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Abstract

The mathematical theory of elasticity is an endeavour to lessen the work involved in de-
termining stress-strain, or relative displacement, within a solid body which is subjected
to an equilibrating system of forces or might be in a state of slight internal relative
motion. It aims to derive results which shall be essentially vital in application to engi-
neering, architecture, and all other useful areas in which the material of construction is
used. Classical theory of elasticity is one of the most important branches of continuum
mechanics, which deals with the stresses and deformations in elastic materials generated
due to the action of external forces or a change in temperature. The classical theory of
elasticity serves as an excellent model for studying the mechanical behaviour of a wide
variety of solid materials and is used extensively in civil, mechanical, and aeronautical
engineering design. This is the oldest established theory governing the behaviour of de-
formable solid materials, which was founded in the early nineteenth century. However,
the classical theory of elasticity was unable to analyze materials possessing microstruc-
tre, and as such, researchers started to focus on a new theory known as the micropolar
theory of elasticity, where the microstructure of the materials plays a significant role.
Micropolar theory assumes materials to be made up of small dumbwell-like intercon-
nected molecules, which can undergo rotational motion independently in addition to
translational motion.

The thesis consists of six chapters where in chapter 1, a general overview on the mi-
cropolar theory of elasticity is given. The development of theory of elasticity from
classical to micropolar elasticity via several generalizations is also discussed, along with
the memory-dependent derivative. In second Chapter, the elastodynamic responses of
magneto micropolar isotropic media is studied under the gravitational influence. The
Matlab software has also been used in order to illustrate the obtained results graphi-
cally. In Chapter 3, we have investigated and studied the 2D mathematical model in the
framework of the Green-Lindsay model in the presence and absence of the micropolar
effect by using a memory-dependent derivative. In Chapter 4, the memory response of a
rotating micropolar elastic media under the thermo-mechanical effect has been investi-
gated. The potential displacement approach, along with the normal mode analysis, has

been used for solving systems of differential equations. In Chapter 5, a 2D model has
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been developed in micropolar theory of elasticity, subjected to magnetic and thermal
effects in the context of memory-dependent derivatives. In this chapter, the interaction
of magnetic, thermal, and rotational fields has been studied using a memory-dependent
derivative. In Chapter 6, a novel mathematical model in the micropolar theory of gener-
alized thermoelasticity is established under the framework of photothermal theory. The
resulting differential equations have been solved by using integral transforms along with

the potential displacement approach.
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Chapter 1

Introduction

In this chapter, a brief and concise introduction to the micropolar theory of elasticity
is given, along with several generalizations. In order to study the processes reflecting
memory effect, the notion of memory-dependent derivative in elasticity theory is also
discussed. The main theme of the thesis is presented, along with a brief history and
an extensive survey of the literature. The research gap is identified based on the sur-
vey of the literature, and as a result, the objectives of the current work are proposed

accordingly.

1.1 Classical elasticity

The mathematical elasticity theory is a sublime and attention-grabbing subject that
studies the stresses and distortions created in elastic media due to some external force
or due to temperature change. An adequate outcomes has been produced by classi-
cal elasticity in so many engineering problems involving various structural materials.
The material in classical elasticity is treated as a continuum, and hence the molecular
structure of materials in such a continuum is completely ignored. In this theory, the dis-
placement vector is used to characterize the distortion of the body, and a force, namely
the stress vector, is used to determine the transmission of loads across a surface element.
Therefore, the symmetric tensors of stress and strain are used to describe the distortion
of the body. The materials used in construction, for instance, aluminum, steel, and
concrete, are effectively defined by classical elasticity, provided the elastic limit is not
crossed by stresses. However, the materials possessing microstructure e.g., soil, bone,
composites, polymers etc and those materials with huge stress gradients are neglected
to convey agreeable results by classical elasticity. But after comparing the experimental
results and the results that were acquired using classical elasticity, significant discrepan-

cies were discovered in some of the materials, for instance, fibrous, polymers, asphalts,
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etc. The reason behind these discrepancies is the material’s atomic structures, which
is overlooked in classical elasticity. The premise of this theory is shaped by Hook’s law
[1], which was found in 1660 and revealed in 1678. In general, Hooke’s law (constitutive

relations) can be expressed as
Oij = Cijki€kls
and equation of motion as
oij; + Fi = pil,

where, ¢;;5; is a fourth order tensor having 81 components which depend upon the nature

of medium.

Actually, Galileo was the first mathematician to study the resistance of solids to rupture
by treating solids as inelastic objects. His investigations laid the foundation of a field
that was later investigated by many researchers. Two major breakthroughs in the history
of elasticity initiated by Galileo’s observations were the discovery of Hooke’s law in 1660
by British mathematician Robert Hooke and the formulation of the general equations by
French engineer Navier in 1821. Scientific thinking has been shaped by Hooke’s law for

a long period of time, and its outcomes generally matched experimental findings aswell.

Any solid is said to be elastic if it has the ability to deform when subjected to a load
and then revert back to its primitive form after the removal of deforming forces. An
elastic solid is said to be linear, if an infinitesimal deformation is experienced by that
body and for which the governing material law is linear. About any given point, if
the body’s elastic properties are the same in all directions, then the body is said to
be isotropic. If it happens that the body’s elastic properties are independent of the
positions of the points, then the body is said to be homogeneous. For such materials

Hooke’s law reduces to

Oij = )\(SijU + 2/L€Z'j,

where, v = e11 + €29 + e33; A and p are material constants known as Lame’s constants,

o;; represents force stresses, and ¢;; represents the kronecker delta.

In 1887, the concept of couple stress was introduced in classical elasticity for the first
time by Viogt [2] in addition to the force stresses. It was introduced in order to address
the flaws of classical elasticity and hence lead to another theory known as “couple stress
theory”. In 1909, Cosserat and Cosserat [3] further extended the couple stress theory

(CST) and hence introduced the complete theory of asymmetric elasticity, which was
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non-linear initially. In this theory, it was assumed that in a 3D continuum, each ma-
terial particle is associated with a ‘rigid triad’. So in addition to the displacement, the
material particles can rotate independently during the distortion process. Therefore, in
this way, the concept of rotation was incorporated into the continuum, which leads to
additional degrees of freedom, and these additional degrees of freedom in turn lead to
the asymmetry of stress and strain tensors. Hence, an excellent continuum modelization
was provided by the Cosserat brothers idea for molecular lattices. However, the Cosserat
brothers work did not pique anyone’s interest and thus remained dormant during their
lifetime. It may be due to the non-linear nature of this theory and its presentation as a
unified theory including electrodynamics, optics, and mechanics. Then, around 50 years
of break, so many researchers were fascinated by this theory, and various Cosserat-type
theories were established by them. For instance, Gunther [4], Grioli [5], Rajagopal [6],
Aero and Kuvshinskii [7], Toupin [9], Mindlin and Tiersten [8], Eringen [10], Koiter
[11], Palmov [12], etc., established different Cosserat-type theories. In each of the above
mentioned theories, the kinematic variable has been taken in account, corresponding
to rotation of a material point. However, the theories developed by these researchers
were called by names, for instance, the theory developed by Toupin, was referred to as
“Cosserat theory with constrained motion”, theory developed by Koiter was referred
to as “Couple stress theory”, theory developed by Eringen was referred to as “Inde-
terminate couple stress theory” and theory developed by Nowacki, was referred to as
“Cosserat pseudo-continuum theory” etc. Furthermore, the theories developed by these
researchers were completely identical to the Cosserats theory. The micro-rotation vec-
tor ¢ in Nowackis theory, is described in terms of displacement vector u by the formula
¢ = %V x u. Later on, following Eringen [13], the general Cosserat continuum theory
was renamed “micropolar continuum theory,” where the micro-rotation vector is not
defined in terms of a displacement vector. A non-linear theory for micro-elasticity was
devised in [14, 15], and in this theory, the intrinsic motions of the microelements are
taken into consideration. This theory is actually an extension of “Indeterminate couple
stress theory” and “Cosserat theory” because in this, the skew-symmetric part of the
stress tensor, the symmetric part of the couple stress tensor, and the spin inertia are

entirely covered.

1.1.1 Thermoelasticity and magneto-elasticity

The thermoelasticity theory, which is a broadened version of the classical theories of elas-
ticity and thermal conductivity, deals with the effect of thermomechanical disturbances
on an elastic body. The heating of a body leads to temperature change and deformation

of its structure, which causes thermal deformation. The term “thermal deformation”



simply means that a material expands when its thermal energy (and temperature) rises,
causing its atoms (or molecules) to vibrate more often. This increased vibration in
turn results stretching of the molecular bonds. Also, if the material’s thermal energy
is reduced, then accordingly material will contract. Hence, it can be concluded that
the theory of thermoelasticity is actually based on temperature changes. Interaction
between elastic and temperature fields leads to coupling between deformation and tem-
perature distribution, so Hooke’s law gets replaced by the Duhamel-Neumann [16, 17]

equation
045 = Adijy + 2#6@' + ﬁijT,
where, 3;; are thermal moduli. For homogeneous isotropic material

Bij = B =—(BA +2p)au,
where, ay is the coefficient of thermal expansion.

The thermoelasticity theory is classified into three different forms: uncoupled, coupled,
and generalized thermoelasticity. The uncoupled theory of thermoelasticity (classical
thermoelasticity) was introduced by Duhamel and Neumann [16, 17], but this theory
had two shortcomings, namely, the heat conduction equation is free of elastic terms, and
another shortcoming of this theory is the heat equations parabolic nature, anticipating
infinite velocities of thermal signals, so opposing the actual physical phenomena and
therefore doesn’t present exact outcomes. A century later, Biot [18] in 1956 removed
the first paradox of the classical uncoupled thermoelasticity theory, that the tempera-
ture remains unaffected by elastic changes, and hence established a new theory known
as the coupled theory of thermoelasticity. However, the second shortcoming of the above
two theories is the same. Therefore, in order to remove the latter shortcoming of the
classical coupled thermoelasticity, various generalizations were established. The first
and foremost generalization was given by Lord and Shulman [19] (LS theory) in 1967,
with one relaxation time, and another generalization was given by Green and Lindsay
[20] (GL theory) in 1972, with two relaxation times. In the above theories, namely
the LS and GL theories, the heat conduction equation is of the hyperbolic type, which
therefore removes the shortcoming of infinite velocities of thermal signals. Later on,
three additional models were introduced by Green and Nagdhi ([21], [22], and [23]) (GN
theory), viz., GN types I, II, and III.

Magnetoelasticity is another generalization of elasticity theory, and it came into ex-
istence when magnetic effects were introduced in the theory of elasticity. Due to its

innumerable applications in different fields, it has grabbed the attention of a number of



researchers. Knopoff [24] and Chadwick [25] were the first ones to establish the basis of
magnetoelasticity, and later on, Kaliski and Petykiewicz [26] further developed it.

1.2 Micropolar theory of elasticity

So far, classical elasticity was not completely successful in elucidating the behaviour of
those materials possessing microstructure structure. Therefore, in order to study such
types of materials, A.C. Eringen [13] established in 1966 a new theory called as the
“Micropolar theory of elasticity”, which successfully studies the deformation of such ma-
terials or any material whose microstructure plays a crucial part in their macroscopic
reactions. The micropolar elasticity contemplates the granular character of the medium,
and the deformation is described by microrotation and displacement. The granular char-
acter of the medium is proposed to be imposed to such type of materials, where the
ordinary classical elasticity theory is ineffective in analyzing their behavior. The motion
of materials in micropolar elasticity is described by displacement and rotation vectors,
though in classical elasticity, only displacement vector is utilized to analyze the motion
of material points. Therefore, the motion of a material point (particle) in the microp-
olar theory of elasticity is described by six degrees of freedom. Usually in micropolar
elasticity, in addition to the displacement components (uj,ug,us), the microrotational
angles (¢1, g2, ¢3) are also utilized to describe the rotation of the microstructure. The
interaction taking place between two parts of a body is transmitted by a torque vector
along with a force vector, which results in assymetrical force aswell as couple stresses.
The entire class of materials is represented by this medium, which are basically formed
by dumbbell-like molecules or dipole atoms. In micropolar theory, an additional object,
namely the director, is assigned in order to define the orientation of material particles,

and hence the microrotation of the material particles is examined by it.
Now, in isotropic and homogeneous micropolar media, the stress-strain relation, as de-

fined in [13], is given by

0ij = Ny + p(ui + uji) + k(uji = €irér),
Wij = a@rrdij + By + ;.

where, A, u represents Lame’s constants, «, 3,7, k represents micropolar elastic con-

stants, o;; represents force stress, and p;; represents couple stress.

The micropolar elasticity is diverse in scope because of its applications in acoustics,
optics, geophysics, etc. In both isotropic and anisotropic media, plenty of research work

has been done, and at present, hundreds of papers are present in this area and related
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areas. Moreover, an intensive study is going on in this field. A cubic crystal that is
subjected to a mechanical source is studied by Kumar and Ailawalia [27] by utilizing the
eigenvalue approach. Ramezani and Naghdabadi [28] established the concept of energy
pairs in the micropolar continuum. Kumar and Choudary [29] studied the axi-symmetric
problem in a micropolar medium by using integral transforms. So much research has

been done in this field that one can refer to [30], [31], [32], etc for more review.

1.2.1 Micropolar thermoelasticity

In 1966, thermal effects were introduced into the micropolar elasticity theory by Nowacki
[33], which gave rise to a new theory of elasticity called the “Micropolar theory of Ther-
moelasticity”. Thus, micropolar thermoelasticity theory is the generalization of microp-
olar theory and hence is comprised of not only heat equation but also of stress strains
that in turn are produced because of heat flow. Therefore, the temperature distribu-
tion and the stresses which are produced by temperature fields can be calculated easily.
Taking Eringen [34], Lord and Shulman [19], and Green and Lindsay [20] under consider-
ation, the mathematical model for computing stress-strain along with modified Fourier’s
heat conduction law for homogeneous and isotropic micropolar generalized thermoelas-
tic solids is as follows:

oT
Oij = )\ur,r&j + u(ui,j + Ujﬂ') + k‘(uj,l- - 52’jr¢r) —v <T + 7’18t> 5ij,

/’Ll] = O[¢T’T~6ij + B¢Z,] + 7¢j7i7

oT 0T 0 0?
KV?T = pCo | — +10—=5 | + Ty | = + Er0= | uis.
pre <8t 0ot 0\ar T2 )
where, o;; represents force stress, j1;; represents couple stress, A, u represents Lame’s
constants, «, 3,7, k represents micropolar elastic constants, d;; represents Kronecker’s
delta, K represents thermal conductivity, C, represents specific heat, T represents ther-
modynamic temperature, Ty represents reference temperature, v = (3A 4+ 2u + k)ay, and

T, T1 represents relaxation times.

So, because of its innumerable applications, a lot of research has been done in this
field till now. Therefore, in 1973, the generalized micropolar thermoelasticity theory
was extended by Boschi and Iesan [35]. In 1978, Dost and Taborrok [36] introduced
generalized thermoelasticity by making use of Green and Lindsay theory. The micropolar
thermoelasticity theory was established by Ciarletta [37] without dissipation of energy,

and the thermal signals were allowed to propagate at finite speeds.



The micropolar thermoelasticity with stretch that was established by Nowacki [38] and
Eringen ([13], [39]) in the framework of Lord-Shulman [19] and Green-Lindsay [20] the-
ories was further generalized by Kumar and Singh [40]. In micropolar generalized ther-
moelastic solids, the plane waves were studied by Singh and Kumar [41] and Singh [42].
A 2D model of a generalized thermo-microstretch elastic solid is studied by Kumar and
Singh [43], in which the elastic solid is exposed to impulsive force. The resulting non-
dimensional coupled equations were solved by utilizing the technique of integral trans-
forms along with the eigenvalue approach, and then the obtained results were illustrated
graphically. In micropolar thermoelasticity, the response of impedance parameters was
studied by Kumar et al. [44] in the context of modified GL theory. The impact of
rotation was investigated by Othman and Abbas [45] in micropolar thermoelasticity in

the context of TPL theory.

1.2.2 Magneto Micropolar elasticity

The magneto-micropolar elasticty theory is the generalization of the micropolar elas-
ticity, and this theory deals with the distortion of a solid body placed in an external
magnetic field. The two fields, namely magnetic and elastic, which are present in this
theory contribute to the total deformation of the body. Moreover, the governing laws of
these two fields get changed due to the interaction of these fields, and hence the elastic
field enters into the governing equations of electromagnetism, i.e., Maxwell’s equations,
by modifying Ohm’s law, and in turn the elastic field is affected by electro-magnetic

field by inclusion of Lorentz’s pondermotive force in Hook’s law.

Taking [106] into consideration, the mathematical model for this type of media along

with Lorentz force is as

0ij = A + p(ti g+ wjq) + k(uji — €ijrdr),

pij = adrdij + Boi g,

(1 + k)uijj + N+ p)ugji + keijrorj + €ijndjBr = piii,
keijrurg — 2kés + (o + B)dj i + Vbijj = pidi.

