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ABSTRACT

In this thesis, we study the category of intuitionistic fuzzy modules by exploring its interac-
tion with various mathematical structures. This research investigates how intuitionistic fuzzy
modules relate to concepts in category theory, such as functors, natural transformations, and
universal properties. Our focus is on establishing a categorical framework for intuitionistic
fuzzy modules. In this framework, the objects represent intuitionistic fuzzy modules over
a given commutative ring R, and morphisms preserve the intuitionistic fuzzy structure. We
explore the properties of this category, including the existence of products, coproducts, equal-
izers, coequalizers, pullbacks, images, and inverse images. Furthermore, we investigate the
relationships between intuitionistic fuzzy modules and other categorical structures, such as
Hom functors, and tensor product functors. The outcomes of this investigation contribute to
a more comprehensive understanding of intuitionistic fuzzy modules and their interconnected
roles in various mathematical frameworks.

The introduction of fuzzy sets by Zadeh in 1965 marked a significant advancement due
to their ability to handle uncertainty and vagueness, which classical crisp sets could not ad-
dress. Atanassov proposed a generalization of fuzzy sets as intuitionistic fuzzy sets (IFS) in
the 1980s, incorporating the degree of non-membership. This extension has found meaning-
ful applications in various fields such as logic programming and medical diagnosis. Biswas
was the first to apply the criterion of intuitionistic fuzzy sets in Algebra which led to the in-
troduction of an intuitionistic fuzzy subgroup of a group in [10]. Later on, Hur and others
in [19] and [20] brought the perception of intuitionistic fuzzy subring and ideals. B. Davaaz

and others in [11] delivered the perception of intuitionistic fuzzy submodule of a module.
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Later on, many mathematicians contributed much to the study of intuitionistic fuzzy submod-
ules see [8, 11, 22, 42, 43, 45]. Golan [15] pioneered the research on fuzzy modules, while
Lopez-Permouth and Malik [33] dealt with the category of fuzzy modules. Category theory is
a general theory of mathematical structures and their relations that was introduced by Samuel
Eilenberg and Saunders Mac Lane [13] in the middle of the 20th century in their founda-
tional work on algebraic topology. The category theory is concerned with the mathematical
entities and the relationship between them. Categories also emerge as a unifying concept in
many fields of mathematics, particularly in all other areas of computer technology and math-
ematical physics. This thesis explores the concept of universal construction within category
theory, a foundational branch of abstract mathematics. Universal constructions provide a pow-
erful framework for understanding mathematical structures and relationships in a broad range
of contexts. By investigating the general principles and methodologies underlying universal
constructions, this study aims to elucidate their significance and applicability across diverse
mathematical landscapes. A systematic examination of key concepts such as initial and ter-
minal objects, equalizers, coequalizers, pullback and intersection, establishes a foundation for
comprehending the universal nature of these constructions. The insights derived from this
exploration not only deepen our understanding of category theory but also pave the way for in-
sightful applications in various branches of mathematics. Hom-functors of intuitionistic fuzzy
modules, which extend the classical notion of homomorphisms to the fuzzy setting, where
uncertainties play a crucial role. The abstract investigation navigates through the categorical
structure, emphasizing how Hom-functors facilitate the study of relationships, transforma-
tions, and compositions among intuitionistic fuzzy modules. This exploration deepens our

understanding of fuzzy algebraic structures, offering insights into their versatile applications



and theoretical implications. The tensor product in the context of intuitionistic fuzzy modules
involves a mathematical operation that combines elements from two such modules to produce
a new module. This construction extends the notion of tensor products in classical algebra to
the fuzzy domain, accommodating uncertainties inherent in intuitionistic fuzzy domains. The
abstract framework of tensor products allows for exploring module interactions, providing a
versatile tool for mathematical analysis and modelling in fuzzy algebraic structures. Forgetful
functors are mathematical mappings between categories that "forget" some of the structure
of objects in one category while preserving others. In the context of algebraic structures, a
forgetful functor typically maps objects and morphisms from a more algebraic category to a
less algebraic one. In the case of intuitionistic fuzzy modules, a forgetful functor might map
these modules to a category of more general mathematical structures, discarding certain spe-
cific features of intuitionistic fuzzy modules while retaining others. This process simplifies the
analysis or comparison of these modules within a broader mathematical context.

Our present study focuses on intuitionistic fuzzy modules over a commutative ring R with
an identity element. During the study, we attempted to develop a parallel theory of category
by applying intuitionistic fuzzy techniques. This thesis aims to provide a comprehensive in-
vestigation into the category of intuitionistic fuzzy modules, with a focus on advancing both
theoretical understanding and practical applications. Through rigorous mathematical analysis,

the research aims,

1. To enrich the knowledge of intuitionistic fuzzy sets on algebraic structures like rings and

modules.

2. To extend the concepts of module theory to the category theory associated with intu-
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itionistic fuzzy theory.

3. To introduce the notion of Kernels and Cokernels in the Category of intuitionistic fuzzy

modules.

4. To define new concepts in modules in intuitionistic fuzzy environment.

5. To define zero object associated with the IF module.

6. To define new concepts of coproduct, product, covariant and contravariant functor asso-

ciated with the IF module.

7. To determine the free, injective and projective modules in the Category of intuitionistic

fuzzy modules.

Through these endeavours, the thesis aims to deepen the scholarly understanding of intuition-
istic fuzzy modules and broaden their impact on both theoretical mathematics and applied

domains.

The research conducted by Hur, Kang, and Song on intuitionistic fuzzy subgroups and
subrings expands the understanding of algebraic structures by incorporating the principles of
intuitionistic fuzzy logic. By investigating the properties and characteristics of intuitionistic
fuzzy subgroups and subrings, their work sheds light on how uncertainty and imprecision
can be represented and manipulated within the framework of algebraic systems. This not
only deepens our comprehension of intuitionistic fuzzy sets but also broadens the application
of fuzzy algebraic structures to various mathematical domains. Consequently, their findings
contribute significantly to enriching the knowledge of intuitionistic fuzzy sets on algebraic
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structures like rings and modules, paving the way for further exploration and advancement in
this area of study.

Throughout this thesis, R represents a commutative ring with unity, denoted by 1, where
1 # 0. M is a unitary R-module and 6 is a zero element of M and [ represents the unit interval
[0, 1].
In Chapter 2, we extend the concepts of module theory to the category theory associated
with intuitionistic fuzzy theory by defining a category (Cg.ipm) of intuitionistic fuzzy modules
where the classes of all intuitionistic fuzzy modules and intuitionistic fuzzy R-homomorphisms
constitute objects and morphisms. The composition of morphisms is the ordinary composition
of functions. Also, we reveal that Hom(A, B) is an abelian group under the ordinary addition
of R-homomorphisms, where A and B are any intuitionistic fuzzy submodules. In the context
of the additive composition, this structure appears to have a distributive influence on the left
and even on the right. We are implementing an important technological tool to "optimally
intuitionistic fuzzify" the [2-homomorphism families. This capability to intuitionistic fuzzify
provides Cg.pm With the top category structure over Cg.y. We prove that the category of in-
tuitionistic fuzzy modules has kernels, Cokernels and define the zero object associated with
IF module. Further, we show that Cg.ipy seems to be an additive category, even though it is
not an abelian category. Finally, we have shown that the category of fuzzy modules Cgr.pm
is a subcategory of the category of intuitionistic fuzzy modules Cg.;rpm and we established a
contravariant functor from the category Cgr.rpm to the category Cyy¢ (= union of all Cpayr-1em),
corresponding to each object in Cg.ym).
In Chapter 3, we extend the notion of intuitionistic fuzzy modules and intuitionistic fuzzy R-
homomorphism to intuitionistic fuzzy coretracts (retracts) and intuitionistic fuzzy coretraction
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(retraction), and various properties are being investigated. We study free, projective and in-
jective objects in Cgr.ipm and establish their relation with IF-retraction and IF-coretraction in
Crrm-

In Category theory, there are many interesting universal objects such as products, coproducts,
equalizers, coequalizers, pullbacks and intersections. In Chapter 4, we have introduced the
concept of Intuitionistic fuzzy products, Intuitionistic fuzzy coproducts, Intuitionistic fuzzy
equalizers, Intuitionistic fuzzy coequalizers, Intuitionistic fuzzy pullbacks and Intuitionistic
fuzzy intersections and has tried to get the result about universal objects. We even characterize
zero objects, kernels, Cokernels in Cg.ipm.

In Chapter 5, we have explored the concept of the tensor product, Hom-functors, and exact
sequences of intuitionistic fuzzy modules which sets the stage for exploring advanced alge-
braic structures within the framework of fuzzy mathematics. These concepts provide powerful
tools for understanding relationships, transformations, and algebraic connections between in-
tuitionistic fuzzy modules. We examine the properties of two Hom functors in the category
Crarvm. We investigate the relationship between intuitionistic fuzzy projective modules and

Hom functors.
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Chapter 1

Preliminaries

1.1 Introduction

Categories, functors, and intuitionistic fuzzy modules indeed form the backbone of many
mathematical frameworks, particularly in areas like abstract algebra, category theory, and
fuzzy logic. This Chapter emphasizes fundamental definitions and outcomes concerning cate-
gories, functors, and intuitionistic fuzzy modules, all of which are pivotal to the thesis’s devel-
opment. The work of Eilenberg[13], Mitchell[29], Schubert[40], and others is the framework
for this Chapter. The fundamental definition of categories and pertinent findings as outlined
by Tom[25], MacLane[27], Rotman[39], and others are covered in section 1.2. The definition
of functors and several instances are covered in section 1.3. Functors are defined as structure-
preserving maps across categories. In section 1.4, the discussion revolves around the findings
regarding the category of [2-modules, while in the final section 1.5, the focus shifts to present-

ing the concept of intuitionistic fuzzy modules.



2 Chapter 1. Preliminaries

1.2 Category

Mathematical entities and their relationships are the core topic of category theory. Categories
also develop as unifying concepts in numerous other fields of mathematics, especially in math-
ematical physics and computer science. "A category comprises three essential elements: a
composition rule, a collection of morphisms, and a set of objects." As a result, category the-
ory offers a framework for methodically investigating those characteristics and constructs that
are only expressible in terms of maps. Category is modeled by the characteristics of the col-
lection of all objects of a certain kind (sets, rings, spaces, modules, graphs) together with
the collection of all structure-preserving maps(functions, ring homomorphisms, continuous
maps, R-homomorphisms) between them. In 1945, Harvard algebraist Saunders Mac Lane
and topologist Samuel Eilenberg published a paper [13] titled "General Theory of Natural
Equivalences," which served as a significant milestone in bringing category theory to the at-
tention of the other researcher. To define natural transformations, functors were developed,
and to define functors, categories were developed. For conceptual concepts about Category
theory and related areas, we follow Awodey [7], Tom Leinster [25], Mitchell [29], Riehl [37],

Wyler [55], and others [39, 40, 54].

Definition 1.2.1. [29] A category C'is a quadruple (Ob, Hom, id, 0) consisting of:

(Cl) Ob, an object class;

(C2) a set of morphisms Hom¢(X,Y') is associated with each ordered object pair (X, Y);
(C3) a morphism idx € Home(X, X), with every object X;

(C4) a composition law holds i.e., if f € Homg(X,Y) and g € Home(Y, Z), gof €
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Home(X, Z);

such that it satisfies the following axioms:

(M1) ho(gof) = (hog)of,¥f € Homc(X,Y),g € Home(Y,Z) and h € Home(Z, W);
M2) idyof = foidx = f,Vf € Homc(X,Y);

(M3) a set of Hom¢(X,Y) morphisms are pairwise disjoint.

Example 1.2.2. (1) Set, the category with sets to be objects, functions to be morphisms, and

the usual compositions of functions for compositions.

(2) Grp, the category with groups to be objects, group homomorphisms to be morphisms,

and their compositions as compositions.

(3) Ab, the category with abelian groups to be objects, group homomorphisms to be mor-

phisms, and their compositions as compositions.

Definition 1.2.3. [29] The opposite category C°P of the specified category C' is constructed

when reversing the arrows, i.e., for each ordered object pair (X,Y")

Homeor(Y, X) = Home(X,Y)

Definition 1.2.4. [29] Category D is said to be a subcategory of the category C' when ob(D) C
Ob(C), Homp(X,Y) € Home(X,Y') ¥V ordered object pair (X, Y) and composition of mor-

phisms, and the identity of D should be the same as that of C.

Definition 1.2.5. [29] For the ordered object pair (X, Y") of D, a full subcategory of a category

C'is a category D if ob(D) C Ob(C') and Homp(X,Y) = Homc(X,Y).
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Definition 1.2.6. [29] Let f € Hom(X,Y) be a morphism in C. Then f is said to be a
coretraction in C'if g o f = Ix for a unique morphism g € Hom¢(Y, X). In this case, X is
said to be a retract of Y. Dually, a morphism f is said to be a retraction if f o h = [y for a

unique morphism h € Home(Y, X).

Proposition 1.2.7. [29] Composition of two coretraction(retraction) is coretraction(retraction).

Definition 1.2.8. [29] A morphism [ € Homc(X,Y) is said to be an isomorphism in a

category C when f is both a retraction and a coretraction.

Definition 1.2.9. [29] Let f € Hom¢(X,Y) be morphism in C. Then f is said to be a
monomorphism if f o g = f o h implies that g = h; Vg, h € Home(Z, X). Similarly, f is

said to be an epimorphism if g o f = h o f implies that g = h, Vg, h € Hom¢(Y, Z).

Definition 1.2.10. [29] A category C'is called abelian if

1. C' does have a zero object.

2. There is a product and a co-product for any pair of objects of C'.

3. Each morphism in C' does have a kernel and a cokernel.

4. Each monomorphism in C' seems to be the kernel of its cokernel.

5. Any epimorphism in C' seems to be the cokernel of its kernel.

Example 1.2.11. The category Ab is an example of an abelian category.

Definition 1.2.12. [29] A category is said to be balanced if every morphism which is both a

monomorphism and an epimorphism is also an isomorphism.
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Example 1.2.13. The category Set is an example of a balanced category.

Proposition 1.2.14. If f € Homc(X,Y') is a coretraction (retraction) and is also an epimor-

phism (respectively monomorphism) then it is an isomorphism.

Emily Riehl in the book "Category Theory in Context" [37] introduced the concept of a
complete and cocomplete category. The study of complete and cocomplete categories enriches

our understanding of mathematical structures and their interconnections.
Definition 1.2.15. [37] A category C'is said to be
(1) complete if it has products and equalizers.

(i1) cocomplete if it has coproducts and coequalizers.

(ii1) bicomplete category if it is both complete and cocomplete.

1.3 Functor

Functors are used in all branches of modern mathematics to relate various categories. Conse-
quently, functors are important in all areas of mathematics that make use of category theory.
A structure-preserving mapping across categories is known as a functor in category theory. It
maps morphisms of one category to morphisms of the other, and objects of one category to

objects of the another, while maintaining the identity and composition of morphisms.

Definition 1.3.1. [13] Let C' = (Ob(C'), Hom(C),id,0) and D = (Ob(D), Hom(D),1d, o)
be two categories and let F; : Ob(C) — Ob(D) and F» : Hom(C) — Hom(D) be maps.

Then the quadruple F' = (C, D, Fy, F3) is a functor provided:
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(i) X € Ob(C) implies F}(X) € Ob(D);

(ii) f € Hom(X,Y) implies F5(f) € Hom(F(X), Fi(Y)),V X,Y € Ob(C);

(iii) F, preserves composition, i.e., Fy(gof) = Fy(g9)oFy(f),V f € Hom(X,Y) and g €

Hom(Y, Z),

(iv) F preserves identities, i.e., Fy(ex) = ep (x), VX € Ob(C).

Remark 1.3.2. (i) The notation F'(X) is used instead of F;(X).

(ii) The notation F'( f) is used instead of Fy(f).

(iii) Functors from C' to D are denoted by the notation F': C' — D.

(iv) A functor defined above is called a covariant functor that preserves:

¢ The domains, the co-domains, and identities.

* The composition of arrows, it especially retains the path of the arrows.

(v) A contravariant functor F’ is similar to the covariant functor in addition to the other side
of the arrow, F'(f) : F(Y) — F(X)and F(gof) = F(f)oF(g),Vf € Hom(X,Y),g €

Hom(Y, Z).

Definition 1.3.3. [13] The category C° formed from a given category C' is called a top cat-
egory over C, if corresponding to every object A in C, the collection s(A) of elements of C'
with the ordered relation defined on it, form a complete lattice, and the inverse image map

s(f),s(B) — s(A), form a contravariant functor.
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Definition 1.3.4. [14] For a category C, assigning every object X to X and every morphism
f to the same morphism f in C, we can define a functor I : C' — C' such that [o(X) = X

and Io(f) = f. This functor is known as identity functor.

Definition 1.3.5. [14] Let C" be a subcategory of C. Define a covariant functor I : " — C
as [(X) = X; VX € Ob(C") and I(f) = f for all morphisms f € C’. This functor is known

as inclusion functor.

1.4 Category of R-modules

Modules generalize the notion of vector spaces and extend the concept of group actions, of-
fering a versatile tool for studying algebraic objects. This section delves into the foundational
aspects of the category of modules, exploring its structure, morphisms, and interconnections
with other algebraic categories. By examining key concepts such as homomorphisms, di-
rect sums, and submodules, this study aims to establish a comprehensive understanding of
the categorical properties of modules. The insights gained not only contribute to the broader
field of abstract algebra but also have far-reaching implications in areas such as linear alge-
bra, ring theory, and representation theory. A significant cornerstone of abstract algebra is the
“category of R-modules”, which provides a unifying framework for understanding diverse al-
gebraic structures. For conceptual concepts about module theory and related areas, we follow

[1,4, 39, 53, 54, 55].

Proposition 1.4.1. [46] The collection of all R-modules and R-homomorphisms form a cate-

gory. This category is denoted by Cg.y.

Proof. A category of R-modules Cg.y consisting of:
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(Cl) a class of objects = Ob(Cg.m) = all R-modules;

(C2) a set of Hom(M,N) morphisms for each ordered object pair (M, N) = all R-

Cr-Mm

homomorphisms;
(C3) for each object M an identity R-homomorphism idy; € Homcy,, (M, M);

(C4) Composition law: For f € Homcy, (M, N) and g € Homcy,, (N, P), there exists a

R-homomorphism g o f € Hom(M, P) in order for the subsequent diagram commutes

M—r N

gof

P
M) ho(gof)=(hog)of,Vf € Homcyyy(M,N), g € Homcyy(N,P) and h €

Homcyy (P, Q);

in order for the subsequent diagram commutes

M—r N

hog
hogof EK g
Q+—">—p

Therefore associativity of the composition holds.
M2)idyof = foidy = [,V f € Homeg (M, N);

(M3) all sets Homc,,, (M, N) are pairwise disjoint.

Thus, a category of R-modules Cgr.ym = (Ob(Crm), Hom(Cgr.m), 0) consisting of two classes:

(i) a class of objects = Ob(Cgr.m) = all R-modules;
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(i) a class of morphisms Hom(Cg.m) = [ J{Homc,,, (M, N) : M, N € Ob(Cgr.m)}

where Homc,,, (M, N) are pairwise disjoint sets for each ordered object pair (M, N). O

Example 1.4.2. Consider C = {M, N, P} as a category with three R-modules M = {0},
N = {0,2}, and P = Z,. The Hom-sets are defined as follows: Homc,, (M, M) = {iy},
Homc, (N, N) = {ix}, Homc, (P, P) = {ip}, Homc,,, (M, N) = { f}, Hom¢, (N, P) =
{9}, Homc,, (P, M) = {h} where f, g, h are inclusion R-homomorphisms and 7 denotes the
identity R-homomorphism.

It is evident that Cg.y constitutes a category of R-modules.
Proposition 1.4.3. [39] Cg.y is equipped with products and coproducts.

Proposition 1.4.4. [4] In Cg.y,
(i) every monomorphism is the kernel of its cokernels.

(ii)every epimorphism is the cokernels of its kernel.
Proposition 1.4.5. [4] Cg.y is an additive category.
Proposition 1.4.6. [4] Cg.y is an abelian category.

Lemma 1.4.7. [35] For a fixed M € Ob(Cg.y), the R-homomorphism ¢ : N — P induces
a) an R-homomorphism ¢, : Home,,,(M, N) — Homg,,, (M, P) defined as ¢.(a)) = ¢ o
Va € Homg,,, (M, N).

b) an R-homomorphism ¢* : Homg,,,(P, M) — Homc,.,,(N, M) defined by ¢*(8) = B o ¢,

VB € Homgg,, (P, M).

Lemma 1.4.8. [35] Let M, N,P € Ob(Cry) and o« : M — N and  : N — P be R-

homomorphisms. Then for any R-module ()
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a) (o). : Homey,,(Q, M) — Homc,,,(Q, P) is an R-homomorphism such that (foa), =

5* O Quyy
b) (foa)* : Homey,, (P, Q) — Homg,,, (M, Q) is an R-homomorphism such that (fo«a)* =

a* o 3%,

Definition 1.4.9. [4] Let S is subset of an R-module M. Then the smallest submodule of M

that contains S is L(S), which is the set of all finite linear combinations of the elements of S.

