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Abstract

The accelerated expansion of the universe, supported by various astrophysical observa-
tions, has posed profound questions about the nature of its dominant energy compo-
nents, namely dark energy (DE) and dark matter (DM). Although both remain elusive
in their physical origin, it is widely believed that they play crucial yet distinct roles in
cosmic evolution. This thesis, titled “A Theoretical Analysis of Interacting and
Non-Interacting Dark Energy”, aims to explore the dynamics of these components
in both coupled and uncoupled scenarios to deepen our understanding of the universe’s

accelerating phase.

The first part of the work investigates models of interacting quintessence, wherein a
canonical scalar field representing dark energy is allowed to exchange energy with the
dark matter sector. Various forms of the interaction term are considered and their
implications on the background cosmology are studied. Special attention is paid to the
behavior of dark energy near the inflection point of the scale factor evolution, a regime
where the nature of cosmic acceleration undergoes qualitative changes. Analytical and
numerical techniques are employed to understand how the interaction affects the stability
and dynamics of the universe across different epochs. Observational constraints on the
coupling parameter are also examined using model-independent diagnostics to ensure

consistency with current data.

The second part focuses on the case of a minimally coupled tachyon field, a non-canonical
scalar field derived from string theory, which is considered a candidate for dark energy
in the absence of direct coupling to dark matter. This framework allows the isolated
behavior of dark energy to be analyzed, providing a comparative foundation to assess the
influence of interaction terms studied in the quintessence model. The evolution of the
equation of state, energy density and pressure is derived analytically, and the model’s

compatibility with late-time acceleration is discussed in detail.

Finally, the thesis explores the theoretical possibility that the interaction between dark

energy and dark matter might signify a new kind of fundamental interaction— one



Abstract ii

beyond the four known forces of nature. By systematically analyzing the coupling dy-
namics and evaluating their compatibility with observational data, an effective theory of
this “fifth interaction” is proposed. The results suggest that, under certain parameter
conditions, the DE-DM interaction could offer a unified framework that explains both

the dark sectors in a consistent manner.

This study thus provides a theoretical foundation for both interacting and non-interacting
dark energy models, offers insights into the dynamics near the cosmic inflection point,
and opens new avenues for understanding the universe through the lens of fundamental

interactions.
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Chapter 1

Introduction

The study of the structure and evolution of the universe has been a center of focus
in modern theoretical and observational cosmology. One of the prominent discoveries
in cosmology is the accelerated expansion of the universe; at present our universe is
not only expanding, but this expansion rate is also accelerating, which is confirmed by
Type Ia supernovae observation [1, 2] and High-z Supernovae [3]. This discovery funda-
mentally challenged the classical view of cosmic evolution and implied the existence of
some unknown energy component which could be responsible for this acceleration at the
present epoch. In order to explain this phenomenon, the concept of “Dark Energy” (DE)
was introduced as an exotic form of energy with negative pressure that counteracts the
gravitational attraction of matter while a pressureless, non-relativistic component that
interacts extremely weakly with standard matter particles is referred to as “dark matter”.
In 1933, Zwicky, through a comparison of the observed stellar mass with the velocity
dispersion of galaxies in the Coma cluster, provided the first evidence for the existence
of dark matter in the universe [4]. In contrast to DE, dark matter may cluster due to
gravitational instability, forming local structures throughout the universe. Indeed, it
is known from observation that dark matter has been essential for the development of
large-scale structures like galaxies and clusters of galaxies. In the current cosmos, dark
matter makes up around 25% of the energy portion, while DE contributes to 70% of
the energy content in the universe and approximately around 4% is the baryonic matter
while around 0.005% is the radiation. We know at large scales the gravitational force
is the dominating force in our universe which has an attractive nature. Unlike baryonic

matter and radiation which contributes to the attractive gravitational effects shaping

1
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our cosmic structure; DE, on the other hand, exhibits repulsive gravitational properties
leading to accelerated the expansion of space-time, despite the observational evidence,
the exact nature and origin of DE are still unknown. Is DE a manifestation of “Cos-
mological constant”; as initially suggested by Einstein or is it the result of a dynamical
scalar field(s) which can evolve over time? or alternatively, could it indicate the modifi-
cation in General Relativity itself ¢ These questions continue to derive extensive research
in theoretical and observational cosmology. Recent advancements from the Dark Energy
Spectroscopic Instrument (DESI) [5] have significantly enhanced the understanding of
DE and indicated the dynamical nature of DE but future data is needed to clearly clarify
it.

1.1 Historical Context and Theoretical Foundation:

Dark energy is one of the most intriguing and puzzling concepts in modern cosmology,
and its story begins over a century ago. In 1917, Albert Einstein introduced the cos-
mological constant, denoted by the Greek letter A, into his field equations of General
Relativity. At the time, the prevailing belief was that the universe was static and un-
changing and A was his way of balancing the gravitational pull of matter to prevent the
universe from collapsing under its own weight. However, this idea was soon challenged;

when Edwin Hubble in 1929 [6] discovered that the universe is actually expanding.

For much of the 20" century, cosmologists worked under the assumption that the uni-
verse’s expansion, while ongoing, was slowing down due to the gravitational attraction
of matter. It wasn’t until the late 1990s that this view was turned upside down. Obser-
vations of distant Type Ia supernovae by two independent teams [1-3] revealed some-
thing unexpected—the expansion of the universe is not slowing down but speeding up.
This shocking discovery hinted at the existence of a mysterious force or energy causing
this acceleration, which came to be known as Dark Energy. As more data poured in
from measurements of the cosmic microwave background (CMB), galaxy surveys and
large-scale structure (which we will discuss in upcoming section) cosmologists realized
that DE makes up about 70% of the total energy content of the universe. Meanwhile,
DM accounts for roughly 25%, and the ordinary matter that makes up stars, planets etc.
comprises less than 5%. Radiation, once dominant in the early universe, now contributes

only a minuscule amount. Despite being the majority component of the universe today,
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DE remains a profound mystery. Some scientists believe it might be a constant energy
embedded in space itself, while others suggest it could be the effect of a slowly evolving
field, or even a signal that our understanding of gravity needs revision. What’s clear is
that DE plays a crucial role in shaping the fate of the cosmos and unlocking its nature
could lead to a revolutionary shift in our understanding of the universe; its origins and

fate.

1.1.1 Theoretical Foundation:

The cosmological model is based on Einstein’s tensor field equations, which explain the
geometry of space-time and provide information on the energy-momentum components

in the current universe:

81

1
Rul/ — ingj = CTT#V (11)

here Greek indices runs from 0 to 3 representing space-time co-ordinates and Latin
indices runs from 1 to 3 representing only space co-ordinates, R, is the Ricci tensor,
R is the Ricci scalar which can be obtained by contracting Ricci tensor, g, is the
metric tensor, T}, is the energy-momentum tensor and G is the Gravitational constant.
GR connects space-time energy-momentum and gravitation and could reduce to ODE’s
(ordinary differential equations) forming a rich class of models to study the non-linear
field equation dynamics. In his later work on static universe theory, Einstein created
a static solution to his field equations by inserting a constant term into the left-hand
side. This constant is termed as “Cosmological constant (A)” and the field equation
(1.1) changes to:

1 8rG
R/ﬂ, — §Rg#y + Ag/ﬂ, = CTTHV (12)

But later, when Hubble in 1929 [6] came up with the discovery of the expanding universe,
Einstein dropped the idea of the cosmological constant. Later, though, the cosmological
constant A was brought up again as a possible option for DE to explain why the universe
is expanding faster than ever.

Another fundamental base of standard cosmology is the “Cosmological Principle,” which
states that at a large scale our universe is isotropic and homogeneous. Thus, the line

element representing such a universe is given by:

ds* = gpdatda” = —c*dt* + a*(t) [dr® + (*(r) (d6® + sin*0dd?)] (1.3)
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here g, represent the metric tensor, a(t) represents the scale factor, ¢ is the cosmic time

and (r,0,®) are the spherical co-ordinates with:

%sinm r K > 0 (Closed curvature)
Cr)=9qr K =0 (Flat space-time) (1.4)

ﬁsinh\/|K|r K < 0 (Open curvature)

With K as the curvature, generally in cosmology three values of K are considered, i.e.,
(1,0, —1) representing closed, flat and open universes, respectively. Here in this thesis, all
calculations are carried out for flat curvature i.e. K = 0. As we know, at different epochs
different matter-energy and field components were dominating, which can be classified
into relativistic matter, i.e., during early times radiation and relic neutrinos were the
dominating components; then non-relativistic components like baryonic and dark matter
components came into the picture, which helped in the large-scale structure formations;
then, at the late-time epoch, DE was the dominating component, which is responsible

for the accelerating universe.

1.1.1.1 Friedmann-Lemaitre-Robertson-Walker (FLRW) Model:

Friedmann developed a set of equations that govern the expansion of the universe, tak-
ing into account the Robertson-Walker metric Eq.(1.3), which characterizes the homo-
geneous and isotropic universe [7, 8]. Friedmann equations for all above-mentioned
components (radiation, DE and matter) in the units of ¢ = 1 are:

at)\? 8rG K
HQZ(GZ?) =3 a Pn—g (1.5)

for the case of flat universe the above equation can be rewritten as:

.\ 2
81
w (1) Z8G s, y
() W, (1.6)

and
Zgg = _$ (Z Pn + 32Pn> (1.7)

here summation of p,, over n represents the sum of all energy densities of each component

like radiation(r), DE(de) or matter(m), similarly sum of p,, represents the total pressure
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of all components, H is the Hubble parameter, a is the scale factor which depends on
cosmic time ¢ and (*) represents the derivative with respect to cosmic time (). So, the
first Friedmann Eq.(1.6) contain first order derivative of scale factor which represents
the expansion rate whereas 2nd Eq.(1.7) contains second order derivative representing
the acceleration so, one can determine the cosmic evolution by specifying the properties
of individual components in above mentioned equations.In fact if we see the second
Friedmann Eq.(1.7) to represent the accelerating universe the bracketed term needs to
be negative i.e. (p, + 3p,) < 0 and from this condition equation of state (EoS) can be
obtained as:

_ P 1

—— 1.8
pn "3 (1:8)

Wn,
which implies, in order to obtain an accelerating universe EoS parameter w, needs to
be less than —1/3. Other from of these equations is in the terms of density parameters

which makes it easier to handle the model parameters, these dimensionless energy density

parameters like €2, for radiation, €, for matter and Q4. for DE are given as:

pr 871G
Q== 1.9
r e 3H2,0r ( )
pm 871G
Ap="—=—= 1.10
™= e T 3E2m (1.10)
Pd 81G
Nge = 7: = @pde (1.11)

and on adding energy density parameter of component we get:

Qr+Qn+ Q=1 (1.12)

These equations highlights how different energy components contributes to the total
energy density of the universe. Further to ensure the conservation of energy momentum,
the covariant derivative of energy momentum tensor needs to be zero i.e. V#T,, =0

which yields the following energy conservation equation in terms of energy density as:

pn+ 3H (pn +pn) =0 (1.13)
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The scaling solution of this energy conservation equation describes how the energy den-

sity of the different components can evolve as the universe expands:

a —3(14wn)
pn = Pl <> (1.14)

ao

For different components like radiation, matter and DE the above scaling solution reads:

proca? (1.15a)
pm X< a3 (1.15b)
pae < a~30Fwa) (1.15¢)

where EoS parameter for radiation is w, = 1/3, for matter component w,, = 0 and wg,
can take the different values depending on the different form of DE scalar field models.
One can broadly say that there are two primary approaches to develop a theory to

explain this accelerated expansion.

e The first one is the “Modified Theory of Gravity” in which there is modification

in the gravity sector of Eintein’s Field equations.

e Second is the “Modified Matter Models” in which matter part in the Einstein field

equation is modified via the introduction of additional component like DE.

In this thesis our main focus is the analysis of DE Models of two kinds interacting and
non-interacting which we will discuss in details in next chapters.

Since the behavior of these models is closely linked to the expansion history of the uni-
verse, it is essential, first to understand how cosmic distances are defined and measured.
In cosmology, distance isn’t a simple, single concept—because the universe is expand-
ing, the way we define and measure distance depends on what we’re trying to observe

or calculate. So, in the next section, let’s learn about the major cosmic distances.



Chapter 1.Introduction 7

1.2 Cosmic Distances:

As our universe is itself dynamic in nature(i.e. accelerating), understanding distances in
cosmology is a little more complicated than in classical physics. The separation between
two distant galaxies evolves as the fabric of spacetime stretches, making the very concept
of “distance” dependent on time also along with co-ordinates. To account for this,
several distinct definitions of distance are used, each tailored to a specific observational
or theoretical purpose. In this section, we explore the various distance measures used in

cosmology and their interrelationships. For more details readers can go through [9].

1.2.1 Comoving Distance D.(z):

The comoving distance is perhaps the most fundamental of the cosmological distance
measures. It represents the separation between two points in the universe, measured
along a path at constant cosmic time. This distance remains fixed for objects that are
moving only with the Hubble flow meaning they are not subject to local gravitational
interactions. Mathematically, the comoving distance to an object at redshift z is given

by:
z dZ/

Pee)=c | awy

(1.16)

where c is the speed of light, and H(z) is the Hubble parameter, describing the expansion
rate of the universe as a function of redshift. This measure is particularly useful in
theoretical models and large-scale simulations, as it offers a static “coordinate” system
that remains unaffected by the expansion of spacetime. We will be using comoving

co-ordinates throughout the thesis.

1.2.2 Proper Distance D,(z):

The proper distance refers to the actual, physical separation between two points in the
universe, measured at a specific moment in cosmic time. Proper distance is related to

comoving distance as follows:

Dy(z) = a(t) - Dc(z) (1.17)
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here a(t) is the scale-factor and the important point about proper distance is its value
changes with time; In other words, galaxies that are comoving (moving only because
the universe is expanding) will have a growing proper distance between them simply
because space itself is getting stretched. Unlike some other cosmological distances, the
proper distance isn’t something we can measure directly with telescopes. We can’t place
a physical ruler across the universe or pause cosmic expansion. What we can observe are
redshifts, apparent brightness and angular sizes, and from these we infer other types of
distances, like luminosity distance and angular diameter distance. Despite this, proper
distance is still incredibly useful especially when we’re thinking about the size of the
observable universe, or when we want to model how far light has traveled over cosmic
time. It helps give a clearer picture of the structure and scale of the universe at different

moments in its history.

1.2.3 Luminosity Distance D (Z):

Luminosity distance is measured using “light,” i.e. it measures how far an object appears
based on how dim it looks, assuming we know the actual brightness. For example, if
we observe a Type la supernova which is a stellar explosion known to have a consistent
intrinsic brightness, we can estimate how far it is based on its observed flux. So, it is

the ratio of luminosity L and 47 times bolomeric flux S of an steller object:

Dp(z) =4/ % (1.18)

The apparent brightness of an object would follow a simple inverse-square law for the
case if universe is static, i.e. the farther the object is, the dimmer it appears to be.
However, our universe is not static rather it is expanding. So, this cosmic expansion will

affect the movement of light across the expanding universe:
e The wavelength of the light “redshift” i.e. wavelength of light stretches as it travels
through space.
e Due to time dilation, the arrival rate of photons is reduced .

e The light spreads over a larger area because space itself is expanding.
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All these effects needs to be included while measuring luminosity distance. Thus, another

way to express luminosity distance is given by:

Dp(z) = (1+2) - De(2) (1.19)

where:

e 2 is the redshift of the object,

e D¢ (z) is the comoving distance.

This formulation allows astronomers to account for the expansion of the universe when
interpreting the observed brightness of distant objects such as supernovae or quasars.
Unlike proper or comoving distance, which are more theoretical or coordinate-based, lu-
minosity distance is directly connected to what we observe. Luminosity distance there-
fore plays a crucial role in observational cosmology, enabling us to probe the large-scale

geometry and dynamics of the universe.

1.2.4 Angular Diameter Distance D4(z):

Another important observational distance is D 4(z), which connects an object’s physical
size to the angle it occupies in the sky. This is based on simple geometry. In flat, static
space, the relation would be:

D= (1.20)

where [ is the actual size of an object, D is the distance to the object and 6 is the
observed angular size in radians. So, in terms of angular diameter distance this formula
takes the form:

l

Da=y (1.21)

But! our universe is expanding! So, just like luminosity distance cosmic expansion
will also affects the angular diameter distance. For objects very far away, the angular
diameter distance actually starts to decrease with redshift after a certain point. This
means that very distant galaxies can appear larger on the sky than closer ones of the

same size! This seemingly strange effect happens because the light was emitted when
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the universe was smaller, so the object took up a larger angle in the past than it would

now. So, the angular diameter is reated to comoving distance as:

Da(z) = gi(z)) (1.22)
or using Eq.(1.19), we get:
Da(z) = (fi(;)g (1.23)

This distance is crucial when studying standard rulers—objects or patterns in the uni-
verse whose physical size we already know. A famous example is the baryon acoustic
oscillation (BAO) scale, which acts like a cosmic ruler embedded in the distribution of
galaxies. By measuring how large this ruler appears at different redshifts, we can infer

how space has expanded over time.

1.3 Observational Evidence of Dark Energy (DE):

Multiple independent astrophysical and cosmological observations support the presence
of DM and DE through their gravitational effects on visible matter, radiation and Large
scale structure of the universe. The existence of DE is strongly supported by a variety of
independent astronomical observations. These observations point towards a component
of the universe that exerts negative pressure, causing the expansion of the universe to
accelerate. Key evidence comes from Type la Supernovae, cosmic microwave background
measurements, baryon acoustic oscillations, and large-scale structure surveys. Together,
they build a consistent and compelling case for a universe dominated by DE at the

present epoch. This section explore some of the observations supporting the presence of

DE:

1.3.1 Type Ia Supernovae (Standard Candles):

One of the most significant breakthroughs in observational cosmology came in the late
1990s, when astronomers studying distant Type Ia supernovae made an unexpected
discovery. Type la supernovae are among the most important tools for measuring cosmic
distances due to their consistent peak luminosity, earning them the title of “standard

candles.” In the late 1990s, two independent research teams; the High-Z Supernova
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Search Team [3] and the Supernova Cosmology Project [2] provided the first compelling
evidence for the accelerated expansion of the universe. The High-Z team analyzed both
spectral and photometric data for 16 distant and 34 nearby supernovae, concluding with
high statistical confidence (greater than 99.5%) that the deceleration parameter g is
negative, with an estimated value of gy = —140.4. Meanwhile, the Supernova Cosmology
Project examined 42 supernovae in the redshift range 0.18 < z < 0.83 and also found
strong support for a non-zero, positive cosmological constant. Their analysis yields a
joint probability distribution of €, — Qx plane; 0.8, + 0.6Q25 ~ —0.2 £ 0.1, implying
a clearly negative qp (see [2]) . In other words, these supernovae appeared dimmer than
expected in a decelerating universe, indicating that the expansion is actually speeding
up!. These findings, based on the brightness-redshift relation of supernovae, provided
the first direct evidence for the existence of DE and revolutionized our understanding of
the universe’s expansion history. Most strikingly, the measured luminosity distances of
16 high-redshift supernovae indicate they are about 10—15% farther away than would be
anticipated in a universe dominated solely by matter with no cosmological constant. This
deviation points toward an accelerating expansion, implying the presence of a repulsive
force. This analysis lends strong support to cosmological models that include a positive
cosmological constant A, favoring a universe that will continue expanding indefinitely.

For more details readers can refer to [10, 11].

1.3.2 Cosmic Microwave Background (CMB):

Missions like WMAP [12] and Planck [13] provides the precise measurement of the early
universe and its parameters through the study of Cosmic Microwave Background (CMB)
spectrum. CMB provides the faint afterglow of the Big Bang and has temperature fluc-
tuation information. CMB serves as a powerful and independent tool for understanding
the large-scale properties of the universe, including the presence of DE. By examining
the tiny fluctuations in temperature across the CMB, precise information about the ge-
ometry of space is obtained. In particular, the angular position of the first acoustic peak
in the CMB power spectrum originating from sound waves in the early universe around
redshift z ~ 1100 is extremely sensitive to the overall spatial curvature. Observational
data show that this peak aligns with a nearly flat universe, suggesting that the total
energy density is very close to the critical value required for flatness. However, measure-

ments of the actual matter content—including both visible matter and dark matter fall
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FIGURE 1.1: This figure shows the likelihood contour plot in the €2, —Q (matter den-
sity—vacuum energy density) plane. It combines results from three major cosmological
observations: Cosmic Microwave Background (CMB), galaxy clusters, and Type Ia su-
pernovae. The different shades correspond to likelihood contours for Ax? = 1,4, 9which
roughly represent confidence intervals (68%,95%, and 99%). The striped vertical
band labeled “Allowed by Clusters” shows the range of 2, values (matter density)
derived from galaxy cluster baryon fraction measurements, which lies in the range
0.2 < Q,, < 0.4. This plot is taken from [14]

short of this critical density. In fact, the total matter density parameter 2, appears
to be less than 0.4. To maintain a flat geometry as indicated by the CMB, there must
be an additional form of energy contributing roughly Q ~ 0.6 — 0.7 (see [14]). This
missing piece, which does not behave like ordinary matter or radiation, is what we refer
to as DE. The simplest explanation for it is a cosmological constant A, a term originally

introduced by Einstein as mentioned in Section (1.1.1).

1.3.3 Baryon Acostic Osscilations (BAO):

Baryon Acoustic Oscillations (BAOs) provide a robust method for exploring the ex-
pansion history of the universe and have emerged as strong evidence supporting the
existence of DE. These oscillations originated as sound waves in the photon-baryon
plasma of the early universe and left a characteristic scale, the sound horizon rs(zdmg),
observable in the large-scale structure of galaxies. This scale functions as a standard
ruler in cosmology. By measuring its angular size across the sky and its extent along

the line of sight, cosmologists construct a spherically averaged distance measure known
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as the volume-averaged distance in natural units (c=1), defined as:

L 113

H(z) ’

Dy(2) = |(1+2)2D%(z) - (1.24)

where H(z) is the Hubble parameter. This measure incorporates both transverse and
radial components of the BAO signal. Observations from galaxy surveys such as the
Sloan Digital Sky Survey (SDSS) and the 2dF Galaxy Redshift Survey (2dF GRS) have
determined Dy (z) and the relative distance ratio d. = 7s(zdrag)/Dv(2) at different
redshifts. These results consistently align with cosmological models that include DE,

disfavoring those dominated solely by matter [15-17].

