circuit-analysis-design-0073380644/p/itmczyzguxfjzpub/search-books-circuit-analysis/39?pid=9780073380643&ref=8caf0823-ffc6-4979-954b-6c2c407c0fe8

Chapter 5

Four Terminal MOSFET Model and Applications in
Amplifiers

5.1 Introduction

In general, the MOS structures are of two-terminal, three-terminal, and four terminal
devices. The two-terminal MOS structure has a gate and the substrate terminal only. It
does not have the source and drain terminals for the current flow. This structure is often
referred to as a MOS capacitor. The three terminal MOS structures are similar to the
three terminal BJT. The four terminal MOS structure has two gates; the front gate and
the back gate. The back gate is nothing but the substrate (body) terminal. The back gate
is usually connected to the source terminal and hence it is treated as three terminal
devices for general purposes. An IC has numerous numbers of MOSFETS. If the sources
of all MOSFETS are connected to the single body (substrate) terminal, the circuit will
become useless. Fig. 5.1 has four terminals as Vg (Body), Vs (Source), V¢ (Gate), and
Vp (Drain). The body and the source terminal are connected to ground and hence it
becomes effectively a three-terminal device. Thus, a general purpose MOSFET is
basically a three terminal device having the gate, the drain, and the source. The body,
in different style, of the MOSFET is the silicon substrate over which drain, gate and
source are grown [1-22] as in Fig. 5.1.

No problem exists in the normal functioning of the MOSFET if voltages V. and
Vps are applied with the body grounded. If the body is not grounded and V¢ is applied,
the potential difference exists between source and the body terminals, and the problem
will occur. The body is always reverse biased, and the gate is also reverse biased. The
body now starts functioning similar to the function of the gate. So, the body terminal is
called the second gate terminal of the MOSFET.
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Fig. 5.1 Physical Structural Model of The nMOSFET

Normally, the body is kept at the source potential. If there exists any potential
difference between the source and the body points, the normal functioning of the
MOSFET is impaired. The body connection is taken as the 4!" terminal of the MOSFET.
Body biasis the voltage at which the body terminal (4" terminal of MOS) is
connected. Body effect occurs when the body or substrate of the MOSFET is
not biased at the same level as that of the source. The body effect is also called the back-
gate effect [2-22]. Usually, it is grounded but we can bias it to some voltage to adjust
V,;, of the device. The body terminal is called the 2" gate also. Hence, the different
potential at the body (2" gate) changes the normal input-output functions of the
MOSFET.

The derivation of current-voltage characteristics in the linear and saturation mode
has been carried out with the underlying assumptions that the substrate potential is equal

to the source terminal potential i.e. Vgg = 0.
5.2 Development of FAM Model for a 4-terminal MOSFET

Figure 5.2 shows the polarities applied across terminal voltages and drain current
directions for both nMOS and pMOS devices, including the substrate [8-22] voltage
VSB.
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We know that the substrate voltage or the body bias is the other very important
factor which contributes to the drain current. If the body of the MOS device is not
connected to the source, it works as a back gate, and the drain current has some
dependency on the body bias voltage Vsg. Since the body bias (Vs5) functions as a gate
terminal, and it is also treated as equivalent to a current source which depends on the
body bias voltage in the small-signal equivalent circuit. The current source, due to the

body bias, is represented as g,,p Vps-

D*ID diid

Fig. 5.2 Circuit Symbol Model of a 4-Terminal NMOSFET with (a) DC and (b) AC
Voltages

The effect of Vs on the cannel can be represented as a change in the threshold voltage
V:. With increasing reverse substrate bias, the voltage Vg results in an increase in V.,

according to relaship

Vin = Vino + V(\/Zf.bf + Usp — \/2¢f) (5.8)

If there exists an ac component of voltage in the source-to-body (vg;), there will
be an ac component of voltage induced in the threshold voltage that causes an ac

component in the drain current. Thus, a back-gate transconductance can be defined as;

aID 61D
= = - as Vgs = —V.
Imb 0Vpgs Ves=kVps=k dVsp VGS:k,VD_g=k( BS SB)
_ _(9p) (9Vin
- (avm) (avSB) Ves=kVps=k (5.9)
Using Eq. (5.6), we get
a
m aVID | = 2k, {Ves — Ven(Vsp)}
GS Vps=k
al
ﬁ = an(VGS - th)(—l) = _an{VGS - VtTl(VSB)} = —gm (510)

123



Using Eq. (5.8), we get

0Vin - _ )4
dVsp 21/2¢f+1753

The back-gate transconductance is then given as;
al Ven
gm> = = (52) (372 = —(=gm)() = Ngm (5.12)

Vgs=k,Vps=k
Thus, we see that due to two gates (the front gate and the back gate), we have two

= n (A very small fraction) (5.11)

transconductances (g,,) and g,,,. The value of g,, is much greater than g, .

The approximate small-signal equivalent circuit of the 4-terminal MOSFET,
including the body effect, is shown in Fig. 5.3. We should note the direction of the
current and polarity of the small-signal source-to-body voltage. If v, > 0, then vgg
decreases, 1, decreases, and ij, increases. The current direction and voltage polarity

are thus consistent.

C—m— D
+ +

Vgs %rg <l>gmvgs<l> GmbVbs %re Vgs

S —

Fig. 5.3 Small-signal Circuit model of the nMOSFET with the body effect.

5.3 Small-signal Model Development of the MOSFET with Vgg # 0

Now, we will develop a more detailed small-signal equivalent model of a 4-terminal
nNMOSFET. For non-zero body bias, there is a voltage between the substrate and the
source terminal of the MOSFET. This voltage (Vsg) functions as the back gate for the
MOSFET. Hence, the input-output performance of the MOSFET will get affected. So
its effect has to be included in the small-signal equivalent circuit of the MOSFET to
both its input and output sides in the existing small-signal equivalent circuit described
in all most all books. Hence, the simplified small-signal equivalent circuit of the
MOSFET, including the effect of the V55 is drawn as in Fig. 5.3. We know that the gate
conductance g, is negligibly small. Similarly, the back-gate conductance g, will also

be negligibly small. Let us analyze the most frequently used common source amplifier
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circuit, including the effect of non-zero substrate voltage. Fig. 5.4 is the circuit

representation of the common source.

The relationship between terminal voltages and currents in Fig. 5.4 are written as;

Ig = f1(VGs) (5-13)
ig =i = gg(vg - 175) = gg(vl - 7-73) (5.14)
- iz
2 D +
c | |
lh—1 < 4 <1,
+ | > +
Vas
Vgs i3¢ 3 Ups
_ s _ .

Fig. 5.4 Circuit Model of a 4-terminal Common-Source MOSFET Amplifier

Equation (5.14) is rearranged in terms of 4-terminal voltages v,, v,, v; and v, as;

i1 =ggv1 + (0)v, — ggvs + (0)vy (5.15)
Similar to the normal gate, the back-gate current is expressed as;

ip = —gp(Vs —Vp) = —gpV3 + GpVa (5.16)
writing i, = i,; the back-gate current as the 4-terminal current becomes;

Iy = —9gpV3z+ gpVs (5.17)
Arranging Eq. (5.17) in terms of 4-terminal voltages v,, v,, v3, and v, as;
ly = =V (gp) = =g (Vs — vp) = (0)vy + (0)v; — gpv3 + gV (5.18)

The mutual conductance between the output current and the back-gate voltage Vgs is

defined as;

_ e _ ol

Imp = 55~ (5.19)

Ves &Vps=k  MValvgsavps=k
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Hence, the total drain current is the combined effect of partial contribution due to

changes in Vg, Vps, and V.
lg = gg(vg — Vs) (5.20)
i1 =ggv1+ (0)v; — ggvs + (0)vy (5.21)

The mutual conductance between the output current and the back-gate voltage g,,;, is

defined as;

Ol = e (5.22)

Imb = =
Waslyssavps=k  Valvgs&vps=k

Hence, the total drain current is the combined effect of the partial contribution due to a
change in Vg, Vps, and Vgs. Hence, the total deviation in the drain current is

mathematically expressed by a partial differential equation as;

Ao = ;VI;JS Vps & Vgp=k * ;’I; Ves &Vgp=k ¥ ;’I; Vps & Vgs=k 629
lg = gm(Wg — V) + 9o (Vg — Vs) + Gmp (Vp — Us)
lg = gm(V1 —V3) + go(V2 = V3) + Gmp (V4 — V3)
lg = gmV1 — ImV3 + GoV2 — GoV3 + ImpVs — GmpV3
iy =g = gmV1 + GoV2 = (Gm + 9o + Imp) V3 + GmpVa (5.24)
is = =gmV1 — GoV2 + (Gm + Go + Gmb)V3 — GmpVa — Gg¥1
+9gV3 + gpV3 — GpVs

i3 =is = ~(gg + 9m)V1 = GoV2 + (9g + Gm + Go + Gmp + 9b) V3

—(Gmp + gp)Va (5.25)
=1 = —gp(Ws — Vp) = —gpV3 + GpVs (5.26)

Writing i, = i,; the back-gate current in 4-terminal currents as;

=l = =V (gp) = —gp (Vs — vp) = (0)vy + (0)v, — gpvs + grva  (5.27)
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The terminal voltages and currents of Egs. (5.21), (5.24), (5.25), and (5.27) can be

arranged in the form of floating admittance matrix [23-26] as;

_il_ [ gg 0 _gg 0 1rV17
iy Im 9o —9Im—Y9mb — Yo Imp %)
= (5.28)
i3 ~9g—9m —90 Y9gTImtGo+Gmpt9p —Gmp = 9p||V3
i, L0 0 —9Jb gp 14l

From Eqg. (5.28) is the floating admittance matrix of a 4-terminal MOSFET at low
frequency as it does not have the capacitive effect. This Eq. (5.28) will be used to derive
all transfer functions of the circuit’s incorporating a 4-terminal MOSFET. Eq. (5.28)
suggests the small-signal equivalent circuit model of a 4-terminal MOSFET as shown
in Fig. 5.5.

ib - i4é

i, = ig—>g " > 3
Vgs % 9g b ImVgs %go 9mbVbs Vs
J— S | _
i =is} |

Fig. 5.5 Small-signal Model of a 4-terminal MOSFET with Vg # 0

Now we will take advantage of the floating admittance matrix of Eq. (5.28) to derive

all transfer functions of any circuit containing 4-terminal MOSFET.