1.2.3 Magneto Micropolar thermoelasticity

In this theory, not only elastic and electromagnetic fields are present, but it also includes
thermal fields, and the total distortion of the body is contributed while these fields in-

teract with each other. The magnetomicropolar thermoelasticity is one of the delightful
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branch of micropolar theory, and because of its applications in different fields, it has
grabbed the attention of thousands of researchers, due to which a lot of research has
been done in this field and in related fields as well. A 2D model was constructed in the
electromagnetic theory of micropolar elasticity by Kumar and Rupender [47], and the
interaction was inquired between the mechanical and electromagnetic fields. Integral
transforms have also been employed to figure out the problem’s required solution. For
two distinct theories, Lord-Shulman and Green-Lindsay, the behaviour of obtained phys-
ical quantities has been visualised graphically by the authors. A plain strain problem
where the half-space was imposed to distributed thermal and mechanical sources was
explored by Kumar [48]. To figure out the problem’s required solution, Integral trans-
forms have been utilized. For generalized theories of thermoelasticity, a considerable
impact of the magnetic field has been observed graphically by authors on different phys-
ical quantities. In a generalized thermo-microstretch elastic medium, a general solution
of field equations is found by Singh and Kumar [49] by making use of the eigenvalue
approach along with Laplace and Hankel transformations for an axisymmetric problem,
and the obtained results were depicted graphically. [50] introduced a simple mathemat-
ical way of obtaining the solution of a boundary value problem exposed to a mechanical
source in magneto-micropolar infinite space in the presence of a transverse magnetic field.
Laplace and Hankel transforms have been utilized to address the non-dimensional cou-
pled equations. A 2D problem is explored by Kumar et al. [51] in magneto-micropolar
thermoelastic half-space by taking hall current and rotational effects into account with
a fractional order derivative. Furthermore, integral transforms along with a potential
displacement approach are utilized in order to find out the solution of the required
problem. The mechanical force and the transverse magnetic field were applied to 2D
generalized magneto-micropolar thermoelastic infinite space by Singh and Kumar [52]
and the technique of integral transforms was utilized for finding the solution of the re-
quired problem. A thermomechanical interactions was studied by Lata and Kaur [53] in
homogeneous magneto thermoelastic medium (which is transversely isotropic aswell) in
the framework of heat transfer (fractional order) and hall current. A new mathematical
model was examined in [54] for a homogeneous magneto-thermoelastic (which is also
transversely isotropic) medium in the context of fractional order theory. The impact of
Hall current was studied by Lata and Kaur [55] in a homogeneous magnetothermoelas-
tic rotating medium by taking fractional order theory into consideration. In 2022, a 2D
problem was addressed by Abouelregal et al. [56] in generalized micropolar thermoelas-
ticity and hence established a novel heat transfer model. A 2D model was established
in magneto-micropolar thermoelasticity by Abouelregal et al. [57] and the higher order
DPL model along with two-temperature theory (2TT) has been utilized. The differ-
ent physical quantities has been obtained by adapting the technique of normal mode

analysis.



A mathematical model [58] for an isotropic thermoelastic homogeneous solid placed in

the externally applied magnetic field is usually taken as,

Oij = Ak k0ij + p(uij + wji) + k(uji — gijkdr) — VT35,
ij = adrbij + Bdij + VP,
0 0?

KVT = = + 7055
v (8t+7—08t2

(b + K)ui s + A+ pugji + keijrdrj + eijrdj By — v = piii,
keirur,y — 2k + (o + B)djji + Vbijj = pidi-

> (pCeT + Toue) + 7T0Ji7i,

Again, because of its applications in various fields, it has captured the attention of
thousands of researchers, resulting in a significant amount of research in this field and

related areas.

1.3 Memory dependent derivative

The introduction of fractional calculus to the world was made possible by a letter ex-
change between Leibniz and de 1Hospital [59] in 1695. Due to its countless applications
in various fields, fractional calculus has a very long history and has been utilised for
decades. Since both fractional derivatives (FDs) and memory-dependent derivatives
(MDDs) are employed to reflect processes with memory, it has been found that MDDs
are significantly more useful than FDs when both derivatives are taken into account. One
of the most notable differences between MDD and FD is that MDD has only one form,
which is the most important feature, whereas FDs have several. In the context of MDDs
definition, it has been observed that the physical meaning of MDDs is much clearer
than that of FDs, which is their second distinguishing feature. Furthermore, MDDs can
be represented by integer order differentials and integrals, making them easier to use,
particularly when numerical calculations are required. In FDs, the kernel remains fixed,
and we know that different processes need different kernels, which requires freedom in
the kernel selection depending upon the nature of the problem. This requirement is also
fulfilled by MDDs, in which the kernels and time delays can be randomly chosen. As a
result, memory dependent derivatives are more effective in analysing material memory

responses.

The a-order fractional derivative for a function f(¢) (Caputo [60] derivative) is taken as:

DEf(t) = / Kot — ) f(r)dr, (1.1)



with kernel function,

(t _ T)m—a—l

Kalt =r) = I'(m— )

(1.2)
In the equations (1.1) and (1.2), the kernel function, which remains constant for a real
number « (which is given), is represented by K, (t —r) and f™ represents the m'® order

derivative.

Since one of the most important property of fractional calculus is that it can be used to
study processes possessing memory with a fixed kernel. However, due to the fixed nature
of kernel, it becomes quite difficult to study the processes possessing memory because
different processes require different kernels. As such the kernels should be chosen freely.
So, to address this drawback, a novel derivative was proposed by Wang and Li [61] in
2011, known as a memory-dependent derivative, and in this derivative the kernel can
be selected freely according to the problem’s nature. In this, the first order derivative
of a function f has been described in an integral form of a common derivative with a

kernel function K (¢ — r) on an interval [t — 7,¢t] in the following form

Dty == [ Kt—r)f (ar

T Jit—1
here, K (t — r) denotes the kernal function and 7(> 0) denotes time delay.

In general, the weight required by memory effect is 0 < K(t—r) <1 for re[t —r,t] such
that the MDD’s magnitude D, f(t) is typically lesser than that of f (t), which is the
common derivative. The kernel function K (¢t —r) can be taken randomly, for instance 1,
r—t+1, [T_tr, where p = 0.25, 1, 2 etc, which may be more practical. If, K(t—r) = 1,

T+1
then

D=~ f)

T Jt—r

PG (G I

This makes it clear that % (which is a common derivative) is the limit of D, as 7

approaches to 0.

Because of the countless and fascinating applications of fractional calculus in different
fields, it has captured a lot of interest over the last decade. A mathematical model in
thermoelasticity theory was introduced by Youssef [62] in the context of a heat conduc-
tion equation with fractional order. Sherief and Latief [63] employed a fractional order
thermoelastic model for a spherical cavity which is subjected to a thermal shock. In [64]-
[72], there have been certain important developments that are specifically connected to

fractional calculus.
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To explore the notion of MDD, the following fascinating and remarkable research works
([73], [74], [75], and [76]) can be reviewed. In an infinite space, a 2D problem was investi-
gated by Purkait et al. [77] by using the Green-Naghdi model IIT with MDD. In addition
to this, the authors have recognized the graphical analysis of different physical quantities
w.r.t the time parameter. In elastic solid with voids, the MDD model was established
by Sur and Kanoria [78] on thermal wave propagation. The Laplace transform along
with the EVA have been adapted so as to get the desired solution of the problem. In a
generalized thermoelastic medium, a 2D model was examined by Othman and Mondal
[79] in the framework of the LordShulman model with MDD. A new model with higher-
order MDD was examined by Abouelregal et al. [80] in generalized thermoelasticity
theory. Sun et al. [81] developed a new generalized thermoelastopiezoelectric model in
the context of MDD. In 2021, a quality factor of a microbeam was studied by Kumar
[82] by using three-phase-lag thermoelasticity with MDD. In 2022, the quality factor was
analyzed by Kumar et al. [83] of a micro-beam resonator in the framework of MDD. The
impact of kernel function and delay time was also analyzed on the micro-beam resonator
parameters. In addition to this, the normal mode technique was utilized to figure out the
problem’s required solution. In 2022, a model of thermoelasticity was investigated by
Abouelregal [84] with higher order MDDs and with two delay-time parameters. For the
solution of the problem, the Laplace transform technique has been utilized. The TPL
model with MDD was used by Bayones et al. [85] to study the thermoelastic interaction
in magneto-thermoelasticity. Laplace transform has been utilized by the authors for
finding the solution of the required problem. In 2023, the thermoelastic behavior was
investigated by Abouelregal et al. [86] of rotating size-dependent nanobeams in the con-
text of MDD. Moreover, the impact of memory-dependent parameters (kernel function

and delay time) has also been recognized graphically for different physical quantities.

1.4 Research Gap and Objectives

While undergoing a literature survey, it has been observed that thermoelasticity and
generalized thermoelasticity involving memory-dependent derivatives are active area of
the research. So, in the proposed research work, the main objective has been to study the
plain-strain problems of micropolar elasticity by employing memory-dependent deriva-
tives. Moreover, most of the work is available in the classical elasticity theory, thus
leaving scope for the study of plain-strain problems in the field of micropolar elasticity.
Furthermore, the response of micropolar materials under magnetic and thermal fields
can be studied, which can be useful for modern-day engineering. We have studied the
impact of different effects such as thermal, rotational, or electromagnetic effects as well

as memory-dependent derivatives in problems of micropolar/classical theory of elasticity
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in order to explore new results. Based on these research gaps, the objectives of the thesis

were framed as follows:
1. To formulate a mathematical model for problems on micropolar theory of elasticity
using memory dependent derivative.
2. Analyse the response of material by including and excluding micropolar effect.

3. To study the response of micropolar elastic material when subjected to thermal,

electromagnetic or rotation effect.
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Chapter 2

Elastodynamic responses of magneto micropolar

isotropic media under the gravitational influence

2.1 Introduction

Since each object possessing mass exerts a gravitational force on other objects with mass,
the magnitude of this pull (force) is determined by the masses of the objects involved.
Moreover, it’s because of this gravity that keeps the moon in orbit around the earth
and other planets around the sun. Thus, gravity can be defined as the type of force
that attracts an object (with mass) towards the earth’s centre or towards any other
object (with mass). Keeping gravity under consideration, it has been observed that
insufficient attention has been paid to the classical elasticity theory with gravitational
effects. So, in order to study the impact of gravity in elasticity, Bromwich [87] was the
first to study its impact on wave propagation in elastic solids, in 1898. Then in 1974,
De and Sengupta [88] examined the gravitational impact on wave propagation in an
elastic layer. In 2010, Ailawalia et al. [89] established a new mathematical model of
rotating generalized thermoelasticity under hydrostatic initial stress and gravity. The
authors have also analyzed the rotational and gravitational impacts on the obtained
outcomes graphically. For three different theories, a problem was developed by Othman
et al. [90] for the generalized thermoelastic medium under the gravitational effect.
They have also compared the outcomes of the three different theories in the absence
and presence of temperature dependence. Othman and Hilal [91] explored a 2D problem
of a thermoelastic rotating media with voids while taking the gravitational field into
account. For the required solution of the problem, the normal mode technique along with
the Helmholtz potentials has been utilized. On the plane waves, the impact of gravity
and magnetic fields were explored by Othman and Hilal [92] imposed to laser pulse

heating. A significant impact of gravitational and magnetic fields were also recognized

13



graphically by authors on thermoelastic material (porous). Othman and Elaziz [93] used
the DPL model in order to examine the impact of gravitational and rotational fields on
the micropolar magneto-thermoelastic solid. Taking LS-theory (Lord-Shuman model)
and the DPL model under consideration, the authors have discussed and compared the
obtained outcomes graphically with and without magnetic, roational, and gravitational
fields. Othman et al. [94] used the II and III types of the Green-Naghdi theory to
examine the effects of gravity on plane waves in a micropolar thermoelastic medium.
The obtained outcomes were compared not only with and without gravitational effects
but also for distinct values of inclination angle. On a rotating magneto-micropolar
thermoelastic medium, the effect of gravitation and magnetic fields were studied by
Hilal [95] with temperature dependency. For the desired solution of the problem, the
authors have utilized normal mode technique along with the Helmholtz potentials. A 2D
model was developed to study the gravitational impact in micropolar thermoelasticity

by Kumar et al. [96] by using Dual-phase-lag theory.

This chapter investigates a 2D mathematical model of magneto-micropolar thermoelas-
ticity with two temperatures under the impact of gravity. For deriving the solution of
the required problem, the normal mode analysis (NMA) along with the potential dis-
placement approach (PDA) are utilized. Finally, for various values of gravity acquired
outside the mesosphere, the components of stress, strain, and temperature distribution

have been compared and illustrated graphically.

2.2 Basic equations

Following [97], the equations of electromagnetism for a perfectly conducting, homoge-
neous, and slowly moving elastic medium, along with the equations of motion and con-
stitutive relations in micropolar generalized thermoelasticity, in the context of Lorentz

and gravitational forces, are as follows:

v x ﬁ:?+ao(§, (2.1)

VxE= —,1,088? (2.2)

F = —u @5 X I?S) , (2.3)

V. =0, (2.4)

A+ V(VD) + (u+ R)VET +K(V X )~ VT + F + G = pa;g, (2.5)
3

(a+B+7V(V.8) ~ 1V x (VX &) +r(VXT) 20 = Pi
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ot
Mij = adr 055 + Bbij + Vi (2.8)

0
Tij = My 05 + (i j +uji) + £(wji — €ijrpr) — v <1 + 7’1) T6;4, (2.7)

Heat conduction equation is

KV%p = pC, QJrTiz T + v 9+7nai (V.) (2.9)
where,
o —T =a*Vp. (2.10)

Moreover, ? and 3 has been defined as follows

? = Mo(7 X Fo%
G = pg(wz, 0, —uy). (2.11)

The equations of motion (2.5)-(2.6) along with heat equation (2.9) in Cartesian coordi-

nates (z,y, z) in component form can be written as

2 2 2 2 2 2
()\+u)<8u+ Ov aw)+(u+n)(m+a“+au)+n<%%>

Ox?  Oxdy Oxdz ox2 " oy ' 922 Oy 0z
oT ow 0%u
Vor T (JoH3 — J3Hz) + PIor = P 2.12)

oT 0%

(
Pu v JPw v 0% 0% 0d1  Oos
At n) <ayax +8y2+8y@Z) Tt r) (agﬂayz*azz) +””(az_ax> -
V— + (J3H1 — J1H3) = (

oy Paiz
O+ (g g+ ) o) (G + S+ S ) e (G2 - 5 -
yg—f 4 (JiHs — JoHy) — g% _ pft;“, (2.14)
@40 (G4 g+ o) (G + G+ G0 ) e (G- 51) - 2o
Sypail (215)
s o) (ot e G S (G4 G+ T ) e (G- 5) — 2ot
Sypai (2.16)
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¢ | 02 | 003 o3 0p3 | 093 Ov  Ou
(a+5) <8zc‘9x * 020y + 022 > + (8&02 + 0y? + 022 ) +ﬁ<8:ﬂ B 8y> ~ 2n¢s
02
= pj 6:;3, (2.17)
P 0%  9%p oT o*T 0 0? ou Ov  Ow
K <a$2 + 8y2 + 822> = pC, <8t+708t?> + vy (at—i-T()noatz) <8x+8y+8z> R
(2.18)
where,
(PP PP PP
p—T=ua <8x2+8y2+822>' (2.19)

where, (u,v,w), (¢1,02,¢3), (J1,J2,J3) and (Hy, Hy, H3) are the components of dis-
_>
placement vector u, microrotation vector ¢, current density vector 7 and magnetic

field vector ﬁ respectively.

2.3 Formulation and Solution of the problem

A generalized micropolar thermoelastic medium with gravity is considered. In addition
to this, the considered medium is isotropic, homogeneous, and permeated by 175 which
acts along the y-axis. The origin of a rectangular cartesian co-ordinate system (x, y, z)
is taken at any point on the plane surface of half-space z = 0, as shown in figure 2.1.

%
Moreover, @ and ¢ for the considered plane strain problem are defined as

U = (u,0,w), ?: (0,¢2,0), wu(zx,z,t), and w(zx,z,t). (2.20)

FIGURE 2.1: Material geometry
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After plugging equation (2.20) in equations (2.1)-(2.3), we get

E = poHo(w, 0, ), (2.21)
%

h = —Hy(0,e,0), (2.22)
7 = ((Hoe. — poHoeoi), 0, (—Hoe . + 1o Hoeoi)), (2.23)
where,

€=Uy + W,. (2.24)

represents the cubical dilatation.

After some simplification, equation (2.11) turns into

F= (o HG (e — €opoit), 0, poHE (e, — €opor)). (2.25)

Using equation (2.20) and under the influence of Lorentz and gravitational forces, the

above equations (2.12)-(2.19), along with equations (2.7)-(2.8), can be expressed as

0 (Ou Ow 9 02 or ow 0u
B e et e Pl < e e
Ot g (Gt G0) 4 et 02— 52 08— oo+ g0t = 95,
(2.26)
0 [Ou Ow 9 02 or ou 0w
(=27 2 ,0n Hodr — po— — p2—
(/\Jr“)az(a +3 >+(/Hrf‘€)Vw+ff8 v T uoHoli —pgas = ps
(2.27)
ou  Ow R
2 ey o o .
YV o + K (82 3 ) 2kpa = pj 52 (2.28)
0 0? 0 0?
2 _ 9 g g il
KV<p = pC, <8t+7'08t2>T+VT0 (8t+T0n08t2>6’ (2.29)
(00 | P
ou ow 0
ow ou 0
O’ZZ:()\—FQ,U,—FKZ)aZ+)\am—v<1+7'18t> T, (2.32)
ow ou
Oaz = (1 + K) 5~ + pig + o, (2.33)
ou ow
Oz = (H+ K)o + g — Ko, (2.34)
0
May = 7%7 (2.35)
0
My = 'y%. (2.36)
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Now, the non-dimensional quantities are defined below as

W pciw* Oij . T
(o, 7)) = o (z,2), (v, 0") = T (u,w), '3 j = —VJZZO, (t,19,7m) =W (t,70,71), T = —
2 *
;P ! w ! 9 r_ P
=l m,. = ——m, g = ——, @ =, 2.37
02 vTy 02, My v Mg § cw* v T (237)

% _ pCec?® 2 _ A2u+k
w = K = —

where, , Cf )

After using equation (2.37), equations (2.26)-(2.30) turn into (dropping the dashes for

convenience)
Oe 0o oT ow 0%u
MVt Qg T Wy, T Mgy T 9% T (2:38)
Oe 1ol0)) oT ou 0%w
V2 P a2 0 e =LY 2.39
R TR ER L P T (2:39)
ou Ow 0%
arV7gs + ag (az 81:) agp = aio 92 (2.40)
0 0? 0 0? 9
a2 ((% + Toatg> T + a3 (815 tronogs | e= a11V<p, (2.41)
=T =mVp, (2.42)
2 _ 92 92 _ (prRw* _ OHpwttpo Hyw* _ Rw*
where, V= = WQ—I-Q@, ap = “pE o, G2 = TO, az = ';‘:%, ag = wr,
H * * *2 © ok *
a5:%7 G6IW+UJ, 072%, CLSZ%, a9=27”, ayp = jw*?, anzKC“{,
. % . 'yl/T _ a* *2
a1l = pC ; a13 = pC%O, nl — a C&% .

