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Abstract 

This thesis focuses on nonlinear dynamics of different laser beams (𝑞-Gaussian and 

Quadruple-Gaussian (Q.G.) laser beams) in different nonlinear media such as plasmas. 

Further, the impacts of self action effects and stimulated Brillouin scattering (SBS) of laser 

beams in plasmas have been studied theoretically. In the midst of different existing semi-

analytical approaches, variational theory approach has been used to investigate the 

propagation of 𝑞-Gaussian and Quadruple-Gaussian (Q.G.) laser beams in nonlinear medium 

such as underdense plasmas under nonlinear regime. 

Theoretical investigation has been conducted to study the impact of relativistic self-focusing 

of 𝑞-Gaussian laser beams on Stimulated Brillouin Scattering (SBS) in underdense plasma 

targets characterized by axially-increasing plasma density. Through our observations, we 

have noted that the amplitude distribution across the cross-sectional area of a beam 

significantly influences the propagation dynamics within nonlinear media. The laser beams, 

whose amplitude structure is deviated from ideal Gaussian profile, possess more self-

focusing in plasmas and get scattered more by preexisting IAWs through the SBS 

phenomenon. For instance, as compared to an ideal Gaussian beam, a laser beam with 

deviation parameter 𝑞 = 3 gets 2.75 times more self-focused as well as, for the same 

propagation distance, the power of scattered wave for the beam with 𝑞 = 3 is four times 

greater as compared to that for the ideal Gaussian beam. Therefore, by controlling the 

deviation parameter 𝑞, one can optimize the Stimulated Brillouin Scattering (SBS) of the 

laser light beam. The power carried by scattered beam can also be controlled by changing the 

initial intensity of the laser beam or by changing the density ramp slope. 

 

Theoretical investigations have been conducted to explore the stimulated Brillouin 

scattering of elliptical 𝑞-Gaussian laser beams in axially inhomogeneous plasmas, 

considering the impact of self-focusing of the laser light beam on the power of the scattered 

wave. Observations have indicated that as the irradiance across the cross-section of the laser 

beam approaches an ideal Gaussian profile, there is a substantial reduction in the power of 

the scattered wave. Hence, to mitigate stimulated Brillouin scattering of laser beams in laser-
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plasma interaction applications, it is advisable to strive for an irradiance profile that closely 

approximates the ideal Gaussian profile. 

The nonlinear characteristics of Quadruple Gaussian (Q.G.) laser beam have been 

observed in relativistic plasma. The comparisons between linear and nonlinear propagation of 

Q.G. and Gaussian laser beam have been made. It has been investigated that the extent of self 

focusing is enhanced at 
௫బ

௥బ
= 1.5 for Q.G. laser beam as compare to the Gaussian laser beam. 
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Preface 

The main focus of this thesis especially on the Theoretical Investigation on Stimulated 

Brillouin Scattering of Self Focused Laser Beams (𝑞-Gaussian and Quadruple Gaussian 

profile) in Underdense Plasma Targets. The present research work has been divided into total 

eight chapters. The nonlinear Schrodinger wave equation for the evolution of beam envelope 

is solved numerically by using variational theory. In particular,  

Chapter- 1 incorporates the introduction part which involves the scattering of light, origin of 

scattering, scalar and tensor scattering, Brillouin scattering of light, stimulated Brillouin 

scattering (SBS), application of SBS (optical phase conjugation, production of phase 

conjugation by SBS, phonon maser). 

Chapter- 2 includes the literature review of different research papers which are based on 

self-action effects, Brillouin scattering and variational theory approach.  

Chapter- 3 involves the description of the amplitude structures of 𝑞-Gaussian and Quadruple 

Gaussian Laser Beams laser  profiles and their effective beam width with different laser-

plasma parameters in detail, variational theory approach and research objectives.  

In Chapter- 4, study has delved into how the self-focusing of the laser beam influences the 

excitation of ion acoustic waves in axially inhomogeneous plasmas. The incorporation of 

beam ellipticity and deviations from the ideal Gaussian profile in the amplitude structure of 

the beam of laser light has been considered in this study. Based on the findings of this 

investigation, it can be inferred that as the amplitude distribution of the beam of laser light 

approaches the ideal Gaussian profile, there is a notable reduction in the power of the excited 

Ion Acoustic Wave (IAW).  

In Chapter- 5, the emphasis is placed on studying the impact of relativistic self-focusing of 

𝑞-Gaussian laser beams on Stimulated Brillouin Scattering (SBS) in underdense plasma 

targets characterized by axially-increasing plasma density. It has been noted that the 

amplitude distribution across the cross-sectional area of a beam significantly influences the 

propagation dynamics within nonlinear media. 

In Chapter- 6, the focus is on exploring the stimulated Brillouin scattering of elliptical 𝑞-

Gaussian laser beams in axially inhomogeneous plasmas, considering the impact of self-

focusing of the laser light beam on the power of the scattered wave. Observations have 

indicated that as the irradiance across the cross-section of the laser beam approaches an ideal 
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Gaussian profile, there is a substantial reduction in the power of the scattered wave. Hence, 

to mitigate stimulated Brillouin scattering of laser beams in laser-plasma interaction 

applications, it is advisable to strive for an irradiance profile that closely approximates the 

ideal Gaussian profile. 

Chapter- 7 explores potential well dynamics of self focusing of Quadruple Gaussian Laser 

Beams in Thermal Quantum Plasma. This chapter also includes self-channeling of laser 

beam.  

Chapter- 8 includes conclusions and future scope. 
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Chapter- 1 

Stimulated Scattering of Laser Light 

1.1 Introduction 

One of the most significant milestones in the history of light is marked by the introduction of 

laser, attributed by Maiman[1] in 1960. The invention represents a remarkable leap in optical 

science and technology, paving the way for a new era. For the very first time, humanity has 

succeeded in creating a remarkable and inventive tool that enables the direct generation and 

control of coherent light. In optics, lasers brought the same revolution as transistors did in 

electronics, and cyclotrons brought revolution to realm of nuclear physics. Due to the 

coherence properties of the laser, the light beam has precisely defined optical phase in both 

space and temporal domains[2]. Laser light exhibits a narrow frequency spectrum due to this 

well defined phase, which limits the optical spatial wavelength and frequency of laser light. 

In addition to its directionality, laser light is capable of propagating over long distances with 

minimal spreading, and conventional optical elements can be easily employed to manipulate 

it. With the phase coherence and directionality of lasers, extremely large optical powers can 

be created, pushing optical systems from linear to nonlinear[3]. 

Coherent frequency mixing effects encompassing difference-frequency, third-

harmonic generation, and optical sum-frequency were observed sequentially soon after laser 

coherent frequency mixing was invented[4-6] (fig. 1.1).  

 

Fig.1.1: Frequency mixing in nonlinear media 
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The researcher promptly recognized that all these new optical phenomena could be explained 

if the polarization of the medium under a laser beam were expanded in power series of 

electric fields as described below: 

𝑃 = 𝜖଴(𝜒(ଵ)𝐸 + 𝜒(ଶ)𝐸ଶ + 𝜒(ଷ)𝐸ଷ + … … … … )                             (1.1)     

In this context 𝜒(ଵ) represents the linear susceptibility and 𝜒(ଶ), 𝜒(ଷ) represent nonlinear 

susceptibilities. The above equation is valid for one dimensional case i.e., polarized electrons 

undergo oscillations aligned with the direction of the propagating light wave. When an 

electron is moved from its equilibrium position within the dielectric lattice, it will experience 

restoring forces as well as forces from the neighboring molecule. (fig. 1.2). 

 

Fig.1.2: Restoring force on electron cloud of an atom/molecule in a crystal lattice 

 



 

3 
 

 When a field is applied in the 𝑥 direction, an electron may also move in 𝑦 and 𝑧 directions. 

(fig. 1.3). 

 

Fig.1.3: Tensor nature of nonlinear susceptibility 

Crystal structure strongly influences the strength and direction of these forces. Thus, the 

susceptibility of an anisotropic medium is in general a tensor[7] and hence Eq. (1.1) can be 

written in more generalized way as 

𝐏 = 𝜖଴ ∑ 𝒙𝒊
ଷ
௜ୀଵ ∑ 𝜒௜௝

(ଵ)
𝐸௝௝ + ∑ 𝜒௜௝௞

(ଶ)
𝐸௝𝐸௞ + ∑ 𝜒௜௝௞௟

(ଷ)
𝐸௝𝐸௞𝐸௟௝௞௟௝௞ + … … …                       (1.2) 

𝜒(௡)=Tensor of rank 𝑛 + 1 having 3௡ାଵ terms. Thus, 

𝜒(ଵ) ≡9 terms 

𝜒(ଶ) ≡27 terms 
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𝜒(ଷ) ≡81 terms 

𝜒(ଶ) ≡ 𝜒௜௝௞  relates each of the three components of the polarization 𝑃 = (𝑃௫ , 𝑃௬ , 𝑃௭) to the 

nine products of the two applied light fields, for a total 27 terms. 

 By substituting Eq. (1.2) into Maxwell’s equations, a system of nonlinear differential 

equations emerges incorporating electric field strength of high-order. These terms play a 

crucial role in facilitating coherent optical frequency mixing. Based on Eq. (1.2), it can also 

be derived that upon the action of laser radiation, the index of refraction of a medium is no 

longer a constant even at a given wavelength, instead there will be an induced refractive-

index change, depending on the intensity (in a third-order nonlinear medium) or the 

amplitude (in a second order nonlinear medium) of the incident laser beam(s). This nonlinear 

assumption can be used to well explain the observed self-focusing effect[8-10] of a laser 

beam and some other related nonlinear optical effects. 

 

Fig.1.4: Linear vs. nonlinear optics 

 

The light and matter that interact in a nonlinear manner result in myriad optical effects. This 

span a gamut from excitation of frequency overtones of laser beams to several stimulated 



 

scattering phenomenon such as Stimulated Brillouin Scattering (SBS), Stimulated Raman 

Scattering (SRS) and others.

1.2 Scattering  

Scattering of light refers deflection in its direction of propagation to random directions when 

it encounters a material object

properties of the medium or due to interaction of light with bosonic excitations of the 

medium. Like emission of light due to electronic transitions can be spontaneo

depending upon whether it occurs by its own or is triggered by external photon, scattering of 

light can also be spontaneous or 
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scattering phenomenon such as Stimulated Brillouin Scattering (SBS), Stimulated Raman 

cattering (SRS) and others. 

Scattering of light refers deflection in its direction of propagation to random directions when 

it encounters a material object[11-14]. It takes place due to variations in the refractive 

properties of the medium or due to interaction of light with bosonic excitations of the 

medium. Like emission of light due to electronic transitions can be spontaneo

depending upon whether it occurs by its own or is triggered by external photon, scattering of 

light can also be spontaneous or stimulated[15]. 

Fig.1.5: Scattering of light 

Fig.1.6: Spectrum of scattering 

scattering phenomenon such as Stimulated Brillouin Scattering (SBS), Stimulated Raman 

Scattering of light refers deflection in its direction of propagation to random directions when 

. It takes place due to variations in the refractive 

properties of the medium or due to interaction of light with bosonic excitations of the 

medium. Like emission of light due to electronic transitions can be spontaneous or stimulated 

depending upon whether it occurs by its own or is triggered by external photon, scattering of 
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Scattering of light is said to be spontaneous if the medium's optical properties remain 

unaffected during the propagation of light i.e., the bosonic excitations of the medium are 

neither damped nor amplified due to their interaction with light. In case of stimulated 

scattering, the medium’s optical properties get modified due to presence of light. In other 

words in the stimulated version of scattering the bosonic excitations of the medium get 

amplified. Stimulated scattering differs from spontaneous scattering in several other aspects 

like: 

1. It is observed at high intensity i.e., there exists a certain threshold intensity below which 

scattering will be spontaneous. 

2. It occurs for radiations with very narrow spectral width i.e., for quasi monochromatic 

radiations. 

3. It is highly coherent process in contrast to spontaneous scattering which is totally non 

coherent. 

4. It does not involve any anti stoke’s component.  

Depending on the kind of bosonic excitation due to which scattering is occurring, there 

are number of different scattering processes like Rayleigh scattering, Rayleigh wing 

scattering, Raman scattering, Brillouin scattering  etc. 

1. Raman Scattering[16]: Scattering due to molecular vibrations or optical phonons. 

2. Brillouin Scattering[17]: Scattering due to lattice vibrations or acoustical phonons. 

3. Rayleigh Scattering[18]: Scattering due to propagating density fluctuations or entropy 

fluctuations. 

4. Rayleigh Wing Scattering[19]: A scattering due to an anisotropic molecule's fluctuating 

orientation. 

 1.3 Origin of scattering 

Scattering of light occurs as result of variations in the optical properties (index of refraction, 

dielectric function, susceptibility). In purely homogeneous media scattering of light cannot 

occur. This fact can be explained as follows: 

          Consider a purely homogeneous medium which is illuminated by a plane wave. 

Let the volume element 𝑑𝑉ଵ scatters light into the direction 𝜃. In homogeneous media, one 

can always locate a nearby volume element 𝑑𝑉ଶ whose scattered light interferes destructively 



 

with the scattered light from volume element

homogeneous media, light will not scatter since this argument applies to any volume element 

in the medium. Hence, scattering of light occurs due to variation in the optical properties of 

medium. E.g. If the density of the medium is not uniform then there can be a  possibility

the total number of molecules in a volume element 

molecules in 𝑑𝑉ଶ, which will result in net scattered light becaus

between the fields scattered by these two elements cannot exactly cancel each other. 

 

 

1.4 Scalar and tensor scatterings

As the scattering of light results from changes in the optical propert

the dielectric tensor of scattering medium can be written as
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ht from volume element 𝑑𝑉ଵ. We can conclude that for completely 

homogeneous media, light will not scatter since this argument applies to any volume element 

in the medium. Hence, scattering of light occurs due to variation in the optical properties of 

. E.g. If the density of the medium is not uniform then there can be a  possibility

the total number of molecules in a volume element 𝑑𝑉ଵ not to equal the total number of 

which will result in net scattered light because the destructive interference 

between the fields scattered by these two elements cannot exactly cancel each other. 

Fig.1.7: Origin of scattering 

 

1.4 Scalar and tensor scatterings 

As the scattering of light results from changes in the optical properties of material medium, 

the dielectric tensor of scattering medium can be written as 

𝜖௜௞ = 𝜖 ഥ 𝛿௜௞ + ∆𝜖௜௞ 

. We can conclude that for completely 

homogeneous media, light will not scatter since this argument applies to any volume element 

in the medium. Hence, scattering of light occurs due to variation in the optical properties of 

. E.g. If the density of the medium is not uniform then there can be a  possibility for 

not to equal the total number of 

e the destructive interference 

between the fields scattered by these two elements cannot exactly cancel each other.  

 

ies of material medium, 
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where, 𝜖 ഥ  represents the average dielectric constant of the medium, ∆𝜖௜௞  is the spatial or 

temporal variation in the dielectric tensor. 

It is convenient to decompose fluctuations ∆𝜖௜௞ into scalar and tensor contributions as     

∆𝜖௜௞=∆𝜖 𝛿௜௞ + ∆𝜖௜௞
୲  

1.4.1 Scalar Scattering  

The scalar contribution ∆𝜖 results due to variation in thermodynamic quantities such as 

density or temperature, pressure, entropy. Scattering of light that results from ∆𝜖 is called 

scalar scattering e.g., Brillouin scattering, Rayleigh scattering. 

1.4.2 Tensor Scattering 

Scattering that result from ∆𝜖௜௞
௧  is called tensor light scattering. It is further convenient to 

express ∆𝜖௜௞
௧  as sum of symmetric and anti symmetric parts as 

∆𝜖௜௞
௧ = ∆𝜖௜௞

௦ + ∆𝜖௜௞
௔  

Where ∆𝜖௜௞
௦ = ∆𝜖௞௜

௦  ⟶Rayleigh Wing scattering and  

∆𝜖௜௞
௔ = −∆𝜖௞௜

௔ → Raman scattering 

1.5 Brillouin scattering of light 

In 1915, Louis Brillouin suggested that light travelling through a material medium must 

undergo slight changes in wavelength as the result of encounter with the high frequency 

sound waves that arise from the ordinary thermal vibrations of atoms in the material. The 

sound waves from the vibrating atoms fan out in all directions, and since the vibrations may 

vary considerably in frequency, the waves have a wide range of frequencies up into the 

infrared. Like other sound waves, they consist of alternate compressions and expansions in 

the direction of the wave propagation. Since the velocity of such a wave is much slower than 

that of a light wave, it follows that the sound wave is much shorter than an electromagnetic 

wave of the same frequency. Hence a wave of visible light passing through a liquid in the 

same direction as a sound wave of the same frequency will encounter regularly spaced 

maximal compressions and expansions of the sound wave. A part of the light will be 

reflected from each sound wave crest, and if the spacing between the crests is just half the 

wavelength of the light, the reflections will add in phase to produce an appreciable amount of 

light. Brillouin scattering is analogous to Doppler Effect. The frequency of the scattered light 



 

is shifted up or down depending on whether the sound wav

incident light wave or propagating in the same direction as that of the light wave.

The formula for Brillouin scattering makes it possible to measure the velocity of 

sound at various wavelengths in any liquid and thus to study 

materials. Observation of scattering is so difficult with ordinary light sources; however, that 

very little work was done along this line before the laser became available. With a laser beam 

thanks to monochromaticity and directiona

scattering.  

 

Fig.1.8: Equivalence of Doppler 

 

 

 

9 

is shifted up or down depending on whether the sound wave is approaching towards the 

incident light wave or propagating in the same direction as that of the light wave.

The formula for Brillouin scattering makes it possible to measure the velocity of 

sound at various wavelengths in any liquid and thus to study important properties of 

materials. Observation of scattering is so difficult with ordinary light sources; however, that 

very little work was done along this line before the laser became available. With a laser beam 

thanks to monochromaticity and directionality, it is now relatively easy to observe Brillouin 

1.8: Equivalence of Doppler Effect and Brillouin scattering

Fig.1.9: Acoustical phonon 

e is approaching towards the 

incident light wave or propagating in the same direction as that of the light wave. 

The formula for Brillouin scattering makes it possible to measure the velocity of 

important properties of 

materials. Observation of scattering is so difficult with ordinary light sources; however, that 

very little work was done along this line before the laser became available. With a laser beam 

lity, it is now relatively easy to observe Brillouin 

 

and Brillouin scattering 
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By bringing together the incident laser beam and scattered light on the cathode of a 

phototube, it is possible to measure extremely minute frequency shifts in the scattered light. 

The phototube current shows a beat signal at the difference frequency, even when the shift 

amounts to only a few cycles per second.  

From the perspective of quantum mechanics, Brillouin scattering refers to the 

scattering of light caused by acoustical phonons. 

1.6 Stimulated Brillouin Scattering 

 In stimulated Brillouin scattering, the material is not subjected to an external sound wave or 

pressure–density variation. Instead, the stimulation occurs internally through a pair of light 

waves propagating in opposite directions. Any medium traversed by light is subjected to 

strong mechanical forces caused by the high electric fields created by a high-power laser. 

These forces are known as electrostrictive forces and exhibit proportionality to the square of 

the electric field. The electrostrictive force causes compression in a medium that exhibits 

isotropic properties and another medium appears to have a nearly compressive 

electrostrictive force. When electric field reverses, it remains unchanged in sign as it is 

proportional to the square of the electric field. In other words there is consistent compressive 

force exerted on the medium which is proportional to the intensity of the light. 

Approximately one dyne per kilowatt is estimated to be the magnitude of this force. 

Consequently, a light flux of 10଼ watts per square centimeter leads to an electrostrictive 

pressure of approximately 10ହdyne/cmଶ, which is equivalent to around 100 g/cmଶ in 

magnitude. A change in light intensity is accompanied by a change in electrostrictive 

pressure. 

The generation of beats between two distinct light waves is achieved by using the 

time coherence property of laser. The light frequency is exceedingly high, approximately 

1014 cycles per second so that when the various frequencies of light waves differ by a very 

small fraction, the absolute frequency difference is large.  Thus, beats will be produced by 

two light signals of frequencies νଵ and νଶ propagating through the medium simultaneously. 

The instantaneous intensity at a given point will fluctuate; exhibiting rises and falls at the 

difference frequency  νଵ - νଶ. At this difference frequency, there will be an electrostrictive 

force on the medium, and it can set up vibration in the medium. 



 

When the difference

which sound waves can propagate 

intense sound waves. The production of sound waves is feasible at any frequency within the 

range where sound can propagate 

propagation of an intense laser beam of frequency 

by a preexisting thermally generated 

frequency  𝜈ଶ = 𝜈ଵ − 𝜈௦ of light will be created. The interaction of highly intense incident 

light results in combination of scattered and incident light,

force at the difference frequency

medium undergoes amplification, and this leads to further scattering of light. Such a 

scattering of light is known as St

accompanying sound waves

of inducing and examining the behavior of high frequency sound waves in practically any 

light transmitting material. The experimental arrangement for SBS is shown below:

Fig.1.10: 

1.7 Applications of Stimulated Brillouin Scattering

1.7.1 Optical Phase Conjugation 
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When the difference νଵ - νଶ  is of the same order of magnitude as the frequencies at 

h sound waves can propagate through the medium, electrostrictive forces can 

. The production of sound waves is feasible at any frequency within the 

range where sound can propagate including above microwave frequencies.

propagation of an intense laser beam of frequency 𝜈ଵ through a medium, it can be scattere

by a preexisting thermally generated sound wave of frequency 𝜈௦. As

of light will be created. The interaction of highly intense incident 

light results in combination of scattered and incident light, generating an electrostrictive 

force at the difference frequency 𝜈௦ = 𝜈ଵ − 𝜈ଶ. As a result the existing sound wave within the 

medium undergoes amplification, and this leads to further scattering of light. Such a 

known as Stimulated Brillouin Scattering (SBS). 

waves can be so large that the crystal is broken. This provides a mean 

of inducing and examining the behavior of high frequency sound waves in practically any 

l. The experimental arrangement for SBS is shown below:

Fig.1.10: Experimental arrangement for SBS 

1.7 Applications of Stimulated Brillouin Scattering 

1.7.1 Optical Phase Conjugation  

is of the same order of magnitude as the frequencies at 

through the medium, electrostrictive forces can give rise to 

. The production of sound waves is feasible at any frequency within the 

including above microwave frequencies. During 

through a medium, it can be scattered 

. As a result, another 

of light will be created. The interaction of highly intense incident 

generating an electrostrictive 

As a result the existing sound wave within the 

medium undergoes amplification, and this leads to further scattering of light. Such a 

cattering (SBS). In solids, the 

. This provides a mean 

of inducing and examining the behavior of high frequency sound waves in practically any 

l. The experimental arrangement for SBS is shown below: 
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Imagine an athlete standing on a diving board preparing for the high jump. Run fast 

and fly. However, a slight technical error results in the body entering the water an incorrect  

angle, creating a large splash and spreading waves from the point of contact. How cool 

would it be if you could go back in time, fix your mistakes, and score high? The jet of water 

converges, the waves return to the point of contact, and the diver is pushed out of the water 

onto the platform, leaving the surface as smooth as it was before the dive. Unfortunately, 

although such scenarios can easily be viewed using a movie projector. The observations of 

time reversal disprove our common everyday perception. It contradicts the second law of 

thermodynamics, which states that systems naturally move towards maximum entropy. 

Nonetheless if the actor is a light wave or any other type of electromagnetic radiation, 

the scenario can be executed successfully. Such phenomena are made possible by a striking 

and well-known property of light rays: the reversibility of light. For each individual light 

beam characterized by specific arrangement of rays, there is a existence of a corresponding 

“time-reversed" beam in which the rays follows the identical trajectory however in the 

opposite direction, analogous to rewinding film. The achievement of wave motion reversal is 

attributed to an exceptionally simplified treatment of the problem. There is no need to reverse 

the quantum mechanical or thermal motion of atoms or electrons that emit or refract light. 