5.4 Circuit Model of 4- terminal MOSFET phase-splitter Amplifier

Figs. 5.6 and 5.7 are the simple 4-terminal MOSFET phase-splitter amplifier and its ac
circuit, respectively. The phase-splitter amplifier provides two outputs: one at the drain

point and the other at the source point. These two outputs are 180° apart.
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Since, g,—1pS, it is neglected w.r.t. the other parameters of the MOSFET
go—0.02mS, and g,, »>1mS, gmp = Ngm— 0.1 mS.

+VpD
S G CD
° |C
2 I Vo

B, 4
< +
gS CS 72;5 GLl
Ge 3 Vg
vi 5 Gs1 Gi2

Fig. 5.6 Circuit Model of a 4-terminal MOSFET Phase-Splitter Amplifier

Gu1

GL=Gp+G1
Ros | Gs = Gs1 +GL2

Fig. 5.7 AC circuit model of a 4-terminal MOSFET Phase-Splitter Amplifier

The floating admittance matrix representation of the 4-terminal MOSFET in the 4x4

matrix is repeated here for ease in further analysis.

1 2 3 4
il Yg 0 —Yg 0 (1
| = Im Jdo Im — Yo — Gmb Imp v21(5.29)
i3 99— 9m —Y9o gt Im T Imp t 9o +9p —Gmp — Gp||V3
Iy 0 0 —9b o Vg

Ideally, the gate current of FETS/MOSFETs is zero, g4, — 0. Since the MOSFET phase-

splitter amplifier has 5-nodes, then the 4-node floating admittance matrix in Eq. (5.29)

is converted to a 5x5 matrix as;
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! 2 3 4 511
i1 0 0 0 0 0llvy
Li_[9m 90  9m— 9o~ Gmp Gmp  Offv2 (5.30)
l3 —9Im —Yo Im + Imb + Yo + Ib —Ymb — 9Gbp 0 U3
Iy 0 0 —9b b 0| va
_i5- L0 0 0 0 0dLvs

The floating admittance matrix of the passive components used in the 4-terminal
MOSFET phase-splitter amplifier of Fig. 5.7 is;

1 2 3 4 5
il Es + GG 0 0 0 —8s — GG V1
iz _ 0 GL 0 0 _GL (%)
' el B 0 Gs 0 ~Gs " (5.31)
iy 0 0O 0 o0 0 Va
_i5_ | —8s — GG _GL _GS 0 g5+ GG + GL + GS- | Vs |

Now, Egs (5.30) and (5.31) are merged together as per the node specifications to yield

the overall floating admittance matrix of the 5-node 4-terminal MOSFET phase-splitter

amplifier as;
1 2 3 4 5
b 8+ Gg 0 0 0 —8s — Gg v,
i2 _ Im Yo + GL Im — Yo — Gmb Imb _GL VU,
i3 B —9m =90 9m+ Gmp + 90+ 9» +Gs —9Imp — b —Gg VU3
Iy 0 0 —9b Ip 0 U,
s —8s—Ge —GL —Gs 0 8s + Gg + G + Gsllvs

(5.32)
Now, from this Eq. (5.32), the floating admittance matrix of all the four configurations,

i.e. common-source, common-drain, and common-gate 4-terminal MOSFET

amplifiers, will be derived easily.

5.5 Circuit Model of a Four Terminal MOSFET C-S Amplifier
We now proceed to derive the floating admittance matrix of a common-source amplifier

(CS) using Eq. (5.32) from the 4-terminal phase-splitter MOSFET amplifier. For that,
adding the 3" row to the 5" row and the 3" column to the 5™ column and deleting the
original the 3" row and the 3" column after assigning the 5" row and the 5 column as

the 3 row and the 3" column yields as;

1 2 4 3
Is + GG 0 0 —9s — GG
Im 9o+ Gy Gmp —Gm — Gmp — 9o — G1 (5.33)
0 0 9p —9p

“Im—9s— G —9o—G. —Gmb—9p Gmt 9Go+ Imp + Gptgs + Gs + Gy,
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Equation (5.33) is the floating admittance matrix of a 4-terminal MOSFET CS
amplifier derived from Eq. (5.32) of a 4-terminal MOSFET phase-splitter amplifier
circuit in Fig. 5.7. From this Eq. (5.33), the circuit of a MOSFET CS amplifier is drawn
as in Fig. 5.8.

= "
1 B, 4
In .
s —> 12’5 GL=Gp+GL1
-
G
v; Ris 3 Ras | Gs = Gs1 +GL2

Fig. 5.8 AC Circuit Model of a 4-terminal MOSFET Common-Source Amplifier

The voltage gain [23-26] between the output terminals 2 & 3 and the input
terminals 1 & 3 of a 4-terminal MOSFET CS amplifier in Fig. 5.8 using Eq. (5.33) is

expressed as;

A,J33 = sgn(2 = Hsgn(1 - 3) (VL] (534
V5] = |9(1)n g;;bl = 9mIp,
vl = |90 F ] = (g, + Gu)g
Avlis = - (g;q:ngngb - (gjlnGL) = ~9m(% 1 R)
= —gm(t> I Ry 1| Ri) = gm(7, Il Ry || Ry)2180° (535)

The current gain [23-26] between the output terminals 2 & 3 and the input terminals
1 & 3 of a 4-terminal MOSFET CS amplifier in Fig. 5.8 using Eqg. (5.33) is expressed

as follows;

13
Ail% = sgn(2 - sgn(1 - (-G, (5:36)
3
gs t Gg 0 0
Y3 =] gm 9o+ G Gmp | = (gs + Gg)(go + GLI Gy
0 0 9Ip
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A28 = — ImIpGL — 0 9mGL
L3 (gs+G6)(go+GL)gp (9s+G6)(go+GL)

= —gm () (Rp | RG, = gm (1) (Rp I R,)G,£180° (5.37)

The input resistance [23-26] between the input terminals 1 & 3 of a 4-terminal
MOSFET CS amplifier in Fig. 5.8 using Eq. (5.33) is expressed as;

v
R.. = R.a =
in 13 |y33| 94=0
Y3 | go=0 = G6(go + GL) 9 (5.38)
= — _(9o+GLlgp  _
Rin = Ri3 = G6(go+GL)Ip R (5.39)

Now, the input resistance R of the amplifier is connected across the ac input voltage

source (vg) in series with its internal resistance (ry) as in Fig. 5.9.

i1
Rin=R13:>§ g Rc
P g

Is

Ui

Fig. 5.9 Effective Voltage Gain Model with Source Voltage and Resistance of a 4-
terminal MOSFET CS Amplifier

From Fig. 5.9, the effect of source resistance on the overall voltage gain can be
estimated as follows;

vis _ _Rin _ _Rg =1 (RG>>r3) (540)

Vi - Rintrs - Rg+rg

R
Ay =2x"2 =" = (g, (r, I Rp | RL)}( G )

V13 Vi RG +Trs

= —gm (% | Rp 1 R) = g (%, Il Rp Il R,)£180° (5.41)

Equation (5.41) reveals that the voltage developed across the actual input terminals
1 and 3 of the MOSFET CS amplifier is the open circuit signal voltage v, as r,<<Rj.
Hence, the overall voltage gain of the amplifier, including the source resistance, is not

affected by the source resistance r; and is expressed as;
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Ayslt3 = 2x 72 = —g,(r, | Rp | R)= gm(Rp Il R,)2£180° (5.42)

V13

The voltage gain given in Eq. (5.42) of a MOSFET CS amplifier in Fig. 5.7 is
available in all standard books [2-13]. This corroborates the correctness of the proposed

technique.

The output resistance [23-26] between the output terminals 2 & 3 of the 4-terminal
MOSFET CS amplifier in Fig. 5.8 using Eq. (5.33) is expressed as;

Y53
RO = R23 = W (543)
31 GL=0
+6G- 0
g1 =%t % | =g+ 6
0 Ib
gs + Gg 0 0
|Y33|GL=0 =l Im 9o+ Gp +&, gmp | = (gs + G)(go + Gp) gy
0 0 gb
(g5+Gg) 1
Ro = Rpg = — 25000 - = 1,|Rp (5.44)

(9s+Ge)(go+Gp)gp - 9otGp

The output resistance seen accros Rp in Fig. 5.8 is the effective output resistance
given as;

Ry,=Ry;; =1, Rp =Rp (5.45)

The power gain [23-26] between the output terminals 2 & 3 and the input terminals
1 & 3 of a 4-terminal MOSFET CS amplifier in Fig. 5.8 using Eqg. (5.33) is expressed
as;

Apl3 = Ay |BxA% = {=gmRp | ROH=gm () (Rp I| RG }

=gh(Rp I R)?rGy, (5.46)

5.6 Circuit Model of a 4-terminal MOSFET C D Amplifier
The floating admittance matrix of a MOSFET phase-splitter circuit of Eq. (5.32) is

again manuevoured by adding the 2" row and the 2" column to the 5" row and the 5"
column. Then the 5" row and the 5™ columns are assigned as the 2" row and the 2™
column after deleting the original 2" row and the 2" column to derive the over all
floating admittance matrix of a 4-terminal common-drain (CD) amplifier as in Eq.
(5.47).
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1 3 4 2

gs + GG 0 0 —9s — GG 1
~9m m t ot Gmp + gp + Gs —Gmp = 9p —9o — Gs 3 (5.47)

0 —9b 9p 0 4

Im — YGs — GG _GS_gm — Y90 — 9mp 9mp gs t GG + 9o+ GL 2

The circuit of a common-drain amplifier is drawn in Fig. 5.10 using Eq. (5.47).

