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Abstract 

Fibonacci numbers, one of the God’s best-gifted numbers, are amazing numbers 

researched by Leonardo of Pisa that play a crucial role in our lives. Fibonacci numbers 

are the result of the famous Rabbit problem demonstrated by Leonardo of Pisa, which 

we discuss later in the subsequent chapters of this thesis. In addition to being a part of 

our daily lives, these numbers also have a variety of applications in nature, music, etc. 

that can’t be expressed in a single word.  

As a whole, the thesis focuses on the concept of these beautiful divinely gifted 

Fibonacci numbers and the polynomials that surround these numbers. This thesis is 

composed of nine chapters. In the first chapter, a general introduction to the Fibonacci 

numbers constituting history and their applications in various fields is described. Also, 

we briefly recall a few definitions and well-known results of the Fibonacci numbers 

which fulfill the minimum prerequisite for the subsequent chapters. The section of 

literature review lighting on the work done by the various researchers in the field of 

Fibonacci numbers and its associated polynomials, is also included in this chapter. In 

the review, the research gap has been identified. Further, the objectives and 

methodology to achieve these gaps have been detailed in this chapter.  

The remaining chapters are an attempt to discuss the behavior and different 

properties of sequences of polynomials based on Fibonacci numbers. In this thesis, we 

mainly work on the sequences of Generalized Fibonacci polynomials, 2-Fibonacci 

numbers, Generalized Lucas polynomials, Jacobsthal polynomials, Jacobsthal-Lucas 

polynomials, Trivariate Fibonacci polynomials, and Pell-Lucas numbers. Also, we 

determine the number of non-negative integral solutions of a Diophantine equation 

involving Pell-Lucas numbers. In order to achieve our objective, we employ various 

methodologies. In this thesis, we develop various summation formulae for sequences 

of the Generalized Fibonacci polynomials and 2-Fibonacci numbers by approaching 

recursive methodology. After that, an explicit formula is established by using the 

concept of matrices to find out the general term of “2-Fibonacci numbers and Trivariate 

Fibonacci polynomials”. Further, reciprocal sum of “Generalized Fibonacci 
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polynomials, Generalized Lucas polynomials, Jacobsthal polynomials, Jacobsthal-

Lucas polynomials” and their respective squares developed. Additionally, various 

properties involving the relationship of 2-Fibonacci sequences of numbers with the 

sequence of Fibonacci numbers, Cassini’s identity, etc. have been demonstrated using 

the concept of congruences. A fractional differential equation is solved by, “Lucas 

polynomials and Pell-Lucas polynomials” by the concept of matrices. A matrix is 

developed to generate the sequence of the derivatives of Fibonacci polynomials. Also, 

we discuss various properties of the sequence obtained by differentiating one time to 

the Fibonacci polynomials. Further, we represent various sequences graphically using 

GeoGebra software. Also, using GeoGebra software, we discuss the sequence of 

“Fibonacci numbers and the sequences of 2-Fibonacci numbers” approaching the 

Golden ratio. 

Various summation formulae has been developed for a Generalized sequence of 

the Fibonacci polynomials and its respective first-order derivatives with even indices, 

odd indices, and alternating summation formulae. In the next step, we discuss some 

particular cases for the Fibonacci numbers, Pell numbers, Tetrabonacci numbers by 

changing the initial conditions. 

In the following ordinary differential equation, we discuss the convergence of its 

solutions: 

𝑦" − 𝑦′ − 𝑦 = 0 

Afterwards, an analysis of the extremum values for the Fibonacci polynomials 

with one variable has been done by using Descartes’ Rule of the sign.  

By adopting similar approach, we find the extremum values for Fibonacci polynomials 

of two variables or Bivariate Fibonacci polynomials. Thereafter, these polynomials 

have been graphically visualized using MATLAB. 

Our next step is to establish an explicit formula by using the concept of matrices 

in order to determine the general term of sequences of the 2-Fibonacci numbers. 

Furthermore, by incorporating the concept of congruences, various properties of the 2-

Fibonacci sequences of numbers including the generating function, relationship with 
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Fibonacci numbers, Cassini’s identity have been explored. Afterward, we extend the 

concept of summation formulae for the 2-Fibonacci sequence of numbers. In the 

categories of closed forms of the summation formulae, the characteristics of these 

sequences along with their squares are developed and validated. We develop various 

summation formulae for 2-Fibonacci sequences of numbers having even indices, odd 

indices, alternating summation formulae.  

After this, we continue our research work on “Generalized Fibonacci 

polynomials, Generalized Lucas polynomials, Jacobsthal polynomials, and Jacobsthal-

Lucas polynomials”. Furthermore, the integral sum of reciprocity of these polynomials 

and their respective squares having even indices, developed through recursive 

methodology. As a result, we formulate various integral sums involving the reciprocal 

of “Generalized Fibonacci polynomials and Generalized Lucas polynomials”, having 

even indices. Inequalities regarding the reciprocal sum from the Jacobsthal 

polynomials, Jacobsthal-Lucas polynomials and their respective squares with even 

indices have been developed. Also, we discuss multiple results using these polynomials 

to accomplish our goal. We establish multiple relationships between “Generalized 

Fibonacci polynomials and Generalized Lucas polynomials, Jacobsthal polynomials 

and Jacobsthal-Lucas polynomials respectively”.  

 After that, we work on the sequence of Trivariate Fibonacci polynomials that 

follows a third-order recursive relation. Using the concept of matrices, an explicit 

formula is developed to find out the general terms of Trivariate Fibonacci polynomials. 

We present a matrix whose successive determinant generates the Trivariate Fibonacci 

polynomials. Moreover, by using matrix methods, we derive Binet’s formula and some 

other properties for Trivariate Fibonacci polynomials. After that, a few remarks have 

been made regarding 𝑛𝑡ℎ Generalized Lucas numbers. The next chapter of this thesis is 

devoted to solving a fractional differential equation by using Lucas and Pell-Lucas 

polynomials.  

A fractional differential equation  
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{
𝐷𝛼(𝑥) + 𝓎(𝓀)(𝑥) + 𝓎(𝑥) = 𝑓(𝑥)

𝓎(𝑟)(0) = 𝑐𝑟
,  

where 𝑟 = 0, 1, 2, … ,𝓂 − 1;𝓀 = 0, 1, 2, … ,𝓂;𝓂 − 1 < 𝛼 ≤ 𝓂, 

is solved by, “Lucas polynomials and Pell-Lucas polynomials” using matrices. In 

addition, we construct a matrix having elements as “the coefficients appearing in the 

expansion of the derivative of Fibonacci polynomials and the sum of the elements in 

the same row gives the first-order derivative of the classical Fibonacci sequence”. 

Furthermore, we discuss some properties of the sequence obtained by differentiating 

the sequence of Fibonacci polynomials. 

After that, towards the ending chapter of this thesis, we work on a Diophantine equation 

𝑄𝔫 − 𝑄𝔪 = 2
𝔞, 

where 𝑄𝔫 and 𝑄𝔪 are Pell-Lucas numbers with 𝔫 > 𝔪 ≥ 0. By using various linear 

forms for an upper bound, we completely solve the above Diophantine equation. 
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Chapter 1 

General Introduction 

1.1 Introduction 

The Italian mathematician Leonardo of Pisa (1170-1250) or Fibonacci was a notable 

mathematician in the Middle Ages. “Fibonacci numbers”, which bear his name, is the 

best-known work of Fibonacci. Fibonacci’s mathematical background began during his 

many visits to North Africa, where he was introduced to the early works of algebra, 

arithmetic, and geometry. He also traveled to countries located in the Mediterranean 

and studied the mathematical systems that they were practicing. 

“Fibonacci published his first book entitled Liber Abaci at the age of thirty, 

which discusses the usefulness of the Hindu numerals and multiple mathematical 

problems. Liber Abaci was published for the first time in 1202 and later revised in 

1228” [1, 2]. It is said that the work of Egyptian mathematician Abu Kamil inspired 

Fibonacci’s work in Liber Abaci. The beginning of his book has a statement about the 

Hindu-Arabic number system: “Nine Indian figures are noted: 9, 8, 7, 6, 5, 4, 3, 2, 1. 

With these nine figures, and with symbol 0, any number may be written” [3]. The 

problems in the book were able to illustrate for the first time the benefits of the new 

Hindu-Arabic numeral system. During Fibonacci’s time, Liber Abaci was considered 

to be a complete source of arithmetical knowledge. The publication of this book 

inspired additional research in algebra and arithmetic and continued to serve as a key 

mathematics source for hundreds of years. 

“We now shift the direction to Indian mathematicians and the role of they played 

in the Fibonacci numbers. While the Fibonacci numbers are named after Leonardo 

Fibonacci, who was described in detail above, it is interesting to note that knowledge 

about these numbers occurred long before his time. The sequence of Fibonacci numbers 

originates from former India. Singh claims that Indian mathematician Pingala was the 

first to possess knowledge of the Fibonacci numbers. It is speculated that he lived 
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sometimes around 400 B.C. Acarya Virashanka, who lived between 600 and 800 A.D., 

is said to have been the first Indian mathematician to give a written representation of 

the Fibonacci numbers. Another significant figure in the role of Fibonacci numbers is 

Gopala, who was born sometime before 1135 A.D. Archarya Hemachandra, a great 

Jain writer, describes an estimation of variations in matra-vrttas in Chandonusasana. 

In Chandonusasana, his rule is translated and quoted from [4] as follows: "Sum of the 

last and the last but one, number of variations of the matra-vrttas coming afterward." 

(Matras-Vrttas are meters in which the quantity of morae remains constant and the 

numbers of letters are random). He continues, “From amongst the numbers 1, 2, etc. 

those that are last and the last apart from one is 3 which is kept afterward and is the 

number of variations (of meter) having 3 matras. The sum of 3 and 2 is 5, which is kept 

afterward and the number of variations (of the meter) having 4 matras” [5]. 

 

 

Figure 1.1: Hemachandra (left) and Fibonacci (right) 

The real problem demonstrated by Fibonacci (in the year 1202) was the number of pairs 

of rabbits that may arise under ideal circumstances given by 

• Initialize with a pair of neonate bunnies 

• 1 month before maturation 

• A month before pregnancy 

• Mimic a pair of neonates 
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• Intimates again and so forth 

• None of the rabbits die 

Now, the question arises that how many rabbit pairs after one year? This problem can 

be solved by constructing a table: 

Table 1.1: Rabbit Problem 
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As a result of this, the above pairs of rabbits form a sequence of numbers referred to as 

Fibonacci numbers generated by,  

                                𝐹𝑛+1 = 𝐹𝑛 + 𝐹𝑛−1;  𝑛 = 1, 2, 3, …,                                            (1.1) 

with two initial seeds 𝐹0 = 0, 𝐹1 = 1. 

Consequently, Fibonacci numbers are the sum of two procedural terms [3] with 

two initial seeds 𝐹0 = 0, 𝐹1 = 1. Now, observe that the last 2nd row of the above table 

is the sequence of these numbers.  

