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Abstract

The need of structural components, working under thermal and mechanical loading, is
rising in the modern engineering. It is essential to understand the performance of these
components under transient and steady state conditions. Visco-thermoelastic materials,
which exhibit time-dependent deformation due to viscosity and thermal relaxation ef-
fects, provide a realistic framework for modeling such conditions. Visco-thermoelastic
structures, such as beam and plate resonators, are widely used in microelectromechani-
cal systems (MEMS), and high-precision instrumentation, where both thermal and me-
chanical fields interact under dynamic service conditions. Traditional elastic or purely
thermoelastic models frequently make inaccurate predictions about deflection because
they do not account for the effects of material viscosity and finite thermal wave propa-
gation. Through the incorporation of thermal relaxation time, the Lord–Shulman (LS)
generalized thermoelasticity framework offers a more accurate description, facilitating
improved modeling of both transient and steady-state responses.

The primary objective of this study is to develop and assess mathematical models
for predicting deflection in visco-thermoelastic plate and beam resonators under var-
ied loading scenarios. Taking into account the interaction of thermal, mechanical, and
viscoelastic effects, the study aims to investigate the deflections of beam resonators
and plate resonators under harmonic and uniform loads. The study also highlights the
evaluation of mode shapes and their variations for higher modes, tracking the evolution
of deflection profiles over time, and examining spatial patterns of deflection across the
structure. To create a strong foundation for precise performance prediction in resonator
applications, the impact of boundary conditions on the spatial response is evaluated.
The thesis is divided into five chapters.

First chapter includes the basics of classical theory of elasticity, viscothermoelastic-
ity and basics of the Lord Shulman (LS) theory of thermoelasticity. The chapter further
discusses about transverse vibrations and bending theory in different structures. Also,
brief literature survey in the area under study is given.

Second chapter includes the discussion about deflection induced in one-dimensional
beam under uniform loading in the framework of LS theory. Displacement vector is
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written in accordance with Euler-Bernoulli beam theory. The study is carried out under
two cases of static deflection and dynamic deflection by using L.T. w.r.t. spatial variable
x and time variable t. Three types of boundary conditions are considered: CC, SS and
CF. Method of residues is used for inverse L.T. Graphical results are used to depict
the behaviour of deflection across the length of beam and at different time. The static
and dynamic deflections are compared in terms of response ratio and is demonstrated
graphically also.

Third chapter includes the discussion about deflection in beam under time harmonic
load in the context of LS model. Euler-Bernoulli beam theory is employed to write
bending moments for viscothermoelastic beams. Temperature distribution function,
bending moment and hence deflection are derived post non-dimensionalisation with
the use of L.T. Specific types of boundary conditions such as CC, SS and CF are taken.
Method of residues is applied for inverse L.T. The numerical results of deflection are
demonstrated for different modes using graphical illustration.

Fourth chapter is an extension of work carried out in second chapter. It includes the
study of deflection in viscothermoelastic rectangular plate under uniform loading in the
framework of LS theory. Displacement vector is written in accordance with Kirchhoff-
Love plate theory. Governing equations of heat conduction and bending moments in
dimensionless form are solved using L.T. w.r.t. time variable t and FFST w.r.t. spa-
tial variable y. Method of Residues is used for inverse L.T. The study of deflection is
carried out under two boundary conditions of CSCS and SSSS plate. Numerical com-
putation and graphical interpretation is carried out using MATLAB. The graphs depict
the variation of deflection along the edges of plate at different time and for different
modes.

Fifth chapter is an extension of work carried out in third chapter. It includes the
study of deflection in viscothermoelastic rectangular plate under time harmonic load.
Governing equations of heat conduction and bending moments are written using LS the-
ory and Kirchhoff-Love plate theory. After non-dimensionalisation, the equations are
further solved using L.T. w.r.t. time variable t, FFST w.r.t. spatial variable y and method
of residues for inverse L.T. The results are displayed graphically using MATLAB, ex-
plaining the behaviour of deflection along the edges of SSSS and CSCS rectangular
plate.
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Chapter 1

Introduction

1.1 Background

In today’s era, driven by advancements in science and technology, the role of materials
in supporting various mathematical applications has become increasingly significant.
Engineering materials mostly include polycrystalline solids, polymers for various tech-
nological developments. These materials are widely utilized as structural components,
with their vibrational properties being crucial for practical applications across diverse
fields such as aerospace, navigation, medicine, and resonators.

Solid mechanics focuses on understanding how solid materials, particularly elastic
ones, behave under the influence of external forces, loads, temperature changes, and
other factors. Elasticity specifically examines a material’s capacity to return to its orig-
inal shape once the external forces are removed. The response of elastic materials is
analysed in terms of deformation, stress, and strain components. The linear theory of
elasticity based on Hooke’s Law, is employed to investigate the effects produced by
external forces.

Thermoelasticity is an extension of elasticity theory that investigates how tempera-
ture changes affect material behaviour. When a material experiences a change in tem-
perature, the thermal energy alters the vibrations of its atoms or molecules. An in-
crease in temperature intensifies these vibrations, which lengthens molecular bonds and
causes the material to expand. This thermal expansion or contraction leads to thermal
stresses within the material. Additionally, volume changes due to mechanical stress
result in temperature changes: compression heats the material, while dilation cools it.
Thermoelasticity focuses on understanding how deformation affects temperature distri-
bution and, conversely, how temperature changes influence stress and strain in elastic
solids. It examines the dynamic system involving both mechanical work and thermal ef-
fects to determine thermomechanical behaviour. Under typical conditions, deformation-
induced heat flux creates unsteady heating. For small temperature changes, inertia terms

1



in elastic equations can be disregarded, but for large or sudden temperature changes,
these terms must be considered in the equations of motion.

Viscoelastic materials play a crucial role in solid mechanics. Modern engineering
structures are often constructed from materials with complex internal structures, such
as polycrystalline materials, amorphous polymers, and fibrous composites. Viscoelas-
tic substances combine both viscous and elastic properties, meaning they exhibit time-
dependent strain rates due to their viscosity. When a load is applied and then removed,
viscoelastic materials dissipate energy. Their properties change with variations in tem-
perature, as thermal motion influences the deformation of polymers. Consequently,
polymer science and the use of plastic materials are essential in applications involving
high temperatures.

In the modern material science and engineering, the study and application of ther-
moelastic and viscothermoelastic materials have become increasingly essential due to
their unique ability to dynamically respond to mechanical and thermal factors. Ther-
moelastic materials exhibit elastic behaviour influenced by temperature changes, while
viscothermoelastic materials combine viscous, elastic, and thermal properties. These
materials are critical in designing durable, high-performance components across various
industries, including aerospace, automotive, civil engineering, and biomedical fields,
where components are frequently subjected to fluctuating temperatures and mechanical
loads. Understanding the behaviour of these materials helps predict changes in me-
chanical properties with temperature and responses under different loading conditions
over time. This knowledge enables engineers to create accurate models for predicting
material performance, leading to better design and optimization of components. Mate-
rials with well-understood viscoelastic and thermoelastic properties can be designed for
longer life, improved performance, and lower maintenance, ultimately reducing costs
and environmental impact.

In the context of elasticity and material science, “Stress is the intensity of internal
force acting at a point in a body, defined as the force per unit area.” [1]. This inter-
nal force per cross section arises to counteract and distribute the external pressures or
forces, ensuring the material’s equilibrium. “Strain is the relative change in length or
angle, produced by stress.” [1]. It is a dimensionless quantity. Sokolnikoff [2] studied
the deformable bodies and provided the conceptual foundations in the field of elasticity
and also derived the relation between stress and strain. Stress tensors σi j and strain ten-
sors ekl are related through constitutive equations that describe the material’s response
to deformation. In the context of linear elasticity, this relationship is given by Hooke’s
Law for isotropic materials. For anisotropic materials having have no symmetry restric-
tions, the relationship between stress and strain tensors is more complex and involves a
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fourth-order stiffness tensor Ci jkl with 81 constants.

σi j =Ci jklekl. (1.1)

But due to symmetry of stress and strain tensors, these reduces to 21 independent elastic
constants. Orthotropic materials, with three mutually perpendicular planes of symme-
try, require 9 independent elastic constants: Transversely isotropic material having one
axis of symmetry require 5 independent elastic constants. For isotropic materials having
same properties in all directions, only 2 independent elastic constants (Young’s Mod-
ulus E, Poisson ratio ν) are needed. These elastic constants are expressed in terms of
Lame’ parameters λ and µ as

E = µ

(
3λ +2µ

λ +µ

)
, ν =

λ

λ +µ
. (1.2)

Strain tensor is related to displacement u = (u1,u2,u3) of elastic body and is given by

ei j =

(
ui, j +u j,i

2

)
, i, j = 1,2,3, ... (1.3)

Eliminating the stress tensor using displacement field, we get

(λ +µ)∇(∇.u)+µ∇
2u = ρ

∂ 2u
∂ t2 . (1.4)

The theory contributed significantly in understanding the bending in different types
of structures. Elastic beams, plates, vibrating strings and vibrating membranes, can be
studied using above model under different initial and boundary conditions. Thermal
gradients can cause stress in a material, while elastic waves can lead to heat dissipation.
Modelling of such devices is done by combining the theories of heat conduction and lin-
ear elasticity. So theory of thermoelasticity is developed. Equation of heat conduction
is modified as

K∇
2T = ρCe

∂T
∂ t

+αT0 (3λ +2µ)∇.u̇. (1.5)

Stress tensor is modified as

σi j = 2µei j +λδi jekk −δi jα (3λ +2µ)(T −T0) , (1.6)

where T0 is the initial temperature. Biot [3] validated the solutions of thermoelasticity
equations for an isotropic homogeneous medium and also calculated the internal damp-
ing by taking minimum entropy in account. The theory although has a limitation of
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an infinite speed of heat waves. Three types of theories on Thermoelasticity have been
developed:

1. Theory of Uncoupled Thermoelasticity,

2. Coupled theory of Thermoelasticity,

3. Generalized theory of Thermoelasticity.

Five models have been introduced in generalized theory of thermoelasticity:

• Lord-Shulman Model (L-S Model),

• Green-Lindsay Model (G-L Model),

• Green-Nagdhi Model (GN Model),

• Chandrasekharaiah Model,

• Tzou (Dual Phase Lag).

1.1.1 Lord-Shulman Model (L-S Model)

Lord and Shulman [5] removed the limitation of [3]. The theory successfully explained
the finite rate of propagation of heat waves by involving single relaxation time. The
theory formulated the solution using generalized theory and also discussed the effect
of relaxation time and coupling constant. The Lord and Shulman model, developed in
1967, presents the first theory of generalized thermoelasticity. The Lord and Shulman
model stands out in thermoelasticity by integrating thermal effects and elasticity into
a cohesive framework. This theory is significant because it allows for finite speed of
propagation by removing the constraint of infinite speed of heat propagation in clas-
sical Fourier’s law of heat conduction. This model assumes the hyperbolic nature of
the heat equation by introducing a relaxation time parameter, which accounts for the
delay in heat flow response due to a thermal gradient, meaning the time required to
get back to equilibrium after sudden thermal gradient. Considering a single relaxation
time, the resulting equation of motion accounts for these small strains and temperature
changes. These characteristics make this theory as foundational theory in the study of
thermoelastic materials and their dynamic behaviour. This relaxation time is crucial for
accurately predicting the behaviour of materials under rapid thermal changes. Under
the assumptions of small strains and temperature changes, the equations governing the
thermoelastic behaviour are derived. The primary equations involve the displacement
field and temperature distribution within the material, coupled through the constitutive
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relations that incorporate the thermal and elastic effects.

Lord Shulman model derivation
The fundamental heat equation, based on Fourier’s law and energy conservation, is:

ρCe
∂T
∂ t

= K∇
2T +Q0.

To account for thermal relaxation, we can modify Fourier’s law by introducing a relax-
ation time τ:

q+ τ

(
∂q
∂ t

)
=−K∇T,

where q is the heat flux vector. Combining this with the energy conservation equation
leads to the Cattaneo-Vernotte equation, which includes a second-order time derivative
of temperature:

ρCe

(
∂T
∂ t

+ τ
∂ 2T
∂ t2

)
= K∇

2T +Q0.

In thermoelasticity, temperature changes can induce strains, and conversely, strains can
affect the temperature field. This coupling is often represented by a term proportional
to the divergence of the displacement or velocity field ∇ ·u.

Considering further generalization of the Cattaneo-Vernotte equation, including char-
acteristic time, coupling parameter of temperature and velocity field. Also, introducing
a heat source term (Q0) that is dependent on the velocity field:

Q0 =−βT0

(
∂

∂ t
+ t0

∂ 2

∂ t2

)
(∇ ·u).

This form suggests that the heat source is not only influenced by the rate of deformation
∂

∂ t but also by its acceleration ∂ 2

∂ t2 , possibly reflecting inertial effects in the material’s
response. Substituting this expression for Q into the Cattaneo-Vernotte equation and
replacing τ with t0:

ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
= K∇

2T −βT0

(
∂

∂ t
+ t0

∂ 2

∂ t2

)
(∇ ·u).

The equation governing the heat transfer is

K∇
2T = ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
+βT0

(
∂

∂ t
+ t0

∂ 2

∂ t2

)
∇.u. (1.7)
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The equation of motion subjected to small strains and temperature changes is

(λ +µ)∇(∇.u)+µ∇
2u−β∇T = ρ

∂ 2u
∂ t2 . (1.8)

It has been shown in the theory that at considerable high temperature, the relaxation
constant becomes very less, so theory reduces to coupled theory of thermoelasticity.
Also around absolute temperature, the coupling between temperature and strain be-
comes insignificant. Solution obtained from generalized theory of elasticity is almost
same as obtained from coupled theory with the exception that generalized theory gives
a thermal wave front having finite velocity of propagation.

1.1.2 Viscothermoelasticity

Viscothermoelastic materials have great applications in engineering and are found very
commonly in the form of rubbers, polymers, tissues, fibre-reinforced materials etc.
The properties of viscothermoelastic materials such as time-dependent, temperature-
dependent behaviour, heat generation during deformation, response to loads make it
an essential part of modern engineering applications. The various fields in which vis-
cothermoelastic materials are being used include aerospace engineering, biomedical
engineering and automotive engineering. Researchers are studying these materials for
developing more accurate, creative and efficient models. Viscoelastic properties vary
with increasing or decreasing temperature, so thermal motion is one factor contribut-
ing to the deformation of polymers. Thus polymer science and plastic materials has
found wide use in materials under high temperature. Drozdov [11] derived a model
for thermoviscoelastic materials and explained the response of viscoelastic materials
with respect to temperature changes. Time-dependent stress-strain connections under
various thermal circumstances are dealt in the model, considering the impacts of me-
chanical and thermal interactions. For visco-thermoelastic material, heat equation and
equation of motion will be modified as:

K∇
2T = ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
+β

∗T0

(
∂

∂ t
+ t0

∂ 2

∂ t2

)
∇.u, (1.9)

σi j = 2µ
∗ei j +λ

∗
δi jekk −β

∗T δi j,

(λ ∗+µ
∗)∇(∇.u)+µ

∗
∇

2u−β
∗
∇T = ρ

∂ 2u
∂ t2 , (1.10)
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where λ ∗ = λ

(
1+α0

∂

∂ t

)
, µ∗ = µ

(
1+α1

∂

∂ t

)
, β ∗ = β

(
1+β0

∂

∂ t

)
, and

β0 = (3λα0 +2µα1)
αT

β

1.1.3 Transverse Vibrations

The Lord-Shulman (LS) model, which includes the effect of finite thermal wave speed,
provides a framework for the analysis of transverse vibrations induced in viscothermoe-
lastic structures. Along with the strings and membranes, beams and plates are also the
significant part of the engineering elastic structures. Beam is defined as a structure with
its one dimension larger than the other. The one with larger length is defined as axis of
beam and cross section normal to the axis is assumed to vary evenly along the length
of beam. Beams, in particular, serve as the cornerstone of most physical constructions,
forming the backbone of machine parts, automotive frames, girders, and aircraft com-
ponents. Beam theory provides a better understanding of complex structures at initial
stage. The study of transverse vibrations in beams is a vital aspect of structural dynam-
ics, as it is essential for the design and analysis of engineering structures to ensure their
safety and efficiency. Transverse vibrations occur when a beam experiences oscillatory
motion perpendicular to its longitudinal axis. These vibrations are significant because
they can impact the structural integrity and serviceability of the beam. The study of
transverse vibrations provides the details of resonant conditions. Beams are designed
to oppose bending when subjected to loads. Each beam has its own set of natural fre-
quencies at which it tends to vibrate when disturbed. These frequencies correspond
to specific mode shapes, which describe the beam’s deformation patterns. The vibra-
tion characteristics, including the natural frequencies and mode shapes, are influenced
by the beam’s boundary conditions. Typical boundary conditions include simply sup-
ported, clamped, and free ends, each of which affects the beam’s vibrational behaviour
differently. Euler-Bernoulli beam theory is commonly used to analyse their transverse
vibrations. This theory assumes that sections of the beam maintain a planar configu-
ration and remain normal to the axis throughout the deformation. The displacement in
transverse vibrations is perpendicular to the beam’s length, and it can be triggered by
various factors, such as external forces, initial displacements, or dynamic loading. In
contrast to strings and membranes with thickness infinitely small compared to lateral
dimensions, in beams and plates the thickness of the structure, cannot be ignored. One
of the most useful theories to study beam models is given by Euler and Bernoulli named
as Euler-Bernoulli beam theory.
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1.1.4 Euler-Bernoulli Beam Theory

Bauchau and Craig [22] provided a thorough explanation of beam structures by pro-
viding detailed derivations of the basic equations, boundary conditions, and analytical
solutions for a range of loading and support circumstances. When analyzing struc-
tures with two dimensions that are significantly smaller than the third, Euler-Bernoulli
beam theory is employed. The beam is oriented with its axis aligned along its domi-
nant dimension and the cross-section, which is perpendicular to this axis, is presumed
to change gradually in the direction of beam axis. Additionally, it is expected that the
cross-section of the beam is symmetric and the bending occurs within this plane of sym-
metry. Since the bending moment and the material properties of the beam are uniform
throughout its length, the beam’s deformation is consistent at every point along its axis.
The beam just bends to support the weight. According to this notion, the beam cannot
twist. Few assumptions that have been made in the theory.

1. The cross-section is infinitely rigid in its own plane, i.e., no deformation occurs
in plane of cross-section.

2. The cross-section of a beam remains plane after deformation.

3. The cross-section remains normal to the deformed axis of the beam.

Two rigid body translations and one rigid body rotation are allowed under the first
assumption, which relates to the in-plane displacement field. The direct result of it is
the loss of the in-plane strain field. The out-of-plane displacement field is covered by the
second and third assumptions. A direct result of assumption 3 is the loss of transverse
shearing strain. Additionally, assumption 2 directly leads to the variation of axial strains
in a linear manner across the cross-section. Combining these three presumptions yields
the following expression for the Euler-Bernoulli beam’s total displacement field:

u1 (x,y,z) = ū(x)− z
dw̄(x)

dx
− y

dv̄(x)
dx

,

u2 (x,y,z) = v̄(x) ,

u3 (x,y,z) = w̄(x) ,

 (1.11)

where u1(x,y,z), u2(x,y,z), u3(x,y,z) represent displacement of any arbitrary point
(x,y,z) along three axes and ū(x) , v̄(x) , w̄(x) represent displacement of neutral axis
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along three axes. Using displacement field components, strain tensor can be written as:

eyy = ezz = eyz = 0,

exy = exz = 0,

exx =
∂u1

∂x
=

dū
dx

− z
d2w̄
dx2 − y

d2v̄
dx2 .

 (1.12)

Stress field in the beam is described by the force and bending moments:

F1 (x) =
∫

A
σxx dA,

F2 (x) =
∫

A
σxy dA,

F3 (x) =
∫

A
σxz dA,


(1.13)

M2 (x) =−
∫

A
zσxx dA,

M3 (x) =−
∫

A
yσxx dA,

 (1.14)

where F1 is the axial force and F2, F3 are the two transverse shearing forces. M2, M3

are the bending moments acting along normal axes.
According to this theory, the beam’s slopes and deflections are minimal. It outlines

the way internal and external forces contribute to cause a beam’s deflection to vary over
time. The beam’s equation of motion in the vertical direction is as follows:

∂ 2M
∂x2 +q = ρA

∂ 2w
∂ t2 . (1.15)

Here M,w and q(x, t) represents the bending moment, transverse deflection and external
force respectively in the thin beam undergoing the transverse motion.

