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Abstract

Fractional programming (FP) is a method of optimization applied in the process of decision
making. One particularly unique kind of fractional programming that optimizes the ratio of
two linear functions under specific restrictions is linear FP. The structure of the restrictions is
a linear inequalities form. Many elements in the field of organizational sciences give rise to
fractional programming problems. Though they are rarely exact, clear-cut conditions typically
need to be expressed using fuzzy coefficients. It has become more and more important recently.
From now on, numerous researchers in several disciplines apply fractional programming
problems. A number of realistic optimization problems in which the objective functions are
divided into two functions used to get the maximum ratio of actual expenses to standard
expenses, workers/salary, results/students, patients/doctors, vaccinated/medication inventory
to sales minimization, and so on, where the ratio reflects the highest efficiency of a system,
can help one find the main motivation for fractional programming problems. Practitioners and
researchers alike need FFP more than ever since real-world decision-making situations are
getting more complicated and less precise. This thesis suggests and puts into action a variety
of successful ways to solve FLFPP utilizing different fuzzy numbers. It focuses on creating
hybrid methodologies and situation-based ambiguous representations that better reflect the
uncertainty that comes up in real-world situations.

The paper starts by looking at ways to defuzzify triangular and trapezoidal fuzzy numbers. It
then shows a component-wise tri-objective design utilizing the (8,#,7) representation.
Combining a weighted sum technique with the modified Dinkelbach's algorithm makes this
even better. The suggested hybrid technique is shown to work well in a manufacturing planning
model, where comparisons and ranking studies show how strong and useful it is in real life.
To deal with the problems of modeling imprecision even more, an o,3 cuts based bi-objective
an interval model is created to find interval-valued fuzzy solutions. Using regression-based
substitute model in Excel to see and check how fuzziness affects decision factors and outcomes
backs up this method. The study shows that using real-world tools can help people comprehend

and use fuzzy solutions better.
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A Extended Intuitionistic Fuzzy Approach (EIFA) is built on this base. It combines
membership functions (MF) and non-membership functions (NMF) in linear, parabolic, and
exponential forms. Using benchmark issues and an agricultural case investigation from the
literature, we carefully examine a lot of different combinations over nine situations. The results
show that IF structures are better at dealing with uncertainty and hesitation than typical fuzzy
sets, which are less flexible.

Also, a new situation-based S-shaped fuzzy number is suggested and used in the context of
goal programming. We check our method using secondary data sources from the garment
sector and compare its results to those of Zimmerman's linear membership function. The
comparison indicates that the S-shaped fuzziness is better at reflecting trade-offs and degrees
of stakeholder satisfaction in the actual world.

The results of the research show that the suggested hybrid approaches, expanded uncertain
models, and situation-based fuzzy values are good, flexible, and useful ways to solve fuzzy
fractional programming challenges. The created strategies have been shown to work in real life
in areas including industrial organizing, agriculture, and the clothing industry.

This work adds to what we already know by filling in gaps in methodology, proving new fuzzy
frameworks through multiple applications, and pointing out areas for further research, such as
combining transformed metaheuristic algorithms to machine learning-based surrogate models,
and applying them to a wider range of industrial settings. Researchers and practitioners are
expected to be able to use the knowledge gathered from this study to help them deal with

decision-making difficulties that are becoming more complicated and ambiguous.



Acknowledgements

Finally, the day has come when I can pause, look back, and express my deepest gratitude to
those who have walked beside me — in spirit, in love, and in encouragement — throughout

this journey.

First and foremost, I bow my head with deep reverence to the Almighty, whose blessings,
grace, and divine guidance have given me the strength, patience, and willpower to complete

this work. His silent presence has been my anchor in moments of struggle and uncertainty.

My heartfelt thanks go to my research supervisor, Dr. Rakesh Kumar, whose constant support,
expert advice, and thoughtful feedback have been crucial in shaping this research. His guidance

has not only improved the quality of this work but has also enriched my academic growth.

A special tribute is reserved for my late father, whose memory continues to be the foundation
of my strength. Though he is no longer with me, his dreams, his belief in education, and his
quiet courage are deeply woven into every step of this journey. I carry his love like a whisper

in my heart, and his blessings have lit my way even in the darkest of hours.

To my mother, the heartbeat behind all my efforts — your sacrifices, silent prayers, and
unshakable belief in me have been the greatest gift I could ever ask for. Your love is my shelter,
and your strength is what I’ve leaned on through every challenge. No words can ever fully

capture what you mean to me.

I also wish to thank my sister and brother-in-law, and my two little rays of sunshine — Harnoor
and Noor. Your innocent laughter, warm hugs, and cheerful presence brought comfort and joy
during stressful days. You may not know it yet, but your love gave me more motivation than

you can imagine.

I am deeply grateful to my respected Heads of Department, Dr. Deepak Kumar and Dr.
Gurpreet Singh Bhatia, for their guidance, encouragement, and willingness to help whenever

needed. Their support contributed significantly to the smooth progress of this work.

vi



A heartfelt thanks is also due to our family friend, Sarvesh Kaushal, whose thoughtful support

and steady motivation have been truly reassuring.

To all my friends who stood by me — including my colleagues and dear friends Deepti and
Dr. Prince — thank you for your patience, understanding, and constant encouragement. Y our
presence, conversations, and support helped me stay grounded and hopeful, especially during
challenging phases. A special thanks to Dr. Vishal Thakur, whose valuable insights,
motivation, and genuine guidance were a constant source of inspiration throughout this
research. He was the rare kind of mentor who sometimes cared about my deadlines even more

than I did — pushing, reminding, and believing in me when I needed it the most.

Lastly, I express my heartfelt appreciation to everyone — family, friends, mentors, and well-
wishers — who, in ways big or small, helped me along the way. Your kindness and support

have made this journey not only possible but truly meaningful.

vii



Notations

L

NL

P

E

OF

FS

IF

FN

TFN
TrFN
LP

FP

GP

MF
NMF
LPP
LFP
FLFP
IFA

FPP
LFPP
EIFA
SOLFPP
MOOP
MOLPP
MOLFPP
FLFPP
FFLFPP
MOFLFPP
DM

Linear

Non-Linear

Parabolic

Exponential

Objective Function

Fussy Set

Intuitionistic Fuzzy

Fuzzy Number

Triangular Fuzzy Number

Trapezoidal Fuzzy Number

Linear Programming

Fractional Programming

Goal Programming

Membership Function

Non-Membership Function

Linear Programming Problem

Linear Fractional Programming

Fuzzy Linear Fractional Programming

Intuitionistic Fuzzy Approach

Fractional Programming Problem

Linear Fractional Programming Problem

Extended Intuitionistic Fuzzy Approach

Single Objective Linear Fractional Programming Problem
Multi Objective Optimization Problem

Multi Objective Linear Programming Problem

Multi Objective Linear Fractional Programming Problem
Fuzzy Linear Fractional Programming Problem

Fully Fuzzy Linear Fractional Programming Problem
Multi Objective Fuzzy Linear Fractional Programming Problem
Decision Maker

viii



Table of Contents

DECLATATION . ........c.ouuvuinininiiiiiiiieiniiiiiiieiitieietntasasetesessssssssnsnsassssssssssssssnsnsnsnsssssnse ii

L 1 6T 7 iii

ADBSEIACL ........eeeeeeeeeieeeeiceeeeieereiiieeteneerenesseseessssssnsssessnssssssnssssssnsssnssnssssssnssssssnssssssnsssnennn iv

(07 = R 1

INEFOAUCEION .......ceeeeeeeeeeeeeeeeeeeceeeeseseeeiceeeeaeseenaseessessssssnassassnsssssesssssssnssssssnasssssnnnssssnnnes 1

1.1 Fuzzy Sets Theory and Preliminaries.........ccccccceeiiiiiiiiinennnniiiiinniiinensiiesssesssses 2

L1 FUZZY SET ..ttt ettt et e e e ettt e e e e e e e s a bbb et e e e e e e e aab bttt e e e e e e e barteeeeeeeaeannnreeeeeeens 2

1.1.2 MembErship FUNCHIONS ....ciiiiiciieiciiiecte sttt ettt et stae e st e e st e e sabe e sbeeeabeeensaeebeeessseessseesseesane 3

0 I YU ] o Jo ] o SO OO TP PP PPPPTPPR 5

R B T T =P SUPPRUPRRN 5

LLLD QUL ot s e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e aaaaaaaaeaaaaaaaaaaaeaaaaaaaaaaaaaaaaaeaeaeaeaaaraaans 5

1.1.6 CONVEX FUZZY ST ...ttt ettt e e e e ettt e e e e e s et bttt e e e e e e s nbarteeeeeeseannseeeeeaaens 5

1.1.7 FUZZY NUMDET (FN) ceiiiieeiiie it eee ettt st e te e s te e et e sbae e bt e e saaeesateesabeesatessasaesnbesensaeesseesssaessseesseennne 6

1.1.8 Triangular FUzzy NUMDBEIS (TFN) ..cicuiiiiiiiiieeiieeiieeeiteessieeesteeesiteesiaeesreeseteesssaesbesessaeesseeessseesssessnsesnnne 6

1.1.9 Trapezoidal FUzzy NUMDEr (TIFN) c..uviiiieiiieeeiee sttt cieeeste st este e ste e sbeesbe e essaeesbeeessseessseesseesnne 6

1.1.10 Arithmetic Operations (A.O.) ON FN ........oii ittt e et e e et e e e etb e e e eetaeeeearaeeeeasaeaanns 7

1.1.11 Defuzzification: Ranking FUNCEION (RF)......ciiiiiiiiiieiie ettt ettt s e siee e e e saeesbeesneeeane 8

1.2.22 INTUILIONISTIC FUZZY S@T ...ttt e e e e e e r e e e e e e e s e annreeeeeaens 9

1.2 Linear Programming Problem ........ccciiiiiiiiiiiiiiiiiniiiinniiiessssmisesssssessssses 9

1.3 Fractional Programming Problem........cccuuiiiiiiiiiniiiniiiiiiniinieseesss 10

1.3.1 SiNgle-0bJECTIVE (SO)-LFPP ....oeeeeieitieeiee ettt sttt e st e st s tae e stae st e e sa e e sbeesabeesabeessbaeensaeensseenseeens 11

1.3.2 MUII-0DJECLIVE (IMO)-LFPP ... oeiieeeiiieeiie ettt ettt e et s s tae e stae e s e e e sa e e sabeesabeeenbeessbaeensaeessseanseeens 11

1.3.3 Charnes and CoOPer METNOM ........c.uuiii ettt e e et e e e ara e e e e tb e e e e taee e enraeas 11

1.4 Fuzzy Goal Programming (FGP).....cccceciiiiiiiiiiiiiiiiisiisssssssssssssssssssssssssssssssssssssssssssssssssssssssssnns 12

1.5 Fuzzy Linear Fractional Programming Problem (FLFPP).......ccccccciiiiiiisiinsisscssssssssssssssssssssnnnes 13

1.6 Literature REVIEW ......cuuuiiiiiiiiiiiiniiiiiiniiiieisnnsiiseniineesssssssissssiseesssssssssssssssesssssssssssssssssssssssss 13

1.7 Research Motivation ........ccciiiiiiiuiiiiiniiiieiiiinniiieesmiieesssiisessssssssisesssssssss 17

1.8 Research Gap and NOVEILY .....cccuviiiiiieiiiieinmuiiiiiiiiiieemmiiiiimeemssiiiesssssssiisessssssses 17

1.9 Objectives of the Proposed WOork........ccccccciiiiiiiiiinennniniiiiniiiieimieesessss 18

1.10 Thesis OULIINE ...cccviruuiiiiiiiiiiiiiiiiiieeiiiieniuiiiseetiseesssssssissestseesssssssssssssssssssssssssssssssssssnsssss 18

(017 (=1 R 20
Hybrid Weighted-sum with Modified Dinkelbach Approach to Solve Linear Fractional

Programming Problems ................ceevviveeeeiiiniiiennniiisnninmmnssssssmssssssssssssssssssssssssssssssssssssses 20

2.1 Introduction and Motivation .........ccciiiiiieeiiiiiiiiiiiieesnniressssssssssssnsssssssssses 20

X



2.2 DefUzzZIfiCAtioN Of FLFPP .....ccuiiuiiiiieiiriiieiieeireeiineeteteetesstnseraseenssesssasssassssssenssasssssesnsesnssannns 21

2.2.1 Defuzzification of (8, €, #7) fOrm Of TFN ........uiiiiiiieeeee e et ee e e raea e 21
2.2.2 GeNEral fOrM Of FLFPP........oiiiiieeie ettt et ettt b e b e b ettt et e et e eatesaeesaaesaeenees 22
2.2.3 Modified Dinkelbach’s thEOIrEM .........coiiiiiiee ettt ettt 22
2.2.4 Reduction Of FLFPP iNtO IMOLFPP .......coiiiiiiitettee ettt ettt sttt ettt ettt aae b e b naae 23
2.3 Proposed hybrid Method: .........cccciiiiiiiiiimiiiiiiiiiiiiiisiesssssnsessssssnes 24
2.4 Case Study: Production Planning........ccceeeeciiiiiiiiiinnnnniiiiiniiiieesssieesssssesssssss 26
2.5 Result Analysis and COMPAriSON.........iiieeeueiiiiiiiiiiieenmniiiiiniiiiiessssimiiimesssssiimsessssssses 28
2.5.1 Comparative Perspective with Recent Hybrid Fuzzy Approaches........cccceveeecieeiieencieesiieescieeeseeenns 29
2.5.2 Computational Complexity and RUNtIME DISCUSSION ....cccuveeiviriiieiiiierieeiieesreesree e st eereesvee s 30
I T4 Vol 11T To o 30
(87 (=1 g 2R 31
An Approach to Linear Fractional Programming Using a Hybrid Fuzzy Interval-Regression
1 Lo o - N 31
3.1 Introduction and Motivation .........ccciiiiiieeriiiiiiiiiiienressssssssssssnsssssssssses 31
3.2 Proposed Method .........ccciiiiieeeuiiiiiniiiineniiiiniiiessiiessseiissssssssiissssssssses 33
3.2.1 Algorithm for the Proposed MethodolOgy .........ccccuieeiiiiiiieiiiieie e e 34
30 B TS - 4T o 36
3.3.1 Calculations and INtEIPretation .......c.eecieiiiienee et ae e s e s be e sbeeebeesbaeeseas 38
3.3.2 Analysis for Level of SatiSfaction A..........ccooiiiieiiiiiceee ettt e 40
3.4 Regression predictive Model for A.......ccceviiiiiiiiiininniiiiiniisssessss 43
3.5 Result Analysis and DiSCUSSION ......cciiiiiieemmeeiiiiiiiiiiessssiiiiiniiiieessssiimiiimesssssssssssimmsessssssses 44
3.6 CONCIUSION ..uuiiiiiiiiinnnniiiiiiiiieeasaeiiiieniiiiesssssssssieniiisessssssssssssiisssssssssssssssssssssssssssssssssssssssssssss 46
(0 o7 (= Y 47
Multi-Objective Linear Fractional Programming Problem Solving with Hybrid Extended
INtuitionistic FUZZY APPIOGCH ...........ccuueeeeeeciiirieeenniiiiniinniesissssnnssssssisssssssssssssssssssssssssssenes 47
4.1 Introduction and Motivation.........ciiieeeiiiiiiiiiiniiieeinresssssseestiesssssssssssssnns 47
4.1.1 Single objective (SO)-LFPP MOGEL.......cuiiciiiiiieciiit ettt sttt e et e s ae e e s aaeesaae e sbeesnbeesseennne 49
4.1.2 MUIRI-0DJECTIVE (IMO)-LEPP ..o iiieeiee ettt ettt este e te st e s ae e sbe e s be e s baeebeeessseessaeessseesateesnseennne 49
4.2 MF and NIMIF: ......cueiiiiiiiiiininnneiiiiiiiiiisssmsssiiiiiiissssssssssesiimmssssssssssssssssssssssssssssssssssssssssssssssns 49
L N I =T Tl AN Y PP PP PTTPRTP 50
4.2.2 PAraboliC NIMIF ..ottt sttt ettt et et e st e satesaeesbeesbe e be e beebeeabesabesabesatene 50
4.2.3 EXPONENTIAI NIMIF ...ttt ettt e e ettt e e e ettt e e e e e atae e e stbaeeeebbeeeseasaeeesssaeeeantaeaeeessaeeeasaeens 50
4.3 Mathematical Model development for EIFA.........cccciiiiiiiiiiimnmiiiiiniiniienmssmsn 50
Stepl: FOrmulation Of S/IMO-LEPP ........ccui ittt ettt et te s e s sae e steeste e be e beesteentesanesnnesnnenns 50
Step2: Defuzzification and Reduction to Equivalent S/MO-LPP........c.ccccecueiieiieeeeseeseese e 50
A= o B B = LYo 1Y = D OSSPSR 51
Step 4: FOrmation of MF @nd NIMF.......ccciiiiieiiiiiiie sttt e ste e st este e sbaeebe s essaeessaaesasaesnseesseennne 51
Step 5: Intuitionistic FUZzy APProach (IFA).......c.iiiieieiieiie ettt e s tee st e et essbaeestee e srbeessaeesabeesaseesseennne 52
Step 6: Situation based Extended Intuitionistic Fuzzy Approach (EIFA):......ccccvivieeiiienieisieecieesiee e 53



4.4 Numerical EXAMPIe: .. .cciiiiiiuuuiiiiiiiiiiinnnniiiieeiiiiiesssssisseeiiinissssssssesiimsssssssssssssssssssssssssssssssns 57

4.5 Result Analysis and Comparative StUdY ©......ccccveeiiiiiiiiiiininniiis. 61
4.6 Case Study: Agriculture Land AllOcation .........ccuveeeciiiiiiiinnnnnnniiiiiniinssssnn 64
4.6.1 Numerical Data AVAilable ..ottt st st 65
4.6.2 FOrmuIation Of MOLFPP ......couiiiiiiiiiieeete ettt ettt sttt sbe e b e bt e e be e besbesatesaeeeae 65
4.7 Comparative Study and Result ANalysis........cccccvvuunniiiiiiiiiininnnniiiiiniinn. 72
L 302 3 0o ol 1Yo T o S 76
(07 = R 78
Multi-objective Fractional Programming Problem Analysis in the Manufacturing Sector
Using Situation-Based S-Shaped Nonlinear Fuzzy NUMDBErS ..............eeeeeueeeeeencereeeneennnannns 78
5.1 Introduction and Motivation..........cccceeeiiiiiiiiiiiii 78
LT 1Y 114 o T Te [0 [ Y-V 80
5.3 Numerical EXamPle ......cciiiiiiieeiuiiiiiniiiiieeniiiiiiiiiessssiiiiisesssssssiiiisssssssssssiissssssssssss 83
5.4 CaSe STUAY ....ciiiiiiiinnniiiiiiiiiiiennneiiiieniiiiesssssssiiitiiisessssssssssssiisssssssssssssssssssssssssssssssssssssssssssss 86
5.5 RESUIE ANAIYSIS: iiiieeeuneiiiiiiiiiiennniiiiiiniiiiesnnsiiiiniiiiiessssssiiniiimesssssssssssssiisessssssssssssssssssssssssss 93
5.6 CONCIUSION ...coceiiiiiiiiiiiiiciiiinn s s 96
CRAPLEE B......oveveeeeeiiiiiiienniniciiiiiesinsissssissssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnsssssss 97
Conclusion ANd FULUIE SCOPE ......eeeueeierriveenuniiisiniennensissssmssssnssssssssssssssssssssssssssssssssssssssssss 97
BiDliOGIAPRY..c...c.ueevneeecvriiicrvssncsisissississansssssssssssssssessssssssssssassssssssssssssssssssssssssssssssssssssssssssasssssssssss 100
Publications ANd CONfEIrENCES............cccvvvervevrssesssssssssssssessssssssssssssssssssssssssssssssssssssssssssssssssnss 109