Fibonacci numbers are generated [3] via Binet’s formula given as: 

𝐹𝑛 =
𝛼𝑛 − 𝛽𝑛

𝛼 − 𝛽
, 

where 𝛼 and 𝛽 satisfies the following equation 

𝑟𝛾
2 − 𝑟𝛾 − 1 = 0 

 

Figure 1.2: Fibonacci Numbers 
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Furthermore, following is generating function 𝑔𝐹(𝓊) for Fibonacci numbers: 

∑𝐹𝑛𝓊
𝑛

∞

𝑛=0

= 𝑔𝐹(𝓊) =
𝓊

1 − 𝓊 − 𝓊2
 , 

where 𝐹𝑛 is 𝑛𝑡ℎ Fibonacci number and a generating function 𝑔𝐹(𝓊), first introduced in 

1730, to solve the general linear recurrence problem of a sequence, say {𝑐𝑛}  is a power 

series expansion having coefficients as the terms of a sequence {𝑐𝑛} and is given by 

𝑔𝐹 (𝓊) = ∑𝑐𝑛𝓊
𝑛

∞

𝑛=0

 

1.2 Applications of Fibonacci Numbers 

Besides mathematics, Fibonacci numbers are crucial to our daily life, nature and have 

many applications in various fields. There are many flowers of which the patella forms 

a sequence of the Fibonacci numbers. For instance, Lily has three petals, Buttercups 

have five, Delphiniums, daisies and aster have 8, 13, and 21 respectively, chicory and 

34 petals in plantain, pyrethrum, etc. Additionally, some flowers exhibit spirals that are 

Fibonacci numbers when they are counted in a clockwise or anticlockwise. 

  

Figure 1.3: Fibonacci Numbers in Flowers 

Fibonacci numbers and music are also closely related to each other. The Fibonacci 

numbers are depicted by looking at the keyboard of a piano [6]. Pineapple also exhibits 

these numbers [1].  
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Figure 1.4: Fibonacci Numbers in Pineapples 

 

Figure 1.5: Piano and the Fibonacci Numbers 

There is a lot of contribution of Fibonacci numbers in our life cycle, family trees of 

honey bees, growing points in trees, and in the various fields which we can't state in 

single words. 

1.3 Basic Terminology  

To accomplish our goal, some basic terminologies are used. We recall few definitions 

and well-known results, some of which are pinpointed as per our requirements. 

1.3.1 Golden Ratio 

Two numbers 𝑎 and 𝑏 are in the golden ratio if their proportion is equal to that of their 

sum to the larger among them say 𝑎, symbolized by phi 𝜙 [7]. 

Thus, 𝑎 and 𝑏 are forms golden ratio if  

8 Parallel rows of scales 

spiraling gradually 

 

13 Parallel rows of scales 

spiraling at a medium 

slope 

 

21 Parallel rows of scales 

spiraling at a steep slope 
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𝑎 + 𝑏

𝑎
=  
𝑎

𝑏
=  𝜙 

    (1.2) 

Put  
𝑎

𝑏
= 𝜙, then (1.2) becomes  

1 +
1

𝜙
= 𝜙 

Therefore, 𝜙2 − 𝜙 − 1 = 0. 

On solving this quadratic equation, we obtain two roots given by  

(1 + √5) 

2
= 1.6180339887…, 

and   

(1 − √5) 

2
=  −0.6180339887… 

Since 𝜙 is the ratio of lengths, so its value should be positive, so neglecting the 

negative value. Therefore,  

𝜙 =
(1 + √5)

2
 

By taking the ratio of two consecutive Fibonacci numbers larger divided by smaller, 

the sequence obtained approaches to 𝜙. 

Thus, 

lim
𝑛→∞

𝐹𝑛+1
𝐹𝑛

= 𝜙 
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Figure 1.6: Fibonacci Spiral  

 

Figure 1.7: Fibonacci Numbers Approaching to Golden Ratio 

1.3.2 Extension of Fibonacci Numbers to Negative Integers 

Abramovich [8] extended the concept of Fibonacci sequence to the set of integers by 

considering a problem based on Fibonacci-like sequence defined by  

                                                  𝒻𝑛+1 = 𝒻𝑛 + 𝒻𝑛−1,                                                  (1.3) 

with 𝒻1 = 𝑥 and 𝒻2 = 𝑦 and 𝑛 is an integer ≥ 2. 

Now the problem was: 
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Problem [8]: “Given integer 𝑵 as the 5th term of a Fibonacci-Like sequence, find all 

possible non-negative initial values of such a sequence.” 

To solve the above problem, author again consider a problem with 𝑁 = 20. Now, the 

solution of the above problem lies in solving the following Diophantine equation for 

integers 𝑥, 𝑦 ≥ 0: 

2𝑥 + 3𝑦 = 20 

 

Figure 1.8: Solutions of 𝟐𝒙 + 𝟑𝒚 = 𝟐𝟎 

On the basis of the solutions of above Diophantine equation, following Fibonacci-like 

sequences with 20 as the 5th terms can be possible, 

10, 0, 10, 10, 20, 30,… 

7, 2, 9, 11, 20, 31,… 

4, 4, 8, 12, 20, 32,… 

1, 6, 7, 13, 20, 33,… 

Abramovich arranged the above sequences as below in table 1.2:  
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Table 1.2: Quadruples forming Arithmetic Sequences 

10 0 10 10 20 30 50 80 130 210 

7 2 9 11 20 31 51 82 133 215 

4 4 8 12 20 32 52 84 136 220 

1 6 7 13 20 33 53 86 139 225 

-3 2 -1 1 0 1 1 2 3 5 

 

and he observes that, “these quadruples form arithmetic sequence, the differences of 

which are displayed in the bottom row of table 1.2. One can observe that to the right of 

the zero difference (after all the four Fibonacci-like sequences met at the number 20), 

consecutive Fibonacci numbers appear. Furthermore, to the left of the zero difference, 

the absolute values of the differences are consecutive Fibonacci numbers as well. This 

observation, motivated the author to an idea of extending Fibonacci numbers to 

negative subscripts through the following definition: 

𝐹0 = 0, 𝐹−𝑛 = (−1)
𝑛+1𝐹𝑛 

One can note that to the right of zero all Fibonacci numbers are positive and to the left 

of zero Fibonacci numbers alternate signs. In order to generate Fibonacci numbers in 

both directions, one has to have the triple of numbers(1, 0, 1). Then, to the right and to 

the left of zero, the recursions 

𝐹𝑛+1 = 𝐹𝑛 + 𝐹𝑛−1, and  𝐹𝑛−1 = 𝐹𝑛+1 − 𝐹𝑛, 

should be used, respectively”. Thus, by combining above these, Abramovich extends 

Fibonacci sequence to the set of integers through the following definition 

𝐹𝔭+1 = 𝐹𝔭 + 𝐹𝔭−1,  

with 𝐹0 = 0, 𝐹1 = 𝐹−1 = 1, and 𝔭 is any integer. 
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1.3.3 Fibonacci Polynomials  

Belgian mathematician Eugene Charles Catalan developed the concept of Fibonacci 

numbers in 1883 by studying Fibonacci polynomials {𝐹𝑤(𝑥)}𝑤≥0 [9] defined by 

                                        𝐹𝑤(𝑥) = 𝑥𝐹𝑤−1(𝑥) + 𝐹𝑤−2(𝑥),                                  (1.4) 

with 𝐹0(𝑥) = 0, 𝐹1(𝑥) = 1, for integral values of 𝑤 ≥ 2. 

When 𝑥 = 1, then the above sequence of polynomials becomes that of the Fibonacci 

numbers. Also, generating function 𝑔𝐹(𝓊) is  

∑𝐹𝑤

∞

𝑤=0

(𝑥)𝓊𝑤 = 𝑔𝐹(𝓊) =
𝓊

1 − 𝑥𝓊 − 𝓊2
 

If 𝛼 =
𝑥+√𝑥2+4

2
,  and 𝛽 =

𝑥−√𝑥2+4

2
, then for 𝑤 ≥ 0, 

𝐹𝑤(𝑥) =
𝛼𝑤 − 𝛽𝑤

𝛼 − 𝛽
 

 

 

Figure 1.9: Fibonacci Polynomials 
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1.3.4 𝒉(𝒙) −Fibonacci Polynomials 

Nalli and Haukkanen [10] generalized Fibonacci polynomials (1.4) by introducing 

ℎ(𝑥) −Fibonacci polynomials for a real coefficient polynomial ℎ(𝑥) described as  

                                            𝐹ℎ,𝔢+2(𝑥) = ℎ(𝑥)𝐹ℎ,𝔢+1(𝑥) + 𝐹ℎ,𝔢(𝑥),                    (1.5) 

where 𝔢 ≥ 0, and 𝐹ℎ,0(𝑥) = 0, 𝐹ℎ,1(𝑥) = 1. 

On taking ℎ(𝑥) = 1, sequence given by (1.5) becomes that of Fibonacci numbers.  

If ℎ(𝑥) = 𝑥, then the above sequence become that of Fibonacci polynomials 

respectively. And, the generating function 𝑔𝐹(𝔲) is  

∑𝐹ℎ,𝔢

∞

𝔢=0

(𝑥)𝔲𝔢 = 𝑔𝐹(𝔲) =
𝔲

1 − ℎ(𝑥)𝔲 − 𝔲2
 , 

and the 𝔢𝑡ℎ term of this sequence is: 

𝐹ℎ,𝔢(𝑥) =
𝛼1
𝔢 − 𝛼2

𝔢

𝛼1 − 𝛼2
, 

where 𝛼1 =
ℎ(𝑥)+√ℎ2(𝑥)+4

2
, and 𝛼2 =

ℎ(𝑥)−√ℎ2(𝑥)+4

2
. 

1.3.5 Bivariate Fibonacci polynomials  

The concept of Fibonacci polynomials to two variables was extended by introducing 

Bivariate Fibonacci polynomials by Catalan [11] that are defined by  

                               𝐹𝑛(𝔷1, 𝓉1) = 𝔷1𝐹𝑛−1(𝔷1, 𝓉1) + 𝓉1𝐹𝑛−2(𝔷1, 𝓉1),                           (1.6) 

for integral values of 𝑛 ≥ 2, with 𝐹0(𝔷1, 𝓉1) = 0, 𝐹1(𝔷1, 𝓉1) = 1. By using 𝔷1 = 𝓉1 = 1, 

it becomes the sequence of the Fibonacci numbers. Bivariate Fibonacci polynomials 

are generated by the following Binet’s formula: 

𝐹𝑛(𝔷1, 𝓉1) =
𝛼1
𝑛 − 𝛼2

𝑛

𝛼1 − 𝛼2
, 
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where 𝛼1 =
𝔷1+√(𝔷1)2+4𝓉1

2
, and 𝛼2 =

𝔷1−√(𝔷1)2+4𝓉1

2
. 

1.3.6 Generalized Fibonacci Polynomials 

Researchers introduced following Generalized Fibonacci polynomials [12] by 

extending ℎ(𝑥) −Fibonacci polynomials: 

         𝐹𝓀,𝑞,𝔫+1(ℊ) = 𝓀(ℊ)𝐹𝓀,𝑞,𝔫(ℊ) + 𝑞(ℊ)𝐹𝓀,𝑞,𝔫−1(ℊ), for 𝔫 =  2, 3, …,                 (1.7) 

with 𝐹𝓀,𝑞,0(ℊ) = 0, 𝐹𝓀,𝑞,1(ℊ) = 1, for real coefficients polynomials 𝓀(ℊ) and 𝑞(ℊ). 

For 𝓀(ℊ) =  𝑞(ℊ) = 1, sequence given by (1.7) becomes that of Fibonacci numbers. 