Moreover, statistical analyses show that BAO data alone can constrain the relationship
between the matter density parameter §2,, and the DE EoS wge, though the two param-
eters exhibit a strong degeneracy. An approximate relation capturing this dependence
is given by:

Q& 0.282 4 0.0935(1 + wae) + 0.015(1 + wae ). (1.25)

This relation intersects with other independent constraints, including supernova obser-
vations, near €),, =~ 0.275 and wg. ~ —1.06, values compatible with a cosmological
constant. When BAO measurements are combined with Type Ia supernovae data or
Cosmic Microwave Background (CMB) results, the precision on both parameters signif-
icantly improves. For instance, joint analyses yield constraints such as €2,, = 0.29+0.02
and wyge = —0.97 £ 0.11. In summary, BAO observations especially when integrated
with complementary cosmological probes offer strong and independent support for the

presence of DE in the universe.

1.3.4 Dark Energy Spectroscopic Instrument (DESI):

The first data release (DR1) from the Dark Energy Spectroscopic Instrument (DESI)
in 2024 [5] has significantly enhanced our understanding of the late-time acceleration of
the universe and the nature of DE. Analysis of the data under the widely used Cheval-
lier-Polarski-Linder (CPL) parameterization of the DE EoS:

w(z) = wo + wq ,

1+ 2z
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shows a preference for dynamical DE over the standard ACDM model at more than 20
confidence level [5]. In this framework, the parameters wy and w, respectively describe
the present-day value and the redshift evolution of the DE EoS. These observations
align with other recent studies that also favor a dynamical nature of DE under the CPL
framework [18, 19]. However, not all investigations converge on CPL being the optimal
model some analyses report that alternative parameterizations may better capture the
behavior of DE across cosmic time [20]. Beyond CPL, the DESI 2024 dataset has
also been used to test and constrain a broad range of dynamical DE models, many of
which outperform ACDM in terms of goodness-of-fit [21-23]. When evaluated using
model selection techniques such as Bayesian evidence and information criteria, these
evolving models often show greater consistency with the observed large-scale structure

and distance measurements.

In evolving DE cosmologies, the Hubble expansion rate becomes:

z 1+ /
H(2)? = H3 |Qn(1 +2) + Q.1 + 2)* + Qe exp (3/0 1+w(;)dz’>] (1.26)

which directly incorporates the redshift evolution of w(z). DESI’s precise BAO measure-
ments across redshifts help constrain this expansion history, offering improved insights

into cosmic acceleration.

Overall, DESI 2024 results reinforce the view that DE may be dynamic rather than
static, challenging the long-held assumption of a constant A, and opening new avenues

for understanding the physics behind the accelerating universe.

1.4 Dark Energy Models:

As discussed earlier, DE derive the observed accelerated expansion of the universe. In
order to describe its behaviour several models are proposed. These models can be broadly
categorized into Non-Interacting and Interacting DE Models, depending on whether DE
exchanges energy with other components or not. Below are some of the DE models

which are proposed to explain the present expansion:
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1.4.1 Cosmological Constant:

The very first and the simplest model to explain DE is the cosmological constant, A [24]
which represents a constant energy density that fills space uniformly. Einstein initially
added A in his field equations to allow for static universe. The field equations Eq.(1.2)
with A are give as:

1 81G
RNV - iRg,u,u + Aguy - CTTMV (127)

here the term Ag,, effectively acts like an additional source of energy-momentum with
constant density and negative pressure. We can think of A as a form of fluid with

constant energy density pp and pressure pp which are given as:

A
= 1.2
PA G (1.282)
and
PA = —pPA (1.28Db)

This negative pressure causes a repulsive gravitational effect, leading to accelerated

expansion. This leads to a constant EoS parameter:

PA

Now, as the evolution of the scale factor a(t) is governed by the Friedmann equations. So,
including the cosmological constant, the first and second Friedmann equations, Eq.(1.6)

and (1.7) for flat universe becomes:

L\ 2
a IrG A
a A7G A
=)+ (1.31)

In a universe dominated entirely by the cosmological constant, the scale factor evolves

A
a(t) o et H= \/; (1.32)

as [25, 26]
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This describes an exponentially expanding de Sitter universe, which is consistent with
current observations of the late-time universe. Despite its observational success, the

cosmological constant faces two significant theoretical problems:

e Fine-Tuning Problem: Quantum field theories predict a vacuum energy density
that is many orders of magnitude larger than the observed value of A [27]. Since
even the vacuum state possesses energy due to zero-point fluctuations, a naive es-
timate of the vacuum energy density obtained by summing the zero-point energies

up to a momentum cutoff A, gives:

A4
vac ™ £ 1.
p 16,2 (1.33)
If we take the cutoff to be at the Planck scale, A, ~ Mp; ~ 1019 GeV, then:
Pyac ~ 1076 GeV* (1.34)

In contrast, observational bounds (from the current acceleration of the universe)

suggest:
P ~ 1074 GeV? (1.35)

This represents a discrepancy of more than 120 orders of magnitude:

ptheory
0 10! (1.36)

obs

PA

This is the essence of the cosmological constant problem: why is the vacuum en-
ergy so small compared to theoretical expectations, and why is it not exactly zero?
To reconcile the tiny observed value with the huge theoretical expectation, an ex-
traordinary fine-tuning is required. The bare cosmological constant A in Einstein’s

equations must cancel the quantum contributions with extreme precision:
A 4 871G pyac| < 10747 GeV? (1.37)

This cancellation must be accurate to at least 123 decimal places, which seems

highly unnatural without some underlying symmetry or mechanism.
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e Cosmological Coincidence Problem: In addition to the fine-tuning, another
intriguing puzzle arises when considering the timing of its dominance: the so-
called coincidence problem. This problem questions why the energy densities
of matter and DE are of the same order of magnitude precisely at the present
epoch, even though they evolve very differently over cosmic time. In an expanding
universe described by FLRW metric, the energy densities of different components
scale differently with the scale factor a(t). For a flat universe with pressureless
matter (dust) and a cosmological constant A, using Eq. (1.15b) and (1.15a) the

energy densities evolve as:

pm(a) = pha™® (1.38)

pala) = p} = constant (1.39)

As the universe expands, a(t) increases, and the matter energy density p,, rapidly
decreases, while py remains constant. In the early universe (¢ < 1), matter

dominates; in the far future (a > 1), DE dominates. However, today, we find:

This near equality appears to occur at a very special moment in the universe’s
history, suggesting a fine-tuned coincidence. Why is it that we happen to live
during the very brief period in cosmic history when p,,, ~ pa? Given that the two
quantities evolve so differently, one would expect them to differ by many orders of
magnitude unless there is some mechanism synchronizing their evolution. Several

ideas have been proposed to address the coincidence problem:

1. Interacting Dark Energy Models: These models allow energy exchange
between DE and dark matter, making their ratio evolve more slowly and

naturally remain near unity for longer.

2. Tracker or Attractor Solutions: Scalar field models (e.g., quintessence)
can have attractor behaviors where DE dynamically adjusts itself to be com-

parable with matter over extended periods.

3. Anthropic Principle: In a multiverse scenario, only those universes where

the densities coincide at the right time allow for observers. Hence, it is not
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FIGURE 1.2: Plot shows how the energy densities 2 of radiation, matter and DE evolve
with respect to redshift z. Plot is from [28§]

surprising that we observe such a coincidence.
4. Phantom Cosmologies: In phantom models with a finite lifetime, the pe-

riod of comparable dark matter and DE densities occupies a larger fraction

of cosmic time, making the coincidence less severe.
The coincidence problem adds another layer of mystery to the DE puzzle. Un-
like the fine-tuning problem, which asks why A is small, the coincidence problem

asks why now. Both problems suggest that the standard cosmological constant

model, though observationally successful, may be incomplete without new physics

to explain these striking features.
Nevertheless, the cosmological constant remains the most straightforward explanation

for DE and a cornerstone of the standard model of cosmology, known as the ACDM

model.
1.4.2 Non-Interacting Dark Energy Models:

Non-interacting DE models are some of the simplest and most studied frameworks in

cosmology, which assume that DE evolves “independently” from other components of
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the universe, such as DM and radiation, without exchanging energy or momentum with
them. In these models, each component follows its own conservation law and evolves
according to its own dynamics, governed by the overall expansion. In the standard
ACDM, as we know the universe is described by the FLRW metric Eq.(3.1) and the
dynamics are governed by the Friedmann equations Eq. (1.6) and (1.7). So, assuming
there is no interaction between DE and matter, the energy conservation equations or

continuity equation Eq. (1.13) for each component are separately satisfied:

pm + 3H (1 + wp) = pm + 3Hpm = 0, (1.40)
pr+3Hp (1 +w,) =p.+4Hp, =0, (1.41)
pde + 3H (1 + wge)pge = 0, (1.42)

where:

Pm is the energy density of matter and w,, = 0,

pr is the energy density of radiation and w, = 1/3,

Pde 1 the energy density of DE,

H = a/a is the Hubble parameter,

Wde = Pde/ Pde 1 the EoS parameter for DE.

Here, we can see that the DE component evolves independently based only on its own

properties, especially its EoS wge.

The simplest non-interacting DE model is the Cosmological Constant(DE) + Cold Dark
Matter , denoted by ACDM, which has a constant energy density and a fixed EoS, i.e.,

EoS doesn’t vary with cosmic time :

wp = —1, (1.43)

leading to:
Pde = pa = 0. (1.44)

This means that the energy density of the cosmological constant remains unchanged as

the universe expands. Despite its success in explaining the current accelerated expansion,
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the cosmological constant faces the famous fine-tuning and coincidence problems, as

discussed earlier.

A scalar field ¢ associates a single value to every point of spacetime, depending only on
the z* spacetime coordinates. Now for a spatially flat and homogeneous universe the

action combining GR and Scalar field can be written as:

R

here R is the Ricci scalar, g = |g,, | is the determinant if metric tensor, ¢ is the associated
scalar field, k? = 87 G with G as the gravitational constant, S,, is action associated with
the matter component of the universe and L is the Lagrangian density associated with
the particular model of scalar field and it governs the dynamics which typically contains
the kinetic term and potential term. Using this action and the Lagrangian density
associated with the particular model all equations required to describe the dynamics of
the particular model can be obtained. The energy density and pressure can be obtained

easily from the energy momentum tensor whose equation is:

o 0Ly
9(0,0)

Olp— g Ly (1.46)

The configuration space of the system consists of the metric and the scalar field. And the
dynamics is obtained by varying the action w.r.t. these degrees of freedom to yield the
Einstein equation and the Klein-Gordon equation. Before moving towards our proposed

model let’s discuss the dynamics of three classes of scalar field independently:

1.4.3 Quintessence

Many authors propose [29-35] Quintessence as one of the candidates for DE, which
describes DE as a slowly evolving scalar field ¢ rolling down a potential V(¢). Un-
like cosmological constants this canonical scalar field is time-dependent with dynamic
or varying EoS [32-35]. Now for the case of this quintessence scalar field model, the

Lagrangian density is given by:

1
Lo = —58"0.00,6 — V(©) (147)
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The first component reflects the kinetic term, whereas V(¢) indicates the potential
associated with quintessence. Thus, the action for this scalar field model may be stated

as follows:

R
Suin = [ V73 (503 = 50000~ V() ala + S, (149

Now for this model in FLRW background, the contribution of energy density and pres-

sure are given by:

po = %éQ +V(9) (1.49)
and
po= 58 - V(9) (1.50

In flat universe the variation of action Eq.(1.48) with respect to ¢ provides required the

evolution equation or equation of motion for this quintessence scalar field as:
¢+3Ho+V'(¢) =0 (1.51)

where H = % is the Hubble parameter, V' (¢) = %. One can also obtain this evolution
equation from the continuity equation and the dynamical EoS which evolves over time

is found to be: '
po _ 9> —2V(9)

Ps G242V ()

For the scalar field to evolve slowly the potential needs to be shallow enough so that

wy = (1.52)

¢ can roll down the potential slowly to provide required accelerated expansion i.e. if
V(¢) >> ¢? then the EoS evolve as w —s —1 which could mimic ACDM and can be a

good candidate to explain the present accelerated expansion of the universe.

1.4.4 Phantom

One of the modifications of quintessence model is “Phantom” or “Ghost” scalar field
model [36-39] which has a negative kinetic component that leads to the EoS w < —1
which is consistent with some interpretations of current cosmological data from CMB
and BAO, however, this model face some limitations like instabilities, energy condi-

tion violation and “Big Rip”, but we can’t deny the fact that it fits quite well with
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observations [38, 39]. Now the Lagrangian density for the case of phantom is given by:

Lo = 50" u0000 — V(0) (153

Therefore, the action for phantom model can be written as:

R

1
San = [ V70 (s + 50" 0u00,0-V(@) a4 S0 (150

Similarly, changing the action with respect to the scalar field yields the equation of
motion:

b+3Hp—V'(¢) =0 (1.55)

n homogeneous and isotropic spacetime, Eq.(1.46) yields the energy density and pressure

for the Phantom field as:

po = —%dﬁ +V(9) (1.56)

and

Pg = —%éﬁz —V(9) (1.57)

As seen in the preceding equation, total energy density remains positive if and only if
the potential term dominates the kinetic term, but pressure always remains negative,
which is one of the major aspects explaining the universe’s rapid expansion. Now using

above two equations Eq.(1.56) and (1.57) the EoS can be obtained as follows:

P +2V(9)

w¢z—

=7 (1.58)
Py ¢ =2V ()

here again from the above equation, we can see that for py > 0 = wy < —1 leading
the accelerated expansion of the universe. Thus, phantom scalar field has the ability
to explain the accelerated expansion but it can also lead to a big rip tearing apart the

COSIMOS.

1.4.5 Tachyon

Another form of scalar field DE model is “Tachyon” [40-47] which arises from string

theory and is considered as one of the candidates for DE and inflation. Lagrangian
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density for the case of Tachyon scalar field is given by:

Ly =—V(p)/I— 0,000 (1.592)

Therefore, the action of tachyonic scalar field model can be written as:

Stachyon = /\/TQ (2752 - V((Z))\/ 1-— 8#¢8“(Z)> d4.’IJ -+ Sm (159b)

Now, the energy density and pressure for the tachyon scalar field can be obtained by

using Eq.(1.46) as:
V(o)

py = ————
V1 - 2
Py =—V(d)\/1 - ¢ (1.59d)

Varying the tachyonic action in relation to the scalar field ¢ again makes it easy to get

(1.59c¢)

and

the evolution equation or equation of motion for the tachyon scalar field model, which

is: )
d) .
O 3HH+
g e

For a flat and homogeneous universe, the EoS parameter wy is given as:

1dv

wd,zlﬁ:qp—l (1.60)

P¢
again this tachyonic EoS is time varying as qﬁQ represents the time derivative of scalar
field ¢. here if <Z§2 << 1 this tachyonic model mimics cosmological constant behaving
like DE, as for this case wy — —1 but if $#* — 1 EoS transition’s to pressure-less

fluid or dust with wg ~ 0 behaving like dark matter, but in this case this model face

1

some instability issues. Acceleration occurs when ¢? < %, corresponding to wg < —3.

Tachyon fields can behave like dust at early times and like DE at late times, making

them attractive candidates for a unifying picture of cosmic evolution.

Non-interacting DE models are elegant in their simplicity as:

e they, to some extent, matches the observations of cosmic acceleration quite well.
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e they avoid the complexities introduced by interaction terms, but can’t explain for

dark sector interacts.

e they allow theoretical flexibility through different types of scalar fields.

However, they are some problems related to these non-interacting models like:

e they often require fine-tuning of initial conditions.

e they do not naturally explain why the densities of DM and DE are comparable

today (the coincidence problem).

e some, like phantom models, predict future singularities with potentially catas-

trophic consequences.

Nonetheless, non-interacting models continue to serve as a baseline for understanding
DE and exploring new physics beyond the standard cosmological model, treating DM
and DE as two independent components that evolve separately, each obeying its own
conservation law. Their only link is through their contribution to the overall dynamics
of the universe via gravity. However, with the growing precision of cosmological obser-
vations and the persistent theoretical puzzles, this separation appears overly simplistic.
As, non-interacting models still don’t alleviate the coincidence and fine-tuning problem.
In order to link the evolutionary phases of DE and matter components interacting DE

models came into picture which are discussed in more details in our next section.

1.4.6 Interacting Dark Energy Models:

One major motivation for considering Interacting DE Models is the attempt to ad-
dress the coincidence problem [28]. Currently, the energy densities of DE and DM are
of the same order of magnitude, despite having evolved differently throughout cosmic
history. Without interaction, this apparent synchrony would seem extremely unlikely.
By allowing an exchange of energy between DE and matter components, it becomes
possible to link their evolutionary phases, naturally explaining why their densities are

comparable today.

From a theoretical perspective, it is common in high-energy physics for fields to interact.

Thus, it would seem unnatural for a DE scalar field ¢ to remain entirely isolated from
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other sectors, particularly matter [48]. Interactions between dark sectors could arise
from fundamental physics or effective field theories, leading to a dynamic interplay that

affects the cosmic expansion and structure formation.

Observationally, interacting models offer the possibility of detecting subtle deviations
from the predictions of the ACDM model. For instance, small modifications in the
Hubble expansion rate or in the growth of large-scale structures could hint at energy
exchange between dark sectors [49]. Higher-order corrections to the Hubble law, such as
cubic terms probed through supernovae type Ia data, might serve as indirect evidence
for such interactions [50]. Another advantage of introducing interactions lies in the
existence of scaling solutions [48]. In these scenarios, the ratio between the DE density
and the DM density remains approximately constant over significant periods of time.
Such solutions could naturally drive the universe toward an accelerated expansion phase
without the need for extreme fine-tuning of initial conditions. So, interacting DE models
are motivated by both theoretical expectations and observational possibilities. They
offer a richer framework for explaining cosmic acceleration and may address deep-rooted
problems like the coincidence problem and open pathways for new observational tests
that could shed light on the nature of the dark sector. This transfer of energy between
the two components of the dark sector is taken into consideration by several writers [51—
57] who are driven to solve the cosmic coincidence issue and fine-tuning. As a result,
conservation of energy is conserved globally but broken locally. The energy-momentum

(

tensor T,ﬁ,n) and T, ,S,Cfe) may thus be expressed as follows: [58]
VAT = Q, (1.61a)

and

VAT = —Q, (1.61Db)

Thus, the separate non-zero conservation equations for matter and DE can be written

as:

pm + 3H (1 + wp)pm = Q, (1.62)

Pde + 3H(1 4+ wye) page = —Q, (1.63)

where:
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e pn, and pge are the energy densities of matter and DE respectively,
e w,, and wy. is the EoS parameter of matter and DE,
e () is the interaction or coupling term governing the energy transfer between the

components under consideration.

The form of @ can vary depending on the model. Some common choices include

Q = BHpm, (proportional to matter density), (1.64)
Q = BHpge, (proportional to DE density), (1.65)
Q = BH(pm + pde); (proportional to the sum). (1.66)

Here, § is considered to be a coupling constant, which helps in determining the strength

of coupling.

When ) > 0, energy flows from DE to matter, and when @ < 0, the transfer is in the
opposite direction. The sign and magnitude of @) significantly affect the cosmological
evolution and can leave observable imprints on the Large Scale Structures (LSS) of the

universe.

Coupled Quintessence Scalar Field model: While standard quintessence models
assume that the scalar field responsible for DE evolves independently, a more general
and natural possibility is that it interacts directly with other components of the universe,
particularly matter. This idea leads to the concept of coupled quintessence [48], where
the scalar field and dark matter exchange energy and momentum as the universe evolves,
modifying their evolution as compared to standard uncoupled models with zero coupling.
The idea of such a coupling is natural from the perspective of high-energy physics. In
theories like string theory or scalar-tensor gravity, scalar fields typically interact with
other fields unless forbidden by a symmetry. Therefore, considering a coupling between
DE and DM is theoretically motivated. In coupled quintessence, the standard energy-
momentum conservation equations are modified similar to the one mentioned in Eq.
(1.61a) and (1.61b) :

VAT = Q, (1.67a)

and

VAT = —Q, (1.67b)
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and these equations reduce to:

pm + 3Hpo = Q, (1.68)

Po + 3H (py + pg) = @, (1.69)

where:

® pp, is the energy density of DM,
e py and py are the energy densities of scalar field and pressure,

e H is the Hubble parameter.

In coupled quintessence, the total energy remains conserved, but individual components
do not conserve energy independently. Instead, energy flows between matter and the
scalar field depending on the sign and size of the coupling and the scalar field’s dynamics
is governed by:

v Q

¢>+3H¢>+@— 7 (1.70)

Here, the source term @/ ¢ represents the effect of the coupling parameter.

Coupled quintessence models offer several important advantages:

e They could provide a potential solution to the coincidence problem by allowing

matter (DM) and DE densities to evolve together.

e They modify the growth of cosmic structures, leading to distinct observational

signatures in the large-scale structure and the cosmic microwave background.

e They naturally lead to attractor [91] behaviors such as the field-matter-dominated
era (fMDE), where the field energy density remains a fixed fraction of the matter

energy density for some period.

While coupled quintessence models offer an interesting alternative to explain cosmic ac-

celeration and address the coincidence problem, they also face several notable challenges:

e Constraints from Local Gravity Tests: Coupling between DE and DM intro-

duces a fifth force that can modify gravitational behavior. Precision measurements
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TABLE 1.1: Table shows different forms of interaction terms ) proposed in interacting
DE models. Here p represents the DM density, py represents the DE (quintessence)
scalar field energy density, and H is the Hubble parameter. Table is taken from [58]

Interaction Term () | References
Bpo 48, 59-68]
BHp [60, 66, 69
Bpéo/at [70]
B¢? [71, 72]
BHE? [71]
Bp [66]
Bp*/H [69]
Bp¢*/H [69]
apl + Bp* +vppg [73]
Bof(¢)é [74-77]
n(pi + 3HBpi)
with n = —(1 + H/H?) 78]
and p; = p, pg, P + Po
BH(ps — p) [79]
apg + Bp [80]
alp+ ps)d [81]
nHp%, 0, [82]
H(apm + Bpde) [83-85]
apm + Bpde [84]
BH pg. p [36]
3H(A + apm + Bpae) [87]
AP [88]
3H(pm + pae) ppl, [89]
APmpde/H [90]

within the solar system and laboratory experiments severely constrain such devia-

tions, forcing the coupling strength to be extremely small [48, 92]. This limits the

cosmological impact of the coupling.

e Instabilities and Negative Effective Masses: Certain choices of coupling
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functions or coupling strengths can lead to instabilities in the perturbations. In
particular, a negative effective mass can cause uncontrolled growth of fluctuations,

spoiling the formation of large-scale structures [93, 94].

e Fine-Tuning of the Coupling: Although coupled quintessence models aim to
reduce fine-tuning, they often require careful adjustment of the coupling param-
eter. The coupling must be strong enough to affect cosmic evolution but weak

enough to satisfy local gravity constraints, reintroducing fine-tuning issues [48, 95]

e Impact on Structure Formation: Coupled quintessence alters the growth rate
of cosmic structures. If the coupling is not carefully calibrated, the resulting matter
power spectrum may not match observational data from galaxy surveys and weak

lensing experiments [95, 96].