For practical purposes, the inverse of the temporal behavior of macroscopic parameters that 

describe the average motion of a substantial number of particles is sufficient.  

The existence of reversed beams has significant implications. For example, it is 

evident that an ideal beam, or one that is free of distortion and has minimum divergence, can 

be degraded by transmitting it through inhomogeneities, such as a glass plate of non uniform 

thickness. The property of reversibility means it is possible to create an "anti-distorted" beam 

that becomes ideal after being transmitted backward through the inhomogeneities. The 

technology by which such beams are created and manipulated is called optical phase 

conjugation. The waves making up such a beam are called phase-conjugate waves. 

Optical phase conjugation is employed to eliminate aberrations effects from specific 

types of optical systems. The characteristics of phase conjugation process can be understood 

by comparing the reflection of an optical beam from an ordinary metallic mirror with that 

from Phase Conjugated Mirror (PCM) (fig. 1.11). It can be seen that in case of ordinary 

metallic mirror the most advanced section of the incident wavefront is reflected as most 



 

advanced section. However, in case of reflection from PCM the most advanced section of the 

incident wavefront is reflect

Fig.1.11
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advanced section. However, in case of reflection from PCM the most advanced section of the 

incident wavefront is reflected as most retarded section.  

.11: Ordinary mirror vs. phase conjugate mirror

advanced section. However, in case of reflection from PCM the most advanced section of the 

 

Ordinary mirror vs. phase conjugate mirror 



 

14 
 

1.7.2 Production of Phase Conjugation by SBS  

It is easy to generate the phase conjugation of a plane wave. For this one simply need to 

mount a plane mirror so that the wave is reflected precisely backward. It is not much more 

difficult to conjugate a wave that has a spherical wavefront. A concave mirror in the shape of 

a section of a sphere would be mounted so that the center of the mirror corresponds to the 

source of the wave. Then at every point on the mirror the rays would be incident 

perpendicularly to the surface and would be reflected precisely backward. 

To conjugate a beam that has an arbitrary wavefront, position a mirror whose profile 

coincides with that of the wavefront. Unfortunately such a method is difficult to realize in 

practice due to following reasons:  

1. One would have to make a new mirror for each particular incident beam. 

2. Even the shape of a wavefront of a laser beam can change during a brief pulse; one 

would therefore have to change the shape of the mirror continuously to match the 

changing shape of the wave. 

3. The precision required for prepare and position such a mirror would be extremely 

high. 

To produce a phase conjugate wave, a medium or surface is required whose 

properties are affected by the characteristics of waves that are incident on it. That 

dependence allows the medium or surface to adjust itself with such delicate correspondence 

to the structure of the incoming beam that a reflected phase conjugate beam is produced 

under certain conditions. Fortunately such materials do exist. They are termed as optically 

nonlinear media. 

Two widely used methods of optical phase conjugation that rely on such nonlinear 

optical media are: 

1.   Four wave mixing 

2.   Stimulated Brillouin scattering 

 The main trick that allowed phase conjugation to take place was the use of a special 

glass plate that had been made non uniform by etching with hydrofluoric acid. A beam of red 

light from a pulsed ruby laser was distorted by being passed through the plate. The distorted 

beam was directed into a pipe one meter long, four millimeters wide and four millimeters 

high that had been filled with gaseous methane at a pressure of 140 atmospheres. Stimulated 



 

Brillouin scattering occurred in the pipe, and the reflected beam, when it was passed 

backward through the same 

was identical with that of the incident beam.

  Phase conjugation by stimulated scattering has now been realized in a large number 

of scattering mediums and many types of lasers. The main advantage of the technique is that 

it only requires a cell filled with an appropriate gas, liquid or solid.

1.7.3 The Phonon Maser 

Acoustic waves adhere to equations that share a similar general form as those governing light 

waves, thereby demonstrating various analogous phenomena. An acoustic wave has the 
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illouin scattering occurred in the pipe, and the reflected beam, when it was passed 

backward through the same hedplate etc., emerged undistorted. That is to say, its structure 

was identical with that of the incident beam. 

Fig.1.12: Phase conjugation by SBS 

Phase conjugation by stimulated scattering has now been realized in a large number 

of scattering mediums and many types of lasers. The main advantage of the technique is that 

it only requires a cell filled with an appropriate gas, liquid or solid. 

 

Acoustic waves adhere to equations that share a similar general form as those governing light 

waves, thereby demonstrating various analogous phenomena. An acoustic wave has the 

illouin scattering occurred in the pipe, and the reflected beam, when it was passed 

emerged undistorted. That is to say, its structure 

 

Phase conjugation by stimulated scattering has now been realized in a large number 

of scattering mediums and many types of lasers. The main advantage of the technique is that 

Acoustic waves adhere to equations that share a similar general form as those governing light 

waves, thereby demonstrating various analogous phenomena. An acoustic wave has the 
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capability to induce excitation of atoms or molecules and can obtain energy from it through 

either spontaneous or stimulated emission. Therefore, if molecules are suitably coupled to an 

acoustic field and the excitation meets the threshold condition, masers can effectively 

stimulate the generation of acoustic waves.  The initial proposed systems in this context 

included spin states inversion of impurities within a crystal, employing methods analogous to 

those utilized in solid-state electromagnetic masers. It seems that Brillouin scattering and its 

closely related counterpart, Raman scattering appears to be more generally applicable 

techniques that rely on phase correlation instead of population inversion to generate 

amplification. Parametric amplification can also be regarded as an alternative perspective on 

this process. 

Like a grating, an acoustic wave can scatter light by its train of crests and troughs. A 

Doppler shift occurs because the wave is moving. Brillouin was first to analyze, scattered 

light frequency is shifted from the original beam frequency 𝜈଴ by certain amount 

𝜈 = 2 𝜈଴
௩

௖
sin

ఏ

ଶ
                                                                 (1.3) 

Here 𝑐  and 𝑣 denote the phase velocities of light and sound, respectively within the medium 

while 𝜃 represents angle of scattering. The energy ℎ𝜈 that is lost is transferred to acoustic 

wave involved in scattering, which posses a frequency of 𝜈. In the event that the light 

possesses ample intensity, it has the capability to impart energy to the acoustic field at a rate 

that exceeds its rate of loss. This enables the fulfillment of a threshold condition, resulting in 

the steady accumulation of acoustic energy. 

Typically, achieving significant amplification using regular light is challenging due to 

the substantial losses incurred at the high acoustic frequencies (109 to 1010cy/sec) described 

by Eq. (1.3), especially when 𝜃 is not significantly small. But, it is possible to produce highly 

intense acoustic wave by SBS that can shatter glass or quartz by laser beams with power 

intensities of range of hundreds of megawatts per square centimeter. As a result, extremely 

high-frequency acoustic waves can be generated and studied almost in any material where 

there is light transmission, a possibility not previously possible. 

It has been studied for some time that Brillouin scattering is caused by spontaneous 

emission. With the advent of highly intense and monochromatic laser light, this technique 

can now be employed with enhanced precision. Consequently, it provides valuable insights 

into the propagation of hypersonic waves in materials, yielding interesting information in the 
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process.  Despite Eq.1.3 that put a kind of limit, for 𝜃 = 𝜋, of  2 𝜈଴
௩

௖
 , stimulated emission 

has no fixed limit on the acoustic frequencies it can produce. However, within the optical 

branch of acoustic waves, the phase velocity 𝜈 can attain exceptionally high values. The 

Raman maser, or stimulated Raman scattering, is an optical branch of an acoustic spectrum 

that generates coherent molecular oscillations. It is thus possible to generate and investigate a 

significant portion of both the acoustic spectrum and electromagnetic spectrum using 

quantum-electronic techniques. 

1.8 SBS in Plasmas 

Plasma as a whole maintains quasineutrality; however, due to the separation of 

electrons and positively charged ions, disturbances can give rise to regions with net negative 

and net positive charges, resembling the plates of a charged parallel plate capacitor. The 

uneven distribution of charges in such cases set up an electric field from the positive regions 

to the negative regions. The presence of this electric field exerts equal forces that attract the 

electrons and ions towards each other. As a result of this attractive force electrons and ions 

start moving towards each other. While the electrons and ions approach each other, their 

velocity and momentum gradually increase, analogous to a pendulum moving from an 

extreme position towards its mean position. The increase in momentum causes the electrons 

and ions to surpass their equilibrium positions, leading to a reversal in the direction of the 

electric field. With the electric field now reversed, it acts in opposition to the motions of 

electrons and ions, causing them to decelerate and eventually be pulled back in the opposite 

direction. The process continues to repeat itself in a cyclic manner, creating an electron-ion 

oscillator. When considering the influence of thermal velocity, these electron-ion oscillators 

give rise to a longitudinal wave that alternately compresses and rarifies the density of the 

plasma (fig. 1.14).  

These density fluctuations associated with IAW act like acoustical phonons and thus 

scatter the incident laser beam through the process of SBS. 
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Fig.1.13: Plasma 

 

Fig.1.14: Ion acoustic wave in plasma 

 

1.9 Objectives  

 

1. To study excitation of ion acoustic waves self focused 𝑞-Gaussian laser beams in 

relativistic plasmas with axial density ramp. 

2. To study Stimulated Brillouin scattering of 𝑞-Gaussian laser beams in axially 

inhomogeneous plasmas. 

3. Self action effects of quadruple Gaussian laser beams in thermal quantum plasmas. 

4. Stimulated Brillouin scattering of self focused quadruple Gaussian laser beams in 

thermal quantum plasmas 
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Chapter- 2 

Literature Review 

2.1 Introduction 

This chapter unravels the contribution of different researchers in the field of laser-matter 

interactions.  

2.2 Review of Literature 

1. Y. P.  Nayyar et al. (1977)[20] investigated that in the extra-paraxial region, beam of 

laser is self-focused and defocused. In this paper, they have studied that in the extra 

paraxial region, transverse Gaussian (TEM00 mode) and TEM10 laser beams are self-

focused/defocused. Gaussian mode shows self-focusing for axial points while for off-axial 

point, self defocusing takes place. For the TEM10 mode, the reverse effect has been 

observed. 

2. V. S. Soni et al. (1980)[21] presented that in a collisionless magnetoplasma, elliptical 

beam of laser is self-trapped and self-focused. It has been observed that for the 

extraordinary mode, the critical power is half the critical power of self-trapping for 

ordinary mode. 

3. R. N. Agarwal et al. (1996)[22] studied that self guided high power beam of laser while 

transmitting through plasma creates channel of low density. The author studied   

phenomenon of Stimulated Brillouin Scattering (SBS) of laser in plasma medium. The 

growth rate is decreased because of geometrical factor according to nonlocal theory of 

SBS. 

4. W. Jinsong (1996)[23] studied that density fluctuation in absorption media causes 

stimulated brillouin scattering of thermally generated acoustic wave. The author predicted 

the threshold for the phenomenon of SBS generation and the line width of stokes radiation 

by utilizing the Fourier transform. 

5. A. V. Maximov et al. (2004)[24] investigated inertial confinement fusion targets with 

direct-drive inertial confinement that have been modeled as nonlinear laser beam 

propagation at the critical density surface, smoothed by spatial and temporal bandwidth. 
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6. J. Myatt et al. (2004)[25] developed the scheme  for simulating LPI  using the LPI 

codepF3D, in the underdense corona of direct drive targets where critical density surface 

is always present and the plasma is extremely inhomogeneous. 

7.  L. Deng et al. (2005)[26] used Fresnel-Kirchhoff diffraction theory to study the 

emergence of far-field patterns of Gaussian profile of laser propagating through medium 

exhibiting the phenomenon of self-focusing/defocusing. Pattern formation was studied 

using various Gaussian profile and various Kerr media. 

8. B. Eliasson et al. (2005)[27]  purposed that in plasmas, whistlers are linearly self-focused. 

The analytical results of the wave model are compared with the direct simulation of the 

whistler wave equation. Numerical results describe the frequency-modulated whistlers and 

their rapid localization within plasmas. 

9. P. Jha et al. (2006)[28] studied the dynamics of laser in underdense, cold, transversely 

magnetized plasma. The author represented that perpendicular magnetization of plasma 

increases the self-focusing of laser beam inside plasma and calculated the critical power 

needed for self focusing of laser. 

10. Amrita et al. (2006)[29] studied progression of Gaussian laser beam inside the 

collisional plasma causes non uniform heating of electrons that causes self-focusing of 

beam of laser. For the axial points, temperature is maximum and decreases rapidly for 

the off axial points. 

11. S. P. Singh et al. (2007)[30] studied the nonlinear effects in fiber optics. Nonlinearity in 

optical fiber arises due to dependence of intensity on refractive index and inelastic 

scattering phenomenon. The author discussed self-phase modulation, cross-phase 

modulation and four-wave mixing nonlinear effects in optical fiber. 

12. J. Parashar (2009)[31] studied that propagation of highly intense Gaussian laser beam 

through gas containing atomic clusters generate nano plasma medium that assist self 

focusing of beam of laser. The impact of self focusing on laser third harmonic generation 

has been studied. Due to nonlinear response of electrons, laser beam generate third 

harmonic. 

13. K. I. Hassoon et al. (2010)[32] investigated the self-focusing of high intense laser by 

relativistic effects guiding in a plasma perpendicular to the ambient magnetic field using 

the slab model. 
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14.  R. Singh et al. (2010)[33] investigated ponderomotive acceleration of electrons caused 

by short self focused laser by relativistic means. Recurrent self-focusing of laser occurs 

due to saturation in nonlinear plasma permittivity. The periodic lengths vary across 

different axial segments of the pulse, leading to distortion in the pulse shape. 

15. D. Tripathi et al. (2010)[34] explained relaxing ponderomotive nonlinearity to study the 

nonstationary self-focusing of a Gaussian laser in plasma. The wave equation was work 

out by paraxial ray approximation method. 

16. N. Kant et al. (2011)[35] analyzed the  effect of ponderomotive force on self-focusing 

of laser in underdense plasma with upward ramp of density. During propagation of laser 

inside the plasma, the spot size show oscillatory behavior. The study showed defocusing 

can be minimized with upward ramp of density in plasma. 

17.  N. Kant et al. (2012)[36] studied how hermite–Gaussian beams of laser are self-

focussed in plasma medium having upward density ramp transition. The spot size varies 

harmonically with propagation distance. Paraxial ray approximation was used to find the 

equations for beam width of laser beam. 

18. S.V. Chekalin et al. (2013)[37] studied in general terms, similarities and dissimilarities 

between the phenomena of laser beam self-focusing and laser pulse filamentation. Their 

studies describe the current status of nonlinear optics and laser physics. 

19. V. Nanda et al. (2013)[38] described how Hermite-cosh Gaussian beam of laser is self 

focused in a magnetoplasma with density ramp profile. Hermite-cosh-Gaussian beam of 

laser is early and strongly self-focussed in magnetoplasma with density ramp.  

20. P. Sprangle et al. (2014)[39] studied interaction and propagation of high intense and 

high power laser. This paper gives overview of the number of applications and processes 

associated with high-intensity, high-power lasers, and their interactions.  

21.  M. Aggarwal et al. (2014)[40] studied the propagation of a cosh Gaussian beam of 

laser in plasma having density ripple using the paraxial approximation. The variation of 

refractive index because of relativistic interaction of laser-plasma and self focusing of 

beam of laser by ponderomotive force has been considered.  

22.  V. Nanda et al. (2014)[41] studied that in plasma with density transition, enhanced self-

focusing by relativistic means occurs for Hermite-cosh-Gaussian beam of laser. Using 
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WKB approximation and paraxial ray approach, the equation of beam width parameter 

have been derived. 

23.  P. Sati et al. (2014)[42] studied frequency broadening and self-focusing pulse of laser 

in water. An analytical model is developed for the avalanche breakdown of water by 

finite spot size, intense short pulse of laser.  

24. M. Aggarwal et al. (2015)[43] studied the dynamics of Quadruple Gaussian in 

inhomogeneous and non-linear plasmas using paraxial approximation and Wentzel-

Kramers-Brillouin approximation. The impact of magnetic field is studied on self-

focusing of laser beam in plasma. 

25. N. Kant et al. (2015)[44] purposed dynamics of cosh-Gaussian beam of laser in plasma 

with linear absorption and density transition ramp by paraxial approximation method. 

The density ramp of plasma and non-linear absorption play significant role in self 

focusing of laser beam inside plasma. 

26. R. P. Sharma et al. (2015)[45] proposes numerical simulation to explain the 

phenomenon of self focusing of laser inside plasma. The coupled equations describing 

the propagation of ion acoustic wave and laser in collisionless plasma are presented by 

numerical simulation. The effect of perturbation number is studied on nonlinear 

propagation of laser. 

27. A. Singh et al. (2015)[46] investigated that in preformed parabolic channel of plasma, 

second harmonic is generated by relativistically self-focused 𝑞-Gaussian beam of laser. 

Moment theory approach was used to obtain differential equation for evolution of spot 

size of laser with respect to propagation distance. 

28. A. Singh et al. (2015)[47] investigated in collisionless plasma; second harmonic is 

generated by self focusing of cosh-Gaussian beam of laser. The differential equation 

governing the evolution of spot size of ChG beam of laser in collisionless plasma has 

been derived using moment theory.  

29. R. S. Craxton et al. (2015)[48] presented a review paper on direct-drive inertial 

confinement fusion. The author identified problems demonstrated and solutions 

implemented by target-physics experiments that have evolved scientific understanding in 

many areas. 
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30. C. Riconda et al. (2016)[49] studied that for laser-plasma interactions relevant to 

inertial confinement fusion, Raman–Brillouin interplay is important. Based on extensive 

one-dimensional (1D) particle-in-cell (PIC) simulations across a variety of parameters, 

the present paper extends and complements previous work. 

31. M. A. Wani et al. (2016)[50] studied that in linear absorbing collisional plasma; a 

chirped Gaussian laser beam undergoes self-focusing and defocusing. The chirp 

parameters and laser parameters greatly affect the spot size of laser beam. The chirp 

parameters minimize the divergence of laser beam and assist in self-focusing of laser 

beam inside plasma. 

32. E. Garmire (2017)[51] studied the important development that have led to today’s non 

linear optics field of stimulated Brillouin scattering are described in this perspectives 

about the earliest years of physics of stimulated Brillouin scattering. Controlling 

stimulated Brillouin scattering in fibers and exploiting its phase conjugation properties in 

both bulk media and fibers has enabled a wide range of applications. 

33. L. Devi et al. (2017)[52] investigated the validity of paraxial theory for propagation of 

super-Gaussian laser in plasma. Formation of plasma takes place during the propagation 

of high intense laser through gas. Super-Gaussian beam is most intense on axis which 

causes plasma density and hence velocity of laser to be maximum on axis which in turns 

lead to defocusing of laser beam. 

34. E. S. Zyryanova (2018)[53] studied the phenomenon of stimulated Brillouin scattering 

in optical fiber communication system. Phenomenon of stimulated Brillouin scattering 

occurs both in single and multimode and threshold value does not depends on modes. 

35. E. Garmire (2018)[54] explained stimulated Brillouin scattering is ubiquitously used in 

optical systems today, including sensors, high-power lasers, scientific instruments 

microwave signal processors and opto mechanical systems. SBS is useful and practical 

technology in a range of applications for fifty years, beginning with its conceptual 

discovery 50 years ago. 

36. Z. Bai et al. (2018)[55] reviewed materials for stimulated Brillouin scattering 

experimental design and uses. SBS materials, SBS application, experimental design and 

parameter optimization method are discussed in detail. In this article, this is expected to 

provide reference and guidance to SBS related experiments. 
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37. S. A. Kozlov et al. (2018)[56] studied that pulses with short periods do not self-focus. 

Author describes surprises in nonlinear optics for few-period waves, such as the 

vanishing self-focusing phenomenon of high-power radiation. 

38. M. Habibi et al. (2018)[57] studied the propagation of laser beam inside plasma 

medium. During the propagation of high intense laser in plasma, the spot size of laser 

depends on plasma parameters and laser. Nonlinear phenomenon that occur during laser 

plasma interaction are discussed. Various types of phenomenon of self-focusing of laser 

are discussed. 

39. V. Nanda et al. (2018)[58] compares the self-focusing of beam of laser in classical 

relativistic and relativistic cold quantum case for decentered parameter 𝑏 = 0.9. Self-

focusing is boosted with penetration of laser in relativistic cold quantum plasma. 

40. R. Borghi (2018)[59] studied that in quantum mechanics, variational methods are 

typically presented as useful strategies for obtaining rough estimates of ground state 

energies. A brief list of well-known potential distributions in both 1D and 3D is provided 

in this paper. 

41. N. Kant et al. (2019)[60] studied the dynamics of hermite cosh Gausssian in 

magnetoplasma having exponential slope of plasma density. The exponential slope of 

density of plasma causes stronger convergence of laser in comparison to tangential 

plasma density slope. Self focusing is stronger in high dense plasma with strong 

magnetic field. 

42. V. Thakur et al. (2019)[61] studied that in a collisionless plasma with exponential slope 

of density, Hermite-cosine-Gaussian (HChG) is self-focussed by relativistic means. For 

different values of laser intensity, plasma density, and decentered parameters, self-

trapping and self-focusing of Hermite-cosine-Gaussian (HChG) laser is investigated. 

43. K. Walia (2020)[62] studied stimulated Brillouin scattering in unmagnetized plasma 

under the effect of ponderomotive force and relativistic motion of electrons. The 

interaction of high intense laser causes variation in mass of electrons that produces 

nonlinearity in plasma. Nonlinearity is also produced due to ponderomotive force. The 

equation governing the spot size of laser is solved using 4th order RK method. 

44. H. K. Malik et al. (2020)[63] studied the phenomenon of self-focusing by relativistic 

nonlinearity and shift in frequency of super-Gaussian beam of laser in plasma medium. 
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Interaction of high intense laser beam causes variation in mass of electron that in turn 

leads to self focusing of laser beam. The author investigated that frequency shift is 

increased due to self-focusing of laser beam. 

45. L. Devi et al. (2020)[64] investigated the effect of magnetic field on lasers having same 

spot size. Super-Gaussian lasers are strongly self-focused under the action of stronger 

magnetic field. Laser beam with larger spot size is much better self-focused. Due to 

pinching effect of quasi-stationary magnetic field, earlier self focusing of high intense 

laser occurs. 

46. K. Virk (2021)[65] reviewed a paper on self focusing of laser beam during its 

propagation inside plasma. Interaction of high intense laser in plasma causes change in 

its optical properties that produces non linearity in plasma that results in self focusing of 

laser inside plasma. Mechanisms of self focusing and second harmonic generation are 

discussed. 

47. R.  J.  J.  Rioboo et al. (2021)[66] studied Brillouin spectroscopy in the biomedical field 

to study mechanical properties in biology. Brillouin imaging is governing the 

viscoelastic behavior of biological samples. This technique has been used to analyze 

animal tissues, sub cellular components, cells and human samples. 

48. Bashan et al. (2021)[67] studied Forward Stimulated Brillouin Scattering(FSBS) within 

fiber optics and photonic integrated circuits, delving into its implications for 

optomechanical non-reciprocity in standard polarization maintaining fibres.  

49. D. Asgharnejad et al. (2021)[68] studied the phenomenon of self-focusing of Gaussian 

laser under ponderomotive and relativistic nonlinearity in magnetized, collisionless, 

warm quantum plasma. The study shows relativistic and ponderomotive nonlinearity 

boost self focusing of laser in warm quantum plasma in contrast to cold quantum plasma. 

50. N. Gupta et al. (2021)[69] studied the propagation dynamics of elliptical 𝑞-Gaussian 

beam of laser inside plasma that generate the electron plasma wave inside plasma.  As 

irradiance profile converges to Gaussian profile, the self focusing is reduced which 

decreases the amplitude of electron plasma wave in plasma. 