Gs = Gs1 +GL2

Fig. 5.10 AC circuit model of a 4-terminal CD Amplifier

The voltage gain [23-26] between the output terminals 3 & 2 and the input terminals
1 & 2 of a 4-terminal MOSFET CD amplifier in Fig. 5.10 using Eq. (5.47) is expressed

as follows;

|v37|

Ayliz = sgn(3 = )sgn(1 = (=1 55 (5:48)
12 _ |79m “Y9mb —YGp| _
Y35 | = | 0 b = —9ImIp
121 _ |9m + 90 + Gmp + gp + Gs —Gmb — 9b
32| = g .
Ib b
_19m + go + Gs —9mb — 9| _
= | 0 9 | = (gm + 9o + Gs)gn
32 _ _ —9mdb — Im — 1
Ayliz = Um+00+G)0s  GmtgotGs)  IM (gm HTOHRS)
~ 1 _ Rs _ { 9mRs
=9m (gm HRS) - <ﬁ+R5> - (1+ngs) (5.49)
= 1 (ideal) (5.50)
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The current gain [23-26] between the output terminals 3 & 2 and the input terminals
1 & 2 of a 4-terminal MOSFET CD amplifier in Fig. 5.10 using Eq. (5.47) is expressed

as;

A;il33 = sgn(3 — 2)sgn(1 - 2)(-1)® |Y§§|| (5.51)
gs + Gg 0 0
IYZl=| —9m  9m+ 9o+ Gmp+ 9o +Gs —Gmp— 9
0 —9p Ib
gs + GG 0 0
=| “9m Im+ 9ot Gs —Gmp— I
0 0 Ib

= gp(9gs + Gg)(Gm + 9o + Gs)

132 — _ —9mgbGL _ 9mGLUslIRG) _ 1
Az = = e D amteers — (gmiay - ImGLUs I RA)GIRs)
1 ( slIR )
= gmGL(5 11 Re) (5=) = Gu(s 1 Rg) = 52 (5.52)

The input resistance [23-26] between the input terminals 1 & 2 of a 4-terminal
MOSFET CD amplifier in Fig. 5.10 using Eq. (5.47) is expressed as ;

RiTl = R12 = | (553)
=0

| (gm+9o+Gs)gp 1
2 ge=0  96Gam+dotGs)  Ga  C (5:54)

The overall voltage gain of the MOSFET CD amplifier including the effect of the
signal source resistance is obtained by deriving the actual input voltage appearing at

the gate terminal of the amplifier as in Fig. 5.11.

134



Fig. 5.11 Effective Voltage Gain Model with Source Voltage of a 4-terminal MOSFET
CD Amplifier

Rg

From Fig. 5.11, v,, = Vi — =588 1 K R (5.55)
s G
_ V32 Viz __ 32, V12 _ Rs _ (_9mBs \ ~
Now, Ays = 222 = 4,32 22 = <QL+R5> xl= (—st) ~ 1 (5.56)

The output resistance [23-26] between the output terminals 3 & 2 of a 4-terminal
MOSFET CD amplifier in Fig. 5.10 using Eq. (5.47) is written as ;

Rout = Ry = 1221 5,57
out = R32 = 73 (5.57)
|Y2 | GL=0
321 _ [9s+Gs O _
Y55 = 0 anl = (s + Ge) g

|Y22|GS=0 = g»(9s + Gc)(Gm + 9o)

(gs+G6)gp 111
@760 Gmt00)98 - Gmtoe) gm0 = oo (5.58)

Rout = R33 =

The power gain [23-26] between the output terminals 3 & 2 and the input terminals
1 & 2 of a 4-terminal MOSFET CD amplifier in Fig. 5.10 using Eq. (5.47) is written

as ;

(rslRe) slIR
Apl33 = 4, FxA,3 = ()02 = {2 (5.59)

5.7 Circuit Model of a 4-terminal MOSFET CG Amplifier
The floating admittance matrix of a MOSFET common-gate (CG) amplifier results

from the MOSFET phase-splitter amplifier shown in Fig. 5.7 and its Eq. (5.32) by
adding the 1% row and the 1 column to the 5 row and the 5" column and deleting the
original 1% row and the 1% column after assigning the 5" row and the 5" column as the

1% row and the 1% column as;
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2 3 4 1

Jo t Gy ~9m ~ Jo ~ Gmp Gmb Im =Gy || 2
—90 Im T 9ot Imp+Ip+9s —Gmp —9p —9m — 9s|| 3 (5.60)
0 —9p b 0 4
_GL —Ys 0 GL + gs l 1 J

Figure 5.12 is the circuit of the CG amplifier derived from Eq. (5.60) after assigning

Gs + gs = 1/(RslIrs) = g, to serve as the input source resistance.

—Ups +
| B, 4

° %GSL__ %GD %Gu

vi GL=GL1+G
t Ra1 1 = L L1 D

Fig. 5.12 Circuit Model of a 4-terminal CG MOSFET Amplifier

Here, also G,=G;, + Gp
The voltage gain [23-26] between the output terminals 2 & 1 and the input terminals
3 & 1 of a 4-terminal MOSFET CG amplifier in Fig. 5.12 using Eq. (5.60) is expressed

as follows;

[V

Avl%% = Sgn(z - 1)Sgn(3 - 1)(_1)7 |Y3311| (561)
31y _ |79m —Y9mb — Yo YImb | _|=9m — YGo YImb _
+ G, Ymb
Vit = |90 57 T | = (g0 + Gab
Avl%% = - ~m*90)9y _ (Im o) =9gm( I Ry) = gmR,, (5.62)

(Go+GL)gp  (go+GL)
where, R, = Rp || R,

The current gain [23-26] between the output terminals 2 & 1 and the input terminals
3 & 1 of a 4-terminal MOSFET CG amplifier in Fig.5.12 using Eq. (5.60) is expressed

as follows;
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| Y2311

A3 = sgn(2 - Dsgn3 - (-1 G, (563)
go T+ G, —9Im —9Imb — Yo Imb
Yt =] —go 9mtGmp+ 9ot +9p+9s —Gmp — 9
0 —9b )
Yo + GL —9m — Yo Imp
= GL ds 0 = gb{(go + GL)gS + GL(gm + go)}
0 0 9b
21 _ (gm+42)9b _ _9mGL _ _ 1l
Ails1 = 9b{(9o+61)gs+6L(gm+85)} G = wstomic,  Im {rs I gm} =1 (5.64)

The input resistance [23-26] between the input terminals 3 & 1 of a 4-terminal
MOSFET CG amplifier in Fig. 5.12 using Eq. (5.60) is expressed as ;

|33
Rin = R31 = |Y1| (565)
1lgs=0
Y1l g,=0 = 9p{(go + GL)gs+ GL(gm + 90)} = gpGL(gm + go)
31
Ry, = Ryy = \&H| _ _(gstGlgy _ GURL _ 1 (5.66)

Ip(@m+8s)GL Im Im

Y11| gs=0

Figure 5.13 gives effective input voltage across the gate and source terminals of the
MOSFET CG amplifier in Fig. 5.12.

P 3
1

Ri=Ra1 =5 —
: Im

Ts

%

L1

Fig. 5.13 Effective Voltage Gain Model with Source Voltage and Resistance of a 4-
terminal MOSFET CG Amplifier

. R; 1
From Fig. 5.13, %22 = fi = _1/gm
v rs+R; rs+1/9m

1 m
Avs = Ay 312 = (g I Rp I R T (52)

Ts+1/gm

= [0 1 Ro 1 R 1 (577-) (5.67)

Ts+1/9m
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The output resistance [23-26] between the output terminals 2 & 1 of a 4-terminal
MOSFET CG amplifier in Fig. 5.12 using Eq. (5.60) is expressed as ;

Rout = Rp1 = (5.68)

21 Im t 90 T 9Gmp T 9p + 9s —9mb — 9b
1l = —Yp )

+90+9s ~9mp—9
= [Im TG0 s I "I = (g + 9o + 95095

IYie,=0 = 9p{(go + Gp +65)gs + (Gp +65)(gm +42)}

= Gpgpigs + gm}
(Gm+9o+9s)gp _ 9m*gotgs _
Roue = Ra1 = GpIp{gs+am) gs+gm Rp = Rp (569

The power gain [23-26] between the output terminals 2 & 1 and the input terminals
3 & 1 of a 4-terminal MOSFET CG amplifier in Fig. 5.12 using Eq. (5.60) is written

as;
Apl3t = Ayl3ix Ail31 = {gm (% I Rp I R}1} = gin (% I| Rp Il RL) (5.70)

5.8 Circuit Model of a 4-terminal MOSFET Phase-Splitter Amplifier

(complete analysis)

To derive all transfer and self-port functions between output terminals 2 & 5 and input
terminals 1 & 5 of the 4-terminal MOSFET phase-splitter amplifier circuit in Fig. 5.7,
we take the help of Eq. (5.32).

