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Abstract

Fixed point theory is an important tool of mathematics, primarily in developing
nonlinear functional analysis. The flourishing field of fixed point theory serves
as a tool in various other branches of mathematics, such as ordinary and partial
differential equations, optimization, and approximation theory, for establishing
the existence of the solution. This tool is the right combination of algebraic, ge-
ometric and topological properties of a mapping. With much of the development

being made in this field, a broad scope of research work remains unfolded.

The objective of the present research work is to introduce a generalized approach
for establishing the existence and uniqueness of fixed points and common fixed
points for generalized contractions as well as expansion mappings in abstract
spaces. The chapters in the thesis present results on fixed points, coincidence
points, common fixed points and coupled fixed points in various spaces. Some of
these spaces are well-known in the literature, while others have been introduced
as a result of the research work. As an application, we claim the existence and

uniqueness of the solution of the operator equation.

The first chapter briefly introduces the research work along with some notations
and definitions used throughout the thesis. The chapter-wise summary of the

subsequent chapters is also provided at the end of this chapter.

In the second chapter, we establish some results on the existence and uniqueness of
fixed points using C-class function and C-class F-contraction in the framework
of C*-algebra valued metric space. We give the notion of ap —¢p-type contraction
in C*-algebra valued partial metric space and proved some fixed point results in
this setting. Also, we introduce the concept of C*-algebra valued br-metric space,
which is a generalization of C*-algebra valued R-metric space, and obtain some
generalized fixed point results. As an application, we establish the existence and

uniqueness of the solution of the operator equation.

The third chapter is concerned with the existence of common coincidence point
results for compatible and weakly compatible pairs of mappings using C,-class
function in the framework of C*-algebra valued metric space. Also, we obtain
some common coincidence point results for compatible and weakly compatible

pairs of self mappings using certain generalized rational type contractive condi-
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tions in C*-algebra valued metric space.

The fourth chapter deals with the existence and uniqueness of common fixed
points for weakly compatible pairs of self mappings satisfying certain general-
ized rational type contractive conditions in a complete C*-algebra valued metric
space. We obtain some results on common fixed points using the E.A. property
and CLR property. Some common fixed points result in weakly compatible pairs of
mappings using generalized expansive conditions in a complete C*-algebra valued
metric space are presented. We also establish some conditions for the existence
of common fixed point results for two pairs of weakly compatible mappings satis-
fying generalized CLR property without the condition of continuity on mappings

in C*-algebra valued metric space.

The last chapter concerns the existence and uniqueness of coupled fixed point
for self mapping with mixed monotone property using C,-class function in C*-
algebra valued metric space. We also establish some results on coupled common
fixed point and coupled coincidence point for a pair of self mappings using gen-
eralized contractive conditions in the framework of C*-algebra valued b-metric

space.
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Chapter 1

General Introduction

1.1 Introduction

Fixed point theory is a branch of mathematics that deals with the study of math-
ematical functions and mappings with at least one point that remains invariant
under the given transformation, irrespective of the nature of the transformation.
The theory is an excellent combination of algebraic, topological and geometrical
aspects of mathematics. Let I' : U — U be a self mapping defined on U, a point
» € U is said to be a fixed point of I' if I'>r = 3. The existence of a fixed
point of a mapping depends upon the algebraic, order theoretic and topological

properties of its domain.  For example, the mapping I' : R — R defined as

Figure 1.1: Fixed points of mapping

I'sc = s* has two fixed points and the translation mapping I'sc = s + 4 has no
fixed point. Let I'1,I's : O — U be two self mappings defined on U, a point
» € U is said to be a coincidence point of I'y and I'y, if I';2¢ = I'y5¢ and a point

2 € U is said to be a common fixed point if I'13c = I'y3c = 2. For example, the
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Figure 1.3: Common fixed points of the mappings

mappings I'1,Ts : R — R defined as 12z = 5 + 1 and T'y2c = 5 + 1 have two
coincidence points i.e I'1(0) = I'y(0) = 1 and I'1(1) = I'y(1) = 2. The mappings
I',T5 : R — R defined as I'1 3¢ = 52 and I'y3¢ = 23 have two common fixed points
i.e I'1(0) =T9(0) = 0 and I'1(1) = I'y(1) = 1. An element (3¢,¢) € U x U is said
to be a coupled fixed point of the mapping I'y : U x U — U if I';(5,¢) = > and
['(s, %) = <. An element (5,¢) € U x U is said to be a coupled coincidence point
of the mappings I'1, I'y : U XU — U if I'1(5¢,<) = ['y(5¢,<) and I'y (g, 2) = Ta(s, »).
If T'y(52,6) = Ta(52,6) = s and T'1(s, ) = T'a(s, 5¢) =, then (3r,¢) is said to be a
common coupled fixed point of the mappings.

Graphically, a fixed point is a point (s¢,1'1(3¢)) on the line y = 3, i.e. the line
y = s has a point in common with the graph of I'; (see figure 1.1). Let U be a
non-empty set and I'y, ['s : U — O. Graphically, a point of the intersection of the
graphs of mappings I'; and I'y is called a coincidence point (see figure 1.2), and a
point of intersection of the graphs of mappings that remain unchanged is said to
be a common fixed point (see figure 1.3).

Those results which establish the existence of fixed points, subjected to certain
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conditions are said to be fixed point theorems. Picard (1890) presented an iterative
scheme under which a sequence {w,},en in (w,<) defined by w,;; =I'w, V3 € N
where T’ : [w,s] — (—00,00) is continuous and differentiable on (z,<) and
I'w| < L for some L < 1, converges to a solution of an equation I'w = w.
The way in which the sequence was discussed constituted one of the turning
point in the history of fixed point theory and it is frequently used to establish
the existence and uniqueness of a fixed point of the mappings. Brouwer (1912)
explored the topological aspects of the fixed point theory with his result “Fvery
continuous self mapping of a closed unit ball G with center at origin in R™, the
n-dimensional unit Fuclidean space has a fixed point”. Banach (1922) underlined
the idea into an abstract framework and introduced an important result of a fixed
point called the “Banach Contraction Principle” for the existence and uniqueness
of self mappings in a complete metric space along with contractive conditions.
Thereafter, numerous generalizations of the Banach Contraction Principle have
been presented by the researchers (see Kannan (1968), Chatterjea (1972), Hardy
& Rogers (1973), Jungck (1976), Jungck (1986), Guo & Lakshmikantham (1987),
Pant (1999), Aamri & Moutawakil (2002), Karapmar (2010), Choudhury & Maity
(2011), Aydi (2011), Abbas et al. (2011), Kumam & Sintunavarat (2011), War-
dowski (2012), Wardowski & Dung (2014), Ma et al. (2014), Shukla (2014), Xin
et al. (2016), Mustafa et al. (2016), Ansari & Ozturk (2017), Wu et al. (2017),
Hussain et al. (2017), Hussain & Ahmad (2017), Dung et al. (2017), Huang et al.
(2017), Assaf (2017), Feng (2017), Gordji & Habibi (2017), Nazam et al. (2018),
Mohanta (2018), Suzuki (2018), Roy & Saha (2018), Shen et al. (2018), Nazam
et al. (2019), Omran & Ozer (2019), Radenovié¢ et al. (2019), Gunaseelan et al.
(2020), George et al. (2020), Khalehoghli et al. (2020), Mlaiki et al. (2020), Asim
& Imdad (2020a), Asim & Imdad (20200), Asim et al. (2020), Rao et al. (2020),
Rao & Kalyani (2021), Massit & Rossafi (2021), Omran & Masmali (2021), Massit
et al. (2022), Ahmad et al. (2022), Saluja (2022), Malhotra et al. (2022), Mani
et al. (2022), Kim (2022), Ozkan (2023), Mangapathi et al. (2023), Jain et al.
(2023) and references cited therein).

Most of the results in fixed point theory are mentioned in number of books and
monographs (see, Joshi & Bose (1985), Zeidler (1986), Murphy (1990), Geobel
& Kirk (1990), William & Brailey (2001), Agarwal et al. (2001), Kirk & Khamsi
(2001), Granas & Dugundji (2003), Agarwal et al. (2009), Chandok (2015) and

references cited therein)



1.2 Notations and Definitions

To begin, we give some definitions which will be required in the subsequent chap-

ters to establish the results.
Definition 1.2.1. (Frechet (1906)) On U, let d : U x U — [0,00) be a mapping
s.t Vw,s, 9 €0, the following holds:

(1) d(w,?¥) >0 and d(w, ) = 0 iff w = J;

(1) d(w, V) = d(V,@);

(iti) d(w,9) < d(w,<) + d(s, D).

Then, (U, d) is said to be a metric space whereas d is a metric.
Definition 1.2.2. (see Rudin (1991)) For a vector space ©, over the field F,
norm is a function ||.|| : © — [0, 00) s.t

(@) [loll > 0 and [[o]| = 0 iff o = 0;

(@) llwell =lxlell;

(@) lle + 9l <llell + I191];

Vo, eO®and k € F.
Definition 1.2.3. (see Rosen (1991)) A binary relation ¢ <’ is said to be a par-
tially ordered relation on U if it satisfies the following :

(1) reflexive; i.e, 3 = 3 V 3 € U;

(74) antisymmetric; i.e, if 22 <9 and ¥ < 3¢ then » =9 V 3,0 € U;
(731) transitive; i.e, if 2 < ¥ and ¥ < ¢ then 3 < ¢ V 5,9,¢ € U.
Definition 1.2.4. (Bakhtin (1989), Czerwik (1993)) On U and s (> 1) € R, let
b: U x U — [0,00) be a mapping s.t V w, s, ¥ € U, the following holds :

(1) b(w,s) > 0 and b(w,s) =0 iff w = ¢;

(i) b(w,<) = b(s,@);



(iii) b(ew,<) < s(b(a, ) + b(,<).

Then, (U, b) is said to be a b-metric space whereas b is a b-metric.

Definition 1.2.5. (Matthews (1992)) On U, let p : U x U — [0, 00) be a mapping
s.tV o,¢,0 € O, the following holds :

(4) p(o,0) =p(s,s) = plo,¢) iff 0 =¢;
(4) p(o,0) < plo;s);

(#7) p(o,s) = p(s, 0)

() plo,s) < plo,9) + p(v,s) — p(V, ).

Then, (U, p) is said to be a partial metric space whereas p is a partial metric.

Throughout the thesis, let B denote a unital C*-algebra with the unity element
Iy and zero element 0. Let BT = {sr € B : 0 < >} and ||#| = (%*%)% and

B ={weB:ow =owVw' € B}.
Definition 1.2.6. (Ma et al. (2014)) On U, let dg : U x U — B be a mapping s.t
YV w, pu, v € U, the following holds:

(1) dp(w,p) = Op and dp(w, pu) = O iff w = ;

(ii) d(w, p) = dp(p, @);

(iii) dp(w, ) = dp(w,v) + ds(v, ).
Then, (U, B, dp) is said to be a C’y, — MS whereas dg is a C,-metric.
Definition 1.2.7. (Ma et al. (2014)) A sequence {w,} in (U,B, dp) is said to be

1. (i) convergent w.r.t B, if for every ¢ > 0 3 k € N s.t ||dp(w,, @)| <
eVyzk;

(17) a Cgeq w.r.t B, if for every e > 03 k € Ns.t ||dg(w,, w,)|| < eV 3,0 > k.

2. (U, B, dp) is said to be a complete Ciy~-MS if every C,, is convergent in
U.



Lemma 1.2.8. (Murphy (1990)) In B, the following holds:

(i) Ifw € B with ||w|| < 1/2, then (I —w@) is invertible and ||w(1—w) 7| < 1;

(11) For any ¢ € B and w,s € BT such that @w =< ¢, we have ¥*w? and 9*s¥ are
positive element and ¥*wi) < 9*¢;

(131) If Op = w << then ||w| < |[s]|;
() If w,s € BT and ws = ¢w then w.c = Op;

(v) Let B' denote the set {w € B : ws = sw for all ¢ € B} and let w € B, if
¢, ¥ € B withs =1 =0 and (Iy —w) € (B')T is an invertible element, then
(Ig — @) '¢ < (I — =)~ 1.

Lemma 1.2.9. (Xin et al. (2016)) In B, the following holds:

(i) If {wm,}32, € B and jlggo w, = 0. Then, for any a € B, ]lgglo w0 = Op.

(17) If aj,as € B and az € B, then a1 < ay deduces aza; < azas, where
BT =BTNB.

(i1i) Let {w,} be sequence in U. If {w,} converges to w and ¢ respectively then

w =.
Definition 1.2.10. (Ma & Jiang (2015)) On U, let bg : U x U — B be a mapping
stV w,¢,¥ € U and a(> Ip) € B, the following holds:

(1) bg(w,s) = O and bg(w,s) = Op iff w =g;

(1) bg(@,<) = be(s, @) ;

(iii) by(w,<) = a(be(,0) + bs(9, <))

Then, (U, B, bg) is said to be a Cjy~-b-MS whereas by is a C-b-metric.
Definition 1.2.11. (Ma & Jiang (2015)) A sequence {w,} in (U, B, bg) is said to
be

1. (7) convergent w.r.t B, if for every ¢ > 0 3 k € N s.t ||bg(w,, w)| <
vy 2>k;

(17) a Cgeq w.r.t B, if for every e > 03 k € Ns.t ||bg(w,, w,)|| < eV 30> k.
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2. (U,B,bp) is said to be a complete C~-b-MS if every Cl., is convergent
in O.

Definition 1.2.12. (Chandok et al. (2019)) On U, let pp : U x U — B be a
mapping s.t V w, ¢, € U, the following holds:

(1) 05 < pe(w@,<) and ps(w, @) = pe(s,<) = pe(w@,<) iff @ =

(”) pB(wvw) j pB(wv g)u
(Z”> pB(w7 g) = pB(ga w)a

(iv) pe(w,s) < pe(w@, V) + pe(Y,s) — pe(V, 9).

Then, (U,B, pp) is said to be a Cjhy-PMS whereas pg is a C}-partial metric.

Definition 1.2.13. (Chandok et al. (2019)) Let (U, B, pg) be a C%,-PMS, @w € O
and {w,},eny € U. Then

1. (i) {w,} is converges to w w.r.t B, whenever for every ¢ > 0 there is a
N e N s.t ||pg(w,, w) — pp(w,w)|| < eV > N. We denote it by

lim (pg(wj,w) — pB(w,w)) = 0.

J]—00

(17) {w,} is a partial Cgeq w.r.t B whenever for every e > 0 there is a
N eNst
1 1
pB(wJJ wz) - Qp]B(wju wj) - 5pB<wlvwl> pB(wj7wz)

1 1 :
_§pB(w]a wj) - 2p]3(wl7wz)> j 62 v (2W) Z N.

2. (U, B, pp) is said to be complete w.r.t B if every partial Cs., converges to
weUwrtBst

J—00 2

1 1
lim (pﬁ(wg,w) - 5]913(@3,@;) - pB(W,w)> = Op.

Definition 1.2.14. (Khalehoghli et al. (2020)) Let (U, d) be a metric space and
R is a relation on U. Then, (U, d,R) is said to be R-MS.

Definition 1.2.15. (Khalehoghli et al. (2020)) Let (U, d,R) be R-MS. Then, a

sequence {w,},en C U



1. (7) said to be an R-sequence if w,Rw, 1 V 5,k € N.
(i) said to be convergent if fore > 0,3 N € Z* s.t d(w,, w) <eV jy> N.
(i73) said to be an R-Cgeq if {w,} is an R-sequence and for every e > 0, 3
NeZ"std(w, w,) <eVj1>N.

2. said to be an R-complete if every R-C, is convergent in O.

Definition 1.2.16. (Malhotra et al. (2022)) On U, let dg : U x U — B be a
mapping s.t the following holds:

(1) dp is a C%-metric on U;

(74) R is binary relation on OU.

Then, (U,B,dp, R) is said to be a Cly-R-MS whereas dg is a C%,-R-metric.

Definition 1.2.17. (Aamri & Moutawakil (2002)) Let (U, d) be a metric space
and I'y, 'y : U — O. Then, the pair (I'1,'y) said to satisfy E.A. property, if 3 a

sequence {w,} in U s.t lim 'y, = lim ['yow, = w for some w € U.
7—00 J—00

Definition 1.2.18. (Bhaskar & Lakshmikantham (2006)) A mapping I' : UxU —
U is said to satisfy mixed monotone property on partially ordered set (U, <),
ifVw,cel

wy,wy € U,y < wy = T'(wy,¢) < Two, <)
and
1,92 €0, <g=TI(wq)>I'(w,0).

Definition 1.2.19. (Altun & Simsek (2010)) Let (U,d) be a metric space and
I',Ty : U — U. Then, the pair (I';,T'3) is said to be weakly increasing if
Flw j F2F1w and Fgw j Flfgw VweOU.

Definition 1.2.20. (Abbas et al. (2011)) Let (U, d) be a metric space and I'y, I's :
U — O. Then, the pair (I';,T'9) is said to be partial weakly increasing (PWI)
if Flw j FgFlw Vweo.

Definition 1.2.21. (Kumam & Sintunavarat (2011)) Let (U, d) be a metric space
and I'1, 'y : U — O. Then, the pair (I';, I'9) is said to satisfy CLRr, property in
a metric space (U, d), if 3 a sequence {w,} in U s.t ]lggo I'ow, = jlgglo Iyw, =T'ig

for some ¢ € O.



Definition 1.2.22. Let (U, <) be a partially ordered set and I'y, '3, '3 : U — O
s.t I'1(0) C T'3(0) and I'y(U) C I'3(0). The ordered pair (I'y, ') is said to be

(1) (Nashine & Samet (2011)) weakly increasing w.r.t I'; iff Vw € U, I'yw <
[V el (MNw) and Tyw < T V9 € I3 HTyw).

(77) (Esmaily et al. (2012)) partially weakly increasing w.r.t I's if ['yow <
[y Vel (Mhw).

Definition 1.2.23. (Xin et al. (2016)) Two self mappings I'1,I'y : O — U in
Chy-MS are said to be

(i) compatible if for {w,} C U s.t ]llglo I'w, = ]liglo I'yw, = w € I, then

dg(I'2sT ), ' ow,) A, O as ) — o0;

(1) weakly compatible mappings if 1Ty =Ts3[hwVw e {we U:Tw=
FQW}.

Definition 1.2.24. (Chandok et al. (2019)) A continuous function F* : Bt x
Bt — BT is said to be a C,-Class Function if for any @, ¢ € BT, the following
holds:

(1) F(3,0) =

(1) F*(s¢,0) = 3 implies that either s = 0 or p = 0.

If necessary, an additional condition can be applied on the function F* s.t F"*(0p, 0g) =
0.

Definition 1.2.25. (Isik & Tiirkoglu (2014)) Consider the function ¢ : Bt — B*

satisfying:

(1) vp is continuous and monotone increasing;
(1) Yp(w) = b iff @ = Op;

(iid) (@ + <) = (@) + ¥a(s)

Throughout the thesis, the family of such functions is denoted by Ug.

9



Definition 1.2.26. (Khalehoghli et al. (2020)) For an R-MS (U,d,R), a self
mapping [' : U — O is said to be

(i) R-continuous at w € U if for any arbitrary R-sequence {w,},ey C U with
lim @, — @ implies lim ', — I'ww.
J—00 7—00

(77) R-preserving if for every wR¢, we have 'wRI.

Remark 1.2.27. (Khalehoghli et al. (2020)) Every continuous map is R-continuous

but not conversely.

Example 1.2.28. Let U = [0,1) and (U, d,R) be an R-MS with »Rg iff either

Z ifx< g .
w=0o0r¢=20. Definel’ : 05 - Uas s =<3 3 Then, I' is not
0, otherwise.

continuous mapping but R-continuous.

Definition 1.2.29. (Rao et al. (2020)) Let I'y, I'y : U — U be two self map-
pings on a partially ordered set (U, <). Then, I'; is said to be monotone I's-

nondecreasing if
I'yw < T'y¢  implies I'w <T'1 ¢V w,s € 0.

Definition 1.2.30. (Omran & Masmali (2021)) Let I': 0 - U and a: U x U —
B*. Then, T is said to be a-admissible if V w, ¢ € U with a(w,s) = I implies
OK(F’W,F§> i [IB'

Definition 1.2.31. (Omran & Masmali (2021)) Suppose M and B are two C*-
algebras. A mapping ¥ : M — B is said to be a C*-homomorphism if the
following holds:
(1) Yl + aac) = arp(@) + aap(s) ¥V ar, ap € Cand w, < € B;

(i) ¢(ws) = Ye(w)Ys(c) V@ < € B;

(iid) Yp(w”) = vp(@)";

(1v) 1p maps unit in M to unit in B.
Definition 1.2.32. (Omran & Masmali (2021)) Consider the function ¢p : BT —

BT satisfying :

(1) vYp(w) is continuous and non decreasing;
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(ZZ) Z/}B(w) = (9[5; iff w = GB;

(112) Y (@) < oo, jlirglow]{%(w) =0p YV w > Op;
7=1

oo
(iv) The series Y _9}(w) < 0o V @ > O is increasing and continuous at 6.
7=1

Throughout the thesis, the family of such functions is denoted by Wi.

1.3 Chapterwise Summary

In this section, we give a brief summary of the various results proved in the sub-

sequent chapters of the thesis.

Chapter 2 deals with the existence and uniqueness of fixed points of self map-
pings. It has been divided into three main sections. In the first section, we
establish some results for the existence and uniqueness of fixed point using C\-
class function and C,-class F-contraction in C%,-MS. In the second section, we
establish some results on fixed points using (ap — ¥p)-type contraction mapping
in C%,-PMS. In the last section, we introduce a notion of C%-bx-MS which is
a generalization of C%-R-MS and establish some adequate conditions for the
presence of fixed points. The usability of the results are substantiated by using
suitable illustrations. As an application of the obtained results, the existence and

uniqueness of the solution of an operator equation is verified.

Chapter 3 deals with the existence of coincidence points of self mappings. It
has two main sections. In the first section, we establish some results on the exis-
tence of coincidence point using C-class function for two pairs of compatible or
weakly compatible mappings in C},-MS. In the second section, we present some
results on the existence of coincidence point using a certain rational type contrac-
tion for two pairs of compatible or weakly compatible mappings in C%-MS. To

support the findings, some illustrative examples are discussed.

Chapter 4 is concerned with the existence and uniqueness of common fixed points
of self mappings. It has been divided into two section. In the first section, we
establish some results on the existence and uniqueness of common fixed point for

weakly compatible pairs of self mappings using E.A. property and C'LR property

11



with certain contractive conditions in C%;-MS. In the second section, we present
some results on the existence and uniqueness of common fixed point for weakly
compatible pairs of self mappings using E.A. property and CLR property with
expansion conditions in C%,-MS. Some illustrative examples are also discussed to

support the proved results.

Chapter 5 deals with existence and uniqueness of coupled fixed point. It has
been divided into two sections. In the first section, we establish some results on
the existence and uniqueness of coupled fixed point using C,-class function in par-
tially ordered C%,-MS. In the second section, we present some results on coupled
coincidence point and coupled common fixed point for a pair of mappings using
generalized contractions in C%;-b-MS. Appropriate illustrations are discussed to

support the usability of the proved results.

The thesis completed with bibliography followed by list of publications, paper

presented in conferences and workshops attended.

kokokokokokok
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Chapter 2

Some Results On Fixed Point

2.1 Introduction

The present chapter of the thesis provides the results on the existence and unique-
ness of the fixed points of self mappings in various spaces. The content of this
chapter is divided into three sections. In the first section, some theorems on
the existence and uniqueness of fixed point using C\-class function and C,-class
F-contraction type mappings in C%,-MS are presented. In the second section, in-
spired by the work of Samet (2015), some results on fixed points using (g — ¥ )-
type contraction mapping in C%,-PMS are presented. In the last section, the
notion of C%,-bg-MS, which is a generalization of C%,-R-MS (Malhotra et al.
(2022)) is introduced and certain results using the generalized contractions in
Cy-br-MS are discussed. As an application of the obtained results, the exis-
tence and uniqueness of the solution of an operator equation is verified. The

results of this chapter are presented in 1234,

'Kumar, D., Dhariwal, R., Park, C. and Lee, J. R. (2022). On fixed point in C*-algebra
valued metric space using C,-class function. International Journal of Nonlinear Analysis and
Application, 12(2), 1157-1161.

2Dhariwal, R. and Kumar, D. (2023). C-Class F-Contraction in C*-algebra valued metric
space. Science and Technology Asia, 28(3), 29-36.

3Dhariwal, R. and Kumar, D. (2023). On existence and uniqueness of a solution of an integral
equation using contractive mapping. Applied Mathematics E-Notes, 23, 412-423.

4Dhariwal, R. and Kumar, D. (2023). C*-algebra valued-br-metric space, fixed point theo-
rems and its application. (Communicated.)
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2.2 Fixed Point of Self Mappings in C*-Algebra
Valued Metric Space

In the last decade, the extension of fixed point theory to the generalized struc-
tures such as PMS, b-MS, C%,-MS, C%-b-MS, C%-PMS etc have received a
considerable attention (see, Batra & Vashistha (2014), Jhade & Khan (2014), Ma
& Jiang (2015), Altun et al. (2015), Klim & Wardowski (2015), Kamran et al.
(2016), Durmaz et al. (2016), Xin et al. (2016), Radenovic et al. (2017), Dung
et al. (2017), Nazam et al. (2018), Mohanta (2018), Roy & Saha (2018), Shen
et al. (2018), Nazam et al. (2018), Nazam et al. (2019), Asim & Imdad (2020a),
Asim & Imdad (20200), Mlaiki et al. (2020), Williams et al. (2020), Mohan &
Vijayakumaar (2020), Massit & Rossafi (2021), Massit et al. (2022) and Malhotra
et al. (2022) and references cited therein). This section of the chapter is further

subdivided into two subsections.

2.2.1 Fixed Point Results using C,-Class Function

Ansari (2014) introduced the notion of C,-class function and established some
fixed point results in metric space. Later, many researchers presented fixed point
results using Cy-class function in various spaces (see Ansari et al. (2016), Huang
et al. (2017), Ansari & Ozturk (2017), Saluja (2022), Mangapathi et al. (2023)).
In this subsection, inspired by the work of Chandok et al. (2019), some results on

fixed points using C,-class function in C'-MS are established.

Theorem 2.2.1. Let (U, B, dg) be a complete C%,-MS and I' : U — U satisfying

goB(dB(Fw,Fg)) < F* (@B(d]]g(w?g)),gbB(dB(W,g))) Vw,s e U, (2.2.1)

where ¢, pp € Vg and F* € C,. Then, I' has a unique fized point.

Proof. For w, € U, define a sequence w,;; = 'w, =17(wy) Vy=1,2,3---.
To prove dg(w,, w,+1) — O as 7 — oo. Substituting @w = w,—; and ¢ = w, in
(2.2.1), we have

©B (dIB(ww wﬁ-l)) = ¥B (dB (Fwa—b Fw]))

< F (soB (da(w,-1,,)) ¢ (da ()1, wﬂ))

o (dn(w,-1, 7)) (2.2.2)

IA
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Since, ¢ is non decreasing. .. dg(w,_1, w,) is monotonically decreasing and bounded
sequence in B*. Then, 3 0 < p € B s.t

dg(w,, w,41) — 0 as J — oo.
Taking limit as 7 — oo in (2.2.2), we have
pu(0) < F*(pu(0), ¢8(0)) =< ¢u(0).

Thus, F*(go]g(g),@lg(g)) = pp(p) implies either pg(0) = O or ¢p(o) = O, i.e,
0 = 6. Hence,

dg(w,, w,+1) — O as J — o0. (2.2.3)

Now, to show {w,} is a Cysq in (U, B, dp). Assume that {w,} is not a Cy, in
(U,B,dg). Then, for any € > 0 3 subsequences {w,, } and {w,, } with g, >y >k
s.t

||dB(w'Lk7w]k)|| > €. (2'2'4)
Choose j;, in such a way that j; > 1. satisfying (2.2.4) and
Ida (w51l < e (2.2.5)

Using (2.2.5) and (2.2.4), we have

[
IN

Hdﬁ(wlmwﬁc)H < Hd]B<wlk7ka*1>H + Hd]B<ka*17ka>”

< e+ ||dB(ka_17w.7k>||‘ (226)

Taking limit as k — oo in (2.2.6) and using (2.2.3), we have

€< klggo “dﬂ(wlk’wjk)u <e+0,

or
kh_)rgo ||dB(w'Lk’ w]k)” =€ (2'2'7)
Again,
lds (@), @, )| < |lde(wy,, @)1l + llde(@),-1, @) |
< ||d]B<ka7ka*1)H + HdB(wM*bw%k*OH

+||dp (-1, @0, )||- (2.2.8)
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Also,

IN

||dB(w]k_17 wlk—l) H HdIB(w]k—l? w]k)” + ||dE(w]k7 wlk—l)H

< ||dB<w]k_1’w]k)|| + ||d]B(w]k’w%k)”

+llds (@, @) |- (2.2.9)

Taking limit as k — oo in (2.2.8) & (2.2.9) and using (2.2.3) & (2.2.7), we have
i [d3(,, 1., )] = <.

Since, dg(w,, -1, @, -1), ds(w,,, ™, ) € B" and
it [[da (-1, @)l = Jim (e, )] =

. J e € BT with ||¢]] = e. Hence,
khg& dp(w,,—1, Wy —1) = klg& dg(w,,, w,, ) = €. (2.2.10)

Now, by (2.2.1), we have

@B(S) = lim ¥B dIB w]kawzk ) = ¢B (d]B(ijk—lvrwlk—l))

k—o0

(
< lim F~ <<p d]B (C0y—1, Wy — 1));¢B<dlﬂé(w]kl7wzkl)>>

k—o0

= vB(e), PB(e )) = g(e).

Thus, F* (apB(E),@B(S)) = pp(e) implies either pg(e) = O or ¢g(e) = O, ie,
€ = Op, a contradiction. Hence, {w,} is a Cy, in (U, B, dg).
~dweUst

jgr& dB(wj, ”(IJ) = (9]}3.

To prove w is fixed point for I'.

Consider,

o8 (dp(@,, Tw)) = p(dp(Pw,-1,Tw))
= F*<§0B<d18(w]17w))7¢B(dlB(wjlaw))>

OB (d]g(w]_l, w))

IA
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Taking limit as y — oo, we have

ng(dB(w,Fw)) =< F*((pB(dB(w,w)),gbB(d]B(w,w)))

¥R (dB(w, w)) = ©B (0[@)

PN

This implies dp(w, ['w) = 0. Hence, 'w = w.

Uniqueness: Let ¢ € U be another fixed point of I'. Then, using (2.2.1), we have

©B (dIB(w7 C)) = ¢B (dB(Fw, F§)) = " (SO]B (dB(w, €)>, o8 (dB(w, G)))
j YB (dB(w7 §))
Hence, F* (4,0]3 (dB(w, g)), OB (dB(w, g))) = ¢p (dB(w, g)) implies either ¢p(dp(w, <)) =
Op or ¢p(dp(w,s)) = 0. Thus, we have dg(w,<) = 05, i.e, w =.
For F*(w,s) = w — ¢, we have

Corollary 2.2.2. Let (U,B,dg) be a complete C%,-MS and I" : U — U satisfying

ng(dB(Fw,Fg)) = @B(dﬂiﬁ(w7§)) - ¢B(dm(wa<)) Vw,sev,

where ¢, op € Vg. Then, I' has a unique fixed point.

2.2.2 Fixed Point Results using C,-Class ['-contraction

Wardowski (2012) introduced F-contraction and proved fixed point results in met-
ric space. Later, many researchers generalized the results in various spaces (see,
Wardowski & Dung (2014), Klim & Wardowski (2015), Durmaz et al. (2016),
Kamran et al. (2016), Piri et al. (2017), Nazam et al. (2018), Suzuki (2018), Mas-
sit & Rossafi (2021), Massit et al. (2022) and references cited therein). In this
subsection, some fixed point results using C,-class F'-contraction in C%,-MS are

presented.

Theorem 2.2.3. Let (U,B,dg) be a complete C%y,-MS and ' : U — O. If3 T :
Bt — B satisfying :

(i) Ty is continuous and nondecreasing on B ;
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(it) For each sequence {~,} C Bt
Jlggo v, = O iff }H& I'i () = Os; (2.2.11)
and ¥ w,s € O with 7 > 0,

T+ (¢B(dB(FW,F§))> < F* <F1<¢B(d3(w,g))),Fl(ngB(dB(w,g)))), (2.2.12)

where F* € C, and Vg, pp € Vg. Then, I' has a unique fixed point.

Proof. Firstly, to prove I' can possess at most a unique fixed point. Indeed if
w1, we € U be two distinct fixed points i.e, 'w; = w; # wy = ['wy. Then, from
(2.2.12), we have

T+F1<w3<dB(Fw1,FwQ)>> < F*(rl(wﬂg(%(wl,w2>>),r1(¢B<dB<w1,w2>>))

< T (wB(dB<w1,wz))>-

This implies 7 < I'y (zZJ]B(dB(wl, wz))> -1 (wB(dB(le, FwQ))) = 0y, a contradic-
tion. Hence, I' has atmost one fixed point in O.

