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SHRUTI

ABSTRACT

In the thesis entitled “Study of some Elastodynamic problems in Non-local
Micropolar media”, we have studied the wave propagation problems in non-local
Micropolar elastic material using Eringen’s non local Micropolar theory. These
problems investigated the effects of various parameters on propagation of surface
waves in non-local Micropolar half space alone as well as in structured consisting of
Non-local Micropolar half space and piezoelectric layer. The parameters whose
effects are investigated in details are non-locality of the material, piezoelectricity,
initial stress, interface imperfection, thermal effects, impedance and memory
dependent derivatives etc. The thesis has been divided into 5 chapters, details of each

chapter has been given below.

Chapter 1 contains the basics and literature review of classical theory of elasticity,
Micropolar theory, non-local theory of elasticity and non-local Micropolar theory of
elasticity and surface waves in elastic media. Based upon the literature review the

research gap and then objectives of the study are given in this chapter.

Chapter 2 includes the study of propagation of shear waves in piezoelectric layered
non-local Micropolar half space composite structure. The general equation of shear
waves in the coupled structure is obtained analytically in the closed form. In the
particular case the result obtained is in accordance with the classical Love wave
equation. The effects of key factor like non-locality, characteristic length,
piezoelectric and elastic constants on the phase velocity of shear waves has been
investigated and the results are depicted graphically. The theoretical results obtained
shows that the phase velocity of shear wave is significantly affected due the presence

of non-locality and size effects on small length scale in Micropolar elastic material.

Chapter 3 deals with the study of the effect of initial stress on the shear waves in

non-local Micropolar half space and non-local piezoelectric layer bounded



imperfectly. Imposing the initial stress and a condition of imperfect surface between
the layered composite structures could lead to new insights in design. Taking the non-
local and microstructure effects into consideration, the propagation of shear waves has
been investigated in an initially stressed piezoelectric layer imperfectly bounded to a
Micropolar half-space under the non-local theory. The general phase velocity
equation for shear waves has been obtained analytically in closed form. The phase
velocity equation is in agreement with the classical Love wave equation in a particular
case. The effects of key factors such as non-locality, interfacial imperfection, initial
stress and thickness of the layer on the phase velocity have been evaluated. Graphical
analysis has been performed and the results obtained indicate that shear wave
propagation is significantly affected by various parameters considered in the study

and are useful for designing high performance surface acoustic devices and sensors.

Chapter 4 deals with the analysis of propagation of Rayleigh waves in a non-local
Micropolar thermoelastic half space with impedance boundary conditions. Dispersion
equation of Rayleigh wave propagation with impedance boundary conditions is
obtained and the effect of impedance and non-local parameters are studied. Dispersion
equation of Rayleigh waves for a Micropolar thermoelastic half space with impedance
boundary as well as traction free half space is obtained in the particular case. The non-
dimensional speed of Rayleigh wave is computed as function of impedance
parameters and presented graphically for aluminum epoxy material. It is observed that

non-local and impedance parameter has significant effects on Rayleigh wave speed.

Chapter 5 studied the problem of Rayleigh waves propagation in a non-local
Micropolar thermoelastic material within the framework of memory-dependent heat
conduction model. The secular equation of Rayleigh waves, describing the
dependence of Rayleigh wave speed on the memory dependent parameter and non-
local parameter, is obtained analytically under stress-free and thermally
insulated/isothermal boundary conditions. In the particular case, the secular equation
obtained is in agreement with previously published results. Numerical computations
have been performed to investigate the effects of key factors such as time delay
parameter, non-local parameter, and kernel functions on propagation of Rayleigh

waves in the aluminum-epoxy composite material. The numerical and graphical



analysis validate that the speed of Rayleigh waves is influenced significantly by time
delay heat transfer, selection of kernel and non-local characteristic of the material.
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CHAPTER -1

INTRODUCTION

1.1 PRELIMINARIES

Mathematical modeling is necessary for comprehending both the theoretical foundations
of solid mechanics as well as its practical applications. The use of mathematical modeling
opens up the possibility of discovering answers to arduous mechanical problems. Theory
of elasticity developed various mathematical models to study the deformation in elastic

medium using laws of mechanics.

The application of an external force onto a material induces a displacement of the
constituent particles leading to a consequential deformation of the material. Elastic and
plastic deformations are distinct modes of deformation that can be discerned based on
their characteristic behavior. Elastic deformation pertains to the reversible alteration in
the shape and dimensions of a physical entity, which is contingent upon the
discontinuation of external forces, thereby leading to the entity's reinstatement of its
original configuration. Elastic deformation is a phenomenon that can manifest in a
diverse range of materials. Material exhibits the elastic behavior until the external
material forces are applied to a certain limit known as elastic limit. Plastic deformation is
the result of the application of forces that exceed the elastic limit of a body. This
phenomenon results in a permanent alteration in the body's configuration, persisting even

in the absence of the impelling forces.
1.2 THEORY OF CLASSICAL ELASTICITY

Classical elasticity theory is based upon on an idealized model of elastic and continuous
body such that the material is perfect and spread out evenly throughout its whole volume
without any defects. Irrespective of the positions of the particles, they possess the same

properties throughout the material. This assumption serves as the fundamental principle



upon which the theory is constructed. Materials like concrete, steel, and aluminium
behave according to the "Theory of classical elasticity” when subjected to stresses that do
not exceed their elastic limits.

1.2.1 STRESS AND STRAIN COMPONENTS

The responses of elastic materials under the act of external forces have been studied by
using “theory of classical elasticity” which is comprised of some fundamental equations
and constitutive relations. These fundamental equations are developed using universal
principles of physics including the conservation of mass, energy and momentum etc. The
medium is said to be strained when the relative position of the particle is altered in a
continuous medium. Material deformation occurs when there is a simultaneous change in
the relative position of material points and the distance between them. Measure of

deformation is known as strain and its study is referred as strain analysis.

Let us consider a continuous elastic medium having surface S and volume V. After the
deformation, let us assume that the particle in continuous medium changes its position
from P (x4, x,,x3) to P'(x1,x5,x3) as per the fig. 1.1. Displacement from old to new

point has been represented by u; = x; — x; . Here u;,i(= 1,2,3) represents the

displacement components.

Fig. 1.1 Deformation of an elastic body



The infinitesimal strain tensor €;; is symmetrical
- 1({0u; auj .
and is represented as €;;= ot ) Here, €,,,€,,,€35 are normal strain
b i

components and€,,= €,; €;3= €3, E,3= €3, are shear strain component.

The internal resistance developed within the material due to external forces is known as
stress. It is quantified as force extended per unit area. Considering an arbitrary element
with area A A in the continuum within normal n; and stress vector on elementary area is
T{*A A. Here, T]* force traction vector and symmetric stress tensor o;; are related as

n P
T, = oyn;,ij=123. Components oy ,0,,,033 are normal stress components and

012 = 0,1 ,013 = 031 ,0,3 = 03 represents shear stresses as represented in fig. 1.2.

Xz

Fy

X

Fig. 1.2 Stress components

Relationship between strain and stress for an elastic medium could be defined as per the
Hooke’s law. The simplest form of Hooke’s law (F = —kx) is valid for ideal linear
elastic material within the elastic limit of the material. For materials with complex
behavior and structure under varying conditions the generalized Hooke’s law is used
which in tensor form can be written o;; = Cjjx; €k, 0, j, k, L = 1,2,3. where €, , g;; are
infinitesimal strain and stress components and C;j, are elastic constants. The count of
Cijiu are 81 which reduces to 36 by imposing the symmetry condition of stress and strain.

3



Further these constants reduce to 21 by the condition C;j,; = Cyy;; Which arises due to

isothermal and adiabatic system in nature. Now, by assuming symmetry of axis and
planes, and considering the material to be isotropic in nature, the elastic constant reduces

to only 2. Hence the Hooke’s law for homogeneous, isotropic material becomes

Here, 4 and u are Lame’s contents, A = €;;= €1+ €,,+ €33 is volume dilation and &;;

is the Kronecker delta represented as

5 _{1,ifi=j
i~ o,ifi #j.

The condition of equilibrium could be written as

0y, = — Fi. (1.2)
The above equation represents the equation of motion in classical mechanics. Here, F;
adij
are force components and, o;; ; = 2

J

Using equation (1.1) in equation (1.2), the equation of motion of an isotropic elastic

medium can be written as given below

Equation of motion is derived from the equilibrium condition by adding components of
inertial force per unit volume. Hence, the equation of motion in an isotropic elastic

medium could be written as

azui (14)
otz '

A+ Wi+ uuyj+F=p

Where u; is the displacement component, i(= 1,2,3). F; represents the force components.



1.3 MICROPOLAR THEORY OF ELASTICITY

Micropolar theory addresses the limitations of classical elasticity by considering the effects of
material microstructures, including particle rotations and couple stresses. It enables more precise
modeling of materials like composites and foams that exhibit size-dependent behaviors. By
accounting for internal micro-rotations, it provides better analysis for materials with complex
microstructures, which classical elasticity cannot handle effectively. When attempting to
characterize the properties of materials in which the microstructure does not play any part
in the material’s mechanical responses, the “theory of classical elasticity”” can be of great
assistance. But certain discrepancies have been perceived between the conclusions of
classical theory and the results of empirical experimentation in many materials indicating
that the microstructure of the material may have an impact on its mechanical response.
The aforementioned inconsistencies serve to underscore the potential influence of the
material's microstructure on its mechanical properties. Such discrepancies serve as proof
that the material's microstructure may have an impact on its mechanical properties.
Consequently, the examination of the material’s mechanical properties necessitates a
significant focus on the role played by the microstructures embedded within it. Therefore
one must take into consideration the material’s microstructure in order to make sense of
the findings of an examination into the mechanical properties of such materials. Only
then will the findings make sense. In an effort to find a solution to these discrepancies in
classical theory of elasticity and identify a way to reconcile them, a number of authors
have put out a wide variety of different theories relating to the continuum of
micromechanics. Voigt (1887) tried to explain the discrepancies in classical theory and
attempted to establish a theory of the micromechanics continuum while working under an
array of assumptions. He came to the conclusion that the interaction that takes place
between two particles of a substance is conveyed by the force vector along with the
moment vector, that results in couple-stress in elasticity. The next stage of this process
will include the beginning of an investigation into the microstructure of the substance that

we are now studying.



After this, Cosserat and Cosserat (1909) proceeded to develop the fundamental "Theory
of Micro-Mechanics." The proposed theory is reliant not solely on "The Theory of Linear
Displacement,” but also on an autonomous rotational motion exhibited by each material
particle during the course of deformation. The theory under consideration is commonly
known as the "Cosserat Theory of Elasticity,” which was named as such by its originator.
These hypotheses have demonstrated both the existence of couple-stress within the
medium and the correlation between stress and strain. The observed outcome led to
significant revisions in the constitutive equations, as well as various other aspects of
classical elasticity.

Eringen and Suhubi (1964a, 1964b) formulated a comprehensive theory for nonlinear
microelastic solids. They achieved this by augmenting the balancing laws of continuum
mechanics with additional laws that consider the inherent motions of the microelements
present within the macro volume. A microcontinuum is a continuous medium where each
point is linked to a sub-continuum, allowing translation, rotation, and deformation.
Eringen (1966) extended the asymmetric theory of elasticity and introduced micropolar
theory of elasticity with body microinertia effects. The micropolar medium is a specific
type of microcontinuum, wherein the associated sub-continuum can solely undergo
translation and rotation, while the entire medium has the capacity for translation, rotation,
and deformation. In other words, a micropolar elastic body is comprised of interconnected
atoms or particles shaped as small rigid bodies capable of simultaneous translational and
rotational motion. These particles have the autonomy to rotate independently. In the
context to micropolar elasticity theory, the stress and strain tensors exhibit asymmetry
that is, it no longer exhibit the property of symmetry anymore. This unique feature in
micropolar continuum theory enables the incorporation of internal long-range cohesive
forces while staying within the limits of the basic continuum framework. Fiber glass,
solid propellant granules, and polymeric compounds are all examples of this category of
material. It's possible that micro-cracks and micro-fractures can be explained by this

notion as well.



The theory of micropolar elastic plates was conceived of and developed by Eringen
(1967). Parfitt and Eringen (1969) conducted a study on plane wave propagation within a
micropolar elastic half space, as well as their subsequent reflections on a stress-free flat
surface. Furthermore, an examination was conducted on the propagation of plane waves
as they traversed the given spatial domain. Based on the outcomes of several conducted
studies, it has been observed that a micropolar elastic solid has the potential to facilitate
the coexistence of four distinct waves, each characterized by its unique velocity. Below a
critical frequency, two waves undergo a phenomenon wherein they cease to propagate
due to their interaction within the medium they traverse. The current investigation
presents a set of successive equations that pertain to non-linear theory. It is noteworthy
that the linear theory can be obtained as a particular instance by imposing specific
constraints related to the stability of local materials.

In the field of micropolar elasticity, Nowacki (1970, 1971) conducted a study on the
axially symmetric problem and the second plane problem. Eringen (1999) studied the
field of solid mechanics for the evaluation of the deformation of materials with
microstructures. This theory takes into account 6 degrees of freedom, 3 translational
elements, and 3 micro-rotational components in order to describe motion. Additionally,
there are six micro rotational components.

As per the Eringen‘s (1966)“theory of micropolar elasticity”, the field equations for

homogenous isotropic solids are given by

okex + p (f,— ) =0, (1.5)
Mok + Eomn Omn + P(le — j de) = 0. (1.6)
The stress tensor can be represented as

Oxe = Aep O + (U + K€y, + pep, (1.7)
Myp = A VrrOip + BYie + VVie (1.8)
exe= (Usk — €Exem Pme) Yie = Pre - (1.9)

Using the above equation, the field equations can be written as
A+ Wugre + @+ Kuppr + K Epmn Pum + p(fo - 1p) =0, (1.10)



(@+B) bre +V Dok + K Epmn Umm — 2k o+ p(ly— jde) = 0. (1.11)

Here a, 3,7, k are the micro polar material constants. 8y, is the Kronecker delta. oy,is
micropolar stress and m,, represents couple stress tenser.j is the micro inertia density.
¢, represents micro-rotation vector. p represents mass density, u, is the displacement
Vector. €, IS the alternating symbol. Index after comma denotes the partial derivative.
Few of the latest studies on micropolar materials are as given here, Sharma and
Kumar(2009), Sharma et al. (2009), Kaur et al. (2016), Kaur et al. (2017), Zhang et al.
(2016), Kaur et al. (2016) , Barak and Kaliraman (2019), Singh et al. (2019), Khurana
and Tomar (2022), Abo-Dahab et al. (2022), Singh and Kashyap (2023), Kumar et al.
(2023), Sahu et al. (2023), Somaiah and Kumar (2023), Kumar and Pratap (2023).

1.3.1 MICROPOLAR THEORY OF THERMOELASTICITY

The fundamental study conducted by Nowacki (1966) investigated the impact of
temperature on various phenomena, thereby contributing significantly to the advancement
of the micropolar continuum concept and introduced the linear theory of micropolar
thermoelasticity. Extensive advancements are covered by thermoelasticity. It is composed
out of the theories of strains, stresses and heat transfer arising from the coupling of
temperature and strain fields when subjected to heat flow. Thermoelasticity allows one to
compute the temperature scattering resulting from the action of time-varying internal
forces, as well as the stresses induced by the temperature field. Theory of classical
thermoelasticity is unable to describe the material’s response to a quick transient loading
and at low temperatures. Due to these limitations, numerous researchers have developed
generalized theories of thermoelasticity. Then models featuring single or dual relaxation
times, models centered on two temperatures, models without energy dissipation, dual-
phase-lag theories, and explanation for anomalous heat conduction through fractional

calculus have also been put forwarded. Biot (1956) developed the heat conduction



equation based on the thermodynamics of irreversible processes that includes the
dilatation term. It includes two equations:

a) Hyperbolic equation of motion.
b) Parabolic equation of heat conduction.

Anomalies that have been detected in the classical theory of thermoelasticity have been
removed by Lord and Shulman (1967). Instead of using the Fourier law, they proposed a
novel law of heat conduction, and this theory includes a new constant that serves as the
relaxation period. The remaining field equations in this theory are the same as they are in
coupled and uncoupled theories of thermoelasticity, but the heat equation is of wave type
(hyperbolic). The theory of thermoelasticity with two relaxation times is another
generalization of the linked theory. Green and Laws (1971) were able to generalize this
inequality. Eringen (1970) made significant contributions to the field by expanding the
existing theory and introducing the linear theory of micropolar thermal elasticity. Many
researchers have studied the thermoelastic property in Micropolar materials and few of
them are listed below: Tauchert and Claus (1968) , Dost and Tabarrok (1978) ,
Chandrasekhariah (1986), Sharma et al. (2007), Kumar et al. (2011), sharma et al.
(2011), Zakaria (2012) , Kumar and Abbas (2013) , Kumar et al. (2016), Marin et al.
(2019) , Othman et al. (2020), Lianngenga and Singh (2020) , Tarun (2022), Abouelregal
et al. (2022), Sharma and Kumar (2023).