Xi



List of Figures

Figure 1.1: Linear membership fUnCtion ...........ccccceoueriiiiiiiiniiniiiieeceeeeeeseee e 3
Figure 1.2: Parabolic membership function...........coceoeeveriieniininiiniiicieeeeeeeeeee e 4
Figure 1.3: Exponential membership function...........cccooeeiieriininiiniinenieneeeecseeeee e 4
Figure 1.4: Sigmoidal membership function .........c..cccceveeiieniininiiniineeeeeeee e 5
Figure 1.5: Triangular fuzzy NUMDET ..........ccoooiiiiiiiiiiciieeeee et 6
Figure 1.6: Trapezoidal fuzzy nUMDET...........ccocieiiiiiriiiieieeee e 7
Figure 2.1: Triangular 8, €, 7 fUZzy NUMDET ..........cceriiiiiiiiiiiiiiiieeeeeeeeee e 21
Figure 2.2: Flowchart to s01ve FLEPP ........ccccoiiiiiiiiiiiieeee e 25
Figure 2.3: Comparison between different combinations of weights.........cccccoceveiiininenne. 28
Figure 3.1: Surface plot optimal value of lower bound 2z}, based on table 3.1 ..................... 40
Figure 3.2: Surface plot optimal value of upper bound z%; based on table 3.2 ..................... 40
Figure 3.3: Graph for comparison between z. and z# at & (VS € [0,1]) ceeeevvevvienieniiannnne. 42
Figure 3.4: Degree of satisfaction associated with Z, and Z3.................................... 42
Figure 3.5: Actual and predicted values of A ... 43
Figure 4.1: Flowchart for EIFA ....c..cooiiiiiiie et 56
Figure 4.2: L-MF/L-NMF f0r EIFA .....cooiiiiiiie e 58
Figure 4.3: L-MF/P-NMF for EIFA ...ttt 58
Figure 4.4: L-MFEF/E-NMF for EIFA .....ccoooiiiiiiiiie ettt 59
Figure 4.5: P-ME/L-NMEF for EIFA ..ot 59
Figure 4.6: P-ME/P-NMF for EIFA ........ccccciiiiiiiiiiiieeeceereseee st 59
Figure 4.7: P-MF/E-NMF {01 EIFA .....ccoooiiiiieee et 60
Figure 4.8: E-MF/L-NMF for EIFA .......cccoiiiiiiiiiiieecceeseseee et 60
Figure 4.9: E-MF/P-NMF for EIFA ...t 60
Figure 4.10: E-ME/E-NMEF for EIFA .. ..ot 61
Figure 4.11: Level of satiSfaction (A) ......coeevueiiiniinieiieniecceeeeeee et 62
Figure 4.12: Level of dissatisfaction (§) ....ccceevereireniinieiiiienieeeeteeeeseee et 62
Figure 4.13: Difference in level (A — §) .eooieiiiiniiieeeee e 63
Figure 4.14: Graphical representation level of satisfaction/dissatisfaction/their difference... 72
Figure 4.15: Degree of satisfaction level for 9 situations .........c..cccceevverieneeiienienenienieeene, 73
Figure 4.16: Degree of dissatisfaction for 9 SitUations ............cceceevervierieneeienieneeieneeeeen 74
Figure 4.17: Degree of difference between satisfaction and dissatisfaction values for 9
AIffEreNt STEUATIONS .....eouiieieiieiieieierteeeet ettt ettt sttt et aesaesnenae 74
Figure 5.1: Linear membership function ...........coccooeviiniiniiniiniineiieeeeecseeeee e 81
Figure 5.2: Non-linear membership function............cceceveeviiiiiniininiiniiceeeeeeeeeen 82
Figure 5.3: Flow chart to explain proposed methodology using S-shaped membership
FUNCHION. . ..o e 81
Figure 5.4: Comparison between linear and non-linear membership functions over deviation
from ideal SOIULION. ..ottt 92
Figure 5.5: Graphical representation of percentage change between single objective to multi-
0] o] 1015 A< O P 93

Xii



List of Tables

Table 2.1:
Table 3.1:
Table 3.2:
Table 3.3:

Table 3.4:
Table 3.5:
Table 4.1:
Table 4.2:
Table 4.3:
Table 4.4:
Table 4.5:
Table 4.6:
Table 4.7:
Table 4.8:
Table 4.9:
Table 5.1:

products...

Table 5.2:
Table 5.3:
Table 5.4:
Table 5.5:
Table 5.6:

functions..

Table 5.7:

10 cases of weights for calculation of Z and distance from ideal solution............ 28
Optimal value of lower bound Zl;........coooiiiiiiiii 39
Optimal value of upper bound ZZ; ........cooiiiiiiiiii 39
Level of satisfaction A for ZLB and ZEB .................................................. 40
Comparison of level of satisfaction A attainted for (ZL,Z9) ......................... 41
Summary regression output for input parameters (o, , Z, Z3) and A .............. 42
Mathematical model and graphs of EIFA 9 situations. .........ccccceeevvenerienvennennne. 58
Degree of satisfaction (4) of 9-SItUAtIONS .......cccueieiieriieiieieeieee e 62
Degree of dissatisfaction () of 9-SItUALIONS .......cccuevuieriiriiiriinieienieeeeeeeen 62
Difference between satisfaction and dissatisfaction level (A — §) ....ccceeeueennenne 63
Data for different CrOPS.........oovieiiiiiieeiiee et e 65
Results obtained from EIFA for all 9 situations ..........cccceceveeneevienienennenieneenne. 71
Satisfaction values for 9 different SitUAtIONS ..........ccceevierieniriiinienieierieeeee 72
Dissatisfaction values for 9 different situations...........ccceeeeveeneeienienienienieneenne. 73
Difference between A and § values for 9 different scenario.........c.ccceeevvervenennne. 74
Details of industry production, profit and time utilization required for different
................................................................................................................................ 87
Material and cost requirement for fabric thread and labour .............ccccceoenineene. 87
Symbols and notations for different garment products............cccceevierciierieenneenen. 87
Deviation of objective functions from ideal points ...........cccceveeverienenienieneenne. 93
Percentage change in single objective and multi-objective LPP..............c..c.c.... 94
Percentage change in profit and cost components via linear and non-linear
................................................................................................................................ 95
Percentage change in fabric and thread via linear and non-linear functions......... 96

Xiii



Chapter 1

Introduction

In mathematics, optimal decision-making comprises the selection of the most efficient
alternative from a collection of alternatives by taking into consideration the limitations of the
system for making decisions and the decision-maker's own choices. Optimization is crucial to
many processes in research and technology. Mathematical optimization helps create ideas and
models that convert real-world decision-making challenges into mathematics problems. These
models provide long-term planning and instruments to predict future trends. Modeling real
mathematical optimization problems is tough since the data isn't always correct and distinct.
Uncertainties in economic, industrial, and social systems can take many different forms, such
as event uncertainty, insufficient system data, and language ambiguity. These can arise from
several sources, such as measurement errors, inadequate information, poor expression, and
human subjectivity. Consequently, optimization has the challenging task of meaningfully
recognizing uncertain input and converting it into suitable mathematical values due to the lack
of explicit knowledge of the parameters. Mathematical programming maximizes results with
defined goals under given limitations. The more general definition of mathematical
programming is the study and practice of determining the optimal use of finite resources.
Industrial planning, scheduling, allocating resources, decision-making, and many more areas
rely heavily on mathematical programming.

Fuzzy optimization problems may be formulated to solve many real-world challenges.
Researchers have taken a keen interest in developing mathematical models for fuzzy
optimization in the setting of decision-making. Despite existing mathematical models for fuzzy
optimization, more effective models must be created to address uncertainties. Fractional
programming is a subset of non-linear optimization problems whose objective is to determine

the ideal ratio of two economical or physical variables [35]. It is usual practice to express



objective tasks in fractional units so that it can fairly represent many diverse practical
situations.

During the process of decision-making, it is common for a person or group to experience
difficulty in maintaining the appropriate ratios among a number of essential components. LFPP
in Charnes and Cooper [2] is an important tool for real-world tasks like planning production,
choosing media, admitting students, and the entity in question, such as a hospital or health care
organization, an air force logistics unit, a bank branch, and so on. The following ratios should
be optimized due to specific technical constraints: real cost/standard cost, department/equity,
profit/cost, inventory/sales, output/employee, student/teacher, cost/student, and tenured/non-
tenured facility. Investigation of LFPP is crucial. The decision-makers (DMs) must identify
the best ways to accomplish a number of goals, just like in many real-world issues. Because of
changing circumstances, the DM must deal with a number of inaccurate numerical quantities

when making a decision.

1.1 Fuzzy Sets Theory and Preliminaries

Several types of ambiguities may arise in modern life. However, traditional set theory is unable
to resolve this kind of uncertainty. As a result, knowing fuzzy logic and fuzzy sets is crucial.
Fuzzy logic handles inaccurate notions in fuzzy set theory. A hypothesis to explain how multi-
stage decision-making occurs in fuzzy environments was proposed by Bellman & Zadeh [6].
The first person to introduce fuzzy sets was Zadeh [3]. His idea has given a new dimension in
understanding uncertainty. The idea of uncertainty has been studied and applied a lot in many
fields, such as artificial intelligence, psychological science, physics, chemistry, engineering,
operations research, computer science, robotics, and medical science. Classical set theory
allows just two pairs of set components either the item is a member or not. A fuzzy set utilizes

a [0, 1] assessment level to denote membership.

1.1.1 Fuzzy Set

A fuzzy set F [10] defined on set X is a set of ordered pairs expressed below

F={(x izG0)):n X}, (1.1)

where i is called the MF or degree of membership for » € F.



1.1.2 Membership Functions

The current research work uses both Linear MF as well as Non-Linear MF for various fuzzy
approaches Zimmerman [11]. Consider the minimum tolerance value of » = »™" and the

maximum tolerance value of »x = ™%,

(i)Linear: 1t is a linear function that describes a straight line and its membership function for

the maximization problem is described as:

1, if n=>xum,
»w — %min
,U* (}{) — if %min < 3 < pmax
F pmax _ %min ’ . - ' - ’ (12)

0, if »n<™n,

(o)

1

0 smin ma)

Figure 1.1: Linear membership function

(ii) Parabolic: The parabolic membership function for the maximization problem is described

as:

1, if n=>xnm,
uw — %min 2
. — : min max
’uF(H) - (Hmax _%min> ’ lf s Sxns=n ’ (13)
0, if n<n™n
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Figure 1.2: Parabolic membership function

(iii) Exponential: The exponential membership function for the maximization problem is

describes as:

1, if #=>»nm,
n — xmin .
,uf;(%) =17 [1 — exp <—pW>l, lf HMN < g < ymax (14)
0, if n<™n

where 7 is scaling constant and p shape parameter.

g0

1

0 se(min) 5 (max) »

Figure 1.3: Exponential membership function

(iv) Sigmoidal: The sigmoidal membership function for the maximization problem where , 4
is a scale constant controlling the curve width, and a determines the steepness of the S-shaped

MF is described as:



1, if u=>xm,

1

Y~ — — : min max
() =41 ( i 1) if 1™ < <™, (1.5)
1 +Aea xmax_min
0, if n<m™n
(o)
1 -

0 J‘{(min) K(mnz) P

Figure 1.4: Sigmoidal membership function

1.1.3 Support
The collection of all points # in X that satisfy the condition fiz(3) > 0 is termed as support of
FSF.

1.1.4 Normal

If there exists at least one » in X such that jiz(3) = 1 then the FS F is called as normal

1.1.5 &-Cut

For the FS F, the d-cut is defined as collection {»: jiz(») = a}, and it is denoted as Fy4.

1.1.6 Convex Fuzzy Set

A FS F defined on X is said to be convex iff the following condition holds:
fig(Aoey + (1 = Daeg) = min(jup(er), ptp(2))

for all »,, %, € X, with parameter 1 € [0, 1].



1.1.7 Fuzzy Number (FN)

A fuzzy number is defined as a normal and convex fuzzy subset F with MF fiz: R - [0, 1] and
bounded support.

1.1.8 Triangular Fuzzy Numbers (TFN)

A triangular fuzzy number in Zimmermann [11] denoted by & = (a4, a,, a3) such that a; <

a, < as; has membership function fi;(3) is defined by:

Jifa,<x<a,,
dz —61/1 1 2
1=(x) = Ay, — M .
fpa() =4 4 7% if a, <u <as, (1.6)
az; — a;
0, otherwise.

a, a; as b4

Figure 1.5: Triangular fuzzy number

1.1.9 Trapezoidal Fuzzy Number (TrFN)

A trapezoidal fuzzy number in Zimmermann [11], denoted by @ = (a4, a, , as, a4) such that

a, <a, < as < a, with MF ju;(x) is defined by:

((t—a,) . <, <
(a; —aq)’ Jaysnsa,
. 1, ifa, <uxu<a,
izt ={ [ a 3 (17)
(ay — ) .
S aamm—— lf Az < u < dy,
(a, — as)
\ 0, otherwise.
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Figure 1.6: Trapezoidal fuzzy number

1.1.10 Arithmetic Operations (4.0.) on FN

Chen [14] developed the Function Principle to reduce the A.O. on FN while maintaining the
original kind of MF.

The function principle was employed by Chen [ 14] to execute operations on imprecise numbers

with a step form membership function.

1.1.10.1 Arithmetic Operations on Triangular Fuzzy Numbers
Consider two triangular fuzzy numbers & = (a4, a,, a3) and b = (by, b,, b3) with
a,,a,, as, by, by, bs as a real numbers . Then

(i)  Addition: @+ b = (ay + by, a, + by, az + bs)

(i)  Subtraction: & — b = (a, — by, a, — by, a3 — bs)

(iii)  Multiplication: @ X b = (a,b;, a,b,, azbs)

. Ce . a (a, a1 a
(iv)  Division: :=(—1 , =, —3),
b \b3’ b, by

where by, b,, b; non-zero positive real numbers.
(V) For any real number k:

ka = (kaq, ka, kas),if k >0,

ka = (kas, ka, ka,),if k <O0.



1.1.11 Defuzzification: Ranking Function (RF)
To deal with the FLFPP the method of converting the problem into a concrete value LFPP.
For this, one can apply fuzzy number ranking methods. For a fuzzy set, defuzzification
produces a single, clear value. Many mathematical models depend on the fundamental step of
ranking fuzzy numbers, and several ranking techniques have been proposed to do so.
RF R is a mapping that maps each FN to the real line and defined as:

R:F(R) - R,
where F (R) is the set of fuzzy numbers defined on the set of real numbers R.
1.1.11.1 Arithmetic mean / Score function
The function R: F(R) — R, defines the RF as arithmetic mean in Zimmerman [11] for TFN

of the type @ = (a4, a,, as) as

R(E) = (1.8)

1.1.11.2 Ranking using (8,€,7)

For two TFNs p = (8,¢,7) and § = (&', ', 7")the relations = , < and < defined as
()
(i)
(ii1) D>

iffs=8,86—¢=8—¥;8+r=8+7+"

T T

~q
<giffs<s8,8—€ <8 -t 8+r <8+
Giffs >s8,8—0>8 -4 ;8+r>8+7r'
Partial order 3 represented by A 3 B iff Max (B, §) ~ §
Also, operation addition and multiplication defines as

iv) G+ )=+ 4+ r+r")

v) (8,2,7)z = (82,02,r72).

1.1.11.3 a — cut
(i) @ — cut of TFN 4 = (a4, a,, as) defined as

ag = [(ay —a))d + ay, as — (as — ay)d]=[as*, as"]. (1.9)

(i1) Arithmetic operations defines on the & — cuts of the FN as follows:



Let @ =[ay4", az%]and b = [b,*, b;"] then
@) Addition: (Z + b), = [aa" +bs", ag" + bs"]
(ii)  Scalar multiplication : (k @ )4 = [kas* , ka,!].
(i)  Multiplication: (Z.b), =

L

. Ly L Ly U u U U Ly L Ly U Uy, L Uy, U
[mm(a,& b& , Ay bd , Ay bo'c y Ag bé{ ),max(aa bd , Ay bé{ , Ay béz , Ag bd )]

~ L

. e a . ag ay agy
1v Division Z(:) = [mm(

( ) b/ &&L' &du' ,deL

L

g ) (% ag
max
) ) [ydL; /eyd’u

1.1.12 Intuitionistic Fuzzy Set
Atanassov [43] first presented the idea of [FSs in 1983, and they are an extension of the concept

of regular fuzzy sets.

F = {(H g, o), 1'/if,(%)); 0< i, G) +vg, () <L V€ X} (1.10)
where ji5, is a MF defined from X to [0,1] and Vg, is a NMF defined from X to [0,1].
When equation g, (%) + Vg, (3r) = 1 is satisfied, the quantities in these sets are different

contributions and failing to associate functions. This generates fuzzy accumulations from

intuitionistic fuzzy sets.

1.2 Linear Programming Problem

Linear programming (LP) is a powerful way to solve mathematical problems that involve
optimization of a linear objective function (OF) within a set of linear constraints. Under simple
presumptions, this approach has proved helpful in addressing complex optimization problems
and provides effective answers for practical challenges. Fundamentally, linear programming
follows linear equations and linear inequalities. This feature enables linear programming to
reflect complex linkages discovered in practical situations, therefore guiding the best solutions.
The LPP approach may be used for a great range of FLPP seeks to find the decision variables
that meet the linear limits on the choice variables for a wide range of problems in companies,
government sectors, health care institutions, library systems, and other configurations. Linear
programming is fundamentally based on its ability to represent complicated systems linear

processes. Following linearity in both restrictions and goals helps the approach open



straightforward and understandable solution paths. This simplicity of approach does not lessen
its efficacy rather, it simplifies the road to identify ideal places inside the provided limitations.

The LPP model generally has the following form:

" (1.11)
max/min F(x) = Z i,
i=1
s.t.
" (1.12)
Z ayn;(S,=,2) by,

i=1

where 4 ranges from 1 to 72 and j ranges from 1 ton with »; > 0, % € R™,

1.3 Fractional Programming Problem

LFP has several appealing and useful features, including linear programming (LP). This is
relevant for practical applications. We can convert an LP problem to an LFPP by substituting
two ratio-form linear functions for an LPP. Moreover, from an applications point, such a
perfect solution is often more attractive and desirable than the one produced from the LPP due
to its higher efficiency. LFP issues arise when one wants to optimize efficiency among the
conflicting objectives. These days, the use of such exact criteria is becoming more essential
because of a shortage of natural resources. Applying LFP to maximize efficiency in practical
LP problems increasingly common.

A specific area of mathematical programming known as fractional programming has grown
and expanded significantly in the last several years. This growth has shown up in both
theoretical study and the practical applications that many experts have created. This
monograph explores fractional programming, which optimizes performance metrics like
cost/time, cost/quantity, and cost/profit to assess an organization's effectiveness. Take
industrial systems productivity, is the ratio of the resources used during a certain time to the
services the system provides. To evaluate the efficiency of such systems, this ratio is
considered by many to be among the most trustworthy metrics. These types of problems
naturally lead to fractional programming models, where the objective function is stated as a

ratio of functions. Fractional programming is useful for modeling decision-making processes
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in several domains, including management science, operations research, and economics. It
offers a strong framework for optimizing systems with a ratio of two linear functions as the
target.

The LFPP's general form can be expressed as:

1.3.1 Single-objective (S§O)-LFPP

P(x Tw+ad 1.13
max/min Z(x) = Qéfi = ZT% s ( )
s.t.
n
HeS={xeR"Ax(<,==)Bor Z ayn;(<,=,2)b;, % >0},
=1 (1.14)
with
A = (a;) ER™" B=(b)€ER™ p,q € R"andd,e € R, (1.15)

To keep the values of » from becoming zero, the structure of A» < B with % > 0 must have
either Q(x%) > 0 or Q(») < 0. For the purpose of ease, we make the assumption that LFP
meets the requirements that preserve Q(3¢) > 0.

Note: If P(3) is concave on § and Q(x) convex and positive on §, then (1.13) is a classic

concave-convex programming problem.

1.3.2 Multi-objective (MO)-LFPP

; _ Pt o, (1.16)
max/min Z,(x) = o A =12,...,. K
S.t.
eSS ={mueR"Ax(<,=,=)B,»x = 0}, (1.17)
with A € R"™" BeR™,p,,gp E R"and dy,ep € R. (1.18)

1.3.3 Charnes and Cooper Method
Using the Charnes and Cooper's [2] approach, we can find the standard form of a conventional

LFPP as follows:
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PTu+d (1.19)

max/min Z(}f) = m
where pand g € R" andd,e E R,
S.t.
Aun < B,x = 0,% € R", with A € R"™*" , B € R™, (1.20)

Let S ={Ax <B,x >0} andg’x +e >0 foreach x € R",

1
gTu+e

Let

=T1and ¢y = Tx.
Then above LFPP reduces to LPP. The reduced LPP can be solved using classical methods ,
to retrieve optimal solution and by using the relation » = % the optimal solution of LFPP can

be reduced as:

max/min Z(y) = pTy + dz (1.21)
S.t.
Ay — 1B <0, (1.22)
aTy+er=1, (1.23)
¥ >0,7>0. (1.24)

1.4 Fuzzy Goal Programming (FGP)

The aim of FGP is to provide the decision maker (DM) with multiple choices to select an
optimal or compromise solution when dealing with SO/MO-FLFPP. In classical GP, by
Mohamad [15] the objectives or aspiration levels are regarded as exact and predictable.
However, realistically numerous circumstances happen where it becomes difficult for the DM
to accurately develop the values of the goals. The imprecision or fuzziness of the targets
depends on the kind of objective functions used in the decision-making process. Many times,
the components of an issue are regarded as fuzzy or stochastic as they are unknown.