Further, 

∑𝐹𝓀,𝑞,𝔫(ℊ)𝔲
𝔫

∞

𝔫=0

= 𝑔𝐹(𝔲) =
𝔲

1 − 𝓀(ℊ)𝔲 − 𝑞(ℊ)𝔲2
 

1.3.7 Lucas Sequence 

Now, the 𝑛𝑡ℎ term of Fibonacci numbers which is named as Binet’s Formula [3] can be 

written as 

𝐹𝑛 =
𝛼𝑛 − 𝛽𝑛

𝛼 − 𝛽
, 

where 𝛼 =
1+√5

2
, and 𝛽 =

1−√5

2
. 

Now, 

𝛼2 =
3 + √5

2
, 

𝛼3 =
4 + 2√5

2
, 

𝛼4 =
7 + 3√5

2
, 
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and so on. 

Thus, one can see that coefficient of √5 in 2𝛼𝑛 forms a sequence of the Fibonacci 

numbers while the remaining terms arises a new sequence given by 

1, 3, 4, 7, … 

These sequences motivated the idea of Lucas numbers by supplying the initial term as 

2. Thus, Lucas numbers [13], derived name from the mathematician François Édouard 

Anatole Lucas, follows a recursive relation similar to that of Fibonacci numbers, but 

differ only in seeds. Thus, Lucas numbers follow relation:  

                                                           𝐿𝑛+2 = 𝐿𝑛+1 + 𝐿𝑛,                                       (1.8) 

for 𝑛 =  0, 1, 2, …, with 𝐿0 = 2, and 𝐿1 = 1.Thus, the Lucas sequence is  

2, 1, 3, 4, 7, … 

Lucas sequences can be produced [13] using Binet’s formula: 

𝐿𝑛 = 𝛼𝑛 + 𝛽𝑛 ; 𝑛 ≥ 0 

where 𝛼 and 𝛽 satisfies: 

𝜈2 − 𝜈 − 1 = 0 
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Figure 1.10: Lucas Numbers 

1.3.8 Lucas Pseudoprimes 

For any positive integers ℛ1 and 𝒮1 with ℛ1 > 0, and 𝐷 = ℛ1
2 − 4𝒮1, the 

corresponding Lucas sequences [14] defined by 

𝑈𝑛(ℛ1, 𝒮1) = ℛ1𝑈𝑛−1(ℛ1, 𝒮1) − 𝒮1𝑈𝑛−2(ℛ1, 𝒮1), 

and  

𝑉𝑛(ℛ1, 𝒮1) = ℛ1𝑉𝑛−1(ℛ1, 𝒮1) − 𝒮1𝑉𝑛−2(ℛ1, 𝒮1), 

with 𝑈0(ℛ1, 𝒮1) = 0, 𝑈1(ℛ1, 𝒮1) = 1, 𝑉0(ℛ1, 𝒮1) = 2, and 𝑉1(ℛ1, 𝒮1) = ℛ1, and 𝑛 =

2, 3, 4, … 

Let (
𝐷

𝑛
) be the Jacobi symbol defined by: 

(
𝐷

𝑛
) = (

𝐷

𝓆1
)
𝛼1

(
𝐷

𝓆2
)
𝛼2

…(
𝐷

𝓆𝑘
)
𝛼𝑘

, 

where 𝑛 = 𝓆1
𝛼1𝓆2

𝛼2 …𝓆𝑘
𝛼𝑘  is the prime factorization of 𝑛. For odd prime 𝓆, the Legendre 

symbol (
𝐷

𝓆
) is defined by 
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(
𝐷

𝓆
) = {

0  if 𝐷 ≡ 0(𝑚𝑜𝑑 𝓆)

1 if 𝐷 ≢ 0(𝑚𝑜𝑑 𝓆), and 𝐷 ≡ 𝑥2(𝑚𝑜𝑑 𝓆), for some integer 𝑥

−1 if 𝐷 ≢ 0(𝑚𝑜𝑑 𝓆), there is no such 𝑥: 𝐷 ≡ 𝑥2(𝑚𝑜𝑑 𝓆)

    

A Lucas pseudoprime for a composite integer 𝑛 satisfy: 

𝑈𝛿(𝑛) ≡ 0(𝑚𝑜𝑑 𝑛), 

where 𝛿(𝑛) = 𝑛 − (
𝐷

𝑛
). 

For instance, 119 is a Lucas pseudoprime if, ℛ1 = 3, 𝒮1 = −1, and 𝐷 = 13. 

1.3.9 𝒏𝒕𝒉 Generalized Lucas Numbers 

𝑛𝑡ℎ Generalized Lucas numbers [15] follows relation given as: 

                                                      𝑗𝑛(𝑥) = 𝑗𝑛−1(𝑥) + 𝑥𝑗𝑛−2(𝑥),                             (1.9) 

with 𝑛 = 2, 3, 4, …, and 𝑥 is any positive integer with 𝑗0(𝑥) = 2, and 𝑗1(𝑥) = 1. 

1.3.10 Lucas Polynomials  

Lucas polynomials and Fibonacci polynomials are closely related to each other as both 

have same recursive relation, differ only in initial conditions. In 1970, Bicknell  

introduced the sequence of Lucas polynomials {𝐿𝑛(𝑥)}𝑛≥0  [9] with 𝐿0(𝑥) =

2, 𝐿1(𝑥) = 𝑥, and follows by recursive relation 

                                                       𝐿𝑛(𝑥) = 𝑥𝐿𝑛−1(𝑥) + 𝐿𝑛−2(𝑥),                        (1.10) 

for 𝑛 = 2, 3, 4, … 

On taking 𝑥 = 1,2, the above sequence of polynomials becomes the sequence of Lucas 

numbers and Pell-Lucas numbers respectively. And, the generating function 𝑔𝐹(𝔲) for 

this sequence of polynomials is  

∑𝐿𝑛

∞

𝑛=0

(𝑥)𝔲𝑛 = 𝑔𝐹(𝔲) =
2 − 𝔲

1 − 𝑥𝔲 − 𝔲2
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Figure 1.11: Lucas Polynomials 

1.3.11  𝒉(𝒙) −Lucas Polynomials 

Nalli and Haukkanen [10] generalized Lucas polynomials by introducing ℎ(𝑥) −Lucas 

polynomials for a real coefficient polynomial ℎ(𝑥) described by   

                                         𝐿ℎ,𝔴+2(𝑥) = ℎ(𝑥)𝐿ℎ,𝔴+1(𝑥) + 𝐿ℎ,𝔴(𝑥),                        (1.11) 

where 𝔴 = 0, 1, 2, … 

with 𝐿ℎ,0(𝑥) = 2, and 𝐿ℎ,1(𝑥) = ℎ(𝑥). 

On taking ℎ(𝑥) = 1, sequences given by (1.11) becomes that of Lucas numbers 

respectively. If ℎ(𝑥) = 𝑥, then the above sequences become that of Lucas polynomials. 

And, the generating function 𝑔𝐹(𝔲) for this sequence of polynomials is  

∑𝐿ℎ,𝔴

∞

𝔴=0

(𝑥)𝔲𝔴 = 𝑔𝐹(𝔲) =
2 − ℎ(𝑥)𝔲

1 − ℎ(𝑥)𝔲 − 𝔲2
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1.3.12 Generalized Lucas Polynomials 

Generalized Lucas polynomials [12] are the generalization ℎ(𝑥) − Lucas polynomials 

and defined by 

 𝐿𝓀,𝑞,𝓃+1(ℊ) = 𝓀(ℊ)𝐿𝓀,𝑞,𝓃(ℊ) + 𝑞(ℊ)𝐿𝓀,𝑞,𝓃−1(ℊ), for 𝓃 = 1, 2, 3, …,          (1.12) 

with 𝐿𝓀,𝑞,0(ℊ) = 2, 𝐿𝓀,𝑞,1(ℊ) = 𝓀(ℊ). 

Here, 𝓀(ℊ) and 𝑞(ℊ) are the polynomials having real coefficients. 

For 𝓀(ℊ) =  𝑞(ℊ) = 1, sequence given by (1.12) becomes that of Lucas numbers. 

Also, 

∑𝐿𝓀,𝑞,𝓃

∞

𝓃=0

(ℊ)𝔲𝓃 = 𝑔𝐹(𝔲) =
2 − 𝓀(ℊ)𝔲

1 − 𝓀(ℊ)𝔲 − 𝑞(ℊ)𝔲2
 

1.3.13 Jacobsthal Numbers 

In [16], Jacobsthal numbers {𝐽𝑛}𝑛≥0 named after Ernst Jacobsthal, are the numbers 

having the same initial conditions as that of Fibonacci numbers i.e.,  𝐽0 = 0 and 𝐽1 = 1 

but follows a different recursive relation given by  

                                                      𝐽𝑛+2 = 𝐽𝑛+1 + 2𝐽𝑛,                                      (1.13) 

where 𝑛 is non-negative integer.  

Jacobsthal numbers satisfies:  

𝔯𝛿
2 − 𝔯𝛿 − 2 = 0,  

with roots 𝛼 = 2, 𝛽 = −1. 

And these numbers can be generated by following formula 

𝐽𝑛 =
𝛼𝑛 − 𝛽𝑛

3
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Figure 1.12: Jacobsthal Numbers 

1.3.14 Jacobsthal Polynomial  

Jacobsthal polynomials [10] studied by E. Jacobsthal, is an extension of Jacobsthal 

numbers and forms a recursive relation as given below 

                     𝐽𝓃(𝑥) = {
0, if 𝓃 = 0
1, if 𝓃 = 1

𝐽𝓃−1(𝑥) + 𝑥𝐽𝓃−2(𝑥), if 𝓃 ≥ 2
                                    (1.14) 

 

The sequence of Fibonacci polynomials differs from that of Jacobsthal polynomials 

only in the position of 𝑥. The 𝓃𝑡ℎ term of Jacobsthal polynomial is obtained by the 

formula 

𝐽𝓃(𝑥) =
𝛼𝓃 − 𝛽𝓃 

𝛼 − 𝛽
, 

where 𝛼 =
1+√1+4𝑥

2
 , and 𝛽 =

1−√1+4𝑥

2
. 

The graphical representation of Jacobsthal polynomial is: 
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Figure 1.13: Jacobsthal Polynomials 

 

1.3.15 Jacobsthal-Lucas Numbers 

Jacobsthal-Lucas [16] numbers {𝑗𝑛}𝑛≥0 has the same recursive relationship as that of 

Jacobsthal numbers {𝐽𝑛}𝑛≥0 but with different initial seeds. Thus, Jacobsthal-Lucas 

numbers {𝑗𝑛}𝑛≥0 are defined by 

𝑗𝑛+2 = 𝑗𝑛+1 + 2𝑗𝑛 , 

with 𝑗0 = 2, and 𝑗1 = 1, and 𝑛 is a non-negative integer. 

Thus, Jacobsthal-Lucas numbers satisfies the same characteristic equation as that of 

Jacobsthal-Numbers 

𝑟𝛾
2 − 𝑟𝛾 − 2 = 0, 

with roots 𝛼 = 2, 𝛽 = −1. 

And these numbers can be generated by following formula: 

𝐽𝑛 = 𝛼
𝑛 + 𝛽𝑛 

Graphical representation of Jacobsthal-Lucas number is: 
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Figure 1.14: Graphical Representation of the Jacobsthal-Lucas Numbers 

1.3.16 Jacobsthal-Lucas Polynomials 

Jacobsthal-Lucas polynomials [17] is an extension of Jacobsthal-Lucas numbers and 

follows the recursive relation 

                    𝑗𝑛(𝑥) = {
2, if 𝑛 = 0
1, if 𝑛 = 1

𝑗𝑛−1(𝑥) + 𝑥𝑗𝑛−2(𝑥), if 𝑛 ≥ 2
                                       (1.15)  

On taking 𝑥 = 1 and 𝑥 = 2, it generates the sequences of the Lucas and Jacobsthal-

Lucas numbers respectively. The sequence of Lucas polynomials differs from that of 

Jacobsthal-Lucas polynomials only in the position of 𝑥. The 𝑛𝑡ℎ term of Jacobsthal-

Lucas polynomial is obtained by the formula 

𝑗𝑛(𝑥) = 𝛼𝑛 + 𝛽𝑛, 

where 𝛼 =
1+√1+4𝑥

2
 , and 𝛽 =

1−√1+4𝑥

2
. 