Now, for obtaining solution of the required problem, the potential displacements q(z, z, t)

and 1 (z, z,t) which are defined below, are introduced as

_O0q Oy  0q
u_8x+ 55 w—az 9z (2.43)
Using equation (2.43) in equations (2.38), (2.40), (2.41), we obtain
-(a +a)V27a6—2 —asT —a %_0 (2.44)
_ 1 2 6 572 q 4 59 or .
0 0
_a1V2 — 0/68152:| w - G3¢2 + ga5£ = 0, (245)
2 0? 2
a7V* —ag — am@ P2 + agVey = 0, (2.46)
0 0? 3} 0?7 s 9
ai2 [8t + ToatQ] T+ a3 |:(9t + TonoatQ:| Vg = a1 V7p. (2.47)
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Using equation (2.42) in equations (2.44) and (2.47), we obtain
82

[(al + CLQ)VQ — CLG@

0
} q—as(l—mV?)p — a598%} =0, (2.48)
2

) 2 , )
a2 | = + 10 (1—7]1V )g0+a13 — + Tono

o 9 |2, _ 2
ot Vo ot aﬁ] Via=aeuVe (2:49)

2.4 Normal mode analysis

The solution of the considered physical variables can be decomposed in terms of normal

modes as follows

[u, w, q, 9, d2, mij, 0ij, Pl (z, 2, 1) = [0, W, G, D, 2, Mij, 555, §)(2)exp(bt + iazx). (2.50)

After using equation (2.50), equations (2.45), (2.46), (2.48) and (2.49) turns into

[D? — Ay — Aadhy + A3q =0, (2.51)
[D? — Ag)q — A7[1 — ni(D? — a?)]@p — Agyp = 0, (2.52)
[D? = Aglq — A7[1l = m(D? — a®)]g — As¢p = 0, (2:53)
[ (2.54)

Ag(D2 — a2) — Alo]gﬁ - [AH(D2 - az)]q_ =0, 2.54

where,

D = a@ A = a1a®+agb? Ay = 93 Ay — 99510 A aza®+ag+ayb? Ay = 8
K al ) ai’ ay a7 ) ar’

2 2 .

Ag = —(alJr(ZQl)fa:)aGb , Ar =S As = I Ag = ann +manb(l +7od), A =

ai2b(1 4+ 10b), A1 = a13b(1 + Tonob).

After some simplification, equations (2.51)-(2.54) can be expressed as

D'+ A'D?>+BlW+[C'D*-Dg=0, (2.55)

[A"D* - B"D*+C"g— [D"D* - E'|¢ =0, (2.56)

where,

!/ 1"

A = AyAs — Ay — Ay, B = A4A] — AsAsa?, C = As, D = A3A,, A =
Ag + A7 A, B" = AgAg + Aga® + Arg, C" = AgAga® + A1gAs — A7 — mArApa?,
D" = AgAsg, E = A9A8a2 + AqpAs.

Eliminating 1 from equations (2.55) and (2.56), we get

[D® + ADS + BD* + CD? + F|g(z) = 0,
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Where A _ A/A//_B// B . D//C/+C//_A/B//+B/A// C . A/C//_D//D/_E/C/_B/B// F .

5 A7 5 = A7 5 = a7 5 ==
E/D/+B/C//

A// .

Similarly,
[D® + AD® + BD* + CD? + Fl[$a(2), ¥(2),4(2), #(2)] = 0, (2.57)
Rewriting equation (2.57), in the factored form as
(D = ) (D? = k?)(D? — ks®) (D — ka2, 6,3, 8] = 0, (2.58)

here, k,%(n = 1,2,3,4) represents characteristic roots of the equation (2.57).

The general solution of equation (2.58), has the form

P2(2) = 24: Mye™*?, (2.59)
n=1
P(z) = f: M, e =, (2.60)
n=1
q(z) = 24: M," ek, (2.61)
n=1
p(z) = 24: M, e, (2.62)
n=1

Here, M, Mn,, Mn", M,,"" are parameters that depends on a and b.

Using equations (2.59) - (2.62) in equations (2.51) - (2.54), we get

4
P(2) =Y HipMpe ™7, (2.63)
n=1
4
q(z) =Y HoypMpe 2, (2.64)
n=1
4
@(2) = HgnMye *n?, (2.65)
n=1

where, Hyp =~ A0 Hy, = [ipltinet) - (opil|

" As(kn2—a?) Az(k2—As) As
_ All(an_a2)H2n
Hzp = |:A9(kn2—a2)—A10 :

In general, equations (2.59)-(2.62), can be written as

4
(62.0,4.9)(2) = Y _ (1, Hin, Hap, Hsp) Mpexp(—kn2). (2.66)

n=1
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Now, using equations (2.37) and (2.43) in equations (2.32), (2.34), (2.36), we get

0 2 0%y 0 )
0z = | Gupz5 T 1555 q+(al5_al4)8:caz - 1+Tla (1-mV?)e, (2.67)
9%q 0% 9%
00 = (16 +a17) 5 - — A17 55 + a16 55 — a1sdy, (2.68)
99

Myy = a1987227 (269)
where,

_ M2u+ _ _ _ — — qw*?
ai4 = pc‘% t, a5 = peizr 416 = %, a7 = %, aig = %, a9 = 7;}11

Applying equation (2.50) in equations (2.67) - (2.69), we get

G.n = [D? — A120%)q + iaA13D + Ara[m(D? — a®) — 1], (2.70)
.0 = iaA13DG + [A16a® + A17D?h — Argho, (2.71)
My = a19D¢_2a (272)
where,

_ _ s _ 14mb _ _ _
Appg = 18, Agg =2t Ay = 72, Ay = (a6 +arr),  Aig = arr,  Air = ase,

Ag = ass.
Using equation (2.90) in equations (2.43), (2.70) - (2.72), we get

4
U= MyHye ", (2.73)
n=1
4
W= M,Hsne ", (2.74)
n=1
4
Orz = ZMnHGneiknza (275)
n=1
4
Orp = ZMnHﬁte_knza (276)
n=1
4
Moy = > My Hgne "%, (2.77)
n=1
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where,

Hy, = taHy, — Hipky,,

Hs, = —Honk,, —iaH1y,

Hgy, = (k2 — a® A1) Hoy, — iaArzkn Hin + Ara(mk2 — ma® — 1) Hay,
Hyy, = —iaAisHapk, + (A1ga® + Ay7k,)Hyn — A,

Hg, = —aigky.

2.5 Boundary conditions

The following boundary conditions have been taken at z = 0 to figure out the M,

(where, n = 1,2,3,4) parameters. The thermal boundary condition is taken as
o= Blebt+iax7 (278)

and the mechanical boundary conditions are taken such that the bounding plane z = 0

is traction-free i.e.,

0., =0, (2.79)
7op =0, (2.80)
My = 0. (2.81)

here, B; represents a constant.

After using equation (2.50) and after some simplification, we get

p = Bl7 ( )

Oyy = 07 ( )

0. =0, (2.84)
(2.85)

My =0,
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Using equations (2.82)-(2.85) along with (2.62), (2.75)-(2.77), and after some simplifi-

cation, we obtain

4
Z H3nMn = Bla (286)
n=1

4
> HenM, =0, (2.87)
n=1

4
> HzM, =0, (2.88)
n=1

4
> HgnM, = 0. (2.89)
n=1

The equations (2.86)-(2.89) have been solved for M,, (n = 1,2,3,4) to figure out the

solution of the required problem and by making use of Inverse matrix method, which is

as:
My Hs1 Hsy Hsz Hsg 1 By
My|  |Her He2 Hez Hea 0
Ms|  |Hn Hr Hpyo Hu 0
My Hgy Hgy Hgy Hgy 0

2.6 Validity of the Problem

When the gravitational effect is ignored, we obtain the following results

4
(_7 R 1;7 52)(2) = Z(ly Hln, H2na H3n)Mnexp(_an)- (290)

n=1
where,

A (2 KA=Aq) _ Ae[1oni(K—a?))Ay; (K3 —a? K= A) ’
Hyp, = Algl((k%,az))a Hyp, = ( Ag 5) _ Al 771‘,&8149(]@723],;21)( )a Hsp, = ( 1)]HIZm Al =

2 !
<a2 + %i’ ), A, = as.

a

!/
2

which are in sync with the results explained in the study [98] considered in the context

of magneto-micropolar generalized thermoelasticity.

2.7 Numerical results and Discussion

The numerical computations were done for distinct values of gravity, g particularly

for g = 4, 6, and 8, acquired outside the earth’s mesosphere. Then the graphical
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representation of different physical quantities, such as the components of displacement,
force stresses, and the conductive temperature distribution, is done, as shown in figures
2.2-2.6. Moreover, while performing numerical computations, the following material

properties of magnesium [106] are considered:

p=174%x103kgm™3, j =02 x 1079m?2, v =0.779 x 10 kg ms 2,
A=94x10"%gm s, Kk =1.0x100gm s = 4.0 x 10°%gmts2

K =17x10%2Jm s tdeg™, a* = 0.074 x 10 m?, C, = 1.04 x 103Jkg 'deg™?,
Ty = 298K, ay = 7.403 x 107K, 7 = 1s, 79 = 0.02s, By =1, ng = 0.

Figure 2.2 clearly demonstrates that the displacement component v reduces when the
value of gravity is increased, and the maximum displacement distribution is observed,
which is attained at g = 4, and it reduces when the value of gravity is increased, i.e.,
at g = 6. At g = 8, we observe the least displacement distribution. In other words, the

amplitude of displacement component u reduces when the value of gravity is increased.

From Figure 2.3, it is clear that the displacement component w is less sensitive to the
changes in value of g. Moreover, figure 2.3 shows that the displacement component w
is least at g = 8 in terms of amplitude, and then it increases when g is reduced. Figure
2.4 demonstrates that the stress component o,, is maximum at g = 6, then the stress
distribution is reduced when gravity is increased, i.e., at g = 8, and the least normal

stress is observed at g = 4.

From figure 2.5, we observe that the Normal stress o, shows the same variation as that
of tangential stress o,,. Figure 2.6, demonstrates the impact of gravity on temperature
distribution ¢ and describes the variation of conductive temperature w.r.t z. We notice
that the temperature distribution is highest at g = 4, and it reduces when the value of
gravity is increased, i.e., at g = 6, and we observe that it is least when the value of g is
further increased, i.e., at g = 8. In other words, temperature distribution ¢ decreases

when gravity is increased.
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Displacement component u

Displacement component w

1 2 3 4
Z - axis

FIGURE 2.2: Variation of u at distinct values of gravity g

1 2 3 4 5
Z - axis

FIGURE 2.3: Variation of w at distinct values of gravity g
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langential stress o,

Normal stress o,

FIGURE 2.4: Variation of tangential stress 0., at distinct values of gravity g

Z - axis

J 2 3 4 J

Z - axis

FIGURE 2.5: Variation of o,, at distinct values of gravity g
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FIGURE 2.6: Variation of ¢ at distinct values of gravity g

2.8 Conclusion

In this study, the response of micropolar elastic material has been investigated by includ-
ing magnetic and thermal effects. The solution of the required problem has been derived
by using the Normal mode technique. Matlab software along with MS-Excel were used
for numerical calculations and for graphical representations of physical quantities such
as force stresses, temperature distributions, and displacement components. The major

highlights of the study may be pointed out as follows:

1. The response of different physical quantities, namely, force stresses, couple stresses,
temperature distributions, and displacement components, has been investigated for

distinct values of “g”, obtained outside the earth’s mesosphere.

2. It has been observed that both the displacement components “u” and tangential

”

stress “o,,” exhibit oscillatory behaviour. Moreover, it has been seen that the

displacement component “u” has a negative correlation with the values of “g”.
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Chapter 3

Study of memory response in the presence and
absence of micropolar effect under the

framework of Green-Lindsay model

3.1 Introduction

In this chapter, a 2D model has been investigated in the presence and absence of mi-
cropolar effect in order to investigate the processes which possess memory with the help
of a memory-dependent derivative (MDD) for a rotating medium. In generalised ther-
moelasticity, innumerable interesting results have been examined so far in the light of
the memory-dependent derivatives ([73], [74], [75], [76]). The phase-lag models were
utilized by Othman and Mondal [100] in order to study the impact of MDD and laser
pulse on wave propagation of micropolar thermoelastic medium. In this investigation,
different thermoelasticity theories, viz., LS, DPL, and TPL, have also been compared by
the authors. In addition to this, they have also recognized an observable effect on differ-
ent physical quantities with and without MDD. In generalized thermoelasticity, Biswas
[101] studied a 2D problem under the framework of MDD. The integral transforms have
been utilized for obtaining the desired solution of the problem, along with the eigen-
value approach. In magneto-micropolar thermoelastic media, the impact of MDD was
studied by Said [102] by using the dual-phase lag (DPL) model. In a generalized ther-
moelastic medium, which is assumed to be orthotropic, the impact of a laser pulse and
magnetic field for distinct values of delay time and for kernel functions was studied by
Singh and Pal [103] in the context of Green-Naghdi theory with MDD. Taking MDD into
consideration, the transient response of a half space was studied by Li and He [104] in
generalized thermoelasticity. They have also investigated and discussed the behaviour of
the obtained outcomes graphically for distinct values of delay time, kernel function, and

gradient parameter. In this study, the authors have discussed and analyzed the obtained
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outcomes graphically for distinct values of delay time and for a fixed kernel function.
Horgan and Murphy [105] investigated the classic deformation within the framework

of nonlinear elasticity for isotropic, incompressible hyperelastic materials.

In the current study, a novel problem has been undertaken in which a two dimensional
model has been developed to investigate the elastic response of an elastic media in
the presence and absence of micropolar effect under the context of heat conduction
equation possessing memory-dependent derivative. Moreover, the Helmholtz potential’s
along with the normal mode analysis (NMA) were utilized for finding the analytical
solution of the required problem. Finally, Matlab software has been utilized in order to
graphically demonstrate the components of displacement, force stresses, couple stresses,

as well as the temperature distribution.

3.2 Basic equations

For a homogenous (which is perfectly conducting) elastic solid, the linearized equations

of electrodynamic medium, which is moving slowly defined in [106], are taken as:

OF

VXﬁ:7+€OW, (31)
%
Oh
V x E = —ILL[)E, (32)
oRTa—
ﬁ = ko <(9t X HO) ) (3.3)
V.7 =o0. (3.4)

The field equations of motion and constitutive relations are added in equations (3.1)-
(3.4), in micropolar theory of generalized thermoelasticity, by taking Lorentz force under

consideration,

(A+2M+H)V(v.7)—(ﬂ+n)vX(VX7)+ﬁ(vXX)+7—v<1+na>VT

ot
= a;j%—ﬁx(ﬁ}xﬁ)%—Q(ﬁxaa?ﬂ, (3.5)

277 e
(a+B+7)V(V.8) =7V x (Vx 8) +r(V x T) ~ 266 = pj (8&? +ﬁxa£>'

(3.6)
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The constitutive relations are

0
Oij = )\uwéij + M(Um‘ + Uj’i) + /@(uj,i — 5ijr¢r) —v (1 + Tlat) T(Sij, (3.7)

mij = adyr0ij + Bdij + VP (3.8)

The heat conduction equation under Green-Lindsay model with MDD as defined in
[99]

KV?T = pCo(1 +7D)T + 4 Toé (3.9)
The Lorentz force ? is defined as
F = po(7 x Ho), (3.10)

The equations of motion (3.5)-(3.6) along with heat equation (3.9) in Cartesian coordi-

nates (x,y, z) in component form can be written as

2 2 2 2 2 2
(A+u)<a“+ Ov | aw>+(u+n)(a“+a+au>+n<%—%>+

0x?  0xdy 0x0z ox?  0y? 022 Ay 0z

T 2
(J2H3 — J3H2) -V (1 + ’7’12) g (aat2 (QQQl’U — QQU Q%u + Qngw) + 2(9211} — Q3U)> ,
(3.11)
0%u v JPw v 0% 0% 0p1  Ogs
(A+p) <8y8x+8y2+3y8 )—i—(u—i—m) (a 2+6 to2 2> +/{<8z_8x>+

0 8T 0%v 9 . .
(J3H1 — J1H3) —v|l+n=— | — (Qlﬁgu + Q30w — le — ng) + Q(qu — Ql’u}) ,

ot) oy ot
(3.12)

(A + p) Pu  Ov | Ow +(u+ k) Puw Pw Sw\ (06 041
B\ 5200 " 920y T 622 H 92 T 0y? | 022 or oy

0 (9T 0%w . .
(J1H2 —JQHl) —vi(l+mn— (Q qu—Qlw 02 w+QQQ3'U)+2(Ql’U—QQU) ,

ot) 0z o2
(3.13)
32¢>1 Fpy o3 Po1 | o1 | P ow v
+4) ( Ox? axay 0x8z> +7 ( ox? + 0y? + 022 ) T <(‘9y B 8z> 201
o2
=0pJ ( ad)l + (Qads — 93¢2)> (3.14)
1 52¢2 & p3 Poy ¢y | Py ou  Ow
(a+5) (8y8x 8y3z> +’y<81:2 + 0y? + 022 ) +KJ<8_8$>  2n62
2 .
=pj ( ¢2 + (Q3¢1 — quﬁg)) : (3.15)
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2 2 2 2 2 2
(a+ﬁ)<a¢1+5¢2+3¢3>+7<3¢3+5¢3+3¢3>+,{<3v_3u>_2ﬁ¢3

0z0x 020y 022 Ox? 0y? 072 oxr 0Oy
(02 . .
=pJ ( 6:;3 + (Q1¢2 — Qz¢1)> ; (3.16)
o*’T  0°T 0°T . (0 (Ou  Ov Ow
K <8x2 + 37 + 822> = pCe(1+7D)T + 7 To, (833 + 9y + 8Z> . (3.17)

Where? (U,U,’LU), (¢17¢27¢3)a (JlaJQaJ3)7 (HlaHQaH3) and (917927Q3) are the compo-
%
nents of displacement vector W, microrotation vector ¢, current density vector 7,

magnetic field vector ﬁ and rotation vector, respectively.