Consider the MOLFPP setup discussed above in section 1.3.2.

Set g, as desired output for the £th OF Z,(3) and let £, be the lowest level of acceptance.

Then the associated MF defines as follows:
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L if Zp(1) = ga

Zk(%) _fk .
e if tn <Zp(R) < gp (1.25)

i(2,0G0) =

Fuzzy programming methods allow MFs up to 1.
According to Mohamed [15], the MF mentioned above might be considered as flexible

membership goals with a preferred level 1.

Zp(X) = (Lp)
gr — g

1.26
+d,—d; =1 (126)

where dj, under deviated value and dj, over deviated value, with their product equals to 0.

1.5 Fuzzy Linear Fractional Programming Problem (FLFPP)

Any physical problem modeled and solved with exact knowledge of the decision parameters.
In the actual world, most decisions are made in situations when the objectives, limitations, and
execution of potential actions are all unknown. Since the observed value in issue is uncertain,
an observed value cannot be a precise (certain) numerical value. Uncertain data is information
that is dubious, erroneous, or doubtful. The fundamental LFPP becomes a FLFPP when any of
decision parameters of the issue are not known by portraying it as fuzzy integers. Interpreting
the cost of the goal functions, the technical coefficients, and the resources themselves as fuzzy
values would be more natural given the occurrence of uncertainty in actual world events. The
notion of fuzzy LFPP is not unique as the uncertainty may show in a LFPP in different ways,
let’s say out of parameters p ,q,d ,e,A,B in (1.13) and (1.14) some or all may be of fuzzy
integers. The MOFLFPP arises when the task has more than one objective. Many practical
issues are addressed with MOFLFPP.

1.6 Literature Review

Due to the significance of the fractional programming problem, a number of scholars have
already focused their attention on the issue in order to provide support for this field.
Additionally, due to the absence of a software program that is specifically designed to address

the LFPP, numerous researchers have explored this field. Charnes and Cooper [2] pioneered a
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variable transformation that transforms linear fractional programming into linear programming
allowing for easy evaluation using a consistent simplex technique. There are more variables
and constraints after this transformation, which changes the framework of the original
constraints. The fundamental issue with this adjustment is that it increases the amount of
variables and constraints, therefore altering the original constraint structure. This approach is
not appropriate for every situation, that is to say, for an assignment or a transportation
difficulty. The fractional programming challenges surface in many decision-making contexts;
for instance, they are applied in game theory, network flows, traffic planning, and field of
production planning.

Parametric programming, as proposed by Dinkelbach [5], is among the most popular and
versatile approaches to fractional programming, second only in prevalence to the Charnes and
Cooper [2]. This approach reduces LFP to LPPs, finding the optimal solution through iterations
using the goal function or a real parameter in the numerator or denominator. When compared
to the parametric model, the Charnes and Cooper approach appears to be more computationally
friendly.

Bitran and Novaes [9] developed a breakthrough approach that outperforms the previous
models due to its non-modification of constraints, no variable transformation, and no extra
constraints or variables. This method has a fundamental flaw whereby the possible answer is
continually improved. Following that, Swarup [4] devised a method to solve LF function
without translating them into LPP. Different improvements of ambiguous Programming have
arisen with time; for instance, fuzzy extend programming, ambiguous stochastic programming,
FGP, and so on and have been utilized regressively to organize MOLPP as recommended by
the problem.

First the fuzzy set was added by Zadeh [3], [6] in 1965 fuzzy set as an excellent mathematical
tool for portraying real-word inaccuracies inconsistencies, and imprecision.Bellman & Zadeh
[6] first proposed the concept of making decisions in a fuzzy environment. Tanaka [8] first
covered linear programming under uncertainty. He suggested the initial idea of broad fuzzy
mathematical programming. First presenting fuzzy linear programming as conventional linear
programming, Zimmermann [11] thought about LPP considering fuzzy goals and fuzzy

constraints. A comparable LPP to fuzzy LPP using linear membership functions and min
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operator as an aggregator for these functions. Luhandjula [12] turned the original issue into a
multiple goal linear program via approximate values or change of variables. Based on the linear
programming approach, Sakawa & Yano [25] proposed a fresh interactive decision making
tool to help the decision maker find the answer. Adding an extra non-membership degree and
hesitation degree, Atanassov [43] presented the concept of intuitionistic fuzzy set. Chakraborty
[19] described the fuzzy-based MF FMOFPP approach employing variable transformation.
Pal & Moitra [21] GP approach for achievement for highest membership value for each goal.
Surapati [42] provides an overview of the formulation and applications of the FGP model by
Mohamed [15] came up with a flexible goal programming (FGP) method to deal with
MOLFPP. Srinivasan [67] used the FGP approach, which is reliant on the Taylor series, to
evaluate MOLFPP. For piecewise LFPP, Sahni & Pandey [86] put up a basic simplex method.
To solve an LFPP Tantawy [27] proposed a duality technique and a workable direction. Baky
[29] by reducing their deviational factors, FGP by describing MF at all levels achieves the
maximum level of each of the a membership aims suggested computer techniques and
approximative method for fractional stochastic programming issue using FGP.

Using Charnes-Cooper approach, Stanojevic & Stancu-Minasian [35] converted the linear
fractional programming into an LPP to solve problem deterministicly. Mehlawat & Kumar
[34] presented vertex-following technique with linear ranking. Guzel et al. [33] converted a
fractional transportation issue with interval coefficients into a classical transportation problem
by use of transformations. Developed technique to solve MOLFPP based on the theorem that
deals with nonlinear fractional programming with single objective Effati & Pakdaman [32]
presented an LFPP with interval values based on parameters. Stanojevic [38] remark on Taylor
approximation provide a better approach ensuring the effectiveness of the solution it generates.
Jain & Arya [37] suggested a reverse approach to LFPP so that produced effective solution
becomes the most suitable one. Based on a theory addressing nonlinear fractional programming
with single objective function, Guzel [36] offered a fresh approach to the multi-objective
LFPP. Mishra et al.[41] applied GP in FLFPP in agriculture use of land for planting problem
with varied aspiration level using every parameter and variables as triangular fuzzy integers,
Safaei [40] developed a new approach to solve the totally fuzzy LFPP. Mathematical

operations and a partial ordering relations. Veeramani et al.[39],[44],[45] used single objective
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FLFPP with TFN to transform into deterministic MOLFPP and worked on bi-objective create
a technique for obtaining the (@, r) suitable optimum value for an LFPP with uncertain
parameters and ambiguous decision variables as well as their application. Singh & Yadav [46],
[62] used non linear MF and linear ranking function to turn the intuitionistic fuzzy model into
a crisp model to deal with MOFPP under uncertainty, and ambiguous decision variables as
well as their application. Chang [51] examines user utility functions as well as binary behavior
in multi-criteria environments. Das et al.[61] provided basic ranking technique between two
FLFPP triangular fuzzy numbers. Arya & Singh [60], [65] contributed on branch and bound
methods and also presented an iterative fuzzy approach to get efficient solution for
MOLFPP.Some of the limitations and each of the stated fuzzy goals for every objective have
fuzzy numbers as MOFLFPP uses a methodology based on superior and inferior measurements
discussed by Yang et al. [66]. Srinivasan [67] defined the clear link among the target objective
and choosing the settings to solve the resulting programming problem, thereby getting a fair
and optimal answer to the problem at hand. Stanojevi¢ [77] worked on real-world solutions to
a certain type of FFLFPP and used trapezoidal fuzzy numbers to characterize the parameters
and find the real-world form of the MF of the desired function's ideal values of the problem.
Moges et al.[87] discussed weighted IF GP, IF non-dominant, and Pareto-optimal solutions for
agricultural land allocation. Mahajan & Gupta [73] suggested FIFMOP with non-linear
functions, optimistic, pessimistic and hybrid approaches. Valipour & Yaghoobi [76] examined
various strategies currently in use for dealing with fuzzy objectives on a set of clear constraints,
by transforming the initial MOLFP issue into an LPP or MOLPP, these methods generate a
single efficient or moderately efficient solution. Sahoo et al. [83] proposed a substitute method
to address intuitionistic fuzzy MOFPP transformed into crisp MOLFP and studied on MOLFPP
involving pentagonal IFN. Fathy et al. [88] recommended solution that converts each level of
the multi-level MOLFPP into five crisp LPP with a constraint on extra limited variables and
treats the top problems optimization variables as parameters. Zhang [52], [89] developed fuzzy
credibility-based MOFPP and investigated crop area planning in relation to agricultural water-
food-environment nexus. Malik and Gupta [103] employed IF numbers to solve MOLFPP in
the scenarios of pessimistic, optimistic and mixed fuzzy programming. Karthick & Saraswathi

[102] discussed about methodology solving intuitionistic MOLFPP without converting into
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crisp model. Akhtar & Islam [100] worked on defuzzification of interval based trapezoidal
bipolar numbers that are fuzzier using ranking function and Chauhan et al. [104] proposed

modified operator method for MOLFPP.

1.7 Research Motivation

In real life, it is often hard to see what our objectives and constraints are since information
changes and we don't always know everything. FLFPP is a flexible way to solve these issues
that uses the strengths of both fuzzy set theory and fractional programming. To fully overcome
these problems, though, we need new techniques to deal with uncertainty from diverse angles,
especially for sectors that are complex and subject to change.

The purpose of this study is to come up with robust hybrid methods that can handle different
kinds of uncertain values, MF and NMF that can vary, and different kinds of objective
structures. This work tries to construct situation-based not certain numbers and combine them
with advanced defuzzification and optimization algorithms to come up with more realistic and
adaptable answers to real-world problems like planning production, allocating resources, and

setting goals

1.8 Research Gap and Novelty

The present research reveals that there are various approaches to fix fuzzy programming
problems. However, the majority of studies only look at particular types of fuzzy numbers,
including triangular or trapezoidal numbers, and typical defuzzification methods. There aren't
many studies that look at all the many sorts of fuzzy numbers, sophisticated non-membership
and membership function constructs, and hybrid solution strategies all at once. Also, not much
effort has been done to systematically compare these hybrid approaches using various
instances from real life to see how well they operate in different situations. This gap
demonstrates that we need innovative ways to combine multiple fuzzification and
defuzzification approaches, flexible multiple goals formulations, and practical implementation
with real data set.

This study fills up these gaps by offering new hybrid approaches that combine component-

wise investigation, weighted sum methods, and revised Dinkelbach techniques to better solve
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fuzzy fractional programming challenges. It includes scenario-based fuzzy numbers, such S-
shaped fuzzy numbers, and customized intuitionistic non-membership and membership
functions to better show uncertainties that are unique to a certain situation. The study also looks
at surrogate interpreting as a tool to make sense of unclear data by combining bi-objective
interval demonstration and regression analysis with a-cut and f-cut methods. The study
indicates that the recommended frameworks are adaptable, practical, and can be utilized in
more circumstances by using them in many different kinds of real-world and comparisons

instances. This is a major step ahead for FPP.

1.9 Objectives of the Proposed Work
1. To propose hybrid techniques for solving fuzzy fractional programming problems with
fuzzy numbers
2. To create situation-based fuzzy numbers and develop a new methodology for fuzzy
fractional programming.
3. Analysis of real-world data sets to determine the optimal solution by employing the

proposed techniques.

1.10 Thesis Outline

The thesis is divided into six parts that explain in a logical way how to create and use efficient
approaches for solving FLFPP using various fuzzy numbers.

Chapter 1 gives an introduction, some fundamental terminology, and a review of the literature.
It also talks about the study's research gap, research goal, and what makes it new.
Chapter 2 talks about several ways to defuzzify triangular and a trapezoidal fuzzy numbers.
First one with TFN shows how to turn them into the component-wise tri-objective design, and
how to use a hybrid weighted sum based on the modified Dinkelbach technique in a production
planning model .

Chapter 3 discussed about an a-cut, S-cut based bi-objective interval model and shows how to

use Excel to do surrogate regression modeling.

18



Chapter 4 shows an extended intuitionistic fuzzy approach (EIFA) by creating and studying
many both membership and non- membership functions (linear, parabolic, exponential) in
diverse situations, as well as benchmark and real-life agricultural case studies.

Chapter 5 suggests a situation-based S-shaped fuzzy number algorithm in a goal development
framework and compares its performance to that of traditional linear methods using data from
the garment industry.

Chapter 6 wraps up the thesis by going over the main points, showing how they fit with the
research goals, pointing out the study's shortcomings, and recommending areas for further

study.
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Chapter 2

Hybrid Weighted-sum with Modified Dinkelbach Approach to

Solve Linear Fractional Programming Problems

2.1 Introduction and Motivation

In this chapter, a hybrid method that incorporates weighted Dinkelbach approach is developed
as part of this research to overcome identified shortcomings. This hybrid method provides a
solution framework that is more adaptive and efficient for fractional optimization issues that
occur in the real world. Dinkelbach method discussed by Guzel [36] and the weighted sum
Nayak et al. [47], [90] is being utilized. The purpose of this research is to formulate the efficient
methodologies to obtain optimal solution for FLFPP with triangular fuzzy numbers. In this
algorithm to deal with defuzzification we implemented Kumar et al. [53] (8, £, 7) technique
where & is the static value with £ and 7 specifying it the spread to the left and right,
respectively. The method has two phases. In the first phase the FLFPP is decomposed into
three LFPPs with crisp coefficient using (s, ¢, 7") defuzzification method and the Charnes &
Cooper [2] transformation is implemented to obtain ideal solution for each component. In the
second phase each fractional component is the linearized using the Dinkelbach [5] method
given by Guzel [36] and weighted mean approach is used to convert them into single objective
assigning appropriate weight to each component objective function. The incorporation of
weight elements into Dinkelbach's method improves the equilibrium in optimization, which in

turn leads to an increase in both the computing efficiency and the quality of the solution.

The chapter is organized as follows: In section 2.2 is about (8, £, 7) defuzzification technique
for FLFPP. Section 2.3 provides a description of the suggested technique. The effectiveness of
the suggested method is proved by the utilization of a numerical example that is based on real-
world data. This example is described in further detail in section 2.4, and the analysis of the
results is offered in section 2.5. Lastly, the article is wrapped up in section 2.6 with some

thoughts and potential avenues for further study.
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2.2 Defuzzification of FLFPP
2.2.1 Defuzzification of (8, €, r) form of TFN
Three real numbers (8, €, ) representing TFN. The meanings of these numbers are shown in

Figure 2.1[ 8- static value , £- left spread , 7~- right spread].

A

Membership degree

\4

0 sl s S+r R

Figure 2.1: Triangular (8, ¢, #) fuzzy number

From Kumar of (8, € ,7) [53]where 8, ¢ , 7 type represented the following form of LPP

mazxf (x) (2.1
s.t.

" (2.2)
Z(ﬁur{’iﬁﬁj) ny < (Lo Ui Vi),
j=1
for all »; = 0.
The model (2.1) reduced into
“As established by Kumar [53], a triangular fuzzy coefficient (8;;,¢;;,77;) is interpreted
through its left, central, and right bounds. The fuzzy inequality in (2.2) is satisfied only when
each bound is satisfied individually. Hence, it is equivalently decomposed into the following
crisp constraints.”
mazxf (x) (2.3)
s.t.

Z;L=1 ‘gij%j < ti, (24)
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n
=L < t;—u;,
;(51] l]);{j — "l ul (2'5)

e (8ij i)y <t + v,

(2.6)
for all »; = 0.
2.2.2 General form of FLFPP
The general form of FLFPP is shown below:
- PG Fx+d Liapwyt d,
max Z(x) = ~( ):giT — = 74%1 77 (2.7)
OQx) g n+e i=1 @M +é,
S.t.
n
z an; < by, 2.8)
i=1
conditions on region discussed in (1.15).
2.2.3 Modified Dinkelbach’s theorem
s _ PrO) _ Pr(0) | (2.9)
Zk = G0y X g Gy #ES S
iff f(zg) = f(z, 1) = max{P, (%) — 2,90, (%); x € §} = 0. (2.10)

Above approach of Nuren [36] on modified Dinkelbach incorporated along with weights is

proposed in hybrid method to provide efficient solution 7z for multi objective LFPP as follows:

max {kZl’Wk(?k(H) — 2 Qi (1); €S (2.11)

o _ PO _ Pr(0) . _ (2.12)
where z; 207 max {Qk(}{) (M E S}, forall k =1,2,.... m.
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2.2.4 Reduction of FLFPP into MOLFPP
The defuzzification process of (8, €, 7) discussed above in section 2.2.1 can be employed to

reduce single objective FLFPP (2.7) into MOLFPP as follows:

Letg; = (p}. 25, #7); G = (a5.4%a]); &= (67, &, 67) ;d;; = (af,al;,al); d =

(d*,dt,d"); & = (e%,ef,e”)
Then (10-11) becomes:

_ s ot 7Y ui + (d5,dE,d”
max 200 _2@; 549,{49,3 i+ ( : ) (2.13)

2045, aj, a7 ) + (e®, e, e”)
s.t. Z(G«%,dfj,ﬂ«g})ﬂj < (1’{3'1’;{» f’if)a (2.14)
nj = 0. (2.15)

where 4 ranges from 1 tomm andj ranges from 1 ton.
After applying defuzzification discussed in section 2.2.1, the problem (2.13)-(2.15) may be
restated as a triple LFPP follows:

v 20) (AL e e @10
S.t.

z asx; < b 2.17)

Y(af; —afpn; < (67 — &), (2.18)

X(aj; +aij)n < (6] +467), (2.19)

#; 2 0. (2.20)

where 4 ranges 1 to 7 and j ranges 1 to 7.
FLPP can be further modelled into three crisp LFPP to provide lower bounds Z;, Z,,, and Z,

of objective function:
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2@ - +(a*—df) PG 2.21)

Z; = =
M 2 ST T anw + e +e5) 0,00

s.t.
same as (2.17)-(2.20),

where i varies from 1 to m and j varies from 1 to n.

_Xpiuitdt Pp(o) 2.22)

M = S g e n)
s.t.
same as (2.17)-(2.20).
And
Maxz, = & P+ (A7 +4) 700 (2.23)
YN —apn (et —et)  Qu(0)
s.t.

same as (2.17)-(2.20).

2.3 Proposed hybrid Method:
The proposed hybrid method is described in two stages.

Consider the fuzzy fractional optimization problem of maximize form:

3 P) Lja?yn+ d, (2.24)
max Z (%) = < == -
S.t.
Sy @yn; < b, n=0. (2.25)

Stage I : In stage one of hybrid method convert fuzzy modelled equation (2.24) to classical

crisp tri-objective optimization problem using (8, €, 7") as follows:

PO Pul) RGO
0,60’ ™ T 0,60 T Qu(H)}

s.t. (2.17)-(2.20).
Tri-objective LFPP (2.26) is solved using Cooper method to find three individual ideal

max Z (%) = max {Zl = 226)

solutions as
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Z, =20 Zy = Zy; Ly = Zp. (2.27)

Stage II: In stage two of hybrid approach weighted Dinkelbach method is used to construct
the equivalent single objective LP by assigning weight w; (lower, middle and upper )
with ¥3_, w, = 1. These weights could be fixed (or they are chosen in a subjective manner,
taking into consideration the decision-maker's preferences and the domain knowledge they
possess. There is no need for explicit mathematical explanation of this subjectivity in weighted

Dinkelbach formulations. )

max{Ys_, wi(Pr(0) — 2 Qx (%); » € S}, k =1,2,3 (2.28)
or
Max Z = max [w(P,(¢) — 2;0,(3)) + Wi (P () — ;O (30)) + (2.29)

wu(?u(){) - Z;Qu (H))]
s.t. (2.17)-(2.20).
An effective solution for MOLFP that also takes into account its counterpart FLFPP is given

by the solution of LPP (2.29).

Fomulation FLFPP De"uz”zg“""r‘)’” using Ideal Solution by
with TFN 0 get MOLFPP Cooper,s method
v
Linearization with
Dinkelbach Method
v

Formulation of single hybrid
function with weighting linear

component

No

>
>

v
Solution of LPP using Assign weight to each
LINGO linear component

Figure 2.2: Flowchart to solve FLFPP

Is solution
satisfactory
for DM?
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2.4 Case Study: Production Planning

To show how the suggested FLFPP technique might be used in real life, we use data from [61]
to show a production planning scenario with two items, A and B. In this case, triangular fuzzy
numbers are used to show the earnings, expenses, raw material needs, and man-hours. This is
done to show how imprecise market circumstances and resource availability may be in real
life.

