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ABSTRACT

Intuitionistic Fuzzy Set (IFS) is a complex function f = (f;, f>) whose domain is the
universal set X and the range set is [0,1] x [0,1], with the condition that f; (x) + f5(x) <
1, for all x € X, where the coordinate functions f;, f,: X — [0,1] are called membership
function and non-membership function respectively. The study of these functions was
first proposed and dealt with by K.T. Atanassov [4] in 1983 and as a result, a new theory
on sets has come into existence which is known as the IFS (Intuitionistic fuzzy set)
theory. This theory has captivated the attention of many researchers all over the world
who have contributed particularly to its development and application. In recent years, the
rapid growth of IFS theory and its applications have been witnessed worldwide and
extensive research has been done to study the comparison of the theory of IFS with other
theories of uncertainties and vagueness. Some authors replaced an algebraic structure
with the universal set and studied the notion of intuitionistic fuzzy algebraic structures.
Nobusawa [39] coined the concept of I'-Ring. Barnes [8] weakened slightly the
conditions in the definition of the I'-Ring in the sense of Nobusawa. Since then, a lot of
studies has been undertaken by researchers to inquire about the different properties of this
I'-Ring. By choosing I' suitably a part of the ring may be seen as a I'-Ring. Numerous
results which are based on ring theory have been put forth in I'-Ring.

The work of intuitionistic fuzzify of ideals of I'-Ring was first determined by Kim et al.
in [34] and further many relevant results and intuitionistic fuzzification of ideals of I'-
Ring can be seen in the work of Palaniappan et al. in [42,43,44,45,46]. The thesis aims to
intuitionistic fuzzify some other concepts such as Characteristic Ideal, Primary Ideal,
Irreducible ideal, 2-Absorbing Ideal, 2 —Absorbing Primary Ideal, Prime radical, Primary
decomposition of an ideal in the I'-Ring. Furthermore, we also investigate the topological
aspects of the set of all IFPIs (intuitionistic fuzzy prime ideals) of I'-Ring. An attempt has
been made to unify the concepts of the intuitionistic fuzzy prime ideal (2-absorbing ideal)
and (IFPrl) intuitionistic fuzzy primary ideal (2 —absorbing primary ideal) into (IFf-Prl)
intuitionistic fuzzy f-primary ideal (2-f-absorbing primary ideals) and studied their

properties, where f is a function from set of all IFIs (Intuitionistic Fuzzy lIdeals) of I'-
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Rings to itself satisfying certain properties. Also, the concept of extension of an ideal
with respect to an arbitrary point of the I'-Ring has been explored and many properties of
it has been also studied.

In Chapter 3, the concept of IFCI (Intuitionistic Fuzzy Characteristic Ideal) in I'-Rings
is examined. An illustrative example is provided to demonstrate an IFI that does not
qualify as an IFCI. The relationship between IFCI and its level cut sets is explored,
alongside investigations into the correspondence between the set of all automorphisms of
a I'-Ring and the corresponding automorphisms of its operator rings. Furthermore, it is
demonstrated that a one-to-one map exists between IFCIs(H) (the set of all intuitionistic
fuzzy characteristic ideals of a I'-ring) and IFCIs(OR) (the set of all intuitionistic fuzzy
characteristic ideals of an operator-ring). These structures prove valuable in developing
concepts such as IFPI (Intuitionistic Fuzzy Prime Ideal), IFPris (Intuitionistic Fuzzy
Primary Ideals), and IFSPI (Intuitionistic Fuzzy Semi-Prime Ideal) in a I'-Ring
framework.

In Chapter 4, the foundational concepts of IFPrl and IFPR (Intuitionistic Fuzzy Prime
Radical) in I'-Ring H are thoroughly examined. It is proven that IFPrl of a I'-Ring
constitutes a two-valued IFS, with the base set defined as a primary ideal (The base set of
IFS Q is defined as the set{h € H: uy(h) = 1,v4(h) = 0}). The concept of IFPR in I'-
Ring H is introduced, demonstrating that the IFPR of an IFPrl yields an IFPI.
Furthermore, the homeomorphic behaviour of IFPrl as well as IFPR in I'-Ring is
investigated. The study of these notions lays the foundation for a crucial property in I'-
ring theory: the decomposition of ideals into primary ideals in the intuitionistic fuzzy
environment for I'-Ring.

In Chapter 5, introduces and explores the concept of irreducibility of an IFI in a I'-Ring.
It is proven that every IFI in a Noetherian I'-Ring can be expressed as an intersection of a
finite number of IFIrls (Intuitionistic Fuzzy Irreducible Ideals). Additionally, the IF
version of the Lasker-Noether theorem for a commutative Noetherian I'-Ring is
established, demonstrating that every IFI G in such a ring can be decomposed into a finite

intersection of IFPrls. This decomposition is referred to as an IF primary decomposition.



The independence of the set of all IF-associated prime ideals of G in the case of minimal
intuitionistic fuzzy primary decomposition is also shown. The chapter sets a new horizon
in the study of IF primary decomposition, paving the way for further research in other
algebraic structures.

In Chapter 6, a topology is defined on X = IFSpec(H), which represents the collection
of all IFPIs of a commutative I'-Ring H with unity, referred to as the Zariski topology.
The compactness of the subspace Y of X is established using bases for the Zariski
topology. It is demonstrated that the space X is always To but not T2, though it becomes a
T, space when H is a Boolean I'-Ring. It has been also shown that subspace Y is T; if and
only if every singleton element of Y is IF maximal ideal of H. Further for a
homomorphism f from a I'-Ring H; onto a I'-Ring H,, it is shown that X' =
[FSpec(H,) is homeomorphic to the subset X* = {G € X: G is f- invariant } consisting
of f-invariant elements of X = IFSpec(H,). Also, the space X is irreducible if and only
if the intersection of all the elements of X is also an element of X'. However the space X
is connected iff 0, and e are the only idempotent elements in H.

In Chapter 7, the concept of IFf-Prls (2-absorbing f-primary ideals) is introduced, which
unifies the notions of IFPIs (2-absorbing ideals) and IFPrls (2-APrls) in a I'-Ring. This
study sets the foundation for the exploration of the decomposition property for IFf-Prl (2-
absorbing f-primary ideal).

In Chapter 8, the notion of extensions of IFI with respect to an element in the I'-Ring is
investigated, and characterizations of IFPI and IFSPI are developed, providing valuable

insights into the properties of these structures.
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Chapter 1

Introduction

In this chapter, the history and chronological development of I'-Ring, fuzzification of
some ring theoretic structures in I'-Ring has been given briefly, and also some results on
IFI in I'-Ring obtained so far. A subsequent chapter-wise summary of the research

carried out in the thesis is discussed.

1.1 History and Development
1.1.1 Ir'-Rings

Among generalizations of rings, the concept of I'-Ring holds a unique position. Algebraic
structure of all rectangular matrices of the same type over a division ring under addition
have a crucial role in classical ring theory. Although a binary multiplication on this set is
possible but it lacks suitable interpretations. To address this, M.R. Hestenes [25], in 1962,
introduced a ternary multiplication on the set of all mxn matrices over the division ring
D, defined as abc = abt.c, where bt denotes the transpose of matrix b. This ternary
multiplication involves the usual multiplication of three matrices, as further developed by
N. Nobusawa [39], in 1964 and the algebraic structure defined was more generalized than
a ring. Additionally, I' was endowed with a ternary multiplication that meets the same

conditions as explained by Hesten

The conditions described by Nobusawa in the definition of I'-Ring was slightly weakened
by W. E. Barnes [8], in 1966. After that, J. Luh [38], in the year 1969 and S. Kyuno [36],
in 1978, deliberated the structure of I'-Rings and discovered various generalized results

parallel to ring theory. Z. K. Warsi [68] in 1978, explored the decomposition of primary



ideals on I'-Ring. In 1982, S. Kyuno [37] gave complete notes on the Jacobson radical of
I'-Rings. In 2009, A.C. Paul and M.S. Uddin [47] further extended the work of S.Kyuno
for Jacobson radical of I'-Rings and in 2011, A.C. Paul and M.S. Uddin [48] also
developed the decomposition in Neotherian I'-Rings using sub I;-modules. In 2015, R.
Paul [49] deliberated various types of ideals of I'-Rings and the corresponding ORs. In
2016, M. Y. Elkettani and A. Kasem [19] introduced the notion of §-primary I'-ideals of
I'-Rings and studied the properties of these classes of I'-ideals. In 2018, A. H. Rezaei and

B. Davvaz [54] have constructed I'-algebra and I'-Lie admissible algebras.

1.1.2 Fuzzification of some of the concepts analyzed in I'-Rings

The notion of FIs in I'-Rings was introduced by Y. B. Jun and C. Y. Lee [30] in 1992
and they also studied preliminary properties of Fls. Further, the concept of fuzzy
characteristic I'-ideals and FPI of a I'-Ring was introduced by S.M Hong and Y.B Jun
[26,27] in 1994 and 1995, they elucidated numerous characterizations for an Fl to be an
FPI. Ozturk et al. [41] in the year 2002, gave a result for a I'-Ring to be Artinian by
characterizing Noetherian I'-Rings with a use of fuzzy ideals. In the year 2005, T.K.
Dutta and T. Chanda [15] defined some compositions of FIs of a I'-Ring and studied the
structures of FI(H). They established an analogous between FI(H) and the FI(OR) of the
I'-Ring. Also, they characterized I'-field and Noetherian I'-Ring.

In year 2007, different depictions for an FI to be an FPI which was obtained by Jun was
given by T.K. Dutta and T. Chanda [16] and also they proved a few more new depictions
of an FPI. M. Dumitru [17] in 2009, has given a direct way to study some kinds of
radicals in I'-Rings. One can study the same radicals in the associated rings to a I'-Ring,
namely the ring of left and right operators over the I'-Ring. Interestingly, there exists a
correspondence between the ideals of these operator rings and the ideals of the I'-Ring. In
2010, B.A. Erosy [21] defined FSPIs of a I'-Ring via operator rings and obtained a few
more characterizations of FSPIs. In the year 2017, Serkan et al. [57] introduced the
concept of F2-APr gamma ideals in I'-Rings which is an abstraction of the idea of FPI
and FPrl in I'-Rings. Also in year 2017, Yesilkurt et al. [67] introduced the notion of a



fuzzy weakly & partial weakly prime ideals and fuzzy semiprime I'-ideals of a I'-Ring
and obtained their characterization. In 2018, the concept of extensions of fuzzy ideal
w.r.t. an element in the I'-semiring was introduced by B. Venkateshwarlu, M.M.K. Rao,
and Y.A. Narayana in [70]. In 2019, A. K. Agrawal, P. K. Mishra, Sandhya Verma, and
Roopali Saxena [1] studied some theorems on FPI of I'-Ring and found a characterization
of FPrl of a I'-Ring. In 2019, Goswami et al. [24] in year 2019 studied the Fuzzy
Structure Space of Semirings and I'-Semirings and examined many separation axioms of

this space.

1.1.3 Intuitionistic fuzzification of some of the concepts analyzed in I'-
Rings
In 1986, K.T. Atanassov, have defined the concept of IFSs as a generalization of Fuzzy
sets, an example was given to support the definition and its generalization. In 2001, K.H.
Kim, Y.B. Jun, and M.A. Ozturk [34] coined the concept of IFIs of I'-Ring and have seen
various properties of them. In 2008, K.H. Kim, and J.G. Lee [35] studied the notion of
intuitionistic (T, S)-normed FI of I'-Ring. Palaniappan et al. [43], in 2010, had given a
suitable characterization of IFI of a I'-rings and many related results were proved.
Palaniappan et al. [46] in 2011, introduced the concept of IFPI (IFSPI) in I'-Ring. They
also established a relation between the IFSpec(H) and IFSpec(OR). A characterization
of IF Artinian and noetherian I'-Rings has been established. In 2017, D. Ezhilmaran and
A. Dhandapani [22] studied IF bi-ideals in I'-near rings. In 2018, S. Yavuza, D. Onara,
B.A. Ersoya, G. Yesilot [69] introduced the concept of IF2-APrls of commutative rings.
In 2020, Y.A. Bhargavi, [9] introduced the concepts of translational invariant vague set
and ideals generated by it in a I'-semiring.

The main objectives of the thesis are
1. To enrich the knowledge of intuitionistic fuzzy set on algebraic structures of I'-Rings.
2. To extend the concepts of ring theory to intuitionistic fuzzy ring theory associated with
I'-Rings.
3. To define new concepts in I'-rings in the intuitionistic fuzzy environment.

3



4. To study the topological aspect of the set of all intuitionistic fuzzy prime ideals
associated with I'-Rings.

5. To unifying some ideals in the intuitionistic fuzzy environment associated with I'-
Rings.

1.2 Chapter Wise Summary

During the voyage of research, the compilation of work done is a major part. In this thesis
the work has been tried to compile as follows:

In Chapter 1, a brief history and the subsequent advancement in the concept of I"-Ring
is furnished. The details of work done on the intuitionistic fuzzification of some algebraic
structures in I'-Rings have been given. Also, the research work carried out in the thesis is

presented concisely.

In Chapter 2, some basic definitions, results, and properties of I'-rings, ideals in I'-

rings, and IFI in I"'-rings which are mandatory for the research work are accentuated.

In Chapter 3, the concept of IFCI of a I'-Ring which was an analog of a characteristic
ideal in the ordinary ring theory has been defined, and various new results has been
derived. The correlation between the Aut(H) and the corresponding Aut(OR) have been
innovated. Then a one-to-one correlation between IFCI(H) and that of its operator ring

has been constituted. This is used to obtain a similar bijection for characteristic ideals.

In Chapter 4, The notion of IFPR of an IFI in I'-Rings has been introduced. The IFPrl
of I'-Rings have also been characterized. The homomorphic behavior of IFPrl and IFPR
of I'-Rings have also been analyzed. The study of these notions laid down the foundation
of the most important property in ring theory: the decomposition of ideals in terms of

primary ideals in the IF environment for I'-Ring.



In Chapter 5, the IF version of the Lasker-Noether theorem for a commutative I'-Ring
has been established. It has been proved that in a commutative Noetherian I'-Ring, every
IFI G, can be broken down as an intersection of a finite number of IFIrls (Prls). This
decomposition is called an IF primary decomposition. Further, in the case of a minimal IF
primary decomposition of G, it has been proved that the set of all IF-associated Pl of G, is
independent of the particular decomposition. Some other fundamental results of this
concept have also been discussed.

In Chapter 6, The IF structure space of a I'-Ring set up by the class of IFPIs of I'-Ring
called the IF prime spectrum of I'-Ring has also been investigated and deliberated. Apart
from studying the basic properties of this structure space, some important properties like
separation axioms, compactness, irreducibility, and connectedness in this structure space

have also been explored.

In chapter 7, the notion of expansion of IFIs of a commutative I'-Ring has been
introduced and using this concept, the notion of IFf-Prls (2-Af-Prls) has been developed
which unifies the concept of IFPIs (2-Als) and IFPrls (2 —APrls) of a I'-Ring. Several
important results about IFPIs (2-Als) and IFPrls (2-APrls) have been extended into this

general framework.

In chapter 8, extension of IFlI w.rt. to a point of I'-Ring was investigated and

characterization of IFPIs and IFSPIs has been innovated.

1.3 Applications of Intuitionistic fuzzy logic in r-ring

Intuitionistic fuzzy logic and Gamma-ring theory are sophisticated mathematical
frameworks employed across domains such as computer science, decision-making, and
logic. Integrating intuitionistic fuzzy logic with Gamma-ring theory creates innovative
possibilities for tackling intricate problems characterized by uncertainty, imprecision, and

complex mathematical structures. Some potential applications include:
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1. Decision-Making in Uncertain Environments

Intuitionistic fuzzy logic is well-suited for decision-making problems involving
uncertainty, as it incorporates both membership and non-membership functions.
Meanwhile, gamma-ring theory offers a structural framework to mathematically operate
on these sets, providing powerful tools for making optimized decisions in uncertain

environments.

2. Multi-Criteria Optimization Problems

In challenges such as resource allocation, product design, or financial portfolio
optimization, decision-makers often face competing criteria that are not precisely defined.
Intuitionistic fuzzy logic enables the management of degrees of truth, uncertainty, and
hesitation in these scenarios. Gamma-rings provide a mathematical framework to model
the algebraic relationships among these criteria, facilitating the development of effective

optimization strategies.

3. Fuzzy Relational Databases and Information Retrieval

Intuitionistic fuzzy logic improves relational databases' capacity to manage vague or
imprecise data. Simultaneously, Gamma-rings can define operations such as union,
intersection, and complement within this fuzzy relational model, enabling queries and

information retrieval under uncertainty while ensuring algebraic consistency.

4. Fault Diagnosis in Complex Systems

Intuitionistic fuzzy logic is effective for assessing the degree of fault in components of
complex systems, such as power grids, manufacturing plants, or transportation networks.
Gamma-ring theory aids in modeling the relationships between different components and

diagnostic tests, enabling the development of more robust diagnostic algorithms.



5. Image Processing and Pattern Recognition

Intuitionistic fuzzy logic facilitates the segmentation and classification of images with
uncertain pixel data, while Gamma-ring theory offers algebraic tools to manage
operations on such image data structures. It can model processes like image
transformations, blurring, or noise reduction, ensuring consistent algebraic operations
within intuitionistic fuzzy sets. This combination can enhance pattern recognition

accuracy in applications such as medical imaging and automated inspection systems.

6. Knowledge Representation and Reasoning

Intuitionistic fuzzy logic is valuable for representing knowledge in expert systems
where certainty levels are not absolute. Gamma-rings can structure and integrate diverse
sources of fuzzy knowledge, ensuring logical consistency and supporting more efficient

inference and decision-making processes.

7. Control Systems and Automation

In industrial control systems, sensor data may be imprecise due to noise or
environmental influences. Intuitionistic fuzzy logic aids in handling these uncertainties
during decision-making. Gamma-ring theory models the algebraic relationships between
control actions and environmental factors, enabling optimal control strategies while

accounting for system imprecision.

Conclusion:

The integration of intuitionistic fuzzy logic and gamma-ring theory provides robust
mathematical tools for addressing uncertainty and imprecision across diverse
applications. Intuitionistic fuzzy sets enable the handling of vague or incomplete
information, while gamma-ring theory facilitates the organization and processing of
intricate relationships. This combined approach can enhance solutions in areas such as

decision-making, optimization, database management, fault diagnosis, and beyond.



Chapter 2

Literature Review

This chapter is divided into two sections. In the first section, an introduction to I'-Ring
theory has been provided and crucial definitions and results pertinent to I"-Rings, which
are imperative for subsequent chapters has been articulated. In the second section,
fundamental definitions and concepts related to IFS theory, as introduced by K.T.
Atanassov—an abstraction of the theory of fuzzy sets has been provided. Outline of
elementary operations on IFSs has been provided and instances where the notion of IFS
has been applied to various algebraic concepts has been explored. This exploration

naturally leads to the introduction of IF subrings and ideals within the context of I'-Ring.

2.1 Introduction To I'-Ring Theory And Some Important

Results
This section contains some definitions and results on I'-Ring which are mainly taken
from [8,13,17,36,37,39,49,68].
Definition 2.1.1 [8,39] “(I'-Ring) If (H,+) and (I", +) are additive Abelian groups, then
H is called a I'-Ring if there exists mapping H X I' x H —» H [image of (h,,a,h,) is
denoted by h,ah,, where h,,h, € H, and a € I' satisfying the following conditions:
1. hyah, € H.
2.(hy + hy)ahs = hyahs + hoahs, hy(a + B)hy, = hyah, + hyBhy, hia(h, + hs) =
hyah, + hiah;

3. (hlahz)ﬁh3 = hla(hzﬁh3) fOI’ a" h'l' h2, h3 € H, and 0!,,3 € r.,’

Definition 2.1.2. [68] “(Commutative I'-Ring) A I'-Ring H is said to be commutative if
hyk = kyh forall h,k e H,y €I'.”



Example 2.1.3. [8,49] “(1) Let us take H = {[a;;]:a;; € Z,i = 1,2,...,m;j = 1,2,...,7n},
the set of (m xn) matrices whose entries are from Z and I' = {[a;;]:a;; € Z,i =

1,2,...,n;j = 1,2,...,m}, the set of (n X m) matrices whose entries are from Z, then H

will become a I'-Ring.

(2) Consider H = Z, x Z, = {(0,0),(1,0),(0,1),(1,1)}, I = {(0,0),(1,1)}. Clearly, H
and I' are additive Abelian groups, and that H is I'-Ring.

(3) If R and R’ are two additive Abelian groups, H = Hom(R,R'), ' = Hom(R',R)
then H will be a I'-Ring w.r.t. pointwise addition and composition of mappings.”
Definition 2.1.4. [8,49] “(Ideal in I'-Ring) A subset N of a I'-Ring H is a left (right)
ideal of H if N is an additive subgroup of H and HI'N = {hak|h € H,a € I',k € N},
(NTH) is contained in N. If N is both a left and a right ideal then N is a two-sided ideal,
or simply an ideal of H.

Example 2.1.5. (1) Let us take H =Z,x Z, ={(0,0),(1,0),(0,1),(1,1)}, I'=
{(0,0),(1,1)} and K = Z, x {0} = {(1,0),(0,0)}. Clearly, H and I' are additive Abelian
groups, and that H is I'-Ring. Also, here K is the I'-ideal of H.

(2) Let Z be the set of all integers. Take H =TI = Z. Then Z is a I'-Ring. Let a,b €
H,a € I'. Suppose aab € H is the product of a, a, and b. Then H is a I'-Ring. Take N =
2Z be a subset of H. Then N is an ideal of H.”

Definition 2.1.6. [8,49] “(Prime Ideal in I'-Ring) Let H be a I'-Ring. A proper ideal L of
H is called prime if, for all pair of ideals S and T of H, SI'T < L implies that S € L or
TCL.

Remark 2.1..7. If L is an ideal of a I'-Ring H. Then L isa Pl iff a € L, b ¢ L implies 3
y € I'such that ayb ¢ L.”

Theorem 2.1.8. [8] “ If L is an ideal of a I'-Ring H, the following conditions are

equivalent:



1. Lisaprime ideal of H
2.1fa,b € Handal’HI'b € Lthena € Lorb € L.”

Definition 2.1.9. [49] “(Semi-prime ideal in I'-Ring) Let H be a I'-Ring. A proper ideal L
of H is called semi-prime if, for any ideal S of H, SI'S € L implies that S < L.
Remark 2.1.10. For an ideal L of a I'-Ring H, L is SPI iff a & L implies there exists y €
I' such that aya ¢ L.”
Theorem 2.1.11. “If L is an ideal of a I'-Ring H, the following conditions are equivalent:
1.Lisa SPl ofH
2.Ifa € Hs.t.al’'Hl'a € L, thena € L.”

Definition 2.1.12. [8,49,68] “Let H be a I'-Ring. Then the radical of an ideal K of H is
denoted by VK and is defined as the set
VK = {h € H: (hy)" 'h € K, for some n € N and for ally € I' }

where (hy)* *h=hforn=1.
Definition 2.1.13. [8,49,68] “An ideal K of a commutative I'-Ring H is said to be
primary if, for any two ideals M and J of H, MI'] < K implies either M € K or | € VK,
where VK is the prime radical of K.”
Definition 2.1.14. [6] “A proper ideal M of I'-Ring H is called the 2-absorbing ideal of
H if whenever h,,h,,h; € H,y,,¥, €I and h;y,h,y,h; € M, then h,y;h, € M or
hyy,h; € M or h,y,h; € M.”
Definition 2.1.15. [7] “A proper ideal M of I'-Ring H is called 2-absorbing primary ideal
of H if whenever h,,h,,h; € H,y,,v, € ' and h,y,h,y,h; € M, then h;y;h, € M or
h,¥,hs € VM or h,y,hs € VM.
Remark 2.1.16. Every 2-absorbing ideal in H isa 2 —APrl in H.

However, the converse of the above remark does not hold.
For example: Consider H = Z,I' = 5Z. Then H is a I'-Ring. Consider M = 127Z. Take
Y1, V2 € I’ such that 2y,2y,3 € M implies 2y,2 & M, but 2y,3 € VM. Thus M is a
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2 —APrl of H, however, M is not the 2-absorbing ideal of H, for 2y;2y,3 € M, but
2y,2 € M and 2y,3 ¢ M.”
Definition 2.1.17. [8] “A function ¢: H; = H,, where H, and H, are I'-Rings, is said to
be a I'-homomorphism if for all h, k € H,,y € I, the following holds
l.oth+ k) =0(h) +0o(k)
2.0(hyk) = o(h)yo (k).
A surjective I'-homomorphism o: H = H is called a I"-endomorphism and an injective I'-
endomorphism is called a I'-automorphism. The set of all I"-automorphisms is denoted by
Aut(H).”
Definition 2.1.18. ([39,56]) “An ideal M of a I'-Ring H is called a characteristic ideal of
Hif f(M) =M, forall f € Aut(H).”
Definition 2.1.19. ([39,56]) “Let for a I'-Ring H. Let us signify a relation ¢ on H X I as
given below:
(h,®)a(k, B) iff ham = kBfm,vm € H and yha = ykB,Vy € T.
Thus o is an equivalence relation on H x I'. Set [h,a] be the equivalence class
containing (h,a). Let L = {[h,a]:h € H,a € I'}. Then L is a ring with respect to the
compositions
[h,a] + [k,a] = [h+k,a] ; [h,a] +[h,B] =[h,a+ B];

Silhy il X [y, B;] = 2 [hactik;, 5],
This ring L is called the left operator ring of I'-Ring H. Dually the right operator ring R of
I'-Ring H is formed where the compositions on R are defined as:

a,h] + [B,h] = [a + B,h]; [a, h] + [a, k] = [a, h + k];

Yilau k12 [B) k] = Zij [ hiBik;].
Remark 2.1.20. [56]
(1) If there exists an element 1, = Y., [e;, 8;] € L (or 1 = Y; [y;, a;] € R) such that );
e; 6;h = h (resp. X,; hy;a; = h) for all h € H then }; [e;, 8;] (resp. X; [vi, a;]) is called
the left (resp. right) unity of H.
(2) If we define a mapping L X H —» H by (; [h;, a;], k) = Y; h; a;k, then we can show

that the above mapping is well defined and H is a left L-module, and we call L the left
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operator ring of the I'-Ring H. Similarly, we can construct a right operator ring R of H so
that H is a right R-module.

Let H be a I'-Ring with the left operator ring L. For P € L and Q € H, we define
P*={h € H:[h,a] € P,va € I'}and Q*' = {[h,a] € L: hak € Q,Vk € H}.

Similarly, if H is a I'-Ring with right operator ring R. For P € R and Q < H, we define
P*={h € H:[a,h]l € P,Va € '} and Q* = {[a, h] € R: kah € Q,Vk € H}.

Then in [10], it was shown that if P (resp. Q) is a right ideal of L (resp. H), then P*
(resp. Q*') is a right ideal of H (resp. L) and there exists an inclusion preserving mapping
Q - Q*'. Also if P (resp. Q) is a left ideal of R (resp. H), then P* (resp. Q*') is a left
ideal of H (resp. R) and there exists an inclusion preserving mapping Q — Q*'.”
Definition 2.1.21. [56] “Let H be a I'-Ring and L be the left operator ring of H. Then the
bijection f: L — L is said to be automorphism if for all [k, ], [k, B], [k, al, [k, B] € L

L f([h,a]l + [k, a]) = f([h,a]) + f([k,a]) and f([h,a] + [k, B]) = f([ha]) + f([hBD),
2. f(Zilho @) X[k, B1) = £ i (o, i) (255 7)),

3. filen, 8:1) = Xilei, 8:1, if ¥; [e;, 6;] is the left unity of H,

4. fEilanviD = i las, v, it X [a;, v:] is the right unity of H.

Similarly, we can define the automorphism on the right operator ring R of the I'-Ring
H.”