1.1.5 Kirchhoff-Love Plate Theory

Bauchau and Craig [22] provided a thorough explanation of plate mechanics by pre-
senting the basic equations, boundary conditions, and analytical solutions for a range
of loading and support circumstances. Kirchhoff-Love plate theory is one of the best
theories for studying another kind of structure, known as plate or flat structure, which
has one dimension that is significantly smaller than the other two. The theory is based
on few assumptions.

1. The direction orthogonal to the plate’s mid-plane, i.e., normal material line, ex-
perience no deformation, making it infinitely rigid across its length.
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2. After deformation, the plate’s normal material line stays straight and normal to
the plate’s deformed mid-plane.

Employing the above assumptions, the complete displacement field for plate is given
as:

u1 (x,y,z) = ū(x,y)− z
∂ w̄(x)

∂x
,

u2 (x,y,z) = v̄(x,y)− z
∂ w̄(x)

∂y
,

u3 (x,y,z) = w̄(x,y) ,


(1.16)

where u1(x,y,z), u2(x,y,z) represent in-plane displacement and u3(x,y,z) represents the
transverse dislacement of any arbitrary point of the plate. ū(x,y) , v̄(x,y) represent the
in-plane displacement and w̄(x,y) represents the transverse displacement of mid point
of normal material line. Using displacement field components, strain tensor can be
written as:

exz = eyz = ezz = 0,

2exy =
∂ ū
∂y

+
∂ v̄
∂x

−2z
∂ 2w̄
∂x∂y

,

exx =
∂ ū
∂x

− z
∂ 2w̄
∂x2 , eyy =

∂ v̄
∂y

− z
∂ 2w̄
∂y2 .


(1.17)

The strain components diminish in the direction normal to the plate in accordance with
first assumption. The diminishing of transverse shear strain components is in line with
second assumption.
Stress field in the plate is described by:

M1 (x,y) =−
∫

A
zσyydA,

M2 (x,y) =−
∫

A
zσxx dA,

M12 (x) =−
∫

A
zσxy dA,


(1.18)

where M1, M2 known as bending moments, are the first moment of in-plane stress
components. M12 is the first moment of in-plane shear stress component and is known
as twisting moment.
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1.2 Literature Review

Timoshenko et al. [4] set up the necessary basis for studying the stability, vibration,
and bending of shell and plate structures. The theory incorporates shear deformation
and rotary inertia effects, which are particularly significant when analyzing thick plates
and beams. Nowacki [7] provided the theoretical formulations for the materials with
microstructural effects. The author modified the classical elasticity by combining the
effects of stresses and micro-rotation. Nowacki [9] outlined the various models for cou-
pled and uncoupled thermoelastic effects and also explored the time-dependent loads.
The author offered a thorough analysis of interaction between thermal and mechanical
effects under dynamic conditions and analysed the different characteristics.

Chandrasekharaiah [10] outlined the thermoelastic theories which explained the fi-
nite speed of thermal waves by replacing the parabolic nature of heat equation by hy-
perbolic nature. The author has discussed Lord-Shulman model and Green-Lindsay
theories in view of above point. These theories introduced the temperature rate or flux
rate in the heat equation for accomplishing the finite speed of heat propagation. The
review has significantly contributed in the engineering applications. A few limitations
where the experimental data is unavailable for useful insights have been mentioned
by the author. Drozdov [11] derived a model for thermoviscoelastic materials and
explained the response of viscoelastic materials with respect to temperature changes.
Time-dependent stress-strain connections under various thermal circumstances are dealt
in the model, considering the impacts of mechanical and thermal interactions. Lifshitz
[12] explained the damping in thin rectangular beam of micro-scale by offering the-
oretical basis for conceptualizing energy dissipation caused by irreversible heat flow
between compressed and expanded areas. The author also explained the importance of
quality factor for designing of resonators at micro-scale.

Ezzat and El-Karamany[13] examined the relaxation effects of volume in viscoelas-
tic material in context of Lord Shulman and Green–Lindsay theory. The authors have
used the model to examine the stress distribution and wave propagation in one dimen-
sional problem in the absence or presence of heat sources. Ezzat et al. [14] studied the
impact of viscoelastic volume relaxation on thermoelastic responses. The authors uti-
lized a generalized thermoelastic framework that incorporates thermal relaxation time to
estimate the behaviour of temperature distribution and wave characteristics due to vol-
ume viscosity. Guo and Rogerson [15] explained the impact of thermoelastic coupling
on micro-machined resonators. The model developed by author discussed the qual-
ity factor, heat flow-induced energy dissipation. Also the model discussed the change
in frequency ratio when coupling is ignored. Nayfeh and Younis [16] discussed the
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influence of thermoelastic damping on efficiency of MEMS through a numerical and
analytical study. The authors explained the impact of geometrical parameters, mode
shapes, and material properties on damping by using modal analysis and classical ther-
moelasticity. Kumar and Choudhary [17] examined the deformation induced in or-
thotropic micropolar viscoelastic medium due to time-harmonic source. The authors
acknowledged the rotational and couple stress effects and derived the analytic solution
explaining the deformation fields and wave propagation. Vengallatore [19] investigated
the thermoelastic damping and energy dissipation in three-layered laminated compos-
ite micro beam resonators and studied the material properties, frequency range for less
damping. Kumar and Choudhary [18] demonstrated the importance of Anisotropy and
microstructure’s effects on wave properties in an orthotropic micropolar viscoelastic
medium. The authors made significant observations on micro rotation, displacement,
and stress distributions in medium under time-harmonic source.

Sun et al. [20] analysed the thermoelastic damping in micro beam using integral
transforms and for different boundary and temperature conditions. The authors dis-
cussed the change in deflection, thermal moment and frequency with respect to cou-
pling effect and thickness of beam. Prabhakar and Vengallatore [21] offered valuable
insights for enhancing the performance and decreasing damping in view of the changes
in material properties and layer interactions. The authors computed the magnitude of
damping at different frequencies and computed it to significant at high frequency and
negligible at low frequency. Guo et al. [23] examined the dynamic behaviour of axially
moving beam with respect to thermoelastic factors. Taking into account variables in-
cluding axial motion, temperature gradients, and material qualities, the authors solved
a mathematical model to study the effect of ratio of length to height, moving speed on
beam’s stability using the differential quadrature method.

Prabhakar [24] explored the effect of thermoelastic coupling on two-dimensional
frequency shifts using Galerkin technique. The authors gave insights on effect of
scale, dimensions and material properties. Sun and Saka [25] derived the analytical
expressions of thermoelastic damping in circular plate resonator under various bound-
ary conditions and plate dimensions for out-of-plane vibrations. The dimension that
corresponds to maximal damping was identified by the authors. The research advances
the design of high-Q circular plate resonators. Yanping and Yilong [26] studied the
micro-cantilever beam for the static deflection by examining 24 symmetric beams with
different dimensions. The impact of size was examined when the neural network is sub-
jected to transverse loading. The study explored the type of relation between vertical
bending and beam dimensions and variation. Sharma and Grover [28] investigated the
thermoelastic damping in beams with voids, taking into account the coupling of thermal
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and mechanical effects, at small scale dimensions. Behaviour of transverse deflection
and frequency ratio and critical thickness were discussed by deriving the expressions.
Also the authors compared the critical thickness under different boundary conditions.
Grover and Sharma [32] examined the behaviour of vibrations in piezothermoelastic
beam by developing a model that includes the coupled effect of mechanical, thermal
and electrical force. The authors studied the variation in thermal relaxation time, criti-
cal thickness and extreme damping. The analysis was represented graphically with the
help of MATLAB for different nodes.

Pustan et al. [27] employed finite element analysis and thoroughly examined the
impact of geometrical parameters, material characteristics on the mechanical behaviour
of flexible MEMS parts. The authors also discussed the deformation induced due to
mechanical loading. Youssef and Elsibai [29] examined the impact on the dynamic re-
sponse of nanoscale structures due to ramp type thermal loading and also highlighted
the more accuracy by including the size-dependent effects and thermal relaxation. Grover
[31] derived a theoretical model by integrating the mechanical and thermal dissipation
mechanisms and also taken beam thickness variations into consideration. The author
offered insights into the effect of thickness on the damping and frequency shift. The
author made many observations on change in critical thickness due to different modes
and under different boundary conditions in view of coupled theory of thermoelasticity
and LS model of generalized thermoelasticity. Sharma and Grover [36] examined the
thermoelastic effects on the damping due to presence of voids. The authors derived the
expressions depicting the effect of voids. The authors highlighted the points indicating
the change in peak damping, critical thickness due to voids for different modes and
under various boundary conditions. Li et al. [35] shed light on behaviour of damping
function under different types of geometry. affects damping properties and quality pa-
rameters by contrasting circular and rectangular microplates. The authors developed the
model by deriving the expressions for thermoelastic damping for two different shapes.

Guo et al. [33] employed the dual phase lag model to investigate the thermoelastic
damping at the micro and nano scale. The authors developed a more precise model for
high frequency resonators by taking into account the impact of phase delays in ther-
mal relaxation time and heat conduction. The authors investigated behaviour of heat
flux with respect to beam dimensions, aspect ratio and relaxation time. The authors
remarked the important observation that at the nanoscale, thermoelastic damping is
strongly influenced by the values of thermal relaxation constants and their ratio. Ku-
mar et al. [34] studied the effect of viscosity on wave propagation in an anisotropic
thermoelastic media. The authors developed a theoretical framework to understand the
wave propagation by taking into account the three phase lag model. The authors com-
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puted the different wave characteristics such as phase velocity, attenuation coefficient,
specific loss and penetration depth graphically. Xu and Zhou [37] developed theoret-
ical model to study the impact of varying thickness and thermo-mechanical loads on
thermal distribution. The authors offered insights on beam deformation and stress pro-
file due to geometry and loading. Ali and Mohammadi [30] investigated the impact of
thermoelastic damping on annular microplate vibrational behaviour under CC bound-
ary conditions. The governing equations of the model discussed the effect of material
characteristics and geometric features on quality factor. The authors represented the
outcomes graphically.

Christensen [38] provided a fundamental resource for examining viscoelastic ma-
terials. The study offered a thorough investigation of time dependent deformation and
stress relaxation in solids. The author shed light on basic ideas, constitutive models, and
analytical methods to study the behaviour of viscoelastic materials behave under var-
ied loading scenarios.Sharma and Grover [41] incorporated both viscosity and thermal
influences to study wave propagation in viscothermoelastic material. The author used
Kibel number parameter for understanding the behaviour of velocity, attenuation coef-
ficient, specific loss graphically. The authors used correlation coefficient for evaluating
the effects of viscosity and also used statistical tools to examine wave behaviour.

Grover [39] investigated the implications of thermoelasticity and viscosity on the
transverse vibrational dynamics of micro-scale beam resonators. The model developed
by author threw light on effect of quality factor and frequency response due to viscos-
ity and heat conduction. Also the authors made few important highlights about critical
thickness, peak damping for different modes in view of coupled theory of thermoelas-
ticity and LS model of generalized thermoelasticity. Lal and Kumar [40] examined the
vibrational characteristics of rectangular plate with changing thickness. The authors
used Rayleigh-Ritz method to study the responses of natural frequencies and mode
shape due to non-homogeneity.

Sharma and Kaur [44] analysed the vibration characteristics in anisotropic thermoe-
lastic beam when exposed to time harmonic load at micro-scale. The study discussed
the deflection curve and thermal moment under different boundary conditions and for
different modes. The graphs interpreted the deflection curve profile. Sharma and Kaur
[43] derived a model that investigate the significant effects of thermal and diffusive
relaxation parameters on resonance frequency, mass diffusion, thermomechanical cou-
pling and damping properties. The author analysed the energy dissipation induced by
different surface conditions and beam dimensions. The author made important high-
lights on variation in frequency shift and critical thickness at higher modes.

Zenkour and Abouelregal [45] examined the vibrational behaviour of nanobeams
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affected by harmonically fluctuating thermal loads, considering temperature-dependent
thermal conductivity and nonlocal elasticity into picture. The authors investigated the
effect on temperature, displacement, bending moment, and lateral vibration induced by
changes in thermal conductivity and phase lags. The authors identified the nonlocal
theories of coupled thermoelasticity and generalized thermoelasticity with a single re-
laxation time as special case of the present model. Zenkour and Abouelregal [46] inves-
tigated the effects of material gradation, sinusoidal pulse-heat conduction, small-scale
effects and thermal pulses on vibration characteristics in view of nonlocal thermoelastic
model. For a variety of pulse width parameters, the authors compared the LS model of
generalized thermoelasticity with the Coupled Theory of Thermoelasticity.

Guo et al. [42] utilized the DPL model of generalized thermoelasticity to investi-
gate the damping and energy dissipation in circular plate resonators. The authors also
highlighted the better results due to DPL model by demonstrating the great impact of
relaxation time on resonance characteristics. Lal and Saini [50] used generalized differ-
ential quadrature (GDQ) method and Kirchhoff’s plate theory to create a mathematical
model for investigating the vibrational behaviour by taking into account material in-
homogeneity and varying thickness. The governing equations obtained by solving the
model examined the influence of structural characteristics on natural frequencies and
mode shapes. The authors made observations on changes in frequency parameter with
nonhomogeneity and thickness parameters. Sharma and Kaur [52] developed a math-
ematical model that incorporates mechanical and thermal interactions to examine the
response of micro-beam to time-dependent external influences. The authors investi-
gated the impact of anisotropy, thermal relaxation, and micro-scale factors on vibration
characteristics. The authors made the highlights on resonance criteria and observed
the oscillatory response corresponding to dynamic character of loading. Parayil et al.
[51] derived analytical and numerical models that investigate impact of beam shape
and thermal relaxation parameters on vibration response by employing analytical tech-
niques and finite element simulation. The authors compared the findings derived from
analytical approach and numerical technique SEM. The authors analysed the agreement
of results from both methods for higher aspect ratio.

Zenkour and Abouelregal [53] addressed the impacts of beam velocity, small-scale
effects, and thermal relaxation on vibration characteristics by deriving a mathematical
model which takes into account the axial motion, sinusoidal pulse heating, and nonlocal
elasticity. The authors examined the response of axially rotating beam under recurring
thermal loading. The various observations were made on effect of phase lag, width of
pulse and speed of resonator. Also the authors represented the accuracy of results with
DPL model by comparing with results with Lord and Shulman (LS) theory, GN theory
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and coupled thermoelasticity theory (CTE). Rana and Robin [55] explored the vibra-
tional behaviour of rectangular plates with different thicknesses and inhomogeneous
materials under damping effects. The authors derived a model which addressed the vi-
brations in plate with parabolically varying thickness and studied the effect of damping,
non-homogeneity, elastic foundation and taperness.

Grover [48] created a mathematical model to study the energy dissipation in circular
plate with a strong focus on the interaction of thermal, elastic and viscous factors. The
author investigated the impact of material properties, thickness and relaxation parame-
ters on vibration characteristics. The author made important observations on significant
effect of relaxation time, surface conditions on damping. Hoang [49] created a the-
oretical framework that includes nonlocal elasticity and thermal relaxation effects to
examine energy dissipation mechanisms. The author investigated the effects of mode
shapes, material characteristics, and temperature parameters on frequency response and
damping behaviour. The author evaluated the quality factor and the conditions to im-
prove it.

Abbas [47] utilized Green and Naghdi theory (GNIII) to analyse the free vibrations
in a generalized thermoelastic nano beam resonator. Analytical expressions were pro-
vided for the deflection, thermal change, frequency changes, and thermoelastic damp-
ing. The author offered insights into graphical representation of natural frequencies,
damping and frequency shift. Bland [54] provided a reference for complex research
on thermoelasticity and viscoelasticity and also discussed the analytical framework for
analyzing the damping and deformation in different kind of structures. Zhang et al.
[56] explored the effect of size on thermoelastic damping. The authors accounted the
material length scale parameter, the phonon mean-free route, and the relaxation time to
address the impact of size. The authors used complex-frequency technique and com-
pared the results of damping with pre-existing models. The authors demonstrated the
insignificance of nonlocal effect due to length scale parameter. Mashat et al. [59] dis-
cussed the effect of viscosity term, laser intensity parameter on thermoelastic field using
theory of phase lags. The authors compared the results of different models of thermoe-
lasticity and showed the closeness of results of different models. The authors shed the
light on significant role of phase lags on characteristics. The study involved use of L.T.
to discuss the effect of sinusoidal pulse heating.

Partap and Chugh [60] thoroughly analysed deflection behaviour of micro-scale
beam resonators considering thermoelastic and microstretch effects into account. The
authors studied thermal fields and microstructural deformations due to time harmonic
load by utilizing micro continuum mechanics and a generalized thermoelasticity model
in the thin beam resonators. The authors examined the deflections and dynamic re-
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sponse for various boundary conditions. The authors used MATLAB’s graphical in-
terpretations to make significant observations about the deflection profiles for various
modes. Partap and Chugh [61] examined the microstretch continuum-based rectangular
plate structures in relation to thermoelastic damping. The authors explored the impact
of plate geometry and microstretch variables on damping characteristics. The authors
used Kirchhoff theory to derive the expressions for transverse vibrations in plate under
different cases of boundary conditions. Li et al. [58] utilized generalized thermoelastic
theories to study the damping behaviour in beam resonators with functionally graded
materials. The authors used the layer-wise homogenization technique. and examined
the vibration characteristics, thermal and mechanical coupling in the materials with
varying properties.

Alghamdi [57] investigated the impact of voids in the framework of DPL thermoe-
lasticity theory. The author offered insights on effect on vibration characteristics due to
voids and phase lags and explored the damping under these factors. Liu et al. [63] estab-
lished a theoretical framework in three dimensions for analyzing thermoelastic damp-
ing in resonators made of laminated composite plates. The framework incorporated the
effects of anisotropy, multilayered configuration, and thermal-mechanical coupling to
determine the expressions of damping. The authors offered insights into the effect of
thickness, mode and material properties on the damping. The authors demonstrated the
extreme values of damping under different boundary conditions. Grover and Seth [62]
developed the study to examine the thermoelastic damping and frequency shift by tak-
ing into consideration the viscosity and thermal relaxation. The authors used dual-phase
lagging theory to investigate the impact on deflection and wave characteristics due to
viscosity and phase lags. Partap and Chugh [67] investigated the damping mechanisms
and deflection profile in micro beam resonators within the framework of microstretch
thermoelasticity theory. The authors examined the influence of material gradients, mi-
crostructural effects like micro-rotations, microstretch parameters and modes on the
magnitude of damping for various boundary conditions.

Rao [68] offered a thorough analysis of vibration behaviour in different structures
like plates, shells, beams, strings, rods, and membranes. The author developed the
conceptual foundations and solution techniques under various boundary and loading
conditions. The author shed light on the relevant design practical applications in en-
gineering. Grover and Seth [66] used the dual-phase-lagging theory to present an ex-
tensive study of damping behaviour in circular micro-plate resonators. The authors
used the micro-scale thermo-mechanical interactions in circular plate and took thermal
relaxation and viscous effects into consideration to represent model precisely. The au-
thors examined the impact of time delay, plate dimensions and mechanical relaxation
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on the resonance conditions and damping. Zhang et al. [69] focused on the effect of
temperature-sensitive mechanical and thermal properties on damping behaviour. The
authors discussed the temperature dependence and substantial deviations from classical
models at high temperatures. Grover [65] examined the effects of anisotropy, thermoe-
lastic coupling on the damping and resonance characteristics. By considering the CF
boundary conditions, the author discussed the change in extreme values of damping and
critical thickness through analytical formulations.

Alghamdi [64] investigated the vibration characteristics of circular micro-ceramic
plate in the framework of DPL viscothermoelasticity theory. The author explored the
effect of viscous and thermal relaxation on damping. Zuo et al. [70] offered a thorough
analysis of energy dissipation in microplate resonators made up of three different layers.
The authors investigated the effect of temperature distribution, material layering on the
damping and also shed light onto difference in energy dissipations among three layers.
Pierro [74] explored the efficient combination of viscoelasticity and external control
methods to modify the vibration characteristics and studied the vibration suppression
by including damping parameters. The author considered the viscoelastic beam un-
der different boundary conditions and shed light on response of beam with respect to
dimensionless dimensions and material properties. Youssef [76] took damage parame-
ters and variable thermal conductivity into account and used GN-II theory to study the
vibration characteristics. The author demonstrated the significant impact of the param-
eters. Alghamdi [73] studied the damping and lagging effects in nanoscale structures
using DPL model. The author demonstrated the impact on mechanical relaxation time.
Abouelrega and Mohammed [71] studied the effect of nonlocal thermoelasticity pa-
rameters on mechanical and thermal responses. The author shed light on the dynamic
behaviour under these factors. Saeed et al. [75] implemented Green–Lindsay (GL)
model to study the thermo-mechanical effects in porous material. The authors adopted
finite element method and demonstrated the significant observations on stress and ther-
mal distribution. Alcheikh et al. [72] developed a numerical model to investigate the
in-plane air damping in MEMS/NEMS resonators, embedded between two electrodes,
to understand the profile of quality factor. Gu and He [79] explored the wave character-
istics in Euler–Bernoulli beams within the combined framework of nonlocal theory and
Green–Naghdi (GN) theory. The study demonstrated the effects of nonlocal and strain
gradient parameters on wave speed and attenuation. Chugh and Partap [78] performed a
comprehensive study on thermoelastic damping in microstretch thermoelastic thin cir-
cular plates under various boundary conditions. The authors indicated the relation of
thermal relaxation time and microstretch parameters with the critical damping value.