Definition 1.4.10. [4] Let M, N and P € Ob(Cg.m). An R-homomorphism ¢ : M x N — P

is said to be an R-biadditive provided that for all a, a;,a, € M, b,by,b, € N andr € R,
(i) ¥(a1 + as,y) = flai,y) + flaz,b);
(i) ¥(a, b1+ by) = f(a,y1) + f(a, b2);
(iii) ¢(ar,b) = f(z,ry) = rf(a,y).

Definition 1.4.11. [4] A tensor product of M and N over R is denoted by M @ N and defined

as
M®N =M x N/L(S)

Being the quotient module of R-module by its submodule, the tensor product M ® N is also
an R-module. Then there exists an R-homomorphism 7 : M x N — M ® N such that

7(a,b) = (a,b) + L(S), foralla € M,b € N. We will denote 7(a, b) by a ® b.

Definition 1.4.12. [1, 4] A tensor product of N and K over R is an R-module N ® K which

is equipped with an R-biadditive

T:NXK—>NK
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such that for each R-module P and each R-biadditive §# : N x K — P, there is a unique

R-homomorphism ¢ : N ® K — P suchthat p o7 = 6.

NxK ——— N®K

P

Theorem 1.4.13. [1, 4] The tensor product of two R-modules in Cg.p exists and it is unique

upto isomorphism.

1.5 Intuitionistic fuzzy modules

K.T. Atanassov [3, 6] suggested the interpretation of intuitionistic fuzzy sets that could be a
generalized form of fuzzy sets. The exploration towards intuitionistic fuzzy characteristics
within module theory has seen significant development. Despite this progress, there remain
ample opportunities for additional research in extending these algebraic structures into the do-
main of intuitionistic fuzzification. Davaaz, in reference [12], expanded upon the idea of an
intuitionistic fuzzy set to include H-v-modules. This extension led to the introduction of the
theoretical framework for intuitionistic fuzzy H-v-submodules within H-v-modules, prompt-
ing the investigation of various associated properties. Later on, numerous mathematicians in
[11, 16, 22, 41, 42, 43, 45] made significant contributions to the study of intuitionistic fuzzy

submodules.

Definition 1.5.1. [5, 6] A mapping A = (ua,va) : X — [ x [ is called an intuitionistic

fuzzy set(IFS) on X where the mappings 14 : X — I and v4 : X — [ denotes the degree
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of membership (namely ;14(z)) and the degree of non-membership (namely v4(x)) of each
element x € X to A, respectively with the condition that p4(x) + v4(z) < 1 foreach z € X.

An intuitionistic fuzzy set A in X can be represented as an object of the form
A={<z us(x),va(x) > 2 € X}.
Remark 1.5.2.
(i) When pia(x) + va(x) = 1,i.e., va(x) = 1 — pa(z). Then A is called a fuzzy set.
(ii) We denote the IFS A = {< =, pa(x),va(x) >;Vo € X} by A = (ua,va).
Definition 1.5.3. [22, 44] An IFS A of an R-module M is called an intuitionistic fuzzy sub-
module (IFSM) of M, if for every z,y € M and r € R the following conditions are satisfied:
() pa(z +y) = pa(x) A paly) and va(z +y) < vaz) vV valy);
(ii) pa(rz) > pa(zr) and va(re) < va(z);
(iii) pa () = 1 and v4(f) = 0, where € is a zero element of M.
Condition (i) and (ii) can be combined to a single condition pa(rz + sy) > pa(x) A pa(y)
and vy (rx + sy) < va(xz)Vwva(y), wherer,s € Rand z,y € M.
Remark 1.5.4.
(1) The set of intuitionistic fuzzy submodules of R-module M is denoted by IFSM(M).
(ii) We denote the IFSM A of an R-module M by (14, v4) ur-
Example 1.5.5. Let M = R?. Then IFS A = (4, v4) ) defined as

0.65, if (c,d) # (0,0) 0.25, if (c,d) # (0,0)
piale, d) = ; vale,d) =

1,  if(c,d) = (0,0) 0, if(c,d)=(0,0).
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is an IFSM of M.

Definition 1.5.6. [46] Let K as a submodule of an R-module M. The intuitionistic fuzzy

characteristic function of K is defined by x x, described by x i (a) = (fty, (@), vy, (a)), Where

1, ifaeK 0, ifae K
luXK (a) - ) VXK (a) -

0, ifa¢ K 1, ifaé K.

Clearly, xx is an IFSM of M. The IFSMs x4y, X s are called trivial IFSMs of module M.

Any IFSM of the module M apart from this is called proper IFSM.”

Definition 1.5.7. [46] “Let A = (ua,va), B = (up,vp) are IFSM of R-modules M and N
respectively. Then the map f : A — B is called an intuitionistic fuzzy R-homomorphism ( or

IF R-homomorphism ) from A to B if

(i) f: M — N is R-homomorphism and

(i) pp(f(a)) > pa(a) and vp(f(a)) < wvala),VYa € M.

To avoid confusion between an R-homomorphism f : M — N and an intuitionistic fuzzy
R-homomorphism f : A — B. We denote the latter by f : A — B. So, given an IF

R-homomorphism f : A — B, f : M — N is the underlying R-homomorphism of f.

Example 1.5.8. Let M = ({0, 1,2,3,4}, +4) and N = ({0, 1}, +2) be two Z-modules. Define
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IFSs A = (pa,va)y and B = (up,vp)n as

( (

0.85, ifa=0 0, ifa=0

pala) = 9065, ifa=2 5 val@)=19035 ifa=2

0.45, ifa=1,3 0.5, ifa=1,3
\ \
0.95, ifb=0 0, ifb=0
pp(b) = ; vp(b) =
0.35, ifb=1 0.5, ifb=1.

Then A and B are IFSMs of M and N, respectively.

Define the R-homomorphism f : M — N as f(a) = 0,VYa € M. Consider ug(f(0)) =

pp(0) = 0.9 > 0.8 = ua(0), jup(F(1) = pp(0) = 0.9 = 04 = pa(L), pu(f(2)) =

vp(f(a)) <wvala),Ya € M.

Hence, f : A — B is an IF R-homomorphism.

Definition 1.5.9. [46] Let A = (pa,v4) and B = (up,vp) are IFSMs of R-modules M and
N respectively and f : M — N is R-homomorphism. With the help of A and f, we can

provide an IF module structure on N by

154y (b) = sup{pa(a) : f(a) = b} and vy(4)(b) = inf{r(a) : f(a) = b}.
Itis clear that f(A) = (pf(a), Vf(a)) isanIFSMof and f : A — f(A) is an IF R-homomorphism.

With the help of B and f, we can provide an IF module structure on M by
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15y (@) = () and vp-s(5)(a) = vs(f(a))
Hence, f'(B) = (us-1(p), Vy-1(p)) is an IFSM of M and f : f'(B) — B is an IF R-

homomorphism.

Lemma 1.5.10. [47] Let M and N are R-modules and f : M — N be R-homomorphism.
Let A = (pa,va) and B = (up,vg) are IFSM of R-modules M and N respectively and

f: A — Bisan IF R-homomorphism. Then

(i) A C f7H(f(A))

(ii) A = f~Y(f(A)) if and only if both f and f are one-one functions.
(iii) f(f~(B)) € B.

(iv)f(f~Y(B)) = B if and only if both f and f are onto functions.

If f € Hom(M,N) and f € Hom(A, B), define

Kerf ={a€ M : pgp(f(a)) = L;vs(f(a)) =0}

and

Imf ={f(a):a€ M}
As Kerf is the pre-image of {#} under f, we have Kerf C Kerf. Especially, if B = .,
then we have Kerf = A, forall f € Hom(A, B).

Proposition 1.5.11. Let A and B are IFSM of R-modules M and N, respectively, and f :

A — B is IF R-homomorphism, then:

(i) Kerf is a submodule of M;
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(ii) The restriction of Ato Kerf i.e., Al ger is an IFSM of A.
Proof. (i) Given that f : A — B is IF R-homomorphism. For zero element 6 of M,

(ii)

0 € Kerf. If r € Rand v € Kerf, so us(f(rz)) = palrf(z)) > pal(f(z)) =1

and va(f(rz)) = va(rf(x)) < va(f(z)) = 0 implies that rz € Kerf. It follows,
—x € Kerf. Further, if 2,y € Kerf, Conveniently, we can predict « +y € Kerf,

which proves the result.

Let Alg.,; = C = (uc, ve), where pc(z) = pa(x) and vo(z) = va(z), Vo € Kerf.
Now it is simple to prove that C' is an IFSM of M and C' C A.

O

Definition 1.5.12. [44] Let A, B and C' are IFSMs of R-modules M, N and P respectively.

Then an IFSM A is called an intuitionistic fuzzy projective module (IF-projective), if for every

IF R-homomorphism ¢ : A — B and IF-epimorphism p : C — B, there exists an IF R-

homomorphism 1) : A — C such that p o 1) = ¢, i.e., the subsequent diagram commutes

N
il

Definition 1.5.13. [44] Let A, B and C' are IFSMs of R-modules M, N and P respectively.

Then an IFSM A is called an intuitionistic fuzzy injective module (IF-injective), if for every

IF R-homomorphism ¢ : B — A and IF-monomorphism k : B — C, there exists an IF

R-homomorphism v : C' — A such that ¢ o k = ¢, i.e., the subsequent diagram commutes
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Bl

B—C

Theorem 1.5.14. [44] Every intuitionistic fuzzy free submodule of an R-module is IF-projective.

Throughout our thesis, we will denote intuitionistic fuzzy modules using the symbols A,
B, C, D, E, F and G, corresponding to R-modules M, N, K, P, (), S and T', respectively.

Notably, f : A — B represents IF R-homomorphism.



Chapter 2

Intuitionistic fuzzy modules: categorical

perspectives

2.1 Introduction

Fuzzy algebra, a structure deeply ingrained in various fields including computer science, in-
formation technology, theoretical physics, and control engineering, stands as a cornerstone in
mathematics. Many ideas of abstract algebra within the framework of fuzzy sets have been
extensively studied by researchers since the introduction of fuzzy sets in 1965 [56] . One such
researcher is Rosenfeld [38], who became the first person to define the notion of fuzzy sub-
groups in 1971. Since then, other extensions of this concept have been put forth, particularly
in the last few decades. Fuzzy set theory was introduced to the concept of modules in 1975
by Relescu and Nagoita [30]. Atanassov [5, 6] introduced intuitive fuzzy sets in 1986, which
are based on the degree of membership and non-membership, adhering to the constraint that

their total should not exceed unity. Using the conceptual framework of intuitionistic fuzzy

18



2.1. Introduction 19

sets, Biswas [10] investigated the intuitionistic fuzzy subsets of a group in 1989 and applied
group theory to it.

In recent years, extensive research has focused on fuzzy and intuitionistic fuzzy modules
and main submodules, as well as fuzzy and intuitionistic fuzzy prime modules. Hur K. et al.
[19, 20] introduced the idea of intuitionistic fuzzy subgroups and ideals, expanding the scope
of fuzzy algebraic structures. Mashinchi and Zahedi [28] explored concepts of fuzzy prime
and fuzzy primary submodules, contributing to the evolving landscape of fuzzy module theory.

Golan [15] and Lopez-Permouth and Malik [33] made significant contributions to the
study of fuzzy modules, examining categories and exact sequences in fuzzy complexes. Cat-
egories develop as a unifying concept in many domains of mathematics, particularly in com-
puter technology and mathematical physics. Several other researchers [3, 15, 26, 31, 32,
34, 35, 41, 52, 57, 58] have established and explored theories of fuzzy modules, fuzzy ex-
act sequences of fuzzy complexes, and fuzzy homology of fuzzy chain complexes. More-
over, several mathematicians researched intuitionistic fuzzy submodules and their properties

[11, 16, 22,42, 43, 44, 45]. In this Chapter, we

1. form the category of intuitionistic fuzzy modules (Cg.jpm) in the section 2.2.

2. explore the relationship between the category of R-modules (Cg.\m) and the category of

intuitionistic fuzzy modules (Cg.jpm) in the section 2.3.

3. examine Optimal intuitionistic fuzzification and investigate that Cg.ypy is not an abelian

category in the section 2.4.

4. develop some categories of IFMs in the section 2.5.
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2.2 Category of intuitionistic fuzzy modules Cr.ipm

Proposition 2.2.1. [46] The set Hom(A, B) of all IF R-homomorphisms from A to B forms
an additive abelian group. Furthermore, it constitutes a unitary R-module when R is a com-

mutative ring with unity.

Theorem 2.2.2. Let A = (ua,va) and B = (up,vp) are two IF modules of R-modules M
and N respectively. The function 3 : Hom(A, B) — I x I on R-module Hom(A, B) is then

defined by

B(F) = (s vap)

where g p = NMps(f(a)) : z € M} and vgpy = V{vp(f(2)) : 2 € M} is an IFSM of

Hom(A, B).

Proof. As shown in Proposition 2.2.1, Hom(A, B) is an R-module and the scalar multipli-
cation on Hom(A, B) is defined by (r.f)(z) = r f(2),Vz € M. Forr € Rand f €

Hom(A, B), Consider

paepy = Mus((rf)(2) : 2 € M}

= Mus((r.f(2)) : 2 € M}

By

> Mus(f(2) : 2 € M}

= Hsp-

Thus g 7y > pg(p)- Likewise, we are able to exhibit that v, 7y < vgf).
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Further, let &, & € Hom(A, B) and z € M. Consider

poerey = Mus((&+&)(2) 2 € M}
= Mus(&(2) +&(2)) : 2 € M}
> M{us(&(z) N&(2))} 2 € M}
= {Mus(&(2)) 2 € M} A{Mup(&(2) 2 € M}}

= Ha@) N

Thus, pge, 12,) = Hp@E)/\sE,)- Likewise, we are able to exhibit that vg ¢ ¢,) < vg)Vs,)-
Also, g0y = Mpp(0(2) : 2 € M} = Mup(0) : z € M} = 1.
Likewise, we can demonstrate that vgG) = 0.

Hence, (3 is IFSM of R-module Hom(A, B). O

Definition 2.2.3. The category Cr.m = (Ob(Cr-m), Hom(Cg.y), 0) has objects as R-modules
and morphisms RR-homomorphisms, with composition of morphisms defined as the composi-
tion of mappings. An IF-module category Cgr.rpm Over the base category Cgr.y is completely
described by two mappings:

o Ob(CR_M) — I x I;
B : HO??’L(CR_M) — I x1

IF-module category Cg.rpm consists of

(C1) Ob(Cg.irm) the set of objects as IFSMs on Ob(Cg.y), that is, the objects will be « :

Ob(CR_M) — I % ];
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(C2) Hom(Cg.1pm) the set of IF R-homomorphisms corresponding to underlying R-homomorphisms
from Hom(Cg.u), i.e., IF R-homomorphisms of the form 5 : Hom(Cgrm) — I x I, so that
for f € Homg,,, (M, N),

BU) = (ks V()

as defined in Theorem 2.2.2, a composition law associating to each f € Homc,,, (M, N) and
g € Homg,,, (N, K), an R-homomorphism gof € Homc,,, (M, K) exists, so that each of the
ensuing axioms holds:

(M1) Associativity: ho(gof) = (hog)of, Vf € Homc,,,(M,N), g € Homc,,, (N, K) and

h € Homg, (K, P);
(M2) Preservation of morphisms: 3(g o f) = 3(g9)oB(f);

(M3) Existence of identity: VM € Ob(Cg.m), identity iy, € Homc,,, (M, M) exists satisfying

B(inr) = a(M). Thus, the category of IF R-modules can be constructed as

Crarm = (Ob<CR-IFM)a Hom(CR-IFM)a 0)

Remark 2.2.4. Throughout this thesis, we use the notation Cg.fpp to represent the category of
intuitionistic fuzzy [R-modules along with intuitionistic fuzzy [R-homomorphisms and the set

of all IF R-homomorphism from A to B is denoted by Homc, (A, B).
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2.3 Mapping between Cr.\ and Cgr.ipm

In this section, we analyze the relationship between category of R-modules Cg.y With cate-
gory of IF R-modules Cgr.py and the existence of the covariant functor between these two

categories.

Proposition 2.3.1. Cg.y is a subcategory of Cr.iry.

Proof. This can be deduced from Definition 1.2.4, Proposition 2.2.1 and Theorem 2.2.2. [
Proposition 2.3.2. There exists a covariant functor from Cg_pyy to Cr.gpy.

Proof. Define f = (ug,v3) : Cram — Crarm by B(M) = (ug(M),v3(M)), if for every
a€ M, pg(a) +vgla) < 1.
Let f € Homg,,, (M, N). Thus 3(f) € Hom(Cg.zm), where B(f) : B(M) — B(N) de-

scribed by
B(f) (s ve) = (s o f~Hvgo f71) ; where
(i) pgla+0) = ps(a) A ps(b)
(ii) vs(a +b) < va(a) V vs(b)
(i) 115(—a) = ps(a)
(iv) v5(—a) = vs(a)
(V) pp(ra) = pg(a)
(vi) vs(ra) = vsla)

(vii) pg(0) =1
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(viii) v5(0) =0,Va,b € M,r € R.

Our aim is to prove that [ preserves object, composition, domain, and codomain identity. Let
(kg v8)s (1gys v5,) € Ob(Craemt) such that (g o [~ vg0 f71) = (ug, o f 1 vp 0 f71)

= pugoft=pgoftandvgo ft=vg o f!

= pp = pig, and vg = vg, = (g, vg) = (1s,, v3,)

= [ is well defined.

Let f € Homc,,,(M,N),g € Homc,,,(N, K) then gof € Homc,,, (M, K). Then, 3(f) €

HomCR-IFM(ﬂ(M)7 B(N»’ 6(9) € HomCR-IFM(ﬁ(N)7 ﬁ(K)) andﬁ(gof) € HomCR-IFM</B(M>7 ﬁ(K»

For any (13, v5) € 5(M), we have

Blgo f)lus.vs) = (ugo(gof) ™ vso(gof)™)
= (ugo(fog ) wso(ftog™)
= ((ngofog(vsofog™)
= Blg)(ugo fvgo f7)
= B9)B(f)(us, vs)-

Therefore, 5(g o f) = B(g) o B(f).
Moreover, 3(in) (g, v5) = (g o iy, vs 0iy;) = (g, vs) implies that 3(iy) is the identity

element in Hom(Cg.jpm ). Hence, 5 : Cr.m — Crary is a covariant functor. O
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2.4 Optimal intuitionistic fuzzification

In this section, we show that the category Cg.ipm forms a top category over the category Cg.m.
To prove this, we first construct a category Cpayr-revy Of complete lattices corresponding to
every object in Cg.y and then show that corresponding to each morphism in Cg.y, there exists
a contravariant functor from Cg_pm to the category Cyp ¢ (=union of all Cpa¢r-1rm), correspond-
ing to each object in Cg.y) that preserve infima. Finally, we define the notion of kernel and

cokernel for the category Cgr.rpm and show that Cg.ypy is not an abelian category.
Lemma 2.4.1. Let M and N are R-modules and [ : M — N be R-homomorphism.

(i) If A = (pa,va) is an IFSM of M, then there exists an IFSM f(A) = (is(ay, vs(a)) of N
such that for any IFSM (g, vg) of N, the map f : A — B is an IF R-homomorphism

ifand only if f(A) C B.

(ii) If B = (g, vp) is an IFSM of N, then there exists an IFSM f~'(B) = (p-1(), Vi-1(5))
of M such that for any IFSM A of M, the map f : A — B is an IF R-homomorphism if

and only if A C f~1(B).

Proof. (1) Now, f_ : A — B is an IF R-homomorphism if and only if for each z € M,
pe(f(2)) > pa(z) and vp(f(2)) < va(z). Lett € N be any element, then piya)(t) =
V{pa(z) : f(2) =t} < pa(z) < pp(f(2)). Likewise, we are able to exhibit that vy 4)(t) >
vp(f(2)) e f(A) C B,

(ii)Now, f : A — B is an IF R-homomorphism if and only if for each z € M, up(f(z)) >
pa(2) and va(F()) < va(e). Now. jigsy(2) = ua(F() = palz) and vy (=) =

ve(f(2)) < va(z) implies that A C f~1(B). O
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Observe that if f € Hom(M, N), now for each IFSM A [B] on M [N] one will have
IFSMs f(A) [f~!(B)], we conclude that f is trivially intuitionistic fuzzified relative to A
[B]. In particular, we will say that for each IFSM A [B] of M[N], we have obtained IF

R-homomorphism f : A — xn [f : xar — Bl.

Lemma 2.4.2. The set s(M) = {(u,v) : M — I x I : (u,v) is IF module of R-module M }
form a complete lattice associated with the order relation (py,v1) < (2, ve) if u1(a) < pa(a)

and v1(a) > y(a), Ya € M.

Proof. Let {(i,v;) : ¢ € J} be a collection of elements of s(M ). Then infimum and supre-
mum on s(M) are explicitly specified as:

Nies (i, vi)(a) = (Infies{pi(a)}, Supie{vi(a)})

and

Vies (i, vi)(a) = (Infie){p(a) © (i vi) € s(M)and p; < p,Vi € J}, Supies{v(a) :
(i, vi) € s(M) and v; > v, Vi € J}).