3.3 Formulation and solution of the problem

A micropolar generalized thermoelastic medium, which is homogenous, isotropic and
perfectly conducting, is taken into account and in which the initial magnetic field }70) is
permeated along the y-axis. The origin of a rectangular cartesian co-ordinate system
(x, y, z) is taken at any point on the plane surface of half-space z = 0, as shown in
figure 3.1. For the 2D problem, we have taken displacement, rotation, and microrotation

vectors as
T = (u,0,w), O =(0,9,0), &=1(0,6,0), u(x,zt), and wlz,zb). (3.18)

Using equation (3.18) in equations (3.1) - (3.3), we get

y
Ho

o Qg

FIGURE 3.1: Rotating material geometry

ﬁ = HOHO(wa 0, _u)’ (319)
T = —Hy(0,e,0), (3.20)
7 = ((H(]e’z — EouoHol'D), 0, (—H()e’m + €0u0H0ﬁ)), (3.21)
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where e is cubical dilatation, defined as

ou o
Or 0z

e =
Thus from equation (3.10), we obtain
F = (hoHg (€2 — copoii), 0, poHg (€2 — goptot)). (3.22)

From equations (3.19)-(3.22), it is clear that the components of the induced electric
field, induced magnetic field, and the Lorentz force are functions of the displacement
components and the externally applied constant magnetic field.

After using equation (3.18) in equations (3.11)-(3.17) and in equations (3.7)-(3.8), we

obtain the following components

2t L ) T O ) 2 P02 e, — o) -

<1 + 71 88t> g—T p(ii — Q%u + 20m), (3.23)
A+ 1) ggz + (A + 20 + ) ?;15 +(p+ n)g:;” + nagiz + o H3 (ex — eopoid) —

<1 +7 gt Z—T = p( — Q*w — 2Q1), (3.24)
V2o + K <g: - ?;) — 2K = pjdo. (3.25)
KV*T = pCo(1+ 1D )%T +7'Ty gt (3.26)
U$x—(/\+2u+li)g+)\8810—V<1+T1;§>T, (3.27)
Ty = Ae — <1 +7 §t> T, (3.28)
UZZ:)\gz+()\+2u+m)gL;_V<1+7'1§t) T, (3.29)
Oa = o 4 (1t K) 2 + i, (3:30)
Ooz = ug—: + (pn+ H)% — Ko, (3.31)
My = ’y%, (3.32)
My = W%df- (3.33)

2 _ (92 9?2 _ (Ou ow
where, V* = (W + W) and e = (875 + g).

32



Introducing non-dimensional quantities as mentioned below in equations (3.23)-(3.33),

w pPCow Ois / / _ T
(.I'/,Z/) = ;0(x72)7 (u/7w/) = Ty (u, w)7 O'Ii,j = T;ZO; (T177/7t ) = W(Tlvat)v T = Tov
2 —
, PCg Q0 w
_ PG _e y 3.34
¢2 VTO ¢27 (D bl mz] COVT[) m’l] 9 ( )
we get
02 0\ oT 0%u ow
2 _
\% u—i—ala——aga——ag <1+T18t> E—cuw—%u—i-aaa, (335)
0o oT 0 0w ou
Wy e, Ty, < + 1(‘9t> Mg — W= Ay, (3-36)
ou ow 82¢2
2
Ju Ow\ ., . _ 3.37
Vo + az <8z 695) arpa = ag R (3.37)
ou ow 0
= — —_— 1 T, 3.38
Ter = gy TG T ( +Tlat> (3:38)
0
oy =age — | 1+71— | T, (3.39)
ot
ou Ow 0
O-ZZZG/Q%_'_% ( +Tl(9t> T, (3.40)
ou ow
Oaz = G105+ o115+ ai2¢2, (3.41)
ou ow
Oz = G115- + 0105+ aiadz, (3.42)
0
Mgy = a13%, (3.43)
0
My = a14 aiQ (3.44)
oT 0
a14V2T = a15(@ + TDT)E + a16£. (3.45)
where,w:%, C%:mTuwj alZ%vzwzﬁg’as:%,
27172 .
as = ag (1 + %» a5 = a3Q?, ag = 2a3Q, a7 = 15, ag = 2, a9 =y,
aw = o, an =B ap =25 a =12 e =22 as =L and ayg = L

Now, for obtaining the desired solution of the required problem, the potential displace-

ments q(z, z,t) and 9 (z, 2,t), which are defined below, are introduced as

0q Oy dq oY
=t =g (3.46)
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which lead equations (3.35), (3.37) and (3.45) to the following form

02 0 0

<(a1+1)V2—a48t2+a5>q—a3 <1+71&>T+a6(;f =0, (3.47)

0? 0
<V2 — a;;w + a5> P — agpy — a6£ =0, (3.48)

82

<V2 — 2a7 — GBW) ¢2 + a7V =0, (3.49)

orT 0

2 — i Y2

a14sVeT = a5 (w + TDT) ot + a6 atV q. (3.50)

3.4 Normal mode analysis

The solution of the considered physical variables can be decomposed in terms of nor-

mal mode as follows
[ua w, T7 0ij5,4, 1/}7 ¢27 ml]](wv Z, t) - [ﬂﬂ w? T7 61]7 Q) &7 (527 mlj}(z)exp(bt + ZCLJI) (351)

Use of equation (3.51) transforms equations (3.47)-(3.50) to

[D? — A1]q — AoT + A3 = 0, (3.52)

[D? — A4]tp — Aspy — Aeq = 0, (3.53)

[D? — A7)y + [AsD? — Aglth = 0, (3.54)

[D2 — Alo]T — [A11D2 — Alz](j =0. (355)

a a?+aqb®—a a - a

Where’ D = %’ A1 = ( 1—~_1)¢11_-"‘—-14l7 5’ A2 = 35111—:-11b)’ A3 = al(fl’ A4 = a’2 +

asb? —as, As = az, A = agh, A7 = a® + 2a7 + agb®, As = a7, Ag = ara®,
A = a14a®+a1sb(@+7G(1,b)) Ay = aieb Aqo = a16a°b
a4 ’ aig’ aig

G(T, b) _ —(b2(m2—2n+1)7'2+2b7'(m2—n)+2m;2):§p[b(t—’r)}+(b27'2—2bnT+2m2)exp(bt) and the kernel

function K (¢t — r) is defined as [61]

.
L;if,m=n=0

(t_r);if,m:O,n:%

2n m? 1-
Kt—r)=1-"—(t— —(t—1?) = T
(t=r)=1= =)+ St =)

IL—(t—r)ifm=0n=3

k(1—t_TT)Q;if,?TL:n:1.
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After some simplification, equations (3.52)-(3.55) become

[D* — B1D? + Byl — [BsD? — By]G =
[D* — BsD? + Bg]G + [B7D? — Byl =

where, By = A7 + Ay — AgAs, By = A4A7 — AgAs, Bz = Ag, By = AgA7, Bj =
Ao+ Ay + AjAy, Be = A1Ag + A Arg, By = Az, Bg = AzAjp.

Simplifying equations (3.56) and (3.57), we obtain,

[D® — ADS + BD* — CD? + Fly(2) = 0, (3.58)
Similarly,
[D® — ADS + BD* — CD? + Fl[q(2), ¢2(2), T(2)] = 0, (3.59)

where, A= Bs+ By, B = Bg+DB1B5+DBy+B3B;, C = B1Bs+ BsBs+ B3Bg+ ByBr,
F = ByBg + ByBs.

In factored form equations (3.58) and (3.59) can be written as

[(D? = k1*)(D? = ka?)(D? = ks?)(D? = ka?)][(2), a(2), d2(2), T(2)] = 0, (3.60)

where, k,(n =1,2,3,4) represents the characteristic roots of the equation (3.60).

The general solution of equation (3.60), has the form

U(z) = i Mye~ ", (3.61)
n=1
P2(2) = 24: M, e7Fnz, (3.62)
n=1
q(z) = 24: M,"e7knz, (3.63)
n=1
T(z) = 24: M, e Fnz, (3.64)
n=1

Here, M,,, M,,’, M,,", M, represents parameters that depends on a and b.

Using equations (3.61)-(3.64) in equations (3.52)-(3.55), we get
) 4

(¢2(Z)7 (j(z)v T(Z)) = Z Mn(Hlnv Hsy, H3n)6_knz7 (365)

n=1
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—(Agk2—Ag) __ (k2—A4)(k2—A7)—As(AskZ—Ao) _ Auki—Anp
k2—A; Hyp = (AskZ—Ag)Ag Hyy, and Hsp, = k2—A1o Hap,.

where, Hy,, =
In general, equations (3.61) and (3.65), can be re-written as

o 4
(0, 62,0, T)(2) = > (1, Hip, Hap, Hzp) Mpexp(—knz). (3.66)

n=1

Using equation (3.51) in equation (3.46) and after some simplification, the displacement

components are obtained as

4
(ﬂ,ﬂ))(z) = ZMn(H4mH5n)€_knza (3.67)

n=1
where, Hy, = Hopia — k, and Hs, = —Honk, — ia.
Using equations (3.46) and (3.51) in equation (3.38) and in equations (3.40)-(3.44), we

obtain the force and couple stress components

4
— — — — = = —knz
(O-.Z’Z‘7O-.Z’Z)O-ZZ7O-Zx7mxy7mzy)(z) = E Mn(HGnyH'?naH8n7H9n7H10n7H11n)e e

n=1

(3.68)

where, Hg,, = — Hopa® —iaky,+ag(Han k2 +iaky,)— (14+110)Hs,, Hep = [a10(—iaHopky, +
k2) 4+ a11(—Hapiaky, +a?)], Hs, = ag(—Hana® —iaky,) + (Hank? +iaky,) — (14 71b) Hs,,
Hy, = aii(—kniaHa, + k2) 4 aio(Honk? + iaky) + a12H1,, Hiogn = a3Hinia and
Hi1p, = —Hinkn.

3.5 Boundary conditions

To find out the M,, (where n = 1,2,3,4) parameters, the boundary conditions has been

imposed at z = 0, and are as
Ozz = Oz = Mgy = 0, (369)

(i.e., the bounding plane z = 0 is traction-free)

and the thermal boundary condition is
T = f(z,t), (3.70)

where f(z,t) = e’ and 6 represents the amplitude of the function f(z,t).
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Using equation (3.51) in equations (3.69) and (3.70), and after some simplification, we

obtain

4
> Hy M, = 6y, (3.71)
n=1

4
Z Hg, M, =0, (3.72)
n=1

4
> HouM, =0, (3.73)
n=1

4
> HigM, =0. (3.74)

n=1

Now, solving equation (3.71)-(3.74) for M,, where n = 1,2, 3,4 by making use of Inverse

matrix method which is given below:

M, Hs31 Hsy  Hsz  Hsa 1 to
My| | Hsn  Hso Hss Hsa
Ms| | Hyy Hyy Hys Hoy
| My | 101 Hioz Hios Hioa| | 0]

3.6 Particular case

The field equations can be obtained from the above mentioned cases for the generalized

micropolar thermoelasticity medium without micropolar constants, by taking:

After plugging equation (3.75) into equations (3.5)-(3.9) and using equations (3.34),
(3.46) and (3.51), we get

[D?—Alg—A'T+A") =0, (3.76)

[D? - B —-B"g=0, (3.77)

[D2 — Alo]T — [A11D2 — Alz](j =0, (378)
/ 2 2_ 1 - " /

where, A" = (1+Cl)fi+—+cf35204’ A" = 62(11I011b)’ A 2:2&217 B = a® + c3b? — ¢y,

B =csh, 1= 7A+M—TOHO, C2 = L;;”, c3 = C2 <7p+8050H0), cs = c29? and c5 = 2¢p().
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Eliminating T’ and 1 from above equations (3.76)-(3.78), we get

[DS — a1 D* + asD? — a3]G(z) = 0, (3.79)
Similarly, for different physical quantities, we have

[DS — a1 DY + asD? — a3](¢(2), T(z)) = 0, (3.80)

oy =B +A + A4+ A1A", ap=B (A +A +ApA" Y+ A A+ A"A,+B'A”
and a3 = BI(AIAlo + A”Alg) — BNAWA12.

Thus equations (3.79) and (3.80) in factored form can be written as
[(D* —1§)(D* = 15)(D* — 13)][a(2), ¥(2), T(2)] = 0. (3.81)

where, [,(2 = 1,2, 3) represents the characteristic roots of the equation (3.81).

The solution of above equation (3.81) has the form

3
(¥(2),4(2), T(2)) = > _(1, Ly, La,) Rewp(—In2). (3.82)

1=1

2_p' Apl2—A
Where, le = lz LQZ = (71”Z 12

B" 12—A10
depending on a and b.

)Lh and R,,2 = 1,2,3 are some parameters

Now, using equations (3.75) and (3.51) in equation (3.46), and equations (3.75), (3.34),
(3.46) and (3.51) in equations (3.27)-(3.33), and after some simplification, we get

3

(ﬂv W, Oggy 02z, 6zz) = Z RZ(L327 L427 L5Za L617 L?z)eilzzv (383)
1=1

where, Lg, = Lyjia —1,, L4 = —Ly,l, —ia, L5 = —LhaQ + CG(LMZ? + lﬂ:a) —

iall — ng(l + le), Lﬁl = —cﬁ(LhaQ -+ iall) + lel? + llia — ng(l + le), Ln =

er(—iaLul, + B(1+ Ly,) + Lia), c5 = 7y, and ¢ = -t5.

38



Now using equations (3.75) and (3.51) in equations (3.69) and (3.70) and after some

simplification, we obtain

3
Z LQsz = 907 (384)
1=1

3
> LR, =0, (3.85)
1=1

3
> LuR, =0, (3.86)
1=1

Now, solving equation (3.84)-(3.86) for R, where + = 1,2,3 by making use of Inverse

matrix method which is given below:
-1

R; Loy Lop Los to
Ro| = |Le1 Le2 Les 0
R3 L7 L7 Lrs 0

3.7 Validity of the Problem

When the memory effect is ignored, we obtain the following results

4

(1/;7 &27 QJ T)(Z) - Z(lv Hlna HQna H?m)Mnexp(_an)
n=1
where,
Hy, = —(Agk2—Ag) Hy, = — (k%_A4)(k721_A7)_A5(A8k721_A9)Hln and Hs, = A11k2—Aq2 Hy,,.

k2—A; (Agk2—Ag)As 2 _ 01497 +a15b0
n

al4
which are in sync with the results explained in the study [106] considered in the context

of magneto-micropolar generalized thermoelasticity.

3.8 Numerical Results and Discussion

The material properties of magnesium [106] are taken in order to demonstrate the nu-

merical computations, which are as follows:

A= 94 x100kgm™1s72 Kk = 1.0 x 10°kgm~'s72, u = 4.0 x 1010%gm~1s72,
j=02x107"m2, p = 1.714 x 103kgm=3,~v = 0.779 x 10 %kgms—2, K* = 1.7 x
102Jm s tdeg™!, C, =1.04 x 103Jkg 'deg™", Tp=298K, oy = T7.403 x 107 7K1,
m=1s, 7=0.1s, =1, po =47 x 107" Hm™!, g = 1/36m x 1072 Fm~1.
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A graphic analysis has been done for the components of displacement, force stresses,
couple stress components, and the temperature distribution. Results have been com-
pared with and without micropolar effect for distinct values of time, ¢ = 0.2, 0.4,0.6
and for the fixed kernel, K (t —r) = (1 — =22,

T

Figures 3.2-3.7 illustrate the graphical results for magneto micropolar thermoelastic-
ity (MMT), and figures 3.8-3.12 illustrate the graphical results for (WMMT) (without

magneto micropolar thermoelasticity).

Figure 3.2 and 3.3 demonstrate the effect of time, t, on the displacement components
and w with respect to distance z. Figure 3.2, clearly demonstrates that the displacement
component u reduces when the value of time is decreased and the maximum displacement
distribution is attained at t = 0.6. In other words, the displacement component u reduces

when the value of time is decreased, in terms of magnitude.

From figure 3.3, it has been observed that the displacement component w shows the same
variation as that of u. Figure 3.4 shows that the stress component o, is maximum at
t = 0.2, then it is reduced when time is increased, i.e., at ¢ = 0.4, and least normal stress

is observed at t = 0.6. In nutshell, 0., reduces when the value of time is increased.