51. N. Gupta et al. (2022)[70] investigated the pulse width, beam widths and axial phase 

shift of laser beam by considering the elliptical profile of laser beam inside plasma. 

Gaussian profile increases self focusing of laser beam but it slows down the focusing. 
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The laser pulse self-focuses less in the transverse direction, which is initially more 

elliptical. 

52. P. P. Nikam et al. (2022)[71] studied the impact of magnetization parameter on self 

focusing of Gaussian laser beam within magnetized collisionless plasma. In comparison 

to unmagnetized case, self focusing is increased by forward magnetic field and vice 

versa. 

53. S. Kojima (2022)[72] reviewed Brillouin scattering studies on proteins, ferroelectric 

materials and glasses in materials science. The ferroelectric phase transition with the 

sharp elastic anomaly and critical slowing down is demonstrated. Protein polymorphism 

and denaturation is confirmed by change in qausi-elastic and elastic properties. 

54. M. Merklein et al.  (2022)[73] reviewed of 100 years of stimulated Brillouin scattering 

together with its history and future perspects. Applications of SBS are discussed in fiber 

optics and medical sciences. 

55. X.  Zeng et al. (2022)[74] studied that in chiral photonic crystal fiber, phenomenon of 

SBS occurs. SBS has many applications in signal processing, microwave photonics, 

sensing. 

56. K. Tian et al. (2022)[75] investigated self focusing and self defocusing of Hermite-sinh-

Gaussian (HsHG) in underdense non uniform plasma medium. The impacts of beam 

intensity, plasma parameters on phenomenon of self focusing/defocusing are discussed. 

Increase in hermite mode index decrease self focusing and increase self defocusing. 

57. N. Gupta et al. (2022)[76] studied the self action effects of high intense laser during its 

interaction with plasma. An equation set has been derived to describe the changes in 

beam width and axial phase shift of a laser beam. During the propagation of laser inside 

plasma, irradiance profile of laser beam play important role. Gaussian profile possesses 

fast focusing character. 

58. L. Devi et al. (2023)[77] studied the phenomenon of self focusing and defocusing of 

super Gaussian laser beam in plasma with various density profiles. Moment theory is 

used to explain self focusing of super Gaussian profile. Results of self focusing and 

defocusing phenomenon are being compared for linear, tangent and exponential density 

profiles. 
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59. A. Butt et al. (2023)[78] studied the effect of plasma density ramp on self-focusing of 𝑞-

Gaussian laser inside plasma. Laser spot size shows oscillatory behavior inside plasma 

medium. Increase in 𝑞 value decreases self focusing of laser but higher value of 𝑞 

possesses fastest focusing character. 
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Chapter- 3 

Amplitude structure of laser beam 

3.1 Introduction  

To characterize a laser beam, its spatial amplitude profile is measured at points that are 

perpendicular to the propagation direction. The spatial amplitude profile refers to the change 

in intensity with distance from the center of beam, within a plane that is perpendicular to the 

propagation direction. Distribution of intensity over the beam of laser is determined by the 

shape of its laser cavity. Laser beams with different spatial amplitude profiles demonstrate 

varying behavior within nonlinear media. Based on review of literature it has been noted that 

previous theoretical studies on SBS laser beams in plasma primarily focused on the idealized 

Gaussian profile of the laser beam[45,46,63]. However, the investigations carried out to 

measure the amplitude structures of laser beams suggests that even when the laser system 

operates in its fundamental TEM00 mode, the amplitude structure across the cross section of 

the beam does not exhibit an ideal Gaussian profile. Additionally, it's been discovered that a 

significant amount of laser energy exists beyond the full width half maximum (FWHM) 

region. This means that the wings of the intensity profile are expanded compared to the 

Gaussian profile. Nakatsutsumi et al.[79] have proposed that by incorporating experimental 

data, Tsallis’ 𝑞-Gaussian distribution can be employed to model the true amplitude structure 

across the beam. Hence, in the present investigation to get more realistic results, the 

amplitude structure across the cross section of the laser beam has been considered as 𝑞-

Gaussian distribution. 

In contrast to ideal Gaussian and 𝑞-Gaussian laser beams[4-6], now a days, 

researchers are showing notable interest in a novel variety of laser beams termed as flat top 

laser beams. These beams exhibit a consistent irradiance throughout their cross-sectional and 

thus possess more power and lesser divergence compared to the Gaussian and 𝑞-Gaussian 

beams. Mathematically the spatial variation of amplitude across the cross section of such 

beams is described by super Gaussian function. But again super Gaussian approximation 

represents an idealized concept. The laser beams characterized by flat top irradiance profile 

produced in laboratory, have a uniform irradiance only up to some finite extent, after which 

the irradiance starts decreasing radially, as in case of Gaussian or 𝑞-Gaussian irradiance. 
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The amplitude structure of such beams can be modeled by Cosh-Gaussian (ChG) 

function or Quadruple-Gaussian (Q.G) functions. 

Thus, in the present investigation two types of amplitude profiles for the laser beams 

have been investigated[18]: 

1. 𝑞-Gaussian 

2. Quadruple-Gaussian (Q.G) 

Following sections describe the physical characteristics (amplitude profile, effective beam 

width, spectral width etc.) of these laser beams. 

3.2 𝒒-Gaussian Laser Beams 

The expression that describes the spatial distribution of the transverse amplitude of a 𝑞-

Gaussian laser beam across its cross section at the plane (𝑧 = 0) where it enters the medium 

is as follows[76]: 

  𝐴଴(𝑟, 𝑧) =
ாబబ

௙
ቀ1 +

௥మ

௤௥బ
మ௙మቁ

ି௤/ଶ

                                                          (3.1) 

where ′𝑞′ is linked to the extent by which the irradiance distribution of the beam deviates 

from an ideal Gaussian profile across its cross sectional area. Consequently, it is commonly 

referred to as the deviation parameter (DP). When 𝑓(𝑧)  is multiplied with the initial beam 

width  𝑟଴, it yields the instantaneous spot size of the laser beam, representing the size at a 

specific location within the medium. As a result, the function 𝑓(𝑧) is commonly mentioned 

as a dimensionless beam-width parameter (BWP).  With an increase in DP ′𝑞ᇱ, the intensity 

profile of the beam gradually converges toward a Gaussian profile, and it changes to an exact 

Gaussian distribution when 𝑞 = ∞ i.e. 

lim௤→ஶ 𝐴଴(𝑟, 𝑧) =
ாబబ

௙
exp ቀ−

௥మ

ଶ௥బ
మ௙మ

ቁ                                                    (3.2) 

Thus, 𝑞 = ∞ corresponds to an ideal Gaussian beam. 

 To examine the impact of the DP ′𝑞ᇱon the distribution of intensity over the beam, we have 

illustrated in fig. 3.1 the relationship between normalized intensity and radial coordinate for 

various values of 𝑞. 

It is evident that the DP ′𝑞ᇱ has no impact on the illumination within the axial region 

of the beam. Nevertheless, it does influence the irradiance in the off-axial regions, as lower 

values of 𝑞 result in expanded wings. As the value of 𝑞 increases, illuminance in the 
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peripheral region of the cross-sectional area of beam diminishes more rapidly in comparison 

to beams having lower 𝑞 values. Indeed, an increase in 𝑞 leads to a higher intensity gradient 

in the peripheral region of the beam, making the off-axial part weaker compared to the 

central region. 

 

Fig.3.1: Effect of 𝑞  on distribution of intensity over the beam 

To investigate the influence of the parameter 𝑞 on the initial width of the laser beam, the 

effective radius of the beam is defined as: 

< 𝑎ଶ >=
ଵ

ூబ
∬ 𝐴଴𝑟

ଶ
𝐴଴

∗ 𝑑ଶ𝑟                                                      (3.3) 

 with                𝐼଴ = ∬ 𝐴଴𝐴଴
∗ 𝑑

ଶ
𝑟                                                                          (3.4)    

       and                 𝑑ଶ𝑟 = 𝑟𝑑𝑟𝑑𝜃                                                                                   (3.5) 

Therefore, for the intensity profile described by Eq. (3.1), the effective width of the laser 

beam is determined to be 

< 𝑎ଶ >= 𝑟଴
ଶ𝑓ଶ ቀ1 −

ଶ

௤
ቁ

ିଵ
                                                             (3.6) 

The plot (fig. 3.2) illustrates the relationship between the normalized beam width of the 𝑞-

Gaussian laser beam and the DP ′𝑞ᇱ at the plane of incidence (𝑧 = 0). From the plot it can be 

observed that as the DP ′𝑞′ increases, the effective beam width of the beam decreases. This 

occurs because, as the value of 𝑞 increases, the intensity of the beam shifts close to the off-

axial parts. Therefore, it is evident that ideal Gaussian laser beams have the smallest beam 

width.  
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               Fig.3.2: Effect of DP ′𝑞ᇱ on beam width 

3.3 Quadruple Gaussian Laser Beams 

The transverse amplitude structure 𝐴(𝑥, 𝑦)  of the laser beam is represented by[77]  

𝐴(𝑥, 𝑦) =
ாబబ

௙
[𝑒

ష(ೣషೣబ೑)మశ೤మ

మೝబ
మ೑మ

+ 𝑒
ష(ೣశೣబ೑)మశ೤మ

మೝబ
మ೑మ

+ 𝑒
ష(೤షೣబ೑)మశೣమ

మೝబ
మ೑మ

+ 𝑒
ష(ೣశೣబ೑)మశ೤మ

మೝబ
మ೑మ  ]             (3.7) 

Here, 𝐸଴଴ represents the axial amplitude and 𝑟଴  represents equilibrium radius of the laser 

beam.  

Eq. (3.7) reveals Q.G laser beams can be generated by the constructive interference of 

four identical laser beams, each exhibiting a Gaussian intensity profile. The coordinates of 

their intensity maxima are located at (−𝑥଴, 0), (𝑥଴, 0), (0, 𝑥଴), (0, −𝑥଴). 

Fig. 3.3 portray the initial profile of beam for various values of  
௫బ

௥బ
.  The plots 

presented in fig. 3.3 demonstrate that laser beams with 
௫బ

௥బ
 values within the range 0 ≤

௫బ

௥బ
≤

1.5 exhibit a wider region of uniform irradiance across its cross section. Moreover, the size 

of this uniformly illuminated portion grows with an increase in the value of 
௫బ

௥బ
 .When  

௫బ

௥బ
> 1.5 the intensity profile peaks are observed in regions of the cross section that are 

significantly distant from the axis of the beam of laser. In the axial region of the laser beam, a 

valley of intensity emerges, accompanied by four off-axial peaks. 
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Fig.3.3: Surface plots for intensity of Q.G laser beam for different values of  
௫బ

௥బ
  



 

33 
 

The effective beam width of the beam is defined as follows: 

  𝜎ଶ =< 𝑥ଶ > +< 𝑦ଶ >                                         (3.8)                                         

where,  

< 𝑥ଶ >=
ଵ

ூబ
∫ ∫ 𝑥ଶ𝐴଴𝐴଴

∗ஶ

ିஶ

ஶ

ିஶ
𝑑𝑥𝑑𝑦                                              (3.9) 

 

< 𝑦ଶ >=
ଵ

ூబ
∫ ∫ 𝑦ଶ𝐴଴𝐴଴

∗ஶ

ିஶ

ஶ

ିஶ
𝑑𝑥𝑑𝑦                                        (3.10) 

 

Using Eqs. (3.8) to (3.10), the root mean square (RMS) radius of a quadruple-Gaussian laser 

beam can be obtained in the following manner 
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         (3.11) 

 

The RMS radius of the corresponding Gaussian beam can be determined as 𝜎ீ = 𝑟଴𝑓. The 

ratio ∑ of the root mean square (RMS) beam widths between the quadruple-Gaussian beam 

𝜎ொ.ீ and the Gaussian beam 𝜎ீ is given by: 

∑ =
ఙೂ.ಸ
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           (3.12) 

 

Fig. 3.4 shows the relationship between normalized beam widths of the quadruple-Gaussian 

with 
௫బ

௥బ
.  Effective beam width of the laser beam increases as the value of  

௫బ

௥బ
  increases. Thus, 

for a fixed geometrical radius 𝑟଴, a quadruple-Gaussian laser beam with a higher value of 
௫బ

௥బ
 

will have a larger effective beam width. This is attributed to the transfer of laser intensity 

from central or axial to the peripheral or off-axial portion of the wavefronts as the value of 
௫బ

௥బ
 

increases. From Eq. (3.12) one can deduce or infer that quadruple-Gaussian beams exhibit a 

smaller diffraction divergence.  
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Fig.3.4: Effect of  
௫బ

௥బ
 on effective radius of Q.G laser beam 

Due to the finite effective width of the laser beam, it exhibit behavior similar to that of 

traversing through a thin aperture or opening. Consequently, it encounters a broadening 

within its transverse momenta, which can be explained by position-momentum 

uncertainty ∆𝑥∆𝑝௫ = constant. Since the momentum of photon is linked to its propagation 

constant as (𝑝 = ħ𝑘), the broadening within transverse momentum transform the mean value 

of the propagation constant. The root mean square (RMS) value of spectral width 𝜎௞ of beam 

of laser is expressed in the following manner:  

 

𝜎௞,ொ.ீ = ඥ< 𝑘௫
ଶ > +< 𝑘௬

ଶ >                                       (3.13) 

                       

< 𝑘௫
ଶ >=

∫ ∫ ௞ೣ
మௌ൫௞ೣ,௞೤൯ௗ௞ೣௗ௞೤

ಮ
షಮ

ಮ
షಮ

∫ ∫ ௌ൫௞ೣ,௞೤൯ௗ௞ೣௗ௞೤
ಮ

షಮ
ಮ

షಮ

                                         (3.14) 

< 𝑘௬
ଶ >=

∫ ∫ ௞೤
మௌ൫௞ೣ,௞೤൯ௗ௞ೣௗ௞೤

ಮ
షಮ

ಮ
షಮ

∫ ∫ ௌ൫௞ೣ,௞೤൯ௗ௞ೣௗ௞೤
ಮ

షಮ
ಮ

షಮ

                                          (3.15) 

 

And,  

𝑆൫𝑘௫ , 𝑘௬൯ = ห∫ ∫ 𝐴଴(𝑥, 𝑦) |௭ୀ଴
ஶ

ିஶ

ஶ

ିஶ
𝑒ି௜൫௞ೣ௫ା௞೤௬൯𝑑𝑥𝑑𝑦ห

ଶ
                      (3.16) 
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The ratio of  ∑  ௞ of spectral widths of two otherwise identical beams with Q.G and Gaussian 

irradiance profiles can be expressed as 

∑ =
ఙೖ,ೂ.ಸ

ఙೖ,ಸ
= ௞

⎩
⎪
⎨

⎪
⎧

 
ଵା௘

ష
ೣబ

మ

మೝబ
మ

ቆଵି
ೣబ

మ

ೝబ
మቇ

ଵା௘
ష

ೣబ
మ

మೝబ
మ

 

⎭
⎪
⎬

⎪
⎫

భ

మ

                                    (3.17) 

Fig 3.5 illustrates the variation of  ∑  ௞  with 
௫బ

௥బ
. It is noticeable that as a function of  

௫బ

௥బ
 , this 

ratio ∑  ௞ initially decreases and subsequently begins to increase, with a transition point 

observed at     
௫బ

௥బ
= 1.50. 

 

Fig.3.5: Effect of  
௫బ

௥బ
 on spectral width of Q.G laser beam 

 

This occurs due to the inverse correlation between the spectral width of the laser beam in the 

(𝑘௫ , 𝑘௬) space and the effective area across its cross-section (i.e., in the (𝑥, 𝑦) plane), where 

the majority of its intensity is concentrated. It is demonstrated from the surface plots of the 

laser beam for various values of  
௫బ

௥బ 
  (fig. 3.3) that the effective area where the most of the 

laser intensity is concentrated increases with 
௫బ

௥బ
 in the range  0 ≤

௫బ

௥బ
≤ 1.50  and the same 

decreases with 
௫బ

௥బ
 for 

௫బ

௥బ
> 1.50. Therefore, a transitional dip is observed in the spectral width 

of the laser beam in the (k୶, k୷) space at  
୶బ

୰బ
= 1.50. 
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3.4 Variational Theory 

Literature review reveals that almost the base of the nonlinear dynamics of laser beams have 

built on the paraxial theory. Paraxial theory only takes into account the axial portion of the 

laser beam means it does not involve the effect of off-axial part of laser beam. This approach 

is not properly suitable when we need to deal with situations related to non-Gaussian beams 

such as q-Gaussian, Cosh-Gaussian, super-Gaussian, Quadruple beams in which off-axial 

fields play a crucial role in propagation dynamics. In present work, I have proposed the 

application of variational theory which removes the shortcomings of paraxial theory. This 

methodology is obtained by examining some integral relations derived from the nonlinear 

Schrodinger equation (NLSE). This method is more acceptable from the elementary point of 

view, since the whole wave front of the beam is examined in the interaction procedure. 

Variational theory[70] is based on variational calculus. It is a semi analytical 

technique to obtain approximate solutions of partial differential equations which cannot be 

solved analytically. This technique replaces a set of partial differential equations by a set of 

coupled ordinary differential equations those can be solved either analytically or by using 

simple numerical techniques like Runge Kutta fourth-order method etc. It can be used 

successfully to have physical insight into number of nonlinear systems like propagation of 

waves in various nonlinear media, super conductors, Bose Einstein condensates etc. In 

present investigation, variational technique has been used to investigate nonlinear 

interactions of intense laser beams with plasmas and narrow band gap semiconductors. A 

detailed description of this technique is as follows: 

∇ୄ
ଶ 𝐸଴ +

𝜔଴
ଶ

𝑐ଶ
Ф(𝐸଴𝐸଴

∗)𝐸଴ − 2𝑖𝑘଴

𝜕𝐸଴

𝜕𝑧
= 0                                (3.18) 

Where, ∇ୄ
ଶ =

డమ

డ௥మ +
ଵ

௥

డ

డ௥
 is the transverse Laplacian and Ф(𝐸଴𝐸଴

∗) = 𝜀(𝐸଴𝐸଴
∗) − 𝜀଴ is the 

intensity dependent nonlinear dielectric function of the medium. 

Because of non linearity, Eq. (3.18) does not adhere to the superposition principle. 

Consequently, combining two solutions linearly does not yield another solution to this 

equation. Hence, traditional techniques of solving partial differential equations are not 

applicable for this equation. Although there exist a number of numerical methods to solve 

this equation, but these methods suffer from major difficulties due to dependence of accuracy 

and speed on the functional form and number of the nonlinear terms incorporated in Eq. 
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(3.18). Achieving the desired accuracy requires careful consideration when selecting step 

size. All these difficulties can pose serious convergence problems for beam propagation 

algorithm. In contrast to this, explicit analytical or semi-analytical solutions to Eq. (3.18) are 

more advantageous instead than numerical methods, since they give comprehensive 

understanding of the behavior of the system. 

There are different semi analytical techniques for solving Eq. (3.18) among which  

variational approaches is one which  provide both qualitative and quantitative results and are 

very close to numerical results. The method relies on Ritz's optimization technique and finds 

broad utilization in the investigation of NLSE, which arises not only in nonlinear optics but 

also in numerous other physical problems. It transforms the infinite-dimensional problem of 

solving partial differential equations into a Newton-like ordinary differential equation of 

second-order for the parameters that describe the solution. The validity of variational results, 

however, can be qualitative in some cases. Variational techniques are most likely to produce 

results in good agreement with the actual solutions when the trial function closely resembles 

the shape of the actual solution. Nevertheless, in certain situations, the method may prove 

ineffective or yield imprecise results. 

We first write the Nonlinear Schrodinger Wave Equation in the form: 

𝐹෠[𝛹] = 0 

We can subsequently establish a Lagrangian density £ [𝛹, 𝛹∗], in a manner such that: 

𝜕£

𝜕𝛹∗
= 𝐹෠[𝛹] 

In accordance with variational Method, we are required to solve the following set of 

extended Euler-Lagrange equation for the variational parameter 𝑔௜(𝑧) with 𝑖 =

1, 2, 3,4 … . 𝑁: 

𝑑

𝑑𝑧
ቌ

𝜕𝐿

𝜕 ቀ
డ௤೔

డ௭
ቁ

ቍ −
𝑑𝐿

𝑑𝑧
= 0                                              (3.19) 

Here, 𝐿 represents the average Lagrangian obtained by integrating £ over the transverse 

coordinates 𝑥 and 𝑦. 

𝐿 = ඵ £  𝑑𝑥𝑑𝑦 
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For our particular problem, the Lagrangian density corresponding to eq. (3.18) is 

£ = i𝑘଴ ൬𝛹
𝜕𝛹∗

𝜕𝑧
− 𝛹∗

𝜕𝛹

𝜕𝑧
൰ + ฬ

𝜕𝛹

𝜕𝑥
ฬ

ଶ

+ ฬ
𝜕𝛹

𝜕𝑦
ฬ

ଶ

−
𝜔଴

ଶ

𝑐ଶ
න Ф(

ாబாబ
∗

଴

𝐸଴𝐸଴
∗)𝑑(𝐸଴𝐸଴

∗)       (3.20) 

The variational method investigates the dynamic characteristics of the laser beam through 

medium under nonlinear regime by using different trial functions for laser beam. 

3.5 Research Objectives 

The Objectives of this present research is to theoretically investigate the phenomenon of 

stimulated Brillouin scattering of intense laser beams in underdense plasma targets through 

the excitation of ion acoustic waves. 

Following problems are analyzed in order to achieve the objectives: 

1. Excitation of ion acoustic waves self focused 𝑞-Gaussian laser beams in relativistic 

plasmas with axial density ramp. 

2. Stimulated Brillouin scattering of 𝑞-Gaussian laser beams in axially inhomogeneous 

Plasmas. 

3. Self action effects of quadruple Gaussian laser beams in thermal quantum plasmas. 

4. Stimulated Brillouin scattering of self focused quadruple Gaussian laser beams in      

thermal quantum plasmas. 
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Chapter- 4 

Excitation of Ion Acoustic Waves by Self Focused 𝒒 -Gaussian Laser Beam in Plasma 

with Axial Density Ramp 

4.1 Introduction 

Plasma consists of particles carrying both positive and negative charges moving about so 

energetically that they do not readily combine. Plasmas exist ubiquitously throughout the 

universe. They form the extremely heated gas subjected to high pressure found in the sun and 

other stars, as well as the rarefied gas in interstellar space and in the ionospheric envelope 

surrounding the earth. Plasmas also exist closer to hand. They exist within the flames of 

burning fuel and within gas-discharge devices like neon signs. Plasmas exhibit such an 

enormous variety of physical effects that physicist have studied their properties for about 200 

years. Researchers have discovered the electron and elucidated the structure of atoms through 

research on plasmas, particularly gas discharges. 

The current interest in plasmas reflects two principal motives. The first one is 

technological. It is crucial to understand plasma behavior in order to release thermo nuclear 

energy safely, the attempt to reproduce in man-made plasma the kind of nuclear reaction 

found in the sun. Another technical goal is the design of magnetohydrodynamic generators, 

where electrical power is produced by the movement of gas plasma jets through magnetic 

fields. The second broad motive for the study of plasmas is the importance of plasma 

phenomena in space and in astrophysics. When plasma is subjected to electromagnetic fields, 

the motion of the particles is no longer completely random. One important consequence of 

this imposed order is that plasmas can transmit certain kinds of waves that are related to 

electromagnetic waves but that have unique and curious properties. These waves include 

high frequency electron plasma waves (EPWs) and low frequency ion acoustic waves 

(IAWs). 