Then s(M) form a complete lattice. O

Remark 2.4.3.

(i) The least element of s(M) is 0 and the greatest element of s(M) is 1.

(ii) s(M) under the order relation defined above form a category where

Ob(s(M)) = all IFSMs of M and Hom(s(M)) = order relation defined above.

(iii) Supremum can also be defined as Ve (1, vi)(a) = (Supics{pi(a)}, Infics{vi(a)}),

which only holds for IFSs but does not hold for IFSMs including when J is finite.
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Fore.g., let M = Z-module Z and IFSMs (u4, 1) and (ps, v5) of M described as:

(1,0), iftiseven (1,0), if3|t
(1, 1)(t) = P (e, 10)(t) =
(0,1), iftisodd (0,1), 31t

Take (p1, 1) V (p2, v2) = (us, v3), where us(t) = max{p(t), u2(t)} and v5(t) = min{v (t),
v5(t)}. Here we can check that (y3,v3)) is not an IFSM of M, for 0 = u3(1) = p3(3 — 2) #

,ug(?)) AN /1,3(2) =land1 = Vg(l) = V3(3 — 2) ﬁ 1/3(3) vV V3(2) = 0.

Lemma 2.4.4. The set t(M) = {(u,v) : M — I x I : (u,v) is IF module of R-module M }
form a complete lattice associated with the order relation (11, v1) < (uz2,v2) if pu(a) > pz(a)

and vi(a) < vy(a) Ya € M.

Proof. Let {(p;,v;) : i € J} be a collection of elements of ¢(M). Then infimum and supre-

mum on ¢(M) are explicitly specified as :

Nies (i, vi)(a) = (Supic{pi(a)}, Infies{vi(a)})

and

Vies(pi,vi)(a) = (Infie{pla) = (pivi) € t(M)and p; < p, Vi € J}, Supies{v(a) :
(15, v:) € t(M) and v; > v,¥i € J}).

Then ¢(M) forms a complete lattice. O]

Remark 2.4.5. t(M) under the order relation defined above form a category where Ob(t(M))

= all IFSMs of M and Hom(t(M)) = order relation as defined above.
Theorem 2.4.6. Cg.jry is a top category over Cp.y.

Proof. This becomes sufficient to prove that, with every M € Ob(Cgr.um), the corresponding
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complete lattice s(M) specified in Lemma 2.4.2. For each f € Homc,, (M, N), s(f) :
s(N) — s(M) defined as s(f)(up,vB) = (f-1(B), Vs1(B)), V(ip, vB) € s(N) determine a

contravariant functor s : Crpm — Cprat. Thus, we are trying to prove that
(i) s(f) preserve infima, for all f € Homc,,, (M, N);
(i) s(go f) =s(f)os(g), foreach f € Homc,,, (M, N) and g € Homc,,, (N, K), and

(iii) the identity function s(iys) @ s(M) — s(M) exists for every identity R-homomorphism

Consider {(up,,vp,) : i € J} C s(IN) is a non-empty subfamily of s(V), and let a € M.

Then,

s(HINps,vp)l(a) = (Inf{u-1z)} Sup{vi-1z,)})(a)
= (Inf{pp-rsy(a)}, Sup{vi-(s,(a)})
= (Inf{ps,(f(a))}, Sup{vs,(f(a))})
= (Unf{ps.}, Sup{vs})(f(a))
= Aps,,vs,)(f(a))
= Mps,(f(a)),vs,(f(a)))
= Aps-1(s)(a), vi-15,(a))
= A8y Vi-1(8y) (@)

= /\[S(f>(:uBi7 VBi)](CL)‘

Thus, s(f) preserves infima. Let f : M — N,g : N — K is homomorphism, and let
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(uo,ve) € s(K) and k € K, then

s(gof)(nesve) (k) = (Higop)1(0)s Vigo) 1)) (F)
= (W-109-1)(0) (K); V(s-10g-1)(0) (K))
= (120 k), v (K))
= s()g-10)(k), vg-1(0)(F))
= s()(s(9)(uc(k), ve(k)))
= s(f)s(9)(uc,vo)(k).

Thus, s(gof) = s(f) e s(g).

Further, 5, : M — M is the identity R-homomorphism, such that iy;(a) = a,Va € M. Then
s(ipr) be the identity element in Hom(Cg.ipm ), for if (pa,v4) € s(M) be any element, then
(i) (114, v0) (@) = (1100 (@): Vs (1) (@) = (i (@), Vi (@) = (pa(a), vala)) =

(fa,v4)(a). Hence proved. O

Remark 2.4.7. There exists a covariant functor ¢ : Crpm — Crae s0 t(f) : t(M) — t(N)
preserves suprema and is defined by ¢(f) (4, va) = (fp(a), Vf(a)), V(1a, va) € t(M) so that

t(go f)=1t(g)ot(f),Yf: M — N,g: N — K.

Proof. Ttis very simple to find that ¢(f) preserves suprema and ¢(i,,) is an identity element in

Hom(Cg.ipm). Furthermore, we have
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t(gof)(ta,va)(@) = (Bgor)(a)(@), Ugopyay(@))
= (Hg(r(ap(a); vg(r(ay(a))
= t(9) (s (@), pay(a))
= t(g)(t(f)(pala),va(a)))
= )t (nala), va(a))
= t(g)t(f)(pa, va)(a)

Thus t(gof) = t(g) o t(f). Hence, the result is proved. O

Lemma 2.4.8. (i) Let {M; : i € J}, N are R-modules and A = {f; : M; — N : i € J} be
a collection of R-homomorphisms. If {A; : i € J} is a collection of IFSMs of M,, then there
exists a smallest IFSM B = (up,vg) of N so that f; : A; — B is an IF R-homomorphism,
Vi € J, where (pp,vp) = (p,v)* = (0¥, v%), here up = p* = V{psa, @ € J} and
vg =" = Mg, i € J}

(ii) Let M and {N; : i € J} are R-modules and B = {g; : M — N; : i € J} be a
collection of R-homomorphisms. If {B; : i € J} are IFSMs of N;, then there exists a largest
IFSM A = (pa,va) of M so that g; : A — B; is an IF R-homomorphism, Yi € J, where
(a,va) = (,v)s = (us,vs), here pa = g = /\{,ug;l(Bi) i€ Jyand vy = vy =

Proof. (i) Using Lemma 2.4.1(i), for each i € J, A; is IFSM of M;, there exists IFSM f;(A;)

on N so that for every IFSM B = (up,vg) of N, f; : A; — B is an IF R-homomorphism if
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and only if f;(A4;) C B, ie., up > s (a,) and vg < vy a,. Let g = V{uypa,) i € J} and
v = AMvy,(a,) @ @ € J}. Subsequently, the consequence follows.

(i1) Using Lemma 2.4.1(ii), for each ¢+ € J, B; is IFSM of N, then there exists an IFSM
gi_l(B,-) of M, such that for any IFSM A = (pa,v4) of M, g; : A — B;is an IF R-
homomorphism if and only if A C g;l(BZ-), ie., puy < Ig=1(B,) and v4 > Vol (B,)- Let

fp = /\{(ug;1(3i) ci € J}and vy = \/{(Vgi—l(Bi) : i € J}. Subsequently, the consequence

follows. L

Lemma 2.4.9. (i) Let {A; : i € J} are IFSMs of M;,i € Jand A = {f; : M; - N :i € J}

be a family of R-homomorphisms and R-homomorphism g : N — K then
(p, V)™ = t(g)(u, )™, where A, = {gofi : M; — K :i € J}.

(ii) Let {B; : i € J} are IFSMs of N;,Vi € Jand B = {g; : M — N, : i € J} be a family of

R-homomorphisms and h : K — M an R-homomorphism then
(u,v)s, = s(h)(u,v)s, where B, = {gioh: K — N, :i € J}.
Proof.

(i) Let A, = {g; = gof; : N; — K : i € J} be the collection of R-homomorphisms.
Then, by Lemma 2.4.8(i), there exists IFSM C' = (uc, v¢) of K such that g; : A; — C
is IF R-homomorphism, Vi € .J, where (uc, ve) = (u,v)* = (u*,v*), here p* =

\/{,ugi(Ai) (1€ J} and v = /\{Vgi(Ai) 11 E J} Consider
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()™ = V{(1ga)) vguay) 11 € J}
= V{(gos(a: Ygosan) 1 € J}
= V{40 Yigtsitany) s 1 € J}
= V{U9) (pian, vrian) i € J}
= t(9) V{(rsa, vay) i € J}

= tg)(p. )"

(ii) Let B, = {h; = gioh : K — N; : i € J} be the collection of R-homomorphisms.
Then by Lemma 2.4.8(ii), there exists IFSM A = (p14,v4) of K such that h; : A — C;
is IF R-homomorphism, Vi € J, where (ua,v4) = (p,v)s, = (i3, Vs, ), here g, =

/\{thl(ci) 11 € Jyand vy, = V{Vhfl(ci) :1 € J}. Now, we have

(1, v)s, = /\{(:uh;l(ci)?Vh;l(Ci)) ti € J}
= M(t(gion)—1(C)s Ygion)-1(c) 21 € T}
= MBn-10g-1) 00 Vintog () 1 E T}
= Mgy Vrmrgr o) 21 € T}
= Ms(h) (kg1 0y Vg2 cy) 1 €I}
= s(h) Mgy Vgren) 1€ T}

= s(h)(, V).
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Thus, (u, v)s, = s(h)(@, v)s. O

Remark 2.4.10. From Lemma 2.4.8 and Lemma 2.4.9, we are able to optimally intuitionisti-

cally fuzzify f; [g;], in respect to the family of IFSMs {A; : i € J} [{B; : i € J}].
Theorem 2.4.11. The category of IF modules Cg.ipy has kernels and cokernels.

Proof. “Let A = (ua,va) and B = (up,vp) be IFSM of R-modules M and N, respectively.
Let f : A — B be an IF R-homomorphism corresponding to the R-homomorphism f : M —
N. For Ker f, there exists an inclusion map g : ker f — M in order for the subsequent

diagram commutes

Kerf —2— M

fog=0

f

Kerf

=

(kB.vB)

For Ker f, there exists an inclusion map g : g~'(A) — A in order for the subsequent diagram

commutes

Therefore, the kernel of f is defined as g~'(A) with the inclusion map g : g~'(A4) — A.

Thus, the kernel of f is given as ((ker f,g7'(A)), §), where the inclusion map is g : ker f —
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M.
Similarly, the cokernel of f is defined as ((N/Imf,w(B)), ), where the projection map 7 :

N%N/]mfandﬁ:B%BN/]mf. O

Remark 2.4.12. Although the category of IF modules Cg.ijpm has kernels and cokernels even
then it is not an abelian category. By definition of the abelian category, every monomor-
phism should be normal, i.e, every monomorphism is a kernel of some morphism. An IF R-
homomorphism & : C' — A of IFSM C of M on being normal (i.e., being a kernel) C' should
be identical to g~*(A). Consequently, for M # {0}, the IF R-homomorphism I : x {1 — X

is a sub-object of x5s, which is not a kernel. Thus, Cg.py 1S not an abelian category.
Theorem 2.4.13. Cg.;ry has zero object.

Proof. Define the R-module Z comprising only the identity element # and an IFS A, : Z —

I x I as
MA0(0> =1and VAO(‘Q) =0

Since there is exactly one IF R-homomorphism ¢ : Ay — A satisfying ¢o(0) = 0, p4,(6) =
ta(po(0)) and v4,(0) = va(éo(0)), Crarm has initial object Ag. Also, Cr.qrm has terminal
object Ay as there is exactly one IF R-homomorphism 1, : A — Ay such that ¢(z) = 6,
ta,(o(x)) = pa(x) = 1 and va,(¢o(z)) = va(z) = 0. Thus, Ay is both initial as well as

terminal object. Hence, Aj is zero object in the category Cgr.jpm- [
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2.5 Exploring distinct categories of IFMs

Within this section, we exploring distinct categories of intuitionistic fuzzy modules, aiming
to elucidate its unique properties and theoretical implications. By delving into its distinct
characteristics, we deepen our understanding of IFM theory. We also discuss the relationship

between these categories.

Theorem 2.5.1. The collection of IFSMs together with IF R-homomorphisms and their com-

position form a category. It is denoted by Cg_ipy.
Proof. The proof is a consequence of definition 2.2.3. [

Definition 2.5.2. [42] Let M and N be two R-modules and let A, B be two IFSMs of M
and N respectively. Let f : M — N be a R-homomorphism. Then f is called a weak
intuitionistic fuzzy R-homomorphism(WIF R-homomorphism) of A onto B if f(A) C B. The
R-homomorphism f is called an intuitionistic fuzzy R-homomorphism(IF R-homomorphism)
of Aonto B if f(A) = B. We say that A is an intuitionistic fuzzy homomorphic to B and we
writeitas A ~ B. If f : M — N be an R-isomorphism, then f is called a weak intuitionistic
fuzzy R-isomorphism(WIF R-isomorphism) from A onto B if f(A) C B and f is called an
intuitionistic fuzzy R-isomorphism(IF R-homomorphism) if f(A) = B and we write it as

A= B.

Remark 2.5.3. Every IF R-homomorphism is a WIF R-homomorphism; but converse does not

hold

Example 2.5.4. Let M = (Z3,+15) be Z-module and N = (< 3 >, +5) be submodule of
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M. Define IFSs A and B on M and N respectively as:

( (
1, ifx =0 0, ifxr=20
0.8, ifx=3,15 0.1, ifx=3,15
0.6, ifx=6,12 0.2, ifxz=6,12
pa(z) = ;o valr) =
0.5, ifx=9 04, ifx=9
0.3, ifx=24,810,14,16 0.6, ifx=24,810,14,16
0, ifr=1,5711,13,17 0.8, ifx=1,57,11,13,17.
\ \
( (
1, ify=20 0, ify=20
0.3, ify=3,15 0.6, ify=3,15
ps(y) = ; vply) =
0.6, ify==6,12 0.3, ify=26,12
0.4, ify=9 0.5, ify=9
\ \
0, ifx=0
3, ifx=3
6, ifx=6
P(y) =
9, ifx=9
12, ifz =12
15, if x = 15.
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We can verify that A and B are IFSMs of M and N respectively and the mapping ¢ :
N — M defined above is an R-homomorphism. We can verify that this defines a WIF R-

homomorphism from B into A, which is not an IF R-homomorphism.
Proposition 2.5.5. Composite of two WIF R-homomorphisms is also WIF R-homomorphism.

Proof. Let A € IFSM(M),B € IFSM(N),andC € [FSM(K) and let f : A — B and
o : B — C be WIF R-homomorphisms respectively. Therefore, f(A) C B and o(B) C C.
We seek to establish that (5 o f)(A) C C.

Let k € K. Then ji,(py(k) < pc(k) and v,(p)(k) > ve(k). Also, corresponding to this k €
K, we have 0~ '(k) € N which implies (1) (07 (k)) < pgp(o'(k)) and vyay(o~t(k)) >
vp(o~ (k). Thus, usray(k) < pom (k) and vypay)(k) > vop(k). From this, we

conclude that ji,¢a)(k) < popy(k) < pe(k) and vopay(k) > vemy(k) > ve(k). Thus,

oo f(A) C C, concluding that 5 o f is WIF R-homomorphism from A onto C. O

Theorem 2.5.6. The collection of intuitionistic fuzzy modules together with weak intuitionistic

fuzzy R-homomorphisms and their composition form a category.

Proof. Associativity: Let A € IFSM(M),B € IFSM(N),C € IFSM(K) and D €
IFSM(P). Also,let f : A — B,6: B— Candh : C — D be WIF R-homomorphisms
corresponding to the R-homomorphisms f : M — N,o0: N — K and h : K — P respec-
tively. Then f o (0 o h) = (f o o) o h as R-homomorphisms from M into P. For z € M

K gooomal2) = fgoan(an) (2) = Koty (fH(2)) = pneay (@ (f7H(2)))

= i) ((f 00)7H(2)) = pa(h™H((f 0 0)71(2))) = pa(((f 0 0) 0 h)7H(2)) = hi((somioma(2)-

Likewise, we are able to exhibit that v/(fo(son))a(2) = V((for)on)a(2). Hence, f o (& o h) and

(f 0 &) o h are equal as WIF R-homomorphisms from A into D.
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Identity: Let A € IFSM (M) and B € IFSM(N) be IFSMs and I, : M — M be the
identity R-isomorphism on M. Then, I4 : A — A is the corresponding IF R-isomorphism.
Forany = € M, ju, () = ja(15'(2)) = pa(2).

Likewise, we are able to exhibit that vy, (4)(2) = va(z). Further,let f : A — B,¢ : B — C
be WIF R-homomorphism corresponding the R-homomorphism f : M — N,o: N — K re-
spectively. Then f1(or,4(2) = a((f o L4)7(2)) = pa((La)~ o (F71(2))) = pal(f1(2)) =
tfea)(z). Likewise, we are able to exhibit that v(so1,)(4)(2) = va)(2). Therefore, we have
fols = f. Likewise, we are able to exhibit that /4, o & = . Hence, 14 is the identity IF

R-isomorphism of A. O
Remark 2.5.77. We shall denote the above category by Cwg.rpm-

Theorem 2.5.8. The collection of intuitionistic fuzzy modules together with weak intuitionistic

fuzzy R-isomorphisms and their composition form a category.
Remark 2.5.9. We shall denote the above category by Cwrr.irm-

Theorem 2.5.10. The collection of intuitionistic fuzzy modules together with intuitionistic

fuzzy R-isomorphisms and their composition form a category.

Remark 2.5.11. We shall denote the above category by Crr.irm-

We have formed four categories of intuitionistic fuzzy modules, viz., Cwgr.trm, Cr-1eMm,
CWRI-IFM and CRI-IFM- of these, CRI-IFM is a subcategory of both CWRI-IFM and CR-IFM- Both
Cwrrairm and Cg.py are subcategories of Cwg.ipm. None is a full subcategory. Cwgr.rrm 18

not a subcategory of Cg.ipm, and Cg.ipm 18 not a subcategory of Cwgri.irm-



Chapter 3

Some special morphisms in the category
CRr-1rM

Within the category Cr.pm, the study of special morphisms emerges as a focal point, provid-
ing a nuanced understanding of the relationships between these mathematical structures. Spe-
cial morphisms play a pivotal role in capturing the unique characteristics and transformations
within intuitionistic fuzzy modules, offering insights into their behavior and interactions. This
Chapter investigates various types of special morphisms, including coretractions, retractions,
monomorphisms, epimorphisms, and isomorphisms, within the context of intuitionistic fuzzy
modules. Through a systematic exploration of their properties and significance, the research
aims to shed light on the categorical structure of intuitionistic fuzzy modules and enhance our

ability to discern and characterize their distinctive features.

39
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3.1 Introduction

Agnes [2] explored the special morphisms in the category of fuzzy sets and delineated the nec-
essary conditions for a morphism to be deemed a coretraction or retraction. In this Chapter, we
extend the notion of intuitionistic fuzzy modules and intuitionistic fuzzy R- homomorphism
to intuitionistic fuzzy coretracts (retracts) and intuitionistic fuzzy coretraction (retraction), and
various properties are being investigated.

This Chapter turns its attention to the investigation of specific special types of morphisms. In

this Chapter, we

1. introduce two special type of morphisms, namely Retraction and Coretraction in the

category (Cg.rpm) of intuitionistic fuzzy modules.

2. obtain the condition under which an intuitionistic fuzzy R-homomorphism in Cg.ipm to

be a retraction or a coretraction.
3. acquire some equivalent statements for these two morphisms.

4. study free, projective and injective objects in Cgr.py and establish their relation with

retraction and coretraction in Cr.arm.

3.2 Some special morphisms

In this section, we study and define some special morphisms like coretraction, retraction,

monomorphism, epimorphism, isomorphism etc. in the category Cgr.ipm-

Definition 3.2.1. An IF R-homomorphism f : A — B is said to be an intuitionistic fuzzy
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coretraction(IF-coretraction) if there exists an IF R-homomorphism & : B — A such that

Qi
o
)
Il
-

In other words, f is an IF-coretraction, if it is left invertible. In this case , the IF R-homomorphism

& is called a left inverse of f.
Lemma 3.2.2. Composite of two IF-coretractions is also an IF-coretraction in Cg.ipy.

Proof. Let f : A — Band g : B — ( be two IF-coretractions in Cgrprm. So, IF R-

homomorphisms @ : B — A and v : C' — B exists such that

of =IrandvoG = Ip.

I~

Now, (iov)o(dof) = tuo(vod)o f [Using associativity of composition]

Thus @o @ : A — C'is left inverse of 7 o f. Hence, & o f is an IF-coretraction in Crpm. [

Proposition 3.2.3. Let A and B are IFSMs of R-modules M and N respectively and f : M —
N be a R-homomorphism. If an IF R-homomorphism f : A — B is an IF-coretraction in

Cr.1rm, then both f and f are one-one functions.