For w, € U, define a sequence {w,} in U s.t w,yy =Tw, V3N If w, = w4y
for some j € N, then w, is a fixed point of I".

Now, suppose that w, # @,;1 V7 € N and dp, = dp(@,, @)41).

Consider,

(iemm) - {otom5)

IA

T+ Ty <wB (dB(FWJv Fle))>

IA

F* <F1 wE<dB(w]7 wj—1>>)7 I (¢B(dﬁ<wﬁ w3—1>))>

(
< T (%(dﬁ(w],wj_l))). (2.2.13)

Since, I'y and g is non decreasing. .". the sequence {dg,} is monotonically de-
creasing and bounded in B*. Thus, 36 < 0 € B s.t

dg(w,, w,4+1) — 0 as 7 — oo.
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Taking limit as 7 — oo in (2.2.13), we have

F1(¢B(g)> < F <F1(¢B(0)),F1 (¢B(Q>)> = F1(¢B(0)>~

(2.2.14)

Thus, F* (Fl (wB(g)), F1(¢B(g)>> =1 (¢B(g)> implies either I'y (1@;(@)) = 0y or

F1<¢B(g)> = 0. Hence, from (2.2.11), we have

lim Iy (¢s(ds,)) = O implies lim Y5 (ds,) = 05 or lim ds, = 0p.  (2.2.15)

Now, to show {w,} is a Csq in (U, B, dp). Assume that {w,} is not a Cy, in
(U,B,dg). Then, for any ¢ > 0 3 subsequences (w,, ) and (w,,) with 5, > 1, > k

s.t
”dB(wlkijkm > €.

Now, choose g > 1 in such a way that satisfy (2.2.16) and
”dB(kaijk—l)H < €.

Using (2.2.16) and (2.2.17), we have

M
IN

||dB(wlk7w1k)|| < ||d13<wlk7w]k—1>” + HdB<w.7k_17w]k)||

< e+ ||dB(ka_17 w]k)”

From (2.2.15), we have
Jim {|d (e, 1, )| = Os-

Taking limit as k — oo in (2.2.18) and using (2.2.19), we have
klggo HdB(wa w]k)” =€

Again,

IN

| d (@), @) | | d (w0, @5 —1)|| + || d (051, @0, ) |
< ||d]B(w]k’ka—1)|| + HdB(wjk—l’ka—l)H

+||d13(wlk—17 wlk)”

Also,

IN

[ (15 @1 18 (@51, @) || + | (5, @i -1

IA

HdB<ka*17 w]k)” + HdB(me wlk)”

+Hldg(w,, @, 1) |-
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Taking limit as k& — oo in (2.2.21) & (2.2.22) and using (2.2.19) & (2.2.20), we

have

lim [|da (-1, @ 1) = €.

Since, dp(w,, -1, @y, -1), dp(w@,,, @, ) € BT and

Jim [[ds (w1, @3 -) | = Jim [l (o0, @, )| = e

o, Je e BT with ||e]| = € s.t

lim dB(wjk—17 wzk—l) = khargo dB(wjkv wlk) =&

k—o0

Using (2.2.12), we have

Ty (ve(e)) = lim Iy

k—o00

(wB CAC wz,))) = lim T, (wB (s (P, szkl))>

=< 74 lim I'y <¢B(dB(Fw]k_1,Fw,k_1)>>
k—o00

< lim F*

k—o0

(Fl (¢B(dﬁ(wjk—17 wlk—l))> ’ I'y (gbﬁ(dﬁ(wﬂc—l? wlk—l)))>

j ]}LI& Fl (di]g(d]g(w]k_l,w%_l))) = Fl (@DB(E)) (2223)

Thus, F*(T1(¢(c)), 1 (¢e(€)) = T1(vs(e)) implies either I'y(vs(e)) = 6 or
[i(¢gp(e)) = Op ie, Yp(e) = O or ¢p(e) = Op. Hence, ¢ = 0p, a contradiction.
Thus, {w,} is a Cs, in a complete C%,- MS. ". Fw € U s.t w, = w as ) — oo.

Consider,

ry (w (dmw,rw)))

o T1 (s (ds(w, Tw)))

Hence, I'w = w.

74+ lim I'y
1—00

v (ds(w@,, ng)))

7N

/N

lim F* <F1 Ve (dp(w,-1, Wy))), Iy (ch(dJB(wy—h Wﬂ)))
Jlgglo Iy (@Z)B (dB (-1, wj)))

Iy (s (ds(w,))) = T (s (6s))
Fl (G]B) = 9[5;.

Op implies ¢Yg(dp(w,'w)) = O, i.e, dg(w,[w) = Op.

Consider F*(w,s) = w and ¢¥p(0) = 0 = ¢p(p), we have
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Corollary 2.2.4. Let (U,B,dp) be a complete C%,-MS and T' : U — U. If
a7 : BT — B satisfying:
(i) Ty is continuous and nondecreasing on B ;
(it) For each sequence {,} C Bt
}g& v, =6s Zﬁ}gglo ['1(v)) = Os;
(i1i) VY w,s € U with T > 0,

T+14 (dB(Fw, Fg)) <Iy (dB(w, g))

Then, I' has a unique fized point.

Example 2.2.5. Let U = [0,2] and B = C. Let I'y : B — B defined as
[l + ] if w#Fc

['1(a) = 25a, dg : U x U — B defined by dg(w,s) = . nd
0 if w=g¢
o= = Then,
150

(1) (U,B,dp) is a complete C%,- MS;
(74) T'; is non-decreasing;
(24i) T’y is continuous;
(1v) jlgglo g, = O implies Jlggo I'i(s;) = Op;
(v) V ¢,w € U with 7 = 0.1, F*(w,s) = w, ¥(s) = ¢(s) = bs, we have

w+S w+gS
dg(T'w, T'g) = 150 and w(dB(Fw,Fg)) =55
Hence,

T+ (¢(ds(Tw, I5))) = 0.1+Ty (w;g g)

- 0.1+5(w6+§)

=< 125(w +¢)
= Ty (¢(ds(w,)))

(14 (vtds(,6)). T (00 ) )

I" satisfies all the hypothesis of Theorem (2.2.3). Thus, I" has a unique fixed point.
Indeed, ‘0’ is a fixed point.
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Example 2.2.6. Let U =[0,2] and B = C. Let I'; : BT — B defined as I';(a) =
1/10, if w € [0,1]

25a, dg : UXU — B defined as dg(w, <) = |w—¢|and 'w =
. B(@6) = |= =l “ {1/20, otherwise

Then,

(1) (U,B,dp) is a complete C%,- MS;

(77) T'y is non-decreasing;
(27i) Ty is continuous;

(1v) jlgglo G, = Op implies Jlg& I'i(s;) = Op;
(v) Ve,w € [0,1] and V ¢, € (1,2] with 7 = 0.1, F*(w,s) = w, ¢¥(w) =
¢(w) = 5w, we have dg(I'w, 's) = 0 and w(dB(Fw, Fg)) =0.

Hence,

7+ 11 (¢(ds(Tw,T5))) = 0.1+T(0)
< 1 (¢ (ds(w,9)))

= P (ru (s ) T olaa(.50) )

I satisfies all the hypothesis of Theorem (2.2.3). Thus, I" has a unique fixed point.

Indeed, ‘1—10’ is a fixed point.

2.3 Fixed Point of Self Mappings in C*-Algebra
Valued Partial Metric Space

Samet (2015) presented the notion of (o — ¥)-type contraction mapping in b-MS.
Omran & Masmali (2021) generalized (o — ¢)-type contraction mapping in C% -
b-MS and proved some fixed point results. Later, many results on (a — )-type
contraction mapping in various spaces have been presented by researchers (see,
Hussain & Ahmad (2017) Hussain et al. (2017), Massit et al. (2022) and reference
cited therein). In this section, the notion of (ap — ¥p)-type contraction mapping

and some fixed point results in C%;,-PMS are presented.

Definition 2.3.1. Let (U,B,pp) be a C%,-PMS and I' : U — U be (ap — ¢p)
type contractive mapping if 3 two functions ap : U x U — BT and ¢ € ¥l
s.t

an(, ¢)pe(T'w, T's) < vs(pa(w,<)) ¥ @, € U. (2.3.1)
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Theorem 2.3.2. Let (U,B,pg) be a complete C%,-PMS and T' : U — U be
(ap — ¥p)-type contractive mapping satisfying:

(7) T is ap-admissible;

(ZZ) = wo € O s.t CKIB(’W(),F@O) i [B;

(13i) T is continuous.
Then, I' has a unique fized point.

Proof. Let wy € U s.t ag(wy, ['wg) > Ig. We construct a sequence {w,} in U as
w1 =I'w, Vye N If w, = w,; for some j € N, then w, is a fixed point of I'.

Now, suppose that @, # w,;1 V 7 € N. Since, I' is ag-admissible.
. ap(wo, @) = ag(wy, [wy) = Is = ap(Twy, [Pwy) = as(w), @) = Ip. (2.3.2)
On generalizing, we have

ap(w,, w,+1) = IV y3 €N, (2.3.3)

Using (2.3.1) and (2.3.3), we have

pe(@,, @p41) = pe(l'w,-1,Tw,) X ap(w,-1, @))pe(T'w)—1, ['w))

(G (pB(w]—l, wﬂ)- (2.3.4)

PN

On generalizing, we have

pr(@), @s1) 3 Uk (PB(WOa wl)) VyeN. (2.3.5)

For v < 5 € N, we have

pe(@,, Wiy) = pe(w,, @it1) + Pe(Wit1, Wity) — PB(Wit1, @ig1)
= pe(@, @oy1) + PB(Tot1, Tit2) + PB(Tit2, Tigs)
+ o+ (@1, Tagy) — PB(Ter1, @ar1)
_pB(werQa wz+2) - pB<wz+]fla Wzﬂ—l)
< Yk (pe(mo, @) + U5 (pe(wo, 1)) + -+
1 1+7—1
+opT (plB(wo,wl)> - Y pe(ws, @)
=141
1+7—1 ' 1+7—1
= Y vh(pe(@e. @) = Y pa(@i, @), (2.3.6)
=1 1=1+1
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Using 0 = pg(w,, w,) =< pe(w,, w,+1) and (2.3.5), we have

9153 j pB(wja wj) j p]B(w]7w]+l) j ?ﬂ]ﬁ (pIB<w0>wl))- (237)

Taking limit as y — oo, we have

jlgglopg(w], w@,) = Op. (2.3.8)
Using (2.3.8) in (2.3.6), we have

1+y—1 1+7—1

(w0, Wit,) = Z zb%(pg(wo,wl)) — Z pp(w;, w;) — g as 1 — co. (2.3.9)
=1 1=1+1

Hence, {w,} is a C,, in a complete (U,B,pp). Thus, 3 w € U s.t w, — w as
7 — 00, ..

Jlgr{.lopﬂ(w]a wz) - hm pB(wjv ) = p]B(wa w)

To prove 'w = w.

Consider,
pp(Tw,w) = lim pB(Fw,wﬁl)
= ]liglo(pﬁ(rw, @,) + PB(@), @ye1) — pB(“ﬁ“J))
= gglo(PB(Fwa T, 1) + pu(@), @y11) — pa(,, @)
= }iglo(%(w @,1)pe(T@, T'w, 1) + pu(w), @y41) — pr(,, @)
= }ggo(wB pe(w, @,-1 ) + pg(w@,, @,11) —pzaa(w],w]))
= lim dg ! (ps(w, @0)) + lim ¢ (Pe(1, @0)) — lim pg(a), @) — s

Hence, I'w = w.
Uniqueness: Consider, ¥V w,¢ € U, 3 » € U s.t ag(w, ») = Iy and ap(s, ») =
Ig. Then,

pa(w, V) = pg(Pw, (V"' 5)) < aB(w,Fj_l%)plB(Fw,F(F]_lx))

= wﬁ(p]g(w, %)) — O as ) — 0.
Thus, [V = w. Similarly, [V = ¢ as ) — oco. Hence, w = . n
Theorem 2.3.3. Let (U, B, pg) be a complete C%,,-PMS and T : G — U satisfying
0s(@,)pe(I'w, T's) = vs(pa(@, I'w) + pa(s, I5)) V @, € U, (2.3.10)
and
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(1) T is ag-admissible;
(Z’l) 3 wo € U s.t Oé[B;<wO,FYD0) > [B;'

(1ii) T is continuous.
where ag : U X U — BT, og € Ui, Then, T' has a unique fized point.

Proof. On the similar lines of Theorem (2.3.2), we have

ag(w,, w,41) = gV j € N. (2.3.11)
Using (2.3.10) and (2.3.11), we have

pe(@), @p41) = pe(l'w,-1,I'w)) 2 ap(@,-1, @,)pe(l'w;-1, I'w))
(s (pB(FwJ—lv @)-1) + pIB(FwJ'wJ))

= g (pB(ww wj,l) +pB(wJ+17 wj))
1/’153 (pB(wjawj—l)) + wB (pIB(wj7w]+1))- (2312)

PN

From (2.3.12), we have
(1 - wB)pB(wm w]—H) j ,QZ)IB (pﬂ(wja w]—l));

pe(@), @y41) = V(1 — ¢B) ' pe(w), @,—1).

Taking ¢p = ¥e(l — ¥p) " = s > 1k = > ¢4 < 0o, we have
1=0 7=0

pB(wﬁ w]—H) = ¢B (pIB (wy—lv wj)) .

On generalizing, we have

pe(w,, @,41) = Oh (pB(wo,wl)) ViyeN. (2.3.13)

For + < y , follow from Theorem (2.3.2), we have
1+7—1 ' 1+7—1
pa(@, @) XY S (pe(@o,@1)) — - pa(i, @) (2.3.14)

=1 =141

Using g < pg(w,, w,) = pe(w,, w,+1) and (2.3.13), we have

QIB% j pB(wja wj) j pB(wj7 w]—i—l) j ¢1355 (pIB(WO; wl)) (2315)
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Taking limit as 7 — oo in (2.3.15), we have

lim pp(w,, w,) = p. (2.3.16)

J—00

Using (2.3.16) in (2.3.14), we have
1+7—1 ' 1+7—1
pB(wth]) = Z ¢ﬁ(pm(wo,w1)) - Z pe(wi, w;) — O as ) — oo.

=1 i=1+1

Thus, {w,} is a Cy, in a complete (U, B, pg). So, 3w € U s.t

w, = w as J — oo and

lim ps (e, @,) = lim ps(@), @) = ps(w@, ). (2.3.17)

J—00

To prove 'w = w.

Consider,
pp(Tw, w) = ]ll)rglopB(ij,wj)
= ]lggopg(ljwj,ljw] 1)
= Jlggloag(w],w] 1)pe(l'w,, I'w,_q)
< Jlironoqu(p (T'w,, w,) + pp(T'w,—1,w,- 1))
= ]1;%101/)13(2?13 W)+1, @) + PB(@;, @)— 1))
= ]grglo%(px@ wo, W1 ) +Jligglo%_ (PB(WO»W1)> = Ug.

Hence, I'w = w.
Uniqueness: Let ¢ be another fixed point of I'. On the similar lines, construct a

Cseq {gj} s.t Jll{& S — 9 for ¢ € U.

Consider,
bs < pa(,<) = limpa(T'w, I,) < lim az(w,, )pa(T',, )
< lim R (pg(wj, I'w,) + pr(s), Fg))
- ylggloq%(pﬁ(wpwgﬂ +p1B%(§Jv§J+1))
= lim ¢ (pIB(wme-I-l ) + lim g (pB(gJ’gﬁl))
= gllglo ¢IB% (pJB(wo, w1 ) + ]lgglo WB (pIB%(§07§1)) = Op.
Hence, @w = . -
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Theorem 2.3.4. Let (U, B, pg) be a complete C%y,-PMS andI" : U — U satisfying:
ap(w, s)pp(l'w, I's) <X g (p(w, §)+pe(w, I'w)+ps(s, Fg)) Vw,s €U (2.3.18)

and

(1) T is ag-admissible;
(Zl) = wo € O s.t OZE(’W(),FWO) i IB;

(17i) T is continuous.
where ag : U X U — Bt og € Ug. Then, T has a unique fized point.

Proof. On the similar lines of Theorem (2.3.2), we have
ag(w,, w,+1) = IV y3 €N, (2.3.19)

Using (2.3.18) and (2.3.19), we have

pe(@), @1) = pe(l'w)-1,T'w)) 2 ap(@)-1, @))pe(l'w)—1, ['®,)

A

(pB Wy—1, Wy (ij 1, Wy— 1)+pB(FwJ,wj))

7,/13(]?]3 Wy—1, W, (w],wj_l) +pB(w]+17wj))

)+

( )+
B(pB(w], (o 1))2[A + Up (pB(wJa Wg+1)>

( 1)

= @
(Ie — VB)pe(w), @41) = wB(pB @, @ )2]15
pe(@), @y41) = ¢E(IB_¢B)_ (pB(vawj—l))QIE- (2.3.20)
P8
Taking —— = ¢g(1 — ¥5) ", we have
21g
pB(w]7 w]+1> j (bIB (pB(w]fla wj)) .
On generalizing, we have
Pe(w,, @Wyt1) = gbe(pE(wo,wl)) vV eN. (2.3.21)
For » < 3, by Theorem (2.3.2), we have
1+7—1 ' 1+7—1
(@ @iey) XY Oh(pe(mo,@1)) — Y pe(wi @), (2.3.22)
= i=1t1
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Using 0p =< pg(w,, w,) = pe(w,, w,4+1) and by (2.3.21), we have

O < pa(e,, @,) = pa(e,;, @11) X 0 (pa(@o, @1))- (2.3.23)
Taking limit as 7 — oo in (2.3.23), we have

lim pg(w,, w,) = Op. (2.3.24)

J—00
Using (2.3.24) in (2.3.22) and taking limit as 3 — oo, we have
1+7—1 ' 1+y—1
pr(w, @ayy) <Y ¢]§(pﬁ(wo,w1)> - > pelw, @) — Os (2.3.25)

=1 1=1+1

Thus, {w,} is a Cs, in complete (U, B, pg). So, 3w € U s.t w, = w as y — oo.

Hence,

lim pp(w,, w,) = hm n pg(w,, @) = pe(@, @). (2.3.26)

J—0

To prove 'w = w.

Consider,
ps(Tw, @) = lim ps(Tw,, ) = lim ps(Tm,, v, )
= Jllgloalﬂ%(w Wy— l)pB(FwawJ 1)
=

Jllfgoiﬂm(p @, @)-1) + pe(l'w), @) + pp(l'w;—1, @, 1))

Jlgglo (G (pIB(w37 @,-1) + p(@)11, @,) + P(@), w]—1)>

20" (pw (w0, @1) ) + ¥4 (pe(0, 1)) — Os.

Hence, ' = w.

Uniqueness: Let ¢ be another fixed point of I'. Then,

9183 j DB (wa C) = pE%(F]w? Fjg) j aB(F]_lwa F]_lg)pB(Fjw7 Fjg)
= U (pB(FJAW, 7746) + pp (V" 'w, MVw) + pe(I7 ', FJC))
Uk (pe(w,9)) + b (pe(@, @) + ¢4 (pa(s, <))

%]Bg_l(pm(w,g)) — O as 7 — oo.

Hence, w = . O

On the similar lines, the following results hold
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Theorem 2.3.5. Let (U, B, pg) be a complete C%,-PMS and T" : U — U satisfying
an(w, ¢)pe(I'w, T's) < ¢ (p(w, <) + pu(@, T<) + pu (s, T'w)) ¥, € U

and

(1) T is ag-admissible;
(i7) 3w € U s.t ag(wo, ['wy) = Ip;

(131) T is continuous.

where ag : U X U — BY, og € Ug. Then, T' has a unique fized point.

Theorem 2.3.6. Let (U, B, pg) be a complete C%,,-PMS andI" : G — U satisfying
ap (wa g>pIB(Pw7 P§> = Q/JIB% (p<w7 §) +pB(w7 Pw) +p]B<g7 Fg)+p1$ (wa P{) +pB(§7 Fw))

Vw,s €U and

(1) T is ap-admissible;
(Z’L) dwy € U s.t OqB;(W(),F’WQ) = Ig;

(13i) T is continuous.

where ap : U X U — BT, o5 € U§. Then, T has a unique fized point.

Example 2.3.7. Let U = [0,1) and @w € B = C be a non zero element. Define
dg(p,v) = max{l — p,1 — v}ww* Then, dg : U x U — B is a complete C%, -
PMS. But dg : U x U — B is not a C%,-MS, since dg(u, ) = (1 — p)ww* # 5.
DefineI' : 0 - U by 'w = w/3 and ag : U x U — B s.t ag(w,s) = Ip. So,
ap(I'w, I'¢) = Iy implies that I' is ag-admissible.

Define ¢p : C* — C*,¢5(a) = 2a. Clearly, ' is ap — ¢p-contractive mapping V
w,s € U. I' satisfies all the hypothesis of Theorem (2.3.2). Thus, I" has a unique
fixed point. Indeed, ‘0’ is a fixed point.

2.4 (C*-Algebra Valued-br-Metric Space

Khalehoghli et al. (2020) introduced the notion of R-MS and proved Banach con-

traction principle in this framework. Recently, Malhotra et al. (2022) generalized
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R-MS by introducing C%-R-MS and proved some fixed point results in this
framework. In this section, the notion of C%;-bg-MS which is a generalization of

C’y-R-MS and some results in these settings are presented.

Definition 2.4.1. (U,B,dp, R) is said to be Chy-br-MS if the following are
satisfied:

(i) (U,B,dp) is C%y-b-MS;
(77) R is a binary relation on U.
Remark 2.4.2. Every (%, -R-MS is a C'},-bg-MS but converse is not true.

Example 2.4.3. Let U =R and B = M,(R). Define
dp(w, ) = diag(ci|@ — s, calw — <[, ¢)|w = s|') Vw5 €T,

where diag denotes the diagonal matrix, ¢; > 0V i = 1,2,...,7 are constants and
p > 1. Define R on U s.t wRs < (w —¢) < w. It is easy to verify that d is C% -
br-metric and (U, B, dg, R) is a C%y - br-MS, where A =371 € B and A > I with
3 > 1. But|w — ¢’ <|w — p’ +|u— <[’ don’t hold for w > p > ¢ > 0. Thus,
(U,B,dg, R) is not a C%,-R-MS.

Example 2.4.4. Assume that

10 10 5 4 —4 0
7D:<12 14>’Q:<4 4>’M:<—2 —2)'

Let U = {P,Q, M} and B = My(R). Define dg(P,Q) = P + Q, where P, Q
denotes the matrices of order 2. Define R on U s.t PRQ < det(P) > det(Q).
Thus, det(P) > det(Q), det(P) > det(M) and det(M) > det(Q). Hence,
PRQO, MRQ and PRM. Hence, that (U,B,dg,R) is C% - br-MS, where A =
571, p > 1. But, dg(P, Q) = dg(P, M) + dg(M, Q). Thus, (U,B,ds, R) is not a
O - R-MS.

Definition 2.4.5. For a C'},- bg-MS, a self mapping I' : U — U is said to be a
Cv- br-contractive mapping if V w,¢ € U with (w,) € R 3 oy € B where
||| < 1 s.t dg(T'w, I's) < ajdg(w,s)ay.

Example 2.4.6. Let U = R and B = M,(R) with involution on B define o = ot

t _ _
V a; € B, where aj denotes the transpose of a;. For oy = [ay,], let || =
max ‘ag,. . Define

1<i,j<2l ™

dB(@, §) = diag(cl|w - g|p ) C2|w - g|P) v w,s €0,
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where diag denotes the diagonal matrix, ¢; > 0 for ¢« = 1,2 are constants and
p > 1. R is defined on U s.t wRs & (w —¢) < w. Hence, dp is C - bg-metric
and (U, B, dg, R) is a C%,- bg-MS. To prove triangle inequality, consider following

inequality
@ —<f < 3%(@ — pl” + | —<[").

This implies dp(w,s) < A(dg(w, ©) + dp(u, g)) Vw,s, € O, where A =371 € B
and A > I with 37 > 1. Define I' : U — U as

e {1/10, if @ > 10
0, otherwise.
Following cases arises :
Case (i) : If w,¢ < 10, then dg(I'w,I's) = dp(0,0) = . For any oy € Bt with
||| < 1, we have ajdg(w,s)a; = 0. Hence, dg(I'w, ') < ajdg(w,s)a;.
Case (ii) : If w > 10 and ¢ < 10, then

dg(l'w, T's) = l01|1/10\p 0 1

0 Cg|1/10|p

and for oy = [1/8/5 1/(3/51 , we have
* —sl’ 2 0
alds(@, S)ar = ayds(, ) = lc”w 0<| / colw — g /21 .

Hence, dg(I'w, I's) < afdp(w,s)a;.
Case (iii) : If w < 10 and ¢ > 10, then on the similar lines of Case (ii), we have

dg(T'w, ['¢) < ajdp(w,s)a;.

Case (iv) : If @,s > 10, then ds(I'w, I's) = dg(1/10,1/10) = 05. For any oy € B
with [|aq]] < 1, we have ajdg(w, <)oy = 0. Hence, dg(I'ww, I's) < afdp(w, s)a;.

Thus, I' is a (- br-contractive map.

Definition 2.4.7. A sequence {w,} in (U, B, dg, R) is said to be a bg-sequence
it w,Rw,, V 3,k ecN.

Definition 2.4.8. Suppose {w,} C U and w € U. Then,

1. (i) a bg-sequence {w,} is convergent w.r.t B, if for any ¢ > 03 50 € N
s.t ||dg(w,,w)|| < eV 3> jg0. We say w is a limit of w, denoted by

) R
lim w, = w.
]*)OO
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(17) a bg-sequence {w,} is br-Cgseq w.r.t B, if for any e > 03 N € N s.t
\|dg(w,,w,)|| < eV y,2>N.

2. (U,B,d,R) is a complete C’y- br-MS if every bg-Cyey, w.r.t B is con-

vergent in O.

Theorem 2.4.9. Consider (U,B,dg, R) be a complete C%y,- bg-MS and " : U —

U be R-continuous, br-contraction and R-preserving. Suppose 3 wy € U s.t

WORC v ¢ € F(U)

Then, T' has a unique fixed point w*. Also, I" is a Picard

operator i.e, lim IV(w) = w* Vw € U.
7—00

Proof. Let @y = I'(wy), we = (1) = (@), ... , @, =(w,m1) = (wg) V) €
N. Let 3 <1 € N. Substituting k =1 — 7 3wy € U s.t woRI¥(wmy). Since, T is

R-preserving, @, = [V(wwy) RV *(wg) = w@,. Hence, {w,} is a br-sequence. Thus,

I' satisfies br-contraction. .-

dy (@11, @,) = dp(l'w,, 'w)—1)

= ajdp(w,, w,1)q

= (O‘DQCZB (wj—h w]—2)a%
=

=< (ay)dp(wy, w1)od

(Of{)]OQOé{J

where oy = dp(wy, @w1), a1 € B and ||ay|| < 1. For any ¢,p € N, we have

dB (wz+p7 wz)

IA

A

PN

IA

A(dB (@t Dorp1) + da(@itp1, @)

Adp(@o4p, @rp-1) + Adp(@itp-1, @)

Adg(@y4p, @igp-1) + A’ (dB(pr_l, Dypp-2) + dp(@iip-2, wz))
Adg(@r4p, Disp-1) + Ndp(@igp—1, Digp—2) + A2dp(wryp_2, @,)
Adg(@r4p, Tosp-1) + Ndp(@igp-1, Drgp2) + -
+AP g (@40, @og1) + AP (g, @)

A(a}) P Lana ™ 4 A2(a}) P 2P 4

+Apfl(aiﬁ)z+1a2avi+l + Ap*l(oq)lo@aﬁ

p—1
Z Ak(aﬂ{)z-l—p—ka?azl-&-p—k + Ap_l(a’{)zozgoz’l
k=1

S (e At ) (Vs o
k=1
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+((@iyA"s vaz) (vaud T o)

p—1

= (e hatym) (vanriai )

k=1

+((an)' AT ) (VoA T af)

-1 _ 2
= Z,/—Azo/ﬂ”“ +‘\/_a2A”zlag

= Z IVaaA% a2 15 + || VagA 7 ol |2 T
k=1

2p_1 2 k k 2 1 2

< VA S a2 AL + @l ol e
k=1
JANCIA e -2 — 1 -
— Jagllflaa 2 I + llas AP ot | s
TAIL= [l 1

AllP]la 2(2+1)

< g Il AP e [P 2 = 8 (2 — o).

ALl = [len

Thus, we have {w, = I'w,_1 },en is a br-Clseq in U. Since, U is a complete C% - br-
MS. ... 3w* € Us.t ]llglo w, = w". Since, I' is R-continuous. Thus, I'(w,) B T
Hence, 'w* = F(]liglo w,) = }H& I'w, = }H& w,+1 = w". Thus, w" is a fixed point
of T.

Uniqueness: Let ¢x be another fixed point of I'. Then, 4wy € U s.t wyRI¢* =
¢*. Hence, w, = IV(wp)Rs* V ) € N, we have

dg(w”,¢*) = dg(IVw™, T¢") = A(dB(FJw*,Fon)—l—d]B(Fon,FJg*))
< A((a})da(s", o)l + (0} da (0,5 )ad).

Taking limit as y — oo, we have
dm(w*,§*) = 93.

Hence, w* = ¢*.
Finally, let @ be an arbitrary element of 0. Then, 4 wy € U s.t wyRI'w. Thus,
[V(wg)RI" M w V) € N. -,

dg(w”, IV(w)) = dp(I”(@"), [V (w))

< A(dg(I7 ("), T 5m) + da(I9 0, TP (D)) )
= A(dB(F]_l(w ), IV @) + dy(I7 o, Fj_l(rw)))
< A((e})de(=", @o)od " + (a}) " dp(wo, Pw)ad )

O as ) — o0.
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Hence, lim IV(w) = w™. O
7—00

Theorem 2.4.10. Consider (UO,B,dg, R) be a complete C%, - bp-MS and T : U —

U be R-continuous, R-preserving and satisfying:

dIBS(Fwa F§) j aldﬁ(w7 C) + QQdE(F§7 §) + a3dB (ga Fw)
+aydg(w, Ts) + asdp(T'w, w) V w, s € U, (2.4.1)

where aq, o, g, g, o5 € B’ and oq + ay + as 4+ oy +as < Ig. Suppose 3wy € U
s.t woRs V¢ € I'(U). Then, I' has a unique fixed point w*.

Proof. Let @, = I'(wy), wa = [(w1) = IP(wo) -+ @, = [(w,-1) = [V(wo),
Vy € N. Let 2,7 € N and 7 < 1. Substituting k =1 — 7 3 @y € U s.t woRI* ().
Since, T' is R-preserving. Thus, @, = (o) RV (@) = w@,. Hence, {w,} is a

br-sequence. Using (2.4.1), we have

dg(wy11,@,) = dp(l'w), T'w))

PN

ardp(w,, @,—1) + aedg(l'ww,—1,@,-1)

+a3dB(w], ijfl) + O!4dB(Fw], w],l) + a5dB(Fw], w])

aldB(w], wj,l) + Oézd[g(wj, w],l)

+063d153(w3, ”(ﬂj> + Oé4d]3<w]+1, wj_l) + a5dB(w]+1, wj)

A

a1dg(w,, w,—1) + aodp(w,, w,—1) +
)

(
udp ()11, @;) + audp(w@,, @)-1) + asdp(@)41, @)

Thus,
(Is — (o + 5))dp(w,41, @,) = (a1 + s + u)d(w,, @,—1),
or
ds (w41, @) = (a1 + az + aa) (I — (a5 + o))~ ds (w0, @)-1).
In general, we have
dp(@,41,@,) = as’dp(w,1,@,-2) < -+ = ag"dp(w1, @o) = ag’w,
where ag = (a1 + az + ay)(Ip — (g + a5))~* with |lag|| < 1 and w = d(w@y, @0).