1.4 NON-LOCAL THEORY OF ELASTICITY:

The nonlocal elasticity theories were initially developed by Edelen and Laws (1971). The
distinguishing factor among these various theories lies in the existence of nonlocality
residuals within the fields. In accordance with the nonlocal theory of elasticity, it is
posited that the stress experienced at any given point situated in a continuous body is
dependent not solely upon the strain observed at that point, but also on the strains
exhibited at all other sites within the body. Due to this phenomenon, it can be observed

that the nonlocal stress forces functions as remote action forces. At extended
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wavelengths, the non-local theory converges to the classical local theory, while at
abbreviated wavelengths it converges to the atomic lattice's dynamics. Eringen (1983)
studied the differential equations of nonlocal elasticity and proposed few results for

surface waves and screw dislocation.

The utilization of nonlocal elasticity theory has been widely implemented in the analysis
of the flexural, vibrational, and buckling characteristics of 1-D nanostructure. Several
researchers have incorporated nonlocal elasticity theory in their investigations of the
diverse applications of micro and nanostructures. The nonlocal elasticity theory has been
extensively employed by numerous scholars who recognize the significance of its

application to structures at a micro-level.

In classical field theories, it is commonly observed that the ratio between the external
characteristic length, represented by L (referred to as crack length, sample size or
wavelength) and the internal characteristic length (generally referred as lattice parameter
or size of the grain) denoted as [, tends to be significantly large. The aforementioned ratio
is commonly denoted as the L/I ratio. The present findings provide evidence supporting
the notion that accurate calculations can be achieved under the condition that the value of
L exceeds that of [. Despite this, researchers are compelled to resort to non-classical
theories when their local classical field theories (denoted as (L = [) are proven to be
incorrect, necessitating the adoption of non-classical theories.

In the same way, in a dynamic problems if t, and t; denotes external and internal

characteristic time respectively then (i—e) is called as pertinent ratio. Where t,is the

4

period of variation. Consider, for instance, the amount of time that the external loads are

applied. Here, t; denotes travel time of the signal between the molecules. For example,

the relaxation time. For% ~ 1, the classical theory fails to explain many physical

4

phenomena. So there is a need to incorporate the non-local theories. Three possible kinds
of non-locality are: mixed spatial-temporal, temporal, and spatial. Following Povstenko

(1999), any physical quantity (referred to as effect-“s™) at a given reference point x and

10



time t is dependent locally on a different physical quantity (referred to as cause-“q”) at
same position and time could be represented by the following relation:

s(xq, x5, x5 ,t) = s(q (xq1,x5,%5,t)) (1.12)

Spatial non-locality could be defined as “effect” (5) at time t and point xis dependent
upon the “causes” from all other points x' at the same instant of time t.Therefore the
nonlocal average or the spatial non-locality of a local field s(x;, x5, x3) within the
domain V at the same time t could be written as:

5y, 22,23, 8) = [, ay (Jx = x',0) s(q(xy, x5, %3, ) dx;dx, dixs. (1.13)
Here, a, is the positive continuous function of the spatial non-local kernels. {is

proportional to the characteristic length ratio (%) In case of constitutive equation, the

“effect” is referred as “stress” and the “cause” is referred as ‘“strain”. The non-local

consecutive equation (1.13) could be written as:
l r r ! ! ! ! !
Uir]l‘ (xy, x5, %5, 8) = fV a; (|x — x|, ()Cijklekl(xp Xy X3, t) dxydx, dxs. (1.14)

Where o{}ldenotes the non-local stress components. For long rage interactions, we use
spatial non-locality.

In case of temporal non-locality (with time dependent memory), “effect” § at point x and
time t relies on the history of “causes” at the same point x and at all proceeding times to
the time t.

Mathematically,
5(xq, %0, x3,) = fot By (t—t",m) s (q(xj, xpx5,t"))dt’. (1.15)

Here pB; represents the time dependent non-locality kernel. The parameter n is

proportional to the characteristic time ratio (i—e) So the time dependent constitutive

4

equation could be represented as

t
l , li r
0jj (x1,%5,%3,t) = fﬁl(t = 1) Cia€ra (x1, %5, X5, £ )dE . (1.16)
0
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The above constitutive equation implies that the stress depends upon the past deformation
also. When both spatial and temporal non-locality effects are accompanied, then it is
known as mixed spatial-temporal non-locality. In this case the effect 5 at a position x and

time t depends on the “causes” at all other positions x" and at all the proceeding time t'.

Mathematically,

t
E(xlleIx3l t) = f IYI (lx - x,| ) (117)
(VI
t—t',¢,n) s (q(x{,xé,xg , t’)) dxidx; dxidt’.
Here y' is the space-time non-locality kernel. Therefore the constitutive equation for

mixed spatial-temporal non-locality could be expressed as:

O'ir]l‘l(xp X2, X3,t) (1.18)
t
3 B RACEE
0o Vv
—t, 7,n) Ciji€r (xll, xlz, x'3 , t’) dx’ldx’2 dx’3dt’.
As,n — 0, the spatial and temporal non-locality effect disappears.

PROPERTIES OF SPATIAL NON-LOCAL KERNEL:

a; (|]x — x'|,¢) has a maximum at |x — x'|.

e a,(|lx—x'|,0) — 0withincrease in |x — x'|.

e a,(|x—x'|,0) is continuous function of [x — x’|.

e a,(|x—x'|,0) represents a delta-sequence which tends to direct 6 — function as

¢ —0ie. }”j(l) a;(lx —x'[,{) = & (lx—x'])
° fV a(lx = x1,0) dv(x) = 1.
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The properties of other kernels are similar.

The theory of nonlocal elasticity resolves the shortcomings of classical elasticity by
incorporating long-range interactions between material points. This provides more
accurate modeling of small-scale materials, such as nanomaterials, where size effects are
important. It improves the understanding of phenomena like stress concentration and
size-dependent mechanical behaviors that classical elasticity cannot capture.

1.4.1 THEORYOF NON-LOCAL MICROPOLAR ELASTICITY:

Eringen (1984) extended the “theory of non-local elasticity” to the Micropolar materials.
He developed the dispersion relations in linear, non-local micropolar elastic solids for
transverse plane waves. Non-local micropolar theory takes micropolar theory a step
further by considering non-local interactions between different points within the material.
Unlike “classical continuum mechanics”, at a given point the deformation is influenced
solely by its immediate neighborhood whereas non-local micropolar theory incorporates
the influence of deformation at all other points within the material. However, the
influence decreases with increasing distance. This non-local interaction effect enables a
more accurate representation of materials with long-range interactions or small-scale
features. At the sub molecular or atomic level, it is observed that materials exhibiting
elastic properties invariably exhibit a discernible internal structure. The traditional
classical theory is deemed inaccurate whenever the internal and external scales are
situated within a context that can be likened to the contrast between them. Non-local
micropolar theory finds applications in various areas, including modeling granular
materials, biological tissues, and heterogeneous materials. It provides a comprehensive
framework for analyzing the behavior of these materials, considering their
microstructural characteristics and non-local interactions.

In conclusion, non-local micropolar theory is a valuable approach for studying the
material’s mechanical behavior with complex microstructures and long-range
interactions. By incorporating these effects, engineers and researchers can gain deeper

insights into the behavior of such materials, leading to improved designs and a better
13



understanding of their mechanical properties. So, Non-local micropolar theory enhances
traditional micropolar theory by considering interactions over a finite distance between
material points, rather than just local interactions. This allows for a more precise
representation of materials with microstructures, capturing size effects and long-range
influences. As a result, it provides better modeling of wave dispersion and stress

distribution, particularly in materials where microstructural effects are significant.

By using Eringen’s non-local formulation (1972, 1973, 1976), “the theory of non-local
Micropolar elasticity” has been stated by Eringen (1984). For homogeneous and isotropic

solids, the basic equations may be represented as

otk + p (f,— i}) =0, (1.19)
mztl’k + €pmn Omn + p(lt’ - ]¢{’) =0, (1.20)
ol = [[X el Ske+ (W + KK ep, + ey dv, (1.21)
my = [[a' V6 + B vie + V'Viel dV', (1.22)
, _dui(x,t) Oy (2, 1) (1.23)

Cre = T — €krm a—x;
Oi(x't 1.24
Yie = ¢ka(xxl, ). ( )

where, G’ﬁ} =non-local stress tensor, u; = displacement vector, p = mass density,
f, = body force, ¢, = microinertia vector, j = microinertia density , m's = non —
local couple stress tensor, [, = body couple density.A’ ,u’ ,a’, f'and y' represents the
non-local material moduli which is dependent on the distance |x — x’|. &, is the
Kronecker delta. €,,,, is the alternating symbol. Index after comma denotes the partial
derivative and dot (*) represents the partial derivative w.r.t time. The sole distinction
between the local and non-local theories lies in the equations (1.21) and (1.22). These
equations specify the stress and couple stress at a point x within a body are contingent
upon the strain measures ey, and y;, at all points x'of the body. Eringen (1984) used the
special case of nonlocality could be considered for the simplicity of mathematical

problems
14



Ak a, By = a(Ix—x"DId, wx, a,B,v} (1.25)

where,k, a, B,y = local Micropolar material constants
A,u = Classical Lame’s constant.
a,(lx —x']) = Attenuation function

Here, the attenuation function is calculated as per the distance of the material point x'and
x. The greater the distance the lesser is the effect. This function shows its maximum
value when x" = x. Also, it must be a Dirac-Delta sequence which depends upon the
internal characteristic length a. From the equation (1.21) and (1.22), it is could be written
that,

lirré a; (Jx—x'] ,a) = & |x—x'|. (1.26)
a—

This study worked on nonlocal elasticity and predicted the wave dispersion and other
phenomena which are in accordance with the atomic theories. In two dimensions, the
representation could be given as:

a(lx —x'l,a) = 2me?)ip[lx — x'|/ €] (1.27)

Here, k,= modified Bessel’s function, and € = el (1.28)
Here, [= internal characteristic length, e,= material constant.
For infinite plane, Eringen (1984) proposed a special case using Green’s function which
can be written as follows

(1-€2V¥Ha; = 6 |x—x'|. (1.29)
So applying the operator (1 — €2 V2) on equation (1.21) and (1.22), we get,

(1= e?V?)ags = g = AepySip + (U + K)eye + pegy, (1.30)
(1 —eV2)mpy =My = & VrrBio + BYie + VVike (1.31)
exe= (Upx — €kem Pme) Ve = Pre- (1.32)

Using the above equation, the field equations can be written as
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A+ Wugre + W+ UL + K Epmn Pum +p(1 = 2V2)(f - 7)) =0, (1.33)
@+ B) Prjee + ¥ Dok + K Epmn Utin — 2K pp + p(1 — £2V2)(1, — (1.34)
j $e) = 0.

Where € is a non-local parameter (e = eyl),l characteristic length, a, 5,y, K are the
micro polar material constants. dy; is the Kronecker delta. o;,, , m;, are local micropolar
stress and couple stress tenser. %, m;Y represents the non-local micropolar stress and
non-local couple stress tenser. j is the micro inertia density. ¢, is the micro-rotation
vector. p is the mass density, u, is the displacement vector. €,,,, is the alternating
symbol. Index after comma denotes the partial derivative. Numerous authors have made
significant contributions to the advancement of the non-local theory. The development of
this theory was undertaken by a diverse group of authors. Few of the researches are
mentioned here. The study conducted by Nowinski (1993) explored the investigation of
Eringen's theory pertaining to micromorphic bodies. In doing so, Nowinski successfully
derived the equilibrium equation for linear isotropic micropolar and microstretch bodies
featuring nonlocal cohesion. Following papers could be referred for elastodynamical
problems in non-local Micropolar media. Tien-min (1980), Hsieh (1982), Kaliski et al.
(1992), Jun and Dhaliwal (1993),Trovalusci, and Masiani (2003), Acharya (2004), Huang
et al. (2005), Lazar and Kirchner (2006), Chakraborty (2007), Khurana and Tomar
(2013, 2017), Ding et al.(2016), Mondal et al. (2019), Kalkal et al. (2020), Kumar and
Tomar (2020),Sahrawa et al. (2020), Deswal et al. (2021), Poonam et al. (2021),
Ceballes et al.(2021), Sheoram et al. (2022), Shorkin et al. (2023).

1.5 THEORY OF PIEZOELECTRICITY

Piezoelectricity is the effect through which electrical energy is generated from
mechanical energy in certain materials. There are some natural and manmade materials
which exhibit such phenomena such as Quartz, Rochelle salt and ceramics like lead
zirconate etc. Piezoelectric materials have been used in many appliances such as

powerful sonar, microphones and sonobuoys etc. The study of composite structures
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containing a piezoelectric material is in demand nowadays due to their remarkably
different physical and chemical properties and applications in sensor technology. By
using ideal combination of control elements in piezoelectric structures, we can achieve
the effective control of electromechanical coupling. The wave propagation in composite
materials has been used extensively in sensor technology and nondestructive testing
techniques to determine strength of materials. In the study by Qian et al. (2004), the
constitutive relations and equations of motion for a homogeneous transversely isotropic
piezoelectric medium are formulated to account for the material's specific anisotropy and
symmetry properties. When explaining piezoelectricity in such materials, it's important to
note that anisotropy refers to the directional dependence of properties, and in the case of
transversely isotropic piezoelectric materials (such as crystal class 6mm and certain
piezoelectric ceramics), the xs-axis is typically the axis of symmetry. This symmetry
plays a crucial role in determining how the material responds to mechanical and electrical
fields, influencing the form of the constitutive equations. These equations reflect the
coupling between mechanical stresses and electric fields, and are expressed in terms of
specific components that respect the symmetry of the material.

The constitutive relations and equation of motion for a homogeneous transversely

isotropic piezoelectric medium given by Qian et al. (2004)are given as given

{Tl'j = Cijkl'skl - ekijEk' (1 35)
D; = ejiSi + €jrEy. |
Tijj = P'Uy,

{ D;; = 0. -

Here 7;; represents stress tensor, D; is the electric displacement, ey;;, €, and c;jy,
represents piezoelectric, dielectric and elastic constants respectively. Density of
piezoelectric material is represented by p’. u is the mechanical displacement. S;; and E}
are the strain tensor and electric field intensity and can be denoted in terms of
displacement u and electric potential ¢ as

ui,j"’ Uji

2
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Following papers can be referred for various types of problems in piezoelectric materials.
Curtis and Redwood (1973), Li et al. (2001) , Sharma et al. (2004), Jin et al. (2005),
Sharma et al. (2005), Sharma et al. (2008), Walia et al. (2009), Sharma et al. (2010), Liu
and He (2010a), Liu and He (2010b), Sharma et al. (2011), sharma et al. (2011) , Huang
and Li (2011), Abd-alla et al. (2012), Cui et al. (2013), Liu et al (2013), Li and Jin
(2015), Yanping Kong and Nie (2015), Lee et al. (2016), Goyal (2020) ,Goyal et al.
(2020), Sharma and Kumar (2022), Sharma et al.(2023).

1.6 WAVES IN ELASTIC MEDIA
1.6.1 BODY WAVES:

Body waves travel through the medium's interior. It exhibits shorter wavelengths and
smaller amplitudes compared to surface waves. It also possesses a higher velocity of
propagation. The waves mentioned can be categorized into two distinct types:
Longitudinal waves and Transverse waves.

a) LONGITUDINAL WAVES:

Longitudinal waves, also called as dilatational/irrational or compressional waves. These
are such type of waves that travels through the medium so they are associated with the
refraction and compression of the particles. These waves are the fastest waves and are
first to appear on the seismograms. These waves are also known as primary waves or P-

waves in seismology.
b) TRANSVERSE WAVES :

Transverse waves, also known as equivoluminal/shear/rotational waves and are
characterized by the rotational and shearing motion of particles as the wave propagates
through a medium, while maintaining a constant volume. Within these waves, particles
undergo vibrations that occur in a direction L to the wave's propagation. These waves are
also known as S- waves or secondary waves in seismology. These particular waves are
categorized as SH-waves and SV-waves. When the particles' motion exhibits polarization
exclusively in the horizontal plane, it is referred to as shear horizontal (SH) waves. When

vibrational motion is confined to the vertical plane of the particles, it designates the
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waves as vertically polarized shear (SV) waves. Both transverse and longitudinal waves
have the ability to propagate through a solid medium.