Proposition 2.1.22. ([43]) “Every left (or right) ideal of I'-Ring H defines a left (or

right) ideal of the right operator ring R and conversely. ”

2.2 Intuitionistic Fuzzification Of Some Results In I'-Ring

This section contains some definitions and results on IFSs on I'-Ring which are mainly
taken from [4,5,34,40,42,43,46,50].

Definition 2.2.1. [4,5] “(Intuitionistic Fuzzy Set) An IFS G in X can be represented as an
object of the form G = {< x, u; (x), v (x) >: x € X}, where the functions ug: X — [0,1]
and v;: X — [0,1] denote the degree of membership (namely u;(x)) and the degree of
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non-membership (namely v;(x)) of each element x € X to G respectively and 0 <
pe(x) +vg(x) < 1foreachx € X.”
Remark 2.2.4. [4,5,71]“1. When pus;(x)+vs(x) =1, ie, vgx)=1—pus(x) =
Uge(x),V x € X. Then G is called a fuzzy set.

2. AnIFS G = {< x, g (x),vg (x) >:x € X} is shortly denoted by G (x) = (ug(x), vg(x)), for

all x € X.

3. The set of all IFS on X is denoted by IFS(X).”

“If Gy, G, € IFS(X), then Gy € G, if and only if ug, (x) < pg,(x) and vg, (x) >
ve,(x) Vx €Xand G = G, © G S G and G, S . For any subset Y of X, the IFCF
Xy is an IFS of X, defined as yy(x) = (1,0),Vx € Y and yy(x) = (0,1),Vx € X\Y. Let
1,6 € [0,1] with n + 6 < 1. Then the crisp set G, 9) = {x€X: ug(x) = nand vg(x) <
6} is called the (1,0) — level cut subset of G. Also the IFS x4y of X defined as
X0 (¥) = (0,0),if y = x, otherwise (0, 1) is called intuitionistic fuzzy point (IFP) in X
with support x. By x,, gy € G we mean ug(x) =71 and vg(x) < 6. Furtherif f: X = Y'is
a mapping and G, G,be respectively IFS of X and Y, then the image f (G,) is an IFS of
Y is defined as puf g,y (y) = Sup {ug, (x): f(x) = ¥}, vr @, (x): f(x) =y}, forall y € Y and
the inverse image f~'(G;) is an IFS of X is defined as up-1¢,) = g, (f(x)),
Ve-106,) (1) = vg, (f(x)) for all x €X,ie, f~1(G)(X) =B(f(x)), for all xeX.
Also the IFS G; of X is said to be f — invariant if for any x,y € X, whenever f(x) =f(y)
implies ¢, (%) = G,(y)”

Definition 2.2.3. [34,42,50] “Let ¢, and G, be two IFSs of a I'-Ring Hand y € I'. Then
the product G, I"G, and the composition G, o G, of G; and G, are defined by

(eu o (1), Ve, ()
- {(Vh=kﬂ7 (16, () A b6, 0)) Anciy (v, () Vv, (), if b = kyp

(0,1), otherwise

and
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(u¢1o¢2 (h), Ve, o6, (h))

n
— (Vh=z?=1kiypi (.Ucl;1 (ki) A U, (Pi)) ;/\h=z{‘=1 kiyp; (V¢1 (k) v Ve, (Pi))) , ifh= 2 k; yp;
(0,1), 0‘[herw;s_e1
Remark 2.2.4. [42] “If G, and G, are two IFSs of a I'-Ring H, then G,;I'G, € G, o G, S
G, NGy
Definition 2.2.5. [34,42] “Let G be an IFS of a I'-Ring H, then G is called an IFI of H if
forall r,n € H,y € I', the following are satisfied:
Lopug(r—n) = pg(r) Apg(n);
2. ug(ryn) = pug(r) v ug(n);
3vg(r—mn) <vg(r) vvg(n);
4. vg(ryn) < vg(r) Avg(n).
The set of all IFI of I'-Ring H is denoted by IFI(H). Note that if G € IFI(H), then
e (0g) = pug(h) and v (0y) < vg(h),Yh e H.”
Definition 2.2.6. [46] “(Intuitionistic fuzzy prime ideal) Let H be a I'-Ring. A non-
constant IFl P of H is called an IFPI of H, if for all pair of IFIs G, G, of H, G, "G, S P
implies that G; € P or G, < P.”
Theorem 2.2.7. ([46,50]) “Let H be a commutative I'-Ring and G be an IFI of H, then
the following are equivalent:
(i) henoyTk(g9y € G = hyg) € G OF k(g.9y € G, Where h;, gy, kg9) € IFP(H).
(i) G isan IFPI of H.”
Theorem 2.2.8. ([42,43,50]) “Let G be an IFI of I'-Ring H. Then each (n, 8)-level cut set
Gn,0) is either empty or an ideal of H, where n < 1 (05) and 6 = v;(04). In particular,
G(1,0) Which is denoted by G., i.e., the set G, = {h € H:ug(h) = ps(0y) and vg(h) =
v (0y)} isideal of H. If G € IFPI(H), then G, is a prime ideal of H.”
Theorem 2.2.9. [46,50] “If P is an IFPI of a I'-Ring H, then the following conditions
hold:
1.P(0y) = (1,0),
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2.P, is a prime ideal of H,
3. Img(P) = {(1,0), (4,0}, where 1,{ € [0,1) suchthat 1 + { < 1.”
Definition 2.2.10. [46,50] “(Intuitionistic fuzzy semi-prime ideal) A non-constant IFI P
of a I'-Ring H is said to be an IFSPI if for any IFI G of H, GI'G < P, implies that G € P.”
Proposition 2.2.11. [46] “Let P be a non-constant IFI of a I'-Ring H, then the following
conditions are equivalent:
(i) P isan IFSPI of H
(i)For any a€H, Imfreny, y,eritte(ayiry2a)} = up(a) and
SuprEH,yl,yzel"{VP (ay,ry2a)} = vp(a).”
Proof. (i) = (ii) Let P be an IFSPI of H. Since P is IFl of H, it follows that
up(ay;my,a) = up(a) and vp(ay,ry,a) < vp(a),vr € H,y,,y, € I'. If possible let us
suppose that up(ay,ry,a) > up(a) and vp (ay,ry,a) < vp(a), for some a € H. Let
< a > be the ideal generated a. Define the IFS C on H by

t, ifhe<a>
He(h) = {0, otherwise ’
s, ifhe<a>
ve(h) = {1, otherwise.

Where, t,s € (0,1) such that t + s < 1. Then C is an IFI of H. Consider h € H s.t. h #
uyv, for some wveE<a> then Crc(h)=(0,1) and Crcch) =

(Suph=uyv,u,ve<a>{:uc (u) AUc (U)}, Infh:uyv,u,ve<a>{."lc (u) V Uc (7-7)})

Criviay!r!,v,v/ €Hy,y{ €T and

Now any u €< a > is of the form u =
p € Z*. Similarly,v = ;’zlrj’ yiay/r/,v/,7/ € Hy},y/ €andq € Z*.

Now, uyv = (Zleri’ yi’ayi”ri”)(Z?zln’ V4 ay]f’rj”,rj’). Since P is an IFI of H, it follows

that
tp(h) = pup(uyv) = pp(air'éya) = InfrEH,yl,yzEF{.uP (ayyry2a)} > t = pcrc(h), for

some r’ € H. Similarly, we can show vy (h) < v (h). So, we get CI'C <€ P. As P is an
IFSPI of H, it follows that C < P.
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Hence t = uc(a) < up(a) and s = v.(a) = vp(a), a contradiction. Consequently we

have Infycpy, y,eritte (@v1v2@)} = pp(a) and Sup,cy y, y,erive(ayirv2a)} = ve(a).

(ii) = (i), Let us assume that P be an IFl of H satisfying for any a € H,
Infreny,y,eritr(@yiry2@)} = pp(a) and Supren,y, y,erfve(ayirva)} = ve(a).
Let C bean IFl of Hs.t. CI'C € P and C & P. Then there exist b € H s.t. uc(b) > up(b)
and v (b) < vp(b).

Now tp(by17v2b) = pcrc (byry2b) = pc(b) and vp(by ry2b) <
Vere (byyryab) < v (b), for all r € H,y,,y, €T. Therefore
Infreny, yerittp (bY17Y20)} = e (b) and Suprep y, y,er{ve (by17y2b)} < vc(b). Thus

tp(b) = Ifreny, yrerittp (by17Y20)} = e (b) > up(b) and vp(b) =
Supreny,y,erive (by11v2b)} < v (b) < vp(b), a contradiction. So P is an IFSPI of H.”
Definition 2.2.12. ([40,57]) “Let Q be a non-constant IFI of a I'-Ring H. Then Q is
called an IF2 —Al of H if for any IFPs h(, ), k(8.9 P(rw) OF H and yy,y, € I' such that
hin.0)Y1K6.9)YV2P(x.0) E @ implies that either h, g)¥1kg.9) € Q OF hy0)V2D(r,w) E Q OF
k(69)V2Dw) € Q.7
Theorem 2.2.13. ([34]) “Let J be a subset of a I'-Ring H, then the IFCF x; be an IFI of H
iff J is an ideal of H.”
Theorem 2.2.14. [50] “A I'-Ring H is Noetherian iff the set of values of any IFI of H is a
well-ordered subset of [0,1].”
Theorem 2.2.15. [50] “Let every decreasing chain of ideals terminate at a finite step in
I'-Ring H. For an IFI G of H, G has a finite number of intuitionistic values, that is, u;

and v, have a finite number of value.”
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Chapter 3

On Intuitionistic Fuzzy Characteristic
Ideal Of A I'-Ring

3.1 Introduction

The significance of characteristic ideals stands out prominently in ring theory,
constituting a distinct class among various types of ideals. These ideals exhibit invariance
under any automorphism, highlighting their fundamental role. This chapter introduces
and examines the concept of IFCI in a I'-Ring, delving into its properties and discussing
its various attributes. Additionally, it explores the relationship between the IFCI of a I'-
Ring and its level cut sets. Furthermore, it delineates a connection between the Aut(H)
and the corresponding Aut(OR). Lastly, it delves into the correspondence between
IFCI(H) and IFCI(OR), thoroughly investigating their interrelation.

3.2 Intuitionistic Fuzzy Characteristic Ideal Of A I'-Ring
Definition 3.2.1. Suppose for an IFS G ina I'-Ring H, o: H - H be a I'-endomorphism,
then G is an IFS on H defined as G?(h) = G(o(h)),V h € H, i.e., ugo(h) = pg(a(h))
and vgo(h) = vg(a(h)), forall & € H.

Theorem 3.2.2. Let G be an IFI of I'-Ring H and ¢ be a I'-endomorphism, then G? is
also an IFI of H.

Proof. Let G be an IFl of '-Ring H. Let hy, h, € H,a € I'. Then
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peo(hy —hy) =g (U(h1 - hz))
=Uc (0(h1) - U(hz))
= Ug (0(h1)) A Ug (U(hz))
= Ugo(ny) N o (ha).
Thus, pge(hy — hy) = pgopn,) Auge(hy). Similarly, we can prove vgo(h, —h,) <

VGU(hl) \% VGU(hZ). AISO,

peo(hiahy) = ug (U(h1ah2))
= Ug (O'(h1)a0'(h2))
2= Ug (0(h1)) Vg (U(hz))
= Hgo(ny) V Heo(ha).

i.e., pgo(hiahy) = pgogn,y V uge(hy). Similarly, we can prove vgo(hyahy) < vgogy A
pgo(hy).

Hence G? is an IFI of I'-Ring H.

Definition 3.2.3. An IFI G of I'-Ring H is said to be an IFCI if G°(h) = G(h),Vh € H
and V o € Aut(H), i.e., pugo(h) = ug(h) & vgo(h) =vg(h) VheH and V o €
Aut(H).

Example 3.2.4. [62] “Consider the I'-Ring H, where H = Z, the ring of integers, and I =
27, the ring of even integers, and h,yh, denote the usual product of integers” h,, h, € H,
y €T. Let G = (ug,v;) be an IF subset of H defined by

1, if hq is even integer

_ 0, if hy is even integer
He(ha) = {0.5, if b, is odd integer

;o ve(hy) = {0_3, if h; is odd integer.

It can be easily checked that G is an IFCI of I'-Ring H.

Example 3.2.5. [62] “Consider the I'-Ring H, where H = {[a;;]:a;; €Z,i=12,j =
1,2,3}, the set of (2 x 3) matrices and I' = {[a;;]: a;; € Z,i = 1,2,3,j = 1,2}, the set of
(3 x 2) matrices whose entries are from the ring of integers Z.” Let G = (uz,v;) be an
IFS of H defined by
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%1)=1003,05), if a;j # 0 for at least one i and j

Then it can be easily checked that G is an IFCI of I'-Ring H.

Example 3.2.6. [62] “Consider “H =1Z, xZ, ={(0,0),(1,0),(0,1),(1,1)}, I =
{(0,0),(1,1)} and W = Z, x {0} = {(1,0),(0,0)}, where Z, be the ring of integers
modulo 2.” Clearly, H and I" are additive abelian groups and H is I'-Ring. Also, here W is
I'-ideal of H. Consider the IFS G defined on H a

1,
0.5,

0, ifwe
0.3, ifh¢

£l
SRSt

;o ve (D) ={

pe (®) = { ii

€
O

It can be verified with ease that G is an IFI of I'-Ring H, but it is not an IFCI, as there
exists a I'-automorphism o: H —» H defined by o(®, &) = (&, ), for all (0, d) € H s.t.
G (@, B)) # 6((w,H)), for all (I, D) € H.

For example 6°((1,0)) = (0.5,0.3) # (1,0) = G((1,0)).
Theorem 3.2.7. Suppose G is an IFCI of I'-Ring H. Then for each n,0 € [0,1] s.t. n +
6 < 1 the level cut set G, ¢y is a Cl of I'-Ring H.

Proof. Assume that G is an IFCI of I'-Ring H. We want to prove that (G, 0)) = Gy

i.e. image of level cut set under o is equal to level cut set v n,6 € [0,1]st.n+ 6 < 1.

Let h € G, 6. Since G be an IFCI of I'-Ring H, we have ugo(h) = pg(h) =7 and
vee () = v (h) < 6 implies ug(a(h)) = n and vg(a(h)) < 0, ie., o(h) € Gy, gy Thus
o(Gme)) € Gmo).

For the reverse inclusion, let j € G, 9y and let h € H be s.t. a(h) = j. Then

te(h) = ugo(h) = ug(a(h)) = ue(j) = n. In the same manner, it can be shown that
v (h) < 0 implies h € G, 9 and s0 j = a(h) € o(Gppy) gives that G, ) S 0(Gerey).
Therefore by using the above two equations it can be seen that O‘(G(njg)) = Gn0)-

Therefore G, gy is a characteristic ideal of I'-Ring H.
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Lemma 3.2.8. Let G be an IFl of I'-Ring H and let h, € H. Then G(h,) = (n,0) iff h, €
Gmeyand hy € GeqyVec>nandd < 6.

Proof. Directly can be proved with the help of above stated theorem (3.2.7.) Converse of
Theorem (3.2.7) can be seen in theorem (3.2.9.)

Theorem 3.2.9. Suppose G is an IFI of I'-Ring H. If for eachn,0 € [0,1]st.n+6 <1
the level cut set G, gy is @ Cl of H, then ¢ is an IFCI of I'-Ring H.

Proof. Suppose G be an IFI of I'-Ring H. Let h € H, 0 € Aut(H) and G(h) = (n,6). By
Lemma (3.2.8), h € Gy and h & Gcqy Ve >nandd <6,

From hypothesis it follows that o image of level cut set is equals to level cut set.
Therefore o(h) € 0(Gpay) = Geey, and so pg (a(h)) =1, vg(a(h)) < 6.

Suppose pg(a(h)) = c and vg(a(h)) = d and we assume that ¢ >n and d < 6.
Then o(h) € Gieqy = 0(Gieay)- Since o is one one implies h € G q). This is a
contradiction. Therefore ugo(h) = ug(a(h)) =n = ug(h) and vge(h) = vg(a(h)) =
0 = v;(h), showing that G is an IFCI of I'-Ring H.

Theorem 3.2.10. Suppose W is a non-empty subset which is also a characteristic ideal
of a I'-Ring H then its IFCF yg is an IFCI of I'-Ring H and the converse is also true.
Proof. Suppose W is a Cl of I'-Ring H. According to definition o(W) = W, Vo €
Aut(H). Let y be the IFCF w.r.t. . Then by Theorem (2.2.13) xy be an IFI of I'-Ring
H.

If h € W then a(h) € a(W) = W and so yg(a(h)) = (1,0) = xg(h).

If h ¢ W then a(h) ¢ o(W) = W and so yg(a(h)) = (0,1) = xg(h).

Thus we see that yg(a(h)) = xw(h),Vh € H,Vo € Aut(H), ie., tye (R) = py (h) and
Vx{{,(h) = wa(h)’ Vh € H,Vo € Aut(H). Hence y is an IFCI of I'-Ring H.
Conversely, let us suppose that y is an IFCI of I'-Ring H. Using Theorem (2.2.13) W is

an I'-ideal of H. So, we need only to show that ¢(W) = W Vo € Aut(H). Let o €
Aut(H) and h € W, then ng,(h) =y, () = 1 and Vx({,(h) = vy, (h) = 0 implies

iy, (0(n)) = 1 and vy (o (h)) = 0 implies a(h) € W. Thus, we obtain a(W) < W, for
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all o € Aut(H). Since o € Aut(H) implies 0= € Aut(H) and so o~1(W) < W. Hence
W < ¢(W) and so by using the above two equations we have o(W) = W, i.e., W is Cl of
H.

3.3 Operator Rings And Corresponding IFI Of I'-Ring

In this section L is used for left operator ring (OR) and R is used for right operator ring
(OR) of I'-Ring H.

Definition 3.3.1. For any fixed IFS G of L (or R) and any fixed IFS B of H we define
IFSs G*, G* of Hand B*' of L, B of R by

(i) g+ (W) = Infoer (g (T, @D)) and vg+ (h) = Supger (g ([h, al)), where h € H.

(i) g (B = Infuer (g ([, k1)) and vg- (h) = Supger (g ([, A1), where h € H.

(i) 10,0 (S1 o @) = e (it (E by @) and v, (8, Ty, ) = Suppers (15 (3
hi air)), where [hi' ai] € L.

(iv) MB*’(ZL' [a;, hi]) = InfrEH(.uB(Zir aihi)) and VB*’(ZL' [a;, hi]) = SupreH(#B(Zi
ra;h;)), where [a;, h;] € R.

Proposition 3.3.2. Let G is an IFI of L of a I'-Ring H then G is an IFI of H.

Proof. Here u;(0,) = 1,v;(0,) = 0 as G is an IFl of L..

Now pg+(0g) = Infyer(ug([04, @) = Infyer(us(0,)) = 1. Similarly, we can show
that v;+(04) = 0. So G* is non-empty.

Let h,,h, € H,a, B € I' be any elements, then we have
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pe+(hy —hy) = Infaer(lic;([h1 — hy, a]))
= Infyer(pe([hy, al = [hz, a]))
= Infaer{tc([hy, a]) A ug([hy, a])}
= InfaEF(/“lG([hlJ a])) A Infaer(ﬂc(”h: a]))
= pg+(hy) A pg+(hy).

Thus pg+(hy — hy) = pg+(hy) A pg+(hy). In the same manner it can be shown that
VG+(h1 - hz) S VG+(h1) \Y VG+(h2). AISO,

pe+(hiBhy) = Infaer(ﬂc([h1ﬁh2: a]))
= Infaer(.“c([hpﬁ][hz: a]))
2 Infaer(.“a([hpﬁ]))[ and > Infaer(ﬂc([hz,a]))]
= Infﬁer(.“(; ([h4, ﬁ])) \% Infaer(.uc ([hy, a]))
= pig+(hy) V ug+(hy).

Thus pg+(hiahy) = pg+(hy) V ug+(hy). In the same manner it can be shown that
vg+(hiah,) < vg+(hy) Avg+(hy). Hence G* is an IFI of H.

Proposition 3.3.3. Let B is an IFI of H Then B* isan IFl of L.

Proof. Let B be an IFI of H. Then uz(04) = 1,v5(04) = 0.

Now g .+ ([0, @) = Infren (s (Oyar)) = pug(04) = 1. Similarly, we can show that
v+ ([04,a]) = 0. So B*' is non-empty.

Let ¥ilhya;l,X; [k, B;] €L, 7 € H,a, B; € I be any elements, then we have

.UB+’(ZL' [hi, ail = X[k Bi]) = Infren (HB (Zihiair =X k; ﬁjr))
> Infrey{up (X hi a;v) A ug (Zj k; ﬁjr)}
= (1nfren (s (T e ar)) A (nfres (s (25K 7))
= ppe Qi TRy @D A #B+’(2j [k, B;])-
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Thus #B+’(Zi [hi, ;] — X [kj' ,BJD = I’I‘B+’(Zi [hi, a;]) /\HB+’(Zj [k"ﬁj])- Similarly,
we can show v+ (X; [hy, a;] = X; [k;, B;]) < v, B [hey D V gur (35 [k, B;]) Also

g (BiThy @l Xy [k, Bi]) = ppr (B [hiikes, B])
= Infren (.U'B (X h a’ikjﬁjr))
=Infrey (HB (Zi,j (hia;) (kjﬁjr)))
=Infi1eq (HB (Zijhi “irj')) [ where i =y, € H]
= Inforeylps i hi i + X h airp+..)]
2 Inf, EH[ g (i hy )]
=Vj [Infr;ey (Zihi airj’)]
=V, [y (B [y )]
= pgr (X Ty, a;])

Also, we can prove that u_,(X; [hy, a;1 X [k;, B]) = e (2 [Kj, B]). Thus we have
et (B [hy @) 3 [ky, Bi]) 2wy (B [hy, a]) v ugor (35 [Kj, B])- In the same manner,
it can be shown that v, .+ (X; [hy, a1 X [k;, B;]) < vur (i [hi ai]) Av, () [k, B]).
Hence B*' is an IFI of L.

Using the same logic following propositions can be proved.
Proposition 3.3.4. Let G be an IFI of R of a I'-Ring H then G *an IFI of H.

Proposition 3.3.5. Let B an IFI of H. Then B*" an IFl of R.
Theorem 3.3.6. Suppose H is a I'-Ring having unities & L is its left operator ring. Then

3 an inclusion preserving one-to-one map G — G*' between IFI(H) and the IFI(L).
Proof. First we show that ((G*)')* = G, where G is an IFl of H. Let h € H. Then
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+)')+ (h) = Infeer (ﬂ(6+)’([h; 0(]))

= Infaer[lnfTEH(MG(har))]
> Infaer[lnfreH(ﬂG (h))]
= ug(h).

e

Thus u +(h) = ug(h).In the same manner, it can be shown that v +(h) <

(c*))
vg(h). Thus G < ((GT))*.
Suppose Y;; [y;, a;] be the right unity of H. Then Y}; hy;a; = h, V h € H. Now,

(@)

te(h) = pg (Z h)’i“i)

> Inf;[p;(hy;a;)]
> Infyer[lnf}eH(Hc;(hW))]
= InnyF <,U(G+)’([hl Y])>

= M((G+)I)+ (h)

In the same manner, it can be shown that v, (h) < v +(h). So ((G*)")* € G. Hence

((c*))
G =GN
Again, let G be an IFI of L. Now,

24



'u((G+)+)’ (Z [hi' ai]) = InfreH He+ (Z hi air)>

i

= InfreH InfﬁEF (MG <[Z hi a;rT, ﬁ]))
= Infrey |Infper (MG <Z [hi, ;] [, B] )‘
> o (Z [h ai]).

l

Thus “((a+)+)'(2i [h;, a;] = ue S [hy, a;]). Similarly, we can prove V((G+)+)’(Zi

[hi, @] < v (Xi[hi, a;]). So G < ((GF)T)".
Let ¥, [a, ¥;] be the right unity of H, then

i i

Hg (Z [, ai]) = lig (Z [, ai]Z la;, ;]
2A; [Mc <Z [hy, @] [a, Vj]):

[R—

l

= InfrEH [InnyF (.UG([hl" ai] [aj’ V]]))]

= H((G+)+)’ <Z [hs, “i])-

i

Thus pug X [hy, a;]) = ,u( 1(X; [hy, a;]). Similarly, we can prove

6)7)
ve (X [hy ai]) < V((G+)+)’(Zi [hi, a;]) and so ((G*)*)" € G and hence G = ((G*)*)".

Thus, the correspondence G — G*' is a bijection. Now let G,, G, be IF1 of H s.t. G, S G,.
ThenV Y, [h;, a;] € L, we have
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Hes' (Z [h;, a’i]) = Infreu| He, <Z h; air>
Infren | ug, <Z h; air>
= Moy <Z [hi, ai]>.

i

IA

Thus M(EI-’(ZI: [hi, a;]) < ,u'(E-zl—’(Zi [hi, a;]). Similarly, we can show Vq'(Zi (A, a;]) =
VGJI(ZL- [h;, ;]). Thus G’ < G, Similarly, we can show that if G, and G, are IFls of L

s.t. G, S Gy, then G € G. Hence G —» G*' is an inclusion-preserving one to one map.

Theorem 3.3.7. For R of a I'-Ring H with unities, 3 an inclusion preserving one-to-one

map B — B* between the IFIs(H) and the IFIs(R).

Proof. The proof of the theorem directly follows from theorem (3.3.6.)

Lemma 3.3.8. Let K be an ideal of L of a I'-Ring H. Then (y x)™ = x x+, Where yg
denotes the IFCF of K.

Proof. Let h,€ K*. Then [h,al€e K for al a€l'. This mean

Infyer (uXK([hl, a])) =1 and Supger (VXK([hl, a])) = 0. Also Hy ot (h;) =1 and
Vi e (1) = 0. Thus Infuer (e ([hy,@])) = gy, (B) and Supuer (v ([hy, D)) =
Vy o+ (M), V by € K e, ()T (hy) = x g+ (1), V by € KT

Now suppose hy € K*. Then 3 8 € I' s.t. [hy,B] € K. Therefore u, , ([hy, f]) =
0,vy ([hy, B]) =1 and so Infuer (.“XK([hp a])) =0 and Supyer (VXK([hl,CZ])) =1.
Thus  Infuer (e (hoal)) =py () and  Supuer (v, ([hyal)) =
Vy o+ (R, Ve & K* e, () *(hy) = x g+(hy),V hy & K*. Hence (x )" = x g+
Lemma 3.3.9. Suppose for an ideal K of L of a I'-Ring H. Then (y )t = X !

Proof. Let Zi [hi, al’] € K+,. Then Zi h'i a;r € K,vr e H.
This means Inf,.cyu, (2 by a;v) = 1 and Supreyvy (X by a;r) =0,
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i.e., #(XK)+,(ZL' [hi' ai]) =1and V(XK)+, (Zl [hi; ai]) = 0.

Also “(x ,)(Zi [h;, ;]) = 1 and v(X ,)(zi [h;, ;]) = 0. Then

Kt Kkt

M(XK+,)(ZL' [hy, a;]) = ll(XK)+'(Zi [hy, ;1) and V(XK+’>(Zi [hy, o;]) = V(XK)+,(Zi

[hi, ). So G ) i Thiy i) = (i or ) i Ths, ).

Let Zi [hi; ai] e K+’. Then Zi hi a;r e K, Vr € H.
This means Inf,cyuy (X h; a;r) = 0 and Suprepv, (X h; a;r) =1,

Also H(XK+'>(Zi [h;, a;]) = 0 and v(XK+,)(Zi [h;, a;]) = 1. Thus we have

,)(Zi [hi, a;]) = M(XK)+’(ZL' [h, a;]) and V(X ,)(Zi [hi, a;]) = V(XK)+’(Zi [hi, a;]).