Due to their notable characteristics of quasineutrality and collective behavior, IAWs 

can be induced in plasmas. Plasma represents a state of matter characterized by a high 

temperature that causes atoms losing their distinct identities. Within plasma, the negatively 

charged electrons continue to experience the pull of positively charged nuclei, even though 

their binding differs from that found in solid or liquid states of matter. Plasma possesses 

unique characteristics that set it apart from ordinary states of matter such as solids, liquids, 
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and gases. Unlike these forms, plasma exhibits distinct behavior due to the strong influence 

of electric and magnetic fields on its electrons and ions moving independently within the 

medium. Plasma as a whole maintains quasineutrality; however, due to the separation of 

electrons and positively charged ions, disturbances can give rise to regions with net negative 

and positive charges, resembling the charged plates in a parallel plate capacitor. The non 

uniform arrangement of charges in such cases set up an electric field that spans from the 

regions of positive charge to those of negative charge. The presence of this electric field 

exerts equal forces that attract the electrons and ions towards each other. As a result of this 

attractive force electrons and ions start moving towards each other. While the electrons and 

ions approach each other, their velocity and momentum gradually increase, analogous to a 

pendulum moving from an extreme position towards its mean position. The increase in 

momentum causes the electrons and ions to surpass their equilibrium positions, leading to a 

reversal of electric field direction. With the electric field now reversed, it acts in opposition 

to the motions of electrons and ions, causing them to decelerate and eventually be pulled 

back in the opposite direction. The process continues to repeat itself in a cyclic manner, 

creating an electron-ion oscillator. When considering the influence of thermal velocity, these 

oscillations between electrons and ions result in the generation of a longitudinal wave that 

alternately compresses and rarifies the density of the plasma. This wave propagates through 

the plasma and is known as an ion acoustic wave. (fig. 4.1) 

 

Fig.4.1: Ion acoustic wave 
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Indeed, ion acoustic waves (IAWs) share similarities with sound waves in the sense that they 

travel in the form of compressions and rarefactions of particles, these align with the direction 

of motion of the wave. Like sound waves in a medium, IAWs cause variations in the density 

of plasma as they propagate through it. The main distinction between sound waves and 

plasma waves lies in their dispersion characteristics. Plasma waves exhibit dispersion, 

meaning their propagation characteristics depend on the frequency or wavelength of the 

wave. In contrast, sound waves in ordinary matter generally do not exhibit significant 

dispersion and propagate with a constant speed determined by the properties of the medium. 

In case of inertial confinement fusion, these IAWs leads to reflection of a substantial amount 

of laser energy through a phenomenon of stimulated Brillouin scattering. 

The interaction between incident laser beams and ion acoustic waves (IAWs) can also be 

utilized as a diagnostic tool to obtain information about the physical properties of plasma like 

temperature, ion density, conductivity etc. This is achieved by assessing the frequency 

variation between the driving wave and the wave that scatters as a result of ion acoustic 

waves (IAW). One inherent advantage of this diagnostic method is that it does not require the 

insertion of any physical probe into the plasma. This will be specifically useful in case of 

space plasmas where probing is challenging and expensive. 

 The review of existing literature indicated that a significant portion of theoretical 

investigations concerning the excitation of ion acoustic waves (IAWs) through plasmas has 

primarily centered around lasers featuring a circular cross-section. In practice, the cross-

sectional shape of laser beam is not perfectly circular. The experimentally produced laser 

beams have small ellipticity that significantly affects their propagation characteristics 

through nonlinear media. Till date, to the best of our knowledge, no theoretical investigations 

have been reported regarding the excitation of ion acoustic waves (IAWs) propagating in 

plasmas with varying densities using elliptical beams of laser light. Hence, the aim of this 

chapter is to present the pioneering theoretical study on the on the excitation of IAWs using 

relativistically focused elliptical 𝑞-Gaussian laser beams in plasmas featuring an axial density 

ramp. 
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4.2 Relativistic Nonlinearity in Plasma 

The dielectric response of a plasma with an increasing equilibrium electron density with 

longitudinal distance as 𝑛(𝑧) = 𝑛଴(1 + tan(𝑑𝑧))  is given by[52]  

𝜀 = 1 −
ସᴨ௘మ௡బ

௠೐ఠబ
మ (1+tan (𝑑𝑧))                                      (4.1) 

Where ′𝑒′ represents the electronic charge and ′𝑚௘ ′ denotes the electronic mass. The constant 

′𝑑′ characterizes the electron density gradient and is commonly referred to as the gradient of 

the density ramp. The term ′𝑛଴′ represents the equilibrium density of the plasma electrons at 

the reference point  ′𝑧 = 0′ . The symbol ′𝜔଴′ represents the angular frequency of the 

incident beam of laser light.  When a laser beam with an electric field vector 

𝐸(𝑟, 𝑧, 𝑡) = 𝐴଴(𝑥, 𝑦, 𝑧)𝑒௜(௞బ௭ିఠబ௧)𝑒௑ 

transmit through the plasma target, it induces oscillations in the velocity of  plasma electrons 

[47] 

𝑣 = −𝑖
𝑒

𝜔଴𝑚௘
𝐸 

If the incident laser beam possesses enough intensity to induce plasma electrons to oscillate 

at velocities comparable to the speed of light then 𝑚௘  i.e. the effective mass of plasma 

electrons in Eq. (4.1) would then be substituted by 𝑚௘ = 𝑚଴γ. Here, 𝑚଴  represents the (rest) 

mass of electron and 𝛾 denotes the relativistic Lorentz factor which is associated with laser 

intensity as  

𝛾 = (1 + 𝛽𝐴଴𝐴଴
∗ )

భ

మ 

Where 𝛽  represents a constant defined as  𝛽 =
௘మ

௠బ
మ௖మఠబ

మ. It is related to magnitude of 

relativistic nonlinearity and is often referred as “relativistic nonlinearity coefficient”. 

Consequently, when a laser beam is present, Eq. (4.1) is modified as 

𝜀 = 1 −
ఠ೛బ

మ

ఠబ
మ (1 + 𝛽𝐴଴𝐴଴

∗ )ି
భ

మ(1 + tan(𝑑𝑧))                                          (4.2) 

where 𝜔௣଴ = ට
ସగ௘మ௡బ

௠బ
 is the plasma frequency without a laser beam. Based on Eq. (4.2) it is 

evident that the dependence of electron mass on laser intensity makes the plasma an optically 

nonlinear medium in a similar way as Kerr effect makes ordinary dielectrics an optically 

nonlinear medium. 
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Expressing Eq. (4.2) as 

                                                    𝜀 = 𝜀଴ + 𝜙(𝐴଴𝐴଴
∗ )                                                         (4.3) 

we get 

𝜀଴ = 1 − 𝜔௣଴
ଶ /𝜔଴

ଶ                                                    (4.4) 

and 

𝜙(𝐴଴𝐴଴
∗ ) =

ఠ೛బ
మ

ఠబ
మ [1 −

ଵ

൫ଵାఉ஺బ஺బ
∗ ൯

భ/మ ][1 + tan(𝑑𝑧)]                         (4.5) 

Equation (4.5) provides the dielectric function of plasma incorporating relativistic nonlinear 

effects. 

 

4.3 Evolution of Beam Envelope 

The behavior of an optical beam as it passes through a medium, described by a dielectric 

function represented as 𝜙(𝐴଴𝐴଴
∗ ) is elucidated through a wave equation[70,71] 

2𝑖𝑘଴
డ஺బ

డ௭
 =  ∇ୄ

ଶ 𝐴଴ +
ఠబ

మ

௖మ
𝜙(𝐴଴𝐴଴

∗ )𝐴଴                                                               (4.6) 

Eq. (4.6) is commonly referred to as the NSWE owing to its notable mathematical similarity 

to the Schrödinger wave equation encountered in the realm of quantum mechanics. The 

existence of nonlinear term represented by 𝜙(𝐴଴𝐴଴
∗ ) in Eq. (4.6) prevents it from having an 

exact analytic solution. To gain a deeper understanding of the dynamics of laser beam 

propagation, the solution to Eq. (4.6) can be obtained either through numerical methods or 

semi-analytic methods. When dealing with partial differential equations, numerical methods 

can be tedious and prone to convergence issues. Therefore, in the current analysis, a semi-

analytical technique called the variational method has been employed. 

The variational method enables the approximation of a solution for Eq. (4.6). The 

core principle of the variational method revolves around discovering solutions for distinct 

category of functions, denoted as 𝐴଴(𝑟, 𝜎), where the parameters 𝜎 = ቀ𝑓௫(𝑧), 𝑓௬(𝑧)ቁ depend 

on the evolution variable and derived from the solutions of the corresponding set of ordinary 

differential equations.  Following this methodology, Eq. (4.6) can be cast into a variational 

framework by employing the action principle that relies on the Lagrangian density[71] 

ℒ = 𝑖 ቀ𝐴଴ 
డ஺బ

∗

డ௭
− 𝐴଴

∗  
డ஺బ 

డ௭
ቁ + |𝛻ୄ𝐴଴|ଶ −

ఠబ
మ

௖మ ∫ 𝜙(𝐴଴𝐴଴
∗ )𝑑(

஺బ஺బ
∗

 
𝐴଴𝐴଴

∗ )         (4.7) 

In the current study, we have employed a trial function in the following form[77]: 
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𝐴଴(𝑥, 𝑦, 𝑧) =
ாబబ

ඥ௙ೣ ௙೤
൜1 +

ଵ

௤
൬

௫మ

௔మ௙ೣమ +
௬మ

௕మ௙೤
మ൰ൠ

ି
೜

మ
                                              (4.8) 

where, 𝐸଴଴ represents the laser beam's axial amplitude, and 𝑎𝑓௫ and 𝑏𝑓௬  are the laser beam's 

widths along the 𝑥 and 𝑦 directions, respectively. The parameters 𝑎 and 𝑏 represent the beam 

widths at equilibrium at the plane of entrance (𝑧 = 0), making 𝑓௫ and 𝑓௬  the dimensionless 

beam width parameters. Putting the trial function provided in Eq. (4.8) into Lagrangian 

density and performing integration across the cross-section of the beam results in a reduced 

Lagrangian as 𝐿 = ∫ ℒ𝑟𝑑𝑟.
ஶ

଴
 The associated Euler-Lagrange equations 

ௗ

ௗ௭
ቆ

డ௅

డ(
ങ೑ೣ,೤

ങ೥
)
ቇ −

డ௅

డ௙ೣ ,೤
= 0                                                               (4.9) 

give 

ௗమ௙ೣ

ௗ௭మ =
ଵ

ଶ௞బ
మ௔ర

ଵ

௙ೣయ ቀ1 −
ଵ

௤
ቁ ቀ1 −

ଶ

௤
ቁ ൤ቀ1 +

ଵ

௤
ቁ

ିଵ
+ ൬

ழ௅భவ

ாబబ
మ 𝑓௫𝑓௬ +

ଶாబబ
మ

௙ೣమ௙೤

డழ௅భவ

డ௙ೣ
൰൨           (4.10) 

ௗమ௙೤

ௗ௭మ =
ଵ

ଶ௞బ
మ௕ర

ଵ

௙೤
య ቀ1 −

ଵ

௤
ቁ ቀ1 −

ଶ

௤
ቁ ൤ቀ1 +

ଵ

௤
ቁ

ିଵ

+ ൬
ழ௅భவ

ாబబ
మ 𝑓௫𝑓௬ +

ଶாబబ
మ

௙ೣ ௙೤
మ

డழ௅భவ

డ௙೤
൰൨           (4.11) 

where, 

< 𝐿ଵ > =
𝜔଴

ଶ

𝑐ଶ
න(න 𝜙(𝐴଴ 𝐴଴

∗ )𝑑(𝐴଴𝐴଴
∗ )) 𝑑ଶ𝑟    

஺బ஺బ
∗

 

 

Equation (4.10) and (4.11) can be written as 

𝑑ଶ𝑓௫

𝑑𝑧ଶ
=

1

2𝑘଴
ଶ𝑎ସ𝑓௫

ଷ

ቀ1 −
ଵ

௤
ቁ (1 −

ଶ

௤
)

(1 +
ଵ

௤
)

+
1

2

(1 −
ଶ

௤
)

𝑎ଶ𝜖଴𝐼଴
න 𝑥𝐴଴𝐴଴

∗
𝜕𝜙

𝜕𝑥
𝑑ଶ𝑟                   (4.12) 

                                     

𝑑ଶ𝑓௬

𝑑𝑧ଶ
=

1

2𝑘଴
ଶ𝑏ସ𝑓௬

ଷ

ቀ1 −
ଵ

௤
ቁ (1 −

ଶ

௤
)

(1 +
ଵ

௤
)

+
1

2

(1 −
ଶ

௤
)

𝑏ଶ𝜖଴𝐼଴
න 𝑦𝐴଴𝐴଴

∗
𝜕𝜙

𝜕𝑦
𝑑ଶ𝑟                     (4.13) 

Using eqs. (4.5) and (4.8) in eqs. (4.12) and (4.13) we get 

ௗమ௙ೣ

ௗకమ =
ቀଵି

భ

೜
ቁቀଵି

మ

೜
ቁ

ቀଵା
భ

೜
ቁ

ଵ

௙ೣయ − ቀ1 −
ଵ

௤
ቁ ቀ1 −

ଶ

௤
ቁ ൬

ఠ೛బ
మ ௔మ
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where 
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Equations (4.14) and (4.15) depict the interconnected nonlinear differential equations that 

dictate the evolution of beam widths for elliptical 𝑞-Gaussian beams of laser light along both 

the 𝑥-axis and 𝑦-axis as they propagate longitudinally. In present investigation, the Runge 

Kutta RK4 method was employed for solving the equations for a specific collection of laser-

plasma parameters: 

𝜔଴ = 1.78 × 10ଵହrad/sec, 𝑎 = 10μm, 

𝛽𝐸଴଴
ଶ = 3(corrresponding to laser intensity 4 × 10ଵ଺W/cmଶ,

ఠ೛బ
మ ௔మ

௖మ =

9 (corresponding to electron density = 5 × 10ଵ଺electrons per cmଷ) 

and for various values of 𝑞, 𝑑ᇱand
௔

௕
   viz., 

𝑞 = (3,4, ∞), 𝑑ᇱ = (0.25,0.35,0.45) and  
𝑎

𝑏
= (1,1.1,1.2) 

In this study, the boundary condition adopted is that the laser beam displays a plane 

wavefront at the plane of incidence. 

Expressed in mathematical terms, this condition signifies that at ξ = 0: 

𝑓௫,௬ = 1 

𝑑𝑓௫,௬

𝑑𝜉
= 0 

Figure 4.2 depicts the change in widths of the beam of laser light as it evolves.  The plots in 

fig. 4.2 exhibit the oscillatory characteristics of the beam widths of laser light in both 

perpendicular directions with respect to its longitudinal axis. By studying the functions and 

origins of the different terms present in the Eqs. (4.14) and (4.15) that govern the beam 

widths, we can comprehend the observed response of the beam of laser light. The first terms 

on the RHS of these equations depict the spatial dispersive factors, showcasing an inversely 

proportional relationship with the cube of their corresponding beam widths. (i.e. as  𝑓௫,௬
ିଷ ). 

These terms capture the spreading of the beam of laser light in the along 𝑥 − and 𝑦 −axes, 
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resulting from diffraction divergence. It is obvious that smaller the beam width in any 

perpendicular direction more is the magnitude of diffraction divergence along that direction. 

Indeed, this observation is a consequence of the position-momentum uncertainty principle of 

photons. The diffraction of a laser beam arises fundamentally from the inherent uncertainty 

in the position and momentum of the photons. In order to keep the products ∆𝑥∆𝑝௫ and 

∆𝑦∆𝑝௬ to be constant, the reduction in beam width along any of the transverse direction leads 

to gain in additional momentum along that direction. The gain in this transverse momentum 

is the actual cause of the diffraction divergence. 

 

Fig.4.2: Variation in the laser beam spot size while traversing within the plasma for 

𝑞 = 3, 𝑑ᇱ = 0.25 and 
௔

௕
= 1.1 

The emergence of the second terms on RHS of these equations can be attributed to the 

complex influence of the beam widths   𝑓௫,௬ .These terms arise due to relativistic effects 

caused by the interaction between the laser beam and the plasma electrons. These terms 
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describe both the nonlinear refraction of the beam of laser light and the nonlinear interaction 

that takes place between the beam widths in different perpendicular directions. The nonlinear 

refraction of the beam of laser light caused by the plasma's nonlinearity counteracts the 

diffraction effects occurring in both perpendicular directions. While a beam of laser light 

propagates within plasma, a competition arises between the phenomena of diffraction and 

nonlinear refraction. The outcome of this competition between diffraction and nonlinear 

refraction determines the final behavior of the beam of laser light, if it converges or diverges. 

Above a certain critical value of beam intensity, achieved by equating the two terms on the 

right-hand side of Eqs. (4.14) and (4.15), the laser beam will converge in both perpendicular 

directions. The intensity of the beam correspondingly increases when the cross-sectional area 

of the beam of laser light decreases or contracts. Once the intensity of the beam of laser light 

reaches a certain high level, the mass of plasma electron within the illuminated area becomes 

saturated. Therefore the optical nonlinear behavior of the plasma diminishes or vanishes. 

Consequently, after reaching a minimum value, the laser’s beam width rebound or revert 

back to their initial values. As the laser beam extends in both orthogonal directions, the 

interplay of diffraction broadening and nonlinear refraction resumes once more time. The 

interplay of diffraction broadening and nonlinear refraction continues until the quantities 

  𝑓௫,௬ reach their peak values. These processes occur in a repetitive manner, leading to an 

oscillatory behavior in the beam widths of the beam of laser light in the both perpendicular 

directions. 

Furthermore, it is observed that following each focal spot, both the highest and lowest values 

of the beam width experience a downward shift.  This phenomenon occurs because the 

electron density at equilibrium increases with longitudinal distance. As a result, the plasma's 

refractive index continues to decrease as the laser beam achieves greater penetration into the 

plasma. This effect is attributed to the behavior observed at relativistic intensities. With an 

increase in plasma density, a beam containing a higher number of relativistic electrons travels 

alongside the laser beam. This generates a higher current and, in turn, produces an extremely 

strong quasi-stationary magnetic field. Consequently, the pinching effect depicted in fig. 4.3 

becomes more pronounced, amplifying the self-focusing of the beam of laser light. 
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Fig.4.3: Pinching effect in plasma 

As a result, the self-focusing effect is amplified, leading to a further downward shift of both 

the highest and lowest value of the width of laser at each focal spot. Additionally, it has been 

noted that the oscillation frequency of the beam intensifies as it propagates over distance. 

This can be attributed to the physics behind it: the denser the plasma, the greater the phase 

velocity of the laser beam as it traverses it. Consequently, in plasma with higher density, the 

beam of laser light undergoes faster self-focusing, which results in an upsurge in the 

oscillation frequency. 

Furthermore, it is noted that the laser beam exhibits a noticeable difference in self-

focusing between 𝑥 and 𝑦 directions. This discrepancy arises from the original beam width, 

where the width in the 𝑥- direction is greater than that in the 𝑦- direction (
௔

௕
= 1.1). As a 

consequence, the resistance caused by diffraction against the nonlinear refraction is 

pronounced in the 𝑦-direction to the greater extent. Consequently, the focusing ability of the 

beam of laser light diminishes in the 𝑦 direction. 

The figures presented in fig. 4.4 illustrate that as the deviation parameter (DP)  ′𝑞′ 

increases; there is a corresponding reduction in the degree of self-focusing in both transverse 

directions. This behavior can be attributed to beams of laser with larger 𝑞, where the majority 

of the energy of laser beam is localized and concentrated within narrow area near the axis of 

beam. Consequently, these beams obtain minimal aid from off-axis rays towards the 

nonlinear refraction phenomenon. As self-focusing stems from the equilibrium between the 
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optical nonlinearity of the medium and the nonlinear refraction of the optical beam, an 

elevation in the 𝑞 value diminishes the level of self-focusing demonstrated by the laser beam. 

 

Fig.4.4: Impact of the deviation parameter q on the progression of the laser beam's spot size 

within the plasma, while maintaining a constant ramp slope and beam ellipticity 

(𝑑′ = 0.25,   
௔

௕
= 1.1) 

Fig. 4.5 demonstrates the impact of beam ellipticity in the 𝑦 direction on the self-

focusing of a beam of laser light. The plot reveals that as ellipticity of beam increases in the 

𝑦 direction, a corresponding decrease in the degree of self-focusing is present along the same 

direction. This effect originates due to decrease in the initial width of the beam in the 

𝑦 direction with an increase in beam ellipticity (i.e.,
௔

௕
). Consequently, an increased beam 

ellipticity strengthens the diffraction effect in the 𝑦 direction. Consequently the laser beam 

exhibits decreased focusing in the 𝑦 direction due to the enhanced influence of diffraction 

caused by the increased beam ellipticity. 



 

50 
 

 

Fig.4.5: Impact of ellipticity of the beam of laser light  on progression of its spot size as it 

propagates through plasma keeping deviation parameter and slope of the ramp fixed i.e., 𝑞 =

3 and 𝑑′ = 0.25. 

Furthermore, it is apparent that at the initial stage, the increase in beam ellipticity has 

minimal impact on the self-focusing of the beam in the 𝑥 direction. Nonetheless, as the beam 

continues to propagate through the plasma, the focusing of beam in the 𝑥 direction 

progressively diminishes. That occurrence can be attributed to the strengthening nonlinear 

coupling between the two beam widths as the beam delves further into the plasma medium. 

 

Fig. 4.6 depicts the influence of the gradient of the density ramp on the self-focusing 

of a beam of laser in both perpendicular directions.  As the gradient of the density ramp 

increases, the degree of self-focusing exhibited by the beam of laser in two orthogonal 

directions becomes more pronounced, as observed in fig. 4.6. An increased gradient of the 

density ramp results in a larger the count of electrons influencing the relativistic nonlinearity 

in the propagation direction, which accounts for this behavior. Consequently, there is an 

enhanced transverse and longitudinal gradient in the refractive index within the plasma. This 
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increased gradient ultimately amplifies the degree of self-focusing of the beam of laser in two 

perpendicular directions. 

 

Fig.4.6: Impact of slope of density ramp on evolution of spot size of the laser beam through 

plasma keeping deviation parameter and ellipticity fixed i.e.,  

 𝑞 = 3  and  
௔

௕
= 1.1 

4.4. Excitation of Ion Acoustic Wave 

Laser beams can excite IAWs through primarily two techniques. The first technique 

involved in the excitation of IAWs by laser beams is known as resonance absorption. When a 

laser beam interacts with plasma, a significant portion of its oscillatory electric field energy 

is transferred to the neighboring electrons and ions. In the vicinity of the critical-density 

surface, an interesting phenomenon occurs where the natural oscillating frequency of IAW 

matches the frequency of the laser beam. At this specific depth within the plasma, the energy 

carried by the laser beam can resonantly drive IAWs to reach significant amplitudes. This 

phenomenon can be likened to a child on a swing who increases their height by exerting 

force at the precise timing that matches the natural motion of the swing. The second 

mechanism involved in the excitation of IAWs is known as three-wave mixing. In this 

process, an incident laser beam undergoes a decay process, resulting in the generation of two 
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daughter waves. Typically, the strength of the mixing process is most pronounced when the 

waves that interact have large amplitudes. In the context of three-wave mixing, the frequency 

of the pump wave is equal to the combined frequencies of the two daughter waves. 

There are two mechanisms by which three-wave mixing results in the excitation of 

IAWs. The first mechanism involved in the excitation of IAWs through three-wave mixing is 

referred to as decay instability. In the decay instability mechanism of three-wave mixing, the 

pump beam undergoes a splitting, resulting in the generation of an IAW and an EPW. (fig. 

4.7). 

 

Fig.4.7: Excitation of IAW by decay instability 

The second mechanism for the excitation of IAWs is known as Brillouin scattering. In 

Brillouin scattering, the daughter waves generated are an IAW and a reflected light wave 

(fig. 4.8). In this current study, the main mechanism considered for the excitation of IAWs is 

resonance absorption. 
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Fig.4.8: Excitation of IAW by SBS 

The evolution of ion acoustic wave through plasma is determined by wave equation 

2𝑖𝑘௜௔
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where 

𝑣௧௛ = ඨ
2𝐾𝑇௜

𝑀௜
 

is the thermal velocity of ions. 