On the similar lines of Theorem (2.4.9), {w, = I'w,_1 },en is a bg-Cseq in U. Since,

*

O is a complete C% - bg-MS - Fw* € U s.t Jlgglo w, =w".
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Since, I' is R-continuous. Thus, I'(w,) &, I'w*. Hence, I'w* = F(jlgrgow]) =

lim I'w, = lim w,;; = @". Thus, I'v* = @*.
J—00 J—00

Uniqueness : Let I'¢* = ¢x*. In fact IV¢* = ¢*. Then, 3wy € U s.t woRI¢* = ¢*.
Hence, w, = I'’(wo)RIV¢* = ¢* V y € N. Using (2.4.1), we have

du(@),6") = dp([V0, 1967) = and(T7 om0, TV7'6%) + cndly (167, TV7'¢")
+asdg(T77 6%, T omg) + audp (T oz, TV6%)
+asdg(lMVwg, [V )
= aidp(w,, ") + aadp(s™, ") + asdp(s”, @, 1)

+oydg(w,, ") + asdp(w,11, @,)

(Iy — (1 + au))dp(w,, ™) = asdp(s™, @,41) + asdp(w, 41, @,)
dg(w,, ") 2 a3(ls — (a + )" de(s", @,41)

+as(ls — (a1 + a4)) " ds(w)41, @)
< az(lp — (o + ay)) ds(s*, ,41)

+(]15(]]B — (a1 + 014))_1}1]_100. (242)

Taking limit as ) — oo in (2.4.2), we have
dg(w*,¢*) = as(Ip — (a1 + ay)) tdg(w®, ¢%).
Taking norm on both side, we have
11— as(l = (a1 + aa)) "l de(w", <"l < 0,
implies ||dg(w*, ¢*)|| = 0. Hence, w* = ¢*. O

Remark 2.4.11. For different values of /}s, in (2.4.1), we can extend the following
version of well known results of literature for self mappings in C%- bg-MS.

(1) Kannan type (Kannan (1968)) There exists aq € B'" and [a;|| < 2 s.tV w,¢ €
O satistying

dp(T'w, ['¢) <y (dB(Fw, w) + dp(ls, g))

(ii) Chatterjea type (Chatterjea (1972)) There exists aq € B'* and oy Al < 1 s.t
YV w,¢ € U satisfying

dy (P, ) = ay (dg(Tw, <) + ds(T's, @)).

(4ii) Reich type (Reich (1971)) There exist a, s, a3 € B’ and |loy|| + |loe|| +
las|| < 1s.tVw,s e U satistying

dIBS(Fwa F§) j O‘ldIB<w7 §) + a2dB(Fw7 w) + a3dB(Fg7 §).
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(iv) Ciric type (Ciric (1971)) There exist oy, ag, o, g € B’ and |Jon || + ||ova|| +
las|| + 2[jau|| < 1 s.t Vw,s € U satisfying

d]B(Fw, F§) j qu]]g(w, §)+a2dB(Fw, ’W)—FOQ,CZB(FC, §)+CY4 (dB (w, F§)+d13(§, Fw)) .

Example 2.4.12. Consider U = [0, 1) with usual metric and let B = (—o00, +00)
together with ||ay|| =]|a1|. Define relation R on U as wRs iff (w —¢) € {w} and
let I' : U — U be defined as

oo fo iwelo1
1/13, otherwise.

Then, (U,B,dp) is a complete C%,- br-MS.
For wR¢, then either ¢ = 0 or both are zero.
Consider, ¢ = 0.

Case (i) : If w € [0,1/2], then

dg(T'w, I's) = dg(0,0) = O, dp(w,s) = dp(w,0) = w. (2.4.3)
Then, for any oy € Bt with ||ay|| < 1 and from (2.4.3), we have

dp(T'w, T'¢) < ajdp(w, ).
Case (ii) : If w € (1/2,1), then

dg(T'w,I's) = dg(1/13,0) = 1/13, dp(w,s) = dp(w,0) = w. (2.4.4)
Then, for a; € BT with ||| < 1 5.t @y = 1/4/3 and from (2.4.4), we have

dg(T'w, ['¢) < ajdp(w,s)a;.

Thus, I' is a C'},- bg-contractive mapping and satisfy all the hypotheses of The-

)

orem (2.4.9). . T possess a unique fixed point which in this case is w = ‘0.

Example 2.4.13. Let U = [0,1) and B = M;5(R) with involution on B define

of = af Yoy € B, where af denotes the transpose of ay. For a; = [ay,], let
|laq]] = max ‘0@1.. . Define
1<i j<al "

dB(wv C) = diag(cl‘w - g‘p ) 62’w - g’p),

where diag denotes the diagonal matrix, w,¢ € U, ¢; > 0V (i = 1, 2) are constants
and p > 1. R is defined on U s.t wRs < (w —¢) € {w}. Hence, (U,B,dp, R) is a
complete C% - bgr-MS. For proving triangle inequality, i.e, dg(w,<) = A(dp(w, 1)+
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dg(,<)) ¥V w,s,u € U use A =3I € B.
Define a self mapping I' : U — U as

0, if w € [0,1/2]
['w =
3/25, ifw € (1/2,1).

For @w’R¢ then, we have either ¢ = 0 or both are zero.

Consider, ¢ = 0.

Case (i) : If w € [0,1/2] then dp(I'w, I's) = dp(0,0) = 6. For any a; € BT with
|| < 1/2, we have a;(dg(T'w, w) + dg(T's,s)) = ayw = Op.

Hence, dp(T'w, I's) < oy (dB(Fw, w) + dB(Fg,g)).

Case (ii) : If w € (1/2,1) then

Jef3/2slr o
dp(T'ew, T'c) = l 0 c2|3/25|p]
|13 0
and for ay = [ 0 1/\/gl,we have
_|a|w —3/25P /V3 0
O”(dE(w’Fw) +dB<g’Fg>> - [ 0 colw — 3/251P JV3|

Hence, dg(T'w, ') < ozl(dB(w,Fw) + dB(g,Fg)). Also, I' satisfy R-preserving

and R-continuous. Hence, by Kannan type contraction, I' possess a unique fixed

Y

point which in this case is @w = ‘0.

Example 2.4.14. Consider U = [0, 1) with usual metric and let B = (—o00, +00)
together with ||ay|| = || and involution given by af = «;. Define relation R on
U as wRs iff wg € {0} and let ' : U — U be defined as

0, if w € [0,1/2]
~12/33, otherwise.

Then, U is a complete Cy- br-MS since every br-Cle, in O is convergent.
For wR¢ then, either o = 0 or ¢ = 0 or both are zero.

Consider ¢ = 0.

Case (i) : If w € [0,1/2], then

dg(I'w,I'¢) = bp, dg(w,['s) = w and dp(s, ['w) = bp. (2.4.5)
Then, for any ay € B with [[oy|| < 1/2 and from (2.4.5), we have
dy(Tw, ) = ay (dg(w, <) + ds(s, ['w)).
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Case (ii) : If w € (1/2,1), then

dg(T'w, I's) = 2/33, dg(w,I's) = w and dg(s, 'w) = 2/33. (2.4.6)
Then, for a; € BT with ||as]| < 1/2 s.t a3 = 1/4/3 and from (2.4.6), we have

dy (P, ) = ay (dg(w, T's) + ds(s, I'w)).

Also, T" satisfy R-preserving and R-continuous. Hence, by Chatterjea type con-

)

traction, I' possess a unique fixed point which in this case is w = ‘0.

2.5 Application

In this section, the existence and uniqueness of a solution for the operator equation

using Theorem (2.4.9) are established.

Theorem 2.5.1. Suppose that H is a Hilbert space, L(H) is the set of linear
bounded operators on H. Let §1,8s,...,&,, ... € L(H) which satisfy 3272, [|&|| < 1.

Then, the operator equation
w =) &g
=1
has a unique solution in L(H).

Proof. Let oy = (Z;; ||§J||>p with p > 1, then ||ay|| < 1. Without loss of gener-
ality, one can suppose that a; > 6. Choose a positive operator I' € L(H). For
w,s € L(H) and p > 1, set dg(w,s) = ||w — ¢|PT. R is defined on L(H) s.t
wRs < (w—¢) € {w,s}. To prove it is a complete C%- br-MS, use £ = 2P in
the triangle inequality.

Consider, I'y : L(H) — L(H) defined as

Fl(w> = Z g;w£j
1=1

Step (I) : I'; is R-preserving.
Proof : Let wRs. Consider,

oo

Ti(w) —Ti(s) = D &wé— > &<,
1=1 =1

= ij*(w — )&,
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Thus, if wR¢ then ' ()R (s).
Step (II) : I'; is bg-contractive mapping.
Proof : Let wRs. Consider,

0 (T1(@).T1(6)) = [ITs(@) — Tu(o)|PT

= |Sg@-og|T
=1

< Yl lw —lPT
71=1
= ofds(w,¢)

= (aulp)"dp(w,<)(a1lp).

Hence, I'y is a bgr-contractive mapping.
Step (III) : I'; is R-continuous.
Proof : Let {¢,} be a bg-sequence converging to £ € L(H). Then, &RE ie,

(=8 el vyeN
Using step (II), we have

IT1(6,) = TLOIPT < D lI& 1116, — €IIPT
J=1
Thus,

HF1<€]) - Fl(g)H S a12dB(£]a€> j dIB%(fjaf)-

I’y satisfies all the hypothesis of the Theorem (2.4.9). Thus, I'; has a unique fixed
point in L(H). O

2.6 Conclusion

In this chapter, we have introduced a novel approach to prove the fixed point
results for certain types of contraction mapping on C%,-MS, C'}-PMS, and C7, -
br-MS that extends, unifies and generalizes the results on fixed points in the
literature. However, under certain conditions the results proved in this chapter

are reduced to some well known results of the literature.

(7) If in Theorem (2.2.1) we consider A = R, F*(r,t) = r,¥(t) = ¢(t) = t then

we obtain Banach (1922) Contraction principle.
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(¢7) If in Theorem (2.2.1) we consider F™*(r,t) = r,9(t) = ¢(t) = a*ta where
||| < 1 then we obtain Theorem (2.1) of Ma et al. (2014).

(#4i) If in Theorem (2.2.3) we consider A = R, F*(r,t) = r,¢(t) = ¢(t) =t then
we obtain F-contraction introduced by Wardowski (2012).

(tv) If in Theorem (2.4.9) we consider binary relation R as a universal relation
(that is, relation R on X such that pRo for all p,o € X) then we obtain
Theorem (2.1) of Ma & Jiang (2015).

(v) If in Theorem (2.4.9) we consider A =R, ||a|| =|a| and a* = a with A =1
then we obtain the analogue of Theorem (3.1) of Khalehoghli et al. (2020).

kokokokokokok
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Chapter 3

Some Results On Coincidence
Point

3.1 Introduction

The present chapter of the thesis deals with the results on the existence of the
coincidence points for two pairs of self mappings in C%;-MS. The content of
this chapter is divided into two sections. In the first section, the existence of
coincidence points using C,-class function for two pairs of compatible or weakly
compatible mappings in C%,-MS are presented. To support the results some
illustrative examples are also discussed. In the second section, the existence of
coincidence points using rational type contraction for two pairs of compatible
or weakly compatible mappings in C,-MS are established. The results of this

chapter are presented in ®*6.

3.2 Coincidence Point of Self Mappings using
(C',~-Class Function

The concept of coincidence point originated from the evolution of fixed point
theory to address the problems involving numerous mappings. Many researchers

investigated the existence of coincidence points using various contractions in ab-

®Dhariwal, R. and Kumar, D. (2022). On A New Approach to Establish the Existence of
Coincidence Point in C* -algebra valued metric space. (Communicated).

®Dhariwal, R. and Kumar, D. (2023). Existence of coincidence point in C*-algebra valued
metric space. (Communicated).
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stract spaces (see, Singh & Prasad (2008), Abbas & Jungck (2008), Shatanawi
et al. (2011), Esmaily et al. (2012), Roldan et al. (2014), Parvaneh et al. (2015)
Lépez-de Hierro et al. (2015), Mustafa et al. (2016), Namana et al. (2022), Kalyani
et al. (2022) and references cited therein). In this section, some results on the ex-

istence of coincidence points are presented in C%;-MS.

Definition 3.2.1. (U, B, dg, <t) is said to be a partially ordered C%-MS iff dp

is a (' -metric on a partially ordered set (U, <y).

Theorem 3.2.2. Consider a ordered complete Cy,-MS (U, B, dg, <) and I'y, Ty,
I3, Ty : © — O satisfying:
(1) I'1(0) C I'3(0) and T'x(V) C I'y(U);

(ii) for yp, ¢p € Vg and F* € C, s.tV w, v € U,

VB (dlB(Fl?D, Fzﬁ)) = I <¢B (N(w, 19))7 o8 (N(YE 19))>> (3.2.1)
where
N(w, ) € {dB(F4w,F319),dB(F4w,Flw),dB(Fgﬁ,Fgﬁ),dB(Fgﬁ,Flw)};
(3.2.2)
(23i) the pairs (I'1,Ty) and (I'y,T'3) are compatible and continuous;
(1) the pairs (I'1,T'9) and (U, T'y) satisfies PWI property w.r.t I's and I'y respec-
tively.

Then, 'y, 'y, I's and T'y have a coincidence point in O.

Proof. Let wy € U be an arbitrary point. Since, I'1(U) C I';(0) and I'y)(U) C
[4(0). . 3w,y € U st I'wy = 3wy and INywy = Ty . Continuing this

process, construct a sequence {gj} as
241 = F1@2] = F3%2g+1 and 2942 = F2?ﬂ2]+1 = F4w2]+2.
Since, wy € Fgl(rle), Wy € Fil(Fgwl) and (FQ,Fl) & (Fl,rg) are PWI w.r.t

I'; and T'y respectively.

S Dsm =Thwoy 2 Dewy = Tywo = 6 =6
Iy =Tywe =g Doy =T'sws = ¢ =i ¢35

ooy =Ty S Tews = Tywy = 63 =5 .
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On generalizing, 2,41 =< S2542 V 7 > 0.

To prove the result below mentioned steps will be followed:
Step I. Firstly, to show klg& dp (Sk, Spr1) = Op.

Suppose dp(Sk,, Skor1) = O for some kg. Then, ¢, = Gror1-

In case, ky = 2 for some j, 3, = So,41 implies Go11 = Gop10. If o541 # Goy42, then

VB (d]B(CQJH, §2]+2)) = Yp (dB(FﬂDQ], F2w23+1))

< F <¢B (R(ws), @2y41) ), 03 (R (e, w23+1))> ,(3.2.3)
where

N(cg), wayp1) € {dB(D@zn [3w09,11), dp(Lawoa,, [1wy,), de (L340, Tawayt),
dB(F3w2]+17 Fﬂﬂzj)}

€ {dB (@2], §2J+1), dJB(Czj, §2J+1), dp (§23+1, §2g+2) ,dp (§2]+1 ) §2J+1) }

m

{9137 O, d]E(§2]+1;§23+2)7 915%}

m

{9]3, d(S2)415 S2742) }

In case, N(wy,, wa,41) = dp(S2y+1, S2y+2). Then, from (3.2.3), we have

¢B(dﬁ(§2g+1,§2g+2)) = F <¢B(dﬂ$<§2j+1>§2]+2))7¢]B(dIB(§2j+17§2]+2>)>

=< s (da(e, 202)))-

F*(¢B(dﬁ(§2g+1,§2g+2))7¢B(d3(§2g+17§2g+2))> = ¢]E(d13(§2g+1,§2]+2)), implies
either wﬁ(dB(GQJH,QJH)) =0 or ¢B(dm(§2g+1,§zj+2)> = 0. Thus, dg(s2)+1,
Soy42) = Op i€, So01 = Sopo. Similarly, if N(wy,, wo,11) = Op, then dp(so)t1, S212)
= Op i.e, Goy41 = S2p42-

Hence,

S25 = F4732] = C2y+1 = F:swzgjq = F17323 = C2y+2 = F2@2]+1 = Ij4w2j+2

implies F4W2] = F1WQ] and Fg’@gﬁ_l == F2w2j+1.
Similarly, if kg = 27 4+ 1, then ¢,411 = Goy0 implies Goyp0 = Gopp3 1€, Gopp1 =

39,01 = Sop2 = Doy = Tywyye = Guys = [iwoyo = '3ways implies

43



F4w23+2 = F1w2_]+2 and F3W2J+1 = F2w2]+1'
Consequently, the sequence {¢;} becomes constant for k > ko and ¢, is a coinci-
dence point for (I'y,I'y) and (I'y, ['s).

Now, suppose
d]ag((k;, §k+1) =0 VEkeN. (3.2.4)
We claim that for each £k =1,2...

dp (Ska15 Skr2) = dm(Sks Shr1)- (3.2.5)

On the contrary, suppose for k = 27,
dB(Qﬁ_l, §2]+2) - d3(§2], §2]+1) — 0[52) for ] 2 0. (326)

Using (3.2.1), we have

Yg (d]B<§2j+1, §2J+2)) = UB (dﬁ(nw% F2w23+1))

< P (M) (N )| (527)

where
N(w2g, w2]+1) € {dE(F4w2j7 F3w2]+1); dB(F4w2]7 F1?D2]), dJB(F3?D2]+1, F2w2]+1)7
dIB(F3W2]+1, F1w23)}
€ {d[@(@], §2]+1), dB(CQJ, §2]+1), dB(<2J+1, §2j+2)7 dB(§2]+17 §2]+1)}

€ {dB(QJ, §2g+1), dJB(§2g+1, §2]+2), 915%}- (3-2-8)

In case, N(wy,, wa,41) = dg(S2y+1, S2y+2). Then, from (3.2.7), we have

¢B(d13(§23+1,§2g+2)) =< I <¢B(dﬁ(§2]+1,§2g+2)),¢1B(d153(§2g+1,§2]+2)>>

N (dﬂ%(gzﬁlv §23+2))-

Hence, F™ <¢B(d13(§2g+1,§2g+2)>;¢B(dﬁ(§2g+1a§2g+2)>> = ¢B(dB(§2J+1a€2g+2)) im-

plies either IPB(CZB(@JH,%H)) = O or ¢B(dﬁ(§2g+1,§23+2)> = 0. Thus, dg
(S25+1, S2542) = Op, a contradiction to (3.2.6). Hence,

dg(S2)11, S2542) = dB(S2y, S2911)- (3.2.9)

44



On the similar lines, if R(twy,, wo,41) = O or V(ws,, woy11) = dr(S2), S2541), then
dp(S2p41, S2p42) = dr(S2), S2p41)-

Similarly, if k£ = 27 + 1 then dg(<o)42, S2543) = dr(Sop1, S2542)-

Hence, the sequence {dB(gQJ, g23+1)} is monotonically decreasing and bounded in
Bt. - .30 < pe Bt st

dg(Sk, k1) — 0 as j — oo.
Now, using (3.2.1), we have

(0 (dlB(gk—irla <k+2)> = p (dB(Flwk, F2wkz+1))

< (% (R(@k, @r11) ), 8 (R(e, wk+1>)>a

where

N(g, wrt1) € {dm(%§k+1),dB(Ck,%H),d]B(Ck+1;<k+2)79Ea}
X

dg(Sks Sk+1) s B (Sk+1, Sk+2) OB }

In case, N(w, wis1) = da (G, 1), then

{05 (dB(§k+1 ) §k+2)) = Y (dIBs (Flwk, szk+1))

= I (1/113 (dﬁ(%, §k+1)>, ¢ (dB(§k, §k+1)>> : (3.2.10)

Taking limit as k — oo in (3.2.10), we have
Ua(e) < F* (va(e). 6a(0)) = vnlo).

Thus, F*(¢s(e), ¢u(0)) = vu(e), implies cither () = 6 or ¢r(o) = O.
Hence, o = 0p.

. dB(Sk, Sk+1) — Op as ) — oo, (3.2.11)

Similarly, if N(wwg, wri1) = dp(Ska1, Skr2) or N(wy, wiy1) = O, then o = bp.
Step II. Now, to show {¢,} is a Cyq in (U, B, dg, <t5). Assume {g,} is not a Cle,.
Then, 3 € > 0 and subsequences {, } and {g,, } with 5, >3 >k s.t

B (> )l = €. (3.2.12)
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Now, 7 can be chosen as the smallest integer corresponding to u; with 7, > 1, and
B (Su> p—1) || <€ (3.2.13)

Using (3.2.12) and (3.2.13), we have

e < ||dE(glk7§]k)|| < HdE(ng?gjk—l)“ + “dﬁ(gjk—l?gjk)n
< €+||dB(g]k_17g]k)||' (3.2.14)

From (3.2.11), we have
T [ldas, -1, )] = 0. (3215
Using (3.2.14) & (3.2.15), we have

€ < Jim [[da(si,, )| < €40,

or
]}erolo HdB(glngk)H =€ (3216>
Again,
Hdﬁ(gjkv%)n < ||dE(§]k7§]k—1>|| + ||dJB(§Jk—17§Zk)||
< ||dB(§]k7§]k_1)|| + ||d]B(gjk—17glk—1)||
+ldp (-1, ) |- (3.2.17)
Also,
lde (-1, Su—DIl = B (=15 )| + 1 dB (S0 =) |
< ||dB(gjk_1’gjk>|| + ||dJB%(§Jk=§zk)||

+ldp (S Sue—1) - (3.2.18)

Taking limit as & — oo in (3.2.17) & (3.2.18) and using (3.2.15) & (3.2.16), we

have
i [ 1,00)] = <
Since, dp(Sy—1,S-1), dB(S), S, ) € BT and
kh_{go HdB(gjk*b glkfl)H = k;h—>Holo ||d]E<gjk7 §zk)|| =€
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Thus, 3 s € BT with ||s|| =€ s.t

kh—>Holo dB(ngfla glk*1> - kh—>IEO dB(gjw glk) =S.

Now, by (3.2.1), we have

vp(s) = lim ¢B<dB(§jk,§zk))
= ]}Lr&wlﬂi(dB(Flw]kfl?F2wzk71))

< kli_)lg@F*<¢B(N(wjk_1,wzk_l)),qu(N(w]k_l,wlk_l))), (3.2.19)
where
N(ww,, 1, -1) € ]}Lrilo{d]g(ﬂlek_l,Fgwlk_l),dB(F4ka_1,F1wjk_1),
dIEB(FSWzk—lyF2wzk—1);dB(F3wzk—l,Flwgk—1>}
€ ]}LIEO{CZ]B(%—M§zk—1),d]B(§]k—1,§]k—2),

dIB (gzk—la gzk—Q)a dB (g’bk—:l? gjk—Q)}

€ {S, 9[53, 9[5;, 8}
S {S, QB}

If X(ww,, 1, w@,,—1) = §, then from (3.2.19), we have

vs(s) < Tim F*(vs(s), ¢s(s)) = va(s).

T k—oo

Thus, F*(wB(s),¢B(s)) = p(s) implies either ¢p(s) = Op or ¢g(s) = O and
so s = O, a contradiction. Similarly, if N(w,,_1,w,,_1) = 0p, then Yp(s) =
6 implies s = O, a contradiction. Hence, {¢,} is a Cy, in (U, B, dg).

Step III. Now, to prove I'y, I'y, I's and I'y have a coincidence point. Since, {c,}
is a Ceq in a complete C%,-MS -, 3¢ € U s.t

Jim s (cp1, )| = lim [[de(Dswa,, )| = lim [[dz (T, <)l = 0
and
lim s (s2,, )| = lim [|dp(Taws,, )| = lim [|de(Tawz,-1,6)[| = 0.

Hence, 'y, — ¢ and I'ywy, — ¢ as J — oo and the pair (I';,I'y) is compatible,

" Jlggo |d (T4l 2, I'1Tazo,) || = 0.
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Moreover, from jlggo ldp(L12o9,,6)|| =0 = jllglo ||dg(I's7o9,, <)|| and continuity of I'y

and 'y, we have
jlgglo [dp(Lal'y @2y, Tuq)|| = 0 = jlgglo [dg(I'1Tso2), T'is)|-

Consider,

[ds(Tas, TiS)|| < |dp(Las, Tal'vzog)) || + [|dp(Tal' 19, ['16)||
< ||dg(Tas, Talyoog,) || + ||dp (T4 1009, 1T ywo9,) ||
s (T4 T4, Ty )| (3.2.20)

Taking limit as 7 — oo in (3.2.20), we have
[ds(Las, Ti<)[| < 0.

Hence, I'i¢ = I'yq. Similarly, I'y¢ = I'sq.
Now, using (3.2.1), we have

Vs (ds(T's, Tos)) < F <¢B(N(<,<)),¢B(N(<,q))), (3.2.21)

where
N<§7 §) € dB(F4§7 F3§)7 dB(F4§7 Flg)v dB(F3§7 F2§>, dﬁ(r3§7 F1§>}

dIB%(F1§, F2§)7 dIB%(F1§7 F1§)7 dIB(F2§; F2§), dIB(F2§, F1§)}

m

dB(F1§, F2§)7 91537 918%, dJB(F1§, F2§)}

m

m

937 dIB(F1§7 FQG)}

If X(¢,¢) = dp(l'1s,'ys). Then, from (3.2.21), we have

{05 (dB(F1C, F2§)) < I <¢]B (dJB(F1§, FQC)), cbﬂaa (d]B(F1§, F2§)))

= ¢B(dB(F1C,F2§))-

Thus, F* (wB (dB(Flg,FQg)), o (dB(Flg, Fzg))> = g (dB(Flg,Fgg)) implies either

¢B(dB(F2§>F1§)) =0p or ¢]B(dIB(F2§aF1§)) = Op. Hence, dg(I'1,I's¢) = Op
ie, I'i¢ = T'ac. Similarly, if R(¢,¢) = 6, then I''¢ = I's¢. On combining,
¢ =T =Ty =T0. O
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Consider ¥p(0) = ¢g(0) = 0 and F*(w, p) = Aw, A < 1, we have
Corollary 3.2.3. Consider a ordered complete C%,-MS (UO,B,dg, <) and I'y,
Iy, I's, I'y : U — U satisfying:

(¢) [1(0) € I'3(0) and T'y(U) € I'y(0);
(17) YV w,9 € U 3 N(w, ) s.t
dp(Tyw, T9) < AR(w, 9),

where W(w, V) is defined in inequality (3.2.2);

(17i) the pairs (I'1,T4) and (I'y,T'3) are compatible and continuous;

(1) the pairs (I'1,T'9) and (s, T'y) satisfies PWI property w.r.t U's and I'y respec-
tively.

Then, 'y, 'y, I's and I'y have a coincidence point in O.

Theorem 3.2.4. Consider a ordered complete Cy,-MS (U, B, dg, <) and I'y, Ty,
I3, T'y: © — O satisfying:

(1) T1(0) € T3(0) and I'y(0) € I'y(U);
(13) for ¢p, ¢op € Vg and F* € C, s.tVw,d € U
Vs (dp (T, Tod)) < F* (z/;B (R(, 1)), 6= (N(w,ﬁ))), (3.2.22)
where X is defined in inequality (3.2.2);
(23i) the pairs (I'1,Ty) and (I'y,T'3) are weakly compatible;

(1) the pairs (I'1,T'9) and (I'y, ') satisfying PWI property w.r.t I's and T'y re-

spectively.
Then, I'y, 'y, I's and I'y have a coincidence point in O.

Proof. On the similar lines of Theorem (3.2.2), {q,} is a Csq. So, 3¢ € U st
]lgglo dg(s;, <) = Op. Since, I'3(0) is complete and {c,+1} C ['3(0). .- for ¢ € I'3(0),
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JpueUstg="T3u.
Also,

jllglo dm(§2]+17 F3M) = }gglo d]B(F3w2]+1, Fgu) = Op.
Similarly, 3 v € U s.t ¢ = 'su = ['4v and
Jll)l’& dIB%(§2j7 F4I/) = ]llglo dB(F4YD2J, F4I/) = 915;.

Now, to show v is a coincidence point of (I';,I'y). Since, ['swg,11 — ¢ = I'yv as

) — 00, we have

dg(I'1v,¢) = dg(I'1v, Lowoyir) + dp(Fawaia, <), (3.2.23)
or

dg(I'1v, <) — dp(Tawoyt1,<) = dp(Fyv, Dawg,pa).

Since, 1 is non-decreasing sequence. .. from (3.2.22), we have

¢B(dB(F1V,<) - dIB%(§>F2w2J+1))j¢3<dB(F1V7F2w2]+1))

j F* <w153 (N(Va w2j+1))7 ¢IB (N(Va w2j+1))> ) (3224)
where
N(V, w23+1) € {d]B(F4V, F3w23+1), dIB<F4V7 FlV)7 dIB(F3w2]+17 szzgﬂ),

dB(F3WQj+1,F1V)}. (3225)

Taking limit as ) — oo in (3.2.25), we have

N(l/, WQ]_H) € {9[5;, d]B;(§, Fll/)}.
If (v, w9y11) = dp(s,I'1v). Then, from (3.2.24), we have

v (ds(Dyv,<)) < F* (w(dﬁ(nu,c)),%(@(Flu,c))) = s (ds(Tv,5)).

Thus, F* (wB(dB(Flu, 6)), ¢n(dp(l'yv, g))) = g (d]B(Flu, g)) implies either
Yp(dp(T'1v,¢)) = O or ¢p(de(I'1v,<)) = 0. Hence, dg(I'v,¢) = 0p ie, 1w =¢ =
T'yv.

Similarly, if R(v,wsq,41) = 6p, then I''v = ¢ = I'yv. Since, (I',I'y) is weakly
compatible, . I'\¢ = I''I'ywwv = I'y v = I'yq. Thus, ¢ is a coincidence point of
(T'1,Ty).

Rest proof follows on the similar lines as in Theorem (3.2.2). O
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Example 3.2.5. Let F*(w,s) = w, U = [0,00), B=Cand dg : 6 x U — B
be define on U as dg(w,d) =|w — 9| V w,d € U. Define an ordering on U as
follow w < ¥ < @w > ¥V w,¥ € U. Then, (U, B, ds, <) is an ordered complete
Chv-MS.

Define I'y, I'y, I'3, I'y : U — U as

o= 1n<1 + ;) [y = e — 1. (3.2.26)
w 25w
[yw = 111(1 + 10), [y =e® — 1. (3.2.27)

Now, to prove (I';,T's) satisfies PWI property w.r.t I's. Let w,d € U st 0 €
FglFlw i.e, F319 = Flw.
From (3.3.6), we have

In(l+In(l1+Z&
ln<1+w>:eloﬁ—1:>19: ( ( 25)).

25 10
Hence,
- m(1+ (In(1 + £))) 9
Now=In(1+2]>m(1 {1+ 2] =Ty
1 n( +25> = n( - 100 ) n( +10) 2

o Ty X T9d. Hence, (I'y, I'y) satisfies PWI property w.r.t I's.

Now, to prove (I'5,T'1) satisfies PWI property w.r.t I'y. Let w,9 € U be s.t
Ve T ' Tyw, ie, [0 =Tyw.

From (3.3.7), we have

In(1+In(1+ =&
62579—1:1n<1+§)>:>19= ( ( 10)).

25
Hence,
ln<1 + (In(1 + E))) 9
w 10
Iy ln(l + 10) > 1n<1 + o5 > 1n<1 + 25) I

. Toww =X T'10. Hence, (I'y,T') satisfies PWI property w.r.t T'y.
Furthermore, I'y (U) = I'y(0) = I'4(0) = I'3(0) = [0,00) and (I';,I'y) and (I, I's)
are compatible.

Let {w,} be a sequence in U s.t jlgglo dg(0,T1w,) = ]lglolo dg(0,T'yw,) = Op, for some

o€ U. .
w
In(1+ =) —
n<+25> 0

: 1 25w, 1 __ —
lim —Jlg&e 1 -1 g‘ Op.
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and

) ] In(1+ o)
_ o __ — _ _
jh_glo‘wj 25(e? —1)| = ]h_>rgo‘wj o ‘ = Op.
We have
In(1+ o)
25(e? — 1) = ——2
(= 1) 25

which is possible if p = 5.
Since, I'y and I'y are continuous. ..

lim dB(F1F4w], I’4F1w]) = lim ’F1F4w] — F4F1w]’ = 0]}3.
J—00 J—00

Define ¢, ¢p : BT — B as ¢p(w) = w and ¢p(w) = w V w € BT.

Consider,
w ¥
ln(l + 25) — 1n<1 + 10)‘

< ‘(6251?—1)—(61019—1)’

= d[g(FﬂD, F319)

= ¢p (dB(Fﬂﬂ, Fsﬁ))

= (¢ (ds(lyw, Ts0) ), ¢ (dz(Pawm, Ts0)) ).

’I/JB(dB(Flw,Fgl?)) = \Flw — F219| =

For X(w, ) = dg(T'yw, T'30), 'y, Ty, I's and T'y satisfies all the hypothesis of the
Theorem (3.2.2). Thus, I'1, I'y, I's and T'y have a coincidence point. Indeed, ‘0’ is
a coincidence point of I'y, I'y, I's and T'y.

Example 3.2.6. Let F*(w,q) = w, U = [0,00), B=Cand dg : U x U — B
|| +19], if w#9I

as dg(w, V) = VYV w,¥ € U. Define an ordering on U as
0, otherwise.
follow w < ¥ < w > ¥V w,d € U. Then, (U, B, dp, <) is an ordered complete
C4-MS.
Define I'1, I'y, I's, I'y : U — U as
o= % Ty = 2. (3.2.28)
Tyw = %, Ty = 4. (3.2.29)

Now, to prove (I'y,I'y) satisfies PWI property w.r.t I's. Let w,d € U st J €
3w, ie, Ty = Tw.
From (3.2.28), we have

w @

W N N
5 —vV=7
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>Z _ Z — T'y0.