ELASTIC WAVES

BODY WAVES SURFACE
o WAVES
' 1
v | Jl ~l¢

LONGITUDINAL TRANSVERSE RAYLEIGH LOVE
WAVES WAVES WAVES WAVES

Fig. 1.3: Types of elastic waves

SH Waves SV Waves
e motion of the particles is e the vibration of the particles is
polarized in the horizontal plane polarized in the vertical plane

Fig. 1.4 SH- waves, SV - waves

1.6.2 SURFACE WAVES:

Surface waves are waves that are able to travel along the free surface of a bounded
medium and are given their own category. Since surface waves travel at a velocity that is
lower than that of body waves, when seismic activity occurs, surface waves are
recognized on the seismogram after body waves have been recorded. Love and Rayleigh

waves are two types of surface waves that can be encountered.
a) LOVE WAVES:
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Love waves have the ability to propagate through layered structures that are composed of
a distinct layer with a finite thickness that is firmly attached to a substrate. The Love
wave’s propagation is contingent upon condition that the velocity of the layer is lower
than the velocity of the half-space. In the context of these waves, it is observed that the
particles exhibit transverse vibrations that are parallel to the surface. The investigation of
Love waves was conducted by A.E.H Love (1911). Love waves, a type of surface wave,
have found utility in different applications such as sensors and non-destructive testing
techniques. These waves have been extensively studied by researchers including Tamarin
et al. (2003). Midya (2004) studied the love type waves in homogeneous micropolar
isotropic elastic media consisting of layer over a semi-infinite medium. Sharma et al.
(2020) studies the love waves in layered media. The dispersion relation for Love-waves
in a piezomagnetic layered pair stress substrate under viscous liquid loading was
developed by Sharma and Kumar (2021). Following studies could also be referred.
Papadakis et al. (2009), Kuznetsov (2010), Zhu et al. (2014), Qingzeng et al. (2014),
Saha et al. (2015), Kaur et al. (2019), Goya and Kumar (2019), Nobili and Volpini
(2021), Manna et al. (2022), Sharma and Kumar (2022), Singh et al. (2023), Hrytsyna et
al. (2023).

b) RAYLEIGH WAVES:

Lord Rayleigh (1887) studied about the waves that travel along the homogeneous half-
space in free-surface. Due to the fact that surface waves have a tendency to cause damage
during earthquakes, seismology places a particularly great emphasis on their study.
Rayleigh waves are a type of surface wave that have been the subject of investigation by
a number of different researchers. Since Rayleigh waves in micropolar elastic materials
have potential practical applications in a variety of fields, including seismology,
acoustics, aerospace, and undersea structures, they have been the subject of investigation
by a large number of researchers. Deresiewicz (1961) analyzed the Rayleigh waves for
thermoelastic solid. Chimenti et al. (1982) studied the Rayleigh waves on a layered half
space. Smith and Dahlen (1973) studied the Rayleigh waves in an anisotropic medium.

Tolipov (2002) investigated the Rayleigh waves in an elastic wedge. Vashishth and
20



Khurana (2005) studied the Rayleigh waves in anisotropic, heterogeneous poroelastic
layer. Vinh (2009) investigated the Rayleigh waves in elastic medium influenced by
initial stress. Zhang et al. (2014) analyzed Rayleigh wave’s propagation in magneto
elastic half space. Ozisik (2021) investigated the Rayleigh waves in the pre-stressed
layers under complete contact. Mrithymjayo and Reddy (1993), Kumar and Singh (1996),
Tomar (2005), Kumar and Deswal (2006), Kumar and Pratap (2006), Sharma and Kumar
(2009), Zhang et al. (2015), Singh et al. (2016) can be referred to understand the
Rayleigh wave’s propagation in micropolar elastic material.

The choice of Love and Rayleigh waves for studying non-local micropolar materials is
both practical and innovative. Love waves are vital for applications in geophysics and
earthquake engineering, as they help analyze surface vibrations and subsurface structures.
Rayleigh waves are significant for surface inspection and non-destructive testing,
providing insights into material responses to surface stresses. By applying non-local
micropolar theory, the research can better account for the effects of microstructures and
size-dependent behaviors that traditional theories might overlook. This approach
promises to improve the accuracy of wave propagation models and advance the

understanding of material behavior in engineering and materials science.
1.7 RESEARCH GAP:

Classical elasticity theory struggles to account for size-dependent material responses,
prompting the development of microcontinuum theories with additional parameters.
While micropolar elasticity has been extensively studied in contexts like wave
propagation and various effects (thermal, magnetic, etc.), the non-local version of this
theory is less explored. Non-local elasticity has shown promise in solving fracture
mechanics problems, but its application to micropolar materials remains under-
researched. This study aims to address this gap by examining elastodynamic issues within
the non-local micropolar elasticity framework. Utilizing mathematical approaches, we

will explore wave propagation problems in non-local micropolar elastic materials.

21



1.8 OBJECTIVES OF THE WORK:

1. Comprehensive and in-depth study of the literature to acquire the knowledge to
construct mathematical models in non-local micropolar theory of elasticity.

2. To formulate the problem related to wave propagation using non-local micropolar
theory and to solve them by using suitable mathematical methods.

3. To study the effects of inner microstructures and other additional material
parameters in two dimensional problems in non-local micropolar elasticity under

different types of boundary conditions.
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CHAPTER- 2

SHEAR WAVES PROPAGATION IN LAYERED STRUCTURE
HAVING NON-LOCAL MICROPOLAR/PIEZOELECTRIC
MATERIALS!

2.1. INTRODUCTION:

Many researchers studied the phenomenon of wave propagation in composite materials
consisting of piezoelectric and elastic materials. Tiersten (1963) investigated the pure
piezoelectric materials and studied about the thickness vibrations in these materials.
Piezoelectric materials in purely elastic homogeneous material has been investigated by
Bleustein (1968) and found that that there exists a new type surface waves in the
considered structure. Liu et al. (1973) studied the dispersive behavior of shear waves in
the piezoelectric layer and elastic half space with an imperfect interface between them.
Qian et al. (2004) worked on the dispersion relation of SH-waves propagating in
piezoelectric composite layered structure. Many more studies has been done in the field
of piezoelectricity, few of them has been mentioned here. Mindlin (1952), Wang and
Zhao (2013), Wang and Jin (2016), Chenlin et al., Kumar et al. (2018), Kumar et al.
(2019), Sharma and Kumar (2021), Yang et al. (2021) , Shatalov et al. (2021) etc.

Studying anti-plane waves in layered structures is important for understanding how
waves interact with different materials stacked together. Layered materials are frequently
used in applications such as advanced composites, coatings, and electronic devices. By
examining how anti-plane waves propagate through these structures, we can optimize

their design for better performance and functionality. Additionally, this research supports

*
! The content of this chapter is published in journal “Mechanics of Solids” under the research paper “Non-locality Effects on the Propagation of

Shear Waves in Piezoelectric/Non-local Micropolar layered structure”, ISSN 0025-6544, Vol.57, issue, 5, page-1265-1276. (SCI and Scopus , IF- 0.7 ,
SJR-0.267)
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the development of precise models that improve material design and engineering, and it
advances theoretical knowledge by exploring how materials with unique properties, such
as non-local micropolar or piezoelectric materials, affect wave propagation.

In the present chapter, a composite structure consisting of homogeneous, isotropic non-
local micropolar elastic half space in perfect contact with a piezoelectric layer has been
considered to investigate surface wave propagation. An analysis has been performed to
explore how various parameters influence the phase-velocity of shear waves. The
dispersion relation of shear waves in closed form is obtained analytically. Numerical
computation for phase-velocity is carried out and the results are illustrated graphically.

2.2 FORMULATION OF THE PROBLEM AND ITS SOLUTION

In this problem, a composite structure consisting of layer of piezoelectric material of
thickness "h” lying in perfect contact over a non-local micropolar elastic half space. The
origin “O” of the Cartesian coordinate system is considered to be at the joining surface of
piezoelectric layer and the substrate as shown in the fig.-2.1. The piezoelectric layer is
polarized along x5-axis direction perpendicular tox; — x, plane. The x,-axis is taken
positive in the vertically downward direction and shear waves are considered as
propagating in x; direction so the displacement components will be free from x;
coordinates.

X3

—h I Piezoelectric layer

kV

1

Nonlocal Micropolar /

half space

\/ Xy

Fig.2.1 Geometry of the problem
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Let u™ = (ul,ul,u}) and ¢ = (¢4, P2, 3) denotes the displacement and micro-rotation
vector components in non-local micropolar elastic half space respectively. Also, u =
(uq,uy ,us) and ¢ represents displacement components and electric field potential respectively
in the upper piezoelectric layer.

As shear wave propagates in x,-direction, causing displacement in x5 -direction so the
components of displacement and microrotation for non-local Micropolar material can be
expressed as:

ul =uy =0,uz =uz(xy,x,t), 1 = P1(x1, x5, 1), P2 = P2(x1, %2, ), ¢p3 = 0. (2.1)
The displacement component for piezoelectric layer can be taken as:

u = Uy =0,uz = uz (xy,x,,1), (2.2)

2.2.1. SOLUTION OF NON-LOCAL MICROPOLAR ELASTIC HALF
SPACE

As per the Eringen‘s (1984) “theory of non-local micropolar elasticity”, the field
equations for homogenous, isotropic solids are given by
ofex + p (fo— 3 =0, (23)

m;cltl’k + €pmn Omn + p(l{) - ]¢{’) = 0. (2.4)

Here, o}t is the force stress tensor, f, is the body force density, m{’}, is the couple stress

tensor, 1, is the body couple density. j is the micro inertia density. ¢, is the micro-rotation

vector. pis the mass density, uj is the displacement vector. €, is the alternating
symbol. Index after comma denotes the partial derivative.
By using Eringen’s non-local formulation as given explained in section (1.4.1) in chapter

1, the non-local stress tensor can be represented in terms of local stress tensor as

(1—€2V2)03y = 0yp = Aep O + (1 + K)egp + pep, (2.5)
(1 —€2V2)mpy = Myp = a VrrOpp + BYie + VVie s (2.6)
exe= (Upx — €Exem Pm,e ) Yie = Pre- (2.7)
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Where the symbols have their usual meanings as explained in the section (1.4.1) in

chapter 1.

Using equations (2.5)-(2.7) in equations (2.3)-(2.4) the field equations can be written as
A+ Wuire + (U + DU + K Epmn Pom + p(1 — £2V2)(fp - 1) = 0, (2.8)
(@ +B) Prpe + Yok + K Epmn Unm — 2 kg + p(1 — €2V2) (L, — jipe) = 0. (2.9)

It can be noted here that in the absence of body forces and the nonlocal Micropolar
parametere, the system reduced to those of local micropolar theory.

Hence, equations (2.8) and (2.9) reduce to following equations without applied body
force and body couple densities using equation (2.1) and (2.2).

2y 9¢2 _ 0¢1) _ _ 2p2y)0%u (2.10)
(u+ xK)V2uj +K(ax1 axz)—p(l £2v?) R
0 (091 3¢z 24 _ ouy _ oo 25270791 (2.12)
(@ +B) 5 (52 +522) + Y2, — 2y + k52 = pj(1 - £272) T2,
0 (991, 992 24 _ _ 0wy e 25237022 (2.12)
(@+B) - (52 +52) +yV2, — 2k, — kT2 = pj(1 - £272) T 22,
To decouple the equation (2.10)-(2.12) introducing the potential functions ¥ and ¢ as
— %, 0% _ % _ 9
d)l o 6x1 + 6x2 and ¢)2 o axz 6x1' (2.13)
On substituting equation (2.13) in (2.10)-(2.12), we obtained
1 9%2ul
Viub —,V2é= (1—-¢e?V?)5—> (2.14)
cy 0t%
2 _ 2C§ _ 22 1 621,1)
vy c2+c Y= (1—ev )c§+cf otz ’ (2.15)
2¢? cz 1 02¢
sz - C—;f +§u§ = (1 - SZVZ)EW. (216)
_L_/M_L_/ﬂ _ [x
wherec; = 2= [ = \/;, €= |7 and ¢ = T
The wave solution of equation (2.14)-(2.16) can be expressed as
W, & up) = (i, & uf) (xy)etFxa=en, (2.17)
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In this context, w is expressed as w = kc, where c signifies the phase-velocity of the

wave and k represents the wave number.

Using the equation (2.17) in equations (2.14)-(2.16), we obtained,

(DZ — r2)¢(x2) = 0. (218)
(D* —PD? + Q)(u§,&)(xz) = 0. 219
2, 2c5? w? w?e2k2
where r? = ‘ T c32+c42 c32+ca? 32+ c4?

w282 '
1-— 2
c3“+ cy

2 w? 2 %) cs5? 202e%K? 2w2%e%cs? | 20%e? 20tetk? | wtek?
ko= g JH k" 22 (2-c)—— 3 . 2¢c22 o 2ca2t 5, 27 T 5 2
P — 3 3 3 27¢3 2763 cp%c3 Cp“C3
(1 Zw?  ctot gzwz) ,
C32 B C22C32 022
K2 w? n 2c5%  c1c5%k? w?elk* | 2w%e?k? w?elkt 2w2e%kes? | wretkt
2 2 2 2 2 2 2,2 2
Q _ c3 c3 C3 c3 cz2c3 C2 C2°C3 c2%c3
(1 e2w? etwt ezwz)
C3Z CZZC3Z sz

We consider the above calculation under the following assumption,

w?g? £2w? st £2w? £2w? st e2w?

* 1.

C32+ C4,2 C32 C22C32 CZZ C3 C22C32 sz

Using radiation condition (u%,¢&,¢¥)(x,) — 0 asx, — oo, the general solution of

equations (2.18)-(2.19) can be written as

Y = (S e~ xz)et(kxl—wt)’ (2,20)

f — (Me_p X2 + Ne_q xz)el(kﬁ—wt), (221)

ugl — (Mqle_p X2 + que_q xZ)el(kxl_wt)_ (2.22)
P+\P2-4Q

Where p,q = Q, p*+ q*= P,p*q* =Q,

2
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g1 = :—2(k2 —:)3—22+ 222—2— pz), g, = :—z(kz —:—22+ 2:—2— qz).
and S, M and N are arbitrary constants. The components of microrotation are obtained
from equation (2.12) by using equations (2.19)-(2.20) as
¢, = (kSe™*2 — p Me P ¥z — g Ne~1%2)gtlkxs—wt), (2.23)
¢, = (—rSe R*2 — k(Me™P*2 + Ne~9%2)eg!kx1=wb), (2.24)
The expressions (2.20) - (2.24) are obtained under the assumption that ¢ < ¢, and ¢ < c5.
The wave corresponding to ¢ > ¢, is represents the refracted wave which lose their

energy very quickly and hence not significant.

2.2.2 SOLUTION OF PIEZOELECTRIC LAYER

The constitutive relations and equation of motion for a homogeneous transversely

isotropic piezoelectric medium as given by Qian et al. (2004) are

{Tij = CijuuSk — €kijEr (2.25)
D] = ejlekl + ijEk.
{Tij,j = p'u, (2.26)
Di,i = 0

Here t;; represents stress tensor, D; is the electric displacement, ey;;, €jx andc;jy
represents piezoelectric, dielectric and elastic constants respectively. Density of
piezoelectric material is represented by p’. u is the mechanical displacement. S;; and E}
are the strain tensor and electric field intensity and can be shown in terms of

displacement u and electric potential ¢ as

_ Wit U (2.27)
Su= "3

Using equations (2.27) -(2.28) and (2.2) in equations (2.25)-(2.26), we obtained the
following equations

0%us 62u3] [62<p az(p] , 0%u;
Cop |l ——+ —| + e |— = 2.29
44 [6x12+ 8 x,2 téis 6x12+ 3 x,2 P e (2.29)
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0%u; 0%u; _ 0% %9 _
€15 [_6 .2 + axzz] €11 [ + ] = 0, (230)

6x12 axZZ
(T11 = Ty = T33= Tgp = 0,
dug de
T = Cqq— €1 —
T3 a5 T sy (2.31)
6u3 02
T Cpp— + —
\ 31 4455 153

% 6 [20) (2.32)

where the constants c,,, €;; and e, represents elastic coefficient, dielectric coefficients
and piezoelectric coefficients respectively.
The solution of the differential equations (2.29)-(2.30) is assumed as
Uus (X1, X2, ) = uz(xy)e kra=en), (2.33)
P(x1, %2, ) = @(xp)et ¥1=00), (2.34)
Using equations (2.33) and (2.34) in (2.29) - (2.30), we get

us = (E;cos Ay x, + E, sin A x,)e'k¥1=90 (2 35)

Q= [Flek’“2 + Fye k%2 + Zl—s (E, cos A, x, + E, sin Alxz)] et(kx1=08) (2 36)
11

2
(c2=cZ)

+e2 . .
Here, 4, = k |~ , cq, = /”‘*;16;% represents bulk shear wave velocity in
sh 11

piezoelectric layer. E;, E,, F,,F, are the arbitrary constants. The expressions (2.35)-

(2.36) are obtained under the assumption ¢ > cgy,.