Let 4 represents the quantity of product A unit and », as the quantity of product B units that
resulted in this situation. In this way, the problem that was indicated before may be stated:
Now, take into account the following FLFPP

MaxZ — — (51, + (3 _ (2.30)
5y + (232 + (D)

s.t.
)y + (5)x, < (15)

&)1 + (2)n, < (10) 2.31)
ny, 1, =0

Writing the above fuzzy coefficients model in (8, €, ) form with ¢- left spread , - right

spread, the model will be expressed as follows:
(5,2,2)»; + (3,1,1)x, (2.32)

MaxZ = M
ax XD, + (21, 0n, + (LL1)
S.t.
(3:1;1)%1 + (5;2;2)%2 < (15,4',4'), (233)
(5,1,1)3; + (2,1,1)3, < (10,2,2); #;,, = O. (2.34)

FLFPP (2.32) reduced to the equivalent tri-objective LFPP as below:

3u, + 2, 5y + 3, 7ny + 43, (2.35)
Maxzz{le ; L = ; uz—}
63, + 31, + 2 S5i; + 21, +1 41, + n,
s.t.
23y + 3x, < 11; 334 + 51, < 15 43 + 73, < 19. (2.36)
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43, + n, < 8;5x + 21, <10 ;631 + 31, <12 53t4,%, = 0. (2.37)

Apply Charnes Cooper’s Method on (2.35) by using transformation ¢, = 73, and ¢, = T,

the equivalent model will be expressed as

MaxZ = {Z; = 3y, + 24, , 2, = 5y + 342, 2y, = 7Ty + 4y} (2.38)
s.t.
241 + 3y, — 117 < 0; 3y, + 5y, — 151 < 04y, + 7y, — 197 <0, (2.39)
4y, + ¢y, — 8t <0; 5¢4 +2¢, — 10t < 0;6¢, + 3y, — 127 <0, (2.40)
6y, +3y, +2t1 <15y, +2¢y, +t <14y, +y, <1, (2.41)
Y1, %27 = 0. (2.42)

Above model solved by coopers technique to get the following ideal results:
z; =0.5352, z;, =1.266, z;= 3.9

The corresponding Linear Programming problem as mentioned in (2.24) of the algorithm
which is equivalent to the (2.28) is formulated as follows

MaxZ = w[3#; + 21, — 0.5352(63; + 31, + 2)]

+ wiy, [5#1 + 31, — 1.266(5x; + 21, + 1) + wy [75, + 4x, (2.43)

—3.9(4x», + x,)

s.t. (2.36)-(2.37).

The table below shows how to get the best solution by calculating the value of the objective

function Z for different choices of the weight parameter wr.
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2.5 Result Analysis and Comparison

Value of 2

Table 2.1: 10 cases of weights for calculation of Z and distance from ideal solution.

Cases wy W wy, calculated Distance from
4 ideal solution Z* =
4
1 1 0 0 3.82 0.18
2 0 1 0 0.93 3.07
3 0 0 1 3.77 0.23
4 0.25 0.25 0.5 3.07 0.91
5 0.5 0.25 0.25 3.09 0.91
6 0.25 0.5 0.25 2.36 1.64
7 03 04 03 2.81 1.19
8 0.5 0.5 0 2.38 1.62
9 0 0.5 0.5 2.35 1.65
10 0.5 0 0.5 2.38 1.62
4.2
4 L A B & & & & & & & & & & & & & & & & & & & & & & & _& & & _J
38
36
34
32
3
28
26
2.4
22
2
i8
16
1.4
1.2
0.8
0.6
0.4
0.2
0
casel case2 case3 cased cases case b case? caseB case9 caselD

—— calculated Z

Differnt combinations of weights

e distance form ideal value

- em wideslvalueZ*

Figure 2.3: Comparison between different combinations of weights
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Observations from the Table 2.1 and from Figure 2.3:
(1) Since the ideal solution is z* =4. The proximity of Z to 4 correlates positively with
performance in the distance column indicates the deviation of each weighting from this aim.
(i1) Only the scenarios that are totally optimistic (lower or upper bound) are considered to be
the best:

e Z=3.82 and distance=0.18 pertain to Case 1 («w =(1,0,0)).

e In Case 3 (w =(0,0,1)), 2=3.77 and distance=0.23.
Therefore, near-ideal output is achieved when the manufacturing scenario exhibits behavior
close to the upper or lower fuzzy boundaries.
(ii1) The entirely pessimistic scenario («w =(0,1,0)) is the most unfavorable:
Case2: Z=0.93 and distance=3.07. If one just prepares for the worst-case scenario,
performance is significantly suboptimal.
(iv) Risk is reduced but Z is lowered through balanced trade-offs:
The result is more conservative the more we spread weights over lower, middle, and upper 2
values range from 2.3 to 3.1 for cases 4—10, with distances ranging from around 0.9 to 1.6.
This demonstrates how a decision-maker may modify their attitude toward risk and manage

ambiguity.

2.5.1 Comparative Perspective with Recent Hybrid Fuzzy Approaches

In the best-case scenario, the proposed hybrid approach provides the decision maker with more
efficient and diverse options than the one compromised answer proposed by S.K. Das et al.
[61] for the identical problem (0.50, 1.0, 2.4). The recommended method is different from
earlier ones since it uses (8, £, 7) based decomposition together with Charnes-Cooper and
weighted Dinkelbach transformations. This chapter, however, does not have the space to fully
compare all of the modern hybrid fuzzy approaches. Most comparable methods do not have
this built-in means of dealing with fractional fuzzy targets. The quick comparison to other

methods helps to put the contribution in context.
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2.5.2 Computational Complexity and Runtime Discussion

The proposed method is computationally efficient because both phases use polynomial-time
linear and fractional programming techniques. The Charnes—Cooper transformation and
weighted Dinkelbach iterations converge quickly due to the structure of the LFPP. Even with
ten weighting scenarios, the execution time remained low for the test problem, showing that
the method works well for small- to medium-sized cases. While larger industrial FLFPPs may
need further testing, this case study suggests that runtime is not a major concern for practical

use.

2.6 Conclusion

The chapter presented a hybrid optimization technique that efficiently solves Fuzzy Linear
Fractional Programming Problems (FLFPP) by combining Weighted Dinkelbach's Theorem
with tri-objective decomposition. There are two steps to the process. During the first stage, the
fuzzy LFPP that has been provided is converted into three Linear Fractional Programming
Problems (LFPP) by employing the Upper-Middle-Lower (UML) methodology for triangular
fuzzy numbers. These problems are then addressed by employing the Charnes-Cooper method.
In the second stage, the optimal solutions that were achieved in the first stage are utilized to
form a single Linear Programming Problem (LPP) by utilizing Weighted Dinkelbach's
Theorem. This ensures that the computing efficiency is increased while also improving the
precision of the solution. This hybrid strategy is shown to be effective through the use of a
numerical example, which demonstrates that it is capable of providing answers that are both
stable and accurate. A further refinement and expansion of this methodology can be
accomplished through the exploration of sophisticated fuzzy models and the inclusion of

machine learning in future research.
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Chapter 3

An Approach to Linear Fractional Programming Using a Hybrid

Fuzzy Interval-Regression Model

3.1 Introduction and Motivation

LFPP is a mathematical method that may be used in a number of scenarios, including
mathematical modeling, to allocate resources to various tasks in the best possible way based
on preset optimality criteria. Its applications are utilized in numerous industries, including
production, finance, business, healthcare, etc. The fuzzy set theory, which was first put forward
by Zadeh [3] , has gotten a lot of attention because it can deal with uncertainty and later
contribution given by Zimmermann [10],[11]. Numerous authors discussed the FLFPP,
Atanassov [17] described the multi objective problem in fuzzy scenario, further Chen[14], Pop
& Stancu-Minasian [26], Nachammai & Thangaraj[30], Dubey et al. [31], Mehlawat & Kumar
[34], Mitlif [48], Das & Mandal [54],Ambika et al.[55] and Agnihotri et al.[80] provided their
extensions. Pal et al.[21] developed a two-dimensional, geometric, interval-based approach to
solving FLP problems with fuzzy constraints and fuzzy goals, where the parameters are
represented as TFN to generalize Chen[14].

The fractional programming issue, or FPP, is a difficulty that comes up when you want to make
the most of a limited ratio. It takes careful thought and planning. LFPP is a way to use
arithmetic to best distribute resources to different activities based on set standards of optimality
by Elaibi & Nasseri [96], Jerbi & Muanmer [97] and Akhtar et al.[100]. It may be used in a
number of situations, such as mathematical modeling. They also employed fuzzy numbers to
solve FFLFP problems. Fuzzy sets in Veeramani et al. [39],[49],[69] discovered the optimum
solution when the formulation of bi-objective model is done for FFLFP. Various fuzzification
strategies have been investigated by researchers over the years with the aim of making
optimization models more realistic when faced with uncertainty. a-cut methods are commonly
used to convert FN into interval representations, which may then be solved using traditional

optimization methods. Several notable works have contributed different techniques to
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modeling fuzzy objectives, constraints, and solution ranking methods. These includes work by
Safaei [40],Das et al.[61], [79], Stanojevic [77], Chauhan et al.[94] , among others.
Researchers have suggested a number of uncertain non-linear and linear programming
frameworks during the past few decades. These research have given us useful information, but
most of the methods Khalifa et al.[ 78] that are already out there either employ one or a few a-
cuts or just fuzzify the goal or constraints but not both at the same time in a lot of different
ways which only give pointwise solutions that don't show the complete variety of possible
possibilities.. Veeramani et.al [44] use line graphs to show the objective value's lower, higher,
and membership functions for only two r-levels. They don't systematically discussed different
a-f combinations or give full tabulated satisfaction ratings for each scenario, but it does show
the fuzzy solution space. The present research takes this a step further by using a versatile a —
p grid method and presenting the findings in detailed surface plots to aid in practical decision-
making. But in real life, making decisions typically needs a stronger method that takes into
account how fuzziness affects more than one part of the model. This means that we need a
bigger framework that can look at how varying degrees of confidence affect both the acceptable
range and the best solution in a systematic way. Also, decision-makers may benefit from both
interval solutions and knowing how satisfied people are with varied situations, which many
current approaches don't adequately measure. Some recent research has started to look into
hybrid optimization methods with data-driven surrogates, but there isn't much work being done
on how to combine machine learning models with fuzzy fractional programming.

This study resolves these constraints by creating an expanded FILFP framework that employs
a parametric a-cut and f-cut approach to systematically investigate the combined uncertainty
in OF and restrictions. It does this by employing systematic a-cuts to deal with TFN in the goal
function and B-cuts to provide restrictions. This method does a two-dimensional a parametric
sweep, which makes a full surface containing interval solutions for every («, ) pair. We get

both the lower bound of Z éB and the upper bound Z for each pair. This gives us a strong bi-

objective interval representation instead of just one clear point. The method also uses
Zimmerman’s fuzzy choice-making approach to creates strong interval solutions that show
how uncertainty affects choice variables and the amount of satisfaction (4). The framework

lets decision-makers examine how different levels of fuzziness affect the trade-off between the
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best objective values and the most flexible solution by showing every aspect of the surface in
a 3D & 2D display. To make it even more useful in real life, an intuitive supervened regression
framework is built on the parameterized sweep results. This model acts as a machine learning-
based stand-in to quickly guess A for every new (a, f8) situation. An actual A vs. predicted 4
study shows that this surrogate is reliable. It gives decision makers a useful and easy-to-
understand way to do scenario analyses without having to solve all the sharp subproblems over
and over again. A production planning scenario based on existing literature shows how the
framework is new, easy to use, and has the possibility to be expanded in the future.

The major goal of this study is to create and show how this extended fuzzy intervals parametric
method may be used on any real-world FPP with uncertain coefficients. The practical use of
the technique in the production planning scenario is an example that shows how the suggested
model gives those who make decisions a flexible and realistic way to deal with uncertainty.
The suggested method makes it possible to connect complex fuzzy fractional modeling with
simple excel surrogates in a useful way, which helps people make strong judgments when they
do not know what can be done.

The rest of the Chapter is arranged as follows: The suggested technique, which includes the
satisfaction measure and a framework that combines a-cut and f-cut, is detailed in section 3.2
Within the section 3.3, a case study that illustrates the technique is presented. Using in-depth
tables and three-dimensional graphs the regression surrogate model. Section 3.5 discuss result
analysis and discussion examines the outcomes and evaluates the satisfaction levels and
solution ranges. In the end, section 3.6 wraps up the study and gives an outline of probable

future research subjects.

3.2 Proposed Method

In this method all the coefficients are FLFPP considered as triangular fuzzy numbers, we have
considered symmetric case wherein the defuzzification is done using a-cut and fS-cut. To
create an fuzzy interval model for objective function using this parametric sweep of , § .The
Zimmerman’s max-min approach is incorporated in this methodology with linear MF to

investigate the level of satisfaction in different cases obtained with the a-cut and f-cut combos.
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We also employed a multiple linear regression in Excel with a 95% confidence level. To make
it more stable, a regression model was trained on an interval grid without the endpoints. The
results provides the goodness-of-fit statistics and coefficients.

3.2.1 Algorithm for the Proposed Methodology

Step 1: Problem description and mathematical formulation:

Describe the general FLFP model and explain the fuzzy numbers that are shaped like triangles
in the objective function and the constraints. Convert real life problem of fuzzy fractional
optimization problem into the maximize form as mentioned below:

Fiu+d Tiazwytd, (3.1)
GTu+ée Z;’;l a,m; + €,

maxZ =

S.t.
Ax <B,x>0. (3.2)

Step 2: Fuzzification, using a-cut and -cut representation:
Describe how to apply the a-cut method to the goal coefficients and the f-cut method to the

restrictions. Conversion of these into interval as expressed below :

Using a — cut of triangular fuzzy number p = (I,m,n) defined as p, = [(m — Da +
[,n— (n—m)a] to transform (3.1) into interval form of crisp bi-objective optimization

problem as follows:

_ [P g et dLaY] (3.3)
MaX Zap=" (gt guperieten]
s.t.
AL AL x < [Bh, BY] and # = 0. (3.4)
g g 5, B

The a-cut regulates how fuzzy the objective coefficients are, while the B-cut controls how
fuzzy the constraints are. Together, they create an interval combination (Z}, Z¥%) by making

both the numerator and denominator more or less fuzzy at the same time.

Step 3: Bi-objective deterministic model :
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Using ranking and interval algebra, the aforementioned model may be stated as follows.:

Max Z ()= max [Z4 (), 2% (#)] (3.5)
Loy = @herdh) Uy @) (3.6)
Zo(n) = (et and Zy (x) @ereD
s.t.
Apn < Bp; Af . < Bf and x = 0. (3.7)

Step 4: Formulation of equivalent linear model :
. The Charnes-Cooper variable transformation discussed in (1.21)- (1.24) converts fractional
programming into a linear bi-objective models that can be evaluated using classical

approaches.

Step 5: Perform a systematic parametric sweep with multiple a-f combinations
Change a and £ from 0 to 1 in increments of 0.1 (flexible as needed), get the interval limits

ZL and Z¥, and then find the level of satisfaction levels for every pair.

Step 6: Degree of satisfaction:
Zimmerman's max-min Approach calculates each interval's degree of satisfaction A, letting

decision-makers weigh fuzziness and performance.

Step7:Excel regression model on sweep data.
The parametric grid has exceptionally a and 8 levels that are 0 and 1, but the end result model
of regression may be fitted to the feasible intervals [0.1, 0.9] to make it more broad and

eliminate problems that could come up with theoretical edge cases.
Step 8:Result analysis and discussion:

(i)Examine interval solutions and satisfaction ratings A for various a and [ combinations.

Discuss how fuzziness levels impact the feasible region, lower-upper bound trade-offs, and
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robust, risk-informed decision-making. Plots and tables can be used to enhance planners'

practical interpretations and show the fuzzy viable zone.

(i1) To make a strong supervened regression substitute, a hybrid approach was trained with and
without extreme o and B values ranging from [0,1]. The endpoints were left out of the final
prediction model since they correlate to very low levels of satisfaction (1 = 0). This made the
model better at generalizing and making predictions for more realistic degrees of fuzziness.

This gave a R? of 0.95, which shows that it suited quite well.

3.3 Illustration

Case Study: Production Planning

To show how the suggested FILFP technique might be used in real life, we use data from [54]
to show a production planning scenario with two items, A and B. Here, TFN are used to
showcase the earnings, expenses, raw material needs, and man-hours. This is done to show
how imprecise market circumstances and resource availability may be in real life.

We may write 3, as the quantity of product A produced and 1, as the quantity of product B

produced in this situation. The problem can be stated as follows:

Sx; + 3xu 3.8
Maxz = 5x, -Il--g;{z j— 1 o
s.t.
3, + 51, < 15, (3.9)
5x, + 21, < 10, (3.10)
ny, %, = 0. (3.11)

Where 5 =(3,57).,3 =(234) ,5 = (456).2 = (1,2,3),1=0,1,2),15 = (11,15,19) ,
10 = (8,10,12).
Then (3.8)-(3.11) expressed as follows:

(3,571, + (2,3,4)3, (3.12)

Max Z =
XL = 4,5,6)n, + (1,23), + (0,1,2)
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(2,3,4)%;, + (3,5,7)%, < (11,15,19), (3.13)
(4,5,6)%, + (1,2,3)%, < (8,10,12), (3.14)
%y, %, = 0. (3.15)

After apply @ — cut and algebraic operations to (3.12) we obtained

_ (B+2a,7-2 a)n1+(2+ a 4— a)x, 3.16
maxzaﬁ [(4+ a,6—a)ui+(1+ a,3— a)u+(a,2—a) ( )
S.t.
2+B,4— By +(3+2B,7=2R)n, <(11+45,19—4p), (3.17)
4+B,6— P+ (1+B,3— P, <(8+2B,12-2p), (3.18)
1,7y = 0. (3.19)

(3.16) can be expresses FILFPP as fractional interval of lower and upper programming

problems as follows:

maxzyy = [0t G0t gn |z gy) (320)
s.t.

QR+B)u s +B+20 ), <(114+4pB), (3.21)

(4— B)u, +(7=2PB)n, <(19—-4p), (3.22)

A+B)u +(A+B ), <(B8+28), (3.23)

6— B+ (3= PIu, <(12-2p), (3.24)

ny, 1, 2 0. (3.25)

(3.20) can be expressed as two objectives in FILFPP lower and upper bound as follows:

1 Grzagt@ta)n, u — _T-2a)ns+(4= @)y 3.26)
maxZg = (6— )1 +(B3— ) +(2— )’ maxZ, = (4+ a)n 1 +(1+ a)ny+a (
S.t.
Q2+ B+ B +28 ), <(11+4p), (3.27)
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(4— B)yu; +(7-2B)x, <(19-4p), (3.28)

4+ B, +(1+B8)x, <(8+2a), (3.29)
6— B, +B— By, <(12-2p), (3.30)
%y, %, = 0. (3.31)

Now the above equation (3.26) as a crisp LFPP in a, f — cut parameter converted to crisp
LPP in a, f — cut parameter using Charnes and Coopers method putting ¢, = 31, ¢y, = T,
that becomes

maxZl =B +2a)y; + 2+ a)y, ;maxZi =7 —-2a)y, + (4— a)y, (3.32)
s.t.

C+By +B+2By, —(11+4p)T <0, (3.33)
4-Byr + (7 -2y, — (19 —4B)T <0, (3.34)
4+ Byt (1+ By, —(B8+2B)Tt <0, (3.35)
6-By1+B-Py,—(12-2p)T <0, (3.36)
6-By1+B-Py.+2-pPr <1, (3.37)
@G+By+ A+ Py, +pr <1, (3.38)

Y1, Y2, T 2 0. (3.39)

Now, given different values of a and 8 in [0,1] LINGO may be used to find the best solution
for both lower and upper functions in (3.32). For varied values of a, § =0,0.1,0.2,0.3,0.4,0.6,
0.7,0.8,0.9,1, we obtained the various optimal solutions as lower value Z/, and upper value Z%
at multiple (a, ) combinations provided in following tables and figures i=under result and

discussion section.