The voltage gain [23-26] between the output terminals 2 & 5 and the input terminals
1 & 5 of a 4-terminal MOSFET phase-splitter amplifier circuit in Fig. 5.7 using Eq.

(5.32) is expressed as;

4,125 = sgn(2 — 5)sgn(1 — 5)(=1)'? |Y25I (5.71)
—9Im — Yo — YGmb Imb
From Eq. (5.32), |Y;5| = gm Gm + 9o+ Gmp + Gp + Gs —Gmp — 9o
—9b )
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Im —Yo Imb
=(0 Gs 0 = 9p9m0Gs
0 0 9p
9o + G, —9Im — Yo — Ymp Imp
|Y1155 =| -9, 9Im T 9o+ 9mp+9p+Gs —Gmp — b
0 —9b )
Go+t G —9Im — 9o Ymb
= GL GS 0
0 0 9p

= gp{(go + GL)Gs + (gm + 80)GL} = gp{Gs + gm}Gy,

A.125 = — 9p9mGs  _ _ _9mRL _ _ _9mRL 72

vlis Ip{GstamlGL {GstgmlRs 1+gmRs (5.72)

= —% (here effective load resistance =Rp||Ry) (5.73)
mis

The voltage gain [23-26] between the output terminals 3 & 5 and the input terminals
1 & 5 of a 4-terminal MOSFET phase-splitter amplifier circuit in Fig. 5.7 using Eq.

(5.32) is expressed as;

Y15
A3 = 59n(3 = S)sgn(1 — )~ (5.74)
Im g, + Gy Imb 9m Ggo + G 9mp
FromEq. (5.32), |Y52| = |~9m —go —9mp—9n|=]0 G, 0
0 0 Ib 0 0 Ip
= gbgmGL
Avlig — IpImGL _ 9ImRs (575)

Ip{Gs+gm}Gr,  {1+gmRs}

If we select GL = Gs, then Egs. (5.72) and (5.75) become exactly equal in magnitude
but 180° phase apart. For this reason, the circuit is called a phase-splitter amplifier.

The current gain [23-26] between the output terminals 2 & 5 and the input terminals
1 & 5 of a 4-terminal MOSFET phase-splitter amplifier circuit in Fig. 5.7 using Eq.
(5.32) is expressed as;
15
A3 = sgn(2 - 5)sgn(1 - 5)(-1)1 L2l g, (5.76)

|2
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From Eq. (5.32),

gs + Gg 0 0 0
|Y5| — Im go t+ GL —9m — Yo — Ymp Imb
> —9m —Y0 Im t 90+ 9mbp +9p + Gs  —Gmp — b
0 0 —9p b
9gs + Gg 0 0 0
—| Im 9o+ GL —9m—9o YGmp
0 G, Gs 0
0 0 0 )
9o + GL —9m — Yo Imp
= (gs + GG) Gy Gs 0
0 0 9p

= (—1)°*3gp(gs + Ge){(ga+ GL)Gs + GL(gm + 80)}
= gp(gs + Ge){GLGs + gmGL}
|Y55| = gp(gs + Gg)GL(Gs + gm)

A 25 _ |Y25| 9p9ImGs — ImGs — _gm(rs"RG) 77

| |Y5| G =  9p(gs+Ga)GL(Gs+gm) ¥ (gs+GG)(Gs+gm) (1+gmRs) (5.77)
— _ _I9mT7s
- 1+gmRs (5.78)

Similarly, the current gain [23-26] between the output terminals 3 & 5 and the input
terminals 1 & 5 using Eq. (5.32) of a 4-terminal MOSFET phase-splitter amplifier

circuit in Fig. 5.7 is expressed as;

433 = sgn(3 — 5)sgn(1 - 5)(-1D™ ||YY3§|| (5.79)
A |2 |Y2 5| G Ib9ImGs - _ ImGs - _ gm(rs"RG)
1S Ty YL T T (95 60)GL(Gstam) -k (9s+66) (Gs+gm) (1+gmRs)
— _ % (5.80)

Equations (5.77) and (5.80) are exactly equal in magnitude but differs in phase by 180°.

The input resistance [23-26] between the input terminals 1 & 5 of a 4-terminal

MOSFET phase-splitter amplifier circuit in Fig. 5.7 using Eq. (5.32) is expressed as ;

Rin = Rys = | 5] (5-81)
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| 5

Yol 0= 9@+ G6)GL(Gs + gm) = 966 GL(Gs + gm)

s

_ _ gpfGstgm}GL _ 1 _
Ry, =Rjg =—/——"—7——=— =R,
gpGeGL(Gs+gm)  Gg

The output resistance [14-17] between the output terminals 2 & 5 of a 4-terminal
MOSFET phase-splitter amplifier in Fig. 5.7 using Eq. (5.32) is expressed as ;

|v7>
s

Rout = Rys = (5.82)

|GL=0

Y9l o = b5+ Go)(Gp +652) (Gs + gm) = gy GG (Gs + gm)

Y] oo = 95(g5 + G) (Gp + G1) (G5 + gm) = (g5 + G6) (Gp + G11)gm

|Y55|GS¢O = gp(gs + G¢)(Gp + G11)(Gs + gm)
Is + GG 0 0
V2| =| —gm Im+ 9o+ gmp+9b +Gs —Gmb — 9p
0 —9b L))
gs + Gg 0 0
= —Im Im + Yo + GS —9mb — Yb
0 0 Ip

= (9s+ Gg)(m + 9o + Gs) gy

Ry, = Rys = |v5S _ D956 Um*9o*Gs) _ UmtdotGs) p
ou |v2| 61120 9bp(gs+G)Gp(Gs+9m) (Gs+gm)
R
= {1+ 28t R, (5.83)
1+gmRs
R =R |Y2255| — (gm+9o+Gs) — Im+Gs do
Ut T T o GuGstgm)  GLGstgm) | GL(Gstgm)
R R
=R, + R, 225 = R, (1428 (5.84)
1+gmRs 1+gmRs

The output resistance [23-26] between the output terminals 3 & 5 of a 4-terminal

MOSFET phase-splitter amplifier in Fig. 5.7 using Eq. (5.32) is expressed as ;

(5.85)
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gs + Gg 0 0

Y32 =| —9m G0+ G, —9mp — 9b| = (gs + G¢)(go + GL) b
0 0 Ip

_ _ 2] _ (95+G6)(9o+GL)gp _ (9o+GL) o GL  _ 1
Rout B R35 B Y55| Gs=0 N Ip(gstGG)GLIm - Grgm ~ GLgm - gm (586)
po_p L @46t Gy 1

out * |Y55| Gs#0 ('gs + GG)('gO + GL)(GS + gm)gb (GS + gm)
1 1
= Rg || Pt (5.87)

The power gain [14], [17] between terminals 2 & 5 and 1 & 5 of a MOS phase-
splitter amplifier circuit in Fig. 4 is written as ;

ApliZ = A liix A2 = (— il )(— Im’s ) (5.88)

1+gmRs 1+gmRs

The power gain [14], [17] between terminals 3 & 5 and 1 & 5 of a MOS phase-
splitter amplifier circuit in Fig. 4 is written as ;

35 _ 35 35 _ gmRs ImTs
Aplis = Aplisx Ailis = ({1+ng5}) (1+ng5) (5.89)

The LTSpice simulation of a Voltage-dependent capacitor was presented by Zeltsern
and Yaakov[22]. The exhaustive discussion on the Design and comparative analysis
of active-loaded differential amplifiers using double-gate MOSFET goes to the credit
of Pillay and Srivastava [23].

5.9 Conclusions

The technique proposed is straightforward and purely mathematical. Once the
MOSFET parameters are known, even a pure mathematician with the knowledge of
matrix manuevouring has little understanding of device operations and can easily obtain
all transfer and self-port functions. Additionally, its zero-sum property provides a check
at the beginning of writing the FAM of any complicated or straightforward network.
This property states that the sum of all elements in any row or in any column should be
zero. If not, then some mistakes must have been made somewhere in writing the FAM.
In such circumstances, the researchers have to reobserve once again before proceeding
further. This provides a clue to saving time and energy. Thus, the analysis and design
become easy using the FAM approach. Matrix partitioning method helps to write FAM

of complicated circuits as several sub-matrices and then added together, node wise, is
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a handy tool. Composite circuits containing both types of devices (BJT and MOS) still

further increase the complexity and complicate the problem in arriving at simple

solutions using the conventional methods.

On the contrary, the circuit analysis can be done easily using FAM. Some

approximations are inherent in the conventional analysis method (complicated small-

signal equivalent circuit), but FAM approach does not require any approximation, and

the result will be accurate. The solution of lattice network, bridge-T, Twin-T etc., are

very cumbersome using the conventional methods and may be solved easily with

proposed FAM technique.
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Chapter-6

Conclusions

The conventional method of analysis of any circuit containing the active device(s) is
based on the small-signal equivalent circuit of the active device and then use of either
KCL, KVL, Thevenin’s, or Norton’s theorem. The researchers have to decide which
conventional tool (either KCL, KVL, Thevenin’s, or Norton’s theorem) is most suitable
for a particular problem to get the solution easily. On the contrary, the proposed
technique is unique and can be applied to a simple or to even a complicated circuits
using portioning property of the matrix, equally well, to get the solution easily.