2.3. BOUNDARY CONDITIONS
The below mentioned boundary conditions should be satisfied for the shear wave
propagation in the considered model.
a) The top layer of the piezoelectric layer is taken to be electrically open and
mechanically free i.e. at x, = —h
73, =0, D, =0, (2.37)
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b) As the piezoelectric layer is in perfect contact with non-local micropolar half space so
continuity conditions at the common interface x, = 0 can be written as,
Displacement components should be continuous:  u; = uj ,
Stress components should be continuous: ol =13,.
Apply the operator(1 — £2V2) on the stress components and using equation (2.5), we
obtained
(1—€272)odd = (1 — e2V?)1y,,

03, = (1 — €2V?)15,. (2.38)

Here o3, is the stress component of local micropolar half space.

c) The non-local couple stress vanishes at x, = 0, as the piezoelectric layer does not
exhibit micropolar property. mi =0,m}l =

Apply the operator (1 — £2772) on both sides of the equation and using equation (2.6),
we get

my,, =0,m,, = 0. (2.39)
Where m,, and m,, are the local micropolar couple stress components.

d) Electric potential should vanish at the common interface x, = 0
@ = 0. (2.40)

2.4. DERIVATION OF DISPERSION RELATION
On substituting the values of displacement and stress components form equations (2.5) -
(2.6), (2.20)-(2.24), (2.31)-(2.32) and (2.35)-(2.36) in the boundary conditions (2.37)-
(2.40), we obtained following equations in seven unknowns coefficients E; , E, ,
F,,F,,S,M,N.

Caari(EysinA  h + E,cos A h) + ejs k (Fie ™™ — F,e*") =0,

Fle_kh - erkh = 0,
E; =Mgq, + Nqy,
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Caali[1+€?(N2 + Kk?)]E; + eisk (F,— F,) = g3 M+ q4 N +1qsS, (2.41)

e1_5E1+ F1+ F2=0a
€11

lq68+q7M+ q8N=0,

QQS+lq10M+lq11N=0.

2

2 2
Where ¢y = c44+%,q1 =6— %,qz = 6—%,q3 = plug, + k(1 -

)l qs =q(uq; +xk(1— q;)qs =k, q6 =B+ v)kr, q; = Bk* + yp?,

qs =B k*+vq® qo = —ak*+ (a+ B +y)r?, qi0 = B +V)kp, q11 = (B +V)kq,

c32k?— w?+ 2 cg?
2

o =

Cs

In the system of equations (2.41) for non-trivial solution, the determinant of the 7 x 7
coefficient matrix must be zero which will results in the subsequent dispersion relation of

shear waves in the considered composite structure.

9152}( tanh(kh)W1 -&11W>
€11y

+ 54_4_/11[1 + 62(/1% + kz)]tan(/llh) = 0, (2.42)

where, Wi = q1 46 911 — 92 96 10 — 91 9899 + 92 9799,

Wy = Q597 911 — 4598 Q10 + 43 96911 + 94 96910 — 93 9899 — 44 97 9.

2.5. PARTICULAR CASES

CASE I:

In order to obtained the dispersion equation in piezoelectric/local micropolar half space,
we assume that the nonlocality parameter is absent that is € = 0, then the dispersion

equation (2.42) reduces to
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elzsk tanh(kh)W1 - 811W2
€11W1

= C_44A1tan(ﬂ,1h). (243)

Also the values of r, P and Q in the differential equations (2.18)-(2.19) are reduces to

2 2 2 2 2
2=k gt P = (- G) 4 (- G) 452 -a),

2 2 2 2
C3 +C4_ C3 +C4_ 2 3

2 2
0= (k2- 2 +25)-ack (2.44)

3 €3 c3
The dispersion relation (2.43) and values in equations (2.44) are in agreement with
already published results given by Kumar et al. (2019)
CASE II:

By neglecting the micropolar parameters i.e., in the limiting case when, 3,y, jk = 0, we

get the new value of ¢, as ¢, = \/% and MV;—Z - —uk fl — Z—zand then by substituting
1 2

these values in equation (2.43), we obtained

2
efstahh(kh) M /1 — % = Cma % —1tan (kh /% - 1) . (2.45)
€11 ¢ Csh Csh

2
Further in the absence of piezoelectric parametere, s, the relation ¢, = c44 + ZLS and
11

+e2 _ .-
Con = /% , reduced to ¢,, = cypand cgy = /Cl‘)’—‘,’z ;. On substituting the

values of ey, C44 and cgp, in equation (2.45), we get

c? c? c?
1% 1—C—2:C4_4_ CTZ—ltan kh CTZ—]. (246)
2 1 1

Equation (2.46) is the well-known classical equation given by Love (1911).

2.6. NUMERICAL ANALYSIS AND DISCUSSION

For the purpose of verification and illustration of the theoretical results obtained in the

preceding section numerical computations have been performed and the results are
depicted graphically. The variations in non dimensional phase-velocity(ci)w.r.t non
sh

dimensional wave number kh under the effects of key parameters like non-local,

piezoelectric and elastic stiffness constants have been exhibited in figures (2.2-2.6). The
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fundamental mode together with some higher modes of dispersion curves are depicted in
these figures to demonstrate the influence of various parameters. The thickness of the
piezoelectric layer is taken as h = 0.001m and e, = 0.39. For numerical calculations we
took aluminum epoxy material and piezoelectric material (PZT-4) for which the values of
relevant parameters are given in table-2.1

Table 2.1 Material parameters Gauthier (1982) and Liu et al. (2010)

Aluminum epoxy material Piezoelectric layer PZT-4
p =219 x 103kg/m3, p' =75x10%kg/m3
A =759 x 10°N /m? Chs = 2.56 X 100N /m?
pu = 1.89 x 101°N/m? e;s = 12.7 C/m?
k = 0.0149 x 101°N /m? €11 = 6.46 X 107°C%/Nm?

a=0.01x10°N

B =0.015x 10°N

y = 0.268 x 10°N

j =0.196 x 10*m?
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Fig.2.2 Dispersion curves for piezoelectric/local micropolar elastic and piezoelectric/
non-local micropolar elastic structure.
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Fig.2.3 Effect of characteristic length of non-local micropolar elastic half space on the
phase-velocity of shear waves.
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Fig.2.4 Effect of thickness of piezoelectric layer on the phase-velocity of shear waves.

Figure-2.2 compares the variations of non dimensionalphase-velocity w.r.t. non
dimensional wave number in a piezoelectric/non-local micropolar half space and
piezoelectric/micropolar half space. The dispersion curves for first three modes have been
drawn for both local micropolar and non-local micropolar half space. It is noticeable
here that the phase-velocityminimized gradually in both the structures with increase in
wave number. With same value of wave number, the phase-velocity is greater in case of
local micropolar half space as compared to non-local micropolar half space. For higher
wave number values, it is noticed that dispersion curves vanished for non-local
micropolar half space which is due to decreasing effects of neighboring points on the
reference point. This suggests that local interactions among particles enhance wave
propagation, while in non-local micropolar materials, the diminishing influence of

surrounding points leads to reduced phase velocity at higher wave numbers.

Figure-2.3 illustrates how the internal characteristic length affects the phase-velocity of
shear waves, and as visible from the graph this parameter has significant effect. First two

modes have been plotted to study the behavior on different modes. We consider three
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distinct values of internal characteristic length and as shown in graph, with rise in internal
characteristic length the phase-velocity falls in all modes. The dispersion curves for two
modes are of same type but the distance between them corresponding to different
characteristic length decreases in second modes. The increment of internal characteristic
length results in increased wave attenuation and a reduction in phase velocity, as the

waves encounter greater resistance during propagation.

Figure 2.4 demonstrates the influence of the thickness of piezoelectric layer on phase
velocity of the shear waves. The layer thickness has a significant effect on the phase
velocity of shear waves. It is observed that, as the thickness increases, the phase velocity

also increases for the selected values of this parameter.

2.7. CONCLUSIONS

This chapter delves into the transmission of shear waves within a composite structure
comprising a piezoelectric layer atop a non-local micropolar elastic half space. An
overarching wave dispersion equation for the propagation of shear waves in such a
piezoelectric and non-local micropolar structure has been analytically derived. In specific
instances, this relationship aligns well with the classical Love wave equation. The
following points encapsulate the findings of the current investigation:

e Non-local Micropolar Effects: The non-local characteristics of the micropolar
elastic material significantly reduce the phase velocity of shear waves in the
composite structure.

e Characteristic Length Influence: An increase in the characteristic length
parameter of the non-local micropolar material decreases the phase velocity for a
fixed wave number.

e Phase Velocity and Wave Number: The shear waves exhibit dispersive behavior,
characterized by a decrease in phase velocity as the wave number increases.

e Dispersion Curve Analysis: The dispersion curves for various modes show similar
shapes, but lower modes are more affected by the parameters compared to higher
modes.
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e Thickness of piezoelectric layer: The analysis reveals that the thickness parameter
(h) has a substantial impact on the phase velocity of shear waves in layered
structures. As the thickness increases, the phase velocity rises, indicating that
thicker layers enhance wave propagation speed. This relationship between thickness
and phase velocity highlights the importance of layer geometry in determining wave
behavior in non-local composite materials.

In conclusion, the study highlights the critical role of non-local and piezoelectric effects
on shear wave propagation in layered structures. The results provide valuable insights
into how these materials influence wave behavior, which is essential for designing
advanced composite materials and understanding their dynamic properties.

Understanding shear wave propagation in layered structures with non-local micropolar
and piezoelectric materials can have applications in many fields such as in aerospace
engineering, it can improve the design and performance of composite materials used in
aircraft by offering better predictions of wave interactions under various conditions. In
civil engineering, the insights can enhance the development of earthquake-resistant
structures by improving the understanding of seismic wave behavior in layered
composites. For electronics, this research is valuable for optimizing sensors and actuators
that rely on piezoelectric materials. Overall, accurately predicting and controlling shear
wave behavior in these advanced materials can lead to significant advancements in

material design and structural integrity.
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CHAPTER 3

INFLUENCE OF INITIAL STRESS AND SURFACE
IMPERFECTION ON SHEAR WAVES IN NONLOCAL
COMPOSITE MATERIAL?

3.1. INTRODUCTION:

The utilization of wave propagation in composite materials is a common practice in
sensor technology and nondestructive testing procedures for the purpose of assessing
material strength. The surface wave’s propagation in composite materials comprising of
piezoelectric and elastic materials has been studied by many researchers. While most
research assumes a perfectly bounded surface but in practicality the materials possess the
imperfect surfaces due many reasons like manufacturing defects. Furthermore, the
multilayer structure is typically pre-stressed throughout the manufacturing process to
avoid brittle fracture. As a result, more accurate findings can be obtained by taking into

account the impacts of uneven surfaces and beginning tension.

The literature has a large number of research publications that examine the impact of
initial stress and imperfect interfaces in many types of composite materials. For instance,
Chen et al.(2004) investigated how waves move across two distinct mediums with poor
bonding. Their results revealed that the presence of interface flaws can greatly impact
how waves propagate through a material. Qian et al. (2004) examined how Love waves
moved through a piezoelectric multilayer device under initial stress. Chen et al. (2008)
analyzed the shear horizontal piezoelectric wave’s propagation through a plate composed

of polarized piezoceramics with an imperfect interface between the two surfaces. Kurt

2The: content of this chapter is published in journal “International Journal of Applied and Computational Mathematics” entitlled “Effects of nonlocal
characteristics of composite material on shear waves propagation with an imperfect interface”, vol. 9 and isuue 5 page-113. (SCOPUS , SJR-0.37)
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(2016) studied the influence of initial stress for the Lamb wave in a material comprising
of piezoelectric and pre stressed elastic layers. Singh et al. (2017) explored the
transmission characteristics of Love-waves in a composite structure. The structure
consisted of bounded piezoelectric layer at top and lower fiber-reinforced half-space,
taking into account a rectangular-shaped irregularity at the common interface. Kumar et
al. (2019) derive dispersion relation for shear wave’s propagation in a piezoelectric
device in contact with a micropolar elastic half space under initial load. Qing-tian and
Song-nan (2018) established dispersion equation in piezoelectric circular curved rods in
an orthogonal curvilinear coordinate system. Qing et al. (2019) investigated the
application of piezoelectric materials used as transducers in structural health monitoring
which is also widely examined by the aerospace industry for improving the safety and
reliability of aircraft structures. Bharti et al. (2021) have used shear waves to study the
impact of soft and rigid mountain surfaces on the phase-velocity in a composite structure
consisting of fluid saturated porous medium and orthotropic half space. Dhabal et al.
(2022) studied the interaction of shear waves has been studied in an infinite
magnetoelastic orthotropic medium. Liu et al. (2022) described effects of piezoelectricity
on the guided waves in nonlocal piezoelectric nano plates. Liu et al. (2022) investigated
the shear wave propagation in functionally graded small scaled plates. The piezoelectric
effects have been studied on the same. Sharma & Kumar (2022) investigated the
Bleustein—Gulyaev wave’s propagation in non-local piezoelectric film on the non-local

piezoelectric half space.

The motivation for exploring layered structures in the study of shear waves, particularly
concerning initial stress and surface imperfections in non-local composite materials, lies
in the desire to understand how these factors influence wave propagation. Layered
composites present intricate interactions due to their diverse mechanical properties and
stress distributions, which are crucial for analyzing shear wave behavior under various
conditions. This approach helps to illuminate the complexities involved in the use of
layered composites. The current chapter pertains to an intricate configuration comprising

a non-local micropolar elastic half-space that is homogeneous and isotropic in nature,
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along with a pre-stressed non-local piezoelectric layer. The two components are separated
by an imperfect interface. Our study delves into the examination of the influence of
diverse parameters, including non-locality, imperfect interface and initial stress on the
phase-velocity of shear waves. We derive closed-form analytical expression for the
dispersion relation of shear waves and conduct numerical computations to determine the

phase-velocity. Subsequently, the outcomes are depicted in a graphical format.
3.2. BASIC EQUATIONS

Using basic equation applicable to a homogeneous, isotropic, non-local micropolar elastic
material as given in section (1.4.1) of chapter 1.

ohex + p (f = ) =0, (3.1)

mpy + €pmn Omn + Pl — 1 $p) =0, (3.2)

(1= e*V?)oiy = 0 = AeprSe + (1 + 1)egs + pepy, (3.3)
(1 —€2V?)migg = My = & VrrSie + BYice + Ve, (3.4)
exe= (Upk — ExemPme) Yie = Pre- (3.5)

The physical meaning of symbols has already been defined in chapter 1.

Using above equations, the field equations can be written as:

(A + u)uz,kt’ + (/’L + K)u?,kk + K Ei’mn ¢n,m + ,0(1 - 82‘72 )(f{’_ u?) = 0, (3-6)
(@+B) Prre +V Posr + K Epomn Uk — 2k by +p(1 —e272)(1, — (3.7)
jd.) = 0.

Now, the constitutive relations and equation of motion for a homogeneous, transversely
isotropic non-local piezoelectric medium can be expressed as in Sharma and Kumar
(2022)

(1 — 8’272 )T;-njl = Tij = Cijlekl — ekijEk, (38)

(1 — 8’272 )D}ll = ejlekl + EjkEk'
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{T?jl,j + (uyte); = (1—e?v2)p";, (3.9)
DI + (uD)); =0

Where
_ Wiyt Y (3.10)
=Ty
E;=—0¢/0x;. (3.11)

Here ri”jl represents non-local stress tensor andz;;represents local stress tensor. D}” is the
electric displacement, €' = eya is the non-local parameter which denotes small scale
effect. ey;;, €, and c;jy, represents piezoelectric, dielectric and elastic constants
respectively. Density of piezoelectric material is represented by p’. uis the mechanical
displacement. It could be observed that in absence of non-local constraint the above
equation will represent the one for local piezoelectric medium. S; and E), are the strain

tensor and electric field intensity.
3.3. FORMULATION AND PROBLEM’S SOLUTION:

As illustrated in figure 3.1, we consider a composite structure with a pre-stressed layer of
non-local piezoelectric material of thickness h on top of a non-local micropolar elastic
half space. The starting point of the chosen Cartesian coordinate system is established at
the location marked as point O, as illustrated in Figure 3.1.The non-local piezoelectric
layer polarized along x;-axis direction perpendicular to x; — x, plane is considered. We
assume that shear waves propagates in x; direction and x,-axis is assumed to be positive
in perpendicularly downward direction so the displacement components will be free from

x5 coordinates.