While coupled quintessence models involving canonical scalar fields are widely studied,
the idea can be extended to other types of scalar fields as well. One can consider models
where the DE sector is described by an interacting tachyon field or a phantom field,
each bringing distinct dynamics to cosmic evolution. Tachyon fields, which originate
from string theory, have a non-standard kinetic term and naturally interpolate between
dust-like behavior and DE domination. Phantom fields, on the other hand, possess a
negative kinetic energy term and can lead to scenarios of super-acceleration, potentially

culminating in a Big Rip singularity.

Beyond these individual cases, there is growing interest in constructing unified models
where both DE and DM emerge from a single scalar field framework. In such approaches,
the Lagrangian itself is designed to describe a field that behaves like dark matter during
the early universe and smoothly transitions to DE behavior at late times. This unifica-
tion offers an elegant way to explain the apparent balance between dark matter and DE

today, without introducing separate and unrelated components.

A particularly important aspect motivating the analysis carried out in this thesis is the
behavior of scalar fields near an inflection point in their potential. The inflection
point represents a critical moment where the dynamics of the field change significantly,
potentially triggering “slow roll”. Studying the behavior of the field near the inflection
point provides deep insights into the onset of late-time cosmic acceleration and helps

in developing model-independent diagnostics of DE, by carefully analyzing the field
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evolution around the inflection point, we can understand how different types of couplings

and field properties influence the cosmic expansion.

We will explore these possibilities in more detail in Chapter 6, where models capable of
unifying DM and DE through a generalized Lagrangian formulation are presented. Such
models aim to explain the late-time acceleration of the universe in a more fundamental

and unified manner.

1.5 Thesis structure

The present thesis focuses on exploring the interaction between DE and matter (DM)
through scalar field model. To begin with, the behavior of coupled canonical scalar
fields near an inflection point was investigated, highlighting how coupling modifies the
cosmic expansion history and offering model-independent diagnostics for DE evolution.
The analysis was then extended to minimally coupled tachyonic fields, where the distinct
dynamical features of tachyon models near inflection points were carefully studied. Based
on these results, a generalized Lagrangian framework was developed, aiming to unify
different DE scalar fields (quintessence, phantom & tachyon) and DM within a single
theoretical framework. This generalized model could also allow for the interpretation of
the interaction as a potential fifth fundamental force, and consistent coupling parameters
were obtained in agreement with observational constraints. The overall work provides
new insights into the role of interacting scalar field in cosmic acceleration and opens new

directions for future studies in unified dark sector models.

Chapter (1) This chapter sets the stage for the thesis by providing a broad overview
of the current understanding of cosmic acceleration and the challenges associated with
explaining it. The motivation for studying DE and its interaction with matter is outlined.
Observational evidence for the accelerated expansion of the universe is discussed, along
with the problems of the cosmological constant and the coincidence problem along with

an overview of different Non-Interacting and Interacting DE models.

Chapter (2) This chapter presents a detailed review of existing work on DE models, both
interacting and non-interacting. It covers scalar field theories, quintessence, tachyon

models, and their extensions. Particular emphasis is placed on previous attempts to
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model the interaction between DE and DM. Based on the gaps and open questions

found in the literature, along with the motivation.

Chapter (3) In this chapter is dedicated to analyze the behavior of DE field near inflection
points within the framework of coupled canonical scalar field particularly quintessence
field and we will study the impact of the coupling on the evolution of the field and the
cosmological dynamics. After that we will study how inflection point effects the uni-
verse’s expansion, and we will later compare the results with observations like Spectral

index and slow roll parameters.

Chapter (4) is dedicated to study non minimally coupled tachyon scalar field near in-
flection point. In this chapter we will consider more general case, instead of choosing
potential, we will study different cases of scale factor and from each form of scale factor
we will derive a potential and will analyze the behavior of field for each case. Following

this, we will do a dynamical system analysis of our developed model.

In the next chapter (5), we delve into a more general model by introducing a generalized
scalar field Lagrangian with the aim of unifying DE and DM within a single theoretical
framework. The possibility of interpreting the interaction in between dark sector as a
fifth fundamental interaction is discussed. Consistent coupling parameters are derived
by ensuring agreement with cosmological observations. The chapter highlights how a
generalized Lagrangian approach can provide a deeper understanding of the nature of

DE interactions.

In the final chapter (7),This final chapter summarizes the major findings of the thesis,
emphasizing the significance of investigating interactions between DE and dark matter,
especially near inflection points. It reflects on how the generalized models developed
contribute to the broader picture of cosmological dynamics. Potential future directions
for research are suggested, including observational strategies to further test the existence
of a fifth force and refining the coupling parameters with next-generation cosmological

Surveys.



Chapter 2

Literature Review

The story of DE begins with a discovery that shook the foundations of modern cosmol-
ogy. In 1998, two independent research teams the High-z Supernova Search Team
[1, 2] and the Supernova Cosmology Project [3] were investigating distant Type Ia
supernovae to measure the deceleration of the universe’s expansion. To their surprise,
they found the exact opposite! the expansion of the universe was not slowing down, but
speeding up. These dimmer than expected supernovae pointed to a startling conclusion
that some unknown force was counteracting gravity on cosmic scales. Even other obser-
vations like CMBR (Cosmic Microwave Background Radiation) [97] and BAO
(Baryonic Acoustic Oscillations) [98, 99] indicate the existence of DE.

Huterer and Turner in 1999 [100] investigated how distance measurements from
Type Ia supernovae could be used to reconstruct the nature of DE. They proposed a
method to derive the scalar field potential directly from observational data, aiming to
distinguish a cosmological constant from dynamical DE. Their analysis, supported by
Monte Carlo simulations, showed that while reconstruction is theoretically feasible, it
demands extremely high-quality data and careful control of observational errors. They
concluded that although the method offers a promising approach, significant challenges

remain in extracting reliable information from realistic, noisy datasets.

In 2000 [34] Varun Sahnt and Alexet Starobinsky examined both observational
and theoretical evidence supporting a small, positive cosmological constant (A). They
showed that data from Type Ia supernovae, CMB anisotropies, gravitational lensing,

and galaxy clustering favor a flat universe with €, ~ 0.3 and Qj =~ 0.7. The authors

32



Chapter 2. Literature Review 33

analyzed FLRW models with A # 0, highlighting various cosmic behaviors and discussed
the unresolved cosmological constant problem, where theoretical predictions vastly ex-
ceed observed values. Possible solutions such as scalar fields, decaying A, and anthropic
reasoning were also explored. Their work remains pivotal in understanding DE and the

universe’s accelerated expansion.

In 2000 Chiba et al. (2000)[35] proposed a novel DE model in which the dynamics of
the scalar field are governed entirely by non-canonical kinetic terms, without requiring
a potential. This kinetically driven quintessence framework supports a constant equa-
tion of state w € (—1,0) and features late-time attractor solutions, allowing the scalar
field to evolve toward these solutions from a broad range of initial conditions. The au-
thors further extended their analysis to include phantom energy models with w < —1,
demonstrating that such models can remain stable under perturbations when the kinetic
structure is appropriately chosen. Through both analytical phase space exploration and
numerical simulations, they confirmed the attractor nature of the solutions in both
quintessential and phantom regimes. Although reconstructing the kinetic Lagrangian
from observational data is more challenging than in canonical models, this approach
provides a viable alternative to explain cosmic acceleration and may have implications

for theories involving violations of the weak energy condition.

In the same year Luca Amendola (2000)[48] proposed a coupled quintessence model in
which a scalar field with an exponential potential is linearly coupled to matter, leading
to significant modifications in both the cosmic background evolution and the behavior of
perturbations. A key feature of this model is the emergence of a transitional phase called
the field-matter-dominated era, characterized by a nearly constant energy contribution
from the scalar field during the matter-dominated epoch. The study presents a detailed
phase-space analysis, identifying critical points and their stability, and concludes that
only one attractor solution can produce accelerated expansion consistent with obser-
vational data. By adapting the CMBFAST code, Amendola demonstrated how such
coupling affects the cosmic microwave background (CMB) spectrum, resulting in shifts
in acoustic peak positions and a suppression of the matter fluctuation amplitude, no-
tably the og parameter. The observational constraints suggest that the dimensionless
coupling constant must satisfy |3] < 0.1 to agree with current cosmological measure-

ments. Additionally, the model is shown to be mathematically equivalent to certain
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Brans-Dicke theories with power-law potentials, highlighting its relevance to broader

scalar-tensor frameworks.

Hebecker and Wetterich (2001)[101] present a class of quintessence models that aim
to explain the observed acceleration of the universe without introducing unnatural pa-
rameters or fine-tuned initial conditions. Their approach involves a scalar field with an
exponential potential and a non-canonical kinetic term, allowing a broad range of cos-
mological behaviors. The study highlights two viable scenarios: one where the kinetic
term undergoes a sudden increase (leaping kinetic term), and another where the scalar
field evolves slowly before triggering acceleration (runaway quintessence). Both mod-
els align with current observations and avoid the small numerical constants required
in many other DE models. In contrast, standard models using power-law potentials
typically require fine-tuning, making them less natural. The paper also touches on the
coincidence problem, suggesting that the onset of cosmic acceleration may be tied to
physical transitions such as matter domination, rather than requiring unexplained tun-
ing. Overall, their framework provides a theoretically motivated and observationally

consistent alternative to models relying on a cosmological constant.

In 2003 J.S Bagla, H.K Jassal and T.Padmanabhan [102] explored the possi-
bility of explaining DE using a homogeneous Tachyonic scalar field inspired by string
theory. Their work examined two potential forms for the tachyon field: the inverse
square potential V(¢) o< ¢~2 and the exponential potential V (¢) oc e=#/#. The authors
demonstrated that both potentials can result in late-time cosmic acceleration consis-
tent with observational data from Type la supernovae. Although the models require
tuning of initial conditions, the degree of fine-tuning is similar to that needed in the
standard ACDM and quintessence frameworks. A distinctive feature of tachyon-based
cosmologies is that the energy density of the tachyon field remains comparable to that of
non-relativistic matter during the matter-dominated era, which is unlike typical models
where DE becomes negligible at early times. Notably, in the case of the exponential po-
tential, the universe passes through a transient accelerated expansion before returning to
a decelerated phase, thereby avoiding a future event horizon. The study also investigated
implications for structure formation, showing that in many cases, the continued pres-
ence of tachyon energy at high redshifts leads to slower growth of density perturbations,
potentially conflicting with constraints from cosmic microwave background observations

unless model parameters are carefully selected.
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Abramo and Finelli (2003)[41] explored the cosmological implications of a tachyonic
scalar field governed by an inverse power-law potential V(¢) o< ¢~". Their analysis
revealed that the universe’s late-time dynamics depend critically on the value of n: for
n > 2, the tachyon behaves like dust; for n = 2, it yields a power-law expansion; and for
0 < n < 2, it leads to an accelerating universe. They demonstrated the stability of these
solutions and showed that while tachyon field fluctuations can grow in the dust regime,
metric perturbations remain constant on large scales. In a background dominated by
a perfect fluid, the tachyon can track the dominant component and later transition to
drive acceleration, highlighting its potential as a viable DE candidate. This work tries to
provide a unified framework connecting early matter-like behavior and late-time cosmic

acceleration through tachyon dynamics.

The paper by Peebles and Ratra (2003)[26] offers a comprehensive review of the
cosmological constant and DE, focusing on both theoretical insights and observational
developments. It discusses the evolution of ideas from Einstein’s introduction of A
to its modern interpretation as DE, driven by data from Type Ia supernovae, CMB
anisotropies, and large-scale structure. The authors emphasize that while the evidence
for DE is strong, it is not yet entirely conclusive due to possible systematic uncertainties.
They explore alternative models like scalar fields (quintessence) that allow for dynamic
DE and may help resolve the fine-tuning and coincidence problems. The paper highlights
the unresolved discrepancy between the observed and predicted vacuum energy, calling
it one of the major unsolved issues in physics. Ultimately, it underscores the need for
deeper theoretical advances, possibly from quantum gravity, to fully understand the

nature of DE.

Aguirregabiria and Lazkoz in 2004[103] investigated the dynamics of a spatially flat
FRW universe containing a tachyon field with an inverse square potential, V(T') oc T2,
coupled with a barotropic fluid. By reformulating the evolution equations into a two-
dimensional autonomous system, they conducted a phase-space analysis and identified
several fixed points, including tachyon-dominated and tracking attractors. The tracking
solution, characterized by both components redshifting at the same rate, emerges under
the condition v < 1 and reduces sensitivity to initial conditions, addressing fine-tuning
issues. However, observational constraints from nucleosynthesis impose strict bounds on

the model parameters, particularly on the coupling constant. While the results support
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the cosmological relevance of tachyon fields, limitations arise when trying to match

standard epochs like radiation and matter domination.

M. Sami and A. Toporensky in 2004[39] explored the cosmological implications
of phantom fields—scalar fields with negative kinetic energy—as a candidate for DE.
They examined how different potential functions, particularly those unbounded from
above, influence the future evolution of the universe. Their analysis revealed that the
steepness of the phantom potential plays a crucial role in determining the cosmic fate.
For instance, potentials growing as power laws with exponents a < 4 lead to a gradual
increase in energy density with the equation of state approaching w = —1 over infinite
time. However, steeper potentials (« > 4) and exponential forms result in a “Big Rip”
where the energy density diverges in finite time. Even more abrupt singularities arise
for potentials steeper than exponential, causing w — —oo at a finite scale factor. The
study highlights that while some phantom models can lead to asymptotic de Sitter be-
havior, others predict catastrophic outcomes, all depending on the underlying potential’s

structure.

Copeland et al. in 2006[104] offers an extensive review of both theoretical and obser-
vational perspectives on DE. It covers the evidence for cosmic acceleration from Type
Ia Supernovae, the Cosmic Microwave Background, and Large Scale Structure, along-
side methods like luminosity distance and redshift relations to measure expansion. The
paper examines various models for DE, including the Cosmological Constant (A), which
faces fine-tuning and coincidence issues, and scalar field models such as quintessence and
phantom energy. Additionally, it discusses coupled DE models that interact with dark
matter and modified gravity theories, such as f(R) and DGP models, as alternatives to
DE. The review also delves into the dynamics of these models using a dynamical systems
approach, highlighting scaling solutions and the potential for future singularities like the
Big Rip. While the ACDM model remains the simplest, the paper notes that dynamical
models offer greater flexibility, with cosmological perturbations and observational data

still allowing for various possibilities.

Linder (2008)[32] presents a comprehensive study of quintessence models, which inter-
pret DE as a time-evolving scalar field rather than a static cosmological constant. The
paper classifies these models into thawing, freezing, tracking, and oscillating types based

on their behavior in the phase space of the equation of state w and its derivative w’'.
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It defines physically motivated boundaries in this space to distinguish model dynamics
and evaluates how future cosmological observations might separate these from the stan-
dard ACDM model. Linder also discusses model-independent parametrizations such as
the wy — w, form and principal component analysis as tools to capture DE behavior
without relying on specific potentials. The paper highlights challenges in reconstructing
scalar field properties due to observational limitations and shows how combinations of
different components can obscure the fundamental nature of DE. Overall, the study un-
derscores the value of analyzing DE dynamics to better understand the cause of cosmic

acceleration.

Urena-Lépez (2009)[105] investigates the conditions under which a Bose-Einstein con-
densate (BEC) of scalar field dark matter (SFDM) could have formed in the early uni-
verse. By analyzing the thermodynamics of an ideal relativistic Bose gas, the study
reveals that BEC formation is only feasible if the scalar particles were extremely light
and relativistic during decoupling. Contrary to the traditional notion that BECs arise
in low-temperature, non-relativistic settings, this work emphasizes that a cosmological
BEC would be inherently relativistic. A key finding is that the presence of both parti-
cles and antiparticles is essential for condensation to occur. The study derives a critical
temperature condition linked to the particle mass and asymmetry, showing that a per-
sistent BEC up to the present era requires particle masses below 10~* eV. For heavier
masses, the BEC would dissolve as the universe expands. Additionally, it confirms that
non-relativistic decoupling prevents BEC formation due to rapid density suppression.
Overall, the paper outlines a consistent thermal framework for SFDM models and sets

clear mass constraints for viable cosmological BEC scenarios.

Verma and S. D. Pathak (2013)[106] proposed a cosmological model in which the

universe evolves through two distinct phases driven by a tachyonic scalar field.

Phase I: The scalar field splits into radiation and a Shifted Cosmological Parameter
(SCP). The SCP further divides into a cosmological constant and exotic matter, both

evolving independently.

Phase II: Radiation becomes negligible, and the scalar field manifests as SCP (with
a perturbed equation of state, wy = —1 + €) and Shifted Dust Matter(SDM), which

interact through the term

Q = 'Ypmv
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where 7 is the interaction strength and p,, is the time derivative of the matter energy

density.

This interaction influences structure formation and offers a potential resolution to the
cosmological constant problem. By employing observational data such as the Cosmic
Microwave Background Radiation (CMBR), Baryon Acoustic Oscillations (BAO), and

the normalized Hubble function F(z), the authors constrained the parameters v and e.

Khurshudyan et al. (2015)[33] investigated cosmological models involving an effec-
tive quintessence scalar field characterized by a power-law potential, interacting with
either a barotropic fluid or a viscous polytropic gas. Their study aimed to understand
the Universe’s accelerated expansion and test model predictions against observational
data. The barotropic fluid model, where the equation of state depends on the decel-
eration parameter, exhibited instability at late times. On the other hand, the viscous
polytropic gas model showed improved stability under suitable parameter choices. Both
models reproduced expected cosmic behavior, such as a declining Hubble parameter and
a transition in the deceleration parameter from positive to negative values, indicating a
shift from decelerating to accelerating expansion. The theoretical results were consistent
with observational datasets including SNela, BAO, and CMB. The authors concluded
that the interacting quintessence model with a viscous polytropic gas presents a viable

alternative for explaining DE and late-time cosmic acceleration.

In 2015 Boehmer et al. [107] introduces a another way to study how DE and DM
might interact. Instead of adding these interactions by hand into the equations, the
authors build them directly into the Lagrangian. They use a variational approach,
which means they derive all the EoS from this starting point, making the model more
consistent and grounded in fundamental physics. One of the key features of this method
is that it naturally leads to a ”fifth force” which is an extra force beyond gravity, caused
by the interaction between DE (a scalar field) and matter. This force could explain
why galaxies rotate the way they do or why gravity seems to behave differently in some
places. This is similar to the chameleon mechanism, where the scalar field becomes
very heavy in dense areas (like Earth) and very light in space, allowing it to have a big
impact on the universe’s expansion without being detectable in lab experiments. The

paper also shows that this framework supports both early universe matter domination



Chapter 2. Literature Review 39

and late-time cosmic acceleration, making it a flexible and powerful tool for studying

the universe.

In 2017 Valentino et al. [108] investigates whether an interaction between DE and
dark matter can help resolve the well-known Hubble tension—the discrepancy between
the expansion rate of the universe measured by early-universe data (such as from the
Planck satellite) and local observations (like those from Riess et al.). The authors pro-
pose a model where DE transfers energy to dark matter through a coupling parameter &.
Their analysis of various cosmological datasets shows that introducing such an interac-
tion raises the predicted value of the Hubble constant Hy, reducing the tension between
the two measurements. Additionally, allowing DE to have a dynamic (phantom-like)
equation of state further improves the agreement with observational data. An impor-
tant consequence of the model is the appearance of a fifth force—an additional force
acting on dark matter due to its interaction with DE. This force, while subtle, influ-
ences how structures in the universe grow and can be constrained through cosmological
observations. The results suggest that interacting DE is a promising framework for ad-
dressing key tensions in modern cosmology and may point toward new physics in the

dark sector.

In 2020 Cheng et al. [109] proposes a model where the interaction strength depends
on the product of DM and DE densities raised to certain powers. This physically moti-
vated form is inspired by interactions in particle physics. Unlike many earlier works that
focused only on the background evolution, this study includes effects on cosmic perturba-
tions and DM temperature. Using a range of observational data including CMB, BAO
and supernovae the authors constrain the interaction parameters and find that their
model, especially in the phantom DE regime (w < —1), fits the data better than the
standard ACDM model. An interesting feature of the model is that it predicts a slight
heating of DM due to the energy flow from DE. This interaction leads to better agree-
ment with low-redshift structure formation data, offering a potential way to resolve the
observed cosmological tensions. Overall, the paper provides strong evidence that dark
sector interactions, when properly modeled, can significantly improve our understanding

of the universe’s evolution.

The DE Survey (DES) Year 3 cosmic shear analysis by Secco et al [110] in 2022 pro-

vides one of the most precise measurements of the large-scale structure of the universe
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using over 100 million galaxy images. The study focuses on the weak lensing effect
— tiny distortions in galaxy shapes caused by massive structures bending light — to
infer cosmological information. This method is powerful because it is less sensitive to
galaxy formation bias and can probe both the expansion of the universe and the growth
of cosmic structures. This paper presents updated constraints on key cosmological pa-
rameters, especially Sg, a combination of the matter density and fluctuation amplitude.
Interestingly, the DES result suggests a slightly lower Sg compared to what is expected
from cosmic microwave background data, indicating mild tension that could point to
new physics. The study carefully tests for uncertainties from galaxy alignments, bary-
onic effects, and modeling choices. These systematics are shown to have a limited impact
on the main conclusions, reinforcing the robustness of the findings. By comparing with
other lensing surveys and Planck data, the paper highlights both consistency and poten-
tial hints toward extensions of the standard ACDM model. Overall, this work showcases
the power of cosmic shear in testing cosmology and lays important groundwork for future

surveys aiming to uncover the nature of dark matter and DE.