From figure 3.5, we observe that the tangential stress ., shows the same variation as
that of 0,,. Figure 3.6 depicts the variation of couple stress m,, with respect to distance
z, and the maximum couple stress is attained for ¢ = 0.6. Figure 3.7 demonstrates the
impact of time on temperature distribution 7" and describes the variation of temperature
w.r.t z. It is evident from the figure that the temperature distribution 7" is highest at
t = 0.2, and it decreases when the value of time is increased, i.e., at t = 0.4, and we

observe the least temperature distribution at t = 0.6.

Figure 3.8 demonstrates the variation of u in the case of WMMT. Comparing the vari-
ation of u in the cases of MMT and WMMT, it is clearly noticed that the amplitude
of displacement component u is larger when the micropolar influence is excluded (i.e.,
in case of WMMT). From figure 3.9, we observe that the variation of the displacement

component w w.r.t z, and it is apparent that w decreases with an increase in time t.

Figures 3.10 and 3.11, demonstrate the effect of time on stress components o,, and o,
and describe the variation of stress components w.r.t distance z. We noticed that the
stress component o,, is maximum for ¢ = 0.2, then the stress distribution is reduced

when time is increased, i.e., for t = 0.4, and
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Displacement component u

-0.4 |

Z - axis

FIGURE 3.2: Variation of u at distinct values of time ¢ in the presence of micropolar
effect

0.6

Displacement component w

04 }

-0.6 : .
7 - axis

FIGURE 3.3: Variation of w at distinct values of time ¢ in the presence of micropolar
effect
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FIGURE 3.4: Variation of o,, at distinct values of time ¢ in the presence of micropolar
effect

0.6

Tangential Stress o,
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7 - axis

FIGURE 3.5: Variation of o, at distinct values of time ¢ in the presence of micropolar
effect
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FIGURE 3.6: Variation of m,, at distinct values of time ¢ in the presence of micropolar
effect
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Temperature T
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FIGURE 3.7: Variation of T at distinct values of time ¢ in the presence of micropolar
effect
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Displacement Component u
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FIGURE 3.8: Variation of u at distinct values of time ¢ in the absence of micropolar
effect
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FIGURE 3.9: Variation of w at distinct values of time ¢ in the absence of micropolar
effect
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FIGURE 3.10: Variation of o, at distinct values of time ¢ in the absence of micropolar
effect
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S
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S
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Tangential Stress o,
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FIGURE 3.11: Variation of o, at distinct values of time ¢ in the absence of micropolar
effect

when time is further increased, we observe the least normal stress, i.e., for t = 0.6.
From figure 3.11 shows that the amplitude of o,, is much higher in the absence of

micropolarity.
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FIGURE 3.12: Variation of temperature T" at distinct values of time ¢ in the absence of
micropolar effect

Figure 3.12 shows that the variation of temperature distribution 7" in case of WMMT,
and it has been observed that the micropolarity has a significant effect on T in case of

MMT, as it enhances the magnitude of T" in the case of MMT.

If we compare Figure 3.2 with Figure 3.8, we learn that the addition of the micropolar
effect leads to a significant decrease in the amplitude of displacement component u. It
can be seen by comparing Figures 3.3 and 3.9 that when the micropolar effect is absent,
the displacement component’s (w) amplitude sharply declines. It is apparent from Fig-
ures 3.4 and 3.10 that when the micropolar effect is not considered, the amplitude of
normal stress o,, drastically decreases. When the micropolar effect is present, Figures

3.7 and 3.12 reveals a significant change in the temperature amplitude.

3.9 Conclusion

A mathematical model for magneto-micropolar thermoelasticity problem has been de-
veloped in the framework of the Green-Lindsay model with MDD to examine the elastic
behaviour of materials in the presence and absence of the micropolar effect. More-
over, the components of displacement, force stresses, couple stresses, and temperature

distribution are illustrated graphically by making use of Matlab software.
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Following the above numerical discussion, it can be concluded that,

1. It has been observed that the time parameter is causing significant effect on the

elastic response of the considered material.

2. Micropolar nature plays a significant role in the elastic response of the material.
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Chapter 4

A study of thermo-mechanical interactions in the
rotating micropolar elastic solid with two
temperatures using memory-dependent

derivative

4.1 Introduction

A new approach to two-temperature micropolar thermoelasticity has been studied in
the framework of the Green-Nagdhi theory (type III) with memory-dependent deriva-
tive for a rotating medium. The two - temperature thermoelasticity theory for the first
time was proposed by Chen and Gurtin [108] and Chen et al. [109]-[110] in deformable
bodies. This theory relies upon the conductive ¢ and thermodynamic temperature 6
and is used to figure out the phonon and electron temperature distributions in ultra-
short laser processing of metals. The difference between the above two temperatures,
viz., ¢ and 6 for time-independent situations, is proportional to heat supply, and both
parameters can be treated as identical when heat supply is excluded [109]. In 2006, a
generalized theory of thermoelasticity was established by Youssef [112] by using heat
conduction theory in deformable bodies. Youssef [113] in 2008, examined a 2D model
of generalized two-temperature thermoelastic half space. For obtaining the desired so-
lution, the author has adapted the integral transform technique. For distinct values of
the ramp parameter, the author has shown the variation of different physical quantities
graphically. Abbas and Youssef [114] studied a transient phenomena in thermoelastic
solids. The authors have also utilized copper material for numerical purposes. Another
2D problem in generalized magneto-micropolar thermoelastic medium was examined by
Singh and Kumar [97] with a rotating effect. Radaev [115] studied a factorization of the

main hyperbolic differential operator of the micropolar elasticity theory. The effect of
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three theories of thermoelasticity was studied in [116] on the propagation of a set of two

coupled transverse waves and a set of two coupled longitudinal waves.

In this chapter, the memory response of a rotating micropolar elastic media under the
thermo-mechanical effect has been investigated. The Helmholtz potential’s along with
the normal mode technique, is utilized for finding the desired solution of the required
problem. Additionally, the Matlab software is used for numerical computations. The be-
haviour of the field quantities is studied for a fixed kernel K (t—r) and for distinct values
of time, ¢t. Finally, the material properties of magnesium are considered to demonstrate
the components of displacement, force stress, couple stress, thermodynamic tempera-

ture, as well as the conductive temperature distribution graphically.

4.2 Basic equations

The system of governing equations of a linear micropolar thermoelastic medium (which

is rotating) with two temperatures and without body forces has been taken [107] as

A+ )V(VD) + (n+ K)VET + k(Y X ) — vVT

02U = = - U
=p at2+Qx(Qx7)~l—2<Qxat>}, (4.1)
— —
H? 0

(O‘+5+7>V(V-2)—’YV x (V x E))—FK(V X 7)—25$:pj [ 8;; +5> X 8?55] )

(4.2)
The constitutive relations are
Oij = Mup;0ij + pu(tij + uji) + 6(uji — €ijrdy) — V045, (4.3)
Mmij = agrr0ij + Bdij + VPji- (4.4)

Under Green-Naghdi theory [22], the heat conduction equation free from heat sources is

given by
K*V%p + KV%p = pC.T + ~ Tyé. (4.5)

Furthermore, superposed dot represents the time derivative and e is cubical dilatation,
defined as

€=Uy + W,.
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In the context of MDD, equation (4.5) of G-N type III is written as

oT Oe
* 72 2. — 4.
K*Vo+ KV%¢ =D, |p Cat+’yToat (4.6)
Also,
T =(1—-a*"V?e. (4.7)

where, T" and ¢ represents thermodynamic and conductive temperatures.

The equations of motion (4.1)-(4.2) along with the equations (4.6) and (4.7) in Cartesian

coordinates (z,y, z) in component form can be written as

2 2 2 2 2 2
(A+M)<a L O aw>+(ﬂ+ﬁ)(m+3+m>+,€<a¢3_%>

0x?  Oxdy Ox0z oxr?  0y? 022 Oy 0z
or d%u
Vo = < 92 + (v — Q3u — Q3u + W30 w) + 2(Qoh — Qg’[})) (4.8)
Py 0*v  JPw v 0% % 0d1  Oos
O (s g+ aye) 0+ (g + a5 ) +e (2~ ) -
or 0? . .
Va—y =p <0t: + (U Qou + Q3w — D2v — Q3v) + 2(Qi — Qlw)> , (4.9)
0%u v J*w Pw  Pw  Pw 0ps 0Py
A+ (8z8x Ty T 822) At r) (8362 T T az2> H(ax_ay)
or (9w . .
Ve = < 52 + (2130 — Q3w — V3w + QaQ3v) + 2(Q10 — qu)> , (4.10)

(a4 ) (8%1 & po 32</>3> oy (82¢1 n 9%¢1 n 82¢1> Tk <8w _ 8”) — 2K¢1

Ox? 8x6y 0x0z Ox? oy? 022 dy 0z
52
=pJ ( agl + (Qads — 93¢2)> (4.11)
o] 52¢2 D*p3 Ppy gy 0%¢o ou  Jw
(a+5) <8y8m * 8y82> 7 < 92 © oy? T ) T <8z a 833) 202
52¢2 -
=ri\ 52 + (31 — Mgs) |, (4.12)

Ppr | Ppy | 0P¢s Ppy P33
v o
(a+5) (826$ 020y T o > Rt ( 922 T 0y? T > T <8:p 8y> s

2
=pj (8 ¢3 + (o — ngbl)) (4.13)
2

ot?
go 3290 0% 0?0 0% 0% oT d (Ou Ov Ow
>+K< + + >¢=DT[C +7 Tom; ( + o +>}

6 2 oxr2  0y? 022 ot ot \ox 0Oy 0z
(4.14)
. [ 0 0? 0?
T—<1a <82+8 8z2>)¢ (4.15)
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where, (u,v,w), (¢1, P2, P3), and (21, 2, Q23) are the components of displacement vector

_>
7, microrotation vector ¢ and rotation vector 6, respectively.

4.3 Formulation and solution of the problem

A homogeneous micropolar thermoelastic rotating half-space with two temperatures is
taken into account and rotation acts along the y-axis. Also, the origin of a rectangular
cartesian coordinate system (x, y, z) is taken at any point on the plane surface of half-

space z = 0, as shown in figure 4.1.

The considered medium rotates with a uniform angular velocity 2 = Qn, here n repre-

sents a unit vector which denotes the direction of rotation axis. The dynamic displace-
— —

ment vector 7, rotation vector €2 and microrotation vector ¢ for the considered 2D

problem are taken as
T = (w,0,w), O =(0,0,0, ¢=(0600), ulwzt), and wlz,z1t). (4.16)

Using equation (4.16) in equations (4.8)-(4.15) and in equations (4.3)-(4.4), we get the

y

A

D

v
>

FIGURE 4.1: Rotating material geometry
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following components

(A +p) <22;2L + ;jg;) + (p+ k) Vu — m%i? —v(l - a*v2)gi = plit — Q%u + 20

(4.17)
(A + ) <£g£ + ?;;;’) + (p+ &)V + n%if - a*VQ)?;ZD = pli — Q%w — 204

(4.18)
K (gz - ?j) + V2o — 2602 = jipdo. (4.19)
K* (gif + g?ﬁ) +K (giﬁ + gif) ¢ =D, [pce‘g +fy’T0§t <gz - ?j)] :

(4.20)
r-(ima (24 5))w o
Ozz = A <gz + 8) + (2n+ %)% — T, (4.22)
Oyy =\ (gz + gf) —uT, (4.23)
0. = (gz + ?;”) + (2 + /i)?;: —uT, (4.24)
Orz = ugz + (p+ H)ZZ) + K2, (4.25)
O = (1 + m)gz + “?): — K2, (4.26)
My = y%f, (4.27)
My = v%df. (4.28)

Introducing the below mentioned non-dimensional quantities in equations (4.17)-(4.21),

0 0Co 034 /
(@, 2) = Lz, 2), (W, 0') = 20w w), o5 = ZL, (1) = no(r 1), ¢ = =

Co 717To v Ty’
2
r_ P% Q/:g r_ Mo T’:z 4.99
¢2 VTO ¢27 7707 mzj CoyTOmlja TO, ( . )
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where, 179 = 7”012?2, 2= 7)‘”;””.
we get,
A+ p) (0%u  O*w w4 K\ oo K O¢o 90 0p . 9 )
gu _E9%2 g 9P i Q220
pcd Ox? + 0x0z + pcd Viu pcd 0z (1=aV )8:1: " Ut 2w,
(4.30)
()\ + ,u) 0%u 0w w+ K 2 R 8¢2 2 8‘,0 . 2 .
v 1—a1V*)—/— =w — Q%w — 2Q
pcd 0xdz + 022 + pcd vt oz pcd Oz —(-a )82 v v “
(4.31)
ou Ow g s 0o
-z 270 -9 4.32
(82 8.’1}') + C% v ¢2 Hé? .7/0770 atQ ’ ( )
D ((1—a v2)a—+ 48 = aaV%p + a3V3p (4.33)
ot ot Y '
T=(1-a,Ve, (4.34)
_ a*ng _ K~ _ Knj3 _ "V
where, a1 = C(Q)O, as = pc:;%’ ag = pCegg’ and ag = péce%.

Now, to obtain the solution, the displacement potentials q(z, z,t) and 1 (z, z,t) are introduced

as
9 Oy 01 _0v
e 92" T 0. o (4.35)
which leads equations (4.30), (4.32), (4.33) to
0? oY
2 O 2 YY1 — N =
<V 52 +Q ) q+2Q 5 (1 =a1V*)p =0, (4.36)
pHEY g2, o2 9 8q
Q 4.
(57 728 = G ) v gen 295 0. 0
82
<W§0V2 — PRy 2f~e> by + KV = 0, (4.38)
g ot
dp 9 24 2 2.
D, (1—aV)a+a av = aaV7p + asVep, (4.39)

4.4 Normal mode analysis

In term of normal modes, the solution of the considered physical variables can be de-

composed as

[u, w,q, Y, T, ¢, Mij, 044, 80] (l'a 2y t) = [ﬂa w, q, '(Z}a T? 5527 Mij, O, @](Z)el‘p(bt =+ ia:z:).
(4.40)
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Use of equation (4.40) transforms equations (4.36)-(4.39) to

A7D? — Aglgo + K[D? — a*ih = 0,

[ (4.41)
[A4D? — A5 — Az — A2g = 0, (4.42)
[ (4.43)
[AgD? — A1) — [A11D* — A12]q =0, (4.44)

where, D = %, Al = a®>+02— Q2 Ay =200, A3 = a1a®> + 1, Ay = ‘;—?,A5 =
0
M@ —2402, Ag= 5, Ay = T8 Ag = Ara®+ipn2b?+2k, Ag = ap+asbt+aibG(r,b),

A1p = aza® + aza®b + G(1,b)(1 + ara®)b, Ayy = G(7,b)asb, A1a = asbG(,b)a?,
G = (b®)(m?—2n4+1)724-2b7(m? —n)+2m>)exp[b(t—7)]+(b272 —2bnT+2m?)exp(bt)
(1,0) = b2.2 .

After some simplification, equations (4.41)-(4.44) can be reduced to

[A13D* — A14D? + Ass)¢p — [A1gD? — A7) =0, (4.45)
[A1sD* — A19D? + Aso]G + [A21 D? — Ayp = 0, (4.46)

where, A3 = AgA7, A1y = AyAs + A5 A7 — kAs, Ais = AsAg — kAga®, Ajg = ArAz,
A7 = AgAg, A1g = Ag + Aqiar, Arg = AgA1 + Ao + A11As + Arpar, Ay = Aol +
A12As, A = AsAyg, Ay = AsAyp.

Simplifying equations (4.45) and (4.46), we obtain,

[D® — ADS + BD* — CD? + Fly(2) = 0, (4.47)
Similarly,

[D® — AD® 4+ BD* — CD? + F)[q(2), 2(2), 3(2)] = 0, (4.48)

Where, A= A13A141?;-A/i;41413’ B = A13A20+A14Aj?:-Afg5A18+A21A16’ C = A14A20+A15AA?;A,21A17+A22A16,
F — AisAsx+AxnArr

A13A1s

Rewriting equation (4.47) and (4.48), in the factored form as

(D2 = k)(D? = ks)(D? = ks)(D* = ke)|[6(2), (=), b2(2), ¢(2)] = O, (4.49)

here, k,%(n = 1,2,3,4) represents the characteristic roots of the equation (4.47) and
(4.48).
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The general solution of equation (4.49), has the form

4
G2(2) =Y Mpe 2, (4.50)
n=1
4
P(z) =Y M, e *, (4.51)
n=1
4
a(z) =Y M, e, (4.52)
n=1
4
p(z) =Y M, ekn*, (4.53)
n=1

Here, M,,, M,,’, M,,", M, are parameters that depends on a and b.

Using equations (4.50)-(4.53) in equations (4.41)-(4.44), we get

4
¥(2) =Y HipMpe ™7, (4.54)
n=1
4
q(z) = Z Hop M, e %, (4.55)
n=1
4
@(2) = HgnMye *n?, (4.56)
n=1
Ark,2—A Ak, %—As Agr(k2—a? _ n2—
where, Hy,, = —W, H,, = (A4 " ) 4+ (Af,':éfASXQ Hyy, H3p, = [%} Hy,.
In general, equations (4.50) and (4.54)-(4.56), can be written as
4
(¢2’ d}a q @)(2) = Z(lv Hlnv HQna Hgn)Mnepr(—k?nZ). (457)
n=1
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By making use of equations (4.29) and (4.40), equations (4.22)-(4.28), (4.34) and (4.35)

yield to

MnH4n€_an7

ﬁl
B

n=1

—k
M, Hspe "%,

ﬁl
M=

3
I
—_

—k
M, Hepe nza

T‘
] =

I
—

n
4

— —knz
Ogx = § My Hrpe "7,

n=1
4

Tyy = § M, Hge "%,

n=1

4
Orz = E MnH9neiknza

n=1

4
_ Z —k
Oxz = M, Hione nz)

n=1
4

— —knz
Ozx = § My Hyipe ™,

n=1

4
_ —k
My = E M, Hyg,e "%,

n=1

where,

Hyp, = iaHy, — Hipkny,
H5n = _Hann - Z‘afIT[lna

(
(

Hg,, = (ask? — asa®)Hap — Hen,
(

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)



A

Also, here a5 = )
) 5 ng

4.5 Boundary conditions

To find out the M,, parameters (where n = 1,2, 3,4), the boundary conditions are taken
as

Mechanical boundary conditions.