Thus, (uq,u,,us) and (ul,uly ,uy) stand for the displacement components resulting
from shear wave propagation in a non-local piezoelectric layer and a NLME half space,

respectively.
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Fig.3.1 Geometry of the problem

The components of displacement, micro rotation and electric field potential can be
represented as

uf =uy =0, uf = uz(xy,xt), ¢ = Pp1(x1, %2, 1), Py = Po(x1,%5,1),,

b3 =0, U = up =0,uz = uz(xy,x,t), 9 = (x1, %, ). (3.12)

3.3.1 SOLUTION OF NON-LOCAL MICROPOLAR HALF SPACE:

In the absence of body force and body couple densities, equations (3.6) and (3.7) can be
simplified as follows

d d 0%ul
(/1+K)V2u’3?+}c(a;jz2—a;il>=p(1—82|72) s
1 2

(3.13)
atz '’

0 (0¢1 09, 20 _ ol _ o, 5 0% (3.14)
(@ +B) 5 (52 +522) + Y2 — 2y + 1522 = pj(1 - e272) T2,

9 (9¢1 9¢2 24 _L0uR o 2p2y9%é2 (3.15)
(@ +B) 5= (52 +522) +yV2¢, — 26, — kT2 = pj(1 - £272) T 22,

To decouple the equation (3.13)-(3.15) introducing the potential functions y and & as
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6x1 6 X2 axZ axll

On substituting equation (3.16) in (3.13)-(3.15), we obtained

1 9%2ul (3.17)
Viul —c,V?¢& = (1—5272) 6t23’
2c2 1 0%y (3.18)
V2 — = (1 — g2p2
v c3+cflp (1-¢ )2+C46t2'
2, 1092¢ (3.19)
VZ 55 _j% gl= (1_8272) Zatz

+ +
Wherecl=L,cz= u,c3= l,,c4= gandc5= £,
p+ K p pj pJ pJ

The solution for waves described in equations (3.17)-(3.19) can be represented as

W, &ud) = (¢ uf) (xp)ei=en, (3.20)

where kand w are as explained in equation (2.17) in chapter 2.

Using the equation (3.20) in equations (3.17)-(3.19), we obtained,

2 2 —
D? — R*)Y(x,) = 0. (3.21)
4 2 n —
(D* = PD? + Q) (uf,§)(xz) = 0. (3.22)
2., 2¢52 w? w? 2k?
"c32+ 042 c32+c4? c32+cy?
where R? = R
(1_C32+ C42)
2 2 2 2.2,2 2.2, 2 4.2 4.40,2 4,272
w w [4 2wee‘k 2w e“c 2w*e 2w e*k w ek
(- L)+ (12— ) +5 @) -2 20t 20 2o e o el
_ c c3 c3 C3 C2°C3 C27C3 ca%cs c2c3
P= 2 o1 1 etwt ’
[1_80) (?+C_Z)+czcz]
2 3 2°C3
(kz wz)( 2 w? 2052) c1c5%k?  w?e?k* | 2w*e?k? w2kt 2w%ekes? | wtetk*
0= c,2 32 32 c3? c3? cp2c5” cz? ca%c3? co2c5°
- 1 1 twt
[1 — 22 (—2+—2) + 2.2 2]
cy C3 CpreC3

Using radiation condition (u%,§&,¢¥)(x,) — 0 asx, — o, the general solution of

equations (3.21)-(3.22) is taken as:
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lp — (S e—rxz)et(kxl—wt), (323)

&= (Me™P* 4 Ne~9%2)gukxi-0t) (3.24)
ul = (Mrye™P %z + Nrye~%2)gtlkxi-wt), (3.25)
P+/PZ-4Q

Where p,q = € p?+q?=P,p?q?=Q, S, M and N are arbitrary

2
constants. The components of microrotation are obtained from equation (3.16) by using
equations (3.23) - (3.24) as

¢1 = (tkSe™™2 —p Me™P*2 — g Ne~™9%2)ekx1=w) (3.26)
¢, = (—rSe R*2 — g(Me™P*2 + Ne~1%2)e!(kxi-wt), (3.27)
The expressions (3.23)—(3.27) are obtained under the assumption that c is less than both
¢, and c5. The wave corresponding to ¢ > c, is represents the refracted wave which lose

their energy very quickly and hence not significant.
3.3.2 SOLUTION OF NON-LOCAL PIEZOELECTRIC LAYER

Now for non-local piezoelectric layer, using equations (3.10)-(3.12) in equations (3.8)-

(3.9) we obtained the following equations

2 2 2 2 2
0~ 0%us3 9%u; a%¢ %] _ 1252 .1 907Uz (3.28)
(Caa + 1) 52+ Casgz T ers [;12 t ooz = (1—e"r2)p' =3,
o [62u3 n aZu3] Ce [02([, az(p] —0 (3.29)
15 6X12 aXZZ 11 6X12 aXZZ '

C44 , €11 @Nd e;5 represents the terms as explained in section 2.2.2 in chapter 2.

Solution of eq. (3.28)-(3.29) are assumed as

Uz (x1, %5, t) = uz(xy)ek1=c), (3.30)

@(x1,%5,8) = @xxx)e1=eh, (3.31)

Where, the symbols have their usual meaning as discussed in section 2.2.1 in chapter 2.
Substituting (3.30) and (3.31) in (3.28)-(3.29), we get

uz = (E; cos A x, + E, sinA;x,)ekx1=¢), (3.32)
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e
Q= [Flekxz + er—kxz + 6_15 (E; cosAx, + E, sin Alxz)] etk(x1—ct) (3.33)
11

0
c2(1+k26’2)—T1—,1—c§h +e2
Here, A, = k \j — ,Cop = /M represents the bulk shear wave
csh+w € PE11

velocity in the piezoelectric layer. E;, E,, F;, F, are the arbitrary constants. The

expressions (3.32) - (3.33) are obtained under the assumption ¢ > cgy,.
3.4. BOUNDARY CONDITIONS

For the propagation of shear waves in the model being considered, it is necessary to meet

the specified boundary conditions.

a) The upper layer of non-local piezoelectric layer is taken to be electrically open

and mechanically free i.e. at x, = —h
™ =0,DH*=0. (3.34)
b) As we are considering imperfect interface between the layer and the half space so

to characterize the interfacial imperfection the linear spring model (2004) and has
applied which can be expressed as below.

Atx, = 0, y o} = (us™ — uz ) where yindicates the degree of imperfectness of
the interface.

Apply the operator (1 — £27?2) on both sides, we get

X 03, = (1 —&2V2)(us" —u3), (3.35)
where g, is the local micropolar stress component.
C) Stress components should be continuous: o% = 7% .

Apply the operator (1 — £272)(1 — &'*72) on both sides of the equation, we get

(1-e?r2)(1—e?v?) oY = (1 —e2r2)(1 - %72 )ty

where 75, is the local piezoelectric stress component.
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d) At x, = 0, the non-local couple stress vanishes as the piezoelectric layer does not

does not exhibit micropolar property.
mii =0, my=
Apply the operator (1 — £2V?2) on both sides of the equation, we get
(1—-e?72)m¥ =0,(1 —2v?)mi = 0.
or my; =0, m,, =0.
where m,, and m,, are the local micropolar couple stress component.

e) Electric potential must be zero at the shared interface. i.e. at x, = 0.

=0

3.5. DERIVATION OF DISPERSION RELATION

(3.37)

(3.38)

By plugging in the values of displacement and stress components from equations (3.3)-

(3.4), (3.23)-(3.27) and (3.32)-(3.33) into equations (3.34)-(3.38), we obtain

Caari(EysinA  h + E, cos A h) + ejs k (Fie ™™ — F,e*") =0,
Fie™*h — Fekh = 0,
E\[1+k*(e* +AD)] = M{[1 + €*(k* —p»)]ry + xr3]+ N {[1 + €2(k* — ¢*)]rp +
XTa}— X s S,
Casli (1 + €2(k? + A3)E, + eys k (F, — F,)

= =1y [14+ ek =pD)IM =1, [1+ €% (k? = qH]N + 11sS[1 + &* (k% —r?)],
ASE 4+ F, + F,=0,

€11
g S+r, M+ rg N=0,
7"95+LT'10M+£T'11 NZO.

Where E, ,E, ,F, ,F,,S,M,N are unknown coefficients.
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2 2 2

- eis 44 Yq

C44=C44‘|‘£ 1 =0 — K,7”2=5_K:T3 =p(ur+xK),
11

nn =q(ur,+x) , 15 = kk,vg =vr,r, = Bk?>+ yp? , rg =Bk*+yq?, 19 =

, v=(B+ k.

2,2_ 2 2
—akz +(C¥+ﬁ+)/)’r‘2, Tio =VD, 1 = vkq, 6=M

C52

The condition of non-trivial solution of equations (3.39) leads to the following dispersion
relation for shear waves in the composite structure,
e;s2k tanh(kh) Ly[L4L; — LgLg + LgLo] (3.40)

+ CuuALitan(A h) = ,
€11 i ! [(LaLyo + L3Lyq + x(Ly + Lg — Lo)

where, L; =1+ e€2(A2 +k?), Ly=1+€?(k®? —p?),L; =1+€?(k? —q?),L, =1+

1201,2 2 _ 1201,2 2 _ 1201,2 2 _
€“(k*—p?) Ls=1+€"(k*—q*), Le =1+ €""(k? —=1%), L; = 131413 — 137579,
Lg = 1417779 — 14VeT1g » Lo = 151711 — gl » Lyg = 17Ty — 1iTgly , L1g = To1yTg —

ToT6T10-
3.6. PARTICULAR CASES

CASE I:

In order to obtained the dispersion equation in local piezoelectric/non-local micropolar
half space, we assume that the non-locality parameter of piezoelectric material is absent

that is €’ = 0, then the dispersion equation (3.42) reduces to
Here, L, = Ls= Lg=1fore' = 0.

e1s2k tanh(kh)

€11

Li[L7—Lg+Lo] (3.41)
(LpLyo+L3L11+x(Ly+Lg—Lo)’

+ 544/‘{1L1tan(/11h) = [

CASE II:

In order to obtained the dispersion equation in local piezoelectric/ local micropolar half
space, we assume that the non-locality parameter of piezoelectric material and micropolar

material are absent that is e = 0, €’ = 0, then the dispersion equation (3.43) reduces to
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e;s?ktanh(kh) . _ _ [Ly—Lg+Lo] (3.42)
€11 + C44Altan(llh) [Lio+L11+x(L7+Lg—Lg)]

Here,L1= L2= L3=L4= L5= L6=1 fOI’E'=0,E=0.
Also the values r, P and Q in the differential equations (3.21)-(3.22) reduced to

2¢:2 w?
ri=kt+— . 2 .2 2’
3%+ Cy 3%+ Cy
w? w?\ 2 3.43
P=<k2——2>+<k2——2>+—52(2—C1), ( )
%) C3 C3
2

A Y S 2c2 _ c1c2k?
Q= k 2 k 2 + 2 2
C, 5 5 C3

The dispersion relation (3.41) and values in equations (3.42) are in agreement with
already published results Kumar et al. (2019).

CASE-III:

On substituting, y = 0, 72, in the equation (3.43) we obtain,

e152k tanh(kh) L7—Lg+Lg (3.44)

Lio+L1q '

+ 64_4_/11 tan(/llh,) =

c2-c? Caq €11 +€2
where, A, = k |[—=L ¢, = [
Csh PE€11

Which is same as the result of obtained under case | in equation (2.43) in chapter 2.
CASE-IV:

By neglecting the piezoelectric and micropolar parameters i.e., under limiting case

whena,B,y,j,k,e15,— 0 ,

_ L;—Lg+L 2
We have, c, = [fand, Gy = cpand ey = [ =], 222 5 puk [1-5,
p p Lyo+L1s ¢

On substituting the values of e;s, €44 and cgy, in equation (3.44), we get
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3.45
,u/l—%=c44 f%—ltan(kh %—1). (3.45)
Cy Cq Csh

Which is same as result obtained under case Il in equation (2.45) in chapter 2.

3.7.NUMERICAL ANALYSIS AND DISCUSSION

To study the behavior of propagating shear wave in the considered structure numerical
computations has been performed by considering a combination of piezoelectric layer
PZT-4 and aluminum epoxy half space. The numerically computed results are presented
graphically in figures (3.2-3.7). The variations in non dimensional phase-velocity w.r.t.
non dimensional wave number has been investigated under the effects of key parameters
like non-local piezoelectric, non-local micropolar, thickness parameter, initial stress and
imperfect parameter. The half space is considered of aluminum epoxy material for which

the values of relevant parameters are as given in table 2.1 of chapter 2.

Figure—3.2 Describes the behavior of phase-velocity w.r.t. wave number in non-local
piezoelectric layer imperfectly bonded over non-local micropolar half space. Dispersion
curves of various mode of shear waves are shown and it is noticed that the phase-velocity
decreases with an increase in wave number values which indicates the dispersive wave
behavior in the composite structure. This suggests that wave speed varies with frequency.
Figure-3.3 shows the impact of non-local parameter of piezoelectric material (¢") over the
variations of phase-velocity w.r.t. wave number. To investigate the effect of(e"), we
considered different values of £’ (0 nm, 0.2 nm, 0.25 nm), while the non-local parameter
of micropolar material (&) is assumed to be fixed (i.e.e =0.30 nm). As visible in the
graph the phase-velocity decreases with increase in non-local parameter of piezoelectric
material. It is also seen that the phase-velocity is on higher side in case of local
piezoelectric half space (i.e.&’ =0) as compared to non-local piezoelectric half space.
This reduction is due to the size-dependent effects introduced by the non-local
characteristic, which results in lower wave speeds compared to a local piezoelectric

material. Figure-3.4 presents the influence of non-local parameter of micropolar material
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(¢) on the variation phase-velocity for fixed value of £'=0.3nm. It could be seen from the
graph, dispersion curves vanishes after certain wave number values for different values of
€. With increase in this parameter the dispersion curve can be seen for longer wave
number values. So this parameter also has significant effects on phase-velocity of shear
waves. Figure-3.5 describes the effects of initial stress on the variation of phase-velocity

w.r.t. wave number. It is noticed that the initial stress has little effect on the dispersion
relation for |79 | < 108 and significant variations are observed for |z2,| > 108 as shown
in graph. With increase in initial stress the phase-velocity increases for same

wave number value.

Figure-3.6 describes the impact of an imperfect surface on the change in phase-velocity
w.r.t. wave number. It has been demonstrated that at the imperfect interface, the phase-
velocity decreases compared to a perfectly bounded surface. Figure-3.7 illustrates the
impact of thickness parameter (h) on the variation in non dimensional phase-velocity and
non dimensional wave number. The layer’s significantly influences the phase-velocity of
shear waves. For considered values of this parameter it is noticed that phase-velocity

increases with increase in thickness.

These numerical results provide a comprehensive understanding of how various
parameters such as non-local effects, initial stress, interface conditions, and layer

thickness affect shear wave propagation in layered structures.

50



c/ Csh

c/cSh

1.9

1.8

1.6 -

1.5

1.3

1.2

5 T T T III- A} T T
[ =0
45 ‘-\ ‘\ - T T¢e=0.2nm
’ \ S N R €=0.25 nm
| W —-—-—¢=0.30 nm
4 Vi ]
[ WA
\ \
3.5 \ \
\ \
\\ \
* \
3 \\ \
. N\
\\\ \
Y N |
2.5 \ N
\ A
\\ ~
2 N, SO _
N ~
~o ~ o
15 \~\~ . ~ - -
' \‘\. """"""" ~
\~ ....
\~\~\ ........
1 1 1 1 1 1 1 1 1 -
(0] 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
kh

Fig. 3.3 Influence of non-local piezoelectric parameter.
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3.8. CONCLUSION

The focus of this research pertains to the transmission of shear waves within a composite

construction composed of a nonlocal piezoelectric layer that is imperfectly connected to a
nonlocal micropolar elastic half space, which has an effect on the initial stress. A general
wave dispersion equation for the shear wave propagation in considered structure has been

derived analytically. Following points are concluded out of the present study:

e Dispersion Relations: The wave dispersion relations are affected by the non-local
properties of both piezoelectric and micropolar materials.

e Phase Velocity and Wave Number: An increase in wave number leads to a
reduction in phase velocity, illustrating the dispersive nature of wave propagation in
this composite structure.

e [Effect of Non-locality: Non-local characteristics of both piezoelectric and
micropolar materials significantly lower the phase velocity of shear waves. This
indicates that size-dependent and non-local effects play a crucial role in modifying
wave propagation behavior.

e Impact of Initial Stress: Initial stress has a significant effect on the phase velocity
of shear waves, with increase in initial stress the phase velocity also increases.

e Layer Thickness: The thickness of the piezoelectric layer is a vital factor in
designing wave propagation within the composite structure. Changes in layer
thickness can influence the dispersion and phase velocity of shear waves, making it a

key consideration for material optimization.