M(X Kt
S0 (x i)t (i [hy ai) = ()( K+’)(Zi [, ;D).

Thus from both cases, we get (x x)* = x .y

Kkt

Remark 3.3.10. Similar results can be seen for R of I'-Ring H by using an analogy that
follows in previously mentioned Lemmas.

Theorem 3.3.11. Suppose H is a I'-Ring with unities. Then 3 an inclusion preserving
one-to-one between I(H) and that of its I(L) via the mapping K — Kt
Proof. Suppose ¢: K — K*'is the mapping. This is a mapping that is used in Proposition

(3.3.5). Let ¢(K;) = ¢(K,). So K = K;'. This implies X+ =X+ (Where yg is the
1 2

IFCF of K). Hence by Lemma (3.3.9), (XK1)+ = (XK2)+ . This together with Theorem
(3.3.6) gives xx, = xk,, hence K; = K,. Consequently, ¢ is one-to-one.
Let K be an ideal of L. Then its IFCF y, is an IFI of L. Hence by Theorem (3.3.6),

()Y = xk. This implies that X(K+)+, = yx [ by Lemma (3.3.8) and (3.3.9)]. Hence

(KHY =K, ie, ¢(K*) = K. Now since K* is an ideal of H, then it states that ¢ is
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onto. Let K;, and K, be two ideals of H with K; € K,. Then yx < x,. Hence by
+/ + .
Theorem (3.3.6), we see that (xx,) < (xx,) . ie., X+ S Xy [ by Lemma (3.3.9)]

which gives K;' € K5
Remark 3.3.12. We can prove the same for R that ()*' is an inclusion preserving one-to-

one map (with ()* as above) between the 1(H) and that of I(R) using Lemmas (3.3.8.) and
(3.3.9), Remark (3.3.10) and Theorem (3.3.11)

Definition 3.3.13. For L of a I'-Ring H and o € Aut(H), we define ot L L by

ot i [h &) = Ti[o(hy), a;).

We first show that the map o+ is well-defined.

suppose % [y, ] = % B2, 6 then [hy, ] = [hy), B, 0, hyyair = hy By, v €
H.Thus ; hy, apr = X hy; By This implies o(Z; by, air) = 0 (2 by, Br) ¥ 7 € H.
Now for a € H, we have a(hy,)a;a = o(h;,)a;o0(a’) [As o is onto so 3 a’ € H st.
0(@) = a] = o(hy,@a") = o (hy,B;0') = 0 (hy;) io(@’) = o (hy,) ;. This implies
o(hy)ma=0(hy;)ga. S0 [o(hy,) a] =0 (). 8] = Zilo(h). ] = %
[a (hzj),ﬁj] . Hence o+ (T; [y, ai]) = o+ (Zj [hzj,ﬁj]). Therefore, the map o*' is
well-defined.

Proposition 3.3.14. For L ofaI'-Ring H let o € Aut(H). Then ot € Aut(L).
Proof. Let 0 € Aut(H) and [hy, a],[h,, al,[hy, ] € L. Then

0'+,([h1: a] + [hz'a]) = 0'+,([h1 + h,, a]) = [O'(h1 + hz): a] = [O'(h1) + O'(hz),“] =
[o(hy), a] + [a(hy), B]
o*' ([hy, al + [hy, B]) = 0+ ([hy, @ + B]) = [6(hy), @ + B] = [a(hy), @] + [o(hy), 1.
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ot (z [hy;, ai]-z [th'ﬁJ']) =gt z [h1iaih2],,ﬁj]>
= z :a (h1l-aih2],),ﬁj]
=Y. lotu e (1) 5

Semzies
=gt (Z [hy,, a’i]) 0+’(Z [hzf’ﬁf]

Hence o*' is an endomorphism of L. As a*' is well-defined implies o+ is one to one

map. Further, let ¥; [hy,, ;] € L. Then 3, hy; € H st. o(hy}) = hy;. SO Xi [y} o] € L

st. o' (i [hpai]) = Zi[o(h) ;] = Li[hy, ;] Consequently, o+ is onto.
Suppose L has the left unity 3; [e;, 8;]. Then for any a; € I', we have ot ¥; [e;, o] = ¥
lo(e;), a;] = Y [e;, a;]. Again if H has the right unity Y; [y;, a;]. Then for any a; € I,
we have o' ¥, [y, ;] = ¥ [0(v), a;] = X [y;, a;]. Hence o+ € Aut(L).
We use the Remark (3.3.10) to frame the following precision and also to

demonstrate the subsequent Propositions.
Definition 3.3.15. Let H be a I'-Ring with right unity Y;[y;, a;] and L be its left
operator ring. Then for o € Aut(L), weseto*:H - Hby o*(h) =Y, 0 ([hv;]a;.

We first show that the map o* is well-defined. Let hy, h, € H,y;, B; € T be s.t.
0% (hy) = 0" (hy), then X 0 ([hy, viDa; = Xio ([he, viDa;
= Y lo([hy, viDayvi] = Xilo([he, viDay, vil
= X ((h, viD) - X lag, vil = X ([he, viD) - X [ag, vid
= Y0 ([hy,viD. 0 [ay, vi]) = X 0 ([he, vi]). 0(X; [a;, v:]) [Using Definition
(2.1.21)]
= 0 (i [hy,vi] . Zilay viD) = 0 [he, vi] . 2 [ai, viD)
= 0(X; [hyia,vi]) = o [hayian, vi)
= Y [hyiai, vi]l = Xi [hoyia;, vi] [Since o is one to one ]

29



= i lhyvil Xilanvid = 2 [he vi] - 23 la, il

= Yi[hy,vi] = i [ha, vl

= [hy,yi] = [hy, vi] = hyyir = hyyr,Vr € H.

In particular, take r = a;, we get }.; hy y;a; = X h, v;a; = hy = h,. Hence o™ is well-
defined.

Proposition 3.3.16. Let H be a I'-Ring with right unity }}; [y;, a;] and L be its left
operator ring. Assume o € Aut(L), then ot € Aut(H).

Proof. Let hy, h, € H,n € I'. Then

ot +h) =) o (b +hoviDa,

i

_ Z o ([hy, ) + [, viDa

_ Z (o(lhy, viDa: + o([hy viDay)

Z o (s, via +Za( ha vy

= 0+(h ) +0%(hy)

o*(hinhy) = Z o ([hinhy, viDa; = Z o ([hy,nllhy, viDa;

i i

= oD, Y MhavDas = 3 o Qv Yo (haryban

i

= .o (hyi aln)zcr(hz va; = Zcr(hl mZa(al n)EG([hz a)

i

= > o (lhyD, Z ag ], Zcr(hz n])al—zaam )amZa(hz,n )

i i

_ (Z o ([hl,)/i])ai) n <Z o ([hz:yi])ai)

l l

= ot (hno* (hy).
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Hence o™ is an endomorphism of H. As a* is well-defined implies that ¢* is one to one
map.

Further, let h, € H. Since o:L — L is onto, 3),; [hy,v;] €L st. X [hy,v:]) = 2
[h2, vil.

o*(h) =) o(hyiDa; =) o (hrasyiDa

2 l

= > o (il lasriDa = D o (v Y o (@ via

2 l

= Z [h,,v:] Z la;, vi]la; = Z [h2, il [y vila;

2 l l

= Z [hyyia;,vila; = Z (A2, vi] a;

i i
= zhz Yia; = h,
i

Hence ot is onto. Again if }}; [e;, §;] is the left unity of H then
ot(e)=Y,0(le6;Da;=Y;le 6;]a; =Y,;ed;a; =e. Consequently, o™ € Aut(H).
Proposition 3.3.17. Let H be a I'-Ring with left unity Y; [e;, §;] and right unity Y,
[y;, a;] and L be its left operator ring. Assume o € Aut(L), then (a’f')+ = 0.

Proof. By Proposition (3.3.14), a*' € Aut(L) whence by Proposition (3.3.16), (a’f’)+ €
Aut(H). Let heH. Then (o*) () =o' lhyDa =X lo®),yla; =
20 (Ryia; = a(h).

Hence (o*)" = 0.

Proposition 3.3.18. Let H be a I'-Ring with left unity Y; [e;, 8;] and right unity Y,
[v:, a;] and L be its left operator ring. Let o € Aut(H). Then 6HY = 0.

Proof. By Proposition (3.3.16), o+ € Aut(H) whence by Proposition (3.3.14), (¢*)* €
Aut(L) Let Zi [hi, al’] € L. Then
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oM (Z [k, ad) =D [o* (el = ) [o(lhy viDay ]

7 >

_ z o (T, vi]) Z [a;, a;] = Z o ([h;,viDo <2 [ai,ai]>

7 > >

= z o ([h;,villa;, a;]) = Z o ([hyyia;, a;]) = z o ([h;, a;])

l L 12

—0 (Z [h, ai])

L
Hence (6)* = 0.
Theorem 3.3.19. For L of a I'-Ring H there exists a bijection between the Aut(H) and
the Aut(L).

Proof. Let us define the map ¢: Aut(H) — Aut(L) by ¢(0) = o+, Vo € Aut(H).

4

Consider o,7 € Aut(H) s.t. ¢(o) = ¢(7). Then ot =1t
= ot i lhy i) = v i lhy @),V i [hy )] € L= ¥ [o(h), a;] = % [t(hy), a;]
= o(h)a;r =t(h)a;r,vr € Hya; €I'. In particular, o(h)y;a; = t(h)y;a; =
o(hy) = t(hy).

So o = 7. Hence ¢ is one to one.

Suppose o € Aut(L). Then by Proposition (3.3.16), o* € Aut(H). Now ¢(ot) = o+ =
o (by Proposition (3.3.18)). Consequently, ¢ is onto. Hence ¢ is a bijection.

Proposition 3.3.20. For L of a I'-Ring H with unities and G be an IFCI of L. Then G* is
an IFCI of H, where G™ is explained in Definition (3.3.1).

Proof. By Proposition (3.3.2), G* is an IFI of I'-Ring H. Let h € H and o € Aut(H).

Then by Proposition (3.3.14), o* € Aut(L). Hence by using Definition (3.3.1) and
(3.3.13) we obtain

Higre) =g+ (0(W) = Ifyer(ue ([o(R), aD)

= Infoer (Hi(0+([h' a]))) = Infael"(.“i([h' a]))
= ug+(h).
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Similarly, we can prove V(c+)"(h) = vg+(h), e, (G*)?(h) = G*(h),Vo € Aut(H).
Hence G* is an IFCI of H.

Proposition 3.3.21. For L of a I'-Ring H with unities and B be an IFCI of H. Then B*
is an IFCI of L, where B*' is explained in Definition (3.3.1).

Proof. By Proposition (3.3.3), B*' isan IFI of L. Let ¥; [k;, a;] € L and 7 € Aut(L).
Then by Theorem (3.3.19) 3,0 € Aut(H) s.t. o+ = 7. Now

M(B+I)T(Zi [hya]) = pp (T [hy @) = pgr (0+,(Zi [, ai]))
= :U'B+’(Zl' [o(h), a;]) = InfreH(.UB Qo (hi)air))
= nfpey(Ug (Zi o (hl-aia(n))) [ As o is a bijection so o(n) = r |

= Infuen (15(Zi 0 (i) = Infren (s (Bi hy am))[ As B is IFCI of H ]
= pgr (X Thy, ai]).

Similarly, we can prove V(B+/)T(Zl- [hi, i) = v, o Qi [hy, ai]), e,

(B*') (% [he a;]) = B* (%, [hs, a;]), VT € Aut(L). Hence B* isan IFCI of L.
Theorem 3.3.22. For L of a I'-Ring H with unities 3 a one-to-one map between the
IFCIs(H) and the IFCIs(L).

Proof. Let ¢ be a mapping from the IFCIs(H) to that of L. Let D be an IFCI of H. Let us

define ¢(D) = D*'. Then by Proposition (3.3.21), ¢(D) is an IFCI of L. Let G be an
IFCI of L. Then by Proposition (3.3.20), G* is an IFCI of H. Then by Theorem (3.3.6),

GH*Y =a, ie., p(G*) = G. Thus ¢ is onto. Again if for D,, D, of H st. ¢(D,) =
#(D,) then Df =Df = (D{f’)+ = (D;’)+ =D, =D, (by Theorem (3.3.6)).
Therefore ¢ is one-to-one, hence the proof.
Proposition 3.3.23. For L of a I'-Ring H with left unity ); [e;, §;], right unity X; [v;, a;]
let W be a Cl of L. Then W * is a Cl of H.

Proof. Let o € Aut(H). Then by Proposition (3.3.14), ot € Aut(L). Hence o+ (W) =
W. Let a(h)€ea(W™H), where he W*. Then [hal€e W,va€erl. Hence
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ot ([ha]) et (W), forall a eI = [6(h),a]l € W,Ya el =a(h) e W*. Thus
o(W*H)c W*. Hence o~} (W*)c W* (since o€ Aut(H) = o7 € Aut(H) =
W+ co(WH). Hence s(W +) = W *. Consequently, W * is a Cl of H.

Theorem 3.3.24. For L of a I'-Ring H with unities 3 an inclusion preserving one-to-one
between the CI(H) and the CI(L) via the mapping W — W *'.

Proof. Suppose we define the mapping : W — W *'. Let W, W be two characteristic
ideals of H s.t. (1) = p(W). Then W+ = W* = (I1*) = (W) = U =W (by
Theorem (3.3.11). So v is one-one.

Let W be a Cl of L, then by proposition (3.3.23), W* is a Cl of H. Also (W’f’)+ = .
Thus Y(W+) = (W+)* = . Hence ¥ is onto. From Theorem (3.3.11), it follows that

is inclusion preserving.

3.4 Conclusion

This chapter, explores the concept of IFCI in a I'-Ring, examining specific examples to
illustrate instances where an IFI is not an IFCI. The relationship between IFCI and its
level cut sets is thoroughly analyzed. Furthermore, the connections between Aut(H) and
the corresponding Aut(OR) are investigated. The chapter establishes a one-to-one
mapping between IFCI(H) and IFCI(OR). These structures play a crucial role in the
development of concepts such as IFPIs, IFPrIs, and IFSPIs in a I"-Ring framework.
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Chapter 4

Intuitionistic Fuzzy Prime Radicals,
Intuitionistic Fuzzy Primary ldeals And
Intuitionistic Fuzzy 2-Absorbing Primary
Ideals Of I'-Ring

4.1 Introduction

Primary ideals hold significance in commutative I'-Ring theory, primarily due to the fact
that every ideal of a Noetherian I'-Ring can be decomposed into primary ideals, a
principle known as the Lasker-Noether theorem, initially established by Z.K. Warsi in
[66]. The first section of this chapter introduces and investigates the concept of IFPR in a
I'-Ring, which subsequently serves as the basis for defining IFPrl in the next section.

Numerous characterizations associated with these concepts are derived and explored.

4.2 Intuitionistic Fuzzy Prime Radical Of An Intuitionistic
Fuzzy Ideal Of A I'-Ring

While discussing this paper we will consider H as a commutative I'-Ring with unity.
Definition 4.2.1 Suppose G # @ IFS of a I'-Ring H. Define a set g(G) of all IFPI of H

which contains G, i.e.,
$(G) = {B:B € IFPI(H),G < B}.
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Proposition 4.2.2. Consider G, and G, to be two non-empty IFSs in a I'-Ring H, then:
(i) G; < G, implies that go(G,) S p(G,);

(ii) $(61) U p(G;) < (61 N Gy);

(iii) (G U p(G,) = (6, I'G,), if Gy, G, are two IFIs of H;

(iv) p(Gy) U p(G,) = (G, o Gy), if Gy, G, are two IFIs of H

V) o0 U #(x;) = #(xiny) if 1 and § are ideals of H.

Proof. (i) Let B € #(G,). So B will be an IFPI of H and G, < B. Since G, € G,, G; € B.
So B € (G,). Hence g(G,) S p(G,).

(ii) Since G, N G, < G; and G; N G, < G,. Therefore by (i) we have
#(G1) € (61 N G) and p(Gy) S (G N G,). Thus ©(G;) U (Gy) S (G N Gy).

(iii) Since G, and G, are IFIs of the I'-Ring H, then &,I'G, € G, N G, [ by Remark
(2.2.4)]. Therefore by (i), we have (G, N G,) S o(G,TG,). So by (ii) we have o (G,) U
$(Gy) € 9(G,TGy).

Again, let B € (G,I'G,). Then ¢,I'G, < B and B € IFPI(H), so either G; € B or
G, < B. Therefore go(B) € (G,) or o(B) € p(G,).

Now B € IFPI(H) and B € B so B € #(B). Therefore B € $(G;) or B € $(G,).
Therefore B € p(G,) U (G,). Hence o(G,TG,) € po(6G,) U po(G,). Hence ¢o(G) U
@(Gz) = 80(¢1F¢2)-

(iv) Since G, and G, are IFIs of the I'-Ring H, then ¢,T'G, S G, o G, [ by Remark (2.2.4)].
Then by (i) we have (G, o G,) € (G, TG,).

Again, let B € go(G,T'G,). Then G,T'G, < B and B € IFPI(H). This implies that G, o
G, € B, B € IFPI(H) [by Remark (2.2.4)]. So B € p(G; o G,). Thus o(G,I'G,) S
(G o Gy). Thus (G, T'G,) = (G, © G,). Hence from (iii) we get
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#(G1) U (G) = (G 0 Gy).
(v) Assume that t and } are two ideals of the I'-Ring H. Clearly x; N x; = Xiny. Thus

PO U o(x5) € 00a N x5) € 0 0tng)-

Since B € IFPI(H), we have x; € B or x; € B. Thus B S #(xy) or B < po(x).
Therefore,B < p(x) U #(x;). Thus 9 (xing) € 00 U 9 (x5).
Hence $(x;) U SQ(X}) = P(Xm})-
Definition 4.2.3. Consider an IFI G in a I'-Ring H. Then the IFS v/G of H defined by
VG =n (9(G)) =n {B:B € IFPI(H); G < B}
is said to be the IFPR of G.
Proposition 4.2.4. Consider an IFI G in a I'-Ring H. So /G is a non-constant IFI of H

with VG (0) = (1,0).
Proof. Consider an IFI G in a I'-Ring H. Therefore

/’L\/E(OH) = .Un(go(c))(OH)
= Inf{us(0y): B € IFPI(H); G < B}
=1.

Similarly, we can show v z(05) = 0. Thus VG (0y) = (1,0).
Let B € [FPI(H). So 3 at least one h € H s.t. B(hy) # (1,0). Therefore VG (hy) #
(1,0). Thus VG is a non-constant IFS of H. Now vV h,h € H, we have

ug(h=h) = papey)(h —h) = Inf{ug(h —1): B € IFPI(H); G € B}
> Inf{ug(h) A pg(h): B € IFPI(H); G < B}
= (Inf{up(h): B € IFPI(H); G < B}) A (Inf{uz (h): B € IFPI(H); G < B})
= Hn(p6)) (ﬁ) A Hn(p(6)) (h)
= 5 (h) Az ().
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Thus uz(h — h) = pz(h) A pz(R). Similarly, we can prove v z(h —h) < pz(hy) v
V\/E(hz)-
Again for any h,h € H and y € I, we have

ue(hyn) = un(@(c))(ﬁyh) = Inf{uy(hyh): B € IFPI(H); G < B}
> Inf{uz(h): B € IFPI(H); G < B}
= lln(so(a))(ﬁ)
= 5 (h).
Similarly, we can show p z(hyh) > puz(h). Thus, we have pz(hyh) > puz(h)v
g (D).
Similarly, we can prove v z(hyh) < v z(h) A v (). Hence VG is a non-constant IFI
of H.
Proposition 4.2.5. Consider an IFI G in a I'-Ring H. So /G is an IFSPI of H.

Proof. We have already shown that +/G is a non-constant IFI of H. Now V r € H, we

have
Inf{u 6y hy,r):
heHy,y, €T} = Inf{lin(go(c;))(rhhyzr):h €H,y,y: €T}
= Inf{Inf{ug(ry,hy,r):B € IFPI(H); G € B},h € H,y,,y, € '}
= Inf{ug(r): B € IFPI(H); G € B}[ As B € IFPI(H)]
= Hn(p(a))(r)
= tye ().
tye(r)

Similarly, we can prove Sup{v (ry,hy,7):h € H,y1,y, € I'} = v 5(r).

Hence /G is an IFSPI of H (by Proposition (2.2.11)).
Proposition 4.2.6. Suppose G; and G, be two IFIs of a I'-Ring H. Then

(i) V& () = (1,0) ifh € (Gy).
(i) 6; < /G,
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(iii)) I G; < G, then /G, © /G,
(iv) ,/JGT =G,
(V) /Gy D Gy = ‘/\/¢—1 S) \/$—2, where G, (04) = G,(05) = (1,0).

Proof. (i) Let h € (\/G,) . Then

ll\/q;_l(h) = M\/@(OH) = Hn(p6D) (0gy)
= Inf{ug(0;): B € IFPI(H); G, € B}
=1.

In the same manner, it can be shown that v (k) = 0. Thus JG(h) = (1,0).

(i) Forany h € H

1g (h) = tn(pge,) (M)
= Inf{ug,(h): G, € IFPI(H); G, € G,}
= ,qu;l(h).

In the same manner, it can be shown that v - (h) < v, (h). Thus G; N[

(iii) Consider two IFIs G; and G, ina I'-Ring H s.t. G; € G,. Then p(G,) S p(6G,).
Thus N ((61)) €n (9(6,)), ie., /G, S /G,

(iv) Since G; S /Gy, it follows that \/G; € /\/(]}_1 and 9(G,) < p(y/6;). Thus
n (So(‘/q;_l)) cn (pG). ie., 1/\/(];—1 c /G,. Hence Nqu = /Gy.
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(v) Since G, /G, and G, S /G,, s0 G, D G, /G DG, Thus /G, DG,
JVE © V6.

Again G, € G, ® G, and G, S G D G, s0 /G, S /G, D G, and /G, S /G, D G,
implies /G, ® /G, € /6, ® G,. Thus \[\/ﬁ@\/(l}_zg\[\/(l}l@(l}2=\/(l}1€9¢2.
Hence /G, @ G, = N(I;TGBJ(ITZ

Proposition 4.2.7. Let G be an IFPI of a I'-Ring H. Therefore /G = G and so every
IFPI is IFSPI.
Proof. Assume that G is an IFPI of I'-Ring H. Therefore G € IFPI(H).

VG =n (9(6)) =n {B:B € IFPI(H); G < B} € G. Again G € VG.So VG = G.

The second assertion follows from Proposition (4.2.5).

Lemma 4.2.8. Consider an IFI G in H s.t. G(0,) = (1,0), then /G, < (VG)_, where
JG.=n{L:LisaPlofHst. G, S L}.

Proof. Let h € \/? SoheLVPILofHst G, € L. Suppose B isan IFPl of Hs.t. G ©
B. Let r € G,. Then us(r) = us(04) =1 = pg(r) and vg(r) = v;(05) = 0 = vg(r).
So r € B,. Hence G, € B,. As B is an IFPI of H, and B, is a Pl of H (By Theorem
(2.2.9)). Also G, € B, so h € B,. Hence B(h) = B(04) = (1,0). Now

tye(h) = tn(peey) (M)
— Inf{ug(h): B € IFPI(H); G € B}
=1=u;z0p).

Similarly, we can prove that v z(h) = v 5(05). So h € (VG) . Thus /G, € (VG) .
Lemma 4.2.9. If G isan IFl of Hs.t. [Img(G)| =2 = {(1,0),(4,0)}, where 0 < A,{ <
1st.A+¢ <1 Then (vVG) <./G..
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Proof. Let he (VG). Then pugz(h) =pz(04) =1 and vg(h) =vz(04) = 0.

Therefore, VG (h) = (1,0). This implies that P(h) = (1,0) for all IFPI P with the
condition that G € P. Thus h € P. whenever P € IFPI(H), G € P.
Let 2 be aPlof Hs.t. G, © 2. Now we define an IFS B of H as

(1, ifyen _ _ (0, ifyen
“B(Y)_{Al, ify e H\ 2’ VB(V)‘{q, ify € H\ 0.

where 1;,¢; € (0,1) such that 2, > 1 and {; < {. Then B is an IFPI of H [by Theorem
(2.2.9)] s.t. G is contained in B. Hence h € B, =0N. Soh € N{N:NisaPlofHs.t. G, S

0}. Hence h belongs to radical of G,. Thus we have (VG) < /G..

4.3 Intuitionistic Fuzzy Primary ldeal Of A I'-Ring

Definition 4.3.1. Consider G to be any IFI in '-Ring H. Then IFS +/G which is defined
as

e () =V {ug ()" *h):n € N} and vz (h) =A {v;((hy)" 'h):n € N)} is called the
IFPR of G, where (hy)" *h = h,forn=1,y €T.

Proposition 4.3.2. V IFIs ¢ and G of I'-Ring H, we have

() ¢ < /6;
(i) 6 < G = G c VG

i) V& = &
Proof. Straightforward.

Theorem 4.3.3. For any IFI G of I'-Ring H, v/G is an IFI of H.
Proof. Let hy,h, e H,y €T.
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pyg(hy +hy)  =Visq [.UG{(UM + hz))/)k(h1 + hz)}]

> pe{((hy + h)y)"™ " (hy + hy))

= u{(hyy)™h 3 A ug{(hyy)™ Ay} Ap+q=m+n te{(h1y)P (hyy)9hy}
Ap+q=m+n Uc{Chy)P(hyy)Th,}

= pg{(hy)"h} A ug{(hyy)hy}

= H\/EUM) A li\/E(hz)-

[As ((hy + hz)y)mﬂ(h1 + h,) may be seen as the sum of the terms of the forms
(hyy)™* 1y, (hyy)™ 0y, (hyy)P(hyy)9hy, and (hyy)P (hyy)?h,, for some p,q € N sit.

p+q=m+n]
In the same manner it can be shown that v ;(hy + hy) < v g(hy) Vv g (hy). Further,

since

te{Chay)"hi} v pug{(hy)hy} < pe{(hay)hyy(hyy)thy}
<Vis1 [pe{(hiyhy)*hyyh,)]
= H\/E(hﬂ’hz)-

Thus pz(hivhy) = pe{(hiy)™hy} Vv ug{(hyy)™h,}. Similarly, we can show that
vy (hivhy) < ve{(hy¥)h} Ave{(hyy)"h,}. Hence VG is an IFI of H.
Proposition 4.3.4. Let G;, and G, be two IFIs of a I'-Ring H. Then

V6.6, = /6, n6G, = /G, n /G,
Proof. Since G; N G, € G, and G, N G, < G, implies /G, N &, € /6, and \/6; N G, S
VG and s0 /G, N G, € /Gy N /G,

For the reverse inclusion, let h € H,y € I' be any element. Now
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ﬂ\/@n\/q;_z(h) = ll\/q;—l(h) A /1\/(];_2(}1)
= [V {ug, ((hy)™h):m > 03] A [V {ug, ((hy)"h):n > 0}]
=V {ug, ((hy)™h) A pg, ((hy)V): m, n, > 0}
<V {ug, ((hy)™*h) A pg, ((hy)™*h):m + n > 0}
=V {tg,n¢, ((hY)™ h):m + n > 0}

= U g, (-

Similarly, we can show that v =, &=(h) 2 v g (h). Thus JG N6, €6 NG,
Hence /G, N G, = /G N /G,

Further, as G, TG, € G, N G, implies /6, "G, < /G, N G,. For the other inclusion, let

h € H,y € I' be any element. Now

M\/G—ln@(h) = luqu;—l(h) /\Mm—z(h)
= [V g, ()R > 03] A [V g, (o) )i > 03]
=V {ug, ((hy)™h) A pg, ((hy)™): m, n, > 0}
<V (i, ()™ ) A g, ((hy)™*h):m + 1 > 0
=V {ug,ng, ((hy)™*h):m + n > 0}

=u [G1NG, (h-)
In the same manner, it can be shown that VJW(h) > vm(h). Thus /G, NG, S

VGG,
ThUS\/Gl nq}z :'\/q;qu;z. Hence'\/q;qu}z = \/(]}1 ﬂ(]}z = \/q}—ln»\/d}—z.
Corollary 4.3.5. If {G;: 1 < i < n}is afinite number of IFls of a I'-Ring H, then

N TGy, =6 NG NG N.....0 Gy = /6 NG, NG 0.0 Gy
Definition 4.3.6. A non-constant IFI Q in a I'-Ring H is called an IFPrl of H if, for any

two IFls G andG of H s.t. GI'G < Q = either G < Q or G < \/Q.