Given the Gaussian ansatz for the IAW as 
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                                      (4.17) 

 

and using the procedure of “Evolution of beam envelope” we obtain the equation that 

describes  beam width evolution of IAW as 
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For the initially plane wavefront eqs. (4.18) and (4.19) are subject to boundary equations 

𝑓௫௜,௬௜ = 1 and 
ௗ௙ೣ೔,೤೔

ௗక
= 0  at 𝜉 = 0. 

Eqs. (4.18) and (4.19) illustrate the coupling between the IAW and the pump beam, which in 

this case is a 𝑞-Gaussian laser beam. These equations demonstrate that the density 

perturbations linked to the IAW are highly dependent on the self-focusing behavior of the 

beam of laser light. In other words, any changes in the self-focusing characteristics of the 

beam of laser light can significantly impact the density perturbations linked with the IAW.  

By employing Poisson's equation, it is possible to determine the electrostatic field generated 

by the excited Ion Acoustic Wave (IAW) given by 

𝐸௜௔ = 𝐸௜௔𝑒ି௜(௞೔ೌ௭ିఠ೔ೌ௧)𝑒௭                                                             (4.20) 
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೤మ

మ್మ೑೤೔
మ ቇ

                                            (4.21) 

Eq. (4.21) provides the expression for the magnitude of the electrostatic field connected to 

the generated Ion Acoustic Wave (IAW). Eqs. (4.18) and (4.19) have been solved in 

conjunction with Eqs. (4.14) and (4.15) for 𝜔௜௔ = 𝜔଴to obtain the field strength of excited 

IAW. The variations of the field strength of the Ion Acoustic Wave (IAW) as it propagates 

with distance have been illustrated in fig. 4.9, 4.10, and 4.11. 

Evidently, the magnitude of the electric field linked to the generated Ion Acoustic Wave 

(IAW) exhibits oscillatory behavior as a function dependent on the propagation distance. 

Notably, the maximum field strength occurs precisely at the specified locations 

corresponding to the focal spots of the beam of laser light. The reason behind this behavior is 
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that the amplitude of the Ion Acoustic Wave (IAW) is greatly affected by the degree of self-

focusing of the laser light beam. When the pump beam undergoes self-focusing, its intensity 

grows, resulting in increased oscillation amplitude of the plasma electrons. Consequently, the 

increased amplitude of the plasma electrons causes a proportional rise in the amplitude of the 

IAW. The oscillatory evolution of the pump beam's widths in the two perpendicular 

directions is reflected in a similar oscillatory behavior of the magnitude of the generated Ion 

Acoustic Wave. Notably, the maximum field strength of the IAW occurs at the location 

where the pump beam exhibits the minimum beam width. 

The graphical representations shown in fig. 4.9 demonstrate that the strength of the excited 

IAW decreases as the DP ′𝑞′ increases. This can be attributed to two factors: 

(1) The focusing of the laser light beam is reduced as the DP ′𝑞′ of the pump beam increases.  

(2) Convergence of intensity towards the beam axis: The intensity of the laser beam becomes   

more concentrated around the beam axis with increase in DP ′𝑞′. Consequently, the impact of 

the off-axial portion of the beam on the plasma electrons diminishes, leading to a decrease in 

the strength of the excited IAW. 

 

Fig.4.9: Impact of DP on evolution of field strength of excited IAW through plasma keeping 

slope of the ramp and ellipticity of the beam fixed i.e., 𝑑ᇱ = 0.25 and  
௔

௕
= 1.1 

Fig. 4.10 illustrates that as the ellipticity of the beam of laser increases, a notable reduction 

occurs in the magnitude of the electric field connected with the generated Ion Acoustic Wave 

(IAW). This reduction can be attributed to the overall decrease in the degree of self-focusing 

exhibited by the pump beam as its ellipticity increases. 
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Fig.4.10:  Impact of ellipticity of the laser beam on evolution of field strength of excited 

IAW through plasma keeping deviation parameter and slope of the ramp fixed i.e. 

𝑞 = 3 and 𝑑ᇱ = 0.25 

Fig. 4.11 demonstrates the impact of the slope of the plasma density ramp on the field 

strength of the excited IAW. The plot reveals that the slope of the plasma density ramp 

significantly contributes to augmenting the intensity of the IAW. This is because the plasma 

density ramp significantly contributes to the enhancement of the IAW strength. 

 

Fig.4.11:  Impact of slope of the density ramp on evolution of field strength of excited IAW 

through plasma keeping deviation parameter and ellipticity fixed, i.e., 

𝑞 = 3 and 
௔

௕
= 1.1 
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Chapter- 5 

Relativistic effects on Stimulated Brillouin Scattering of self-focused 𝒒-Gaussian laser 

beams in plasmas with axial density ramp 

5.1. Introduction 

Ever since the scheme to initiate nuclear fusion using high-intensity laser beams 

(ICF) for viable energy production without producing any harm to global climate, there was a 

considerable interest in the context of  laser beams of high intensity interacting with plasmas 

in a nonlinear manner. In the realm of laser-driven fusion, the objective is to accurately target 

laser energy onto a specific plasma density. This enables fuel pellet to be compressed and 

subsequently heated. With adequate compression, the pellet has the potential to undergo 

fusion, resulting in the release of a considerable energy. Nevertheless, the laser-plasma 

interaction may occur at a density different from the intended value, resulting in various 

undesirable effects that hinder the efficient implosion of the target. 

Owing to their notable characteristics of quasineutrality and collective behavior, 

plasmas exhibit a range of inherent oscillation patterns. This encompasses high-frequency 

EPWs and low-frequency IAWs. The IAWs, similar to acoustical phonons in solids, exhibit 

characteristics akin to propagating sound waves. Consequently, it is logical to explore the 

possibility of Stimulated Brillouin Scattering (SBS) occurring in plasmas, just as it does in 

solids. Stimulated scattering processes involve the nonlinear interactions[67], where an 

incident wave interacts with the bosonic excitations of the medium, resulting in the 

conversion of the wave into a scattered wave that is either upshifted or downshifted in 

frequency. In the context of plasmas, the function of bosonic excitations is fulfilled by the 

traversing plasma oscillations, namely, EPWs or ion acoustic waves IAWs. The nonlinear 

medium either supplies or absorbs the energy difference between the incoming and scattered 

photon waves. SBS involves the interaction of light with sound waves in solids, liquids, and 

gases or with IAWs in plasmas. 

Brillouin scattering is the scattering of light from propagating sound waves. In the 

case of stimulated Brillouin scattering, the sound wave or pressure-density variation is not 

externally imposed on the material; instead, it is internally stimulated by a pair of counter-

propagating light waves. Similar to how sound can be conceptualized as a pressure-density 

wave, light can be considered as a traveling electric field. 
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An electric field can induce compression in materials a phenomenon known as the 

electrostrictive effect. If an electric field pattern moves at the speed of sound through a 

material, it can therefore give rise to a sound wave. Such an electric field pattern can be 

generated by the interference of two optical beams traveling in opposite directions, if the 

frequency difference between the two beams is equal to the frequency of the sound. In the 

case of stimulated Brillouin scattering, one of the beams is the incident light beam. 

The other light beam arises from the scattering of the incident beam by small, 

statistically-distributed density fluctuations in the medium (i.e., thermally-fluctuating sound 

waves). When the frequency and direction of a scattered wave are just right, the wave will 

interfere with the incident beam and amplify the pressure-density variations in the material. 

The variations subsequently lead to the reflection of a minute portion of the incident beam. 

The reflected portion interferes, in turn, with the incident beam generating more pressure-

density variations. The pressure-density variations lead to more reflections of the incident 

beam. The reflections build exponentially as distance increases, until a reflected beam 

emerges from the material. Although the amplification depends on the intensity of the 

incident beam, nevertheless, a prerequisite for producing the reflected beam is that the power 

of the incident beam must exceed a certain threshold. In the context of plasmas, the function 

of the sound wave is fulfilled by the IAW. 

The discovery of SBS was initially noted by Chio et al. in 1964, shortly after 

Maiman's invention of the laser in 1960[1]. Thereafter, numerous studies examining both the 

theoretical and experimental facts of SBS have been conducted by various scholars.  

Gaussian irradiance profiles have been predominantly considered, assuming that the 

laser operates in the TEM00 mode. However, experimental investigations of laser beam 

irradiance across its cross section have revealed that though the laser may be functioning in 

the TEM00 mode, the irradiance distribution is not perfectly Gaussian. A substantial part of 

the beam energy distribution is observed to deviate from the axis of the beam, resulting in 

expanded intensity wings. Based on experimental findings there have been suggestions that 

that the irradiance distribution can be effectively simulated using a group of distribution 

functions called Tsallis 𝑞 −Gaussian distributions. To date, no theoretical exploration of SBS 

in plasmas featuring density ramps when subjected to 𝑞-Gaussian light emitted by laser. The 

purpose of this article is to introduce the initial theoretical exploration of Stimulated 



 

59 
 

Brillouin Scattering (SBS) for relativistically-focused 𝑞-Gaussian laser light in plasmas with 

a varying density along the axial direction. 

 

5.2 Relativistic Dielectric Function of Plasma 

The plasma produced during ICF by the irradiance of fuel pellet by intense laser beams 

expands radially outwards. Hence, as seen from the side of observer, the plasma density 

tends to increase as distance increases. One possible representation for this plasma density is 

a gradually rising ramp as 𝑛(𝑧) = 𝑛଴(1 + tan(𝑎𝑧)). The dielectric function for this type of 

plasma is defined in the following manner[62]: 

𝜀 = 1 −
ସᴨ௘మ௡బ

௠೐ఠబ
మ [1+tan (𝑎𝑧)],                              (5.1) 

In this equation, 𝑒 represents the charge of an electron, while 𝑚௘  corresponds to the mass of 

an electron. The constant '𝑎' quantifies the rate at which the electron density changes as a 

function of distance and it is frequently denoted as the gradient of the density ramp. 𝐴t   𝑧 =

0 , 𝑛଴  represents the equilibrium density of the plasma electrons, 𝜔଴ represents the angular 

frequency of the incident beam of laser. During the transmission of intense laser light having 

an electric field vector 

𝐸(𝑟, 𝑧, 𝑡) = 𝐴଴(𝑟, 𝑧)𝑒௜(௞బ௭ିఠబ௧)𝑒௑                                       (5.2) 

into a plasma target, it induces oscillations in the plasma electrons, resulting in their motion 

with velocity 

𝑣 = −𝑖
௘

ఠబ௠೐
𝐸                                                              (5.3) 

Here, 𝐴଴(𝑟, 𝑧) represents the amplitude field of the laser beam and 𝑟 is the radial distance 

measured from the axis of the laser light. When magnitude of the electric field strength in the 

laser light beam reaches a certain threshold then quiver velocity of plasma electrons reaches a 

magnitude similar to the speed of light in a vacuum. Therefore, when high intense laser light 

interacts with plasma, the mass of plasma electrons undergoes relativistic growth. Thus, in 

Eq. (5.1), the effective mass  𝑚௘  of plasma electrons must be substituted with 𝑚௘ = 𝛾𝑚଴. 

The parameter  𝛾 is related to field strength as[62]: 

𝛾 = (1 + 𝛽𝐴଴𝐴଴
∗ )ଵ/ଶ                                                     (5.4) 
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Where 𝛽  represents a constant defined as  𝛽 =
௘మ

௠బ
మ௖మఠబ

మ. It is related to magnitude of 

relativistic nonlinearity and is often referred as “relativistic nonlinearity coefficient”. 

Therefore, when a laser beam is present, Eq. (5.1) undergoes modification and can be 

expressed as follows: 

𝜀 = 1 −
ఠ೛బ

మ

ఠబ
మ (1 + 𝛽𝐴଴𝐴଴

∗ )ି
భ

మ(1 + tan(𝑎𝑧))                          (5.5) 

where 𝜔௣଴ = ට
ସగ௘మ௡బ

௠బ
 represents plasma frequency when there is no laser beam present. 

Writing Eq. (5.5) as 

𝜀 = 𝜀଴ + 𝜙(𝐴଴𝐴଴
∗ ) 

we arrive at 

𝜀଴ = 1 − 𝜔௣଴
ଶ /𝜔଴

ଶ 

and 

 𝜙(𝐴଴𝐴଴
∗ ) =

ఠ೛బ
మ

ఠబ
మ [1 −

ଵ

൫ଵାఉ஺బ஺బ
∗ ൯

భ/మ ][1 + tan(𝑎𝑧)]                     (5.6) 

5.3 Dynamics of Pump Beam 

The mathematical representation of the propagation behavior of a laser beam in a nonlinear 

medium is characterized by the wave equation, obtainable from the Maxwell equations 

2𝑖𝑘଴
డ஺బ

డ௭
 =∇ୄ

ଶ 𝐴଴ +
ఠబ

మ

௖మ  𝜙(𝐴଴𝐴଴
∗ )𝐴଴                                              (5.7) 

Lagrangian density relating to eq. (5.7) is: 

ℒ = 𝑖 ቀ𝐴଴ 
డ஺బ

∗

డ௭
− 𝐴଴

∗  
డ஺బ 

డ௭
ቁ + |𝛻ୄ𝐴଴|ଶ −

ఠబ
మ

௖మ ∫ 𝜙(𝐴଴𝐴଴
∗ )𝑑(

஺బ஺బ
∗

 
𝐴଴𝐴଴

∗ )      (5.8) 

In this study, the functional form of 𝐴଴(𝑟, 𝑧) is taken as 

  𝐴଴(𝑟, 𝑧) =
ாబబ

௙
ቀ1 +

௥మ

௤௥బ
మ௙మቁ

ି௤/ଶ

                                         (5.9) 

Through the substitution of the trial function into the Lagrangian density and subsequent 

integration over the variable ′𝑟′, the reduced Lagrangian can be obtained as  𝐿 = ∫ ℒ𝑟𝑑𝑟.
ஶ

଴
 

The resulting Euler Lagrange equation is then derived as 

ௗ

ௗ௭
ቆ

డ௅

డ(
ങ೑

ങ೥
)
ቇ −

డ௅

డ௙
= 0                                                            (5.10) 

yields the subsequent ordinary differential equation governing the laser beam width: 
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ௗమ௙

ௗకమ
=

ቀଵି
భ

೜
ቁቀଵି

మ

೜
ቁ

ቀଵା
భ

೜
ቁ

ଵ

௙య
− ቀ1 −

ଵ

௤
ቁ ቀ1 −

ଶ

௤
ቁ ൬

ఠ೛బ
మ ௥బ

మ

௖మ
൰ ൫1 + tan(𝑑𝜉)൯

ఉாబబ
మ

௙య
𝑇        (5.11) 

 

where 

𝑇 = ∫ 𝑥 ቀ1 +
௫

௤
ቁ

ିଶ௤ିଵ
ቀ1 +

ఉாబబ
మ

௙మ ቀ1 +
௫

௤
ቁ

ି௤
ቁ

ିଷ/ଶ
ஶ

଴
𝑑𝑥 ,        𝑥 =

௥మ

௥బ
మ௙మ

,  𝑑 = 𝑎𝑘଴𝑟଴
ଶ, 𝜉 =

௭

௞బ௥బ
మ

. 

 

In this study, we solved Eq. (5.11) numerically using Runge-Kutta fourth-order method. The 

analysis assumes that as the beam enters the plasma medium, it is initially collimated and 

possesses a planar wavefront. These conditions impose the following boundary conditions 

 𝑓 = 1 and 
ௗ௙

ௗక
=0 at  𝜉 = 0. 

Fig. 5.1 illustrates the change in normalized density 
௡(క)

௡బ
  as a function of longitudinal 

distance 𝜉 for varying values of 𝑑. The influence of factor 𝑑 is evident in the fig. 5.1, as it 

amplifies gradient of the ramp, resulting in a higher rate of plasma density growth with 

increasing distance. 

 

Fig.5.1: Change in normalized density  𝑛(𝜉)/𝑛଴ with longitudinal distance 𝜉 for different 

values of 𝑑 (the solid curve for 𝑑 = 0.025, the dashed curve for  𝑑 = 0.050, and the dotted 

curve for 𝑑 = 0.075 
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To observe the linear propagation of a 𝑞-Gaussian laser beam, Eq. (5.11) needs to be 

solved in a vacuum (absence of a plasma medium). The resulting fluctuations are depicted in 

fig. 5.2.  

 

Fig.5.2: Effect of 𝑞 (the solid curve for  𝑞 = 3 , the dashed curve for  𝑞 = 4 and the dotted 

curve for  𝑞 = ∞)  on vacuum diffraction of laser beam 

 

It is clear that the laser beam will diffract in a vacuum irrespective of the value of 𝑞. 

This behavior arises from the fundamental wave property of light, which naturally leads to 

diffraction phenomena. A noteworthy finding is that when the beam profile approaches a 

Gaussian distribution, the laser beam experiences enhanced diffraction. This phenomenon 

can be comprehended by analyzing the initial beam profile shown in fig. 3.1 or considering 

the influence of 𝑞 on the initial beam width depicted in fig. 3.2. In these figures, it is evident 

that laser beams with intensity distributions closer to a Gaussian profile have smaller 

effective beam widths. The diffraction-induced broadening of an optical beam exhibits an 

inverse relationship with its beam width. Therefore, an augmentation in the 𝑞 value enhances 

the diffraction of the beam of laser light, making it more pronounced or stronger. 

   To observe the progression of the beam profile as it propagates within the plasma, we 

solve Eq. (5.11) for 

𝜔଴ = 1.78 × 10ଵସ rad/se𝑐,      𝑟଴ = 10𝜇𝑚,   
𝜔௣଴

ଶ 𝑟଴
ଶ

𝑐ଶ
= 12. 
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Fig. 5.3 demonstrates the associated evolution of the beam width as it travels within the 

plasma. It is apparent from the fig. 5.3 that width of laser light undergoes harmonic variations 

with distance during its propagation within the plasma.  

 

 

Fig.5.3: Effect of 𝑞 (the solid curve for 𝑞 = 3, the dashed curve for 𝑞 = 4 , and the dotted 

curve for 𝑞 = ∞ on the beam width evolution in plasma with the longitudinal distance 𝜉  

 

Fig. 5.3 also exhibits the diminished focusing of laser beams at higher 𝑞 values where we 

take 𝑞 = ∞ to compare the results of present study with that for ideal Gaussian beams. One 

can see that the laser beam with 𝑞 = 3  obtains a minimum beam width of 2𝜇m at a distance 

of 2.8𝑧ோ, where 𝑧ோ = 𝑘଴𝑟௢
ଶ/2   is Rayleigh length. Compared to this laser beam with 𝑞 = ∞ 

(i.e., ideal Gaussian beam), we obtain a minimum beam width of 2.3 𝜇m and 5.5𝜇m at 

distances of 2𝑧ோ and 1.6𝑧ோ, respectively. Consequently, it can be concluded that as the 

deviation parameter rises, while maintaining the other laser-plasma parameters constant, the 

self-focusing of the beam of laser light diminishes.  

The impact of the initial beam intensity on the self-focusing of the beam of laser light 

has been depicted in fig. 5.4; here,  𝛽𝐸଴଴
ଶ = 1.5, 2 and 2.5 correspond to laser intensities 

of 1.2.10଺, 1.6.10଺ and 2.10ଵ଺𝑊/𝑐𝑚ଶ, respectively. One can see that, as the initial intensity 

of the laser beam rises, a substantial improvement is observed in both the magnitude and 
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rapidity of self-focusing. This occurs due to the strengthening of the relativistic effect when 

the intensity of the pump beam increases. Consequently, this leads to an increased transverse 

gradient of the refractive index within the exposed section of the plasma. Consequently, the 

degree of focusing of laser light increases by amplifying the beam’s intensity. 

 

Fig.5.4: Impact of the initial beam intensity on the evolution on the laser beam width; here, 

 𝛽𝐸଴଴
ଶ = 1.5 (the solid curve),  2 (the dashed curve), and  2.5 (the dotted curve) correspond to 

laser intensities of 1.2 .1016, 1.6 .1016, and 2.1016 W/cm2, respectively 

In fig. 5.5, we illustrate the impact of the density ramp slope on the laser-beam self-focusing. 

This figure demonstrates that an increase in the density ramp slope results in an enhanced 

degree of self-focusing in the laser beam. This happens because of the reduction in the 

refractive index of the plasma in deeper regions, associated with a rise in the gradient of the 

density ramp. As a result, the laser beam encounter a lower refractive index, leading to 

enhanced self-focusing. Consequently, amplification in the gradient of the density ramp 

amplifies the degree of focusing 
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.  

Fig.5.5: Impact of the density ramp slope (the solid curve for 𝑑′ = 0.025, the dashed curve for  

𝑑′ = 0.050, and the dotted curve for  𝑑′ = 0.075) on the beam width evolution 

5.4 The Evolution of Ion Acoustic Wave 

Plasma as a whole maintains quasineutrality; however, due to the separation of electrons and 

positively charged ions, disturbances can give rise to regions with net negative and net 

positive charges, resembling the charged plates in a parallel plate capacitor. The non uniform 

arrangement of charges in such cases set up an electric field that spans from the regions of 

positive charge to those of negative charge. The presence of this electric field exerts equal 

forces that attract the electrons and ions towards each other. As a result of this attractive 

force electrons and ions start moving towards each other. While the electrons and ions 

approach each other, their velocity and momentum gradually increase, analogous to a 

pendulum moving from an extreme position towards its mean position. The increase in 

momentum causes the electrons and ions to surpass their equilibrium positions, leading to a 

reversal in the electric field direction. With the electric field now reversed, it acts in 

opposition to the motions of electrons and ions, causing them to decelerate and eventually be 

pulled back in the opposite direction. The process continues to repeat itself in a cyclic 
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manner, creating an electron-ion oscillator. When considering the influence of thermal 

velocity, these oscillations between electrons and ions result in the generation of a 

longitudinal wave that alternately compresses and rarifies the density of the plasma. This 

wave propagates through the plasma and is known as an ion acoustic wave.  

The spatiotemporal evolution of the density perturbation  𝑛௜௔ related with IAW in plasma 

with the refractive index specified by Eq. (5.6) is given by the wave equation 

2𝑖𝑘௜௔
డ௡೔ೌ

డ௭
 = ∇ୄ

ଶ 𝑛௜௔ +
ఠ೔ೌ

మ

௩೟೓
మ [1+ tan(𝑎𝑧)](1 −

ଵ

൫ଵାఉ஺బ஺బ
∗ ൯

భ/మ) 𝑛௜௔                  (5.12) 

where 𝜔௜௔ is the angular frequency of IAW and  𝑣௧௛ = ට
ଶ௄்೔

ெ೔
 

By considering the Gaussian ansatz for the Ion Acoustic Wave (IAW) as follows: 

𝑛௜௔ =
𝑛଴଴

𝑓௜
exp ቆ−

𝑟ଶ

2𝑟଴
ଶ𝑓௜

ଶቇ                                               (5.13) 

By employing the Gaussian ansatz for the IAW and applying the procedure outlined in 

section 5.3, we derive the equation for the beam's evolution in the presence of the IAW as 

follows: 

 ௗమ௙೔

ௗకమ = ቀ
ఠబ

ఠ೔ೌ
ቁ

ଶ

[
ଵ

௙೔
య − ൬

ఠ೔ೌ௥బ

௩೟೓
మ ൰

ଶ

[1 + tan(𝑑𝜉) ]
ଵ

௙೔
య 𝐼                      (5.14) 

where 

𝐼 = න 𝑥𝑒ି௙మ௧/௙೔
మ

൬1 +
𝑥

𝑞
൰

ି(௤ାଵ)

ቊ1 +
𝛽𝐸଴଴

ଶ

𝑓ଶ
൬1 +

𝑥

𝑞
൰

ି௤

ቋ

ଷ/ଶ

𝑑𝑥 

For the initially plane wavefront, Eq. (5.14) is subject to the boundary conditions 𝑓௜ = 1 and 

ௗ௙೔

ௗక
= 0    at 𝜉 = 0. 