In the same year(2022) Storm et al. [111] explores a simple but intriguing model
of DE called inflection point quintessence, where the scalar field evolves in a cubic
potential of the form V(¢) = Vo + V3¢3. Unlike traditional quintessence models, which
are usually classified as either “freezing” or “thawing,” this model displays a mix of
both behaviors. It can lead to two different cosmic futures: a universe that expands
forever like in ACDM (asymptotic de Sitter expansion), or one where acceleration is
only temporary, potentially supporting cyclic cosmologies. The authors analyze the
model’s behavior using observational data from Planck (CMB), supernovae, and BAO
surveys. Their results show that while most allowed parameter values lead to long-term
acceleration similar to ACDM, a small region supports the idea of transient acceleration.
Interestingly, this transitional scenario aligns with theoretical expectations from string
theory, which often disfavors eternal expansion. Overall, the paper demonstrates that
even simple potentials like the cubic one can offer rich dynamics and remain compatible
with current observations, highlighting the importance of exploring beyond the standard

cosmological model.

The standard ACDM model has been remarkably successful in explaining many features
of our universe, yet it still faces challenges like the fine-tuning problem, the coincidence

problem, and tensions in the values of Hy and Sg. In light of this in 2024, the study by
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Avsajanishvili et al. [112] reviews a broad class of alternatives known as dynamical
DE models, especially those involving scalar fields, called ¢CDM models. These models
assume that DE is not a fixed cosmological constant but evolves over time due to a
scalar field. The paper divides them into two main types: quintessence models, where
the field rolls slowly and causes late-time acceleration, and phantom models, where the
field leads to even more rapid expansion and can produce extreme outcomes like the ”big
rip.” The authors also discuss interacting DE (IDE) models, where DE and dark matter
exchange energy. Such models can help solve the coincidence problem and ease the Hy
tension. Additionally, the paper explores quintessential inflation, where a single scalar
field drives both the early inflationary period and today’s accelerated expansion. While
current observations still favor ACDM, this review highlights that many dynamical DE

models remain viable and may offer deeper insights into the nature of the dark universe.

The question of whether DE is a simple cosmological constant or something more dy-
namic continues to spark debate in modern cosmology. The paper[20] by Carloni et
al. in 2025 use the latest 2024 DESI data to test various DE models and examine how
well they fit the observed expansion of the universe. They explore three broad categories
of models: thermodynamic models like the Chaplygin gas and logotropic fluids, Taylor-
expanded models like the CPL parametrization, and more standard parametrizations
including ACDM and wCDM. Their analysis compares these models using observa-
tional data from DESI, supernovae (Pantheon), and Hubble measurements. They find
that while the ACDM model remains statistically favored in some scenarios, alternative
models—especially log-corrected DE models—fit the data even better when all datasets
are considered. Notably, the often-used CPL model does not perform as well under the
new data. Overall, this study suggests that some dynamic DE models may be making a
comeback, especially when tested against the most recent and precise datasets. Future
observations will be essential to determine whether these models are truly better or if

the cosmological constant still holds strong.

The standard cosmological model, ACDM, has been successful in describing many fea-
tures of our universe. However, ongoing tensions—particularly the Hubble tension—have
led researchers to explore models where DE evolves over time. In this context, Roy
[113] in (2025) proposes a new two-parameter equation of state (EoS) for DE inspired
by quintom models, which combine both quintessence and phantom behaviors. This new

parameterization behaves like a cosmological constant at high redshifts but allows for
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richer dynamics at late times. It also mimics the widely used CPL form at intermediate
redshifts, offering a smooth transition between different cosmic epochs. The model is
tested using a wide range of observations, including DESI 2024 BAO data, Pantheon+
supernovae, SHOES, and Planck measurements. The results show a clear preference for
this dynamical model over ACDM. It slightly increases the Hubble constant value and
reduces the Hubble tension to about 2.80. Importantly, the model captures a recent
transition in DE’s behavior—from phantom to quintessence—near redshift z ~ 0.35,
supporting other recent studies. These findings suggest that DE might be more dy-

namic than previously thought, offering new insights into the universe’s evolution.

2.1 Motivation and Research Gaps

The discovery that our universe is not only expanding but doing so at an accelerating
rate has fundamentally changed our understanding of cosmology. This phenomenon, sup-
ported by a range of observational data such as Type la supernovae, cosmic microwave
background (CMB) measurements, baryon acoustic oscillations (BAO) and DESI [1-
3, 5] points toward the existence of an unknown form of energy—termed DE(DE) that

dominates the energy content of the universe.

Despite accounting for nearly 70% of the total energy budget, the true nature of DE
remains elusive. Alongside it we have another mysterious component called dark mat-
ter(DM) constitutes about 25% of the universe that influences structure formation and
galaxy dynamics. These two dark components, though very different in behavior, in-
triguingly appear to evolve in such a way that their energy densities are comparable in
the present epoch often referred to as the “cosmic coincidence problem” which raises
the possibility that DE and DM might not be completely independent, but may instead

interact with each other.

Motivated by this idea, the present work focuses on exploring the possible interaction
between DE and matter. In particular, the study investigates whether such interaction
can be modeled effectively through coupling terms within scalar field frameworks. Scalar
fields are compelling candidates for DE because they offer dynamical flexibility and can
mimic the effects of a cosmological constant under suitable conditions. One especially

interesting regime is when the field evolves near an “inflection point” in its potential,



Chapter 2. Literature Review 43

where the potential flattens and the field slows down, giving rise to a period of accelerated

expansion.

This thesis is motivated by three central goals:

e To study how DE and dark matter might interact and how such an interaction

could help explain the observed balance between their energy densities today.

e To examine the evolution of DE near the inflection point of its potential, both in

the presence and absence of interaction with the matter sector.

e To explore whether the interaction between DE and dark matter can be interpreted

as a new “fifth fundamental interaction” and the study of coupling parameters.

By addressing these questions, this work aims to deepen our understanding of the dark
sector and provide insights into the mechanisms that might be driving the accelerated
expansion of the universe. It also contributes to the broader effort in theoretical cosmol-
ogy to go beyond standard models and uncover the fundamental principles governing

cosmic evolution.

2.1.1 Research Objectives:

The primary aim of this research is to investigate the dynamics of DE through scalar
field models, with a special focus on its interaction with matter, its behavior near the
inflection point of the potential and the possibility of interpreting this interaction as a
fifth fundamental interaction using a generalized Lagrangian framework. The specific

objectives of this study are outlined as follows:

1. To investigate the interaction of DE and Dark Matter.

2. To investigate the behaviour of DE near inflection point in coupled and uncoupled

DE.

3. To obtain a theory as a fifth fundamental interactions between DE and Dark

Matter and obtain observationally consistent coupling parameter.



Chapter 3

Inflection point of Interacting

Canonical Scalar fields

3.1 Introduction

As we have discussed, one of the known facts is that the universe is accelerating. In
the framework of late-time cosmic acceleration, scalar field models have emerged as
a compelling candidate to describe the DE responsible for this acceleration. Among
various proposed dark energy scalar field models, quintessence stands out as being a
well-motivated candidate of dynamic dark energy. Unlike comological constant which
assumes a fixed or non-dynamic nature, quintessence can vary with time, and potentially
it can address some of the major theoretical challenges associated with the cosmologi-
cal constant, A such as the fine-tuning or the coincidence problem. There can be two
scenarios: either the field under consideration can be minimally coupled to gravity with
self-interacting potential, or the field can be interacting via some interacting or coupling
parameter ). One of the important points to be taken into account is the form of the
potential, which could provide a flexible framework that could enhance the ability of the
scalar field to “track” or“thaw,” depending on its shape, while still producing observa-
tionally consistent acceleration.

This chapter is based on my published work titled “Inflection Point of Coupled Quintessence,”
in which a dynamical model having interacting quintessence scalar field in the presence

of interaction between dark energy and dark matter is constructed. In particular, this

44
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project focuses on the evolution of the interacting scalar field model near an inflection
point of the potential where, as discussed previously, an inflection point in the potential
is a region where the slope of the potential becomes nearly flat. In such a region, the
field experiences a slow evolution, which could lead to a quasi-static behavior where the
kinetic energy of the field becomes negligible compared to its potential energy. This
kind of evolution is of theoretical interest because such a flat region could enable the
field to temporarily behave as that of A. In other words, during this “slow-roll” phase
near the inflection point, the EoS parameter can approach —1, which can provide the
condition to derive the observed late-time acceleration. But then the question arises,
what distinguishes this mechanism from the traditional A7 The answer lies in the fact
that, unlike A (which is fixed and unchanging), quintessence (canonical scalar field), it
has a dynamical nature that allows the field to evolve with cosmic time, and it does so
in a way that it naturally leads to the acceleration without doing extreme fine-tuning.
Moreover, by introducing interaction, one extra layer of dynamical interaction is added,
where there is energy exchange between dark sector. This framework opens up new pos-
sibilities for addressing the cosmological problems like the coincidence problem, while
remaining consistent with the observational data.

In this study, two distinct interacting models are derived, each defined by different form

of energy exchange as follow:

e Model-I: Q = 3aH pn,

o Model-IT: Q = 38pm

Both of these coupling schemes aim to capture the possibility that DE and matter may
not evolove independently but could instead influence each other over cosmic time. This
idea in particular could address the coincidence problem i.e. the puzzling fact that de-
spite different evolution why the densities of DE and matter are of the same order in
the current epoch. So, by allowing energy exchange between these two components, this
model provides a framework that can naturally slow down or speed up the evolution of
the one component relative to other at different epochs.

An important outcome of introducing such coupling is that it alter the standard scaling
solutions for both DE and matter. Unlike the non-interacting case, where each compo-
nent evolves independently according to the respective EoS, here in the interacting case

these coupled models evolve in a mutually dependent way, which can lead to a more
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richer and more flexible cosmic dynamics which could shed light on the nature of DE

and its connection with matter content of the universe.

3.1.1 Background Theory Modeling

As mentioned in Sec.(1.1.1) the background modeling starts with the well known “Cos-

”

mological Principle,” which leads to the following FRLW geometry of the homogeneous,
isotropic and flat (K = 0) universe, which states that the line element as mentioned in
Eq.(1.3) in terms of co-moving coordinates x# = (t,z') and in natural units (¢ = 1), is

given :

ds® = gda’dz” = —dt* + a*(t) (dr® + r*(df? + sin® 0dP?)) (3.1)

here again in the above equation a(t) is the scale factor and k is the curvature parameter
having values k¥ = —1,0,1 corresponding to spatially open, flat, and closed geometry
respectively Here in this chapter modelling is done for flat universe only. In this work,
we model the DE component using a spatially homogeneous scalar field ¢(¢), minimally
coupled to gravity but allowed to interact with the matter component. This scalar field

evolves under a Lagrangian density of the form given as:

Ly = 59" 8,006~ V(9). (32

and energy momentum tensor 7}, for Lagrangian Ly is defined as

o 0Ly
9(0,0)

p—g"Ly. (3:3)

here, 9" and 0, represents the contravariant and covariant derivative with respect to
co-moving coordinates. Einstein’s field equation for a spatially flat universe(K = 0)

gives the Friedmann equations as:

. 2
IrCG
gr=(2) =% 4
() sy (3.4)
and
a 4G
—=———(p+3p) (3.5)
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here p = py + pm and p = pg + pi, is the total energy density and total pressure of the
model under cosideration, where pg, py and pp,, pn, is the energy density and pressure
of canonical field and matter component. H(t) is the Hubble parameter. Now to attain
cosmic acceleration, the brackted term in Eq.(3.5) needs to be negative i.e. p+3p <0

which provide us the EoS parameter of the model as:
w==< —= (3.6)
The continuity equation without interaction is given as
p+3H(1+w)p=0. (3.7)

For constant EoS w one can obtain from (3.7) the following ”scaling solution” of p for

—3(w+1)
p=po ( . ) (3.8)

constant w as given by:

ao
where pg, ag are present value of p and a respectively. The scaling solution discussed in
(3.8) is valid for a single perfect fluid. If there are multiple components (we consider two
components one is pressure-less matter and the other one is scalar field as a source of
dynamical DE) interacting with each other then the scaling behavior of components will
be changed. In the next section we obtain the scaling solutions of these two components
with a given coupling parameter Q).
In this chapter, two components of the universe: matter + DE are considered. For
spatially homogeneous quintessence minimally coupled with matter and in this coupling,
we consider the transfer of energy between matter and canonical scalar field.
The chapter is organized as follows: In the next section, the scaling solutions of two
dominating components of the universe with two coupling terms: Two different forms

of coupling are considered: T'wo different forms of coupling are considered:

1. A coupling proportional to the Hubble parameter and the scalar field energy den-
sity:
Q =3Hapn,

where « is the coupling constant, H is the Hubble parameter, and p,, is the matter

energy density.
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2. A coupling that depends on the time derivative of the scalar field energy density:
Q = 35Pm,

where [ is a coupling parameter and p,, represents the time derivative of the

matter energy density.

These two expressions represent distinct phenomenological approaches for describing
how energy might be exchanged between the dark energy component (represented by
the canonical scalar field) and the matter sector of the universe. In section: (3.3), ¢ in
the presence of two coupled models is obtained and the behavior of coupled quintessence
is analyzed by considering the potential V(¢) = V3(¢ — ¢¢)® near the inflection point.
Section:(3.4) presents the comparison between the results so obtained and current ob-
servational data, In particular, the analysis includes the calculation of key cosmological
quantities such as the slow-roll parameters and the scalar spectral index. These theo-
retical predictions are then compared against the latest observational constraints from
the Planck 2018 mission, providing a crucial link between the model and empirical data
and reinforcing its potential viability, and at last section:(3.5) summarizes the key find-
ings of the chapter, reflects on their implications, and discusses possible directions for
future work. The chapter as a whole provides a detailed investigation into how coupling
between dark energy and matter, combined with a suitably chosen scalar potential, can

give rise to an accelerated cosmic expansion consistent with observations.

3.2 Scaling Solution of Coupled ¢CDM Model

The interacting DE model proposed by several authors [51-57] motivated to solve the
fine-tuning and cosmic coincidence problem by considering the transfer of energy between
the two components of the universe and thus conservation of energy is locally violated
while globally it is conserved. Thus, one can write [58] the energy-momentum tensor

T,E,l,) and T,S?,) for the two respective components as:

VAT = Q, (3.9a)
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and

2
VAR = —Q, (3.9D)
here @, # 0 and denotes the energy-momentum exchanged between two components.

For the case of spatially homogeneous quintessence field, we have the following form of

energy density and the pressure as:
1 M 2
po = 590" +VI(9) (3.10a)

m=é&—Vw) (3.10D)

with EoS Ly

v = a1y
In the coupled quintessence model, total global energy is conserved, but locally there is
a violation of the conservation of energy. Thus, the expressions (3.9a) and (3.9b) take

the form:

ﬁ¢ + 3H(1 + w¢)p¢ = —Q (3.12&)
Pm + 3H(1 + wp) pm = Q (3.12b)

where (@ is the time component of (), dubbed as the coupling parameter between matter
and field ¢. One can obtain the following equation of motion of quintessence from (3.10a)

and (3.12a) with coupling parameter @ as

. dv
3H — — = =0. 3.13
b+ ¢+d¢ ; (3.13)

Recently, in interacting DE, the different forms of coupling parameter Q have been
proposed and analyzed by different authors [114-121]. They consider the linear and
nonlinear forms of coupling strengths. In [122] author consider the two stable interacting
DE model by considering interaction strength as a linear combination of energy densities

of components.
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3.2.1 Interacting Model- I

The choice of @) is one of the major challenges in the all-interacting DE model. In the
absence of a fundamental theory of the dark sector(dark matter and DE), we consider

the following heuristic form of @) used in [123] as:
Q =3Hapy, (3.14)

where « is taken as constant. With Eq.(3.14) the continuity equations (3.12a) and
(3.12b) becomes
Po +3H(1 4+ we)py = —3Happ, (3.15a)
pm + 3H(1 + wy,) pm = 3Happ, (3.15D)
from (3.15b) we have
p a =3(14wm—a)
= = ( ) : (3.16)

P ao

One can obtain the general solution of Eq. (3.15a) as follows

—3(1+wg) 0 —-3(14+wm—a) —3(1+wgy)
o) s @)@ e
P ag p¢(wm —a—wyg) | \ao ag

In the absence of interaction i.e. v — 0 and considering constant EoS wg = —1, we

have from Eq.(3.17) pgy — pg = constant and quintessence becomes mimic of the cos-

mological constant and matter energy density Eq. (3.16) reduced to py, ~ (a)fS(Hw’")

for EoS w,, = 0, consistent with ACDM model as expected.

3.2.2 Interacting Model- II

There are several possible forms of interaction strength and a few of them were recently
discussed by authors [53-57, 114-122] in their interacting DE model. Here, we consider

other possible heuristic forms of ) used in literature [123]

Q = 3Bpm (3.18)

where [ is taken as constant.
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With Eq.(3.18) the continuity equations (3.12a) and (3.12b) reads as
P+ 3H (1 +wy)py = —=3Bpm (3.19a)

Pm + 3H(1 + wm)pm = 36pm (3.19Db)

in solving Eq.(3.19b) we have the following scaling solution

(- ()”

where A = <11J:“§gl> taken as constant. From (3.19a) and (3.20) one can obtain the

following functional form of the energy density:

@)@ e

In the absence of coupling as 8 = 0, (3.20) and (3.21) reduces to p,, ~ (a)~31+F%m) and

Py _ (a) e 34,
% ao py(1 +wy — A)

py ~ (a)730+%s) which is again reduced to AC DM in the absence of coupling/interac-

tion between matter and DE component.

3.3 Inflection Point for potential V(¢) = V3(¢ — ¢)?

DE as a scalar field with an inflection point has been contemplated by a number of
authors [91, 124-131] in the cosmic inflation theory. Near the inflection point, one may
refer to a specific set of situations where in the inflationary expansion changes behaviour.
The early inflation theory is triggered by cosmological constant or real scalar fields under
the slow roll approximations[132, 133]. In [134] authors investigate the inflection point
inflation by considering a canonical scalar field in the absence of coupling with back-
ground matter. In this section, we analyze the inflection point inflation in the presence
of coupling between the spatially homogeneous canonical scalar field (quintessence) and

background matter in the late time acceleration (DE-dominated universe).
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3.3.1 Cubic Inflection point for Interacting Model-1 (Q = 3Hap,,)

Friedmann (00) equation can be written as:

(H) L= L (ps+ o) (3.22)
Hy P2 pY o Fm

72
where % = p? is the critical energy density and p = pg + pm. From (3.16) and (3.17)

the Hubble parameter reads:

1
H = Hy | Q0 x3(1+wm—a) Wm — We 1 x30tws) (0 _ 0« 2
m Wy, — @ — W O (W — a — wy)
(3.23)
where X = 14+ 2 = (%0) and Q%L,Qg are the density parameters of matter and

quintessence (DE) at the present epoch, respectively. The equation of motion of coupled

quintessence from Eq.(3.13) given as

- . dV  3Hapnm
3H —_— = : =0. 3.24
0 +3Ho + 7 7 (3.24)

The evolution of ¢ is specified by the initial values of ¢; and ¢, a and V. In order to solve
Eq.(3.24) we assumed that the kinetic term of the scalar field is approximately constant
with time as <]52 ~ constant (under slow roll approximated in late time accelerated
expansion of the universe ) and thus, we have é ~ 0. The equation of motion Eq.(3.24)
can be solved by considering different choices of potential. We consider the cubic power

law potential given as

V() = Va(¢ — o)? (3.25)

having ¢ = ¢ at inflection point with V’/ = % = 0. We are interested in calculating
the behavior of this coupled quintessence near the inflection point at which ¢ = ¢g. On

substituting the value of potential in equation (3.24) we are left with:

2
74 V3(¢1?¢0)¢; g x30-a) g, (3.26)

m

Where equation (3.16) and (3.17) in terms of X can be written as

P = o X317 (3.27)
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)pﬂ—p&f)“‘@( = ) (3.28)

o+ We

py = X30+w0) [pg N (

Using above Eqs.(3.27) and (3.28) and when wy ~ —1; then equation (3.23) takes the

a+ Wy

form 12
0o X3(1—a) ao
H=Hy |2 +Qf - —™ 3.29
°[ (- "% 1w (3:29)
and thus energy density of field Eq.(3.28) reads:
0
Py _ QP 3(1—
B =14 P (X307 — 1), (3.30)
Py ( a)p¢

From Eqgs.(3.27), (3.29), (3.30) with (3.26) one can numerically solve the equation and
we have solution for the scalar field ¢(X) given as

1/3

P(X) = + ¢o (3.31)

20[p9n PB(X3(1—a) _ 1)
3V3(1 —a) \ (3P +2B)(3PX3(1-2) + 2B)

0 0
where P = IQ_—"& and B = Qg — (Cﬁ—gj) and ¢ is the value of coupled quintessence near

the inflection point of the cubic potential. As X — 1 (present epoch) then ¢(X) — ¢o
means our coupled ¢ evolves from the inflection point giving present acceleration of the

universe.
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FIGURE 3.1: For negative coupling parameter (o < 0) numerical plot shows the evolu-

tion of coupled scalar field ¢ with respect to the redshift X (= 14 Z) showing energy

transfers from matter to quintessence for potential V(¢) = V3(¢ — ¢g)3 with ¢g = 0 at

inflection point. The present value of density parameters are taken as Q0 = 0.3 and
Qg = 0.7 [13].

The numerical plot of coupled ¢ in the presence of the coupling (with negative coupling
constant «) is shown in the Fig.(3.1), for this negative coupling parameter the transfer of

energy is taking place from matter to the quintessence. In the case of positive coupling



Chapter 3.Inflection point of Interacting Canonical Scalar fields 54

‘
i
(i
3.0x1070 [
L
Ll
LI
2.5%10710 (|1
— [ — a=071
g P
2.0x100 L]\ e L ______. --- a=0.73
\
Tt e e --- a=0.75
1.5x107
] T T R S R | |- L L L L
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
X

FIGURE 3.2: For positive coupling parameter (« > 0) the numeric plots shows the

evolution of coupled scalar field ¢(X) near inflection point for the cubic potential

V(¢) = Vz(¢— ¢p)? leads to transfer of energy from quintessence to matter component.
Here Q2 = 0.3, Qg = 0.7 as mentioned in [13].

constant Fig.(3.2) coupled scalar field evolves asymptotically with Xnear the inflection
point with w =~ —1. This asymptotic behavior near the inflection point of the cubic
potential is noteworthy, as it mirrors certain characteristics observed in the ACDM

model signifying the accelerated expansion of the universe as seen in ACDM.