Theorem 4.3.7. Let Q € IFI(H). Then Q is an IFPrl of H iff Q is non-constant and G o
G € Q = either G € Q or G < ,/Q, where G, G € IFI(H).
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Proof. By using Remark (2.2.4) the proof is straightforward, since G o G € Q iff GI'G <
Q, where G, G € IFI(H).

Theorem 4.3.8. Let Q be an IFI of comm. I'-Ring H. Then for any two IFPs
hen0) k(6,9) € IFP(H) the following are equivalent to each other:

(i) Q isanIFPrl of H

(i) ey kea0y S Q implies b, gy S Q OF k) S 4/Q.

Proof. (i) implies (ii) Let Q is an IFPrl of H.

Let hiy.0), k(g9) € IFP(H) S.t. hy 9y 'k(s,9) € Q. This implies (hI'k) (p60ve) € Q.

i.e., puo(hyk) = n ABandvy(hyk) <9 As, foreveryy €T

Define two IFSs G, and G, of H as follows

(,6), ifpe<h>

8,9), ifpe<k>
(0,1), otherwise ’ (liz(p)={( ) "

G:(p) = { (0,1), otherwise

Clearly G,, G, are IFIs of Hand h(, gy € G; and k(g 9y S G,. Now

U, 16, () =Vpouyw e, W) A, @] =nA8  and  vg,re, () =Apouyw [ve, @V
ve, )] =0 VI, where u €< h >, v €< k >. Thus pg,r¢,(p) = n A8 < py(hyk) and
Ve,re, @) = 0V 9 = v, (hyk).

Thus when p =uyv, where u €< h>, ve<k>. (G I'Gy)(p) S Q(p) otherwise
(6¢,r'G,)(p) = (0,1). Thus get G, I'G, < Q. As Q is IFPrl of H, so either ¢, < Q or ¢, <
JQ. Thus we have h¢, gy S G; € Q 0rkgg) S Gy S /Q, 8., hygy S Q OF k(g) S 4/Q.

(i) = (i), Let G, and G, be two IFIs of I'-Ring H s.t. ¢, I"G, < Q. Suppose that G; € Q.
Then 3h € H s.t. ug, (h) > ug(h) and vg, (h) < vo(h). Let ug, (h) = m,vg, (h) = n.
Let k € H and pg, (k) = 7,vg, (k) = w.
If p = hyk for some y € I', then (hqy T k(r.0)) (@) = (M AT, nV w). Hence
to(P) = o (hyk) = pg, re, (hyk) = [ug, (W) A pig, ()] = m AT =ty (hYK) =
Kby ) TY (2.0 (p)
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VQ (p) = VQ (h)’k) < V(Iill"(l}z (hyk) < [V(];l (h) \% v(];z (k)] = rl,v w = Vh(m‘n)ry(r‘w) (hyk) =
Vh(m_n)Fy(T'w) (p)

If 'uh(n].n)ry(‘r,w) (p) = O' vh(m_n)['y(.[_w) (p) = 1’ then an (p) = .“h(m‘n)ry(r‘w) (p)va (p) <

Vi ey )+ HENCE My TRz ) € Q. By (i) either hyny € Q 0 kri) €4/Q.

i.e., either py(h) = m,vy(h) < Qorﬂ@(k) > 1, v@(k) < w.

Since m % po(h),n & vo(h) implies that hey oy € Q and so k) S 4/Q. This implies
that u\/@(k) > 1 = yg, (k) and v@(k) < w = vg,(k),Vk € H. Which implies that ¢, S
Q. Hence Q is an IFPrl of H.

Proposition 4.3.9. Let Q be an IFI in a I'-Ring H. If Q is an IFPrl of H, then for all
hi,h, € Hy €' such that py(hiyhy) > pg(hy),vo(hiyh,) <vy(hy) implies that
to(hivhy) < p 5 (ha),vo(hiyhy) > v 5(hy).

Proof. uy(hiyhy) =1 > pg(hy),vo(hiyh,) = s <vy(hy). Then (hyyhy) s € Q and
hi.s) & Q. Since Q is an IFPrl of H then h, ., € /Q. Thus wg(ha) = 1 = uo(havh,)
and v \/E(hz) < 5 = vy (hyyh;). This completes the proof.

Theorem 4.3.10. Assume that Q is an IFPrl of I'-Ring H. Then

Q. =f{h € H:uy(h) = puy(0y) and vy(h) = v, (04)} will be a Prl of H.

Proof. Suppose hy,h, € Q.. SO pg(hy) = pg(hy) = p(0y) and vy (hy) = vo(hy) =
vo(0y). Now

Ho(hy — hy) = g(hy) A pig(hy) = g (0y)  and  vo(hy — hy) < Vg () Vg (hy) =
vo(0y) implies that py(hy — hy) = pg(0y) and vo(hy — hy) = vo(0y). SO hy — hy €

Q..
Further, let h; € H and h, € Q,, then gy (hy) = pg(0y) and vy (hy) = vo(0g).

Let y € I' be any element, then pq(hivhy) = pg(hy) V pg(hy) = po(hy) V g (0y) =
Hq (0p).

But  po(0y) = pg(hyyhy) always implies  pg(hyyhy) = pg(0y).  Similarly,
Vo(hiyhy) = vo(0p).
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Thus hyyh, € Q.. This shows that Q, is the right ideal of I'-Ring H. In the same manner,
it can be shown that Q. is a left ideal of I'-Ring H. Thus Q, is an ideal of I"-Ring H.
Further, let hy,h, €H,y €I st hyyh, € Q.ie., po(hyyhy) =pe(0y) and
vo(hiyhy) = vo(0y). Suppose that hy & Q.,then we claim that h, € ,/Q,, i.e.,3 some
me€Nandy € I's.t. (h,y)™h, € Q,.

Ash; & Q, = pg(hy) < pg(0y) and vy (hy) > pug(0y). Thus we have
to(hiyhy) > pg(hy),ve(hiyhy) < vy (hy). Then by above proposition (4.3.9) we have
to(hivhy) < p 5(ho), vo(hivhy) > v 5(ha),  ie,  u g(h) > pg(04), v G(hy) <
vo(0g) implies that Vv {uy((hyy)™hy):m > 03 > g (0g),A {vo((hyy)™hy):m > 0} <
vo(0y).Thus 3 some meN,y €I’ such that puy((hyy)™hy) > pe(0y) and
vo((hay)™hs) < v (04) 8., g ((haY)™hz) = 1g (01) and vo ((hyy)™hs) = g (01)
and so (h,y)™h, € Q.. Thus h, € /Q... This complete the proof.
Theorem 4.3.11. Let Q be an IFS of a I'-Ring H. If Q(04) = (1,0), Q. is a Prl of H and
Img(Q) = {(1,0),(1,{)}, where 1,{ € [0,1) s.t. A+ ¢ < 1. Then Q is an IFPrl of H.
Proof. Q is a non-constant IFI of H as Q, is an ideal of H. Assume that G,, G, € IFI(H)
st. GG, € Q. Suppose G, € Q and G, £ /Q. Then 3, hy,h, EH sit. tg, (hy) >
to(hy), vg, (hy) < vo(hy) and g, (hy) > H\/a(hz). vg, (hy) < V\/a(hz)- Since Q(0y) =

(1,0) = /Q(04) gives that hy & Q. and h, & (,/Q) . Again since /Q, < (/@) , so
h, € \/Q..

Therefore hyI'HI'h, £ Q, (by Theorem 9,[8]) as Q. is a Prl of H.
Therefore g (hyyymyzhy) = 2 # 1, vo(hyyymyzhy) = { # 0, for some y;,y, €', m €
H.

Since hy € Q., po(hy) #ue(0y) =1, vo(hy) #ve(05) =0. So py(hy) =
A,vo(hy) = ¢. Thus ug, (hy) > pg(hy) = 4, v, (hy) <vo(hy) =4.

Again since g, (hy) < uﬁ(hz) < g, (hy) and vy (h,) = V@(hz) > vg,(hy), Q(hy) #
(1,0). S0 A = pqy(hy) < pg,(hy) and { = vy (hy) > vg, (hy). Now we will have
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A= | 2%) (hyyamyzhy)
= UG, I, (hyyimyzhy)
2 Ug, (hy) A HUg, (hz)
> A

which is not possible as per our supposition. Therefore Q is an IFPrl of H.
Example 4.3.12. For a Prl W of I'-Ring H, the IFCF y,, is an IFPrl of H.
Proof. Here we have

1, ifheW
0, otherwise’

0, ifheW
How (h) = { Vo () = {1, otherwise.
Clearly, p,, (0g) = 1,v,,,(04) = 0 and (). = W is a Prl of H. Hence xy, is an IFPrl
of H.

Proposition 4.3.13. Assume that Q is a non-constant IFPrl in I'-Ring H. Then there
exists an IFPI P of Hs.t. P € 9(Q).

Proof. As Q is non-constant, then 3 m € H s.t. uy(m) # py(04) and vy (m) # vo(0y).
Let pp(m) <7 < pup(0y) and vo(m) > w > vy (0y). Then Q) # H, and Q1) is an
ideal of H. So 3 a prime W of Hs.t. Q(;,,) € W c H.

Let P be an IFS on H which is defined as

p (w):{l, ifoeW . (a)):{o, ifoeW
P 7, otherwise’ © w, otherwise.

Then P is an IFPI of H (by Theorem (2.2.9))

Let ® € H. Then either 11, (®) = 7, v () < w or py (®) > 7, v4 (D) < w.
In the second case we get gy (1) < pup (M), o (®) = pp (H).
In the first case, we get © € Q(;,,y € W, 50 p(®) = 1,vp(®m) = 0. Hence in both cases,

we get same result. Thus Q € P. Hence P € $(Q).
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Proposition 4.3.14. Let H be a I'-Ring and}[e; 6;],e; € H,8; €T, for i=
1,2,3..... ,n be the left unity of H and G be a non-constant IFI of H. Let r € H be s.t.
min{ug(e;):i =1,2,....n} < pug(r) and max{v;(e)):i =1,2,....n} > v;(r). Then 3
e€{e:i=12,...n} st ugz(e) <ug(r)andvz(e) > ve(r).

Proof. Let u; (r) = sq,v5(r) = s, and min{u;(e;)):i = 1,2,....n} = t; = pg(e’),
max{vg(e;):i =1,2,....n} =t, = vz(e'), where e’ € {e;:i = 1,2,....1}.

Suppose that 11,7, € [0,1) s.t. t; <73 < sy and t, > 1, > s5,. Then (ry, 3)-cut set G-, r.,)
is an ideal of H. Since e’ & G, ). LetLbeaPlofHst. G ) S L, and L # H.

Let B be an IFS of H which is defined as

1, iflel (0, iflel
“B(l)—{rl, iflgL’ VB(l)_{rz, ifl¢L.

Then by proposition (4.3.13), we can prove that B € (G). Now as L is a proper ideal of
H,J atleastonee € {e;:i =1,2,....n}st.eg¢ L, forife; € Lforalli =1,23,....,n,
then h = );e; 6;h V h € H that is L = H, a contradiction.
Hence pz(e) =y and vz (e) = 1,. As B € 9(G), VG S B,
Now u z(e) < ug(e) =1 < ug(r) and v z(e) = vg(e) =1, > vs(1).
This completes the result.

Now we have the converse of Theorem (4.3.11)
Theorem 4.3.15. Let H be a I'-Ring and Q be an IFPrl of H. Then Q(0,) = (1,0),
|Img(Q)| = 2, and Q, is a Prl of H.
Proof. Let us assume that 1, (0y) = 1 < 1and v, (04) = { > 0.
Let min;{ug(e))} = a < ug(0y) and max;{vy(e;)} = B > vo(0y). Then 3 e € {e;:i =
1,2,....n} s.t. “ﬁ(e) =1; < Aand Vﬁ(e) = {, < { (by Proposition (4.3.14)).
Leti<p<land{>qg=0.Thena< A, <p<landf > >(=0.
Let G;, and G, be two IFSs on H defined by

(p itheq. [ ith € Q.
e, () = {7 itheo. “aMW=18 irheo.
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and G,(h) = (4,{),V h € H. Then G, and G, are IFIs of H. Let h, € H be any element.
If hy €Q., then Q(hy) = G,(hy) = (A,0) and SO pg, rg,(h1) =V, =nyn, [He, (h2) A
us, (ha)] < 4 = py(hy) and v, rg, (hy) =An,=n,yn, [Ve, (ha) Vg, (ha)] = ¢ = vy (hy).
If hy & Q., then G, (hy) = (a, B), then ug, ¢, (hy) = a = min;{uy(e;)} < py(hy) and
Ve,re, (h1) = B = max;{vy(e)} = vy (hy). So GG, € Q.

Also pg, (04) =p > 4 = pg(0y) and v, (04) = g < =v,(04). So G, £ Q.

Again forsome e € {e;:i = 1,2,...,n}, g, (e) = 1> 4, = yﬁ(e) and vg,(e) ={ <
¢y = v sg(e) implies that G, & Q. This is a contradiction since Q is an IFPrl of H.
Hence o (05) = 1 and

vo(0,) = 0, ie., Q(0,) = (1,0).

Since Q is non-constant, so |Img(Q)| = 2. Suppose that |[Img(Q)| = 3. Let
min;{uy(e;)} = a and max;{vy(e))} = . Then 3 (4,{) € Img(Q) st.a <A< 1and
B>(>0.LetreHbest uy(r) =Avy(r)=¢ ThenIe € {e;:i =12,....n} st.
i g(e) <ug(r),v mle) >vo(r).

Let G;, and G, be two IFSs of H s.t.

1, ifheqQg 0, ifh€Qq,
llq;l(h):{ o o8, vq;l(h):{ Fhe o
a, ifh & Quo B, ifh&Quo-

and G,(h) = (4,0), forall h € H. Then G, and G, are IFIsof Hand ¢,I"G, < Q.
Now we (1) =1>2A1=pe(r) and v (1) =0 < =vy(r). Thus G £ Q. Also for

some e € {e;:i =1,2,...,n} ug,(e) =1 =pp(r) > ,u\/a(e) and vg, (e) = ¢ =vy(r) <
Hg(e). Hence G, & JQ. Thus we see that ¢; ¢ Q and G, £ ./Q, which is a

contradiction. Hence |Q(H)| = 2.
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Let Img(Q) = {(1,0),(4,0)}, where A, € [0,1) such that 1+ < 1. Let 1,§ be two
ideals of Hs.t. 1} € Q.. Let G = 3, G, = x;. Then G, I'G, S Q. Since Q is IFPrl, either
G, < Q or G, € /Q.

If 6, € Q, then t € Q,, and if ¢, <,/Q, then € (V@) =/Q. (by Lemma (4.2.9)).
Hence Q, is Prl of H.

Corollary 4.3.16. Assume that t is an ideal of the I'-Ring H s.t. y; is an IFPrl of H, then
tisaPrl of H.

Proof. As y; isan IFPrl of H, so t = (x3). = x;. isa Prl of H.

From Theorem (4.3.11) and Theorem (4.3.15) we have

Theorem 4.3.17. If Q is an IFPrl of a I'-Ring H, then the following conditions hold:

(i) Q(0) = (1,0,

(i) Q, is a primary ideal of H,

(iii) Img (Q) = {(1,0), (1, {)}, where A,{ € [0,1) such that 1 + { < 1.

Example 4.3.18. Consider H = I' = Z, the ring of integers. Then H is a I'-Ring. Let us
take IFS Q on H which is defined as

(1, ifhe<pt> (0, ifhe<p’ >
“Q(h)_{a, ifhg<pm >’ "Q(h)‘{(, ifh g< p" >.

where p is a prime number and n > 1 a positive integer, ,{ € [0,1) s.t. A+ { < 1. So it
can be easily verified that Q is an IFPrl of H.

Remark 4.3.19. Every IFPI of a I'-Ring H is an IFPrl but the converse is not true.

Proof. It follows from definition (4.3.6) and Proposition (4.2.7). For the converse part, the
IFS Q as defined in Example (4.3.18) is an IFPrl but it is not an IFPI (as Q, =< p™ > is
not a Pl of H).

Theorem 4.3.20. For an IFPrl Q of aI'-Ring H \/5 will be an IFPI of H.

Proof. As Q is an IFPrl of H, Q(04) =(1,0), Q. is a Prl of H and Img(Q) =
{(1,0), (4,0)}, where A, € [0,1) s.t. A + ¢ < 1. (by Theorem (4.3.15)). Now support of
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radical of Q is equals to radical of support of Q is a Pl of H and /Q(h) = (1,0) for h €

Q..
Let G be an IFS of H s.t.

1, ifhe(ﬁ)*_
A ifthe (V@)

Then G € p(G6) and G, = (,/Q)_ = /Q..
Leth ¢ (,/Q) . Then
A=puo(h) < H@(h) < pg(h) = Aand { = vy(h) = v\/a(h) >vg(h) =¢.

Thus Img(y/Q) = {(1,0),(4,0)}, where A,¢ € [0,1) such that A +{ <1, \/Q(0y) =
(1,0) and (/@) isa Pl of H. Hence ,/Q is an IFPI of H (By Theorem (2.2.9)).

0, ifhe(Q),
¢, ifhé(/Q).

g (h) = vg(h) =

4.4 Homomorphic Behaviour Of Intuitionistic Fuzzy Primary

Ideals And Intuitionistic Fuzzy Prime Radical Of I'-Ring

Lemma 4.4.1. If o bea Hom:lzand G is an o-invariant IFI of H, then 0(G.) = (0(6)) .
Proof. Clearly,,ug(c)(OHz) = Sup{ug(hy):o(hy) = 0y,} = Sup{ug(hy):o(hy) =
o(0p,)} = e (0y,). Similarly, we can show that v,(04,) =vs(0g,). Thus

O-(G)(OHz) = G(OH1)'
Let h, € 6(G.). Then h, =a(h,) for some hy €G,. Hence G(hy) =G(0y,) =

a(6)(0y,).

to)(h2) = Sup{ug(2):0(z) = hy} = Sup{ug(2):0(2) = a(hy)} = pg(hy)
= toc)(On,).

In the same manner, it can be seen that v, ) (h,) = vy (04,)- SO h, € (0(G))_. Hence

o(G,) € (O'(G))*. Again let o(h,) € (O'(G))*.
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o) (0n,) = to(e)(0(hy)) = Sup{ue():0(t) = a(h)} = pe(hy). In  the same
manner, it can be shown that v, ) (04,) = v (hy). So G(hy) = (6(6))(04,) = G(04,)
implies that hy € G,, ie., o(h) € 0(G,). Thus (0(G)) < a(G,). Hence the result
proves.

Lemma 4.4.2. ([34]) Let o be a Homlff. If G is an o-invariant IFI of Hy, then o(G) is
an IFI of H,.

Theorem 4.4.3. Leto be a Hom,ff. If G is an o-invariant IFPrl of Hy, then o(G) is an
IFPrl of H,.

Proof. Let G be an g-invariant IFPrl of H;. Then o(G) is IFI of H, (by Lemma (4.4.2)).
Since G is IFPrl of Hy, then G(04,)=(1,0), G. is a Prl of H; and G(H,) =
{(1,0), (1, )}, where A, € [0,1) s.t. 1+ ¢ < 1. From the proof of the Lemma (4.4.1),
we have 0(G)(04,) = G(04,) = (1,0). Also (a(G))_ = o(G,) is a Prl of H,. Now we
prove o(G(Hy)) = {(1,0),(1,{)} where A, € [0,1) s.t. A+ < 1.

Assume that heH, be st pg(h)=Ave(R)=¢. Then py (o)) =
Sup{uc(2):0(2) = o()} = ue(h) = A and vy gy (6 (R)) = Inf{ve(2): 0(2) = o(W)} =
ve(h) = {. As G is o-invariant also (G)(04,) = (1,0). So a(G(H,)) = {(1,0), (4, O}.
By Theorem (4.3.11) it follows that o(G) is an IFPrl of H;.

Example 4.4.4. Assume that H =TI =Z, the ring of integers, and o be a I'-
homomorphism from H to H defined by a(h) = 2h, and let

(h)_{1, ifhesz (x)_{o, ith €37
He —10.2, ifotherwise’ ¢ (0.7, otherwise.

be an IFPrl of H. Then

a(6)(0) = (Sup{ug(h): a(n) = 0}, Inf{vg(h):a(n) = 03) = (15(0),v6(0)) = (1,0)

and a(G)(1) = (Sup{ug(R):0(n) = 1}, Inf{vs(M):0(n) = 1}) = (0,1) [Aso™(1) =
@]. Similarly, we can find that 6(G)(3) = ¢(G)(5) = (0,1) and a(G)(2) = 0(G)(4) =

(0.2,0.7) and so on we get

52



1, ifthe6z 0, ifh € 6Z
,Llo-(G)(h) = 02, ifhe2Z— 6Z, VU(G)(x) = 07, ifhe2Z—-6Z
0, itheZ—-2Z 1, iftheZ—-2Z,

is not an IFPrl of H ( As [Img(G)| = 3 # 2). This shows that the assumption that ¢ is an
epimorphism in Theorem (4.4.3) cannot be dropped.

Lemma 4.45. Assume that o be a Hom,;2. If B is an IFI of H,, then (¢7(B)) =
o~ (B).
Proof. Assume that y € (671(B))_ & (¢7*(B))(y) = (67'(B))(04,)

& B(o() = B(0(04,)) = B(0s,) = (1,0)

o o(y) €EB, ©yeoi(B).

Hence (671(B)) = o~ *(B.).

Lemma 4.4.6. ([34,43]) Assume that o be a Hom:f. If B is an IFI of H,, then 0~ 1(B) is
an IFI of H;.

Theorem 4.4.7. Leto be a Hom,flz. If B is an IFPrl of H,, then its inverse image will be
an IFPrl of H;.

Proof. By lemma (4.4.6) o=*(B) is an IFI of H;. Also (6~(B)(0y,) = B (O'(OHI)) =
B(04,) = (1,0). As B is an IFPrl of H,. Now B(H,) = {(1,0),(4,0)}, where 1,{ €
[0,1) st. A+ { < 1. Let h, € H, be s.t. ug(h,) = A, vg(h,) =, then 3 h, € H; sit.
o(hy) =h,. Now o 1(B)(h) =B(o(h))=QA. Thus o YB(H)) =
{(1,0),(4,0)}, where 4,{ €[0,1) st. A+ <1. Also, by lemma (4.4.5) we have
(671(B)). = 0~1(B.) is a Prl of H,. Hence by Theorem (4.3.11), s~ *(B) is an IFPrl of
H;.

Theorem 4.4.8. Leto be a Hom,flz. If G is an IFI of H, s.t. G is constant on Kera, then

Jo(G)=c(VG).
Proof. Clearly, /o (G) and a(\/E) are IFls of H,. Let h, € H,,y € I" be any element, as
o isonto so 3 some h,; € H; s.t. 6(hy) = h,. Now a((h,y)"hy) = (yy)"h,.
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lla(\/E)(hz) = Sup{/l\/ﬁ(}h): hy € 07 (hy)}
= Sup{V {us ((hy¥)"hy):r > 0}: hy € 071 (v)}
=V {Sup{u ((hyy)"hy):hy € 071 (hy)}:7r > 0}
<V {Sup{us ((hy)"hy): (hyy)"hy € 07 () hy)}ir > 0}
=V {Sup{ug ((hyy)"hy): (hyy)"hy € 071 ((hyy)"hy)}: v > 0}
=V {ttg()((hzy)"hy):r > 0}

= U focey (h2)-

In the same manner it can be shown that v,(z)(h2) 2 v ey (h2). Thus o(VG)

Jo(6).

Further, if G is constant on Kero and h, , € o~ 1(h,) be a fixed element of H. Then
p((xy)"hy) = HG((h10V)Th1O) and vg((h1¥)"hy) =VG((h10V)rh10) for all h, €

o '),yer, meN and pg(hy) = .UG((}HOV)T}MO) and vg(hy) = VG((h10V)rh10)
forall h, € 071(h,),y € I', m € N. Hence

Hm(hz) =V {tig6)(Ch2y)"hy):1 > 0}
=V {Sup{us((hy)"h1): (hyy)"hy € 7 () hy)}ir > 0}
= Sup{V {ug ((hyy)"hy):r > 0}: (xy)"x € 071 ((h,y)"hy)}
= Sup{Vv {#G((hm)/)rhm):r > 0}:hy € 07 (hy)}
= Sup{V {ug((hyy)"hy):r > 0}: hy € a7 1(h,)}
= Sup{ug(hy):hy € o (hy)}
= Ug(vg)(h2)

Similarly, we can show that v ;5 (h2) < vy(g)(hy). Thus {/o(G) o(VG).
Hence by using above two equations /a(G) = a(\/ﬁ) is proved.
Theorem 4.4.9. Let ¢ be a Hom;2. If G is an IFI of H;, then "\/o=1(G) = 0 *(VG)".

Proof. Clearly, v/o=1(G) and 0‘1(\/5) are IFIs of H;. Let h € H;,y € I" be any element,
then

54



to1ye) () = (e () =V {us((e(WY) o (h)):r > 0}

=V (g (o (W) W)): 7 > 0}
=V {116 ()" R):7 > 0

= U p=iggy (h)

In the same manner, it can be shown that v,-1 ), (h) = vﬁ(h), VheH,y€r.

i
Hence /o=1(B) = 0~ *(VB).

4.5 Intuitionistic Fuzzy 2-Absorbing Primary Ideals Of A TI'-
Ring

The notion of a 2-absorbing ideal, an extension of the PI, was pioneered by Badawi in
[6], while the concept of a 2-APrl, a generalization of the Prl, was introduced and
analyzed by Badawi in [7]. Presently, research on 2-absorbing ideal theory is rapidly
advancing. Elkettani and Kasem [20] have unified the concepts of 2-Als and 2A-Prl into
2-Ad-Prl within the realm of I'-Rings, yielding numerous compelling findings. Yavuza,
Onara, and Ersoya in [69, 70] investigated IF2-APrl and IF2-SPrl within commutative
rings. In this section, the notion of IF2-APrlIs is extended to I'-Rings.

Definition 4.5.1. For a non-constant IFI Q ina I'-Ring H to be an IF2 —APrl of H the
condition is as follows that for any IFPs h, ), k(6.9 P(rw) Of Hand yy,y, € I' such that

h(n,@)Ylk(B,ﬁ))/Zp(T,w) c Q |mp||eS that

either Ay 0yV1ke9) S Q O hino)YaPzw) S V@ OF kg 9)Y2Pzw) S +/Q.

Proposition 4.5.2. Every IFPrl in a I'-Ring H will be an IF2 —APrl of H.

Proof. The proof is straightforward.

Theorem 4.5.3. Suppose Q is an IFl in a I'-Ring H. If Q is an IF2 —APrl of H then
Q.0 IS @ 2-APrl of I'-Ring H for all n € [0, 145 (0)], and 8 € [v,(0), 1] withn +6 < 1
and Q) # H.
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Proof. Let Q be an IF2 —APrl of H and suppose that h,k,p € H,y,,y, € I' are such that
hy:1ky,p € Qeng) for all n € [0, u0(0)] and 6 € [v4(0), 1] with n + 6 < 1 and Q) #
H. Then

Ho(hyiky2p) Zm,  vo(hyiky,p) <6 implies Uiy, ky,p) g, (RV1KY2D) =1 <

Ho(hy1ky2p) and Viny, ky,p) e, ) (RY1KY2D) = 6 = v (hy1ky,p) and so we have

(hy1ky2p) ey € Q. 1.8., hgpoyVik,0)V2Dme) € Q. Since Q is an IF2-APrl of I'-
Ring H, we have

hameyYikmey S Q OF hay V2Dme) € /Q OF kgyoy¥2Pme) S Q-
i.e., (hy1k)n0y € Q 0F (hy2p) 0y S /Q OF (k20 (n 6y € +/Q.