3.3.1 Calculations and Interpretation

In this part, we provide the comprehensive computational findings derived from the FILFP
approach, such as how the Z-bounds change for different a—f values, a degree of satisfaction
A, and the corresponds to regression surrogate. Using the surface charts and statistical analysis
to help with decision-making, the results are explained. Interval results Zbl{/; and Z,5 and

interpretations:
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Table 3.1: Optimal value of lower bound Zéﬁ

B\a 0| 01| 02| 03| 04| 05| 06| 07| 0.8] 09 1
0]0.564 | 0614 | 0.669 | 0.727 | 0.790 | 0.859 | 0.935 | 1.017 | 1.108 | 1.208 | 1.320
0.1]0.562 | 0.612 | 0.666 | 0.724 | 0.787 | 0.856 | 0.931 | 1.013 | 1.104 | 1.204 | 1.315
0.2 ] 0.55910.609 | 0.663 | 0.721 | 0.784 | 0.853 | 0.927 | 1.010 | 1.100 | 1.200 | 1.311
0.3 | 0.557 | 0.607 | 0.660 | 0.718 | 0.781 | 0.850 | 0.924 | 1.006 | 1.096 | 1.196 | 1.307
0.4 | 0.5550.605 | 0.658 | 0.716 | 0.779 | 0.847 | 0.922 | 1.003 | 1.093 | 1.193 | 1.304
0.5]0.553 | 0.603 | 0.656 | 0.714 | 0.776 | 0.844 | 0.918 | 1.000 | 1.090 | 1.189 | 1.300
0.6 | 0.551 | 0.601 | 0.654 | 0.711 | 0.774 | 0.842 | 0.916 | 0.997 | 1.087 | 1.186 | 1.297
0.7 | 0.550'| 0.599 | 0.652 | 0.709 | 0.772 | 0.839 | 0.913 | 0.995 | 1.084 | 1.183 | 1.294
0.8 | 0.548 1 0.597 | 0.650 | 0.708 | 0.770 | 0.837 | 0.911 | 0.992 | 1.082 | 1.181 | 1.291
0.9 | 0.547 1 0.596 | 0.649 | 0.706 | 0.768 | 0.835 | 0.909 | 0.990 | 1.079 | 1.178 | 1.288

1]0.439]0.583 | 0.635] 0.691 | 0.752 | 0.819 | 0.892 | 0.972 | 1.060 | 1.158 | 1.267

Table 3.2: Optimal value of upper bound Zg,

pal %l 01| o02] 03] 04| 05| 06| 07| 08| 09 !
0| 43497 3.029|2.678 | 3.386 | 2.139 | 1.928 | 1.745 | 1.586 | 1.445 | 1320
0.1 4|3.457| 3.025|2.673 | 2381 | 2.134 | 1.923 | 1.740 | 1.581 | 1.440 | 1315
0.2 | 4[3.455|3.0222.669 | 2376 | 2.129 | 1.918 | 1.735 | 1.576 | 1.436 | 1.311
03| 4]3.453| 3.018|2.665| 2.371 | 2.124| 1.913 | 1.731 | 1.572 | 1.431 | 1.307
04| 4|3.451| 3.016|2.661| 2.368| 2.121 | 1.910| 1.727 | 1.568 | 1.428 | 1.304
0.5| 4|3.449 | 3.012 | 2.657 | 2.364 | 2.116 | 1.905 | 1.723 | 1.564 | 1.424 | 1.300
0.6 | 4(3.447| 3.009 | 2.654 | 2.360 | 2.113 | 1.902 | 1.719 | 1.560 | 1.421 | 1.297
0.7 | 4|3.446 | 3.007 | 2.651 | 2.357| 2.109 | 1.898 | 1.716 | 1.557 | 1.417 | 1.294
0.8| 4|3.444 | 3.004 | 2.648 | 2.354 | 2.106 | 1.895 | 1.713 | 1.554 | 1.415 | 1.291
09| *|3443] 3.002 | 2645 | 2351 | 2.103| 1.892 | 1.710 | 1.551 | 1.412 | 128

1] 413311 2803 | 2413 | 2.104 | 1.853 | 1.645 | 1.470 | 1.321 | 1.192 | 1080

Tables 3.1 and 3.2 show the best values for Z}and Z¥ at the lower as well as upper boundaries
for various arrangements of a-cut and f-cut. These findings show how changing the amount
of fuzziness in the desired function and restrictions affects the range of possible solutions. The
feasible interval gets smaller when the a-cut or [-cut gets bigger (which means more

confidence and less fuzziness). This is because the boundaries get tighter and the uncertainty
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goes down. This behavior shows the trade-off between being flexible and being strong in fuzzy

fractional decision-making.

Plot of Z* plot of z4

4.0
3.5
3.0

2.5

ZU

2.0

1.5

1.0

0.5

BETA-CUT
BETA-CUT

ALPHA CUT

ALPHA-CUT

Figure 3.1: Surface plot optimal value of lower bound Z, éﬁ

Figure 3.2: Surface plot optimal value of upper bound Z%
based on table 3.1 gur p P 194 ap

based on table 3.2

Figures 3.1 and 3.2 demonstrate the manner in which the lower and upper limits vary when a
and f change, which helps to show the patterns in Tables 3.1 and 3.2. Surface graphs reveal
that increasing lower and lower bounds (« and ) reduces the feasible interval. This gives those

who make decisions a clear idea of how levels of confidence impact the conservative viewpoint

and risk of a solution.

3.3.2 Analysis for Level of Satisfaction A

Table 3.3: Level of satisfaction A for Z} p and Z ;‘B at different combination of a, 8

P\« 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1 |0.1848 | 0.2515 | 0.3237 | 0.3836 | 0.2919 | 0.2142 | 0.1472 | 0.0889 | 0.0379
0.2 ]0.1861 | 0.2528 | 0.3251 | 0.3842 | 0.2927 | 0.2148 | 0.1479 | 0.0896 | 0.0384
0.3 | 0.1873 | 0.2541 | 0.3264 | 0.3849 | 0.2934 | 0.2155 | 0.1485 | 0.0903 | 0.0391
0.4 | 0.1886 | 0.2555 | 0.3279 | 0.3856 | 0.2941 | 0.2163 | 0.1493 | 0.0998 | 0.0398
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0.5 ]0.1899 | 0.2569 | 0.3294 | 0.3864 | 0.2949 | 0.217 0.15 | 0.0917 | 0.0405
0.6 | 0.1913 | 0.2585 | 0.3312 | 0.3872 | 0.2957 | 0.2179 | 0.1508 | 0.0925 | 0.0413
0.7 10.1928 | 0.2601 | 0.3328 | 0.388 | 0.2966 | 0.2187 | 0.1517 | 0.0933 | 0.042
0.8 ]0.1944 | 0.2618 | 0.3346 | 0.3889 | 0.2975 | 0.2196 | 0.1525 | 0.0942 | 0.0428
0.9 ]0.1961 | 0.2636 | 0.3365 | 0.3899 | 0.2984 | 0.2205 | 0.1535 | 0.0951 | 0.047

Table 3.4: Comparison of level of satisfaction 2 attained for (2}, ZY) at different « (v € [0,1])

@ "y P zk zY A
0 0 3.67 0.55 4.00 0.00
0.1 0 3.56 0.60 3.44 0.19
0.2 0 3.47 0.65 3.00 0.26
0.3 0 3.39 0.71 2.65 0.33
0.4 0 3.33 0.77 2.35 0.39
0.5 0 3.25 0.84 2.10 0.29
0.6 0 3.19 0.91 1.89 0.22
0.7 0 3.14 0.99 1.71 0.15
0.8 0 3.09 1.08 1.55 0.09
0.9 0 3.04 1.18 1.41 0.04
1 0 3 1.29 1.29 0.00

The Tables 3.3 and 3.4 demonstrate the computed degree of satisfaction A for different
combinations of (, f) and compare the level of satisfaction across the boundaries. The results
show that increased uncertainty (lower a and £) usually means less satisfaction, whereas more

cautious cuts mean higher A values. This shows that changing the fuzziness settings has a direct

effect on the balance between solution accuracy and adaptability.
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Figure 3.4: Degree of satisfaction associated with Z& and Z¥ at different values of a (Vf € [0,1])

Figures 3.3 and 3.4 show how the calculated Z-bounds relate to the amount of satisfaction 4
that results. These graphs show that when the possible range gets smaller, the level of
satisfaction goes greater. This supports the numerical patterns that have been shown. This kind

of information helps planners choose «, B levels that are in line with acceptable risk levels.
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3.4 Regression predictive Model for A

Table 3.5: Summary regression output for input parameters(a, B, Z5, Z%) and A

(1)
Regression Statistics
Multiple R 0.974
R Sguare 0.845
Adjusted R Sguard 0.946
Standard Error 0.025
Observations 81.000
(i)
ANOVA
df ) MS F Significance F
Regression 4 0.8611 0.2153 354.0865 0.00000
Residual 76 0.0462 0.0006
Total 80 0.5074
(iii)
Coefficient| Standard Error | tStat | P-value | Lower95% | Upper95% | Lower 95.0% | Upper 95.0%
Intercept 25983 0.0818| 31.7818 0,00000 24355 27612 24355 27612
alpha 54813 05912 5272 0.0000 5.6587 43039 6.6587 43039
beta 0.0577 00153 3774 0.0003 0.0273 0.0881 0.0273 0.0881
(L) 33250 05314 62575 0.0000 2.2667 43832 2.2667 43832
() 1134 0.0851] ~13.3265 0.0000 -1.3039 0.9649 13039 0.9649

A simple linear regression was used because the association between A and the four predictors
(o, B, Za+, Zav) was shown to be monotonic and roughly linear over the parametric grid, which

made linear regression a good and understandable option.

The final substitute model that fits is:
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AL =2.60—5.48a+0.0577B + 3.32ZL— 1.13Z% ; (R? = 0.949).

Actual/Predicted A

0.45 y =0.9673x + 0.015
R* =0.9484

Predicted A

0.00 0.05 0.10 0.15 0.20 0.25 0.30 035 0.40

Figure 3.5: Actual/Predicted value of A

Table 3.5 provides an overview of the regression model that uses o, B, ZLand Z¥ to predict A.
The coefficients show that higher degrees of fuzziness make people less satisfied, whereas
firmer lower limits make them more satisfied. Figure 3.5 displays the Actual A vs. Predicted A.
The points are quite near to the reference line, which means that the predictions are very
accurate (R* = 0.949). This shows that the surrogate model is effective in real life for quickly

analyzing scenarios without having to do parametric sweeps over and over.

3.5 Result Analysis and Discussion

The interval solutions for several (a, ) pairings show how the lower and upper limits of an
objective function shift in a predictable way when the fuzziness levels change. As a and S go
up, the solution intervals get smaller and smaller, coming closer to the clear optimal value at
a = [ = 1. This is shown in the boundary plots (Figures 3.2 and 3.3). The satisfaction levels
calculated using Zimmerman's method reveal that larger degrees of fuzziness lower the overall
level of satisfaction. This shows the trade-off among resilience and risk tolerance. The findings
in the table show that the & -cut for the aim and the f -cut for the restrictions work together to

create a complete fuzzy viable region. We trained a supervened regression surrogate to
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estimate levels of satisfaction directly from the uncertainty factors («, ) and the range bounds
(2%, Z%) to help with real-world decision-making.

A standard error of 0.0247 was recorded across 81 observations, and the hybrid regression
substitute that was fitted to the (a, B, Z}, Z¥%) dataset produced a R? of 0.949 (adjusted R> =
0.946). The significance of the model was validated by the total ANOVA (F = 354.08, p <
0.0001). of the predictors were of significance at p < 0.001, which means that both the
uncertainty levels and the interval limits are very good at explaining the degree of satisfaction.
The final substitute surrogate model that fits is :

L =2.60—5.48a+0.0577B + 3.32Zt—- 1.13Z% (R? = 0.949).

Because of this, decision-makers are able to immediately evaluate the level of satisfaction for
every new combination of a and  without having to restart the entire fractional program. Excel
multiple linear regression was performed at 95% confidence; Results provide goodness-of-fit
statistics and coefficients

The final model, which was fitted without any trivial end cases when A goes to zero, had a R?
of 0.95, which shows that it was quite well at predicting. This hybrid approach lets decision-
makers quickly evaluate "what-if" possibilities and get a rough idea of how satisfied people
are without having to run the entire fractional programming every time. Overall, the findings
show that the suggested fuzzy interval-regression hybrid is a versatile and dependable method
for robust optimization when parameters are not known.

A short sensitivity assessment was done by changing the regression coefficients between the
95% confidence ranges. The A values that came out of the regression varied just a little (< 2—
3%), which means that regression uncertainty does not have a big effect on the overall FILFPP
results.

The results show that the suggested FILFP framework accurately models imprecise
coefficients via systematic a-cut, f-cuts, and the regression surrogate model makes it easy to
quickly figure out how satisfied people are in any situation. This mixed method gives decision-
makers both clarity and speed, which helps with strong analysis of tradeoffs in real-world

planning situations.
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3.6 Conclusion

This research has created a more advanced FILFP framework to help solve real-world choice
issues when both goal function and constraint coefficients are not precise. The discussed
process creates strong bi-objective a interval solutions that accurately show how fuzziness
affects the amount of satisfaction (L) by methodically incorporating a parametric a-cut for the
goal and a f-cuts for the constraints. The Cooper’s transformation and Zimmerman's method
work well to deal with the fractional structure and measure degrees of satisfaction in different
situations. To make it even more useful in real life, an effortless supervened regression model
was built on the parameterized sweep data. This model can quickly estimate A using machine
learning. The Actual vs. Predicted A study shows that the surrogate is accurate and easy to
understand. This gives decision makers a useful tool for scenario analysis that doesn't need
them to solve the same sharp subproblems over and over again.

The suggested hybrid fuzzy interval-regression methodology connects conventional fuzzy
fractional programming with current data driven prediction. It offers an adaptable, risk-based
in order, and computationally efficient way to help people make strong judgments when they
don't know what to do. A production planning example shows how useful the framework is. In
the future, the technique may be used for more complicated real-world problems and advanced

machine learning surrogates.
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Chapter 4

Multi-Objective Linear Fractional Programming Problem

Solving with Hybrid Extended Intuitionistic Fuzzy Approach

4.1 Introduction and Motivation

Many actual world problems and challenges are dependent upon the fraction of economic or
physical worth, like price over time, price over volume, profit over price, or any other or any
other figure that evaluates a system’s effectiveness, can be given in the form of linear functions.
This is where LFPP comes into play. Moreover, when addressing some real issues, it is more
wise to maximize the ratios of several criteria rather than improving the functions of each
criteria individually. One assumes, conventionally, that the decision variables and parameters
of an optimization model have precise values. Practically, the DM often fails to give input
information with explicit deterministic constraints due to uncontrollable factors like market
conditions., sudden climate changes, mistakes of judgment, data recording problems. Later on
the idea used by many researcher to create various methods to deal with FLFP can be seen in
Buckley [18], Kumar et al.[82] .In recent past numerous growth has been shown by researchers
in the direction of fuzzy optimization Arora & Gupta [20], Lee et al.[24].

In very complicated real-life decision-making procedures, the DM has some uncertainty in
choosing the last one within a realistic time constraint. Atanassov[17] thus extended the FS
theory framework to IF sets, where each element is specified by a resistance level in addition
to its acceptance and rejection degrees; this includes hesitancy in addition to data imprecision.
Angelov [16] worked on IF conversion of constraints and OF in crisp model, Dubey et al. [31]
provided interval based IF methodology , Singh & Yadav [62] worked on ranking techniques
in [FA. In recent year many worked on [F MOFPP Mishra et al.[41], Malik & Gupta [103] and
Chauhan et al.[104].Researchers interested in addressing the several genuine issues with
information that takes the form of IF values rather of the determinate values have drawn
attention to this generalization Kumar et al.[82], Gulia et al.[99].Fuzzy approach to handle

MOLFPP was initiated by Chakraborty & Gupta [19]. Later on many modifications and
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extensions were done and that can be seen in Yang [66] provided a way to solve fuzzy MOLFP
that uses measurements of superiority and inferiority in agriculture.

Most of the work done in the area of IFA used IF coefficients only and case of MF only linear
models are being used in Debnath & Gupta[64], Mukherjee et al.[68], Dombi et al.[91], [72],
Dinkelbach[5], Pal et al.[21], Dey et al.[42], Jain & Arya [37] these research fuzzify parameters
or goals to account for data uncertainty and the fact that decision-makers are unsure. These
works did a good job of showing how IFS may be used to describe input data ambiguity, but
they don't take the intuitionistic structure all the way to the solution stage Ehsani et al.[56],
Huang[57]. The research, Agarwal et al.[92], Gulia et al.[98],[99] on the other hand,
demonstrates that the application of IFS in FP models is still restricted and frequently just looks
at basic coefficient fuzzification without looking at how MF and NMF might be combined in
different ways. We studied from reviewing literature that no one has tried an organized
intuitionistic fuzzy technique with more than one non-linear and linear MF/NMF form on crisp
LFPP from past few years. This gap is what led to this work, which suggests an EIFA that has
a clear fractional programming designs but adds an amalgamated intuitionistic layer with
numerous MF/NMF combinations. This gives a better way to quantify satisfaction, discontent,
and net certainty for making strong decisions.

Given this gap, the goal of this work is to create and evaluate an EIFA over MOLFPP. The
EIFA systematically blends linear and non-linear (parabolic and exponential) MF/NMF to
create nine hybrid scenarios that may be utilized to gauge satisfaction, discontent, and net
decision confidence when there is uncertainty. Most IFS implementations just look at fuzzified
coefficients, while the suggested model keeps a clear underlying structure and adds an IF phase
at the solution stage Medina et al. [58], Amer [59]. We tested the method contrary to the famous
Chakraborty & Gupta [19] fuzzy min—max problem solving and used it to plan a real-life
agricultural project Yang [66]. This introduces a versatile and easy-to-understand technique
that may be used with many types of MF or combined with fuzzified coefficients for even more
practical applications.

The subsequent sections constitute the remainder of this chapter. Section 4.2 consisting of MF
and NMF required for proposed EIFA model. Section 4.3 described the steps of the

methodology under EIFA. Section 4.4 and 4.5 covered benchmark illustration with calculation
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result analysis and comparison. Whereas the real life application case study on agriculture
planning based on secondary data is covered under section 4.6 and 4.7 with calculation, result

analysis and comparison. Finally section 4.8 described the conclusion and future work.

4.1.1 Single objective (SO)-LFPP model
maxd = ——— 4.1)

s.t.

eSS ={meR" Au(<,=2)B,x = 0}

4.2)
A as m X n matrix and B as mx1 matrix; p,q € R"andd,e € R.
4.1.2 Multi-objective (MO)-LFPP
_ ;aTk n+dy _
max Z,(x) = I ren £=12,..K 4.3)
s.t.
An(<,=,2)B,x = 0. (4.4)

(4.3) will become single objective if X = 1

4.2 MF and NMF:

In this chapter, we constructed the MF and NMF for intuitionistic method in conjunction using
both linear and non-linear association functions. We are going to incorporate linear(L) ,
parabolic(P) and exponential(E) function for the construction of hybrid combination of these
fuzzy numbers. In chapter 1 we have discussed about the membership function jz(2) for all
of the above mentioned functions in equations (1.8)-(1.10). Consider the minimum tolerance
value of Z = Z™" and the maximum tolerance value of Z = 2™ NMF is denoted as

V£(2) and defined for the given set of associated functions as follows:
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4.2.1 Linear NMF

0, if Z=zme,
. z — Zmin ]
Vﬁ(Z) =41 _W’ if gmin < g < gmax, (4.5)
1, if Z<gzmn
4.2.2 Parabolic NMF
0, if Z2>2zme,
Z —gmin \* .
p(2)=11- (W) , if Zgmin < Z < gmax (4.6)
1, if Z<zmn,
4.2.3 Exponential NMF
0, if Z=zme
Z — gmin .
Vf:(Z) =< 1- n ll —exp (-pw)l , lf Zmin <« 7 < gmax (47)
1, if Z<zmn,

Non-membership functions are usually specified by opponents. Dissatisfaction decreases as

satisfaction increases from 0 to 1. NMF is defined as one minus the MF.

4.3 Mathematical Model development for EIFA
Stepl: Formulation of S/MO-LFPP

Deciding the decision variables , objective functions with associated ratio to be optimize and
the constrains as per the restrictions over the resources as expressed in form of (4.1) or (4.3).
as P1.

Step2: Defuzzification and Reduction to Equivalent S/MO-LPP
@
For fuzzy coefficients based fractional programming problem using appropriate ranking

function first convert it into the crisp model of maximization type.

(i)
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Use of Charnes-Cooper method with linear transformation ¢ = 7x, the MOLFPP reduces to

equivalent deterministic MO-LPP as follows.

P2: maxZ, = max TP, (y /1) (4.8)
A (%) —B <0 (4.9)
1Q,(y/1) <1 (4.10)

¢ Z0andt >0 (4.11)

Step 3: Pay-off Matrix

Solve (4.8) for £ =1,2,..., X to find solutions for each Z,. Using Pay-off matrix each #th
objective find target point as (Z, )™, pareto- lower bound as (Z,)™™, and global minimum
(worst) point as (Z,)". Considering (Z;)™** and (Z,)™" as upper and lower respect. for
MF whereas (Z,)™** and Z,)" as upper and lower value respect. for NMF constructed for
EIFA setup.