Proof. Since f : A — B is an IF-coretraction in Cg.pym. Therefore, an IF R-homomorphism

o : B — A exists such that o f = I,. By lemma 1.5.10 , both f and f are one-one
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functions. ]

The converse of Proposition 3.2.3 does not hold. Refer to the example provided below for

elucidation:

Example 3.2.4. Assume M = Z; and N = Z,. Clearly, M, N are Z-modules. Consider
A = xpy and B = xn. Then A and B are IFSMs of Z-modules M and N respectively. Define
the mapping f : M — N by f(0) = 0, f(1) = 2. Clearly, f is one one Z-homomorphism.
Also, pp(f(2)) > pa(z) and v5(f(2)) < va(z),Vz € M. Note that f is one one IF Z-
homomorphism. However, there exists no IF Z-homomorphism & : B — A such that 5 o f =

I4. That is, f : A — B is not an IF-coretraction.

Definition 3.2.5. An IF R-homomorphism f : A — B is said to be an intuitionistic fuzzy

retraction (IF-retraction), if an IF R-homomorphism ¢ : B — A exists that satisfies

f05:[B.

An IFSM B is said to be retract of an IFSM A. In other words, an IF R-homomorphism f
1s an intuitionistic fuzzy retraction if it is right invertible. An IF R-homomorphism & in the

above definition is called a right inverse of f.

Lemma 3.2.6. Composite of two intuitionistic fuzzy retractions is also an intuitionistic fuzzy

retraction in Cr_irym.
Proof. Similar to the proof of Lemma 3.2.2, this can also be demonstrated. [

Proposition 3.2.7. Let A and B are IFSM of R-modules M and N respectively and f : M —
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N is R-homomorphism. If an IF R-homomorphism f : A — B is an IF-retraction in Cr.ipp,

then both f and f are onto functions.
Proof. It can be easily prove by using Lemma 1.5.10. [

The converse of Proposition 3.2.7 does not hold. Refer to the example provided below for

elucidation:

Example 3.2.8. Assume M = Z, and N = Z,. Clearly, M, N are Z-modules. Define IFS A

and B on M and N respectively as

1, ifz=0 0, ifz=0
pa(z) = , valz) = 7
0.5, ifz=1 04, ifz=1

and up(t) = 1,vp(t) = 0,Vt € N. Clearly, A and B are IFSM of M and N respectively.
Define f : M — N as f(0) = 0, f(1) = 1. Clearly, f is an onto Z-homomorphism. Also,
ps(f(2)) > pa(z) and vp(f(2)) < va(z),Vz € M. Note that f is onto IF Z-homomorphism.
However there exists no IF Z-homomorphism & : B — A such that f o & = Iz. Thus,

f : A — B is not an IF-retraction.

Definition 3.2.9. An IF-homomorphism f € Homg,, ,,.,, (A, B) is said to be an intuitionistic
fuzzy monomorphism (IF-monomorphism) if f o @ = f o h implies that = h forall 7, h €

Homcg ey (C, A); i.e. left cancellation holds in Cr.ipm.

Definition 3.2.10. An IF-homomorphism f € Homc, (A, B) is said to be an intuitionistic
fuzzy epimorphism (IF-epimorphism) if 3 o f = h o f implies that & = h for all 7,h €

Homcy (B, C); i.e. right cancellation holds in Cg.ipm.
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Lemma 3.2.11. Composite of two IF-monomorphisms is also an IF-monomorphism in Cg.ipy.
Lemma 3.2.12. Composite of two IF-epimorphisms is also an IF-epimorphism in Cg_ipy.

Remark 3.2.13. (i) Since every IF-coretraction has a left inverse, it implies that left cancel-

lation holds in Cgr.jpvm- Then, it follows that every IF-coretraction is an [F-monomorphism.

(i1) Since every IF-retraction has a right inverse, it implies that right cancellation holds in

Crarm. Then, it follows that every IF-retraction is an IF-epimorphism.

(111) An IF R-homomorphism is an IF R-isomorphism if and only if it is both IF-coretraction

and IF-retraction.

Lemma 3.2.14. In Cr.1ru,
(i) underlying maps of epimorphisms are surjective, and
(ii) underlying maps of monomorphisms are injective.

Proof. (i) Suppose f : A — B be IF-epimorphism in Cg.pm, and let g, h : N — K in Cray

such that go f = ho f. The IF R-homomorphisms g, h : B — 1x derived by straightforwardly
applying intuitionistic fuzzification to ¢ and h with respect to B, following that, go f = ho f.
Consequently, § = h, leading to g = h. Hence, f is an epimorphism in Cg.y. Since epimor-

phisms are surjective in abelian categories and Cg.y is an abelian category, f is surjective.

(i1) The proof is similar. L]
Let’s recall the definition of balanced category
Definition 3.2.15. “A category C'is said to be balanced if every morphism is an isomorphism.”

Theorem 3.2.16. The category Cg.iry is not balanced category.
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Proof. In example 3.2.8, we prove that f is not an IF-retraction even though f is an IF R-
homomorphism. Thus, every IF R-homomorphism is not an IF R-isomorphism. Hence, the

category Cg.ipm 1S not balanced category. [

3.3 Exploring special morphisms in the context of intuition-

istic fuzzy projective and injective modules

We will study free, projective and injective objects in Cg.rpy and establish their relation with

morphism in Cg.py and retraction (coretraction) in this section.

Theorem 3.3.1. A € Ob(Cg.iry) is IF-projective if and only if, M € Ob(Cgr.y) is projective

and A = 0.

Proof. Firstly, let A be a projective object in Cr.qpm. Let N and K be two R-modules and
f M — N be R-homomorphism and ¢ : K — N be epimorphism.

Take B = xn and C' = xx such that B, C' becomes IFSMs of R-modules N and K re-
spectively. Thus, f : A — B becomes an IF R-homomorphism and ¢ : C' — B becomes an
IF-epimorphism obtained by trivially intuitionistic fuzzifying f and ¢ in Cgr.jpm. As A is a pro-
jective object in Cg.ypm, an IF R-homomorphism 1) : A — C exists that satisfies ¢ o 1) = f.
This implies the existence of an R-homomorphism ¢ : M — K that satisfies ¢ o ) = f.
Hence, M is projective object in Cg.y.

If A # 0y, then there exist no IF R-homomorphism Y A — g ie., Awill no longer be a

projective object in Cgr.ypm as the following diagram fails to commute
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f _
¢
XM

Theorem 3.3.2. Retraction of projective objects in Cr.ipy are projective.

Proof. Suppose that A be a projective object in Cg.jpm and let B be retract of A.

For an IF R-homomorphism f : A — B, an another IF R-homomorphism ¢ : B — A exists
so that f o <;3 = 1. We claim that B is an IF-projective in Cg.ypm-

Consider an arbitrary IF R-homomorphism ) : B — C and an IF-epimorphism p : D — C in
Cr1rm-

Now, jtc o (Yo f)=(uc o) o f=pupo f=pua. Similarly, we can prove v o (¥ o f) = v4.
As a result, ¢ o f € Homg,,, (A4, C) becomes an IF R-homomorphism. As A is an IF-
projective, an IF R-homomorphism ¢ : A — D exists that satisfies po g =1 o f.

Then, (pog)o¢ = (Yo f)op =1ho(fop) = olg = ). Consequently, poF = 1), where ¥ =

go ¢.

<y

|

«
<
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Consider pip o7 = pip o (Go @) = (up 0 q) 0 = jia 0 ¢ = up.

Thus, ¥ : B — D becomes an IF R-homomorphism satisfying p o 77 = ).

Hence, B is an IF-projective in Cgr.jpm. ]

Theorem 3.3.3. If A is a projective object in Cg.ipy, then every IF-epimorphism 1) : B — A

is an intuitionistic fuzzy retraction, where B € Cg.ipy.

Proof. Since A is a projective object in Cr.pm and ¥ : B — A be an IF-epimorphism, it

follows that the depicted diagram commutes

Ia

B v s A

Consequently, an IF R-homomorphism ¢ : A — B exists that satisfies

Iy

<
o

-
Il

Hence, v is an IF-retraction. O

Theorem 3.3.4. A € Ob(Cr.iry) is free if and only if, M € Ob(Cg.y) is free and A = 0.

Proof. Let A be a free object in Cr.pm. Then A is free IFSM of an R-module M. As every IF
free submodule of a module is IF projective in Cr.rpm, A is an IF-projective. Further, according
to Theorem [3.3.1], M is a projective module and A = 0. So, it suffices to demonstrate that
M is a free R-module.

For P # (), leti : P — M be a R-homomorphism. For any R-module N, let f : P — N be a

R-homomorphism. Let B = 0y be an IFSM of N and D = 0p be an IFSM of P such that D
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is a basis of an IFSM A. So,i : D — Aand f : D — B are IF R-homomorphisms obtained
by trivially intuitionistic fuzzifying ¢ and f.

As A is a free IFSM, then ¢ o i = f for a unique IF R-homomorphism ¢ : A — B.

D—1 44
L
B

Consequently, ¢ o 7 = f for each R-homomorphism ¢ : M — N.

Thus, M is a free R-module. O]

Theorem 3.3.5. (po, vo)nr is an IF-projective if and only if; (110, Vo) v s a direct summand of

a free object in Cg.ipy.

Proof. Firstly, let (po, 1) be an IF-projective object in Cr.qpm. Then, according to Theorem
[3.3.1], M is a projective module in Cg.y. Since projective object is a direct summand of free
module in Cg.y;, a free R-module /' and an R-module K exists satisfying /' = K @& M. Then
(1o, Y0)F = (Mo, Vo) © (o, Vo) M-

Conversely, if (uo, v0)r = (1, V")k & (1, V") with the inclusion maps ix : K — F and
iy : M — F, then pg(ig(2)) > p'(2), voix(z)) < v/'(z) hence i/ = pp and ' = 1y and

similarly, we can have p” = g and v/ = vy. Thus, (1, Vo) s is an IF-projective. O

Theorem 3.3.6. A € Ob(Cryrm) is an IF-injective if and only, if M € Ob(Cg.y) is an

injective and A = 1.

Proof. Let A be an injective object in Cr.qpm. Let NV and K be two R-modules and an R-

homomorphism f : M — N and a monomorphism g : N — K in Cry. Take B = yn
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and C = yx such that B and C' becomes IFSMs of N and K respectively, f : B — A

becomes IF R-homomorphism and g : B — (' becomes IF-monomorphism obtained by

trivially intuitionistic fuzzifying f and g in Crrm. As A is an injective object in Cr.pvm, an

IF R-homomorphism 1) : C' — A exists that satisfying ) o g = f.

B—7 L
L
A

Thus, ¢ o g = f for a R-homomorphism ¢ : K — M. Hence, M is injective object.
If A # 1, then there is no existence of an IF R-homomorphism ¢ : x5, — A i.e., A will no

longer be an injective object Cr.rpm as the following diagram fails to commute

XM — XM
v 7
A

Theorem 3.3.7. Let f : A — B be a IF-coretraction. If B is an IF-injective, then so is A.

Proof. Since f : A — B is an IF-coretraction. Therefore, g o f = 14 for a unique IF R-
homomorphism ¢ : B — A. Now, we will show that A is an IF-injective.

Let h : C — D be a IF-monomorphism and p : C — A be any IF R-homomorphism in
Crarm. Then f op: (C — Bisan IF R-homomorphism. For an IF-injective module B,
an IF R-homomorphism ¢ : D — B exists such that § o h = f o p which implies that

pogoh=c¢ofop=np. Thisgivesusfoﬁzﬁ,wherefzgz_ﬁoq_.
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e

Hence, A is an IF-injective. O

D
>
C B—— A
N
A
Theorem 3.3.8. If A € Ob(Cr.iry) is IF-injective, then every IF-injective f : A — B is an

intuitionistic fuzzy coretraction, where B € Ob(Cr.irm ).

Proof. Since A is an injective object in Cr.pm and f : A — B be an IF-injective. Thus, we

obtain
A—L B
Ia (;_5
A

As the above diagram is commutative, an IF R-homomorphism ¢ : B — A exists that satisfy-

ing ¢ o f = I4. Hence, f is an intuitionistic fuzzy coretraction. O



Chapter 4

Construction of some universal objects in

Cr-1irM

4.1 Introduction

The concept of intuitionistic fuzzy modules has since become a focal point in category the-
ory, offering a framework for addressing universal contractions. We will start with some basic
definitions as presented in [48]. For more sources on category theory, readers can consult on
of [1, 27]. Maclane introduced various universal objects such as product, equalizer, pullback
and dual, namely coproduct, coequalizer, and pushout in general topology. Behera [9] intro-
duced fuzzy equalizers, fuzzy coequalizers, fuzzy pullbacks, and fuzzy pushouts for fuzzy
topological spaces. Results related to these universal objects were also studied. Rashmanlou,
Hamouda, and others [17, 18, 36] respected researchers in the field of category theory made a
significant contribution by introducing the concept of intuitionistic fuzzy topological spaces.

This study aims to extend the foundational concepts of category theory, such as pullback, inter-

51
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sections, images, and inverse-images, into the domain of intuitionistic fuzzy modules. These
constructions, are essential for elucidating relationships between mathematical entities, and
find a natural adaptation within the context of intuitionistic fuzzy modules, encapsulates the
uncertainty and vagueness inherent in many real-world phenomena. Our exploration delves
into the universal construction of these categorical concepts, unveiling their significance and
applicability within the framework of intuitionistic fuzzy modules. The construction of uni-
versal objects in the Cg.fpy category represents a burgeoning area of research with promising

applications across diverse domains.

4.2 Equalizers and coequalizers

Theorem 4.2.1. For a given family of IFSMs { A;|i € J} of R-modules {M;|i € J} respec-
tively, the following properties hold:

(i) An IFSM A exists on [ [, ; M; with a family of IF R-homomorphisms {p; € Homc,,,(A, A;)|i €
J};

(ii) For any IFSM B of R-module N, equipped with a family of IF R-homomorphisms {¢; €
Homg,,,, (B, A;)|li € J}, then ¥i € J; p; o0 = ¢; for a unique IF R-homomorphism

0:B— A

Proof. (i) Let p; : M — M, be the canonical projection mapping, where M = [[._, M;. An

ieJ

IFS A on M is defined as:
pa(z) = NMpa,(pi(2))]i € J} and va(z) = V{va, (pi(2))|i € J}, V2 = [, 2 € M.

It can be verify that A is an IFSM on M. Moreover, since {p; : M — M;|i € J} are projection
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mappings and j1(2) = A{jua, (pi(2)li € J} < pa, (m(2)) : wa(2) = Vv (pi(2)) i € T} >
va,(pi(2)), Vi € J, implies that p; : A — A, is an IF R-homomorphism.

(i) Consider the family of IF R-homomorphisms {¢; : B — A;|i € J} in Cr.gm. Then, the
corresponding R-homomorphisms {¢; : N — M;|i € J} are in the Cr.y. By the universal
property of product in Cg.y, for each i € J, p; o § = ¢; for a unique R-homomorphism
0: N — M.

For each y € N, let 0(y) € M with p;(0(y)) = ¢i(y), yielding p; 0 = ¢;, Vi € J. Now,

pe(y) < pa,(di(y))
= pa,(pi(0(y)))
= (pa, opi)(0(y))

= 1a(0(y)).

ie., pup(y) < wa(0(y)). Additionally, vp(y) > va(6(y)), implying that § : B — A is an IF

R-homomorphism.

N—2Ff s M=]]M

For Uniqueness, suppose & : B — A is another IF R-homomorphism satisfying p; o £ = ¢;.
So, we have p; o £ = p; 0. Since each p; : M — M;,i € Jisa projection mapping, it follows
£=4.

Hence, § : B — A is a unique IF R-homomorphism with p; 0 § = ¢;, Vi € J.
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Therefore, the category Cg.jpm has product HZ.E ;A ]

Remark 4.2.2. Above theorem highlights that the IFSM A on M = []._, M, can be viewed as

iceJ

the direct product of the IFSMs A;. This is denoted as A = [[._ ; A;. Consequently, it implies

ieJ
that the category of intuitionistic fuzzy modules indeed possesses a product.

Theorem 4.2.3. For a given family of IFSMs {A;|i € J} of R-modules {M;|i € J} respec-
tively, the following properties hold:

(i) An IFSM A exists on | [, ; M;, along with a set of IF R-homomorphisms{q; : Homc,_,,,(A;, A)|i €

ieJ
J};
(ii) For any IFSM B of R-module N, equipped with a family of IF R-homomorphisms {1); :

A; — Bli € J}, foreachi € J, then 0og; = 1; for a unique IF R-homomorphism 6 : A — B.

Proof. (i) Let M = [[,.; M; be the coproduct of disjoint union of R-modules {M;|i € J} and
let g; : M; — M be the canonical injection mapping such that ¢;(z;) = z;;Va; € M;, i € J.

An IFS A on M is defined as:
pa(x;) = Npa, (z;)|i € J} and va(z;) = V{va,(z;)|i € J}, Vo, € M;,i € J.

Then, A is an IFSM on M. Moreover, for each i € J and Vz; € M;, we have
pa(z;) < pa,(z;) = pa,(¢i(z;)) and va(z;) > va,(z;) = va,(¢;(z;)) indicating that g; : A; —

A is an IF R-homomorphism. Therefore, ¢; € Homc, ,, (A4:, A), Vi € J.

(ii) Let B is an IFSM of an R-module N with a family of IF R-homomorphisms {1); :
A; — Bli € J} in Crapm. Define ¢; : M; — N as an R-homomorphism by ¢;(z;) = v,

where y € N.
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N
Define an R-homomorphism 6 : M — N as 0(x;) = y,Vy € N. This implies 6 o ¢; = 1; and

pe(0(x:) = up(y)
= MB(%(%‘))

Further, pup(0(x;)) > pa,(z;) and vp(0(z;)) < va,(z;). Thus, § : A — B is an IF R-

homomorphism satisfying § o §; = v;; Vi € J. Hence, the category Cgrm has coproduct
Hz’GJ A;. u

Remark 4.2.4. The IFSM A on M = [][,_, M;, serves as the coproduct of the IFSMs of A;.

1€

This is denoted s A = [[._; A;. Therefore, it confirms that the category of intuitionistic fuzzy

ieJ

modules indeed possess a coproduct.

Definition 4.2.5. Let f, g : A — B are IF R-homomorphisms. An intuitionistic fuzzy equal-
izer (IF-equalizer) is defined as a pair (E, €), where £ = (ug, vg)q is an IFSM of R-module
() and € € Homg,,,, (E, A), the following properties hold:

i) foe=goe, and

ii) For any IFSM E; = (ug,, Vg, )o, of an R-module ¢); and é; € Homc,,,, (E1, A), if
(Ey, 1) is another pair satisfying f o ¢, = g o €, then € o p = ¢ for a unique IF R-

homomorphism p : £} — E.
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Ey
é
P
_ f
E = vy A — !B
g

Figure 4.1: Equalizer

Remark 4.2.6. In particular, for an IFSM F of an R-module () to be considered an IF-equalizer,
it must possess an element ¢ € Homg, ., (F, A) that satisfies the aforementioned condition.

Additionally, F' must satisfy the conditions ug(z) = pa(é(z)); ve(z) = va(e(z)), Vz € Q.

Proposition 4.2.7. Let & : E — A be an IF-equalizer for IF R-homomorphisms f,g : A —
B. Then, € is an IF-monomorphism. Additionally, any two IF-equalizers for f and g are

isomorphic as IFSMs.

Proof. Given thaté: E — Ais an IF-equalizer for f,g: A — B, foeé

goe.

Now, suppose 1,1 : Fy — E are IF R-homomorphisms such that € o ¢, = € o 9),.

Ey
P oty
1
. 7
FE | { B
g

Considering fo(e01);) = fo(Eothy) = (fo€)oy = (go&)orhy = Go(Eothy) = go(€or)).
By the uniqueness of an IF-equalizer, 1); = 1), thus € is an IF-monomorphism.
Leté; : D — Abe another IF-equalizer for f, g : A — B, then there exist IF R-homomorphisms

X1:D — Eand y: E — D to maintain the commutativity of the diagram



4.2. Equalizers and coequalizers 57

_ D
X _
€1
X1 7
¢ \ —>
E s A gEB

e o X1 = €1 and é; o Y = é. Therefore, we have
eo(xiox)=(eoxi1)ox=€,ox=éeé=¢colg.

Thus, x; o X = Ig. Similarly, we can show that Y o y; = Ip. Hence, y; and y are IF

R-1somorphisms. Consequently, £/ and D are isomorphic as IFSMs. 0

Remark 4.2.8. In Proposition 4.2.7, the status of € or €; as a strong monomorphism is undeter-
mined. Nevertheless, if one of them qualifies as a strong monomorphism, then the other must

also be a strong monomorphism. Consequently, // and D would be isomorphic as IFSMs.

Proposition 4.2.9. Let ¢ : C — A be an IF-equalizer for f,§: A — B and let D be an IFSM

isomorphic to an IFSM C. Then, D is also an IF-equalizer for f and g.

Proof. Letp : D — C be an IF R-isomorphism. Firstly, we claim that eop : D — A forms
an IF-equalizer for f and g. Since € is an IF-equalizer for f and g, goé = foé.