5.5 The Evolution of Scattered Wave 

The nonlinear interaction between the pump beam and the IAW gives rise to a nonlinear 

current density 𝐽ே௅ at frequency 𝜔௦ = 𝜔଴ − 𝜔௜௔   given by 

 

 𝐽ே௅ =
𝑒ଶ𝑛଴

𝑚଴𝜔௦

𝑛௜௔

𝑛଴
𝑒௜(ఠೞ௧ି௞ೞ௭)𝐴଴(𝑟, 𝑧)                                   (5.15) 

A scattered wave emerges as a consequence of the nonlinear current density and its evolution 

is given by the wave equation. 
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∇ଶ𝐸௦ =
ଵ

௖మ

డమாೞ

డ௧మ
+

ସగ

௖మ

డ௃ಿಽ

డ௧
                                              (5.16) 

The above equation determines the magnitude of the electric field for the scattered radiation, 
which can be expressed as follows: 

𝐸௦ = 𝑖
ఠ೛బ

మ /௖మ

(ఠೞ
మ/௖మ)ି௞ೞ

మ  

௡೔ೌ

௡బ
𝐴଴(𝑟, 𝑧)𝑟𝑑𝑟                                  (5.17) 

Through the definition of normalized power for scattered radiation, we can express it as 

follows: 

𝑃 =
∫ 𝐸௦𝐸௦

∗𝑟𝑑𝑟

∫ 𝐴଴𝐴଴
∗ 𝑟𝑑𝑟

                                                               (5.18) 

We arrive at 

                𝑃 =
(ఠ೛೚

మ /௖మ)మ

൤൬
ഘೞ

మ

೎మ ൰ି௞ೞ
మ൨

మ
∫(௡೔ೌ/௡బ)మ஺బ஺బ

∗ ௥ௗ௥

∫ ஺బ஺బ
∗ ௥ௗ௥

                                  (5.19) 

Eq. (5.19) describes the variation in the power of the scattered wave as it propagates over 

distance. We numerically solved Eq. (5.19) along with Eqs. (5.11) and (5.14) for the ion 

temperature 𝑇௜ = 10଺𝐾, 𝜔௜௔ = 10ଵଶrad/s,  
௡బబ

௡బ
= 0.001 to gain insight into how the power 

of a scattered wave changes as it propagates longitudinally through the plasma. Fig. 5.6 

illustrates the corresponding variation of the power (P) as a function of the longitudinal 

distance (ξ). It is noticeable that the power of the scattered radiation exhibits a step-like 

behavior and monotonically increases in relation to the propagation distance. Each step in the 

power of the scattered radiation occurs precisely at the position where the beam width 

reaches its minimum value. This occurs due to the self-focusing of the pump beam, leading 

to an amplified intensity. As a consequence, the amplitude of the plasma species, including 

electrons and ions, oscillations likewise experiences an increase, subsequently amplifying the 

amplitude of the generated IAW. Indeed, the density perturbations linked with the IAW 

result from the scattering of the pump wave. As a consequence, there is a continuous and 

monotonic increase in the power of the scattered wave as the distance of propagation 

increases. 

The step-like behavior observed in the power of the scattered wave coinciding with 

positions of the minimum width of the laser pump beam arises due to the correlation with the 

highest intensity in these regions. Consequently, in these regions, the maximum current 

density is observed for scattered radiation. 
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Therefore, following its peak value at the initial focal point, the scattered radiation 

encounters a sudden rise at the subsequent focal point. These abrupt spikes in the scattered 

radiation at the pump beam's focal points contribute to the observed step-like pattern in the 

scattered wave's power. 

Furthermore, it is noted that as the longitudinal distance increases, the steps in the power of 

the scattered wave become steeper while the size of each step diminishes. The reason behind 

the increasing steepness of the steps is that it is directly related to the degree of self-focusing. 

On the other hand, the decrease in step size is attributed to the inverse proportionality 

between step size and the oscillation frequency of the beam width.  It has been noted that as 

the distance progresses, both the degree and frequency of self-focusing increase. Therefore, 

the steps become steeper as observed in the 𝑃 vs. ξ curves, while simultaneously causing a 

decrease in the size of each step. 

One can see that at a distance of 10𝑧ோ through the plasma, the power of scattered 

wave for laser beam with 𝑞 = 3  is 0.44.10-4 𝑃଴ and, for ideal Gaussian beam, it is 1.1.10-4 

𝑃଴ where 𝑃଴ is the incident beam power. The plots presented in Fig. 5.6(a) also illustrate the 

decrease in the rate of amplification of scattered radiation as the deviation parameter (DP) ′𝑞′ 

increases in value. The fundamental physics that explain this observation is the direct 

correlation between the power of the scattered wave and the degree of self-focusing exhibited 

by the pump beam. As 𝑞 increases, causing a decrease in the degree of focusing within the 

pump beam, a corresponding decline in the scattered radiation power is observed.  Thus, one 

can conclude that SBS of Gaussian beam is minimum. Indeed, this effect arises from the 

minimum focusing of the laser light beam in the plasma medium. Consequently, the SBS of a 

laser light can be controlled by fine-tuning the magnitude of its DP ′𝑞′. Figures 5.6(b) and (c) 

illustrate that the amplification of SBS can be achieved by raising either the initial intensity 

of the pump beam or the gradient of the density ramp. This effect arises as a consequence of 

the increased degree of self-focusing in the pump beam, which occurs when its initial 

intensity or the density ramp slope is increased. 
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Fig.5.6: The evolution of the scattered wave power with the longitudinal distance within the 

plasma; here, effect of 𝑞 (a) (the solid curve for 𝑞 = 3, the dashed curvefor 𝑞 = 4, and the 

dotted curve for 𝑞 = ∞), the initial intensity (b) (the solid curve for 𝛽𝐸଴଴
ଶ = 1.5,, the dashed 

curve for 𝛽𝐸଴଴
ଶ = 2, and the dotted curve for 𝛽𝐸଴଴

ଶ = 2.5), and the slope of the density ramp 

(c)(the solid curve for 𝑑′ = 0.025, the dashed curve for 𝑑′ = 0.050, and the dotted curve for 

 𝑑′= 0.075) 
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Chapter- 6 

Self-Focusing effected Stimulated Brillouin Scattering in Density Ramped Plasma 

6.1. Introduction 

Powering the world without harming the global climate is a mounting concern. Thus, in the 

past few decades, developed countries have added substantial amounts of solar, geothermal, 

wind, and biomass power to decarbonize electrical power production. Despite the presence of 

renewable power sources, they are insufficient to satisfy humanity's insatiable demand for 

energy. Regarding this matter, the suggestion to commence nuclear fusion through the use of 

powerful laser beams (known as inertial confinement fusion or ICFs) for viable energy 

production has been at the vanguard of research since the successful realization of the 

thermonuclear fusion – the hydrogen bomb. The objective in laser-driven fusion is to focus 

laser energy onto a specific plasma density, inducing compression and then heating of the 

fuel pellet. With adequate compression, the pellet has the potential to undergo fusion, 

resulting in the release of a significant amount of energy. It can be likened to having a 

miniature piece of the sun on Earth. 

The fascination and obstacles of fusion emanate from the inherent properties of the 

fusion process by itself. Abundant and affordable, fusion fuel is readily available. The 

notable benefits include the ample availability of fuel, with deuterium and tritium being the 

most readily accessible and exploitable fuels. Deuterium is naturally present in all water 

sources, particularly seawater.  

However, tritium is not naturally abundant and can be produced within the fusion 

reactor by bombarding lithium with abundant neutrons, which are also readily available in 

nature. Fusion, known as the cleanest energy source, does not directly generate nuclear 

waste. It is worth noting that tritium possesses mild radioactivity. Furthermore, the activation 

of the reactor chamber by neutrons influences the selection of valuable structural materials, 

aiming to minimize the disposal of components during maintenance or the decommissioning 

of the entire reactor assembly at the end of its operational life. 

In contrast, fission reactions take place at average temperatures, while fusion reactions occur 

only at extremely high temperatures, similar to those found in stars. The fuel with the lowest 

ignition temperature is a combination of deuterium and tritium, which ignites at temperatures 
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approximately around 50 keV (i.e., 50 × 10଺K). At such high temperatures, the fuel 

undergoes complete ionization, transforming into a plasma state. This is why plasma physics 

holds a vital significance within the realm of fusion research.  

In the case of inertial confinement fusion (ICF), lasers can sometimes interact with 

the plasma at densities that differ from the intended conditions. This could lead to undesired 

effects and hinder the efficient implosion of the target. This encompasses a wide range of 

phenomena, including the self-action effects of the laser beam, as well as various stimulated 

scattering processes like stimulated Raman scattering (SRS) and stimulated Brillouin 

scattering (SBS). Stimulated scatterings are the processes in which an incident 

electromagnetic beam interacts nonlinearly with bosonic excitations of a medium and hence 

transformed into a scattered wave with a frequency either higher (up-shifted) or lower 

(down-shifted). The nonlinear medium supplies the difference in the photon energy between 

the incident and scattered waves. Within the context of plasmas, the propagating plasma 

waves, commonly referred to as ion acoustic waves (IAWs), fulfill the role of bosonic 

excitations. SBS involves the interaction of light with sound waves in solids, liquids, gases or 

with IAWs in plasmas. In the case of ICF, the crests of these ion acoustic waves (IAWs) act 

as partially reflecting mirrors for the incident laser beam. Consequently a considerable 

amount of laser energy is reflected by these waves, leading to a decrease in the effectiveness 

of laser-plasma interaction. Thus, in the context of ICF it becomes vital to investigate 

different aspects of the phenomenon of SBS. 

It is not SBS that always plays the role of villain. By serving as a diagnostic tool in 

experiments on laser– plasma interactions, it also plays the hero role. By measuring the 

frequency shift between the pump wave and the scattered wave, one can determine the 

different parameters of plasma-like electron and ion temperatures, ion density, conductivity, 

refractive index of plasma, etc. The significant advantage of using SBS as a diagnostic tool is 

that it does not require any physical probe to be inserted into the plasma. Another vital 

application of SBS is optical phase conjugation, which is known as time-reversal or 

wavefront reversal. Optical phase conjugation is a method that involves generating an optical 

beam with wavefront or phase variations that are reversed compared to a reference beam. 

The time-reversed process contradicts our everyday experience, and for good reason: the 

sequences of events disobey the second law of thermodynamics (the law that states that 
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systems tend toward maximum entropy). However, the scenario can be played successfully if 

the actor is the wave motion of light or some other electromagnetic radiation. Such a 

phenomenon is possible because of a remarkable property of light rays that has been long 

recognized namely the reversibility of their propagation. For every light beam with an 

arbitrary structure of rays, there exists a possible “time-reversed” beam whose rays run along 

the same trajectories but in the opposite direction, similar to when a film is run backward. 

The phase conjugate mirrors reflect light radically differently than conventional mirrors. Let's 

consider a beam of light interacting with two types of mirrors: a traditional mirror and a 

phase conjugator. When light rays hit a conventional mirror, they are characterized by a wave 

vector 𝑘 aligned with the direction of propagation. Upon reflection, only the component 𝑘ୄ, 

which is normal to the mirror surface, is inverted. As a result, the orientation of the 

conventional mirror can be adjusted to arbitrarily redirect the light beam. In contrast, a phase 

conjugator acts differently. It inverts all components of the wave vector 𝑘, resulting in a total 

reversal of sign and direction. Regardless of the orientation of the phase conjugator, the 

reflected beam always retraces the path of the incident beam.  

In chapter 5, cross sectional shape of the laser beam was considered to be exactly circular. 

However, practically the shape of the laser beam is slightly elliptical and that too affect 

significantly the progression of the laser beam. Thus in this chapter SBS of elliptical 𝑞-

Gaussian laser beam has been investigated. 

6.2 Evolution of pump beam 

Let's examine the propagation of a beam of laser light characterized by electric field vector 

𝐸ሬ⃗ (𝑟, 𝑡) = 𝐴଴ (𝑥, 𝑦, 𝑧)𝑒௜(௞బ௭ିఠబ௧)𝑒௫                              (6.1) 

Through plasma having equilibrium electron density increases monotonically with 

longitudinal coordinate  𝑧 . Such an electron density profile of plasma can be modeled as: 

𝑛(𝑧) = 𝑛଴(1 + tan(𝑑𝑧))                                                 (6.2) 

Here 𝑛଴ represents electron density of plasma at the initial plane where the laser beam enters 

i.e., 𝑧 = 0 . The constant ′𝑑′ signifies the rate at which the electron density of the plasma 

increases. Therefore, ′𝑑′ is commonly called the gradient of the density ramp. 

The dielectric function of plasma, with electron density given by eq. (6.2) can be written as 

𝜀 = 1 −
ସᴨ௘మ௡బ

௠೐ఠబ
మ (1+ tan (𝑑𝑧))                                          (6.3) 
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Where 𝑒 represents the electronic charge and 𝑚௘   denotes the electron mass. The electric 

field of the laser beam imparts oscillatory velocity 

𝑣 = −𝑖
௘

ఠబ௠೐
𝐸                                                                  (6.4) 

to the plasma electrons. In the case where the laser light beam is adequately intense enough 

to cause the plasma electrons the electrons in plasma undergo oscillations at a velocity 

similar to speed of light in a vacuum, it is necessary to replace the effective mass 𝑚௘   of 

plasma electrons in Eq. (6.3) with  𝑚௘ = 𝑚଴𝛾. Here, 𝑚଴ corresponds to the rest mass of 

electron, and 𝛾 denotes the relativistic Lorentz factor. The Lorentz factor 𝛾 is linked with the 

laser intensity in the following manner: 

 𝛾 = (1 + 𝛽𝐴଴𝐴଴
∗ )

భ

మ 

Where 𝛽  represents a constant defined as  𝛽 =
௘మ

௠బ
మ௖మఠబ

మ. It is related to magnitude of 

relativistic nonlinearity and is often referred as “relativistic nonlinearity coefficient”. 

Therefore, under the influence of a laser beam, Eq. (6.3) undergoes modification as follows: 

𝜀 = 1 −
𝜔௣଴

ଶ

𝜔଴
ଶ

(1 + 𝛽𝐴଴𝐴଴
∗ )ି

భ

మ(1 + tan(𝑑𝑧))                                 (6.5) 

Where  𝜔௣଴ = ට
ସగ௘మ௡బ

௠బ
  is the plasma frequency when there is no laser beam present. By 

observing Eq. (6.5), one can deduce that the dependence of electron mass on laser intensity 

makes the plasma an optically nonlinear medium in a similar way to the Kerr effect makes 

ordinary dielectrics an optically nonlinear medium. Expressing the effective dielectric 

function of the plasma as the combination of linear and nonlinear components: 

                                                𝜀 = 𝜀଴ + 𝜙(𝐴଴𝐴଴
∗ )                                                               (6.6) 

we get 

𝜀଴ = 1 − 𝜔௣଴
ଶ /𝜔଴

ଶ                                                                (6.7) 

and 

𝜙(𝐴଴𝐴଴
∗ ) =

ఠ೛బ
మ

ఠబ
మ [1 −

ଵ

൫ଵାఉ஺బ஺బ
∗ ൯

భ/మ ][1 + tan(𝑑𝑧)]                    (6.8) 

Eq. (6.8) provides the relation for the relativistic nonlinear dielectric function of the plasma 

The wave equation governs the behavior of an optical beam as it propagates within a 

nonlinear medium with a nonlinear dielectric function represented by 𝜙(𝐴଴𝐴଴
∗ ) is given as 
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2𝑖𝑘଴
డ஺బ

డ௭
 =  ∇ୄ

ଶ 𝐴଴ +
ఠబ

మ

௖మ
𝜙(𝐴଴𝐴଴

∗ )𝐴଴                                                              (6.9) 

Lagrangian density for Eq. (6.9) is: 

ℒ = 𝑖 ቀ𝐴଴ 
డ஺బ

∗

డ௭
− 𝐴଴

∗  
డ஺బ 

డ௭
ቁ + |𝛻ୄ𝐴଴|ଶ −

ఠబ
మ

௖మ ∫ 𝜙(𝐴଴𝐴଴
∗ )𝑑(

஺బ஺బ
∗

 
𝐴଴𝐴଴

∗ )         (6.10) 

In this present study, we have utilized a trial function with the following structure: 

𝐴଴(𝑥, 𝑦, 𝑧) =
ாబబ

ඥ௙ೣ ௙೤
൜1 +

ଵ

௤
൬

௫మ

௔మ௙ೣమ +
௬మ

௕మ௙೤
మ൰ൠ

ି
೜

మ
                                              (6.11) 

Upon inserting the trial function as defined in eq. (6.11) into the Lagrangian density and 

performing integration over the entire cross-sectional area of the laser light beam, we derive 

the reduced Lagrangian given by 𝐿 = ∫ ℒ𝑟𝑑𝑟.
ஶ

଴
 The corresponding Euler–Lagrange 

equations 

ௗ

ௗ௭
൭

డ௅

డ൬
ങ೑ೣ,೤

ങ೥
൰
൱ −

డ௅

డ௙ೣ ,೤
= 0                                                                           (6.12) 

give 

ௗమ௙ೣ

ௗ௭మ =
ଵ

ଶ௞బ
మ௔ర

ଵ

௙ೣయ ቀ1 −
ଵ

௤
ቁ ቀ1 −

ଶ

௤
ቁ ൤ቀ1 +

ଵ

௤
ቁ

ିଵ

+ ൬
ழ௅భவ

ாబబ
మ 𝑓௫𝑓௬ +

ଶாబబ
మ

௙ೣమ௙೤

డழ௅భவ

డ௙ೣ
൰൨  (6.13) 

ௗమ௙೤

ௗ௭మ
=

ଵ

ଶ௞బ
మ௕ర

ଵ

௙೤
య ቀ1 −

ଵ

௤
ቁ ቀ1 −

ଶ

௤
ቁ ൤ቀ1 +

ଵ

௤
ቁ

ିଵ
+ ൬

ழ௅భவ

ாబబ
మ 𝑓௫𝑓௬ +

ଶாబబ
మ

௙ೣ ௙೤
మ

డழ௅భவ

డ௙೤
൰൨   (6.14) 

where, 

< 𝐿ଵ > =
𝜔଴

ଶ

𝑐ଶ
න(න 𝜙(𝐴଴ 𝐴଴

∗ )𝑑(𝐴଴𝐴଴
∗ )) 𝑑ଶ𝑟    

஺బ஺బ
∗

 

 

Equations (6.13) and (6.14) can be written as 

ௗమ௙ೣ

ௗ௭మ =
ଵ

ଶ௞బ
మ௔ర௙ೣయ

ቀଵି
భ

೜
ቁ(ଵି

మ

೜
)

(ଵା
భ

೜
)

+
ଵ

ଶ

(ଵି
మ

೜
)

௔మఢబூబ
∫ 𝑥𝐴଴𝐴଴

∗ డథ

డ௫
𝑑ଶ𝑟                                       (6.15)                

ௗమ௙೤

ௗ௭మ =
ଵ

ଶ௞బ
మ௔ర௙೤

య

ቀଵି
భ

೜
ቁ(ଵି

మ

೜
)

(ଵା
భ

೜
)

+
ଵ

ଶ

(ଵି
మ

೜
)

௔మఢబூబ
∫ 𝑦𝐴଴𝐴଴

∗ డథ

డ௬
𝑑ଶ𝑟                                        (6.16) 

Using Eqs. (6.8) and (6.11) in Eqs. (6.15) and (6.16) we get 

ௗమ௙ೣ

ௗకమ =
ቀଵି

భ

೜
ቁቀଵି

మ

೜
ቁ

ቀଵା
భ

೜
ቁ

ଵ

௙ೣయ − ቀ1 −
ଵ

௤
ቁ ቀ1 −

ଶ

௤
ቁ ൬

ఠ೛బ
మ ௔మ

௖మ ൰ ൫1 + tan(𝑑ᇱ𝜉)൯
ఉாబబ

మ

௙ೣమ௙೤
𝐼              (6.17) 

ௗమ௙೤

ௗకమ = ቀ
௔

௕
ቁ

ସ ቀଵି
భ

೜
ቁቀଵି

మ

೜
ቁ

ቀଵା
భ

೜
ቁ

ଵ

௙೤
య − ቀ

௔

௕
ቁ

ଶ

ቀ1 −
ଵ

௤
ቁ ቀ1 −

ଶ

௤
ቁ ൬

ఠ೛బ
మ ௔మ

௖మ ൰ ൫1 + tan(𝑑ᇱ𝜉)൯
ఉாబబ

మ

௙ೣ ௙೤
మ 𝐼      (6.18) 

where 
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     𝑑ᇱ = 𝑑𝑘଴𝑎ଶ 

𝜉 =
𝑧

𝑘଴𝑎ଶ
 

𝐼 = ∫ 𝑡 ቀ1 +
௧

௤
ቁ

ିଶ௤ିଵ

 {1 +
ఉாబబ

మ

௙ೣ ௙೤

ஶ

଴
ቀ1 +

௧

௤
ቁ

ି௤

}-3/2 𝑑𝑡 

The beam width evolution of elliptical 𝑞-Gaussian laser beams in 𝑥 and 𝑦 directions with 

respect to longitudinal distance of propagation is given by a system of nonlinearly coupled 

differential equations, specifically denoted as Eqs. (6.17) and (6.18). For an initial plane 

wavefront of the pump beam, Eqs. (6.17) and (6.18) are governed by specific boundary 

conditions. 

𝑓௫,௬(𝜉 = 0) = 1 

ௗ௙ೣ ,೤

ௗక
= 0 at 𝜉 = 0 

Equations (6.17) and (6.18) are identical to the equation describing the motion of driven 

oscillators with a unit mass where the beam width parameters 𝑓௫,௬ assume the role of 

displacement and the longitudinal distance 𝜉  play that of time. Thus, from these equations 

one can infer that while the beam of laser light propagates within the plasma, its beam widths 

will undergo harmonic oscillations over the propagation distance. From a physical 

perspective, the harmonic fluctuations in beam widths arise as a result of the interplay 

between two phenomena. The first is the self-focusing of the laser light beam, which is 

driven by the plasma's optical nonlinearity. The second is the inherent wave nature of light, 

leading to diffraction. The laser beam's beam widths exhibit similar behavior in previous 

investigations for ponderomotive optical nonlinearity of plasma. 

6.3 Evolution of ion acoustic wave 

The perturbation in plasma density, denoted as 𝑛௜௔ linked with the IAW, undergoes evolution 

governed by the wave equation. 

 2𝑖𝑘௜௔
డ௡೔ೌ

డ௭
 = ∇ୄ

ଶ 𝑛௜௔ −
ఠ೔ೌ

మ

௩೟೓
మ  [1+ tan(𝑑𝑧)](1 −

ଵ

൫ଵାఉ஺బ஺బ
∗ ൯

భ/మ) 𝑛௜௔             (6.19) 

where  𝑣௧௛ = ට
ଶ௄்೔

ெ೔
 is the thermal velocity of ions.  