Youssef [82] used DPL model to developed a model for studying interactions be-
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tween viscosity and thermal conductivity. The authors demonstrated the impact of
thickness on thermal conductivity. Abouelregal [77] utilized fractional derivative ap-
proach to study the damping in a viscoelastic micro beam, which was exposed to axial
load and periodically varying heat. The author analysed the response of beam with re-
spect to mechanical and thermal induced effects. Youssef and El-Bary [81] investigated
the vibration characteristics in circular viscothermoelastic microplate resonators due to
material degradation in context of DPL theory. The authors discussed the significant ef-
fect of ramp heating parameter. Kumar and Kumar [80] implemented two-temperature
model to study thermoelastic vibration characteristics, damping in MEMS/NEMS res-
onators. Alghamdi and Alosaimi [83] investigated the thermal and mechanical reac-
tions in a simply supported silicon nitride visco-thermoelastic nano-beam which was
subjected to thermal shock. The authors assessed the characteristics of material, ef-
fects of parameters and illustrated the results through figures. Qi et al. [84] used size
effects and memory-dependent effects to estimate the thermoelastic responses. The
authors derived the analytical solutions to calculate the displacement and stress after
considering thermal loading. Grover [86] developed a model to investigate the damp-
ing in piezothermoelastic plate resonators with voids. The author assesses the effect of
material porosity, piezoelectric effect on damping characteristics. Guha et al. [87] fol-
lowed the beam theory by Euler-Bernoulli and examined the damping, frequency shift
in a micro-scale piezoelectro-magneto-thermoelastic beam. The authors presented the
analytical solutions which considered coupling of thermal, magnetic and piezo effects
using numerical methods. Singh [89] concentrated on dynamic behaviour of isotropic
viscoelastic beam and used GN-III theory, memory-derivative approach to study the
effects on vibration characteristics such as deflection, damping and frequency shift.
Mungle et al. [88] derived a mathematical formula of deflection in rectangular body
under mechanical body. The authors added insights into effect of geometrical parame-
ters on the deflection.

Abouelregal [85] investigated the responses of functionally graded nanobeams sub-
jected to periodic thermal flux using memory-dependent heat conduction models. The
author used generalized thermoelasticity theory to explain the effects of thermal mem-
ory effects, non-Fourier heat conduction, and material gradation on deflection and stress
responses. Youssef and El-Bary [91] studied the effect of mechanical damage on vi-
brational response of viscothermoelastic rectangular nanobeam subjected to thermal
loading. The authors demonstrated the significant effect of these parameters in view
of GN-II theory. Duhan et al. [92] evaluated the deflection, volume fraction, temper-
ature distribution by incorporating voids and piezothermoelastic factors. The authors
focused on accuracy of MEMS/NEMS applications by discussing void-induced imper-
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fections and size-dependent features. Srivastava and Mukhopadhyay [90] thoroughly
investigated the piezothermoelastic micro beam resonators by incorporating thermal
relaxation effects in dual-phase-lag (DPL) model. The authors studied the effects of
coupled mechanical, thermal, and piezoelectric fields and demonstrated the significant
change in dynamic responses and thermal wave propagation by DPL model.

Srivastava and Mukhopadhyay[95] offered an analysis of beam resonators using
DPL model, nonlocal strain gradient theory and by incorporating transverse isotropy.
The authors studied vibration responses in piezothermoelastic beams considering size-
dependent mechanical and thermal effects. The authors shed light on the impact on
vibration characteristics. Mondal and Sur [93] thoroughly analysed piezothermoelastic
microbeams by incorporating memory-dependent effects. The authors studied the effect
of mechanical, electrical, and thermal coupling on vibrational behaviour of beam. The
authors gave important observations on steady-state and transient responses. Mondal
and Sur [94] took size-dependent behaviors into consideration to analyse the dynamic
behaviour of piezoelectric microbeams. The authors combined memory-dependent heat
conduction with nonlocal elasticity theory and gave significant insights on frequency
shifts and damping mechanisms.

1.3 Organization of Thesis

This work aims to find the deflection in different visco-thermoelastic structures under
different loading and boundary conditions in the context of Lord-Shulman model of
generalized thermoelasticity using L.T., FFST and method of residues.

The first chapter provides an introduction to theory of generalized thermoelasticity
along with the bending theory in different structures.

In the second chapter, static and dynamic deflection are derived for visco-thermoelastic
beam, in the context of LS model, under uniform loading by using Euler-Bernoulli beam
theory. The static and dynamic deflections are compared in terms of response ratio and
the results are demonstrated graphically to depict the behaviour of deflection across the
length of beam and at different time for different types of boundary conditions such as
CC, SS and CF.

In the third chapter, the analytical expression of deflection in visco-thermoelastic
beam under harmonic load is derived in the framework of LS model of generalized
thermoelasticity. L.T. is used to solve the governing equations of transverse motion
of beam and heat conduction. The numerical results of deflection are demonstrated
graphically for different modes using MATLAB.

In the fourth chapter, deflection in visco-thermoelastic rectangular plate is studied

20



under uniform loading in the framework of LS theory. The equations of transverse mo-
tion in plate and heat conduction are written by using displacement vector in accordance
with Kirchhoff-Love plate theory. L.T. and FFST is used to solve the governing equa-
tions. Graphical interpretation is done for deflection under SSSS and CSCS boundary
conditions for different modes.

In the fifth chapter, the analytic expression for deflection in visco-thermoelastic
rectangular plate under harmonic loading is derived in the framework of LS theory.
Kirchhoff-Love plate theory is used to define displacement vector, which is further used
in the equation of transverse motion in plate and heat conduction. Integral transforms
such as L.T. and FFST are used to derive the deflection. MATLAB is used to demon-
strate the deflection profiles under SSSS and CSCS boundary conditions for different
modes.

21





Chapter 2

Static and Dynamic Analysis of Uniform Load on Trans-
verse Vibrations in Visco-thermoelastic Beam

2.1 Introduction

Beam resonators have a significant role in various engineering fields, including micro-
electromechanical systems (MEMS), nano-scale sensors and biomedical devices. The
study of deflection in viscothermoelastic beams is helpful in understanding the perfor-
mance, stability and durability of beams which is crucial for estimating the response
of beams in the field of manufacturing and construction engineering under different
loading scenarios. Designing solid frameworks that can effectively withstand dynamic
and thermal stresses requires an understanding of how mechanical forces, temperature
changes, and viscoelastic characteristics interact. Viscothermoelastic beams has a vi-
tal role as these incorporate the interactions between mechanical stress, temperature
effects, and time-dependent formation due to viscous nature, and the beams further
exhibit different behaviour under different types of loading.

Ezzat and El-Karamany [13] derived a model for problems involving viscoelastic
materials in one-dimension, in the presence or absence of heat sources, in context of
generalized thermoelasticity theory, which accounted for relaxation effects. The authors
have shared perspectives about volume changes which were driven by thermal effects.
Yanping and Hao [26] provided the understanding of the static deflections in beam un-
der transverse loading and compared the static and dynamic deflection. Grover [31] ex-
plored the viscothermoelastic micro-scale beam resonators with a focus on beams with
linearly varying thickness and provided the crucial insights on the effects of relaxation
times, beam dimensions on transverse vibrations under different boundary conditions.
Pierro [74] studied the transverse vibrations in viscoelastic beam for controlling the
damping.

Existing research has conducted the studies on thermoelastic beam under the dif-
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ferent loading conditions for different set of boundary conditions. Some studies have
explored the viscothermoelastic beams without considering the influence of external
loading. Also some studies depend on classical Fourier heat conduction model, which
assumes infinite thermal wave propagation speed. These limitations mandate a theo-
retical framework that explains the response of viscothermoelastic beam under external
loading. This chapter uses the generalized thermoelasticity theory put forth by Lord and
Shulman to examine the deflection response of viscothermoelastic resonators under spa-
tially uniform loading. By getting around the drawbacks of the traditional Fourier law,
the Lord–Shulman (LS) model adds a single thermal relaxation time, enabling a more
accurate depiction of heat transmission. Using the Kelvin–Voigt viscoelastic model,
which captures time-dependent material damping effects, the mechanical behaviour is
further described. The amalgamation of viscoelasticity and the LS model facilitates a
more precise analysis of coupled thermo-mechanical responses, particularly in materi-
als where thermal and mechanical fields develop simultaneously.

2.2 Primary Equations

With the z-axis oriented orthogonal to the plane of isotropy and aligned to the ma-
terial’s axis of symmetry, we examine a homogeneous, transversely isotropic, visco-
thermoelastic media in a Cartesian coordinate system that was undeformed in the be-
ginning and at a constant temperature T0. The fundamental equations of motion and
heat conduction, along with the fundamental relations derived from the Lord and Shul-
man (LS) model of generalized thermoelasticity, are analysed under the assumption
of no body forces or heat sources. These equations govern the displacement vector
u(x,y,z, t) = (u1,u2,u3) and the temperature change T (x,y,z, t) as described:

∂σxx

∂x
+

∂σxy

∂y
+

∂σxz

∂ z
= ρ

∂ 2u1

∂ t2 ,

∂σyx

∂x
+

∂σyy

∂y
+

∂σyz

∂ z
= ρ

∂ 2u2

∂ t2 ,

∂σzx

∂x
+

∂σzy

∂y
+

∂σzz

∂ z
= ρ

∂ 2u3

∂ t2 .


(2.1)

σi j = λ
∗
δi jekk +2µ

∗ei j −β
∗T δi j. (2.2)

K∇
2T = ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
+β

∗T0

(
∂

∂ t
+ t0

∂ 2

∂ t2

)
∇.u, (2.3)
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where

λ ∗ = λ

(
1+α0

∂

∂ t

)
µ∗ = µ

(
1+α1

∂

∂ t

)
β ∗ = β

(
1+β0

∂

∂ t

)
β0 = (3λα0 +2µα1)

αT

β

 (2.4)

Here λ , µ represents Lame parameters. α0, α1 are viscoelastic relaxation times, αT is
linear thermal expansion coefficient and Ce, δi j represent specific heat and Kronecker’s
delta function respectively.

2.3 Modelling of Beam Structure

Considering a homogeneous, isotropic and viscothermoelastic beam of length L, width

b, and thickness h, where (0 ≤ x ≤ L) ,
(
−b
2

≤ y ≤ b
2

)
,

(
−h
2

≤ z ≤ h
2

)
and is ex-

amined for flexural deflection induced in it due to uniform load. In its equilibrium state,
the beam experiences no stress or strain and is maintained at a stable temperature T0.
Euler-Bernoulli beam theory is used to determine the transverse deflection. In accor-
dance with Euler-Bernoulli assumptions,

1. Being rigid, plane of cross section experience no deformation.

2. After deformation, every beam cross section that was initially normal to the
beam’s axis stays flat and normal.

The beam experiences deflection about the x− axis only. The width of the beam is
extremely small as compared to the other two dimensions. So the deflection along this
axis is insignificant, i.e. u2 = 0. The beam does not undergo shear deformation in
accordance with second assumption i.e., γxz,γyz are insignificant. Also normal strain ezz

can be ignored since the deflection is primarily due to bending strains. Considering the
above assumptions, the relation between strain and displacement can be reduced to:

u1 =−z
∂w
∂x

, u2 = 0, u3 = w(x, t) , T = T (x,z, t) (2.5)

The displacement vector u, temperature function T variables characterize the mechan-
ical and thermal response of beam under the given loading and boundary conditions.
Now by substituting the equation (2.5) in equations (2.2) and (2.3), consequently, the
resulting equations are as follows:

σxx = (λ +2µ)

(
−z

∂ 2w
∂x2

)
+(λα0 +2µα1)

(
−z

∂ 3w
∂ t∂x2

)
−β

(
T +β0

∂T
∂ t

)
. (2.6)
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K
(

∂ 2T
∂x2 +

∂ 2T
∂ z2

)
= ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
−β

∗zT0

(
∂ 3w

∂x2∂ t
+ t0

∂ 4w
∂x2∂ t2

)
. (2.7)

Also, the flexural moment of cross section M (x, t) due to normal stress σxx is given as:

M (x, t) =−
∫ h/2

−h/2
bσxxzdz.

Using equation (2.6)

M(x, t) = (λ +2µ)
∂ 2w
∂x2 I +(λα0 +2µα1)

∂ 3w
∂ t∂x2 I +β

(
MT +β0

∂MT

∂ t

)
. (2.8)

Now addressing equation of the beam’s transverse motion

∂ 2M
∂x2 +ρA

∂ 2w
∂ t2 = q(x, t) . (2.9)

Using the notations A = bh; for the cross-sectional area, I =
bh3

12
; for the moment of

inertia of the cross section and MT =
∫ h/2

−h/2
bT zdz; for moment of beam due to thermal

effects, and using the uniform loading as q(x, t) = −q0. Consequently, arriving at the
reduced form of equation of motion for the beam:

(λ +2µ) I
∂ 4w
∂x4 +(λα0 +2µα1) I

∂ 5w
∂ t∂x4 +β

(
∂ 2MT

∂x2 +β0
∂ 3MT

∂ t∂x2

)
+ρA

∂ 2w
∂ t2 =−q0.

(2.10)
Considering non-dimensional quantities

x′ =
x
L
, w′ =

w
h
, z′ =

z
h
, t ′ =

c1

L
t, t0′ =

c1

L
t0, T ′ =

T −T0

T0
.

Using the non-dimensional quantities in equations (2.7) and (2.10), we get

1
12AR

2

(
∂ 4w
∂x4 +

(
λα0 +2µα1

λ +2µ

)
c1

L
∂ 5w

∂ t∂x4

)
+

(
βT0

ρc2
1

)(
∂ 2MT

∂x2 +
c1β0

L
∂ 3MT

∂ t∂x2

)
+

∂ 2w
∂ t2 =−q0,

(2.11)

where MT =
∫ 1/2

−1/2
T zdz.

(
∂ 2T
∂x2 +AR

2 ∂ 2T
∂ z2

)
=

ρCec1L
K

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
− zh2c1β

LK

(
1+

β0c1

L
∂

∂ t

)(
∂ 3w

∂x2∂ t
+ t0

∂ 4w
∂x2∂ t2

)
,

(2.12)
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where

AR =
L
h
,c1

2 =
λ +2µ

ρ
,q′ =

q0A2
R

bρc12 . (2.13)

(For the sake of convenience, primes are omitted.)

2.4 Preliminary and Boundary Conditions

A beam with both ends either clamped (CC), both simply supported (SS), or one end
clamped and the other free (CF) has been considered and the following boundary con-
ditions have been incorporated from [8].
Case I: For CC beam

(w(x, t))x=0 =

(
∂w(x, t)

∂x

)
x=0

= 0 and (w(x, t))x=1 =

(
∂w(x, t)

∂x

)
x=1

= 0, (2.14)

Case II: For SS beam

(w(x, t))x=0 =

(
∂ 2w(x, t)

∂x2

)
x=0

= 0 and (w(x, t))x=1 =

(
∂ 2w(x, t)

∂x2

)
x=1

= 0,

(2.15)
Case III: For CF beam

(w(x, t))x=0 =

(
∂w(x, t)

∂x

)
x=0

= 0 and
(

∂ 2w(x, t)
∂x2

)
x=1

=

(
∂ 3w(x, t)

∂x3

)
x=1

= 0,

(2.16)

and the initial conditions are considered as

(w(x, t))t=0 =

(
∂w(x, t)

∂ t

)
t=0

=

(
∂ 2w(x, t)

∂ t2

)
t=0

= 0,(T (x,z, t))t=0 =

(
∂T (x,z, t)

∂ t

)
t=0

= 0.

(2.17)

2.5 Laplace Transform Technique

Adopting L.T. to the equations (2.11) and (2.12) w.r.t the time domain, defined as:

w̄(x,s) =
∫

∞

0
e−stw(x, t)dt and T̄ (x,z,s) =

∫
∞

0
e−stT (x,z, t)dt,
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which gives the set of following equations:

1
12AR

2

(
1+

(λα0 +2µα1)c1s
(λ +2µ)L

)
∂ 4w̄
∂x4 +

βT0

ρc12

(
1+

c1β0s
L

)
∂ 2MT̄
∂x2 + s2w̄ =−q0

s
.

(2.18)(
∂ 2T̄
∂x2 +AR

2 ∂ 2T̄
∂ z2

)
=

ρCec1Ls(1+ st0)
K

T̄ −
zh2c1β s(1+ st0)

(
1+ sc1β0

L

)
LK

∂ 2w̄
∂x2 ,

(2.19)
and

MT̄ =
∫ h/2

−h/2
T̄ zdz. (2.20)

Considering the fact that the thermal gradients are much larger along thickness direction

than along the axis of beams, i.e.,
∂ 2T̄
∂x2 = 0. Also, no heat exchange occurs through the

top and bottom exposed areas of the beam.

∂ T̄
∂ z

= 0 at z =±1
2
.

Under above mentioned conditions, solution of equation (2.19) reduces to

T̄ (x,z,s) =
β

(
1+ sc1β0

L

)
CeρA2

R

(
z− sin pz

pcos
( p

2

)) ∂ 2w̄
∂x2 where p2 =−ρCec1Ls(1+ st0)

KAR
2 .

(2.21)
Using equation (2.20) to find MT̄ and differentiating twice w.r.t. x

∂ 2MT̄
∂x2 =

β

(
1+ sc1β0

L

)
12CeρA2

R

(
1+

24
p3

( p
2
− tan

( p
2

)))
∂ 4w̄
∂x4 . (2.22)

Using the equation (2.22) in (2.18), we get

Fs
∂ 4w̄
∂x4 + s2w̄ =−q0

s
,

where 1+ st0 = γ0, 1+ sc1β0
L = γ1, f (p) = 24

p3

( p
2 − tan

( p
2

))
, ε0 =

(
λα0+2µα1

λ+2µ

)
c1
L ,

ε1 =
β 2T0

ρ2c12Ce
, Fs =

1
12AR

2

(
1+ ε0s+ ε1γ2

1 (1+ f (p))
)
.

∂ 4w̄
∂x4 −η

4w̄ =− q0

sFs
where η

4 =− s2

Fs
. (2.23)
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2.5.1 Static Analysis

In this scenario, the deflection does not vary with time, implying that
∂

∂ t
= 0. As

a result, the loads applied to the beam under the uniform loading can be expressed
q(x) =−q0, so the equation (2.23) reduces to

∂ 4wstatic

∂x4 =−q0

F
,

where F = 1
12A2

R
.

Partially integrating the above equation four times w.r.t x, we get

wstatic =−q0x4

4!F
+a1

x3

3!
+a2

x2

2!
+a3x+a4.

Using the boundary conditions from (2.14)− (2.16), we get
Case I

wstatic =−q0A2
Rx2 (1− x)2

2
, (2.24)

Case II

wstatic =−
q0A2

Rx
(
x3 −2x2 +1

)
2

, (2.25)

Case III

wstatic =−
q0A2

Rx2 (x2 −4x+6
)

2
. (2.26)

2.5.2 Dynamic Analysis

This section delves into the analysis of beam deflection caused by loads that change over
time. Applying L.T. with respect to space domain defined as W̄ (ξ ,s)=

∫
∞

0
e−ξ xw̄(x,s)dx,

equation (2.23) reduces to

[
ξ

4W̄ −ξ
3w̄(0,s)−ξ

2w̄′(0,s)−ξ
3w̄′′(0,s)− w̄′′′(0,s)

]
−η

4W̄ =− q0

sFsξ
. (2.27)

Incorporating the conditions at x = 0 outlined by equations (2.14)− (2.16) and perform-
ing the inverse L.T. w.r.t. space domain
Case I

w̄(x,s) =
k1C−(ηx)

2η2 +
k2S−(ηx)s

2η3 − q0

sFs

C+(ηx)−2
2η4 , (2.28)

Case II
w̄(x,s) =

k3S+(ηx)
2η

+
k4S−(ηx)

2η3 − q0

sFs

C+(ηx)−2
2η4 , (2.29)
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Case III
w̄(x,s) =

k5C−(ηx)
2η2 +

k6S−(ηx)
2η3 − q0

sFs

C+(ηx)−2
2η4 , (2.30)

where

C−(ηx) = cosh(ηx)− cos(ηx), S−(ηx) = sinh(ηx)− sin(ηx),

C+(ηx) = cosh(ηx)+ cos(ηx), S+(ηx) = sinh(ηx)+ sin(ηx).