Condition (i) for an IF-equalizer is satisfied as fo(eop) = (fo€)op = (go€)op = go(eop).
Suppose that there exists €; : / — A satisfying f o ¢, = g o €. Since € is an IF-equalizer,

€ o 1) = ¢; for a unique IF R-homomorphism v : £ — C.
(B) "oy

D

E
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o
o
<
I
D

For uniqueness, let  : £ — D such that € o po £ = &, which implies o pot = €0 1.
Since € is an IF monomorphism, we have p o t = 1, implying £ = (p) ! o 7).
This proves the uniqueness.

Also, for z € P, up(2) = jc(p(=)) = pa@(p(2)) = pa((@ o p)(2))-

Similarly, we can show vp(z) = v4((é o p)(z)). Hence, D is also an IF-equalizer of f and

g. O]
Proposition 4.2.10. 1, is an IF-equalizer for f,§: A — B ifand only if f = g.

Proof. Firstly, let f = g. This implies, f o I4 = go I4.
Let h : C — A be an IF R-homomorphism satisfying f o h = § o h, ensuring commutativity

of the figure 4.2 The commutativity implies I, o h = h demonstrating the uniqueness. Thus,

C
h h
14 i
A . —
7

Figure 4.2: Equalizer: 4

14 is an IF-equalizer.

Conversely, let 14 be an IF-equalizer, then f o I, = g o I, implying f = g. ]

Proposition 4.2.11. Let ¢ : C — A is an IF-equalizer of f,g : A — B. If € is an IF-

epimorphism, then € is an IF R-isomorphism.
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Proof. Since é : C — A is an IF-equalizer for f and g, we have f o € = g o . Additionally
as, € is an IF-epimorphism, therefore it is right cancellable. Therefore, f = g. By Proposition
[4.2.10], 14 is an IF-equalizer for f and g, implying that € o & = I, for a unique IF R-
homomorphism k : A — C. Hence, & = (k)~!, demonstrating that ¢ is an IF R-isomorphism.

]

Proposition 4.2.12. Every I[F-coretraction is an IF-equalizer in Cg.ipy.

Proof. Let D = (up,vp)p and E = (ug,vE)g are IFSMs of R-modules P and () respec-
tively, with € : D — E being an [F-coretraction, an IF R-homomorphism é; : £ — D exists

that satisfying é; o € = Ip, implying the next diagram commutes:

D—° +F

To prove that € is an IF-equalizer for I and € o ¢, firstly we will show that [poé = (€oé;)oe.

= Iy o e. Therefore, the first condition of

Q]

Now (o é)oé =¢eo(ég0€) =éeolp =
[F-equalizer is satisfied.
Let k : C — E be an IF R-homomorphism such that I; o k = (€ 0 ¢1) o k. This implies that &

=¢&o (¢ ok). As aresult, subsequent diagram commutes

g
vV

E

, confirming the uniqueness. Hence, € is an [F-equalizer for I and € o €. [l
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Example 42.13. Let P = () = Zs be two Z-modules. Define IFSs D = (up,vp)p and

E = (ug,vr)g on P and () respectively as

1, ifd=0 0, ifd=0
pp(d) = ;. vp(d) =

0.5, ifd=1 04, ifd=1

ue(b) = 1,vg(b) = 0, for every b € Z,. Then it’s straightforward to confirm that D and E
are IFSMs of P and () respectively. Define h, hy : P — Q as h(0) = 0,h(1) = 1,h1(0) =
0,h1(1) = 0. Clearly h, hy are R-homomorphism, for

pe(h(0)) = pe(0) =121 = pp(0), ve(h(0)) = ve(0) = 0 <0 = vp(0),

p(h(1) = pp(1) =1 > 0.5 = up(1), ve(h(1) = vp(l) = 0 < 0.4 = vp(1).

Thus, sz (h(d)) > pp(d) and vg(h(d)) < vp(d),Vd € P.
Also, up(g(0)) = pe(0) =1 > 1 = up(0), vE(hi(0)) = vE(0) =0 < 0 =vp(0),
pe(hi(1) = pp(0) =1 > 0.5 = pp(1), ve(hi(1)) = vp(0) = 0. < 0.4 = vp(1).
Thus, pg(hi(d)) > pp(d) and ve(hi(d)) < vp(d),Vd € P.
Hence, B, hy:D — E are IF R-homomorphisms.
Let K = {# € P : h(z) = hi(z)} be a submodule of P. Then K = {0}. Define an
R-homomorphism e : K — P ase(z) = z,Vz € K. Itis easy to verify that € is an IF
R-homomorphism satisfying h o € = h; o &. Let E is an IFSM on K defined as uz(0) =
1,7.(0) = 0. Thus we have 1p(0) = ug(e(0)) and vp(0) = vr(e(0)). Hence, the pair (F, e)

forms an IF-equalizer.

Proposition 4.2.14. Cg_jry has equalizers.
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Proof. Let f,g : A — B be an IF R-homomorphisms. Define M, = {c € M : f(c) =
g(c)} which is clearly a submodule of M. Let A; be the restriction of A to M;, defined as
pa, (¢) = pa(e) and vy, (c) = va(c); Ve € My, implying A; becomes an IFSM of M, and
inclusion mapping i : M; — M yields a strong IF R-homomorphism i4, : A; — A, defined
as f1a(ia, (¢) = pa, (¢) = pa(c) and va(ia, (€)) = va, (¢) = va(c).
Now, it’s claimed that i4, : A; — A is an IF-equalizer for f and g.

g(ia,(d)) = (goia,)(d) implying

Ford € M, (foia,)(d) = f(ia,(d)) = f(d) = 5(d)

A, ' L, A——— B

mt

Let h € Homg,,, (C, A) satisfying f o h = go h. Define £ : C — A; as £(k) = h(k),

Vk € K. Fork € K, (f o h)(k) = (g o h)(k), implying f(h(k)) = g(h(k)). Thus, £ is
well-defined. Furthermore, (i4, 0 £)(k) = i4,(£(k)) = (k) = h(k) shows that iy, o & = h.
Since iy, is a strong IF R-homomorphism, ¢ is unique. Finally, to demonstrate that ¢ is
an IF R-homomorphism, consider o (k) < pa(h(k)) = pa(é(k)) = pa, (£(k)), showing
pa, (E(k)) > pe(k). Similarly, it can be shown that v4, (£(k)) < ve(k). Hence, € is an IF

R-homomorphism, concluding that Cgr.py possesses IF-equalizers. [

Remark 4.2.15. In Cr.rm, every strong IF R-homomorphism is an IF-equalizer.
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Definition 4.2.16. [21] Let p be an intuitionistic fuzzy equivalence relation on R-module M.

For each a € M, the IFS p, = (1,,,7,,) : M — I x I on M defined as
Lo () = ppla, x) and v, (x) = v,(a, z),Ve € M.

is called an intuitionistic fuzzy equivalence class of p containing a. The set {p, : a € M}
is called the IF quotient set of M by p and is denoted by M /p. We can also write M/p =
{la] : @ € M}. In fact M/p form an R-module with respect to the operations defined by

Pa + Pb = Pary and rp, = prq, Va,b € M, r € R called the quotient submodule induced by p.

Definition 4.2.17. Let f,g : A — B are IF R-homomorphisms. An intuitionistic fuzzy
coequalizer (IF-coequalizer) is defined as a pair (C, ¢), where C' = (uc¢, Vo) i is an IFSM of

an R-module K and ¢ € Homc, ,,, (B, C), if the following conditions hold:

() go f=gogand
(ii) For any IFSM E = (ug,vg)q and ¢ € Homg, ., (B, E), if (£, ¢1) is another pair satis-
fying g1 o f = ¢y © g, then @ o § = ¢; for a unique IF R-homomorphism @ : C' — E.

A—=3B—2L ¢

g

Proposition 4.2.18. Every IF-retraction is an IF-coequalizer in Cg.ipy-
Proposition 4.2.19. Cg_jpy have coequalizers.

Proof. Let A, B € Ob(Cgrarym) and f,g: A — B belF R-homomorphisms. Assume that p is

the smallest IF-equivalence relation on N satisfying f(c) ~ g(c), Ve € M.
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Let K = N/p={[y] :y € N}, ¢ : N — K is the canonical mapping.

Now, construct an IFS C' on K as
pe([k]) = V{up(2) : = € [k]} and ve([k]) = Ms(2) : = € [K]}

It is easy to confirm that C' is an IFSM on K. Define ¢ : B — C as

é(y) = [y], foreachy € N.

Clearly, ¢ is IF R-homomorphism as up(y) < V{up(2) : z € [yl} = pc([y]) = pe(o(y))

and vp(y) > Mvp(2) : 2 € [yl} = ve(ly]) = ve(o(y)).

To show that ¢ is IF-coequalizer of f and g, observe that for each d € M, f(d) ~ g(d) thus

o(f(d) = [f(d)] = [3(d)] = ¢(g(d)). 1e. g0 f=¢0g.

Let D be an IFSM on P and ¢ : B — D be an IF R-homomorphism satisfying o f = g o g.
Define p; = {(y,y1) € N x N : q(y) = q(y1)} as an IF equivalence relation on N . As
qo f = qo gimplies (f(d),g(d)) € p; for d € M, concluding that p C p;. Therefore, p is
the smallest IF equivalence relation contain {(f(d), g(d)) : d € M}. Define ¢ : K — P by
¢ ([y]) = aly),Vly] € K.

Let y,y1 € N such that [y] = [y1]. If (y,y1) € p, then (y,y1) € p1, we have q(y) = q(y1)
implies that ¢ ([y]) = ¢ ([y1]). Thus, ¢’ is well-defined. Fory € N, (7 o ¢)(y) = ¢ (d(y)) =
7 ([y]) = q(y) implying § o ¢ = G. There is only need to prove that ¢ : C — D an IF

R-homomorphism.

As ¢ is an IF R-homomorphism, for [y] € K, we have
po([y]) = V{ps(2) : z € I} < V{up(@(2)) : z € [y} = up(q([y]), indicating that

po(d ([y]) = pe(ly]). Similarly, vp (¢ ([y]) < ve(ly)).
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Consequently, ¢ is a unique IF R-homomorphism from C' to D, concluding that ¢ is IF-

coequalizer of f and g.

f ) N ¢
M T? N—K A - { B ————— C
q ’ q 7
q q
P D
This completes the proof. ]

Theorem 4.2.20. Cg.iry is complete and cocomplete.

Proof. The completeness and cocompleteness of the category Cg.pm are demonstrated by

Theorem 4.2.1, Theorem 4.2.3, Proposition 4.2.14, and Proposition 4.2.19. O]

Remark 4.2.21. According to Theorem 4.2.20, it can be inferred that the category of intuition-

istic fuzzy modules, Cg.ipm, is indeed bicomplete.

4.3 Intersections and pullbacks

Definition 4.3.1. Letg : A — C'and 7 : B — C are IF R-homomorphisms. Then, for these IF
R-homomorphisms, the intuitionistic fuzzy pullback(IF-pullback) is a triplet (D, 1, 7;) with
D = (up,vp)p, 01 € Homg,,,, (D, A), and 7 € Homg, (D, B) if Figure-4.3 commutes
and the following properties hold:

(i) ooy =T7ToT and

ii) Universal Property: if another triplet (E, ¢, ) with E = (ug, vg)p, ¢ € Home, ., (E, A)
and i) € Homg, ., (E, B) satisfying 50 ¢ = 7o), then ¢ = &, 0f and 1) = 7, o f for a unique

IF R-homomorphism § : E — D.
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A—2 s (C

Figure 4.3: IF-Pullback

Proposition 4.3.2. Cg_jpy have pullbacks.

P}"OOf: Leto € HOIIICR_[FM (A, C) and T € HOIIICR_IFM (B, C) in Crarm-
As a subset of M x N, consider P = {(dy,ds) € M x N|o(d;) = 7(dz)}. Define IFSM

D = (up,vp) on R-module P as puip = (ua A up)|p and vp = (v4 V vg)|p such that

pp(di, dz) = {paldi)Aup(dz)|o(di) = 7(d2)} and vp(dy, d2) = {va(di)Ve(da)|o(di) = 7(d2)}

Define the projection maps o1 (dy, d2) = dy and 71 (dy, dy) = dg; ¥(dy,dy) € P.

We want to claim that the triplet (D, 1, 71) is IF-pullback.

Consider o(01(dy, ds)) = o(dy) = 7(d2) = 7(71(d1, d2)).

By intuitionistic fuzzification, o o 51 =T o 7.

We now need to prove the universal property.

Consider the another triplet (E, ¢, ) with E = (g, vg)g, ¢ € Homgy,, (E, A) and

Y € Homg,,,, (E, B) satisfying & o ¢ = 7 o 1. Define R-homomorphism 6 : Q — P as
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For (¢(c),¥(c)) € P, o(¢p(c)) = 7(¢(c)). Therefore, 6 is well-defined.
Since the category Cg.m has pullbacks. Then 6 is unique R-homomorphism which satisfies
¢ = 0100 and 1) = 7, o 0. Subsequently, it is sufficient to show that § € Homg, ., (F, D) is

an IF R-homomorphism.

Q-

— 2 5N

<

;\:

Consider 1 (0(2)) = i (6(2), 1(2)) = pa($(2)) A s (6(2)) = pz) A jis(z) = 1s(2)

——— K

which implies pp(0(z)) > pup(z). Likewise, we are able to show that vp(0(z2)) < vg(2).

Thus, § € Homg,,,,(E, D) is an IF R-homomorphism that satisfies ¢ = &, o .

Hence, pullbacks exists in the Cg.ipm. OJ

Remark 4.3.3. If 6 : A — C and 7 : B — (' are IF R-homomorphisms then IF-pullback can

be constructed by defining IFSM D = (up, vp) on R-module P as

pp = (pa A pp)lpandvp = (va V vg)|p

where P = {(dy,dy) € M x N|o(dy) = 7(dy)} with the projection maps o1 (d;, d2) = d; and
71(d1, ds) = da, V(dy,d2) € P. This is characteristic of IF-pullback with IF-product and D is

sub-object of A X B in Cr.pm -



4.3. Intersections and pullbacks 67

T1

A2 C

Definition 4.3.4. For a given IFSM A of R-module M equipped with a family of IF R-
homomorphisms {&; : A; — A :i € J} . Then, a strong IF R-homomorphism ¢ : B — A is

said to be an intuitionistic fuzzy intersection(IF-intersection) of the family if figure-4.4 com-

mutes and the following properties are satisfied:

(i) for each 7 € J, there exist IF R-homomorphisms 7; : B — A; such that ¢ =&, 07; and

(ii) Universal Property: For any IFSM C' = (ji¢, Vo) - and IF R-homomorphism 7 € Homg, ,,,(C, A)
satisfying h = &; o ; for IF R-homomorphisms ; : C — A, fori € Jthen h = ¢ o f for a

unique IF R-homomorphism § : C' — B.

h

C

Figure 4.4: IF-Intersection

Proposition 4.3.5. Cg_jpy have intersections.

Proof. We aim to demonstrate the existence of an [F-intersection for any family of subobjects

of the IFSM A, which is an R-module M in Crrm.
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Consider the family of IFSMs {A; = (u4,,v4,)]t € J} of R-modules {M;|i € J}, along with
a family of IF R-homomorphism {7; : A; — A|i € J} representing sub-objects of A. Each
g, is IF-monomorphism, implying o; : M; — M is injective mapping in Cg.y for each i € J.
Consequently, o;(M;) forms a submodule of M, isomorphic to M,.

Let N = Nieyo;(M;) C M.

Assume N = (). Tt follows that there is a unique R-homomorphism from N to any other R-
module, and is evident as () : ) — A, serving as the IF-intersection.

Let us assume that N = N;cy0;(M;) # 0.

Define an IFSM B = (up, vp) on R module N, where

ps(y) = pa(y) and vp(y) = valy), Yy € N.

Consequently, ig : B — A is strong IF R-homomorphism in Cg.ipm.
To establish (B,ip) as the IF-intersection of the family {&; : A; — A};c;, observe that if
y € N = Njey0;(M;) then a unique z; € M; exists so that y = o;(x;) Vi € J.

~1 denoting its inverse mapping. Let

Let 0;|*i is the corestriction of ¢; on o;(M;), with (oM7)

Miy=1| : N — M; as the restriction of (o;|*)~! on N for each i € J.

7, = (0

Thus, we obtain a well-defined function 7; : N — M, defined as
7i(y) = z; if y = 04(z;); Vi € J.

Consider (14, (7i(y)) = pa, (2:) = pa,(0:(:)) = paly) = ps(y).
Similarly, v4,(7:(y)) = ve(y).
Therefore, 7; € Homc, (B, A;) and ip = &; o 7; for each i € J.

For the universal property verification, consider an IFSM C' = (u¢, v¢) k and h € Homg, ,, (C, A)
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such that h = 4, o ; for IF R-homomorphisms 7; : C' — A;.

N
ip
T4

A g; _

0 M, ———— M 0
h _ h
Yi Vi
K C

Define § : C' — B such that for z € K, h(z) = 0; 0 v;(2) = 04(7i(2)) € o;(M;) for all i € J.
Hence, h(z) € Nicjo;(M;) = N.

Take 6 as a restriction mapping of h on N. Therefore, § : K — N is defined as §(z) = h(z)
Vz e K.

Since the category Cg.m has intersection, R-homomorphism ¢ : K — N is unique, satisfying
in o0 = h. We only need to demonstrate that 0 is IF R-homomorphism.

Forz € K, pp(0(2)) = pp(h(2)) = pa(h(2)) = pe(2).

Likewise, we are able to show that v5(0(2)) < vo(2).

Thus, 0 is IF R-homomorphism satisfying i o 6 = h.

Therefore, (B, ip) is the IF-intersection of the family {&; : A; — A}cs. O

4.4 Images and inverse- images

Definition 4.4.1. Let f : A — B be IF R-homomorphism and & : I — B be IFSM of B.

Then, I is said to be an IF-image of f if figure-4.5 commutes, and the following conditions
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hold:
(i) f = & o f for some IF R-homomorphism f; : A — I;

(i) Universal Property: for any IFSM 7 : J — B of B satisfying f = 7 o f, for some IF

R-homomorphism f : A — J then & = 7 o 0 for a unique IF R-homomorphism @ : [ — J.

~
oy

eyl
< ‘(‘————-;b-l-— ~

BN
~

Figure 4.5: IF-image

Lemma 4.4.2. Cg_;ppy have images.

Proof. Let f : A — B be any given IF R-homomorphism. We define f(M) = {f(z)|r €
Define f; : M — f(M) as fi(x) = f(x); Ve € M.

The IFSM f(4) of (M) s defined as 17 (f(2)) = p(f () and w7 (F(2)) = v ().
Letipy 0 f(M) — Nandify) : f(A) — B be respective inclusion mappings. Thus, f(A)
is IFSM of B. Indeed, i 7(a) 1s a strong IF-monomorphism.

Now, we aim to prove that i 74 : f(A) — B is an IF-image of f.

(i) For all z € M, iy (fi(x)) = i (f(x)) = f(x), soipan o fi = f. By intuitionistic

fuzzification, i 4) o f1 = f.

(i1) Next, we need to verify the universal property.

Suppose there exists an IF R-homomorphism f, : A — C' and a strong IF-monomorphism
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7:C — Bsuchthat f = 7o f,. Define 6 : f(M) — Kby 0(f(z)) = fo(x). It is well-defined

as

flz1) = f(z2)
(Tofo)(x1) = (70 fo)(x2)

fa(x2) (Since 7 is injective)

Y

o°

g
[

= 0(f(z1)) = 0(f(x2)).

Since Cr.m has images, then 0 is unique R-homomorphism such that 706 = iy(5s). Hence,

it is sufficient to show that § € Homc,,,,,(f(4), C) is an IF R-homomorphism. Consider

ey (f(z))

IN

(i) f(2))
= pp(ro0)(f(x))
= po(0(f(x))

Thus, uc(0(f(x))

v

pray(f(x)).

Likewise, we are able to show that v¢(0(f(z)) < v (f(2)).

f(M) f(A)
h i w 2 i if(a)
:9 :0_
A / : > B A f : > B
fe i / f2 i T
v v
K C
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Thus, 6 : f(A) — C is an IF R-homomorphism which satisfies 7 0 § = iy(a).

Hence, if4) : f(A) — B is an IF-image of f. O

Definition 4.4.3. Let f : A — B be given IF R-homomorphism and & : C — B be IFSM
of B. An object I € Cg.py is said to be an IF-inverse image of C by f if there exists IF R-
homomorphisms 7; : I — C' and 7» : I — A such that figure-6 commutes and the following

conditions hold:
(i)do7 = foTand
(i) Universal Mapping: for any IF R-homomorphisms 6, : .J — C and 0, : J — A such that

Foo, = fo 5y then 71 00 = 6, and 7 0 @ = &, for a unique IF R-homomorphism 0:J— 1.

Figure 4.6: IF-inverse image

Lemma 4.4.4. Cg.jpy have inverse images.

Proof. Let f : A — B be any IF R-homomorphism and & : C' — B be IFSM of B.

Then & is strong IF R-homomorphism. Let P = {z € M|f(x) € o(K)}.