3.3.2 Cubic Inflection point Interacting Model-II (Q = 38p;,)

Using Eqs.(3.16) and (3.17) we can solve the Hubble parameter in terms of coupling

constant for interacting model-1II as:

1

354 38400 \1?
H = Hy | X300 <1 ) x3(1w,) (90 - m)} 3.32
0[ m T 0w, —a)) " * " 1+ wy— A) (3:32)

here A = (ﬁ) and as X — 1 ; H — Hy. Scaling solution of energy density in

interacting model-II for wy ~ —1 can be written as:

pm = po, X34 (3.33a)
3 0

Po 14 %u — X34 (3.33b)
P P

The equation of motion of quintessence with coupling parameter takes the form:

— 2 .
2o v3<<z>H %) | <1 f@ﬁ) o = 0 (3.34)
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When wg ~ —1 Eq.(3.32) takes the from:

1/2

H = Hy [Q5 + 3890, + X340 (1 - 35)] (3.35)
Eq.(3.34) solved numerically provides the following expression:
2800, RS(1 — X34 1/
$(X) il ) + o (3.36)

= | V3(3R + 25)(3RX34A 1 28)

From Eq.(3.36); we can see that as X — 1 the coupled scalar field ¢(X) — ¢ at the
inflection point.Here in the above equation R = QY (1 —38) and S = Qg +3800..

4x107%0 |

3x10710
- — B=-0.4
& 2x1070 p
--- B=-0.35
1x1010 -~ B=-0.3

FI1GURE 3.3: The numerical plot of ¢ with X be considering negative coupling constant
B < 0 shows the evolution of coupled scalar field (quintessence) ¢(X) for the cubic
potential V(@) = V3(¢ — ¢o)® with inflection point at ¢o = 0. Qf, = 0.3,Q% = 0.7 as
mentioned in [13].
Fig.(3.3) shows the numerical plot for the case of negative coupling parameter (5 < 0)

showing the transfer of energy from matter to quintessence and the numerical plot of ¢

with X for positive [ is shown in Fig.(3.4)

[
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FIGURE 3.4: shows the numerical plot for the evolution of coupled quintessence ¢(X)
for the cubic potential V(¢) = V(¢ — ¢o)® with ¢9 = 0 at inflection point ; for the
positive coupling constant i.e. 3> 0. Q% = 0.3 and Qg = 0.7 as mentioned in [13].
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From Fig.(3.4) we can see that as the X approachs to 0 the coupled quintessence evolves
asymptotically to infinity in the DE-dominated era with the accelerated expansion of the
universe and mimics ACDM model when the coupling constant is taken to be positive.
Thus, for both models the negative coupling constant (o and g) case as ¢(X) — 0
near the inflection point while for the positive coupling constant both models shows the
assymptotic evolution of the universe. So both ¢CDM models with positive coupling
evolves assymptolically in the DE-dominated epoch, representing the possibility of an

eternally accelerated universe.

3.3.3 Inflection Point for Potential (V(¢) = V(¢ — ¢¢)™)

Inflection point of this generalized potential V(¢) = V,,(¢ — ¢o)" obtain by solving
Eq.(3.13) with two coupling term @. In this section, we have taken a generalized case of
the nth-order potential and we calculated the evolution equations of coupled quintessence
for both models near the inflection point of the potential. For different values of n, the

behavior of the coupled ¢ is calculated ¢ = ¢g at the inflection point.

3.3.3.1 Interacting Model- I: (Q = 3Hap,,)

Using Eq.(3.13) for the above general form of scalar potential, we get the evolution of

o(X) as:

1/n
+ o (3.37)

P(X) =

2ap9n PB(X?)(lfa) _ 1)
3Va(1—a) \ (3P +2B)(3PX31-) + 2B)

where P = % and B = Qg - (8?(’2))

For different values of n, we can find different inflection points in coupled quintessence
models. As we increase the value of n the coupled quintessence ¢y evolves through the
inflection point with a higher value of ¢(X) for the positive coupling constant. From
Fig.(3.5) we found that for different value of n i.e. for different power potentials we have
different inflection points, although the coupled quintessence shows similar asymptotic

evolution through their respective inflection points.
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FIGURE 3.5: The numerical plot of ¢ with X by considering positive coupling constant
a > 0 shows the evolution of coupled scalar field (quintessence) ¢(X) for the potential
V(¢) = V(¢ — ¢o)" for different values of n. ), = 0.3,02% = 0.7 as mentioned in [13].

3.3.3.2 Interacting Model- II: (Q = 38p;,)

In this section, a generalized case is taken for the interacting model-II in which 8 is our
coupling parameter. We find the evolution of coupled quintessence (with respect to the

cosmological redshift) for the generalized case as follows:

200, RS(X34 — 1) Y
o) = [ v, ((3R +2S8)(3RX3A + 25))} o (3:38)

8x107°
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#(X)

4x107°

2x107°

FIGURE 3.6: The numerical plot of ¢ with X be considering positive coupling constant
B > 0 shows the evolution of coupled scalar field (quintessence) ¢(X) for the potential
V(¢) = V(¢ — o)™ for different values of n. Q% = 0.3, Qg = (.7 as mentioned in [13].

In this model of the different values of n the behaviour of coupled quintessence near the
inflection point (¢ = ¢p) can be seen. Again here in this second interacting model for

different n we have different inflection points but Fig.(3.6) shows as z — 1 the scalar
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field changes its behaviour and evolves past the inflection point and in late time era

again we got asymptotic behaviour of the coupled quintessence.

3.4 Observational Consistency

In this section we compare our results with the observational data from Planck 2018 [13].
The quantities that characterize the dynamics of the scalar field during the inflationary

[135-137] epoch are the “slow roll” parameters & and 7 [138] and are given as follows:

C1[V(9)]?

gz{vw»] <<t (3.39)
_V(9)
= Vo) << 1 (3.40)

Here the derivative is with respect to ¢. In our case for the cubic potential at the

inflection point, these slow-roll parameters take the form

¢)2

\ %
Bre

6¢

\ %
B

9
=2 = (3.41)

The accelerated expansion occurs when & < 1 [138] and this accelerated expansion will
sustain for a sufficiently long period only if the second order derivative of ¢ is small
which requires the smallness of < 1. Here we have taken the value of % = 0.77 as
obtained in [134].The other parameter is the “scalar spectral index” which characterizes

the density fluctuation in the early universe which is given as:

ng=1-6¢—2n (3.42)

After doing the numerical calculation the results are shown in the Table(3.1) for both
¢CDM interacting models corresponding to the various values of redshift parameter X.
For both models the value of both slow-roll parameters are coming out to be very less
than 1 signifying the inflation consistent with observations. Moreover, the values of the

scalar spectral index for our current CDM models is approximately 1.
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Interacting Model-1
X P(X) 3 n
10 | 1.1372 x 10710 | 1.2693 x 10739 | 8.8613 x 10~ 10
9 | 1.13731 x 10719 | 1.2698 x 10737 | 8.86208 x 10~10
7 1 1.13762 x 10719 | 1.2711 x 1073 | 8.86442 x 10~10
Interacting Model-I1
X P(X) 3 n
10 | 5.7262 x 10719 | 8.1603 x 1037 4.462 x 1079
9 | 5.6950 x 10710 | 7.9841 x 10737 | 4.43772 x 107?
7 | 5.6005 x 10710 | 7.46718 x 10737 | 4.36407 x 107?

TABLE 3.1: Slow roll parameters and scalar spectral index has been calculated for
Interacting Model-1 when the coupling parameter o = 0.71 and for the Interacting
Model-IT when the coupling parameter 8 = 1.3 and the ratio V/V3 = 0.77 [134].

3.5 Conclusion

The canonical scalar field, often referred to as quintessence, is one of the leading the-
oretical candidates for modeling dynamical dark energy (DE). Unlike the cosmological
constant in the standard ACDM model, quintessence allows for a time-evolving energy
component that can potentially address some of the puzzles in cosmology, such as the

coincidence problem and the nature of late-time cosmic acceleration.

In our work, we explore a scenario where this quintessence field is not completely isolated
but interacts with the matter sector specifically with both baryonic and dark matter
components. We introduce two distinct forms of coupling between the quintessence field
and matter. These coupling forms are represented through interaction terms in the

continuity equations as follows:

e Q=3Happ

These interaction terms, @, are not derived from any underlying fundamental theory,
since, as of now, the true nature of the dark sector remains unknown. Instead, the forms
we use are based on heuristic reasoning, chosen for their mathematical convenience and
consistency with the dimensional structure of the continuity equations. They are con-
structed using the physically relevant quantities: the Hubble parameter H, the matter
energy density pm,, and their time derivatives. Of course, other functional forms of @)

are also plausible, including those involving combinations such as pg, pg, and mixed
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terms. However, for this study, we focus on these two commonly used forms that allow

for analytical and numerical tractability.

In the limiting case where no coupling is present, the system naturally reduces to the

standard ACDM, providing a consistent baseline.

Our analysis is centered on the late-time universe specifically, the epoch dominated
by DE where cosmic acceleration becomes significant. At this stage, we find that the
scalar field, even when coupled to matter, behaves in such a way that the effective
interaction weakens, and the field becomes asymptotically decoupled. This means that the
field evolves almost independently, approaching a stable phase known as the inflection
point. This transition leads to an asymptotic de Sitter expansion, which aligns with

observations of the universe’s accelerated expansion.

Previous studies, notably by Chang et al.[134] and Strom[111], have investigated inflec-
tion point dynamics in uncoupled quintessence models using various power-law poten-
tials. Building upon their work, we aim to understand how introducing coupling alters

the behavior near these inflection points during the dark energy-dominated era.

To do this, we employ a specific form of the potential; namely, a cubic potential defined
earlier in Eq.(3.25). Additionally, we generalize this to a broader class of power-law

potentials of the form:

V(¢) = Va(¢ — ¢0)",

where n determines the steepness and curvature of the potential around the inflection
point. Through numerical simulations, we evaluate important cosmological parameters,
such as the slow-roll parameters £ and 7, as well as the scalar spectral index ng, and com-
pare these predictions with current observational data from Planck [13] and Baumann

[138]. Encouragingly, our model shows good consistency with the data.

In summary, by considering the simplest cubic and its generalized power-law extensions,
we demonstrate that coupled quintessence models can also exhibit inflection points in
their scalar field evolution, similar to uncoupled cases. These inflection points play a
critical role in shaping the late-time acceleration of the universe. While our focus here
has been on canonical scalar fields, similar phenomena are expected to occur in non-

canonical models such as phantom and tachyon fields. The investigation of those models,
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both with and without coupling, is a natural next step and will be the subject of future

work.



Chapter 4

Inflection Point of Minimally

Coupled Tachyonic Field

4.1 Introduction

Another candidate of DE is the Tachyon scalar field which in context of inflation was
investigated by [102] in 2004 and A. Sen in 2002 [40]. This scalar field, originating in
string theory, have emerged as compelling candidates for explaining the late-time cosmic
acceleration observed in the universe, often associated with DE. When incorporated into
a cosmological framework, these fields are described by a Dirac-Born-Infeld (DBI)-type
action, which introduces a non-canonical kinetic term. This feature distinguishes them
from traditional canonical scalar fields such as quintessence. The action for a minimally

coupled tachyonic field takes the form:

Stachyon = /d4$mv(¢) V 1- augbaugb (41)

where V(¢) is the tachyon potential, and the square root is the non-canonical kinetic
behaviour, this non-linearity leads to a rich dynamical phenomenon. Tachyon fields
naturally support a slow-roll regime when the field evolves through flat regions of the
potential, which is a desirable feature for modeling both early inflation and late-time
acceleration (see [46, 104]), In particular, potentials with inflection points offer an ex-
tended phase of ultra slow-roll evolution. Near such points, the flatness of the potential

causes the kinetic term to remain small, allowing the field’s potential energy to dominate.

62
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This results in an effective EoS close to wg ~ —1, mimicking DE behaviour. Another
interesting feature that we found is that tachyonic scalar field can dynamically interpo-
late between different cosmic eras, behaving like dust-like matter in certain regimes and
DE in others and the flexibility of tachyon dynamics has been presented in various cos-
mological scenarios, including models of DE, unified dark matter—DE frameworks, and
inflationary models based on string-inspired constructions [42, 47, 102]. These charac-
teristics make tachyonic scalar fields particularly compelling for investigating scenarios
where cosmic acceleration arises naturally from the dynamics of a single scalar field. The
presence of an inflection point in the potential further enhances this picture, providing
a controlled transition between kinetic and potential-dominated phases and allowing for

a unified description of different expansion histories within a single theoretical setup.

Dynamical Setup

In this section presents the mathematical framework on which the dynamics are based.
Again using FRLW metric Eq.(3.1) for a flat, homogenous and isotropic universe, we
have

ds* = g datdr’ = —dt* + a*(t) (dr® + r*df* + r? sin® 0d®?) . (4.2)

Here, as mentioned earlier, all calculations are in natural units with ¢ = 1. In the above
equation, a(t) is the scale factor. Now, the effective four-dimensional action for the

tachyonic field is given as follows [44, 45]:

So= 5z [ des@V=aR+ [ v e)v=a/1+ gr000.0.  43)

~ k2

where V(¢) represents the potential, k? = Mig = 1, and f(¢) = 1 under minimal
coupling. This action introduces a non-canonical scalar field with a modified (DBI)
kinetic term, often inspired by high-energy theories. The square-root structure resembles
the DBI action in string theory. The energy—momentum tensor for Eq.(4.3) can be

written as follows:

7o) _ _ V(9)0:90,9

_ afs
uv \/1 T gaﬁaaqﬁaggb gHVV((b) \/1 +9 8a¢85¢' (4'4)
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Here, again for a spatially flat universe (K = 0), Einstein’s field equation gives the

following Friedmann equations:

N2
2 (G _ 1
o = () -7, (4.5)
and
a A7 G
P —T(P + 3p), (4.6)

where H(t) = ‘2—‘; is the Hubble parameter and p = py + p, and p = pg + p,, denote
the total energy and the pressure of this model, respectively. In general, multiple com-
ponents, such as matter, radiation, and DE, can contribute to the energy—momentum
tensor, each with a different EoS. However, during early time periods, radiation dom-
inated, after which matter started dominating more effectively. At later time periods
(z — 0), DE dominated the universe, leading to cosmic acceleration. We are there-
fore driven to focus on only two components: pressureless matter and DE. For cosmic

acceleration, we have p 4+ 3p < 0. The continuity equation is given as follows:

p+3H(1+w)p=0. (4.7)
where
P=Pm + Py (4.8a)
and
DP=DPm + D¢ (4.8b)

In the next section, we will investigate the behaviour of the tachyonic scalar field near
the inflection point of potential by considering three different possibilities of cosmic
behaviours; the first two cases involve conventional power-law expansion and pure ex-
ponential growth, i.e., and a(t) = at™, a(t) = e, respectively, and the third case is
of quasi-exponential expansion of the scale factor a(t) = nt"ePt. For these three cases,
we will calculate the respective potentials and then investigate the behaviour of that
particular model near their respective inflection points. In Section (4.3), we will do the

dynamical analysis of the model.
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4.2 Inflection Point of Tachyonic Scalar Field

Using Eq.(4.4) for a flat (K = 0) FRLW universe using, the energy density and pressure

for the spatially homogeneous tachyonic scalar field are given as:

V(¢)

po = ————
V1 - 42
ps = —V(p)\1— > (4.10)

Here, the overdot denotes the derivative with respect to cosmic time (t). V(¢) is the po-

(4.9)

tential associated with the tachyonic field that we are going to calculate in the upcoming

subsections for each case.

Using Eqs.(4.5) and (4.6), we get:
a 9
S —H’+H, (4.11)
a

on differentiating Eq.(4.6) with respect to time. we get:
871G 38°V (¢)
3 /1 . d)Q

and plugging Eqgs.(4.5), (4.9) and (4.12) into Eq.(4.11) for the scalar field, we can obtain

H= (4.12)

the following form of the second Friedmann equation:

i_ rV(¢) <1 _ ;¢2> (4.13)

a 3y/1 — @2

Now, for the accelerated expansion of the universe, we have d > 0; thus, using Eqgs.

(4.13) and #? < %, the EoS for ¢ becomes:

wy =10 = (1) (4.14)

In terms of Hubble parameter, the EoS wg can be written as follows:

2H
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For cosmic acceleration, the possible range of the values of wy is —1 < wy < —% and
0 < q'§2 < % Using the continuity equation and plugging Egs.(4.9) and (4.10), we can

easily find the equation of motion for this tachyonic scalar field model, as follows:

pg +3H(1 +wg)py =0

using Eq.(4.9)

V(9) V($)¢%0 (6)4?
- +3H =0
Yi=¢2 (=162 \J1-¢
we get: .
é . lav
e +3H¢ Vs~ 0. (4.16)

Now, using Egs.(4.5) and (4.6), we can rewrite ¢(t) and V(¢) in the forms of H and H,

() :/ dt\/—;% (4.17)

V()= /1 + 20 (4.18)

Using the above two equations, we will find the potential and their respective inflection

point behavior for the three cases.

4.2.1 For Case I: a(t) = at™

In this subsection, let us consider the simplest model for describing the expansion of the
universe in certain cosmological scenarios, namely, the power-law form of scale factor;
this suggests that the universe’s expansion follows a simple power-law relationship with
time. i.e., a(t) = at™. Here, « is a constant which describes the overall scale of the
universe, and the exponent n determines the rate of expansion it has to be greater than
0 for the universe to experience accelerated expansion. For this kind of model, the
Hubble parameter can be obtained as:

1da
H=—-——
a dt
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ie.,
H= % (4.19)
and on differentiating H with respect to t we get:
: n
H= 2 (4.20)
Upon substituting this value of H into Eq.(4.18) we get:
vy =3 -2 (4.21)
- kt2 3 ’

and using Eqgs. (4.17) and (4.21), we can obtain the following form of the potential:

V($) = Vo(o — ¢0) 2, (4.22)

where Vy = i—? 1— 3% From the above Eq.(4.22), we found that there is no such

inflection point for this particular model; we can also see in Fig.(4.1) that the curve
shows no inflection, but we can observe that the scalar field is rolling slowly along
the potential and when applying slow roll approximation directly into Eq.(4.16) using
#? << 1 = 1-—¢? ~ 1 and we can find the evolution of the scalar field with
respect to time, but, in this case, wy will be very close to —1. However, in our case, we
have calculated the evolution equation directly from Eq.(4.17), resulting in the following
equation:

B(t) = %(ﬂ —2) + o (4.23)

where t = to when ¢ = ¢¢, and the EoS (Eq.(4.15)) is as follows:

2
wy =1+ 5 (4.24)

For n = 2/3, the scale factor evolves as a o t2/3 corresponding to a matter-dominated
universe, and as we can see from Fig.(4.1) the potential corresponding to this case van-
ishes. This, in return, leads to py = 0, which corresponds to pressureless fluid with
wy = 0. For n > 2/3, the EoS satisfies wg > —1, indicating a quintessence-like be-
haviour. If we set n > 1, then the EoS satisfies wg < —1/3, which is a necessary
condition for late-time cosmic acceleration. This supports an expanding universe con-

sistent with observations of DE-driven acceleration.
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FIGURE 4.1: The plot shows the variation of ¢ with potential V(¢) for different values
of the exponent factor n (n =2/3, n =0.8, n =1, n = 1.1, and n = 2) for fixed value
of ¢0 =0.1.

In terms of cosmological redshift, we can also rewrite the above Eq.(4.23) as follows:

¢(1+z)—\/3m72/n <<1iz>2/n—<1j20>2/n>+¢o (4.25)

Here, the initial value of the redshift is taken to be zgp — 1100. Fig.(4.2) shows the

evolution of ¢ for different values of n. Also, « is a normalization constant and, for
simplicity, is taken to be unity. We examine the behaviour of a scalar field ¢ with
respect to redshift z. As the redshift z approaches zero, ¢(z) increases asymptotically
with z — 0, corresponding to the late-stage evolution of the universe. The field is
characterized by a unique potential which is derived from the scale factor; this potential
governs its dynamics and the corresponding impact on cosmic expansion. Here, the case
n < 1 is of interest, as it provides a smooth/slow evolution of the scalar field ¢ at a
late epoch, resulting in the accelerated expansion at later stage. This slow-roll regime
results in the field behaving similarly to a cosmological constant, with a near-constant
energy density. As a consequence, the universe continues to expand at an accelerating

pace.

4.2.2 For Case II: a(t) = v’

Another simple case is the exponential form of the scale factor a(t) = e, where v and
B are the constants. § determines the overall rate at which the scale factor changes and
can have two possibilities for its values, as follows: the first possibility is 8 > 0, which
implies the exponential growth of the universe, i.e., an expanding universe; the second

possibility is 8 < 0, which implies exponential decay, i.e., a contracting universe. As we
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FIGURE 4.2: The plot shows the evolution of ¢ with cosmological redshift z for different
values of the exponent factor n (n =2/3, n =0.8, n =1, n = 1.1, and n = 2), with the
normalization constant o = 1 (for simplicity) and ¢o ~ 0.1.

know, during early epochs the universe experienced expansion, so we can discard the
second possibility. Now, the second constant v is a normalization factor that sets the
overall scale of the universe at a particular cosmic time ¢, and H for this exponentially

expanding universe is proportional to the constant below:
H=2p. (4.26)

Now, using this value of H in Eqgs.(4.17) and (4.18), we can obtain the following form
of potential:

_ 36

V()= (4.27)

Therefore, for this particular model, again there is no inflection point because the po-
tential is revealed to be constant; this is consistent with the quintessence model (as if
the same calculations are carried out for the quintessence model with the same scale
factor). Using Eqs.(4.16) and (4.27) and after applying the slow roll approximation, the

scalar field ¢ is also revealed to be a constant.