In this chapter, considering the non-local effect in a piezoelectric material bonded
imperfectly over NLME half space that will undoubtedly support investigators those
are functioning in non-local piezoelectric materials. The study of shear wave
propagation in layered structures with non-local micropolar and piezoelectric
materials has significant practical applications. The insights gained can enhance the

design of sensors by improving their sensitivity and performance, making them more
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effective in various environments. Additionally, this research is valuable for structural
health monitoring, providing a deeper understanding of wave behavior in composite
materials used in aerospace and civil engineering. It also contributes to better
vibration control solutions for machinery and infrastructure, enhancing safety and
reducing wear. Furthermore, the findings can guide the development of advanced
composite materials with tailored properties for specific applications, leveraging the
unique characteristics of non-local micropolar and piezoelectric materials. Overall,
these applications highlight the study's potential to advance both theoretical
knowledge and practical engineering solutions.
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CHAPTER 4

RAYLEIGH WAVES IN NON-LOCAL MICROPOLAR
THERMOELASTIC MATERIALS UNDER IMPEDANCE
BOUNDARY CONDITIONS?

4.1 INTRODUCTION:

Rayleigh waves are important to investigate in materials due to their unique surface-
propagation characteristics. These waves travel along the surface of a solid and provide
valuable insights into how energy disperses in complex materials. The inclusion of non-
local micropolar effects, which account for rotational motions and size-dependent
behavior, allows for a deeper understanding of wave dispersion and energy transmission
beyond classical models. Rayleigh waves are highly sensitive to surface properties,
making them important for studying surface behavior, stress distribution, and the effects
of material imperfections. Rayleigh waves in the layered model has several applications,
including non-destructive testing techniques for detecting faults and weaknesses in
materials, SAW devices, and geotechnical and geophysics engineering to investigate the
earth's internal structure. Eringen (1968) determined the dispersion relation for Rayleigh
surface waves in micropolar elastic half space under stress-free boundary. In the majority
of scenarios involving Rayleigh waves, the standard practice is to consider boundary
conditions where the surface is treated as traction-free. The exploration of alternative
boundary conditions such as impedance boundary (IB) conditions is seldom undertaken
in seismology. Nevertheless, in other branches of physics such as acoustics and
electromagnetism, the use of IB conditions is prevalent. The IB conditions refer to a
linear combination of unspecified functions and their derivatives that are defined along a
boundary. The research articles given by Godoy et al. (2012), Vinh and Hue (2014a),

3The content of this chapter is published in “Journal of Physics: Conference Series” in the research paper entitled “Rayleigh waves with impedance
boundary conditions in a non-local micropolar thermoelastic material”, VOL.1531, p. 012048 (scopus indexed, 0.183).
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Vinh and Hue (2014b), Singh (2015), Kaur and Singh (2015). Vinh and Xuan (2017),
Singh (2016), Giang and Vinh (2021), Singh (2017), Anh et al. (2023) used IB conditions
to study Rayleigh wave propagation in elastic materials.

This chapter focuses on examining the Rayleigh wave’s propagation within a non-local
micropolar thermoelastic half space characterized by presence of IB conditions. The
dispersion equation governing the propagation of Rayleigh waves under IB conditions is
derived, and the impact of both impedance and non-local parameters is investigated.
Some earlier published results have been derived as particular cases from this study. The
Rayleigh waves speed is calculated based on impedance parameters and then visually
illustrated for an aluminum epoxy material. It is observed that the non-local and

impedance parameter have significant effect on the Rayleigh waves speed.

4.2 BASIC EQUATIONS:

Using Eringen‘s (1984) non-local theory as explained in chapter 1, the equation of

motion for homogenous, isotropic non-local micropolar elastic solids are given by
ofex + p (f,— @) =0, (4.)
m;cll’k + €rmn Omn + p(l{) - ]¢{’) = 0. (4.2)

where, f, is the body force density, 1, is the body couple density, j denotes micro inertia

density. ¢, is the micro-rotation vector. p is the mass density, u, represents displacement
vector. €,,,iS the alternating symbol. Index after comma signifies the partial derivative.
The non-local stress tensor (o7%) and couple stress tensor (mp ) can be represented in

terms of local stress tensor (a,,) and local couple stress tensor (m,,,) as
(1—&272) o}l = gy, (4.3)

(1 —e272)mll = my,. (4.4)
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where ¢ is a non-local parameter (¢ = eyl), [ is characteristic length eis the non-local
constant. The local stress tensor a;, and local couple stress tensor m,, for an isotropic,

homogeneous micropolar thermoelastic material are given by Eringen (1970)

Opp = Ay Opp + (U + K)ep + pep — vy, (4.5)
Myp = AVrrOpe + BVie + VVke»
exe = (Upk — ExemPme) Ve = Prye-

where, T is the change in temperature from the reference temperature T, of the body and
v =31+ 2u+ x)a,. Here, a; denotes coefficient of thermal linear expansion.
Using equations (4.3)-(4.5) in equations (4.1)-(4.2), the field equations of a non-local

micropolar thermoelastic material can be written as

(A + :u)u;cl,k{’ + (,Ll + K)utr’l,kk + K Et’mn ¢n,m —vVT + ,0(1 - SZVZ)(f{’_ u?) = 0,
(4.6)

@+ B) Pre + YDork + K Epomn U — 2 kp + p(1 — e20V2)(l, — jd,) = 0.
(4.7)

Equations (4.3)-(4.4) and (4.6)-(4.7) reduced to those of local micropolar theory in the

static case and in the absence of body forces and couples.

The heat conduction equation as per the Lord Shulman (1967) is given as,
K*V?T = p C* a+ o T+vT a+ o v.u" (48)
— P T T2 VIie\ge™ Togez ) VY
where, K*= coefficient of thermal conductivity,

C*= specific heat at constant strain

T,= thermal relaxation time.

4.3 PROBLEM’S FORMULATION

In the initial state, a non-local thermoelastic half space, which is homogeneous and

isotropic, is considered to be at a uniform temperature T,. The geometry of the problem is
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as shown in the figure 4.1. Wave propagation direction is assumed along the x,- axis,
ensuring the particles vibrating on a line parallel to the x;-axis experiences equal
displacement. Consequently, all field quantities are presumed to be independent of x-

axis.

v

NONLOCAL MICROPOLAR
THERMOELASTIC HALF SPACE

-

X2
Fig. 4.1 Geometry of the problem

For the two- dimensional problem in x; — x,plane, we have

u" = (uy,uz,0), ¢ =1(00¢3) (4.9)
Using (4.9), equation (4. 6) and (4 7) can written as :
3 uz %_ a_T _ _ o2p2 62 u{l
(A+2y+K) P +Kax2 vaxl—p(l SV)_atZ'
(4.10)
o%ul} o%ul} oul 05 oT
A+2 K K A - K —vV— =
@+ 20+ K) dx3 G )axl T+ ) 0x10x, 0xq Vaxz P
a2
(1—e27?) ;ﬁz,
(4.11)
%3 %3 oup  dur) _ i1 2p2) 0293
y(axf ax§)+K(6x1 axl) 2K¢s = pi(1—e*V*) a2 * (4.12)
By employing Helmholtz’s decomposition, u} and uf} can be expressed in
terms of potential function ® and ¥ as
L INICA Ry L Ak d (4.13)

6x1 6x2 axl axz.

Substituting (4.13) in equation (4.8) and (4.10) to (4.12) , we get
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0% @

A4+ 2u+K)V?®d—vT =p(1—¢?V?)—

otz’

2
(u+K)VW+K ¢y = p(1—-e272)2,

2
YV2hs — 2K s — K V2W = pj(1 — 272) L2

KV = (24 1023) (0 CT +v T,V )
at 0 9¢2 0 :

4.4, PROBLEM’S SOLUTION

otz ’

The surface wave solutions of the equation (4.14) to (4.17) is taken as

{O,W,T,d:33={D(x,), P(x,), T(x,), Ps

(xz)}eik(xl—ct)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

where w = kc. ¢, k are as explained in chapter 2. Here, the assumption is made that
Rayleigh surface waves exhibit temporal damping and propagation side x; — axis with
wave speed Re (¢) =V > 0and I'm (¢) < 0.

The equations (4.14) to (4.17) by using (4.18), we obtain

[D* — AD? + B](®(x,) ,T(x,)) =0

[D* - A'D? + B'](P(x) , $5(x2)) = 0

Where,
A

b d Al 02(1+A2+Cl_12)+k482C2 2 ,

Codx, Ay c? \4,

A c*
B _ k4 |:A1_CZ(1+A2+C1_12)+C1_2 + k6€2C2 (i_ 1)
Al Al

, X c? , k*c?pj 2K K? 2k?c?pje?

A=k (1-5)+k? - L ok .
C2 14 14 Yy Y ¢
2.2

2
(2 + k2c? + k*e*c*) — ch%(l +
2

Y)
14
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B = kz(kz_kzczpj +ﬁ)( _i)_ k?K? _Zszczsz
14 14 c2? Y (u+K) Y 2?2
k®e2c? (Kk2c%pje? 2pj pjcy? \ :
PEsne, a2l
C2 Y Y Y
A+2u+K u+K i
C12= T’C22= p ,T*= T0+5,
K* V2T,
Ay = Ay = S (4.21)
pCc*t* p4ci “C*

Using the radiation conditions ®(x;), W(x;), T(x;), p5(x;) » 0asx, —
oo on the general solution of the equations (4.19) and (4.20) using (4.18) , we
obtain

® = (Bie 1Y + ByeP2¥)etk(xi=ct) (4.22)
Y = (Bge P37 + B,e baY)elk(ri=ct) (4.23)
T = (r,Bie 1Y + r,Bye b2Y)etk(x1=ct) (4.24)
¢3 = (r3Bze7P3Y + 1, Bye™baY)eik(x1=ct), (4.25)
Where
b2+ b2 =A,b2b2 = B,b% + b2 = A',b2b% = B'. (4.26)
= kv—z[(/1+2u+K)(%—1)+pcz(1+£2(kz—l))], (i=1,2)
k2(u+ K) 2 b, e2c? , , . (4.27)
ﬁle—g—ﬁ‘l'czz(bg—k), (=34

here,B, ,B, , B3, B, are arbitrary constants.

4.5. BOUNDARY CONDITIONS

Following Godoy and Nedelec (2012), the IB conditions at the surface x, = Ocan be

written as: 0, + wZu; = 0.

Therefore, the IB conditions for non-local Micropolar thermoelastic half space can be

formulated as:

1-e2v2) (o} + wZyuy) =0,
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(1-e272) (0¥ + w Zouy) =0,
(1 —&2v2)(m¥ + w Zsps) = 0.

Or
031 + (1 — SZVZ )(,() Zlul = 0,
()] + (1 - SZVZ ) w Zzuz = 0, (428)

mys + (1 - 8272 ) w Z3¢3 = 0.

We consider thermal boundary condition as ,;TT + hT = 0.
2

Where h approaches to oo corresponds to isothermal surface and h approaches to 0
corresponds to thermally insulated surface.

Using condition (4.28) on the surface x,= 0, The resulting secular equation for the
velocity of Rayleigh wave propagation is as follows

Ml [Tl(L2N4 - N2L4) - Tz(L1N4 - N1L4)] = M2 [Tl(L2N3 - N2L3)T2 (L1N3 - N1L3)] (429)

Where,

L= [kviz; = b = (14 5)by),

Ly = [kvizi b, — (1+ %)),

Ly = ViZibs—k— k (1+—)(1—C——€

L= ViZiby—k—k (1+ %) (1= 5-°

N, =2+ %—Vf + (k2 — 1)e2VE —V,Z3 b, ,

Ny, =2+ %—Vf + (k2 — 1)e2VE -V, Z5 b,
K *

Ny =[(2+ ;)bg — k.73

Ny =[(2+ %) by — k V123,
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* 2p2.2
M, = (kuv,z; —ybg)(l_g_k_sz_ o gczzc)’

* 2 b2 2p2c2 2p2.2
M2=(kﬂVlz3—yb4)(1_z_22_k_z;_fczzc+£C;;c),
2
Vi = ’%,
7r= 2
1 \//)_u

For isothermally insulated surface:

T, = b, [(2 + “TK) (Z—i— 1)+ V2(1+ e2(k? - )]

T, =b,[(2+ ) (Z-1)+v2(1 + 22 - D)|

For isothermal surface:

=2+ 1) (B - 1) +v2(1 + 22 - D))

T=[(2+ 25 (B - 1)+ v2(1+ 262 - )],

4.6. PARTICULAR CASES
Case I:

When the non-local parameter is absent, equation (4.29) simplifies to the secular equation
of Rayleigh waves in a micropolar thermoelastic half-space under IB conditions.

Case II:

On overlooking the non-local and Micropolar effects (¢ = K = j = 0) in the equation
(4.29), we obtain the following equation

L3(N;,T, — NoTy) — N5(L4T, — L,T;) = 0. (4.30)

Equation (4.30) aligns with the secular equation derived by the author Kumar et al.
(2018) for Rayleigh waves in a thermoelastic half-space featuring IB conditions.
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Case Il1:
If we neglect non-local, impedance, thermal and Micropolar effects from the model i.e.
e=K=j=Z}=12;=2;=v=0,

Then equation (4.30) becomes,

c? 2_ c? c2 (431)
(2—3) _4\[1—3\[1—3.

K
p

A+2
where c? = p” , €=

This is widely recognized dispersion equation for the Rayleigh wave’s phase-velocity in
classical elastic half-space.

4.7 NUMERICAL RESULTS AND DISCUSSIONS

We have considered aluminum epoxy material for numerical results. The values of
relevant physical parameters are mentioned in the table 2.1 in chapter 2. The values of
additional physical parameters are mentioned here.

Table 4.1 material parameters

Aluminum epoxy material
p =2.19 x 103kg/m?, j =0.196 x 10*m?

A =759 x 10°N /m? K*=0.492 x 10°W /m
@ = 1.89 x 100N /m? C* =1.89 x 101% /kg
a =0.01x 10°N 7o = 0.5 x 10710

p = 0.015 x 106N Ty=298K
y = 0.268 X 106N @,=2.36 X 107K 1
j=0.196 x 10*m? K=0.0149 x 101° N/m?

The phase velocity ¢ is considered as a complex constant with Re (c) =V > 0. The

Rayleigh wave speed V; = /pTVZ is taken in non-dimensional form and calculated by

using the equation (4.29). The influence of non-local and impedance parameters on the
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Rayleigh-wave speed w.r.t non dimensional wave number (ka) , where a is the internal
characteristic length, under thermally insulated boundary surface have been discussed in
figure 4.2 to 4.6.

o
n

1 Local Micropolar
2 Non Local Micropolar |

5

Non dimensional wave speed
S °o ®» © & ©
(3] ha (4] (5] a =Y
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=
T
.

0-05 L 1 1 1 L L L L 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
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Fig.4.2 Non dimensional Rayleigh wave speed behavior w.r.t. non dimensional wave
number in local and non-local Micropolar thermoelastic half spaces.
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Fig. 4.4 Effects of impedance parameter Z; on Rayleigh wave speed
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Fig. 4.6 Effects of impedance parameter Z; on Rayleigh wave speed
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Fig. 4.7 Effects of isothermal and insulated boundary conditions on the variation of non
dimensional wave speed with non dimensional wave number.

Figure.4.2 compares the wave speed in local and non-local Micropolar thermoelastic half
space under fixed values of impedance parameters (Z; =1, Z; =0, Z; =0) and
internal characteristic length a = 10~2m. As visible, the graph shows that speed of wave
vanishes quickly with wave number in case of non-local Micropolar thermoelastic
material. This rapid decline suggests that as wave number rises, the impact of the
material's microstructural characteristics becomes more significant, leading to increased

energy loss and diminished efficiency of wave propagation.

Figure 4.3 shows the effect of non-local constant. It is noticed that as the value of non-
local constant decreases the wave speed increases. This relationship indicates a more
effective coupling between microstructural dynamics and macroscopic behavior,
resulting in better wave transmission at reduced non-local constants. Figure (4.4 — 4.6)
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describes the effect of impedance parameters on the wave speed in a non-local
Micropolar thermoelastic half space. The impedance parameters Z5 and Z3 has
significant effects on Rayleigh wave speed rather it is has minimal effect by Z;. These
insights emphasize the importance of carefully selecting material properties to achieve
desired wave behavior in practical applications.