Considering the Gaussian ansatz for the IAW as 
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𝑛௜௔ =
௡బబ

ඥ௙ೣ೔௙೤೔
𝑒

ିቆ
ೣమ

మೌమ೑ೣ೔
మ  ା

೤మ

మ್మ೑೤೔
మ ቇ

                                                                 (6.20) 

By following the aforementioned procedure, we can derive the equation describing the 

evolution of the beam width in the presence of the Ion Acoustic Wave (IAW): 

ௗమ௙ೣ೔

ௗకమ =
ଵ

௙ೣ ೔
య − ൬

ఠ೔ೌ
మ

   

 
 ௔మ

௩೟೓
మ ൰

 

(1 + tan(𝑑ᇱ𝜉))
ଵ

௙ೣ ೔
మ ௙೤೔

 𝑇                                         (6.21) 

ௗమ௙೤೔

ௗకమ = ቀ
௔

௕
ቁ

ସ ଵ

௙೤೔
య −  ቀ

௔

௕
ቁ

ଶ

൬
ఠ೔ೌ

మ
   

 
 ௔మ

௩೟೓
మ ൰

 

(1 + tan(𝑑ᇱ𝜉))
ଵ

௙೤೔
మ ௙ೣ೔

 𝑇                       (6.22) 

where 

𝑇 =  න න 𝑒𝑥𝑝[−𝑢(
𝑓௫

ଶ

𝑓௫௜
ଶ cos(𝜃) +

𝑓௬
ଶ

𝑓௬௜
ଶ sin(𝜃))  ൬1 +

𝑢

𝑞
൰

(ି௤ିଵ)

 ቊ1 +
𝛽𝐸଴଴ 

ଶ

𝑓௫𝑓௬

൬1 +
𝑢

𝑞
൰

ି௤

ቋ

 ିଷ/ଶஶ

଴

ଶగ

଴

𝑢𝑑𝑢𝑑𝜃 

 

For the initial plane wavefront, Eqs. (6.21) and (6.22) are governed by boundary equations 

 𝑓௫௜,௬௜ = 1  and 
ௗ௙ೣ೔,೤೔ 

ௗక
= 0  𝑎𝑡 𝜉 = 0. Eqs. (6.21) and (6.22) show the interaction between the 

IAW and the pump beam. The density perturbations associated with the IAW exhibit a high 

sensitivity to the self-focusing of the laser light beam. By employing Poisson's equation, it 

becomes possible to determine the electrostatic field generated by the excited Ion Acoustic 

Wave (IAW) as follows: 

𝐸௜௔ = 𝐸௜௔𝑒ି௜(௞೔ೌ௭ି ఠ೔ೌ௧)𝑒௭                                                    (6.23) 

𝐸௜௔ =
௜௠బఠ೔ೌ

మ

௘௞೔ೌඥ௙ೣ೔௙೤೔
𝑒

ିቆ
ೣమ

మೌమ೑ೣ೔
మ ା

೤మ

మ್మ೑೤೔
మ ቇ

                                           (6 .24) 

The Eq. (6.24) provides the magnitude of the field corresponding to the excited IAW. 

6.4 Evolution of scattered wave 

SBS, one of the most beautiful effects in nonlinear optics, involves directing a beam of light 

into a transparent medium such as liquid, compressed gas, glass, or crystal. When light of 

low intensity passes through such a sample, no attenuation is observed. The behavior of a 

high-intensity light beam, however, is astonishing. The beam is reflected backward almost 

wholly when beginning at a threshold power of roughly a million watts. Although such 

power is relatively high, it is easily attainable with a laboratory pulsed laser. 

The reflected beam is a consequence of events that produce Brillouin scattering of 

light – the scattering of light due to its encounter with high-frequency acoustic waves. These 
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are present in all materials because of thermal agitation and cover a range of frequencies 

extending from zero up through microwaves into the infrared region. Consider, in particular, 

a thermal acoustic wave that travels in the same direction as a light wave and has the same 

wavelength. Of course, its frequency is much lower than that of a light wave, corresponding 

to the much lower sound velocity. This sound wave has a maximum pressure for every 

wavelength, so the light wave also sees a regularly repeated density fluctuation slowly 

moving through the liquid. To fix the density fluctuation, it would be a three-dimensional 

grating, like a crystal is for X-rays, and would reflect some of the light with the original 

frequency. This reflection phenomenon is reminiscent of the experience of observing a thin 

oil film on water, where one can observe its surface displaying a vibrant range of rainbow 

colors.  At every location on the film, a specific color is reflected more effectively than 

others, and this particular color corresponds to a wavelength that is half the thickness of the 

film layer. Due to variation in the thickness of the layer, different points on the film reflect 

distinct colors and because the wave is in fact moving, the frequency of the reflected light is 

reduced by a Doppler shift of twice 𝑣/𝑐, where 𝑣 is sound velocity and 𝑐 is light velocity in a 

vacuum. As thermal waves are moving in all directions in the liquid, they can scatter light in 

all directions with slightly different frequencies. 

However, when an intense light wave, such as that from a giant pulse laser, traverses 

the medium, it is not only reflected by thermal vibrations, it combines with them to drive 

these vibrations to a much greater intensity. The process is that the direct light and the 

reflected light, especially in the backward direction, combine to produce maxima and minima 

of the resultant intensity. At the places where the light intensity is most significant, where the 

two waves are in phase, the material experiences an electrostrictive force that compresses it. 

This force, although negligible with ordinary light waves, can be fairly large with lasers, and 

it has just the suitable periodicity to apply pressure and drive the sound waves to higher 

intensities. The stronger sound waves reflect more light, so the process goes. The reflections 

thus build exponentially as distance increases until a reflected beam emerges from the 

material. Indeed, some liquids may reflect as much as 80 or 90% of the light with a slight 

change in frequency by the SBS. In solids, the intense vibrations may be one cause of 

fracture. 
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 As the amplification relies on the intensity of the incident beam, a prerequisite for 

producing the reflected beam is that the power of the incident beam must exceed a certain 

threshold. In the context of plasma, the role analogous to a sound wave is fulfilled by an Ion 

Acoustic Wave (IAW). IAWs, similar to propagating sound waves in solids, are associated 

with acoustic phonons. Consequently, it is reasonable to explore the possibility of Stimulated 

Brillouin Scattering (SBS) occurring in plasmas, just as it does in solid materials. 

Nevertheless, elementary considerations have demonstrated that nonlinear effects in plasmas 

are comparatively weaker than their counterparts observed in liquids or solids by a factor of 

107. In applications involving interactions between lasers and plasmas, laser beams with 

intensities more than 1016  W/cm2 are being used. At these ultrahigh intensity plasmas 

become prone to SBS. 

The nonlinear interaction of the pump beam and IAW leads to generation of a 

nonlinear current density, denoted as 𝐽ே௅  at a frequency 𝜔ௌ = 𝜔଴ − 𝜔௜௔. The expression for 

this nonlinear current density is given by: 

𝐽ே௅ = ቀ
௘௡బ

௠బఠೞ
ቁ

௡೔ೌ

௡బ
𝑒௜൫ఠೞ௧ –௞ೞ௭൯𝐴଴(𝑥, 𝑦, 𝑧)                                       (6.25) 

The presence of this nonlinear current density gives rise to a scattered wave, which follows 

the evolution dictated by the wave equation. 

∇ଶ𝐸௦ =
ଵ

௖మ

డమாೞ

డ௧మ +
ସగ

௖మ

డ௃ಿಽ

డ௧
                                                         (6.26) 

The equation provides the measure of the electric field associated with the scattered radiation 

as: 

𝐸௦ = 𝑖
ቆ

ഘುబ
మ

೎మ ቇ

൬
ഘೞ

మ

೎మ ି௞ೞ
మ൰

௡೔ೌ

௡బ
 𝐴଴(𝑥, 𝑦, 𝑧)                                                (6.27) 

By denoting the normalized power of scattered radiation as 

𝑃ௌ =
∫ ாೞாೞ

∗ௗమ௥

∫ ஺బ஺బ
∗ ௗమ௥

                                                                             (6.28) 

we get 

𝑃ௌ =
ቆ

ഘ೛బ
మ

೎మ ቇ

మ

൬
ഘೞ

మ

೎మ ି ௞ೞ
మ൰

మ

∫ቀ
೙೔ೌ
೙బ

ቁ
మ

 ஺బ஺బ
∗ ௗమ௥

∫ ஺బ஺బ
∗ ௗమ௥ 

                                                          (6.29) 

In the current study, Equation (6.29) has been solved in association with Eqs. (6.17), (6.18), 

(6.21), and (6.22) using the following collection of laser-plasma parameters: 𝜔଴ = 1.78 ×
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10ଵହ rad/s 𝜔௜௔ = 10ଵଶrad/s, 𝑎 = 10 μm, 𝛽𝐸଴଴
ଶ = 3,

ఠ೛೚
మ ௔మ

௖మ
= 9, 𝑇 = 10଺ 𝐾,

௡బబ

௡బ
= 0.001 

and for various values of 𝑞,  𝑑ᇱ  and 
௔

௕ 
 viz;  𝑞 = (3, 4, ∞),  𝑑ᇱ = (0.25, 0.35, 0.45) and 

௔

௕
=

(1, 1.1, 1.2), in order to visualize the progression of the power of scattered waves with 

longitudinal distance as they propagate within the plasma. The change in the scattered power 

𝑃ௌwith the distance 𝜉 is illustrated in figs. 6.1–6.3. It is noticeable that the power of the 

scattered radiation exhibits a step-like behavior and monotonically increases with the 

propagation distance.  

Furthermore, upon observation, it is noticed that as the longitudinal distance increases, the 

steps in the power of the scattered wave become steeper while the size of each step 

diminishes. The reason behind the increasing steepness of the steps is that it is directly 

related to the degree of self-focusing. On the other hand, the decrease in step size is attributed 

to the inverse proportionality between step size and the frequency of oscillations of the beam 

width. It has been noted that as the distance progresses, both the extent and frequency of self-

focusing increases. Consequently, the observed 𝑃 vs. ξ curves display  

an escalation in step steepness alongside a reduction in individual step size. 

Figure 6.1 clearly demonstrate a decrease in the rate at which scattered radiation is 

amplified when deviation parameter 𝑞 increases. This observation can be attributed to the 

direct connection between the power of the scattered wave and the degree of self-focusing 

displayed by the pump beam.  

 

Fig. 6.1: Variation of the power of scattered waves with distance in plasma for 

 𝑞 = 3(1), 4(2) and ∞ (3); 𝑑ᇱ = 0.25 and  
௔

 ௕
= 1.1 
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When the 𝑞 value grows, the focusing of the pump beam becomes diminishes, leading 

to a reduction of the scattered radiation power. Figure 6.2 demonstrate that Stimulated 

Brillouin Scattering (SBS) diminishes as the ellipticity of the laser beam increases. This 

reduction can be attributed to the diminished overall self-focusing of the laser light beam that 

occurs with an enhancement in its ellipticity. 

 

 

 

 

Fig.6.2: Variation of the power of the scattered waves as the function of propagation distance 

in plasma for  
௔

௕
= 1(1), 1.1(2), and 1.2 (3);  𝑞 = 3 and 𝑑ᇱ = 0.25 

 

Figure 6.3 illustrates how the slope of the density ramp affects the power of the scattered 

wave. It's clear that augmenting the slope of the density ramp intensifies the amplification of 

the scattered wave. Once more, this observation is connected to the amplified self-focusing 

of the laser light beam as the slope of the density ramp increases. An increase in the slope of 

the density ramp, leads to higher reflectivity of the focal spots that amplify the scattered 

wave. 
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Fig.6.3: Variation of power of scattered waves with distance in plasma for  

 𝑑ᇱ = 0.25 (1), 0.35 (2), and 0.45 (3);  
௔

௕
= 1.1 and 𝑞 = 3 
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Chapter- 7 

Self-Focused Quadruple Gaussian Laser Beams in Thermal Quantum Plasma 

7.1 Introduction 

Exploring self-action effects and their impact on the stimulated Brillouin scattering (SBS) of 

intense laser beams in plasmas has been at the forefront of research for several decades. 

Thus, this chapter aims to give theoretical study on self focusing, self trapping and SBS of 

QG laser beams in thermal quantum plasmas. 

 7.2 Relativistic Nonlinearity of Fusion Plasma 

In case of inertial confinement fusion (ICF), the generated plasma is so dense that the wave 

functions of the electrons start overlapping with each other. In such a case the dielectric 

characteristics of plasma correspond to thermal quantum plasma (TQP). Let us take the 

interaction of a circularly polarized laser beam having electric field vector 

𝐸(𝑟, 𝑧, 𝑡) = 𝐴(𝑟, 𝑧)𝑒௜(௞బ௭ିఠబ௧)൫𝑒௫ + 𝑖𝑒௬൯                            (7.1) 

with TQP of equilibrium electron density 𝑛଴(𝑧). Upon irradiation of fuel pellet during ICF 

the generated plasma expands radially outwards. Hence, as seen from the side of laser beam, 

the plasma density varies as an increasing function of distance. Such a density profile of 

plasma has been modeled by Gupta et al.[11] as 𝑛଴(𝑧) = 𝑛଴(0)(1 + tan(𝑑𝑧)). The impact of 

quantum effects within plasmas is dictated by the spatial dimensions of the particles wave 

packets. If the average size of electron wave packets is greater than the average separation 

between them resulting in the merging of wave functions, quantum effects assume a 

substantial role. When considering the impact of quantum mechanical diffraction, it becomes 

possible to formulate the dielectric function of TQP as[62] 

𝜖 = 1 −
ఠ೛

మ

(ఠబ
మିఈ௞బ

రି௞బ
మ௩ಷ

మ)
                                                    (7.2) 

where, 𝜔௣
ଶ =

ସగ௘మ

௠೐
𝑛଴(𝑧)  is the frequency of plasma, the constant 𝛼 that can be expressed as  

𝛼 =
ħమ

ସ௠೐
మ  is associated with the effect of diffraction of electron wave function resulting from 

quantum correction of density fluctuations, 𝑒 and 𝑚௘  are electronic charge and mass, 

respectively and 𝑣ி = ቀ
ଶ௄ಳ்ಷ

௠೐
ቁ

ଵ/ଶ

 is the electron’s fermi speed. For 𝑇ி = 0, Eq. (7.2) 
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represents the dielectric function of cold quantum plasma (CQP). Also, along with 𝑇ி =

0  and the condition 𝛼 = 0, Eq. (7.2) represents the dielectric function of classical plasma. 

When subjected to the circularly polarized field of the laser beam, the unbound charge 

carriers within the plasma experience movement along circular paths, characterized by 

oscillations around the perimeter. When subjected to the effects of an ultra-intense laser, the 

plasma experiences an increase in the quiver velocity of its electrons, causing them to 

approach the speed of light. In Eq. (7.2), the effective mass 𝑚௘of plasma electrons must be 

substituted by 𝑚଴𝛾, where 𝛾 represents the relativistic Lorentz factor that is connected to the 

intensity of laser by the following expression[62] 

𝛾 = (1 + 𝛽𝐴𝐴∗)ଵ/ଶ                                                             (7.3) 

Where 𝛽 represents a constant defined as  𝛽 =
௘మ

௠బ
మ௖మఠబ

మ. It is related to the magnitude of 

relativistic nonlinearity and is often referred as “relativistic nonlinearity coefficient”. 

Relativistic nonlinearity lacks transient behavior as it does not involve the modification of 

electron density of plasma. It immediately comes into existence as the laser power exceeds a 

certain threshold. Therefore, when the laser beam is present, the altered dielectric function of 

TQP can be expressed as follows: 

𝜖 = 1 −
ఠ೛బ

మ (௭)ఊషభ

(ఠబ
మିఈబఊషమ௞బ

రିఊషభ௞బ
మ௩ಷబ

మ )
                                                    (7.4) 

Where 𝜔௣଴
ଶ (𝑧) =

ସగ௘మ

௠బ
𝑛଴(𝑧) is the equilibrium plasma frequency, 𝛼଴ =

ħమ

ସ௠బ
మ  and 𝑣ி଴ =

ቀ
ଶ௄ಳ்ಷ

௠బ
ቁ

ଵ/ଶ

. Writing eq. (7.4) as a linear combination of linear and nonlinear parts as 

𝜖 = 𝜖଴ + 𝜙(𝐴𝐴∗)                                                         (7.5) 

We get 

𝜖଴ = 1 −
ఠ೛బ

మ (௭)

ఠబ
మ                                                     (7.6) 

𝜙(𝐴𝐴∗) =
ఠ೛బ

మ (௭)

ఠబ
మ {1 −  ఊషభ

ଵି
ംషమഀబೖబ

ర

ഘబ
మ ି

ೖబ
మೡಷబ

మ ംషభ

ഘబ
మ

}                                (7.7) 

Eq. (7.7) gives the relativistic nonlinearity of TQP. Eq. (7.7) also models the dielectric 

function of plasmas occurring in solids like narrow band gap semiconductors e.g., InSb. In 

semiconductors with narrow band gaps, due to the non parabolicity of the conduction band 

the motion of conduction electrons becomes relativistic even at moderate laser intensities. 
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Thus, their nonlinear dielectric response is governed by equation similar to that of Eq. (7.7). 

Thus, the results of present study are also applicable qualitatively to that for the interaction of 

high-intensity laser light beams with narrow band gap semiconductors or plasma occurring in 

solids. 

7.3 Quadruple Gaussian Laser Beam 

The representation of transverse amplitude structure, of the beam of laser light denoted 

as 𝐴(𝑥, 𝑦), is described by: 

𝐴(𝑥, 𝑦) =
ாబబ

௙
[𝑒

ష(ೣషೣబ೑)మశ೤మ

మೝబ
మ೑మ + 𝑒

ష(ೣశೣబ೑)మశ೤మ

మೝబ
మ೑మ + 𝑒

ష(೤షೣబ೑)మశೣమ

మೝబ
మ೑మ + 𝑒

ష(ೣశೣబ೑)మశ೤మ

మೝబ
మ೑మ  ]                (7.8) 

here, 𝐸଴଴ represents the axial amplitude and 𝑟଴ represents equilibrium radius of the beam of 

laser light. The dimensionless beam width parameter, denoted as 𝑓(𝑧), describes a function 

that represents the instantaneous spot size when multiplied by the initial beam width. 

Furthermore, when divided by the amplitude of laser, it acts as an indicator of the intensity 

along the axis. Eq. (7.8) reveals Q.G.  laser beams can be generated by the constructive 

interference of four identical beams of laser light, each exhibiting a Gaussian intensity 

profile. The coordinates of their intensity maxima are located 

at (−𝑥଴, 0),(𝑥଴, 0),(0, 𝑥଴),(0, −𝑥଴). 

7.4 Evolution of beam envelope 

The wave equation employed to model the propagation of laser beams within nonlinear 

media is given by  

𝑖
డ஺

డ௭
=

ଵ

ଶ௞బ
∇ୄ

ଶ 𝐴଴ +
௞బ

ଶఌబ
𝜙(𝐴𝐴∗)𝐴                                            (7.9) 

The Lagrangian density associated to Eq. (7.9) can be expressed as follows:   

ℒ = 𝑖 ቀ𝐴଴ 
డ஺బ

∗

డ௭
− 𝐴଴

∗ డ஺బ 

డ௭
ቁ + |𝛻ୄ𝐴଴|ଶ −

ఠబ
మ

௖మ ∫ 𝜙(𝐴଴𝐴଴
∗ )𝑑(

஺బ஺బ
∗

 
𝐴଴𝐴଴

∗ )           (7.10) 

By putting the trial function (Eq. 7.8) into the Lagrangian density (Eq. 7.10) and conducting 

integration with respect to the 𝑥 and 𝑦, the outcome is the reduced Lagrangian as follows: 

𝐿 = ∫ ∫ ℒ𝑟𝑑𝑥𝑑𝑦
ஶ

ିஶ

ஶ

ିஶ
                                                   (7.11) 

Hence, by treating (𝑓,
ௗ௙

ௗ௭
) as generalized coordinates, the associated Lagrange's equation of 

motion can be formulated as follows: 
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ௗ

ௗ௭
ቆ

డ௅

డ(
ങ೑

ങ೥
)
ቇ −

డ௅

డ௙
= 0                                                                 (7.12) 

𝑑ଶ𝑓

𝑑𝜉ଶ
=

1

4𝑓ଷ

⎣
⎢
⎢
⎢
⎡ 1 + 𝑒

ି
ೣబ

మ

ೝబ
మ

ቀ1 −
௫బ

మ

௥బ
మቁ + 𝑒

ି
ೣబ

మ

ೝబ
మ

ቀ2 −
௫బ

మ

௥బ
మቁ

ቀ2 + 2
௫బ

మ

௥బ
మቁ + ቀ2 + 2

௫బ
మ

௥బ
మቁ 𝑒

ି
ೣబ

మ

మೝబ
మ

+ 2𝑒
ି

ೣబ
మ

ೝబ
మ

⎦
⎥
⎥
⎥
⎤

−
1

2𝜋
ቆ

𝜔௣଴(0)𝑟଴

𝑐
ቇ

ଶ

൫1 + tan(𝑑ᇱ𝜉)൯ 

ఉாబబ
మ

௙య

ଵ

ቆଶାଶ
ೣబ

మ

ೝబ
మቇାቆଶାଶ

ೣబ
మ

ೝబ
మቇ௘

ష
ೣబ

మ

మೝబ
మ

ାଶ௘
ష

ೣబ
మ

ೝబ
మ

(𝐾ଵ + 𝐾ଶ + 𝐾ଷ + 𝐾ସ)                              (7.13) 

𝐾ଵ = න න 𝑡ଵ ቆ𝑡ଵ −
𝑥଴

ଶ

𝑟଴
ଶቇ 𝑒ି

ቆ೟భష
ೣబ

మ

ೝబ
మቇ

మ

శ೟మ
మ

మ

ஶ

ିஶ

ஶ

ିஶ

𝐺ଵ
ଷ(𝑡ଵ, 𝑡ଶ)𝐺ଶ𝑑𝑡ଵ𝑑𝑡ଶ 

𝐾ଶ = න න 𝑡ଵ ቆ𝑡ଵ +
𝑥଴

ଶ

𝑟଴
ଶቇ 𝑒ି

ቆ೟భశ
ೣబ

మ

ೝబ
మቇ

మ

శ೟మ
మ

మ

ஶ

ିஶ

ஶ

ିஶ

𝐺ଵ
ଷ(𝑡ଵ, 𝑡ଶ)𝐺ଶ𝑑𝑡ଵ𝑑𝑡ଶ 

𝐾ଷ = න න 𝑡ଵ
ଶ𝑒ି

೟భ
మశቆ೟మష

ೣబ
మ

ೝబ
మቇ

మ

మ

ஶ

ିஶ

ஶ

ିஶ

𝐺ଵ
ଷ(𝑡ଵ, 𝑡ଶ)𝐺ଶ𝑑𝑡ଵ𝑑𝑡ଶ 

 

𝐾ସ = න න 𝑡ଵ
ଶ𝑒ି

೟భ
మశቆ೟మశ

ೣబ
మ

ೝబ
మቇ

మ

మ

ஶ

ିஶ

ஶ

ିஶ

𝐺ଵ
ଷ(𝑡ଵ, 𝑡ଶ)𝐺ଶ𝑑𝑡ଵ𝑑𝑡ଶ 

 

𝐺ଵ(𝑡ଵ, 𝑡ଶ) = 𝑒ି
ቆ೟భష

ೣబ
మ

ೝబ
ቇ

మ

శ೟మ
మ

మ +𝑒ି
ቆ೟భశ

ೣబ
మ

ೝబ
ቇ

మ

శ೟మ
మ

మ + 𝑒ି

೟భ
మశቆ೟మష

ೣబ
మ

ೝబ
మቇ

మ

మ + 𝑒ି

೟భ
మశቆ೟మశ

ೣబ
మ

ೝబ
మቇ

మ

మ  

𝐺ଶ =
ቀ1 − 𝐹ିଶ ఈబ௞బ

ర

ఠబ
మ − 𝐹ିଵ ௞బ

మ௩ಷబ
మ

ఠబ
మ ቁ 𝐹ିଷ + 𝐹ିଶ(2𝐹ିଷ ఈబ௞బ

ర

ఠబ
మ + 𝐹ଶ ௞బ

మ௩ಷబ
మ

ఠబ
మ ) 

ቀ1 − 𝐹ିଶ ఈబ௞బ
ర

ఠబ
మ − 𝐹ିଵ ௞బ

మ௩ಷబ
మ

ఠబ
మ ቁ

ଶ  

𝐹 = ൭1 +
𝛽𝐸଴଴

ଶ

𝑓ଶ
𝐺ଵ

ଶ(𝑡ଵ, 𝑡ଶ)൱

భ

మ

 

𝑡ଵ =
𝑥

𝑟଴𝑓
 

𝑡ଶ =
𝑦

𝑟଴𝑓
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𝜉 =
𝑧

𝑘଴𝑟଴
ଶ 

𝑑ᇱ = 𝑘଴𝑟଴
ଶ𝑑 

Hence, Eq. (7.13) derived from the variational theory presents a mathematical expression in 

the form of an ordinary differential equation. The equation serves as a guiding principle for 

comprehending the laser beam's beam width evolution while it propagates through a 

nonlinear medium, particularly in the context of thermal quantum plasma in our case. 