Step 4: Formation of MF and NMF

Define for each Z, a MF as juz(Z;) and NMF as v, (Z,) as follows:

(i)L-MF
1, if Zp=2(2,)",
min.
e (Zp) = Zkil;,: f/;kmin' ,if 2 < Z, < (Z,)M0F, (4.12)
0, if Z,<2,™™
(i) L-NMF
0, if Zp=(2Zx)",
. Z," " - 2, .
Ve (Zp) = Z, g, W if Zp" < Zp < (Zp)", (4.13)
1, if Zp<Za"
(iii) P-MF
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1, if Zp=(Zp)",
2

Zk _ kain. ’
y/&(Zk) = ( ax. min.) , lf kaln. < Z/& < (Zk)max.' (414)
Zy, —Z
0, if Z,<Z,mm
(iv)P-NMF
0, if Zp > (Z)™,
Z/&max._ Z/f’c 2
Ve (Zy) = (z T W,) . if ZpY < Zy < (Z,)MF, (4.15)
# p
(v) E-MF
wn(Zp
L if Zpz (Z)",
—pi(Zs — 2™\ n (4.16)
=< 1 ll - exp((z max. _ 5 miny )| if 2, < Z, < (Z,)MF,
P £ '
0, lf Zk S kaln..
(vi) E-NMF
Vp(Z4)
0, if Z/L > (Zk)max.’
—pp ZpF — Z (4.17)
={1— |1 —exp | 2t — ZIN iz, < 2, < @,
Zy, Zp")

Step 5: Intuitionistic Fuzzy Approach (IFA)
The reference function method developed by Angelov (1997) can be used to produce an
effective solution for MO-LPP. For that we need to define functions:

A=min{(/p(2,) andd =max{V,(Z4)}

Now, Angelov's theory says that the objective is to lower the highest degree of rejection and
raise the lowest level of acceptance. This makes the problem in IFA

IFA-1: maxA, minéd
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s.t.
Up(Zp) =2 A, £=1t0 K
Vp(Zp) <6, £=1to K
0<6d<A=<1+6<1, (4.18)
constraint (4.9)-(4.11).

This above model could potentially further reformulated as a deterministic problem with only
one objective as a [FA
IFA-2:
max(1 —6)
s.t.
Up(Zp) 24, £=12,... K
Vp(Zp) <96, £=12,..,.K
0621 <2A+6<1,
constraint (4.9)-(4.11).

(4.19)

Step 6: Situation based Extended Intuitionistic Fuzzy Approach (EIFA):
Here in this model we are considering three associate functions linear, parabolic and
exponential so one can select MF in three different ways and NMF also as three different ways.
So we can build 9 situations by taking their different hybrid combinations in the EIFA as

mentioned below:

Situation 1:L-MF/L-NMF
max(1 — 6)

Zp—Zp (min)
le (mazx) _ Z& (min)

> A £=1t0o K

(4.20)
Z/; (mazx) _ Zk

—o o w =0, £=1t0 K
z, M) _gz, W)

0<6d<A=<1+6<1,
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constraint (4.9)-(4.11).

Situation 2:L-MF/P-NMF

max(A — §)
Zk_zk(min) 3
PRCONENCD) > A, £=1to K
2oz Vs g 421
Zym g w ) =0 £ =1to K (4.21)

0<6<A1<1+6<1,
constraint (4.9)-(4.11).

Situation 3:L-MF/E-NMF
max(1 — 6)

Zp—Zp (min)
Zla (mazx) _ z& (min)

> A £=1t0 K

_ —exn(— M)} _
1 r)k[l exp( pk(zk(max)_zk(w)) <4, £=1to K (4.22)

0<6<A1<1+6<1,
constraint (4.9)-(4.11).

Situation 4:P-MF/L-NMF
max(1 — 6)

24—, (i 2
<—) > A, £=1to K

le (mazx) _ Z/& (min)

Zp (max) _ Zp
2, _z, W)

061 <A+6<1,
constraint (4.9)-(4.11).

<6, £=1to X (4.23)

Situation 5:P-MF/P-NMF
max(1 — 6)
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Z -2, M) 2
AR

le (mazx) _ Z/& (min)

2
Z, M-z, _
<W <6, =10 K

0<6<A1<21+6<1,
constraint (4.9)-(4.11).

Situation 6:P-MF/E-NMF
max(1 — 6)

Z -2, M) 2
AR

le (mazx) _ Z/& (min)

_ —exp (- w—zfa(“”))] _
1 le[l exp( p’&(zﬁ(m“‘)—z&(m) <4, £=1to X

0<6<A1<21+6<1,
constraint (4.9)-(4.11).

Situation 7:E-MF/L-NMF
max(1 — 6)

(Zp=xm) _
Ng [1 —exp <—p/& W)] > A £ =1to K

Zp (max) _ Zp
2, _z, W)

0<6<A1<21+6<1,
constraint (4.9)-(4.11).

<6, £=1t0 K

Situation 8:E-MF/P-NMF
max(1 — 6)

(Zp—xm)
( Zia (max) _ le (min))

2
Zk(max)_ Zp
<Zk(ma")—2k(w) =0, IoX

N [1—exp <—p,a )] >A £=12,...,.K

0621 <21+6<1,
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constraint (4.9)-(4.11).

Situation 9:E-MF/E-NMF
max(1 — 6)

(Zp—xmi) _
Ne [1 — exp <_pk W)] >A£=12,...K

_ —exn(— M)] -
1 nk[l exp( P g g o) <6 £=12,..,.K (4.28)

0<6<A1<21+6<1,
constraint (4.9)-(4.11).

Step 7:Comparitive Study and Result Analysis among nine-situations and with existing
approaches.

[ sat  —/

//

Formulation of S/MO-FPP / Defuzzification and Reduction to equivalent SIMO-
(4.1)/(4.3) / LPP (4.8)

v

Solve (4.8)-(4.11) for each individual. Zy to get

[ /
/
/ Construction and combination of MF and NMF/

/ / — (Zk)max‘ (Zk)mm and (Zk)max
MIF Nl\!lF
v 4
Linear (L) (4.12) Linear (L) (4.13) max (A-0)
Paraboic () (4.14) | Parabolic(P) (4.18) —— 5" SLI(Z)2A vy (Z,)SE
Exponential(E) (4.16) Exponential(E) (4.17) (4.9)-(4.11) and (4.21)

l

N | Comparative Study and result Analysis ‘
<—Among 9-situations and with existing classical
/ / approach /

Stop

/
/
J

Figure 4.1: Flowchart for EIFA
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4.4 Numerical Example:
To demonstrate the effectiveness of the suggested strategy, consider the following example
taken from the literature M. Chakraborty et al. [19] Consider the MOLFPP consisting of two

objectives as follows:

PlimaZ = {Z,(0) = At 22 5y THatH2 (4.29)
n,+x,+3 S5u; + 21, + 1
S.t.
Hy—ny, =1, (4.30)
25, + 31, < 15, 431)
" =3, 4.32)
’y, %, = 0. (4.33)

P-1in eqn. (4.29) reduces to equivalent deterministic MO-LPP using Charnes-Cooper method

with linear transformation ¢ = 7, as follows

P2: maxZ =2, =y, + 4y, +30,2, =7y1 + Y (4.34)
Y, — Y, —1720, (4.35)

2¢y1 + 3y, — 15t <0, (4.36)

Yy, —31 =0, (4.37)

3y, — 4, <0, (4.38)

Syi+2¢y, +1 <1, (4.39)

Y1, Y2, T = 0. (4.40)

Once both objectives have been resolved independently with constraints using LINGO we

obtained following results:

Max Z; = Z,™® = 0.3801 at point (0.14876,0.107438,0.041322)
Max Z, = Z,™® =14 at point (0.2,0,0)

Minimal acceptable point Z; = Z, ™" = 0.2

Minimal acceptable point Z; = Z,™"=1.15

Worst point at Z; = Z; ™) =0

Worst point at Z, = Z," =0.
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Following the assignment of the MF and NMF to both functions, the MOLPP is transformed
into a SO problem in accordance with the suggested situation-based hybrid EIFA, as

demonstrated in the following with associated figures.

Table 4.1: Mathematical model and graphs of EIFA 9 situations.

Hybrid (MF/NMF) combinations

Figures of MF/NMF for EIFA of Example

Situation 1:L-MF/L-NMF

max(1 — 6)
Z,1-0.2 Z,-1.15
1 > ’ 2 2 /1’
0.4-0.2 1.4-1.15

04-2 14-2
1 S : 2
0.4-0 1.4-0

<6,

0<86<A1<A+6<51;
Constraints (4.35)-(4.40).

L-MF/L-NMF

Figure 4.2: L-MF/L-NMF for EIFA

Situation 2:L-MF/P-NMF

max(1 —6)
Z1-0.2 > 1 Z,—1.15 > 2,
0.4-0.2 1.4-1.15

0.4— 2Z1\2 (14- 252
(0.4—0) =0 (1.4—0) <9,
0<6<A<A+46<1;
Constraints (4.35)-(4.40).

L-MF/P-NMF

Figure 4.3: L-MF/P-NMF for EIFA

Situation 3:L-MF/E-NMF

max(1 —6)
Z,—0.2 Z,—1.15

> A; >
04-02" 4 1.4-115" 4
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1- 12[1-exp (- 8((51 23)] <6
1- 1.2[1-exp(-1822 (f)))]g

081 <A+6<51;
Constraints (4.35)-(4.40).

L-MF/E-NMF

0

0 01 02 03 04 05 06 07 0B 09 1 11 12 13 14 15 16

— LMl e LoMF-2 e EENMF-L e E-NMF-2

Figure 4.4: L-MF/E-NMF for EIFA

Situation 4:P-MF/L-NMF

max(1 — 6)

2 2
Z1-0.2 Z,—-1.15
0.4-0.2 1.4-1.15
04— 2 14-2
1 S ' 2 S 5,
0.4—-0 1.4-0

081 <A+6<51;
Constraints (4.35)-(4.40).

P-MF/L-NMF

Figure 4.5: P-MF/L-NMF for EIFA

Situation 5:P-MF/P-NMF

max(1 — 6)
Z,-0.2\2 [ 2,-115)\?
(0.4—0.2) = (1.4—1.15) z 4,
0.4— 2Z1\2 (14- 252
(0.4—0) S (1.4—0) =39,
0<6<A<A+46<1;
Constraints (4.35)-(4.40).

P-MF/P-NMF

e PIF-1 e P2 e P-NMF-1 e P-NMF-2

Figure 4.6: P-MF/P-NMF for EIFA

Situation 6:P-MF/E-NMF
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max(1 — 6)

2 2
Z1—-0.2 Z,—1.15
(—1 ) > A (—2 ) > A,
0.4-0.2 1.4—-1.15

(21-0)
1- 1.2[1-exp (- 18 0))]
6,
(2, -0)
1-12 [1 exp( 1.8 (14— 0))]

<34,
061 <A+6<51;
Constraints (4.35)-(4.40).

P-MF/E-NMF

Figure 4.7: P-MF/E-NMF for EIFA

Situation 7:E-MF/L-NMF

max(1 —6)

12[1 ( 182_02)]>/1
exp 04—02

12[1 ( 182'2—1.15)]

' P\~ 14 115
> A,

0.4— 24 14— 2,

04-0 — ' 1.4-0 <9,

081 <A+6<51;
Constraints (4.35)-(4.40).

E-MF/L-NMF

MF-2 e L-NMF-1 e L-NMIF-2

Figure 4.8: E-MF/L-NMF for EIFA

Situation 8:E-MF/P-NMF

max(1 — 6)
12[1—exp< 18ﬂ)] > ),
04— 0.2
Z, —1.15
12 [1 TP <_1'8 14— 1.15)]

= A,

2 2
04-2 14— Z
(—1) S&;( 2) <4,
0.4-0 1.4-0

E-MF/P-NMF

0 01 02 03 04 05 06 07 08B 09 1 11 12 13 14 15 16

—EMF]l e EMF2 P NMF-1 e P-NMF-2

Figure 4.9: E-MF/P-NMF for EIFA
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0<6<A1<21+6<1;
Constraints (4.35)-(4.40).
Situation 9:E-MF/E-NMF

E-MF/E-NMF
max(4 — 9§)
Z,— 0.2
1.2 [1 — exp <—1.8 m)] = ﬂ.,
1.2 11 <18ZZ_1'15)] e e e —
' [ P\ "1 115 )
=>4,
Figure 4.10: E-MF/E-NMF for EIFA
1-12[1-
_ (2.-0)
exp( 1.79 —(0.4_0))] <6,
Z, -0
1- 12 [1 — exp (—1.8 ﬁ)}

<34,
081 <A+6<51;
Constraints (4.35)-(4.40).

4.5 Result Analysis and Comparative Study :
We used LINGO to solve the 9 models and obtained results of all the parameters that includes
level of satisfaction/dissatisfaction along with difference. The comparative analysis of these

three cases presented in the tabular form discussed below.

1) level of satisfaction: least of both membership degrees
A=min{ 1(2y), K2} (441)
i1) Level of dissatisfaction: the highest of two non-membership degrees
d = max { v (Z,), V(Z;)} (4.42)

ii1) Their difference:

(4.43)
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Table 4.2 Degree of satisfaction( 1) of 9-situations

Degree of Stisfaction level (A)

A Linear | Parabolic | Exponential . s =
(MF) | (MF) | (MF)
L-(MF) | 0.5524 | 0.55244 | 0.5524 o -
P-(MF) | 0.3052 | 0.3052 0.3052 L_ r » _”“” _[‘"“""""l“f”"'r"
E-(MF) 0.8677 | 0.9825 0.9993 Figure 4.11: Level of satisfaction (1)
Table 4.3: Degree of dissatisfaction( &) of 9-situations
. . . Degree of Dissatisfaction level (5)
6 Linear | Parabolic | Exponential ,
(NMF) | (NMF) | (NMF)
L- 0.2237 | 0.5007 0.0010 )
(NMF) 0 0.00¢ oo . 2.2
P-  |0.2238 ]0.0501 | 0.0010 S
(NMF)
E- 0.1322 | 0.0174 0.0010 Figure 4.12: Level of dissatisfaction (&)
(NMF)
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Table 4.4: Difference between satisfaction and

dissatisfaction level (A — &)

Differnce between Satisfaction and Dissatisfaction level
A Linear | Parabolic | Exponential (A-6)

— & | (NMF) | (NMF)

A

(NMF)

L- 0.3286 | 0.5024 0.5514

Linear (MF) Parabolic(VF

e Lin 31 (NMF) e P atabiofic NMF)

P- 0.0814 1 0.2551 0.3042 Figure 4.13: Difference in level (1 — &)

E-  ]0.7355 ] 0.9650 | 0.9980
(MF)

The comparative results for satisfaction (4), discontent (§), and net difference (A — &) are
presented in Table 4.2-4.4 with graphs presented in Fig 4.11-4.13. The results represented nine
different combinations of MF and NMF. It is clear that the most satisfying outcome (0.9993)
and least dissatisfying (0.0010), leading to the greatest net difference (0.9980), is consistently
produced by combining E-MF/E-NMF. This implies that the E-MF/E-NMF arrangement offers
the highest level of solution certainty with the least amount of hesitancy. Combinations of P-
MF/L-NMF produce reduced satisfaction (0.3052) and comparatively larger discontent
(0.2238), resulting in the smallest net difference among hybrid situations (0.0814). Compared
to linear or parabolic versions, exponential functions for MF and NMF greatly improve
decision-maker satisfaction and minimize discontent.

Employing Chakraborty’s [19]conventional fuzzy methodology, the attained maximum level
of satisfaction (A) is 0.8. This signifies the decision-maker's assurance inside a singular fuzzy
model.

e Comparison with EIFA’s A:
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“Within the EIFA arrangement, the highest satisfaction levels (s) vary from 0.3052 to
0.9993 for the nine MF/NMF combos. Significantly, the E-MF/E-NMF combination
attains a s of 0.9993, markedly surpassing the benchmark A. Even the minimal satisfaction
(P-MF) combination yields a satisfaction level comparable to the benchmark, suggesting
that this hybrid intuitionistic structure may maintain or enhance satisfaction levels”.

e Comparison with EIFA’s §:

“In contrast to the conventional method, EIFA additionally quantifies dissatisfaction (&),
offering a more precise assessment of uncertainty.” Exponential non-membership forms
provide the minimal discontent (as low as 0.0010), but some linear or parabolic non-
membership forms exhibit elevated dissatisfaction levels. This knowledge is absent in the
conventional model yet is essential for sound decision-making.

e Comparison with EIFA’s (A- §):

The intuitionistic differences (A- §) in EIFA attains a maximum of 0.9980 for the E-MF/E—
NMF combo, exceeding the benchmark's A value. This indicates that EIFA can improve net
decision assurance beyond the capabilities of a singular min-max strategy. Linear-linear
combinations closely align with the benchmark, demonstrating consistency with conventional
outcomes while emphasizing the advantages of the hybridization structure.

The comparison research demonstrates that the EIFA not just corresponds with Chakraborty’s
model but also enhances its understanding by offering a multi-faceted perspective on pleasure
and reluctance. This confirms EIFA's capability to provide more resilient and accessible

solutions to uncertain multi-objective challenges.

4.6 Case Study: Agriculture Land Allocation

For agricultural planting structure optimization, considering the secondary data from Yang et
al. [66]. Every inland river basin has water as a key constraint to agricultural and economic
growth. To address irrigation water supply unpredictability, water-saving agriculture was
implemented. Reduced water use by crops is an inevitable byproduct of water-conscious
farming practices in the area. A "water-saving crops planning" strategy is an agricultural

planting pattern that aims to maximize the environmental, social, and economic advantages of
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water-constrained crop production. Although there are many well-defined and perhaps
accurate components to optimize in agricultural planting structures, there are still many
unknowns included but not limited to time, money, capacity, and demands. The goals are very
important for yield efficiency measures because they show how earnings are related to the
resources that are used, like water, to make crops economically valuable. Models often include
linear fractional objectives that consider the highest efficiency per unit.

In a case study on irrigation the suggested method is used to improve a planting arrangement
for agricultural purposes. Three main crops are grown in this area: cotton, summer corn, and
winter grain . Winter grain and summer corn are grown using a double-cropping strategy, so
their agricultural land area is shared. As a result, summer corn is believed to have the same

farmed area as winter grain.

4.6.1 Numerical Data Available
As per the given data in Yang [66] with a total cost of almost 770000000 (INR), the grain crops
have to be planted on more than 65% of the 59056 hectares that are fit for farming. Rest of the

required information is given in the table4.5 below:

Table 4.5: Data for different crops

Crops Average Production / Irrigation/ Expenditure
price/kg(INR) | Hectare(Kg) Hectare (m?) cost (INR)
Winter grain 24 6600 2850 7500
Summer corn | 2.2 8100 600 5250
cotton 14.7 1125 525 22500

4.6.2 Formulation of MOLFPP

(a)Decision variables
There are two decision variables required ; and x,. Let 3, be the land in hectare allocated

for double cropping for winter grain and summer corn and 3, area in hectare for cotton.
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(b) Objective functions (maximization)
There are two objectives to the problem. First and foremost, the objective is to increase the
economic value of each cubic meter of irrigation water. It can help improve the efficiency of

water resources. The problem's objective can be articulated as follows.

2.4(6600)3, + 2.2(8100)3;, + 14.7(1125),
28503, + 6003, + 5251,

336003, + 16537.5x, (4.44)
34505, +525x,

Z,00) =

Z,00) =

The second objective is to increase the production of food per acre in order to meet the demands

of the population.
336005, + 16537.5x, (4.45)
ny+u,

Z,(n) =

(c) Constraints of problem
(1) Land availability

1,41, < 59056

(i1) Food security

Hq

> 65%
1+ (4.46)
0.355,+0.657, = 0.

(iii))  Investment cost
75003, + 52503, 4225003, < 770000000 (4.47)

@iv) Non-negative

%y, %, = 0. (4.48)
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There are two main objectives to seek: One is to optimize financial return per cubic meters of
water used for irrigation to encourage better water resource use. Second is to maximize food
output per unit of land area to meet population's rising needs. Built with these objectives in
mind, the optimization model looks for the most effective crop allocation approach under the

particular circumstances.

Therefore the MOLFPP can be formulated as:

max Z = {Z;(x%), Z,(»)} (4.49)

2100 - 336005, + 16537.5x, 450

L = 34500, +525x%, (4.50)

2,00 = 336005, + 16537.5x, asi

200 = u+x, 451

s.t.