The graphical representation of Jacobsthal-Lucas polynomial is represented by Figure 

1.15: 
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Figure 1.15: Graphical Representation of the Jacobsthal-Lucas Polynomials 

 

1.3.17 Pell-Numbers 

Pell-numbers [18] derived by John Pell are given by the recursive relation  

                                                   𝑃𝑛 = 2𝑃𝑛−1 + 𝑃𝑛−2;  𝑛 = 2, 3, 4, …,                     (1.16) 

with 𝑃0 = 0, 𝑃1 = 1. 

Thus, Pell- Numbers and Jacobsthal-Numbers differs only in the position of 2. 

Jacobsthal- numbers are the sum of its previous terms and twice of the term before that. 

On the other hand, Pell-Numbers are the sum of twice of its previous term and the term 

before it.  

Pell-numbers can be generated by the following formula 

𝑃𝑛 =
𝛼𝑛 − 𝛽𝑛

2√2
, 

where 𝛼 and 𝛽 satisfies the equation 
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𝑟𝜖
2 − 2𝑟𝜖 − 1 = 0 

Graphical representation of Pell-numbers is: 

 

Figure 1.16: Graphical Representation of the Pell Numbers 

1.3.18 Pell-Lucas Numbers 

The Pell-Lucas [18] numbers {𝑄𝔫}𝔫≥0 has the same recursive relation as that of Pell-

Numbers but with different initial conditions. Thus, Pell-Lucas numbers satisfies the 

following recursive relationship 

                                                    𝑄𝔫+1 = 2𝑄𝔫 + 𝑄𝔫−1,  ∀ 𝔫 = 1, 2, 3, …,               (1.17) 

with 𝑄0 = 𝑄1 = 2. 

Therefore, all the Pell-Lucas numbers are even. These numbers can be generated by the 

following formula  

𝑄𝔫 = 𝛼
𝔫 + 𝛽𝔫, 

where 𝛼 and 𝛽 satisfies the equation 
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𝑟𝜂
2 − 2𝑟𝜂 − 1 = 0 

Graphical representation of Pell-Lucas numbers is: 

 

Figure 1.17: Graphical Representation of the Pell-Lucas Numbers 

1.3.19 2-Fibonacci sequences 

K.T. Atanassov et al., introduced four methods to construct two sequences {𝛼𝔪}𝔪=0
∞  and 

{𝛽𝔪}𝔪=0
∞  of numbers named as 2-Fibonacci sequences [19] described as 

                              𝛼𝔪+2 = 𝛽𝔪+1 + 𝛽𝔪, 𝛽𝔪+2 = 𝛼𝔪+1 + 𝛼𝔪,                                  (1.18) 

                             𝛼𝔪+2 = 𝛼𝔪+1 + 𝛽𝔪, 𝛽𝔪+2 = 𝛽𝔪+1 + 𝛼𝔪,                                 (1.19) 

                             𝛼𝔪+2 = 𝛽𝔪+1 + 𝛼𝔪, 𝛽𝔪+2 = 𝛼𝔪+1 + 𝛽𝔪,                                 (1.20) 

                             𝛼𝔪+2 = 𝛼𝔪+1 + 𝛼𝔪, 𝛽𝔪+2 = 𝛽𝔪+1 + 𝛽𝔪,                                 (1.21) 

with real numbers 𝛼0 = 𝑎, 𝛽0 = 𝒷, 𝛼1 = 𝑐,  𝛽1 = 𝑑, and 𝔪 = 0, 1, 2, … 

Recurrence relation (1.21) generates Fibonacci and Lucas numbers respectively on 

taking 𝛼0 = 0,  𝛽0 = 1, 𝛼1 = 2,  𝛽1 = 1. 
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𝛼𝔪+1        𝛼𝔪      𝛼𝔪+2                                                                  𝛼𝔪+1     𝛽𝔪           𝛽𝔪+2 

 

 

𝛽𝔪+1        𝛽𝔪       𝛽𝔪+2                                                                  𝛽𝔪+1     𝛼𝔪         𝛼𝔪+2 

𝛽𝔪+1         𝛼𝔪      𝛽𝔪+2                                                                      𝛼𝔪+1      𝛼𝔪           𝛽𝔪+2 

 

 

𝛼𝔪+1        𝛽𝔪      𝛼𝔪+2                                                                     𝛽𝔪+1       𝛽𝔪       𝛼𝔪+2 

1.3.20 Generalized Tribonacci Numbers 

The Generalized Tribonacci [20] numbers {𝐷𝑛}𝑛≥0  is a third-order recurrence relation 

that generalizes the concept of Fibonacci numbers and satisfy 

𝐷𝔶 = 𝑟𝛼𝐷𝔶−1 + 𝑠𝛽𝐷𝔶−2 + 𝑡𝛾𝐷𝔶−3 ; 𝐷0 = 𝑎1, 𝐷1 = 𝑏1, 𝐷2 = 𝑐1, 𝔶 = 3, 4, 5, …, 

for complex numbers 𝑎1, 𝑏1 and 𝑐1 and for real numbers 𝑟𝛼, 𝑠𝛽 and 𝑡𝛾. 

 If we take 𝑎1 = 0, 𝑏1 = 1, 𝑟𝛼 = 𝑠𝛽 = 1, 𝑡𝛾 = 0, then the above sequence 

becomes that of the Fibonacci numbers. On taking 𝑎1 = 2, 𝑏1 = 1, 𝑟𝛼 = 1, 𝑠𝛽 = 1, 𝑡𝛾 =

0, it arises the sequence of the Lucas numbers. Similarly, by changing the initial 

conditions and values of 𝑟𝛼, 𝑠𝛽 and 𝑡𝛾, we get various types of sequences. 

1.3.21 Generalized Tetrabonacci Sequence 

The Generalized Tetrabonacci sequence [21] is a fourth order recurrence relation that 

generalizes the concept of Generalized Fibonacci numbers and forms a recursive 

relation defined by 
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𝑊𝑛 = 𝑟𝑊𝑛−1 + 𝑠𝑊𝑛−2 + 𝑡𝑊𝑛−3 + 𝑢𝑊𝑛−4 ;𝑊0 = 𝑎,𝑊1 = 𝑏,𝑊2 = 𝑐,𝑊3 = 𝑑, 𝑛 ≥ 4, 

for complex numbers 𝑎, 𝑏, 𝑐 and 𝑑 and real numbers 𝑟, 𝑠, 𝑡 and 𝑢. If 𝑢 = 0, then it 

becomes the sequence of the “Generalized Tribonacci numbers. Fibonacci numbers, 

Lucas numbers, Pell numbers, Pell-Lucas numbers, Jacobsthal numbers and Jacobsthal-

Lucas numbers are particular cases of Generalized Tetrabonacci sequence”. 

1.3.22 Gaussian Generalized Fibonacci Numbers 

Gaussian Generalized Fibonacci (Horadam) numbers [22] are defined by 

𝐺𝑊𝑛 = 𝑟𝐺𝑊𝑛−1 + 𝑠𝐺𝑊𝑛−2, 

with the conditions 

𝐺𝑊0 = 𝑊0 + (−
𝑟

𝑠
𝐺𝑊0 +

1

𝑠
𝐺𝑊1) 𝑖, 𝐺𝑊1 = 𝑊1 +𝑊0𝑖, 

where the sequence {𝑊𝑛}𝑛≥0 is: 

𝑊𝑛 = 𝑟𝑊𝑛−1 + 𝑠𝑊𝑛−2, 

where 𝑊𝑛 and 𝑊𝑛 are arbitrary complex numbers with 𝑊0 = 𝑎,𝑊1 = 𝑏, for 𝑛 =

2, 3, 4, …. 

1.3.23 Trivariate Fibonacci polynomials  

For any variable quantities 𝑒′,𝑚′, 𝑓′ and for integer 𝑛 ≥ 3, Trivariate Fibonacci [23] 

polynomials 𝐻𝑛( 𝑒′,𝑚′, 𝑓′) is an extension of Generalized Fibonacci polynomials (1.7) 

and follows a third-order recursive relation given by 

𝐻𝑛(𝑒′,𝑚′, 𝑓′) = 𝑒′𝐻𝑛−1( 𝑒′,𝑚′, 𝑓′) + 𝑚′𝐻𝑛−2( 𝑒′,𝑚′, 𝑓′) + 𝑓′𝐻𝑛−3( 𝑒′,𝑚′, 𝑓′),                                                                    

(1.22) 

with 𝐻0( 𝑒′,𝑚′, 𝑓′) = 0,𝐻1( 𝑒′,𝑚′, 𝑓′) = 1, and 𝐻2( 𝑒′,𝑚′, 𝑓′) = 𝑒′. 
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Table 1.3: Sequences by taking different values of 𝒆′,𝒎′, 𝒇′ 

Sr. No Values of 𝒆′,𝒎′, 𝒇′ Sequences 

1 𝑒′ = 1,𝑚′ = 1, 𝑓′ = 0 Fibonacci Numbers 

2 𝑒′ = 2,𝑚′ = 1, 𝑓′ = 0 Pell-Numbers 

3 𝑒′ = 1,𝑚′ = 2, 𝑓′ = 0 Jacobsthal Numbers 

4 𝑚′ = 1, 𝑓′ = 0 Fibonacci Polynomials 

5 𝑒′ = 1, 𝑓′ = 0 Jacobsthal Polynomials 

 

1.3.24 Fractional Differential Equation 

Fractional differential equation [24] with constant coefficients of order (𝔫, 𝑞1) defined 

by 

[𝐷𝔱
(𝔫)𝛼 + 𝑎1𝐷𝔱

(𝔫−1)𝛼 +⋯+ 𝑎𝔫−1𝐷𝔱
𝛼 + 𝑎𝔫]𝑦(𝔱) = 𝒻(𝔱), 𝔱 ≥ 0, 

where 𝛼 =
1

𝑞1
 is a rational number with and 𝐷𝔱

(𝔫)𝛼 = 𝐷𝔱
𝛼𝐷𝔱

𝛼 …𝐷𝔱
𝛼, and 𝑎𝔫, 𝑎𝔫−1, … , 𝑎1 

are real numbers. 

If 𝑞1 = 1, we get simply an ordinary differential equation of order 𝑛. 

Here,  

𝐷𝔱
𝛼𝒻(𝔱) =

1

Γ(1−𝛼)

𝑑

𝑑𝔱
∫ (𝔱 − 𝜌)−𝛼(𝒻(
𝔱

0
𝜌) − 𝒻(0))𝑑𝜌, 0 < 𝛼 < 1 

and 𝐷𝔱
𝛼𝒻(𝔱) =

𝑑𝑛

𝑑𝔱𝑛
(𝐷𝛼−𝑛𝒻(𝔱)), 𝑛 < 𝛼 < 𝑛 + 1 and 𝑛 ≥ 1. 