Figure 4.7 compares the non-dimensional wave speed for thermally insulated and
isothermal boundary conditions as a function of the non-dimensional wave number. The
isothermal condition exhibits a consistently lower wave speed across all wave numbers
compared to the thermally insulated case, which shows a higher wave speed, especially
for smaller wave numbers. As the wave number increases, both curves tend to stabilize,
indicating a reduced effect of thermal boundary conditions on wave speed at higher wave

numbers.

Overall, these results shed light on the intricate factors influencing wave propagation in
micropolar thermoelastic materials, revealing the essential contributions of

microstructural features and impedance parameters.
4.8. CONCLUSION

In this chapter, we investigate Rayleigh waves in a non-local micropolar thermoelastic
half-space under IB conditions for both thermally insulated and isothermal surfaces. We
derive the explicit form of the secular equation that satisfies the 1B conditions. Specific
instances reveal that when the non-local parameter is eliminated, the resulting secular
equation agrees with the earlier published results. From numerical discussions, we can

conclude that

e Effect of Non-Local Parameter on Wave Speed: The non-local parameter has
significant effects on Rayleigh waves speed. The wave decreases in case of non-

local Micropolar material as compared to the local Micropolar material.
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e Impact of Increasing Non-Local Parameter: With increase in non-local
parameter value the wave speed decreases.

e Role of Impedance and Thermal Parameters: The Rayleigh wave speed
depends upon impedance and thermal parameters and affected significantly by
these parameters. The wave speed is highly or low dispersive according to the

range of impedance parameters and wave number.

The study of Rayleigh waves in non-local micropolar materials has several practical
applications. These waves are widely used in non-destructive testing to detect surface
flaws, such as cracks or delaminations, in materials. In the field of geophysics, Rayleigh
waves help in seismic surveys, providing insights into the Earth's subsurface properties.
They are also crucial in the development of microelectromechanical systems (MEMS),
where they enhance the sensitivity of devices such as sensors. Additionally, they play a
key role in the design of surface acoustic wave (SAW) devices, used in
telecommunications for filtering and signal processing. So the results obtained such as
effects of impedance and non —local on the wave speed and the secular equation of
Rayleigh wave in non-local Micropolar material may be useful for the researcher working

in material design and solid mechanics.
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Chapter -5

RAYLEIGH WAVES IN NON-LOCAL MICROPOLAR
MATERIAL UNDER MEMORY DEPENDENT HEAT
TRANSFER*

5.1 INTRODUCTION

The memory dependent derivatives now days have been applied to number of problems
related to heat conduction equation as in certain materials, where the heat transfer rate
depends not only on the local temperature gradient but also on the past history of
temperature changes in the material. The memory dependent derivative (MDD) has been
used in some interesting problems such as Ezzat et al. (2015) applied the concept of
MDD in magneto-thermoelasticity to solve a one-dimensional problem of elastic half
space. Ezzat et al. (2016) introduced MDD in generalized thermoelasticity theory and
derived a new heat conduction equation. Othman and Mondal (2019) studied the effects
of MDD under phase-lag modals on the wave propagation in generalized micropolar
thermoelasticity using laser beam thermal shock conditions. Kumar and Pratap (2022)
used MDD to analyzed wave propagation in micropolar generalized thermoelastic plate.
Ahmed et al. (2018) developed a model based on MDD to study damping in different
types of oscillatory systems. Kant and Mukhopadhyay (2019) investigated thermoelastic
interaction using MDD within a thick plate. Sarkar and Mondal (2019) solved a two-
temperature problem of generalized thermoelasticity using memory dependent derivative.
Mondal and Othman (2021) obtained the general solution for the propagation of plane
waves in generalized piezo-thermoelastic medium using memory dependent derivatives.
Purkait et al. (2021) studied the elasto thermo-diffusion in a spherical shell using MDD
for two temperature theory. Mondal and Sur (2023) applied MDD to investigate the

4Communicated in SCI journal.
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interaction in a functionally graded thermoelastic rod and explored the influence of
memory effects, magnetic field, and non-homogeneity of the material.

The motivation for examining Rayleigh-type waves in non-local micropolar materials
with memory-dependent heat transfer is rooted in the complex interplay between
microstructural characteristics and thermal effects. Traditional models often fail to
account for the significant impact of non-local behavior and memory effects, which can

result in more precise predictions of wave propagation in advanced materials. By
investigating these interactions, this study aims to enhance our understanding of wave
dynamics, which is vital for optimizing material performance in various applications.
This research addresses a significant gap in the existing literature, offering novel insights
that are essential for developing more comprehensive models of wave behavior in

intricate material systems.

This chapter addressed the propagation of Rayleigh waves in a non-local micropolar
thermoelastic material under the memory-dependent heat conduction model. The secular
equation is obtained analytically. Numerical computations have been performed to
investigate impact of time delay parameter, non-local parameter, and kernel functions on
propagation of Rayleigh waves in the aluminum-epoxy composite material. The
numerical and graphical analysis validate that the speed of Rayleigh waves is influenced
significantly by time delay heat transfer, selection of kernel and non-local characteristic

of the material.
5.2 BASIC EQUATIONS

As discussed in section 4.2 of chapter 4, the basic equations of motion for homogenous,

isotropic non-local micropolar elastic solids are given by

oy + p (f, — iip) =0, (5.1)

m;cll’k + €pmn Omn t+ P(l{’ - ]¢{)) =0. (5.2)

72



The non-local stress tensor (o) and couple stress tensor (mi5) can be represented in

terms of local stress tensor (a,,) and local couple stress tensor (m,,) as

(1—¢€%V2) oy = 0y (5.3)
(1 - €272)ml, = my,. (5.4)
Oke = AeprOpp + (1 + K)eye + pep — vy, (5.5)

Myp = AVrrOke + BYie + VVke
— n —
exe = (Upk — EkemPme) Ve = Pre-

where, symbols are having the usual meaning as explained in chapter - 4.
Using equations (5.3)-(5.5) in equations (5.1)-(5.2), the field equations of a non-local
micropolar thermoelastic material can be written as

(A + :u)u;cl,k{’ + (,Ll + K)utr’l,kk + K Et’mn ¢n,m —vVT + ,0(1 - SZVZ)(f{’_ u?) = 0,
(5.6)

(@ +B) be + YPokr + K Epmn Unm — 2 kpy + p(1 —£2V2) (1, — jd,) = 0.
(5.7)
As stated by Wang and Li (2011), the memory dependent derivative of a function f(t) is
given as
1

Dg(f(t)) = E t_fK(t —s)f'(s)ds

(5.8)

Where K(t - s) is the kernel function and ¢ is the time delay parameter, which can be
adjusted based on the system requirement, and its units are same as that of time. The

kernel function may be thought of as the strength of the impact that the past on the

1

2 -
present and it is freely selectable such as 1, [1 + S‘é%t] and [1 + ST_t]" according to the
system. In general, the inequality 0 < K(t- s) < 1 should be satisfied by the function

K(t- s) fors € [t —§&,t] from the perspective of applications.

In case of K(t — s) = 1 the memory dependent derivative D; can be expressed as follows
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De(f(0) = £ J_ o f(s)ds = FELEL (o) when € - 0,

Therefore, the limit of a memory-dependent derivative D, can be considered as the
common derivative f'as & — 0. Also, second order memory dependent derivative can be

written as D§ = DDs i.e. derivative of memory dependent derivative.

Based upon memory dependent derivative a new energy equation having the time delay
parameter ¢ is defined as (2016)

K*V2T = ( Lo, Ly n)+T° ft k(5[ pcr 28 4 ur, 2T 4
- PR e TV ) T E NP asz TV ez || (5.9)
The symbols K*, C*, t,, T, T, are as mentioned in chapter 4 in section 4.1.

The kernel function K (t - s) is consider to be in the following forms, Ezzat et al. (2014)

2n m?
K(t—s) = 1—?(t—s)+€—2(t—s)2,

(5.10)
t—s
K(t—s)= {l 1—( : )m:o,n:E

5.3PROBLEM FORMULATION

Considering a non-local Micropolar thermoelastic half space which is isotropic and
homogeneous, the configuration assumes absence of body forces with coordinate
origin located on surface of the plane and x,-axis is oriented vertically downward.
The half space is considered to be undeformed at constant temperature T,. It is
considered that Rayleigh wave propagates along the x;-axis and all the particles

vibrating on a line parallel to the x5-axis are equally spaced. So all field variables will
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be independent of x;-Coordinates. In x; — x, plane, the components of displacement

vector u™ and microrotation vector ¢ are taken as

u" = (u},uf,0) , ¢ =(0,0,9,).

(5.11)

v

0

Fig. 5.1 Geometry of the problem
By using equation (5.11), equation (5.6) & (5.7) can be written as

= (1-€2V?)p a;f’
= (1 — €2V?)pj 662;2’
YVigs + (3— - 3—) — 2Ky = (1— €2V2)pj 22,

By using the Helmholtz’s decomposition, we have,

n_ 0® [ ¥ ,  d® Q¥
1= 5T 5., U2 = 5 -~ 5.

6x1 6x2 axl axz

On substituting (5.15) in equations (5.9), (5.12), (5.13), (5.14), we obtained

0%d
ot2’

A+ 2u+K)V2d —vT = (1 —€2V?)p
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U+ KOV + ks = (1 — EZVZ)pZZTf , (5.17)

023 (5.18)

otz '

YV2h3 — kVPW — 2k¢p3 = (1 — €2V?)p;

K*V2T = ( i 2y ")+T° ft k- (pc 2L 4o 2%
PR e T ) T NP sz TV sz )Y (5.19)

5.4 PROBLEM’S SOLUTION

The surface wave equations (5.11)-(5.13) is taken as

{1, W1, T, ¢} = {d1(x2), Y1 (x2), T(xz), plaz) Jetk 1= (5.20)

where w = kc is the circular frequency, c is the phase-velocity and k is the wave number.
For the propagation of Rayleigh wave, we assumed that ¢ is a complex and Re(c) >
0 gives the Rayleigh wave speed and exp(k im(c)t) is giving the damping in time,

therefore it is assumed that Im(c) < 0.

By using (5.20) in equations (5.16)-(5.19), we get

[D* = ApD? + By ] (1 (x2), T(x2)) = 0, (5.21)
[D* — 4"D? + B] (1 (x), (x) ) = 0. (5:22)
Where,
_da _op2 W _ w? __wCiAam _
D= dxy’ Am =2k AlT* Am (C2-e2w?) 1*A;(C?-€?w?) ym=1234,
_ a4 tk3cam  k*c? w3am, __Axcikdamic .
Bn =k A, [c?-€2w?] + ATt[c?-€2w?]  AiT[c?-€e2w?] m=1234,

2 k2 2 A 2 2
A*=k2<1—c—>+k2— P K
Y y v+

%)
2k?c?pje? 2k?c?e? 2K
Tp] (cz + k%c? + k*c*e?) — 2 (1 + —),
2 2
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B — K2 <k2 k%c?pj N ZK) (1 c2> k?x? 2k?ke?c?

% % cz2) y(u+k) yc:

ke%c? (k%e%c?pj 2pj ic2
N ( o, pJ_sz_1>,

%) 14 Y Y
o A2utk 2 _ BtK _ K _ V%1, . n
p ’ 2 = p 'Al_pc*‘r*' Z_pchc*’T _T0+ '
am
T
( a1=1+—°(1—e"<cf), K(t—s)=1
_ s= 12— 0 (1 — erket) K(t—s)=1-""°
= 3 Ez(k ) 3
) 27, (1 —e‘kcf)> t — s1?
a + , K(t—s)= [1— ]
L *7 f 52(k6)< §(ke) ¢

The general solution of equation (5.21) and (5.22) by utilizing the radiation conditions

i.e., @ (x3),9; (x3),T(x,), p(x,) = 0,x, — oo, can be written as

¢1 = (Dye™P1%2 4 D,yeP2x2)etk(xamch), (5.23)
T = (r, D;e P2 + r,D,e~b2%2) gtk (x1=¢D), (5.24)
1 = (Dze™Ps¥2 4 D, e~bavz)etk(xach), (5.25)
¢ = (r3 DyeP3%2 4 1, D e ~Pax2)tk(xa=ch), (5.26)

Where,D,, D,, D;andD,, are arbitrary constants. b,, b,and b, b, are the roots of the
equations (5.21) and (5.22) respectively whose real parts are positive to ensure the decay

conditions. These roots satisfy the following equations.

b2 + b2 = A,, , b2b% = B,,, b? + b2 = A*, b2b? = B", (5.27)

-=—l(/1+2,u+lc)<——1)+pcz(1+62(k2—1)] L (i=12),
(5.28)
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=S 1—%—2—%%(@? — kD), G = 3.4).
5.5BOUNDARY CONDITIONS AND SECULAR EQUATIONS

The boundary condition at the surface x, = 0 are taken as:
a) o} =0,05, =0 ,mi = 0. (5.29)

Using equation (5.3) and (5.4), we have,a,; = 0,0,, = 0 ,m,; = 0, which are the
components of stresses in local micropolar elastic material.

b) (5.30)

or +hT =0
0x, S

Boundary changes to thermally insulated surface when h —0 and isothermal when

h— oo,

Using equations (5.3)-(5.4), (5.15) and (5.23)-(5.26), the boundary conditions (5.29)-
(5.30) are imposed at the surface x, = 0, we obtained a system of four homogeneous
equations in the unknown D,, D,, D;andD,. For non-trivial solution we have equations

for which the determinant of the coefficients matrix must vanish which gives,

p3[ma(qimy — gomy) + ny(q2Ty — q1T2)] = pa[ms(qimy — qomy) +n3(q. Ty — (5.31)
ChTz)]-

Eq. (5.31) represents the secular equation of Rayleigh waves.

K
m; = kbl (2 + ;) , (l = 1,2,3,4)
T (2+A+K>b2 A (i=12)
. = so— -1, t=1,

l w )t ot
K c? €?c?

ne= e+ (142) | 287 k2 (1-S 4+ -7 -k || L G=12)
u ) )
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K c? b} €%c? ,
pi=bj(1+ﬁ)ll—c—22——2+ 2 (b]?—kz)l, (= 3,4)

_ Atk b? pc? . .
q; = b; [(2 + T) (1 - ﬁ) + 7(1 + €?(k? — 1))] , (i = 1,2), for thermally insulated

surface.

q; = [(2 + ’1;—") (1 - Z—‘z) + pTCZ (1+e?(k? - 1))] , (i = 1,2), for isothermal surface.

5.6 PARTICULAR CASES

(a) When non-local parameter € — 0 then we obtained the following changed values of
some parameters.

w w?  iwciAyam

Am = 2k? —

a —
Ate M (B T*A1c?

ik3caym  k*c? | iwlay,  Azcikiapic

B,, = k* —

T Aq c? AyTrc? AyTrc?

k?c?pj 2k c? kK2
o) (2w
14 14 ;) yu+x)

The equation (5.31) with above parameters is the secular equation of Rayleigh wave in
micropolar thermoelastic material with MDD which is in agreement with the earlier
results published by Singh and Kashyap (2023)

(b) When the kernel K(t —s) =1 and the memory dependent parameter ¢ — 0, the

memory dependent tends to the ordinary derivative i.e.

De(f(0) = 2L f(s)ds =TOLED o pr(pyasg - 0.

From this we obtained the following changed values of 4,,, and B,,

aomit|ame (L A\ g K (14,
me ¢ Aq C12 Ay ’ m_A1C12 1o 2 C12
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The equation (5.31) with these changed values of 4,, and B,, is the secular equation of
Rayleigh wave in micropolar thermoelastic material without MDD. These equations
coincide with the solution of the problem derived by Kumar et al.(2018)

(c) Further in the absence of micropolar effects (k = j = 0), we obtained the following
changed values

2= 2k A*=k2(1—§)+k2,3*=k4(1—f),

3
c? b3 c? b
p3 = bs 1__z_ﬁ D4 = by 1—g—ﬁ ,
Using condition (5.27), in the particular case we have b2 = k? (1 — Z—z) ,b2 = k?which
2
implies that p; = 0 and p, will be a non-zero term. Using these values in the equation
(5.31), we obtained
ms(qim,; — q;my) + n3(q,Ty — q,T2) = 0. (5.32)

where,
m; = Zkbl’, (l = 1,2,3),

2

CZ
T1:T2:k2 2__2;
¢z

q:=b; [(2 + %) (1 — Z—lz) + pTCZ] , (i = 1,2), Forthermally insulated boundary,

qi:[(z + %) (1 - Z—‘z) + pTCZ] , (i = 1,2), For isothermal boundary.

Equation (5.32) is the secular equation of Rayleigh wave in thermoelastic half-space.