. Tiw 2 Ted. Hence, (T'y,T'9) satisfies PWI property w.r.t I's.

Now, to prove (I';,T';) satisfies PWI property w.r.t I'y. Let w,d € U be s.t
Ve ' Tyw, ie, [0 =Tyw.

From (3.2.29), we have

w w
4= —=9=—
17" 16
Hence,
w w )
hvo=—>—=—=0'¢
A

o Tow < T'19. Hence, (I'y,I'y) satisfies PWI property w.r.t I'y.

Furthermore, I'1(U) = I'y(U) = I'y(U) = I'3(0) = [0,00) and the pairs (I'1,Ty)
and (T'g,T'3) are compatible.

Let {w,} be a sequence in U s.t }H& dg(0,I'1w,) = }H& dg(0,T'yw,) = Op, for some
o€ 0.

P 5 _
. lim —|—g‘ _Jlgélolile%—Q‘—HB,

30| 2
and
Jim |, ~ (~20)| = Jim e, — (= )| =6
We have
20 = %

which is possible if o = 0.

Since I'y and I'y are continuous.
", lim dB(F1F4w], I’4F1w]) = lim ’F1F4w] + F4F1w]’ = 0[52).
j‘)OO ]4)00
Define 1, ¢p : BT — Bt as ¢p(w) = w and ¢p(w) = w V w € BT.

Consider,

1/1153(6513@1@, F279)) = ‘Flw + F219‘ = ‘z; + Z

=< |4w + 219| = d]B(F4LTJ, Fgﬁ)
= i (dIB%(F4w> F?ﬁ))

= F <¢B (dp (T4, T59) ), 65 (ds (T, rgﬁ))> .

53



For N(w, ) = dg(l'yw, '300), I'1, 'y, '3 and T’y satisfies all the hypothesis of the
Theorem (3.2.4). Thus, I'1, I's, I's and I'y have a coincidence point. Indeed, ‘0’ is

a coincidence point of I'y, I'y, I'3 and T'y.

3.3 Coincidence Point of Self Mappings using
Rational Type Contraction

In this section, the existence of a coincidence point for two pairs of compatible and
weakly compatible mappings for generalized rational type contraction mappings

in Cy-MS are presented.

Theorem 3.3.1. Consider a ordered complete C%,,-MS (U, B, dg, <) and 'y, Ty,
I's, I'y : © — U satisfying:

(i) T1(0) C Ty(0) and To() C To(V);

(i7) for some aq, g, as, oy, a5 € BT with 0 < oy + ag + 2(ag + ay) + a5 = I,

d F§,F§ 1‘|‘d F19>F19
dg(I'is,Te0) = a1< b 112;(F1§31£2;) 3 )>>

Ta dIB%(F1§7 F4§)dB(F2797 F319)
2 dp(T 45, T50)

+a(dg(T'ss, Tus) + di (T, Ts?) ) + s (ds(I'ys, Ts)
+d(Tas, Ta0) ) + asds(Das, Ts?) V6,0 € B; - (3.3.1)

(13i) the pairs (I'1,Ty) and (I'y,T'3) are compatible and continuous;
(iv) the pairs (I'1,Ty) and (T, ') satisfies PWI property w.r.t I's and I'y respec-
tively.

Then, 'y, 'y, I's and I'y have a coincidence point in O.

Proof. Let ¢y € U be an arbitrary point. Since, I'1(U) C I'3(U) and I'y)(U) C
[4(0), 61,6 € U st T'igop = I'sqy and I'ygy = Tysy . On continuing this process,

construct a sequence {w,} as

Woy+1 = F1§2g = F3§2;+1 and Woy+2 = F2§23+1 = F4§2g+2.
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Since, ¢; € I'31(T'150), 52 € Ty (Tasy) and (I, Ty) & (I'y, T'y) satisfies PWI property

w.r.t I's and 'y respectively. .".

I'sqi =Thg 2 et = Tys, = w1 =p wo;
Faci =Tuse = T = I'ssz, = wa =i ws;

e =T33 = Tags = I'yy, = w3 < wa.

On generalizing, @y, 41 < @yq2 V 7 > 0. Define dg, = dg(w,, @,41). If dp,, = O,
i.e, d(wy,, wa,+1) = Op for some 7. Then, I'1¢o, = 369,41 = ['ao,—1 = I'yse;. Thus,
I'y and I'y have coincidence point. Hence, the result.

Now, suppose that dg, > g V 7 € N. Substituting ¢ = wy,1; and ¥ = w5 in
(3.3.1), we have

dB(w2]+1> w2g+2) = dB(F1§2], F2§23+1)
a (d]B(F1C2], [462,) (1 + dp(Ta62y41, F3§23+1))>
14 dp(I'1s2,, T'262541)
an (d]B(F1§2]7 F4§2])d13(r2§2]+1, F3§2]+1)>
d]B(F4§2], F3§2]+1)
+as (dB(FKQ], L46a,) + dp(Tas2)41, F3§2g+1))
+ouy (dB(F1§2]7 [s69,41) + dp (452, F2§2]+1))

+Oé5d]B(F4§2g, F3§23+1)
_ . (dﬁ(mﬁhwzg)(l + dﬂ%(%;w,@m)))
1
1+ dp(wy11, woy42)

‘o (d]B(wng, wa,)dp (2,12, w23+1)>
9
d]B(wZ]v w2]+1)

IA

+as (dma(w2g+1, wy,) + dp (w242, w23+1)>
+ay (dB(w2j+l7 way41) + du(way, w23+2))
+asdp (w2, woyt1)

dp,,,, = oaadg, + asdg,,, + as(ds,, +dp,,. )
+ay(dp,, + dp,,.,) + asdp,,

(a1 + a3 + ay + as)dg,,
(a1 +as + oy + as)
(I — (g + a3 + ay)
= Oéﬁdﬂ32], (3.3.2)

(IIB% — (Ozg + 3 + (Jé4)d1532j+1

IA

dB2g+1 Bo,

(Oél + Q3 + 4 + 045)
(I]B — (042 + Qa3 + CE4)

where ag = with [|ag|| < 1. On the similar lines, dg, =
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Q6dBy, s dp,y,_; = Qdp,,_, -
In general, we have dg, < asdp, , V7 € N.
Thus,

dp(w,, @y1) X agdp(w)—1, @) = agdp(w)_a,@,1) < -+ = ofdp(wo, w1 ).

For any p € N, we have

PN

dg(@s1p, Tytp—1) + dB(@ap-1, Tpp—2) + -+ - + dp(@)11, @)

o dg (w0, 1) + of T dp(wo, @1) + - - + (w0, @)

dIB(wJ-f—pv w])

A

ads (w0, @) (1 + ag + ag + -+ af ')

1—ak
= a%dB(wo,w1)<1 &6).
— e

Taking norm on both side, we have

1—ak
lds(yep @)l < NaolPIBI| 7= || =0 as 5 = oo,

where ||3|| = dg(wo, @1). Hence, {w,} is a Cy, in (U, B, dg, <).
Now, to prove I'y, I's, I'; and T'y have a coincidence point. Since, {w,} is a Cj,

in a complete C%,-MS ", 3w € Us.t

lim [de (@)1, @) = lim [|da(Tacoy0, @)l = lim [lde(Izy, @) || = 0,
and
lim |dg (), @) || = lim [|d(Lasa;, @) = lim |[ds(F262)-1, @) = 0.

Hence, I'yqo; = @w and I'1qy, — w as j — oo and the pair (I',T') is compatible,
}ggo Hd]B<F4F1§2j7 F1F4§23)H = 0.

Moreover, from jlggo ldg(T'152,, )| = 0, ]llglo | dg (T 4s2,, @)|| = 0, we have
Jim [de(I'al162, Paw) || = 0 = lim [|dg(D'ilaszy, Do) .

Consider,
|ds(Lywo, Th)|| < [|de(Taw, Pal'ico)) || + [|dp(Lal' 1625, Thom) |

< ||dp(Tyw, Tal'16o))[| + [ dp(Tal162), T'iTaso,) ||
+||d]]33(F1F4§23, F1W)|| (333)
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Taking limit as 7 — oo in (3.3.3), we have
||dg(Tyw, I'w)|| < 0.

Hence, I'yw = [I'yw. Similarly, 'y = ['sw.
From (3.3.1), we have

INow, T 1 Iy, T
45 (T2, Ty) al(dﬂ 1. D)1+ ds(Laz, 3w>>>

1 + dB(Flw, FQW)

+a dB(Flw, F4w)dB(F2w, Fgw)
’ dp(l'yw, I'3w)

t+as(ds(l @, Tyw) + dg (T2, T'sw))

+ay (dE(Flwa ['sw) + dp(Tyw, F2W)) + asdg(I'yw, I'3w)
o (dp (I, Ty@) + dp (1, To@) ) + asds (I, Tyw)
= (2a4 + a5)dg (T, Tyw).

A

Taking norm on both side, we have
||1 — 20(4 — 045HHdB(I‘1w, FQW)H S 0,

implies ||dg(I"yw, I'yw)|| = 0. Hence, I'yow = I'yew. On combining, we have I'yw =

FQW == Fgw == F4w. ]
Theorem 3.3.2. Consider a ordered complete Cy,-MS (U, B, dg, <) and I'y, Ty,
I's, I'y : G — U satisfying:

(13) for some ay, ag, as, ay, as € [0,1) with Oy < a; + s+ 2(as + ay) + a5 = I,

dg(I's,I20) =< al( (0 1—7—21553(F1§BI(‘2;) : ))>

o dIBE(F1§7 F4§)d]B(F219, F3?9)
2 d]B(F4§, F3?9)

—|—0é3 (dB(F1§, Ug) —I— dE(Fgﬂ, Fgﬁ)) —|— )y (d]B(I‘lg, F319)
s (a5, T29)) + asds(Tas, Ts?) ¥ 0,6 € T; (3.3.4)

(17i) the pairs (I'1,Ty) and (I'y,T'3) are weakly compatible;
(1) the pairs (I',I's) and (I',T1) satisfies PWI property w.r.t I's and I'y.
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Then, I'y, I'y, I's and I'y have a coincidence point in O.

Proof. On the similar lines of Theorem (3.3.1), {w,} is a Cyeq. .. 3w € U st
jlgglo dg(w,, w) = Op.

Since, I';(0) is complete and {wg,4+1} C I's(V) .. w € I'3(V). Hence, 3 p € U s.t
w = '3 and

}iglo dB(wZﬁ-la F3M) = }i{glo dB(F3§2J+1, Fsﬁb) = Op.
Similarly, 3 v € U s.t w =T'spu = ['4v and
}E{}o dg(wa,, ['yv) = }H?o dg (42, T'yv) = 0Op.

Now, to show v is a coincidence point of (I'y,I'y). Since, I'sqo)41 — w = I'yv as

J — 00. Substituting ¢ = v and ¥ = ¢,11 in (3.3.4), we have

dg(C1v, Dy ) (1 + dp(Tasap41, I's62p41))
dg(I'yv, T =
B(I'1v, Dagope1) = al( 1+ dg(I'v, Tacopq1)

N (dB (I, Tyv)dg(Tasoye1, I'ss241) >
2
dB(Fzﬂ/, F3§2J+1)

+a3 (dIB(F1V7 L)+ dB(F2§23+17 F3§2]+1))
+ay (dB(FW, F3§2J+1) + dg(Tyv, F2§2j+1))
+CY5dB(F4V, F3§2j+1>. (335)

Taking limit as ) — oo in (3.3.5), we have

dg(Tyv,w) = Oz1<dB(Fly’w)(1+dB(w’w))>

1 + dB(Fly, YE)
+a2<dB(Fll/,w)dB(w,w)>

dpw, @)

+ag (dB(Fll/, w) + dp(w, w))
+ouy (dB(Fly, w) + dp(w, w))

+Oé5d13<w, w)

PN

(o + az + ay)dg(T1v, @)
(Is — (a1 + a3 + ay))dsg(I'v, @) = Op.

Taking norm on both side, we have
(1 = (1 + as + au))[|l|ds(T'v, @)|| <0,
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implies ||dg(I'yv, w)|| = 0. Hence, I'yv = w = I'yv and (I'y,Ty) are weakly com-

patible, . T''w = I''['ywv = I'4I'1v = I'yw. Thus, w is a coincidence point of
(Fh F4)
Rest proof follow on the similar lines as in Theorem (3.3.1). O

Remark 3.3.3. Xin et al. (2016) In metric spaces if the mappings I'; and I'y are
compatible, then they are weakly compatible but converse is not true. The same

holds for the C*-algebra valued metric spaces.

Example 3.3.4. Let U = [0,00), B=C and dp : U x U — B be define on U as
dp(w, V) =|w — Y| ¥V w, ¥ € U. Define an ordering on U as follow w <9 < w >
YV w, ¥ € U. Then, (U, B, dp, <) is an ordered complete C%,-MS.

Define I'y, I'y, I's, I'y : U — U as

o = ln(l + ;) [y = e™ — 1. (3.3.6)

Ty = ln<1 + f) [yow=e?® — 1. (3.3.7)

Now, to prove (I';,T's) satisfies PWI property w.r.t I's. Let w,d € U st 0 €
FglFlw i.e, F319 = Flw.
From (3.3.6), we have

— ln(l +1In(1 + E))
(14 )=e”-1=9= 2z
n( +21> e =1 -
Hence,
In(1+ (In(1+ £)) 9
w
Flw:1n<1+21> Zln(l—i— ( 0 21 )> :ln<1—|—7> = I'yd.

. Ty <X T'yd. Hence, (I'y,T'9) satisfies PWI property w.r.t I's.

Now, to prove (I'y,T';) satisfies PWI property w.r.t I'y. Let w,d € U be s.t
Y €T Ty, ie, Ty = Dyw.

From (3.3.7), we have

In(1+In(1+2))

621§—1:1n<1+?>:>79:

21
Hence,
ln(l + (In(1 + E))) 9
w 7
Iy 1n<1+ 7) _1n<1—|— 621 ) 1n<1—|—21> 'y
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. I'yw <X T'19. Hence, (I'y, I'y) satisfies PWI property w.r.t T'y.

Furthermore, I'1(0) = I'y(U) = I'4,(U) =T'3(0) = [0,00) and (I'1,Ty) and (I'g, T's)
are compatible.

Let {w,} be a sequence in U s.t jllglo dg(o,I'1w,) = ]lgglo dg(0,'yw,) = Op, for some
o€ 0. .

. W, T Aw, 1 _ | _
Jll}l’&ln(l—i-ﬂ)—g —jll)rge J 1 Q‘—HB

and
. . In(1 + o)
jlgrolo w,—21(e? —1)| = ]lgglo‘w] — 21‘ = Op.
We have
In(1 + o)
21(e? — 1) = ———2.
(e? = 1) o1

which is possible if o = 5.

Since, I'; and I'y are continuous. ..
lim ds (I Ty, TyLiew,) = lim IDiTye, =TTy, | = fs.

Clearly,

dB(F1§,F2’L9) j a (d (Flg F4§)( +dB(F219,F319))>

1 + dB(Flg Fgﬁ)

< F1§ F4§ dB(FQ’l? Fg’l?))

ds(Tys, D3)
( (D15, T5) + dp(T'20, T's0) ) + aa(ds(I'ss, Ts)
dy(Tas, T30)) + asds(Tus, s) ¥ 0,6 € T. (3.3.8)

Hence, (3.3.8) satisfies all the hypothesis of the Theorem (3.3.1). Thus, I'y, I's,
I's and I'y have a coincidence point. Indeed, ‘0’ is a coincidence point of I'y, 'y,
F3 and F4.

Remark 3.3.5. The result of the example (3.3.4) can also be established by using
Theorem (3.3.2).

3.4 Conclusion

In this chapter, we have introduced a novel approach to prove coincidence point

results on two pairs of compatible or weakly compatible mappings using C,-class
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function and certain rational type contraction mappings on a C%,-MS that ex-
tends, unifies and generalizes the results on coincidence point in the literature.
However, under certain conditions the results proved in this chapter are reduced

to some well known results in the literature.

(¢) If in Theorem (3.2.2) we consider A = R, F*(r,t) = r — t then we obtain
Theorem (2.4) of Nashine & Samet (2011).

(22) If in Theorem (3.2.4) we consider A = R, F*(r,t) = r — t then we obtain
Theorem (2.6) of Nashine & Samet (2011).

kokkokokokk
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Chapter 4

Some Results On Common Fixed
Point

4.1 Introduction

The present chapter of the thesis deals with the results on the existence and
uniqueness of common fixed point in C,-metric space. The content of this chap-
ter is divided into two sections. In the first section, some common fixed point
theorems for weakly compatible pairs of self mappings using F.A. property and
CLR property with certain rational type contraction conditions without contin-
uous mappings in C’,-MS are established. In the last section, some theorems
for weakly compatible pairs of self mappings satisfying expansion conditions in

C*~MS are presented. The results of this chapter are presented in 78910,

"Dhariwal, R., Kumar, D. (2022). On Unification of Common Fixed Point in C*-algebra
valued metric spaces. Journal of Physics — Conference Series, Article Id 2267. doi:10.1088/1742-
6596,/2267/1/012108.

8Dhariwal, R., Kumar, D. (2022). On Existence and Uniqueness of Common Fixed Point in
C*-algebra valued metric spaces. Science & Technology Asia, 27(2), 27-41.

9 Dhariwal, R., Kumar, D. (2023). Common Fixed Point of Two Pairs of Weakly Compatible
Mappings Using Rational Type Contraction in C*-algebra value metric space. Nonlinear Studies,
30(1), 199-212.

10 Dhariwal, R., Kumar, D. (2022). Some Results on Common Fixed point Using Expansion
Mapping in C*-algebra valued metric spaces. Iranian Journal of Mathematical Sciences and
Informatics. (Accepted).
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4.2 Common Fixed Point of Self Mappings using
Contraction

Common fixed point results of self mappings for various contractions in the ab-
stract spaces have been investigated broadly by many researchers (see, Jungck
(1976), Sessa (1982), Jungck (1986), Aamri & Moutawakil (2002), Abbas & Jungck
(2008), Vetro (2010), Kumam & Sintunavarat (2011), Chandok (2013), Manro
et al. (2013), Lépez-de Hierro & Sintunavarat (2016), Zhang et al. (2016), Xin
et al. (2016), Dung et al. (2017), Ansari & Ozturk (2017), Mohanta (2018), Shen
et al. (2018), Nazam et al. (2018), Nazam et al. (2019), Chandok et al. (2019),
George et al. (2020), Asim et al. (2020), Mlaiki et al. (2020), Asim & Imdad
(20200), Asim & Imdad (2020a), Malhotra et al. (2022), Saluja (2022) and refer-
ences cited therein). In this section, some results on common fixed points for self

mappings in a C’,-MS are presented.

Theorem 4.2.1. Let (U,B,dg) be Cy,-MS and I'1,T'5, '3, T'y : U — U satisfying:

(i1) YV w,c € U, oq € BT with |lay|| <1

dg(I'1w,a¢) = o

<dIEB(F3w7 I'w)dg(I'sw, T'as) + dp(Tas, I'ag)dp(Lys, ')

ar; (4.2.1
1+ dB(Fgw, F2§> -+ dB(F4§, F1W) ) ! ( )

(i13) either T'1(0), I'y(0), I's(V) or I'y(V) is a complete subspace of U.

Then, the pairs (I'1,T's) and (', T'y) have a coincidence point in O. Moreover, if
the pairs (I'1,T'3) and (I'y,T'y) are weakly compatible, then I'1, Ty, T's and 'y have

a unique common fixzed point in O.

Proof. Let wy € U be any arbitrary point. From (), construct a sequence {g,} in
O as

S2941 = Fﬂﬂzg = F47323+1 and 2942 = F2?ﬂ2g+1 = F?,w23+2-

Define dg, = dg(<),S;4+1). Suppose that dg, = 0p i.e, dp(s2,S2;4+1) = O for some
J- Then, I'iwwy, = T'ywwg,41 = I'ewog,—1 = ['3wy,. Thus, I'y and I's have coincidence

point. Hence, the result.
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Now, suppose that dg,, > O V 7 € N. Then, substituting @ = wy, and ¢ = w41
in (4.2.1), we have

dp (Fle], F2w23+1) <o
(dlﬂ% (F3W2J, F1w2g)dB(F3w2p szzgﬂ) + d]B(F4w2]+17 F2w2g+1)dB(F4wzg+1, Flwzj) ) o
1
1 + dg(T'swy), Iowayi1) + de(latog, 41, T1oy)

dB(g 1, 2) <ot dr(S25, $25+1)dB(S25, S2542) + dB(S2y41, S2542)dB(S2541, S2941) o
241, $2942 ) 2 Qq 1+ dp(S2y, S2502) + d(S2p11, S2541)

dIBa(QJ, §2g+1)d13(§2], §2g+2)
1+ dp(S2), S242)

dg (C2g+1,§2g+2> = 04{( )Oq = aidg(Syy, S2p41) 0.

Hence, dp,, , = ajdg, a;. Similarly, dg, = of(dp,, ,)a1, ds,, , < af(ds,, ,)a1 and

so on. In general, dy, < aj(dg,_,)a1 ¥V 7 €N, i.e,

de($) 1) = (a7)dB(G)—1, )
=< (a})’ds(s)—2, -1)a}
=
= (af)dg(so, 1)

For any p € N, we have

dE(C]-HDa g]) j dB (§]+p7 g]-‘rp—l) + dB (§]+p—l7 §]+p—2) +--+ dIB (gj+l7 §])
Jt+p—1
= > (a))'ds(so, 1)}
1=
Jt+p—1 J+p—1
=Y (mai)ase; 2 Y asaf
1= =]
J+p—1
< Y [leead)?| s
1=
7+p—1
< lag*Is Z (a})? — Og as 3 — o0,
1=7

where |as|? = dp(so, 1) for some ay € BT. Hence, {q,} is a Cy, in (U, B, dp).
Since, I'3(0) is a complete subspace of O. .. {g,} is contained in I's(U) and has a
limit in T'3(0), u (say). Let v € ['3'p, then T3y = pu.

Next, to show I'yv = p. Assume that, I'yv # p. Substituting @ = v and ¢ = @,
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n (4.2.1), we have

dg(Tv,Tow,—1) <
" (dﬁ(rgy, T1)ds(Tsv, Tazo,_1) + d(Taco,_1, Tow,_1 g (Taw, 1, T1v) ) o
1+ dg(Tsv, I'ew,—1) + dp(Tywo,—1, T1v)
dg(I'sv, T'vv)de(I'sv, CJ) + d]B(Gj 1 §j)d153(§] 1 F1V)>a
14 dp(Tsv, ) + dp(s)—1,'1v) 1'

dB(Fly CJ) < O./l<

Taking limit as 3 — oo, we have

dp(p, D) dp (1, 1) + di (1, 1) ds (1, Fl”)>a1.

dg (T =
(v, ) —O‘l< L+ dp(p, p) + d(p, T1v)

Then, dg(T'y1v, 1) < 6, hence T'yv = p. Thus, T'sy = p = I'v,. Since, T'1(0) C
[4(0). . Tyv = p implies p € T4 (V). Let ¥ € Ty p, then Ty = p.

On the similar lines, I's¢ = Ty = p. Since, (I';,T'3) and (I'y,T'y) are weakly
compatible .. u=T1v=T3v =Ty = T'y0.

Then,

F4,u = F4F219 = F2F419 = FQ[,[, and F3/,L = F3F1V = F1F31/ = Fl,u

We claim that T'op = p. If possible, let I'yp # . Then, from (4.2.1), we have

d]B(,UaFQ,U> = d]B<F1V F2M)
(d]B<F3V w)dp(Tsv, Do) + dp(Tape, op)dp(Tape, Fl”)>a1

<
- 1+ dg(Tsv, Top) + dp(Tape, I'yv)

Then, ||dg(u,Tap)|| < 0, hence I'yp = p. On the similar lines, I'yu = p. Thus,
Divp=Tsp=Tap=Top = p.

Uniqueness : Let s be another common fixed point of I';, 'y, '3 and I'y. Then,
from (4.2.1), we have

dg(se,pp) = dp(l'122,Tap)
(dB(F3% ,Lys0)dp(Tase, Dopn) + dIB%<F4,U7F2#)dB(F4NaF1%>>a1
1 + d[gg(Fg% FQ[L) + dB(F4[L, Fl%)
DR (dm(%, »)dg (5, 1) + dg(p, p1)ds (1, > ))
e aq
1+ dB(%> :u) + dB(M? %)

=

Then, ||dg (s, )| < 0, hence » = p. O

Theorem 4.2.2. Let (U,B,dg) be a Chy-MS and I'1,I'5, '3, I'y : U — U satisfy-

mg:

66



(i) T1(0) CT4(U) and Ty (V) C T'3(0);
(it) YV w,c € U, oy € BT with ||aq| <1,

dB(Fgw, F4§) + dB(Fgw, Flw)
92 ’

dg(I'swo, I’ dp(Tss, T

B( 3W, 4§)—; B( 45, 1w>>0[1(422)

dp(T1w,Tac) = a’fmax(dB(Fgw,F4g),

dB (F4§, Flw) ;

(i13) either T'1(0), I'y(0), I's(V) or T'y(V) is a complete subspace of U.

Then, the pairs (I'1,T's) and (', T'y) have a coincidence point in B. Moreover, if
the pairs (I'1,I'3) and (I's,T'y) are weakly compatible, then I'y,T's,T's and I'y have

a unique common fixed point in O.

Proof. Let wy € U be any arbitrary point. From (), construct a sequence {g,} in
O as

S2541 = Fﬁﬂgj = F4’W2]+1 and 2942 = FQ’WQ]_H = F3w2]+2.

Define dg, = dg(S),541). Suppose dp,, = O i.e, dg(<;,<+1) = Op for some ).
Then, I''wy, = I'ywyp1 = Iawy,—1 = ['3wy,. Thus, I'y and I's have coincidence
point. Hence, the result.

Now, suppose that dg, = g V j € N. Then, substituting @ = wy, and ¢ = wy4,
in (4.2.2), we have

dg(T1wg,, Dowg,q1) = OKTm&X(dB(F:&wzg,F4w23+1)7dB(F4w2g+17F1w2;)a

dg(I'swa,, Lywa,p1) + de(lsws,, ')
2 b
dg (U3, [ywa,1) + dp(Lawweyr1, [1wg,) ) N
5 1

dg(S2;, S25+1) + dB(S2541, S2541)
2

dr (29, S25+1) + dB(S2), S2541) )a

PN

dB(§2y+1, §2g+2) o] max (dﬁ(%, §2J+1)7

dB(§2j+17 §2]+1), 9

dB(S2y41, S2p42) = afdp(S2y, Sop1) 1.

Thus, we have dg, ,, < ajdg, a;. Similarly, ds, =< aj(dp,,_,)o, ds,,_, = of(dg,, )
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and so on. In general, dg, < of(dg, ,)a1 V j € N, i.e,

ds($) 1) = (a])dB(S-1, )
= () dp(G-2, G-1)07
<
= (a})dg(so,s1)0q.

For any k£ € N, we have,

de(S+k:S) = d(Syhs Sprh—1) + dB(Syrk—1, Syrh—2) + - - + dB(S41, ;)

7t+k—1
= Z (a))'dr(s0, 1))
=)
7t+k—1
= > (o) )
=)
J+k—1
= > |oall?
=)
J+k—1
< Y aed)?| s
=)
1+k—1
< HOQHQIB Z (Ozﬁ)2 — O as ) — oo,
1=y

where |as|? = dg(s, s1) for some ag € BT. Hence, {s,} is a Cy,. Since, I'3(V) is
complete subspace of O. .. {g,} is contained in I'3(U) and has a limit in I'3(0), v
(say). Let p € I3'v, then Dyp = v.

Next, to show I'ipp = v. Assume I'ypp # v. Substituting @ = p and ¢ = w,_; in
(4.2.2), we have

di(Tsp, Tywo,—1) + dg(ap, i)
2 )
dg(Tsp, Tyw,—1) + dp(Tyw,—1, Flﬂ))a
1

dp(Tp, Towo,—y) = aimaX<dB(F3,u7F4wjl)7

d]B<F4wj717F1,U/); 9

dp(T1p,5) = of max (dIB(F3N7 S—1), dp(s;—1, Ty pe),

dg (L, §;—1) + d(Tap, Tipp) dp(T3p, 6—1) + d($y—1, Fl#)>a
2 ’ 2 1'
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Taking limit as y — oo, we have

dg(v,v) + de(v,I'1p)
2 )

dg(Typ,v) = afmax(d]g(y,y),dg(y,rlu),

ds(v,v) + dIB(VaFM))a
1-

2

Then, ||dg(T1p, V)| < [|oa||?||de(Tip, v)||, a contradiction. Hence T'yp = v. Thus,
I3 = v = I'ip. Since, I'1(U) € T'y(O) and 'y = v implies v € T'4(U). Let
te ley, then I'yt = v. Similarly, I'st = 'yt = v.

Since, (I'1,T'3) and (I'y, T'y) are weakly compatible ... v = 'y = Iy = 'yt = Tat.
Then,

F4l/ = F4F2t = F2F4t = FQI/ and Fgl/ = Fgflu = Fngu = F1V.

We claim that I'yv = v. If possible, let 'y # v. Then, from (4.2.2), we have

dp(Usp, Tav) + dp(Tap, 'ip)
2 )
dg(Tsp, Tyv) + dg(Tav, F1M)>a
2 a

dg(v,Tov) = dg(I'1p, o) < af max (dB(Fg,u, Lyw),

dg(Tyv, T1p),

Then, ||dg(v,T'sv)|| <0, hence 'y = v. Similarly, I'yv = v. Hence, I'i/v = T'3v =
Tw=T%w=v.

Uniqueness : Let » be another common fixed point of I'y,I'5,I's and I'y. Then,
from (4.2.2), we have

dB(Fg%, F4I/) + d]B(Fg%, Fl%)
2 Y
dB(Fg%, F4I/) + d]B<F4I/, F1%> o
9 1
dIB(Va %) + dlB(%a V)
2 Y
dIB%(”? %> + dIB%(%a V))
2 o

dg(se,v) = dg(I'y3¢,Tov) = aTmaX<dB(F3%7F4V)a

dIB(F4V7 Fl%),

PN

o] max (d]g(%, v),

dB(Va %)7

PN

ajdg(v, »)ay.

Then,
ds (v, )| < [l |lds(v, )],
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or
(1= llal*)lids (v, )| < 0,
implies ||dg (v, ¢)|| = 0. Hence, v = s. O

Theorem 4.2.3. Let (0,B,dg) be a C%y,-MS and let T'y, 'y, I's, T'y : U — U and
3715 : Bt — B satisfying:

(i) T'1(0) CT4(U) and 'y (V) C I'3(V);
(it) T5 is continuous and strictly nondecreasing on B*;
(iii) ¥ w,s € U, ag € BT with [|ay]| <1 and 0 < 7 < 1,

T+ F5(dB(F1w, F2§)> =

(o dg (T3, T'w)dp(I'swo, ['as) + dp (T4, Tac)dp (s, Flw)a - (42.3)
P\ 1+ dp(T5, Taq) + dp(Tys, T'1oo) L

(1) either I'1(U), I'y(0), I's(0) or I'y(U) is a complete subspace of U.

Then, the pairs (I'1,T's) and (', T'y) have a coincidence point in B. Moreover, if
the pairs (I'1,I's) and (T, T'y) are weakly compatible, then I'y, T's, I's and I'y have

a unique common fixed point in O.

Proof. Let wy € U be any arbitrary point. From (i), construct a sequence {g,} in
O as

S2541 = F1752g = F4w2g+1 and S2)42 = szzgﬂ = F3w2]+2-

Let d, = dg(s),Sp41). Suppose do, = Op i.e, dp(<a,, s2)+1) = O for some ). Then,
'@y, = I'ywgy41 = T'ewog,—1 = I'swog,. Thus, I' and I's have coincidence point.
Hence, the result.

Now, suppose dy, > 6 V 7 € N. Substituting w = wy, and ¢ = w41 in (4.2.3),
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we have

T+1Ts (dIB(Flw2]7 F2w2j+1)) =TI <0ff

1 + dg(T'swg), owwgyr1) + dp(Lywwayt, T1oo,)
T+ (dB(g2j+17g2]+2)) =

T (a* dB(Czj, §2]+1)d1}3%(§2g, §2J+2) + d]B(§23+1, §2g+2)d13(§2]+1, §2j+1)a )
5 1]
! 1 + dg(s2), S25+2) + dB(S2541, S2941)

di(I'3t09), I'1wa, ) de(I'sws), Iawayi1) + da(Tawwy g1, Dowayrr ) de (Fatoa,y1, F1w2g)a )
1

dIB(Cz G2 +1)d]B(§2 G2 +2)
F d = F * Jr 4] Jr 4]
T+ 5( IB%(§2J+17§2]+2)> = 5(% 1+ da (52, <2y02) Qq

=TI (OéTdB(QJ,Cz]H)Oél)

I's (dB(€2g+17 §2J+2)) =T (OéTdB(Qy §2y+1)041> —7=2T%5 (OéTdB(QJ, €2g+1)041).