Let x1, 29 € P such that f(x;) = o(k;) and f(z3) = o (k) for ky, ke € K.

Consider f(axy +bx2) = af(x1) +bf (22) = ao (k1) +bo(ks) = o(aky + bks) € o(K) which
implies that azy + bz, € P. Consequently, P is submodule of M.

Define IFS I of an R-module P as u;(z) = pa(z) and vy(x) = va(x), Vo € M.
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From this, we have I is an IFSM of A. Leti; : I — A be an inclusion mapping. For all z € P,
palin(x)) = pa(r) = pi(r) and va(is(z)) = va(r) = vi(z).

Hence, i; : I — A is a strong IF R-homomorphism. Therefore, 7; : I — A is an IFSM of A.
Now, we want to prove that / is an [F-inverse image of A.

Define an IF R-homomorphism 77 : I — C as follows:

Since o is injective , x € P implies that there is a unique k£ € K such that f(x) = o(k).

Define 7 : P — K as
7 (x) = kif f(z) = o(k)

Consider

o(n(z)) = o(k),iff(z) =o(k)

Thus,c o1 = foip.

Forz € M, pr(z) = pa(x) < pplo(k) = pe(k) = po(ni(z)).

Consequently, puc(71(z)) > pr(x). Similarly, vo (7 (x)) < pr(z). Hence, 71 : I — C'is an IF
R-homomorphism satisfying 5 o 7, = f oip.

Next, we have to verify the universal property.

Suppose there exists IF R-homomorphisms ¢; : J — C and 6, : J — A such that 5 o 6, =
f o 65, where .J is an IFSM of R-module Q).

Now, we define 6 : J — I as follows:
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Lett € (. Then 05(t) € M and 6;(t) € K such that f(d5(t)) = o(d1(t)) € o(K) which
implies 09(t) € P and 71(d2(t)) = 01(t). Define 6 : Q@ — P as 6(t) = d2(t). Since, category
Cr-m has inverse image. As a result, § : () — P is unique R-homomorphism which satisfies
71060 =67 and 7y 0 6 = ;.

We only need to show that 6 is an IF R-homomorphism. For t € Q

IN

fr(t) fra(dat)
= us(ir(92t)) (Since i is an IF R-homomorphism)
= pr(d2(t))

= pu(6(1)).

Hence, 17 (0(t)) > ps(t). Likewise, we are able to show that v/ (6(t)) < v,(t).
Q

J .

i
_—

J T
1 C
‘ZA ‘o—
A B

Then @ : J — I is a unique IF R-homomorphism that satisfies 7, 0 § = §; and 71 0 = 4;.

f
_—

Hence, i; : I — A is an IF-inverse image of A. O

Remark 4.4.5.

(1) In any category, any two images/inverse-images are isomorphic.
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(ii) IF-inverse image of IFSM i : C' — B by f : A — B can be taken as f~'(C) whose

membership and non-membership functions are inclusion mappings.

4.5 Some implications

We now show how IF-equalizer, IF-intersection, IF-monomorphism, and IF-inverse image

relate to IF-pullback.

Proposition 4.5.1. Consider the following square-1

D———¢C
‘ ‘fz
B— 4

Figure 4.7: Square-1

where f, is strong IF-monomorphism then the above square is IF-pullback if and only if

D =(fi)}(0).

Proof. From the definitions of IF-inverse image and IF-pullbacks, the result follows straight-

forwardly. L

Example 4.5.2. Let M = (Zg,+¢) be Z-module, N = (Z,,+,4) be Z-module and K =
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({0, 3}, +6) be submodule of M. Define IFSs A, B and C on M, N and K respectively as:

1, ifz=0 0, ifz=0

Y

pa(@) =903, ife=24 ;3 val®) =905 ifz=135

0.2, ifz=1,35 0.6, ifz=2,4.

\ \

1, ify=0 0, ify=0

me(y) =906, ify=2 ; vBWU) =403, ify=2

0.3, ify=1,3 0.6, ify=1,3.

\ \

and po = pal|k and vo = va| k. Itis easy to verify that A, B and C' are IFSMs.

D—C

B—" 4
Figure 4.8: Square-2
Define f; : N — M as f1(0) = f1(2) = 0and f1(1) = fi(3) = land ix : K — M as
inclusion mapping.
Therefore, i is a strong IF-monomorphism.
Suppose that P = (f;)"'(K) = N. The IF-inverse image of f; is then D = (f;)~*(C) and

hence it represents the IF-pullback of f; and i.
Theorem 4.5.3. In Cg.jpy, IF-pullbacks exists if and only if IF-equalizers exists.

Proof. Firstly, suppose that IF-pullbacks exists in Cgr.fpm.
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Let f,g: A — B be IF R-homomorphisms. Define

01 : M — N x Nasd(z)=(f(x),g(x))

and

dy: N = N x Nasd(y) = (y,y).

Our aim to claim that ¢, and &, are IF R-homomorphisms.

pBxB(01(2)) = ppxp(f(2), 9(2)) = (np(f(2)) A pp(g(2))) = (na(@) A pa(e)) = pa(z).

Thus, ppxp(d1(x)) > pa(x). Likewise, we are able to show that v, g(01 (7)) < va(z).
Consequently, §; is an IF R-homomorphism. In similar argument, d5 is an IF R-homomorphism.
Let the triplet (D, y,71) be IF-pullback with D = (up,vp)p, 01 € Homcy (D, A) and

71 € Homc, ., (D, B) such that the following square-3 commutes and satisfies

dp00,= dy07 4.5.1)

We now want to prove that D is an IF-equalizer. Consider the following figure-10:
D—" A

T1 51
B—% ., BxB

Figure 4.9: Square-3

First, we will prove that f oG, = goay. Let {p; : Bx B — B;i = 1,2} are the IF-projective

mappings. From the square-4, we have
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5 f
D——A_2XB

g

Figure 4.10: D as IF-equalizer

|

Qi

Figure 4.11: Square-4

prodi= f
prod = g
prody= Ip
p2ody= Ip

By the associativity property of Cr.pm and equation (4.1) and (4.2) holds , we have

fo&lzﬁloéloﬁlzﬁlo(sgoﬂ:[Bo7_'1:7_'1and

Qi

O 205'05'1:ﬁ207_'07_'1:IBO7_'1:7_'1.

QI
el

1 pu—
Consequently, we have f o 5, = g o ;.
Next, we have to verify the universal property.

Let C = (uc,vc)x be an IFSM and @ : C' — A be an IF R-homomorphism such that

fol=god.

4.5.2)
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Consider p; 09,00 = fofl=goh@=1Igogol =p0d,0g00and

ogod. As {p;li = 1,2} are projection mappings.

Sy
I
QI
¢)
ey
I
~
oy}
e)
QI
¢)
Sy
I
el
[V
¢)
no

P20 610
Thus, ;00 = §, 0 go 6. Since D is the IF-pullback of &, and 7, there exists a unique IF
R-homomorphism ¢ : C' — D such that § = &, o ¢ and which further establishes the universal
property of IF-equalizer. Hence, IF-equalizers exists in Cgr.fpm.

Conversely, suppose that IF-equalizers exist in Crpm. Let f : A — Cand g : B — C
are IF R-homomorphisms and let¢; : A x B — Aandt, : A x B — B are the IF-
projective mappings. Consider an IF R-homomorphism ¢ : ¥ — A x B with an IF-equalizer
E = (ug, vg)p for IF R-homomorphisms fot, got, : Ax B — C that satisfies (fot;)oe =

(g o ty) o e (refer to figure-12).

Figure 4.12: IF-equalizer-E

We want to claim that (E, %, o &1, o €) is an IF-pullback for the IF R-homomorphisms f and

g. By associativity, we have

fo(liod)=go(t08) 4.5.3)

Then, first condition of IF-pullback satisfied.

For Universal mapping
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Let D = (up,vp)g € Ob(Crarm), 0 € Homgy (D, A) and 7 € Homg, (D, B) satisfy-

ing fod =go7,i.e. the following square-5 commutes. By uniqueness property of projection

ARNEA

D T

7

(a) Square-5 (b) Square-6

maps and theorem (4.2.1), a unique IF R-homomorphism & : D — A x B sexists that satisfies

flogzﬁandeOé“: T
Consider (fot;)o = fo(f10f) = fog =goT = go(ty0&) = (goty)o&. By uniqueness
of IF-equalizer, a unique IF R-homomorphism ¢ : D — E exists that satisfies €0 ¢ = £. From

this, we can conclude that (£, 0 €) 0 ¢ = & and (£, 0 €) 0 ¢ = 7. Hence, E is IF-pullback. []

Proposition 4.5.4. Consider the following square-7

D ——C

B———— A

Figure 4.14: Square-7

where f, and f, are strong IF-monomorphisms then the above square is IF-pullback if and

only if D is the IF-intersection of B and C.
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Proof. Since f; and f, are strong IF-monomorphism then B and C' are IFSMs of A. From the
definitions of IF-intersection and IF-pullback, it conclude that D is an IF-pullback if and only

if D is the IF-intersection of B and C. O]

Example 4.5.5. Let M = (Zs,+¢) be Z-module. Take N = M, K = ({0,3},4¢) and
P = ({0},+¢) as submodules of M. Define IFSs A, B, C and D on M, N, K and P

respectively as:

1, ifr=20 0, ifr=20

pa(®) =903, ifz=24 3 val®) =405, ifz=1,35

0.2, ifz=1,35 0.6, ifz=2,4.

\ \

pp = paly and vg = va|n, e = palx and ve = va|k and pp = palp and vp = v4|p.

It can be easily verify that B, C and D are IFSMs of M. Then the mappings fy : B — A,

C

Figure 4.15: Square-8

_

D
‘W
B fN

_—

i

ig : C — A are strong IF-monomorphism. Then D is the IF-intersection of B and C' and

hence the IF-pullback of fx and 7.

Proposition 4.5.6. Consider the IF-pullback diagram
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D—= ¢
A—t . p

Figure 4.16: Square-9

(i) If f1 is an IF monomorphism then ¢, is also an IF monomorphism.

(ii) If f1 is an IF-retraction then ¢ is also an IF-retraction.

(iii) If fi is an IF R-isomorphism then ¢ is also an IF R-isomorphism.

(iv) If f1 is an IF-equalizer then ¢, is also an IF-equalizer.

Proof. (i) Let f; : A — B is an IF-monomorphism. Since the square-9 is an IF-pullback in

Crarum, We have

]?10&1: f20¢32 (4.5.4)

Suppose there exists IF R-homomorphisms &;, &, : £ — D such that the square-10 is com-

mutative and

$pp0ll = ¢poby (4.5.5)
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D2, ¢

leogl
b1 f2
A L B

Figure 4.17: Square-10

Then

f10(951 051) = (fl Oﬂgl)ogl

= (faods)o&
= fao(p20&).
using (4.5.5) implies
fioldro&)= fao(gro&) 4.5.6)
using (4.5.4) implies
fio(dro&)= fio(gro&) 4.5.7)

Since f; : A — B is an IF-monomorphism, then

431 © 51 = le © 52 (4.5.8)

Since Square-10 is IF-pullback and equation(4.5.6) holds in Cg.ipm, a unique IF R-homomorphism
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h: E — D exists that satisfies

&1 oh= &1 © 51
(4.5.9)
G32 oh= 632 © 52
From equations (4.5.5) and (4.5.8), concludes that & = & and h = &, both satisfying (4.9).
By uniqueness of IF-pullback in Cg.fpm;, 51 = 5_2. Hence, gz_ﬁg is IF-monomorphism.
(i) Let f; : A — B is an IF-retraction. So, an IF R-homomorphism ¢; : B — A exists that

satisfy

Flog = I (4.5.10)

FOI‘glof;:C—)A,

fio(@ofs) = (fiogi)ofo

= frolc.

Since the Square-11 is IF-pullback, a unique IF R-homomorphism h : C' — D exists which
satisfy
¢proh= giof
(4.5.11)
¢p0h = Ic

Thus, gz_Sg is IF-retraction in Cr.arm.

(iii) Let f; : A — B is an IF R-isomorphism, which indicates both IF-coretraction and
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Figure 4.18: Square-11

IF-retraction. Since every IF-coretraction is IF-monomorphism, f; is IF-monomorphism and
IF-retraction. q_Sg is both IF-monomorphism and IF-retraction by (i) and (ii). gz_Sg is both IF-
monomorphism and IF-epimorphism since every IF-retraction is IF-epimorphism. Hence, ¢,
is IF R-isomorphism in Cg.py.

(iv) Let f; : A — B is an IF-equalizer of £;,&, : B — E.

Gofi= &ofi (4.5.12)

We want to claim that ¢, is IF-equalizer for & o f, and & o fs.

2

D C
b1 f2
&20f2
" i,

fi B

Figure 4.19: Square-12
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Consider

(G0 fa)oda = &o(fa0dn)
= &o(fiog)
= (Gofi)oon
= (&2ofi)o
= &o(fiod)
= &o(f200).

Thus
(E10fa)opy = (&30 f2) 0 ¢y (4.5.13)

which proves the first condition of IF-equalizer.

For Uniqueness, suppose 5 : F' — (' such that

F

D—=
‘dn
A

Figure 4.20: Square-13

_2
f
_—
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(E1ofr)os= (&ofa)o5 (4.5.14)

£ o(fa08)= &o(fr05) (4.5.15)

By the universal mapping property of IF-equalizer, 7 : F' — A a unique IF R-homomorphism

exists such that

Flor= fos (4.5.16)

Since square-13 is IF-pullback and equation(4.14) holds, a unique IF R-homomorphism £ :
F' — D exists such that

Gpoh= 3 4.5.17)
which proves the uniqueness. Hence, ¢ is an IF-equalizer for & o fo and & o fs. O

Proposition 4.5.7. Consider the square-14

A2 o4
‘I A ‘f
A—71 . p

Figure 4.21: Square-14

An IF R-homomorphism f : A — B is an IF-monomorphism if and only if the square-14 is a

IF-pullback.

Proof. Firstly, let f : A — B is an IF-monomorphism. Clearly, f o I4 = f o I4. Thus,
square-14 is commutative which implies that the first condition of IF-pullback holds.

For Universal mapping




88 Chapter 4. Construction of some universal objects in Cg.ypy

C i
91
g1
g2
A—1 54
g2
Is f
A—1 B

Figure 4.22: Square-15

Let (G, g1, g2) is a triplet with C' = (uc, vo)k, g1, g2 € Homgy , (C, A) satisfying

Since f is an IF-monomorphism. Thus

. (4.5.18)

It is simple to verify from Square-15 that
Tsogi=giand 4092 = g2

where 14 is the identity IF R-homomorphism from A to A. From (4.5.18), it proves that g, is
a unique IF R-homomorphism from C'to A. Thus the square-14 is IF-pullback.
Conversely, let the given square-14 be IF-pullback. Suppose there exists IF R-homomorphism

g1, g2 : C'— A that satisfies

Then, a unique IF R-homomorphism h : C' — A that satisfies
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g1

Ia
A—F
A

I
A f
_

A
‘f
B
Figure 4.23: Square-16

Ijoh = @

aIldIAO]_l = g_]g

Hence, f is an IF-monomorphism. [

Proposition 4.5.8. Let the right square-II in the following commutative diagram be IF-pullback.

Then the outer rectangle is IF-pullback if and only if the left square-I is IF-pullback.

k ka ks
| | : I :

,‘-1 i B fa C

Figure 4.24: rectangle
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Proof. Firstly, let the left square-1 is IF-pullback. We want to prove that outer rectangle is

IF-pullback. The commutativity of Figure-4.24 makes it possible to obtain

ksogaogr = faofiok.

Consequently, in the outer rectangle, the first IF-pullback condition is satisfied.

For Universal mapping

A f1 . B f2 C

g

Figure 4.25: Square-17

Let (G, t1,t5) isatriplet with G = (ug, vg)r, t1 € Homgy 4, (G, D) and t5 € Homg, (G, A)

satisfying

ksoty = (fzofl)ot_Q

= kyol; = foo(fioly)

As the right square-II is IF-pullback, then h; : G — E is a unique IF R-homomorphism such
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that

Gaohy = t
(4.5.19)
]%2 o }_ll = f_l O 2?2
Since the right square-I is IF-pullback, then h, : G — F is a unique IF R-homomorphism
such that
giohy= My
(4.5.20)

kiohy =ty

We can determine that

G20giohy = §go hi(by (4.20))

= #(by (4.5.19))

As the consequence, hy : G — F is a unique IF R-homomorphism satisfying

E;loﬁnggandggogloﬁngl.
Thus, the outer rectangle is IF-pullback.
Conversely, let us consider that the outer rectangle is IF-pullback. Moreover, the right square-
IT is assumed to be IF-pullback.
We now want to prove that the left square-I is IF-pullback. The commutativity of Figure-4.24

makes it possible to derive

froki— oa @#521)

which shows that the first condition of IF-pullback in left square-I.
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For Universal mapping

Let (H, S1, 52) be a triplet with H = (,uHa I/H)T, S1 € HOIIICR_IFM (H, E) and 5, € HOIIICR_“,I\/I(1'—’[7 A)
satisfying

kyos = f103, (4.5.22)

Consider

(ksoga)os = (faoks)os
= fro(kyo3)
= foo(fio5)
= (faofi)o 5

Consequently, we obtain
k30 (gaos) = (fr0f1)05, (4.5.23)

The outer rectangle being IF-pullback implies that a unique IF R-homomorphism
h : H — F exists satisfying

(4.5.24)

Fioh— 3 (4.5.25)

Since both gy o h, 51 : H — E satisfy s 0 (g1 o h) = g2 0 5; and given that the right square-II

forms an IF-pullback, according to uniqueness, we obtain

G0 h = 5. (4.5.26)
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H
. 72081
© F 9 » E s D
k1 ‘kg ks
;1 f s B f > C

Figure 4.26: Square-18

As a result of (4.5.25) and (4.5.26), we are able to determine that & € Homc,,,,,(H, F) is a

unique satisfying
kioh=35and g, o h = 5.

Hence, the left square-I is an IF-pullback. [



Chapter 5

Some functors in the category Cr_1rm

5.1 Introduction

Hom-functors for intuitionistic fuzzy modules extend traditional module theory to account for
uncertainty. They capture morphisms between modules, considering both membership and
non-membership degrees. This abstraction facilitates a formalized understanding of structure-
preserving transformations in scenarios of ambiguity. Pan [31, 32] gave fuzzy module Hom(pa, vp)
and examined the functors Hom(ua,—) and Hom(—,v4). Properties of the two functors
Hom(pa,—), Hom(—,v4) in the fuzzy module category explored by Liu in [26]. Addi-
tionally researcher studied the connection between fuzzy projective module and Hom-functor
and also between the Hom-functors and tensor product functors. Rana [35] studied the func-
tors associated with fuzzy modules. For fuzzy module categories, Permouth [33] examined
Morita theory and provided a definition for tensor products. In this Chapter, we investigate
some functors in the category Cgr.pm. For a commutative ring 12, we present the concept of

Hom functors- Homg, ., (4, —) and Homc, ,,(—, A) in the category Cr.rpm and investigate

94
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their properties. We elucidate completely the characterization of intuitionistic fuzzy projective
modules through Hom functor and show that an IFSM A is projective if and only if the func-
tor Homc, ,,, (4, —) preserves the short exact sequence 0 — A AB%C 50 Crepm-
Furthermore, we investigate the functor Homg, ,,,(Ore, —) by defining an intuitionistic fuzzy
R-homomorphism ' : Homg, ,,(Or., A) — A, where ¢ is an idempotent element of the
semi-perfect commutative ring R. Also, we analyse the existence of the tensor product of two

IFSMs. Finally, we investigate the association between Hom-functor and tensor functor in the

category CRr.ipm.

5.2 Hom-functors in Cr.1pm

In this section, we study Hom functors- Homc, (A, —) and Homc,_,, (—, A) associated

with the category Cg.pym Of intuitionistic fuzzy modules.

Lemma 5.2.1. For a fixed IFSM A, an IF R-homomorphism g : B — C'induces

a) an IF R-homomorphism g, : Homc,,,,, (A, B) — Homc,,,, (A, C) defined by

g.(f) =go [ VfeHomc,,, (A B).

b) an IF R-homomorphism §* : Homg,,,,(C, A) — Homc,,,,, (B, A) defined as

g () = ¢og V¢ e Homg,,, (C,A).

Proof. Let A and B are IFSM of R-modules M and N respectively and f € Homg, ., (A, B).

According to Theorem(2.2.2), Homg, (4, B) is IFSM of R-module, which is defined by the
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function 5 : Hom(A,B) — I x I as

where p1g 5 = AM{pp(f(a)) : a € M} and vy 5y = V{vg(f(a)) : a € M}.

(a)

[tHomey  (4.0) (F+(F)) = HHomey oy, (4.0) (T © f)

— AMuc((go f)a) : a € M}

- MHomCR-IFM (A,B) (f_)

:> ,U/HomCR IFM A C ( (f_>) Z /’I’HOmCR_IFM(AvB)( )

Likewise, we can exhibit that

VHomcy 1 (A,C) (3:(f)) <wm VHome, ., (4,8) (f)-

Thus, g, is an IF R-homomorphism.