Thus hy,k € Q(yg) OF hy,p € (\/6)(77,9) = /Que O k2P € Qi 6).
Therefore Q¢ 9y is a 2 —APrl of I'-Ring H.
The non-validation of the converse of the above-stated theorem is justified with the
help of the following example.
Example 4.5.4. Let H = Z and I = 27Z, so that H is a I'-Ring. Define the IFI Q of H by

1, ifh=0 0, ifh=0
uo(h) =1{1/3, ifh € 152 —{0}; v,(h) ={1/2, ifh € 15Z— {0}
0, ifheZ-15Z 1, ifheZ—-15L

Since Qo.1) = Z, Q1/3,1/2) = 15Z, Q1,0y = {0}, then we get Q,q) is a 2-APrl of I'-
Ring H. But for y,,y, € 2Z, we get

3(1/2,1/3))/15(1/2,1/3))/2 1/31/2) = (3)/15)/21)(1/2/\1/2/\1/3,1/3v1/3v1/2) =
By15v2Dy31/2) €@ and H3(1/2‘1/3)y15(1/2‘1/3)(3)/15) = H(3y15)(1/2‘1/3)(3]’15) =1/2>
1/3 = 2% (3y15).

Similarly, we get v3(1/2’1/3)y15(1/2‘1/3)(3)/15) < v (3y15). This implies that
31/2,1/3)Y151/2,1/3) & Q.

/13(1/2'1/3)],21(1/3'1/2)(3)/2 1= #(3)/21)(1/3_1/2)(3)’2 N=1/3>0= #\/5(3}’21)-
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Similarly, 1/3(1/2'1/3)],21(1/3'1/2)(3)/21) < vﬁ(Byzl). This implies 3(1/21/3)V21¢1/3,1/2) €

\/5. In the same way, we can show that 5¢1/1/3¥21(1/3,1/2) € \/5 Thus Q is not an
IF2-APrl of I'-Ring H.
Corollary 4.55. If Q is an IF2—APrl of I'-Ring H, then Q. ={h € H:uy(h) =
1o (0) and vy(h) = vy(0)} is a 2-APrl of I'-Ring H.
Proof. Since Q is a non-constant IFlI of I'-Ring H, then Q, # H. The proof is
straightforward by using the above theorem.

In the sequel of the paper, for the sake of simplicity, we denote h" =
hy hy,h....... Yy_1h for some y4,v5,....... ,¥r—1 € I' and for some r € Z™.
Theorem 4.5.6. Suppose W be a 2 —APrl of I'-Ring H. Then the IFCF yg w.r.t. W
defined by

_(1, ifheW _{0, ifh e W
/“‘Xw(h)_{o, otherwise’ Vg () = 1, otherwise.

isan IF2 —APrl of I'-Ring H.

Proof. We have W = H and so Q = y is non-constant because W is a 2-APrl of H.
Assume that h, gyV1k(6.9)V2P(,w) € Q. BUt h(y 0)V1kg9) € Q OF hiy0)V2D(r.w) € \/5 or
k(6,9)V2D(r,0) & \/5 where h, 0y, kK(g.9), D,y are IFPs of H and y;,y, €. Then
o (hy k) <n A8, vy(hy k) > 6 v Y and

uo{(hy2p)™} < w5 (hy2p) = n AT, ve{(hy2p)"} > v f5(hy,p) = 6 V w and
uo{(ky2p)™} < p r5(kyzp) = 8 AT, vo{(ky2p)"} > 1 5 (ky2p) =9V w forallr € Z.
Hence po (hy, k) = 0,v,(hy; k) = 1 and so hy,k ¢ W;

to{(hy2p)"} = 0,vo{(hy,p)"} = 1 and so (hy,p)" ¢ Q implies that hy,p ¢ \/5;
to{(ky2p)"} = 0,vo{(ky,p)"} = 1 and so (ky,p)" & Q implies that ky,p & \/5

Since W is a 2—Al of H, we have hy;ky,p ¢ W and so to Chy1ky,p) =
0,vo(hyiky,p) =1V hk,p€Handy,,y, €T.

57



By our hypothesis, we have (hyiky.p)maeacovove) = hmeyY1kes)V2Pew) € Q@ and
NABAT < py(hyiky,p) =0, 8VIVw>vy(hyiky,p) =1. Hence nvB8=0,0V
d=1orpvt=0,6Vvw=10r68vt=0,9Vw=1, which is a contradiction. Hence
haeyVik@sy € Q OF Aoy V2Prw) S V/Q OF k@oyVaPiw S/Q and Q = xg is an
IF2 —APrl of I'-Ring H.
Theorem 4.5.7. Every IF2 —Al of I'-Ring H is an IF2 —APrl of H.
Proof. The proof is straightforward.

The non-validation of the converse of the above-stated theorem may be seen using the
following example.
Example 4.5.8. Let H =Zand I' = 5Z, so Hisa I'-Ring. Let Q = y;,7. Then Q isan IFI
of I'-Ring H. It can be easily verified that Q is an IF2 —APrl of H, but it is not an
IF2 —Al of H for y,,y, € I' such that 2, 9y¥12(6,6)¥23 () = (2]/12]/23)(,7,\8,\1,9\,19\,@) c
Q implies 2., 0)v12((.9)) = 2¥12) ggasove) € @ 20 Y23ww) = (2¥23) garovw) € Q.
268,9)Y23(t0) = (2¥23) grrove) € Q-
Proposition 4.5.9. \/5 will be an IF2 —Al of H if Q is an IF2 —APrl of I'-Ring H.
Proof. Suppose that h, 0)¥1k@9)V2Prw) EV@ and  he eyVikes) \/5 ,  Where
hn0) K6,9) P(rw) € IFPs(H) and yy,y, € T.

Since he, 0)Y1k60)Y2Pew) = (RV1kY2D) (qrsncovove) S V@

> uﬁ(hylkyzp) >nABATand vﬁ(hylkyzp) <6vIVw

From the definition of \/Q, we have

K g(hyvikyzp) = Inf{ug((hy,ky,p)™):m € N} = Inf{uq (h™ysk™y,p™):m € N} =
n A8 AT, for some ys3,y, € I'. Similarly, we can show that v\/a(hylkyzp) <6VIVw.
Then 3 n € Z* s.t. for some y;,y; €T,

o ((hy1ky2p)™) = po(hy1ky,p) 2 nABAT and vo((hy1ky.p)™) < vo(hy:ky2p) <
0 VOV w. This implies that (A, 6)V1k@ee)V2Pw) € Q- If hinoyVikess & +/Q, then

for all n € Z* and for some y € I', we have g (heey¥ik@s)) = Ko (R, 0y k{(s.9)) and
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vo(hamayVikes) < vo(h o vkls.s)) implies that he, g)v1kee.s) € /Q. Since Q is an
IF2 —APrl of H, then hg, 0y Y2Prw) S /Q OF k(g9)V2Prw) S /Q. Hence /Q is an
IF2 —Al of H.

Definition 4.5.10. Suppose Q isan IF2 —APrl of I'-Ring Hand P = \/5 which is an

IF2 —Al of H. Then Q is called an IFP — 2 —APrl of H.

Theorem 4.5.11. Assume that Q;, Q,,...... , @, be IFP — 2 —APrls of I'-Ring H for
some IF2 —Al P of H. Then Q = N, Q; isan IFP — 2 —APrl of H.

Proof. Assume that hg, g)V1k@e)V2Prw) €Q and hyevikes € Q, for any
hen0) K690 P(rw) € IFP(H) and y,,y, €. Then hg, ov1ke9) € Q;, for some j €
{1,2,..... ,n} and h0yY1k6,9)V2Pw) € Q) for all j€{1,2,..... ,n}. Since Q; is an

IFP —2 —APrls of H, we have kgg)V2Prw S /@ =P =Nk /@ =N, Q; =
VO or hyeyVaPrwy € /@ =P = Niy/Q = /N, Q; = /Q. Thus Q is an IFP —

2 —APris of H.

In the following example, we show that if Q, and Q, are two IF2 —APrls of a I'-Ring H,
then Q; N Q, need not be an IF2 —APrI of H.

Example 4.5.12. Let H =7 and I = pZ, where p > 5 is a prime integer. So that H is a
r'-Ring. Take Q; = xsoz, Q2 = x757. Clearly Q; and Q, are IF2 —APrls of H. But Q; N

Q, = X150z and as  such Q. NQ, = x30z, then for vy,,y, €r st
250.0)7138:9)Y22(rw) € Q1 N Q2. but 25, 0y¥13@g9) € Q1 N Q2. 2506)Y22(rw) &
JQ1 N Qz and 36912220y € /@1 N Qo Therefore, Q; N Q, is not an IF2 —APr1 of H,
Theorem 4.5.13. Assume that Q is an IFI of a I'-Ring H. If \/5 is an IFPI of H, then Q is
an IF2 —APrl of H.

Proof. Suppose that hg, g)¥1ke0)V2Pw) €EQ and he eyvikge) € Q. for any
h(n.0) K69y D(rw) € IFP(H) and yy,y, €T.

Since h(, 0yV1K8.9)Y2P0) € @ and H is commutative I'-Ring, we have
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.0 V1K 69V 2P .01V 2Prw) = (AneyV1Pe.e V2 (k@o)V2Piw) € Q €/Q. Thus
hnoyV1Pzw) S V@ OF K(g0)V2Prw) S +/Q. Since /Q is an IFPI of H. Therefore we
conclude that @ is an IF2-APrl of H.

Theorem 4.5.14. Let o be a surjective F—Homgf. If Q is an IF2 —APrl of H; which is
constant on Kera, then (Q) is an IF2 —APrl of H,.

Proof. Suppose that hg,; eyV1k(e9)Y2Pw) = (RY1kY2P) masrcoveve) S 0(Q), where
hen0) K690 P(rw) € IFP(Hy) and y,, ¥, € I'. Since o is a surjective I'-homomorphism,

then3 a,b,c € H, st. o(a) = h,a(b) = k,a(c) = p. Thus

Hay 671D,y Y26y (AY1DY2C) = Hiayby,c)sncovove (@Y1DY2C)
=nABAT
< Uo(o) (hy1ky2p))
= Ug(0) (U(a))/1 U(b)h U(C))
= Ho(@) (U(ah by, C))
= u(,—1(a(Q))(ay1by2c)[ As Q is constant on Kera, so 0~ (a(Q)) = Q]
= po(ay1by;c)

Thus Hay 0y71b(6.0)V2C(x.0) (ay,1by2c) < pg(ayiby,c). Similarly, we can show that
Va0)71b((6,00) V€ (@Y1DY2€) 2 Vo (ay1byzc). Then we get ago)¥1bes.0)V2Cawm) < Q-
Since Q is an IF2 —APrl of H,, then

A0 Y1b@69) S Q OF A(5,6)Y2C(r,0) S +/Q OF bg9)V2C(zw) & \/6 . Thus

nAB < ugayih) = tsq)(o(ay,b))
= o) (0(@)y10(D))
= Ug(0) (hy1 k).
Similarly, we can show that 8 V 9 = pig(q)(hy1k) and so (hy1k) pmaseve) S 0(Q).

Thus h, gyV1Kk 69y € 0(Q) or
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NAT < garo) = p, g (o(ar:0)
= MG(@) (0(61))/20(6))
= Uy(/g) (h¥2D).
Similarly, we can show that 6 V w > v, ) (hy,p) and so (hy2p)ceve) S a(/Q).

Thus h(n,g))/zp(f’w) c O'(\/a) or

BAT < u@(byzc) = HU(@)(U(szC))
= Ko( Q) (6(B)y,0(0))
= Uy(Jo) (kV2D).
Similarly, we can show that 9 V w > v, ) (ky2p) and so (ky2p)encsve) S a(,/Q).
Thus kg9)Y2Pe) S (/@) Hence a(Q) is an IF2 —APrl of H,.
Corollary 4.5.15. Let o be a surjective I’-HomZi. If Q is an IF2 —APrl of H, which is

constant on Kera, then a(,/Q) is an IF2 —Al of H,.

Proof. The result follows from Proposition (4.5.9), Theorem (4.5.14), and Theorem
(4.4.9).

Theorem 4.5.16. Let o be a F'Home- If Q" is an IF2 —APrl of H,, then 6=1(Q’) is an
IF2 —APrl of H;.

Proof. Suppose that hg,e)Vike0)V2Prw) S0 1(Q), Where hq g, kigo), Prw) €
IFP(H) and y,,y, €T.

NABAT < ,ua—l(Q')(hthzp)
= ur/(o(hy1ky2p))
= 1ty (e(Wy10(K)y20 (D))

NABATS< MQ,(a(h)yla(k)yza(p)). Similarly, we can show that 6vIVw >
er(a(h)yla(k)yza(p)). Let o(h) = a,0(k) = b,a(p) = c. Hence we have that n A

8 AT < py(ayiby,c) and OVIVw=vy(ayby,c) and as such
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a(n’g)ylb(e’lg))/ZC(T’w) c Q,. Since Q, is an IF2 —APrl of Hl’ then a(nlg)ylb(e'g) c Q’ or

A,0)Y2C(rw) S Q' O bg9)V2Cirw) € Q' If ame)¥1b@es) € Q', then

A8 < uy(ay;b) = py (a(W)y,0(k))
= pg (o (hy1k))
= :ua_l(Q’) (h]/lk)

e, nAB< ua_l(Q,)(hylk). Similarly, we can show that 6 v > va_l(Q,)(hylk). Thus

we get hey gy Viks9) = (hy1k) masovey € 071(Q"). If ag0)¥2¢w) S Q' then

nAT < ,uﬁ(ayzc) = uﬁ(a(h))’zU(P))
= g7 (a (hy2p))
= .U(,—1(\/a) (hy2p).

ie, NAT< “a—l(ﬁ) (hy,p). Similarly, we can show that 6 Vv w > va_l(ﬁ)(hyzp).

Thus we get A, 6)V2Dww) = (h¥2D)marovey € 07 H(/Q"). 1 b9y V2C(r,e) € v/ Q', then

BAT < uﬁ(byzc) = MW(U(R)YZU(P))
= g1 (a(ky2p))
= Homa( W)(kyzp)-

ie., BAT < '“a-l(ﬁ) (ky,p). Similarly, we can show that 9V w > Va-l(ﬁ)(kyzp)'

Thus we get kgo)V2Prw) = (kKVaD)nrove) S 0 1(/Q'). Therefore, we see that
o~ 1(Q") is an IF2-APrl of H;.

Corollary 4.5.17. Suppose ¢: H; — H, be a I'-homomorphism. If Q' is an IF2 —APrl of
H,, then o~ 1(,/Q") is an IF2-Al of H;.

Proof. The proof of the corollary comes from Proposition (4.5.9), Theorem (4.5.16), and
Theorem (4.4.9).
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4.6 Conclusion
In this chapter, the foundational concepts of IFPrl and IFPR in I'-Ring H are thoroughly

examined. It has been demonstrated that IFPrl of a I'-Ring forms a two-valued IFS, with
the base set defined as the primary ideal (The base set of IFS Q is defined as the set {h €
H:po(h) = 1,v4(h) = 0}). The concept of IFPR in I'-Ring H has been introduced,
establishing that the IFPR of an IFPrl yields an IFPI. The homeomorphic characteristics
of IFPrI and IFPR in I'-Ring are investigated. The findings presented in this paper
represent a significant advancement beyond classical ring theory within the IF
framework. Furthermore, these results not only enhance prior research but also lay the
groundwork for more robust future investigations, such as the decomposition of ideals
into primary ideals within the IF environment—a generalization akin to prime

factorization in number theory.
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Chapter 5

Decomposition Of Intuitionistic Fuzzy

Primary ldeal Of I'-Ring

5.1 Introduction

An ideal decomposition in terms of primary ideals serves as a fundamental aspect of ideal
theory, providing the algebraic groundwork for breaking down an algebraic variety into
its irreducible components. Alternatively, it offers a broader perspective akin to the

factorization of an integer into prime powers. An ideal K in a ring H undergoes a primary
decomposition if K = N, T;, where each Ti represents a primary ideal in H. Moreover,
ifno T; o NiZy ;4T V), 1 < j <k, and if the prime ideals P; = \/Tl are all distinct, then
the primary decomposition is termed minimal, and the set Ass(K) = {P,, P,,....... , Py}
is identified as the set of associated prime ideals of K. (For further details, refer to [14,
55]). This chapter delves into the study of IF primary decomposition and minimal IF

primary decomposition of an IFI within a Noetherian I"-Ring

5.2 Intuitionistic Fuzzy Irreducible Ideals

In this section, the irreducibility of an IFI has been studied and some relations between
IFPIs, IFIrls, and IFPrls has been proved. Firstly it has been proved that every IFI in a
Noetherian I'-ring can be written as a finite intersection of IFIrls, where the IFI takes
only two values.

Definition 5.2.1. Let G be an IFI of a I'-Ring H. We say that G is an IFIrl if G cannot be
expressed as the intersection of two IFIs of H properly containing G; otherwise, G is

called reducible.
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Thus G is an IFIrl iff, whenever G = G, n G, with G, G, IFIs of H, then either G =
G, or G = G,.
Proposition 5.2.2. Let G be a non-constant IFI of a I'-Ring H. Then G is an IFIrl of H if
and only if the following hold:
1. G.isanlIrlof H
2. Im(G) = {(1,0),(4,{)}, where A, € [0,1) such that 1 + { < 1.
3. G is of the form

_ (1, ifh€G. _ (0, ifheq.
“G(h)_{l, ifh € H\G,’ vG(h)_{{, if h € H\G..

Proof. Firstly suppose that G is an IFIrl of H. Let G, =1, N1, for some ideals t;, 1, of H.
We have G, € 1; and G, € 1,. If possible, let G, # 1, and G, # 1.
Then (}; \G,) N (1, \G,) is empty. Let us define two IFSs G, and G, as follows:

1, ifthea, 0, ifhe€aqa,

ug, (h) = [,11, ifh € \G,; vg, (h) = {{1, if h € L\G.
Ay, ifh € H\L , ifh € H\L.

and

1, ifthea, 0, ifh€a,

ug, (h) = [,11, ifh € L\G.; v, (h) = {(1, if h € L\G,
Ay, ifh € H\L , ifh € H\L.

Now, it is a straightforward case study to verify that G, and G, are IFls of H and G =
G, N G,. Though we have G # G, and G # G,. This contradicts the fact that G is an IFIrl
of H. Consequently, G, =1, or G, = 1,, and hence G, is an irreducible ideal of H.

Next, we show that (1,0) € Im(G). If possible, suppose that (1,0) ¢ Im(G). Then
ue(0) < 1,v;(0) > 0. Let us define two IFSs G5 and G, as follows:

1, ifh € G, 0, ifh €G,
He; (h) = {,uG (0), if otherwise’ 03 (h) = {VG (0), if otherwise.
and G,(h) = G(0),V h € H. It is easy to verify that G; and G, are IFIsof Hs.t. G = G; N
G,. But G c G; and G < G,. Thus we arrive at a contradiction since G is an IFirl of H.
Consequently (1,0) € Im(G).
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Further, to show that |Im(G)| = 2. It is sufficient to show that the chain of the level-cut
set ideals is given by G, € H. If possible, let the chain of the level-cut set ideals be G, <
G € H,where 15, ¢; € (0,1) with 4; +¢; < 1. Then G is given by

1, ifh€ea, 0, ifh€ea,
'uG(h) = /11, ifh € 6(11,51)\6*; VG(h) = (1, ifh € 6(11.51)\6*
A,, ifh € H\G(/h,ﬁ) {2, ifhe H\G(/h'ﬁ)'

where 1, < A, and {, > {;. Let us construct two IFSs G and G as follows:

1, ith € Gi,ep 0, ifh € G, ¢y
,uq-,s (h) = . 5 V([;S (h) = .
ug(h), ifheH\Gy, ¢ vg(h), ifh € H\G@, ¢,

and
1, ifh €G, 0, ifh€GQa,
e, (h) =14 iR EGaH\Ge;  vg (h) =46 ifhE G eH\G.
13, ifh e H\G(/ll,fl) {3, ifh € H\G(/ll'{l)'

where 4, < 1; < A; and {, > {3 > {;. Itis a routine case study to check that G5 and G
are IFIsof Hand G = G5 N Gg. But G < G5 and G < G. It contradicts the fact that G is
an IFIrl of H. Consequently the chain of level cut-set ideal is G, & H and hence G is
given by

, 1ifhe€aG, _ (0, ifhea,
He(h) = {,11, ithe mg,’ veh= {(1, ifh € H\G..

Hence |Im(G)| = 2.

Conversely, let the conditions hold. Let us consider that G is not an IFIrl of H.
Suppose that G = G, N Gg for some IFIs G,, Gg of H with G € G, and G  Gg. Then 3
h,k € H st. ug(h) < g, (h),vg(h) > v, (h) and ug (k) < pg, (k),ve (k) > v, (k). It
follows that h,k & G,. Now, if h =k, then ug(h) < pg, ng, (R) and vg(h) > vg, g, (),
i.e., G c G; N Gg, which is a contradiction. So h # k implies G, < (G,,h) and G, <
(G,, k). Therefore G, < (G,, h) N (G,, k). Let z € (G,, h) N (G,, k), then z =m + r;y;h =

n + ryy,k, for some m,n € G,, ry,7, € H, y1,y, €I
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Therefore, us(m —n) = pug(—ryy1h + royk) =1 and vg(m —n) = vg(—ryy1h +
r¥2k) =0 implies that ug (—ry1h + 12¥2k) = pg,(—ry1h + r2v,k) =1 and
Ve, (=rivih + 1212k) = vg (—riy1h + 1312k) = 0. This imply  pg, (riy1h) =
He, (r2y2k), ve, (riy1h) = vg, (rpy,k) and
Heg (riy1h) = Uy (r2y2k), Vg (riy1h) = Vg (rpy2k).

But ug, (r1y1h) = ug, (1) V ug,(h) = pg,(h) > ug(h) = a.

Similarly ve, (ryih) < v, () Avg, (h) < vg, (h) <vg(h) = 6. This gives
Y1 h, rv.k € G,. Hence z € G,. Thus, we have G, = (G,, h) N (G,, k) with G, c (G,, h)
and G, c (G,, k). This implies that G, is not an Irl of H, which is a contradiction.
Corollary 5.2.3. Let I, be an ideal of I'-Ring H. Then I, is an Irl iff x; is an IFIrl of H.
Corollary 5.2.4. If G is an IFPI of I'-Ring H. Then G is an IFIr] of H.

Proof. By Theorem (2.2.9) and Proposition (5.2.2) and the fact that every PI in I'-Ring is
an Irl.

Note that the converse of Corollary (5.2.4) may not be true. See the following example:
Example 5.2.5. Consider H = I' = Z to be the additive group of integers. Then H isa I'-
Ring. Consider the IFI G of H defined by

e () = {1, if h € (4) e (B) :{

04, if otherwise;
As in the above example it can be seen with ease that G is an IFIrl of H, but it is not an
IFPI of H, as G, = (4) isnota Pl in H.
Corollary 5.2.6. If G is an IFIrl of a Noetherian I'-Ring H, then G is an IFPrl in H.

0, if h € (4)
0.3, if otherwise.

Proof. From [[68], Lemma(4.2)] we see that every Irl in a Noetherian I'-Ring is a Prl.
Then the result follows by Proposition (5.2.2) and Theorem (4.3.11).

Proposition 5.2.7. Suppose G be an IFI of a Noetherian I'-Ring H with Img(G) =
{(1,0),(1,0)}, where 4,{ €[0,1) st. A+ <1. Then G may be seen as a finite
intersection of IFIrls of H.

Proof. By [[68], “Lemma(4.1)], every ideal in a Noetherian I'-Ring is a finite intersection
of Irls.” Therefore, suppose that G, = ﬂ?zljl—, Ji; be an Irl of H. Define the IFls
Gy, Gy, ..., Gy, by
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(1, ifthej; (0, ifthey,
llcui(h)‘{/l, ith¢J;’ V‘Bi(h)_{é, ith &J;.

Where 4,{ € [0,1) s.t. 1+ ¢ < 1. Then by Proposition (5.2.2), Vi =1,2,...,n, G; is an
IFIrl of H and it can be also verified with ease that G = ﬂ?zl(l}i.

Proposition 5.2.8. Suppose G be an IFI of a Noetherian I'-Ring H with Img(G) =
{(1,0), (4, 0)}, where A,{ €[0,1) st. A+ <1. Then G may be seen as a finite
intersection of IFPrls of H.

Proof. This follows from Proposition (5.2.7) and Corollary (5.2.6).

5.3 Decomposition Of IFPrl Of I'-Ring

In this section, the decomposability of an IFI in a Noetherian I'-Ring will be studied, in
terms of IFPrls that the set of their respective IFRIs are independent of the particular
decomposition.

To begin this section, we first recall the definition of the residual quotient (G,: G,) of
an IFI G, by an IFS G, ina I'-Ring H.
Definition 5.3.1. For any IFI G, of a I'-Ring H and any IFS G, of H, the IF residual
quotient of G, by G, is denoted by (G;: G,) and is defined as

(Gy: Gz) = U{h(,0) € IFP(H): hy oy Gy S Gy}

For any IFP h, gy of I'-Ring H,
we use a streamlined notation (G:h,g)) for (G:(hee))), where (heg) =
N{C:CisanIFI of Hs.t. h¢,, gy S C}, be an IFI generated by h(, o). There is no difficulty
in seeing that (G: h(,)) is an IF1 of Hand G < (G: hy, ).

Proposition 5.3.2 Let T be an IFP-Prl of I'-Ring H, where P = \/T. If hey.0) € IFP(H)
be any IFP of H. Then

(i) If h(nlg) € T, then (T: h’(ﬂﬂ)) = Xy

(ii) If ey gy @ T, then (T: ki) isan IFP —Prland [(T: hge)) = P;
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(|||) If h(n’g) ¢ \/T, then (T h(n’g)) =T.
Proof. Let h¢, gy € IFP(H), T be an IFPrl of H such that P = VT.

(i) If h(n’g) € T, then (T h(n’g)) = U{k(g‘ﬁ) € IFP(H) k(glﬁ)Fh(n'g) C T}
Now (T: h(,9)) S xu always. For other inclusion.

Let k(gﬂg) € Xy then k(g‘,g)['h(n‘g) = (kfh)(e/\n,ﬁve) CT. This ImplleS k(6,19) €

(T! h(n’g)). Thus XH c (T h(n‘g)). Hence (T h(n,g)) = Xu-

(ii) ObViOUSIy T < (T h(n‘g)). Let k(gﬂg) € (T:h(n’g)). So k(g‘g)Fh(n‘g) C T. Since

heney € T imply thatk gy € VT = P. This means that T < (T: h(n‘g)) € Pand so VT <
/(T: hne)) € VP = P. This imply that [(T:h(,4)) = P.

Now we show that (T: h, ) is an IFPrl of H. Assume that for any y; € I' such that

Gurv) V1D uzwy) € (T:hne)) and beuyvy) € | / (T:hene)), then

a(ullvl)ylb(uzlvz)yzh(nlg) eT, i.e., (a(ul,vl))/lh(n,g))yzb(uz'w) €T and T is IFP —Prl of

H, This implies that either ac, y.y¥1heme) € T OF by, v, EVT = P = [(T:hgyp)). This

imply aq, vy Y1hne) € T ThUs aqy, vy € (T: hepgy)- Hence (T: ke, gy) is an IFPrI of H.