The normal and tangential stress conditions (which are mechanically stressed by constant

forces R; and Rp) for the plane z = 0 can be taken as

Oyy = —Rl’lﬁl (1’,t) (4.67)
Oyp — —ngl ($,t) (4.68)
My = 0, (4.69)

Thermal boundary conditions.
Since, the plane z = 0 is taken to be isothermal, therefore the thermal boundary condi-

tion is taken as
¢ =0, (4.70)

where, 11 (z,t) = P19 R, and R, are constants.

Now using equation (4.40) in the above equations, (4.67)-(4.70), and after some simpli-

fication, we get

4
> HooM, = —Ry, (4.71)
n=1

4
> HynM, = —Ry, (4.72)
n=1

4
> HignM, =0, (4.73)
n=1

4
> H3pM, = 0. (4.74)
n=1

Now, to solve the system of equations (4.71)-(4.74), matrix Inversion method is deployed

as
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— - — __1 — -

My Hs1  Hza Hsz Hsa 0

My| | Hn Hoy Ho3 Hy -’
Ms|  |Hin Hie Hus Hin —Ry
| My | | Hio1 Hizz Hizs Hiza| | 0]

For inversion matrix method matlab software has been utilized.

4.6 Validity of the Problem

When the memory effect is ignored, we obtain the following results

4
(62,9, ) (2) = Y (1, Hin, Hop) Mpexp(—knz).

n=1
h H. = (Arkn?—Ag) Hy — (Askn®—As) Agr(kz—a?)
where, Hin = =055, Hon = A5 + A A4z | Hin

which are in sync with the results explained in the study [107] considered in the context

of micropolar generalized (two-temperature) thermoelasticity.

4.7 Numerical results and Discussion

The material properties of magnesium [106] has been considered for numerical simula-

tions, which are as:

p=174x10%kgm™3, j =02 x 107¥m?, v =0.779 x 10 kgm 2,
k=10x10"%kgm s72, A =94 x100%gm1s72 =40 x 10°kgmts2
K*=17x102Jm s ldeg ™, K =01Wm K™, a* =0.15 x 10~ 4m?,
C. =1.04 x103Jkg tdeg™, Ty = 298K, ay = 7.403 x 107K~ %, 7 = 1s.

The numerical computations were accomplished for a fixed kernel, K(t —r) = 1 — &=-

—
(as defined in [61]) and for a time-delay, 7 = 1s as well as for different values of time ¢,
ie., for t = 0.2, 0.3, 0.4. The graphical analysis of components of displacement, force
stress, couple stress, thermodynamic temperature as well as conductive temperature

distributions has been done, as shown in figures 4.2-4.8.

Figure 4.2 shows that u is significantly influenced by the time ¢ and it decreases with z.
The least displacement distribution is observed for ¢ = 0.4, and it increases when time

is reduced. Figure 4.3 shows the variation of w w.r.t z, and the maximum displacement
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Displacement component u

Displacement component w
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FIGURE 4.2: Variation of v at distinct values of time ¢

Z - axis

FIGURE 4.3: Variation of w at distinct values of time ¢
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Normal stress o..

Tangential stress o,

Z - axis

FIGURE 4.4: Variation of o,, at distinct values of time ¢

Z - axis

FIGURE 4.5: Variation of o, at distinct values of time ¢
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Couple stress m.,

Thermodynamic temperature T

~ N L R Yy o O

>

0.2

I
|
.
[
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FIGURE 4.6: Variation of m, at distinct values of time ¢

Z - axis

FIGURE 4.7: Variation of T at distinct values of time ¢
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FIGURE 4.8: Variation of ¢ at distinct values of time ¢

is attained for ¢ = 0.3, and it reduces when time is increased, i.e., for t = 0.4, and
for t = 0.2, we observe the least displacement distribution. It is observed that all
curves begin with distinct negative values, then increase, and eventually converge to
zero. Figure 4.4 demonstrates that the similar variation is shown by the normal stress

0., and by the displacement component w.

Figure 4.5 clearly shows that the o, increases when time t is increased and hence
tangential stress o,, is maximum for ¢ = 0.4. It has also been noticed that all curves
begin with distinct values and then eventually converge to zero for distinct values of ¢.

Figure 4.6 shows that when ¢ = 0.2, the couple stress, m.,, is the lowest.

Figure 4.7 clearly shows that T' (thermodynamic temperature) is maximum for ¢ = 0.2
and then it reduces with increase in time i.e, for t = 0.3. For t = 0.4, we observe the
least temperature distribution. In other words, its clear that T reduces with increasing
time ¢. From figure 4.8, it has been noticed that ¢ (conductive temperature) is highest

for t = 0.2.
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4.8 Conclusion

A new mathematical model of micropolar thermoelasticity has been established in the
context of Green-Naghdi theory using a memory-dependent derivative. The thermo-
mechanical interactions using two-temperature theory (2TT) with memory-dependent
derivative have been demonstrated in the micropolar media. Using magnesium, the
impact of time ¢ on the components of displacement, force stress, couple stress, ther-
modynamic temperature, and conductive temperature distribution has been graphically

explained. Following observations has been made in the following study:

1. Significant variation is shown by different physical quantities such as force stresses,
couple stresses, displacement components and temperature distribution for differ-

ent values of time “t”.

2. All the physical quantities converge to zero as the distance z increases.
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Chapter 5

Interactions of magneto micropolar
thermoelastic rotating medium with Memory

dependent derivative

5.1 Introduction

A 2D mathematical model has been established in micropolar elasticity theory, subjected
to magnetic and thermal effects in the context of memory-dependent derivatives. On
a nanoscale thermoelastic micropolar material, the impact of the memory effect has
been studied by Abouelregal et al. [131] under varying pulsed heating flow. By making
use of dual-phase-lag model with memory-dependent derivative, a 2D problem has been
studied by Kumar et al. [132] for micropolar elastic plate. The impact of rotation has
been studied by authors in [133] on a micro-stretch medium under dual-phase-lag model
model with memory-dependent derivative. The three-phase lag model has been explored
by Jojare and Gaikwad [134] in isotropic semiconductors in order to study the memory
effect. The MDD concept has been utilized by Bhattacharya and Kanoria [135] in order
to examine the generalized magneto-thermo-diffusion relations in an isotropic medium.
The laplace transforms along with the finite element method has been utilized for finding
the required solution of the considered problem. The fractional heat conduction theory
has been adopted by Xue et al. [136] to study the transient thermoelastic response in a
porous half-space in the context of memory-dependent derivative. In order to solve the

problem analytically, the authors have adopted Integral transforms.

The current chapter is concerned with the effect of the time parameter on a magneto-
micropolar thermoelastic solid with a memory-dependent derivative. Furthermore, the
medium is analyzed using the Lord-Shulman’s model with memory-dependent derivative.

The normal mode technique has been adopted to analytically solve the problem. The
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variation of various physical quantities, such as temperature distribution, displacement,
force stress, and couple stress components, has been discussed w.r.t the time ‘t’.In
addition to this, the potential displacement approach along with the normal analysis
technique has been used to figure out the desired solution of the problem. For numerical

computations, Matlab software along with the MS-excel has been utilized.

5.2 Basic equations

Following [137], the equations of electromagnetism for a perfectly conducting, homoge-
neous, slowly moving elastic medium along with the motion equations, the constitutive

relations in micropolar generalized thermoelasticity in the context of Lorentz force are

taken as

ﬁ:7+508§, (5.1)

%
v E = 8t (5.2)
E-= — /4o <8a? X I70>> (5.3)
V.H =0, (5.4)
()\—1—2,u—|—f<o) (vﬁ)—(wm)vX(VX7)+m(VX$)+?—UVT
04
|: ot2 +6 X +2(ﬁ> aat ) ’ (55)
— —

(a+5+7)V(V.¢) YV x (V x ¢>)—|—/€(V><7)—2/<¢—pj<a;;b—l—ﬁxaf ,

(5.6
Oij = My 055 + p(uij + wji) + £(uji — €ijror) — vT0;5, (5.7)
m;; = a¢r,r5ij + 6(15@'7]' + ’7¢j7¢. (5 ]

and

%
F = puo(J x Hy). (5.9)
The heat conduction equation with MDD [138] has been taken as

KV2T = (14 1D,)(pCeT + ' Tyé). (5.10)
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The equations of motion (5.5)-(5.6) along with the equations (5.10) in Cartesian coor-

dinates (z,y, z) in component form can be written as

2 2 2 2 2 2
(A+M)<a A 8w>+(u+n)<8+a+m>+m<%—%>+

0x2  Oxdy Ox0 oxr?  0y? 022 Oy 0z

aT 0%u
(J2H3 — J3H2) — I/% <6t2 (QQQl’U — QQU — qu + Qngw) + Q(QQZU Q3U)>
(5.11)
0%u v Jw v 0% 0% 0p1  0Oos
A+n) <8y8x+82+8 az) it ) (a 2 o2 T 92 2> +“(az_ax>+
oT 0%v . .
(J3H1 J1H3) — Vafy = (‘%2 (Qlﬁgu + QgQQw le — Q ) Q(qu — Qlw) s
(5.12)
0%u v Pw Pw  FPw  Pw 0ps 0Py
A+ (8z8x Ty T 822) (At r) (aﬂ T T az2> H(ax_ay) *
aT 0w . .
(J1H2 — J2H1) - I/a 8t2 (Q Qgu — Qlw sz + QQQg’L)) 2(91’0 — QQU) ,

(5.13)
Ppr  Pha | DP¢s Por  Ph | P ow v
+4) (8:1:2 dxdy &L‘@z) +7 ( ox? + 0y? + 022 ) T <y B > 201
2
¢1

Il

Re)

3.
7N
Q

+ (Q2¢s — 93652)) ; (5.14)

0
Ppr  Pgr I3 Phy  Phy Py ou  Ow
(a+5) <3y8x + 0y? + 3y82> +7 < ox? + 0y? * 022 ) T <8z a (?:U)  2n62

R - ‘

=ri| g + Q301 —ugs) |, (5.15)

¢ | OP¢2 | 003 o3 0p3 | 093 ov  Ou

(a+B) (8283: + 920y + 9.2 ) ((%2 + B2 + 9.2 > +/<;<8 — 8y) — 2K¢3
[ O? . .

=pJ ( 6:;3 + (Qu2 — 92¢1)> ; (5.16)
o*’T 0°T 0°T . / Oou Ov Ow

K (83}2 Tzt 322> = (1+7D5) <pCeT +7To (8 Tayt az)) (5.17)

where, (u,v,w), (¢17¢27¢3)1 (Jla J2, J3)7 (HlyHQaH?)) and (QMQ%Q?)) are the compo-
nents of displacement vector 7, microrotation vector ¢, current density vector 7,

magnetic field vector ﬁ and rotation vector, respectively.

5.3 Formulation and Solution of the problem

A generalized micropolar thermoelastic medium is considered, which is perfectly con-
__>
ducting, homogeneous, and isotropic. In addition to this, Hy is also permeated along

the y-axis. The origin of a rectangular cartesian co-ordinate system (x, y, z) is taken
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at any point on the plane surface of half-space z = 0, as shown in Fig 5.1. As we are

%
considering a 2D plane strain problem, 7, ﬁ, and ¢ are taken as
— —
U= (u,0,w), € =(0,20), ¢=1(0,d¢0), ulzzt), and w(z,zt). (5.18)

Using equation (5.18) in equations (5.1)-(5.3), we get

y
Ho

o Qg

X
o
V4
FIGURE 5.1: Rotating material geometry

E = MOHO(wu 0, —’LL), (519)
%
h = —Hy(0,e,0), (5.20)
7 = ((Hoe,. — copo Ho), 0, (~Hoe,, + coo Hoi), (5.21)
where

ou n ow
e=— 4+ —.

Jxr 0z
represents the cubical dilatation.
Now, simplifying equation (5.9), we get
F = (uoH2(e.0 — eopoii), 0, poH2 (. — 2ooi)). (5.22)

The following components are obtained after using the expression (5.18) in (5.11)-(5.17)
and (5.7)-(5.8),

9%u 0% 0w 19l0)) 9 oT
g g _ 22 H2(e, — i) —
(A+ 244 r) Ox? (it r) 022 A+ 9192 " 9z * 1oH, (ex = copuoit) — v Ox
= p(ii — Q%u + 200), (5.23)
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0%u 0%w 0%w 0o

At )+ A+ 2 8) 55 + (4 K) 55 + =+ o HG ez — eoptord)
= p( — Q%w — 2Qu),

9265 + (gi‘ - gj) — %0s = pjdh

K <gi€ + ZZ) = (14 7D;) <pCeT +4'Th (gz + %ﬁ))

Oz = (A+2u+l€)%+)\%—l/T,

oyy = Ae — VT,

ou ow
o —)\%—F()\—FQIU—{—H)g — T,

H@z H K@:):

ow ou
Ozx = N% + (,U + H)& - H¢27
__O¢
My =y
__0¢9
mzy == '}’E

+ H¢27

Ogz =

or
—

0z
(5.24)

(5.25)

(5.26)

(5.27)
(5.28)

(5.29)
(5.30)
(5.31)
(5.32)

(5.33)

The below non-dimensional quantities are introduced in equations (5.23)-(5.33),

w pc1w 054
(IJWZ,) = a(xa Z)a (u/¢w,) = VTO (uv ’(U), O-/i,j = le-jvo
Q / w

2
1 PCr !
) = —-¢o, U = —, m;: = ——my,;
¢ vy’ o Y Ty

we obtain (dropping the dashes for convenience)

Viu + Oe _ 002 _ 8—T—a@—au—i-aa—w
YT, T, T B T Yo b St
Oe 0 orT 0w ou
Viw + 15— + (12% T35 = G4y T A5W T A6
ou Ow 0%
2
77 2o — qa—22
V¢2+a7(8z 895) arpz = ag 52
1
xx — T 5 2 ol Rl
o pe (Ae—l—(u—i—n)a)
A [(Ou Ow
g (G 5) -7
1 ow
2z = T o 2 - | -7
o p= [Ae—i—(u—&-m)az}
1 ow
sz—pc%((HJr’i)aJrua ﬁ¢2>7
L e—i—na—w—kmﬁ
Ozxz ,OC% 2 Oz 2
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(5.34)

(5.35)
(5.36)

(5.37)
(5.38)
(5.39)
(5.40)
(5.41)

(5.42)



May = a6~ (5.43)

asV*T = (@ + 7D;) <a4aT + a58€> (5.44)
ot ot

where, a1 = ;\fT’; + a1, ag = ﬁ, 3 = %, ay = %(1 + ag), a5 = Q2ag,

ag = 29&3,/ ar = :6@122, ag = pijvﬁy ap = “,‘ﬁ,oj, g = EO“OZH°2, ag = Kfszoa ay = pCeTp,

a5 = B2

Now, to obtain the solution, we now introduce the displacement potentials ¢(x, z,t) and
Y(x, z,t), as described in [139]

_0q Oy  O0q O

e T =1 _ 27 A4
S L (5:45)
Using equation (5.45) in equations (5.35), (5.37), (5.44), we obtain

2 ? oY
(a1 + 1)V —a4@+a5 q—a3T+aGE =0, (5.46)
ok 0
(v2 — g+ a5> W — asdy — a6£ =0, (5.47)
2 0? 2
<V - 2a7 — a88t2) P2 —a7VayY =0, (5.48)
or 0
asV*T = (@ + 7D;) <a48t + a5V28§Z> (5.49)

5.4 Normal mode analysis

In term of normal modes, the solution of the considered physical variables can be de-

composed as

[U,’U},T, 0ijs q:wa ¢21 mz]](.iU, Zat) = [TTL,’LT),T, &ija 671;7 27mlj}(z)exp(bt + ZCL.CC) (550)

[A1D? — Ag]q + Asp — AyT =0, (5.51)
[D? — A5 — Aeq — A7z = 0, (5.52)
[D? — Ag]po — [AgD?* — Aol = 0, (5.53)
[A11D? — A1o]T — [A13D? — Ay4)q = 0, (5.54)
where, D = %, Al =14 a1, Ay = a? —|—CL1(12 —|—(l4b2 — a5, A3 = agh, Ay = a3, A; =

a? +agb® —as, Ag = agh, A7 = az, Ag = a®+2a7+agh?, Ag = az, Ajp = Aga®, A1 = ag,
A1y = aza® + aub(@w + 7G(1,b)), A1z = asb(@ + 7G(1,b)), A4 = asba®(w + 7G(T,b)).
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and G(T, b) - *(bz(m272n+1)‘r2+2b‘r(m2fn)+2m;2):;cp[b(t77-)]+(b27-2,anTJerz)exp(bt)7

and the kernel function K (¢ — r) is defined as [61]

Lif,m=n=0
2 2 17—(t_r);if,m:O,n:l
K(t—r)=1—2(t—r)+ o (t—1?) = ’ ’
T T IL—(t—=r)ifm=0,n=3
—r\2 .
k(1—’577") if,m=n=1.