We are now more than two decades into the 21st century, and on an ever-
accelerating fast track to technological innovation in electronics. The transistors and its
progression into the IC, or microchip, lit the fuse leading to the explosion of innovations
in electronics that is now taking place. Since the widespread introduction of the
microchip in the early 1970s, more medical, mathematical, and scientific breakthroughs
have occurred than during any other time, and big breakthroughs are happening more
frequently.

In this context, all academicians and professionals are trying hard to simplify and
achieve better and better results from any system we think of. Our aim to simplification
of the analog circuit combining BJT, FET, MOSFET, and their combinations along
with resisters and capacitors lies in using properties of the Floating Admittance Matrix
(FAM) technique. The floating admittance matrix approach of the solution of any

circuit has the following special features:

1. The zero-sum property provides a self-check of the proposed technique in the
very beginning after writing the floating admittance matrix (FAM) of any
simple or complicated circuit. This property states that the sum of all elements

in any row or in any column should be zero. If, not, then some mistakes must
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have been made somewhere in writing the FAM. In such circumstances, the
researcher has to observe once again the FAM before proceeding further. This
provides a clue to save the time and energy. Hence the analysis and design
becomes easy using FAM Approach.

. The FAM technique of solution of any circuit takes the help of matrix
manoeuvring in the form of ratios of co-factors of the FAM only.

Matrix partitioning method help to write FAM of complicated circuits in
number of sub matrices and then added together node wise, is a handy tool.

. Cascaded and cascoded circuits with even only one type of the active devices
poses too much of problem for finding out different types of transfer or self-port
functions of any circuit. Precisely, if we introduce a resistance in-between
cascode connection, the solution by conventional method is very cumbersome,
if not impossible.

. Composite circuits containing both types of devices (BJT and FET/MOSFET)
still further increases the complexity and complicates the problem in arriving at
the solutions. On the contrary, it can be analysed easily using FAM, in the form
of sub-matrices.

. Solving even resistive network having more than two loops becomes tedious
task by the conventional tools. As an example, the solution of the bridge T-
network or twin-T runs into pages by conventional methods of KCL, KVL,
Thevenin’s, Norton’s theorems.

. Solving Twin-T Network is very good example of rejecting precisely only one
frequency and passing all other frequencies. Its analysis by the conventional
method is very difficult, but solved easily using FAM.

. Similarly, getting the solution of Lattice Network by conventional tool is very
cumbersome, but solved easily with FAM technique.

Derivation of all types of transfer and self-port functions; such input impedance,
output impedance, voltage gain, current gain, power gain by conventional
method for even in pure resistive complicated network becomes very lengthy

and cumbersome.
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10. Some approximation is inherent to the conventional method of analysis, but
FAM approach does not require any approximation and results will be more
accurate.

11. Mathematical model of any device provides an insight into the complete
behaviour of the physical system that reduces the problem to its essential
characteristic.

12. Deduction of the value of all the component in the Bridged T-Attenuator in
terms of propagation constant and characteristic impedance is very problematic
using conventional method, but becomes very simple using FAM technique.

13. The FAM is the only method suitable for non-electrical people with a back
ground of matrix, if interested in solving any electrical and electronic circuit,
because it is based on only maneuvering of the matrix in the form of cofactors
of the FAM only.

14. Once, the FAM of any network is written, it is easy to find out transfer or self-

port functions between as many ports as possible.

The technique proposed is straightforward and purely mathematical. Once the BJT/
FET/ MOSFET floating admittance matrix is known, even a pure mathematician with
the knowledge of matix maneuvering having little understanding of device operations
can also easily obtain all transfer functions and self-port functions. Concluding with the
above advantages, the proposed technique provides a clue to the time and energy
management. Thus, the analysis and design become easy using FAM approach.

On the contrary, the circuit analysis can be done easily using FAM. Some
approximations are inherent in the conventional analysis method (for complicated
small-signal equivalent circuit), but FAM approach does not require any
approximation, and the result will be accurate. The solution of lattice network, bridge-
T, Twin-T etc., are very cumbersome using the conventional methods and may be
solved easily with the proposed FAM technique.

If the body of the 4-terminal MOSFET is not connected to the source terminal, a
voltage occurs between the body and the source terminal that effects the threshold
voltage of the MOSFET and the normal functioning of the MOSFET. The small-signal
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model development of the 4-terminal MOSFET gets affected and hence the floating
admittance matrix includes the body effect also.

On the other hand, if the source terminal of all the 4-termina MOSFETS in an
integrated circuit are connected to only Body (substrate), then the circuit becomes
useless. Hence, the body terminal is dealt as a separate terminal and given the name of
back-gate. Thus all the four terminals of a MOSFET play active role in functioning of
the MOSFET.

As stated previously, mathematical modelling is a powerful tool in engineering
education that enables its users to minimize time and cost in the design process. Also,
mathematical modelling usage facilitates the process of redesigning or concurrent
engineering, a relatively new addition to engineering field.

The simulation and Validation of the common emitter amplifier on LTSpice plateform
closely corroborates the theoretical results obtained using FAM technique. Also the
simulation and validation of three complecated circuit presented in our published
paper, indicated on Sr No.-3, 4 and 7 in Anexxure 2 validates theoretically predicted

results.

Future Scope of Work

The straight forward answer to the scope is any researcher can prepare a program (s) to
maneuver the FAM in the form of ratios of its cofactors to obtain any transfer or self-
port function. There are many circuits using many single type of devices i.e. only BJTs
or only MSFETSs or even the composite of these two types of devices to obtain the
solution easily using the FAM technique applying matrix portioning technique. Since,
the proposed technique is based on the matrix, the computer or MAT Lab program can
very well be used. The wide scope for researchers remain unsolved for the non-linear

circuit using piece wise linear model.
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Annexure-2

Complete Papers Published List in pdf Formates as downloaded from Publishers source
and Indexed in Scopus.

Paper Nol-Mathematical modelling of semiconductor devices and circuits-A review

PDF

ICICS2020.pdf

Paper No2- Mathematical Modelling of Simple Passive RC Filters Using Floating
Admittance Technique.

PDF

INOCON2020.pdf

Paper No3- Mathematical Modelling and Simulation of Band Pass Filters using the
Floating Admittance Matrix Method.

PDF

WSEASTR pdf

Paper No4- Unique Analysis Approach to Bridge-T Network using Floating
Admittance Matrix Method.

PDF

[JCSSPBridge-T.pdf

Paper No5- Unique Analysis Technique for 4-Terminal MOSFET Amplifiers using
Floating Admittance Matrix Approach.

PDF

ICONAT2022.pdf

Paper No6-An Elegant Method of Analysis for the BJT Amplifiers using Floating
Admittance Matrix.

PDF

BJTFAM.pdf

Paper No7- Mathematical Modeling of Twin -T Notch Filter using Floating
Admittance Matrix.

PDF

[JCSSPTwin-T.pdf
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Annexure-3
Comperision of Solutions with Convensional and Floating Admittance Method(FAM)

8.8 Darlington configuration (Conventional Method)

We have seen that the input resistance of the emitter follower and BJT phase splitter is
high. Still higher input resistance can be achieved using the Darlington pair. This is a
very popular interconnection of 2-Bipolar Junction Transistors as a single unit,
illustrated in Fig.8.8 (a), is commercially available in the market by the name of
Darlington pair. Its main feature is that the 2-BJT works as a single transistor with its
current amplification ratio as the product of the current amplification ratios of the 2-
independent BJTs. In other words, if B, and 3, are current amplification ratios of the
two BJTs (T1 and T2), then the overall current amplification ratio in the form of
Darlington connection is;

Bp = B1B: (8.99)

B icl i R S ic1+ic2= ic
Ic2

T1 l . i

—— T, — T2 Bp = B1B:2
e TN I

bl

Figure 8.8 (a) Darlington Pair
From Fig.8.8 (a) it is clear that
ic2 = Bzibz
le1 = (1+ B)ipy = ipz

e =lc1 +ica=PBrip1 + Baipz = Brips + B2(1+ B1)ips

= {B1 + B2(1 + B1)}ips (8.100)
Hence, the overall current amplification ratio is = l‘—c = {BlJ’BZ(il*Bl)}"bl
b1 b1
=B; + B2(1+ By1) (8.101)
_Vr__ Vi _Vr(+By) _ Vr _
TS S e g, (T B = (4 BT
_Vr V7 _Vr/lgy _  Tm

Tm2 =g, T @+Bole: | (4B | (1+BD)

Following are the two equivalent circuits in terms of input currents of both transistors.
A simple circuit of Darlington amplifier is shown Fig. 8.8 (b). The emitter current of
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transistor T1 is equal to the base current of the transistor T2. The ac circuit of the
Darlington configuration is shown in Fig. 8.8(c). From the ac circuit of Darlington pair
shown in Fig. 8.8 (d), its small signal equivalent circuit looks like the one drawn in Fig.
8.8 (e).

Tm1 1= (1 + Bl)hnz Tn2= rnl/(l + ﬁ) Y2
lel —» ie1 > ie2 —b i1 ¥ lel —» 2 =

ib2

Figure 8.8 (b) Input resistance of Darlington pair

-—iy . -— iatie
|c2
ib1 —» Re
NN
Is

k>|e2 ib2

Re
vi\l T Vs f REIV\/ T Vee

Figure 8.8 (c) Darllngton pair amplifier

P icl e Sl icl+ic2 vy,

. |c2
b1 —p

I NG w3\

L’|e2 ib2

Rs
Vi I\/ {2 IV\I

Figure 8.8 (d) ac circuit of Darlington pair amplifier

pii lh B2ip
|b19 Tn.l
i Ve

R.b:> vh f Re

.
.