A system of non-homogeneous linear equations is obtained on incorporating the condi-
tions at x = 1 outlined by equations (2.14)− (2.16), and the requirements for ensuring
infinite solutions is:
Case I

cosη coshη = 1, (2.31)

Case II
sinη sinhη = 0, (2.32)

Case III
cosη coshη =−1. (2.33)

The respective roots of the equations (2.31)− (2.33) are given by:
Case I

η1 = 4.730, η2 = 7.8532, ηm =

(
m+

1
2

)
π,m ≥ 3, (2.34)

Case II
η1 = 3.1416, η2 = 6.2832, ηm = mπ,m ≥ 3, (2.35)

Case III
η1 = 1.8751, η2 = 4.6941, ηm =

(
m− 1

2

)
π,m ≥ 3. (2.36)

and solutions for all the cases of boundary conditions are provided by:
Case I

w̄(x,s)=− q0

2sη4Fs

(
A1(η)C−(ηx)+B1(η)S−(ηx)+G1(η)(C+(ηx)−2)

G1(η)

)
, (2.37)

Case II

w̄(x,s) =− q0

4sη4Fs

(
A2(η)S+(ηx)+B2(η)S−(ηx)+2G2(η)(C+(ηx)−2)

G2(η)

)
,

(2.38)
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Case III

w̄(x,s)=− q0

2sη4Fs

(
A3(η)C−(ηx)+B3(η)S−(ηx)+G3(η)(C+(ηx)−2)

G3(η)

)
, (2.39)

where
A1(η) = coshη −cosη − sinhη sinη ,B1(η) = sinhη (cosη −1)+ sinη (coshη −1) ,
A2(η)= sinhη (1− cosη)+sinη (1− coshη) ,B2(η)= sinhη (cosη −1)+sinη (1− coshη) ,

A3(η) = sinhη sinη ,B3(η) =−(coshη sinη + sinhη cosη) ,

G1(η) = 1− coshη cosη ,G2(η) = sinhη sinη ,G3(η) = coshη cosη +1.
Making use of method of residues for evaluating Inverse L.T. w.r.t. time domain defined
as:

w(x, t) = ∑Residues of estw̄(x,s). (2.40)

Case I
s = 0 is simple pole.
Residue at s = 0 is given as

−q0A2
R (1− x)2 x2

2
.

Singularities corresponding to G1(η) = 0 are also simple poles given by (2.34).

Also, using the relation η4 =− s2

Fs
,s =±ιηm

2√Fs =±ism,

Residue at s =±ιsm is

− q0e±ιsmt

±2ιsmη4
m

(
H1 (ηmx)

FsG
′
1 (ηm)

dη

ds

)
s=±ιsm

.

Solution of deflection in CC beam is given as:

wdynamic (x, t) =−q0

2

[
A2

R (1− x)2 x2 ∓ ι
e±ιsmt

smη4
m

(
H1 (ηmx)

FsG
′
1 (ηm)

dη

ds

)
s=±ιsm

]
, (2.41)

where
sm = s0

(
1+ ε0s0

2 +
ε1γ2

10
2 (1+ fP0)

)
,

H1 (ηmx) = A1(ηm)C−(ηmx)+B1(ηm)S−(ηmx)+G1(ηm)(C+(ηmx)−2),

s0 =
ηm

2

2
√

3AR
, γ10 =

(
1+ s0β0c

L

)
, P2

0 = ρCecLs0γ10
KAR

2 ,1+ fP0 = 1− 12
P2

0
+

24tanh
(

P0
2

)
P3

0
.

Case II
s = 0 is simple pole.
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Residue at s = 0 is

−
q0A2

Rx
(
x3 −2x2 +1

)
2

.

Singularities corresponding to G2(η) = 0 are simple poles given by (2.35).
Residue at s =±ιsm is

− q0e±ιsmt

±4ιsmη4
m

(
H2 (ηmx)

FsG
′
2 (ηm)

dη

ds

)
s=±ιsm

.

Solution of deflection in SS beam is given as:

wdynamic (x, t) =−q0

2

[
A2

Rx
(
x3 −2x2 +1

)
∓ ι

e±ιsmt

2smη4
m

(
H2 (ηmx)

FsG
′
2 (ηm)

dη

ds

)
s=±ιsm

]
,

(2.42)
where H2 (ηmx) = A2(ηm)S+(ηmx)+B2(ηm)S−(ηmx)+2G2(ηm)(C+(ηmx)−2).
Case III
s = 0 is simple pole,
Residue at s = 0 is given as:

−
q0A2

R
(
x2 −4x+6

)
x2

2
.

Singularities corresponding to G3(η) = 0 are also simple poles given by (2.36).
Residue at s =±ιsm is

− q0e±ιsmt

±2ιsmη4
m

(
H3 (ηmx)

FsG
′
3 (ηm)

dη

ds

)
s=±ιsm

.

Solution of deflection in CF beam is given as:

wdynamic (x, t) =−q0

2

[
A2

R
(
x2 −4x+6

)
x2 ∓ ι

e±ιsmt

smη4
m

(
H3 (ηmx)

FsG
′
3 (ηm)

dη

ds

)
s=±ιsm

]
,

(2.43)
where
H3 (ηmx) = A3(ηm)C−(ηmx)+B3(ηm)S−(ηmx)+G3(ηm)(C+(ηmx)−2).
(Values of ηm for SS and CF beams are taken from 2.35 and 2.36 resp.)
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2.6 Response Ratio

We can also examine the response ratios for all the cases of boundary condition on
beams. The response ratio of the beam have been defined as:

R(t) =
wdynamic

wstatic
. (2.44)

The values of wstatic and wdynamic have been defined in equations (2.24), (2.41) for CC
beam; (2.25), (2.42) for SS beam; and (2.26), (2.43) for CF beam resp.

2.7 Numerical Results and Graphical Explanations

In this section, we give numerical results to investigate the effects of dimensions and
boundary conditions on the deflection of a viscothermoelastic beam at different places
and times. Viscothermoelastic solid like magnesium has been selected as the material
for the beam with its physical properties listed in Table 2.1 from [28].

λ 2.17×1010N/m2

µ 1.639×1010N/m2

ρ 1.74×103Kg/m3

Ce 1.04×103JKg−1deg−1

T 298oK

K 170Wm−1deg−1

α0 = α1 0.779×10−9

β 2.68×106

q0 2×10−7

Table 2.1: Physical properties of magnesium

For the numerical computations, beam specifications are taken as L = 100µm, b =

5µm and h = 2µm. Using the relation t0 = s−1
0 , the non-dimensional relaxation time

value is calculated. The values are given as t0 = 7.7417,17.5493,49.262 for the first
mode and 2.8084,4.3873,7.8606 for the second mode, and 1.4326,1.9499,2.8073 for
the third mode, for the above considered boundary conditions, respectively. The equa-
tions (2.41) − (2.44) have been used to evaluate the non-dimensional deflection and
response ratio for few modes. The MATLAB program has been used for carrying out
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the numerical calculations. The response ratio and deflection visualizations have been
shown in Figures [2.1−2.12].

2.7.1 Case I

Figure [2.1] reveals the behaviour of deflection in CC beam, analysed over various
axial distances (x) at different times. The variation for deflection v/s axial distance
has been obtained at the time t = 7.7417,10,18. The deflection curves are symmet-
rical around the beam’s midpoint, and extremities of the beam are observed to give
significant responses. It is noted that the maximum deflection wmax increases as the
time increases. Figure [2.2] depicts the change in deflection in CC beam, analysed
over time (t). The variation for deflection v/s time has been obtained at the points
x = 0.15,0.30,0.50,0.75. The deflection curves are symmetrical around the beam’s
midpoint, and significant responses are observed at the ends of the beam. Deflection
curves follow periodic pattern with time. It is found that the maximum deflection wmax

grows as the time grows. It has been remarked that deflection curve attains its peak
value at middle spot of beam and deflection reduces as it shifts away from it in either
direction. Figure [2.3] shows the deflection curves over axial distance for first three
modes at t = 7.7417. The difference in deflection values is more significant from first
to second as compared to when we go from second mode to third mode. Figure [2.4]
depicts the variation of response-ratio v/s time at the middle point of beam x = 0.5.
The curve follows oscillatory behaviour. The peaks in Figure [2.2] and [2.4] has been
observed at same time.

Figure 2.1: Deflection (w) in CC Viscothermoelastic beam vs length (x) at various
times for first mode.
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Figure 2.2: Deflection (w) in CC Viscothermoelastic beam vs time (t) at various lengths
for first mode.

Figure 2.3: Deflection (w) in CC Viscothermoelastic beam vs length (x) for first three
modes.
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Figure 2.4: Response-ratio (R(t)) in CC Viscothermoelastic beam vs time (t) at mid
point of beam for first mode.

2.7.2 Case II

Figure[2.5−2.8] illustrate the transition of deflection and response ratio in a viscother-
moelastic beam under SS boundary conditions. The variation for deflection v/s axial
distance has been obtained at the time t = 10,17.5493,30. The deflection curves are
found almost same as the CC beam except that more symmetry is observed in SS beam
and deflection is more pronounced at the ends of beam in CC beam as compared to SS
beam. Figure [2.7] shows the deflection curves over axial distance for first three modes
at t = 17.5493. Here also, it has been remarked that changes in deflection are insignif-
icant for higher modes. Figure [2.8] depicts the same oscillatory pattern as that was in
CC beam except that period of curve is changed. Here also, the peaks of Figure [2.6]
and [2.8] has been observed at same time.

Figure 2.5: Deflection (w) in SS Viscothermoelastic beam vs length (x) at various times
for first mode.
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Figure 2.6: Deflection (w) in SS Viscothermoelastic beam vs time (t) at various lengths
for first mode.

Figure 2.7: Deflection (w) in SS Viscothermoelastic beam vs length (x) for first three
modes.
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Figure 2.8: Response-ratio (R(t)) in SS Viscothermoelastic beam vs time (t) at mid
point of beam for first mode.

2.7.3 Case III

Figure [2.9−2.12] reveals the transition of deflection and response ratio in a viscother-
moelastic beam under CF boundary conditions. The variation for deflection v/s axial
distance has been obtained at the time t = 20,49.262,60. Deflection profile observes
different pattern in case of CF beam. The deflection increases with axial distance and
found to attain maximum value at the right (free) end of beam. Figure [2.11] shows the
deflection curves over axial distance for first three modes at t = 49.262. Figure [2.12]
depicts the same oscillatory pattern with larger time period.

Figure 2.9: Deflection (w) in CF Viscothermoelastic beam vs length (x) at various times
for first mode.
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Figure 2.10: Deflection (w) in CF Viscothermoelastic beam vs time (t) at various
lengths for first mode.

Figure 2.11: Deflection (w) in CF Viscothermoelastic beam vs length (x) for first three
modes.
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Figure 2.12: Response-ratio (R(t)) in CF Viscothermoelastic beam vs time (t) at mid
point of beam for first mode.

2.8 Conclusion

The analytical expressions for transverse vibrations in isotropic viscothermoelastic beam
under uniform load are derived. The cases of different boundary conditions CC, SS and
CF has been discussed under the uniform load. It is found that for the CC and SS bound-
ary conditions, the deflection curves are oriented symmetrically around the beam’s mid
point, while in CF beam, deflection is found to attain maximum value at the right end of
beam. The changes in deflection is insignificant for higher nodes in all cases of bound-
ary conditions. Oscillatory pattern is observed in response-ratio profiles at the beam’s
midpoint with different time period in different boundary conditions.

Electronic devices especially MEMS-based sensors and actuators will be greatly
impacted by these findings as these devices require precise control of mechanical de-
formation. In situations where mechanical, thermal, and electrical interactions are in-
terrelated, the study offers insightful information about optimizing the performance.
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Chapter 3

Analysis of Deflection in Visco-thermoelastic Beam Res-
onators subjected to Harmonic Loading

3.1 Introduction

The previous chapter provides the understanding of long-term deformation due to static
loading. But there are numerous resonator systems in practical applications that func-
tion under time-varying excitations, including periodic or harmonic forces. Dynamic
loads induce oscillatory deflections and can profoundly affect the stability, resonance
properties, and fatigue lifespan of the structure. This chapter investigates the deflection
behaviour of viscothermoelastic resonators subjected to harmonic loading, utilizing the
Lord–Shulman (LS) model. The LS model, which integrates a finite heat conduction
speed through a thermal relaxation time, is employed to more precisely represent the
transient thermal field under dynamic loading conditions.

Sharma and Kaur [44] studied the effect of harmonic concentrated load on thermoe-
lastic beam and analysed the transverse deflection and thermal moment. Sharma and
Kaur [52] discussed the influence of time varying load on homogeneous, transversely
isotropic, thermoelastic micro beam resonator and explored the dynamic response by
considering CC conditions at axial ends. Partap and Chugh [60] incorporated microp-
olar microstretch effects and investigated the flexural vibrations under the influence of
time harmonic load in homogeneous isotropic thermoelastic thin beam resonators at
different boundary conditions of CC, SS, or CF. In this chapter, the behaviour of homo-
geneous isotropic visco-thermoelastic beam is analysed when acted upon by harmonic
(time varying) load and expression of transverse deflection is derived for different set
of boundary conditions of CC, SS or CF.
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3.2 Primary Equations

A homogeneous isotropic, viscothermoelastic beam has been considered which is ini-
tially at uniform temperature T0 and is undeformed. The basic equation of motion has
been considered in Cartesian coordinate system and is given by

σi j, j = ρ
∂ 2ui

∂ t2 . (3.1)

In context of Lord Shulman [5] model of generalized thermoelasticity, the equation of
heat conduction along with the constitutive relations, in the absence of heat sources
and body forces, which govern the displacement vector u = (u1,u2,u3) and temperature
change T (x,y,z, t) at time t are given as

σi j = λ
∗
δi jekk +2µ

∗ei j −β
∗T δi j. (3.2)

K∇
2T = ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
+β

∗T0

(
∂

∂ t
+ t0

∂ 2

∂ t2

)
∇.u, (3.3)

where
λ
∗ = λ

(
1+α0

∂

∂ t

)
µ
∗ = µ

(
1+α1

∂

∂ t

)
,

β
∗ = β

(
1+β0

∂

∂ t

)
β0 = (3λα0 +2µα1)

αT

β
. (3.4)

3.3 Modelling of Beam Structure

We consider a homogeneous isotropic, viscothermoelastic beam of length L, width b,

and thickness h, where (0 ≤ x ≤ L) ,
(
−b
2

≤ y ≤ b
2

)
,

(
−h
2

≤ z ≤ h
2

)
. In equilibrium,

the beam is under zero stress, zero strain and also kept at stable temperature T0. In ac-
cordance with Euler-Bernoulli assumptions, the displacement vector u and temperature
function T are given as:

u1 =−z
∂w
∂x

, u2 = 0, u3 = w(x, t) , T = T (x,z, t) . (3.5)

Now by inserting the equation (3.5) in equations (3.2) and (3.3), we get the following
set of equations:

σxx = (λ +2µ)

(
−z

∂ 2w
∂x2

)
+(λα0 +2µα1)

(
−z

∂ 3w
∂ t∂x2

)
−β

(
T +β0

∂T
∂ t

)
. (3.6)
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K
(

∂ 2T
∂x2 +

∂ 2T
∂ z2

)
= ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
−β

∗zT0

(
∂ 3w

∂x2∂ t
+ t0

∂ 4w
∂x2∂ t2

)
. (3.7)

Also, the flexural moment of cross section M (x, t) is represented as:

M (x, t) =−
∫ h/2

−h/2
bσxxzdz.

Using equation (3.6)

M(x, t) = (λ +2µ)
∂ 2w
∂x2 I +(λα0 +2µα1)

∂ 3w
∂ t∂x2 I +β

(
MT +β0

∂MT

∂ t

)
, (3.8)

where I =
bh3

12
and MT =

∫ h/2

−h/2
bT zdz represents moment of inertia of the cross section

and moment of beam due to thermal effects respectively. Now taking up the equation
of transverse motion of beam

∂ 2M
∂x2 +ρA

∂ 2w
∂ t2 = q(x, t) , (3.9)

where A = bh represents area of the cross-section and q(x, t) represents harmonic load-
ing on beam. So the equation of motion of beam reduces to:

(λ +2µ) I
∂ 4w
∂x4 +(λα0 +2µα1) I

∂ 5w
∂ t∂x4 +β

(
∂ 2MT

∂x2 +β0
∂ 3MT

∂ t∂x2

)
+ρA

∂ 2w
∂ t2 = q(x, t).

(3.10)
Considering non-dimensional quantities

x′ =
x
L
, w′ =

w
h
, z′ =

z
h
, t ′ =

c1

L
t, t0′ =

c1

L
t0, T ′ =

T
T0
.

Using the non-dimensional quantities in equations (3.7) and (3.10), we get

1
12AR

2

(
∂ 4w
∂x4 +

δ1
2c1

L
∂ 5w

∂ t∂x4

)
+ β̄

(
∂ 2MT

∂x2 +
c1β0

L
∂ 3MT

∂ t∂x2

)
+

∂ 2w
∂ t2 = q, (3.11)

where MT =
∫ 1/2

−1/2
T zdz.

(
∂ 2T
∂x2 +AR

2 ∂ 2T
∂ z2

)
=

ρCec1L
K

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
− zh2c1β

LK

(
1+

β0c1

L
∂

∂ t

)(
∂ 3w

∂x2∂ t
+ t0

∂ 4w
∂x2∂ t2

)
,

(3.12)
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where

AR =
L
h
,c1

2 =
λ +2µ

ρ
,c2

2 =
µ

ρ
,c3

2 =
λα0 +2µα1

ρ
,δ 2 =

c2
2

c12 ,δ1
2 =

c3
2

c12 , β̄ =
βT0

ρc12 ,q
′=

qL2

Ahρc12 .

(3.13)

(Ignoring the primes for the sake of convenience.)

3.4 Initial and Boundary Conditions

A beam whose edges are either CC, SS or CF has been considered and the following
conditions have been taken into account. We consider the initial conditions to be:

w(x,0)=
(

∂w(x, t)
∂ t

)
t=0

= 0,
(

∂ 2w(x, t)
∂ t2

)
t=0

= k(constant),T (x,z,0)=
(

∂T (x,z, t)
∂ t

)
t=0

= 0.

Boundary conditions from [8] are considered as:
Case I: For CC beam

w(0, t) =
(

∂w(x, t)
∂x

)
x=0

= 0 and w(1, t) =
(

∂w(x, t)
∂x

)
x=1

= 0, (3.14)

Case II: For SS beam

w(0, t) =
(

∂ 2w(x, t)
∂x2

)
x=0

= 0 and w(1, t) =
(

∂ 2w(x, t)
∂x2

)
x=1

= 0, (3.15)

Case III: For CF beam

w(0, t) =
(

∂w(x, t)
∂x

)
x=0

= 0 and
(

∂ 2w(x, t)
∂x2

)
x=1

=

(
∂ 3w(x, t)

∂x3

)
x=1

= 0.

(3.16)

3.5 Laplace Transform Approach

We apply L.T. to the equations (3.11) and (3.12) w.r.t the time domain, defined as:

W (x,s) =
∫

∞

0
e−stw(x, t)dt and Θ(x,z,s) =

∫
∞

0
e−stT (x,z, t)dt.

1
12AR

2

(
1+

δ1
2c1s
L

)
∂ 4W
∂x4 + β̄

(
1+

c1β0s
L

)
∂ 2MΘ

∂x2 + s2W = Q. (3.17)

(
∂ 2Θ

∂x2 +AR
2 ∂ 2Θ

∂ z2

)
=

ρCec1Lsγ0

K
Θ− zh2c1βγ0γ1s

LK
∂ 2W
∂x2 , (3.18)
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where

1+ st0 = γ0, 1+
sc1β0

L
= γ1, MΘ =

∫ 1/2

−1/2
Θzdz. (3.19)

Q(x,s) is the L.T. of load q(x, t) .

Solving equation (3.18) under the conditions that thers is no heat transfer across the top
and bottom surfaces of beam, i.e., for

z =±1
2
,

∂Θ

∂ z
= 0.