(iii) Since T 2 h(; 9y NT 2 hyoy['T, i.e., hey o) ['T S T. Therefore by the properties
of the residual quotient, we have T S (T: ke, g)). Further, he, o ['(T: hepey) S T I T is
an IFPrl of H and h, gy € VT implies that (T: ke, g)) S T. Hence (T:heyy) = T.
Proposition 5.3.3. If Ty, T,,...... , T, be IFIs of I'-Ring H and h, ¢y € IFP(H), then
(N Tihiey) = Nizt (Tiz hiy).

Proof. Now k(g.0y € (N, Ti: hepey)
S keoylhpey SN 1=y T
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& ko) Thaey ST Vi=12,...,n
& ko) € (Tithgey ), Vi=12,...,n
© ko) € ﬂ’l-";l(Tl-: h(n’g)).
Hence (N1 T heygy) = NIy (Tit hipay)-

In the following example, we show that if T; and T, are two IFPrls of a I'-Ring H,
then T; N T, need not be an IFPrl of H.
Example 5.3.4. Suppose H = I" = Z, be the additive group of integers. Then His a I'-
Ring. Let I, = 27,1, = 3Z. Clearly, I, and I, are primary (in fact prime) ideal in H.
Define T; = x,,, T, = x,. Then by Example (4.3.12), T;, and T, are IFPrls of H. Also,
Ty N T, = X1,n1, = Xez» Which is not an IFPrl of H (by Example (4.3.12)).
Theorem 5.35. Let Ty, T,,...... , T, be IFP —Prls of I'-Ring H with P = /T;, Vi =
1,2,...,n,an IFPl of H. Then T = N}, T; is an IFP —Prl of H.
Proof. Let hg,g), ko) € IFP(H) be st. hyolkeey ST =N T; and he, o) € T.
Then h, 0y € Tj, for few j € {1,2,.....,n} also hey )k o) € T;, Vj € {1,2,.....,n}.
Since each T; is an IFP —Prl of H, we have
ko) € JT; =P =Ny /T; = JNL, T = T.
Hence T is an IFP —Prls of H.
Definition 5.3.6. A primary decomposition of an IFI G in a I'-Ring H is an expression of
G as a finite intersection of IFPrls T;, say G = Nj=,T;.

Definition 5.3.7. In IF primary decomposition of an IFI ¢ = N}.,T; of I'-Ring H is

called as minimal if:

1. all IFPrl T; have distinct /T;;

2. NhioyT & T

Remark 5.3.8. If IF primary decomposition ¢ = N}, T; is not minimal, that is if \/—] =
\/T_k = P for j # k, then we may achieve (1) of definition (5.3.7) by replacing T; and T
by T' = T; n T, which is an IFP —Prl of H by Theorem (5.3.5). Repeating this process,

we get will arrive at an IF primary decomposition in which all \/Tl are distinct. If
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izi=11; < T;, we may simply omit T;. Repeating this process, we will achieve (2) of
definition (5.3.7).
Lemma 5.3.9. Let Gy, Gy, ...., G, be IFIs of I'-Ring H and let P be an IFPI of H. Then

1. 1f N}, G; < P, then G; < P for some i;

2.1f N, G; = P, then G; = P for some i.
Proof. (1) Suppose G; & P for all i. Then 3°, (h)p,q,) € Gi St. (h)(p,qp € P for 1 <
i <n. Therefore (M) gl ) ppg - - I'(hy) ) € GIGT.... TG, €
NL,G; S P.
But, since P is an IFPI and G,I"G,I"....I'G, S P, then G; S P for some i.

) If P = NL,G;, then P < G; for some i, and from part (1), G; < P for some i.
Hence P = G;, for some i.

Definition 5.3.10. An IFPI P in a I'-Ring H is called an IF-associated prime ideal of an
IFI G if P = /(G: h(n)) for some h, gy € IFP(H).

Moreover, for an IFl G of a I'-Ring H. We define IF — ASS(G) to be the set of all
IFPIs associated with the IFI G, i.e.,

IF — ASS(G) = { \/ (G:hepey): \/ (G: heyey) is an IFPI of H, hy gy € IFP(H)}.

Theorem 5.3.11. For IFI G of a Noetherian I'-Ring H Let G = N}, T;, be a minimal IF
primary decomposition of G. Let P; = ﬁ 1<i<n. Then IF — ASS(G) = {P,,i =
1,2,...,n} and these, are independent of the particular decomposition.

Proof. Let ¢ =NXL,T; with P, = ﬁ 1<i<n be the minimal IF primary

decomposition of G. Consider any h, ) € IFP(H), we have

(G: h(n,g)) = (ﬂ?lei: h(n,g)) = n?=1(Ti: h(.,"g)). Hence (G h(’?ﬂ)) =

N, /(Ti= hen.0))-
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Also, by Proposition (5.3.2), if h¢, ) € T; then /(Tj:h(nﬁ)) = xu and if, he,g) €

T;, then /(Tj: h(n)) = P;, be an IFP1 of H. So
‘f(Gi hme) = Ny /(Ti:h(n,e)) = Nheeyer; P

Now, suppose that P € IF — ASS(G), then P = /(G:h(nﬁ)) be an IFPI of H, for some

heye) € IFP(H).

Since /(G: hn6)) = Ny, gyer; P then by Lemma (5.3.9)(2) we have ’(G:h(n‘g)) =P

for some j. So, P € {P;,i = 1,2,...,n}. Therefore, IF — ASS(G) < {P;,i = 1,2,...,n}.
Conversely, as the decomposition is minimal so N7.;-,7; € T;. Then Vi € {1,2,...,n}, 3

(h)ny0,) € Niwiz1 T and (hy)y,0,) € T, We have

f(Gi (hdm00) = N4 /(Tj: (hj)(nj‘gj)) =P

(Since all other’s \/(Tj: (hf)(n-e-)> = xy, for j # i by Proposition (5.3.2)).
]

So, P; € IF — ASS(G). Therefore, {P;,i = 1,2,...,n} S IF — ASS(G).

Hence, IF — ASS(G) = {P;,i = 1,2,...,n}. Thus IF — ASS(G) are independent of the
particular decomposition.

Example 5.3.12. LetH =T = Zp;ll X Zp;lz X X Zp:k be a comm. ring of order n =

ny, ny

p; D, ...pZ", where p; are distinct primes. Then H is a I'-Ring. Let H = (hq, h,, ..., hy)
such that o(hy) = p;"*, for 1 < i < k. Let Uy = (0), Uy = (hy), Uy = (hy, hy)yee Uy =
(hy,hyyevnnnnnnn ,h,) = H be the chain of ideals of H such that U, c U; c......... C
Ug_1 € Up.

Let G be any IFI of H defined by
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1 ifh € U, 0 ifh € U,

a, ith € U, \ U, 8, ith € U, \ U,
ag ifhEUk\Uk_1 'Bk ifh € Uk\Uk—l'
\ \

where 1=ay=>a; 2.....2a, and 0 = B, < B; <....< B and the pair (a;, ;) are
called double pins, and the set A (G) = {(ao, Bo), (@1, B1),------ , (ay, Bi)} is called the
set of double pinned flags for the IFI G of H (by Theorem (2.2.15)).

Define IFSs G; on H as follows:
1, if h € H;
pg,(h) = { '

@;,q, if otherwise’ Ve, \X) =
where a;, B; € (0,1) s.t. a; + B; < 1, for 1 < i < k and a4y = @y, Pysr = By and H; =

Bi+1, otherwise.

me Xouuos X ani_l X (0) X anpr1 D S X ank is a Prl of H. G; are IFPrl of H. It can
i k

1 i1 i+1
be easily checked that G =N}, G; is an IF primary decomposition of G.

Example 5.3.13. Consider H = I' = [[;2, Z,, a direct product of infinitely many copies
of the field Z, = {5, T} be a boolean ring. Then H is a I'-Ring, which is not a Noetherian
ring, as the strictly ascending chain of ideals 0 c Z, X0 c Z, XZ, X0 C...... is not
stationary.

For every A;,{; € [0,1) suchthat A; + {; < 1, define G; € IFS(H) as

wo (i =41 iR = Ho; oy = = Ho
A;, if otherwise ¢;, if otherwise.
for all h € H. Then by Theorem (2.2.9), G; is an IFPI and hence the primary ideal of H.
Consider the IFI G of H defined by G(h) = (0,1),vh € H. Then G has no IF

primary decomposition in H, i.e., G # N~ ,G;, forany n € N.
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5.4 Conclusion

This chapter, introduces and investigates the irreducibility of an IFI in a I'-Ring. It is
demonstrated that every IFI in a Noetherian I'-Ring can be expressed as an intersection of
a finite number of IFIrls. Moreover, the IF version of the Lasker-Noether theorem is
established for a commutative Noetherian I'-Ring, demonstrating that every IFI G in such
a ring can be decomposed into a finite intersection of IFPrls. This decomposition is
termed an IF primary decomposition. Additionally, it is shown that in the case of a
minimal IF primary decomposition of an IFI G, the set of all IF-associated Pls of G
remains independent of the specific decomposition. The potential extension of the IF
primary decomposition theorem to other algebraic structures beyond commutative I'-
Rings opens new avenues for research. In this context, our investigation of IF primary
decomposition in a commutative Noetherian I'-Ring establishes a new horizon and

contributes to the advancement of further research endeavors.
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Chapter 6

Intuitionistic Fuzzy Structure Space Of I'-

Ring

6.1 Introduction

This chapter, introduces a topology on IFPIs(H) of a commutative I'-Ring H with
identity, which results in a structure space named as IFSpec(H). The study further
explores separation axioms, compactness, irreducibility, and connectedness in this

structured space.

6.2 Intuitionistic Fuzzy Structure Space Of I'-Ring

In this section, we introduce a topological structure on the collection X of all IFPI of I'-
Ring H and investigate some of its properties.

Remark 6.2.1. (i) X = {P: P is an IFPI of I'-Ring H}

(i) V(G) = {P € X:G < P}, where G is any IFS of H.

(iii) X (@) = X\V(G),the complement of V(G) in X, i.e., ={PeX :GZ P}

(iv) For any IFS B of H, < B > denotes the IFI generated by B.

Theorem 6.2.2. Let H be a I'-Ring and 7 = {X(G): GisanIFPIof H} ={PE X: G &
P}. Then, t is a topology on X and the pair (X, t) is a topological space.

Proof. Consider the trivial IFIs ¢ =0 and B = 1 of H. Then, ¥(6) = V(0) = X and
V(B) = V(1) = 9, sothat X (0) = @ and X (1) = X implies , X € 7.

Next, let G; and G, be any two IFIs of H. Then
BeV(G)UV(G,)=>6<SBorG, €B=>6G NG S B=B€V(G nG,)and
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BeV(GnG)=>6GnGSB=6GI6G SB[AsSGIG, S 6 NG, ]

= G, S BorG, € B[AsBisIFPI of H]

= B € V(G or B e V(G,) = B € V(Gy) UV(G,).

Hence, V(G1) U U(G,) = V(6 N G) = X\(V(G) UV(G) = X\V(G, N Gy) =
(\V(G)) n (X\V(6)) = X\V(6y N G, ie., X (Gy) 0 X (G,) = X(Gy N Gy).

From this, we conclude that 7 is closed under finite intersections.

Now, suppose that {G;: i € A} be any family of IFIs of H. It can be verified that
N{V(¢):i € A} = V(<U {G;: i € A} >). In another way,

{X(G):i €A} =X(<U{G;:i € A}>). Hence, 7 is closed under arbitrary unions.
Hence, t defines a topology on X.

Remark 6.2.3. The topological space (X, 7) defined in Theorem (6.2.2) is called the IF
prime spectrum of H and is denoted by IFSpec(H), or, for convenience, we denote it by
X only.

Example 6.2.4. (1) Consider H = I"' = Z, the ring of integers. Then H is a I'-Ring.
Suppose that p € Z is a prime integer. Then for every 4, € [0,1) s.t. A+ { < 1, define
Py¢ € IFS(H) as

(1, ifhe<p>,
“%Jm‘{a if otherwise °

forall h € H. Then by Theorem (2.2.9), P, ; is an IFPI of H.

(0, ifhe<p>
VPag () = {{ . otherwise.

Thus, IFSpec(H) = {P; ¢, where 4,{ € [0,1) s.t. 1 + { < 1 and p is prime element of Z}.

(2) Consider H =TI = Z,, where Z, = {B,T} be a boolean ring. Then H is a I'-Ring and
for every 4,{ € [0,1) suchthat 2 + { < 1, define P, ; € IFS(H) as

1, ifh=0

0, ifh
(h ={ v xz{’
ey (1) A ifth=1 i (%) ¢, ifh

forall h € H. Then by Theorem (2.2.9), P, is an IFPI of H.
Thus, IFSpec(H) = {P, ¢, where 4,{ € [0,1) such that A + { < 1}.

0
1

Proposition 6.2.5. If f is a Hom,?, then f(hee) = (F(R)) 4y, Vh € H1,8,9 €

(0,1] s.t. 6+9 < 1.
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Proof. Let k € H, be any element, then f(hg.g)) (k) = <uf(h((w))(k),vf(h(& 19))(k)>,

Where

K (hge ) () = Sup{ttn o, (p): £ (p) = k}:{ (? Fr=nlieks f(h));:”(f(h))(e,m ()

otherwise
and
9,1 =h(i.e.,k=f(h
Vo) 8 = Inflngy @:f@) =y = 2ip=hlek=f0)
=V(F() .9, )

Hence f(h,9)) = (f (1) 4 5,

Theorem 6.2.6. Let H be aI'-Ring and h,k € H and 8,9 € (0,1] s.t.6+9 < 1. Then the
following statements are true:

(i) X (hes)) N X (k@) = X((hyk) ), forally €T.

(i) X (he,0y) = @ iff h is nilpotent.

(iii) X (h@gg)) = X if R is a unit in H.

Proof. (i) Let h,k e H,y €l and and 8,9 € (0,1]s.t.6+9 < 1. Let P € X. Then
up(04) = 1,vp(0y) = 0, Img(P) = {(1,0),(4,{)}, where 1,{ € [0,1) suchthat A + { <
1, P, isa Pl of H ( by Theorem (2.2.9)).

Suppose P € X (h.)) N X (keg.s)), then P € X (hg.9y) and P € X (k(g.9))

S hgo) P ke £ P o pup(h) <8,vp(h) >9and up(k) <8,vp(k) >0

& 8= ing (D) > pp(R), 9 =iy (W) <vp(h) and 6 = e, (k) > p(k), 0 =
Vi (K) < Vp ()

S hke¢P, forifh,k € P, then8 > up(h) = up(k) =1and 9 < vp(h) =vp(k) =0
& hyk ¢ P, forally e I',as P, is a Pl of H.

& 8> up(hyk) and 9 < vp(hyk), since Img(P) = {(1,0),(4,{)}, A, € [0,1) such
that 1 + { < 1
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& (hyk) gy & P < P € X((hyk) @.9))-
This proves that X (hg)) N X (keg.0)) = X ((hyk) @), forally € T.

(ii) Suppose J be any Pl of H and y; be the IFCF of ], then from Theorem (2.2.9) we
have x; € X. Further, if X (he.gy) = @ then V(hgg)) = X that implies h.9) S x; and
therefore, p,, (h) =8> 0 and Vy, (h) <9 < 1 so that My, (h) =1 and ij(h) =0 and
so h€J. Thus h en{J:Jis Pl of H }. As the prime radical is subset of the nil radical so
h is nilpotent.

Conversely, assume that x is nilpotent, then for every y € I' 3 n € N depending on y
so that
(hy)"h =04. Let P€ X be any element. Then wup((hy)™h) = pup(04) =1 and
vp((hy)™h) = vp(04) = 0. Therefore 1 = up((hy)™h) = up(h) and 0 = vp((hy)™h) <
vp(h) implies that up(h) = 1 and vp(h) = 0. So h € P,. But P, is a Pl of H. Hence 8 =
Hngg (M) < pp(h) and 9 =y, (h) = vp(h), whence hegy) S P,VP EX. Thus

V (heay) =X, e X (o) = 0.

(iii) Suppose J and x; be same as in part (ii). Now if X (h.gy) = X then V(hggy) =
@ that implies hg 9y & x; and thus Ky, (h) < 8and Vy, (h) >9 sothat h & J. Hence h ¢
U {J: Jis a Pl of H }. This shows that h is a unit.

The following example shows that the converse of Theorem (6.2.6)(iii) is not true in
general. This is a deviation of the result from the crisp theory.
Example 6.2.7. Consider H, I', and X = IFSpec(H) as in Example (6.2.4)(1).
Define G € X as follows:

, ifhe<2>

1, _ {0
Ug (h) - {06, Ve (h) - {03, otherwise.

Take 8 = 0.5,9 = 0.4 and h = 1. Then we see that IFP hg gy S G, hence G ¢ X (hg.s)),

ifhe<2>
if otherwise ’

and consequently X # X (hgg.g))-
Proposition 6.2.8. The subfamily {X(h(&ﬁ)): heH, B9 € (0,1]st.8+9 <1}ofrisa

base for .
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Proof. Let X(G) € 7, where G is an IFI of H. Let B € X’(G). Then G € B = there exit
h € H st. ug(h) > ug(h) and v;(h) < vg(h). Thus h & B, and hence ug(h) = 1 and
vg(h) = ¢, forsome 1,{ € [0,1) withA + ¢ < 1.

Let ug(h) = a > 0,vg(h) = < 1. Clearly hggy € B and so B € X (hg)).

Now, V(G) < V(h.s)), because if P € V(G) then G < P and so B g () = 8 =
Ue(h) < up(h) and Vhgo) (h) =9 = v(h) > vp(h). This implies that h9) S P and
thus P € V(hgy)). Hence X (k@) S X(G). Thus B € X (hegs)) S X(G). Hence the
subfamily {X (h.9)):h € H,8,9 € (0,1] s.t. 8+ 9 < 1} is a base for .

Proposition 6.2.9. The subset Y = {P € X:Img(P) = {(1,0), (4, {)}, where A,{ € [0,1)
s.t. A+ ¢ < 13}, is compact w.r.t. the subspace topology.

Proof. The family {X (h(gg)))NY:h € H,and 6 € (2,1] and ¥ € [0,) such that 6 +
9 < 1} forms a base for Y in the same way as explained in previous Theorem. Now, let
us consider that {X((h)yy)NY:i € Aand (mn) €K XSS (A,1]x[0,{)} is a
covering of Y taken from the basic open sets. Suppose 8 = Sup{m:m € K} and 9 =
Inf{n:n € S}. Then the family {0C((h;)@.9)) N Y: i € A} also covers Y. Now,

Y =u{X((h)@e)) NY:i € 4}

= (U ((h)@o):i€A)NY

= (WU ()i € M) N Y

=X NP\ V(U {(h)ge:i €A})NY)

=Y\ (V(U{(h)eey:i € 4}) N Y).
This shows that V(U {(h;)):i € A}) N'Y = @. Further, suppose that J be any PI of I'-
Ring H. Consider an IFI G of H given by

0, ifhe]

(1, ifhe) ~ {
#e(h) = {a, if otherwise’ 6 (h) = B, if otherwise’

Clearly, G is an IFPI of H and G€Y. So G & V(U{(h)@ge): i€ A}). Hence

(h]-)(&ﬁ)is not proper subset of G for some j € A. Thus y > ug¢ (hj) and § < vg (hj) for
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some j € A. As a result, h; & J. This proves that there is no Pl of H containing the set
{h;:i € A}. So this implies, < {h;:i € A} >= H. Let };]-,[6,, ;] be the right unity of I'-
Ring H, where 6, € I', e, € H forall 1 = 1,2,....,n and e; = XL, mg, ¥g,ha,, Where n;

is a finite positive integer, mg, € H, hg, € {h;:] € A}, v, € ' forall 6 = 1,2,...,n; and

[=12,....n. Now we claim that 17(U?=1Ugl=1 (hgl)(w)) NY=¢, as GE

v (U{;luzl:l (hgl)(w)) NY implies UL UgL, (hgl)(&ﬁ) c¢ and Img(G) =
{(1,0), (a, B)}. This imply

8= Fng)) (ha,) < ug(he,) and 9 = Y(ta),, (ho,) = v (o) VO =12,..,m;,1 =
1,2,..,n.

= pg(he) = Lvg(he,) =0,v0 =12,...,n,l =12,...,n,since 8> a, 9 < .

= hgl EGG.VO=12,...n,l=12,...,n

2e¢€EGVI=12,...,n

= h; = Y-, h; 8,e; € G, = ], which is a contradiction. Thus we have

Y =\ (V (UYL, (he) ) NY)
= Y\ (V (U1 (he) ) NY)
= (x\v (urup, (he,)(w))> ny
= (UiaUgLy X (ko) gpy) MY

=UL,UpL, (x(hgl)(w) g y).

This proves that {X ((hgl) NY:0=1.2,.n,1=12,.,n} covers Y. Hence Y is

(e,a))
compact.
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6.3 Separation Axioms Of IF Spec(H)

In this section the conditions for a topological space X to be a T, space and T; space in
intuitionistic fuzzy environment are discussed.

Proposition 6.3.1. The topological space X is Tj,.

Proof. Suppose G, G, € X s.t. G; # G,. Then either G, € G, or G, € G,. Let G, Z G;.
Then G, € X(G,). Also, G, & X (G,) and X (G,) are open. Therefore, X is T, space.

In the following examples, we depict that 3s some element of the basis of X that is
not closed, and it is even possible that X is not T; and hence not T,. These results are also
deviations from the results in crisp theory.

Example 6.3.2. Consider H and I" as in Example (6.2.4)(2).

Then X' = {P;¢, where 4,{ € [0,1) such that 1 + { < 1}, where P, . is defined as
0, ifh, =0

g, ifh; =1.

(1, ifthy=0 B
MPA_{(hl) = {A, ifhy = I. VPMUH) = {

V hy € H. Now we show that if b, =1 and 6 = 0.6,9 = 0.3, then X (1(g,) is not
closed. Suppose on the contrary that X (T(&ﬁ)) is closed. Then 3 subset K x S of [0,1] x
[0,1] s.t. X(1(g.9)) =N (V(k(myry): (1) €K X S,k €Z,}. If k=1 and (m,n) € K ¥
§=(6,1]x[0,9) st. m+n<1, then it is not difficult to check that X (1(g9)) &
V(L) and if k =Tand m = 0,n,= 1 or k = 0, (m,n) € [0,1] x [0,1], then it is seen
that V(kyp) = X. Thus X(T(gg)) must be equal to X, which is a contradiction.

Therefore X (T(eﬁ)) is not closed.

Example 6.3.3. Consider the space X as in Example (6.3.2). Choose Py 3, Pos04 € X.
Let W be an open set containing Pygo3. Then W =N {X(1yyp): (m, 1) € K X S} for
some K xS < (0,1] x (0,1]. Thus there exists (m,n) € K xS such that Pygq3 €
X(T(yry)- SO M > 0.6 > 0.5 and n < 0.3 < 0.4. Consequently Pys4 € X (L) S
W. In other words, any open neighborhood of Py ¢ ¢ 3 also contains Py o4. Thus X is not

T,.
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Proposition 6.3.4. Let H be a I'-Ring and G, € X then V(&) = cl{G,}, the closure of
G, in X. Further G, € cl{G,} iff &; < G,, where G, G, € X.
Proof. Since V(G,) is a closed subset of X containing G,. Therefore cl{G,} € V(G,)
For the reverse inclusion, consider G, € X s.t. G, € cl{G,}. Then, 3 an open set X (C)
where C is an IFI of H containing G, but not G,. Therefore, C € G, but C < G,. So G; &
G, and hence G, € V(G,). Thus V(G,) S cl{G,}. Hence V(G;) = cl{G,}.

Further, G, € cl{G,} iff G, € V(G,), which is equivalent to ¢, < G,.
Proposition 6.3.5. Let Y be the same as in proposition (6.2.9). If G; € Y, then {G,} is
closed in Y iff G, isan IFMI of H. ( In other words, Y is T; iff every singleton element of
Y is an IFMI of H).
Proof. Let G, € Y and {G,} be closed. Then V(G,) = cl{G;} = {G,}. Hence V(G,) N Y =
{G,}, by proposition (6.3.4). Now, we show that G, is an IFMI. As G, € Y, Img(G,) =
{(1,0), (4,9)}. So it is left to prove that the ideal G&;, = {h € H: ug, (h) = 1 and vg, (h) =
0} is maximal. For this, it is enough to show that there is no Pl of H properly containing
G,,. Let ] be a Pl of H properly containing G, , .

Let G, be an IFI of H defined by

u%anz{} ithe] ,where 1+ < 1.

| (0, ifhey
. if otherwise’ vg, (h) = {(

, if otherwise
Then G, € Y and G, are properly contained in G,. So this cannot happen that V(G;) N
Y = {G4}. This proves that G, _is a Ml of H and so G, is an IFMI of H.

Conversely, let G; € Y and G, be an IFMI. Then the ideal G;, = {h € H: g, (h) =
1 and g, (h) = 0} is the MI of H. We claim that V(G;) NY = {G,}. Clearly, {¢;}
V(G;) N Y. Next
G, EV(E)NY=G6.SG;, =6, =G
since Gy, is a maximal ideal. Thus we have G; = G, since Img(G,) = Img(G,) =

{(1,0), (4, 0)}. Therefore, V(G1) N Y = {G,}. Consequently, {G,} is a closed subset of Y.

*
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We know that a topological space X is Hausdorff (or T, space), if and only if for h +#
k be two points of X, then 3 two disjoint open sets one containing x and another
containing y.
Theorem 6.3.6. Let H be a I'-Ring whose every PI is MI. Then the space X =
[FSpec(H) is not T,.
Proof. For the proof, we show that 3 two distinct elements G;, and G, of X =
[FSpec(H) cannot be separated by two disjoint basic open sets.

Consider a prime ideal J and two IFPI G; and G, of H as follows

(1, ifhe] _{0, ifthe]

Ha, (h) = {0.1, ifotherwise’ Y& =102, if otherwise’
(1, ifhej _ _{0, ifhe]j

Ha, (h) = {0.3, if otherwise = " ¢2 (h) = 0.4, if otherwise’

Consider X (hg.s)), and X (ke.)) be two basic open sets in X containing G; and G,
respectively, where h,k € H and 6,9 € (0,1] s.t. 6+9 < 1. Then hgy & G; and k(g ) &
G,andsoh € G, =Jand k & G,, =J.SinceJisaPlinH, so hyk ¢ ], foreveryy € I.
Then hyk is not nilpotent and so by Theorem (6.2.6) (i) and (ii) we have X(h(&ﬁ)) N
X(ke.0)) = X((hyk)g,0y) # ©. Hence X is not T,.

Theorem 6.3.7. Let H be a Boolean I'-Ring with unity e. Let 4, € [0,1) be s.t. A+ { <
1 and  suppose Y ={P€X:Img(P)={(1,0),(1,{}}, hk € H, and 8,9 €
(0,1] s.2. 84+ 9 < 1. Then:

(i) The set X(h(eﬁ)) N Y is aclopen setin Y, provided8 > Aand 9 < (.

(i) X (heg.0)) U X (ksy) = X(pes)) for somep € H.

(iii) Y is T, space.

Proof. (i) As X (hg)) is an open set in X, then X (hgg)) NY will also be an open set
in Y. We now show that X (k@) NY =V((e —h)gsy) NY. [ This would simply
imply that X (hg ) is closed set in Y.
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If G € X(hgs)) NY then pg(h) < 8,ve(h) >0, but Img(G) = {(1,0),(4,{)} so
that u; (h) = A,vg(h) = ¢. Hence 8 > A and 9 < { and x €& G,. This implies that 8 > 1
and 9<{ and e—h € G,, since h'(e—h) =hl'e—hl’Th=h—h=0€G, and the
ideal G, is prime implies that (e — h) € G,. Isaresult, y;(e —h) =1 andvg(e —h) =0

so that (e — h) gy € G and thus G € V ((e - h)((g,a))) ny.