After some simplification, equations (5.51)-(5.54) become

[D* — A'D*+ A"+ [A"D? - A

[B'D*-B"D?>+ B")g+[B"'D*- B¢ =0, (5.56)

n

where, A" = (As+As—A7Ag), A" = A5 Ag+ A7 A1, A" = Ag, A" = AsAg, B' = Ap1 Ay,

mn 1

B" = Aj1As + A1aAy + AuAz, B = A1pAs — AsAig, B" = A1 A3, B" = AppAs.
Simplifying equations (5.55) and (5.56), we obtain,

[D® — ADS + BD* — CD? + Fly(2) = 0, (5.57)
Similarly,

[D® — ADS + BD* — CD? + F[4(2),4(2), $2(2), T(2)] = 0, (5.58)
Where, A _ Bl/Jrlé/B/, B _ BIII+A,BII+‘1§1/B/+AIIIB”//7 C _ A,B/l/+A//B//+g////BNI,I+A””B//”’
F _ A//BH/+4////B///// '

B

Rewriting equation (5.58), in the factored form as

[(D? = k1*)(D? — ka?)(D? — ks?)(D? — ka?)][0(2), a(2), d2(2), T(2)] = 0, (5.59)

where, k,2(n = 1,2,3,4) represents the characteristic roots of the equation (5.59).

The general solution of equation (5.59), has the form

4
P(z) = Ppe ™, (5.60)
n:41
Ba(z) = Y Pyl Fnvz, (5.61)
n=1
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4
(z) = P, e kn2, (5.62)
n=1
~ 4
T(z) =Y P, e, (5.63)
n=1

Here, P,, P/, P, P,”” are parameters that depends on a and b.

Using equations (5.60)-(5.63) in equations (5.51)-(5.54), we get

4
QEQ(Z) = Z Llnpne_k"z, (5.64)
n=1
4
q(z) =Y LonPue "7, (5.65)
n=1
B 4
T(z) =) LanPae™*?, (5.66)
n=1

_ Agkn?-Aqq _ |2 -As)(k2—As) A7 _ [ Akl —Au
where, L1, = fn?—Ag Loy, = Ag(AgkZ —A1g) Ag Lip, L3y, = A11k2—Aqs Loy,.

In general, equation (5.60) along with equations (5.64)-(5.66), can be written as

4
(¥, 62,4, T)(2) = Y (1, Lin, Lan, L3n) Puewp(—kp2). (5.67)

n=1

Using equations (5.50) and (5.67) in equation (5.45), we obtain the components of dis-

placement as

U= PyLipe "7, (5.68)
n=1
4
W= PuLsne ™7, (5.69)
n=1
where, L4, = [iaLa, — k] and Lsy, = [—Lank, — ial.

Using equations (5.50) and (5.67) into equations (5.38)-(5.43), we obtain the force stress

components
4
Opx = Z PnLﬁne_an7 (570)
n=1
4
Oyy = Z PnL7n€_knza (571)
n=1
4
Orr = Z PnLSne_knzy (572)
n=1
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4
My = ¥ PuLone "7, (5.73)

n=1
where,
1 ) .
1
1 .
L7, = E[()\lalﬂln - knLEm) - (2/1' + K)kan’m] — Lan,
1
1 ) .
Lgn = P[M(Lzmla — knL5n) + m(L5nza + Lln)],
1

Lo, = agialqy,

5.5 Boundary conditions

The following boundary conditions have been taken at z = 0 to figure out the P,

(n =1,2,3,4) parameters

Thermal boundary conditions:

A thermal shock has been employed to the plane’s isothermal boundary z = 0, which is

given as

T = Byebttior, (5.74)

Mechanical boundary conditions:

The normal stress condition (which is mechanically stressed by constant force Bs), is

taken as

0., = — Byl (5.75)
The tangential stress o,, condition (which is stress free) is taken as

0z =0, (5.76)
The couple stress condition (the couple stress is constant in x-direction) is taken as

May = 0. (5.77)
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Now, using equation (5.50) along with equations (5.67), (5.71), (5.72) in equation (5.74)-

(5.77), we get

4
> LsnPy = By,
n=1

4
Z L?nPn = —B17
n=1

4
> LsnP, =0,
n=1

4
Z Lon P, = 0.
n=1

(5.78)

(5.79)

(5.80)

(5.81)

The equations (5.78)-(5.81) have been solved for P,, (n = 1,2,3,4) to figure out the

solution of the required problem and by making use of Inverse matrix method, which is

as follows:
Py L3 La2
Pyl |Ln Lz
P3| |Lsi Lso
| Pu | | Lot Loz

5.6 Validity of the Problem

L33

-1

By

When the micropolar and magnetic effects are ignored, we obtain the following results

4
(©,¢,T)(2) = >_(1,Vin, Van)Tnewp(—knz).
n=1
where, Vi, = __(ké(;X4)v Vo =1~— (

’
b
‘{3 a/1+17

k7 —1) (k3 —Xa)
X3X5

’ ’ )\+ ’

which are in sync with the results explained in the study [79] considered in the context

of the generalized thermoelasticity with memory effect.

5.7 Numerical results and Discussion

Analysis has been conducted for aluminium epoxy, using [140]. A graphical analysis

of variation in displacement components, stress components, couple stress components,
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FIGURE 5.2: Variation of u at distinct values of ¢ and for K(t —r) =1 — ="

T

and temperature distribution has been done. Results have been compared for three
distinct values of ¢ viz., t = 0.4, t = 0.5, and ¢t = 0.6 w.r.t distance z, as shown in below

figures.

From the figure 5.2, it is clear that the displacement component u is influenced by the
time ¢t. The maximum displacement distribution is observed and is attained for ¢ = 0.4.
It reduces when the time is increased to ¢ = 0.5. For ¢t = 0.6, we observe the least
displacement. From the figure 5.3, it is clearly observed that the variation of w is same
as that of u for different values of time ¢t. From figure 5.4, it is observed that the stress
component o, is maximum for ¢ = 0.6, and it reduces with decrease in time. As such,

the least tangential stress is observed for t = 0.4.

From figure 5.5, we observe that the normal stress ., is maximum for ¢ = 0.6. Then
it reduces when the value of ¢ is reduced, as shown in figure. Figure 5.6 demonstrates

that the maximum couple stress mg, is attained for ¢ = 0.4.

From figure 5.7, we noticed that the temperature distribution 7" is highest for ¢ = 0.6
and it reduces when time is reduced, i.e., for t = 0.5. Also it can be seen that T is

smallest for ¢ = 0.4.
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FIGURE 5.3: Variation of w at distinct values of ¢t and for K(t —r) =1 — ==
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FIGURE 5.4: Variation of o, at distinct values of ¢t and for K(t —r) =1 — ==

T
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Couple Stress m,,
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FIGURE 5.5: Variation of o, at distinct values of ¢ and for K(t —r) =1 — ="

T

Z - axis

FIGURE 5.6: Variation of m,, at distinct values of ¢ and for K(t —r) =1— =

T
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Temperature T

7 - axis

FICURE 5.7: Variation of T" at distinct values of ¢ and for K(t —r) =1 — =~

5.8 Conclusion

Potential displacement approach along with the normal mode technique has been utilized
for obtaining the solution of the required 2D problem in magneto micropolar thermoelas-
ticity using memory-dependent derivatives. Significant variation is shown by different
physical quantities, viz., displacement components, stress components, couple stress
components, and temperature distribution for distinct values of time. Matlab software

and MS-Excel have been used for graphical representation.
Following observations has been made in this study:
1. A new mathematical model has been developed in magneto-micropolar thermoelas-

ticity in the framework of a heat conduction equation having a memory-dependent

derivative for a rotating medium.

2. The time parameter has a strong impact on the elastic response of all physical

quantities except wu.
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Chapter 6

Photo-thermo-elastic interactions in micropolar
generalized thermoelasticity theory in the

framework of Green-Naghdi theory

6.1 Introduction

Semiconducting materials serve an important role in modern engineering, and the elec-
trical conductivity of these materials lies between conductors and insulators. One of
the most important characteristics of semiconducting materials is that they possess op-
tical properties. Therefore, when they are subjected to sunlight or a laser beam, some
of the energy will be soaked up, whereas some of the energy will be liberated in the
form of heat or thermal energy. This phenomenon is known as the photothermal effect.
This effect is often utilized to measure thermal properties of materials, especially in
the semiconductor industry. Furthermore, when a laser beam or sunlight is imposed
on an elastic medium, a free charge carrier emerges on the surface, which creates the
plasma waves. In other words, plasma waves are developed due to the excited electrons
which move randomly on the surface of semiconducting material. The photothermal
method was first established by Gordon et al. [117] when an intracavity spherical semi-
conducting material sample was subjected to a beam of laser. Employing spectroscopy
analysis, Kreuzer [118] investigated photoacoustic waves generated by a laser source
of light. The equations of plasmaelastic and thermoelastic waves were investigated by
Todorovic [119] in a semiconducting plate. A thermoelastic interaction was considered
by Abo-Dahab and Lotfy [120] in order to investigate the photothermal effects on a semi-
conductor structure. The photothermal interactions were investigated by Hobiny and
Abbas [121] in a 2D semiconducting half-space by employing Green and Naghdi theory.
The photo-thermal waves were studied by Mabrouk et al. [122] in a magneto-rotating
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semiconducting elastic medium by making use of dual-phase-lag model. A novel mathe-
matical model of a rotating elastic semiconducting medium is developed by Lotfy [123]
in the context of photothermal excitation. Another mathematical model was examined

by Raddadi et al. [124] in the microstretch photo-thermoelasticity theory.

The current field of study requires more work due to its numerous applications in the
scientific field. At present, a very few researchers are working in this field. So in
the current study, a new mathematical model has been developed in the micropolar
theory of thermoelasticity which includes the photothermal effect. The components
of displacements, force and couple stresses, carrier density, as well as the temperature
distribution are obtained by utilizing the technique of Laplace and Fourier transforms

along with the potential displacement approach.

6.2 Basic equations

The field equations of motion and constitutive relations for the micropolar theory of

generalized thermoelasticity in the context of photothermal theory is given by

A+ @)V(VD) + (n+ 1)V + k(Y X ) — vVT — 3 VN = pi, (6.1)
2—)

(@4 B+7)V(V.E) =V X (VX G)+ KV X T — 25 ¢ = pjaatff , (6.2)

0ij = Mty — VT — N )0ij + puij + ugi) + k(uji — ijrodr), (6.3)

Myj = QPr 05 + Bdij + Vi (6.4)

The heat conduction equation in the presence of photothermal theory under Green-

Naghdi theory as defined in [121], is given by

2 2
(K* + Ka> ver 4 Boy pC’ea I yn%e_, (6.5)

ot 7 oz~ 0%

The coupling between plasma and thermoelastic waves, as defined in [121], can be written

as

ON N T
DV?N - — — — 4+ — =0, (6.6)
o 1, T
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The equations of motion (6.1)-(6.2) along with the equations (6.5) and (6.6) in Cartesian

coordinates (z,y, z) in component form can be written as

2 2 2 2 2 2
(HM)(a L O aw>+(ﬂ+ﬁ)<m+5‘+m>+,€<%_a¢2>

0x?  Oxdy Oxdz oxr?  0y? 022 Oy 0z
oT ON 0%u

Yor T or =P or 67
Pu  0*v  JPw v 0% % 0¢1  Oos
0 (s g+ aye) 00 (g + g ) e (2 - ) -
8T 8N 82

(A4 < Ou + Gatl +82w> + (1 + k) <a2w + O +a2w> +m<%—8¢1>
020x 020y 022 ox2 = 0y? 022 Ox oy

o N _ o

Yo: Moz ~ Mo

Pp1 | Por | 0P¢s Ppr P | PP ow v
(a+5) ( 92 dxdy * 6x82> * ( 92 T oy? T ) T <8 B 8z> 201
Noa
=pj 8:;1, (6.10)
Pp1 P 0P¢s Ppy P P ou  Ow
(a+5) (31/83: + 0y? * 0y3z> + ( 92 0y? + 022 ) T <8z B 81‘) ~ 2602
ok
=pj 85;2, (6.11)
Por | Po P Poy  Phs Py dv  Ou
(a+5) (8276:6 + 020y + 022 > +7 ( 0z + oy? + 022 > o <6:B a 8y> ~ 2ngs
0%¢3
=P g (6.12)
. 9 * 99 Eg 82 0% (Ou  Ov  Ow
—0, (6.13)
dz?  0y? 022 o 1 '

where, (u,v,w) and (¢1, P2, ¢3) are the components of displacement vector U and mi-

crorotation vector ¢, respectively.

6.3 Formulation and solution of the problem

A homogeneous, isotropic, elastic semiconducting material in micropolar generalized
thermoelasticity is taken into consideration under the Green-Naghdi theory. The origin
of a rectangular cartesian co-ordinate system (x, y, z) is taken at any point on the

plane surface of half-space z = 0, as shown in Figure 6.1. For the 2D problem, the
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_>
displacement vector ¥ and microrotation vector ¢ is given by

@ = (w,0,w), & =(0,62,0), u=ulz,z1),

and T =T(z,z,t).

w=w(x,z,t), N=N(z,z21t)

(6.15)

Using equation (6.15) in equations (6.7)-(6.14) and in (6.3)-(6.4), the following compo-

y

FIGURE 6.1: Material geometry

nents are obtained

0?u  O*w 9
(>\+M)<ax2+axaz>+(u+/€)vu—/€az—y—
*u  Pw 9
(A+M)<azax+822>+(ﬂ+li)vw+ﬁx—l/—
ou Ow 0% po
2 Ju ow) _
W¢2+F»(az &E) 2502 = pj R
. 0 *T  9°T E, 0
(K +Kc‘9t) (83:2+822>__7-17N+t
O’N  9°N ON N T
D. (== ——— - +4d==0.
<8x2+6z2> o o 0 =0
=A+2 —i—/i)%—l—)\a—w— T —~,N
O’LL’.I* lu’ 81,‘ az v ’Y’Vl?
azzz()\—i-Q,u—i-/i)a—w—F)\@—yT—fynN,
0z ox
ou ow
am—u&Jr(/,Hrm)%anbz,
ow ou
sz—Maix‘F(M*‘”)&_“@’
0o
mzy—Vg,
O
Moy =1

81

(6.16)
(6.17)
(6.18)
(6.19)
(6.20)

(6.21)
(6.22)
(6.23)
(6.24)
(6.25)

(6.26)



Initial and Boundary conditions The initial conditions are as

N T
u(z,2,0) =w(z,2,0) =T(x,2,0) = N(z,2,0) =0, ON(z,20) = T (x,2,0) =

ot ot
ou(z,2,0)  Ow(r,z,0)
T = o =0 (6.27)

Also, the boundary conditions on x = 0, are defined as

.
1)0pe = Ogz = Mgy = 0, (i.e., the bounding plane z = 0 is traction-free)

_t
KGR0 = g™ H(a — |2,

1) —

(
(
(i.e., the surface x = 0 is caused by the heating flux with the exponentially decaying pulses [125])
(¢
(

111) DS — soN =0,
\ which is the boundary conditions of the carrier density)
(6.28)
Now, the non-dimensional quantities are defined as follows
ro w* / 1 pw*cl / T ’ Uij 1 pC%
T,z)=—(x,z2 UL, W)= U, W T =—, 0,,= = —
( ) 1 ( ) )a ( ) T()l/ ( ) )a TO iJ T()l/’ ¢2 T01/¢2,
/ w* ’ ’ ’ N / qoC1
ij = mm”, (t ,Tp,tp) = w*(t,Tp,tp), N = n707 QO = w*TOK (629)
where, w* = £ CII(CE, = L'Qp’”'”.

Using equation (6.29) in equations (6.16)-(6.26), we get (dropping the dashes for conve-

nience)

V2u+a1% —ag%—agg—z—m%ﬁ[ ag?;g, (6.30)
Vw + alge + a28;52 - 321; - 488N 33;;207 (6.31)
V262 + as (ZZ — %Zj - 2@) = a68(;£2, (6.32)
Oy = % + “7% — T — ggN, (6.33)
Osy = ?;;) + cwgz —T —agN, (6.34)
Ozz = aggz + alog: + a1 92, (6.35)
Osz = ag?;) + alog: — a1192, (6.36)
My = a128;:27 (6.37)
Mgy = alga;sj, (6.38)
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0 0T 9% [0 0 N
<a13 + 8t> VzT = aMW + a15ﬁ <u + w> — a1g—, (6.39)

or 0z Tp
0’N  0°N ON N T
(axQ + 822) = aly (8t + 7'p> — alg?p. (640)

Using equation (6.29) in equation (6.28), we get

oT t?e
— = —qQ H(a— |z
ON N
— al9 =
Ox ’
Opz = 02z =0, Mgy =0 (6.41)
_ A _ & _ rd _ _peimng _ nef pict
Where7 a; = ) az = [ as = [T a4 = Tov(utr)’ as = w*Q,Y) ag = ~
_ A _ o _u _ M+H _ K _ qw*?
a7 = —5 ag = ag = ——5 a = a = —5 a = —0 a =
7 pc%’ 8 Tov ° 9 ,PC%7 10 pc ; 11 pc?’ 12 p0411 ) 13
K* . pcec1 _ y Tov Egnoc 1 o nocf o 5Toc§
Ko 14 = F52, 15 = Kpcrw 2 16 = T K2 U7 = Dowrng 418 = Doong?
S0C1
alg - eW* .