Using above conditions, we get

Θ(x,z,s) =
h2βγ1

CeL2ρ

(
z− sin pz

pcos
( p

2

)) ∂ 2W
∂x2 , (3.20)

where
p2 =−ρCec1Lsγ0

KAR
2 .

Using equation (3.19) to find MΘ and differentiating twice w.r.t. x

∂ 2MΘ

∂x2 =
h2βγ1

12CeL2ρ
(1+ f (p))

∂ 4W
∂x4 , (3.21)

where
f (p) =

24
p3

( p
2
− tan

( p
2

))
.

Using the equation (3.21) in (3.17)

Fs
∂ 4W
∂x4 + s2W = Q.

∂ 4W
∂x4 −ζ

4W =
Q
Fs
, (3.22)

where

ζ
4 =− s2

Fs
, Fs =

1
12AR

2

(
1+

c1sδ1
2

L
+(1+ f (p))

ββ̄γ1
2

ρCe

)
.

Considering harmonic loading on beam q(x, t) = q0 sinωt, so

Q(s, t) =
q0ω

s2 +ω2 .
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Applying L.T. with respect to space domain defined as W̄ (ξ ,s) =
∫

∞

0
e−ξ xW (x,s)dx

equation (3.22) reduces to

[
ξ

4W̄ −ξ
3W (0,s)−ξ

2W ′(0,s)−ξ
3W ′′(0,s)−W ′′′(0,s)

]
−ζ

4W̄ =
q0ω

Fs (s2 +ω2)ξ
.

(3.23)
Using the boundary conditions at x = 0 defined by equations (3.14)−(3.16) and apply-
ing inverse L.T. w.r.t. space domain
Case I

W =
c1C(ζ x)

2ζ 2 +
c2S(ζ x)

2ζ 3 +
q0ω

Fs (s2 +ω2)

C̄(ζ x)−2
2ζ 4 , (3.24)

Case II
W =

c3S̄(ζ x)
2ζ

+
c4S(ζ x)

2ζ 3 +
q0ω

Fs (s2 +ω2)

C̄(ζ x)−2
2ζ 4 , (3.25)

Case III
W =

c5C(ζ x)
2ζ 2 +

c6S(ζ x)
2ζ 3 +

q0ω

Fs (s2 +ω2)

C̄(ζ x)−2
2ζ 4 , (3.26)

where
C(ζ x) = cosh(ζ x)− cos(ζ x), S(ζ x) = sinh(ζ x)− sin(ζ x),

C̄(ζ x) = cosh(ζ x)+ cos(ζ x), S̄(ζ x) = sinh(ζ x)+ sin(ζ x).

Using the boundary conditions at x = 1 defined by equations (3.14)− (3.16), a set of
non-homogeneous linear equations is obtained and the condition for existence of infinite
solutions is
Case I

cosζ coshζ = 1, (3.27)

Case II
sinζ sinhζ = 0, (3.28)

Case III
cosζ coshζ =−1. (3.29)

The respective roots of the equations (3.27)− (3.29) are given by:

Case I : ζ1 = 4.730, ζ2 = 7.8532, ζk =

(
k+

1
2

)
π,k ≥ 3,

Case II : ζ1 = 3.1416, ζ2 = 6.2832, ζk = kπ,k ≥ 3,

Case III : ζ1 = 1.8751, ζ2 = 4.6941, ζk =

(
k− 1

2

)
π,k ≥ 3,

(3.30)
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and solutions for three cases of boundary conditions are given by
Case I

W =
q0ω

2ζ 4Fs (s2 +ω2)

(
A1(ζ )C(ζ x)+B1(ζ )S(ζ x)+G1(ζ )

(
C̄(ζ x)−2

)
G1(ζ )

)
, (3.31)

Case II

W =
q0ω

4ζ 4Fs (s2 +ω2)

(
A2(ζ )S̄(ζ x)+B2(ζ )S(ζ x)+2G2(ζ )

(
C̄(ζ x)−2

)
G2(ζ )

)
, (3.32)

Case III

W =
q0ω

2ζ 4Fs (s2 +ω2)

(
A3(ζ )C(ζ x)+B3(ζ )S(ζ x)+G3(ζ )

(
C̄(ζ x)−2

)
G3(ζ )

)
. (3.33)

where
A1(ζ ) = coshζ − cosζ − sinhζ sinζ ,B1(ζ ) = sinhζ (cosζ −1)+ sinζ (coshζ −1) ,
A2(ζ ) = sinhζ (1− cosζ )+ sinζ (1− coshζ ) ,

B2(ζ ) = sinhζ (cosζ −1)+ sinζ (1− coshζ ) ,

A3(ζ ) = sinhζ sinζ ,B3(ζ ) =−(coshζ sinζ + sinhζ cosζ ) ,

G1(ζ ) = 1− coshζ cosζ ,G2(ζ ) = sinhζ sinζ ,G3(ζ ) = coshζ cosζ +1.
Taking Inverse L.T. w.r.t. time domain using method of residues [6] defined as

w(x, t) = ∑Residues of estW (x,s). (3.34)

Making the use of following notations,

r =
√

1+ω2t02, R = 1
AR

√
ρCeLcωr

K , θ = tan−1
(

1
ωt0

)
fR = 12cosθ

R2 − 24
R3

[
cos( 3θ

2 )sin(Rcosθ)+sin( 3θ

2 )sinh(Rsinθ)

cos(Rcosθ)+cosh(Rsinθ)

]
,

fI =
12sinθ

R2 − 24
R3

[
sin( 3θ

2 )sin(Rcosθ)−cos( 3θ

2 )sinh(Rsinθ)

cos(Rcosθ)+cosh(Rsinθ)

]
,

ζR = 4
√

12
√

ARω

[
1− ββ̄

4ρCe

((
1−
(

tcβ0
L

)2
)
(1+ fR)− 2tcβ0

L fI

)]
,

ζI =
4
√

12
√

ARt
[
−δ 2

1 ct
4L − ββ̄

4ρCe

((
1−
(

tcβ0
L

)2
)

fI +
2tβ0c

L (1+ fR)

)]
where fR, fI are the real and imaginary parts of f (p) and ζR, ζI are the real and imagi-
nary parts of ζ respectively at s =±ιω .
Case I
s = 0 is removable singularity, Residue = 0.
s = ±ιω are simple poles and their residues are conjugates of each other, So sum of
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residues is twice the real part of residue of estW (x,s) at s = ιω .

Sum of residues at s =±ιω is

q0

2ω2

(
sin(ωt)

(
T (P+R)+U(Q+S)

T 2 +U2 +V
)
+ cos(ωt)

(
T (Q+S)−U(P+R)

T 2 +U2 +Y
))

,

(3.35)

where

P = (coshζR cosζI − cosζR coshζI − sinhζR cosζI sinζR coshζI
+ coshζR sinζI cosζR sinhζI)×

(coshζRxcosζIx − cosζRxcoshζIx)− (sinhζRxsinζIx + sinζRxsinhζIx)×
(sinhζR sinζI + sinζR sinhζI − sinhζR cosζI cosζR sinhζI

− coshζR sinζI sinζR coshζI) ,

Q = (coshζR cosζI − cosζR coshζI − sinhζR cosζI sinζR coshζI
+ coshζR sinζI cosζR sinhζI)×

(sinhζRxsinζIx + sinζRxsinhζIx) + (coshζRxcosζIx − cosζRxcoshζIx)×
(sinhζR sinζI + sinζR sinhζI − sinhζR cosζI cosζR sinhζI

− coshζR sinζI sinζR coshζI) ,

R = (sinhζRxcosζIx − sinζRxcoshζIx)× [sinhζR cosζI (cosζR coshζI − 1) +
coshζR sinζI sinζR sinhζI + sinζR coshζI (coshζR cosζI − 1)

− cosζR sinhζI sinhζR sinζI]

− (coshζRxsinζIx − cosζRxsinhζIx)× [(coshζR sinζI)(cosζR coshζI − 1)−
(sinhζR cosζI sinζR sinhζI) + (sinζR coshζI sinhζR sinζI)

+ (cosζR sinhζI)(coshζR cosI −1)] ,

S = (coshζRxsinζIx − cosζRxsinhζIx)× [(sinhζR cosζI)(cosζR coshζI − 1) +
(coshζR sinζI sinζR sinhζI) + (coshζR cosζI − 1)(sinζR coshζI)

− (cosζR sinhζI sinhζR sinζI)]

+ (sinhζRxcosζIx − sinζRxcoshζIx)× [(coshζR sinζI)(cosζR coshζI − 1)−
(sinhζR cosζI sinζR sinhζI) + (sinζR coshζI sinhζR sinζI)

+ (cosζR sinhζI)(coshζR cosI −1)] ,

T = 1− cosζR coshζI coshζR cosζI − sinζR sinhζI sinhζR sinζI,

U = sinζR sinhζI coshζR cosζI − cosζR coshζI sinhζR sinζI,

V = coshζRxcosζIx+ cosζRxcoshζIx−2,

Y = sinhζRxsinζIx− sinζRxsinhζIx.

Singularity corresponding to G1 (ζ ) = 0 given by equation (3.30) are simple poles, us-
ing equation (3.22),
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s =±ιζk
2√Fs =±isk, sk = s0

(
1+ δ1

2cs0
2L + ββ̄

2ρCe

(
1+ s0β0c

L

)2 (
1+ fp0

))
where s0 =

ζk
2

2
√

3AR
, P2 = ρCecLs0γ0

KAR
2 , 1+ fp0 = 1− 12

P2 +
24tanh(P

2 )
P3

sum of the residues at s =±ιsk is

=
4q0Fsω cos(skt)

ζk
(
ω2 − s2

k

) (
A1 (ζk)C (ζkx)+B1 (ζk)S (ζkx)+

(
C̄ (ζkx)−2

)
G1 (ζk)

(sinζk coshζk − cosζk sinhζk)

)
×

−2skFs + s2
k

(
δ 2

1 c1

L

)
+

2ββ0β̄c1

(
1 + skβ0c1

L

)
(1 + f (p))

ρCeL



+

ββ̄c1L
(

1 +
(

skβ0c
L

)2
)
(1 + 2skt0)

((
12(1+sec2( p

2 ))
p4

)
−
(

36tanh( p
2 )

p5

))
KA2

R



−1

.

(3.36)

Case II
s = 0 is removable singularity, Residue = 0.
s = ±ιω are simple poles and their residues are conjugates of each other, So sum of
residues is twice the real part of residue of estW (x,s) at s = ιω .
Sum of residues at s =±ιω is

q0

4ω2

(
sin(ωt)

(
T (P+R)+U(Q+S)

T 2 +U2 +2V
)
+ cos(ωt)

(
T (Q+S)−U(P+R)

T 2 +U2 +2Y
))

,

(3.37)

where

P = [sinhζR cosζI (1 − cosζR coshζI) + sinζR coshζI (1 − coshζR cosζI)

− coshζR sinζI sinζR sinhζI +
cosζR sinhζI sinhζR sinζI]× (sinhζRxcosζIx + sinζRxcoshζIx)

− [sinhζR cosζI sinζR sinhζI + coshζR sinζI (1 − cosζR coshζI)

− sinζR coshζI sinhζR sinζI +
cosζR sinhζI (1 − coshζR cosζI)]× (coshζRxsinζIx + cosζRxsinhζIx) ,

Q = [sinhζR cosζI (1 − cosζR coshζI) + sinζR coshζI (1 − coshζR cosζI)

− coshζR sinζI sinζR sinhζI +
cosζR sinhζI sinhζR sinζI]× (coshζRxsinζIx + cosζRxsinhζIx)

+ [sinhζR cosζI sinζR sinhζI + coshζR sinζI (1 − cosζR coshζI)

− sinζR coshζI sinhζR sinζI +
cosζR sinhζI (1 − coshζR cosζI)]× (sinhζRxcosζIx + sinζRxcoshζIx) ,
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R = [sinhζR cosζI (cosζR coshζI − 1) + sinζR coshζI (1 − coshζR cosζI)

+ coshζR sinζI sinζR sinhζI +
cosζR sinhζI sinhζR sinζI]× (sinhζRxcosζIx + sinζRxcoshζIx)−
[−sinhζR cosζI sinζR sinhζI + coshζR sinζI (cosζR coshζI − 1)

− sinζR coshζI sinhζR sinζI +
cosζR sinhζI (1 − coshζR cosζI)]× (coshζRxsinζIx − cosζRxsinhζIx) ,

S = [sinhζR cosζI (cosζR coshζI − 1) + sinζR coshζI (1 − coshζR cosζI)

+ coshζR sinζI sinζR sinhζI +
cosζR sinhζI sinhζR sinζI]× (coshζRxsinζIx − cosζRxsinhζIx) +
[−sinhζR cosζI sinζR sinhζI + coshζR sinζI (cosζR coshζI − 1)

− sinζR coshζI sinhζR sinζI +
cosζR sinhζI (1 − coshζR cosζI)]× (sinhζRxcosζIx + sinζRxcoshζIx) ,

T = sinhζR cosζI sinζR coshζI − coshζR sinζI cosζR sinhζI,

U = sinhζR cosζI cosζR sinhζI + coshζR sinζI sinζR coshζI,

V = coshζRxcosζIx+ cosζRxcoshζIx−2,

Y = sinhζRxsinζIx− sinζRxsinhζIx.

Singularity corresponding to G2 (ζ ) = 0 given by equation (3.30) are simple poles,
using equation (3.22) ,

s =±ιζk
2√Fs, sk =±ιs0

(
1+ δ1

2cs0
2L + ββ̄

2ρCe

(
1+ s0β0c

L

)2 (
1+ fp0

))
,

where s0 =
ζk

2

2
√

3AR
, P2 = ρCecLs0γ0

KAR
2 , 1+ fp0 = 1− 12

P2 +
24tanh(P

2 )
P3

sum of the residues at s =±ιsk is

=
2q0Fsω cos(skt)

ζk
(
ω2 − s2

k

) (
A2 (ζ ) S̄ (ζkx)+B2 (ζk)S (ζkx)+2

(
C̄ (ζkx)−2

)
G2 (ζk)

(sinhζk cosζk + coshζk sinζk)

)
×

−2skFs + s2
k

(
δ 2

1 c1

L

)
+

2ββ0β̄c1

(
1 + skβ0c1

L

)
(1 + f (p))

ρCeL



+

ββ̄c1L
(

1 +
(

skβ0c
L

)2
)
(1 + 2skt0)

((
12(1+sec2( p

2 ))
p4

)
−
(

36tanh( p
2 )

p5

))
KA2

R



−1

.

(3.38)

Case III
s = 0 is removable singularity, Residue = 0.
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s = ±ιω are simple poles and their residues are conjugates of each other, So sum of
residues is twice the real part of residue of estW (x,s) at s = ιω .
Sum of residues at s =±ιω is

q0

2ω2

(
sin(ωt)

(
T (P+R)+U(Q+S)

T 2 +U2 +V
)
+ cos(ωt)

(
T (Q+S)−U(P+R)

T 2 +U2 +Y
))

,

(3.39)
where

P = (sinhζR cosζI sinζR coshζI − coshζR sinζI sinhζI cosζR)(coshζRxcosζIx
− cosζRxcoshζIx)

− (sinhζR cosζI cosζR sinhζI + coshζR sinζI sinζR coshζI)(sinhζRxsinζIx
+ sinζRxsinhζIx) ,

Q = (sinhζR cosζI sinζR coshζI − coshζR sinζI sinhζI cosζR)(sinhζRxsinζIx
+ sinζRxsinhζIx)

+ (sinhζR cosζI cosζR sinhζI + coshζR sinζI sinζR coshζI)(coshζRxcosζIx
− cosζRxcoshζIx) ,

R = − [(coshζR cosζI sinζR coshζI − sinhζR sinζI cosζR sinhζI)

+ (sinhζR cosζI cosζR coshζI +

coshζR sinζI sinζR sinhζI)]× (sinhζRxcosζIx − sinζRxcoshζIx) +
[coshζR cosζI cosζR sinhζI + sinhζR sinζI sinζR coshζI − sinhζR cosζI sinζR sinhζI

+
coshζR sinζI cosζR coshζI]× (coshζRxsinζIx − cosζRxsinhζIx) ,

S = − [(coshζR cosζI sinζR coshζI − sinhζR sinζI cosζR sinhζI)

+ (sinhζR cosζI cosζR coshζI +

coshζR sinζI sinζR sinhζI)]× (coshζRxsinζIx − cosζRxsinhζIx)−
[coshζR cosζI cosζR sinhζI + sinhζR sinζI sinζR coshζI − sinhζR cosζI sinζR sinhζI

+
coshζR sinζI cosζR coshζI]× (sinhζRxcosζIx − sinζRxcoshζIx) ,

T = coshζR cosζI cosζR coshζI + sinhζR sinζI sinζR sinhζI +1,

U = −coshζR cosζI sinζR sinhζI + sinhζR sinζI cosζR coshζI,

V = coshζRxcosζIx+ cosζRxcoshζIx−2,

Y = sinhζRxsinζIx− sinζRxsinhζIx.

Singularity corresponding to G3 (ζ ) = 0 given by equation (3.30) are simple poles,
using equation (3.22)

s =±ιζk
2√Fs, sk =±ιs0

(
1+ δ1

2cs0
2L + ββ̄

2ρCe

(
1+ s0β0c

L

)2 (
1+ fp0

))
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where s0 =
ζk

2

2
√

3AR
, P2 = ρCecLs0γ0

KAR
2 , 1+ fp0 = 1− 12

P2 +
24tanh(P

2 )
P3 .

Sum of the residues at s =±ιsk is

=
4q0Fsω cos(skt)

ζk
(
ω2 − s2

k

) (
A3 (ζ )C (ζkx)+B3 (ζk)S (ζkx)+

(
C̄ (ζkx)−2

)
G3 (ζk)

(sinhζk cosζk − coshζk sinζk)

)
×

−2skFs + s2
k

(
δ 2

1 c1

L

)
+

2ββ0β̄c1

(
1 + skβ0c1

L

)
(1 + f (p))

ρCeL



+

ββ̄c1L
(

1 +
(

skβ0c
L

)2
)
(1 + 2skt0)

((
12(1+sec2( p

2 ))
p4

)
−
(

36tanh( p
2 )

p5

))
KA2

R



−1

.

(3.40)

3.6 Numerical Results and Graphical Explanations

Consider viscothermoelastic solid like magnesium with the physical specifications from
[36] as given below:

Ce = 1.04×103J Kg−1 deg−1, T0 = 298oK, α0 = α1 = 0.779×10−9, αT = 25×10−6,

β = 2.68×106, q0 = 2×10−7

The frequency ω is 0.1076 Hz. Dimensions of the beam are taken as L = 200µm,
b = 35µm and h = 30µm. The non-dimensional value of relaxation time for CC,
SS, CF beams are computed from relation t0 = s−1

0 . So the values are given as t0 =

1.0322,2.34,6.5683 for the first mode and t0 = 0.3744,0.585,1.0481 for the second
mode for CC, SS and CF beam respectively. Using equations (3.34)− (3.40), the di-
mensionless deflection has been evaluated.

Fig.[3.1−3.3] represents the transition of deflection for viscothermoelastic beam
for different boundary condition as CC, SS, CF under the effect of harmonic load w.r.t
length (x) at different time (t) for first and second mode. From Fig.[3.1−3.3] The mag-
nitude of deflection has been observed to increase with time except for cantilever beam
at t = 21. Also from Fig. [3.1−3.2] deflection curve is symmetrical about the middle
point of beam. Also, the deflections near the axial ends are more forceful for clamped
beam in comparison to simple supported beam. The figures reveal that the deflection
is minimum at the restrained edges in all cases. The CF beam, being most flexible,
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displays steadily increasing deflection from the clamped to the free end, with the tip
showing the highest displacement. From a design standpoint, this indicates that greater
flexibility or weaker supports lead to enhanced bending, implying that cantilever config-
urations require careful damping and material selection to prevent excessive vibration
or fatigue during cyclic thermal-mechanical loading.

Fig.[3.4−3.6] depicts the transition of deflection for viscothermoelastic beam for
different boundary condition as CC, SS, CF under the effect of harmonic load w.r.t time
(t) at various values of length (x) for first mode. From Fig.[3.4−3.5], it has been re-
marked that maxima of deflection occurs at middle spot of beam and it reduces as it
shifts away from it in either direction. Whereas, from Fig.[3.6], the deflection increases
with the increase in length (x) in case of cantilever beam. On analyzing the amplitude
of maximum value of deflection, it is observed that wCC ≥wCF ≥wSS. These figures de-
pict that the non-dimensional deflection gradually increases with time. This behaviour
arises from the combined effects of viscous damping and thermal relaxation inherent in
visco-thermoelastic materials leading to time-dependent deformation. Among the three
boundary conditions, the SS beam demonstrates the largest amplitude growth, indicat-
ing that weaker constraints permit greater energy transfer from the applied harmonic
load into structural deformation. In real applications, such as MEMS/NEMS beam
resonators or thin mechanical sensors, this behaviour highlights the importance of ac-
counting for long-term deformation and frequency drift when the component operates
in thermally varying environments.