Conversely, let G € V((e—h)@s)NY then (e—h)@g S G and Img(G) =
{(1,0),(14,0)} which implies that n <us;(e —h) and 6 >v;(e—h). Hence 1<
Ug(e —h) and ¢ > ug(e — h) and thus u;(e — h) = 1 and v; (e — h) = 0. It follows that
e —h € G, and hence h € G, so that u;(h) = 1 < 8and v;(h) = { > 9. This means that
hs) € G and thus G € X (hgg)) NY. Hence X (he9)) NY = V((e —h)gsy) N'Y.

(i) If G € X(h@s))YX (k@) then hgey & G or kg € G (which mean that
Ue(h) < 8 and v;(h) > 9 or ug(k) <8 and vg(k) > 9 ). This implies that h ¢ G, or
k&G, andthuse—h &G, ore—k &G, Asaresult, e—h)[(e—k)=e—h—k+
hl'k & G,,sothat h + k — hT'k & G.. Hence G € X (pg, 9)), Where p = h + k — hl'k.

(iii) Let G4, G, € X, G, # G,. Then G, and G, are IFPIs of H and Img(G,) = Img(G,)
= {(1,0),(4,{)}. As we know that every Pl in a Boolean I'-Ring is MI. It follows that
G, ,, G, are maximal ideals of H. So G, & G, since ¢; # G,. Choose h € G, and h &

Gp,. Then e—h € G, and e —h & G;,. Now, pg,(h) = pg, (e —h) = 2 and vg, (h) =
vg,(e—h) = and pg, (h) =1 =pg,(e—h) and vg (h) =0=vg,(e—h). Let B€
(4,1) and ¥ € (0,9) s.t. 8 +9 < 1. Then pp  (h) = 8> A = pp(h) and vy, (h) =
9 < { = v, (h) so that Ry € Gy Hence Gy € X(hgg)). AlSO, fiepygy (e —h) =
8>1=ug(e—h) and v(e_h)(w)(e —h) =9 <{=vg(e—h), so that (e —h)gy &

G,. Hence Gy € X((e —h)g.g). Then, by theorem (6.2.6)(i), we have X (hgg)) N
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X((e—h)@gs) =X ((hF(e — h))(&ﬁ)) = X((0)(g.9)) = @ [ As H is Boolean I'-Ring].

Consequently, Y is Hausdorff.

Theorem 6.3.8. If H is Boolean I'-Ring, 4,{ € [0,1) s.t. A+( <1 and Y={P €
X:Img(P) = {(1,0),(4,0)}}, then the space Y is compact, Hausdorff and zero-
dimensional.

Proof. For proof of the Theorem refer Proposition (6.2.9) and Theorem (6.3.7)(i),(iii).

6.4 Intuitionistic Fuzzy Prime Radical And Algebraic Nature

Of Intuitionistic Fuzzy Prime Ideal Under '-Homomorphism

Definition 6.4.1. ([64]) Let H be a I'-Ring. For any IFI G of H. The IFS +/G defined by
gz () =V {ug ()" *h):n € N} and v z(h) =A {v;((hy)""1):n € N)} is called the
IFPR of G, where (hy)"~*h = h, for n = 1,y € I'. Further, VG is the smallest IFSPI of
H containing G.

Proposition 6.4.2. ([64]) Let G be an IFPI of a I'-Ring H. Then v/G = G and hence
every IFPI is IFSPI.

Theorem 6.4.3. Let G, be any IFI of a I'-Ring H. Then

(i) V(&) = V(&)

(i) X (o)) = X (ko)) iff /< e >= /< k@sy >, Where 8,9 € (0,1] with 8 +
9 <1

Proof. (i) Let G, € V(G,) be any element. Then ¢, < G,, where G, is an IFPI of H, from

proposition (4.3.2) we have /G, = G, therefore we have G, € /G,. Hence G, €
V(/G,), so that V(G,) < V(,/G,). The reverse inclusion is clear-cut.

(i)If X (h@9)) = X (k@) then V(hes)) = V(ke,s)) which implies
V(< hgoy >) = V(< ko) >). This mean N {Gy: G, € V(< hggy >)} =N {G,: G, €

V(< k) >)} and therefore, \/< hg 9y >= /< k(g.0) >.
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Conversely, let \/< he9) >= /< kg,9) >. Then

(BZ € V(h(g’,g)) (=4 h(g‘ﬁ) c (]}2
&< h(g‘ﬁ) >C (]}2

=3 ’< k(g‘ﬁ) >C (]}2

& ’< k(g,,g) >Cc (Ez

© kg9) € G, as before
= (BZ € V(k(g,,g)).

Hence V(hg,9)) = V(k(g,9) s0 that X (h(es)) = X (k(e0))-

Definition 6.4.4. ([46]) Let H, and H, be any sets and let f: H; — H, be a function. An
IFS G of H, is called an f - invariant if f(h) = f(k) = G(h) = G(k), i.e., us(h) =
Ug (k) and v; (h) = v (k), where h, k € H;.

For any f - invariant IFS G of H;, we have f"l(f(G)) =G.

Theorem 6.4.5. ([46]) Let f be an onto I’-Hom:lz. Let G, be any f - invariant IFPI of
H, and G, be any IFPI of H,. Then f(G,) and f~1(G,) are IFPI of H, and H,
respectively.

Theorem 6.4.6. Let fbe an onto I'— Hom,lfl2 and X = IFSpec(H,), X' =
IFSpec(H,), X* = {G, € X: Gy is f- invariant }, X' (G,) = X"\V(G,), where G, is any
IFI of H,, and & be a map from X’ to X* defined by é(G,") = £~1(¢,"), ¢;,' € X’. Then
the following statements are equivalent

(i) € is continuous

(ii) € is open, and

(iii) & is a homeomorphism of X’ onto X* in other words the map ¢ is an embedding that
maps X' onto X'*.

Proof. (i) Suppose G;," € X'. Then by using Theorem (6.4.5) f~(G,") € X.

Also, f~1(G,") is f -invariant, since for all a b € H, if f(a) = f(b), then
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te, (F(@) = pe (F(B)) and v (f(@) = v/ (F(B)) = bp-1(g,1)(@) = pyma(g,y (D)
and V-1, (@) = V-1, (D), e, £71(6,)(@) = £1(6,")(b). Hence &(G") =
(G e x*.

Next we show that £-1(X (hgg)) N X*) = X ((f(h))(w)).
Since (];1, € f_l(x (h’((G,ﬁ))) (= f(qh,) € X(h(g,ﬁ))

© heoy €5(6) =f71(6) & (f(h))(w) = f(he,s)) € G, by proposition (6.2.5)

o6 ex ((f(h))((w))).
This shows that the inverse image of any basic open set in X'* is an open set in X'. Hence

& is continuous.

(i) Let X' ((f(h))(w)),h € Hyand (8,9) € (0,1]s.t.8 + 9 < 1, be any basic

open set in X'.LetG, € X' ((f(h)) ).Then G, = &(6") = F(G,") for some

(69)

G, € X' such that (f(h)) & G,'. As in part (1)we can show that G, is f —

(89)

invariant. Next,& (X’ ((f(h))(&ﬁ))) = X (hg,s)) N X, because

G €¢ (X' ((r (h))(w))) o £1(6) €X' ((f() g ) and 6 is f — invariant
& fhgs) = (F() g g & 71 (G = f(G1)

& heoy € FHF(6Gy)) = Gy, since Gy is f — invariant

& Gy € X(hggy) N X

Hence the direct image of every basic open set in X' is open in X* and so ¢ is open.

(iii) In the light of part (i) and part (ii), it is enough to prove that h is one-one and

onto.

Let Gy, G,' € X'. Then &(G,")=¢(G') = (6,) =F(6,) = f(f‘l((l}l')) =
f(f‘l((l}z')). As f is onto, therefore, we get G;" = G,’. Thus f is one-one. Finally, let
G, € X*. Then G, is an f -invariant IFPI of H; and Therefore by Theorem (6.4.5), f(G,)
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is an IFPI of H,. Further, £(f(Gy)) = f~'(f(G,)) = G,. Since G, is f -invariant.

Therefore £ is onto.

6.5 Irreducibility And Connectedness Of IF Spec(H)

In this section the conditions for irreducibility and connectedness of topological space X
are discussed.

Definition 6.5.1. The intersection of all IFPI of H is called the IF nil radical of I"-Ring H
and is written as IFnil(H).

Theorem 6.5.2. The space X is irreducible iff IFnil(H) € X.

Proof. Let X be irreducible and let V" be the nil radical of I'-Ring H. Then

(1, ifhen _ (0, ifhen

Next, let h,k € H and let 6,9 € (0,1] s.t. 6+ 9 < 1. Then hyk € V' = hyk is nilpotent
and thus X ((hyk)gg)) = @ by Theorem (6.2.6)(ii). Therefore,X(hegg)) N X (ko)) =
@, since X is irreducible. Hence either h or k is nilpotent, and thus h € V or k € V.
Consequently, V' is the prime ideal of H, whence it follows from Theorem (2.2.9) that
IFnil(H) € X.

Conversely, suppose that IFnil(H) € X. Then N is the Pl of H. Let h,k € H and
let 89€(01] stB8+9<1. Then X(hge)NX(kes)=0 implies that
X((hl"k)(&{,)) = @, by Theorem (6.2.6)(i), and thus hyk is nilpotent for every y € I, by
Theorem (6.2.2)(ii). Then hyk € V" and so h € IV or k € V', which means x is nilpotent
or y is nilpotent. Hence X (hgygy) = @ or X (kgg)) = @, by Theorem (6.2.6)(ii). This
shows that the intersection of any two non-empty basic open sets is non-empty. Hence, X
is irreducible.

Theorem 6.5.3. The space X is disconnected iff H has a non-trivial idempotent element.
Proof. Let X be disconnected. Then 3 IFls G; and G, of H st X =V(G;)U
V(6,),V(6), V(Gy) =0,V ) nV(G,) = 0.
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Now, V(G; ) N V(G, ) = @ implies V(G; @D G, ) = @ so that pg, q¢,(x) =1 and
Ve, @6,(x) =0; for all x€H. S0, Supe=min{max{ug, (m),ue,(m)}}=1 and
Inf—min{min{vg, (m),ve, ()}} = 0, where e is the unity of H = ug, (m) = pg, (n) =
1 and vg, (m) =vg, (n) =0, forall mn€H st. e=m+n. LetI =G, , and J=
G, .. Let K be the prime ideal of H and y, be its IFCF. Then yx € X. Since X =
V(G ) UV(Gy,) =V(G NnGy), it follows that G; NG, S yk.
Next, if h € I N ], then ug, ng, () = 1 and vg, ng, (R) = 0= p, (h) =1 and v, (h) =
0 and then h € K. Thus h en{K: K is a Pl of H} = x is a nilpotent element. This shows

that every element of I N J is nilpotent.

Clearly, H/(In])=1/Un])@J/Un]), Therefore,e+ (I n)) =i+ UN]J)+
j+UnNn]J), forsome i €l,j€]. Sothat iy(e—i) € (In]) for every y € I' and hence
iy(e — i) is nilpotent. Thus (iy(e — i)y)™iy(e — i) = 0 for some m € Z*. Consequently,
(iy(e — DY)™ = (iy(e — D)y)™*1Q ((iy(e - i))), for some polynomial Q(iy(e —i)) in
(iy(e — 0)). Let x = (iy(e — D)y)™Q(iy(e — i)). It is now a simple matter to verify that
h # 0,h # ¢, and hyh = h.

Conversely, for any non-trivial idempotent element x of H, it can be easily verified that
X =V (h@s) UV((e—h) @)V (hes) #0,V(e—R)Es) =0,V (hap) N
V((e = h)gs)) = @ where 8,9 € (0,1] s.t. 8+ 9 < 1.

This establishes that X is disconnected.

Corollary 6.5.4. The space X is connected iff 0y and e are the only idempotent in H.

6.6 Conclusion

This chapter, establishes a topology on X = IFSpec(H), representing the collection of all
IFPIs of a commutative I'-Ring H with unity, known as the Zariski topology. Using the
bases for the Zariski topology, it is demonstrated that the subspace Y of X is compact.
Furthermore, it is shown that space X is always To but not T»; however, when H is a

Boolean I'-Ring, it becomes a T» space. It is also proven that subspace Y is T iff every
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singleton element of Y is an IFMI of H. For f which is a
Hom:f, it is established that X' = IFSpec(H,) is homeomorphic to the subset X* =
{G € X: G is f- invariant }, consisting of f-invariant elements of X = IFSpec(H,).
Additionally, the space X is irreducible iff the intersection of all elements of X is also an

element of X'. However, the space X is connected iff Oy and e are the only idempotent

elements in H.
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Chapter 7

On Intuitionistic Fuzzy f-Primary ldeals

Of Commutative I'-Rings

7.1 Introduction

In the first section, the chapter introduces the concept of IFI expansion and defines IFPrls
concerning such an expansion. Alongside well-established expansions, a novel expansion
denoted as M, defined through IFMIs, is explored. Additionally, IFI expansions meeting
certain additional conditions are examined, and further properties of generalized IFPrls
concerning such expansions are investigated.

In the second section, the concept of IF2-Al expansion is introduced, and IF2-APrls
regarding such an expansion are defined. In addition to familiar expansions, a new
expansion denoted as H, defined by IFMIs, is studied. Moreover, IF2-Al expansions
fulfilling specific additional conditions are explored, and more properties of generalized

IF2-APrls concerning such expansions are investigated.

7.2 Intuitionistic Fuzzy f-Primary ldeals Of I'-Rings

The notion of expansion of IFIs of a commutative I'-Ring has been introduced in this
section, and using this concept, we developed the notion of IFf-Prls, where f is a map
satisfying additional conditions, and proved more results w.r.t. such expansions.

Definition 7.2.1. Let G(H) denote the set of all IFIs of I'-Ring H. Then the map
f:G(H) - G(H) is called an expansion of IFls of H (or briefly as IFI expansion) if

following properties are satisfied:
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() 6 < f(6), VG € G(H)
(i) 6, € G, = f(Gy) S f(Gy), VG, G, € G(H).
Example 7.2.2.
(1) The identity map i: G(H) — G(H) defined by i(G) = G is an expansion of IFls of H.
(2) The map f: G(H) — G(H) defined by £(G) = VG is an expansion of IFls of H.
(3) Denote M'(G) = N{Q:Q 2 G and Q is an IFMI of H}. Then the map
g: G(H) » G(H) defined by g(G) = M (G) is an expansion of IFls of H.
(4) The constant map c:G(H) —» G(H) defined as c(G)=yxy = (1,0) Vhe
H and (0,1) V h ¢ H is an expansion of IFls of H.
Definition 7.2.3. Given an expansion f of IFlIs of H. An IFI G € G(H) is said to be an IF
f-primary if it satisfies the condition

hanoyVk(e,s) € G = hgy € G Orkees) € f(G), Vhiy 0y, kts) € IFP(H),y €T.
Example 7.2.4. Every IFI G € G(H) is an IF c-primary, where c is a constant expansion
of IFIs of H.
Theorem 7.2.5. Let f, g be two expansions of IFls of I'-Ring H. If f(G) € g(G),VG €
G(H), then every IFf-Prl is also an IFg —Prl.
Proof. Let G € G(H) be an IFfPrl of I'-Ring H. Let h, ¢, k(:s) € IFP(H),y €T sit.
hanoyVk(es) € G, hey € G implies that ks S f(G) € g(G), by using assertion.
Hence G is an IFg-Prl of H.
Theorem 7.2.6. Let f;, and f, be two expansions of IFls of I'-Ring H. Let f: G(H) —
G(H) defined by f(G) = f,(G) n £,(G), VG € G(H). Then f is an IFI expansion of H.
Proof. VG € G(H), using definition G < f;(G)and G < £,(G) and so G < f;(G) N
f-2(G) = f(G). Thus G < f(G). Further let B,C € G(H) s.t. B< C. Then f;(B) < f,(C)
and f>(B) € f>(C) and so f(B) = fy(B) N f2(B) € /() N £,(C) = f(C), ie., f(B) &
f(C). Hence f is an IFI expansion of I'-Ring H.
Theorem 7.2.7. Let f be an expansion of IFls of I'-Ring H. For any subset S of H.
Denote
G¢(S) = N{Q: Q is an IFf-Prl of H s.t. x5 € Q}. Then the map
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§:G(H) — G(H) defined by £(G) = G£(G.,), VG € G(H) is an expansion of IFls of H.
Proof. Obviously G € G((G,) = £(G),VYG € G(H).
Let G, G € G(H) s.t. 6 € G. Then

() =Gp(6)=N{Q:Q € G(H) s.t. x¢, € Q and Q is an IF f-primary Ideal}

S N{Q:Q € G(H) s.t. yg. € Q and Q is an IF f-primary }

=G4(G.)

= £(0).
Hence ¢ is an expansion of IFIs of H.
Theorem 7.2.8. Let f be an expansion of IFIs of I'-Ring H. If {G;:i € A} is a directed
collection of IFf-Prls of H, where A is an index set, then G = U;¢,G; is an IFf-Prl of H.
Proof. Let hg, g kes) € IFI(H),y €T be st. hyevkes) SG and hy o) € G =
UieaG;. Then 3G; sit. by, o) vk(es) € G; and h, gy € G;. As each G; is an IFf-Prl and ; <
G. It follows that k(. sy € f(G;) S f(G). Hence G will be an IFf-Prl of H.
Theorem 7.2.9. Let f be an expansion of IFIs of I'-Ring H. If Q is an IFf-Prl of H, then
for every G,, G, € G(H) s.t. ¢, I'G, < Q and G, & Q implies that G, < f(Q).
Proof. Let us suppose Q is an IFf-Prl of H and let ¢, G, € G(H) s.t. ¢, I'G, < Q, and
Gy & Q. Suppose that G, € f(Q). Then 3 h,k € H sit. ug (h) > pg(h),vg, (h) <vy(h)
and g, (k) > prgy(k), v, (k) <vpgy(k). Let ug, (h) =n,ve, (h) =6 and pg, (h) =
t,vg,(h) = s. Then uy(h) <n,vo(h) > 60 and pp gy (k) < t,vpq)(k) > s. This implies
that h(, ) S Gy and k) S Gy, but b, gy € Q and k. s) £ £(Q). Now

Ho(hyk) = pg, re, (hyk) = {ug, () Aug,(K)} = n At = pip, ok, (xvy) and
vo(hyk) < vg, r¢,(hvk) < {vg, (W) Vg, (k)} =6 Vvs = Vhin oy Vk(es) (hyk). Hence
hanoyVk(es) € Q. But hiy gy € Q and k(. 5y & f(Q). This contradicts the assumption that
Q is IFf-Prl of H. Consequently the result is valid.
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Remark 7.2.10. In the definition of IFf-Prls, the statement "G,I'G, € Q" and G, € Q
implies that G, < f(Q). In Theorem (7.2.9) this can be replaced as "G, "G, S Q" and
G, ¢ £(Q) implies that ¢, < Q.

For any IFI G, of a I'-Ring H and any IFS G, of H, the IF residual quotient of ¢, by
G, is denoted by (Gy:G,) = U{h,g) € IFP(H): h(;y 60T G, € G4}, 1t can be easily seen
that (G,: G,) isan IFI of H s.t. G, € (Gy: Gy).
Theorem 7.2.11. Suppose f be an expansion of IFIs of I'-Ring H. Then
() IfQisanIFf-Prland G isan IFl of Hs.t. G € f(Q), then (Q: G) = Q.
(i) For any IFf-Prl Q and any subset N of H, (Q: x,) is also an IFf-Prl.
Proof. (i) Since Q 26N Q 2GrQ, ie., GI'Q € Q, so Q < (Q:G). Also by definition,
we have GI'(Q: G) < Q. Since G £ f(Q) we have (Q: G) € Q [Using Remark 7.2.10].
Therefore (Q: G) = Q.

(ii) Let hgpo)Tksy S (Q: xn) and he, gy € (Q: xn)- Then hey gy Ixy € Q. Therefore
3, n€N,y; €I st /"h(n,e)FXN(hhn) > po(hy;n) and Vh(n,e)FXN(hyln) < vo(hy,n),
i.e., 1> pg(hy;n) and 6 < vy(hyin) and so (hy n)ye) € Q, i.e., hgpo)Vinme) € Q.
But  hg e\ VinmeV2Kies) = (hvanv2k) gacovs) = (hysk) acevs) € @, where  y3 =
yinyz. As Q isan IFf-Prl so k) € £(Q) S £((Q: xn)). Hence (Q: xy) is an IFf-Prl.
Definition 7.2.12. Let f be an expansion of IFIs of I'-Ring H. Then f is said to be
intersection preserving if it satisfies "f (G, N G,) = f(G,) N f(G,)", for every G, G, €
G(H).

Also, f is said to be global if for each ¢ which is F—Homgi, the following hold:

f(e™(@) = o7 (f(6)) ¥ G € G(Hy).
Note that an expansion i of IFIs of I'-Ring H in example (7.2.2) (i) is both intersection

preserving as well as global.
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Theorem 7.2.13. VG € G(H), let P(G) :=N{B: B 2 G and B is IFP1 of H}. Then the
map f: G(H) —» G(H) given by f(G) = P(G) is an intersection preserving expansion of
IFIs of I'-Ring H.

Proof. Obviously, f is an expansion of IFls of I'-Ring H. For every G,,G, € G(H), let us
denote

P, :={P:P 2 G, NGy PisIFPIof H} ; P, :={P:P 2 G, or P 2 Gy, P is IFPI of H}.
Then NP, = P(G, nG,) and NP, = P(G;) N P(G,). Obviously P, € P;. If Pe P,
then G, I'G¢, € G, NG, S P.AsPislIFPl,so G, < PorG, € P.ie.,P € P,andsoP; <
P,, then P, = P,. Thus f(G; N G,) = P(G, NG = NP, = NP, = P(G,) N P(Gy) =
f(Gy) n £(G,). Hence proved.

Theorem 7.2.14. Let f be an expansion of IFIs of I'-Ring H which is intersection
preserving. If G, G, ....... G, are IFf-Prisof Hand B = f(G,) V k=1,2,....... n, then
G := Ni=1Gy isan IFf-Prl of H.

Proof. Obviously, G : = N;_,Gy is an IFl of H. Let C, D are IFIs of H s.t. CI'D < G and
C € G.Then C & G, for some G, where k € {1,2,...,n}. But CI'D < G < G, and G, are
IFf-Prl of H, which imply that D < f(G,). Since f is intersection preserving, so

(@) = f(Ni=1Gr) = Ni=y f(Gr) = B = f(Gy)

and so D € f(G). Therefore G is an IFf-Prl of H.

Leto be a I"-Hoij . Note that if G is an IFI of H,, then 6~1(G) is an IFI of H, and
that if o is surjective and G is an IFl of H,, then a(G) is an IFI of H,.
Theorem 7.2.15. Let f be an expansion of IFIs which is global and let o be a F—Homgj.
If B is an IFf-Prl of H,. then ¢~1(B) is an IFf-Prl of H;.
Proof. Let G,Gbe two IFIs of H, st. GI'G<o '(B) and G o~*(B). Then
o(®)ra(G) = o(6rG) c B and o(¢) & B, which implies that o(G) € f(B). Since f is
global, it follows that G € o= *(f(B)) = f(a~*(B)). Hence o~ (B) is an IFf-Prl of H; .

95



By using the same argument it may be easily seen that if o be aF—HomZ;, then
o~ 1(a(G)) = G for each G € G(H,) that contains Ker (o).
Theorem 7.2.16. Let o be a surjective F—Hom,’jiand let G be an IFI of H; that
contains Ker(o). Then G is an IFf-Prl of H; iff 6(G) is an IFf-Prl of H,, where f is a
global IFI expansion.
Proof. If a(G) is an IFf-Prl of H,, then G is an IFf-Prl of H, by Theorem (7.2.15) and
G = o7 (a(G)). Suppose that G is an IFf-Prl of H, and let B, C be IFls of H, s.t. BI'C
o(G) and B € o(G). Since o is surjective we have o(D) = B and o(E) = C for some
IFls D and E in H,. Then o(DI'E) = o(D)I'6(E) = BI'C € o(G) and o(D) =B &
a(G), which imply that DI'E € 6~1(0(G)) = G and D & 67 *(a(G)) = G. Since G is an
IFf-Prl of Hy, it follows that E € £(G) so that C = a(E) € oa(f(G)). Using the fact that

f is global, we have

£6) = £ (o7 (0(6))) = o (f(o(&))

and so o(f(G)) = 0(0‘1 (f(a(G)))) = f(a()). Since o is surjective, therefore C <

f(a(6)) and so a(G) is an IFf-Prl of H,. This completes the proof.

7.3 Intuitionistic Fuzzy 2-Absorbing f —Primary ldeals Of I-
Ring
In this section, we investigated IF2 —Af —Prls of I'-Ring, where f is an expansion of
IFls of I'-Ring H.
Definition 7.3.1. Given an expansion f of IFls of H. An IFI G € G(H) is said to be IF2-
Af —Prlif forany IFPs h(, g,k 9) Prw) OfHand yy,y, € I' sit.

heno)V1K©,0)Y2Pw) € G = h@oVikeo G  OF  hueVaDrw) S f(G)  or

k(69 V2Pzw) € f(G)
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Example 7.3.2. (1) The map defined in example (1) of (7.2.2), IF2 —Af —Prl is just
IF2 —Al as defined in definition (2.2.12).

(2) The map defined in example (2) of (7.2.2), IF2 —Af —Prl is just IF2 —APrl as
defined in definition (4.5.1).

In the following we will give a list of results, they are an extension of some results.
Theorem 7.3.3. Let f, g be two expansions of IFls of I'-Ring H. If f(G) < g(G),VG €
G(H), then every IF2 —Af —Prl is also an IF2 —Ag —Prl.

Proof. Let G € G(H) be IF2 —Af —Prl of I'-Ring H. Let h(, gy, k(g.9), P,y Of H and
y1,Y. EI st h(n’g)ylk(g’s))/zp(-[’w) cG=> h(n’g)ylk(g‘ﬁ) cG or h(n‘g)yzp(r,w) c
f(G) € g(G) or ko) V20w € f(G) € g(G), by assertion. Hence G is IF2 —Ag —Prl
of H.

Theorem 7.3.4. Let f be an expansion of IFIs of I'-Ring H. For any subset S of H.
Denote

Gr(S) =N{Q: QisanIF2 — Af — Prlof Hs.t. s € Q}. Then the map &: G(H) - G(H)
defined by £(G) = G/(G.), VG € G(H) is an expansion of IFls of H.

Proof. Obviously G € G((G,) = £(G),VYG € G(H).

Let 6, G € G(H) s.t. ¢ < G. Then

§(®) =G6,6)=n{Q:Q € G(H) s.t. x4, € Q and Q is [F2 — Af — Prl}
cN{Q:Q e G(H) s.t. xg, S Qand Q is IF2 — Af —Prl }

= G¢(G.)

=¢(G).
Hence ¢ is an expansion of IFIs of H.
Theorem 7.3.5. Let f be an expansion of IFIs of I'-Ring H. If {G;:i € A} is a directed
collection of IF2 —Af —Prls of H, where A is an index set, then G = U;c,G; is IF2-Af-
Prl of H.
Proof. Let h(, gy, k6,9), P(r.) OF Hand y1, v, € I' s.t. h¢yy 9)V1K(6,9)YV2DP(z0) E G. Then
3i € Ast. hye)Vikes)V2Prw) S G;. Since each G; is IF2 —Af —Prland G; € G. It
follows that h(; gyV1k 6,0y S G; OF hyg)VaDirw) S f(G:) OF k(g9 V2P(rw) € f(G;). Since
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G; S f(G) S f(G), hipoyYik@o S G O by 9)VoPrw) € F(G) OF kg oy VaD(rw) S
f(G), so that G is IF2 —Af —Prl of H.