Although the reduced equation cannot be directly integrated to yield a closed-form solution, 

it is possible to obtain an approximate solution using the Runge-Kutta fourth-order method 

with ease. In the current study, Eq. (7.13) was obtained using the given set of parameters: 

𝜔଴ = 1.78 × 10ଶ଴rad secିଵ,  𝑟଴ = 20μm,  𝑇௙ = 10ଽK, 𝑛଴ = 4 × 10ଵଽcmିଷ, 𝛽𝐸଴଴
ଶ = 3 

and for various values of  
௫బ

௥బ
  under the initial conditions 𝑓 = 1 and 

ௗ௙

ௗక
= 0 at 𝜉 = 0. The 

significance of these conditions is as follows: 

 𝑓 = 1 at 𝜉 = 0 implies that at the entrance in the plasma the radius of the laser light 

beam is 𝑟଴. 

 
ௗ௙

ௗక
= 0 at 𝜉 = 0 implies that the beam of laser light is initially collimated. 

In order to comprehend the alterations in the linear propagation of the laser light beam 

corresponding to its beam profile, we solved Eq. (7.13) for varying 
௫బ

௥బ
  values while 

excluding the presence of plasma. Fig. 7.1 illustrates the progression of the beam width with 

increasing distance. It is evident from the results that regardless of the value of 
௫బ

௥బ
, the beam 

width of Q.G beams of laser light consistently diverges in a monotonically increasing manner 

during its propagation in vacuum. This is an obvious result as any optical beam propagating 

in vacuum or in linear medium (the medium with an index of refraction that remains 

unaffected by changes in intensity) undergoes self broadening due to diffraction. The 

interesting result is that, the rate of divergence reduces by increasing  
௫బ

௥బ
. Thus, one can have 

the control diffraction a laser beam of given radius by choosing suitable value of  
௫బ

௥బ
.  
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Fig.7.1: Impact of  
௫బ

௥బ
 on vacuum diffraction of Q.G laser beam 

Figs. 7.2(a) and 7.2(b) illustrate how the parameter 
௫బ

௥బ
 influences the transmission of 

the laser light beam. These graphs imply that the beam width of the laser undergoes harmonic 

fluctuations when it propagates through the plasma. This phenomenon can be attributed to 

the beam's traversal through a self-induced oscillatory waveguide, which comprises a 

sequence of convex lenses.  

 

Fig.7.2: Impact of 
௫బ

௥బ
on width of laser light beam at fixed values of  

𝛽𝐸଴଴
ଶ = 3 𝑑ᇱ = 0.025 and ቀ

ఠ೛బ௥బ

௖
ቁ

ଶ

= 9 
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Furthermore, an increase in the value of 
௫బ

௥బ
 within the range of 0 ≤

௫బ

௥బ
< 1.5 enhances 

the focusing of the laser light beam. Conversely, beyond 
௫బ

௥బ
= 1.5, an increase in 

௫బ

௥బ
  value 

results in  a reduction in the extent of self-focusing exhibited by the laser light beam. This 

happens because, for  0 ≤
௫బ

௥బ
< 1.5, as 

௫బ

௥బ
 grows, the intensity distribution across the cross-

sectional area of the laser light beam becomes increasingly uniform. Consequently, the laser 

light beam receives a balanced contribution from the off-axial regions similar to the 

contribution provided by the axial portion, in terms of nonlinear refraction. As self-focusing 

of the laser light beam emerges due to nonlinear refraction so when the value of  
௫బ

௥బ
 falls 

within the range of 0 ≤
௫బ

௥బ
< 1.5, self-focusing effect experiences an increase in its value. In 

the present investigation the plasma’s refractive index has been considered as a whole. Thus, 

the present investigation is valid for all the values of 
௫బ

௥బ
 those are achievable experimentally.  

The reduction in the degree of self-focusing of the laser light beam when 
௫బ

௥బ
 exceeds 

1.5 can be attributed to the following reason: for 
௫బ

௥బ
> 1.5 the intensity peaks of the 

individual Gaussian laser that make up the Q.G (Quadruple-Gaussian) laser light beams are 

significantly separated from one another. As a result, when these beams are superimposed, 

the peaks of intensity in the resultant beam are observed in the off-axial regions, as illustrated 

in fig. 3.3. Consequently, the axial part of the laser light beam contributes significantly less 

to nonlinear refraction due to its weaker intensity in comparison to the off-axial part. 

Consequently, the laser light beam experiences minimal contribution from the axial region in 

terms of nonlinear refraction. As a consequence, the diminished contribution from the axial 

part of the laser light beam results in a reduction in the overall focusing capability of the 

beam. 

To investigate the impact of the initial intensity of the laser light beam on its self-

focusing, we have solved Eq. (7.13) for various values of the initial beam intensity 𝛽𝐸଴଴
ଶ  

while maintaining other laser and plasma parameters constant. Fig. 7.3 demonstrates 

characteristics of the beam width. It is evident that laser beams with larger intensity produce 

larger relativistic nonlinearity in plasma. Consequently, this amplifies the self-focusing of the 

laser beam. 
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Fig.7.3: Impact of laser intensity on beam width at fixed values of  

௫బ

௥బ
= 0.75, 𝑑ᇱ = 0.025 and ቀ

ఠ೛బ௥బ

௖
ቁ

ଶ
= 9 

 

To compare the behavior of the laser beam in thermal quantum plasma (TQP), cold 

quantum plasma (CQP) and relativistic classical plasma (RCP) we have solved Eq. (7.13) 

for 𝑇ி = 0 𝐾, 𝛼଴ = 0 (RCP);  𝑇ி ≠ 0 𝐾, 𝛼଴ = 0 (CQP) and 𝑇ி ≠ 0 𝐾,𝛼଴ ≠ 0 (TQP). From 

the observations in fig. 7.4, it becomes apparent that for specific laser parameters,  

the degree of focusing of laser light can be arranged in the following order: TQP > CQP > 

RCP i.e., laser beam possesses highest focusing in TQP and minimum focusing in RCP. This 

is because in TQP the finite values of electron fermi temperature and quantum diffraction 

effects make the motion of plasma electrons relativistic at significantly lower values of laser 

intensities. As a result of the increased relativistic mass nonlinearity, the focusing of the laser 

light beam becomes most pronounced in TQP. As no such effect is present in RCP, the 

focusing effect is minimum in this case.  
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Fig.7.4: Comparison of self focusing of the laser light beam in different regimes of plasma 

i.e., RCP, CQP and TQP 

Fig. 7.5 shows the influence of gradient of the density ramp on self focusing of laser 

light. The plots in fig. 7.5 illustrate that self focusing of the beam of laser light can also be 

enhanced by increasing the slope of the density ramp. This happens because when the slope 

of the density ramp is increased, the beam of laser light encounters a lower refractive index 

in regions within the plasma at greater depths. As a result, an increased slope in the density 

ramp increases the focusing of the laser light. 

 

Fig.7.5: Impact of slope of density ramp on beam width of laser beam at fixed values of  

௫బ

௥బ
= 0.75 , 𝛽𝐸଴଴

ଶ = 3 and ቀ
ఠ೛೚௥బ

௖
ቁ

ଶ

= 9 
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7.5 Potential well dynamics 

Eq. (7.13) bears resemblance to the equation of motion of a forced harmonic oscillator with 

unit mass and is expressed as follows: 

ௗమ௙

ௗకమ +
డ௏(௙)

డ௙
= 0                                              (7.14) 

where, 

𝑉(𝑓) = − ∫൫𝐷(𝑓) − 𝑅(𝑓)൯𝑑𝑓                                      (7.15) 

Using Eqs. (7.13), (7.14) in (7.15) we get 

𝑉(𝑓) =
1

8𝑓ଶ

⎣
⎢
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⎢
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ି
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మ

ೝబ
మ

ቀ1 −
௫బ

మ
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మ
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మ
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−
1
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𝜔௣଴(0)𝑟଴

𝑐
ቇ

ଶ

 

൫1 + tan(𝑑ᇱ𝜉)൯
𝛽𝐸଴଴

ଶ

𝑓ଶ

1

ቀ2 + 2
௫బ

మ

௥బ
మቁ + ቀ2 + 2

௫బ
మ

௥బ
మቁ 𝑒

ି
ೣబ

మ

మೝబ
మ

+ 2𝑒
ି

ೣబ
మ

మೝబ
మ

(𝐾ଵ + 𝐾ଶ +  𝐾ଷ + 𝐾ସ)     (7.16) 

From Eqs. (7.13) and (7.16) it is noted that the application of variational theory has 

effectively simplified the problem of nonlinear wave propagation, transforming it into a 

straightforward mechanical problem. Specifically, it can be likened to the motion of a 

particle with unit mass oscillating within a central potential represented by 𝑉(𝑓).  In this 

transformed problem, the role of the phase space coordinates (𝑟, 𝑣)for the particle is now 

being played by (𝑓,
ௗ௙

ௗక
). 

Figure 7.6 illustrate the effect of 
௫బ

௥బ
 on potential function 𝑉(𝑓). It is observed 

that𝑉(𝑓) ⟶ ∞  for 𝑓 ⟶ 0.  The reason for this is that diffraction effects dominate for 𝑓 ⟶

0. For 𝑓 ⟶ ∞; 𝑉(𝑓)  ⟶ 0 because laser beams possessing exceedingly large spot 

dimensions exhibit negligible diffraction phenomena. Additionally, they fail to incite any non 

linear interactions within the medium. 

Another noteworthy observation is that as 
௫బ

௥బ
 grows within the range of 0 ≤

௫బ

௥బ
< 1.5, 

the lower point of the potential well moves in an upward direction. Conversely, when the 

value of 
௫బ

௥బ
 increases beyond 1.5, the lower point of the potential well moves in a downward 

direction. This indicates that for 0 ≤
௫బ

௥బ
< 1.5, Q.G beams of laser light with larger value of 
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௫బ

௥బ
 require lower intensity to achieve self focusing. However, for 

௫బ

௥బ
> 1.5, beams of laser 

light with increased values of 
௫బ

௥బ
 necessitate higher intensity levels for achieving self-

focusing.  

 

Fig.7. 6: Effect of  
௫బ

௥బ
 on potential well for self-focusing 

 

As 𝑉(𝑓) ⟶ ∞ for 𝑓 ⟶ 0 and 𝑉(𝑓) ⟶ 0 for 𝑓 ⟶ ∞, it can be interpreted that the 

potential function 𝑉(𝑓) for self-focusing is identical to the potential function experienced by 

a particle moving under the influence of a central force field. Therefore, 𝑓 as regarded as 

radial coordinate within the polar coordinate system (𝑓, 𝜃௙). The Lagrangian 𝐿 describing 

particle with unit mass within the plane ൫𝑓, 𝜃௙൯can be defined as follows.  

𝐿ᇱ =
ଵ

ଶ
൤ቀ

ௗ௙

ௗక
ቁ

ଶ

+ 𝑓ଶ ቀ
ௗఏ೑

ௗక
ቁ

ଶ

൨ − 𝑈(𝑓)                                    (7.17) 

Multiplying Eq. (7.17) by 
ௗ௙

ௗక
 and performing integration on both sides, we get 

ଵ

ଶ
ቀ

ௗ௙

ௗక
ቁ

ଶ

+ 𝑉(𝑓) = 𝐸                                                            (7.18) 

Here, 𝐸 represents the integration constant, representing the energy function. The canonical 

momentum linked with the polar angle 𝜃௙ can be expressed as follows. 

𝑝ఏ೑
=

ௗ௅ᇲ

ௗఏ೑̇
= 𝑓ଶ𝜃௙̇                                                                 (7.19) 
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where,  𝜃௙
̇ =

ௗఏ೑

ௗక
. The corresponding Lagrange equation 

𝑑

𝑑𝜉
ቆ

𝜕𝐿ᇱ

𝜕𝜃௙̇

ቇ −
𝜕𝐿ᇱ

𝜕𝜃௙
= 0 

gives 

𝑑

𝑑𝜉
൫𝑓ଶ𝜃௙̇൯ = 0 

which implies that 

𝑓ଶ𝜃௙̇ = 1                                                           (7.20) 

This shows that the angular momentum associated with polar coordinate 𝜃௙ remain 

conserved. The Lagrange equation for radial coordinate 𝑓  is given by 

𝑑

𝑑𝜉
ቆ

𝜕𝐿ᇱ

𝜕𝑓̇
ቇ −

𝜕𝐿ᇱ

𝜕𝑓
= 0 

Using Eq. (7.19) we get  

𝑑ଶ𝑓

𝑑𝜉ଶ
= −

𝑑

𝑑𝑓
(𝑈(𝑓) +

𝑙ଶ

2𝑓ଶ
) 

After multiplying the equation with  
ௗ௙

ௗక
, and integrating, we obtain the following result 

ଵ

ଶ
൬𝑓ଶ̇+

௟మ

௙మ

̇
൰ + 𝑈(𝑓) = 𝐸                                                     (7.21) 

Comparing Eq. (7.21) with (7.18) 

𝑉(𝑓) = 𝑈(𝑓) +
௟మ

ଶ௙మ                                                      (7.22) 

By comparing Kepler's potential with the potential function described by Eq. (7.22) for self-

focusing, we can establish a relationship 

𝑙 =
ଵ

ସ

⎣
⎢
⎢
⎢
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మ
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⎦
⎥
⎥
⎥
⎤

                                                   (7.23) 

This is an important result which shows how the divergence of a laser beam is influenced 

by 
௫బ

௥బ
, since the angular momentum of the beam in (𝑓, 𝜃௙) plane relies on 

௫బ

௥బ
. 
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Fig.7.7: Fluctuations in angular momentum of Q.G with 
௫బ

௥బ
 in (𝑓, 𝜃௙) plane 

7.6 Self-channeling of laser beam 

Since, 
ௗ௙

ௗక
 represents the curvature of the wavefront of the laser light beam, therefore, if rate 

of change of curvature i.e., 
ௗమ௙

ௗకమ vanishes at the entrance into the plasma then 
ௗ௙

ௗక
 will remain 

constant for subsequent values of 𝜉 i.e., it will stay vanished throughout the complete passage 

of the laser beam as it passes through the plasma. As a result this will cause 𝑓 to preserve its 

initial value. Hence, along with the condition 𝑓 = 1 at 𝜉 = 0, the condition 
ௗ௙

ௗక
= 0 at 𝜉 = 0 

ensures that the laser beam maintains its shape and size intact throughout its propagation. As 

a result, the beam is referred to as a spatial optical soliton. Thus by taking 𝑓 = 1 and 

ௗ௙

ௗక
=

ௗమ௙

ௗకమ=0 in Eq. (7.13) we get the relation between dimensionless beam width 

ቀ
ఠ೛బ(଴)௥బ

௖
ቁ and the critical beam intensity 𝛽𝐸଴଴

ଶ  as 

𝑟௘
ଶ =

గ

ଶఉாబబ
మ

ଵା௘
ష

ೣబ
మ

ೝబ
మ

ቆଵି
ೣబ

మ

ೝబ
మቇା௘

ష
ೣబ

మ

ೝబ
మ

(ଶି
ೣబ

మ

ೝబ
మ)

௄భ
ᇲା௄మ

ᇲା௄య
ᇲା௄ర

ᇲ                                        (7.24) 

Where, 

𝐾௜
ᇱ = 𝐾௜

 |௙ୀଵ; i=1-4 
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𝑟௘ =
𝜔௣଴(0)𝑟଴

𝑐
 

For the laser beams satisfying Eq. (7.24), 
ௗమ௙

ௗకమwill vanish at 𝜉 = 0. Thus, as the beam of laser 

light traverses the plasma, the wavefront curvature will remain unchanged. In other words, 

the value of 
ௗ௙

ௗక
 will remain constant throughout the journey, and this constant value will be 

identical to the initially presumed value, which is zero. Indeed, if, 
ௗమ௙

ௗకమ =
ௗ௙

ௗక
= 0  𝑎𝑡 𝜉 =

0, it indicates that 
ௗ௙

ௗక
= 0 for 𝜉 > 0 as well. Physically, this implies that beam maintains its 

shape and size throughout its propagation. In such a case the laser beam is said to be self 

trapped. Thus, the points lying over the critical curve correspond to self trapped mode for 

which the laser beam itself creates a waveguide inside the plasma for its stable propagation.  

The points (𝛽𝐸଴଴
ଶ , 𝑟௘) situated above the critical curve correspond to the positive 

value of  
ௗమ௙

ௗకమ at 𝜉 = 0 . Such beams will broaden monotonically with distance. This is 

because in such a case the optical nonlinearity lacks the required strength to compensate the 

natural diffraction of the laser beam. However, it will still oppose natural diffraction and 

hence the extent of broadening will be lesser compared to that in vacuum.  

        When the point (𝛽𝐸଴଴
ଶ , 𝑟௘) is located below the critical curve, the initial value of  

ௗమ௙

ௗకమwill 

be negative. This indicates that the beam will converge as it propagates, resulting in self-

focusing 

           The graphs depicted in figs. 7.8 (a) and 7.8 (b) demonstrate that at lower value of laser 

intensities(𝛽𝐸଴଴
ଶ ≪ 1), the equilibrium beam width 𝑟௘decreases steeply. Nonetheless, under 

exceedingly high laser intensities(𝛽𝐸଴଴
ଶ ≫ 1), the equilibrium beam width remains 

unaffected by the laser intensity. The noticed behavior can be attributed by the fact that at 

extremely high laser intensities, the plasma region exposed to laser experiences significant 

depletion of electron density. As a result, the dielectric function of the plasma becomes 

unrelated to the laser intensity. Consequently, under high intensities, the laser beam width 

becomes unaffected by the intensity. Furthermore, it is noted that laser beams with extremely 

narrow widths cannot undergo self-channeling.  The reason for this is the wider diffraction 

angles exhibited by narrower beams. As a result, to achieve self-guidance, narrower beams 

necessitate larger differences in refractive index.  
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Fig.7.8: Critical curves of the laser beam in TQP for various values of 
௫బ

௥బ
 

   (a) 
௫బ

௥బ
 =0, 0.75, 1.50; (b) 

௫బ

௥బ
=1.60, 1.70, 1.80 

It becomes evident that as the value of 
௫బ

௥బ
 increases within the range of 0 ≤

௫బ

௥బ
< 1.5, 

the critical curves undergo a downward shift. Physically this implies that the laser light 

beams characterized by larger values of  
௫బ

௥బ
 in the range 0 ≤

௫బ

௥బ
< 1.5, have the ability to self 

guide at comparatively reduced power. This is because beam of laser light with larger values 

of  
௫బ

௥బ
  receive significant contributions from off-axis rays, which lead to nonlinear refraction 

effects. 

 

7.7 SBS of QG Laser Beam 

The progression of laser inside plasma medium excites an IAW whose beam width evolves 

according to 

𝑑ଶ𝑓௜௔

𝑑𝜉ଶ
=
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1
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మ

 

(𝐾ଵ + 𝐾ଶ + 𝐾ଷ + 𝐾ସ)                                 (7.25) 

Now the power of SBS scattered wave can be obtained as obtained in chapter 5 as: 

𝑃 =
∫ 𝐸௦𝐸௦

∗𝑟𝑑𝑟

∫ 𝐴଴𝐴଴
∗ 𝑟𝑑𝑟
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Figs. 7.9 and 7.10 show the effect of 
௫బ

௥బ
 on power of scattered wave. It can be seen that in the 

range 0 ≤
௫బ

௥బ
≤ 1.5 the SBS scattering increases and then it starts decreasing for 

௫బ

௥బ
> 1.5 

 

Fig.7.9: Effect of 
௫బ

௥బ
 on SBS in the range 0 ≤

௫బ

௥బ
≤ 1.5 

 

 

Fig.7.10: Effect of  
௫బ

௥బ
 on SBS in the range 

௫బ

௥బ
> 1.5 
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Chapter- 8 

Conclusions and Future Scope 

8.1 Conclusion 

In present work, self-action effects of non Gaussian laser beams (𝑞-Gaussian and Quadruple 

Gaussian) have been investigated semi analytically by using variational theory. The study is 

then extended to see the effect of self-focusing of the laser beam on excitation of IAWs and 

then further its effect on SBS. The major conclusions of present study are as follows: 

1. The impact of relativistic self-focusing of q-Gaussian laser beams on Stimulated 

Brillouin Scattering (SBS) in underdense plasma targets characterized by axially-

increasing plasma density has been studied. Through our observations, we have 

noted that the amplitude distribution across the cross-sectional area of a beam 

significantly influences the propagation dynamics within nonlinear media. The laser 

beams, whose amplitude structure is deviated from ideal Gaussian profile, possess 

more self-focusing in plasmas and get scattered more by preexisting IAWs through 

the SBS phenomenon. For instance, as compared to an ideal Gaussian beam, a laser 

beam with deviation parameter 𝑞 = 3 gets 2.75 times more self-focused as well as, 

for the same propagation distance, the power of scattered wave for the beam with 

𝑞 = 3 is four times greater as compared to that for the ideal Gaussian beam. 

Therefore, by controlling the deviation parameter q, one can optimize the Stimulated 

Brillouin Scattering (SBS) of the laser light beam. The power carried by scattered 

beam can also be controlled by changing the initial intensity of the laser beam or by 

changing the density ramp slope. 

2. For a fixed geometrical radius 𝑟଴, a quadruple-Gaussian laser beam with a larger 

value of  
௫బ

௥బ
 will have a larger effective beam width.This is attributed to the transfer 

of laser intensity from central or axial to the peripheral or off-axial portion of the 

wavefronts as the value of  
௫బ 

௥బ
 increases. One can deduce or infer that quadruple-

Gaussian beams exhibit a smaller diffraction divergence. 

3. The self-focusing of the laser beam influences the excitation of (IAWS) in axially 

inhomogeneous plasmas. The incorporation of beam ellipticity and deviations from 
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the ideal Gaussian profile in the amplitude structure of the beam of laser light has 

been studied. It is inferred that as the amplitude distribution of the beam of laser light 

approaches the ideal Gaussian profile, there is a notable reduction in the power of the 

excited Ion Acoustic Wave (IAW). Thus in order to mitigate the excitation of IAWs 

in ICF, the laser beams should have nearly ideal Gaussian intensity across their cross 

sectional areas. 

8.2 Future Scope 

Based on laser plasma interactions, various projects and investigations on inertial 

confinement fusion, particle acceleration, THz generation etc. are going on worldwide. The 

breath of all these applications is ultimately dependent on the efficiency of laser plasma 

coupling where SBS is a major nuisance. Despite being a nuisance, SBS is having important 

applications as well. In lasers, the major issue is to have desired wavelengths as laser action 

is possible only for specific wavelengths. SBS gives the possibility to have tunable lasers 

with broad bandwidths. Thus in future, I will investigate SBS of laser beams with other beam 

profiles like Hermite Gaussian, Super Gaussian, Airy Gaussian etc. If the study is successful, 

it will be extended to see the effect of hot spots on the beam wavefronts on SBS in plasmas.     
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