4.2.3 For Case III: a(t) = nt e’

Now this case is of our particular interest, as in this case, we are considering the universe
to have a mixed form of the scale factor given by a(t) = nt"e’, i.e., the product of power-
law and exponential terms, where 1, n and § are the constants determining the overall
rate at which the scale factor changes. For this model, the Hubble parameter is obtained

as follows:
n + Gt
t

HZ%—F,BZ (4.28)
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and its derivative with respect to cosmic time is:

H= — (4.29)

Using Egs.(4.17), (4.18), and (4.28), we can derive the following form of potential and

the scalar field, in terms of ¢, as follows:

n 2 n
V(t) = 3(:2#&), = M. (4.30)

Now, using Eq.(4.17), the evolution of the scalar field with respect to cosmic time can

be written as:

b(t) = ;\/? log [n + Bt| +C, (4.31)

where C is some integration constant. Let’s assume that, at some t =ty = 0, the scalar

field is ¢ = ¢g; thus, the above equation can be rewritten as,

o(t) = ; %nlog (n J;Bt> + do. (4.32)
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FIGURE 4.3: The plot shows the evolution of ¢ with cosmic time ¢ for different values
of n, =0.1, and ¢g = 0.1

Fig.(4.3) shows the scalar field is increasing with cosmic time ¢ for all set of values of
n as mentioned in plot and for fixed 5 = 0.1. Now, the EoS (Eq. (4.15)) for this case
follows:

ws(t) = =1+ 2n (4.33)

(n + Bt)?
which is dynamic and varies with cosmic time t. Fig.(4.4) shows the variation in EoS
with respect to cosmic time, which is in Gyr. Within the plot, the straight dotted black

line shows today’s cosmic time. One can observe from the Fig.(4.4) that the EoS varies
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with time and that wy — —1 at a late time period (a point to remember here is that

we has both DE and matter components).

0.0
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FIGURE 4.4: The plot shows the evolution of wg with cosmic time ¢ (Gyr) for different
values of n, f = 0.1, and ¢y = 0.1

Eq. (4.32), in terms of ¢, can be rewritten as follows:

n o on 3
= 3 + 3 exp (5\/;(‘25 - ¢0)> (4.34)

Upon substituting Eq. (4.34) into (4.30), we can obtain the following form of potential
V(¢), which depends on the scalar field ¢, as follows:

3o (2030 - ) [ 2
i
K2 (exp (Br/ 5 (¢ — ¢o)) — 1) 3nexp (25 (¢ — ¢0))

V() = (4.35)

Using binomial expansion and simplification, Eq. (4.35) can be rewritten as follows:

v~ 2 [ (A Ee ) - Lo
(exp (83500 = 00)) —1)

(4.36)

K2
where, for the simple case, we use the following assumption:

exp <5\/§(¢ - ¢0)> ~1+ (5\/5@ - ¢0)> : (4.37)

This above assumption constrains the parameter 8 as 0 < 8 << 1, so that, with an

increase in power, the higher-order terms become negligibly small and the relationship
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between potential and scalar field can be written as:

an (= )+ 2856 - ) + B0 - o))

V@) K2 (¢ — ¢0)?

(4.38)

Solving Eq. (4.38) above using the approximation mentioned in Eq. (4.37) results in
the above potential showing inflection at the following point:

1—3n> 2n

in flection — o . 4.39
Ginflect < np 3 + 9o (4.39)
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FIGURE 4.5: The plot shows the variation in the scalar field ¢ with respect to the
potential V(¢) for different sets of values of n with a fixed value of 8 << 1, specifically
B =0.1 and ¢g = 0.1.

The above equation, Eq. (4.39), is the inflection point which provides a flat region and
this inflection point serves as a critical location where the field experiences slow rolling.
Using the Lambert W function and the scale factor a(t) = nt™ exp ft, the redshift z and

cosmic time t are related, as shown below:

_ (B y-1/n
t_ﬁw<nma+)) ) (4.40)

where the Lambert W function is defined as the root of a transcendental equation of the
form W(y) exp W(y) = y and has distinct branches, among which two are real; for more
information, readers can refer to [111, 139, 140]. On setting the value of cosmic time ¢
in Eq. (4.32), the evolution of the EoS and the scale factor, in terms of redshift z, can

be obtained, respectively, as follows:

2n
3(n+nW(E(n(1 + 2))~1/n)2

we(z) = -1+ (4.41)
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and
1 /2
o(z) == il log [14+W é(77(1 +2))7Y" )| + ¢o. (4.42)
6V 3 n
Using Eqgs. (4.30) and (4.40) we can write potential in terms of redshift as:
2
352 (L+ W (2(n(1+2))7/m) 5
W (2011 +2))-1/m) Bn(1+W (2((1+2)-1/n)
0.0 / — n=1/2
- / — n=23
3 -o2p — 1 — n=08
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FIGURE 4.6: The plotshows the variation in EoS wg with respect to cosmological
redshift z for different sets of values of n (n = 1/2,n = 2/3,n = 0.8,n = 1,n = 1.1
and n = 2 from top to bottom) with a fixed value of § << 1, specifically § = 0.1 and
¢o = 0.1. Here in plot vertical solid black line represents the present epoch with z =0
while the horizontal blacksolid line represents null value of EoS parameter wg.

Fig.(4.5) shows how the scalar field is varying with potential and Fig.(4.6) shows the
variation in EoS with respect to cosmological redshift z. From this figure, we observe
that, for lower values of n, the EoS remains close to wg ~ 0, resembling the matter-
dominated era, while the field itself behaves similarly to dust-like matter. For small
n values, the EoS falls below —1/3, suggesting that the same field can transition into
a DE-like component at late time periods, driving accelerated expansion. Fig.(4.7)
illustrates the behavior of the scalar field with respect to redshift, indicating that, ¢ takes
higher values during late time as compared to a higher redshift. Fig.(4.8) illustrates the
evolution of the potential V' (z) as a function of redshift. At lower redshifts, corresponding
to late-time cosmology, the potential flattens due to the presence of an inflection point.
This behaviour allows the scalar field to enter a slow-roll phase, or we can say an ultra

slow-roll, which can drive the accelerated expansion of the universe.
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FIGURE 4.7: The plot shows the variation in the scalar field ¢ with respect to cosmo-
logical redshift z for different sets of values of n with a fixed value of § << 1, specifically

B =0.1 and ¢g = 0.1.
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FIGURE 4.8: The plot shows the variation in potential V (¢(z)) with respect to cosmo-
logical redshift z for different sets of values of n with a fixed value of § << 1, specifically

B8=0.1,n=1, and ¢¢ = 0.1.

4.3 Dynamical Analysis at Inflection Point

In this section, Let’s perform a dynamical analysis of our inflection point tachyon model,

but first lets learn what is dynamical system analysis.

4.3.1 Dynamical System Analysis:

Dynamical analysis [58, 141, 142] is a powerful tool used to study the dynamics of a given

model under consideration and its behaviour over time, thereby providing insights into

its long-term behaviour. In cosmology, dynamical system analysis allow us to analyze

the contribution of various components of the universe, including DM, DE, and ordinary

matter, by transforming complex differential equations into a phase space, which helps to

understand the qualitative nature of cosmological models. A general dynamical system

can be expressed in the form:
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dx_

- = (%), (4.44)

where x € R™ represents the state variables of the system and f : R® — R" is a vector-

valued function that governs the evolution.

To analyze the system, one first identify the critical points (or fixed points)- the point

x. where our function f(x) vanishes, satisfying:

f(x.) = 0. (4.45)

Stability of these points is examined by linearizing the system around each critical point

X, and then by calculating the Jacobian matrix which is write as:

(4.46)

The nature of the eigenvalues of this matrix determines the stability: if all eigenvalues
are negative and real, the critical point is stable; if any one of the eigenvalues is positive
and real, then the corresponding critical point is unstable and if all eigenvalues are

positive and real then the critical point is unstable node.

In cosmology, dynamical system analysis allows for a qualitative understanding of cos-
mic evolution. It can distinguish between phases such as matter domination, radiation
domination, or accelerated expansion by identifying the nature of critical points in the
phase space. This approach is particularly useful in scalar field cosmology, where exact
solutions are difficult to obtain, and qualitative behavior is more insightful. Now lets
move to our inflection point model, the background equations governing the model are
as follows:

H>="p (4.47a)

% = T 3p) (4.47b)
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Here again, as mentioned earlier, p and p contain two components, namely scalar field

and matter. Let’s set the dimensionless variables [58] as follows:

X=¢=H¢ (4.48a)
KVV
Y = VT (4.48b)
_ V(d*V/d¢?)
r= VI (4.48¢)

Here, the scalar field has inverse mass dimensions and ’ signifies the derivative with
respect to n = loga. In the above equation, the term I' naturally approaches zero at the
inflection point of the potential. By definition, an inflection point is where the second
derivative of the potential vanishes, i.e., d*V/d¢* = 0. This condition ensures that the
potential flattens out locally, allowing the scalar field to undergo slow roll. The slow-roll
behaviour, in turn, facilitates a smooth transition between different cosmological phases,
making the inflection point a crucial feature in models describing cosmic acceleration.

The vanishing of I' at this point further simplifies the dynamical system.

_dV/dg
VY3

(4.48d)

Upon introducing the inflection point from Eq. (4.39) into Eq. (4.48d), we can obtain

the following value of A:

3/2

12n (362 26\/7> (46\/; ﬁ(zn—;’”)\/;)_ (4.49)

Here, we obtain an autonomous two-dimensional system which has been previously stud-
ied by [43]. Two other parameters (see Eq. (4.48d)) still have ¢ dependency; upon differ-
entiating these aforementioned dimensionless equations, namely Eqs. (4.48a), (4.48b),
and (4.48d) with respect to n = loga and using Eq. (4.47a) and (4.47b), one can obtain

the following equations:

X' = ol (X2 —1)(3X — AV3Y) (4.50a)
,_g_i 2(1—|—wm—X)_ w
Y = =2 <3Y T 3(1 + wp,) + \/§>\XY> (4.50b)
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N = 3\2/§>\2XY (4.50c)

Using the following constraint equation:

Y2
Ny = —— 4.51
0= ioxe (4.51)

the EoS and the energy density of the tachyonic scalar field, in terms of these dimen-

sionless parameters, can be written as follows:
wy = X*—1 (4.52)

Y?
Qp=1————<1 4.53
m s = (4.53)
and the effective equation of motion can be written as follows:

Y2
Werf=wm 1 - —— | —Y2/1 - X2 4.54
= (1- ) (459

The critical points for Eq. (4.48a) and (4.48b) are discussed below and are listed in
Table (4.1):

X Y Existence Weff Stability
0 0 Vn, (1 4 wy,) W, Unstable Saddle point
Wy, = 1 1 Stable Node
+1 0 Y, (1 + wp,) - Unstable Nodes
224y A2y 2
L2 Y= \/w V(1 + wy), —3/3\/1 — ey Stable node

3
2

YC

3

TABLE 4.1: The table shows the critical points of the system (4.48a)—(4.53) at the
inflection point with A.

There are five critical points within the dynamical analysis at the inflection point, as

shown in Fig.(4.9) and discussed below:

(a.) Point O: For this critical point, X = 0 and Y = 0; the energy density of
the tachyonic scalar field is revealed to be 0, thereby signifying the matter-dominated
epoch. From the Friedmann constraint equation, Eq.(4.53), we can see that €2, = 1
and we s = wy, again signify the matter-dominated epoch; thus, this origin point of the

phase space refers to the unstable saddle point, which has the following eigenvalues:
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v =-3<0 (4.55)

and

vy = g(wm +1) (4.56)

. For this critical point, if (1 4+ wy,,) > 0, the point is an unstable saddle point. This

saddle point demonstrates attractor behaviour, as shown in Fig.(4.9) and at this point,

~ =" A

the value of wg = —1 imitates the cosmological constant behaviour.
Loy KA 7 - :';\: év'; y
o8l e o et “J
’ - o 7 7 7 \
A~ \
0.61 = — - . N
/ - . - :7(/<; K\ :\\
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FIGURE 4.9: A phase portrait of the dynamical system for n = 1/3 with A — 1 and

Wy, = 0, near the inflection point ¢y, frection With 3 << 1 (8 =0.1). In plot A, O, B_

and By represents the critical points. Here, stable point A in the phase space shows
the region where the universe undergoes accelerated expansion.

(b.) Point B_ : For this point, we obtain the following critical points: X = —1 and
Y = 0. At this critical point, the tachyonic EoS vanishes, i.e., wg = 0; we also obtain

the following eigenvalues:
&8 v =6>0 (4.57a)

and

3
Vo = 5(wm +1) > 0;if(1 4+ wy) > 0. (4.57b)

Therefore, the critical point B_ is an unstable node representing the past attractor, but,
here, the tachyon field behaves like dust-like matter, as in the case with wg = 0 and
Weff = W

(c.) Point By: X =1, Y = 0. This point also represents an unstable node with the

same eigenvalues as mentioned above, as follows:

v =6>0 (4.58a)
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FIGURE 4.10: Phase portrait of the dynamical system for n = 2/3 with A > 1 and

Wy, = 0, near the inflection point @ip fiection With 8 << 1 (8 = 0.1). In plot A, O,

B_ and B, represents the critical points. The stable point A in the phase space shows

the region where universe undergoes accelerated expansion; however, because of the
increase in n, point A is shifting towards X ~1.

and

3
va = 5 (wm +1) > 0:if (1 + wp) >0 (4.58b)

This point also shows the same past attractor behaviour, and the field shows dust-like

behaviour, with weyr = wy,.
(d.) Point A: (X = ’\—};C,Yc = |/ 2ALEVATH36 V6)‘4+36) is the stable node, with the following

eigenvalues:

(=M + 22V/A1 4 36)
12

v =-3+ (4.59)

(=M + 22V/21 4 36)
12

L VAZ+36) ; for this case, Q24 =

vo = —3(1 + wy,) + 2 (4.60)

3(=A2+vA1436)
Y
—2444/24436
18\%*#

thereby showing DE-like behaviour at this point. This stable point also depends on the

We obtain a stable point when (1+w,,) >

values of n; as the value of n increases, this stable point is shifting more towards X =1,
and this behaviour can be seen in the phase portraits for different values of n. The
critical point A, as shown in Figs.(4.9), (4.10) and (4.11), represents the stability of
the derived dynamical system of equations and shows the accelerated expansion of the
universe at the inflection point, which is incorporated in the system via the variable A,

and the field experiences accelerated expansion at a late time period.
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FIGURE 4.11: Phase portrait of the dynamical system for n = 0.8 with A ~ 5 and

wy, = 0, near the inflection point @ip fiection With 8 << 1 (8 = 0.1). In plot A, O,

B_ and B, represents the critical points. The stable point A in the phase space shows

the region where universe undergoes accelerated expansion; however, because of the
increase in n, point A is shifting more towards 1.

4.4 Conclusions

In this chapter, the evolution of a minimally coupled tachyonic scalar field at the inflec-
tion point has been investigated within an accelerating universe. The inflection point
signifies a transition between regions of stability and instability and provides a flat re-
gion suitable for the ultra slow-roll approximation. In fact, inflection point models can
also offer a robust framework for describing the inflationary phase as it can provide a
prolonged period of slow-roll inflation. In this paper, the field’s dynamics have been
investigated for different forms of expansion factors, and by considering a different form
of scale factor, a form of potential is derived; only the mixed form of potential has
shown the inflection point. We have mainly considered the following three categories
of scale (expansion) factor: (a) power-law expansion (a(t) = at™); (b) the exponential
form (a(t) = veP); and (c) the mixed form (a(t) = nt"e’?). For all these categories,
the potentials and the corresponding possible inflection points have been calculated, and
the dynamical system of equations for the model has been obtained. Out of these three
categories, the mixed form shows inflection at ¢ip fiection, as given in Eq.(4.39), and, near
this point, under slow roll approximation, the evolution of the scalar field with cosmic
time (t) and cosmological redshift (z) shows the accelerated expansion of the universe
at late time periods near the inflection point. Fig.(4.8) also indicates that a potential
with an inflection point can provide a near-flat region for the field to slow roll, which

may derive the accelerated cosmic expansion.

In Section (4.3), the dynamical analysis carried out shows that the critical point A, as
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shown in Figs.(4.9),(4.10) and (4.11), represents the stability of the derived dynamical
system of equations and shows the accelerated expansion of the universe at an inflection
point, which is incorporated in the system via the variable A\, and the field demonstrates

accelerated expansion at late time periods.



Chapter 5

Generalizing Scalar fields

5.1 Introduction

Modern cosmology is fundamentally based on Einstein’s General Relativity (GR), which
provides a robust framework for describing the dynamics of the universe at the classi-
cal level, where gravity is the dominant force. GR effectively accounts for the coupled
dynamics between the gravitational and matter sectors. Observations reveal that the
evolution of the universe is characterized by successive epochs, each dominated by a
specific component of matter. The physics underlying the radiation and matter domi-
nated eras is understood quite well within the framework of the standard cosmological
model. Beyond the inflationary paradigm, various forms of scalar field Lagrangians
have been proposed to construct models aimed at explaining the late-time accelera-
tion of the universe. Over the years, as discussed earlier, numerous observations have
provided compelling evidence that the universe is undergoing an accelerated phase of
expansion[2, 3, 13, 97-99, 143]. The simplest model is the ACDM framework. How-
ever, it faces unresolved issues such as the fine-tuning problem and the cosmological

coincidence problem as already mentioned earlier in chapter-1.

Each model offers a distinct perspective on the underlying properties of DE, yet they
face individual challenges, such as instabilities or incomplete phenomenological coverage.
Many authors also work in order to unify matter and DE into a single framework [144—
147]. The Lagrangian that we are going to define distinguishes itself from prior unified

models by encapsulating quintessence, phantom and tachyon behaviors within a single,

82
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two-parameter framework. Unlike Scherrer’s unified DE-dark matter model [148], which
uses a single scalar field with a specific potential, or Sahni and Sen’s two-component
fluid approach [144], our formalism avoids prescribing a unique potential form, offering

greater flexibility via o and .

Compared to K-essence or Chaplygin gas models [146, 149, 150], which unify dark sectors
through non-linear kinetic terms, our approach explicitly recovers the canonical struc-
tures of three distinct scalar fields by tuning parameters, enabling direct comparisons
within a cohesive mathematical structure. This reformulation, while not dynamically
unifying the fields, provides a novel lens for studying their interrelations, as evidenced by
the smooth transitions in Om(z) diagnostics, setting the stage for deeper cosmological

insights.

In this chapter, a generalized form of the Lagrangian is introduced which encapsulates
three major classes of scalar field models: quintessence, phantom, and tachyon. This for-
mulation offers a unifying two-parameter framework capable of reproducing the canonical
forms of each field type by appropriate choices of parameters while maintaining a single

cohesive mathematical structure.

5.2 Scalar field dynamics:

At the classical level, there are broadly two possible dynamical approaches to replicate
an accelerated phase of cosmic expansion: either by modifying the gravity sector (i.e.,
modified gravity theories) or by altering the matter sector. In this work, we confine our
analysis within the framework of general relativity, based on the Einstein-Hilbert action,

and focus exclusively on modifications in the matter sector.

Scalar field models play a crucial role in modern cosmology, offering plausible and flexible
mechanisms for explaining the observed late-time acceleration of the universe. These
fields serve as dynamical alternatives to the cosmological constant and are capable of
emulating a wide spectrum of DE behaviors. Beyond DE, the dynamical nature of
scalar fields has also been instrumental in explaining early-universe inflation, where a
scalar field with a sufficiently flat potential can drive exponential expansion. Moreover,

scalar field dynamics have been successfully adapted to describe dark matter behavior
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under specific conditions, further underscoring their versatility in addressing multiple

fundamental aspects of the cosmic evolution.

The quest to understand the cosmos particularly the observed phenomenon of late-time
accelerated expansion has led to extensive investigations into a wide array of scalar
field models. While each of these models offers a compelling framework for describing
DE, they are not without limitations, often constrained by specific assumptions about
potentials or kinetic terms. Despite significant progress, a comprehensive formalism that
can encompass all major scalar field models within a single theoretical structure remains

elusive.

The development of such a generalized framework would mark a significant advance,
enabling a unified approach to the treatment of DE phenomena. It would provide
the flexibility to recover known models as special cases while offering new pathways to
overcome their individual shortcomings. In response to this challenge, several researchers
have proposed unified treatments of DE and dark matter by employing non-canonical
scalar field models [144, 151]. These models typically introduce additional parameters to
characterize a two-component fluid, where the kinetic term accounts for dark matter-like

behavior and the potential term mimics a cosmological-constant.