7. RR

Figure 8.8 (e) Equivalent circuit of Darlington pair amplifier
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From Fig.8.8 (e), ipy = i1 = (1 + B1)ip1 (8.102)
Writing loop equation in the input circuit
Vi = I'pqipy + {tz + (1 + B2)Re}in;
= I'mips + {fnz + (1 + B2)Reties
= Iyipy + {rez + (1 + B2)Re}HL + By)ipy
= [y + {r2 + (1 4+ BRI + B)]ip1 (8.103)
Hence, its input resistance R, = l‘;—'l =TIqp +{ree + (1 + BRI+ 1)  (8.104)

Rip = [res + {rnz + (1 + B2)Re}H (1 + 1) (8.109)
The effective input resistance of the amplifier including the bias resistor Rg is
Rl(eff) = RB ” Rib 8106)

The upper limit on the value of effective input resistance is limited to the value of Rjp.
Hence, the Darlington configuration could not help much in enhancing the effective
input resistance of the Darlington amplifier. As an example, the circuit of Fig.8.8 (e)
reduces to Fig.8.8 (f). The effective input resistance including the bias resistance is;

Ris = R; | Rgg = 10 kQII10* kQ = 10 kQ (8.106)

The Darlington configuration is used as the emitter follower, the voltage is supposed to
be unity (ideally), but very near to unity in practical cases.

From Fig. 8.8 (e), the voltage developed across the emitter resistance Re is given as;
Vez = lepRp = (1 + B2)ip2Re
= (1 + B2)Rgies

=1+ Bz)(l + Bl)REibl (8-107)
Vip = Rilpy = [rrgips + (1 + Byipirne + (1 + B2)(1 + B1)Rgip]
Vip = Riip1 = [rpq + {rnz + (1 + B2)Re}(1 + B1)]ips (8.108)

The voltage gain between the emitter point and the input (base point) is the ratio
of the voltage v,, and v;;, and is given as;

Vezr _ (1+PB2)(1+B1)REipn1 _ (1+B82)(1+B1)RE (8.109)

Vip [Py +{rm2+(1+B2)Re}1+B1)]ipe g Hree +(1+B2)ReH(1+B1)

From Fig. 8.8 () iy =

Vs
Ts+RBlR;p

viy = (Rg | Rip)is = (Rp Il Rip) 1o

vip = (Rp Il Rip)is = (Rp I Rib)wjm

152



_ ( RBRip )r - Vs _ RpRip (8.110)

- (%
Rp+R;p RBRip $ rs(Rp+Rip)+RBRip

RB+Rib
i, =1 i R
rS
Rs Rib

Vi

Figure 8.8 (f) Simplified equivalent circuit of Darlington pair amplifier

_ Yib _ RBRip
v vs  Ts(RB+Rip)+RBRip

Now, the overall voltage gain including the source resistance can be expressed as;

A _Ve2 Vib _ Ve2 _ Vo
vs — X = =

Vib Vs Vs Vs
_ Ve2=Voy __ (1+B2)(1+B1)RE RipRp
Aose ==, = {rnl+{rn2+(1+Bz)RE}(1+81)} {Ts(Rib"'RB)"'RibRB} (8.111)

The output resistance is defined as;

R, == (8.112)

lo

vs=0

Thus, for obtaining the output resistance, the circuit of Fig.8.8 () now reduces to

Fig.8.8 (9).
VL
¢ﬁ1ib 4>ﬁzib
TTL'l rn-z %
VWWA VWWA - RL

lo
ip—> ip2 —>

%rs Ri :> Vip Ve

Figure 8.8 (g) Equivalent circuit of Darlington aﬁp. for Ry
From Fig. 8.8 (),

Ve = —Tr2ip2 — Traip1 — (rs I RBB)ibl

= —Tp2ip2 — {11 + (s I Rpp)}ipg

. i
= —Tpipy — {11 + (rs | Rpp)} 1_5;,1
. i
= —Tyipy — {11 + (rs | Rpp)} 1:2,1

_ . {rr1+(slIRgB)} .
= —Tr2lp2 — BT lp2
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. {rm1+15IIRBB}] .
Ve = — [rn21b2 — T se 11i/3’1 = ] Ih2 (8.113)

o = —(1+ B2)ip,

.o

lp2 = +6,) (8.114)
Ipy = le1 = _(1 + Bl)ibl (8-115)

Substituting i, in Eq. (8.113) from Eq, (8.114) yields;

— — _ : {rz1+15IRpB} _ io
Ve = Vg = [T‘nzlbz + 5, ( (1+B2))
Ry =20 = Imz | Tm*TsIRBB (\sory o) (8.116)

o 1+B8;  (1+B)(1+B2)

The voltage gain between collector and base points is now obtained as;
Ve =V, = ._(,311'191 + ,Bzibz)_RL = —(B1ip1 + Bale)R,
= —(B1ip1 + B2(B1 + Dip)R,

= —{B1 + (1 + B)B2}RLip (8.117)
Ye=VL _ _ —{B1+(1+B1)B2}RLip1
Vip [Py +{rm2+(1+B2)ReH1+B1)]ipy
_ {B1+(1+B1)B2}R,
T ruy+H{Tnz+(1+B2)RE}(1+B1) (8'118)
A = ExVﬁ VL _ _ —{B1+(1+B1)B2}RL { RipRB }
USL T v T v T s [rr1+{re2+(1+B2)RE}(1+B1)] Wrs(Rip+RB)+RipRB
_ —{B1+(1+B1)B2IRL RipRp
Avst = [tr1+{rrz+(1+B2)Re}(1+B1)] {Ts(Rib+RB)+RibRB} (8.119)

Darlington Configuration(FAM Method)

Analysis using floating admittance matrix technique. The circuit of the Darlington
configuration is shown in Fig. 1(a). The ac circuit of the Darlington configuration is
shown in Fig. 1(b).

— Vcc

-

Fig. 1(a) Darlington Configuration
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GL

Vs

Fig. 1(b) Darlington Configuration
The partitioned floating admittance matrix of transistors T1 in Fig. 1(b) is written as;

1 2 3
In1 0 —9n1 1
1
Im1 0 —9m1 2 ( )

—9r1 — Im1 0 In1 + Im1 3

Similarly, the partition floating admittance matrix of transistors T2 in Fig. 1(b) is
written as;

3 2
In2 0 _gnz
2
Im2 0 —9Im2 ‘ I ‘ ( )
—9n2 " 9Ym2 0 Gm2 + Im2

Also, the partition floating admittance matrix of resistors Rg, Re, and Ry in Fig. 1(b)
is written as;

1 2 3 4 5
gstGg 0 0 O —gs — Gp 1
0 GL 0 0 _GL 2
0 0 o O 0 3 (3)
0 0 0 Gg —Gpg 4
—09s — GB _GL 0 _GE Is + GB + GE + GL L 5

The three partition matrices of Egs. (1), (2), and (3) are combined to form the overall
matrix of Fig. 1 (b) as;

1 2 3 4 5
9m + 95+ GB 0 —9m1 0 —9s — GB
Im1 GL —Ggmit+ Im2 —Gm2 —G,
“9n1 — Im1 0 91t 9m1 + In2 —Yn2 0
0 0 —9n2 — Im2 2 + Gmz + Gk —Gg
—9s — Gp -Gy 0 —Gg gs + G+ Gg + G 1L
4)
Im1 —9m1 T Imz —9m2
|Y2 5| = [=9r1 —9Im1 91 T Im1 T Gn2 —YGn2
0 —Yn2 — Im2 2 + 9m2 + Gg
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Im1 —9m1 + Imz 0
—9r1 — YIm1 Im + Im1 + In2 0

0 —Y9n2 — Im2 Gg
Im1 Im2 0
=|=9r1 — Im1 In2 0
0 —9rn2 — Imz2 Gg

= Ge{gm19n2 + Gr1 + Im1)Im2} = Ge{Im19n2 + 91 (1 + B1) Gm2}
= 919728 9miTr1 + T2(1 + B1)Gm2} = Gn1Gm2lBr + L2(1 + B1)}

25 _ _ _ _ 1313 @ _ |v;¢)|
Av|15 - Sgn(z 5)5971(1 5)( 1) 15| — 15 (5)
V5| |vis
A |25 - _ |v22] - _ Ir19n2{B1+B2(1+B1)}GE
vi1s e GLIm19m2[(1+B1){rr2+(1+B2)Re}+771]GE
- _ {B1+B2(1+B1)}RL (6)

[rr1+(1+B1){rp2+(1+62)RE}]
The input resistance between terminals 1 and 5 of the Darlington pair amplifier in Fig.
1 (b) is expressed as;

R.. = R.: — Ivis| (7)
in i(15) |y55| =0
Gy —9Im1 t Imz —Y9m2
|Y1155| =0 91t 9Im1 t Gn2 —9n2 =
0 —Y9nz2—Y9mz Yn2t Gma + G
Gy —9m1 ~Im2
0 YIm + Im1 —Yn2
0 Gg 2 T Gmz + Gg
= G{(gr1 + 9m1) (G2 + Gm2) + (Gr1 + Gm1) G + Gn2Gi}
= GL9m19n2[ (1 + B {12 + (1 + B2)Rg} + 171 1GE
In1 0 —I9n1
|Y5| _ I9m1 G, —9mi1t Imz —9m2
5 lgs+Gp=0 —9i1 —9m1 0 YIm + 9m1 + In2 —9n2
0 0 —Y9n2 — Im2 92 t Gmz + Gg
In1 0 0 0
_ Im1 GL 0 —9m2 _
B —9r1 —9m1 O 0 —In2 B gnlgnzGLGE
0 0 Gg YGn2t9me +Gg
R. —R. _ GrLIn19m2[(1+B1){rpa+(1+B2)RE}IHHT71]GE
m i(15) In19m2GLGE
=7p1 + (1 + ) {re2 + (1 + B2)Rg} (8)

The output resistance between terminals 2 and 5 of the Darlington pair amplifier in
Fig. 1 (b) is expressed as;

Rour = Ro(25) = @ ©)
|Y5 | GL=0
gm1 + gs + Gp ~9n1 0
IY2| =| —9m1 — g1 In1 T 9m1 + G2 —YGn2
0 “9Inz = 9m2  Gnz + Gmo + G

g1 +9s+Gg 0 —Igm1 0

|Y5| _ Im1 & —Im + Im2 —9m2 =0
>lg=0 91— 9m1 0 Im + 9m1 + In2 —9m2
0 0 —I9n2 — Im2 Ir2 + 9mz + Gg
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Rout = Ro(zs) = M, o D% (10)
L=
Y 5
Rout = Ro(zs) = ||; || = h— Il Rc = R¢ (11)
GL=0 e

Once again output impedance became infinite only because h,, was neglected in the
floating admittance matrix representation of BJTs, because its value is negligibly small.