(b)

MHomCR_IFM(B,A) (g*(gb)) - NHomCR_IFM(B,A)(gb o g)
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s MHome o (B.4)(T7(9) = AMpal(909)(0) :b € N}
= Mua(é(g(h))) : b€ N}
> Mua(e(c)) :c=g'(b) € K}

= [Homcy (€. (0)

= ﬂHomCR_IFM(B,A) (Q* (¢)) Z ,UHomCR_IFM(C,A)(¢)'

Likewise, we can exhibit that

VH()mCR_IFM (B7A) (g* (¢)) S VHomCR_IFM (C7A) (¢) .

Hence, g* is an IF R-homomorphism. [

Proposition 5.2.2. For any A € Ob(Cg.py), & € Homc,,,,,(B,C) and 3 € Homc,,,, (C, D),

there exists an IF R-homomorphism

a) (B oa), : Homg,,,,(A, B) — Homg,,,, (A, D) such that

(606{)*:8*0@*

b) (Boa)* : Homcy,, (D, A) — Homc,,,, (B, A) such that

Definition 5.2.3. (Covariant Functor Hom? )

For a fixed IFSM A, Let Hom* = Homg,,,,(A, —) is set of all IF R-homomorphisms from
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IFSM A to any other IFSM. Additionally, for each IF R-homomorphism g : B — C, let
Hom*(g) = g. : Homc,,,,, (A4, B) — Homc, (A, C) be an IF R-homomorphism defined

as

g:(f) =go f VfeHomc,,, (A B).

Lemma [5.2.1] and Proposition [5.2.2] thus make it straightforward to prove that Hom® =

Homc, ., (A, —) is a covariant functor.

Proposition 5.2.4. Let g € Homc,,,,(B,C). Then g is IF-monomorphism in Cr.ipy if and
only if Hom”(g) = g. : Homc,,,,,(A, B) — Homc,,,, (A, C) is IF-monomorphism for each

A c Ob(CR-IFM)-

Proof. Let g is IF-monomorphism in Cg.ipm.
Suppose @i, ds € Homgy ., (A4, B) such that g.(@;) = g«(a2). From the definition of covari-

ant functor Hom®, we have

a1 = ap ;Since g is [F-monomorphism.

Thus, Hom™(g) is IF-monomorphism.
Conversely, suppose that Hom?(g) is IF-monomorphism for each A € Ob(Cg.tpm)-
Let a7, a2 € Homgy,,, (A, B) such that g o &3 = g o ds. Then g.(a1) = g.(da). By

assumption, &/; = . Thus, g is [F-monomorphism in Cg.ypv. OJ

Corollary 5.2.5. Hom” is a monofunctor for each A € Ob(Cpg.iry).
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Proposition 5.2.6. Let g € Homc,,, (B, C) be an IF-coretraction in Cg.iry. Then Hom”(g)

is IF-coretraction in Cr.ypy for each A € Ob(Cr.yrm ).

Proof. Let g : B — (' be an IF-coretraction in Cg.py. Therefore, an IF R-homomorphism
¢ : C — B exists in Crqem such that g?) og = Ig. Since every IF-coretraction is IF-
monomorphism in Cgr.pgym, ¢ 1S an IF-monomorphism in Cgpy. By proposition [5.2.4],

Hom™*(g) is IF-monomorphism in Cr.rpm. Consider

((¢0g))(f) = (¢og)of

Thus, (60 ))(f) = Is(f)

which implies that (gz_ﬁ o g). = Ip. By proposition 5.2.2(a), b, 0 G, = I. Hence, Hom?(g) :

Homc, (A, B) - Homc, (A, C) is IF-coretraction for each A € Ob(Cg.1rm)- O
Corollary 5.2.7. The functor Hom? preserves coretraction.

Definition 5.2.8. (Contravariant Functor Hom, )
For a fixed IFSM A, Let Hom, = Homc, ,,,(—, A) is set of all IF R-homomorphisms from
any other IFSM to IFSM A. Additionally, for each IF R-homomorphism g : B — C, define

an IF R-homomorphism Homy (¢) = ¢* : Homg, ,, (C, A) — Homc, (B, A) as

7 (¢) = pog V¢ e Homgy,,, (C,A).
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Lemma [5.2.1] and Proposition [5.2.2] thus make it straightforward to prove that Homy=Homc, ,,(—, 4)

1s a contravariant functor.

Proposition 5.2.9. Let g € Homc,,,, (B,C) be an IF R-homomorphism. Then § is IF-
epimorphism in Cg.ypy if and only if Hom,(g) = g* : Homc,,,,,(C, A) — Homc, (B, A) is

IF-epimorphism for each A € Ob(Cr.ry)-

Proof. Let g is IF-monomorphism in Cg.ipm-

Suppose ¢1, ¢y € Home, ., (C, A) such that §*(¢1) = g*(¢2). Then ¢, 0 § = ¢, o g. Since g

is IF-epimorphism, ¢; = ¢,. Thus, Hom*(g) is IF-epimorphism.

Conversely, Homy (g) is IF-epimorphism for all A € Ob(Cg.irm ). Suppose é1, ¢o € Homg, ., (C, A)

such that ¢; 0 g = ¢, 0 g. Then g*(¢1) = g*(¢) implies ¢ = ¢, by assumption. Thus, g is

[F-epimorphism in Cgr.jpm. L]
Corollary 5.2.10. Hom, is a epifunctor for each A € Ob(Cr.irm)-

Proposition 5.2.11. Let g : B — C be an IF-retraction in Cr.qpy. Then Homy(g) : Homc, ,,,(C, A) —

Homg, ., (B, A) is IF-retraction for all A € Ob(Cg.1rm).

Proof. Let g : B — C be an IF-retraction in Cgr.jpm. Therefore, an IF R-homomorphism h:
C — B exists in Cgpm such that g o b = I4. Since every [F-retraction is [F-epimorphism in

Cr.1rm, § is an IF-epimorphism in Cg.pm- By Proposition [5.2.9], Hom, () is IF-epimorphism
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in Crarm. Consider

Thus,((goh))(¢) = (#)(Us)

which implies that (g o h)* = I 4. By Proposition [5.2.2], §* o h* = I 4. Hence, Hom,(j) =

g* : Homc, ., (C, A) — Homg, (B, A) is IF-retraction for all A € Ob(Cr.rm)- O
Corollary 5.2.12. The functor Hom, preserves retraction.
Proposition 5.2.13. HomA preserves isomorphism in Cg.iry.

Proof. Letg: B — C be an IF R-isomorphism in Cg.yrm. We have to prove that HomA(g) is
an IF R-isomorphism in Cg.ipy. By assumption, there exists h:C — Bsuch that h o g=1p
and g o h = I¢, implying that Hom?[h o g] = Hom™(I3) and Hom™[g o h] = Hom* ().
This implies that Hom®(h) o Hom*(g) = Iproma(py and Hom*(g) o Hom*(h) = Ig,ma(c)-

Hence, Hom* preserves isomorphism in Cg.ipm. OJ

Remark 5.2.14. From above results, we can conclude that
(i) Homc, (A, —) is a covariant functor.
(ii) Homg, ;,, (—, A) is a contravariant functor.

(ii1) Homgy ., : Crarm — Crarm 18 an invariant functor, exhibiting properties of both co-

variant and contravariant functors.
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5.3 Forgetful functors

Explore connections between the category of intuitionistic fuzzy modules and other math-
ematical structures, providing insights into how these relationships can enhance our under-
standing of both intuitionistic fuzzy modules and the broader mathematical landscape. "This
section explores three forgetful functors originating from the Cg.pm category and analyzes

their preservation properties."

Proposition 5.3.1. There exists a forgetful functor from the category of intuitionistic fuzzy

modules to the category of intuitionistic fuzzy sets.

Proof. Let Cygs denote the category of intuitionistic fuzzy sets. We define a forgetful functor

Fi: CR-IFM — CIFS such that

(i) for each object A € Ob(Cgr.arm), F} associates it with an object F(A) € Ob(Cyps) by
retaining the underlying set structure along with its degree of membership as well as its degree

of non-membership, while discarding the module structure.

(i) F) preserves morphisms between objects, meaning that if IF R-homomorphism f : A —
B exists in Cgr.pm, then the corresponding morphism between their underlying intuitionistic
fuzzy sets A and B is preserved under F}.

Therefore, a forgetful functor F7 from Cg.ipm to Cyrs, mapping structures from Cg.ppm to Crps

by retaining the essential set properties while discarding the module structure. [

Proposition 5.3.2. There exists a forgetful functor from the category of intuitionistic fuzzy

modules to the category of sets.
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Proof. Let Cg denote the category of sets. We define a forgetful functor F, : Crapm — Cs

such that

(i) for each object A € Ob(Cr.rm), F» associates it with a set F5(A) = X € Ob(Cs) by

discarding the module structure while retaining only the underlying set.

(ii) F, preserves morphisms between objects, meaning that if IF R-homomorphism f : A — B
exists in Cg.ypm, then the corresponding morphism between their underlying sets X and Y is
preserved under this functor F5.

Therefore, a forgetful functor F5 from Cg.pm to Cg, discarding the module structure of

IFSMs and retaining only its underlying set structure. ]

Proposition 5.3.3. There exists a forgetful functor from Cg.ipy to Cr.y.

Proof. Define a forgetful functor Fj : Crypm — Cr.m such that

(i) for each object A € Ob(Cr.rm), F3 associates it with a module F3(A) = M € Ob(Cgr.m)
by discarding the intuitionistic fuzzy structure while retaining only the underlying module

structure.

(ii) F5 preserves morphisms between objects, meaning that if IF R-homomorphism f : A —
B exists in Cg.qpm, then the corresponding R-homomorphism between their underlying R-
modules M and N is preserved under this functor Fj.

Therefore, a forgetful functor F5 from Cg.fpm to Cr.y, discarding the intuitionistic fuzzy

characteristics and retaining only its underlying module structure. 0

Definition 5.3.4. The forgetful functor
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(a) F1 : Crarm — Ciys that assigns every IFSM A to the underlying IFS A and every IF

R-homomorphism f : A — B to the corresponding IFS morphism.

(b) F5 : Crarm — Cs that assigns every IFSM A to the underlying set M and every IF

R-homomorphism f : A — B to the corresponding set map f : M — N.

(¢c) F5 : Crapm — Cgr.m that assigns every IFSM A to the underlying R-module M and

every IF R-homomorphism f : A — B to the corresponding underlying R-homomorphism

f:M — N.

The forgetful functor preserves various important properties of morphisms from the Cg.ypm

category to the other categories.

Proposition 5.3.5. The forgetful functor F

(i) coretraction,

(ii) monomorphisms,

(iii) retractions,

(iv) epimorphisms.

Proposition 5.3.6. The forgetful functor F;

(i) coretraction,

(ii) monomorphisms,

(iii) retractions,

(iv) epimorphisms.

Proposition 5.3.7. The forgetful functor F

: Cr.rm — Cips preserves

: Cr.orpm — Cs preserves

: Crapm — Croy preserves
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(i) coretraction,
(ii) monomorphisms,
(iii) retractions,

(iv) epimorphisms.

5.4 Intuitionistic fuzzy exact sequences in Cr.jpm

Throughout the Chapter, we will take A = (ua,va)nm, B = (us,v)n, C = (1o, vo) ks
D = (up,vp)p, E = (pg,vEe)g and F' = (up, vr)s be IFSMs of R-modules M, N, K, P, Q)
and S respectively.

In the theory of R-modules, a sequence of the form

0 > M f>N I, p

o

is said to be short exact sequence in Cg.yy When fis a monomorphism, g is an epimorphism
and Im(f) = ker(g). In this section, we extend this notion to intuitionistic fuzzy modules

and establish several results.

Definition 5.4.1. An intuitionistic fuzzy short exact sequence in Cg.ipy is a sequence of the

form

0 y A f>B . C

e}

when I'm(f) = ker(g), g is an IF-epimorphism and f is a IF-monomorphism. We abbreviate

an intuitionistic fuzzy short exact sequence as IFSE sequence.

Example 5.4.2. Let A = xz, B = xnz and C = Xz then
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0 y A~ B "5 C

o

is a IFSE sequence where i and 7 are IF-inclusion map and natural IF-epimorphism respec-

tively.

Remark 5.4.3. Homc, ., (A, —) is not left exact in Cg.pm; i.€., we want to claim that the IFSE

sequence
n n Ff:f* Fg=g.«
0 — Homc,,,(A,0) —= Homc,,, (4, A) —= Homc, (A, B)

is not exact, where F' = Homc,,,, (A, —). However the sequence given in above example is
exact. Define p1 : Z — Z as p1(n) = 6nand py : Z — Z as pa(n) = 12n. Clearly, p;
and py are in KerFg. Thus, |KerFg| > 2. Since Homcy,,, (A, 05r) contains only zero IF

R-homomorphism, so we obtain ImF f # KerFg. Hence, Homg, (A, —) is not left exact.

Definition 5.4.4. Let A = (pa,v4), B = (up,vp) are IFSM of R-modules M and N re-
spectively and Homg, (A, B) is the set of IF R-homomorphisms from A to B. An IF-R
homomorphism f € Homc,,,,, (A, B) is said to be an Intuitionistic fuzzy split(IF-split), if

there is an IF R-homomorphism g € Homc, (B, A) suchthat go f = I 4.

Theorem 5.4.5. For A be any IFSM, let 0 —— B —+ C —%+ D — 0 be IFSE se-

quence. Then

0 — Homc,,,, (A, B) SELIN Home, (A, C) -2 Homc,,,, (A, D)

is IFSE sequence if and only if for any ¢ € Hom (M, N) which f,(¢) = 1), where 1 € kerg,,

¢ Nup) = paand o~ (vg) < va.

Proof. Firstly, let
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0 — Homc,,,, (A, B) SELIN Homg, ., (4,C) 2 Homc, (4, D)

is IFSE sequence. Thus, Im f, = Kerg.. For ¢ € Homc,,,,, (A, B), we have

¢~ (uB) = pa, ¢ (vp) <wva

and also f.(¢) = 1, where ¢ € kerg, whichis lifted to R-homomorphism ¢ € Homg,,, (M, N)
with the result that f,(¢) = .

Conversely, let ¢ € Homg, (M, N) with f,(¢) = v, where 1) € kerg, and ¢~ (up) > pa
and ¢~!(vp) < va. This shows that ¢ € Homg, (A, B). Since f.(¢) = 1 which gives
f o ¢ = . By intuitionistic fuzzification, we have f o ¢ = v, stating that f,(¢) = 1. Thus,

Imf, = Kerg.,. -

Theorem 5.4.6. Let A, B, C' and D be IFSMs of R-modules M,N,K and P respectively. Let

is IFSE sequence in Cg.ipy, where § is IF split. Then Homc, ,,,, (A, —) preserves the sequence.
Proof. Let F' = Homgy ,, (A, —). We will show that the sequence

- Fg=g. Fh=h.

0 — Homc, (A, B) — Homc, ., (A, C) — Homc,,,, (4, D)

is exact. Clearly g = g, is monic as g is IF split. We claim that Img, = Kerh,.ie.

Img, C Kerh, and Img, O Kerh,. Let ¢ € I'mg, such that ¢ = g,(¢)) = g o1 ; where
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15 € Homc, ., (4, B).

piom(a,p)(h© @) = fizom(an)(hogo)
= Mup((hogov)(a)):a € M}
= Mup(hog)(¥(a)) :a € M}
= Mup(hog)(b) : d(a) =be N}

= {1} Img = Kerh]

So, Img, C Kerh,. Now, we will prove that Img, 2 Kerh,.

Let ¢ € Kerh,. Then we have

() rom(a.p)(h(¢)) = 1 which implies that A{up((h o ¢)(a)) : a € M} = 1. Thus,

pup(h(g(a))) = 1,Yae M (5.4.1)

(ii) Vrrom(a,p)(h«(4)) = 0 which implies that V{vp((h o ¢)(a)) : a € M} = 0. Thus,

vp(h(é(a))) = 0,Ya € M (5.4.2)

From equation (5.4.1) and (5.4.2), Im¢ € Kerh = Img.
As g is monic, §(b) = ¢(a) for a unique b € N. Define k : A — B as k(a) = b. Now,
we will prove that k is an IF R-homomorphism. As g is IF split, p o § = I for a unique IF

R-homomorphism p : C' — B. For every a € M, we have
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pp(k(a)) = pp(b) = ps(po g(h)) > ne(g(b)) = pe(d(a)) > pala).
Consider g.(k) = go k = ¢. Then ¢ € Img,. Thus Img, D Kerh,. That concludes the

proof. [
Theorem 5.4.7. Let

Bs0o-spD > 0

be a IFSE sequence in Cg.ipy, where g is IF-split. Let G = Homg,, ,,,,(—, A). Then the induced

sequence
g Gh=h G=g"
0 — Homc,,,,(D,A) = Homc,,,(C,A) — Homc,,,, (B, A)
is IFSE sequence.

Proof. The demonstration exhibits a resemblance to Theorem [5.4.6]. ]

Andersen and Fuller [4] explored the connection between projective modules and semi-
perfect rings. Theorem 27.11 [4] states that if P is a projective R-module, there exists a
set of idempotent elements (e;) for ¢ € J in a commutative semi-perfect ring R, such that
P = [],., Rei, where each e; belongs to E(R), the set of idempotent elements of the ring
R. By theorem 3.3.1, every IF projective module is a zero IFSM, we can derive the following

result:

Proposition 5.4.8. Let R be a commutative semi-perfect ring. For a IF-projective module

Ore..

A = 0y, there exists a set of idempotent elements e; in R such that 0, = ]_L.E J
Proposition 5.4.9. [22] Let A = (14, v4)n be IFSM of the R-module M, and let e € E(R).
Then, we define eA as an IFSM of eM, denoted by eA = (piea, Vea) s, Where: piea(z) =

V{paly) : z=ey,y € M} and vea(z) = NMraly) : x = ey, z € M} for every z in M.
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Let £(R) denote the set of idempotent elements in the commutative semi-perfect ring R.
Now, we will study the functor Homc,_,,(Og., —) where e € E(R).
Define a map

[y : Hom(Oge, A) — A

(5 = $|6A'

Lemma 5.4.10. T4 is an IF R-isomorphism, where A € Ob(Cg.irm)-

Proof. Suppose ex € eM. Define mapping ¢ : Og. — A as ¢(re) = rex; where r € R
and z € M. For ¢ € Hom(Oge, A), T4(¢) = ex demonstrating that I, is surjective. If
¢ € Hom(Oge, A), we observe that ¢ is determined by ¢|., establishing I is an injective

mapping. Also, for ¢ € Hom(Og., A),

=
&
Sy
[\
=
I
<
h N
=
N

Bi(®) = pual

where Homc, .., (Oge, A) = (81, B2).
Consider e a(Ta(f)) = prea(ex) = V{paley) : © = ey,y € M} = {pua(d(e))} = f1($) and
Vea(Ta(f)) = vealex) = Myaley) : = ey,y € M} = {va(d(e))} = B2(¢). Thus, we

conclude that

pea(La(f)) = B1(¢), vea(T'a(f)) = B2(9).

Hence, ' 4 is an intuitionistic fuzzy R-isomorphism. [

Proposition 5.4.11. Consider the following commutative figure [5.1] for &, 7 are IF-isomorphisms

and [3 is IF quasi-isomorphisms :
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0 y D J)>E @E>F > 0
[
0 v A1y 9,0 > 0

Figure 5.1: IFSE

Then bottom row forms an IFSE sequence in Cg.jry if and only if the top row does.

Proof. Firstly, Let the bottom row be an IFSE sequence. Then Imf = Kerg, g is IF-
epimorphism and f is IF-monomorphism. We want to show that

(i) ¢ is IF-monomorphism;

(ii) v is IF-epimorphism;

(iii) Im(¢) = Ker ().

Let py, py € P such that ¢(p1) = ¢(ps). As the figure 5.1 is commutative, we have

@) = B(o(p))

= B(¢(p2)) [By Assumption]
= f(a(py)) [By Commutativity]

=p = po[As fa is IF — monomorphism).

Thus, ¢ is IF-monomorphism.
Let s € S and J(s) = k, where k € K. Since g is [F-epimorphism, g(n) = k forn € N. As

(3 is an IF quasi-isomorphisms, n = ((q) for some ¢ € Q.

Consider k = g(n) = g(3(q)) = ¥((q)). implying 5(s) = 7((q)). Since 7 is IF-

monomorphism, ¢/(¢q) = s, concluding v is an IF-epimorphism.
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Let p; € P. Now, we aim to show that ¢(p;) € Ker(¢). Since f(a(p))) € Im(f) =

Ker(g). pc(g(f(a(p1))) = 1and ve(3(f(a(p1)))) = 0. So, uc(3((¢(p1)))) = 1 and

ve(A(D(6(p1)))) = 0. Since 5 is IF-isomorphism, i (4:(3(p1))) = pie(7($(3(p1)))) = 1 and

vr((d(p1)) = ve(7(¥(6(p1))) = 0, implying ¢(p1) € Ker(v). Thus, Im(¢) € Ker(y).