5.3 Generalized Lagrangian of three classes of scalar fields:

A key element of this study is the introduction of a generalized Lagrangian formalism
designed to unify several prominent scalar field models that describe DE. This framework
incorporates two free parameters, namely a and 3, which govern the dynamics and allow
smooth transitions between different field behaviors specifically quintessence, phantom

and tachyon fields. The generalized Lagrangian is expressed as:
Lx =aX* —V($)(1 - 2X)P/2, (5.1)

where X = %ama% is the kinetic term, ¢ represents the scalar field, V(¢) is the

potential, and the flexibility of the model arises from the tunability of the parameters «
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and S , which recover well-known scalar field models for specific values:

a=0,8=1; Tachyon
af=qa=108=0; Quintessence - (5.2)

a=—1,6=0; Phantom

The generalized Lagrangian Lx = aXxe’ —V($)(1—2X)P/2, where X = % L, pOF @, is pro-
posed as a phenomenological framework to unify quintessence, phantom, and tachyon
scalar fields. While not derived from a fundamental theory, its structure can be mo-
tivated by effective field theories and non-canonical scalar field models. The kinetic
term aX® generalizes the standard canonical form (as in quintessence) and resem-
bles higher-order corrections found in string-inspired models, such as tachyon dynamics
[47, 152-154]. The second term, involving the factor (1 — 2X)%/2introduces non-linear
modifications reminiscent of K-essence and tachyon Lagrangians, potentially represent-
ing low-energy effective limits of more fundamental theories or as an ad-hoc generaliza-
tion to capture diverse DE behaviors. This form ensures covariance under coordinate
transformations and provides a flexible scaffold to explore scalar field dynamics across
cosmological epochs. One of the essential features of this Lagrangian is its invariance
under coordinate transformations which ensures the consistency with the general princi-
ple of covariance. The Lagrangian given in above equation is invariant under coordinate
transformation i.e. z# — 2’ since, ¢ and V(¢) are independent of the choice of co-
ordinates. The corresponding energy-momentum tensor derived from this Lagrangian is

given by:
aw  OLx

 9(0u9)

which follows the standard prescription for deriving stress-energy tensors from scalar

86— g" L. (5.3)

field Lagrangians. From this energy-momentum tensor, the energy density and pressure

can be derived using:
_OLx _

Po = 8¢ Lx (5.4&)

and

py = Lx. (5.4b)
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Using the above Eq.(5.4a) and Eq.(5.1) we can obtain the generalized expressions for

the energy density as:

ps = (20° —a) X + V()1 —2X)/? |1+ (5.5a)

28X
(1-2X) |
For further simplification, we have expanded the last term (1 — 2X)#/2 using Taylor’s
expansion by considering X << 1 which futher helps in constraining the values of 2 as

0< ¢52 << 1, so the above expression of energy density can be rewritten as:

po = (208 — )X + V(o) + 53V (o) (F2EU ), (5.5b)
or, equivalently, in decomposed form as:
Py = px + pv + pxv, (5.5¢)
where the components are defined as:
px = (20° — ) X, (5.6a)
pv =V(9), (5.6b)
pxv = 8xv(e) (S0, (5.6¢)

Thus, the energy density is decomposed into three components: the kinetic term py,
potential term py and mixed term pxy which could be due to the non-linear coupling
introduced by the parameter 3. The pressure derived from the Lagrangian is similarly
given by:
~ a? B/2
po ~ a(X)* = V(g) (1 —2X)%. (5.7)

Applying the same approximation to the (1 — 2X)?/2 term as done previously for

Eq. (5.5b), the pressure can also be rewritten in terms of its components as:

Ps = px + pv +pxv = aX® —V(¢) + XBV(9). (5.8)
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So, here again, we can represent pressure in component form as shown below:

px = aX®, (5.9a)
pv = —V(9), (5.9b)
pxv = BXV(¢). (5.9¢)

This decomposition allows for clearer interpretation of the contributions to pressure,
similar to energy density, thus facilitating detailed analysis of scalar field dynamics
under varying conditions of o and . In Eq.(5.5) and Eq.(5.8) by using the different
values of o and [ as mentioned in Eq.(5.2) we can obtain the energy densities and
pressure of all the three kinds of scalar fields individually. Now using the spatially flat
FRLW model Eq.(1.6), the generalized form for the two Friedmann equations can be

obtained as:

8rG 8¢
H? = 3 Pe= T(Px+,0v+va) (5.10)
and
a 4G
—=——2 ((px +3px) + (pv +3pv) + (pxv + 3pxv)) (5.11)

and thus EoS in the generalized form becomes:

2

o (3)” Vi (45252)
Pe

1+ wy = (5.12)

or

a(X)* —V(¢) (1 —2X)7/?

28X
L+ (1-@){)]

Wy = (5.13)

(203 — a) X + V(¢)(1 — 2X)P/2

So, now next step is to find the equation of motion in the generalized form which we

can calculate by solving the conservation equation which reads as:

Po +3H (1 4+ wy)py =0 (5.14)
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FIGURE 5.1: The plot of Eq.(5.13) shows the points representing the Phantom (P),

Quintessence (Q), and Tachyon (T) scalar fields within the framework of the generalized

Lagrangian. Here for a = —1 and § = 0 we get wy = —1.22, foraa =1 and 8 =0

we get wy = —0.818 and for = 0 and 3 = 1 we get wy = —0.8 and for a constant
potential V(¢) ~ 1 along with the condition ¢? << V().

Therefore using Eqgs.(5.5b), (5.8) and (5.12) the equation of motion in this generalized

framework is found to be:

. a?-1 . .
silevant - (5 HOUZB (1 o)

? (1- ¢2) 1— éQ
+3H|2a3 <¢2> i BV (4)(1 - ¢2)(B/2)]
? (1-d2)
Wl g - gy (14 B2 |
i o(1 — %) L+ — p 0 (5.15)

indeed we can reduce this equation to a standard equation of motion for all the three
kinds of scalar fields by substituting the respective values of our parameters o and 5.

Let’s see them one by one:

Case-1: a =1, = 0: Eq.(5.15) reduces to:

¢+3Hdp+V'(¢) =0 (5.16)

which is the evolution equation of quintessence as mentioned in Eq. (1.51).

Case-2: a = —1, 5 = 0: For this case Eq.(5.15) reduces to:

d+3Hop—V'(¢) =0 (5.17)
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which represents the evolution equation for the case of phantom scalar field as mentioned
in Eq.(1.55).
Case-3: a =0, = 1: For this case Eq.(5.15) reduces to the following form:

¢ . lav

and this above-mentioned equation is the evolution equation for the case of tachyon
scalar field as mentioned in Eq.(1.59¢). Now let’s discuss about the EoS for all three

components individually in next section.

5.3.1 EoS and density parameters in Component form:

In this section individual components of EoS are discussed. Here we have three different

components of EoS for various values of parameters:

A. Kinetic term: EoS of the kinetic component of the scalar field is:

_x__1
px 222 -1

wx (5.19)

from the above equation, we can see that EoS of a kinetic term is independent of second

parameter 5 and only depends on the choice of parameter « similar to [144, 151].

Case Al. For @ >> 1 the EoS of kinetic term wx — 0 i.e. the kinetic term could
play a role of Dark Matter for the larger values of «.

Case A2. When a = 0, the kinetic term becomes —1; however, both the pressure and
energy density vanish individually, i.e., px = 0 and px = 0.

Case A3. When o = +£1 for this case kinetic term behaves like stiff matter i.e. wx = 1.

The kinetic component of the equation of state (EoS) is independent of the parame-
ter 8. In the case where o > 1, only the kinetic component contributes significantly,
behaving like dark matter, with the EoS approaching zero. Another limiting case is
when a = 0; although the EoS formally becomes —1, but both the energy density and

pressure individually vanish.
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B. Potential term: EoS of the potential component of the scalar field can be written

as:
_w

=-1 5.20
pv ( )

wy

Here, we can interpret the potential term is playing the role of DE. For the simplest case,
if we take V(¢) = ﬁ, as considered in [144], then this potential term, along with the
kinetic term in the limit o > 1, mimics the ACDM model (assuming the contribution
from the mixed term to the EoS is negligible). Other functional forms of V' (¢) can also
be considered; however, in this paper, we focus only on the case of a constant potential.
C. Mixed term: EoS of the mixed components having a combination of both kinetic

and potential parts is given as:

w _ bxv _ V(¢)(1_2X) _ 1_¢‘)2 (5 21)
VT V@A -BRX D) (1-p)d+1 '

Individually, for the mixed component, both the pressure and energy density depend
on the kinetic and potential energy terms. However, the equation of state (EoS) of
the mixed term is independent of the potential V(¢) and the parameter .. Below, we

consider two cases corresponding to different values of 3:

Case C1: For g = 0 the EoS becomes: wxy = ;iz

Case C2: For 8 =1 the EoS becomes: wxy =1 — ¢?

10f===«
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F1GURE 5.2: Evolution of the density parameters corresponding to the kinetic term

(Qx), potential term (v ), and mixed term (x ).The plot shows that the mixed term

dominates initially, while the potential term begins to dominate at a/ag = 1. Here,

Qx ~ Q% = 0.2962 (DESI+BBN [5]), Qv ~ QY = 0.68, with ¢ = 0.9, o = 0, and
g=1.
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FIGURE 5.3: Evolution of the density parameters for the kinetic term (2x), potential
term(§y ), and mixed term. The plot shows that the kinetic term dominates initially,

while the potential term begins to dominate at a/ag = 1. Here, Qx ~ QF, = 0.2962
(DESI+BBN [5]), Qy ~ QY. = 0.68, with ¢ = 0.9, =0, and 3 = 1.
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FIGURE 5.4: Evolution of the density parameters corresponding to the kinetic term
(Qx), potential term (Qy), and mixed term (Qxy ). At early times, the kinetic term
dominates while at some interval of intermediate times, the potential term again
begins dominant over the potential and mixed term. Here, Qx ~ Q% = 0.2962
(DESI+BBN [5]) and Qy ~ QY. = 0.68, with « = —1 and 8 = 0.

Figs.(5.2), (5.3) and (5.4) show the evolution of the energy density components with
respect to the scale factor a/ag for different sets of values of a and 5. For a = 1 and
a = —1, shown in Figs.(5.3) and (5.4) respectively, although during early times mixed
term Qxy dominates potential term, but still remains small throughout the evolution
of the universe and kinetic term dominates at early epochs which may corresponds to
a matter-dominated phase. Near a/ap =~ 1, the potential term starts dominating the
universe, possibly indicating a transition to a DE-dominated phase with EoS wy ~ —1.
Fig.(5.2) shows the evolution of energy density parameters for & = 0 and 5 = 1, we can
see from the Fig.(5.2) that during early times mixed terms dominates while at late times
potential term starts dominating again consistent with the result obtained in Case B

which shows EoS of potential component is always —1 similar to cosmological constant.

For the case where § =1 and o = 0, as shown in Fig.(5.2), the mixed term Qxy plays a
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FIGURE 5.5: Evolution of the energy density components Qv (blue solid line), Qxyv

(red dashed line), and Qx (black dotted line) as functions of redshift z for different

combinations of the model parameters a and 8. Each subplot corresponds to a specific

choice of («, 8), demonstrating the contributions of kinetic and potential terms to the
total energy density.

significant role, particularly in the early universe as a/ag — 1, Qxy starts decreasing,
which could indicate an energy transfer between the three components. As a/ag > 1,
this mixed term decreases and subsequently, the potential term starts to dominate. At
late times, the potential term remains dominant and could behave as DE and could

drive the accelerated expansion of the universe.

Plots shown in Figs.(5.5), (5.6) and (5.7) collectively shows the evolution of all three

energy density components with respect to the redshift z. There are three broad cases:
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z=0 z=0.2 z=0.3

F1GURE 5.6: These 3D plots show the evolution of the energy density parameters Qx

(orange), Qy (blue), and Qxy (green) plotted as functions of the model parameters

« and (8 at various redshifts: z = 0, 0.2, 0.5, 0.7, 1, 1.2. These plots demonstrate

how the relative contributions of the kinetic term, potential term, and the mixed term

evolve with cosmic time, highlighting the dynamic behavior of the model across different
epochs.

a =21, a =0and a > 1 V5. Let’s first discuss about the case when a = +1; in
this case when the redshift z > 1, kinetic term is the dominating one while potential
term Qy = 0, as seen in Case A3, Q2x behaves as stiff matter with EoS wx = 1 but, as
z — 0.9 (as seen in Figs. (5.5), (5.6) and (5.7)) Qy starts increasing while Qx decreases
and as z — 0.3, Qy starts dominating other two components similar to the one seen
in Case B where EoS for potential component is wy ~ —1. At present value of z i.e.
z = 0, this potential term dominates the universe with values nearly Qy = 0.68 = Qg4
and Qx =~ 0.3 = Q,, while the mixed term is approximately zero and as we more further

with z < 0 Qy starts increasing more while (2x and € xy approaches nearly zero.

Now, for the cases with a = 0, as shown in Figure (5.7) that when z > 1, Qxy is
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FicURE 5.7: These 3D plots show the evolution of the energy density parameters

Qx (orange), Qy (blue), and Qxy (green) as functions of redshift z and the model

parameter [, for different fixed values of @« = —1,0,0.5,1,1.5,2.5. These plots illustrate

how the contributions from the kinetic, potential and mixed components vary over

cosmic time depending on the choice of a, revealing the sensitivity of the model’s
dynamics to this parameter.

dominating over other two components and from Fig.(5.6) we can see that near z ~ 2
density parameters Qx and Qy starts dominating Qxy (all balancing each other). Near
z ~ 0.7, as shown in Figs.( 5.5) and (5.7) we can observe a transition between Qxy and
Qy while near z = 0.5, Qx surpasses 2xy while still 2y, remains the dominant. Near
z < 0 as seen in Fig.(5.5) Qy is dominating the evolution behaving as DE with EoS
wy =~ —1 while during intermediate times 2x behaves as matter with EoS wx ~ 0 for

this particular case when o = 0.

Another scenario is when « > 1, here in this case for z > 2 as seen in Fig.(5.5), Qxv
is the dominating component as compared to 2x and Qy but, as z — 1.48, we can

see a transition between 2x and Qx after which Qx starts dominating the evolution
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and dominates until z — 0.3 and )y starts dominating Qx and €2xy which can be
seen in Figs.(5.5), (5.6) and (5.7) and at present epoch z = 0, again y dominates
kinetic and mixed components while Qx dominating Qxy following which again we
can say potential term behaves as DE with wy = —1 and (2x behaves as matter with
EoS wx = 0 for this case with o > 1(as shown in case Al). Together, these figures
highlight the dynamical interplay between kinetic, potential and mixed terms, governed
by a and 8 and demonstrate the model’s capability to naturally interpolate between

matter-dominated and DE-dominated phases of cosmic evolution.

5.4 Om(z) Diagnostics:

To assess the observational viability of the generalized Lagrangian model, Let’s perform a
preliminary analysis by constraining the model parameters a and S using the evolution
of the Hubble parameter as given in Eq. (5.10). For simplification, Let’s consider a
constant scalar potential V' (¢) = V) and assume the equation of state parameter for the

scalar field takes the form wg = wo + €, as introduced in Eq. (5.24).

In order to connect the model with observations, we need fit the parameter space to
recent cosmological data. Specifically, using the combined constraints from the DE
Spectroscopic Instrument and Big Bang Nucleosynthesis (DESI4+BBN) [5], which pro-
vide 02, ~ 0.2962 and Y, ~ 0.68, along with the Planck 2018 results [13], which yield
a Hubble constant of Hy ~ 67.4kms~! Mpc™*.

In the limit @ > 1 and 8 = 0, the model reduces effectively to the standard ACDM
scenario. Under these conditions, the scalar field equation of state approaches wy ~ —1,

and the potential is approximately given by

3HZ 3H?
~——=x 5 ~0. —.
Vo 8tG X Lhge 72 0.68 x 837G

This correspondence supports the model’s consistency with current DE density estimates

when it behaves like a cosmological constant.

For 8 = 1, which corresponds to the tachyon field configuration, the requirement
¢»?> < 1 ensures that the field does not become superluminal and that the equation

of state remains in the range wy > —1. This is consistent with observational bounds on
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quintessence models, particularly those derived from Type Ia supernovae data, which

suggest wy > —1.1 [2, 3].

Alternatively, the model also accommodates phantom-like behavior for the parameter
choice o = —1 and 8 = 0, where wy < —1. Such scenarios are supported by some
interpretations of combined Cosmic Microwave Background (CMB) and Baryon Acoustic
Oscillation (BAO) data [38, 39]. However, to remain within observationally acceptable

limits, the deviation from w = —1 must be small, typically requiring |e| < 0.1.

These indicative constraints demonstrate the flexibility of the generalized Lagrangian
framework in reproducing key cosmological behaviors such as those corresponding to
ACDM, quintessence, and phantom DE by suitable choices of the model parameters «
and S.

In modern cosmology, one of the essential goals is to distinguish between different models
of DE, particularly those that go beyond the standard ACDM paradigm. To achieve
this, researchers often rely on diagnostic tools that are independent of the assumptions
about the underlying nature of DE. One such powerful and widely used tool is the Om(z)

diagnostic.

The Om(z) diagnostic was introduced as a way to evaluate the behavior of the Hubble
parameter H(z) without needing to differentiate it or assume a specific form for the DE
equation of state. It is defined using the normalized Hubble parameter E(z) = H(z)/Ho,
where Hj is the current value of the Hubble constant. The Om(z) function is given by:

E(z)? -1

Om(z) = (FSEEs

(5.22)

This expression has a particularly important feature: in the standard ACDM model,
where the universe contains only matter and a cosmological constant, Om(z) remains

constant for all redshifts. That is,
Om(z) =0, (5.23)

where QU is the present-day matter density parameter. Any deviation from a constant
value of Om(z) across redshifts indicates a departure from the ACDM model and can

signal the presence of dynamic DE or modifications to general relativity.
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In models where the DE component evolves with time, Om/(z) becomes redshift-dependent.

For example:

e If Om(z) increases with redshift, it may indicate a phantom-like behavior (i.e.,

w < —1).

o If Om(z) decreases with redshift, it may suggest quintessence-like behavior (i.e.,

w > —1).

What makes the Om(z) diagnostic particularly useful is its reliance only on the expan-
sion history, which can be directly reconstructed from observations such as supernovae
data, Baryon Acoustic Oscillations (BAO), and Cosmic Chronometers. This avoids

complications arising from integrating or differentiating noisy observational data.

In the context of our generalized Lagrangian model, we use the Om(z) diagnostic as
an independent test to verify whether the behavior of our scalar field model mimics
ACDM, deviates towards quintessence, or enters the phantom regime. By comparing
the theoretical predictions of Om(z) from our model with observational reconstructions,
we can further constrain the parameters o and  and assess the cosmological viability
of the model. In order to perform the Om(z) diagnosis let’s parameterize the EoS using
CPL [155, 156] as shown below:

Wy = wWo + € (5.24)

where, wg repesents the EoS parameter of standard ACDM while € represents the slight
deviation from ACDM and has the following values for Quintessence and Tachyon scalar
field € > 0, for Phantom € < 0, and for Cosmological constant e = 0 and wyg = —1. Using

Eq. (5.24) and Eq. (5.12), the general form of the EoS can be rewritten as:

3 _ Bd?
‘ <2a 1f¢'>2>
wy = —1 (5.25)

(2a3 — 2+ (1 - 2¢) (15_45;2))

Now, for flat universe the Om(z) diagnostic can be written as [156]:

_hQ(x)—l
o3 =1

Om() (5.26)



Chapter 5. Generalizing Scalar fields 98

here h(x) = %Om). Using Eq.(5.10) the Om(z) diagnostic for flat universe becomes:

(5.27)

OM(z) = Q) + (1 — Q) <(1 + 2)30Fws) 1)

(I+2)3 -1

From Eq.(5.27) one can find that OM(z) = QU for ACDM model, which can also be

1o Quintessence R e e Quintessence
..... Phantom R _.<*" ] ----- Phantom
‘‘‘‘‘‘ Tachyon . _,-"- i Tachyon

Cosmological Constant Cosmological Constant

FIGURE 5.8: These plots show the variation of Hubble parameter squared v/s cube of
cosmological Redshift parameter x = 1 + z. Plot on the left the values of parameter
(¢) for Quintessence (black-dotted) and Tachyon(red-dotted) is taken to be ¢ = 0.1,

e = —0.1 for Phantom (blue-dashed) and ¢ = 0 for Cosmological constant(green-solid)
and the graph on the right is for Quintessence and Tachyon with ¢ = 0.2, Phantom
with e = —0.2 and Cosmological constant with e = 0 here wy is taken to be -1.

seen in the plots shown in Fig.(5.9) that ACDM follows a straight path having Q0 as
slope, we can also see that at t = 241 =1 = at z = 0 all the three curves meet at a
single point h(zx) = H(z)/Hy. Om(z) shows consistent results and differentiates all the
three classes of scalar field from ACDM.

Plots shown in Fig.(5.8) depict the variation of Hubble parameter squared H?(z) versus
cube of redshift parameter 2° = (14 2)? for our proposed generalized form of Lagrangian
having different DE models in a single frame. The cosmological (constant green solid
line) serves as a baseline where phantom scalar field (blue dashed line) exhibits faster
expansion consistent with its repulsive nature while quintessence (black dotted line)
diverges slightly slower at higher redshifts 2> < 1 highlighting how this generalized La-
grangian can show smooth transitions between different DE models through a single

framework.
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FIGURE 5.9: The plot shows the Om(z) diagnostic of our generalized model, differ-
entiating dynamic DE models from ACDM. Plot on the left the values of parameter
(e) for Quintessence (black-dotted) and Tachyon(red-dotted) is taken to be e = 0.1,

€ = —0.1 for Phantom (blue-dashed) and ¢ = 0 for Cosmological constant(green-solid)
and the graph on the right is for Quintessence and Tachyon with ¢ = 0.2, Phantom
with € = —0.2 and Cosmological constant with € = 0 here wyq is taken to be -1.

Cosmological Constant

Plots in Fig.(5.9) show that cosmological constant remains static around 0, ~ 0.2962

confirming the constant nature of cosmological constant while quintessence, phantom

and tachyon shows variation in Om(z) parameter with respect to redshift reflecting their

accelerated expansion rate demonstrating time varying EoS. There finding emphasizes

the utility of Om(z) diagnostics in distinguishing between DE models and demonstrates

just by changing the parameters a and 8 generalized model can easily transition between

quintessence, phantom and tachyon.

Fig: (5.10) shows how the behavior of generalized scalar field model is affected by

. 3 I B=0,a»1 AR e B=0
B B 1---- B=1,a>»1 s [ [ IEELED =1
‘‘‘‘‘‘ B>l a»1 03 e Bl

Cosmological Constant

FIGURE 5.10: The plot shows the Om(z) diagnostic of our generalized model, differen-

tiating dynamic DE models from ACDM. Plot on the left shows the variation of H?(z)

vs 2% for a >> 1 and for the three cases of parameter 3. While plot of the right shows
the Om(z) diagnostics for the same cases with o >> 1

Cosmological Constant
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the choice of parameter 8 with a >> 1. Specifically, for § ~ 0 and a >> 1 case we can
say, generalized model mimics cosmological constant behavior and as § increases, curves
start deviating away from cosmological constant. The plot on the right side shows the

Om(z) diagnostics and as f =0 and § = 1 case aligns with cosmological constant.

5.5 Fifth Interaction via Coupling in Dark Sector:

In the standard cosmological framework, DE and DM are typically treated as indepen-
dent components that influence the expansion of the universe only through gravity. How-
ever, this assumption may be an oversimplification of the true nature of the dark sector.
From both theoretical and observational perspectives, there could be a possibility that
DE, especially when modeled as a dynamical scalar field, could possibly interact with
DM. This interaction can manifest as an additional, non-gravitational force—commonly

referred to as the fifth interaction.

The concept of a fifth interaction arises naturally in various extensions of general relativ-
ity and high-energy physics, including scalar-tensor theories, extra-dimensional models,
and string-inspired frameworks. When a scalar field couples to the matter content of
the universe, it mediates a force distinct from the four known fundamental interactions:
gravitational, electromagnetic, strong, and weak. This additional interaction can mod-
ify the cosmic expansion and structure formation, potentially offering new insights into
the late-time accelerated expansion of the universe or even providing a more unified

understanding of DE and dark matter.