If it is considered, then the output resistance will be equal to—

06

The output resistance between terminals 4 and 5 of the Darllngton pair amplifier in Fig.
1 (b) is expressed as;

|y
|Ys5

Roue = Ro(45) (12)

l gp=0
91t 9s + GB 0 —Ym1
Im1 Gy —9m1 T Im2
91— 9m1 0 YGm1t 9m1 T Gn2
gs + GB 0 —9r1
Imz G,  —9m1t Ime
Iz 0 Im1 T Im1+ Gn2
= GL{(gs + Gs)(Gn1 + Im1 + In2) + Gn1Gn2}
= G {(%s + Rp){rs + (1 + BTz} + TsRe1}9n197295G
g+ 9s+Gg 0 —9m1 0
|Y55| Imi G, —9Im1tIm —9m2
=0 91— 9m1 0 Im1 Tt Im1+ Gn2 —9Ir2
0 0 —In2 — Im2 92+ 9m2 +6=
gn1+gs+GB 0 gs+GB
— Im1 GL 0 —Ym2
—9r1—9m1 O 0 ~Yn2
0 0 0 In2 + Im2
gn1+gs+GB gs+GB 0
= GL —Yn1 — Imi 0 —YIn2
0 0 Inz + Im2
= GL{(gs + Gg)(Gnz + Im2) (Gm + gml)}
= G19sGp(rs + Rp)Gn1 (1 + B2) 9r2 (1 + B1)

R .—R _ GLl(rs+Rp){rmy+(1+B1) T2+ 7sRB1}gm19m295GB
out = To(45) GLgsGp(Ts+Rp)gn1 (1+B2) gmz (1+B1)

vis'| =

<

TsRp
Tr1 (1+81)7Tn2 rs+Rp

(A+B2)(A+B1)  (A+B2)(A+B1) (1+B2)(1+B1)

Roue = Ro(45) =

Te1 7 7slIRp _ Tex

T By | (4B | (+B(+F) | (1+B2)

7slRp
__rslRe 13
e ¥ s a (13)

The voltage gain between terminals 4 & 5 and 1 & 5 of a Darlington amplifier in Fig.
1 (b) is expressed as;
15 15
A, l12 = sgn(4 — 5)sgn(1 — 5)(—1)15 Was| _ _ [Mas) (14)

Vsl T vl
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Im1 GL —9m1 — Im2
|Y | =|=9m—9m1 0 Im1t9m1 T In2| = —GL(grn1 + Gm1)(Gnz + Gm2)
0 0 —Ym2 — Im2
= =G 9m19m2(1 + 1) (1 + B2)

A]45 = — —GLYgm19n2(1+B1)(1+B2)
viis GrIn19m2[(1+B1){rp2+(1+B2)REHT1]GE

— (1+B1)(1+B2) Rg ~ _ +B)A+A)RE  _ _(1+B2) RE
Tr1+ (4B ) {2+ (1+B82)RE} — (A+B){re+(14B2)Rg}  Tma+(1+B2)RE

~ (1+B2)Rg _
—(1+.82)RE 1 (Emitter follower) (15)

The current gain between terminals 4 & 5 and 1 & 5 of a Darlington amplifier in Fig. 1
(b) is expressed as;

5
Al = sgn(4 - H)sgn(1 - 5) (-0 kLG, = - Eelg, (16)
Ir1 0 —9r1
|Y5| _ Im1 G, —9Im1tIm —Jm2
5 ~971— 9m1 0 In1+ 9m1 + G2 — 92
0 0 —9m2 —9Im2 Gz + Gmz + Gg
gn’l 0 0 O
Im1 GL 0 —9Im2
- =G G
—Y9n1 — 9m1 O 0 —In2 LYEIn1gm2
0 0 Gg Gnzt+ 9mz+Gg
Current gain = A,|# = — ~SImdmQPIAP) o — (1 4 YA+ 8)  (17)
GLGEIn19n2

11.14 FET-FET Cascode amplifier (Conventional)
Analysis using conventional method of small-signal equivalent circuit approach.

+VDD

Rp

Vo % Re1

M2

%RGZ -~ Cwo

Figure 11.15 (a)
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szl M2 | D2 Vo
D1

G2 Ro

S1
U.
i % Rs

Figure 11.15 (b) ac circuit

The small signal equivalent circuit of the FET-FET cascode is drawn in Fig.

Vgs1 = Vg1 — Vg1 = Vi — Rgig (11.92)
Vgsa = Vg2 — Vg2 = 0 —vg; = —(rqg + Rg)ig + HVgs1
= —(rg + Rg)ig + pv; — uRsiq
= —{rq + (1 + WRg}iq + pv; (11.93)
Writing loop equation in Fig. 11.15 (c) yields.
(Zrd + RS + RD)id = UVgs1 + UVgs2 (1194)
Substituting vy, and vy, from Eqs (11.92) and (11.93) in (11.94) yields;
(214 + Rs + Rp)ig = u(v; — igRs) — ul{rq + (1 + WRg}iq] + p?v;
Q2+ wrg + (1 + wRs + u(1 + WRs + Rp)ig = uv; + p?v;
2+ wrg + (1 +wW?Rs + Rp)ig = w; + p?vy = u(1 + W,
P p(1+pWv;
la = (2+w)rg+(1+p1)?Rs+Rp) (11.95)
HVgs2
G1
Vi Re
Figure 11.15 (c) Equivalent circuit Figure 11.15 (d) Equivalent circuit for Ro

The output resistance and current gain are not derived in the example of the circuit.
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FET-FET Cascode(FAM Method)

Analysis using floating admittance matrix technique.

+V[)D

M2

)|

RGZ — Cwo

Figure 2(a) FET-FET Casecode

Figure 2(b)AC Circuit FET-FET Casecode

The partitioned floating admittance matrix of each active device M1 of Fig. 2 (b) is
and M2 is expressed as;

1 2 3
i1 =g 0 0 0 v =140 1 (1)
i, =g Im 9a —9m — YGa||V2 = Vg|| 2
iz=idl=9m —9a 9mtYga llvz=vsl1l3
The partitioned floating admittance matrix of each active device M2 of Fig. 2 (b) is
4 5 2
iz =i4|]| Im 9a —Y9m —Ga||V3 =Va|]|5
i =igll=9m —9a YGm+ga llv, =vsll2
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The partitioned floating admittance matrix of all passive resistors Rg, Rs, and Rp of
Fig. 2 (b) is

1 2 3 4 5
GG 0 0 _GG 0 1
0 0 0 0 0 (]2 3)
0 0 G —Gs 0 I3

_GG 0 _GS GG + GS + GD _GD 4

L 0 0 0 —Gp Gp IL5 1]

The overall floating admittance matrix of the 5x5 Darlington pair amplifier in Fig. 2(b)
is;

T 1 2 3 4 5
GG 0 0 _GG 0 1
Im  29at9Im  —9m — Ga —9m —9a ||2 4)
— - -G 0
9m 9a Im + 9ga + Gs S 3
_GG O _GS GG + GS + GD _GD 4-
L 0 —9m—Ya 0 Im —Gp  ga+ Gpll5.
Gg 0 0
Y2 = |—9m Gm + ga + Gs 0 = Gs(Gm t+ ga + Gs)(ga + Gp)
0 0 ga + Gp

= Gg(URs + 14 + Rs)gaGs(rq + Rp)galp

= Ge{rg + (1 + WRs}9aGs(ra + Rp)gaGp
Ge 0 0

29q + ~9m— 49
¥il=|9m 29a+9gm  —9n—a |= G | gcigdgm Im +mgd +dGs|
—9m —Ya Im + 9a + Gg
29q + —9m — 9a
- id+ ;r:l mGs | = Ge{(2ga + gm)Gs — (Gm + 9a)(ga + gm)}
Im Im +t29a —9m — YGa 0 0 Gs
|Y51f| = _gm _gd gm +gd + GS = —gm —gd gm +gd + GS
0 —9gm—Ya 0 0 —9m—Yga 0
= Gs9m(Gm + 9a)
294+ 9m  —9m — Ya —9a
Vil = —9d Im + 9aq + Gs 0
0 G Gp
—9m — YGa 0 ga + Gp

= —Gsga(ga + Gp) + Gp(Gm + 9a)(Gm + ga t+ Gs)