Figure 3.1: Deflection (w) in CC Viscothermoelastic beam vs length (x) at different
times for first and second mode.
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Figure 3.2: Deflection (w) in SS Viscothermoelastic beam vs length (x) at different
times for first and second mode.

Figure 3.3: Deflection (w) in CF Viscothermoelastic beam vs length (x) at different
times for first and second mode.
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Figure 3.4: Deflection (w) in CC Viscothermoelastic beam vs time (t) at different
lengths for first mode.

Figure 3.5: Deflection (w) in SS Viscothermoelastic beam vs time (t) at different
lengths for first mode.
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Figure 3.6: Deflection (w) in CF Viscothermoelastic beam vs time (t) at different
lengths for first mode.

3.7 Conclusion

The dynamic response of homogeneous isotropic viscothermoelastic beam under the
influence of harmonic loading has been studied. The L.T. technique has been used
twice with respect to time and spatial domain. It is inferred that

• The deflection likewise increases with time in case of CC, SS, CF except for CF
beam at relaxation time t = 21.

• The deflection curve is symmetrical about the middle spot of beam for CC and
SS beam.

• Maxima of deflection occurs at middle spot of beam and it reduces as it shifts
away from it in either direction.
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Chapter 4

Visco-thermoelastic Rectangular Plate under Uniform Load-
ing: A Study of Deflection

4.1 Introduction

The previous two chapters discusses the analysis of deflection in beam structure which
provides a fundamental understanding of one-dimensional deflection profile. There are
real world applications like sensor membranes, microscale resonators which involve the
multidirectional deformation. This chapter extends the study to analysis of deflection
in two-dimensional structures like rectangular plates. The interplay of in-plane and
out-of-plane stresses adds complexity to the analysis of deflection in rectangular plates.
This chapter examines how a viscothermoelastic rectangular plate responds to uniform
transverse loading under different set of boundary conditions.

Sharma and Grover [36] studied thermoelastic damping in MEMS/NEMS thin plates
with voids to derive the expressions for deflection, frequency shift under different bound-
ary conditions. Lal and Kumar [40] studied the free transverse vibration of thin rectan-
gular plates of linearly varying thickness using two-dimensional characteristic orthog-
onal polynomial. Rana and Robin [55] analysed the effect on damping due to non-
homogeneity in a rectangular plate of parabolically varying thickness resting on elastic
foundation. Partap and Chugh [61] incorporated the microstretch, micropolar effects
and investigated the expressions for thermoelastic damping, temperature distribution,
deflection in micro-scale, generalized thermoelastic thin plate. Grover [86] studied the
thermoelastic damping in piezothermoelastic plate resonators with voids by developing
a model incorporating mechanical, thermal, and piezoelectric effects. The author de-
rived the expressions for displacements, electric potential change, frequency shift, and
thermoelastic damping under CS and SS boundary conditions and also emphasized the
impact of coupling parameters and voids on the structure’s resonance properties.
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4.2 Primary Equations

Considering a homogeneous, isotropic, thermally conductive viscothermoelastic rect-
angular plate, which is initially undeformed and at temperature T0. The basic equation
of motion has been considered in Cartesian coordinate system from [31].

σi j = λ
∗
δi jekk +2µ

∗ei j −β
∗T δi j. (4.1)

In view of Lord Shulman [5] model of generalized thermoelasticity the equation of heat
conduction along with the constitutive relations, in the absence of heat sources and body
forces, which govern the displacement vector u = (u1,u2,u3) and temperature change
T (x,y,z, t) at time t are given as

(λ ∗+2µ
∗)∇(∇.u)−µ

∗
∇× (∇×u)−β

∗
∇T = ρ

∂ 2u
∂ t2 . (4.2)

K∇
2T = ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
+β

∗T0

(
∂

∂ t
+ t0

∂ 2

∂ t2

)
∇.u. (4.3)

4.3 Modelling of Rectangular Plate Structure

A homogeneous isotropic, viscothermoelastic rectangular plate of length L, width b, and

thickness h, where (0 ≤ x ≤ L) ,
(
−b
2

≤ y ≤ b
2

)
,

(
−h
2

≤ z ≤ h
2

)
is considered for

the studying transverse deflection induced due to loading. In equilibrium, the plate is at
stable temperature T0, is under no stress and unstrained. In accordance with Kirchhoff-
Love plate theory assumptions [22], the displacement vector u and temperature function
T are given as

u1 =−z
∂w
∂x

, u2 =−z
∂w
∂y

, u3 = w(x,y, t) .

Using the above displacement vector values, equation (4.1)− (4.3) reduces to

σxx = (λ +2µ)
(
−z∂ 2w

∂x2

)
+λ

(
−z∂ 2w

∂y2

)
+(λα0 +2µα1)

(
−z ∂ 3w

∂ t∂x2

)
+λα0

(
−z ∂ 3w

∂ t∂y2

)
−β

(
T +β0

∂T
∂ t

)
,

σyy = (λ +2µ)
(
−z∂ 2w

∂y2

)
+λ

(
−z∂ 2w

∂x2

)
+(λα0 +2µα1)

(
−z ∂ 3w

∂ t∂y2

)
+λα0

(
−z ∂ 3w

∂ t∂x2

)
−β

(
T +β0

∂T
∂ t

)
,

σxy =−2µz
(

∂ 2w
∂x∂y +α1

∂ 3w
∂ t∂x∂y

)
.


(4.4)
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Figure 4.1: Flowchart for the modeling of the viscothermoelastic Rectangular Plate

−z(λ +2µ)
(

∂ 3w
∂x3 +

∂ 3w
∂x∂y2

)
− z(λα0 +2µα1)

(
∂ 4w

∂ t∂x3 +
∂ 4w

∂ t∂x∂y2

)
−β

(
∂T
∂x +β0

∂ 2T
∂x∂ t

)
=−ρz ∂ 3w

∂x∂ t2 ,

−z(λ +2µ)
(

∂ 3w
∂y3 +

∂ 3w
∂y∂x2

)
− z(λα0 +2µα1)

(
∂ 4w

∂ t∂y∂x2 +
∂ 4w

∂ t∂y3

)
−β

(
∂T
∂y +β0

∂ 2T
∂y∂ t

)
=−ρz ∂ 3w

∂y∂ t2 ,

−λ

(
∂ 2w
∂x2 +

∂ 2w
∂y2

)
−λα0

(
∂ 3w

∂ t∂x2 +
∂ 3w

∂ t∂y2

)
−β

(
∂T
∂ z +β0

∂ 2T
∂ z∂ t

)
= ρ

∂ 2w
∂ t2 .


(4.5)

K∇
2T = ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
−β zT0

(
1+β0

∂

∂ t

)(
∂

∂ t
+ t0

∂ 2

∂ t2

)
∇

2
1w. (4.6)

Here ∇2 =
(

∂ 2

∂x2 +
∂ 2

∂y2 +
∂ 2

∂ z2

)
and ∇2

1 =
(

∂ 2

∂x2 +
∂ 2

∂y2

)
.

The bending moments per unit length Mxx,Myy are induced in viscothermoelastic plate
due to normal stresses σxx,σyy and the twisting moment per unit length Mxy is induced
due to the shearing stresses σxy,σyx and are given as

Mxx =
∫ h/2

−h/2
σxxzdz, Myy =

∫ h/2

−h/2
σyyzdz, Mxy =

∫ h/2

−h/2
σxyzdz.
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Using the stress components from (4.4), we get

Mxx =− h3

12

[
(λ +2µ) ∂ 2w

∂x2 +λ
∂ 2w
∂y2 +(λα0 +2µα1)

∂ 3w
∂ t∂x2 +λα0

∂ 3w
∂ t∂y2

]
−β

[
MT +β0

∂MT
∂ t

]
,

Myy =− h3

12

[
(λ +2µ) ∂ 2w

∂y2 +λ
∂ 2w
∂x2 +(λα0 +2µα1)

∂ 3w
∂ t∂y2 +λα0

∂ 3w
∂ t∂x2

]
−β

[
MT +β0

∂MT
∂ t

]
,

Mxy =−2µ
h3

12

(
∂ 2w
∂x∂y +α1

∂ 3w
∂ t∂x∂y

)
.


(4.7)

where MT =
∫ h/2

−h/2
T zdz represents moment of plate due to thermal effects.

Now taking up the equation of transverse motion in plate

∂ 2Mxx

∂x2 +2
∂ 2Mxy

∂x∂y
+

∂ 2Myy

∂y2 =−q(x,y, t)+ρh
∂ 2w
∂ t2 . (4.8)

where q(x,y, t) represents loading on plate.
Taking uniform loading under consideration, i.e., q(x,y, t) =−q0.

Using the equation (4.7) in (4.8), we get

− h3

12

[
(λ +2µ)∇

2
1
(
∇

2
1w
)
+(λα0 +2µα1)

∂

∂ t
∇

2
1
(
∇

2
1w
)]

−β∇
2
1

(
MT +β0

∂MT

∂ t

)
= q0+ρh

∂ 2w
∂ t2 .

(4.9)

Considering non-dimensional quantities

x′ =
x
L
, y′ =

y
L
, w′ =

w
h
, z′ =

z
h
, t ′ =

c1

L
t, t0′ =

c1

L
t0, T ′ =

T −T0

T0
.

Using the non-dimensional quantities in equations (4.6) and (4.9), we get

1
12A2

R

[
(λ +2µ)∇2

1
(
∇2

1w
)
+(λα0 +2µα1)

c1
L

∂

∂ t ∇2
1
(
∇2

1w
)]

+

βT0∇2
1

(
MT + c1β0

L
∂MT

∂ t

)
+ρc2

1
∂ 2w
∂ t2 =−q0A2

R,[
∂ 2T
∂x2 +

∂ 2T
∂y2 +A2

R
∂ 2T
∂ z2

]
= ρCec1L

K

(
∂T
∂ t + t0 ∂ 2T

∂ t2

)
− c1β zh2

KL

(
1+ β0c1

L
∂

∂ t

)(
∂

∂ t + t0 ∂ 2

∂ t2

)
∇2

1w,

(4.10)

where MT =
∫ 1/2

−1/2
T zdz.

(Ignoring the primes for the sake of convenience.)

4.4 Initial and Boundary Conditions

A rectangular plate whose, either all the edges are subjected to simply supported con-
ditions (SSSS) or horizontal edges are subjected to simply supported and vertical edges
as clamped (CSCS), is considered. The initial conditions in rectangular plate [36] are
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considered as:

w(x,y,0) =
(

∂w
∂ t

)
t=0

=

(
∂ 2w
∂ t2

)
t=0

= 0, T (x,y,z,0) =
(

∂T
∂ t

)
t=0

= 0. (4.11)

The first condition on the deflection ensure that the plate is in undeformed position
initially and the other two conditions signify that no external momentum or force is
acting initially. The first condition on T (x,y,z, t) means that change in temperature
from initial temperature T0 is zero in the beginning. The other condition states that
temperature gradient is zero initially. and the following boundary conditions [68] are
taken into account.
Case I: For simply supported plate SSSS

w(0,y, t) = w(1,y, t) = 0 and w(x,0, t) = w(x, b̂, t) = 0,(
∂ 2w
∂x2

)
x=0

=
(

∂ 2w
∂x2

)
x=1

= 0 and
(

∂ 2w
∂y2

)
y=0

=
(

∂ 2w
∂y2

)
y=b̂

= 0.

 (4.12)

Case II: For clamped-simply supported plate CSCS

w(0,y, t) = w(1,y, t) = 0 and w(x,0, t) = w(x, b̂, t) = 0,(
∂w
∂x

)
x=0

=
(

∂w
∂x

)
x=1

= 0 and
(

∂ 2w
∂y2

)
y=0

=
(

∂ 2w
∂y2

)
y=b̂

= 0.

 (4.13)

With all the edges under simply supported condition state that the plate is rigid at the
edges and is not allowing the vertical movement but is free to rotate with zero resis-
tance to bending at the boundaries when external load is applied. The other boundary
condition of CSCS signify that all the edges are restricting the vertical movement but
rotation is restricted only at vertical edges.
Also, there is no heat transfer through the top and bottom surface of viscothermoelastic
rectangular plate, i.e., ∂T

∂ z = 0 at z =±1
2 .

4.5 Solution along thickness direction

Laplace Transform technique
The differential equations given in (4.10) are analysed using the L.T. technique. L.T.
converts time-domain problems into complex frequency-domain. The transform con-
verts the time derivatives into algebraic equations, which makes it easier to solve. We
apply L.T. to the equations w.r.t the time domain, defined as

L (w(x,y, t)) = w̄(x,y,s) =
∫

∞

0
e−stw(x,y, t)dt.
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L (T (x,y,z, t)) = Θ(x,y,z,s) =
∫

∞

0
e−stT (x,y,z, t)dt.

On applying L.T., under the initial conditions given by (4.11), we getL
(

∂w
∂ t

)
= sw̄, L

(
∂ 2w
∂ t2

)
= s2w̄,

L
(

∂T
∂ t

)
= sΘ.

Using above expressions, set of equations in (4.10) reduce to

(4.14)

1
12A2

R

[
(λ + 2µ)∇

2
1
(
∇

2
1w̄
)
+ (λα0 + 2µα1)

c1s
L

∇
2
1
(
∇

2
1w̄
)]

+ βT0

(
1 +

c1β0s
L

)
∇

2
1MΘ + ρc2

1s2w̄ = −q0A2
R

s
.

[
∂ 2Θ

∂x2 +
∂ 2Θ

∂y2 +A2
R

∂ 2Θ

∂ z2

]
=

ρCec1Lsγ0Θ

K
− c1β zh2

KL
sγ0γ1∇

2
1w̄, (4.15)

where 1+ st0 = γ0, 1+ sc1β0
L = γ1 and

MΘ =
∫ 1/2

−1/2
Θzdz. (4.16)

Under the conditions that no heat flows through upper and lower surfaces of rectangular
plate and considering the fact that thermal gradients are much larger along thickness
direction than in the plane of cross section, ie., ∇2

1Θ<< ∂ 2Θ

∂ z2 , so the solution of equation
(4.15) is obtained as follows:

Θ(x,y,z,s) =
βγ1

ρCeA2
R

(
z− sin pz

pcos(p/2)

)
∇

2
1w̄ where p2 =−ρCesγ0γ1

K
. (4.17)

Using the equation (4.16) to find MΘ, we get

∇
2
1MΘ =

βγ1

12ρCeA2
R

[
1+

24
p3

( p
2
− tan

( p
2

))]
∇

2
1
(
∇

2
1w̄
)
. (4.18)

Using the above expression, equation (4.14) reduces to

1
12A2

R

[
1+ ε0s+ ε1γ

2
1 (1+ f (p))

]
∇

2
1
(
∇

2
1w̄
)
+ s2w̄ =−q0A2

R

ρc2
1s
, (4.19)
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where ε0 =
(λα0+2µα1)c1

(λ+2µ)L , ε1 =
β 2T0

ρ2Cec2
1
, (λ +2µ) = ρc2

1.
Re-writing the above expression, we get

Gs∇
2
1
(
∇

2
1w̄
)
+ s2w̄ =−Q

s
.

∇
2
1
(
∇

2
1w̄
)
−η

4w̄ =− Q
sGs

. (4.20)

where Q =
qA2

R
ρc2

1
and

Gs =
1

12A2
R

[
1+ ε0s+ ε1γ

2
1 (1+ f (p))

]
,η4 =− s2

Gs
. (4.21)

Fourier Transform Technique
The Finite Fourier Sine Transform (FFST) method is used to investigate the differen-
tial equations mentioned in (4.20). In general, the Fourier transform makes it easier
to analyse wave-like behaviour by converting functions from the spatial domain to the
wavenumber domain. In particular, partial differential equations (PDEs) can be sim-
plified by converting them into ordinary differential equations (ODEs) using the Finite
Fourier Sine Transform. This transformation is especially helpful when the function is
zero at the domain boundaries and fulfills homogeneous Dirichlet boundary constraints.
The FFST greatly reduces computer complexity by breaking down the differential equa-
tion into a sequence of sine components by eliminating spatial derivatives. This method
is useful for studying wave propagation, thermal conduction, and structural vibrations
since it also sheds light on the system’s inherent frequencies and mode shapes.
We apply Finite Fourier sine transform to the equation (4.20) w.r.t y, defined as:

W (x,n,s) = F (w̄(x,y,s)) =
∫ b̂

0
w̄(x,y,s)sin

(
nπy

b̂

)
dy.

Using the boundary conditions from equations (4.12)-(4.13) along y, we getF
(

∂ 2w̄
∂y2

)
=−n2π2

b̂2 W ,

F
(

∂ 4w̄
∂y4

)
= n4π4

b̂4 W .
(4.22)
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Using the above expressions, equation (4.20) reduces to non-homogeneous differential
equation with constant coefficients as following:[(

D2 − n2π2

b̂2

)2

−η
4

]
W =−Qb̂(1− cosnπ)

sGsnπ
. (4.23)

where D ≡ ∂

∂x

Solving the above differential equation, we get

W = Acoshm1x+Bsinhm1x+C cosm2x+Dsinm2x− 1(
n4π4

b̂4 −η4
) .(Qb̂(1− cosnπ)

sGsnπ

)
.

(4.24)

Here m1 =
√

η2 + n2π2

b̂2 , m2 =
√

η2 − n2π2

b̂2 .
Using the boundary conditions along x from (4.12), (4.13), solution of (4.24) is obtained
as follows:
Case I: For simply supported plate SSSS

W =

 Qb̂(1 − cosnπ)

nπs
(

s2 + n4π4

b̂4 Gs

)


×
[

A1 (m1,m2)coshm1x + B1 (m1,m2)sinhm1x +C1 (m1,m2)cosm2x + D1 (m1,m2)sinm2x
H1 (m1,m2)

− 1
]
.

(4.25)

Case II: For simply supported-clamped plate CSCS

W =

 Qb̂(1 − cosnπ)

nπs
(

s2 + n4π4

b̂4 Gs

)


×
[

A2 (m1,m2)coshm1x + B2 (m1,m2)sinhm1x +C2 (m1,m2)cosm2x + D2 (m1,m2)sinm2x
H2 (m1,m2)

− 1
]
,

(4.26)

where
A1 (m1,m2) = m2

2 sinhm1 sinm2, B1 (m1,m2) = m2
2 (1− coshm1)sinm2,

C1 (m1,m2) = m2
1 sinm2 sinhm1,

D1 (m1,m2) = m2
1 (1− cosm2)sinhm1, H1 (m1,m2) = 2η2 sinhm1 sinm2,

A2 (m1,m2) = m1m2 (1− cosm2)(coshm1 +1)−m2
2 sinhm1 sinm2,

B2 (m1,m2) = m2
2 sinm2 (coshm1 −1)−m1m2 sinhm1 (1− cosm2),

64



C2 (m1,m2) = m2
1 sinhm1 sinm2 −m1m2 (1+ cosm2)(coshm1 −1),

D2 (m1,m2) = m2
1 sinhm1 (1− cosm2)−m1m2 sinm2 (coshm1 −1),

H2 (m1,m2) = 2m1m2 (1− coshm1 cosm2)+
(
m2

1 −m2
2
)

sinhm1 sinm2.
Taking Inverse Finite Fourier sine transform of (4.25)-(4.26) w.r.t. y

w̄ =
2
b̂

∞

∑
n=1

W (x,n,s)sin
nπy

b̂
.

Using method of residues for finding Inverse L.T. defined as:

L −1 (w̄(x,y,s)) = w(x,y, t) = ∑Residues of estw̄(x,y,s). (4.27)

Case I: For simply supported plate SSSS
s = 0 is pole of order 2 and residue is 0.
s =±ι

n2π2

b̂2

√
Gs =±ιs1 are simple poles.

Residues at s =±ιs1 is

[
A1 (m11,m12)coshm11x + B1 (m11,m12)sinhm11x +C1 (m11,m12)cosm12x + D1 (m11,m12)sinm12x

H1 (m11,m12)

− 1
]
× Qb̂e±ιs1t (cosnπ − 1)

2nπs2
1

Singularities w.r.t H1 (m1,m2) = 0, i.e., the auxiliary roots are given by Rao [68] as
m1 = ιkπ = m1k, m2 = kπ = m2k;k = 1,2,3, ... are simple poles.
Using m2

1k = η2
1k +

n2π2

b̂2 , m2
2k = η2

2k −
n2π2

b̂2 , s1k =±ιη2
1k
√

Gs, s2k =±ιη2
2k
√

Gs.