Since, I's is non decreasing. .. dp,,, = ajdp, a;. On the similar lines, dp, =

ajdp,, a1, dyy—1 = ajdy, oy and so on. In general, dg, < ajdg,_,a; V 5 € N i.e,

A

dp (S, 1) (a])dg(S)-1, )1

PN

() s (62, p-1)af = -+

= (af)dg(so, 1)
For any p € N, we have

dJB;(§J+p, €J) = dﬁ(§]+pa §J+p—1) + dB(gﬁ-p—la §J+p—2) + -+ dma(§3+17 9)

J+p—1
< Y (af)'ds(so,s1)e]
=)
7+p—1
=< Y (aah) agaj
1=7
7+p—1
= > ]
1=7
Jt+p—1
< Y eead)?| s
1=7
Jtp—1
< ||042||2.TB 2(0/1)2—>013 as ] — oo,
1=

where ||as|]? = dp(o,s1) for some ap € BT. Hence, {q,} is a Cy, in (U,B, dp).
Since, I';(U) is a complete subspace of U. .. {¢,} is contained in I's(U) and has a
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limit in T'3(0), p (say). Let v € T™'y, then Tzv = p.
Next, to show I'yv = p. Assume I'yv # p. Substituting @ = v and ¢ = w,_; in
(4.2.3), we have

7+ s (ds(Dyv, Ty, 1)) <

o dB(F:;V, Fll/)dB(Fgl/, Fgw]_l) + dB(F4w]_1, Fgwj_l)dB(F4w]_1, Fly) o
> 1 1 + dB(FgV, F2w]_1) -+ dB(F4wj_1, Fly) v

or

dp(Tsv, T'w)dg(Tsv, <) + d(5)—1,5))dB(S)—1, T'1v)
+I'5 (dp(1'yv, <TI'5|a] ’ - ) I .
T 5( B( v gj)) - 5<a1 1 +dB(F3V7§]) +d13(§]_1,F1V) a
(4.2.4)

Taking limit as 7 — oo in (4.2.4), we have

A (dB(Flz/, u)) =<

D (o 4l Tav)ds(u, p) + ds(p, p)ds(p, Trv)
"\ 1+ dp(p, p) + di(p, Trv) ')

F5 (dB<F1V,/L>> '_< P5 <0Eg) — T j F5 (9]5)

Since, I's is non decreasing. .. dg(I'yv, ) < 0. Hence, I'yv = p. Thus, sy =
w="TIyv.

Since, T';(U) C I'y(U) and I'yv = p, then p € Ty(U). Let w € Iy, then Tyw = p.
On the similar lines, I'ow = T'yw = p.

Since, the pair (I'1,I'3) and (I'y,I'y) are weakly compatible .-, p=T1v =Tsv =
I'yw = I'sw. Then,

F4,u = F4F2w = F2F4w = FQ/,L and F3,u = F3F1V = FgFl/ = Fl,u

We claim that T'op = p. If possible, let I'yp # . Then, from (4.2.3), we have

T 4+ T (dB(,u, Fgu)) =741T% (dB(Flu, Fg,u))

< a*dB(F3VaF1V)dIB(F3Va Lopt) +dB(F4H7F2M)d]B(F4NaF1V)a
- o\ 1+ dg(Tsv, Top) + dg(Taps, T1v) A

F5 (d]g(,u, Fg,u)) j F5 (0@) — T j F5 (QB)

Since, I's is non decreasing. .. dp(u,'op) < 0. Hence, I'op = p. Thus, I'ip =
Pap=Typ=Top = p.
Uniqueness : Let p be another common fixed point of I'y, I'y, I's and I'y. Then,
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from (4.2.3), we have

T+ 7T (dB(Q, u)) = 7+471% (dIB(F1Q7 F2M)>

I. (a’{ dB(F3Q7 Iy Q)dIB%(F3Q7 F2N) + d}B(PM; qu)dB(Fw, Iy Q)
1+ dg(I'so, T'opt) + dg(Tape, 1)
_ F5< deaa(@, 0)dg (0, ) + dg(p, 11)ds(p, Q)a1>_
1 +dg(o, p1) + dp(p1, 0)

F5(d18(97 M)) = P5<913> -7 =2T% (Q]B)-

Since, I's is non decreasing. .. dg(p, p) =< 0. Hence, o = p. []

Now, some results on common fixed point using E.A. property in C%;,-MS

are presented.

Theorem 4.2.4. Let (U,B,dp) be a C%y,-MS and I'1,T'9,T'3, I'y : U — U satisfy-

ing:

(i) T'1(0) CT4(U) and 'y (V) C I'3(V);

(i1) ¥V w,s € U, ay € BT with ||ay]] <1

dg(T I'w)dg (I’ r dp(I'4s, I'o<)dp(T'ss, T
dg (T, Taq) ja’{( B([3w, I'1w)dp (3w, T'as) + dp(Tas, Tas)dp(Tys, 1w)>a1;

1+ dB(Fgw, Fg() + dB(F4§, F1W)
(4.2.5)

(23i) the pairs (I'1,T'3) and (T'y,Ty) are weakly compatible;

(iv) either (I'1,T'3) or (I'y,T'y) satisfies E.A. property.

If the range of T's(0) or I'y(U) is a closed subspace of B. Then, 'y, 'y, T's and Ty

have a unique common fized point in O.

Proof. Firstly, assume that (I'y,['y) satisfies E.A. property. Then, 3 a sequence
{w,} in U s.t jliglo Iy(w,) = Jlgglo I'4(w,) = t for some ¢t € U. Further, I'y(8) C
I'3(0). .. 3 a sequence {g,} in U s.t ['y(w,) = I's(s;). Hence, ]lggo I's(s,) =t.

We claim that }g& I'y(g,) = t. Let if possible }H?o I'i(s;) = t1 # t. Then, substi-

tuting w = ¢, and ¢ = w, in (4.2.5), we have

dg(I'is,, I’ < af
B(L15, Famy) 2 a1< 1+ dg(I'ss), I'ow,) + dg(lyw), [ig)
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Taking limit as y — oo, we have

dg(ti,t) = a}‘(
- 09[55.

dy(t, t1)ds(t,t) + dp(t, t)ds(t, t1) o
1+ dg(t,t) + ds(t, t,) !

Taking norm on both side, we have
e (t1,8)]] < O

implies t; = t. Hence, Jlggo I'i(s) = jlgglo [y(w,) =t.
Now, suppose that I'5(0) is closed subspace of U and I'su = ¢ for some
u € U. Subsequently, we have

Am i) = Jim Pa(w,) = fim Fa(@,) = Jim Ta(s) = £ = Tau.

We claim that ['yu = I'su. If not, then substituting @ = v and ¢ = w, in (4.2.5),

we have

dp(Tu, I'yw,) =

o dB(Fgu, Flu)dB(Fgu, szj) + dB(F4wJ, sz])dﬂg(rzﬁﬂj, Flu) o
! 1+ dB(F3u, Fgw]) + dB(F4w], Flu) b

Taking limit as 3 — oo, we have

dIB(Pluv t)

o (Al Tru)ds(t,0) £ ds(t, ) (t, D))
- ! 1+ d]B(t, t) + d]B(t, Flu) !
= Op.

Taking norm on both side, we have
lde(Tyu, )] <0

implies I'yu = t. Hence, I'yu =t = I'3u.
Now, the weak compatibility of (I'y,I's) implies I')I'su = I'sI"yu or 'yt = ['st.
Since, ['1(0) C T4 (0), .. Jv e Ust Mu=Tyw=T3u=t.

Next, to prove I'yv = I'yv = ¢. Substitute w = v and ¢ = v in (4.2.5), we have

Tsu. T Tsu, T Ty, T Ly, T
s (Ty10, Ty0) ja’{(dB( su, [u)dg(Tsu, Dyv) + dp(T'yv, Tov)dp (T, 1u)>a1'

1+ d]B(Fgu, FQ’U) + dB(F4U, Flu)
Taking norm on both side, we have

dB(t, t)d]B(t, FQU) + d]B(t, ng)d[g(t, t) H

ds(t, Tov)|| < [l ||?
[dn(t, T20)[| < [la] 1+ dg(t,Tov) + dp(t,t)
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Then, ||dg(I'sv,t)|| <0, hence I'yv = t. Thus, I'yv = Tyv = t.

Further, the weak compatibility of pair (I'y,I'y) implies that I'sI'yv = ['4I'sv, or
ot =T'4t. .t is a common coincidence point of I'y, 'y, I'3 and T'y.

Now, to prove t is a common fixed point of I';, 'y, '3 and I'y. Substitute @w = u
and ¢ =t in (4.2.5), we have

dB(Fgu Flu)d]B(F;ﬂL th) =+ dB(F4t th)dB(F4t Flu) o
1 + dB(Fgu th) + dB(F4t Tlu) L

dp(Tu,Tsot) <«

Taking norm on both side, we have

o[ (da(t, t)dg(t,Tat) + di(t,Tat)dg(t, 1)) H

(ot )] < (1+ da(t, at) + ds(t, 1))

Thus, ||dg(T'at,t)|| < 0 implies I'y;t = ¢. Hence, I'1t = 'yt = T'st = 'yt = ¢.

Uniqueness : Let w is another common fixed point of I'y,I'5,I's and I'y. Then,

substituting @w = w and ¢ =t in (4.2.5), we have

d[[g(w,t) = dB(l"lw th)

~ dB(Fgw Flw)dB(Fgw th) +dB(F4t th)d]]g(rﬂf Flw) o
- 1 + d]B(Fgw th) + dE(F4t I’lw) b
< o dp(w, w)dg(w, t) + dg(t,t)ds(t, w) N
- 1+ dg(w, t) + dg(t, w)

Taking norm on both side, we have ||dg(w,t)|| <0, hence w = ¢. O

Theorem 4.2.5. Let (U,B,dg) be a Chy-MS and I'1,T'5, '3, I'y : U — U satisfy-
mg:

(1) T1(0) C Ty (V) and I'y(V) C I'3(V);

(it) YV w,c € U, ay € BT with |ay| <1,

dB(Fgw, F4§) + d[Bg(F4§, Flw)
2
dB(Fgw, F4§) + dB(Fgw, Fﬂﬂ))@ .
1,

dB(Flw, FQC) j Of{ max (dB(Fgw, F4§),

dB(F4g,F1w), 5

(23i) the pairs (I'1,T'3) and (T'y,Ty) are weakly compatible;

(1v) either (I'1,T'3) or (I'g,T'y) satisfies E.A. property.

If the range of T'5(0) or I'4(U) is a closed subspace of G. Then, I'1, 'y, T's and Ty

have a unique common fixed point in O.
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Proof. Firstly, assume that (I'y,I'y) satisfies E.A. property. .. 3 a sequence {¢,}
in U s.t Jlggo L) = Jlggo L4(s;) = 2 for some s € U.

Further, I's(U) C I's(U). .. 3 a sequence {/,} in U s.t I'y(s,) = I'3(l,). Hence,
Jlgrolo [s(l,) = ».

We claim that }H& Iy (1)) = ». If possible, jlggo I'1(1,) = k1 # 5. Then, substituting

w =1, and ¢ =g, in (4.2.6), we have

dg(T'sl), T'as)) + ds(I'sl), T'yl,)
2 b
dB(F?)l]a F4§]) + d]B(F4CJ, Fllj) ) o
2 -

dp(I'1l), Tag)) = O‘TmaX<dB(F3l]7F4gj>7

dB(Fngj, Fllj)>

Taking limit as 3 — oo, we have

dp (s, 5¢) + dp(32, k1)

dg(ky, ) = almax<d3(%,%),d]g(%,k1),

— 2 Y
dB(%a %) + dB(%7 kl)) *
aq
2
= aqdg(s, k1)a.
Taking norm on both side, we have
(1= llawlI*)llde (52, k)] < 0
implies ||dg(s¢, k1)|| = 0, hence, k; = s i.e, }E& (1) = Jlggo Ia(s)) = 2.

Now, assume that I'3(0) is a closed subspace of U and I'su = 3 for some u € U.

Subsequently, we have

Jllglo (1) = }H& Fa(s) = jlggo Lu(s) = jlggo I5(l)) = 2 =Tsu.

We claim that I'yu = I'su. If I'yu # I'su, then substituting @ = v and ¢ = ¢, in
(4.2.6), we have

dg(I'su, I'ss)) + dg(I'su, T'yu)

dp(Tu,T'ygy) = aimax(dB(Fgu,F4§]),d]E(F4gj,F1u), 5

dp(Tsu, Tyly) + dp(Tss,, T'iu) ) o
2 -

76

Y



Taking limit as y — oo, we have

dp(, ») + dg(s¢, T u)
2 b

dp(Tiu, ) =< almax<d3(%,%),dg(%,F1u),

dB(%,%)—l—dB(%,Flu)) .
Qq
2

dp(Tiu,2) =X apdg(Tiu, »)aj.

Taking norm on both side, we have
(1 = llealI*)lldz(Tru, )| < 0

implies ||dg(I"1u, 2)|| < 0. Hence, I'yu = » = T'su.

Now, the weak compatibility of (I';,I'3) implies I'1T'su = I'sT'ju or I'y3e = T'gse.
Since, I'1(U) CTy(V). . Ip €U st Tu=Tyu="T3u=s.

Now, to prove I'yu = I'ypu = 5, substituting @ = u and ¢ = p in (4.2.6), we get

dm(rgu, F4u) + dB(Fgu, Fl’LL)
2 Y
dB(Fgu, F4/L) + d[g;(Fz;/L, Flu) ) o
9 1

dp(Tyu, Dop) =< a’{max(dB(Fgu,F4u),

d]B(F4:ua Flu)a

Taking norm on both side, we have

dp (s, ) + dp(5, 5)
2 )

lds (s, Top)[| < Jloa|®

max (dB(%, ), dg (s, ),

o) o) H

Thus, ||dg(Tap, )| < 0i.e, T'op = s2. Hence, T'op = Ty = 2.
Further, the weak compatibility of (I'y,['y) implies ['sl'ypp = Tylop, or I'yze =
I'y2¢ . s is a common coincidence point of I'y, 'y, '3 and I'y.
Now, to prove s is a common fixed point of I';, 'y, '3 and I'y. Substituting @w = u

and ¢ = s in (4.2.6), we have

dB(Fgu, F4%) + d]B(Fgu, Flu)
9 )
dB(Fg’u, F4%) + dB(F4%, Fw))a
2 o

dg(Tyu, o) = afmax(dB(Fgu,F4%),

dB(F4%; P1U)7
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Taking norm on both side, we have

dg(s¢,Tot) + dg(3¢, %)

lds(Tase, )| < loa|]”

max (d]B(%, [y),

2 )
d r d I
(T2, 3), B(5¢, I'a0) ; B(, 2”)) H
= Jlou|*ds(T'25¢, )
(1= Ja|P)ds(Tose, ) < 0.
Thus, ||dg(I'esz, )| = 0, i.e, 'y = s2. Hence, I'13c = I'yse = [goe = T'yse = 52

Uniqueness : Let ¥ as another common fixed point of 'y, I'y, I's and I'y. Then,

substituting w = 9 and ¢ = s in (4.2.6), we have

dB(Fgﬁ, F4%> + dB(F4%, Flﬁ)

dg(V, ») = dp(I'19,T92¢) < afmax <dB(F319a [y»),

2
dp (422, 1'19), 45 (I's9, Lazx) ;_ ds(Is, Flﬁ))al
< im0, 0 £ 0000)
s (30, 9), dg (1, %) ;‘ dg (s, 19))041
= ajdg(V, »x)a;.
Taking norm on both side, we have
s (9, 50)|| < llal*||ds (9, 50|,
or
(1= llal®)llds(®, 5[l <0
implies ||dg (¥, >¢)|| < 0. Hence, J = . O

Theorem 4.2.6. Let (U,B,dg) be a Cy,-MS and I'y, T'y, I's, I'y : U — U and 3
['s : BT — B satisfying:

(13) T's is continuous and strictly nondecreasing on B ;

78



(17i) ¥ w,s € U, aqg € BT with ||ay|| <1 and 0 <7 < 1,

T+F5(d]B<F1w7F2§)) =

r dB(Fdw F1W)dIB(F3w F2§) + d]B<F4§> F2§)dB<F4§> Flw) . (4 2) 6)
s\ 1+ dB(Fgw FQC) + dIB(F4§ Fl’W) s o

(1v) the pairs (I'1,T'3) and (T'y,Ty) are weakly compatible;
(v) either (I'1,T'3) or (I'y,I'y) satisfies E.A. property.

If the range of T's(0) or I'y(U) is a closed subspace of G. Then, I'1,'y,T's and Ty

have a unique common fized point in O.

Proof. Firstly, assume that (I'y,I'y) satisfies E.A. property. .. 3 a sequence {w,}
in O s.t

jllglo [y(w,) = ]llglo I'4(w,) = 2 for some s € U.

Further I'y(U) C I's(U). .. 3 a sequence {g,} in U s.t ['y(w,) = I'3(s,).

Hence,

hm n I'3(;) = 2 = lim I'y(,).

J—00

We claim that ]lggo i(g) = s If Jlgglo I'y(w,) = 36 # s, then substituting w = g,

and ¢ = w, in (4.2.6), we have

T+F5(dJB(F1§],F2wg)) =

T dB(F3§J7 F1§J)dB(F3§J, F2wj) + dB(Fzﬂﬂ], F2w])dIB§(F4wJ; F1§J) a
° 1+ dp(Tss), Tow,) + ds(T4w,, Tis,) '

Taking limit as 7 — oo in (4.2.7), we have

T+ (d[g(%l %)) < F5( ,{dﬁ(%, 201)dp (32, ) + dp (¢, 5)dp (5, %1)&1)

1+ dg (s, ) + dp(5¢, 591)
Ts(ds(s1, %)) = T5(0s) — 7 < T5(60s).

Since I'5 is non decreasing. .".
dIBS(%I; %) j QB.
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implies »; = 5. Hence, ]li}rglo I'i(s) = jlgcr)lo [y(ww,) = 2.
Now, suppose I'3(0) is a closed subspace of U and I'spy = 3 for some p € U.

Subsequently, we have

lim I'y(g,) = hm n ['y(w)) = hm n ['y(w)) = hm n I's(q)) = 2 =Tsp.

J—00

We claim that I'yp = I'spe. If I'y o # T'sp, then substituting @ = p and ¢ = w, in
(4.2.6), we have

e (dB(Flu, Fgw])) =<

r ( AT, Ty pn)dg(Tap, Tow,) + dp(Tyw), Dow,)dp(Tawo,, Tij) )
5 ap |.
1+ dE(FgM, FQWD + dIB;(F4wJ7 Fl,u)

Taking limit as y — oo, we have

di (52, Ty p)di (52, ) + dy (3¢, 3¢)dig (52, T 1)
Is(dg(I’ <Is5laf
T 5< s, %)) - 5<&1 1+ dg (52, 5¢) + dg (32,1 1) “

Ts (dg(T'aps, 22)) = Ts5(0s) — 7 = T (6s).
Since I'5 is non decreasing. ..
dg(T'pt, ) 2 Og

implies I'ypu = s¢. Hence, I'1pp = 2 = I'sp.
Now, the weak compatibility of (I'y,'s) implies I'yT'sp = I'sT'ypu or 'y 3¢ = ['yse.
Since, I'1(U0) CTy(V). ~. v e Vst Tip=T4w="T3u=s.

Now, to prove I'yv = 'y = 5. Substituting @ = p and ¢ = v in (4.2.6), we have

o (dB(Fl,u, ng)) <

T dB(Fglu, Fl,u)dB(Fg,u, Fgl/) + d]B(F4I/ FQI/)dIB;(F4I/ Flﬂ)
5\ 1 + dB(Fgu, FQV) + dB<F4I/ Flll,) a

LAdp (52, 32)dp (52, Tov) + dp(3¢, Tov)dp (3¢, 5¢)
T+1s (dB(%’ FQV)) Ls < 1+ dp (s, Tor) + dp(52, ») oz1>

Is(ds (5, Tov)) < Ts(60s) — 7 < Ts ().
Since I'; is non decreasing. ..
dp(Tov, 32) < O

implies I'orv = 2. Thus, I'ov = 'y = 2.

Further, the weak compatibility of (I'y, T'y) implies Ty = T'yT'ar, or I'yze = Ty
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*. 2 is a common coincidence point of I'1, 5, I's and T'y.
To prove s is a common fixed point of I';, ['s, '3 and I'y, substituting = p and

¢ = s in (4.2.6), we have

T + F5<d (Fl,u,FQ%))

< oo LAe(Lsp, Ty p)dg(Dspe, Tose) 4+ dp(Tase, Tose)dp (g, F1M)
- o\ 1+ dg (T, To) + d(Tase, Ty 1) @l

or

FATs (dB(FQ%, %)> < T, (a* dp (¢, 22)dp (52, Ty3¢) + dp (52, [y3¢)dp (52, ) a1>.

1+ dg(se,Tose) + dp (s, )
Ts(dy(Tase, 52)) = Ts(60s) — 7 < Ts(6s).

Since, ['5 is non decreasing. .".
d[[g(rg%, %) j 0[53

implies ['y3c = 2.
Hence, I'1sr = 'g3c = I'sse = ['y3c = 3¢
Uniqueness : Let ¢ be another common fixed point of I'y, I'y, I's and I'y. Sub-

stituting @ = p and ¢ = s in (4.2.6), we have

T + (dB ) =7+ F5(dB(F1Q7 F2%))
<a dg(I30,I'10)ds(I'30,T'y2¢) 4+ dp(T4e, Ta3¢)dp(I'y5¢, T 0) 1)
1+ dg(T30,Tys¢) + dp(T'ys¢,T'10)
< . dB(0, 0)dB(0, 7) + dg(sz, 3¢)d (5, 0) )
aq
1 + dIB(Q? ) + dB(%7 Q)

Ts(dz(o, %)) = Ts(0s) —7 < T5(0s).

< Iy

I
—

5| &1

Since I'; is non decreasing. ..
dIBS(lQa %) j H]E‘

Hence, o = s. ]

Now, some results on common fixed points for the self mappings using (C'LR)

property in C,-MS are presented.
Theorem 4.2.7. Let (U,B,dg) be C%,-MS and T'1, T3, '3, T'y : U — U satisfying:
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(i) T'1(0) CT'4(U) and I'y (V) C I'3(V);

(17) V w,s € U

dp(I'sww, I'w)dp(lsww, 'ag) + dp(T'ss, T'as)dp(Tss, Fﬂﬂ))a ,
1,

dg(T I'yc) < af
B( 1%, 2§) _a1< 1—|—dB(F3w,F2g)+dB(F4§,F1w)

(4.2.7)

(¢7i) the pairs (I'1,T'3) and (T'y,Ty) are weakly compatible;

(i) either (I'1,T'3) or (I'y,I'y) satisfies (CLR) property.
Then, the mappings I'1, s, '3 and T'y have a unique common fixed point in O.

Proof. Firstly, suppose (I'g,I'y) satisfies (CLRr,) property. .. 3 a sequence {w,}
in U s.t

JIH& [y(w,) = ]lggo I'y(w,) = I'yw =t for some w € U.

Since, I'y(U) C I'3(V). .. I'yw = I'3u, for some u € U.
We claim that I''u = I'su = ¢. If not, then substituting @ = v and ¢ = w, in
(4.2.7), we have

dB(Fgu, Flu)dB(Fgu, FQ?I@) -+ d15;<F4w], Fgwj)dB(FMEJ, Flu) ) o
1-

d(Tyu, Tyw,) < o
s, Wﬂ)—al< 1+ ds(T'su, Tow,) + da(Lye,, T1u)

Taking limit as y — oo, we have

dB(Fgw, Flu)dB(F2w, FQW) + dB(FQZTJ, Fgw)dE(Fgw, F1U)>

Iu, Tyw) < af
dp(I'1u, Tyw) —0‘1< 1+ dp(Tow, Tow) + dy(Toww, Tiu)

Taking norm on both side, we have
||d]B;(F1u, FQ@)H S 0.

Hence, I''u = T'su =T'yw = t.
Since, I'1(0) CI'y(V), Jv e Ust 'yww=Tu=T3u=t

Now, to prove I'yv = I'yv = t. Substituting w = u and ¢ = v in (4.2.7), we have

dB(Fgu, Flu)d]B(FglL, FQ’U) + d]B(F4U, FQU)dB(F4U7 Flu) ) o
1-

dp(Tu, [v) < af
B( 1 2U) =N < 1+ d]E(FgU, FQU) + dB(F4U, Flu)
Taking norm on both side, we have

dB(Fgu, Flu)dB(Fgu, FQU) + dB(F4U, FQU)CZB(F4U, Flu)
1 + dB(Pgu, FQU) + dB(F4U, Fl’lL) ’

lds(Tru, Tov) || < ol
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Thus, ||dg(t,I'2v)|| <0, i.e, I'yv = ¢. Hence, I'yv = T'yv = t.
Further, the weak compatibility of pair (I'y,I'y) implies [';I'yv = T'yI'yv or I'at =
[4t. . tis a common coincidence point of I';, 'y, I's and I'y.

Now, to prove t is common fixed point of I'y, 'y, I's and I'y. Substitute w = u
and ¢ =t in (4.2.7), we have

dp Ty, Tot) < (dIB%(F?,u ,D1u)dp(Tsu, Tot) + dg(Tat, Tt )ds(Tat, Fl“)>a1.

1+ d[B(Fgu, th) + dB(F4t, Tlu)

Taking norm on both side, we have

|dg(t, Tat)

ol dr(t, t)dg(t, Iat) + dg(Tat, Iat)dg(t, t)
1+ dg(t,Iaot) + dg(L'at, t)

Thus, Hd[ﬁg(t, FQt)H S 0 1mphes th =t. Hence, Flt = th = th = F4t =t.
Uniqueness: Let w is another common fixed point of I'y, I's, I's and I'y. Then,

substituting @w = w and ¢ =t in (4.2.7), we have

dp(w,t) = dp(l'w,lat)
< a dB(Fg’LU FﬂU)dB(Fgw th) + d]B(F4t th)d]]g(rﬂf F1UJ) o
- 1+ dg(T3w, Tat) + dg(Cat, T1w) b

< ot dIB(waw)d]B<w7t) + dIB(t?t)dB(taw)
o ! 1+d153(’u),t) —|—d13(t,’w)
Taking norm on both side, we have ||dg(w,t)|| <0, i.e, w = t. O

Theorem 4.2.8. Let (U,B,dg) be a Chy-MS and I'1,T'5, '3, I'y : U — U satisfy-

mg:

(1) T1(0) CTy(0) and I'y(V) C I'3(V);

(17) V w,s €U
dg(I’ r dg (T r
dg(I'yw, 'yg) =< aimaX(dB(Fgw,mg)’ B(I'3, 4<)J; B(I3w, 1w)7
dB(Fgw, F4§) + dE(F4§, F17D')

dB(F4§, Flw),

5 >a1 (4.2.8)

(¢7i) the pairs (T'1,T3) and (T'9,Ty) are weakly compatible;

(i) either (I'1,T'3) or (I's,Ty) satisfies CLR property.

Then, the mappings I'1,'s, '3 and T'y have a unique common fixed point in O.
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Proof. Firstly, suppose (I's,I'y) satisfies CLRr, property. .. 3 a sequence {g,}
in U s.t

jllglo Ly(sy) = }H& I'4(s;) = I'ap = 5 for some p € U.

Since, I'y(U) C I'3(U), we have I'yp = T'su, for some u € U.
We claim that I'u = I'su = 2¢. If I'yu # ['su, then substituting @ = v and ¢ =,
in (4.2.8), we have

dg(T'su, I'ys)) + dp(Lsu, T'yu)
2 )
d(Tsu, ['ys,) + dp(Lag,, FW))@
2 -

dp(I'1u, Iagy) = OéTl’Il&X(dB(Fgu,F4§]>,

dg (45, T1u),

Taking limit as y — oo, we have
dp(, ») + dg(s¢, T'1u)
2 )
dg (s, ) + dp(5, Flu)>
aq.

dg(Tyu, ) = a*{maX(dB(%,%),

dB(%7 F1U), 9

Taking norm on both side, we have

s (Tyu, 5| < [law|*|dz (5, T1u)l,
or

(1 = lloal*)lldz (5, T1u) || < 0,

implies ||dg (3¢, [1u)|| = 0. Hence, I'yu = I'su = I'yp = .
Since, I'1(U) C Ty (V) . Jv e U st Tyo =Tiu=T3u = .

Now, to prove I'yv = I'yv = 2. Substituting w = w and ¢ = v in (4.2.8), we have

dB(Fgu, F4’U) + dB(Fgu, Flu)
2 Y
CZB<F3U, F4U) + dB(F4U, Flu) ) o
2 a

dg(Tyu,Tv) =< a}‘max(dB(Fgu,Fw),

d]B(Fw, P1U)7

Taking norm on both side, we have

dg (s, ) + dg(s¢,
|dg(T1u,To0)|| < [lea? el )2 - )’
dIB;(%, %) + dIB(%, %)> H

2

max (dB(%, »),dg(5, ),
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Thus, ||dg(2¢,T'9v)|| < 0 implies I'yv = 2. Hence, I'yv = I'yv = .

Further, the weak compatibility of (I'y,I'4) implies I'sI'yv = ['yT'ov or T'ase =
[ysc . s is a common coincidence point of I'1, 'y, I's and T'y.

Now, to prove s is common fixed point of I'y, I's, I's and I'y. Substituting @w = u

and ¢ = s in (4.2.8), we have

dB(Fgu, F4%) + d]B<F3U, P1u>
92 )
dB(Fgu, F4%) + d[B(F4%, F1U)>a
2 g

dg(Tyu,Tex) <X o max(dB(Fgu, [yx),

dg(Tys¢,T1u),

Taking norm on both side, we have

dp (5, ) + dp(5, 5)
2 )

lds (¢, Tosd) | < ualr\?Hmax(dB(%,%>,dB<%,%>,

ZEEELCE) H

Thus, ||dg (2, T'25¢)|| < 0 implies ['yse = 5.
Hence, I'1sr = 'g3c = I'3e = 'y3c = 3¢
Uniqueness: Let w as another common fixed point of I'y, I'y, I's and I'y. Then,

substituting @w = w and ¢ = s in (4.2.8), we have

dg(w,») = dp(Tiw,Tax)

dg(lsw, T’ dg(Tsw, T’
=< a}‘max(dﬁ(rgw,F4%),dB(F4%,F1w), B(lsw, 4%); B(lsw, 1w)7
d]B(Fg(.d, F4%) + d]B(F4%, Flw) o
5 1
=

of max <dE(w7 2), da (36, 0), dp(w, ) + dp(w,w) dp(w, ) + dp(, w))al

2 ’ 2

=< ajdp(w, »)ay.
Taking norm on both side, we have

ldg(w, )| < llall?[lds(w, >)|
(L= llal*)lidp(w, )| < 0

implies ||dg(w, 5¢)|| < 0. Hence, s = w. O
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Theorem 4.2.9. Let (U,B,dp) be a C%y,-MS and T'y, Ty, T's, T'y : 0 — U and 3
s : Bt — B satisfying:

(1) T1(0) C T'4(0) and I'y(0) € I's(0);
(11) T'5 is continuous and strictly nondecreasing on B ;
(17i) YV w,c € U, oy € BT with ||aq|| <1 and 7 > 0,

T+ 15 (dJB(Fl?ﬂ, F2§)) =

r (a* dp(Fsww, I'w)dg(I'sw, ['oq) + dp(Tas, o) dp(Las, T w)
5 1

ay |; (4.2.9
1 +dB(F3w,F2§) +d3(P4§,F1@) 1) ( )

(iv) the pairs (I'1,T'3) and (I'y,Ty) are weakly compatible;

(v) either (I'1,T'3) or (I'y,T'y) satisfies CLR property.
Then, I'y, I's, I's and 'y have a unique common fixed point in O.

Proof. Firstly, suppose (I',T'y) satisfies C LRy, property. .. 3 a sequence {w,}
in U s.t

}H?o [y(w,) = hm F4(wj) [y = 5 for some w € U.

Since, I'y(U0) CT'3(0) . Jp € U st Tyw = T3p.
We claim that I'yu = I'spy = 3. If I'yp = '3y then, substituting w = p and

¢ = w, in (4.2.9), we have

e (dB(FLu, Fgw])> =<

F5< LAp(Lap, Typ)dp(Dsp, Dow,) + dp(Tyww,, Daw, ) dp(Law,, Tip) 1)
1+ dp(Tsp, ow,) + dg(Lywo,, Tip)

T+ T (dIB(Fl,U7 Fgw)) =<

F5< 1dB(F2w ,Tip)dp(Tew, Tow) + dp(Tew, Tow)dg Ty, ') 041)
1+ dg(Tyw, ew) + dp(Tyww, Ty )

Ts (dy(T'1s, Tow) ) = T5(0s) — 7 < T'5 ().