Let g € Ker(v), so pup(y(q)) = 1 and vp(d(q)) = 0. As aresult, uc(7(d(q))) = 1 and
ve(7(¥(g))) = 0. According to commutativity, uc(G(B(g))) = 1and ve(G(B(q))) = 0, which
implies that 3(q) € Ker(g) = Im(f) and so, there exists m € M satisfying f(m) = B(q),

along with p; € P such that a(p;) = m.

Bo(p1) = fla(p))

=q = ¢(p1)[As B is IF — isomorphism].

Thus, Ker(y)) C Im(¢). Hence, Ker(¢) = Im(g). O

Lemma 5.4.12. Let the IFSE sequence

within Cg.qpy and for e € E(R), ef = f|.a and eg = §|.p be the restriction mappings on f

and g respectively. Then the sequence

0 v eAd —Ly eB —9 o > 0

is IFSE sequence Cg_gpy.
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Proof. Letek € eK. As g is an IF-epimorphism, it follows that g(b) = k for b € N. Consider,

egleb) = €’g(b)

Thus eg is an IF-epimorphism. Since I'm(f) C Ker(g), it is clear that Im(ef) C Ker(eg).
Let eb € Ker(eg). Since Ker(eg) C Ker(g), therefore there exists # € M such that f(x) =

eb. For ¢? = e and ex € eM, we have ef(ex) = e*f(x) = ef(x) = e.eb = eb. Thus,

Ker(eg) C Im(ef). This concludes the proof. O

Proposition 5.4.13. The functor Homc,,,,,(Or., —) preserves the IFSE-sequence

0 y A f>B I, C 0

g

in Cr.ipm, where e € E(R).

Proof. Take into account the following commutative diagram within Cg.fgpm.

(@]

(_) — HomCR_IFM (ORea A) i> HOIIICR_IFM(ORe, B) i) HomCR-IFM (ORea C) —

| [

0 y eA > e < > eC > 0
By lemma [5.4.10], I'4, ' and I'¢ are IF-isomorphisms. By Proposition 5.4.11, bottom row

is IFSE sequence iff top row is IFSE sequence. By lemma [5.4.12], the sequence

0 y oA~y eB —9 O 0

g
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is a IFSE sequence. Hence, bottom row is exact. Hence, the functor Homc, ., (Oge, —)

preserves the sequence in Cg.ypy. O

Lemma 5.4.14. Let A = (pa,va)n be IFSM of R-module M and e; € E(R), where i € J.

Then,

HomCR-IFM(H ORew A) = H(elA)

ieJ ieJ

Proof. Since Homc,,,(—, M) converts coproducts into products. Let

¢ : Hom,, (] [ Rei;, M) — | [ Homc,, (Re;, M)

icJ icJ

defined by

T (T o pi = Ti)ies

be an R-isomorphism, where p; is the injection mapping Re; — [],.; Re;.
Let Homc, p (Ore;, A) = (B1s, B2:) and Homey o, (1T ; Ore,, A) = (B1, 52). Based on the

evidence presented in lemma [5.4.10], it follows that

B1i(T) = pa(Ti(e:)), Bai(Ti) = va(Tiles)); Vi € J.

Consider 114 (D ;e ; Ti(riei)) = Niespa(Ti(ries)) = Niesia(riTi(es)) = Niespra(Ti(ei)), where
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r.e; € Ryi € J. For 7 € Homgy ([ [, ; Ore,, A), we obtain

ieJ

Bi(T) = NpaoTi(rie) : (riei)ics € HRei}

= {MA(Z 7i(rie:)) : (ri€i)ies € HRei}

= Mua(fi(e;)) -1 € J}
= MpPu(m):ie J}

= [I8((R)ics)

icJ

= [[Buco).

icJ

So, it implies

Homc, ;,, (H OR@i’ A) = H Homc, ;,, (ORGH A)

icJ icJ
By lemma [5.4.12],
Hom(Oge,, A) = e;A
= HHom(ORei,A) = HeiA
icJ icJ

From equation (5.4.3) and (5.4.4), we can conclude that

HomCR-IFM (H O_Rei’ A) = H(elA)

ieJ i€J

(5.4.3)

544

(5.4.5)

]

Theorem 5.4.15. Let A, B,C and D be IFSMs of R-modules M, N, K and P respectively.

Let




116 Chapter 5. Some functors in the category Cr_ipm

is IFSE sequence in Cr.ypm. Then the functor Homc, ., (A, —) preserves the sequence if and

only if A is an IF-projective module.

Proof. First, suppose ¢ is an IF-epimorphism and Homc,,,,, (A, —) preserves the IFSE se-
quence.
Let C' = C|k, where K = keri) = {b € N : up((b)) = 1,up(1p(b)) = 0}. Then C" is

IF-submodule of C', and we obtain the IFSE sequence

0—C 502D

~
o

where i is the inclusion map.

Since Homc, (A, —) preserves the IFSE sequence, Homc, ., (A4, —) preserves the IF-epimorphism
v, implying that A is IF-projective.

Conversely, assume that A is an IF-projective. With respect to e¢; € E(R) and Proposition

[5.4.8], we have
A= T] Ok,

Let the sequence

<
T
N2
)]

0 y B $>C

be an IFSE sequence in Cgr.pvm. The sequence

(_) — HieJeiB — HieJeiC — HieJeiD — (_)
is also IFSE sequence based on lemma [5.4.12]. By employing Lemma [5.4.14], we can con-

struct the subsequent commutative diagram:
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0 — HomCR-IFM(HiGJ OR@H B) - HomCR-IFM(HiGJ OR@H C) - HOInCR-IFM(HiEJ OR@U D) — 0

l l l

0 ——— HieJ e B ’ Hie] e;C > HiEJ eD — 0

Given that the bottom row constitutes an IFSE sequence, it follows that the top row also rep-
resents an IFSE sequence. Thus, it is established that Homg, (A, —) preserves the IFSE

sequence. 0

5.5 Tensor product functor in Cg.pm

Tensor product structure provides the most innovative approach to connecting two modules.
The structure and characteristics of tensor products constructed from two intuitionistic fuzzy
modules in the Cr.ipm category are covered in this section. In addition, we investigate whether

there is a connection between Hom functor and tensor product functor in this category.

Definition 5.5.1. Define D x E: P x (Q — I x [ asanIFS on P x () by

D x E={<(p,q), (tpxe)®,q); VpxE)®,q) >: (p,q) € P x Q} where

poxe(P;q) = (ppxue)(p,q) = Viup(p), ke(q)}, vpxe(p, ) = (Wwpxve)(p, ¢) = Mvo(p),ve(q)},

,quE(Z(mei)) = (pp X ME)(Z(]%Q@)) = NV{up(pi), pe(a)li € J}}

and

voxe(Y_ (P ar) = (vo x ve) (Y (01, 4:)) = V{Mwp(pi), ve(@)li € J}}
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Proposition 5.5.2. A x Bisan IFSM on M x N.

Definition 5.5.3. An intuitionistic fuzzy biadditive (IF-biadditive) is a mapping ¢ : A x B —

(' satisfies

(1) ¢ : M x N — K is R-biadditive and

(i1) MC(&(Z@M%))) > (paxpp) (Y- (i, y;)) and VC(CE(Z(%,%))) < (waxvp) (X (xi, ui));

VZ(l’l,yz) € M x N.

Definition 5.5.4. An intuitionistic fuzzy tensor product of two IFSMs, A and B, denoted as
A ® B, is endowed with an IF-biadditive mapping 7 : A x B — A ® B, which satisfies the
property that for any IFSM C' over an R-module K, along with every IF-biadditive function
Y : Ax B — C,then ¢ o7 = 1 for a unique IF R-homomorphism ¢ : A ® B — C and the

subsequent diagram commutes:

and

pe(d(z @y)) = (na x pp)(z,y)

ve(dplz ®y)) < (va X vp)(z,y)

Remark 5.5.5. We will denote intuitionistic fuzzy tensor product by IFT-product.

Theorem 5.5.6. The intuitionistic fuzzy tensor product exists in Cg.ipy and is uniquely deter-

mined up to isomorphism.
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Proof. Let A = (pa,va), B = (up,vg) and C = (uc, ve) be IFSM’s of R-modules M, N
and K respectively. Let 7: A x B — A ® B be the IFT-product of A and B.

Define the mapping A® B: M ® N — I x I as

(14 ® 1) _(x: @ ) = V{(pa x pp) O (@ y )Y (2 @) =Y (2 @y:)}

and

(ra@vp)D (2 @u)) = Mva xvp) O _(zpu))| DY (20y) => (z:®@y)}

From this, it can be easily check that 7 is IF-biadditive. Let ) : A x B — C be IF-
biadditive. Since the tensor product of two R-modules exists and is unique up to isomorphism
in Cg.y, it follows that for any R-biadditive map v : M x N — K, there exists a unique

R-homomorphism ¢ : M @ N — K such that ¢ o 7 = 1.
MxN —— M®N

K

We only need to show that ¢ : A ® B — C'is an IF R-homomorphism, i.e., we want to claim

that, VZ([L} ®yz) eMxN

(@3 @ ®ui)) 2 (14 @ 1) (3 © 32)

Vo3 (2 9)) < (va @ ) (Y (2 © 32))
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Let > (z; ®y;) = >_(7; ® ;). Consider

pel6(o (@) = no(Y olz® )
> AMpc(o(r; @ y,))}
= Muc(por)(@',y))}
= AMucW)(@'y))}
> A{(pa x pp)(@,y)}
= xS @ 8)

= ne(96()_(zi ®y)) (4 ® pp)(Y_(x: @ y,)).

v

In the similar manner, we have vo (63 (z; @ v:))) < (va @ vp) (O (2 @ vi)).

Hence, the IFT-product exists in Cr.jpm and it is unique upto isomorphism. [

In Crm, RO M = M if M € Ob(Cgr_ypr). We can get the following result in Cr.ypy by

using this fact:
Proposition 5.5.7. Let A € Ob(Cr.iry). Then, we have 0 @ A = 0.

The preservation of epimorphisms by tensor product functors is a crucial property in the
study of intuitionistic fuzzy modules, as its ensures that certain algebraic structures and prop-
erties are maintained under tensor product operations, facilitating their application in various
mathematical contexts. For M € Ob(Cg_pr), M ® — is right exact. In the domain of Cg.ipm,

we have now reached the following finding:

Proposition 5.5.8. Let A € Ob(Cg.ipym). Then A @ — preserves epimorphisms in Cg.py.
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Proof. Consider the IFSE sequence B 90 —50 in Cr.rMm, thus establishing g is an

[F-epimorphism. Since M & — is right exact, we have
I4®g A
A®B — A®C — 0

Now, we only need to prove that /4 ® g is IF R-homomorphism. For any » (z;®y;) € M x N,

we have

(a @ pe)((Ta @ §) (2 @ i)

= (pa ® pe) (2o (z: @ §(i)))

= V{(pa x pe) (X, ki) Yo (2 @ ki) = So(2: @ (i)}

> V{(pa % pus) (X (3, 9:))19(y;) = ki and 3o(x; @ ki) = 3o (xi @ 8(xi))}

> V{(pa % ) (i, y ) (a7 @) = Y@ @ i)}

= (1 ® pp)(Xo(xi ® i)

Thus (pa ® pe) (14 © 9)(2o(x: @ ) = (1a @ pp) Qo(x: @ y1)).

Similarly, we can show that (v4 ® v)((1a @ §)(3(z: @ 4))) < (va @ v) (X (z: @ y;)).

We therefore obtain the desired result. O
Proposition 5.5.9. Let A € Ob(Cg.ipym)- Then — @ A preserves epimorphisms in Cg.ypy.

We’ll now examine how the tensor product functor and the Hom-functor are related in
the category Cg.ypm. This connection is established through a natural isomorphism known as
the Hom-Tensor adjunction. It establishes a relationship between Homc, (B ® A, C) and

Homc, ., (A, Homc, (B, C)).

Theorem 5.5.10. (Adjoint Isomorphism)
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In Cp.pu, there exists IF quasi-isomorphisms

T HomCR-IFM(E ® D, C) =0 HomCR-IFM(D7H0mCR-IFM<E7 O))v

T HomCR-IFM(D ® L, C) =0 HomCR-IFM(D7HomCR-IFM(E7 C))

Proof. We demonstrate the existence of the initial quasi-isomorphism. For D, E', C' € Ob(Homcy )
and by existence of tensor product in Cg.ipm, a unique IF R-homomorphism ¢ € Homg, ., (F®

D, (') exists such that

pe(d(q®p)) > (e ® p1p)(q @ p)

vo(d(q®@p)) < (ue @ pp)(g @ p).

With due reference to Theorem 2.75 [20], we will define the following IF R-homomorphisms:
Forp € P and g € Q, define ¢, : E — C as ¢,(q) = ¢(q @ p),
¢ : D — Homc, , (E, C) as ¢(q) = ¢, and

7 : Homgy (£ ® D, C) — Homcy ., (D, Homg, ., (E,C)) as 7(¢) = ¢.

It is therefore necessary to prove that ¢, ¢ are IF R-homomorphisms and 7 are IF R-isomorphism.

(i) To begin with, we will show that ¢, is IF R-homomorphism. For ¢ € (), we have

pe(@p(q) = pe(9(q®p)) > (ke@pp)(q®p) > (peXpp)(q, p) = V{ue(q), pp(p)} > 1e(q).

Likewise, we can exhibit that vc(¢,(¢)) < vg(q). Thus, ¢, is an IF R-homomorphism.
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(ii) Secondly, we will proceed to establish that ¢ acts as an IF R-homomorphism. For p € P,

HHomCR_IFM (E,C) (¢(p) )

v

A%

v

[Homcy ypny (5,C) (Pp)

Nuc(dp(a))lg € Q}
Muc(¢(a®p)lg € Q}

M(ue ® pp)(g@p)lp € P.q € Q}
NVAre(@), np(p)}p € P,q € Q}

o (p).

Likewise, we can exhibit that Yomc, . (2.0)(¢(p)) < vp(p).

(iil) Finally, we will show that 7 is an IF R-isomorphism. For ¢ € Homc,,,,(E ® D,C),

Consider

,UHomCR_IFM (DHomcy o (E,C)) (T (¢> )

= /LHomCR_IFM (D,HomcR_IFM (E,C)) (¢)

= /\{,UHomcR_IFM(E,C)(&(p))’p € P}

= /\{NHomcR_IFM(E,C)(fp”p € P}

= MMpc(dp(q))lq € Q}p € P}
= MM {uc(ol¢®p))lq € Q}p € P}

= Muc(¢(q@p))lg € Q,p e P}

- /LHomCR_IFM(E®D,C)(¢)'
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Similarly,we can prove VHomcy oy, (D Homey o (E,C)) (7(¢)) = VHomcy o, (E®D,C) (¢).

This is called adjoint isomorphism. [

Remark 5.5.11. Natural isomorphism can be obtained by the adjoint isomorphism theorem
(5.5.10) as

HomCR-IFM (E ® Dv C) gQ HomCR-IFM <D7 HomCR-IFM (E’ C))

Thus, £ ® O is the right adjoint of Hom(O, F).

Fixing any two IF-modules D, E, C, each T = 7p g ¢ is a natural isomorphism:

HomCR-IFM (E ® U, C) gQ HomCR-IFM (D7 HomCR-IFM (E7 C))?

HomCR-IFM (E ® D7 D) gQ HomCR-IFM(D7 HomCR-IFM (E7 D))?
HomCR-lFM (D ® D’ C) gQ HomCR-lFM <D7 HomCR-IFM (D’ O))

The below figure is commutative for § : D — D’

TD,,E,C

HomCR-IFM (E ® Dlv C) B HomCR-IFM (Dl’ HomCR-IFM (E’ O))

(Ig®0)* Ox

TD,E,C

HomCR-IFM (E ® D ) C) HomCR-IFM (D ) HomCR-IFM (E ’ O))



Chapter 6

Overall conclusion

This thesis delves into the category of intuitionistic fuzzy modules, investigating their math-
ematical properties and applications. Through systematically exploring the category of in-
tuitionistic fuzzy modules, the study establishes fundamental definitions and theorems that
contribute to the theoretical foundation of this mathematical structure. Furthermore, applica-
tions of intuitionistic fuzzy modules in diverse fields exemplify their versatility and relevance.
The findings of this research enhance our understanding of the category of intuitionistic fuzzy
modules and pave the way for their effective utilization in various mathematical and computa-
tional contexts.

Building upon the framework of the category of intuitionistic fuzzy modules, this study
extends its focus to intricate aspects, such as special morphisms and the construction of some
universal objects within this category. The investigation involves the development of novel
concepts and methodologies to characterize the relationships between intuitionistic fuzzy mod-
ules, providing deeper insights into their structural properties.

In the Chapter 2, we studied the category of intuitionistic fuzzy modules Cg.fpy Over the

125
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category of R-modules Cg.y by constructing a contravariant functor from the category Cr.ipm
to the category Cpye (= union of all Cpayr.trmy, corresponding to each object in Cry). We
showed that Cg.y is a subcategory of Cgr.rpm. Further, we showed that Cg.jpy 1S a top category
is not an abelian.

Within the Cg.ypm category, the study of special morphisms emerges as a focal point, pro-
viding a nuanced understanding of the relationships between these mathematical structures.
Special morphisms are pivotal in capturing the unique characteristics and transformations
within intuitionistic fuzzy modules, offering insights into their behaviour and interactions.
This work investigated various types of special morphisms, including coretractions, retrac-
tions, monomorphisms, epimorphisms, and isomorphisms, within the context of intuitionis-
tic fuzzy modules. Through systematically exploring their properties and significance, the
research aims to shed light on the categorical structure of intuitionistic fuzzy modules and
enhance our ability to discern and characterize their distinctive features. In Chapter 3, we
have proved that the Cg.fpy is not a balanced category. Further, we proved that if an IF R-
homomorphism f : A — B is a coretraction (respectively, retraction), then both f and f
are one-one (respectively, onto) functions; but the converse does not hold. Exploring special
morphisms of intuitionistic fuzzy modules provides valuable insights into the algebraic struc-
tures of these modules. By investigating the properties and behaviours of these morphisms,
researchers can enhance the theoretical foundations and implications of intuitionistic fuzzy
modules, fostering advancements in mathematical and computational fields.

In Chapter 4, we established the existence of IF-products, IF-coproducts, IF-equalizers
and IF-coequalizers in the category Cgr.jpm- Using these outcomes, we demonstrated the com-

pleteness and cocompleteness of the category Cgr.jpm. Consequently, we established Cg.ipm as
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a bicomplete category which shows the categorical goodness of intuitionistic fuzzy modules.
This research contributes a thorough examination of constructing universal objects in the cat-
egory of intuitionistic fuzzy modules, with a particular emphasis on pullbacks, intersections,
images, and inverse images.

Hom functors play a crucial role by capturing morphisms between intuitionistic fuzzy mod-
ules, facilitating a deeper understanding of their interplay. Additionally, the study of exact
sequences offers a systematic way to analyze the relationships and structures in sequences
of intuitionistic fuzzy modules. In Chapter 5, we have established that Homc, ., (A4, —) is
a covariant and Homc,,,,(—, A) is a contravariant functor. Additionally, when researching
the intuitionistic fuzzy short exact sequence(IFSE sequence), we have defined an intuitionistic
fuzzy R-isomorphism I'y : Hom(Opg,, A) — A determined by f — f(e); where e € E(R).
Using this, we have studied the relationship between the Hom-functors and IF-projective mod-
ules. The tensor product, a key focus, allows us to extend module operations to accommodate
uncertainties, reflecting the nuanced nature of intuitionistic fuzzy environments. Furthermore,
we established the existence of the tensor product in the category Cgr.rpm. We then investigated
the relation between Hom functor and tensor product functor in this category.

This thesis aims to delve into the theoretical foundations and applications of these con-
cepts, offering insights into the intricate algebraic nature of intuitionistic fuzzy modules and
their role in addressing uncertainty within mathematical structures. Through this exploration,
we aim to provide a comprehensive understanding of these structures and their significance in
the broader context of fuzzy mathematics.

One significant direction for future research is the extension of cohomology concepts to

intuitionistic fuzzy modules. In the future, investigating special morphisms within intuition-
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istic fuzzy modules can provide insights into their homological properties. For instance, con-
structing injective resolutions via these morphisms aids in computing Ext and Tor functors,
which is crucial for understanding module structures. Additionally, utilizing special mor-
phisms between projective intuitionistic fuzzy modules enables the construction of projective
resolutions, vital for computing Hom and Ext functors, thus enhancing comprehension of al-
gebraic and homological properties. A key future direction is extending cohomology concepts
to intuitionistic fuzzy modules, potentially bridging fuzzy logic with established mathemati-
cal theories. This extension enriches intuitionistic fuzzy module theory and broadens under-
standing of cohomological methods, fostering interdisciplinary collaborations and advancing

mathematical research.
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XK
an R-module M
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CrarMm Category of intuitionistic fuzzy module
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IF co-equalizer

Intuitionistic fuzzy co-equalizer

IF-pullback

Intuitionistic fuzzy pullback

[F-intersection

Intuitionistic fuzzy intersection

IF-image

Intuitionistic fuzzy image
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