Residue at s = s1k is
Qb̂es1kt(1−cosnπ)

nπs1k

(
n4π4

b̂4 Gs+s2
1k

) [A1(m1,m2)coshm1x+B1(m1,m2)sinhm1x+C1(m1,m2)cosm2x+D1(m1,m2)sinm2x

2η2
1k

dH1
ds

]
m1=m1k

.

Residue at s = s2k is
Qb̂es2kt(1−cosnπ)

nπs2k

(
n4π4

b̂4 Gs+s2
2k

) [A1(m1,m2)coshm1x+B1(m1,m2)sinhm1x+C1(m1,m2)cosm2x+D1(m1,m2)sinm2x

2η2
2k

dH1
ds

]
m2=m2k

.

Case II: For simply supported-clamped plate CSCS
s = 0 is pole of order 2 and residue is 0.
s =±ι

n2π2

b̂2

√
Gs =±ιs1 are simple poles.
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Residues at s =±ιs1 is[
A2 (m11,m12)coshm11x + B2 (m11,m12)sinhm11x +C2 (m11,m12)cosm12x + D2 (m11,m12)sinm12x

H2 (m11,m12)

− 1
]
× Qb̂e±ιs1t (cosnπ − 1)

2nπs2
1

Singularities w.r.t H2 (m1,m2) = 0, i.e., the auxiliary roots are given by Rao [68] as
m1 = ι

(
k+ 1

2

)
π = m1k, m2 =

(
k+ 1

2

)
π = m2k;k = 1,2,3, ... are simple poles. Using

m2
1k = η2

1k +
n2π2

b̂2 , m2
2k = η2

2k −
n2π2

b̂2 , s1k =±ιη2
1k
√

Gs, s2k =±ιη2
2k
√

Gs.

Residue at s = s1k is
Qb̂es1kt(1−cosnπ)

nπs1k

(
n4π4

b̂4 Gs+s2
1k

) [A2(m1,m2)coshm1x+B2(m1,m2)sinhm1x+C2(m1,m2)cosm2x+D2(m1,m2)sinm2x

2η2
1k

dH2
ds

]
m1=m1k

.

Residue at s = s2k is
Qb̂es2kt(1−cosnπ)

nπs2k

(
n4π4

b̂4 Gs+s2
2k

) [A2(m1,m2)coshm1x+B2(m1,m2)sinhm1x+C2(m1,m2)cosm2x+D2(m1,m2)sinm2x

2η2
2k

dH2
ds

]
m2=m2k

.

where s1 = s0

[
1+ ε0s0

2 +
β 2γ2

10T0

2ρ2c2
1Ce

(1+ f p0)
]
, s0 =

1
2
√

3AR

n2π2

b̂2 , γ10 = 1+ s0β0c1
L ,

P2
0 = ρCec1Ls0(1+s0t0)

KA2
R

, f p0 =− 12
P2

0
+ 24

P3
0

tanh
(

P0
2

)
, γ1 = 1±ι

s1β0c1
L , P2

1 = ±ιs1ρCec1L(1±ιs1t0)
KA2

R
,

f p1 =− 12
P2

1
+ 24

P3
1

tanh
(

P1
2

)
, η2

1 = 2
√

3ARs1

(
1∓ ι

ε0s1
2 − ε1γ2

1
2 (1+ f p1)

)
,

m11 =

√(
η2

1 +
n2π2

b̂2

)
, m12 =

√(
η2

1 −
n2π2

b̂2

)
.

4.6 Numerical Results and Graphical Discussion

Consider viscothermoelastic solid like magnesium with the physical specifications from
[36] as given below:
λ = 9.4×1010N/m2; µ = 4.0×1010N/m2; ρ = 1.74×103Kg/m3;
Ce = 1.04×103JKg−1deg−1; T0 = 298oK; α0 = α1 = 0.779×10−9;
K = 1.7×106Wm−1deg−1; q0 = 2×10−7

Dimensions of the rectangular plate are taken as: L = 500µm,h = 50µm,b = 100µm.
Non-dimensional deflection has been computed for different modes in view of equa-

tion (4.27). Fig.[4.2−4.9] represents variation in deflection along the dimensions of
plate for different modes (1, 1), (1, 2), (2, 1) and (2, 2) for SSSS and CSCS plate under
the uniform load. Numerical simulations utilizing MATLAB software programming
were conducted for a material analogous to magnesium. Graphical representations of
the computer-simulated outcomes were provided, depicting diverse boundary condi-
tions.
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The deflection plot clearly signifies the zero deflection at all the four edges. In case
of Fig.[4.6−4.9], the clamped edges are observed to be flat which signifies that rotation
is restricted around these edges. While, in case of Fig.[4.2−4.5], the absence of flatness
in simply supported edges signify that bending of edges is allowed here. It has been
remarked that the degree of deflection is greatest at the plate’s centre and diminishes as
we move away from it in either direction. The symmetric deflection profile depicts the
uniform loading on the plate. It has been noted that, even as the mode indices increase,
the plate continues to deform in one dominant direction under uniform load. Physically,
this behaviour confirms that the uniform load excites a centrally concentrated bending
field.

Also it is observed that w11 < w12 < w21 < w22 in case of SSSS plate, but the values
are in different order in case of CSCS plate w12 < w22 < w11 < w21. The change in
deflection due to different mode is found to be more forceful in SSSS plate than CSCS
plate. The deflection is observed to be high in magnitude in SSSS as compared to
CSCS. These results confirm that even limited clamping provides an effective means of
reducing deflection without altering the plate geometry, making CSCS configurations
advantageous in visco-thermoelastic components.

Figure 4.2: Variation of deflection for (1,1) mode in viscothermoelastic SSSS plate
under uniform load along the (x,y) dimensions at t = 30
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Figure 4.3: Variation of deflection for (1,2) mode in viscothermoelastic SSSS plate
under uniform load along the (x,y) dimensions at t = 30.

Figure 4.4: Variation of deflection for (2,1) mode in viscothermoelastic SSSS plate
under uniform load along the (x,y) dimensions at t = 30.
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Figure 4.5: Variation of deflection for (2,2) mode in viscothermoelastic SSSS plate
under uniform load along the (x,y) dimensions at t = 30.

Figure 4.6: Variation of deflection for (1,1) mode in viscothermoelastic CSCS plate
under uniform load along the (x,y) dimensions at t = 30.
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Figure 4.7: Variation of deflection for (1,2) mode in viscothermoelastic CSCS plate
under uniform load along the (x,y) dimensions at t = 30.

Figure 4.8: Variation of deflection for (2,1) mode in viscothermoelastic CSCS plate
under uniform load along the (x,y) dimensions at t = 30.
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Figure 4.9: Variation of deflection for (2,2) mode in viscothermoelastic CSCS plate
under uniform load along the (x,y) dimensions at t = 30.
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4.7 Conclusion

An investigation was conducted into the dynamic behaviour of a uniform, isotropic
viscothermoelastic rectangular plate subjected to uniform loading. The L.T. technique
and FFST has been used w.r.t. time and spatial domain respectively. It is inferred that

1. The magnitude of deflection is more in SSSS as compared to CSCS.

2. The deflection curve is symmetrical about the centre of plate. The deflection
is found to be more symmetrical along both the dimensions in case of SSSS as
compared to CSCS.

3. Maxima of deflection occurs at the centre of plate and its magnitude diminishes
progressively as it moves further away in either direction.

4. The change in deflection due to different mode is found to be more pronounced
in SSSS plate than CSCS plate.
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Chapter 5

Modeling and Analysis of Transverse Vibrations in Visco-
thermoelastic Rectangular Plate of Silicon Nitride due to
Harmonic Loading

5.1 Introduction

This chapter examines the dynamic response of viscothermoelastic rectangular plates
under harmonic (time-periodic) transverse loading, following the investigation of de-
flection under uniform loading. Real life applications like panels, MEMS devices in-
volve the oscillatory loads which makes it important to the study the deflection in vis-
cothermoelastic rectangular plate under harmonic loading. These applications involve
time-dependent inertia effects and resonance.

Li et al [35] presented an analytical model for the thermoelastic damping in the fully
clamped and simply supported rectangular and circular microplates and derived the ex-
pression for quality factor using the energy dissipated over the volume of microplate
per cycle of vibration. Lal and Saini [50] analysed the transverse vibration in thin rect-
angular plates of linearly varying thickness using generalized differential quadrature
method. Grover [48] studied the effect of fixed aspect ratio and fixed dimensions on
thermoelastic damping of out of plane vibrations in visco thermoelastic circular plate
resonator. Grover and Seth [66] analysed the effect of time delay and mechanical relax-
ation time on thermoelastic damping using generalized dual-phase-lagging model. Liu
et al [63] has studied the effect of size and shape on thermoelastic damping and out-
of-plane vibration of the laminated rectangular plate. Youssef and El-Bary [81] derived
the mathematical model for a circular microplate with boundaries under the effect of
ramp heating in view of Kirchhoff’s Love plate theory and dual-phase-lagging model
and made the significant observations on damage parameters and the thickness of the
resonator.
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5.2 Primary Equations

The present problem examines about deflection induced in a rectangular plate when
subjected to harmonic loading on the edges. A homogeneous, isotropic, thermally con-
ductive viscothermoelastic rectangular undeformed plate is taken under consideration
and is initially at temperature T0. The fundamental equation governing its movement
has been analysed within a Cartesian coordinate framework.

σi j = λ
∗
δi jekk +2µ

∗ei j −β
∗T δi j. (5.1)

Following Lord Shulman’s generalized thermoelasticity model [5], the equations gov-
erning heat conduction, along with the constitutive relations, in the absence of heat
sources and body forces, which dictate the displacement vector u = (u1,u2,u3) and
temperature variation T (x,y,z, t) at time t, are expressed as:

(λ ∗+2µ
∗)∇(∇.u)−µ

∗
∇× (∇×u)−β

∗
1 ∇T = ρ

∂ 2ν

∂ t2 . (5.2)

K∇
2T = ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)
+β

∗
1 T0

(
∂

∂ t
+ t0

∂ 2

∂ t2

)
∇.u. (5.3)

5.3 Modelling of the problem

A homogeneous, isotropic, and viscothermoelastic rectangular plate is subjected to a
loading condition that induces transverse deflection. The dimensions of plate are con-

sidered as length L(0 ≤ x ≤ L), width b
(
−b
2

≤ y ≤ b
2

)
, and thickness h

(
−h
2

≤ z ≤ h
2

)
.

This problem examines the resulting displacement and temperature distribution within
the plate. Initially, the plate is in a state of equilibrium at a stable temperature T0 with no
applied stress or strain. In accordance with Kirchhoff-Love plate theory [22] assump-
tions,

1. No deformation occurs along the length of normal material line.

2. The normal material line continues to be straight, and the orthogonality property
also remains preserved after deformation.

As a consequence of second assumption, the vertical shear strain γxz, γyz are insignif-
icant. Also normal strain ezz can be ignored since the deflection is primarily due to
bending strains. The displacement vector u, temperature function T are the primary
variables of interest in this problem. These variables describe the plate’s mechanical
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and thermal response, respectively, under the given loading and boundary conditions.
Using the above assumptions, the relation between strain and displacement can be re-
duced to

exx =
∂v1

∂x
, eyy =

∂u2

∂y
, exy =

1
2

(
∂u1

∂y
+

∂u2

∂x

)
. (5.4)

ezz =
∂u3

∂ z
= 0, (5.5)

which implies that u3 = w(x,y, t) .

Also exz =
1
2

(
∂u1
∂ z + ∂u3

∂x

)
= 0, eyz =

1
2

(
∂u2
∂ z + ∂u3

∂y

)
= 0.

Keeping first assumption in mind and using above expressions, the displacement vector
u is given as:

u1 =−z
∂w
∂x

, u2 =−z
∂w
∂y

, u3 = w(x,y, t) . (5.6)

Using the above displacement vector values, equation (5.1)− (5.3) reduces to

σxx =−zλ

((
∂ 2w
∂x2 +

∂ 2w
∂y2

)
+α0

(
∂ 3w

∂ t∂x2 +
∂ 3w

∂ t∂y2

))
−2zµ

((
∂ 2w
∂x2 +α1

∂ 3w
∂ t∂x2

))
−β

(
T +β0

∂T
∂ t

)
,

σyy =−zλ

((
∂ 2w
∂x2 +

∂ 2w
∂y2

)
+α0

(
∂ 3w

∂ t∂x2 +
∂ 3w

∂ t∂y2

))
−2zµ

((
∂ 2w
∂y2 +α1

∂ 3w
∂ t∂y2

))
−β

(
T +β0

∂T
∂ t

)
,

σxy =−2µz
(

∂ 2w
∂x∂y +α1

∂ 3w
∂ t∂x∂y

)
.


(5.7)

−z(λ +2µ)
(

∂ 3w
∂x3 +

∂ 3w
∂x∂y2

)
− z(λα0 +2µα1)

(
∂ 4w

∂ t∂x3 +
∂ 4w

∂ t∂x∂y2

)
−β

(
∂T
∂x +β0

∂ 2T
∂x∂ t

)
=−ρz ∂ 3w

∂x∂ t2 ,

−z(λ +2µ)
(

∂ 3w
∂y3 +

∂ 3w
∂y∂x2

)
− z(λα0 +2µα1)

(
∂ 4w

∂ t∂y∂x2 +
∂ 4w

∂ t∂y3

)
−β

(
∂T
∂y +β0

∂ 2T
∂y∂ t

)
=−ρz ∂ 3w

∂y∂ t2 ,

−λ

((
∂ 2w
∂x2 +

∂ 2w
∂y2

)
+α0

(
∂ 3w

∂ t∂x2 +
∂ 3w

∂ t∂y2

))
−β

(
∂T
∂ z +β0

∂ 2T
∂ z∂ t

)
= ρ

∂ 2w
∂ t2 .


(5.8)

(5.9)K
(

∂ 2T
∂x2 +

∂ 2T
∂y2 +

∂ 2T
∂ z2

)
= ρCe

(
∂T
∂ t

+ t0
∂ 2T
∂ t2

)

− β zT0

(
1 + β0

∂

∂ t

)(
∂

∂ t
+ t0

∂ 2

∂ t2

)(
∂ 2w
∂x2 +

∂ 2w
∂y2

)
.

Due to the normal stresses, σxx, σyy, viscothermoelastic plate experiences bending
moments per unit length Mxx, Myy and additionally due to the shearing stress σxy, it
experiences twisting moment per unit length Mxy given by:

Mxx =
∫ h/2

−h/2
σxx zdz, Myy =

∫ h/2

−h/2
σyy zdz, Mxy =

∫ h/2

−h/2
σxy zdz.
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On evaluating bending moments using the stress components from (5.7), we get

Mxx =− h3

12

[
λ

((
∂ 2w
∂x2 +

∂ 2w
∂y2

)
+α0

(
∂ 3w

∂ t∂x2 +
∂ 3w

∂ t∂y2

))
+2µ

(
∂ 2w
∂x2 +α1

∂ 3w
∂ t∂x2

)]
−β

[
MT +β0

∂MT
∂ t

]
,

Myy =− h3

12

[
λ

((
∂ 2w
∂x2 +

∂ 2w
∂y2

)
+α0

(
∂ 3w

∂ t∂x2 +
∂ 3w

∂ t∂y2

))
+2µ

(
∂ 2w
∂y2 +α1

∂ 3w
∂ t∂y2

)]
−β

[
MT +β0

∂MT
∂ t

]
,

Mxy =−2µ
h3

12

(
∂ 2w
∂x∂y +α1

∂ 3w
∂ t∂x∂y

)
,


(5.10)

where MT =
∫ h/2

−h/2
T zdz is the moment generated in the plate due to thermal effects.

Now Considering equation of transverse motion in plate

∂ 2Mxx

∂x2 +2
∂ 2Mxy

∂x∂y
+

∂ 2Myy

∂y2 +q(x,y, t) = ρh
∂ 2w
∂ t2 , (5.11)

where q(x,y, t) represents loading on plate. Taking harmonic loading into account to
study the effects; i.e.,q(x,y, t) =−q0 (1− cosωt) and
Putting the values of bending moments from equation (5.10) in (5.11), we get

(5.12)
−h3

12

((
∂ 2

∂x2 +
∂ 2

∂y2

)2

w +
ε0L
c1

∂

∂ t

(
∂ 2

∂x2 +
∂ 2

∂y2

)2

w

)

− ρCeε1

βT0

(
∂ 2

∂x2 +
∂ 2

∂y2

)(
MT + β0

∂MT

∂ t

)
=

q0 (1 − cosωt)
ρc2

1
+

h
c2

1

∂ 2w
∂ t2 ,

where (λ +2µ) = ρc2
1,

λα0+2µα1
ρc1L = ε0,

β 2T0
ρ2Cec2

1
= ε1.

Defining non-dimensional quantities as:

X =
x
L
, Y =

y
L
, W =

w
h
, Z =

z
h
, τ =

c1

L
t, τ0 =

c1

L
t0, θ =

T −T0

T0
, Ω =

L
c1

ω.

Making use of the non-dimensional quantities in equations (5.9) and (5.12), we get

1
12A2

R

[
∇2

1
(
∇2

1W
)
+ ε0

∂

∂τ
∇2

1
(
∇2

1W
)]

+ ρCeε1
β

∇2
1

(
Mθ +

c1β0
L

∂Mθ

∂τ

)
+ ∂ 2W

∂τ2 =−Q0 (1− cosΩτ) ,

K
[

∂ 2θ

∂X2 +
∂ 2θ

∂Y 2 +A2
R

∂ 2θ

∂Z2

]
= ρCec1L

(
∂θ

∂τ
+ τ0

∂ 2θ

∂τ2

)
− c1βZh2

L

(
1+ β0c1

L
∂

∂τ

)(
∂

∂τ
+ τ0

∂ 2

∂τ2

)
∇2

1W,

(5.13)

where Mθ =
∫ 1/2

−1/2
θZdZ, AR =

L
h
, Q0 =

q0A2
R

ρc2
1
, ∇

2
1 =

(
∂ 2

∂X2 +
∂ 2

∂Y 2

)
.

5.4 Initial and Boundary Conditions

A rectangular plate is considered under two set of boundary conditions. In one set of
conditions, all the edges are taken under simply supported conditions (SSSS) and in the
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other set, edges are taken under clamped and simply supported conditions alternatively
(CSCS). The initial conditions in rectangular plate are considered as:

W (X ,Y,0) =
(

∂W
∂τ

)
τ=0

=

(
∂ 2W
∂τ2

)
τ=0

= 0,θ(X ,Y,Z,0) =
(

∂θ

∂τ

)
τ=0

= 0, (5.14)

and the following boundary conditions by Rao [68] are taken into account.
Set I: For simply supported plate SSSS

W (0,Y,τ) =W (1,Y,τ) = 0 and W (X ,0,τ) =W (X , b̂,τ) = 0,(
∂ 2W
∂X2

)
X=0

=
(

∂ 2W
∂X2

)
X=1

= 0 and
(

∂ 2W
∂Y 2

)
Y=0

=
(

∂ 2W
∂Y 2

)
Y=b̂

= 0.

 (5.15)

Set II: For clamped-simply supported plate CSCS

W (0,Y,τ) =W (1,Y,τ) = 0 and W (X ,0,τ) =W (X , b̂,τ) = 0,(
∂W
∂X

)
X=0

=
(

∂W
∂X

)
X=1

= 0 and
(

∂ 2W
∂Y 2

)
Y=0

=
(

∂ 2W
∂Y 2

)
Y=b̂

= 0.

 (5.16)

Here b̂ = b
L .

Also, No heat flows across the lower and upper surface of rectangular plate, i.e.,
∂θ

∂Z = 0 at Z =±1
2 .

5.5 Solution in the direction of thickness

Laplace Transform technique
Applying L.T. to the equations w.r.t the time domain, defined as:

W̄ (X ,Y,s) =
∫

∞

0
e−sτW (X ,Y,τ)dτ and Θ(X ,Y,Z,s) =

∫
∞

0
e−sτ

θ (X ,Y,Z,τ)dτ.

On applying L.T., under the initial conditions given by (5.14), equations in (5.13) reduce
to

1
12A2

R

[
∇

2
1
(
∇

2
1W̄
)
+ ε0s∇

2
1
(
∇

2
1W̄
)]
+

ρCeε1

β

(
1+

c1β0s
L

)
∇

2
1MΘ+s2W̄ =− Q0Ω2

s(s2 +Ω2)
.