Since, I'5 is non decreasing. .. dp(I'1u, [yw) =< 5.
Hence, 'y = '3 = oo = se.
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Since, I'1(0) C Ty (V). . v e Ust Ty =T1p=T5u = .

To prove I'yv = I'sv = s, then substituting @ = p and ¢ = v in (4.2.9), we have

T4+ T (dB(FLu, Fgu)) <

o dg(ap, Dyp)dp(Cap, Dov) 4 d(Cav, Tov)dg(Tav, Fl,u)a
b ! 1 + d]B(Fg,,u, PQV) + dB(P4V, FLLL) L)

N (dB(%, Fgu)) =<

o dg(Lap, Dype)de(Cape, Dov) 4 d(Cav, Tov)dg(Tav, Flﬂ)a
b ! 1 + d]B(Fg,u, FQV) + dB(F4V, I‘l,u) L

Ts (dp (3¢, Tav)) < T5(6s) — 7 < Ts5(6s).

Since, I'5 is non decreasing. .". dg(s¢, o) < 0 implies I'or = 32. Hence, ['yv =

Cyv = 5. ([, Ty) is weak compatible. -, oIy = Ty, or I'yse = Tyse. Hence,

2 is a common coincidence point of I'y, I'y, I's and T'y.

Now, to prove s is common fixed point of I'y, I's, I'3 and I'y. Substituting w = p

and ¢ = s in (4.2.9), we have

N (dB(Flu, FQ%)) =<

(o dp(Lap, Dyp)ds(Dap, Dase) + dp(Dyse, Tose)dp(Iyse, Flﬂ)a
b ! 1 +d]B(F3,u,F2%) +dB(P4%, Fl,u) !

dg (3¢, 3¢)d (2, Uas¢) + dp( s, Ty3¢)dp (52, 72)
I=(d T <T *
T 5( B(%, 2%>) -0 (al 1+ dp (¢, Tasc) + dp(5¢, ») @

F5 (d[ﬁg(%, Fg%)) j F5 (H]E) — T j F5(QB)

Since, I's is non decreasing. .*. dg(sr,I'95¢) < 0 implies T'g3z = 5.

Hence, I'1sr = 'g3c = I'sse = 'y3c = 3¢

Uniqueness : Let o is another common fixed point of I'y, I's, I's and I'y. Substi-

tuting w = ¢ and ¢ = s in (4.2.9), we have

T+T% (dB(Q, %)) =7+ '5(dp(l10,e5))

Tl dg(I'30,T'10)dg(T'30,Ta2¢) 4 dp(Lase, Lase)dp (g, Fl@)a
A 1 +dg(I's0,T'a5¢) + dp(I'y2¢,T'10) '

-7 <Oé* dB(Qv Q)dB(Q7 %) + dB(%7 %)dﬁ(za Q>Oé )
> ! ].+dIB(Q, %)+d]]$(%7 Q) !

F5 (dB(Q, %)) j F5<QB) — T j F5(9Eg)

Since, I's is non decreasing. .. dg(p, 3¢) < 6. Hence, o = s.
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Example 4.2.10. Let U = [0,2] and B = C. Define dg : U x U — B as

|| + [¢] if w#¢
dE(w’g):{ol | if =

Then, (U,B,dg) is a C%,-MS and let ', 'y, '3 and 'y on U s.t

_Jw if wel0,1] 5 if wel0,1]
Fl(w>_{2 iwa(l,Q]’FQ(w)_{l if we (1,2’

2 if 0,1 4 if 0,1
[3(w) = “ 1 w e [0,1] and T'y(w) = « 1 @ €0,1]
3 if we (1,2 5 if we(1,2]

Following cases arises :
Case (i): Let @, € [0, 1], clearly I'1(U) C I'4(U) and T'y(U) C I'5(V).

Now,

dB(Flw, F2§) = + %, d[g(Fg?D, Fﬂﬂ) = 3@, dB(Fgw, Fgg) = 2@ + %,

9¢
di(T'4s, I'ag) = 5 and  dp(lss, o) = w + 4.

Consider,

a <d]B<F3?IJ Flw)d]B(Fgw F2§) +dB(F4§ Fgg)dﬁ(r4§ Fﬁﬂ))a
1+ dg(T3, Taq) + dp(Tsq, Do) !

(32w + 5) + X (w + )
- CYl Oc (03]
1+ 3w+

1202 + 12w¢ + 36¢2
6w + 9¢ + 2

12002 + 12ww¢ + 36¢2
6w +9¢+ 3

o (4?4 dws + 1262
= ]l

2w + 3¢ + 1
(20 + 3¢ + 1)* + 3¢? — 8ws — 65 — 4w — 1
2w+ 3¢+ 1

3¢2 — 8w¢ —6¢ — 4w — 1
= 2 (2 3¢c+1
o]l <(w+ s+ 2w + 3¢ + 1

Vv
/N
g
+
N | N
S~
9

&
—
.
g
}1
N}
N
SN—
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Hence,

dB(Flw,F2q> < a’{(dB(

V w,s € [0,1].

Isw, ['w)dg(Tsw, as) + dp(Las, T'ag)dp(I'ss, ') o
1 + d]B(Fgw, F2§) + dB(F4§, Fﬂﬂ) !

Case (ii): Let w,< € (1,2], clearly I'y (0O) C I'4(U0) and I'y(O) C I's(0).

Now,

dB(Flw, FQC) = 3, dB<F3w, Flw) = 5, d]B(Fg’LTJ, F2§) = 4,
dp(Tys,Ta¢) = 6 and dp(lys, w) =T.

Consider,

a* dB(Fgw, Flw)dB(Fgw, P2§)dB(F4§, FQC)dB(F4§, Flw) o
! 1+ dg(T3w, Taq) + dg(Tsq, Do) !

(62
62
_ 21 ==
~ llulP(35)

>3 = dy (Flw, rgg).

Thus,

dB (Flw, F2§> j Cf{ (dB(Fgw, Fﬂﬂ)d[ﬁg(rgw, Fgg) + dB(F4§, Fgg)dmg(r4§, Flw) > o

1+ dB(Fgw, F2§) —+ d]B<F4§, Fl’(TJ)

Vw,s € (1,2]. Also, I'3(U) is a complete subspace of U, (I';,I'3) and (I'y,I'4) are
weakly compatible. Hence, by Theorem (4.2.1), T';,T'5, '3 and I'y have a unique

common fixed point. Indeed, ‘0’ is a common unique fixed point.

Example 4.2.11. Let U = [0,2] and B = C. Define dg : U x U — B by
dg(w,s) = |w — ¢|. Then, (U,B,dp) is a C%,-MS and let I';, 'y, '3 and I'y on O

as

)

Ly () {o fwel0l o {(1) if @ e 0,1
1 if we(1,2] Loif we (1,2

w if wel0,1]

3w if wel0,1]
2 if we(1,2]

4 if we (1,2

and I's(w) = {
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Firstly, we shall show that (I'y, I'3) satisfies E.A. property. Take a sequence {w,}
in U st {w,} = (M) Then,

1 .
A, ey = g T (m) = im0 =0

and

1 1
1 r = 1 0| 75— = lim | ——=—=]=0
Thus, Jllglo I'w, = jlggo I'seo, = 0 € U. Hence, (I'y,I's) satisfy E.A. property.
Following cases arises:
Case (i) : Let @, € [0,1], clearly I';(U) C T'4(U) and T'y(U) C T'3(0).

Now,

dp(I'yw,T'9¢) =0, dp(I'sww, ['w) = w, dp(l'sw,'as) =
d(T4s,T2¢) = 3¢ and  dp(Tys, @) = 3.

Consider,

a* dB(Pgw, Flw)dB(Fgw, F2§> + dIBg(F4§, F2§)dB(F4§, le) o
! 1+ dg(T3w, Taq) + dg(Tsq, T1o) !
_ 0/{<(w x ) + (3¢ * 3§))a1

w+3c+1

= HO&1||2<+ 3§+ 1 0 dB<F1w F2§)

Hence,

dB(Flw,Fgg) Za <dB(F3w ,D1w)dp (T3, Tas) + dp(Las, Toc)dp(Lys, Fﬂﬂ))al

1 + d]B(Fgw F2§) + d]B(F4§ Flw)
vV w,s € 0,1].
Case (ii): Let @, € (1,2], clearly I'1(U) C I'4(U) and T'y(U) C T'5(V).
Now,
1
dB(Flw,Fzg) = 5, d]B(F;;w,Flw) = 1,d]B(F3?IJ,F2§> = —

7
dp(Tys,Tog) = 5 and  dp(T'4s, ) = 3.
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Consider,

a* dB(Fgw, Fﬂﬂ)d[ﬁg(rgw, Fgg) + dB(F4§, F2§)dB(F4§, Flw) o
1+ dg(T3w, Taq) + dg(Tsq, Do) !

Thus,

dp(Fsw, ['w)dp(I'sw, Iag) 4 dp(Las, T'oq)dp(las, T'iw)
s (T, Toe) < @
E( 1w 2§> =M ( 1+ d]B(F?,w, FQC) + d]B(F4§, Fl’ZD) a

Vw,s € (1,2]. Also, I'3(0) is a closed subspace of U and (I'y,I'3) and (I'y, I'y) are
weakly compatible. Hence, by Theorem (4.2.8), I';, ', '3 and I'y have a unique

common fixed point. Indeed, ‘0" is a common unique fixed point.

Example 4.2.12. Let U = [0,2] and B = C. Define I's : BT — B as I's(a) = 195a
[l 1ol it oo

0 if p=o
Then, (U, B, dg) is a complete C%,-MS and let I'y, 'y, I's and I'y on U as

and dg : U x O — B as dg(p, 0)

npy =12 Teelod gy J0 ifpel0l]

2p if pe (1,2] 1 if pe(1,2]
Fa(p) = 2p if pe0,1] Fa(p) = dp if pe0,1]
! 1 if pe(1,2] 7’ 10 if pe (1,2

Firstly, we shall show that (I';,I'3) satisfies CLRr, property. Take a sequence

()} CUsit {p) = <\/j21+72j> Then,

: . 1 : 1
A Pey = Jizg Ty <j+2]> BN e TR

and

) . 1 . 7
it = i o () = i () =0

Thus, Jllglo Tip, = ]liglo Isp, = I'1(0) = 0 for 0 € U. Hence, (I'1,I'3) satisfies

C LRy, property.

Following cases arises :

Case (i) : Let p,o € [0,1] and assume 0 < 7 < 1, clearly I';(U) C I'4(U) and
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I5(0) C I'5(0).

Now,

dg(l'ip,To0) = p, deg(I'sp,I'1p) =5p, de(I'sp,I'20) = 4p,
dg(Tyo,Ty0) = 20 and dg(Tyo,T1p) =p+ 20.

T a* d]B(Fg,p, Flp)d]B(Fg,p, FQU) + dB(F40', FQU)dB(F4U, Flp) o
> ! 1+ dB(Fg,O, FQO-) + d}B(F40’, Flp) !

_r C¥>,<5p(4p)+20*(p+20)a . a*20p2+2p0+402a
AT 14+p+20+4p ! AT op+20+1 !

,20p? + 2p0 + 40
=195 <Oél 5p—|—20—|— 1 (0%} i T+F5(d]B(F1p, FQU)).

Hence,

dg(I'sp,T'1p)ds(T3p, I'20) + dg(Ly0,Ty0)d(Tso, T p)
4 Ts(ds(p o)) < Ts(a*
vV p,o€0,1].

Case (ii) : Let p,0 € (1,2] and assume 0 < 7 < 1, clearly I'1(U) C T'4(U) and
I'y(U) C I'3(0).

Now,

dB(Flpa FQU) 2p+ 17 dB(F3p7F1p) = 1O+2107 dB(F3p7 F2U) = 117
dg(Tyo,Ty0) = 4o0+1 and dg(T'yo,T1p) =40+ 2p.

Consider,

I (o dp('sp,L'1p)dp(T3p, T90) + dp(T's0, 'a0)dp(T'40, Flp)a
T 1+ dg(Tsp, T90) + dg(T40,T1p) !
L(11(10 4+ 2p)) + (40 + 1)(2p + 40)
1+11+2p+ 40
11(10 + 2 4o +1)(2p + 4
_ 105 ai( (10 4 2p)) + (40 +1)(2p + 0)a1
1+11+2p+40

t T+ F5 (dB(F1p7 FQU)) .

Hence,

d]B(ng, Flp)dB<F3p, FQU) + dE(F40‘, FQO’)dIB(F40', Flp)
[s(d <T 1
T 5( B(p’ 0>> -5 (051 1 + dB(Fg,o, FQO') + dB(F40', Flp) a
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V p,o € (1,2]. The pairs (I';,T'3) and (I'y,T'y) are weakly compatible. Hence, by
the Theorem (4.2.9), I'y, 'y, ' and 'y have a unique common fixed point. Indeed,

‘0’ is common unique fixed point.

Example 4.2.13. Let U = [0,1] and B = C. Define dg : U x U — B as
dp(w,s) = |w —¢|. Then, (U,B,dp) is a C%-MS. Let I';,T'3,I's and I'y on U

as
lw=w, Ihw=— Iyw=4wliw=2w, VweO.

Clearly, I'1(U) C I'4(0) and I'y(U) C T'3(0). Also, I'3(0) is a complete subspace
of U and (I'1,I'3) and (I'y, I'y) are weakly compatible.

Now,

dB(Flw,Fgc) = ’w — % y dB(Fgw,Flw) = |4w — w|, d]B(Fgw,F2§) = ‘4’@ — %
S
dp(Tys, 1) = |2¢ — wland dp(T4s, [yg) = |26 — 3l

Observe that

dB (Flw, F2§) j a){ (dE(Fgw, Flw)dB(Fgw, F2§) + dB(F4§, F2§)dB(F4C, Flw) ) o

1+ dB(Fgw, F2§) + d]B<F4§, Flw)

V w,s € U. Hence, by Theorem (4.2.1), I'y, 5, '3 and I'y have a unique common

fixed point. Indeed, ‘0’ is the unique common fixed point in O.

Example 4.2.14. Let U = [0,2] and B = C. Let I's : BY — B defined as
I's(a) =In(a) and d : U x U — B defined as

lpl+lo| if p#o
dg(p,0) = {O o

Then, (U,B,dp) is a complete C%,-MS and let I'1, 'y, I's and I'y on U as

) p* if pe0,1] _Jo if pef0,1]
Fl(p)_{o if pe(1,2]’ FQ(p)_{l if pe(1,2)’

[3(p) =11p and Tyu(p)=8p V pel0,2].

Following cases arises :

Case (i) : Let p,o € [0,1] and assume 0 < 7 < 1, clearly I';(U) C T'4(U) and
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[5(0) C I'5(0).

Now,

dg(Dip, Too) = p*, dg(Tap,T1p) = 11p+p?, dg(D'sp,Too) = 11p,
dg(Tyo,T90) = 8o and dg(I'yo,Tip) = p* +80.

Consider,

F a* dB(ng, Flp)dB(ng, FQO') + dIB(F40', FQO')d]B(F40', Flp) o
b ! 1 + dB(ng, FQO’) + d]B(F4O', Flp) !

(o 11p(11p + p*) + 8o (80 + p2)a
S\ 1+ 11p + 80 + p? !

L1p(11p + p?) + 80(80 + p?)
=In|aj o

14 11p+ 80 + p?

= 7+1n(p?) = 7 + Is(ds(I1p, I20)).

Hence,

d]B(ng, Flp)dB(ng, FQO’) + dB(F40', FQU)dB(F4U, Flp)
I's(d < T
T 5< 5(p, 0>) - 0 < 1+ dg(T'3p, I'20) + dp(T'40,T1p)
V p,o € [0,1] with ||ay| = 1.

Case (ii) : Let p,o € (1,2] and assume 0 < 7 < 1, clearly I';(U) C I'4(U) and
FQ(O) C Fg(U) NOW,

dg(T1p,Too) = 1, dg(T'sp,T1p) =11p, dg(T3p,Te0) =11p+1,
dg(Tyo,Ty0) = 80 +1 and dg(T'y0,T1p) = 80.

Consider,

e (o dg(Lsp, I'1p)dg(Lsp, 'ao) + dg(Lyo, T'y0)dp (40, ' p) N
b ! 1+ d]ﬁg(rgp, FgO’) + d]B(F40', Flp) !
11 1)11 1
T Oq( p+1)11p+ (80 + )80@1
24+ 11p+ 8o

11 111 1
:ln<a*< p+ 1)11p+ (80 + )80(11)

! 2+ 11p+ 8o
= 7+1In(1) =74 [5(de(T1p,T'20)).
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Hence,

ds(L'3p, T'1p)ds(T3p, I'20) + dg(L'y0, I'y0)dp(L'ao, T'ip)
+I'5(dg(p, <T 1 Q
rlsldsle, o)) X Ts (al 1+ dy(I'sp,T20) + dg(L'yo,T'1p) '
V p,o € (1,2] with ||aq|| = 1. Also, I'3(0U) is a complete subspace of U, (I'1,I'3)
and (I'y,T"y) are weakly compatible. Hence, by Theorem (4.2.3), I'y, 'y, I's and

I’y have a unique common fixed point. Indeed, ‘0’ is a common unique fixed point.

Example 4.2.15. Let U = [0,2] and B = C. Define I's : B¥ — B as I's(a) = 125a
and dg : O x U — B as dg(p,0) = |p— o|. Then, (U,B,d) is a complete C%,-MS
and let I'y,I'5,I'3 and I'y on U as

Iy (p) = 0 if pe0,1] Lo(p) = 0 if pel0,1]
! 05 if pe(1,2]’ ° 1 if pe (1,2’
p
if 1 4p it 1
gy = {20 T Pel0dl oy = {4 T rel0]]
8 if pe(L,2] 20 if pe (1,2

Firstly, we shall that (I';,I's) satisfies E.A. property. Take a sequence {p,} C U

st {p)} = (ﬁ)

. Then,

: . 1 :
= () = im0 =0

and

P Fopy = iy T (ﬁ) — (J%) -
Thus, }Lngo Lip, = ]lggo I'sp, = 0 € U. Hence, (I'1,I'3) satisfies £.A. property.
Following cases arises:

Case (i) : Let p,0 € [0,1] and assume 0 < 7 < 1, clearly I'1(0) C T'4,(U) and
['52(0) € T'5(0).

Now,

dg(T'1p,Too) = 0, dg(T'sp,T1p) =4p, dg(T3p,T20) = 4p,
dg(l'yo,I'y0) = 5o and dg(I'yo,lp) = 5o.

Consider,

r o dB(ng, Flp)dB(ng, FQU) + dB(Fm, FQO’)d}B(F4O', Flp) o
b ! 1+ dB(ng, FQU) + d]B(F40', F1p> !
O (o (4p x4p) + (5o * o)
= «
A 4p+ 50 +1 !
16p* + 2502
=125 o] ————
(al 4p+ 50 +1 “

1) =7+1T5 (d]B<F1p, PQU)).
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Hence,

dB(ng, Flp)dB(ng, FQO’) —f- d]B(F4O', FQU)dIB(F4U, Flp)
415 (ds(p, o)) < Ts( a*
! 5( »(e 0)) ’ (al 1+ dg(T'3p,I'20) + dg(ls0,T1p) “
Y p,o € 10,1].
Case (ii) : Let p,o € (1,2] and assume 0 < 7 < 1, clearly I';(U) C I'4(U) and
I'2(0) C I'3(0).

Now,

dg(T'ip,T20) = 0.5, de(T'sp,T1p) =19.5, dg(I'sp,I'20) = 19,
dg(T'yo,T'y0) = 7 and dg(l'yo,T1p) =T7.5.

Consider,

r < LAds(T3p, T1p)dg(Lsp, Tao) + dg(Lyo, Too)dp(Tso, T'1p) >
5| & &3]

! 1+ dB(ng, FgU) -+ dB(F4O', Flp)
r L(19%195+7%7.5
= «
AN 14+ 19+75 !
423 423
=Ts (a2, | =125 [af—2
i (O‘127.5O‘1> ° <0‘127.50‘1)

= 7+ Ts5(ds(T'1p, T20)).

Hence,

T+TD5(ds(p,0)) = F5<

Vp,o€(1,2].

dg(I'sp,T'1p)dg(Tsp, I'20) + dp(Ls0, T'y0)dp(T40, F1P)>
1+ dB(Fg,O, FQO’) + dB(F40', Flp)

Also, I'3(0) is a closed subspace of U and (I';,I'3) and (I'y,I'y) are weakly com-
patible. Hence, by Theorem (4.2.6), I';,I's, I's and I'y have a unique common

fixed point. Indeed, ‘0’ is common unique fixed point.

4.3 Common Fixed Point of Self Mappings using
Expansion

Common fixed point results of self mappings for various type of expansion map-

pings in abstract spaces have been investigated broadly by many researchers (see,
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Shahi et al. (2012) Anushree & Gandhi (2013), Ma et al. (2014), Dhawan et al.
(2019), Markin & Sichel (2019), Anushree & Gandhi (2021) and references cited
therein). In this section, some results on common fixed point in C%,-MS using

expansion mappings are presented.

Theorem 4.3.1. Let (U,B,dg) be Cy,-MS and I'1,T'5, '3, T'y : U — U satisfying:

(1) T'1(0) C Ty (V) and I'y(V) C I'3(V);

(i) ¥V 9,¢ € U, a1, a9, a3 € BY with a1, [laz], |las| > 1

dB(Fg’ﬁ, F4§) t Ojld]B(F319, Flﬁ)dB<F1197 F4C) + O[Qd]B<F4§, F2§)
+CY3d]B(F119, F2§); (431)

(13i) either I'1(0), T'9(U), I'3(0) or ['4y(V) is a complete subspace of U.

Then, the pairs (I'1,I'3) and (I'y,T'y) have a coincidence point. Moreover, if the
pairs (['1,T'3) and (I'y,Ty) are weakly compatible, then T'y,T5,T's and T'y have

unique common fized point in O.

Proof. Let ¥y € U be any arbitrary point. From (), construct a sequence {,} in
O as

S2941 = F1192; = F4792g+1 and 242 = F21923+1 = F31923+2.

Define dg, = dg(s), ;+1). Suppose that dg, = 0g, i.e, dp(y, S2j41) = Op for some
J- Then, I'1y, = I'yls,41 = 9y, 1 = I's¥y,. Thus, I'y and I'; have coincidence
point. Hence, the result.

Now, suppose that dp, = 0 V 7 € N. On substituting ¥ = ¥, and ¢ = 95,41 in
(4.3.1), we have

dB(F?ﬂ?Q]; F419234-1) t O‘ldIB(F?ﬂng F1192j)dB(F1192]7 F4192j+1)
+aodg(I'409)11, ToV2)11) + asdp(T'a02)11, '19))
d]B(Q], §23+1) = aldIB<§2]7 §23+1)d13(§2]+1, §23+1) + a2d3(§2j+1, §2]+2)

+a3dp (Sop41, S2p42)

dn(S2y; S2p11) = adB(Soyt1, S2p12) + a3dB(S2)415 S2)12)
1
LT g + o Uz, = hig,,
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where h =
(8%

dg (gja §]+1)

as
hdg,, ., ds,,_, = hdg,, , and so on.

In general, dg, < hdg, , V7 €N, ie,

AT TA

PN

with [|h]] < 1 as [|ag + as|| > 1. On the similar lines, dg,, =<

hdg(;-1,5,)

h2dB(§J—27 S-1)

h]dﬂ%(%, §1)-

For any p € N, we have

dg(Sy1p; S5)

PN

IA

PN

A

IN

dIB (§]+p7 §]+p—1) + dIB (§]+p—17 §]+p—2) + -+ dIB (<]+17 g])
J+p—1

Z hldﬁ(%,q)
1=y

Jt+p—1 , ,
Z (a2h§)*a2h5
1=y

Jt+p—1

Z ‘Q2h1‘2
1=y

Jtp—1

Y (k)| Is
1=y

7+p—1
| va||* I Z (h")? — fg as ) — oo,
=7

where ||as||? = dg(<p, 1) for some oy € BT. Hence, {q,} is a Ceq.

Since, I';(U) is complete subspace of U. .-, {¢,} is contained in I';(U) and has a
limit in T3(0), u (say). Let v € I'3'u, then T3y = pu.

Next, to show I'yv = p. Assume that, I'yv # p. Substituting ¥ = v and ¢ = 9,
in (4.3.1), we have

dB(FgV, F4Q9]_1) i ()éld]B(F3V, Fly)dB(I‘lz/, F4Q9j_1) + OZQdIBg(F4?9]_1, Fﬂ?]_l)

+asdg(I'v, T, 1)

de(T'sv,¢-1) = audg(Tsv, I'iv)dg(Tv, 6 1) + aedr(S)—1, )

+Oégd]]3(§j, Fll/) .

Taking limit as 3 — oo, we have

dg(pt, ) = cndg(p, T1v)dg(Tyv, ) + cods(p, 1) + asdp(p, T'v)
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O = andg(p, T1v)ds(Tiv, p) + asdg(p, I'1v)
9153 >~ d]B<,U,, Fll/)(Oéld]B(Fly, ,u) + 063).

Taking norm both side, we have
lde(p, Trv) llonds(Tyv, p) + asl| < 0

implies ||dg(p, I'1v)|| < 0ie, 'y = p. Thus, sy = p =Ty

Since, I';(U) C T4(V) and I'yv = p implies p € T4 (V). Let @ € I';'y, then
I'ywo = p.

On the similar lines, I'yvow = 'y = p.

Since, (I'1,I'3) and (I'y,T'4) are weakly compatible. . p=T1v =T3v = [4w =
['yzw. Then,

F4u = F4F2w = F2F4w = FQILL and FglLL = F3F1V = Fngl/ = Fl,u
We claim that 'y = p. If possible, let oy # 1, then
dIB(,U, FQ,U) = dB(F:sl/, F4M) = aldB(F3V> Fl’/)dIB(Flya F4M) + @2dB<F4,Ua FQM)

+agdg(Tap, T1v) = asdp(p, Iapt)
O = (a3 — Ip)dp(p, o).

Taking norm on both side, we have

[(es = D[l da (s, Top)[| <0,

implies ||dg(p, Tap)[| < 0 ie, Top = pu.
Hence, I'yp = I'spp = Dypp = Dopp = pu.

Uniqueness : Let s be another common fixed point of I'y,I's,I's and I'y. Then,

dg(se, 1) = dp(Ts2e, Typ) = cdp(T3se, T3¢)dg(Tyoe, Typn) + aodp(Tap, Top)
+azdy(Tap, T'y3¢) = azdp (i, )
0[5; i (Ozg — IB)dB(M, %)

Taking norm on both side, we have

(s = )l ds (s, 2)|| <0
implies ||dp(u, >)|| <0 ie, 2 = p. O
Theorem 4.3.2. Let (U,B,dg) be C%,-MS and I'1,I'9,T'5, I'y : U — U satisfying:
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(i) T'1(0) CT'4(U) and I'y (V) C I'3(V);

(i1) YV ¥,s €T, ay,as, a3 € BY with ||aq||, ||az||, [|as|| > 1,

d[@(rgﬁ, F4§) t Oéld]B(F319, Fﬂ?)dﬁ(rﬂg, F4§> + Oégd]g<r4§, F2§)
+063d]B(F119, Fgg); (432)

(17i) the pairs (I'1,T'3) and (T'y,Ty) are weakly compatible;

(1) either (I'1,T'3) or (I'g,T'y) satisfies E.A. property.

If the range of one of T'3(0) or T'y(U) is a closed subspace of O. Then, T'1,'5, T3

and 'y have a unique common fixed point in O.

Proof. Firstly, assume (I'y,I'y) satisfies E.A. property. .". 3 a sequence {,} in I’

s.t ]lgélo [y () = ]lgglo I'4(¥,) = s for some s € U.

Further, I'y(U) C I'3(0). .. 3 a sequence {g,} in U s.t I'y(d,) = I's(s,). Hence,
]llglo I3(g)) = 5.

We claim Jlgglo I'y(s)) = s If possible Jlggo I'1(¥,) = 511 # s. Then, substituting
Y=g, and ¢ =9, in (4.3.2), we have

dIB(Fng]a F419]> t QldB(F3gja Flgj)dB(Flgp F419]> + Oé2dlB<F47-9]7 F27-9])
+Oé3dB(F1§j, Fgﬁj).

Taking limit as y — oo, we have

dIBg(%, %) i OéldB(%, %1)d[[g(%17 %) + agdﬁ(%7 %) + Oé3d]B<%1, %)

Op > dg(sz, 20)(1dp(s, 501) + 3).

Taking norm both side, we have
ldg (5, 5e1) |l[|nd (3¢, 501) + usf| <0

implies ||dg (5, 211)|| <0, i.e, 3¢ = 37,. Hence, Jlgglo I'i(s) = Jlgglo Iy (v,) = Jlggo Is(s,) =
.
Now, suppose ['3(0) is closed subspace of U and I'su = s for some p € U. Subse-

quently, we have JILI& I'i(s,) = }E& Iy(¥,) = }H& Iy(9) = ]15& [3(s,) = 2 = T3p.
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We claim that Iy = I'sp. If not, substituting ¥ = p and ¢ = 9, in (4.3.2), we

have

dB(Fgu, F4§]) i ald]B(Fgu, Flﬂ)dm(rlﬂ, F419]) + OézdIB(F4T9J, Fgﬁ])
+CY3d]B<F1,u, Fg’l%).

Taking limit as y — oo, we have

dg(s, ) = oqdg(se, Tip)dp(Tp, 5¢) + aodp(s2, ¢) + asdg (T p, )
9[53 >~ dB(FLU,, %)((deB(%, Fl,u) + 063).

Taking norm both side, we have
|ardp (52, T1p) + as|| <0

implies ||dg(I'1p, )| = 0, i.e, I'yp = sc. Hence, I'1pp = Tspp = 52

Now, the weak compatibility of (I'y,I's) implies I';'sp = I3T'yp or T'yse = Tgoe
Since, I'1(0) CTy(V) v € U st Typ =Ty =T3pu = .

Now, to prove I'ov = ['yv = 5. If T'yv # I'yr, then substituting ¥ = p and ¢ = v
in (4.3.2), we have

dg(Tsp, Tav) = ondp(Tsp, Tip)de(Tip, Tav) + codp(Tav, Tov) + asdp (T, o)
(9[3 b (042 + Oég)d]g(%, FQV).

Taking norm on both side, we have
[l (2, Tov) || < O

implies »x = I';v. Hence, 'y = 'y = s

Further, the weak compatibility of (I's,T"y) implies o'y = Ty[yv, or I'yse =
['y2¢. . sz is a common coincidence point of I'y, 'y, I's and I'y.

Now, to prove s is a common fixed point of I';, ', '3 and I'y. Substituting v =

and ¢ = s in (4.3.2), we have

d(Tipe, Tose) = dg(se,To5¢) = andg(Tspe, Tipe)dp(Tip, Tyse)
+C¥2dB(F4%, FQ%) + C(gdB(FLu, FQ%)

1Y

Oé3d155(%, FQ%)

QB (043 — IB>dB(%, FQ%)

1Y
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Taking norm on both side, we have
los — 1] [|dg (5, Ta2) | <0

implies ||dp(s¢,93¢)|| = 0. Hence, I'15¢ = Tyse = I'gse = Tyse = 52
Uniqueness : Let w is another common fixed point of I'y, I'y, I'3 and I'y. Then,

substituting ¥ = w and ¢ = s in (4.3.2), we have

Y

dp(w, ) a1dp(Tsw, ['w)dg (I, Lase) + aode(Tyse, Dase) + asdp(Fiw, [ax)

Y

a3dIB<w7 %)

6]]3; > (ag—[B)dB(w,%).

Taking norm on both side, we have
las = 1[[[ds(w, )] <0
implies ||dp(w, 5)|| = 0. Hence, w = . O

Theorem 4.3.3. Let (U,B,dg) be Cy,-MS and I'1,T'5, '3, T'y : U — U satisfying:

(i) T'1(0) CT'4(U) and 'y (V) C I'3(V);
(it) V 9,6 € U, a1, a9, a3 € BT with ||aq|], ||zl las|| > 1,
de(I'30,Ts¢) = ardg(T's?, I'19)de(I'19, I's) + qodp(I'sg, T'as)
+a3d]E(F119, FQC); (433)
(13i) the pairs (I'1,T'3) and (T'9,Ty) are weakly compatible;

(i) either (I'1,T's) or (I's,T'y) satisfies CLR property.
Then, I'1,I'5, '3 and I'y have a unique common fixed point in ©.

Proof. Firstly, suppose (I'y, I'y) satisfies C LRy, property. .. 3 a sequence {¢,} in
U s.t ]llglo L) = ]llglo [4(¥,) = 'y = 5 for some 9 € O.

Since, I'y(U) C I'3(V). .-. I'y¥) = T'sp, for some p € O.