 

 

 

28 

 

1.3.25 Extremum Values of a Function 

The extremum value of a function corresponds to that point (called extrema) where the 

function has either greatest value or lowest value. Further, at the critical point, first 

derivative of a differentiable function 𝑓 vanishes. If function 𝑓 goes increasing to 

decreasing, then it arises maxima while if it changes from decreasing to increasing, then 

it arises maxima. 

 

Figure 1.18: Local Minima (left) and Local Maxima (right) 

1.3.26 Diophantine Equation 

A Diophantine equation [3] initiated by mathematician Diophantus is a polynomial 

equation, usually involving more than one unknown, so that only integral solutions are 

of interest. For instance, 

𝑃ℓ + 𝑃𝓂 + 𝑃𝓃 = 2
𝒶 , 

with integers ℓ,𝓂,𝓃, 𝔞 ≥ 0 such that ℓ ≥ 𝓂 ≥ 𝓃 and 𝑃ℓ, 𝑃𝓂 , 𝑃𝓃 are Pell-Numbers that 

follows the recursive relation defined by (1.16).  

1.3.27 Continued Fraction 

A finite continued fraction [3] notated by [𝒷0;  𝒷1, 𝒷2, . . . . , 𝒷𝑛] and introduced by 

Fibonacci is a fraction given as 
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𝒷0 +
1

𝒷1 +
1

𝒷2 +
1

⋱ +
1
𝒷𝑛

 

for positive real numbers 𝒷1, 𝒷2, . . . . , 𝒷𝑛, except possibly for real number 𝒷0 and these 

are called as partial denominators of this fraction. For instance,  

170

53
= 3 +

1

4 +
1

1 +
1

4 +
1
2

 

1.3.28 Convergent of Continued Fraction 

The continued fraction [3] derived from [𝑏0;  𝑏1, 𝑏2, . . . . , 𝑏𝑛] by taking after the 𝑘𝑡ℎ 

partial denominator 𝑏𝑘 is known as 𝑘𝑡ℎ convergent of the continued fraction 

[𝑏0;  𝑏1, 𝑏2, . . . . , 𝑏𝑛] and is denoted by 𝐶𝑘 i.e.,  

𝐶𝑘 = [𝑏0;  𝑏1, . . . , 𝑏𝑘], 

where 1 ≤ 𝑘 ≤ 𝑛. Clearly, the zeroth convergent is denoted by 𝐶0. For instance, the 

first three convergents of  
17

15
 denoted by 𝐶0, 𝐶1 and 𝐶2 are given by  

𝐶0 = 1 

𝐶1 = [1; 7] = 1 +
1

7
=
8

7
 

and                                                                   

𝐶2 = [1; 7, 2] = 1 +
1

7 +
1
2

=
17

15
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1.3.29 Tridiagonal Matrix 

Matrix 𝐴(𝑛) = [𝜌𝑙𝑚]𝑛×𝑛is called a tridiagonal matrix when all the entries below the 

sub diagonal and above the super diagonal are all zero. Henceforth, 

𝜌𝑙𝑚 = 0 for 𝑚 > 𝑙 + 1, and for 𝑙 >  𝑚 + 1. 

For instance, a 4 × 4 tridiagonal matrix is given by 

𝐴(4) =

(

 
 

𝜌11 𝜌12 0 0

𝜌21 𝜌22 𝜌23 0

0 𝜌32 𝜌33 𝜌34
0 0 𝜌43 𝜌44)

 
 

 

1.4 Literature Review 

Many researchers had worked in the field of the Fibonacci numbers. Various 

summation formulae of the, “Generalized Fibonacci and Gaussian Fibonacci numbers, 

Pell and Pell-Lucas numbers” are developed in [22], [25, 26] respectively. Similar 

properties of, “Fibonacci, Tribonacci, Tetranacci, Pentanacci, Hexanacci numbers”, [9, 

27, 28], [29, 30], [31, 32, 33], [34, 35] and [36] respectively has been detailed. 

In [37], the authors presented the various summation formulae for Generalized 

Fibonacci numbers defined as 

𝑊𝑛 = 𝑟𝑊𝑛−1 + 𝑠𝑊𝑛−2 ;𝑊0 = 𝑎,𝑊1 = 𝑏, for 𝑛 = 2, 3, 4, … 

Similar work has been done for different sequences [38].  

In [39], the author studied various properties of 2-Fibonacci sequences defined by 

𝛼𝓃+2 = 𝛼𝓃+1 + 𝛽𝓃, and 𝛽𝓃+2 = 𝛽𝓃+1 + 𝛼𝓃  

with 𝛼0 = 𝑎,  𝛽0 = 𝑏, 𝛼1 = 𝑐,  𝛽1 = 𝑑, and 𝓃 = 0, 1, 2, … 

In [40, 41], the author introduced new schemes of 2-Fibonacci sequences defined as 

𝛼𝓃1+2 =
𝛼𝓃1+1+𝛽𝓃1+1

2
+ 𝛽𝓃1 , 𝛽𝓃1+2 =

𝛽𝓃1+1+𝛼𝓃1+1

2
+ 𝛼𝓃1 , 
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and 

𝛼𝓃1+2 =
𝛼𝓃1+𝛽𝓃1

2
+ 𝛽𝓃1+1, 𝛽𝓃1+2 = 𝛼𝓃1 +

𝛽𝓃1+𝛼𝓃1

2
, 

with 𝓃1 = 0,1,2, …, and 𝛼0 = 2𝑎,  𝛽0 = 2𝑏,  𝛼1 = 2𝑐,  𝛽1 = 2𝑑, for any real numbers 

𝑎, 𝑏, 𝑐 and 𝑑 and he established various relationship of these sequences with 

Generalized Fibonacci sequence defined by 

𝐹𝔫+2(𝑑𝛿 , 𝒸𝛾) = 𝐹𝔫+1(𝑑𝛿 , 𝒸𝛾) + 𝐹𝔫(𝑑𝛿 , 𝒸𝛾), 

with 𝐹0(𝑑𝛿 , 𝒸𝛾) = 𝑑𝛿 , 𝐹1(𝑑𝛿 , 𝒸𝛾) = 𝒸𝛾, and 𝔫 = 0, 1, 2, … 

Also, listed various properties of these sequences with the help of an integer function 𝜎 

described by 

𝜎(𝒿 + 2) + 𝜎(𝒿) = 0; 𝒿 = 0, 1, 2, …, 

with 𝜎(0) = 0, and 𝜎(1) = 1. 

Similar work has been done by the authors [42, 43] for different schemes of sequences.  

In [44], the author derived the following formulae 

𝒰𝔶 =
𝛼𝑞
𝔶+1

(𝛼𝑞 − 𝛽𝑞)(𝛼𝑞 − 𝛾𝑞)
+

𝛽𝑞
𝔶+1

(𝛽𝑞 − 𝛼𝑞)(𝛽𝑞 − 𝛾𝑞)
+

𝛾𝑞
𝔶+1

(𝛾𝑞 − 𝛽𝑞)(𝛾𝑞 − 𝛼𝑞)
, 

and 

𝒱𝔶 = 𝛼𝑞
𝔶+1

+ 𝛽𝑞
𝔶+1

+ 𝛾𝑞
𝔶+1
, 

where  

𝛼𝑞 =
1 + (√19 + 3√33

3
) + (√19 − 3√33

3
)

3
, 

𝛽𝑞 =
1 + 𝜔 (√19 + 3√33

3
) + 𝜔2 (√19 − 3√33

3
)

3
, 
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𝛾𝑞 =
1 + 𝜔2 (√19 + 3√33

3
) + 𝜔 (√19 − 3√33

3
)

3
, 

for Tribonacci sequence {𝒰𝔶}𝔶≥0
 and Tribonacci-Lucas {𝒱𝔶}𝔶≥0

 sequence described as 

𝒰𝔶+3 = 𝒰𝔶+2 +𝒰𝔶+1 +𝒰𝔶;  𝒱𝔶+3 = 𝒱𝔶+2 + 𝒱𝔶+1 + 𝒱𝔶;  𝔶 = 0, 1, 2, …,  

with 𝒰0 = 0,𝒰1 = 1,𝒰2 = 1,𝒱0 = 3, 𝒱1 = 1, and 𝒱2 = 3. 

Similarly, authors in [45] determined the Binet’s formula using the matrix  

(

 
 

1 1 1 1 1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0)

 
 
, 

for Pentanacci sequences given by 

𝒜𝒿+5 = 𝒜𝒿+4 +𝒜𝒿+3 +𝒜𝒿+2 +𝒜𝒿+1 +𝒜𝒿, 

and 

  𝒞𝒿+5 = 𝒞𝒿+4 + 𝒞𝒿+3 + 𝒞𝒿+2 + 𝒞𝒿+1 + 𝒞𝒿 ; 𝒿 = 0, 1, 2, …, 

with 𝒞0 = 0, 𝒞1 = 1, 𝒞2 = 1, 𝒞3 = 2, 𝒞4 = 4, and 𝒜0 = 5,𝒜1 = 1,𝒜2 = 3,𝒜3 =

7, and 𝒜4 = 15. 

Authors [46] investigated the integral sum from the reciprocal of Fibonacci numbers 

and obtained the following identities: 

For all natural numbers 𝑛 ≥  2, 

⌊(∑
1

𝐹𝑘

∞

𝑘=𝑛

)

−1

⌋ = {
𝐹𝑛−2 , if 2 divides 𝑛 
𝐹𝑛−2 − 1, otherwise

 , 

and for all 𝑛 ≥  1, 
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⌊(∑
1

𝐹𝑘
2

∞

𝑘=𝑛

)

−1

⌋ = {
−1 + 𝐹𝑛−1𝐹𝑛    , if 𝑛 is even
𝐹𝑛−1𝐹𝑛              , if 𝑛 is odd

  

The following results were deduced by Holliday and Komastsu [47]:    

⌊(∑
1

𝐺𝑘

∞

𝑘=𝔲

)

−1

⌋ = {
𝐺𝔲 − 𝐺𝔲−1, if 𝔲 ≡ 0(𝑚𝑜𝑑 2) 
𝐺𝔲 − 𝐺𝔲−1 −  1,           otherwise

, 

and 

⌊(∑
1

𝐺𝑘
2

∞

𝑘=𝔲

)

−1

⌋ = {
𝑎𝐺𝔲𝐺𝔲−1,            if 𝔲 is odd
𝑎𝐺𝔲𝐺𝔲−1 − 1 ,    otherwise

 , 

where {𝐺𝔲}𝑢≥0 is the sequence of Generalized Fibonacci numbers [47] defined as, 

𝐺𝔲+2 = 𝑎𝐺𝔲+1 + 𝐺𝔲 , 

for 𝔲, 𝑎 ≥ 0, and 𝐺0 = 0, 𝐺1 = 1. 

In 2013, the authors [48, 49] extended this work for the Fibonacci and Lucas 

polynomial. They derived: 

⌊(∑
1

𝐹𝒶𝒽(𝓍)

∞

𝒽=𝓃

)

−1

⌋ = 𝐹𝒶𝓃(𝓍) − 𝐹𝒶𝓃−𝒶(𝓍) − 1, 

⌊(∑
1

𝐹𝒶𝒽
2 (𝓍)

∞

𝒽=𝓃

)

−1

⌋ = 𝐹𝒶𝓃
2 (𝓍) − 𝐹𝒶𝓃−𝒶

2 (𝓍) − 1, 

for integers 𝓍,𝓃 > 0, and even 𝒶 ≥ 2. 