Voltage gain between output terminals 5 and 4 and input terminals 1 and 4 is
expressed as;
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A 54 _ 5 — 1— -1 14@__"’51:'
v|14 - Sgn( 4)Sgn( 4‘)( ) |Y1144| - |Y14| (5)

14

v Gsgm(gm+9a)

A 54 _ — _
vlis |y | —Gs9d(ga+Gp)+Gp(gm+9a)(Gm+tda+Gs)
Gsgm9ImRpRs 9mRp
=— = — = —g,,Rp (for Rs=0
gatIm(@mRs+1) (gmRs+1) gmBp )

The input resistance between terminals 1 and 4 of the Darlington pair amplifier in
Fig.2(b) from Eq (3) is expressed as;

R — R — |Y11f| (6)
in — Ni(14) — |y44|

gs=0
G 0 0 —Gg
4 _ | 9m 294+ 9m —9m — Ga —9m
Y| =
—9Im —Yd Im T 9a t+ GS _GS
0 —9m—Ya 0 Im — Gp
Gg 0 0 —Gg
_|o 0 Gs —Gg — Gp,
~9m  —9d Gm+Ggat+Gs  —Gs
0 —9m — Yd 0 Im — GD
G, 0 0 0
—9m 94  Gmt Gga+tGs 0
0 —9m—Ya 0 —94 — Gp
0 Gs —Gp
=Gg| —Ya Im + ga + Gs 0
—9Im — Ya 0 —94 — Gp

= Gs[{—Gs94(ga + Gp)} — Gp(gm + §a)(Gm + Ga + Gs)]
= —Ggl{Gs9a(ga + Gp)} + Gp(gm + §a) (Gm + Ga + Gs)]
1Y ep=0 = —G6Gs9ada

_ D _ =Gsgq(ga+Gp)+Gp(gm+da)(Gm+9gda+Gs) _ .
Rin = RL(M) " —Gl659a(ga+Gp)+6p(Gm+da)(Gm+ga+tGs)] Rg (evident) (7)

The output resistance between terminals 5 and 4 of the Darlington pair amplifier in
Fig.1 (b) from Eq (3) is expressed as;

Y54

| 54| (8)

R, = Ro(54) =

R — R |Y5544|
o — No(54) |Yf

_ Ga{(2g4+8m)Gs+(8m+8d)(8d+8m)}
Gel{Gsgagall

| Gp=0

_ (28q+8m)Gs n (8m+84)(8d+8m)
Gsgada Gsgada
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= (284 + 8m)Tarq + (8m *+ 84)(8a + 8m)RsTaTa

= Q2+ wWrg+ @+ DA+ WRs = (2 + Wry + (u+ 1)?R; (9)
14
4,128 = sgn(2 — D)sgn(1 — 4) (-1t el = _ ] (10)
| Yis v
Im —9m — Yd —9da 0 GS GD
Y24l = |—9m Gm + ga + Gs 0 |=|-9m 9m+9ga+Gs 0
0 0 ga + Gp 0 0 ga + Gp
= gmGs(ga + Gp)
A |24 |Yz4| _ —Gs94(ga+Gp)+Gp(Gm+9a)(gm+9ga+Gs)
|Y1 | 9mGs(ga+Gp)

_ 94(ga+Gp)+Gp(m+ga)(gm+ga+Gs)

9m(ga+Gp)
_ 94 , Gp@m)(@GmtGs) _ @Gm+Gs) _
= 0L 4 SRmIIES = 2 IS =t (14 gRs) = (14 gmRs) (11)

11.13 FET-BJT Darlington (Conventional Method)
Obtain voltage gain and the output resistance for the circuit shown in Fig.11.14 (a).

Vbbp
Ty <«i,;| D
A M1 +/ Wgs
T2 4
Re Vo ip¥ Ty lg=1s=1p
Vi R E Vo
> E Vi RG le¢ RE
Figure 11.14 (a) Figure 11.14 (b) Eauivalent circuit
From Fig. 11.14 (b),
vs = i,Rg = (1 + B)ipRg (11.83)
Vgs = Vg — Vs =V; — Vg =V — {rn' +(1 +.B)RE}ib
[,I.Ugs = Tdid + 7 ib + i RE = rdib + 7 ib + (1 + B)RElb
pv; — ulry + (1 + B)Rg}ip = r4ip + 10y + (1 + B)Rgiy
[rd + Tx + (1 +ﬂ,§)RE + ,u{rn' + (1 + .B)RE}]lb = Uv;
lb - ra+rp+(u+D){rg+(1+B)RE} (1184)
_ . _ HUV;
v, =1+ B)ipRg=1+pB) DT A RS Ry (11.85)
Voltage gain = 4, = 2 = #1+F)Rg (11.86)

Vi Ta+rg+(U+D{rz+(1+B)Rg}
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The input resistance is defined as;
Ry, == =R, (11.87)

Wbly,=0

Here analysis does not talk about the output resistance and the current gain.

FET-BJT Cascode amplifier (FAM Method)

Analyze the voltage gain and output resistance of the FET cascode amplifier
shown in Fig.3(a) and Fig.3(b).

A

+VDD

T1

3
- T2
l 2 Re  1'=3 3'=4
Vi % Re Vo
Vo Re

Re 2

Figure 3(a) Figure 3(b) ac circuit

The partitioned floating admittance matrices of FET (T1) and BJT (T2) in Fig. 3 (b) are
written as;

1 2 3
0 0 0 1 (1)
Im1 da —9mi— Ya 2
|[—9m1 —9a 9m1+ 9a 113
[ 3 2 4
In 0 —9n 3
2
Im2 0 —9m 2 ( )
=9 — 9m2 0 In + Im2 4

The partitioned floating admittance matrices of the passive resistors Rg and Rg are
written as;

S OO W
WN =

1 2 4
G, —Gg 0
—Gg Gg + Gg —GE“ (3)
0 0 0
0 —Gg O Gg 1L 4

The overall floating admittance matrix of Fig. 3(b) is
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1 2 3 4

GG _GG 0 0 1
Im1—Gg 9a+Ge+ G —9m1 — Ja + Ime —9m2 — Gg 2
—Im1 —Yd Im1 + F] + In —In 3
0 _GE —9r — 9m2 In + Im2 + GE 4
+gq+
Y| =] g"“g gdg ;g” = 9m1(Gn + gm2) = gm (1 + B2)gr
Gg 0 0
|Y22| =|=9m1 9mit+9a + In —9n
0 ~9n—9mz 9o+ Gmz + Gk
9Im1 T 9a + 9n —9n 9Im1 T 9a —9n

= Gg |:GG

9 — 9mz 9ot Imz + Gg Gg Ir + 9m2 + Gg
= Ge{(Gm1 + 9a) (Gr + Gmz + Gg) + 9,GE}
= Gglrg + A+ W + (1 + B2)Re}IRCGEIa

| — |gm1 +9a+ 9n —9n _ Im1t 9a —9n
—9m2 Yo+ 9mz + Gg Gg Yo+ 9mz + Gg

= (gml + gd)(gn + Gmz t+ GE) + gn'GE
= ga(1 + 1) Gn(Rg + gmaTxRg + T2) G + 9GE
= [rg + (A + w{ry + (1 + B2)Re}GEGnGa

|Y312| = | i Jr + ng"‘ GE| = _gml{gr: + Gm2 T GE}
- _gmlgn{RE + ngTnRE + rn}GE

- _gmlgn{rrr + (1 + ﬁZ)RE}GE
Gg 0
—9m1 Imi + da + In

= Go(Gm1TeTa + Ta + ) 9a9n
= Gefra + 1+ W139gagn

V% = | |:GG(gm1+gd+gn)

Y, Y12
A,l3 = sgn(s - 2)sgn(1 - 2)(-)° Il = 1] 5)
A |42 — |Y42| Im1(1+B2)gx
27| T ra+ Q) {re+(1+B2)RENGEIRGa
_ 9Im1(1+B2)RET 4 _ u(1+B2)RE (6)
[ra+(L+m){ra+(1+)REN  [ra+(1+m){re+(1+B2)RE)]
R. =R, |Y1 | _ ra++w){rr+(1+B2)RE}NGEIRGa
T AD T Ly Gelra+ (LTt (14B2)R6}9rCEga
= é = R, (evident) (7)
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Gs Gg 0 G; G 0
|Y22|GE=0 = |=9m1 Ya ~YIn —9m1 Ya ~—Irn
0 €z gntIm+bs 0 0 YrtIm

= (Gr + Im2)G66(ga + Gm1) = G=(1 + B2)Gsga(1 + 1)

|| _ Gelra+(1+Wr}gagn _ {ra+@Q+wry}

= Ritaz) = ¥l m0  GeOa(w(1+62)gn  (1+W)(1+62)

_ Td (1+u)717
() (L+m)(A+B2)
rd (1+W)ry rd , Tm _ _Td 1
= — —_— e = - 8
Batt  (1+B)(A+p)  Bapt B2 Bagma + Im2 (8)
A2 = sgn(4 — 2)sgn(1 — 2)(=)° ||Y4§|' ||y;2|| G, (9)
| fodl G, = Im1(1+B2)9rn G
[¥Z| “L 7T Gglra+(1+wra+(1+B2)RENGnGEGa ¢
p(1+B2)R¢ _ u(1+B2)Rg _ (1+4B2)Rg

T g+ +A+BDREY T A+ {rp+(1+B2)Rg}  {rp+(1+B2)RE}

I;—G (Evident as gate current will be negligible and hence ratio is very large).
E
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