(5.17)

K
[

∂ 2Θ

∂X2 +
∂ 2Θ

∂Y 2 +A2
R

∂ 2Θ

∂Z2

]
= ρCec1Ls(1+ sτ0)Θ− c1βZh2

L
s(1+ sτ0)

(
1+

sc1β0

L

)
∇

2
1W̄ ,

(5.18)

where

MΘ =
∫ 1/2

−1/2
ΘZdZ. (5.19)
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Considering the fact that thermal gradients are considerably more pronounced along
thickness direction than within the plane of cross section, i.e., ∇2

1Θ is negligible as
compared to ∂ 2Θ

∂Z2 , the solution of equation (5.18) is obtained as follows:

Θ(X ,Y,Z,s) =
β

(
1+ sc1β0

L

)
ρCeA2

R

(
Z − sin pZ

pcos(p/2)

)
∇

2
1W̄ where p2 =−ρCec1Ls(1+ sτ0)

KA2
R

.

(5.20)

Using the equation (5.19) to find MΘ, we get

∇
2
1MΘ =

β

(
1+ sc1β0

L

)
12ρCeA2

R

[
1+

24
p3

( p
2
− tan

( p
2

))]
∇

2
1
(
∇

2
1W̄
)
. (5.21)

Using the above expression, equation (5.17) reduces to

1
12A2

R

[
1+ ε0s+ ε1γ

2
1 (1+g(p))

]
∇

2
1
(
∇

2
1W̄
)
+ s2W̄ =− Q0Ω2

s(s2 +Ω2)
, (5.22)

where 1+ sτ0 = γ0, 1+ sc1β0
L = γ1.

Re-writing the above expression, we get

Ds∇
2
1
(
∇

2
1W̄
)
+ s2W̄ =− Q0Ω2

s(s2 +Ω2)
.

∇
2
1
(
∇

2
1W̄
)
−η

4W̄ =− Q0Ω2

s(s2 +Ω2)Ds
, (5.23)

where

Ds =
1

12A2
R

[
1+ ε0s+ ε1γ

2
1 (1+g(p))

]
,η4 =− s2

Ds
. (5.24)

Fourier Transform Technique
Making use of Finite Fourier sine transform w.r.t Y , defined as:

W (X ,n,s) = F (W̄ (X ,Y,s)) =
∫ b̂

0
W̄ (X ,Y,s)sin

(
nπY

b̂

)
dY ,

and using the boundary conditions from equations (5.15)-(5.16) along Y , we getF
(

∂ 2W̄
∂Y 2

)
=−n2π2

b̂2 W ,

F
(

∂ 4W̄
∂Y 4

)
= n4π4

b̂4 W .
(5.25)
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Applying Finite Fourier sine Transform to eq. (5.23) and using the above values, a
constant coefficient non-homogeneous differential equation is obtained as follows:[(

D2 − n2π2

b̂2

)2

−η
4

]
W =−Q0b̂Ω2 (1− cosnπ)

s(s2 +Ω2)Dsnπ
, (5.26)

where D ≡ ∂

∂x .

On solving the above differential equation, we get

W = Acosk1X +Bsink1X +C coshk2X +Dsinhk2X − 1(
n4π4

b̂4 −η4
) (Q0b̂Ω2 (1− cosnπ)

s(s2 +Ω2)Dsnπ

)
.

(5.27)

Here k1 =
√

η2 − n2π2

b̂2 , k2 =
√

η2 + n2π2

b̂2 .

Using the boundary conditions along X from (5.15), (5.16), solution of (5.27) is ob-
tained as follows:
Set I: For simply supported plate SSSS

W

=

[
A1 (k1,k2)cosk1X + B1 (k1,k2)sink1X +C1 (k1,k2)coshk2X + D1 (k1,k2)sinhk2X

G1 (k1,k2)

− 1
]
×

 Q0b̂Ω2 (1 − cosnπ)

nπs(s2 + Ω2)
(

s2 + n4π4

b̂4 Ds

)
 .

(5.28)

Set II: For simply supported-clamped plate CSCS

W

=

[
A2 (k1,k2)cosk1X + B2 (k1,k2)sink1X +C2 (k1,k2)coshk2X + D2 (k1,k2)sinhk2X

G2 (k1,k2)

− 1
]
×

 Q0b̂Ω2 (1 − cosnπ)

nπs(s2 + Ω2)
(

s2 + n4π4

b̂4 Ds

)
 ,

(5.29)

where A1 (k1,k2) = k2
2 sink1 sinhk2, B1 (k1,k2) = k2

2 sinhk2 (1− cosk1) ,

C1 (k1,k2) = k2
1 sink1 sinhk2, D1 (k1,k2) = k2

1 sink1 (1− coshk2) ,

G1 (k1,k2) = 2η2 sink1 sinhk2,

A2 (k1,k2) = k2
2 sink1 sinhk2 − k1k2 (1+ cosk1)(coshk2 −1) ,

B2 (k1,k2) = k2
2 sinhk2 (1− cosk1)− k1k2 sink1 (coshk2 −1) ,

C2 (k1,k2) = k1k2 (1− cosk1)(coshk2 +1)− k2
1 sinhk2 sink1,

D2 (k1,k2) = k2
1 sink1 (coshk2 −1)− k1k2 sinhk2 (1− cosk1),
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G2 (k1,k2) = 2k1k2 (1− coshk2 cosk1)+
(
k2

2 − k2
1
)

sinhk2 sink1.

Taking Inverse Finite Fourier sine transform of (5.28)-(5.29) w.r.t. Y

W̄ =
2
b̂

∞

∑
n=1

W (X ,n,s)sin
nπY

b̂
.

Using method of residues for finding Inverse L.T. defined as:

W (X ,Y,τ) = ∑Residues of esτW̄ (X ,Y,s). (5.30)

Set I: For simply supported plate SSSS
s = 0 is pole of order 2 and residue is 0.
s =±ιΩ are simple poles and Residue at s =±ιΩ is

−Qb̂e±ιΩτ (1− cosnπ)

2nπ

(
n4π4

b̂4 Ds −Ω2
) ×

[
A1 (k11,k21)cosk11X +B1 (k11,k21)sink11X +C1 (k11,k21)coshk21X +D1 (k11,k21)sinhk21X

G1 (k11,k21)
−1
]
.

s =±ι
n2π2

b̂2

√
Ds =±ιs1 are simple poles and Residue at s =±ιs1 is

−Qb̂Ω2e±ιs1τ (1− cosnπ)

2nπ2s2
1
(
Ω2 − s2

1
) ×

[
A1 (k12,k22)cosk12X +B1 (k12,k22)sink12X +C1 (k12,k22)coshk22X +D1 (k12,k22)sinhk22X

G1 (k12,k22)
−1
]
.

Singularities w.r.t G1 (k1,k2) = 0 are given by [68] as k1 = mπ = k1m, k2 = ιmπ =

k2m;m = 1,2,3, ... are simple poles.
Using k2

1m = η2
1m − n2π2

b̂2 , k2
2m = η2

2m + n2π2

b̂2 , s1m =±ιη2
1m
√

Ds, s2m =±ιη2
2m
√

Ds.

Residue at s = s1m is

Qb̂Ω2es1mτ (1− cosnπ)

nπs1m
(
s2

1m +Ω2
)(n4π4

b̂4 Ds + s2
1m

)×
[

A1 (k1,k2)coshk1x+B1 (k1,k2)sinhk1x+C1 (k1,k2)cosk2x+D1 (k1,k2)sink2x
dG1
ds

−1

]
k1=k1m

.
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Residue at s = s2m is

Qb̂es2mτ (1− cosnπ)

nπs2m
(
s2

2m +Ω2
)(n4π4

b̂4 Ds + s2
2m

)×
[

A1 (k1,k2)coshk1x+B1 (k1,k2)sinhk1x+C1 (k1,k2)cosk2x+D1 (k1,k2)sink2x
dG1
ds

−1

]
k2=k2m

.

Set II: For simply supported-clamped plate CSCS
s = 0 is pole of order 2 and residue is 0.
s =±ιΩ are simple poles and Residue at s =±ιΩ is

−Qb̂e±ιΩτ (1− cosnπ)

2nπ

(
n4π4

b̂4 Ds −Ω2
) ×

[
A2 (k11,k21)cosk11X +B2 (k11,k21)sink11X +C2 (k11,k21)coshk21X +D2 (k11,k21)sinhk21X

G2 (k11,k21)
−1
]
.

s =±ι
n2π2

b̂2

√
Ds =±ιs1 are simple poles and Residue at s =±ιs1 is

−Qb̂Ω2e±ιs1τ (1− cosnπ)

2nπs2
1
(
Ω2 − s2

1
) ×

[
A2 (k12,k22)cosk12X +B2 (k12,k22)sink12X +C2 (k12,k22)coshk22X +D2 (k12,k22)sinhk22X

G2 (k12,k22)
−1
]
.

Singularities w.r.t G2 (k1,k2) = 0 are given by [68] as k1 =
(
m+ 1

2

)
π = k1m, k2 =

ι
(
m+ 1

2

)
π = k2m;k = 1,2,3, ... are simple poles. Using k2

1m = η2
1m + n2π2

b̂2 , k2
2m =

η2
2m − n2π2

b̂2 , s1m =±ιη2
1m
√

Ds,

s2m =±ιη2
2m
√

Ds.

Residue at s = s1m is

Qb̂es1mt (1− cosnπ)

nπs1m
(
s2

1m +Ω2
)(n4π4

b̂4 Ds + s2
1m

)×
[

A2 (k1,k2)coshk1x+B2 (k1,k2)sinhk1x+C2 (k1,k2)cosk2x+D2 (k1,k2)sink2x
dG2
ds

−1

]
k1=k1m

.

Residue at s = s2m is

Qb̂es2mt (1− cosnπ)

nπs2m
(
s2

2m +Ω2
)(n4π4

b̂4 Ds + s2
2m

)×
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[
A2 (k1,k2)coshk1x+B2 (k1,k2)sinhk1x+C2 (k1,k2)cosk2x+D2 (k1,k2)sink2x

dG2
ds

−1

]
k2=k2m

.

Here, for singularity s =±ιΩ

η2
1 =

(
Ω√
Ds

)
s=±ιΩ

, k11 =

√(
η2

1 −
n2π2

b̂2

)
, k21 =

√(
η2

1 +
n2π2

b̂2

)
and for s =±ιs1

η2
2 =

(
s1√
Ds

)
s=±ιs1

, k12 =

√(
η2

2 −
n2π2

b̂2

)
, k22 =

√(
η2

2 +
n2π2

b̂2

)
,

s1 = s0

[
1+ ε0s0

2 +
ε1γ2

0
2 (1+g0)

]
, s0 =

1
2
√

3AR

n2π2

b̂2 , γ0 = 1+
s0β0c1

L
,

P2
0 =

ρCec1Ls0 (1+ s0t0)
KA2

R
, g0 =−12

P2
0
+ 24

P3
0

tanh
(

P0
2

)
,γ1 = 1± ι

s1β0c1

L
,

P2
1 =

±ιs1ρCec1L(1± ιs1t0)
KA2

R
, gp1 =−12

P2
1
+

24
P3

1
tanh

(
P1
2

)
.

5.6 Numerical Results and Graphical Discussion

To validate the theoretical findings presented earlier, numerical simulations are con-
ducted. The simulations utilized properties of viscothermoelastic material silicon ni-
tride. Silicon nitride’s high stiffness, low density, compatibility with semiconductor and
minimal damping are ideal for achieving stable resonant frequencies in resonator de-
vices. These properties make silicon nitride resonators essential components in MEMS,
enabling integration with other microscale devices.
Physical parameters for the silicon nitride were adopted based on data provided by [82]
as:

λ = 2.17×1011; µ = 1.08×1011;ρ = 3.20×103;Ce = 630J/Kgdeg;T0 = 296oK;

K = 43.5;α0 = α1 = 6.89×10−13;β = 2.71×106;q0 = 2×10−7;ω = 1.076Hz

Dimensions of the rectangular plate are taken as: L = 500µm;h = 25µm,b = 250µm;

Non-dimensional deflection has been computed for various modes as per equation
(5.30). Figures. [5.1−5.8] illustrate the deflection profiles across the plate dimensions
for modes (1, 1), (1, 2), (2, 1), and (2, 2) under harmonic loading conditions. The
simulations were performed using MATLAB software, modeling a material silicon ni-
tride. The graphical representations offered visual insights into the effects of different
boundary conditions on dimensionless deflection for different modes.
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It has been noted that the deflection magnitude is greatest at the centre of the plate
and decreases as we move away from the centre in either direction. Additionally, for an
SSSS plate, the deflection values follow the pattern W22 <W12 =W21 <W11. In contrast,
for a CSCS plate, the values are ordered differently as W21 < W11 = W22 < W12. The
variation in deflection due to different modes is more pronounced in the SSSS plate
compared to the CSCS plate.

Figures. 5.9 [a−b] illustrate the front view of deflection profile at the clamped edges
and simply supported edges in CSCS plate resp. and Figures. 5.10 [a−b] illustrate the
front view of deflection profile at all simply supported edges in SSSS plate. The pres-
ence of flatness near the clamped edges in Figures. 5.9 [a] signify zero slope and hence
zero rotation, while in case of simple supported edges in Figures. 5.9 [b] ,5.10 [a−b],
the absence of flatness clearly depict that bending is allowed here. Also, Figures.
[5.11−5.12] illustrate the deflection profile in CSCS and SSSS plate for various time
instants. The plots illustrate the system’s harmonic oscillations and the response’s peri-
odicity. The variation in amplitude over time highlights the effects of viscous damping
and thermal relaxation. For practical applications, these findings imply that careful tun-
ing of material damping and excitation frequency can suppress excessive oscillations,
thereby enhancing the long-term reliability of MEMS-based resonant systems.

Under uniform loading in the chapter 4, the deflection pattern remains steady and
symmetric, with the maximum displacement occurring at the center and gradually di-
minishing towards the supported or clamped edges. In contrast, harmonic loading
induces a time-varying oscillatory deflection characterized by alternating peaks and
troughs corresponding to the frequency of excitation. Physically, the uniform loading
condition highlights the static stiffness behavior of the structure, while the harmonic
loading emphasizes its dynamic resonance response.
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Figure 5.1: Variation of dimensionless deflection for (1,1) mode in viscothermoelastic
SSSS plate under harmonic load along the (x,y) dimensions at t = 5

Figure 5.2: Variation of dimensionless deflection for (1,2) mode in viscothermoelastic
SSSS plate under harmonic load along the (x,y) dimensions at t = 5
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Figure 5.3: Variation of dimensionless deflection for (2,1) mode in viscothermoelastic
SSSS plate under harmonic load along the (x,y) dimensions at t = 5

Figure 5.4: Variation of dimensionless deflection for (2,2) mode in viscothermoelastic
SSSS plate under harmonic load along the (x,y) dimensions at t = 5
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Figure 5.5: Variation of dimensionless deflection for (1,1) mode in viscothermoelastic
CSCS plate under harmonic load along the (x,y) dimensions at t = 5

Figure 5.6: Variation of dimensionless deflection for (1,2) mode in viscothermoelastic
CSCS plate under harmonic load along the (x,y) dimensions at t = 5
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Figure 5.7: Variation of dimensionless deflection for (2,1) mode in viscothermoelastic
CSCS plate under harmonic load along the (x,y) dimensions at t = 5

Figure 5.8: Variation of dimensionless deflection for (2,2) mode in viscothermoelastic
CSCS plate under harmonic load along the (x,y) dimensions at t = 5
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(a) Clamped edges (b) Simply supported edges

Figure 5.9: Front view of dimensionless deflection at the edges for (1,1) mode in vis-
cothermoelastic CSCS plate.

(a) (b)

Figure 5.10: Front view of dimensionless deflection at the simple supported edges for
(1,1) mode in viscothermoelastic SSSS plate.

(a) t=10 (b) t=18

Figure 5.11: Variation of dimensionless deflection for (1,1) mode in viscothermoelastic
CSCS plate under harmonic load along the (x,y) dimensions for various time
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(a) t=10 (b) t=21

Figure 5.12: Variation of dimensionless deflection for (1,1) mode in viscothermoelastic
SSSS plate under harmonic load along the (x,y) dimensions for various time
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5.7 Conclusion

In the present problem, a study has been carried out to examine the dynamic behaviour
of a uniform, isotropic, viscothermoelastic rectangular plate under harmonic loading
under various boundary conditions. The analysis has employed the L.T. technique with
respect to the time domain and the Finite Fourier sine transform for the space domain.
It is concluded that

1. The deflection curve is symmetrical around the centre of the plate. In the case of
an SSSS plate, the deflection symmetry is more pronounced along both dimen-
sions compared to a CSCS plate.

2. The maximum deflection occurs at the plate’s centre, with its magnitude decreas-
ing gradually as it moves away from the centre in either direction.

3. The variation in deflection due to different modes is more significant in a SSSS
plate than in a CSCS plate.

4. The order of deflection for different modes vary under the both set of boundary
conditions.
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Chapter 6

Concluding Observations

This chapter encapsulates the principal findings of the current study on visco-thermoelastic
beam and plate structures subjected to various loading conditions. It emphasizes the
principal contributions, indicates the limitations of the current study, and proposes op-
portunities for future investigation.

6.1 Summary of Findings

This thesis has contributed in study of the deflection behaviour of viscothermoelastic
structures such as beams and rectangular plates. Utilizing the Lord-Shulman (LS) gen-
eralized thermoelasticity model, the study took into account various loading scenarios
and boundary conditions. A combination of analytical modeling, non-dimensional for-
mulation, and numerical evaluation has been employed. The incorporation of thermal
relaxation time has resulted in noticeable variations in transient and steady-state re-
sponses, particularly discussed for uniform loading in beam. With thermal and viscous
coupling, the deflection magnitude and pattern varied significantly, according to com-
parisons across boundary conditions. Numerical simulation and Graphical represen-
tation has demonstrated the deflection profile. Mode-wise analysis has demonstrated
that the degree of significant effect on deflection pattern vary with boundary condi-
tions and type of loading. The studies in chapter 2 and 4 confirm that uniform loading
can induce dynamic-like responses due to inherent material time-dependence. The re-
sults have revealed mode-dependent deflection patterns by illustrating the interaction
between loading type and structural geometry.

In Chapter 2, the a visco-thermoelastic beam subjected to uniform loading was ex-
amined. Numerical evaluation revealed that the deflection increased uniformly with
load intensity, exhibiting a symmetric curvature about the midspan. The maximum non-
dimensional deflection occurred at the beam center. Chapter 3 extended the analysis to
the beam under harmonic loading. The time-dependent deflection profiles indicated
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oscillatory behavior with periodic energy exchange between thermal and elastic fields,
highlighting the dominance of dynamic visco-thermoelastic coupling. In Chapter 4, the
study of a rectangular plate under uniform loading showed a steady, symmetric deflec-
tion surface with a maximum at the center of plate and diminishing smoothly toward the
edges. The plate response under uniform pressure thus represents the quasi-static defor-
mation limit of the visco-thermoelastic model. In Chapter 5, the plate under harmonic
loading displayed alternating peaks and troughs in deflection consistent with the exci-
tation frequency, reflecting dynamic resonance and energy exchange between thermal
and elastic fields, while the shape retained central symmetry. The SSSS plate allowed
greater rotational freedom, resulting in higher mid-span deflection and a more flexible
deformation profile as compared to CSCS.

6.2 Limitations of the Present Study

While the present study has made important contributions, it is limited to the theory of
small deflection and linear material behaviour, assuming the homogeneity and isotropy
of the material properties, which fails to reflect actual anisotropic nature, composite or
layered structures. From a theoretical perspective, the investigation strictly adhered to
the Lord–Shulman model, disregarding alternative generalized thermoelastic formula-
tions like the Green–Lindsay or dual-phase-lag theories. The analysis is restricted to
structures of uniform thickness, excluding the possibilities of variable thickness in real
life applications.

6.3 Future Scope

The current research can be expanded in various promising directions. Future research
may integrate additional generalized thermoelastic models, including the Green–Lindsay
theory and dual-phase-lag models. The analysis of deflection can be extended for circu-
lar plates, multi-layered or functionally graded materials. The impact of loading can be
studied by incorporating anisotropic properties, multi-field coupling such as piezoelec-
tric or magneto-thermoelastic. The methodology can also be extended for the materials
with variable thickness to represent the real world materials better.

In conclusion, this thesis has sought to enhance the modeling of visco-thermoelastic
structures by integrating thermal and viscous couplings. With appropriate extensions,
the results of this work will improve the predictive capacities of visco-thermoelastic
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theories and help them be applied to structural analysis and design in the real world.
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