(d) On neglecting the thermal effects in the equation (5.30) it reduces to

c? 2_ c? c? (5-33)
(2—3) —4\/1_3\/1_3'

Equation (5.33) is the well-known dispersion equation of Rayleigh waves in the elastic

half space.
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5.7 NUMERICAL RESULTS AND DISCUSSIONS

In this section, numerical computations have been executed to illustrate the theoretical
findings, and the outcomes are visually presented through graphical representations. For
numerical calculation the relevant parameters of aluminum epoxy material taken from
Gauthier (1982) are given below in table-5.1

Table 5.1. Material parameters

Aluminum epoxy material
p = 2.19 x 103kg/m3, j =0.196 x 10*m?

A =7.59 x 101°N /m? K*=0.492 x 102W /m
1= 1.89 x 101N /m? C* =1.89 x 10'% /kg
a = 0.01x 10°N 7o = 0.5 x 10710

f =0.015 x 10°N Ty=298K
y = 0.268 x 10°N a,=2.36 x 1076K 1
j =0.196 x 10*m? K=0.0149 x 101° N/m?

Assuming that cis the complex constant with Re(c) =V >0, the non dimensional

Rayleigh wave speed V; = /pTVZ has been calculated and its variations has been shown

graphical with wave number. The impact of key factors under consideration such as
nonlocality, time delay heat transfer, kernels and insulated and thermal boundary
conditions on the non dimensional Rayleigh wave speed have been analyzed and
visualized graphically in figures (5.2-5.8).

Figure (5.2) exhibits the effects of time delayed heat transfer on the non dimensional
Rayleigh wave speed w.r.t. wave number for kernels K(t — s) = 1. The wave speed has
been calculated at constant non-local parameter value e = 0.003mm and three different
time delay parameter values (¢ = 0.1 s,0.2s and 0.3s). As shown in the graph the wave
speed decreases with increasing values of the wave number initially and then becomes

almost constant at higher wave number values. The wave speed is significantly affected
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by different values of the time delay parameter. As clear from the magnified image, the
wave speed decreases with increment in time delay parameter.

Figure (5.3-5.4) demonstrate the variations of non dimensional wave speed for the kernel
t—s\? t-s . .
K(t—s)= (1 - ?) and K(t—s)=1-— va with same parameter values as consider

for figure (5.2). It is noticed from a magnified image of a small portion of the dispersion
curve of figure (5.3) and (5.4) that the non dimensional Rayleigh wave speed increases
with increasing values of time delay parameter. It is noticed that the variations of
Rayleigh wave speed depend upon the combination of time delay parameter, kernel as
well as wave number values.

Figures (5.5-5.7) depict the impact of non-local parameter on the non dimensional

Rayleigh wave speed w.r.t. wave number and different kernels. The non dimensional

wave speed V; = /pTVZ is computed and visualized graphically at fixed time delay

parameter ( ¢ =0.1s) and for three non-local parameter values ( €=
0.001mm, 0.002mm, 0.003mm). Figure (5.5) display the effects of non-local parameter
on the wave speed for the kernel K(t —s) = 1. As noticed from the figure, the non

dimensional wave speed decreases with an increment in the non-local parameter. Figures

2
5.6-5.7) also display the same type of effects for the kernel K(t —s) = (1 — 5 and
( ) play yp ;

K(t—s)=1—%s.

Figure (5.8) shows the effects of the isothermal and thermally insulated boundary on the
Rayleigh wave speed with a time delay heat transfer (¢ = 0.1s) and non-local parameter
(e = 0.001mm). It could be witnessed that Rayleigh wave speed is on the higher side in
the case of an isothermal boundary as compared to thermally insulated boundary.

Figure (5.9-5.10) shows effect of thermal relaxation parameter. Initially, the wave speed
increases for all values of thermal relaxation parameter then drops down smoothly. As
thermal relaxation parameter increases, the wave speed decreases more rapidly with
increasing wave number, indicating slower heat transfer and thus slower wave

propagation. Smaller thermal relaxation parameter allow for faster wave speeds, as the
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material responds more quickly to thermal changes. Overall, higher thermal relaxation
times lead to more significant damping of wave speed, especially at higher wave

numbers.
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5.8CONCLUSIONS

The core findings of the present study can be summarized in the following points:

Existence of Rayleigh Waves: The secular equation shows that there exist
Rayleigh waves in non-local micropolar thermoelastic half space under
memory dependent heat transfer.

Effect of Non-local Parameter: The non-local parameter has substantial
effects on the Rayleigh wave speed. The increase in non-local parameter

values decreases the non dimensional Rayleigh wave speed.
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e Role of Memory Effects (Kernels): Different types of kernels describing the
memory effects have significant effects on the Rayleigh wave speed and hence
kernels may be used according the problem.

e Dispersive Nature of Rayleigh Waves: The Rayleigh waves are dispersive in
nature and the non dimensional phase-velocity decreases with increase in wave
number.

e The presence of a time delay parameter in the heat equation influenced the
Rayleigh wave speed significantly.

e Impact of Thermal Boundary Conditions: It is found that the Rayleigh
wave speed is influenced by the thermal boundary conditions. For small
wave number values, the Rayleigh wave speed is on the higher side for
isothermal boundary as compared to a thermally insulated surface.

e Thermal Relaxation Parameter Influence: As seen in the previous trends, the
thermal relaxation parameter plays a pivotal role, affecting the wave speed across
different wave numbers. Higher thermal relaxation leads to pronounced changes
at lower wave numbers.

The current study presents a theoretical model to analyze the Rayleigh wave

propagation in non-local micropolar thermoelastic material with time delay heat

transfer. The study may provide valuable information to the researcher and engineer
working in seismology and related fields. The study of Rayleigh waves in non-local
micropolar materials with memory-dependent heat transfer holds significant potential
in various applied fields. In seismology and earthquake engineering, the insights
gained can lead to more accurate predictions of seismic wave behavior through
complex, heterogeneous earth materials, aiding in the design of earthquake-resistant
infrastructure. In nanotechnology and materials science, understanding wave
propagation in non-local micropolar materials is essential for developing advanced
materials for applications in micro-electromechanical systems and nano-
electromechanical systems where size effects and thermal management are critical.

Additionally, in geophysical surveys, Rayleigh waves help in subsurface
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explorations, and the inclusion of thermal effects makes this study highly relevant for
geothermal energy and oil exploration. The thermal aspects also apply to aerospace
and nuclear reactors, where managing thermal stresses is crucial for the integrity and
performance of engineering structures. Overall, this research enhances our ability to
model and apply wave phenomena in technologically critical areas, leading to

improvements in material design and diagnostic techniques.
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FUTURE SCOPE

The following suggestions have been made for the future work as the extension of present

work done in this thesis:

The propagation of shear waves has been studied in the layered structure of non-
local Micropolar elastic half space attached along with piezoelectric/non-local
piezoelectric layer in perfect and imperfect contact. Effect of initial stress has also
been studied on the proposed structure. Now as extension of this work, The
behavior of non-local Micropolar martial could be studied under the different
effects like hall effect, magnetic effect or gravity.

We have studied the propagation of Rayleigh waves in the non-local Micropolar
thermoelastic material under the impedance boundary condition in this thesis.
Further as the futuristic scope of this work, love waves could be studied under the
impedance boundary conditions in the layered structure as well.

Wave propagation in non-local micropolar half space with double layer structure

or sandwich structure can be studied.
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Abstract—Considering the non-local effects in micropolar elastic material this paper studied the
propagation of shear waves in a piezoelectric layered non-local micropolar half space composite struc-
ture. The general dispersion equation of shear waves in the coupled structure is obtained analytically
in the closed form. In the particular case the result obtained is in accordance with the classical Love
wave equation. The effects of key factors like non-locality, characteristic length, piezoelectric and
elastic constants on the phase velocity of shear waves have been investigated and results are depicted
graphically. The theoretical resulis obiained shows that the phase velocity of shear wave is significantly
a.fTec:tgc% due the presence of non-locality and size effects on small length scale in micropolar elastic
material.

Keywords: Shear waves, piezoelectric, non-local micropolar, phase velocity, characteristic length
DOT: 10,3103/ 50025654422050235

L. INTRODUCTION

The non-local theory proposed by Edelen and Laws [ 1, 2] and Enngen and Edelen [3] are well known
due to its close agreement with atomic theory. It has been used to calculate the strength of materials having
microstructure and nanostructure properties. The shortcomings of classical theory to explain the physical
phenomenon at microstructure level led to the invention of non-local theories. This theory is character-
ired by the presence of nonlocality residuals of fields. In this theory, the stress at any reference point
within a continuous body depends upon the strain at that point along with the strain at all other points
from the certain neighborhood of that point. In long wavelength limits the non-local theory reduces to
local theory (classical) and in shont wavelength limit it reduces to atomic lattice dynamics. The non-local
models are used to find the solution of elastodynamic problems such as material damage, deformation of
nanobeams, wave propagation in solids [4—6]. Eringen [7, 8] extended the concept of non-locality to var-
ious fields including micropolar elasticity [9]. The micropolar theory of elasticity has wide applications in
the treatment of mechanics of granular materials, composite fibrous materials, polymers, bones and
materials with micro-cracks and micro-fracture. Many research amicles on the applications of micropolar
theory in different fields are available in the literature.

Recently, the non-local micropolar theory of elasticity has find its application in the vanous felds hke
dislocation, high frequency vibrations and wave propagation in materials with microstructure. Eringen
[10] obtained the dispersi-:un relation for transverse plane waves in non-local micmp-o]a: elastic solid. The
results obtained are in well agreement with Bom- Kdrmén theory of lattice dyvnamics in the entire Brill-
ouin zone. Jun and Dhaliwal [11] studied the linear non local theory of elasticity and established work-
energy and unigueness theorem. Khurana and Tomar [12, 13] investigated reflection of plane waves and
propagation of Rayleigh waves in non-local micropolar solids and established the dispersive characteristic
of waves in this media. Khurana and Tomar [14] considered two different non-local micropoelar matenials
to study effects of non-locality on the reflection and transmission of plane waves. Kalkal et al. [15]
explored the effect of rotation on the reflection of plane waves on the free surface of non-local micropolar
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Propagation of SH-waves in two lavered piezoelectric/fiber-
reinforced composite plate
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Absiract. This article deals with the study of propagation of shears waves in a compesife srucure
consistng of a pesoelecmic layer apenmpesed oo a layer of fber-reinforced material A
mathematical model is framed and the dispersion relation of shear wave iz derived amalytically. By
surfable substrtons the dispersion relaton obtained &5 reduced to the well-kpown classical Love
wave equation. The effects of varous parametsrs suoch as wave mumber, thickness mafio and the
direction of fber-remnforced parameters on the shears wave velocify has been imvestigated and
dapicted graphically.

1. Introduction

These gmdelines, Piezpelactmic materials are commonly nsed in modem smart materials devices like
SENsOrs, acmators and transducers due to their high sensitivity and enhanced elecoomechanical
property. The micro-sensors constitated of plezoeleciric composite based upon surface acoustic waves
(SAW) have mumerous applications in many Selds. The efectiveness of piezoelectric material is
messured by elecromechanica]l coupling factor with which it coovers elecmical enerpy imbo
mechanical energy or vice versa. High electromechanical coupling factor indicates the effident energy
conversion and fo atiain it sensors are mamifachmed by considering an assembly of materials with a
layered structure In the layered stractares a thin layer of particular material is deposited on a substrate
or on another Layer of different material Many researchers [1]-[7] have imvestizated the phenomenon
Wave propagation in layered structures comprising of plezoelectric smart material layers
Fiberreinforced materials are available namrally inside the earth and there are artificial materials also.
These materials are conmmonty used fo soengthen the other matesials to minimize damages dus to
vibration. As a result, the study of wave propagation in Sher-reinforced matesials plays an importance
role i different fields likes peomechsnics and enginesring. The research articles [8]-[11] smdied the
phenomenon of wave propagation in fiber reinforced materials.

The presents study deals with shear wave propagation in a coupled plate consisting of a piezeelecinic
layer in perfect contact with another layer of fiber-reinforced materisl The velocity eguaton is
derived amalytically and it is in agreement with the result of earlier works The effects of wave
oumber, thickness ratio and reinforced direction om the phase velocity has been imwestigated amd

EQI:_ (Comlant foom i work may Be s mider the e of e Cesslive Commons Atiibtio 3.0 Boance. Agy frher disiriblion
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Abstract. The present paper analyzes the propagation of Rayleigh waves in a non-local
micropolar termoelastic half space with impedance boundary condiions. Dispersion equation
of Rayleigh wave propagation with impedance boundary conditions is obtained and the effect
of impodance and non local parameters are studied. Dispersion equation of Rayleigh waves for
a micropolar thermoelastic half space with impedance boundary as well as traction free half-
space is obmined as a particular case. The non-dimensional speed of Rayleigh wave &
computed as a function of impedance pamameters and presented graphically for a aluminum
cpoxy material [t is observed that non local and impedance parameters has significant effects
on Rayleigh wave speed.

Keywords: Non local micropolar thermoelasticity, Impedance boundary conditions, Rayleigh
wavesThe first section in your paper

1. Introduction

The micropolar theory of elasticity established by Eringen’s [1] is a familiar theory of solid mechanics
and being used in analyee the deformation of micmostructure materials such as cellular solids,
composite fibrous, granular matenal, polymers, bones ete. This theory takes into account the ntrinsic
rotational motion along with linear displacement in the materials. The motion in this theory is
govemed by six degrees of freedom, three of micromotation and thres of translation. Nowacki [2] and
Eringen [3] extended the micropolar theory by including thermal effects and presented linear theory of
micropolar thermoelasticity. The micropolar theory along with generalized theory of thermoelasticity
proposed by Lord and Shulman [4] and Green and Lindsay [5] can be seen m many research findimgs .

Surface waves are of particular significance in seismology due to their destructive nature dunng
earthquake. Rayleigh waves are one of the surfice type waves and have been explored by several
researchers. Rayleigh waves in rnu.:rq:lulu.r elastic materials has been explored by many researchers
due to the practical apphcability in the various fields such as, sasmology, acoustics, asrospace and
submaring structurss. Enngen [6] obtained the frequency ﬁ.]u.uriun of Rayleigh :iml'm:c wiaves in
micropolar ¢lastic half space along a stress free boundary, The research anticles [7-9] can be seen on
variows problems related to propagation of Ravlagh waves m micropolar elastic material,

The wave propagation in non local micropolar elastic half space is of special interest a5 the non
local theories 15 considered to cover microscopic phenomena, for example cmck tp problems, high
frequency vibrations and dislocations ete. Eringen [10] derived the dispersion relation for trans verse
plane waves in non local micropolar elastic solid. Kaliska et al [11] discussed wvarious properties of

) ) Conient from this work may be used under the terms of the Creative Commans Attribution 3.0 livence. Any furher distribution
[ af this wark must maintsin stribulion to the sithon(z) mnd the titks of the: work, journs] citstion ond DOL
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Abstract

Imposing the non=local elliect on a layened composite stmctune could lkead o new insighis in
design. Taking the nonebcal and microstrucne ellecs nk consideration, the propagation
ol shear waves has been investigated in an inilially dressed pesoekecne byer mperdecily
bonded w0 a micropolar hall=space under the non-local theory. The general phase velocity
equation [or shear waves has been oblained analytically in ¢ ksed fonm, The phase velocity
equation 1 in agreement with the classacal Love wave equalion in aparicul arcase, The ellecs
of key factors such s non-kocalily, interfzcial imperfection, mitial siress and (hickness of the
bayer on the phase velocity have been evalusted . Craphical analysis has been perfonmed and
the resulls obtmined ndicste tha shear wave propagation & sigmificantly allfected by vanous
parameter s comnsidensd in the study and ane welul for designing high perfomonce airfsce
somustic devices and sensors.

Keywonds Non=local peroslecine - Mon-local micropolsr - Phase velacity - Imperfect
mier fzce - Initial siness

Introduction

The maificiency of clasical theory in explicating physical phenonsena i the i crostruciur al
level hos necessitated the inclusion ol non=kocal theanies. The non=local theory of elasticity
propesed by Erngen and Edelen elucklates the complex material behavior st the mucno
acale [12]. The aforementioned theary has gamernsd sgnilicant traction owing Lo ils closs
corre bation with the atomic theory, which is employed 1o gauge the mechanical strength of
e rials by analye mg their mocroand mema simuclural characdlenses. The theary in guestion
s distinguished by the presence ol non-kcal residual fekds, wherehy thesires spenenced al
a given relerence poind 1 conlingent updn nol only Lhe sirain present althal keation, bul alsa
the strain present il all other prosimal points. The wilzstion of non-local theory enshles us o
progmosicate and elucidae the conduct of materals a the oo scale by means of the non-
local parameter. | €= awa). Here, sy B matenal consanl and a bemng imlemal charactersiic
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