And integer 𝓍 > 0, and odd 𝒷 ≥ 1, 
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⌊(∑
1

𝐹𝒷𝒽(𝓍)

∞

𝒽=𝓃

)

−1

⌋ = {
𝐹𝒷𝓃(𝓍) − 𝐹𝒷𝓃−𝒷(𝓍),   if 𝓃 ≡ 0(𝑚𝑜𝑑 2)

𝐹𝒷𝓃(𝓍) − 𝐹𝒷𝓃−𝒷(𝓍) − 1, otherwise
, 

and 

⌊(∑
1

𝐹𝒷𝒽
2 (𝓍)

∞

𝒽=𝓃

)

−1

⌋ = {
 𝐹𝒷𝓃
2
 
(𝓍) −  𝐹𝒷𝓃−𝒷

2
 
(𝓍), if  𝓃 ≡ 0(𝑚𝑜𝑑 2)

 𝐹𝒷𝓃
2
 
(𝓍) −  𝐹𝒷𝓃−𝒷

2
 
(𝓍)  − 1,                     else

 

Wang and Zhang [50] investigated the sum having even and odd indices for the 

Fibonacci sequence. They derived that: 

For all 𝑚 ≥ 3, 𝑛 ≥ 1 

 ⌊(∑
1

𝐹2𝑘

𝑚𝑛

𝑘=𝑛

)

−1

⌋ = 𝐹2𝑛−1 − 1, 

and for all 𝑚 ≥ 2, 𝑛 ≥ 1 

⌊(∑
1

𝐹2𝑘−1

𝑚𝑛

𝑘=𝑛

)

−1

⌋ = 𝐹2𝑛−2 

Wang and Wen [51], improves the results of Ohtsuka and Nakamura’s [46] 

related to the reciprocal sum of Fibonacci numbers by deducting: 

 For all 𝓃 ≥  2 and 𝔪 ≥  3, 

⌊(∑
1

𝐹𝑘

𝔪𝓃

𝑘=𝓃

)

−1

⌋ = {
𝐹𝓃−2 ,            if 𝓃 is even
𝐹𝓃−2 − 1, otherwise

 ,  

and for all 𝓃 ≥  1 and 𝔪 ≥  0 
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⌊(∑
1

𝐹𝑘
2

𝔪𝓃

𝑘=𝓃

)

−1

⌋ = {
−1 + 𝐹𝓃−1𝐹𝓃, if 𝓃 𝑖𝑠 𝑒𝑣𝑒𝑛
𝐹𝓃−1𝐹𝓃 , otherwise

 

In 2014, Yuan etal., [52] investigate the reciprocal sums of the following sequence  

                                  𝑈𝑛 = 𝑝𝑈𝑛−1 + 𝑞𝑈𝑛−2 ; 𝑛 =  2, 3, 4, …, 

with 𝑈0 = 0 and 𝑈1 = 1. 

In 2017, the authors [53] deduced following results for the Lucas numbers  

⌊(∑
1

𝐿𝓀

𝓂

𝓀=𝓃

)

−1

⌋ = {
𝐿𝓃−2 − 1,   if 𝓃 ≥ 4 and 𝓂 ≥ 3𝓃 
𝐿𝓃−2 , if 𝓃 ≥ 3 and 𝓂 ≥ 2𝓃

, 

and   

⌊(∑
1

𝐿𝓀
2

𝓂

𝓀=𝓃

)

−1

⌋ = {
𝐿𝓃−1𝐿𝓃 + 1, if 𝓃 ≥ 2 𝑎𝑛𝑑 𝓂 ≥ 2𝓃 + 1 
𝐿𝓃−1𝐿𝓃 − 2, if 𝓃 ≥ 1 𝑎𝑛𝑑 𝓂 ≥ 2𝓃

 

Fibonacci numbers and linear algebra are also having a lot of connections. Many 

researchers had been worked in this area. In 2006, Mike [54] utilized the sum property 

of determinant which is, “If A, B and C are matrices with indistinguishable entries 

except that one row(column) of C, say 𝑘𝑡ℎ, is sum of 𝑘𝑡ℎ rows(column) of A and B, 

then |A| + |B| = |C|” and by utilizing this property of determinant author validated the 

following property of the Fibonacci numbers: 

𝐹𝔪𝐹𝑛 − 𝐹𝔪−𝑟𝐹𝑛+𝑟 = (−1)
𝔪−𝑟𝐹𝑟𝐹𝑛+𝑟−𝔪 

In 2009, Nalli & Haukkanen [10] introduced ℎ(𝑥) − polynomials defined by (1.5) and 

(1.11) and introduced a matrix whose power generates the sequence of the Fibonacci 

numbers. 
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In 2013, Jishe Feng [55], utilized the technique of Laplace expansions to evaluate 

the determinant of 𝐷𝑛 and constructed a type of 2 × 2 matrix determinant to approach 

a new method to substantiate the following identity 

𝐹𝑚+𝑛+1 = 𝐹𝑚+1𝐹𝑛+1  +  𝐹𝑚𝐹𝑛 , 

where 

𝐷𝑛 =

(

 
 

1 −1 0 … 0
1 1 −1 … 0
0 1 1 ⋱ ⋮
⋮ ⋮ ⋱ ⋱ −1
0 0 0 1 1 )

 
 

 

In 2017, Siimeyra [56] studied some new properties of, “Generalized Fibonacci and 

Lucas polynomials”, by using Laplace expansion of determinants and also described 

some new families of tridiagonal matrices given by 

𝐶(𝑛) =

(

 
 
 
 

𝓅(𝓉1) 𝑖√ℊ(𝓉1) 0 … 0

𝑖√ℊ(𝓉1) 𝓅(𝓉1) 𝑖√ℊ(𝓉1) … 0

0 𝑖√ℊ(𝓉1) 𝓅(𝓉1) ⋱ ⋮

⋮ ⋮ ⋱ ⋱ 𝑖√ℊ(𝓉1)

0 0 0 𝑖√ℊ(𝓉1) 𝓅(𝓉1) )

 
 
 
 

, 

and its successive determinants generate the following sequence: 

𝐹𝓅,ℊ,𝑛+1(𝓉1) = 𝓅(𝓉1)𝐹𝓅,ℊ,𝑛(𝓉1) + ℊ(𝓉1)𝐹𝓅,ℊ,𝑛−1(𝓉1), 

and  

𝐿𝓅,ℊ,𝑛+1(𝓉1) = 𝓅(𝓉1)𝐿𝓅,ℊ,𝑛(𝓉1) + ℊ(𝓉1)𝐿𝓅,ℊ,𝑛−1(𝓉1), 

with 𝑛 = 1, 2, 3, … , 𝐹𝓅,ℊ,0(𝓉1) = 0, 𝐹𝓅,ℊ,1(𝓉1) = 1, 𝐿𝓅,ℊ,0(𝓉1) = 2, and 𝐿𝓅,ℊ,1(𝓉1) =

𝓅(𝓉1). 
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“Both linear and non-linear ordinary and fractional differential equations can be solved 

by the operational matrices of derivatives [57]”. In [58], the author solves the following 

fractional differential equation by using an operational matrix of fractional order 

derivative of Fibonacci polynomials:              

      {
𝐷𝛼𝓎(𝓍) + 𝓎(𝑘)(𝓍) + 𝓎(𝓍) = 𝑓(𝓍)

𝓎(𝑟)(0) = 𝑐𝑟
,  

where 𝑟 = 0, 1, 2, … ,𝓂 − 1; 𝑘 = 0, 1, 2, … ,𝓂;𝓂 − 1 < 𝛼 ≤ 𝓂. 

In [59], the author solved the following Diophantine equation 

𝑃𝔩 + 𝑃𝓂 + 𝑃𝓃 = 2
𝔠, 

where 𝑃𝓀 is the 𝓀𝑡ℎ term of Pell sequence described as  

𝑃0  =  0, 𝑃1  =  1, and 𝑃𝑛+1  =  2𝑃𝑛  +  𝑃𝑛−1, for all 𝑛 ≥  1. 

In [60], authors work on the following Diophantine equation  

𝐿𝑘 − 𝐿𝑙 = 2
𝑡 , 

where 𝐿𝑘 and 𝐿𝑙 are the Lucas numbers defined by recursive relation as follows: 

𝐿0  =  2, 𝐿1  =  1, and 𝐿𝓃+1  =  𝐿𝓃  +  𝐿𝓃−1, for all 𝓃 =  1, 2, 3, … 

In [61], authors deal with equation given by 

𝑢𝑛 + 𝑢𝑚 =  𝑤 𝑝1
𝑧1 …𝑝𝔰

𝑧𝔰 

in non-negative integers 𝑛,𝑚, 𝑧1, … , 𝑧𝔰, where {𝑢𝑛}𝑛≥0 is a binary recurrence sequence 

𝑝1, … , 𝑝𝔰 are the distinct primes and for integer 𝑤 ≠ 0, with 𝑝𝑖 ∤ 𝑤, for all 1 ≤  𝑖 ≤  𝔰.  

In [62], the authors solved the following equation 

𝐹𝑛 − 𝐹𝑚 = 3𝑎 , 

where 𝐹𝑛 and 𝐹𝑚 are 𝑛𝑡ℎ and 𝑚𝑡ℎ Fibonacci numbers respectively and deduced that its 

solutions are 
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{(1,0,0), (2,0,0), (4,0,1), (3,1,0), (3,2,0), (4,3,0), (5,3,1), (6,5,1), (11,6,4)} 

In [63], authors solved the equation 

𝐹𝓃  – 𝐹𝓂  =  5
𝑎 , 

And deducted that: 

𝐹1  – 𝐹0  =  𝐹2 –  𝐹0  =  𝐹3 – 𝐹2  =  𝐹3 – 𝐹1  =  5
0, 𝐹5 – 𝐹0   =  𝐹4 – 𝐹3  =  𝐹6 – 𝐹4   

=  𝐹7 – 𝐹6  =  5 

in non-negative integers 𝓂,𝓃 and 𝑎, where 𝐹𝓃 and 𝐹𝓂 are 𝓃𝑡ℎ and 𝓂𝑡ℎ Fibonacci 

numbers respectively.  

Different behavior of the Diophantine equation involving of various kind 

recurrence sequences has been deduced in [64-74]. 

1.5 Proposed Objectives of the Research Work 

Keeping in mind the above work done in the area of the Fibonacci numbers, the 

objective of the research work is:  

1. The study will focus on finding the infinite sum of reciprocal of Jacobsthal 

polynomial and ℎ(𝑥) −Fibonacci polynomial. 

2. Some important properties of 2-Fibonacci sequence will be generalized. Also, 

work will be done on some properties involving Fibonacci polynomial in three 

variables by using matrices. 

3. Some properties of derivatives of Fibonacci polynomials and Lucas 

polynomials will be obtained through matrices. 

1.6 Proposed Methodology of the Research Work 

To achieve the proposed objective, opted methodology is mentioned below: 

1. By using multiplication modulo group, properties will be derived for 2-

Fibonacci sequences. And by applying some particular conditions, the results 
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obtained will be verified by the results which was already proved for Fibonacci 

numbers and Lucas numbers. 

2. The methodology for finding out the finite and infinite sum reciprocal of 

Jacobsthal polynomial and ℎ(𝑥) −Fibonacci polynomials will be proceed on the 

base for finding the finite and infinite sum of reciprocal of Fibonacci numbers, 

Lucas numbers and their polynomials in one variable. By using some 

inequalities and properties of floor function, the infinite sum of reciprocal of 

Jacobsthal Polynomial and its square will be obtained. 