In the context of our generalized Lagrangian framework previously shown to encom-
pass quintessence-, phantom-, and tachyon-like behaviors within a single scalar field
model—it is both natural and theoretically motivated to consider a direct coupling
within the components of the scalar field itself. Rather than introducing an external
matter component, so in this section we will explore the possibility of an internal inter-
action between the kinetic and potential contributions of the field. To model this, Let’s

introduce a phenomenological coupling term of the form:

Q = 3H~(px + pv),



Chapter 5. Generalizing Scalar fields 101

where @) represents the interaction term, H is the Hubble parameter, v is a dimensionless
coupling constant characterizing the strength of the interaction, and px and py are the
energy densities corresponding to the kinetic and potential parts of the generalized scalar

field, respectively.

This interaction enables a dynamical exchange of energy within the scalar field frame-
work, modifying the background evolution of the universe. Depending on the sign of -,
energy can flow from the kinetic component to the potential component, or vice versa.
Such a mechanism may help address cosmological challenges, such as the “coincidence
problem,” by allowing the effective equation of state to evolve in a way that adjusts the

balance between the components dynamically.

Furthermore, the presence of a fifth interaction can lead to observable effects in the
cosmic expansion history and structure formation. These include deviations from the
standard Hubble evolution, changes in the growth rate of density perturbations, and

time-dependent behavior of the effective DE equation of state.

In this chapter, we extend our previously developed non-interacting scalar field model
by incorporating this internal coupling with the aim to study its consequences on the
cosmological background and assess its viability through suitable diagnostics and ob-
servational constraints. As discussed in Chapter 3, introducing a coupling term in
the continuity equation leads to local non-conservation of energy, although the total
energy-momentum remains conserved globally. Motivated by this, Let’s now proceed by

assuming a coupling of the form:

Q= 3H(px + pv),

and analyze its impact on the cosmological dynamics within our generalized scalar field
framework:

,():X‘F?)H,Ox(l-l-wX) =1 (5.28&)
pv + 3Hpv(1 + wv) =—Qs (528b)

pxv +3Hpxyv(1 4+ wxy) = Q2 — Q1 (5.28c¢)
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which is conserved globally as:
Py +3Hpy(l+wy) =Q1 — Q2+ Q2 —Q1=0 (5.29)
Here, the coupling under consideration is :
Q =3Hy(px + pv) (5.30)
where, we have
Q1 =3Hvpx (5.31a)
and
Q2 = 3Hypy (5.31b)

Where, QQ = (1 + @2 is the phenomenological coupling parameter under consideration.

Now, as we did before our next task is to calculate the scaling solutions.

e Scaling solution of kinetic term i.e. Eq. (5.28a):

) a
PX -3(14+wx —v)—
PX a
which on solving comes out to be:

(-3(L+wx ) »
) = 0 (14 2)(BHwx =)

_ 0 (2
PX = Px 0

e Scaling solution of potential term i.e. Eq. (5.28b):

) a
a4 = —3(1 + wy +’Y)*
9% a

which on solving comes out to be:

) (=3(1+wx+7))

a — w
pv =Y <ao = P (L4 2) )

e Scaling solution of mixed term i.e. Eq. (5.28¢):

(5.32)

(5.33)

o [ a (=3(1+wx+7)) 0 a (=3(1+wx—7))
pxv+3H(1+wxv)pxy = 3Hy | py <a0> - px <>

ao
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which we can easily solve using linear differential equation and the solution is:

q \ 3twxv) q \ ~3twv+y)
ao ~\ao

’Y,O())( < a >3(1+7UXV'Y) < a >3(1+wxv)
_l’_ N —_ N
(wy —wxv —7) | \ao ag

VY

+
(wy —wxv +7)

ao

3(1 'UJX(/)
0
“i PXV ( >

(5.34)
In terms of energy density parameter the above equations can be rewritten as:
Qx = 0% (1 + 2)30Fwx=7) (5.35a)
Qp = QY (14 2)30+wx+) (5.35b)
Qxy = Qg{v (1+ 2)3(1+wxv) + 'YQ?/ [(1 + 2)3(1+wxv) —(1+ 2)3(1+wv+7)}
(wy —wxv +7)
09
+ Vi {(1 + z)3(1+wxv—7) —(1+ Z)3(1+wxv)}
(wx —wxy —7)
(5.35¢)

5.6 Fifth Interaction from Energy-Momentum Transfer

In this section, we are going to derive the expression for the fifth interaction acting on
each component of the generalized scalar field system due to energy-momentum exchange
which we assumed is due to the mixed term. The interaction between sub-components of
the scalar field leads to non-conservation of individual energy-momentum tensors, while

the total energy-momentum remains conserved.

So, here as we have considered in last section; the three interacting components of the
scalar field: ¢x, ¢y, and ¢xy, each described by a perfect fluid energy-momentum
tensor:

Tt = (pi+P)UMU” +pigh, i= X, V. (5.36)
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The energy-momentum transfer between components is encoded via the covariant con-

servation equations as:

VTl = Q. (5.37)
VTl = @, (5.38)
VTl = (@2 — Q1) (5.39)

such that the total conservation condition is satisfied:

VTS =V, (TH + T + T ) = 0. (5.40)

As we have defined earlier the interaction terms as:

Q1 = 3Hpx, (5.41)
Q2 = 3H~pv, (5.42)
Q= Q1+ Q2=3HY(px + pv). (5.43)

In order to derive the fifth interaction acting on each component, the covariant derivative

of the energy-momentum tensor is found to be:

VI =V, [(pi + pi) UFUY + pig"”]
=U"[(pi + pi)V, U + UMV u(pi + pi)] + (pi + p) UV U + V',

=U"[(pi + pi) VU + UPN 4(pi + pi)] + (pi + pi)a” + Vp; (5.44)

where U"V,U* = a" is the four-acceleration. In relativistic fluid dynamics, the covariant
conservation of the energy-momentum tensor,V,T"" = @), contains both temporal and
spatial components. In order to isolate the spatial acceleration due to pressure gradients

or interaction forces, we are required to project this equation orthogonally to the fluid
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4-velocity U*, which can be achieved using the projection tensor!:

W = gt 4 UPUY (5.45)

which satisfies h**U,, = 0 and acts as a metric on the 3-space orthogonal to U¥. Now,
by applying h", to the conservation equation Eq.(5.44), we can remove the energy-flow

terms and yields an expression for the 4-acceleration:
W NVGTG = QF (5.46)

where a# = UV, U* is the fluid’s 4-acceleration and Q'] = h',Q" is the spatial in-
teraction force, often referred to as the unknown fifth interaction between dark sector
and after projection this energy exchange leads to deviations from geodesic motion. Lets

discuss in more details; so the projected divergence using Eq.(5.44) and Eq.(5.45) yields:
WL T = B [0 (pi + pi) VU™ + UV (s + p0)) + (i + pi)a” +V"pi] - (5.47)

As mentioned earlier the projection operator h*” is orthogonal to the four-velocity U* of
a fluid element. By definition, this orthogonality implies h**U, = 0, ensuring that any
quantity projected using h*¥ lies entirely within the spatial hypersurface orthogonal to
U*, i.e., the local rest frame of the fluid. Using this condition, the equation governing
the conservation of energy-momentum for a specific component of the cosmic fluid (in

our case X and V, indexed by @) can be projected onto the spatial hypersurface to give:
(pi +pi)a" + WV yp; = Qf (5.48)
where:

e p; and p; are the energy density and pressure of the component ¢ = X,V with XV

acting as some interaction between kinetic and potential term.

e gt = UYV,U" is the four-acceleration of the fluid element.

!The use of projection tensors is standard in relativistic hydrodynamics and cosmological scalar
field dynamics. It has been employed in several works on interacting DE and fifth force scenarios
[157-159]. A detailed application to interacting scalar field-fluid models was presented in [107], where
the fifth interaction is derived from a variational principle involving coupling to a scalar field. These
frameworks all rely critically on the projection tensor to properly separate energy conservation (timelike)
and momentum dynamics (spacelike) in curved spacetime.
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e Q! represents the interaction four-vector describing the exchange of energy and

momentum with other components.
e and h*"V,p; denotes the projected pressure gradient orthogonal to the flow.
Rearranging this equation, we isolate the four-acceleration to determine the effective
fifth interaction per unit mass experienced by the component due to the mixed term:

_ 1
pi + pi

flr=a" (QY — W' N, p;) (5.49)
This expression reveals that the fifth interaction emerges from both the non-conservation
of energy-momentum (encoded in Q) and the spatial variation of pressure. The struc-
ture of this fifth interaction shows that it is non-gravitational in nature and dependent
on the underlying interaction. In the absence of such interactions or pressure gradients,
this fifth interaction vanishes, and the fluid element follows geodesic motion as expected
in standard general relativity. In the next step, lets proceed to substitute explicit forms
for the interaction terms to explore different physical implications and how they influ-
ence cosmic evolution through the fifth interaction. So, on substituting the interaction

terms we get:

e For the kinetic component of generalized scalar field (say ¢x):

1
fx = X DX (3HvpxU* — W'V, px) . (5.50)

e For the potential component of generalized scalar field (say ¢y ):

= o GHpy U = o). (5.51)
These expressions could quantify the nature of the fifth interaction acting on each com-
ponent of the generalized scalar field, arising from both interaction-induced momentum
exchange and the spatial variation of pressure. In the above formulation, the interaction
terms QY = 3HvypxU" and QY, = 3HypyU* have been substituted into Eq. (5.46) for
the kinetic and potential parts of the field, respectively. The resulting fifth interaction
[ and f{; represent the specific acceleration each component experiences due to the

coupling.
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Physically, the fifth interaction can be interpreted as a non-gravitational, interaction-
driven correction to the geodesic motion of the scalar field components. It alters the
trajectory of the field fluid in spacetime, and thus has a direct impact on the evolution
of the universe’s large-scale structure. Notably, this fifth interaction is orthogonal to the
four-velocity, as enforced by the projection operator, ensuring that it contributes only

to the spatial (non timelike) evolution in the fluid’s rest frame.

The relative significance of this interaction varies over cosmic time, depending on which
component i.e. kinetic (¢x) or potential (¢yv) is dynamically dominant. For instance,
may be during early epochs when the kinetic term dominates the f§ could primarily
dictate the dynamics. At late times, when the potential energy takes over, f{} could
show the more relevant contribution. This transition could have important implications
for the effective equation of state of the scalar field, potentially leading to behaviors that

mimic DE,; dark matter, or maybe even more exotic cosmologies.

By studying these fifth interaction contributions individually, one can gain insights into
the role of internal field dynamics in shaping cosmic acceleration, offering a richer frame-
work than models with purely gravitational interactions. The precise nature and fun-
damental characteristics of this interaction within the dark sector remain among the
most intriguing and unresolved problems in modern cosmology. While it is well estab-
lished that DE and dark matter govern the dynamics of the universe on large scales,
the possibility that these two components may interact beyond gravitational coupling
opens up new avenues for theoretical and observational investigation. Such interactions
could manifest as deviations from geodesic motion (as we have seen in this section), non-
conservation of individual energy-momentum tensors or altered growth rates of cosmic
structures. Despite various phenomenological models and preliminary constraints, the
physical origin, strength, and evolution of this interaction remain largely speculative. A
deeper understanding of this interaction not only has the potential to shed light on the
fundamental nature of the dark sector but may also provide critical insights into the
late-time acceleration of the universe and the resolution of tensions between different

cosmological components.
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5.7 Conclusion:

In this study, we have developed a novel generalized Lagrangian framework that uni-
fies three distinct scalar field models Quintessence, Tachyon, and Phantom through a
parameterized approach using two key constants, « and . Specifically, the combina-
tions (o = 1,5 =0), (¢ = =1, = 0), and (o = 0,8 = 1) reproduce the dynamics of
Quintessence, Phantom, and Tachyon fields, respectively The proposed Lagrangian, mo-
tivated by effective field theories and non-canonical models, contains two parameters,
« and f, enabling the scalar field to exhibit the behavior of a three-component fluid

model.

A key finding is the Lagrangian’s ability to encapsulate these scalar fields as a three-
component fluid system, comprising a kinetic term (Qx), a potential term (Qy ), and a
mixed term (Qxy ), which we have decomposed by expanding (1 — X?)%/2 using Taylor’s
expansion which leads to a constraint 0 < q52 << 1. This decomposition provides a
versatile tool for interpreting the interplay between dark energy and dark matter across
cosmic evolution where potential component act as dark energy with EoS wy ~ —1 and
for @ > 1 kinetic term behaves as matter with EoS wx ~ 0. We have used preliminary
observational constraints using DESI4+BBN [5]. The potential term consistently exhibits
dark energy-like behavior, while the kinetic term behaves as dark matter for the case
only when o > 1. Future work will extend this analysis to additional scalar field models,

observational constraints and perturbation dynamics.

Our analysis reveals that the potential term consistently exhibits DE-like behavior with
an equation of state (EoS) wy = —1, irrespective of a and 3, aligning with the cos-
mological constant in the simplest scenarios. Conversely, the kinetic term demonstrates
remarkable flexibility: for large v (o > 1), it mimics dark matter with wx — 0, while

at o = £1, it transitions to stiff matter with wyx = 1.

The Om(z) diagnostic analysis further underscores the model’s robustness, effectively
distinguishing the evolutionary trajectories of Quintessence, Phantom, and Tachyon
from the static ACDM baseline. This diagnostic highlights the smooth transitions be-

tween these scalar field behaviors, achievable solely through adjustments to « and 3,
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demonstrating the framework’s phenomenological richness. Preliminary constraints us-
ing DESI4+BBN [5] and Planck data [1, 2, 13] data affirm the model’s observational via-

bility, while stability conditions ensure its physical consistency across parameter regimes.

The O,,(z) diagnostic analysis further underscores the model’s robustness, effectively
distinguishing the evolutionary trajectories of Quintessence, Phantom, and Tachyon
from the static ACDM baseline. This diagnostic highlights the transitions (at 2® ~ 1
see Fig.(5.8)) between these scalar field behaviors, achievable solely through adjustments
to a and B, demonstrating the framework’s phenomenological richness. Preliminary
constraints using DESI+BBN [5] and Planck data [1, 2, 13] data affirm the model’s

observational viability.

A notable feature of this model is the emergence of an effective interaction within the
dark sector, manifesting as an additional acceleration term in the fluid’s dynamical
equations. This interaction, derived from projecting the energy-momentum conservation
equation orthogonal to the fluid four-velocity, encapsulates the momentum exchange
between components without invoking external forces. The resulting interaction term
depends on both the energy exchange vector Q" and the projected pressure gradients
h*"V,p, and its magnitude varies depending on the dominance of the kinetic or potential
field components. This interaction modifies the standard geodesic motion, introducing
corrections that are purely internal to the field dynamics. Importantly, it becomes
a significant driver of cosmic acceleration in epochs where the mixed term is active,
enriching the model’s capacity to describe transitions between different phases of cosmic

expansion.

Although this work does not propose a dynamical unification in the traditional sense,
it establishes a cohesive mathematical scaffold that elucidates the shared structural
properties of these scalar fields. This reformulation enhances the understanding of their
mutual interactions and sets a foundation for deeper exploration of their cosmological
implications and fifth interaction in dark sector. Looking ahead, the model can be
refined more by incorporating additional scalar field variants, conducting comprehensive
observational tests with datasets such as DESI, supernovae Type la, cosmic microwave
background, large-scale structure surveys and performing detailed perturbation analyses.
These efforts will further elucidate the interaction dynamics of the mixed term, the

observational signatures of the mixed term’s coupling effects and solidify the model’s
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predictive power potentially offering new insights into the nature of DE and DM in the

universe.



Chapter 6

Conclusion

Over the past few decades, the nature of DE and its role in cosmic evolution has emerged
as one of the most compelling mysteries in cosmology. Motivated by the remarkable
discovery that our universe is not only expanding but accelerating in its expansion,
this thesis set out to explore both interacting and non-interacting models of DE within
scalar field frameworks. Through a detailed and multi-faceted investigation, we have
developed and analyzed models that not only conform to current observations but also
provide novel theoretical insights into how the dark sector might behave—particularly

around the cosmologically significant epoch known as the inflection point.

In the first major part of this study, we investigated canonical scalar field models, pri-
marily focusing on quintessence, wherein a slowly evolving scalar field rolls down its
potential and mimics the negative pressure required to drive cosmic acceleration. By
introducing interaction terms between the scalar field and the dark matter component,
we studied two specific forms of coupling: one proportional to the Hubble parameter
and matter density (QQ = 3Hap.,), and another involving the time derivative of matter
density (Q = 38pm). These forms were not chosen arbitrarily but were inspired by both
phenomenological relevance and theoretical consistency. Through analytical derivations
and numerical simulations, it was shown that these couplings significantly affect the
dynamics of the scalar field near the inflection point, the transitional era where cosmic

deceleration gives way to acceleration.

The analysis revealed that the sign and magnitude of the coupling parameters determine

the direction of energy flow between DE and dark matter. In cases of negative coupling,
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energy is transferred from dark matter to DE, potentially alleviating the coincidence
problem by allowing both components to evolve in a correlated manner. Conversely, a
positive coupling leads to energy flow in the opposite direction, impacting the effective
equation of state and background evolution. Importantly, these models were found to
admit stable attractor solutions and remained consistent with present-day observations

of density parameters and Hubble evolution.

The second major part of the thesis turned to a non-canonical scalar field model: the
tachyon field, which originates from string theory and presents a different dynamical
structure due to its Born—Infeld-type action. Here, we explored scenarios without direct
coupling to matter, thus allowing a clean investigation of the field’s intrinsic dynamics.
Using different functional forms of the scale factor including power-law, exponential and
hybrid models—we examined the tachyon field’s behavior near the inflection point and
found it capable of producing stable, accelerating solutions. Phase-space analysis showed
that the system admits critical points corresponding to accelerated expansion, and the
position and stability of these points depend sensitively on the model parameters. The
findings reinforce the tachyon field’s role as a viable DE candidate even in the absence

of interaction.

Perhaps the most innovative and integrative part of this thesis lies in the formulation of
a generalized scalar field model that unifies multiple scalar field theories quintessence,
phantom, and tachyon—into a single Lagrangian framework. By introducing two real
parameters, o and [, we created a flexible Lagrangian capable of interpolating between
different dynamical behaviors. This generalization not only simplifies the comparison be-
tween models but also reveals new intermediate behaviors, especially near the inflection

point, where the expansion history of the universe undergoes qualitative changes.

One of the most intriguing outcomes of this general framework is the theoretical proposal
of a fifth fundamental interaction, mediated through the coupling between DE and dark
matter. By carefully analyzing the energy momentum tensor and incorporating a non-
zero covariant divergence, we identified terms that naturally give rise to a fifth interaction
within the dark sector. This force is neither electromagnetic, gravitational, weak, nor
strong—but a consequence of scalar field dynamics in an interacting DE model. The
fifth interaction emerges as a dynamical correction to particle motion, altering geodesics

and potentially modifying the growth of cosmic structures. These findings hint at the
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possibility that the dark sector is governed by its own set of fundamental interactions an
idea that, if verified observationally, would mark a paradigm shift in our understanding

of nature.

Furthermore, we employed model independent diagnostics such as the Om(z) analysis to
distinguish the behavior of our generalized model from the standard ACDM cosmology.
The results showed deviations that are both physically meaningful and within obser-
vational bounds, demonstrating that the proposed models are not only theoretically
consistent but also observationally viable. In summary, the key contributions of this

thesis can be outlined as follows:

A detailed analysis of interacting quintessence models was carried out near the
cosmic inflection point, offering new insights into how energy exchange between

DE and DM affects cosmic dynamics.

e The study of non-interacting tachyonic scalar fields revealed that even in isola-
tion, DE can drive late-time acceleration and admit stable solutions under diverse

expansion histories.

e A generalized scalar field Lagrangian was proposed that unifies quintessence, tachyon,
and phantom behaviors within a single framework, enhancing our ability to model

diverse cosmological phenomena.

e The concept of a fifth fundamental interaction arising from DE-DM interaction
was introduced and theoretically justified using the energy-momentum transfer

formalism.

e Compatibility of the proposed models with current observational data was demon-
strated through diagnostic tools and numerical simulations, reinforcing their po-

tential relevance in explaining the universe’s accelerating expansion.

This work not only enriches the theoretical landscape of scalar field cosmology but
also opens new directions for research into fundamental interactions in the universe.
As observational data from next-generation surveys (such as LSST, Euclid, and future
DESI releases) become available, the predictions made in this thesis may be tested with

greater precision. It is hoped that the theoretical frameworks and insights developed
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here will contribute meaningfully to the continued pursuit of one of the most profound

questions in science: What is the true nature of the dark sector in our universe?



Chapter 7

Future Plan

Building my thesis “A Theoretical Analysis of Interacting and Non-Interacting Dark
Energy,” which explores dark enery (DE) and dark matter (DM) interactions. My fu-
ture directions of work are for investigating quantum effects of DE focus on integrating
quantum gravity frameworks such as the Generalized Uncertainty Principle (GUP), Ex-
tended Generalized Uncertainty Principle (EGUP), Causal Set Theory, Loop Quantum
Gravity (LQG), and other approaches. In what follows next, we will list out some of

these possible paths where we can carry out our future work.

e Investigate how GUP, which introduces a minimal length scale, modifies the dy-
namics of DE fields (e.g., quintessence or unparticle DE) in interacting DE-DM

scenarios.

e Explore the Extended Generalized Uncertainty Principle (EGUP), which includes
linear and quadratic momentum terms, to model quantum gravitational effects on
DE in higher-dimensional or braneworld scenarios, extending the thesis’s tachyon

field analysis.

e Study DE dynamics in Causal Set Theory, a quantum gravity approach where
spacetime is a discrete, partially ordered set, to explore quantum fluctuations

affecting DE-DM interactions.

e Formulate an effective field theory for the DE-DM fifth force and test signatures

in modified gravity or equivalence principle experiments.
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e Analyze DE dynamics in LQG, where spacetime is quantized into spin networks,
to understand how quantum geometry affects interacting DE-DM models and the

proposed fifth force.

e Investigate quantum gravitational effects on DE using holographic principles (e.g.,
AdS/CFT) or string theory, connecting to the thesis’s tachyon field and unified

dark sector frameworks.
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