1+, < 59056, (4.52)

0.35,+0.65%, = 0, 4.53)
75005, + 52505, 4225005, < 770000000, (4.54)
My, My = 0. (4.55)

Solving the above model using Charnes and Cooper method to get the following solutions
Ideal solution for Z; = 2,™® = 11.4at (31151.51,18031)

Ideal solution for Z, = Z,™® =33660 at (59056,0)

Minimal acceptable point Z; = Z;™™ = 9.76 at (59056,0)

Minimal acceptable point Z, = Z, ™™= 27667.12 at
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Worst point at Z; = Z; ™ =0 at (0,0)
Worst point at Z, = Z,™ =0 at (0,0).
Following the assignment of the MF and NMF to both functions, the MOLPP is transformed

into a SO problem in accordance with the suggested situation-based hybrid EIFA as follows:

Situation 1: L-MF/L-NMF

max(1 — 6) \
Z, —9.76 Z, —27667.12
— 2> =>4,
11.4 —-9.76 33660 — 27667.12
114—- Z —
1 ;33660 Z, <5 > (4.56)
114-0 33660 — 0
0<6<A1<21+6<1,
constraints (4.52) — (4.55). J
Situation 2: L-MF/P-NMF
max(1 — 6) \
Z, —9.76 Z, —27667.12

— > A = A,
114 —-9.76 — 33660 — 27667.12

11.4 — Z;\? 33660 — Z,\*

(—) < (—) <,
11.4 -0 33660 — 0
0<6§<A<A+6<1,

constraints (4.52) — (4.55). J

"

(4.57)

)

Situation 3: L-MF/E-NMF
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max(1 — 6) A

Z,—9.76 Z, — 27667.12
2= > A,
114 —-9.76 33660 — 27667.12
1- 12 [1 —exp (—1.8(21—_0))] <5
at4—0/I =
1- 12 [1 _exp (—1.8 M)] <5
33660 — 0)/] =
061 <A+6<51,
constraints (4.52) — (4.55). J
Situation 4: P-MF/L-NMF
max(1 — 6)

Z, —9.76 \* - Z, —27667.12 \2 -
<11.4 - 9.76) - (33660 - 27667.12) -
114- 2, _ 33660 — 2,
114—-0 ~ ' 33660 —0
0<6<A<A1+6<1,
constraints (4.52) — (4.55).

<6,

Situation 5: P-MF/P-NMF
max(1 — 6)
Z, —9.76 \* Z, —27667.12 \2
(o) = ) =

11.4 — 9.76 33660 — 27667.12
11.4 — Z,\2 33660 — Z,\*
(i) =o (e <o
114 -0 33660 — 0
0<6<A1<1+6<1,
constraints (4.52) — (4.55).

Situation 6;: P-MF/E-NMF
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max(1 — 6)
( Z,—9.76 )2 _ ( Z, —27667.12 )
<

114 -9.76 33660 — 27667.12

1- 12 [1 — exp <_1 8 (3:5,66(; 0)0))]

1- 12[1—ex ( 18M)] <5
' P (33660 — 0)
0<86<A<A+6<1,
constraints (4.52) — (4.55). J

6,

"

4.61)

Situation 7: E-MF/L-NMF
max(1 — 6)

12[1 1821976 ]>,1
' exp( ' 11.4—9.76) =7

o [1 ( g B2 = 2766712 )]
' AP\ T 33660 — 27667.12
114— 2, 33660 — Z,
<; <6,
114—0 33660 — 0
0<6<A<A+6<1,
constraints (4.52) — (4.55). J

—

-
"

(4.62)

Situation 8: E-MF/P-NMF
max(1 — 6)

12[1 18 21=976 ]>,1
' exp( ' 11.4—9.76) =7

Z, —27667.12 )] _ 3
33660 — 27667.12
11.4 — Z,\2 33660 — Z,\*
(G=5) =5 (Ge—0) <%
114 -0 33660 — 0
0<6<A1<1+6<1,
constraints (4.52) — (4.55). J

—

1.2 [1 —exp <—1.8

"

(4.63)

Situation 9: E-MF/E-NMF
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max(1 — 6) )

121 18 21=976 ]>,1
| [ exp (1837 —o76)| =

Z, — 27667.12 ] =
33660—27667.12) ="

1.2 [1 —exp <—1.8

1- 12 [1 — exp <—1.8 %)} <5 | (4.64)
1- 1.2 [1 — exp (—1.8 %)} <5

0<6<A1<A+6<51,
constraints (4.52) — (4.55). J

Using Lingo software we solved the above 9 situation based problems under proposed method
of EIFA to get the results of level of satisfaction/dissatisfaction and their difference. The

obtained result are expressed in following table

Table 4.6: Results obtained from EIFA for all 9 situations

Situations A é A—¢6 | Valueof | Valueof
Z, Z,
L-MF/L-NMF | 0.45598 0.09686 0.35912 | 10.50758 | 30400.65
L-MF/P-NMF | 0.45598 0..00938 0.4466 10.50781 | 30399.81
L-MF/E-NMF | 0.45598 0.00000 0.45598 | 10.50781 | 30399.81
P-MF/L-NMF | 0.50111 0.49889 0.00220 | 0.00000 0.00000
P-MF/P-NMF | 0.20792 0.00938 0.19854 | 10.50782 | 30399.78
P-MF/E-NMF | 1.00000 0.00000 1.00000 | 0.00000 0.00000
E-MF/L-NMF | 0.91351 0.08649 0.82700 | 10.41392 | 30748.50
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E-MF/P-NMF

0.99252

0.00748

0.985036

10.41392

30748.48

E-MF/E-NMF

1.00000

0.00000

1.00000

11.40325

27667.13

Figure 4.14: Graphical representation level of satisfaction/dissatisfaction/their difference

4.7 Comparative Study and Result Analysis

The comparative analysis of these three cases of 9-situations is presented in the tabular form

and graphically discussed below.

1) Level of satisfaction:

A=min{ u(Z,), u(Z;)}

(4.65)
Table 4.7: Satisfaction values for 9 different situations
A Linear (NMF) Parabolic (NMF) Exponential (NMF)
Linear (MF) 0.45598 0.45598 0.45598
Parabolic(MF) 0.50111 0.20792 1
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Exponential 0.91351 0.99252 1
(MF)
Figure 4.15: Degree of satisfaction level for 9 situations
i1) Level of dissatisfaction :
6 =max { v (Z,), ¥(Z2)} (4.66)
Table 4.8: Dissatisfaction values for 9 different situations
) Linear (NMF) Parabolic (NMF) Exponential (NMF)
Linear (MF) 0.09686 0..00938 0.0
Parabolic(MF) 0.49889 0.00938 0.0
Exponential 0.08649 0.00748 0.0
(MF)
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08

Linear {MF)

b Linear (NMF)

Parabolic(MF)

—a— Parabolic (NMF)

04
02
0 —_—
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Figure 4.16: Degree of dissatisfaction for 9 situations

ii1) Difference between satisfaction and dissatisfaction level:

A=6

(4.67)

Table 4.9: Difference between A and O values for 9 different scenario

A=6 Linear (NMF) Parabolic (NMF) Exponential
(NMF)
Linear (MF) 0.35912 0.4466 0.45598
Parabolic(MF) 0.00220 0.19854 1
Exponential MF) | 0.82700 0.985036 1
: - W) 4

Figure 4.17: Degree of difference between satisfaction and dissatisfaction values for 9 different situations
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Within the context of agricultural planning, the findings from the tables (4.5-4.8) and figures
(4.14-4.17) demonstrate how various combinations of MF and NMF functions have an effect
on the level of satisfaction as well as the objective outcomes. We looked at nine different
permutations including exponential, parabolic, and linear forms. The combination of E-MF
and E-MF produces the highest degree of satisfaction (4 = 1.0) and zero discontent, which
results in the greatest difference between A and §, which is 1.0. In comparison to other high-
satisfaction combinations, this likewise yields the greatest value of Z; (11.40325),
although Z,somewhat drops to 27,667.13. Also doing well are the E-MF/L-NMF and E-MF/P-
NMF combos, with 4 — § values of 0.82700 and 0.98504 correspondingly. They provide a
satisfactory equilibrium, preserving high values of the objective function (Z, is around
30,748.5) while also guaranteeing minimal degrees of discontent. The mixtures of L-MF and
E-NMF and L-MF and P-NMF show average levels of satisfaction, with A — § differences of
0.45598 and 0.44660, respectively. However, they reach stable objective values, which means
they have a strong solution for L-MF with nonlinear NMF. The P-MF/E-NMF combination is
noteworthy since it satisfies all requirements (1 — §=1.0), yet it fails to accomplish either goal,
suggesting that it is not viable to work within the limits of the issue. A general conclusion may
be drawn from the findings that exponential forms, particularly when applied to NMF,
contribute to an increase in the levels of satisfaction under intuitionistic scenario. But the trade-
offs between getting the most joy and keeping realistic, achievable goals must be carefully
thought through. When it comes to agricultural planning, a combination like E-MF/P-NMF
and E-MF/L-NMF show the optimum equilibrium among high satisfaction and good objective
values.

The real-life case study of agricultural planning shows how the EIFA builds on current FFP
approaches. For example, Yang employed a SIMM to find the best cropping structure by
solving an FMOLFPP. The SIMM method dealt with uncertainty by setting fuzzy objectives
and fuzzy restrictions got target values for function Z;=11.4 and Z,=27,667.1.

Yang's strategy is based on maximizing membership function only. The EIFA model suggested
in this research, on the other hand, uses a hybrid MF/NMF arrangement to the crisp a fractional
model to measure both satisfaction and discontent and find the difference (1 — §). This gives

decision-makers more confidence in their choices by helping them think about not just how
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well they are meeting their goals, but also how much danger or hesitancy they could feel when
planning for unknown situations. The EIFA has similar goal values and higher net satisfaction,
which shows that it might be a useful and more reliable option for planning agriculture when

there is uncertainty.

Table 4.10: Summary of MM/NMF combinations and outcomes

MF-NMF A=6 Behaviour of Interpretation
Combination Objectives
E-MF/E-NMF 1 Highest Z; = Best overall
11.40325,2, = performance, zero
27,667.13 discontent.
E-MF/L-NMF 0.82700 Z, =~ 30,784.5 High satisfaction with
good objective
balance
E-MF/P-NMF 0.985036 Z, = 30,784.5 Very high satisfaction
and strong stability
L-MF/E-NMF 0.45598 Stable objective Moderate satisfaction,
values reliable solution
L-MF/P-NMF 0.4466 Stable objective Moderate satisfaction,
values reliable solution
P-MF/E-NMF 1 Does not achieve | Meets satisfaction
either 2, or 2, criteria but
impractical, violates
problem limits.

4.8 Conclusion

This chapter presents an EIFA for resolving MOLFPP under uncertainty. The most important
thing that EIFA does is combine linear and nonlinear MF and NMF in a structured way, using
IF frameworks. These can be linear, parabolic, or exponential forms. The hybrid structure that
has been presented allows for greater flexibility in representing real-world imprecision, in
contrast to conventional models, which often rely on a single kind of fuzzification. The EIFA
was initially validated using a classical Zimmerman's min-max fuzzy fractional programming
problem, as mentioned by Chakraborty, illustrating that the proposed model aligns with
established results while offering further insights via intuitionistic evaluations of satisfaction,
dissatisfaction, and their differences. The model was then employed to address a practical

agricultural planning issue utilizing secondary data initially presented by Yang with SIMM
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approach. The findings from nine MF/NMF combinations indicate that hybrid models,
particularly those employing exponential NMF, generally enhance net decision-makers
satisfaction while reconciling opposing objectives for productivity, irrigation, and land
utilization. The EIFA addresses imprecision and contradictory criteria in MOLPP in a unique,
flexible, and resilient manner. This study utilized mainly linear, a parabolic and exponential
functions in order to create MF/NMF pairings, however, the EIFA may easily be adapted to
other functional forms, including hyperbolic form, sigmoidal, or the Gaussian shapes. This
creates opportunities for customizing the technique for more intricate decision-making
contexts, hence increasing its applicability in many practical scenarios in addition to
agriculture, such as the design of supply chains, the distribution of resources, or the planning

of sustainable development.
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Chapter 5

Multi-objective Fractional Programming Problem Analysis in the
Manufacturing Sector Using Situation-Based S-Shaped Nonlinear

Fuzzy Numbers

5.1 Introduction and Motivation

In this chapter we discussed a method for solving linear fractional programming problems by
incorporating a non-linear S-shaped fuzzy membership function into a fuzzy goal
programming approach. The comparison of the proposed methodology based on S-shaped
membership function is also done with existing technique which is based on linear membership
function. The main motivation behind the enhancement of the membership function for fuzzy
goal programming from linear to non-linear is that if the result obtained by using the linear
membership function is not satisfactory for decision-makers, there should be a scope to switch
to a non-linear version of it.

To address various optimization problems with multiple objectives, an extensive number of
strategies have been proposed in the literature Gulia et al.[85]. Mohamad [15] introduced the
relationship between fuzzy programming and goal programming and their similarities and also
discussed how one can leads to the other .The extensions and modification is being discussed
by researchers discussed in Maiti [71] and Das et al.[61] proposed fuzzy logic approaches to
solve linear fractional programing problem with numerical point of view. Multi-fractional
programming refers to the resolution of multi-objective problems that involve ratios Shan et
al.[74]. Chang [22] applied absolute function on fractional programming with goal
programming approach and Mishra et al. [41] proposed multi objective goal programming in
optimization of land use in agriculture.

A fundamental principle of goal programming (GP) is to identify a solution that is both feasible
and satisfies the given constraints. GP approaches quantify the degree of variation between a
solution and each objective. The goal is to maximize the ratio of profit to expenditure in the

manufacture of different items with restrictions or constraints. Bal and Pal [13] discussed on
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dynamic programming. In a fuzzy decision-making context, achieving the necessary levels of
objective goals is primarily determined by attaining the highest possible degree of their related
membership values and also the result of goal programming is being use by Deb [50].
Membership functions and numerous fuzzy techniques have also been implemented.
Companies and organizations from a variety of industries, such as technology and finance,
need to make sure that logistics-related operations have a positive ratio Shakirullah et al.[70].
To create the desired goods in the industrial sector, a manufacturing system integrates a number
of resources, some of which may have competing needs. This research demonstrates how to
resolve a multi-objective optimization problem using the concept of fractional fuzzy
programming. Industrial production systems use diverse resources with conflicting needs that
must be integrated to produce products. A nonlinear functions used in multi-objective linear
function in Shivani et al.[95] that has also grabbed the interest of researchers from throughout
the world. So far most of research work used Zimmermann’s approach [5] of linear
membership function in fuzzy goal programming.

In this paper we enhanced Zimmermann’s approach by applying non- linear S-shaped
membership function instead of linear function in goal programming. The multi objective
linear fractional programing is discussed in fuzzy environment using non-linear S-shaped
Zhao et al. [74] membership function and the solutions and results compared with the usual
Zimmerman approach on linear membership function .The proposed methodology is applied
to a case study of a knit garment manufacturing unit, utilizing secondary data Shakirullah et
al. [70] and LINGO software is used to solve fractional programming problems directly without
reducing them into Linear form. In fractional programming, to address uncertainty, the
majority of studies focus on linear fuzzy numbers, such as triangular and trapezoidal fuzzy
numbers. In numerous intricate real world scenarios, non-linear fuzzy numbers may yield more
advantageous solutions compared to linear fuzzy numbers in Sadeghieh [63] . This study
addresses the issue by employing a non-linear fuzzy number specifically, an S-shaped fuzzy
number Kumar et al. [82], Gulia et al. [99],[98]. We modified our methodology to encompass
the S-shaped fuzzy number, and our proposed approach, which employs S-shaped fuzzy

numbers, produces better outcomes than linear fuzzy numbers.
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The layout of chapter is as follows: section 5.2 dealt with methodology where we discussed
both the Zimmerman as well as non-linear function based proposed methodology [6]. In
section 5.3 one numerical example is discussed with both methods and in section 5.4 these
methodologies applied on a case study based on garment industry. In section 5.5 result analysis

is done in tabular and graphical form followed by conclusion in section 5.6.

5.2 Methodology

The basic problem of linear fractional programming with assumption is presented as follows.

n+d
max Z(x) =220
gprtep

st. €S ={x e R":Ax < B,»x = 0}.

£=1,2,...K (5.1

withA € R"™" BeR™, pp,qgp € R*"and d,, e, € R.
Let us assume the 1, assigned as the aspiration level to the objective function Z,, () and let
€4, be the lower bound limit to the fuzzy goal then (5.1) can be stated as follow:

prutdy (5.2)

Zyx) =———=>2u
7 (x) Gt e ’

Now we find the solution for (5.2) 1% by the existing approach and then we will apply the
proposed nonlinear membership and will compare the results obtained from these two
methodologies.

L By Zimmermann’s Approach, the fuzzy objective (5.2) describes the linear

membership function as follows:

1, if Zp(3) = uy,
Z —1
0, if Zp(n) < 4. (5-3)
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o I m(Z, (X)

oy W) 7%
Figure 5.1: Linear membership function
Figure 5.1 describes the Zimmerman’s linear membership function. Since the largest value is

1 for the membership function mentioned in (5.3) can be expressed as following model by

converting into single objective function problem

Miny
s.t.
260 =) | o e (5.4)
Up — Ly
An < B,
where D, > 0,D; = 0and D;.Dj > 0.
0<sy <1,
Y =D,,D; =0. (5.5

II. By proposed methodology, the fuzzy objective function (2) using non-linear (S-

shaped) membership function with is defined as follows:

1, if Z () = 1wy,

W(Zp(0) =1~ a(zk(”)_lla) v <Zp(n) <y, (5.6)
1+ A4e \ 927l
0, lf Zk(?() < ‘gﬁ

Here , A is a scale constant controlling the curve width, and a determines the steepness of
the S-shaped MF.
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m

m(Zi(X))

0 () w Z4(X)

Figure 5.2: Non-linear membership function

Above fig 5.2 is of non-linear membership function. Since the largest value is 1 for the

membership functions mentioned in (5.6) then the single-objective problem can be formulated

as follows:
Miny
s.t.
1- 1 e
pEIGE D) (L) (5.7)
e
14+de » %7+ +Dy —Df =1
gr— s
Ax = B

where D, > 0,D; > 0.
0<y<1,y>DD}
D;.D} =0 x> 0. (5.8)

Following is the flow chart explaining the procedure to follow using propose methodology

based on non-linear S-shaped membership function.
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y
/ Collect the information from the given dataset /

{ Obtain the multi-objective functions fractional along ]

with linear if exists as per model

y
4 D
For each objective the best and the worst solutions are
calculated to obtain the ideal value and tolerance value

- >

)

Evaluate non-linear (S-shaped) membership
corresponding to each objective function in the problem

L and formulate their fuzzy goal )

-

Construct the final single objective model and solve

Modify the ideal value
and tolerance value

Figure 5.3 Flow chart to explain proposed methodology using S-shaped membership function.

5.3 Numerical Example

Let us investigate a MOLFPP discussed in [103] having the following objectives:

_3%1 + 2){2 7%1 + %2 (5.9)
Max Z(x) = (Z,(6) = —————=; Z,(x) =
ax Z(x) < 100) wy +ny,+3’ 20) 5741+2%2+1>
s.t.

n, — oy > 1, (5.10)

2x, + 3, < 15, (5.11)

%, >3, (5.12)

3y, 7y = 0. (5.13)
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For setting aspiration levels for Z;(»)and Z,(3) selected as maxZ;(x) =1/2 and

maxZ,(x) =7/5 by setting lower value for Z; () and Z,(») as 0.

By Zimmerman’s approach

Linear Membership function formulation:

1, ifZ,(x) >1/2,
_3}{1 + 2%2 _ 0
H(Zl(}{)) - %1 + %2 + 3 .
172 , if0<Z;(x) <1/2, (5.14)
0, ifZ,(»x) <0.
1, ifZ,(x) > 7/5,
Ty +n, 0
i(Z,00) = {5 t+2m,+1 _
7/8 , if0<Z,(x) <7/5, (5.15)
0, if Z,(») < 0.
Converting into single objective function problem:
Min W (5.16)
H1+H+3 1 1 ’
35x%1+5x, DE _ D; — 1’ (5.18)
35x1+141,+7
0 <¥< 1, (5.19)
¥ > p7,pf,p;,05 =0, (5.20)
D;.Dj,D;.D3 =0, (5.21)
J‘fl - %2 2 1,

21y + 31, < 15,

ny =3,
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%y, %, > 0. (5.22)

By solving through LINGO software, we got »; = 3, %, = 0.4268153 , p] = 0.4268153,
p, = 0.42 and Z;(»x) = —0.80076and Z,(») = 1.27134.