3. By using some properties of matrices, determinants and eigen values, work will 

be done on Fibonacci polynomials in three variables. 

1.7 Structure of Thesis 

The proposed research work entitled "Fibonacci Numbers, Polynomials and its 

Sequences” is motivated by the sequence of the numbers, polynomials associated to 

the Fibonacci numbers. The roots of the subject matter lie in a series of our papers that 

are mentioned in the last part of the thesis. The thesis is framed in the following manner: 

In the first chapter of this thesis, an introduction of Fibonacci numbers 

constituting history and its applications in various fields is given. Also, we briefly recall 

a few definitions and well-known results of the Fibonacci numbers which fulfill the 

minimum prerequisite for the subsequent chapters. The section of literature review 

lighting on the work in the field of the Fibonacci numbers, related polynomials by the 

various researcher is also included in this chapter. In the review, the research gap has 

been identified, also the objectives and methodology to achieve these gaps have been 

detailed in this chapter.  

The remaining chapters are an attempt to discuss the behavior and different 

properties of sequences of polynomials based on the Fibonacci numbers.  

Chapter 2, is categorizes into four sections. In the first section, various summation 

formulae have been derived for the Generalized Fibonacci polynomials described as 

                                 𝑄𝑛+2(𝑥) = 𝑟𝑥𝑄𝑛+1(𝑥) + 𝑠𝑄𝑛(𝑥); 𝑛 = 0, 1, 2, …,                 (1.23) 
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with 𝑄0(𝑥) = 𝑎, 𝑄1(𝑥) = 𝑏, where 𝑎, 𝑏, 𝑟 and 𝑠 are any real numbers. 

We derive various summation formulae for the above polynomials and its 1st order 

derivative having even indices, odd indices, and alternating summation formulae. 

Thereafter, we discuss some particular cases of the polynomial defined by (1.23) for 

the Fibonacci numbers, Pell numbers, Tetrabonacci numbers, etc., by giving different 

values to 𝑟, 𝑠, 𝑎 and 𝑏. 

 Then, we discuss the convergence of the solutions of the following differential 

equation 

                                                 𝑦" − 𝑦′ − 𝑦 = 0                                                     (1.24) 

After that, the study about the extremum values for the Fibonacci polynomials in one 

variable (1.4) have been done by using Descartes’ Rule of sign.  

Similarly, the observations about the extremum values for Fibonacci 

polynomials of two variables or Bivariate Fibonacci polynomials have been devised. In 

the last section of this chapter, these polynomials are represented in graphical form 

using MATLAB. 

Chapter 3, is categorizes into two sections, that revolves around the topic of 2-

Fibonacci sequences described as 

     𝛼𝑛+2 = 𝛽𝑛+1 + 𝛽𝑛,    𝛽𝑛+2 = 𝛼𝑛+1 + 𝛼𝑛;  𝑛 = 0, 1, 2, …,                  (1.25) 

with initial conditions 𝛼0 = 0, 𝛼1 = 1, 𝛽0 = 2, and 𝛽1 = 1.  

Various attributes like generating function, Binet’s Formula to find out its 𝑛𝑡ℎ 

terms, generating function, relationship with the Fibonacci numbers, and multiple 

relations using the concept of congruences established. In the next section of this 

chapter, we introduce a matrix  

𝐸 = (

0 1 2 1
1 0 0 0
0 1 0 0
0 0 1 0

), 
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called as generating matrix and derived the Binet’s Formula for the sequences {𝛼𝑛} and 

{𝛽𝑛} by using the matrix 𝐸 and concept of diagonalizability. 

In Chapter 4, we work on 2-Fibonacci sequences (1.25). The above 2-Fibonacci 

sequences satisfy the following recurrence relation 

                         𝒞𝑛+4 = 𝒞𝑛+2 + 2𝒞𝑛+1 + 𝒞𝑛;  𝑛 = 0, 1, 2, …,                                 (1.26) 

with real numbers 𝒞0 = 𝒶1, 𝒞1 = 𝒷1, 𝒞2 = 𝒸1, and 𝒞3 = 𝒹1. If we take in particular 

𝒶1 = 0, 𝒷1 = 1, 𝒸1 = 3, and 𝒹1 = 2, then it becomes the sequence of 2-Fibonacci 

numbers {𝛼𝑛} and if 𝒶1 = 2, 𝒷1 = 1, 𝒸1 = 1, and 𝒹1 = 4, then it arises the 2-Fibonacci 

sequence of numbers {𝛽𝑛}. We work on the sequences {𝛼𝑛} and {𝛽𝑛}. Here, the 

characteristics of these sequences along with their squares are developed and validated 

in the categories of closed forms of the summation formulae. In particular, we discuss 

the properties involving an alternating sum of 2-Fibonacci sequences and the product 

of 2-Fibonacci terms having different indices, even and odd indices. Obviously, above 

mentioned properties are demonstrated by induction. We derive multiple results 

involving the summation of these sequences. 

Further, the Generalized Fibonacci polynomials defined as 

                          𝐹𝓀,𝑞,𝔫+1(ℊ) = 𝓀(ℊ)𝐹𝓀,𝑞,𝔫(ℊ) + 𝑞(ℊ)𝐹𝓀,𝑞,𝔫−1(ℊ),                         (1.27) 

with initial conditions 𝐹𝓀,𝑞,0(ℊ) = 0, 𝐹𝓀,𝑞,1(ℊ) = 1. 

And the Generalized Lucas polynomials defined as 

                  𝐿𝓀,𝑞,𝔫+1(ℊ) = 𝓀(ℊ)𝐿𝓀,𝑞,𝔫+1(ℊ) + 𝑞(ℊ)𝐿𝓀,𝑞,𝔫+1(ℊ),                            (1.28) 

with initial conditions 𝐿𝓀,𝑞,0(ℊ) = 2, 𝐿𝓀,𝑞,1(ℊ) = 𝓀(ℊ), where 𝓀(ℊ) and 𝑞(ℊ) are 

polynomials with positive coefficients and 𝔫 = 1, 2, 3, … .  

Chapter 5, mainly focuses on the sequences of Generalized Fibonacci polynomials 

(1.27) and Generalized Lucas polynomials (1.28). Further, we take in account that the 

polynomial 𝑘(ℊ) with only positive coefficients, so that it has no real roots. In this 
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chapter, we deduce reciprocals sum formulae with even indices from Generalized 

Fibonacci and Lucas polynomials.  

Now, the Jacobsthal polynomials [10] described by the recursive relation  

                            𝐽𝑛+2(𝑥) = 𝐽𝑛+1(𝑥) + 𝑥𝐽𝑛(𝑥),                                                     (1.29) 

where 𝐽0(𝑥) = 0, and 𝐽1(𝑥) = 1 and the Jacobsthal Lucas polynomial [17] by  

                                     𝑗𝑛+2(𝑥) = 𝑗𝑛+1(𝑥) + 𝑥𝑗𝑛(𝑥); 𝑛 ≥ 0,                                 (1.30) 

where 𝑗0(𝑥) = 2, and 𝑗1(𝑥) = 1. 

In Chapter 6, we derive the reciprocals sum formulae of polynomials (1.29) and 

(1.30) and also that of their respective squares.  

The chapter 7, basically works on Trivariate Fibonacci polynomials defined by: 

For any three variables quantities 𝑒′,𝑚′ and 𝑓′ and, for integer 𝑛 ≥ 3, Trivariate 

Fibonacci polynomials [23], 𝐻𝑛(𝑒′,𝑚′, 𝑓′) followed by:  

𝐻𝑛(𝑒′,𝑚′, 𝑓′) = 𝑒′𝐻𝑛−1(𝑒
′, 𝑚′, 𝑓′) + 𝑚′𝐻𝑛−2(𝑒

′, 𝑚′, 𝑓′) + 𝑓′𝐻𝑛−3(𝑒′,𝑚′, 𝑓′),                                                                                        

(1.31) 

with 𝐻0(𝑒′,𝑚′, 𝑓′) = 0,𝐻1(𝑒′,𝑚′, 𝑓′) = 1, and 𝐻2(𝑒′,𝑚′, 𝑓′) = 𝑒′. 

For 𝑒′ = 𝑚′ = 1, and 𝑓′ = 0, it becomes the sequence of the Fibonacci numbers. 

In the first section of this chapter, we produce a 𝑛 × 𝑛 matrix given by 

𝑆𝑛(𝑒′,𝑚′, 𝑓′) =

(

 
 
 

𝑒′ −𝑚′ 𝑓′ 0 … 0

1 𝑒′ −𝑚′ 𝑓′ … 0

0 1 𝑒′ −𝑚′ ⋱ ⋮
0 0 1 𝑒′ ⋱ 𝑓′

⋮ ⋮ ⋮ ⋱ ⋱ −𝑚′
0 0 0 0 1 𝑒′ )

 
 
 

𝑛×𝑛

, 

whose successive determinant produces Trivariate Fibonacci polynomials. In the 

second section, we present Binet's formula for this sequence by using matrix methods 

and the concept of diagonalizability of matrix. And in the last section we address an 

observation related to 𝑛𝑡ℎ Generalized Lucas numbers described as 

𝑗𝑛(𝑥) = 𝑗𝑛−1(𝑥) + 𝑥𝑗𝑛−2(𝑥), 
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where 𝔫 = 2, 3, 4, …, and 𝑥 is any positive integer with 𝑗0(𝑥) = 2, and 𝑗1(𝑥) = 1.  

First part of Chapter 8, deals with originating an operational matrix for the 

fractional derivative of Lucas polynomials and Pell-Lucas polynomials to solve the 

following fractional differential equation: 

                                               {
𝐷𝛼(𝓍) + 𝓎(𝑘)(𝓍) + 𝓎(𝓍) = 𝑓(𝓍)

𝓎(𝑟)(0) = 𝑐𝑟
,                      (1.32) 

where 𝑟 = 0, 1, 2, … ,𝓂 − 1; 𝑘 = 0, 1, 2, … ,𝓂;𝓂 − 1 < 𝛼 ≤ 𝓂. 

Further, we construct a matrix that generates the sequence of derivatives of Fibonacci 

polynomials. 

In Chapter 9, we solve the following Diophantine equation 

𝑄𝔫 − 𝑄𝔪 = 2
𝔞, 

where 𝑄𝔫 and 𝑄𝔪 are Pell-Lucas numbers with 𝔫 > 𝔪 ≥ 0. 
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Chapter 2 

Summation Formulae of Generalized Sequence of Fibonacci 

Polynomials  

2.1  Introduction 

This chapter presents some summation formulae for the Generalized Fibonacci 

polynomials defined by (1.23) and their first-order derivatives. In the following section, 

the extremum values of Fibonacci polynomials of one and two variables are examined. 

In the next section, we discuss the solution convergence of a differential equation 

mentioned below: 

𝑦′′ − 𝑦′ − 𝑦 = 0 

And in the last section, we graphically represent these polynomials using MATLAB. 

2.2  Summation Formulae of Generalized Fibonacci Polynomials  

Here, we develop the summation formulae for the Generalized Fibonacci polynomials 

prescribed as follows: 

𝑄𝑛+2(𝑥) = 𝑟𝑥𝑄𝑛+1(𝑥) + 𝑠𝑄𝑛(𝑥), 𝑄0(𝑥) = 𝑎, 𝑄1(𝑥) = 𝑏, 𝑛 ≥ 0 

with real numbers 𝑎, 𝑏, 𝑟 and, 𝑠. 