Now, for obtaining the desired solution of the required problem, the potential displace-

ments ¢(x, z,t) and (z, z,t) are introduced as

_Oq Oy~ _Oq 0Y

Plugging equation (6.42) in equations (6.30), (6.32) and (6.39), we obtain

82(]
V%(ay 4 1)q — a3T — a4 N — 355 = 0, (6.43)
( —as 0t2> Y —az¢2 =0, (6.44)
62
< — 2a5 — ag 8t2) Pa + CL5V21/2 =0, (6.45)
02 0%q N
a3 + > Vz — a14> T — a15V2 + alﬁ— 0, (6.46)
<< ot? ot? T

Laplaces transforms

For any function f(z,z,t), the Laplace transform has been described as

uﬂ@@wy:AwfuJJkﬂMn:ﬂ%Zﬁy (6.47)

where, s represents laplace transforms parameter.
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Using equation (6.47) in equations (6.43)-(6.46) and in equation (6.40), we get

[VZ(a1 + 1) — a3s%]§ — asT — ayN = 0, (6.48)
[V2 — ang]zZ — ag(gz = 0, (6.49)
(V2 — 2a5 — ags®] o + a5V = 0, (6.50)
_ N
[(a13 + S)V2 - a14s2]T —a15V2s27+ a6 = 0, (6.51)
p
1 _ T
[v2 — a7 <s + T)] N +ais— =0. (6.52)
p p

Fouriers transforms

For any function f(z, z, s), the Fourier transform has been described as
Fife.s)] = [ @G s = F(o.C.s). (6.53)

Using equation (6.53) in equations (6.48)-(6.52), we get

[(D? — ¢*)(a1 + 1) — ags®]q" — asT* — asN* =0, (6.54)

[(D? = ¢?) — ags®|Y* — azdh =0, (6.55)

[(D? = (%) — 2a5 — ags®]¢3 + as[D* — (*]P* =0, (6.56)

[(a13 + 8)(D? — () — a1482]T* — a15[D? — C%s%F* + ?N* —0, (6.57)
p

[(D2 -} —anr <s - :p)] N* + anT* = 0. (6.58)

The 4" order ordinary differential equation (ODE) is obtained after removing ¢% and
¥* between (6.55)-(6.56), which in turn is satisfied by ¢4 and ¥*, is as

[D* — AD? + B][*(x), ¢3(x)] = 0, (6.59)

The other quantities N*, g*, T* can be eliminated between equations (6.54), (6.57)
and (6.58), the following 6! order ODE (satisfied by N*, g* and 7T*) can be obtained

as follows
[DS — CD* + ED? — F][N*(z), G (z), T*(z)] = 0, (6.60)

where, D = a%, A =204 (a3 +ag)s® +a5(2+az), B = (C%+2a5+ ags?)(C? + azs?) —
—azaisa1ss®+aig(ari+1) [(a13+8)42+a1482+(C2+a17(S—l-%))(a13+5)]+[a18(Cg(a1+1)+a382)](a13+s)

azas(?, C =

alg(a1+1)(a13+s) ’
E = —oz2—az—aqastasar F= —aga¢?—agas
- asg ’ - as
_ ajsaigs? _ 1 2 _ asaisais(?s? _
ap = Uy = —-(agais + a3(CPTp + ar7sTy +any)),  ag = BEEMSS oy =
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a1g(a1+1)

Tp )
as = 7(“?;518 - [42 + a7 (s + %)} [(a13 + 8)C2 + a1482], Qg = a1842(a1+;)+a18a3527
ar = (a13 4 8)¢* + a1as® + [CQ + ar7 (s + %)} [a13 + 5], ag= —als(alﬂz(“lﬁs).
In factored form equations (6.59) and (6.60) can be written as
[(D? = h1)(D? = BY)][W* (x), $3(x)] = 0, (6.61)
[(D? = k)(D® — k3)(D? — k3)][N*(2), ¢ (2), T" ()] = 0, (6.62)

here, h]2(] = 1,2) and k,%(n = 1,2, 3) represents characteristic roots of the equations
(6.61) and (6.62).

The general solution of equations (6.61) and (6.62), has the form

2
)= Me ", (6.63)
1=1
2
Gy (x) = M, e, (6.64)
1=1
3
N*(x) =Y Hpe ™", (6.65)
n=1
3
T*(z) = Hy e ", (6.66)
n=1
§'(x) =Y H, e ke, (6.67)
n=1

/ ’ 17
Here, M,, M], H,, H, and H, are some parameters.

Using equations (6.63)-(6.67) in (6.54)-(6.58), we get

2
() =) Mye M, (6.68)
1=1
B 2
o () =Y Li,Me ", (6.69)
71=1
3
N*(z) = Z H,e Fne, (6.70)
n=1
3
T*(x) =Y PipHue ", (6.71)
n=1
3
q*(ﬁ) = Z PQane_knx, (672)
n=1
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2 2 2 — 2_ 2 1
h2—(¢?+a3s?) P = T [kn ¢ a17<s+fp>] Py, = azPintaq

where, L1, =

a2 ’ aig ’

= @k e

Using equations (6.47) and (6.53) in equations (6.42), (6.33)-(6.41) and (6.33) we get

dq*

YT +ZC1€ ’
I L
w* =1(q .
du* _ _
Ope = % + aziw* =T — agN™,
(AR _
5:2: = i(w* + a7 dr T —agN™,
Oy, = agiCu” + arg e + a1 ¢3,

— %
— %

+ a10iCu* — ay1 ¢35,

Oze = 47
— % e Tx
des
=k 2
mg;y = ai2 dr )
dT* _  —qotp 2sinla

de = 8(1+stp)d ¢ 7

Using equations (6.68)-(6.72) in equations (6.73)-(6.80), we get

3 2
0 ==Y PopkpHpe ™" +i¢> " Me 7,
n=1 =1

3 2
" =1iC Y PonHpe ™7 4+ " hyMye "7,
n=1 1=1

3 2
62:3 = Z{(ki - a7c2)P2n - (Pln + a8)}Hneiknx —1i¢ Z hj{l — a7}Mje*hﬂ,
n=1 =1

3 2
Gt = > {~C*Pon + arPank? — (P + ag) }Hpe ™ 4¢3 {1+ by} Mye "7,

n=1 1=1
3 2
05, = Y _{—(ag + a10)iCPankn } Hoe ™" = {(ag¢® — ann Ly — hy)}Me ™7,
n=1 1=1

3 2
5';]0 = Z{—(ag + a10)iCP2nkn}Hn67k”x — Z{aghf + am(z + allLlj}Mjefhﬂ,
n=1 =1
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(6.73)
(6.74)
(6.75)
(6.76)
(6.77)

(6.78)

(6.79)

(6.80)

(6.81)

(6.82)

(6.83)

(6.84)

(6.85)

(6.86)

(6.87)



2
Mk, = a12i¢ Yy LyyMe ™", (6.88)
1=1

2
My = —a12 ) LijhyMye™"". (6.89)
=1

Using equations (6.71), (6.70), (6.84), (6.86) and (6.89) in equation (6.81) for x = 0, we

obtain

3
> PinknH, = Ay, (6.90)
n=1

3
> Py H, =0, (6.91)
n=1

3 2
> PiuH, =Y LgM, =0, (6.92)
n=1 1=1

3 2
> PonH, =Y Ls,M, =0, (6.93)
n=1 1=1

2
Z L4]Mj =0 (694)
1=1
where A; = L _286d  p. o kg0 Py, = (k2 — a7(?)Pop, — (Prp + ag),

8(1+stp)d ¢
Ly, = i¢(1 — a7)h;, Psp = —(ag + a10)iCPonky, L3y, = ag¢®* — hy —a11Ly;, Lay =

—alngjh].
Now, solving equations (6.90)-(6.94) for H,, and M, (where, n =1,2,3 and 3 =1,2) by

making use of the Inverse matrix method, which is given below:
4 —1 ~ -

[ H, | [Pk Pioks Pisks 0 0 Aq
Hj Ps Ps P33 0 0 0
Hs| = | Pu P Pi3 —La —Lo 0
M, P51 Psa  Ps3 —Lsi —Ls 0
M| | Lm Le 0 0o 0] |o]

Inversion of the Transformation
For any function f*(z,(,s), the inversion of the Fourier transform can be defined as

follows

PP @Gl = fo9) =5 [ Fataes. (6.95)
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Consequently, with respect to z, z and s, the solutions of field variables can be obtained

by using equation (6.95) in equations (6.82)-(6.89), (6.70) and (6.71), as follows

3 2
1 [ A
ulw, z,8) = 5 / = PanknHpe ™7 i) " Mye ™m0 | e%d, (6.96)
T J—o0 n=1 =1
1 oo 3 2 '
W(x, 2,5) = o / iC S PonHpe ™ % 137 n,Mye o7 | ei2dc, (6.97)
—o° n=1 =1

— 00

3 2
1 [ , s
Oua(,7,5) = 5 / > Ak = a7¢*) Pan — (Prn + ag)  Hne ™% —i¢ Y hy{1 —ar}Mye™"
n=1

=1
€7 dc, (6.98)
1 [ [ 3 2 i
5'zz($7 Z, 5) = % / Z{*<2P2n + a7P2nk121 - (Pln + GS)}Hne_knw + ZC Z{l + h]}Mje_h]z
- _n:l 1=1 ]
e dc, (6.99)
1 [ [ 3 2 ]
512(33‘, z, S) = % / Z{—(ag + alo)z’CPgnk‘n}Hne_k”x — Z{(GQC2 — CL11L1J — hj)}MJe_th
- | n=1 =1 i
eS*d, (6.100)
1 o |3 2
0(T,2,8) = o / Z{—(% + a10)i¢ Pankin } Hpe ™ " — Z{%h? + a10¢” + ayy Ly} Mye "o
% | n=1 =1
e dc, (6.101)
[ 2
1 [ :
ey (1, 7,5) = o / a12i¢ > LiyMye™"s" | 2d, (6.102)
00 i =1
1o | & .
My (2,2, 8) = o / —a12 Y LyyhyMye " | €i*dg, (6.103)
o =
1 [~ S
N7 = —knx iz
N(z,z,5) = o /OO [Z—; Hye ] €2 d, (6.104)
1 [~ [<
[ - —knx | iz
T(w,2,5) = o / . Z:lPlane ] % dC. (6.105)

Following Honig and Hirdes [126], the Laplace transform function f(z,z,s) can be in-

verted to f(x,z,t) by

1
f(xvzat):%;/d

d+ioco

f(z,z,5)e ds. (6.106)

—100
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where d is an arbitrary real number greater than all the real parts of the singularities of

flx, z,9).

The last step is to calculate the integral in equation (6.106). The method for evaluating
this integral is described by Press [127].

6.4 Validity of the Problem

When the plasma wave (which is illustrated by carrier density ﬁ'(r,t)) is ignored, we

obtain the following results

2
@) = 3 Mt
1=1
2

¢§2*(.%') — ZLIJMje_h]m,
1=1

3
T ('CC) = Z Planeiknxa

n=1

3
(j* (x) = Z PQaneikna
n=1

nfii--on(er )
aig

h?—((z-i-agsz)
a2 ’

_ _ azPin+a
Pln — P2n 3P 1ntaq

Where, Llj = (e D) [k2—C?]—azs?”

Y

which are in sync with the results explained in the study [128] considered in the context

of micropolar generalized thermoelasticity.

6.5 Numerical results and Discussion

The material properties of Silicon as in [129, 130] are taken under consideration for

numerical simulations, which are as:

A=3.64x10"Nm™2, =546 x 10'°°Nm=2, k = 10°°Nm~2, p = 2330 kg m~>
v =0.779x 107°N, j =0.2 x 107 ¥m?, K = 150Wm 'K~!, K* =3Wm 'K},
C. = 695Jkg 'K, Ty = 800K, 7, = 5 x 10™°s, E, = 1.11eV, D, = 2.5 x 10 *m?s™ 1,

dn =—9x1073m3, so=2ms™ !, ng=10"m=3, oy =3 x 107 °K~!, a4 =10.25, gy = 10.

The impact of characteristic time of pulse heat flux ¢, is illustrated on the behavior of

the field quantities such as the components of displacement, force stresses, couple stress
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components, temperature distribution, and carrier density. The graphical analysis has
been done for different values of t,, i.e., for t, = 0.3, 0.4, 0.5 w.r.t z, as shown in the

below figures.

The following analysis depicts that, except the displacement component w which is less
sensitive towards the changes in characteristic time t,, rest of the parameters namely
displacement component u, normal stress 0., tangential stress 0., couple stress mg,,
temperature distribution 7', and carrier density N are highly sensitive towards changes

n tp.

Figures 6.2 and 6.3 demonstrate the influence of characteristic time ¢, on the displace-
ment components u and w with respect to distance . Figure 6.2 clearly reveals that
the displacement component u exhibits oscillatory behavior in the region 0 < x < 8 and
is greatly influenced by t,. Due to the photothermal effect, the elastic waves (described
by displacement component u) on the surface are generated with a positive amplitude,
which starts reducing when moving away from the source. After that, the elastic waves
start showing periodic nature. It is clearly evident that the amplitude of the displace-
ment component is maximum for ¢, = 0.5, and it reduces when the value of ¢, is reduced,
i.e., for t, = 0.4. For ¢, = 0.3, we observe the least amplitude of the displacement dis-
tribution. In other words, the displacement component u reduces when the value of ¢,

is reduced in terms of amplitude.

From figure 6.3, we observe that the displacement component w exhibits oscillatory
behavior in the region 0 < x < 8 and is moderately influenced by the characteristic
time ¢,. In terms of amplitude, the displacement component w attains its maximum for

tp, = 0.5. Then it reduces when the value of characteristic time is reduced.

Figures 6.4 and 6.5 demonstrate the impact of ¢, on stress components o, and 0., w.r.t.
distance x. It is noticed that both the normal and tangential stresses start from zero,
and hence the boundary conditions are satisfied. In figure 6.4, the normal stress o,
describes the mechanical wave inside the semiconductor medium. From the graph, it is
clearly observed that the mechanical waves are highly sensitive towards the characteristic

time £,,.

Figures 6.5 and 6.6 illustrates that similar observations are exhibited by the tangential
stress 0. and couple stress m,, with a higher amplitude. Moreover, it is also clear from
figure 5 that the couple stress mg, starts from zero, and hence satisfies the boundary

condition.
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Figure 6.7 and 6.8 demonstrates the impact of the characteristic time ¢, on tempera-
ture distribution T" and carrier density N. The temperature distributions expresses the
thermal waves w.r.t the distance x. The thermal waves starts from positive values near

the source of application, thus satisfying the thermal boundary conditions.

The amplitude of thermal waves is observed to be maximum for ¢, = 0.3, and it decreases
when the value of characteristic time ¢, is increased, i.e., for ¢, = 0.5. Both the physical
quantities viz. T" and N show similar sensitivity towards ¢,. Starting from a positive
value, then showing an oscillatory nature with increasing amplitude as x keeps increasing.
For higher values of x, graphs depict that for ¢, = 0.4, amplitude shows significantly
lower variations. Thus, it can be said that for higher values of x, we can find the same

values of t,,, which can keep the amplitude in a controlled range.

6.6 Conclusion

In this study, a homogeneous, isotropic, semiconducting material (Silicon) has been
taken into consideration, and a new mathematical model suitable for the micropolar
thermoelastic media which includes the photothermal effect, is developed. The effect
of coupling of thermal, plasma, and elastic waves has been studied under the Green-

Naghdi theory. The study reveals a strong influence of the characteristic time of pulse
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heat flux ¢, on different physical quantities, which has been discussed numerically and

depicted graphically.
From the above study, we can conclude that
1. In the context of the Green-Naghdi theory with photothermal effect, a new math-

ematical model for the micropolar theory of generalized thermoelasticity has been

constructed.

2. The boundary conditions are satisfied by all the field variables, therefore the de-
formation of an elastic body depends both on the type of boundary conditions as

well as on the type of applied force.

3. The physical quantities namely, temperature T" and carrier density N, have been

found to exhibit a similar sensitivity towards ¢,,.

4. The analytical solutions are obtained by using normal mode technique along with

Integral transforms.
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Conclusion and Future work

In this thesis, mathematical models for plain-strain problems in micropolar elasticity
have been studied. Using the potential displacement approach in conjunction with the
normal mode technique and/or integral transforms, each problem has been analytically
addressed. Matlab software and Microsoft Excel were used to create graphical demon-
strations of the results obtained in each problem. Taking into account both thermal
and magnetic forces, Chapter 2 explores the behavior of micropolar elastic materials.
Furthermore, the fluctuation of several physical quantities was demonstrated for various
gravity values. The Green-Lindsay model with MDD has been used in Chapter 3rd to
build a mathematical model for the magneto-micropolar thermoelasticity problem, and
a considerable impact on the elastic response of the material has been found to be caused
by the time parameter. In the 4th chapter of the thesis, a 2D mathematical model has
been established for the micropolar thermoelasticity in the context of MDD. In order
to determine the appropriate solution to the required problem, the Helmholtz poten-
tials are used in conjunction with the normal mode technique. The subject of the fifth
chapter is to study the impact of the time parameter on a magneto-micropolar thermoe-
lastic solid (with MDD). Furthermore, the problem has been solved analytically using
the normal mode technique. In chapter 6, a novel mathematical model, incorporating
the photothermal effect, is devised for micropolar thermoelastic media. The required

problem has been solved analytically and depicted graphically.

As the photo-thermo-elastic interactions in micropolar generalized thermoelasticity were
covered in chapter 6. More research is required because this field of study has numerous
applications in the scientific domain. Thus, in subsequent research, the focus will be
on expanding the breadth of this topic to include the fields of classical elasticity and
micropolar elasticity under the photothermal theory, which are not covered in the thesis.
These models will be helpful in analyzing the stress-strain bodies having microstructure

subjected to mechanical, thermal or electromagnetic forces.
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