By proposed methodology
Non-linear (S-shaped) membership function:
( 1, ifZ,(0) 2 1/2,
. 1 _ 1
p(Zy(0) = 1- Sy |0 0<409 <5
13.813(%)
1+ 0.001001e
0, ifZ,(3) <0. (5.23)
7
r 1, leZ (%) 2 gl
i = 1 7
H(ZZ(%)) < 1— T , lfO < Zz(%) < g)
13 813<M>
: 7
1+ 0.001001e 5 (5.24)
0, ifZ,(x) < 0.
Converting into single objective function problem:
Min ¥ (2.25)
1 - +
1- —Brit2ny_ +Dp; —p7 =1,
13.813 %
1+0.001001e ( ? ) (5.26)
1 (5.27)

1- +p; — 03 =1,

5xq+2x,+1

Tn,1+xu;,
13.813<ﬁ>
1+ 0.001001e 5
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0<¥<1, (5.28)

¥ > py,pf,D;,D5 =0, (5.29)

D;.D],D;.D3 =0, (5.30)

){1 - Hz 2 1,
21, + 31, < 15,
ny =3,

1,5 = 0. (5.31)

By solving through LINGO software, we got »#; =3, ¥, =2 , p; =1, p; =0.11 and
Zy(%) = —0.62 and Z,(») = 1.15

5.4 Case Study

We worked with secondary data used in (Desktop/ ProfitOptimizationofanApparellndustryin-
BangladeshPublished-AJAM.pdf). In the present study, a knit garment manufacturing unit
from Bangladesh has been taken into consideration. This plant is located in the Gazipur district
of Bangladesh[70]. From the case industry, information has been gathered that includes the
monthly resource usage amount, product volume, and profit per unit for a variety of product
categories. The case industry manufactures a wide variety of knitted garments. The collated
data served as the input for the linear programming model that was proposed. There are
currently eight different kinds of clothing that are being manufactured by the company that we
are examining. The purpose of this study is to determine the current level of resource
consumption, production cost, time utilized, and monthly profit, and then compare these values
to the ideal answer that was reached by solving the FLPP model that we built. We used LINGO
solver to solve the model.

The following table 5.1, table 5.2, and table 5.3 of the paper provide a summary of the pertinent

information that was acquired from the case company. This information includes the amount
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of time required to make various items, the monthly production, the profit, the cost, and the
material utilization per unit.

According to the information:

Table 5.1: Details of industry production, profit and time utilization required for different products

Product | Industry Profit | Profit by Time

Production | (Per | industry

piece)
Cutting | Sewing | Trimming | Finishing
GT 8000 42 336000 | 0.4 6.4 0.4 0.4
KBLJ | 14000 36 504000 | 0.3 5.3 0.3 0.3
BCH 8000 40 320000 | 0.5 5.5 0.5 0.5
BUW | 7000 30 210000 | 0.2 52 0.2 0.2
GC 12000 35 420000 | 0.6 7.6 0.3 0.6
GL 10000 40 400000 | 0.5 6.5 0.3 0.5
GCS 12000 30 360000 | 0.4 5.4 0.4 0.4
GTL/S | 11000 25 275000 | 0.5 7.5 0.4 0.5
Total 2825000
Restrictions:
Table 5.2: Material and cost requirement for fabric thread and labour

Over Material Over Cost
Fabric 12156000 Labour 2853000
Tread 11295000 Material 13194000

Decision variable:

Table 5.3: Symbols and notations for different garment products

Symbol (number of product) Product
Hy T-shirt for girls(GT)
My Long-johns made by Keiki Boy(KBLJ)
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Mg Hoodie for Boys in College(BCH)
My Underwear for Boys(BUW)

Hs Cardigan for girls (GC)

He Leggings for girls(GL)

My College shirt for girls(GCS)

Mg T-shirt for girls, L/S (GTL/S)

Objective function: Profit/Investment

4211+363,+40x3+3034+35x5+403g+303,+25x%g

Max P(x) =
15931 +1692,+285x3+1423x4,+30035+150%¢+1852%,+165x%g

Time utilization:
Cutting:
Max C () = 0.431 + 0.3, + 0.533 + 0.23¢4 + 0.63¢5 + 0.53¢4 + 0.42¢; + 0.5

Sewing:

MaxS(x) = 6.4, + 5.33, + 5.5%3 + 5.234 + 7.63¢5 + 6.5x4 + 5.430; + 7.5xg

Trimming:

MaxT (») = 0.43; + 0.33¢;, + 0.535 + 0.23¢, + 0.32¢5 + 0.33¢5 + 0.43¢;, + 0.4

Finishing:
MaxF (x) = 0.4 + 0.335 + 0.5235 + 0.22¢4 + 0.63¢5 + 0.5 + 0.42¢;, + 0.5

Restrictions:
Budget (labour cost):

283 + 2535 + 6533 + 2234 + 6035 + 253 + 303, + 255 < 2853000

Budget (material cost):
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1315, + 1442, + 2205 + 1203, + 2403 + 1253 + 1553, + 140xg
< 13194000

Fabric:
1283, + 1213, + 24633 + 1003, + 18035 + 1313 + 155, + 1205 <
12156000

Thread:
1203, + 1103, 4 22033 + 703, + 22035 + 1203 + 1205, + 11534
< 11295000

Cutting Time:
0.431 + 0.3, + 0.533 + 0.23¢4 + 0.63¢5 + 0.53¢ + 0.43¢; + 0.5x%g < 35300

Sewing time:

6.43t1 + 5.335 + 5.535 + 5.23¢4 + 7.63¢5 + 6.534 + 5.43¢; + 7.5%g < 509300

Trimming time:

0.431 + 0.3, + 0.53¢3 + 0.23¢4 + 0.335 + 0.33¢¢ + 0.43¢; + 0.42g < 28600

Finishing and packing time:

0.431 + 0.3, + 0.53¢3 + 0.23¢4 + 0.63¢5 + 0.5 + 0.43¢; + 0.5%g < 35300

Non-negativity restrictions:

My, Mo, M3, Hy, He, K, Mg, Mg = 0.

Max P(x)=P=0.2666667 at point (0,0,0,0,0,70600,0,0)
Max C(3)= C=35300 at point (0,0,25281,0,0,45319,0,0)
Max S(3)=S= 509299.5 at point (0,0,1,0,0,1,0,67905)
Max T(3)=T=28600 at point (0,0,31570,1,0,0,0,32037)
Worst point of P* =0.11667

&9

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)



Worst point of C"=0
Worst point of S =0
Worst point of T% =0.

By Zimmerman’s approach

Linear Membership function formulation:

1, if P(2) > 0.2666667,
. P(x) — 0.11687
P(xn)) = . .
(P (o)) 0129997 011687 < P(x) < 0.2666667,
0, if P(s) < 0.11687.
1, if C(») = 35300,
. C(x)
Cln)) = -7
i(CGn) s30g0 0 < €00 <35300,
0, 0.
1, if S(¢) = 509299.5,
. S(n)
S(n)) = —
p(SGo) goz905’ 1f0< S(%) < 509299.5,
0, if S(x) < 0.
1, if T (3) = 28600,
. T(x)
T(x)) = i ,
r(T(Go) ~seog; 1121180 < T(x) < 28600
0, if T(3) < 21180.

Converting into single objective function problem:
Min W

4231 +3635+4013+303,4+35x%5+40xg+30%7+25x%g
159301 +169x5+285x3+142%4+300%5+150%6+185x7+165x%g

0.149997

0.11687

s.t. +p] —pf =1,

0.42¢; + 0.33¢, + 0.535 + 0.2, + 0.63¢5 + 0.53¢5 + 0.43¢;, + 0.53¢
35300
6.430; + 5.3, + 5.515 + 5.2x, + 7.635 + 6.534 + 5.4, + 7.51g
509299.5

+p; —p3 =1,

+p3; —p3 =1,
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(5.47)

(5.48)

(5.49)

(5.50)
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0.431+0.3%,+0.523+0.23¢4+0.63¢5+0.5%+0.42¢7,+0.5 —
1 2 3 4 5 6 7 8 4 D; — Djl- =1 (5.54)

28600
0< W< 1, (5.55)
¥ > p7,Dp{,D;,DJ,D3, D3, Dy, D], (5.56)
p;,Df,p3,D3, D3, D, D, Df >0, (5.57)
D;.Dj,D,.D3,D3.D3,D;.Df =0, (5.58)
1285, + 1213, + 24635 + 1005, + 18055 + 131tg + 155x, + 12035 <
12156000,
1205, + 1105, + 22055 + 700, + 22055 + 12055 + 1205, + 115, <
11295000,

2831 + 253, + 6535 + 223, + 6035 + 2535 + 303, + 255 < 2853000,
13131 + 1443, + 22035 + 1203, + 24035 + 12534 + 1553, + 1403 <
13194000,

0.43; + 0.3, + 0.53¢3 + 0.23¢4 + 0.63¢5 + 0.53¢¢ + 0.4, + 0.5 < 35300,
6.4t + 5.315 + 5.5%3 + 5.23¢4 + 7.635 + 6.5 + 5.4, + 7.5%5 < 509300,
0.43¢; + 0.3, + 0.52¢3 + 0.23¢4 + 0.32¢5 + 0.3 + 0.42¢; + 0.425 < 28600,

Hy, Mo, M3, Ky, Hs, Hg, "y, Hg = 0. (559)

By solving through LINGO software P=0.2651431, C=34941.3, S=509299.3, T=28309.4 at
point (45892,0,9,0,0,33159,0,1). Value of deviation parameter is 0.01016084. According to
which profit is 3254209 and investment is 12273408.

By proposed methodology

Non-linear (S-shaped) membership function:

1, if P(3) = 0.2666667,
(P = {1 1 if0.11687 < P 0.2666667
u(P(»)) = - 13813(”(”)-0-11687) , ifo. < P(x) <0. )
1+ 0.001001e 0.149997
0, if P(») < 0.11687.

(5.60)
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1, if C(») = 35300,

1
i(CG)) = 1-— ) , if0 < C(x) < 35300,
1 +0.001001¢"12(553%0)
0, if CGo) < 0.
(5.61)
1, if S(2¢) > 509299.5,
. 1
WSG)) = {1- o | 1f0 < SC0) < 5092995,
1 +0001001¢"13(505553)
0, if SGo) < 0.
(5.62)
1, if T(x) = 28600,
. 1 .
p(T(x)) = 1- 13813( T(%)) , if21180 < T(x) < 28600,
1+ 0.001001e 28600
0, if T(x) < 21180.
(5.63)
Converting into single objective function problem:
Min ¥ (5.64)
s.t.
1 1
- 4211 +363,+4033+303,+35x5+4035+303,+25
( ) (5.65)
. 0.149997
1+ 0.001001e
+p; —pf =1,
5.66
1- 0.4x1+0.3u2+o.51u3+0.2x4+o.6u5+o.5u6+0.4x7+0.5x8 + D, — D; =1, ( )
1+0.001001¢383( 35300 )
5.67
1 _< 6.4%1+5.3% +5.51H +5.2%4+7.6%5+6.5g+5.47+7.51 >+ Dg - D;‘ = 1’ ( )
13.813( 1 2 3 4 5 6 7 8)
140.001001e 5092995
5.68
1- 0.4x1+0.3u2+o.51u3+0.2x4+o.6u5+o.5u6+0.4x7+0.5x8 +Dy — DI =1, ( )
1+0.001001¢383( 28600 )
0 <V¥<, (5.69)
¥ > p;,Dp], D5, D3, D3,D3, D5, D, (5.70)
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p;,Dj,D;,D3,D3,D3,D;,Df =0, (5.71)
D;.D],D;.D3,D3.D3,D;.Df =0, (5.72)
12831 + 1213, + 24635 + 1003, + 18035 + 13135 + 1553, + 12025 <
12156000,
1203, + 1103, + 22035 + 7034 + 22035 + 12035 + 1203, + 115xg
< 11295000,
283 + 253, + 6535 + 223, + 6035 + 2535 + 303, + 255 < 2853000,
13131 + 1443, + 22035 + 1203, + 2405 + 12534 + 1553, + 140xg <
13194000,
0.43; + 0.3, + 0.53¢5 + 0.23¢4 + 0.63¢5 + 0.5 + 0.42¢; + 0.5 < 35300,
6.4t + 5.315 + 5.5%3 + 5.23¢4 + 7.63¢5 + 6.5 + 5.4, + 7.5%5 < 509300,
0.43; + 0.3 + 0.53¢3 + 0.23¢4 + 0.32¢5 + 0.3 + 0.4, + 0.43¢5 < 28600,
Hy, My, Hg, Hy, Hs, He, Uy, Hg = 0. (5.73)
By solving through LINGO software C= 34939.5, S= 509278.5, T= 28307.9, P = 0.2651461

at point (45886, 0,1,0,0,33158,14,0). Value of deviation parameter is 0.001151189. According
to which profit is 3253992 and investment is 12272449.

5.5 Result Analysis:
Table 5.4 :Deviation of objective functions from ideal points
Objective Function Deviation From Ideal Points
Linear membership Non-linear membership
Profit/Investment(P) 0.571349% 0.15206%
Cutting time(C) 1.0161473% 1.021246%
Sewing time (S)x10* 0.000039269% 0.000041233105%
Trimming time (T) 1.0160839% 1.0213286%
Total 2.603619469% 2.194675833%
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Figure 5.4: Comparison between linear and nonlinear membership functions over deviation from ideal solution

In table 5.4 we analyzed that deviation of objective function from its ideal point is reduced for
non-linear membership function as compared to linear membership function. We can see that
the deviation of objective function profit over investment using linear membership function
for fuzzy goal programming is 0.571349% from it ideal point but it reduces to 0.15206% when
we considered the same problem for non-linear membership function in fuzzy goal
programming. The comparison between the linear membership and non-linear membership
function over the deviation from its ideal solution can be seen in figure 5.4, where we can see
that there is huge gap between two for the objective function profit over investment. Lesser

the deviation value from it ideal point better is the result.

Table 5.5: Percentage change in single objective and multi-objective LPP

In Single objective | In  Multi-objective | Percentage of
LPP LPP Change

Profit 3420618 3253992 -4.871%

Cost 15542248 12272449 21.038%

Fabric 11386410 10219522 10.248%

Thread 10381550 9487180 8.6149%

Cutting time | 30002.2 34939.5 14.1309%

utilization
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Sewing time | 509299.2 509278.5 -0.004644%
utilization
Trimmin time | 28600 28307.9 -1.0213%
g
utilization
Total 49.1459%
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Figure 5.5: Graphical representation of percentage change between single objective to multi-objective.

In table 5.5 we compared the results obtained in single objective LPP with multi-objective LPP
and analyzed that overall, the percentage change between them is 49.11459% that describes
that optimal utility of all the resources is better in case of multi-objective programming
problem as compare to the single objective problem. Even though the profit in single objective
is little higher as compared to multi-objective but as we can see from table that cost and other
important parameters reduced with higher amount in case of multi-objective LPP than the
single objective LPP which is always required for optimal solution. The results are also

presented graphically in figure 5.5.

Table 5.6: Percentage change in profit and cost components via linear and non-linear functions

Linear Non-linear Percentage of
change
Profit 3254209 3253992 -0.000066683%
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Cost 12273408 12272449 0.000078136%
Total 0.000011453%

In table 5.6 described the profit and cost values obtained by linear function and by non-linear
function and the net percentage change of these factors by two methodologies. We observed

that overall percentage of change is positive.

Table 5.7: Percentage change in Fabric and Thread via linear and non-linear functions

Linear Non-linear Percentage of
change
Fabric 10220339 10219522 0.000079938%
Thread 9488215 9487180 0.010908%
Total 0.0109879%

In table 5.7 we have discussed about the results obtained in two important component of
garment industry fabric and thread and we observed that the overall as well as individual
percentage changes between linear and non-linear is positive that describes that non-linear

methodology has enhanced the results as compare to the linear function-based methodology.

5.6 Conclusion

In this chapter we used the non-linear S-shaped membership function to find an optimal
solution to the fuzzy multiple-purpose linear fractional programming Problems. We compared
the results and solutions with the Zimmerman approach using the linear membership function.
We found that when an S-shaped membership function solves the objective function profit
over the investment, the percentage deviation from the ideal point is lower than the deviation
achieved by the linear membership function technique. In the future, we will extend our
proposed approach to more advanced fuzzy sets that provide the ideal solution to many real-
world issues.

To provide a quick overview of the constraints, the chapter does not investigate a
comprehensive range of S-shaped parameter choices, nor does it carry out an extended
sensitivity analysis. Furthermore, the case study is dependent on secondary data. Future

research can go into more detail about these points.
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Chapter 6

Conclusion And Future Scope

This thesis designed, implemented, and validated different hybrid ways to solve FLFPP using
fuzzy numbers, meeting the stated objectives.

A comprehensive introduction and literature study were conducted in Unit one in order to
establish the fundamental features. This was accomplished by determining the research gaps
that existed and establishing the reason for the suggested techniques.

The second unit took a close look at a variety of defuzzification techniques for trapezoidal and
triangular fuzzy integers. An organized method for dealing with fuzziness in the objective
function was offered by the component-wise tri-objective approach that was created utilizing
the (8, ¢, 7) representation. This was improved even further by combining the Guzel-modified
Dinkelbach's method with a weighted sum technique, which was effectively used on a
production planning model, results are demonstrated in table 2.1 under section 2.5 of Result
analysis and comparison. For trapezoidal a complementary model was based on linearization
methodology with single crisp value based ranking approach. Comparative data and method
ratings showed that this hybrid approach was reliable, which opens the door for more research
into other defuzzification methods. In general, the hybrid strategy made solutions more stable
and less likely to change across the three circumstances shown in Table 2.1.

In unit three, a bi-objective interval model that is based on a, § cuts was introduced in order to
provide fuzzy solutions to be represented as intervals. A further demonstration of how practical
tools may enhance the understanding of uncertainty in model results was provided by the
implementation of regression surrogate modeling that was based on Excel.The o—f3 sweep
made the interval width consistently smaller, which showed that the robustness improved at all

grid levels.
In the fourth unit, MF and NMF were constructed in both linear and non-linear (parabolic and

exponential) forms in order to establish an extended intuitionistic fuzzy approach (EIFA).We

used benchmark problem and real databased case study from the existing literature to conduct

97



an analysis of hybrid combinations under nine distinct situations. The comparison study
showed that hybridized intuitionistic frameworks may solve uncertain issues realistically and
adaptably. The summary Tables 4.6—4.10 indicate the differences in performance between
MEF/NMF pairings in numbers, with exponential forms showing a noticeable improvement.
Using secondary data from the garment industry, unit five added an S-shaped random number
that changes based on the situation to a goal programming structure. Comparing Zimmerman's
linear membership function to the S-shaped function showed that the suggested technique is
more flexible and better represents goal-based decision-making's real-world trade-offs. In
Section 5.5, we can see from the numerical comparison that the S-shaped strategy
outperformed the linear case in terms of satisfaction ratio.

The thesis methods work well in case studies, but they have limitations. The computing cost is
increased due to the need for numerous o-f assessments in interval models. The S-shaped
approach relies on parameter selections that may differ across applications, and certain case
studies utilize secondary data, thereby limiting their generalizability. These features may be
enhanced in future expansions.

Together, the five units show how defuzzification, interval mathematical modeling,
intuitionistic expansions, and nonlinear membership structures can all work together to deal
with different kinds of uncertainty in FLFPP. The thesis therefore presents an integrated array
of tools that enhance modeling depth while ensuring practical relevance across diverse
decision-making contexts.

The following courses of action are suggested for future research:

Among the potential extensions, the primary focus is to investigate more expressive fuzzy
representations, subsequently followed by the development of computational strategies that
enhance scalability for large-scale FLFPP models.

To investigate other defuzzification techniques and create more flexible membership functions,
such as interval-valued fuzzy numbers or type-2 fuzzy numbers. Integrating methods that are
based on artificial intelligence or metaheuristics in order to solve complicated fuzzy fractional
programming challenges. The methodologies that have been developed should be applied to
growing industries such as sustainable supply chains, healthcare optimization, and renewable

energy. Creation of iterative stakeholder feedback-based interactive fuzzy decision-making
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systems in FLFPP models. To handle issues with more dynamic uncertainty and greater
degrees of imprecision, broaden the intuitionistic and S-shaped fuzzy frameworks.

In conclusion, this study provides a big addition to the burgeoning area of FFPP by suggesting
and testing viable hybrid approaches, creating new FN that are based on real-life situations,
and showing how they may be used in real life through case studies. The knowledge gathered
and the approaches created here can be a useful starting point for future scholars and
professionals who want to solve decision-making situations that are getting more complicated

and unpredictable.
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