We claim that I'yp = I'spe = 5. If not, substituting ¥ = p and ¢ = ¢, in (4.3.3),

we have

d[gg(Fg/JJ, F479]) > ald]}g(Fg,u, Fl/L)dB(Fl/ﬁ, F479]) + agdB(ij, Fg"ﬁj)
+a3dB(F1u, Fgﬁj).
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Taking limit as y — oo, we have

dp(s,2) = ondg(se, Tip)dp(Dyp, 52) + codp(se, 32) + asdp(I'ypa, 52)
QB = d]B(%7 FLU,)(OéldB(FLU/, %) + 043).

Taking norm on both side, we have
[dB (22, Typ)|[[|ends (Typ, ) + asl] <0

implies ||dp(s¢,T1p)|| <0, i.e, 5 = 1. Hence, Ty = T'gp = ¢

Since, I'1(0) C Ty (V). . v eUstTyw=T1p=T3u=s.

Now, to prove I'yv = ['or = 3. If T'yv # 'y, then substituting ¥ = p and ¢ = v
in (4.3.3), we have

dB(Fgﬂ, F4I/) t OéldIB(F?)/L, Fl,u)dB(Fl,u, F4V) —+ OéQdB(F4V, PQV) —+ Oé3d1|3(F1,U/, FQV)
9153 ~ (Ozg + Oég)d]B(%, FQV).

Taking norm on both side, we have
[[(ev2 + as)][[|dB(¢, Tav) || <0

implies ['ov = s ie, I'ov =Ty = 2.

Further, the weak compatibility of (I'g,T"y) implies T'ol'yv = T'ylov, or Tesr =
['ysc . s is a common coincidence point of I'1, Iy, I's and T'y.

Now, to prove s is common fixed point of I'y, I's, I's and I'y. Substituting v = u

and ¢ = s in (4.3.3), we have

dp(Lip, Tase) = dp(Uap, Daze) = andp(Dap, Dip)dp(Tip, Tase) + aodp(Lase, Do)
+azdp (T p, Ty3)

dp(s¢,T'95)

Op = (as— Ip)dg(s, [y3).

1Y

azdp (22, [ys¢)

Taking norm on both side, we have
[lovs — 1|[|dp (¢, La2e) || <0

implies ||dg(s¢, ['95¢)|| = 0. Hence, 93¢ = 2. Hence, I'13¢ = I'ose = 3oe = [yoe = 5

Uniqueness : Let w be another common fixed point of I'y, I'y, I'3 and I'y. Then,
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substituting ¥ = w and ¢ = s in (4.3.3), we have

dg(w, ) = dg('sw,Tyse) = oudp(Tsw, vow)dg (I, Tase) + codp(Taze, Tosx)
+azdp (T, Tox) = azdp(w, »)

0[5; i ((13—]B)d[3(w,%).

Taking norm on both side, we have
[lovs — 1|[|dB(w, 52)[| <0

implies ||dg(ww, )| = 0. Hence, » = w. O
Theorem 4.3.4. Let (U,B,dp) be a C%y,-MS and T'1,T'5,T'3, Ty : U — U satisfy-
mg:

(1) T1(0) C T4 (V) and T'y (V) C I'3(V);

(i1) V9,6 € U, ay,az,as € BY with |aq|], ||az||, [|as|| > 1,

d[ﬁg(r319, P4§) t Oéld]B(F319, Flﬁ)d[MFlﬁ, F4§) + OéQdB(P4§, FQC)
+Ol3d]]3;(r119, FQC); (434)

(131) the pairs (I'1,T'3) and (I's,T'y) are weakly compatible;

(i) I'y, I's satisfies CLRr, and I's, T'y satisfies C LRy, property.
Then, I'1,I'5, '3 and I'y have a unique common fixed point in ©.

Proof. As I'y, I's satisfies CLRyp, and 'y, I'y satisfies C' LRy, property. .". 3 two
sequences {¥,} and {q,} in U and g,v € U s.t jlggo ', = jlg& I'39, = T'y0 € T'4(0)
and Jlg(r)lo Lyg, = ]lglolo Iys, = I'sv € T'3(0). Substituting ¥ = 9, and ¢ = ¢, in (4.3.4),

we have

dg(I's9,,T4s) = aade(Ts0,,119,)ds(I19,, Tas,) + aadr (T4, Tas;)
‘F(Igdm;(rﬂ%, F2§J).

Taking limit y — oo, we have

dg(I's0,T'sv) = aidg(I's0,Ta0)dg(I's0,I'sv) + codp(I'sv, T'sv) + asdg(Is0, ['3v)
= asgde(Ly0,T'sv)
O = (a3 — Ip)dp(Ts0,I'3v).
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Taking norm on both side, we have
la — 1[[[|dz(Ts0, T3v)|| < 0

implies ||dg(I's0,I'5v)|| < 0. Hence, I'sv = I'4p.
Now, substituting ¥, = ¢ and ¢ = p in (4.3.4), we have

de(I'39,,Ts0) = aade(I'39,,I'19,)dg(I'19,,T'10) + asd(T's0,T'20) + asds(I19,,T20).
Taking limit as 3 — oo, we have

dg(I's0,T40) = oqdg(Ts0,T40)dg(Ta0,T40) + codp(Ts0,T'20) + csdp (a0, I'20)
= (oo + a3)de(Ts0,T'20).

Taking norm on both side, we have

[z + as)|[|[de(Ts0, 20)[| < 0
implies ||dp(T'40,T20)|| < 0. Hence, T'y0 = T'y0.
On the similar lines, I'y'v = I'sv. Hence, I'yv = T'3v =Ty =140 = w.
Since, I'y, I's are weakly compatible mappings implies I'yw = I'1I's3v = I'3['v =
Pgw.

Substituting ¥ = w and ¢ = p in (4.3.4), we have

dg(I'sww,Lyp) > aydp(Tsw, [w)dg(l'iw, Lap) + aadp(Ts0,T'20) + asdp(Tiw, ['yp)
d[B(Fgw, ’W) - Oégdlag(rgw, W)

915; i‘ (Oég—IB)dmg(Fgw,w).

Taking norm on both side, we have
los — 1] [|d (I3, )| <0

implies ||dg(I'sew, @)|| = 0. Hence, I'sw = w = T'w.
On the similar lines, I'yw = 'y = w.
Uniqueness : Let s be another common fixed of I'1,I'y, '3 and I'y. Substituting

Y =w and ¢ = s in (4.3.4), we have

d]B(w, %) = dB(Fgw, F4%) t ald]B(Fgw, Flw)dB(Flw, F4%) + OéQdIBg(F4%7 FQ%)
+a3dB(F1w, FQ%)

Y

azdp(w, »)

9153 - (043—]13)61153(@,%).
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Taking norm on both side, we have
las = 1[[[ds(w, )] <0
implies ||dg(w, )| < 0. Hence, w = . O

Theorem 4.3.5. Let (U,B,dg) be a Cy,-MS and I'1,T'5,T'3, I'y : U — U satisfy-

mg:

(i) T'1(0) CT4(U) and 'y (V) C I'3(V);

('l> Vﬁyg S 67 g, Qg € IB+ with ||O{1H’ ||OéQ|| > 17

dB(Fgﬁ, Flﬁ)d]g(r1197 F4§) + d[@(rzg, F4C)d[5;(r4§, F319)
I'sy, T -
dIB( 30, 4§) = Oé1< d]B<F119,F2§)

+a2dB(F119,F2§); (435)

(17i) the pairs (I'1,T'3) and (T'y,Ty) are weakly compatible;

(iv) Ty, T's satisfies CLRyr, and T'y, T'y satisfies C LRy, property.
Then, I'1,I'5, '3 and I'y have a unique common fixed point in ©.

Proof. As I'y, I's satisfies CLRr, and I'y, I'y satisfies C LRy, property, 3 two
sequences {¥,} and {¢,} in U and p,v € U s.t ]lgglo ', = ]lglolo I'39, = I'y0 € T'4(0)
and ]llglo [yg, = Jllglo Iyq, = I'sv € T'3(V). Substituting ¥ = 9, and ¢ = ¢, in (4.3.5),

we have

dIB%(F?,T%’ F4§j> - o (dB(Fgﬁj’ Flﬁ])dﬂ(rlﬂj’ F4§J) il dB(F2§]7 F4§])d]3(1—‘4§], 1—‘319])>
d]B(Flﬁjv F2§J)

+062dB(F1?9], FQ%).

Taking limit as y — oo, we have

Y

dg(I's0,T40)ds(T'40,I'sv) 4 dg(I'sv, I'sv)dp(I'sv, I's0)
dg(T'y0, T
5(l'40, Tav) a1< de(T's0,T'3v)
+andg(I's0,I'sv)
aadp (0, T'30)

O = (oo —Ip)dp(T40,T'50).

Y
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Taking norm on both side, we have
[(e2 = Dl[|dz(Tsg, Tsv)[| < 0

implies ||dp(I'40,'3v)|| = 0. Hence, I'yo = I'sv.
Now, substituting ¢, = ¢ and ¢ = p in (4.3.5), we have

dg(I'39,,T40) = 0é1<

+aadp(I'19,,T20).

dIBi(FSﬁp Flﬁ])dﬂ(rlﬁm F4Q) + dB(F2Q> F4Q)dB(F4Q> F?ﬂ%))
d]B(Flﬁg, I'y0)

Taking limit as 3 — oo, we have

dg(I's0,T40) >

o <dIB(F4Q7 F4Q)dJB(F4Q7 F4Q) + dB(F207 F4Q)dJB%(F4Q, F4Q)>
! dB(F4Qa F2Q)
+andg(I'40,T'20)

O = aadp(l40,120).

Taking norm on both side, we have
|ds(T10,T20)]| <0

implies I'yp = ['y0.
On the similar lines, we have I'yv = ['sv. Hence, I''vo =T'3v =10 =Ty = w.
Since, I'y, ' are weakly compatible mapping so I'y'w = I''['sv = I'sT' v = [N'sw.

Substitute ¥ = w and ¢ = p in (4.3.5), we have

dg(T T dg(T T d(Ts0. T40)dg(T40. T
du(Ts, o) = a1< B(I'swo, I'w)de(T'1w, Tye) + dg(I'20, Ts0)dr(I'10, 3w)>

dB<F1w7 FQQ)
+a2dB(F1w, F2Q)
ds(Ts, @) = (dB(Fgwy I'sw)dg(I'sw, w) + dp(w, w)dg(w, F3w)>

dB(F?)wu w)
+a2d3(f‘3w, ’W)

915; i‘ (Oég—IB)d]B(Fgw,w).

Taking norm on both side, we have
[(e2 = Dl[|dz(T'sw, @) <0

implies ||dp(I'sew, @)|| = 0. Hence, I'sw = w i.e, 3w =w =" w.

On the similar lines, we have I'yoww = I'yw = w. Hence, w is common fixed point
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of Fl; FQ, Fg and F4.
Uniqueness : Let » be another common fixed of I'1,I'y, '3 and I'y. Substituting

Y =w and ¢ = s in (4.3.5), we have

dB(wa%) = dB(F3w7F4%>
N de(Usww, I'vw)dg(I'yww, L) + dg(Lase, Lyse)dp(Lyse, 3w)
! dB(F1W,F2%)

Y

—i—ozngB(Flw, FQ%)
9153 i (()[2 — IB)CZB(W, %)

Taking norm on both side, we have
[[(e2 = D|lf|de (e, ) ]| <0
implies ||dg(w, )| = 0. Hence, w = . O
Theorem 4.3.6. Let (U,B,dp) be a Cy-MS and I'1,T'9,T'3, Ty : U — U satisfy-
mg:
(1) T1(0) CTy(0) and I'y(V) C I'3(V);

(i1) V9,6 € U, ay, as,as,ay € BT with ||aq||, ||z, [|as]l, [aa]] > 1,

d3(T59, T109) + d3(Tas, Tus)
dg(Ts9, Tyc) > B0 —
IB( 3 4§) - al(dB(Flﬂ,F4§) +dB(F2§,F319)

d?(Tyc, T19) 4+ d3(Tys, T30
+a2< 5(Lac, I'19) + di(Tag, Iy ))

dg(I'19,T4s) 4 dp(I'as, I's1d)
+Oég (dB(Fﬂ?, F319) + dB<F4§, F2§)>
+Oé4dB(P179, FQ(); (436)
(17i) the pairs (I'1,T'3) and (T'9,Ty) are weakly compatible;

(iv) I'y, I's satisfies CLRr, and I's, T'y satisfies C LRy, property.
Then, I'1,I'5, '3 and I'y have a unique common fixed point in ©.

Proof. As I'y, I's satisfies CLRyp, and I'y, I'y satisfies C' LRy, property. .". 3 two
sequences {9,} and {¢,} in U and p,v € U s.t }H& ', = jlggo [0, =Ty € T'4(0)
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and ]liglo Iy, = ]li}n;o I'ys, = I'sv € T'3(0). Substituting ¥ = ¥, and ¢ = g, in (4.3.6),

we have

dIZB%(F?»ﬁw ') + dlzBE(F2§J7 F4§J)>
dB(Flﬁj, F4§j) + dB<F2§], Fg?ﬂ )
<d2 (F4§], F1?9 ) + d2 (F2§], Fg’l?

dIB(FZSﬂ]? F4§]> t aq (

)
dB(Flﬁja F4§g) + dIBS(F2gja F3Q9 )
+ag (dB(Fﬂ?J, ['319)) + dg(I'ss), Tag, ) + aydp(I'19), o).

Taking limit as 3 — oo, we have

dg(T40,T40) + dg(T'sv, 'sv)
dg(T40,T - B2 B0
s(laoTsv) = a1<dB(F4Q7F3v)+dB(F3U I'40)
i <d2 (FgU F4Q) + d2 (FgU F4Q)>
2 dg(I's0,T3v) + dg(I'3v,T40)
+as (dB(F4Q> [y0) + dp(T'sv, T'sv) ) + audg(T'40,T'50)
apdp(I'40,T'3v) 4 audp(L40,T'sv)

(g + ay — Ig)dg(I's0,'3v).

Y

Or

Y

Taking norm on both side, we have
[(az + ag = D|||de(Ts0, T50)|| <0

implies ||dp(I's0,'s3v)|| = 0. Hence, I'yo = I'sv.
Now, substituting ¢, = ¢ and ¢ = p in (4.3.6), we have

al2 2(T39,,119,) + d3(T20,T40)
1 4p(T'10,, Ta0) + ds(T20, T30,)
o d3(T40,T19,) + d3(T20,1'39,)
dg(I'19;, T's0) + dp(I'20,T'57))
+as(ds (T, Ts0,) + ds(Ta0, Ta0)) + cuds (T, Tr0).

de(I'39,,T'40)

Taking limit as 3 — oo, we have

dg(T40,T40) + dg(T20, F4Q)>

dg(T40,T40) + dg(T20,T40)

2(61%@49, T'40) + d3(T'so, F49)>
dg(T's0,T'40) + dg(I'20,T'10)

dg(I's0,T40) > Oé1<

109



+as (dB(FzLQa I'y0) + dg(I'20, F4Q)) + audg(I'20,T40)
= ayde(T20,T40) + aadp(Ty0,T'sv) + asde(T20,40) + aude(Ly0,T'sv)
Op = (a1+ s+ as+ as)dg(l0,140).

Taking norm on both side, we have
(a1 + g + az + ay)||[|ds(T's0,I'20)|| < 0

implies||dg (I's0, [20)[| <0, ie, Tyo = I'sp.
On the similar lines, we have I''v =T'sv ie, /v =T3v =T =T4o=w
Since, I'1, '3 are weakly compatible mappings, so I'y'ow = I'1/['3v = ['31v = I'sw.

Substituting ¥ = w and ¢ = p in (4.3.6), we have

d3(T T d2(Ty0.T
ds(Tsw, Tao) = 041( g(Isw, I'iw) + dg (a0, 49))

dg(Tyw,T40) + dp(T20, T3w)
<d2 2(Ty0,T1@) + d3(T0, Fg?ﬂ))

dp(I'1,T'40) + dp(T20, T3w@)
+ag (dB(FﬂD, I'sw) + dp('s0, a0 ) + aydp(I'yw, ['yp)

Oézd]ag(rgw, w) + OZ4d]B(F3’W, w)

Y

d]B(Fgw,w)
(915; >~ (Cl/g + oy — [E)dB(Fgw, w)

Taking norm on both side, we have
[(e2 + s = Dl[|dp(w, T'sw)]| < 0

implies ||dg(w, 'sw)|| = 0. Hence, w ='sw i.e, 3w = w = ' w.

On the similar lines, I'yo = I'sw = w. Hence, w is common fixed point of
I'1,T5, '3 and T'y.

Uniqueness : Let s be another common fixed of I'1,I'y, '3 and I'y. Substituting

Y =w and ¢ = s in (4.3.6), we have

dg(w,») = dp(I'sw,y)
d% (T30, T1w) + di(Tase, Tys)
(dB(Flw [ys¢) + dg(Tyse, Fg?ﬂ))
N 2<dB(F4% ,T1@) + d3 (Do, Fg@))
dp(Ty, ys) + dg(LFase, ['3w)
[y, Tose) ) + aydp (I, [ye)

+a(ds (T, D) + ds

(
)

Y

dg (o, ) aodg(w, ) + cudp(w, »

O

Y

(042 + oy — IB)dB(w, %)
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Taking norm on both side, we have
(@ + as = D[lds(w, )| <0
implies ||dg(w, )| = 0. Hence, @ = . O

Example 4.3.7. Let U = [1,5] and B = C. Define dp : U x U — B by dg(9,¢) =
|¥ —¢|. Then, (U,B,dg) is C%,,~-MS. Define four self mappings I'y, 'y, I’y and I'y
on O such that

if o U3 f g <
DWF=F if 9 <3 rm%:{2 it <3

3 if 9>3° 3 if ¥9>3

21 if 9<3 9—29 if 9<3
[3(d) = . [y(0) = o

3(4—0) if ¥ >3. 3 if ¥>3

Clearly, I''O € I'4O and I';0 € I'30 for all ¢ € ©.
To prove (I'1,I'3) satisfy (CLRr,) and (I'y,I'y) satisfy (C'LRr,) property, consider

sequences {1, } and {c,} defined by ¢, =3 — — and ¥, = 3 + %
ns —2n ns —2n
Wehave lim I'1d, = lim I's¥, =3 =143 € lyOand lim I'yq, = lim Iy, =
n—-+00 n——+o0o n—-+0oo n—-+00

3 = I'33 € I'30. It can be easily proved that the pairs (I';,I'y) and ('3, I's) are
weakly compatible.

Following cases arises :

Case (i) : Letﬁ,g<3,g:2anda1:agzagzgF119:5, 30 =21, T'ys =
g and I'y¢ = 5.

dB<F119,F2§) = dB(Fgﬁ,Fﬂg) = 16, dB(Fgﬁ, F4§) = 16,

dp(Tys,Tag) = and dp(T'ys,I'19) = 0.

DO OO | Ot

Therefore,

ardg(I's0, I'19)dp(I'19, T'4s) + aadp(Las, Iag) + azdp(I'19, I'yg)
=116 %0+ § + §
= 0622 0432
j 16 = dB(Fgﬂ, F4§).
Thus,
dB(Fgﬁ, F4§) t Oéld]B(Fglg, Flﬁ)dB(Flﬁ, F4§) -+ OégdB(F4§7 F2§> -+ OégdB(Flﬁ, Fgg)
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V¢ < 3.
Case (i7) : Let 9,¢ = 3, 0612042:@3:gr119:3, '3 =3, I'ys =3 and I'ys =
3. Then,

dg(T19,Ty) = 0, dp(T'39,T19) =0, dg(T'39,Tys) =0,
dp(Tys,Tes) = 0 and dp(Tys,[19) =0.
Therefore,
a1dp (T30, T19)dg (19, T's<) +andp(Las, Dag)+asdp(T'19, I'yg) = 0 = dp(T's0), ['ys).
Thus,
dp(T'39,T4s) = ardp(T'39, T19)dp(T19, T'4s) + aadp(Tys, T'ag) + azdp(T19, T'as)

Vi,¢=3.
Case (zi1) : Let 9,¢ > 3,9 =4, oy = ag = a3 = g, o =3, T3 =0, Ty =
3and I's¢ = 3.

dB(Plﬁ, F2§) == 0, d[ﬁg(rgﬁ, Flﬁ) == 3, dB(Pgﬁ, P4§) == 3,
dB(F4§, F2§) =0 and d]B(F4C, F119) =0.

Therefore,

OéldIB(Fg’lg, Fﬂ?)d]@(rlﬁ, F4§) + OéQdIB(F4§, FQC) + agdB(Flﬁ, FQC) = CY13 * 0+ 0520 + Oégo
= 3 =d(I's¥,I'yx).

Thus,

d[ﬁ;(rg’&, F4§) >_' OéldB(Fgﬁ, Fﬂ?)d}g(rlﬁ, F4g)+a2dB(F4g, F2§)+063d153(r119, FQ{) V 197 g > 3

Hence, by the Theorem (4.3.4) the mappings I';,I's, '3 and 'y have a unique

common fixed point. Indeed, 3 is a common unique fixed point.

Example 4.3.8. Let U = [1,6] and B = C. Define dp : U x U — B by dg(9,¢) =
|9 — ¢|. Then, (U,B,dg) is C%,,-MS. Define four self mappings I';,I's, '3 and Ty
on U such that

[y (9) = 4 if9<4 o) = 4 if 9 <4
R E T AT 043 if 9>4
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0 if 9 >4, 79 —24 if 9 >4

Clearly, I''O c I'4O and I';O C I'30 for all ¢ € O.

To prove (I'1,I'3) satisfy (CLRr,) property, consider sequences{?,} defined by
1

v, =4 - —
" n?—-2n-+3
We have EIE I, = EIE 39, =4 =T(4). It can be easily proved that I'y,

16 =59 if 9<4 4 if 9<4
['5(19) :{ N L'y(0) :{

I'y and I'y, I'3 are weakly compatible.

Following cases arises :

Case (i) : Letﬁ,g<4,19:3andoz1:agzagzg, [ =4, I's¥ =1, I'ys =
4 and I'ys = 4.

dg(I'0,Tas) = 0, dg(I's0, ') =3, de(I's¥,T4s) =3,
dB(F4§,F2§) = 0 and dB(F4C,F119):O.

Therefore,

ardp (T30, 119)dg (19, T's<) + aadp (46, I'as) + asdp(19, o)
=o16%x0+ay x0+ a3 *0
=3 =dp(I'30, ')

Thus,
dB(Fgﬁ, F4§) t OéldB(Fgﬁ, Fﬂ?)d[gg(rlﬁ, F4§) =+ OégdB(F4§, FQ@) =+ OégdB(F119, F2§)

V,¢ < 4.

Case (i1) : Let ¥, =4, a1 = ag = az = g, MNo=4T3W=4, TI')¢=4and T'ys =
4.

d[@(rlﬁ, F2§) = 0, dB(Fgﬁ, Fﬂs‘) = 0, d[Bg(ngg, F4§) = 0,
d]B;(F4g, F2§) = 0 and d]B(F4§, F179) =0.

Therefore,
ardg(I's0, I'19)dp (19, T'4s) + aadp(Tas, I'og) + asdp(I'19,Tas) = 0 = dp(I's9, T'ys)

Thus,

dB(Fgﬁ, F4§) t Oéld]B(Fglg, Flﬁ)dB(Flﬁ, F4§) + OégdB(F4§7 F2§> + OégdB(Flﬁ, Fgg)
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V,¢=4.
Case (i) : Let ¥,¢ >4, ¢ =5, a1 = ag = a3 = g, [ =11, T's9 =0, T'yg =
8 and I's¢ = 11.

dB(Flﬁ,Fgg) = 3, dB(Fgﬁ,Flﬁ) = 1]., dB(Fgﬁ, F4§) = 1]_,
dg(Tys,Tas) = 3 and dp(Tys,[19) =0.

Therefore,

ardg(I'sV, I'19)dp(I'19, T'4s) + aadp(Las, Iag) + asdp(I19, I'yg)
=1l *04+ay*x3 4+ a3z*3
j 11 = dB(Fgﬁ, F4§)

Thus,

dB(F329, F4§) i O./ld]B(F319, Flﬁ)dB(Flﬁ, F4C) + OéQdB(F4§, FQC) + Oégd][g(rl’ﬁ, F2§)

V 19,¢ > 4. Hence, by the Theorem (4.3.3) the mappings I';,T's,I's and 'y have a

unique common fixed point. Indeed, 4 is a common unique fixed point.

4.4 Conclusion

In this chapter, we have introduced a novel approach to prove common fixed point
results for certain types of contraction and expansion mappings on a C%;,-MS that
extends, unifies and generalizes the results on common fixed point in the literature.
However, under certain conditions the results proved in this chapter are reduced

to some well known results of the literature.

(7) If in Theorem (4.2.2) we consider I'y = I'y,I's = I'y = I then we obtain
Theorem 2.1 of Ma et al. (2014).

(77) If in Theorem (4.3.1) we consider I'y = I'y = [, I’y = 'y with g = ap = 0
then we obtain Theorem (2.2) of Ma et al. (2014).

kokokokokokk
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Chapter 5

Some Results On Coupled Fixed
Point, Coupled Coincidence Point

and Coupled Common Fixed
Point

5.1 Introduction

The present chapter of the thesis concerned with the results on the existence and
uniqueness of the coupled fixed points, coupled coincidence points and coupled
common fixed points. The content of this chapter is divided into two main sec-
tions. In the first section, some results on the existence and uniqueness of coupled
fixed point for a mapping with mixed monotone property using C',-class function
in partially ordered C%,-MS are established. To support our findings, some il-
lustrative examples are discussed. In the second section, some results on coupled
coincidence points and coupled common fixed points for a pair of mappings with
generalized contraction in C%;-b-MS are presented. The results of this chapter

are presented in '1+12,

1 Dhariwal, R., Kumar, D. (2022). Coupled fixed point with C,-class function in C*-algebra
valued metric spaces. (Communicated).

12 Dhariwal, R., Kumar, D. (2023). On Coupled common fixed point in C*-algebra valued
b-metric space. (Communicated).
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5.2 Some Results in C*-Algebra Valued Metric
Space

The metric fixed point theory has experienced significant developments in the last
two decades, especially within coupled fixed points. Bhaskar & Lakshmikantham
(2006) introduced the mixed monotone property and established some coupled
fixed point results in partially ordered metric space. After this, many researchers
established coupled fixed point results using different conditions in various spaces
(see, Sabetghadam et al. (2009), Ciri¢ & Lakshmikantham (2009), Karapmar
(2010), Choudhury & Maity (2011), Alghamdi et al. (2013), Bai (2016), Qiaoling &
Tianging (2021), Mani et al. (2022), Kim (2022), Jain et al. (2023), Ozkan (2023)
and references cited therein). This section presents some coupled fixed point
results for mixed monotone mapping using C,-class function satisfying certain

type of contraction in partially ordered complete C%-MS.

Definition 5.2.1. (U, B, dg, <) said to be a partially ordered C%,-MS iff dp is a
C%y-metric on a partially ordered set (U, <).

Theorem 5.2.2. Consider a partially ordered complete C%,,-MS (U, B, dp, <) and
[': 0 x0U — U be continuous mapping having mized monotone property for which

3 Yp, ¢ € Vg and F* € C, s.t Vs, w,u,v €U withs > p and w > v satisfying
1 *
¢IB (d]B(F(§7 w)a F(,LL, V))) = §F ¢B (N(§, w, W, V))7 ¢B (N(C, w, W, V)) ) (52]—)
where
Rsvmi) = max{dafeon) +dal, ), s, ) + 05000, ).,

dB(F<:u> V)v :U’) + dB(w7 V>7 dﬁ(gv F(g7 w)) + d]}g(?ﬂ, F(wv §))}

If 3 o, 0 € U with g9 = T'(sp, o) and wy = T'(wo,s0). Then, I' has a unique
coupled fized point.

Proof. For wy, s € U, assume that ¢, = I'(¢p, @p) and w; = I'(wy, 50), we denote

(0, @0) = I(T(,0), (0, 50))
*(wo,50) = I(I(e0,50), (S, @0))
F3(g0,w0) = F<F2(§o,wo),r2(wo,§o)):F(§27W2)=§3,

r =I'(¢1, 1) = <,
r :F(wlagl) = Wa,
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(w0, %) = F(FQ(WO, <), F2(<o,wo)) = [(@2, @) = @s.

On generalizing, we have

G = 7 (s, 0) = T(TY(s0, ), TV (0, 50) )

Wy = FJJrl(wOagO):F(F](w0>g0)7F]<g07w0))'

Using mixed monotone property of I', we have

G126 o = s = I'(s,m1) = I'(s0,m0) =<1

@y < T, < wy = F(Wl,gl) = F(WOaCO)

= Wi.

Let dp, = dp(Sk+1,5k) + dp(wit1, k). We claim that {dp, } is monotonically

decreasing sequence for each kK =1,2,--- . On the contrary, suppose that

dej-H - d]BQJ = O for k = 2.

From (5.2.1), we have

(5.2.2)

%Z)JB(CZB(§2]+2,§2J+1)) = ?/)IB<dB(F(§2J+17wzgﬂ),r((zg,?ng)))

1

PN

iF* <¢1B (N(<2]+17 W9)4+15 $2)5 w?]))?

OB (N(§2g+1> TW2y+15$2g5 wQﬂ)), (5.2.3)

where

N(Sopt1, Wayt1, Sy, Way) = maX{dB(S'z]H, Soy) + d(way41, Way), dB(Say41, S25) +

dp (F(wzj,ﬁy wQ]) IB%(F §237w2g §2]) + dB(w2g+17w23)
dp (§2g+1, §2g+1, w23+1)) + dg <w2g+1, (w2]+1a §2g+1)> }
maX{dB(ngH, Soy) + du(w@ay41, @), dB(Soy41,S2)) +
dB(w2]+17 w?])) dB(§2j+17 §2]) + d]B<w2]+1a w?])a

di(S211, S2p+2) + dp (w241, w2]+2)}

max {d]B2], dBQJ, dIBQJ, dB2]+l }
max {dBQJ, dﬁw} . (5.2.4)
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Similarly,

¢B(dﬁ<w23+27w2]+1>> = ¢IB(dB<F(wzg+1,§2]+1),F(w2],§23))>

1
—I” (%Ba (N(QJH, W2+15 $275 w2]))7

A

2

oB (N(§2J+1> W2y41, $2y) wz;)))- (5.2.5)

On adding (5.2.3) and (5.2.5), we have

(0 (dJB(§23+27 §2g+1)> + B (dB(w2j+27 w23+1)) = I <¢B (N(§2g+1, W25+1, 5295 W2J))7

¢IB% (N(Qj—‘—l; W25+15 627, w2j))> :

By using sub-additive property of g, we have

¢B(d18<§2y+2,§2g+1)+dJB(w2J+2,W2J+1)> = 7/J]B(dﬂ$(w2]+2,w2g+1))

+9B (dB(§2j+27 §2]+1)).

Hence,

(i (dlB(§2J+2,<2J+1) + dB(w2j+27w2]+1)) = F (%ﬂ; (N(QJH,w2g+1,§2g,w23))>

¢B (N(§2J+1> W25+1, 235 wzﬂ))- (5.2.6)

Case (i) : If N(5pq1, @W2yt1, S255 @2,) = dB,,,,. From (5.2.6), we have
¢B(d323+1) = F* <¢B<d321+1)a ¢B(dﬁ2j+1)) = ¢B(dﬁzj+1)'

Thus, F* (wﬁ(d32j+l),¢ﬂg(dﬂg23+l)) = 1(dg,,,,) implies either ¥p(dp,,,,) = 0 or
¢8(dp,,,,) = Up. Hence, dg, ,, = 05, a contradiction to (5.2.2).

Case (ii) : If N(52)41, @oyt1, 29, @2;) = dp,,. From (5.2.6), we have

Vn(de,,,) X F*(¢a(dn,,), ¢p(de,,)) < V(ds,,).

Since, ¥ is a non-decreasing function .". dg,,,, =< dg,,, a contradiction to (5.2.2).
On the similar lines, we can prove that the result is true for £k = 2y + 1. Hence,

{dg, } is a monotonically decreasing and bounded sequence. Thus, 3 0 < » € B
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s.t dg, — > as k — oo.
From (5.2.1), we have

U (dB(§k+1, Ck)) = Yp (dIB% (F(Ck, @), I'(Sk—1, wk—1)))

1
§F* <¢E (N(%, Wy Sk—15 wk—1)>,

PN

¢B<N(§k,wk,§k—1,wk—1))>, (5.2.7)

and

Vs (d (@1, ) v (s (T (@, ), T(@r1,511)))

1
§F* (%B (N(% Wy Sk—15 wk—1)),

IA

gbB(N(Qﬁwkugk—lawk—l)))- (528)
On adding (5.2.7) and (5.2.8), we have

{05 (d]B(gk+1,§k)) + Up (d]B(wk+17wk)) = Fr (%Ba (N(%,wk,%—l,wk—l)),

oB (N(Gk, Wiy Sk—15 wkq)))-

By using the sub-additive property of ¢g, we have

{05 (d]B(§k+1, k) + dp (g1, wk)) = Yp (dB(CkH, Ck)) + B (dB(wkH,wk))-

Hence,

wIB(d]B(gk-f—lagk)‘I’dﬂ(wk—i—lawk)) = F*<¢B<N(§kawk7§k—l7wk—l))a

OB (N(Gk, wk,%—l,wk—ﬂ)), (5.2.9)
where
N(Sk, @, k1, Th—1) = maX{dBk7 d]BkH}-
On taking limit as k — oo in (5.2.9), we have
Vs (5¢) X F*(v(50), 6a(30)) < vn(52).
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Thus, F(wB(%), ¢B(%)) = () implies either 1p(sc) = O or ¢p(s¢) = Op. Hence,

e 91537 i.e,
lim (d]B(ng, gk) + dB(warla Wk)) = Op,
k—o00

implies

,}1_{210 d (Skt1,Sk) = ]}LHC}O dp(@ht1, k) = Op.