Theorem 7.3.6. Let f be an expansion of IFIs of I'-Ring H which is intersection
preserving. If Gy, Gy, ....... G, are IF2 —Af —Prls of H and B = f(,,) for all m =
1,2,....... n, then G : = N} _, G, is an IF2 —Af-Prl of H.

Proof. Obviously, G :=N},-,Gy, is an IFI of H. Let h¢, ), k6,9) Pr,0) € IFI(H) and
Yu¥2 €I such that  hg e)V1kgo)V2Prw) EG  and  hygvikee) € G. Then
henoyY1k(go) € G for some m € {1,2,...,n}. But he;, 0)¥1k(g.9)Y2Pw) € G € Gy and
G, is an IF2—Af —Prl of H, which imply that hg e V2Prw) S f(Gy) or

k69)V2Prw) S f (). Since f is intersecting preserving, so

f(G) = f(n?n=1¢'m) = n?n:lf(d}m) =B = f((Em)

and o h, 0yV2P(r,w) € fF(G) OF kg9)V2Prw) E f(G). Therefore G is an IF2 —Af —Prl
of H.

Theorem 7.3.7. Let f be an expansion of IFIs which is global and let o is I’-Homgj. If
G is an IF2 —Af-Prl of H,, then 0~1(G) is an IF2 —Af —Prl of H;.

Proof. Let h, gy, kg9) D) € IFP(H;) and yy,y, €T St hy e Vikeo)V2Prw) S

a~1(G). Then o(xn,0)) 710 (V69))720 (2zw)) € G, ie.,
(0(0) g 11(00)) g, V2 (0 @), € G which imply that
(G(h))(n,e)yl(a(k))(e,a) cG or (U(h))(n,e)VZ(a(p))(r,w) < 1(G) or
(a(k))(e,a)h(a(p))(f,w) c £(G). Since f is global, it follows that he,eyy:ke.s) S

a7 (G) or huekes)VePrw S0 (f(é)) = f(O'_l(G)) or  kego)VaPrw) S
o1 (f(G)) =f (0‘1(6)). Hence o~1(G) is an IF2 —Af —Prl of H;.
It can be easily verified that if o is a I'-Homy?, then 0=*(a(G)) = G for every G €

G(H) that contains Ker(o).
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Theorem 7.3.8. Let o is surjective F—Homgj of I'-Rings and let G be an IFI of H; that

contains Ker (o). Then G is an IF2 —Af —Prl of H, iff (G) is an IF2 —Af —Prl of H,,
where f is a global IFI expansion.
Proof. If (G) isan IF2 —Af —Prl of H,, then G isan IF2 —Af —Prl of H;, by Theorem

(7.3.7) and G =0"(0(G)). Suppose that G is an IF2 —Af —Prl of H;. Let
h(n,@)'k(e,ﬁ)'p(‘c,w) € IFP(HZ) and Y1,V2 € I s.t. h(n,g)ylk(g,g)yzp(r'w) c O'(G) Since o
is surjective we have o(a)=h,o(b) =k,0(c) =p, for some a,b,c € H;.Then
henoyV1k@9)YV2Pw) S 0(G), which imply that ag, 6)v1b.0)V2Crw) € 0 (0(6)) =
G. Since G is an IF2—-Af —Prl of H,, it follows that ag,¢)y1b@gs) S G oOr
A1,0)Y2C(r,w) c f(G) or b(6,19))/2c(‘r,w) c f(G), i.e., h(n‘g)ylk(g‘g) c O'(G) or

h(n,@)yzp(‘r,w) c O'(f(G)) or k(@,t‘)))/ZP(T,w) c O'(f(G)) As f is glObal, we have
£6) = £ (o7 (0(6))) = o (f(o(&))

and so a(f(G)) =a(a‘1 (f(a(G)))) = f(a(G)). Since o is surjective. Therefore

o(G) isan IF2 —Af —Prl of H,. This completes the proof.

7.4 Conclusion

This chapter, introduces the concept of IFf-Prls (2-absorbing f-primary ideals), which
serves as a unification of the notions of IFPIs (2-absorbing ideals) and IFPrls (2-APrls)
within a I'-Ring. The exploration of these concepts signifies a new direction towards
establishing the foundation for studying the decomposition property for IFf-Prl (2-

absorbing f-primary ideal).
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Chapter 8

Extensions Of Intuitionistic Fuzzy Ideal
Of I'-Rings

8.1 Introduction

The concept of extensions of fuzzy ideal with respect to an element in the I"-semiring was
introduced by Venkateshwarlu, Rao, and Narayana in [67]. By using this concept, they
characterized FPI and FSPI. In this chapter, notion of extension of IFI with respect to an
element of I'-Ring is investigated and characterization of IFPIs and IFSPIs has been

innovated.

8.2 Extensions Of Intuitionistic Fuzzy Ideal Of I'-Rings

The concept of extensions of IFI of I'-Rings has been coined and characterization of IFPI
and IFSPI has been done in this section.

Definition 8.2.1. Suppose H is a I'-Ring. Take any IFS G of Hand h € H. The IFS

< h,G> defined by pucpes(k)=Infreny, yeritic(hyiryz2k)} and vep e (k) =
SUPreny, y,erive (hy1ry2k)} is said to be extension of G by h, where k € H.
Proposition 8.2.2. Let H be a commutative I'-Ring. Take G is an IFI of H and h € H,
then the extension < h, G > of G by h is an IFI of H.

Proof. Clearly < h,G > isan IFS of H. Let r;,, € H, y € I', we have
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H<n,c> (n—mr) = InfreH,yl,yzer{llG (hYﬂ”Yz (ry — 7‘2))}
= InfreH,yl,yzer{llG (hyiryar — hyiry,ars))}
> Infreny,y,eritic (hyaryary) A ug(hy ry,rs)}
= {InfreH,yl,yzel" (llc (hY1TYZT1))} A {InfrEH,yl,yZEF (.UG (hV1TV2T1))}
= ll<h,G>(T1) A U<nc> (Tz)-

Thus pepgs (1 —12) = pep 65 (1) A pep 6> (12). In the same manner this can seen that

VehG> (rp—1m,) < V<h,G>(T1) \% V<h,G>(Tz)- Also,

H<n,G> (riyr) = InfrEH,yl,yzel"{.uG (hh Y2 (r1)’r2))}

= InfrEH,yl,yzel"{.uG ((hhrl’zﬁ))’rz)}
> InfrEH,yl,yzel"{.uG (h)’1r)’2r1)}}

= U<h iG> (7”1)-

Since H is a comm. I'-Ring ryyr, = ryyry, forallr,r, e H,y € I'.

#<h,G>(7”1Y7”2) = .U<h,G>(7”2V7”1) = InfrEH,yl,yzer{HG (hhryz (7”2]/7”1))}
= InfrEH,yl,yzEF{.uG ((h)/ﬂ”)/zrz))””l)}
= InfrEH,yl,yzel"{.uG (hylr)/Zrz)}
= .U<h,c;>(7”z)
Thus pep 6> (T1Y72) = pfang> (1) V pen,g> (12). Similarly, we can show
VenosTyYr) < tanes (1) Avep s (r,). Hence < h, G > is an IFI of H.
Example 8.2.3. Consider H =T =Z4=1{0,1,2,3,....,8} under the operations addition
modulo 9 and multiplication modulo 9. Then H is a I'-Ring. Define an IFS G of H as
1, ifh=0 0, ifh=0
ue(h) = {0.4, ifthe€{3,6}; v;(h)= {0.5, if h € {3,6}
0.7, otherwise 0.2, otherwise.
It is easy to verify that G is not an IFl of H, for u; (4 — 1) = us(3) = 0.4 20.7 = uz (4) A
U (1). However, the extension of G by 3, i.e., the IFS < 3 4+ G > is defined as

ifh €{0,3,6} 0, ifhe{03,6}

1, _
Hezrgs(h) = {O P Vaases() = {0.5, otherwise.

4, otherwise
is an IFI of H.
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Proposition 8.2.4. Suppose H is a commutative I'-Ring. If G is an IFl of H and h € H.
Then these axioms are true

1. G<S<hG>

2. < (hy)™th G >c< (hy)"h,G >, wherey €T

3. If h €Supp(G), then Supp(< h,G >) = H, where Supp(G) is eloborated as

Supp(G) = {h € H: ug(h) > 0,v;(h) < 1}.

Proof. (1) Let k € H. Since G is an IFl of H, s0 < 6= (k) =
Infrenyyyeritte (Ryairy2k)} = (k) and vep 65 (k) = Suprepy, y,er{ve (hy1ry2k)} <
v (k),Vk € H
Thus G €< h, G >.
(2) Letn € N, k € H. Since G is an IFI of H, we have

Hemyyrhe>(K) = Infreny, y,erftic ((hy) hyiry2k)}
= InfrEH,yl,yz eritic ((hy(hy)n_lhyl Y2 k)}
= Infreny, y,erille ((hy)"* thy ry,k)}
= .U<(hy)"‘1h,G>(k)-

Thus pic(nyyrn,gs(K) = pe(nyyn-1p 6> (k). In the same manner, it can be shown that
Vepythes ) S Vepyn-1pe-(k), for all keH. Thus < (hy)" 'h G >c<
(hy)™h, G >.

(3) Since < h,G > isan IFl of H, so for k € H

tenc> k) = IMfreny, y,eritc (hyary2k)} = pug(h) > 0 and

Veng>(K) = SupPreny, y,erVe (hy1rv2k)} < vg(h) < 1. This implies k € Supp(<
h,G >). So H < Supp(< h,G >). But Supp(< h,G >) € H always implies that
Supp(< h,G >) = H.

Theorem 8.2.5. Suppose H isa I'-Ring and G is an IFPI of H. Thenfor all h,k € H
Infreny, yreritic (hyary2k)} = ug(R) Vg (k)  and  Supreyy, y,erive (hyiryak)} =
v (h) Avg (k). Conversely, suppose G is an IFlI of a I'-Ring H s.t. Img(G) =
{(1,0),(4,0)}, where 4,{ €[0,1) st. A+{ <1 and Infrepy,y,eritic(hyiry2k)} =
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e (h) v g (k) and SuPren y, y,eriVe (hy1ry2k)} = vg(h) Avg (k) holds Vh, k € H,
then G is an IFPI of H.

Proof. Let G be an IFPI of H. Then (i) G(04) = (1,0) (ii) G, is a Pl of H (iii) Img(G) =
{(1,0),(14,0)}, where 4, € [0,1)st. A+ < 1.

Clearly Inf,cuy, y,eritic(hyiryok)} = 1 or A and Sup,epy, y,er{ve (Ayary2k)} = 0 or
d.

Case(i) Let ug(h) v ug(k) = 1. Suppose ug(h) = 1, then vz (h) = 0. This implies
that h € G,. Since G, is an ideal of H so hy,ry,k € G,, forall y;,y, € I'and forall , k €
H. Therefore ug(hy,ry,k) =1 and vg(hy,ry,k) =0, for all y,,y, €I, r,k € H.
Hence Ifreny, y,erittc (hyary2k)} = 1 = pg(h) V ug (k) and
SuPrenyyper Ve (yary2k)} = 0 = v () Av (k).

Case(ii) Let ug(h) V ug (k) = A. Then atleast one of ug(h) or ug; (k) is A. Suppose
Us(h) =21 and so vgz(h) ={. This implies h ¢ G,. Hence hI'HT'k & G,. Thus 3's,
Y.V €T and re€H such that hy,ry,k € G.. Hence pu;(hy,ry,k) #1 and
Vg (hyryzk) # 0. As Img(G) = {(1,0),(4,{)}, so we have u;(hy,ry,k) =21 and
ve(hyirvek) =4 Thus  Infreyy, yoerfitc (hyamy2k)} = 2 = ug(h) v pg (k) and
SuPrenyyyser Ve (hyirv2k)} = T = vg () A v (k).

Conversely, to prove the converse it is sufficient to show that G, is a Pl of H. Suppose
h,k € H st. h'Hl'k < G,. Therefore for all y,,y, €I, r € H, hy;ry,k € G,. SO
U Chy,ry,k) = 1 and vg (hy,ry,k) =0, forall y,,y, e Fand r € H.

Hence  Infreny, yerlttc(hyary2k)} =1 and  Suprepy, yerive(hyiry2k)} = 0.
Therefore

e (h) vV ug (k) =1 and vy (h) Avg (k) = 0. This indicates that u;(h) = 1,vg(h) = 0 or
(k) =1,v;(k) =0, ie., h € G,ork € G,. Thus G, is a Pl of H. Hence G is an IFPI of
H.
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Proposition 8.2.6. Suppose H be a I'-Ring and G is an IFPI1 of Hand h € H, then
U<h,G> (k) = InfreH,yl,yzel"{:u<h]/1r]/2h,G>(k)} and Veh,G> (k) =

SuprEH,yl,yzEI"{V<hy1ry2h,G>(Y)}v Vk € H.

Proof. Now

InfrEH,yl,yzel" (.u<hy1ry2h,6>(k)) = InfreH,yl,yzeF{InfreH (h'yiryzk)}, where h' = hy,ry,h
= Infreny,y,eritic(h) V ug(k)} as G is an IFPI
= Infreny,y,eritic (hyary2h) V ug ()3}
= Ifreny,y,eritic (hyary2)}V Infreny. oy, erftic (k)3
= () Vug(h) vV ug (k) = pg(h) v ug (k)
= InfreH‘y3’y4er{ﬂG (h)/3r)/4k)} as G iS an [FPI
= H<h,G>(k)-
The same argument can be used to prove other results.
Definition 8.2.7. Suppose Hbe a I'-Ringand N € H and h € H, we define
< h,N >={k € HlhHT'k S N}
Proposition 8.2.8. Suppose Hisa I'-Ringand @ # N € H. Then < h, yy >= y<pn> fOr
every h € H.

Proof. Suppose k € H. NOW picp o> (k) = Infrepy, y,erfity, (hyary2k)} =1 or 0 and

V<h,)(N>(k) = SuprEH,yl,yzEF{VXN (h)/1r)/2k)} =0orl.

Case(i) If pepyy>(k)=1 and s0 vp,,>(k)=0 and therefore,

InfrEH,yl,yZEF{.uXN (hylr)/Zk)} =1 and SuprEH,yl,yzel"{VxN (h)/lr]/zk)} = 0. This implies
hy:ry.k €N, for all y,,y, €I,r€H and so k €<h,N>. Hence p,_ . (k)=

1,vx<th>(k) = 0. So here in case (i), this is true that < h, yy >= Y<pn>.

Case(ii) If pepyy>(k)=0 and S0 vep,,>(k)=1 and therefore,

Infreny, yyerittyy (hy1ry2k)} =0 and  Sup,cpy, y,er{vyy (hvarv2k)} = 1. Hence
hy,ry,k ¢ N, for some vy,,y, €I,r€ H. This implies k &<h,N>. Hence
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/1X<h_N>(k) =0,v (y) = 1. So here in case (ii) also this is true that < h, yy >=

? P X<x,N>
X<nn>- Hence the result proved.
Theorem 8.2.9. Suppose H is a I'-Ring. If G is an IFPl of Hand h € H be s.t. h ¢ G,,
then
< h,G >= G. Conversely, let G be an IFI of H s.t. Img(G) = {(1,0), (4,{)}, where
ALC€E01) st. A+ <1.If <h,G>=G, for some h € H for which G(h) = (4,),
then G is an IFPI of H.
Proof. Let G be an IFPI of H. Then (i) G(04) = (1,0) (ii) G, is a Pl of H (iii) Img(G) =
{(1,0), (1, 0)}, where A,{ € [0,1) suchthat A+ { < 1.Lethe€ H

Case(i) If h € G,, then hy,ry,h € G, for all y,,y, € I',7,h € H. SO

InfrEH,yl,]/ZEI"{,uG (hyiry2h)} =1 =pg(k) and SupreH,yl,yzeF{VG (hyary2k)} =0 =
v (k). Thatis ucp 6= (k) = pg(k) and vy s (k) = vg (k), i.e., < h,G > (k) = G (k).

Case(ii) Let k ¢ G,. Is G, is a Pl of H, hy;ry,k € G,, for some y;,y, € I',r,h € H.
SO Ifreny,yyerittc (hyiry2k)} = 4 = ug(k) and Suprep,y, y,er{ve(hyiry2k)} = =
v (k), i.e., ucp > (k) = pg (k) and vep, 65 (k) = vg (k), ie., < h, G > (k) = G(k). So in
both the cases we get < h,G >=G.

Conversely, let h,k € H.

Case(i) Let e (h) = 4, vg(h) = 4. Now te (k) = pepg> (k) =
Infreny, yperittc (hyary2k)} and vg(k) = vep s (k) = Subreny, y,erive (hyaryv2k)}.
Since Img(G) = {(1,0),(4,{)}, where A, € [0,1) such that A + ¢ < 1. Now ug; (k) =
A =pg(h) and vs (k) < ¢ =vg(h). So pug(h) Vv ug(k) = ug(k) and vg(h) Avg (k) =
v (k). Therefore we have
Infreny, yrerittc (hyary2k)} = ug(R) vV ug(k)  and  Supreny, y,erive (hyaryak)} =
v (h) Avg (k).
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Case(ii) Let ug(h) = 1,v4;(h) = 0, then h € G.. As G is an IFl of H, G, is an ideal
of H. Hence hy,ry,k € G,, Vyy,y, €I',r,k € H. SO Infreyy, y,eritic(hyiry2k)} =
1=ps(h) Vug(k) and Sup,cyy, y,er (Ve (Ay1rv2k)} = 0 = vg(h) Avg(k), Vh,k € H.
Hence using the converse of Theorem (8.2.5) G is an IFPI of H.

Theorem 8.2.10. Suppose H is a I'-Ring. If G is an IFPl of H & h € H be s.t. h € G,,
then

< h,G>=yy.

Proof. Suppose G be an IFPI of H. Then (i) G(05) = (1,0) (ii) G, is a prime ideal of H
(i) Img(G) = {(1,0),(1,{)}, where 0 < L, { <1st. A+ {<1.lLety € H. Ash€ G,
then hy,ry,k € G,, for all vV, EI, 1,k € H. So Uencs(k) =
Infreny, y,eritic (hyary2k)} = 1 = py, (k) and Venes (k) =
Supreny, y,eritic(hyiry2k)} = 0 = v, (k), vk € H. Hence < h,G >= yy.

Corollary 8.2.11. Suppose M is an ideal of a I'-Ring H. If M is a Pl of H then for h € H,
<hxm >= Xu-

Proof. Suppose M be a Pl of H. Then y,, is an IFP1 of H Now h & H implies h & (xp).,
we have by Theorem (8.2.9) < h, xyr >= Xu-

Theorem 8.2.12. Let H be a commutative I'-Ring and G be an IFSof Hs.t. < h,G >= G
for every h € H. Then G is constant.

Proof. For h, k € H we have

pe(h) = pcre=(h),as <h,G>=G foreveryh € H
= InfrEH,yl,]/zEF{.uG (ky,ry2h)} = InfrEH,yl,yzel"{.uG (hy,ry2k)}
= pen,g>(k) = pg (k).
Thus ug;(h) = ug (k). Similarly, this can be depicted v, (h) = v;(k), for all h,k € H.
Hence G is constant.
Proposition 8.2.13. Let H be a I'-Ring and G is an IFPI of H. Then either < h, G > is an
IFPI of H or < h, G > is constant.
Proof. Let G be an IFPl of Hand h € H
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Case(i) If h ¢ G,. By Theorem (8.2.9) < h, G >= G. This proves that < h, G > is an
IFP1 of H.

Case(ii) If hedG, Then hy,ry,k €G,, forall y,,y, €l v,k € H. Hence
H<n,G> (k) = Infrey,yl,yzer{llc (hyiry2k)} = Lvenes (k) =
SuPreny, y,eritc(hyiry2k)} = 0, for all k € H. This proves < h, G > is a constant.
Proposition 8.2.14. Suppose H is a commutative I'-Ring and G is an IFSPI of H iff
G(hyh) =G(h),Vhe H,andVy € T.
Proof. Let G,be an IFI of I'-Ring H such that G,(hyh) = G,(h), Vh € H and Vy € I.
Let G, be an IFI of H s.t. G,I'G, € G;. Let G, & G;. Then 3k € H s.t. g, (k) > pg, (k)
and vg, (k) < vg, (k).

Now UG, ré, (k)/k) = U, (k) > Uy (k) and VG, TG, (k]/k) < Ve, (k) < ,qu;l(k). Again
tg, (k) = pg, (kyk) = pg, rq, (kyk) and vg, (k) = vg, (kyk) < vg,rg, (kyk). This implies
that G,I"G, = G, which is not true. Hence G, < G;. Thus G, is an IFSPI of H.

Conversely, let G be an IFSPI of H. Now for any h € H, we have

te(h) = Ifreny, y,erltic(hy1ry2h)}(from prop. (2.2.11))
= InfrEH,yl,yzel"{.uG (hylxyzh)}
> g (hy;h).

Again ug (hy;h) = pg(h). Thus pg(hy;h) = ug(h). In the same manner it can be shown
that v; (hy;h) = vg(h). Thatis G(hyh) = G(h)Vh € H,y € T.

Proposition 8.2.15. Let H be a commutative I'-Ring and G be an IFSPI of H. Then

< h,G >isan IFSPI of H for every h € H.

Proof. Suppose G is an IFSPI of H and h € H. Now by Proposition (8.2.2) < h,G > is an
IFI of H. For every k € H,y € I, this is true
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,u<h,G>(k) = InfrEH,yl,yzer{llG (hy,ry2k)}
= I"freH,yl,yzer{llG{(hyﬂ”]/z k)y(hyiry,k)}}(as G is IFSPI )
= InfreH,yl,yzer{llG{(hhmyz k)y(kyihy,7)}}
= InfreH,yl,yzer{llG (hy,ry2ky)}

= InfreH,yl,yz EF{/'lG (hYITYZ (k)/k))}
= ll<h,G>(k)/k)-

Again pcp s (kyk) = ug(k), as < h,G > is IFl of H. Thus ucpgs(kyk) = ug (k).
Similarly, we can show vy ;s (kyk) = v;(k) for all k € H,y € I', by proposition
(8.2.14) < h,G > will be an IFSPI of H.

Corollary 8.2.16. Suppose H is a commutative I'-Ring and {G;:i € J} be a non-empty
family of IFSPIs of H. If ug (h) = Infic;{ug,(h)} and vg (h) = Sup;e;{vs,(h)}. Then take
any h € H, < h, G > will be an IFSPI of H.

Proof. Clearly, G isan IFS of H. Letry,7, € H,y € ', then

pe(ry —r) = Infie]{llc;i (r1 — 1)}
> Infie;{ug, (r0) A pig, (1)}
= {Infie]{llc;i r)B A {Infie]{.uci(rz)}}
= g (r) A pig (r2).
Similarly, we can show that v, (r; — 1) < v (ry) V v (r,). Also

pg (riyrs) :Infie]{.uci(ﬁ)/rz)}

2 Infie]{.uci (r)v Hg; (rp}

= {Infie]{.uai(ﬁ)}} \ {Infie]{.uci(rz)}}

= ug(r) v g (rp).
In the same way, we prove that v, (r,yr,) = v () Avg (r,). Thus G will be an IFI of H.
Let a € H, y € I', we have ug(a) = Infie;{ug, (@)} = Infie;{ug,(aya)} = ug(aya), as
each G; is IFSPIs of H. In the same way, we prove that v;(a) = v;(aya), forall y € T,
Then by proposition (2.2.11), < x,G > is an IFSPI of H.
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Corollary 8.2.17. Let H be acomm. I'-Ring and {P;:i € J} is a family of SPI of H with at
least one element and P = N;¢;P; # @. Them < x, yp > is an IFSPI of H for every x €
H.

Proof. Since P = N;¢;P;, is IPl of H. Then yp will be an IFSPI of H. Thus by
proposition (8.2.15) < x, yp > will become an IFSPI of H.

8.3 Conclusion

In the last chapter, the notion of extensions of IFI with respect to an element in the I'-
Ring is investigated and characterization of IFPI and IFSPI has been innovated.
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Overall Conclusion

In this thesis, an attempt has been made to study IFIs within the I'-Ring, with particular
emphasis on their structure. The concept of IFCI within a I'-Ring has been explored,
establishing a connection between IFCI and its level cut sets (3.2.7) and (3.2.9). A
relationship between Aut(H) and Aut(OR) has been derived (3.3.19), along with a one-to-
one mapping between IFCI(H) and IFCI(OR) (3.3.22).

Furthermore, the fundamental concepts of IFPrl and IFPR in I'-Ring have been
investigated, demonstrating that IFPrl of a I'-Ring forms a two-valued IFS with the base
set being a Prl (4.3.17). It has also been shown that the IFPR of an IFPrl is an IFPI
(4.3.20). The homeomorphic behavior of IFPrl and IFPR in I'-Ring was established
(4.4.3), (4.4.7), (4.4.8), (4.4.9). The notion of (IF2—APrI) in I'-Ring has been explored,
proving that every IF2—AI of I'-Ring is an IF2—APrl (4.5.7), but the converse is not true
(4.5.8). Additionally, it has been established that the intersection of two IF2-APrls of a I'-
Ring may not be an IF2—APrIs (4.5.12); however, the intersection of a finite number of
IFP—2—APrls of a I'-Ring is an IFP—2—APrl (4.5.11).

Furthermore, the IF version of the Lasker-Noether theorem for a commutative
Noetherian I'-Ring has been established, proving that every IFI G in a commutative
Noetherian I'-Ring can be decomposed as the intersection of a finite number of IFPrls
(5.2.8). This decomposition is called an IF primary decomposition. In addition to
exploring the IF primary decomposition, it has been demonstrated that, in the case of the
minimal IF primary decomposition of an IFI G, the set of all IF associated Pls of G is

independent of the particular decomposition (5.3.11).

The structure space on the IFPIs(H) of commutative I'-Ring with unity

(6.2.2) has also been investigated. It has been shown that this structured space is always
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To (6.3.1) but not T2 (6.3.6); however, when H is a Boolean I'-Ring, then it is a T> space
(6.3.7). Furthermore, a subspace of the structure space, which is always compact (6.3.8),
has been identified. Additionally, a relationship between the two different structure
spaces has been established when there is a I'-Ring homomorphism between two I'-Rings
(6.4.6). Moreover, the structure space is connected if and only if 0 and e are the only
idempotent elements in H (6.5.4).

Further, the two notions of IFPIs (2-Als) and IFPrls (2A-Prls) of a I'-Ring have
been unified into IFf-Prl (2-Af-Prls)), where f is a map from the set of all IFIs (2-Als)
into itself called the ideal expansion map. It has also been shown that the intersection of a
finite number of IFf-Pris (2-Af-Prls) of a I'-Ring is again an IFf-Prl (2-Af-Prls)
provided the mapping f is an intersection-preserving (7.2.14) and (7.3.6). Additionally, it
has been proven that the image and pre-image of an IFf—Prl (2-Af-Prls) under the I'-
Ring homomorphism between two [I'-rings are IFf-Prls (2-Af-Prls), provided the
mapping f is both intersection-preserving and globally expansive (7.2.16), (7.2.15),
(7.3.7) and (7.3.8).

Finally, the notion of extensions of intuitionistic fuzzy ideals with respect to an
element in the I'-ring has been introduced, and the characterization of intuitionistic fuzzy
prime ideals (8.2.13) and intuitionistic fuzzy semi-prime ideals has been undertaken
(8.2.15).

Nevertheless, there remain results in crisp set theory related to the topics
covered in this thesis that need investigation in the IF setting over I'-Ring. Many ideas in
algebra related to the theory of I'-Ring, such as the “structure of primitive I'-Ring” and
“higher separation axioms for the structure space on the set of prime ideals”, have yet to

be defined or explored in the IF analogs.
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