(5.2.10)

Now, to prove {g,} and {w,} are Cy.ys. On the contrary, suppose that {g,} and

w,} are not Cy.,. Then, for any ¢ > 0, 9 subsequences {g, }, {¢, } of {¢,} and
7 q k Ik 7

{w,, }, {w,, } of {w,} with 7, > 1, > k s.t
s (0, 0) + (3, )| > .

Choose i in such a way that g, > 1, satisfying (5.2.11) and
ldB (s o) + dB (), o, )| < €

Using (5.2.11) and (5.2.12), we have
€ < ldp(y, ) + dp (e, @) < llds(G )

+”dB(ka7wjk71)“ + ||dB(§]k71’glk)|| + ||dﬁ(wﬂk717wzk)
< ||dB(g]k7§]k—l)|| + ||dB(w]k7w]k—l)|| +e.

Taking limit as k — oo in (5.2.13) and using (5.2.10), we have
i 455, ) + da(2,, 22| = €

Consider,

IA

dB(g.?IN glk) + dIB(me wlk) d]B<§]k’ g]k—l) + dp (w]k7 w]kfl)

+d]B<ng717 g2k+1) + dB (ka717 wlkﬂ)

+dB<ng+l ) glk) + dp (wlk+17 wlk)
= d]BJk_l + d]sz + dIB (g]k—l ) §1k+1)

+d]B(w]k—1 ’ wlk+1 )

Since, 1Y is non-decreasing. .".

(5.2.11)

(5.2.12)

(5.2.13)

(5.2.14)

¢B (d]B<§jk7 gzk) + dB<w]k7 w’%)) j wB (dB]k71 + dIBZk + d]B(%;cﬂ ) §2k+1)

+dB (wjkfl » Wageyq )) .
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Since, g, > 1 implies g, >, and w,, = w,,. From (5.2.1), we have

(05 (d]B(gija §1k+1)) = Us (dIB (F(gjk’ wﬂk)7 F(g'bk’ wzk)))

1 *
§F <¢]B (N(gjk’ Wik s Sus wlk))?

PN

¢B(N(cjk,wjk,gk,w%))>, (5.2.15)

and

wB (d]B<ka+1 » Wy pq )) = wIB (dB (F(w]k7 g]k)’ F(wlk7 glk)))

< 3P (v m s )
(bB(N(gjk,wjk,glk,wlk))), (5.2.16)
where
R(Syp, Wops S Wap) = max{dﬁ(gjk,gk)+dB(ka,wzk),

dB(g]IN glk) + dB(F(wlk7 glk)v wlk>7
dIB(F(gUN wlk)? C’Lk) + dp (w]k, wzk)u

da(60. D600 ) + (. T, |
Taking limit as k — oo and using (5.2.10) & (5.2.14), we have
N(gjm Wigr Sue» wlk) = max{e, dB(%k? glk)7 dB(ka> wlk)v 013}' (5'2'17>

By sub-additive property of ¥5, we have

Q/}IB% (d]B<§]k+17 §1k+1)+dﬁ(wjk+17 Wayey1 )) = wB (dB (§]k+1 ) §1k+1) +¢B (d]B (kaH? w2k+1)) .

Hence,

%53 (d13<§3k+17§1k+1) + d]B<ka+1 ) wlk+1)> = F* <¢B (N(gjk’ Wiges St s wlk))v

(blB (N(gjm Wiges Sugs wlk)))
j % (N<§Jk= Wik glww%))‘
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Taking limit as & — oo, we have
vs(e) < F*(vn(e), ¢n(e)) < a(e). (5.2.18)

Thus, F* (wB(e), ¢B(e)) = 1p(€) implies either Yp(e) = Op or ¢p(e) = . Hence,
€ = O, a contradiction. So, {¢,} and {w,} are Csy’s. Since, U is a complete
Chiy-MS . 3¢, w e U st

limg,=¢ and limw,=w.
j‘)OO ]*)OO

Also, T' is continuous.
+ s = Jmon = Jim N @) = T (lim s, Jim ;) =6, @)
and

w = ]llglo Wyt1 = jli)r&f‘(wj,gj) = F(}H& w],]liglo g]) =I(w,q).

Hence, I' has a coupled fixed point.
Uniqueness : Let (u,v) € U be another coupled fixed point of I'. Then, from
(5.2.1), we have

ve(da(, 1) = ve(ds(T(s, ). D(p,v)))

;F* <¢B(N(g, @, 11,v)), é8 (R(s, @, 1, m)) , (5.2.19)

IA

where
N(¢, @, p,v) = max{dg(w)+dB(w,u),dB(<,u)+dB<P(V,M),u),
o (T3 ), 1) + (). (s, s, ) + da( () |
= maX{dIB<§’ 1) + dg(w, v), dg(s, p) + ds(v,v),
dg (1, 1) + dg(w, v), dg(s, <) + dg(w, w)}
- max{dﬂc,u)+dm,v>,dﬂ<<,u>,dﬂg<w,u>,eg}. (52.20)
Using (5.2.20) in (5.2.19), we have
Ve (da(s, 1)) = s (dﬁ (T(s. ). D, V)))
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1

<z
2

F* <¢B (d]B(g, w) + dp(w, V)),cmg (d]B(g, w) + dg(w, 1/))> (5.2.21)

and

QﬁB(d]B(w,V)) = @DB(dE(F(w,g),F(V,u)))

= ;F (w (ds(s, 1) + di(z, 1)),

¢5(ds(s, 1) + dE%(w,V))), (5.2.22)

By sub additive property of g, we have

Vs (da(s, ) + da(@, 1)) < $a(da(s, 1)) + vs (da(w, ).
Hence,

ve(ds(s, p) +da(@,v)) = F*(ds(dals, 1) + da(w,v)), ¢ (ds(s, ) + da(w, ) ) )
=< a(da(s, 1) + ds(,v)).

Thus, F* (vs (dz (s, p)+ds(w, v) ), ¢ (ds(s, 1) +ds(w,v)) ) = s(dz(s, p)+ds(w, v))
implies either wB(dg(g,,u) + d]B(w,u)> = Oy or ¢B(dB(§,u) + dp(w, 1/)) =0y ..
dg(s, ) + dg(w,v) = 6g. Hence, dg(s, ) = dp(w,v) = Op implies ¢ = p and
w = V. [l

Consider N(ga w, W, V) = dIB(ga :u) + dB(wa V)a we have

Corollary 5.2.3. Consider a partially ordered complete C%,-MS (U, B, dg, <)
and ' : U x U — U having mixed monotone property and 3 ¢p,¢p € Vg &
FrelC,stVe, w, p, v € Owithg = p & w > v satisfying

o da (006, T0)) ) = 3 (0n s+ d(00)). 0m (s 4o ,0)
and

(i) {s,} is non decreasing sequence with ¢, — ¢, then ¢, < ¢ V .

(i7) {w,} is non increasing sequence with w, — w, then w, = w V .

If 3 ¢, o € U with ¢y < I'(sp, p) and wy = I'(wp,s0). Then, I' has a unique
coupled fixed point.
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Consider (s, 0) = » and () = ¢p(2) = s, we have

Corollary 5.2.4. Consider a partially ordered complete C%,-MS (U, B, dg, <)
and ' : U x U — U be continuous mapping having mixed monotone property s.t

V¢, w, pu, v € U with¢ = pand w > v satisfying

d]B(F(gw),F(M, u)) < ;N(C,w,,u, u), (5.2.23)

where
N(C, w, W, V) - max{dB(g, M) + dIB(w7 V)7 dIB%(§7 ,U/) + d]B(F(Vu M)7 V))

dB(F(:uv V)’ :u) + dlB(w? V)7 dB(ga F(C, w)) + d]B(w’ P(w’ g))}

If 3 ¢, o € U with ¢y = I'(¢o, o) and @y = (o, ). Then, I' has a coupled
fixed point.

Consider F*(w,s) = kw where k € [0,1), Yp(w) = w = ¢p(w) and
N(§7 w, K, V) = dB(gu M) + dﬁ(w7 V)7 we have

Corollary 5.2.5. Consider a partially ordered complete C%,-MS (U, B, dg, <)
and [' : U x U — U having mixed monotone property s.t V¢, w, pu, v € O with
¢ mpand w = v 3

dp (F(g, @), T'(p, 1/)) = ];(d]g(g, w) + dg(w, V))

Suppose either I' is continuous or

(i) {s,} is non decreasing sequence with ¢, — ¢, then ¢, < ¢ V .
(¢4) {w,} is non increasing sequence with w, — w, then w, = w V .

If 3 ¢, o € U with ¢9 =< I'(p, o) and wy = I'(wo, ). Then, I' has a coupled
fixed point.

Consider F*(3,0) = » — p and (s, w, u, v) = dp(s, 1) + dg(w, v), we have

Corollary 5.2.6. Consider a partially ordered complete C%,-MS (U, B, dg, <)
and I' : U x U — O having mixed monotone property and 3 ¢, ¢p € Up s.t
V¢, w, p, v € O with ¢ > u & w > v satisfying

4o (016, T0)) ) = 3 (4ol + dat 1) 00 dalss ) + do(07) )

Suppose either I' is continuous or
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(i) {s,} is non decreasing sequence with ¢, — ¢, then ¢, < ¢ V .
(i7) {w,} is non increasing sequence with w, — w, then w, = w V .

If 3 ¢y, wo € U with ¢ = I'(g0,w0) and wy = I'(wo,sp). Then, I' has a coupled
fixed point.

Consider F*(s, 0) = s and X(s,w, u,v) = dg(s, ) + dg(w, v), we have

Corollary 5.2.7. Consider a partially ordered complete C%,-MS (U, B, dg, <)
and ' : U x U — U having mixed monotone property and 4 ¢ € Up s.t
V¢, w, u, v € Owithe »p&kw =v3

s (d5(0(5, %), T, v) =% s (ds(s, 1) + ds(w,0)). (5.2.24)

Suppose either I' is continuous or

(i) {s,} is non decreasing sequence with ¢, — ¢ then ¢, < ¢V 3.

(¢4) {w,} is non increasing sequence with w, — w then w, = @w V ;.
If 3 ¢y, mp € U with ¢9 = I'(p, o) and wy = I'(wp, ). Then, I' has a coupled
fixed point.

Example 5.2.8. Let U = [0,1/2], F*(0,%) = o0, ¥p(») = ¢p(3) = » and
N(s,w, 1, v) = dp(s,p) +dg(w,v). Let dg(s,w) = |¢ — w| V ¢, w € U. Let
I': 0 x U — U be defined as

2 2
— 1
g) ifc <w
F(§, w) - 1 4
T otherwise.

Then,

(1) (U,B,dg, <) is a partially ordered complete C%,-MS with a natural ordering

of real numbers;
(74) T has a mixed monotone property;
(#7i) T is continuous;
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(1v) ¢ =0=T1(0,1/2) and 1/2 = T'(1/2,0) and

d(I'(s, @), I(p,v)) 2 d(s, p) + ds(w,v) V<, @, p,v €U.

" satisfies all the hypothesis of Theorem (5.2.2). Thus, I' has a unique coupled
fixed point. Indeed, ‘(1/4,1/4) is a coupled fixed point.

Example 5.2.9. Let U = [0, 1] F*(0, %) = 0, ¥p(3) = ¢p(3) = scand N(¢, w, p,v) =
dg(s, 1) + dg(w, v). Let dp(s,w) = |[¢ —w| Vs,w e U. Let I' : U x U — U be
defined as I'(s,w) = cr@ Then,

(i) (U,B,dp, <) is a partially ordered complete C%,-MS with a natural ordering

of real numbers;
(74) T has a mixed monotone property:;
(z37) T is continuous;
(iv) ¢o=0=T1(0,1/2) and 1/2 > I'(1/2,0) and

dg(I'(s, @), (1, v)) < dg(s, 1) + dp(w,v) V¢, @, pu,v € U.

" satisfies all the hypothesis of Theorem (5.2.2). Thus, I' has a unique coupled
fixed point. Indeed, ‘(0,0)" is a coupled fixed point.

5.3 Some Results in C*-algebra valued b-metric
space

Guo & Lakshmikantham (1987) introduced the notion of coupled fixed point for
mapping on partially ordered sets and established some results. Later, many
researchers established the results for coupled common fixed point and coupled
coincidence point in various spaces (see, Ciric & Lakshmikantham (2009), Samet
(2010), Choudhury & Kundu (2010), Abbas et al. (2010), Aydi (2011), Jain et al.
(2014), Omran & Ozer (2019), Radenovié et al. (2019), Gunaseelan et al. (2020)
and references cited therein). In this section, some results on coupled common

fixed points for a pair of mappings in C'}y,-b-MS are presented.
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Theorem 5.3.1. Let (U, B, bg) be a complete C%y,-b-MS and I'1, Ty : U x U — O
satisfying:

bB(Fl(w,§),F2(%,ﬁ)) < Oé*<bB(w’ %)+bB(q’Q9)>a,

5 (5.3.1)

V w,s, 2,0 € U with o € BY and ||a]| < 1. Then, Ty and Ty have a unique

coupled common fized point.
Proof. Let wy and ¢y be any arbitrary points in O. Define

W2k+1 = P1<w2k> §2k>7 Qk+1 = F1(§2k7 wzk), Wok+2 = FQ(w2k+17§2k+1)a

and Gopro = I'a(Sokt1, waky1) for £ =0,1,2,--- .

From (5.3.1), we have

bg(wokt1, Wakt2) = bg (F1(w2k7 o), o (wo2k41, §2k+1)>
<o (bB(W%y W2k+1)2+ br(S2k, S2k+1) > o (5.3.2)
Similarly,
b b
bg(S2kt1, S2ht2) = a*( B(@2k, ka+1)2—|— 5(%2k QHI))@ (5.3.3)

On adding (5.3.2) and (5.3.3), we have

b (wok+1, Wak+2) +bB(S2k+15 Sokt2) = (bIB(WQkaw2k+1)‘|‘b]B(<2ka§2k+l))04- (5.3.4)

Let bg, = bg(@k, Wi+1) +be(Sk, Sk+1). From (5.3.4), bg,, ., = a*bg,, . Hence, {bg, }
is monotonically decreasing sequence in BT,

In general, by, < a*(bg,_,)aV 3 €N, ie,
bp, < a’b, ,a = (a*)%bg, ,a” -+ = ()b, = () B,
where 8 = by (w0, @1) + bs(, 1) and [af| < 1.

Then, for any p,2 € N, we have

by (wl+pv wz) + bp (§2+p= 9) = A(bﬁ(wwpa wz+p—1> + bp (wz+P—17 wz)
05 (s Sep-t) + D8(Sip-1,5))
= A(b]g(pr, wz+p71) + bB(§z+pa §z+p71))

+A2 (bIB<wz+p—17 wz+p—2) + bIEB (wz+p—2> wz)
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IA

IN

=

+bp (§1+p717 §1+p72) + by (§1+p727 9))

= Abg,,, , + A’bp 4+ AP Mg,

+ AP b,

< A(a*)z+p—1ﬁaz+p—1 + AZ(O{*)Z+p_2BO[Z+p_2

4+t Ap_l(a*)”'lﬂa"H + Ap_l(a*)lﬂof
p—1
ZAk<a*)l+P*kﬁaz+pfk_i_Apfl(Oé*)zBaz
k=1

5 (o at )yt
(A% ) (B4

(to -t 3)" (yf3akar )
+H((ar A= y3) (VAT o)
Sjyaata [+ |54 e

SVaatar s 4| s+ iasa
k=1

p—1 _—
||\/E||2 S el AlFIs + II\ﬁHZIIATHQHa’HQIm
k=1

JAIA ol =2~ = )
Bl|||ce||?@FP)
o] A alP
1A e
AllP|l e 2(1+1)
[
AT~ [al

1+p—2

3
L

e
Il
—

2

2
I

Ip

I + (1B AP [l fg — Op as ¢ — oo.

Hence, {w,} and {g,} are C’_ s. Since, U is a complete C%,-b-MS -, 3w, c € U

seq

st w, = wand g, —¢asjy— oo.

Now, we claim that w = I'y(w,s) and ¢ = I'y(¢, ). On the contrary, suppose
that w # ['y(w, <) and ¢ # I's(s, @).

. bp(w, [y(w,¢)) = a; (say) > Op

Consider,

a1

bp(w, s (w, <)) < be(w, wak+1) + bB(w2k+1>F2(W,§)>
bg(w, wak+1) + bs (D(wzk, S ), o (w, S‘))
bg (war, @) + bB(§2k>§)>a

(5.3.5)

b (w, wot1) + < 5
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Taking limit as & — oo in (5.3.5), we have a; < g, a contradiction. Hence,
bg(w,y(w,s)) = Op, ie, I'y(w,s) = w. On the similar lines, I'y(s,w) = «,
['(w,s) =w and 'y (¢, w) = .
Uniqueness : Let (a,b) € U x U be another coupled common fixed point of I'y
and I'y. From (5.3.1), we have

be(w, a) = bg (D1 (w, <), Ta(a, b)) < o* (bE(w’ ‘”; b (s, b)>a (5.3.6)
Similarly,

ba(s,5) = by (T’ (6, 9), Tty 0)) < M(bg(w,a); b (s, b)>a (5.3.7)
On adding (5.3.6) & (5.3.7) and taking norm on both side, we have

b2 (@, @) + (<, )| < [lal|*||bs(w, a) + be(s, b)]],
a contradiction. Hence, (a,b) = (w,¢). O

Theorem 5.3.2. Let (U,B,bg) be a complete Cy,-b-MS and let I'y, Ty : UX U —
U satisfying:

b (T1 (22,6, Ta(6,9)) < a*<bﬁ<w7fl<wv<>> +ba(s D5 @

; ))>a, (5.3.8)

V w,s, 2,0 € U and o € BT with ||of| < 1. Then, Ty and T'y have a unique

coupled common fized point.

Proof. Let wy and ¢y be arbitrary points in . Define

wWokr1 = Di(wok, o),  Sokt1 = L'1(Sok, wak) and

Wokra = LDo(@oks1, Sont1), Sokro = Do(Sony1, wopt1) for k=0,1,2,--- .

From (5.3.8), we have

bB(w2k+law2k+2) - b]B(Fl wzm@%) Fz(w2k+1,§2k+1)>
< a (b w2k;F1 (Wak, Sok)) N bB(QkaFl;Qkwak)))a
be ( b
_ ( B (02K, Wakt+1 )2+ B(§2k>§2kz+1)>a (5.3.9)
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Similarly,

(5.3.10)

b b
br(Sok+1, S2kt2) = a*( B(@2k, @2k+1) + s (S2x, §2k+1))a

2
On adding (5.3.9) and (5.3.10), we have

b (wak+1, Wokt2)+0B(Sok+1, S2kt2) = (b]B(w%aw2k+1)+bﬁ(§2ka§2k+l))a- (5.3.11)

Let by, = bg(w@k, @Wr+1) + bs(Sk, Sev1)- From (5.3.11), bg,, ., = o*bg,, . Hence, bg,
is monotonically decreasing sequence in B*.
In general, bg, =< a*bg, ,aV 7€ N, i.e,

bg, = a'b,_,a < (a*)’by,_,a”- - < (a*)bg,0’.
where b, = bg(wo, @w1) + bp(so,<1) and [|a|| < 1. On the similar lines of Theorem
(?7?), {w,} and {g,} are Cy,’s. Since, U is a complete C%,-0-MS . Fw,c € U
st w, = wandg, —¢asjy— oo.

Now, we claim that w = I'y(w,s) and ¢ = I'y(s, ). On the contrary, suppose
that w # 'y(w, <) and ¢ # I's(s, @).

", bm(w,f‘g(w,g)) = bl (say) - 915;.

Consider,
by = bp(w,I'se(w,s)) < be(w, wak+1) + be(wakt1, 2(w@, <))
= bB(waw2k+1 (Fl w2k>§2k FQ(W,Q)
b I, b r
< bB(w,kaH)—i—a*( B (o, (W%,Qk)); B (Sok, 1(§2k7w2k))>a
b b
_ bB(w,w%H)—i-oz*( B(w2k>w2k+1)2+ B<§2k7§2k+1)>a (5.3.12)

Taking limit as k& — oo in (5.3.12), we have b; < g, a contradiction. Hence,
bg(w, ['s(w,s)) = O, i.e, 's(w, <) = w. On the similar lines, we have I's(¢, @) = g,
' (w,s) =w and T'y(s,w) = .

Uniqueness : Let (w*,¢*) € U x U be another coupled common fixed point of
I’y and I'y. From (5.3.8), we have

ba(w, @) = by(T1(,6), Ta(w",5"))
ot <b15§<w7 Fl(w’ §)) + b]B(ga F1(§, w»)a
2

o be(w, @) + ba(s, <)
= 5 (6%

(5.3.13)
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Similarly,

be(s,¢*) = bB(F1(§7w),F2(§*,w*))
o <b3<w7 Fl(w’ g)) + bB(ga F1(§, w)))Q
2

- (bm‘(w’ w>2+ ba s, §)>a. (5.3.14)

On adding (5.3.13) & (5.3.14) and taking norm on both side, we have
6B (@, @) + br(s,s™)|| < 0.
Thus, ||be(w, @) + be(s,<*)|| = 0 i.e, @ = =* and ¢ = ¢*. -

Theorem 5.3.3. Let (U,B,bg) be a complete C%y,-b-MS and ',y : Ux U — O
satisfying:

by (Fl(w, §), Ta(se, 19)) < o (bB(w’ D)) ;r be(s, I'i(s, @))

Le(@,6), %) ; b (L1 (5, @), 19)>a,

V w,s, 5,0 € U and o € BT with ||af| < 1. Then, Ty and Ty have a unique

coupled common fized point.

Proof. Proof follow on the similar lines as in Theorem (77?). O

Theorem 5.3.4. Let (U,B,bg) be a complete C%y,-b-MS and ',y : Ux U — O
satisfying:

b (T4 (), T1(56,0)) = a"bs(Ta(w, ), Ta(36,0) ), (5.3.15)
V w,s, 3,0 € U and a € BT with ||of < 1. If R(Ty) € R(Ty) and R(T3) is a

complete subspace of O. Then, I'y and I'y have a unique coupled coincidence point.

Proof. Let wy and ¢y be any arbitrary points in O. Since, R(I';) C R(I'y)

Jwy, 6 € UstDy(wr, 1) = (w0, <) and e (1, 1) = 'y (o, o). Let wa, 6o € O
s.t [ay(wg, ) = I'1 (w1, 61) and T'a(sp, o) = 'y (s, w2). Repeating this process, we
have the sequences {w,} and {,} s.t ['s(w,,,) = I'1(@,-1,5,-1) and T's(s,, w,) =
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F1(§]717W171)~ Let bIBzJ = bB(Fz(wJH,§J+1),F2(w;7§j))-
From (5.3.15), we have

bIB% (FZ (w]—i-la §]—|—1)7 FQ(wj7 gj)) - bIB (Fl (w]7 g])? Fl(w]—la g]—l))

< a'by(Ta(w), ), Ta(@)-1,6-1) )

= a*bB(Fl(wj—ly§3—1)7F1<w]—2,§]—2>)05

< (") bs(Ta(m)-1,5-1), Ta(@)2,5-2) ) -+
< (a")bs(Ta(w1, 1), Da(w0, 50) ) o

()b, = (oY s,
where ag = bg(I'2 (w1, 61), ['2(w0, <)) and ||af| < 1. For any p,2 € N, we have

ba (Da(@rips i)s T2(@0,6)) = A(B8(To(@raps itp)s Ta(@rp1, Sitp-1))

+0 <F2(wz+p717 Gtp—1), T2(@, 9)))

Abg (FQ(wH-pa §z+p)a FQ(wH-p—h §z+p—1)>

+A? (b]g (Fg(w,+p_1, Sepp—1), Lo(@agp2, §z+p—2))
+bp (Fz(wwpfz: Srp—2), L2(@y, 9)))

Abg (P2(wz+p= §z+p), Fg(pr_l, §z+p—1)>

+A? (b]g (F2 (Trtp—15 Setp—1)s L2 (@igp-2, §z+p—2))
+bg <F2(wz+p72> Srp—2), L2y, 9))) + -

+ AP~ (b]B (F2(wz+27 Gt2), Da(wyt1, §z+1)))

+ AP (b]B (FQ(wH—l, Gt1), La(am,, 9)))

Abg,,,  + A%, ,+ o+ AP g

+ AP by,

A(a) P o P A2 (o) TP Rt
o AP ) agattt

+ AP (o) anat

IA

IA

PN

A

p—1
_ ZAk(a*)Z+p_ka2al+p_k—FAp_l((Jé*)ZOZQCVZ
k=1

= Syt ) (yaata )

oty A% ) (VA )
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k=1

p—1
k —1
Z |/az A2 PR |2 I + || Jaz AT o ||

<
SHWWZMW”WM%
V@l A Pl 2
LAICIAT a2 — 1 s
— gl flal20+ o + lla [ A7l 2L
TAT = [a]?
AllP|la |26+
< o AU a7 P Fs = 65 (2 — o0).

[A[] = flex]”

Hence, {I's(w,,s,)} is a Cyeq in R(I'z) and R(I'2) is a complete subspace of U.
. Jw,c€Ust jlgglo [y(w,, ;) = Ta(w, ).

Consider,

bB(Fz(wa’%)vFl(w,C)) = bB(Fl(w]_l,q]_l),l“l(w,g))
< by (Ta(w@)-1,6-1), a(@,6) ).

Using Jllglo I'y(w,, ;) = I'a(w, <), we have a*bg (F2(wj_1, S-1), Ta(wm, g))a — Opas ) —
oo. Hence, ]lim Iy(w), ) =T1(w,¢) e, I'(w,¢) = a(w,s).
Uniqueness : Let (u,v) € U x U s.t 'y (p, v) = Ta(p, v). From (5.3.15)

bg (Fg(w,q),Fg(,u, 1/)) = bg (Fl(w,g),Fl(u, 1/)) < a’bg (FQ(@,§),F2(/,L,V))O!.

Taking norm on both side, we have

HbB(Fg w,<), Do, v )H < e HbB<F2 w,<), Do, ))

a contradiction. Hence, T's(p, v) = I'y(w,<). O
Theorem 5.3.5. Let (U,B,bg) be a complete C%4y,-b-MS and I',T'y: Ux U — O

satisfying:

b (T'1(,6), T1 (3¢, 9) ) = Oz(bﬁ (Fu(@,6), Ta(w, <)) + ba (T'1 (3¢, 0), Ta(5, 19)))
(5.3.16)
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1
V w,s, 5,0 € U and a € BT with ||of < 3" If R(T'y) € R(T'y) and R(I'y) is a

complete subspace of O. Then, I'y and I's have a unique coupled coincidence point.

Proof. On the similar lines of Theorem (5.3.4), we have the sequences {w,} and
{s,} st I'a(w,, ) =1 (w)—1,5,-1) and I's(s;, w,) = I'1(5;-1, @w,—1). From (5.3.16),

we have

bB (FQ(wj+1> g]Jrl)) FQ (wjv <j)) = b]B (Fl(wp gj)a Fl(wjfla gjfl))

o (bB (Fl (@), ), [a(wm), gj))

IA

+bg (Fl(w]—h §-1), Da(w,—1, §g—1))>
= «a (bB (CRERSIEVE PICA))

+b]B (Fg(w], §]), FQ(wj—h gj—l))>

([IB_a)bB(FZ(wﬁla§J+l)>r2(wjvgj)> = abB<F2(wJ>§J)7F2(wj—1a§3—1)>-
1
Since, |la| < 3 then (Iy — «) is invertible and (Iy — a)~! € B*. Hence,

b (Ta()11, 5,41), Ta(@),)) ) = hba(Ta(@), ) Ta(@)-1,6-1)), (5.3.17)
where h = a(1 — a)~! € BT with ||2]| < 1. In general, we have
bB(FQ(w]+17§]+1)7F2<wj7gj)) = h]bB<F2(w1,§1), Fz(w07§o)) = Way,

where s = by (Fg(wl,gl),f‘z(wo,go)>. For any + > 1 and p > 1, it follows from
Theorem (5.3.4), {T'2(w,,<,)} is a Cseq in R(I'2) and R(T'y) is a complete subspace
of U . 3w,c €U st ]llglo I'y(w,, ;) = I'2(w,s). Assume that ]llglo Iy(w,),5,) #
F1<LTJ, §).
Consider,

b (T2(w,, ), T1(w,9)) = be(Ti(@;-1,5-1), T1(,5))

o (b]B (F1 (ijly §J71)7 F2(w3717 §]71))

A

+bg (Fg(w, §), Fl(w, §))>
= (b]B (FQ(WJ, §])u PQ(WJ—D gﬂ—l))
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+b5(T2(w,5), I (e, q)). (5.3.18)
Taking limit as 7 — oo (5.3.18), we have

bs(T2(,5), ' (w,5)) = abg(Ta(w,5), 1 (w,5)). (5.3.19)
Taking norm on both side in (5.3.19)

|98 (T2(. <), Ta(,6) )| < llall|jbw (Ta(e2, 6), T (=2, 9)) |

Y

a contradiction. Hence, }E}}o y(w,, ;) =T1(w,5), ie, I'(w,¢) = Ty(w,s).
Uniqueness : Let (u,v) € Ux U s.t I'1(p, v) = Ta(p, v). Using (5.3.16), we have

bB(F2(wa§)7F2(#a V)) = bB(Fl(wvg)7F1(ﬂv V))
j a (bB (Fl(wa §)7 F2(w7 C)) + bB (Fl(,u7 I/)a F?(,ua V))) .
Taking norm on both side, we have ||bg(I'2(w, <), 'a(u, v))|| = 0. Hence, I'y(w,¢) =
o, v). O

Theorem 5.3.6. Let (U, B,bg) be a complete C%y,-b-MS and let T'1, Ty : U x U —
O satisfying:

be(T'1(w,5),T1(5¢,19)) 2 abg(T'1(w,), Ta(se,9)) + abp(T (5, 9), [2(w,5)),

1
V w,¢, 2,0 € U and a € Bt with |laf < 3" If R(T'y) € R(T3) and R(T3) is a

complete subspace of G. Then, I'y and I's have a unique coupled coincidence point.
Proof. Proof follow on the similar lines in Theorem (5.3.5). O
Example 5.3.7. Let U = [0,1), B=C and dg : U x U — B as dg(w,d) =

9|, ifw£d
[+ =20 € 6. Then, (U0, B, bs) is a (%, -b-MS. Let T (w, 9) =

0, otherwise.

22 )
i and T'y(w, ) = w;
Clearly,

(5.3.20)

by (T (), Ta(54,9)) < o* (bBW %) + bB<<,q9>>a7

2

V w,s,x,9 € U with a € B" and ||a|| < 1. Hence, by Theorem (5.3.1), I'; and
I’y have a unique coupled common fixed point. Indeed, (0,0) is a unique coupled

common fixed point in U.
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5.4 Conclusion

In this chapter, we have introduced a novel approach to prove coupled fixed point,
coupled common fixed point, and coupled coincidence point results for C,-class
function as well as particular contraction mapping in C%-MS and C%;,-b-MS that
extends unifies and generalizes the results on coupled fixed point in the literature.
However, under certain conditions the results proved in this chapter are reduced

to some well known results of the literature.

(i) If in Theorem (5.2.2) we consider A = R, F*(r,t) = kr where k € [0,1),
Y(t) =t = ¢(t) and M(x,y,u,v) = d(z,u) + d(y,v) then we can obtained
Theorem 2.1 in Bhaskar & Lakshmikantham (2006).

(77) If in Theorem (5.2.2) we consider A = R, F*(r,t) = r—t and M(z,y,u,v) =
d(z,u) + d(y,v) then we can obtained Theorem 2.1 in Luong & Thuan
(2011).

(73) If in Theorem (5.2.2) we consider A = R, F*(r,t) = r and M(z,y,u,v) =
d(x,u) + d(y,v) then we can obtained Theorem 2.1 in Isik & Tiirkoglu
(2014).

kokkokokskk
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