By taking 𝑄0(𝑥) = 0, 𝑄1(𝑥) = 1, 𝑟 = 1, and 𝑠 = 1, it becomes the sequence of 

Fibonacci polynomials and if, 𝑄0(𝑥) = 2, 𝑄1(𝑥) = 1, 𝑟 = 𝑠 = 𝑥 = 1, it becomes the 

sequence of Lucas numbers. 

Now the results obtained for the sequence of Generalized Fibonacci polynomials are 

followed: 

Theorem 2.2.1 For 𝒏 ≥ 𝟎, Generalized Fibonacci polynomials satisfy: 

(a) If  𝑠 + 𝑟𝑥 − 1 ≠ 0, then 

∑𝑄𝑘

𝑛

𝑘=0

(𝑥) =
𝜇

𝑠 + 𝑟𝑥 − 1
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where, 

𝜇 = 𝑄𝑛+2(𝑥) + (1 − 𝑟𝑥)𝑄𝑛+1(𝑥) + 𝑄1(𝑥) + (𝑟𝑥 − 1)𝑄0(𝑥) 

(b) If 𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1 ≠ 0, then 

∑𝑄2𝑘(𝑥)

𝑛

𝑘=0

=
𝜇

𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1
 

where, 

𝜇 = (𝑠 − 1)𝑄2𝑛+2(𝑥) − 𝑟𝑥𝑠𝑄2𝑛+1(𝑥) + 𝑟𝑥𝑄1(𝑥) − (𝑟
2𝑥2 + 𝑠 − 1)𝑄0(𝑥) 

(c) If 𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1 ≠ 0, then 

∑𝑄2𝑘+1

𝑛

𝑘=0

(𝑥) =
−𝜇

𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1 
 

where, 

𝜇 = 𝑟𝑥𝑄2𝑛+2(𝑥) − 𝑠(𝑠 − 1)𝑄2𝑛+1(𝑥) + (𝑠 − 1)𝑄1(𝑥) − 𝑟𝑥𝑄0(𝑥) 

Proof: 

(a)  

Using the recurrence relation 

𝑠𝑄𝑛(𝑥) = 𝑄𝑛+2(𝑥) − 𝑟𝑥𝑄𝑛+1(𝑥) 

As a result, 

𝑠𝑄0(𝑥) = 𝑄2(𝑥) − 𝑟𝑥𝑄1(𝑥) 

𝑠𝑄1(𝑥) = 𝑄3(𝑥) − 𝑟𝑥𝑄2(𝑥) 

⋮ 

𝑠𝑄𝑛(𝑥) = 𝑄𝑛+2(𝑥) − 𝑟𝑥𝑄𝑛+1(𝑥) 

On solving this, we get our desired result. 

 

(b) and (c) 
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Again, making the use of  

𝑟𝑥𝑄𝑛+1(𝑥) = 𝑄𝑛+2(𝑥) − 𝑠𝑄𝑛(𝑥) 

Therefore, 

𝑟𝑥𝑄1(𝑥) = 𝑄2(𝑥) − 𝑠𝑄0(𝑥) 

𝑟𝑥𝑄3(𝑥) = 𝑄4(𝑥) − 𝑠𝑄2(𝑥) 

⋮ 

𝑟𝑥𝑄2𝑛+1(𝑥) = 𝑄2𝑛+2(𝑥) − 𝑠𝑄2𝑛(𝑥) 

On simplifying these system of equations, it yields 

𝑟𝑥∑𝑄2𝑘+1(𝑥)

𝑛

𝑘=0

= 𝑄2𝑛+2(𝑥) + (∑𝑄2𝑘(𝑥)

𝑛

𝑘=0

− 𝑄0(𝑥)) − 𝑠 (∑𝑄2𝑘(𝑥)

𝑛

𝑘=0

) 

(2.1) 

Now, 

  𝑠𝑄𝑛(𝑥) = 𝑄𝑛+2(𝑥) − 𝑟𝑥𝑄𝑛+1(𝑥) 

By assigning even values to 𝑛, it becomes  

𝑟𝑥𝑄2(𝑥) = 𝑄3(𝑥) − 𝑠𝑄1(𝑥) 

𝑟𝑥𝑄4(𝑥) = 𝑄5(𝑥) − 𝑠𝑄3(𝑥) 

⋮ 

𝑟𝑥𝑄2𝑛(𝑥) = 𝑄2𝑛+1(𝑥) − 𝑠𝑄2𝑛−1(𝑥) 

On adding these equations, we get 

𝑟𝑥 (−𝑄0(𝑥) +∑𝑄2𝑘

𝑛

𝑘=0

(𝑥))

= (∑𝑄2𝑘+1

𝑛

𝑘=0

(𝑥) − 𝑄1(𝑥)) − 𝑠 (∑𝑄2𝑘+1(𝑥)

𝑛

𝑘=0

− 𝑄2𝑛+1(𝑥)) 
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(2.2) 

On solving equations (2.1) and (2.2), the proof of (b) and (c) follows. 

Corollary 2.2.1: For 𝒏 ≥ 𝟎, following results hold for Fibonacci numbers: 

(a)  

∑𝑄𝑘

𝑛

𝑘=0

= 𝑄𝑛+2 + 𝑄1 

(b)  

∑𝑄2𝑘 = 𝑄2𝑛+1 − 𝑄1

𝑛

𝑘=0

+ 𝑄0 

(c)  

∑𝑄2𝑘+1 = 𝑄𝑛+2 − 𝑄0

𝑛

𝑘=0

 

Proof: On taking 𝑄0(𝑥) = 0, 𝑄1(𝑥) = 1, 𝑟 = 1, 𝑠 = 1, and 𝑥 = 1 in theorem 2.2.1, the 

result is simpler to prove. 

Corollary 2.2.2: For 𝒏 ≥ 𝟎, Pell numbers follows the results: 

(a)  

∑𝑄𝑘

𝑛

𝑘=0

=
𝑄𝑛+2 − 𝑄𝑛+1 + 𝑄1 + 𝑄0

2
 

(b)  

∑𝑄2𝑘 =
𝑄2𝑛+1 − 𝑄1 + 2𝑄0

2

𝑛

𝑘=0

 

(c)  

∑𝑄2𝑘 =
𝑄𝑛+2 − 𝑄0

2

𝑛

𝑘=0

 



 

 

 

48 

 

Proof: By assigning value 𝑄0(𝑥) = 0, 𝑄1(𝑥) = 1, 𝑟 = 2, 𝑠 = 1, and 𝑥 = 1 in theorem 

2.2.1, it can be straightforwardly achieved. 

Theorem 2.2.2 For 𝒏 ≥ 𝟎, the first-order derivatives of the Generalized Fibonacci 

polynomials follow: 

(a) If  (𝑠 + 𝑟𝑥 − 1)2 ≠ 0, then 

∑𝑄𝑘
′

𝑛

𝑘=0

(𝑥) =
𝜇

(𝑠 + 𝑟𝑥 − 1)2
 

where, 

𝜇 = (𝑠 + 𝑟𝑥 − 1)𝑄𝑛+2
′ (𝑥) − 𝑟𝑄𝑛+2(𝑥) − (𝑟𝑥 − 1)(𝑠 + 𝑟𝑥 − 1)𝑄𝑛+1

′ (𝑥) 

−𝑟(1 − 𝑟𝑥)𝑄𝒏+1(𝑥) − (𝑠 + 𝑟𝑥 − 1)𝑄1
′(𝑥) − 𝑟𝑄1(𝑥)

+ (𝑟𝑥 − 1)(𝑠 + 𝑟𝑥 − 1)𝑄0
′ (𝑥) + 𝑟𝑠𝑄0(𝑥) 

(b) If ( 𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1) ≠ 0, then 

∑𝑄2𝑘
′ (𝑥)

𝑛

𝑘=0

=
𝜇

 (𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1)2
 

where, 

𝜇 = 𝜌(𝑠 − 1)𝑄2𝑛+2
′ (𝑥) + 𝑟(2𝑥𝑟𝑠 − 2𝑥𝑟 − 𝑠3 − 𝑠 + 2𝑠2 + 𝑟2𝑥2𝑠)𝑄2𝑛+1(𝑥)

− 𝑟𝑥𝜌𝑄2𝑛+1
′ (𝑥) + 𝑟(𝑠2 + 1 − 2𝑠 + 𝑟2𝑥2)𝑄1(𝑥) + 𝑟𝑥𝜌𝑄1

′(𝑥)

− 2𝑥𝑟2𝑠(𝑠 − 1)𝑄0(𝑥) − 𝜌(𝑟
2𝑥2 + 𝑠 − 1)𝑄0

′ (𝑥), 

and 𝜌 = 𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1. 

(c) If 𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1 ≠ 0, then 

∑𝑄2𝑘+1
′

𝑛

𝑘=0

(𝑥) =
𝜇

 ρ2
 

where, 
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𝜇 = ρ𝑟𝑥𝑄2𝑛+2
′ (𝑥) − 𝑟(𝑟2𝑥2 + (𝑠 − 1)2)𝑄2𝑛+2(𝑥) + 2𝑥𝑠𝑟

2(𝑠 − 1)𝑄0(𝑥)𝑄2𝑛+1(𝑥)

− 𝑠(𝑠 − 1)𝜌𝑄2𝑛+1
′ (𝑥) − 2𝑟2𝑥(𝑠 − 1)𝑄1(𝑥) + (𝑠 − 1)𝜌𝑄1

′(𝑥)

+ 𝑟(𝑟2𝑥2 + (𝑠 − 1)2)𝑄0(𝑥) − ρ𝑟𝑥𝑄0
′ (𝑥), 

and 

𝜌 = −(𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1) 

Proof: The results follow from the theorem 2.2.1 just by differentiation w.r.t. 𝑥. 

Corollary 2.2.3: For 𝒏 ≥ 𝟎, the following formulae hold: 

(a)  

∑𝑄𝑘
′

𝑛

𝑘=0

(1) = 𝑄𝑛+2
′ (1) − 𝑄𝑛+2(1) − 𝑄1

′(1) − 𝑄1(1) + 𝑄0(1) 

(b)  

∑𝑄2𝑘
′

𝑛

𝑘=0

(1) = 𝑄2𝑛+1
′ (1) + 𝑄2𝑛+1(1) − 𝑄1

′(1) + 𝑄1(1) + 𝑄0
′ (1) 

(c)  

∑𝑄2𝑘+1
′ (1)

𝑛

𝑘=0

= −𝑄2𝑛+1(1) − 𝑄0
′ (1) + 𝑄0(1) 

Proof: By using 𝑟 = 𝑠 = 𝑥 = 1 in the above theorem 2.2.2, the above results follow. 

Furthermore, we express the solution of an ordinary differential equation in terms of 

Fibonacci numbers and then determine the extremum values of Fibonacci polynomials 

having one and two variables. 

The Fibonacci polynomials of one variable is given as 

   𝐹𝓃(𝑥) = 𝑥𝐹𝓃−1(𝑥) + 𝐹𝓃−2(𝑥), for integral values of 𝓃 ≥ 2,                               (2.3) 

with 𝐹1(𝑥) = 1, 𝐹2(𝑥) = 𝑥. 

The Fibonacci polynomials 𝐹𝓃(𝑥) stated above, satisfy the second-order linear [75] 

differential equation expressed as 
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                                 (𝑥2 + 4)𝑦′′ + 3𝑥𝑦′ − (𝓃2 − 1)𝑦 = 0                                    (2.4) 

Also, the Fibonacci polynomials in two variables [11] are defined by the following 

                           𝐹𝑛(𝑧′, 𝑡′) = 𝑧′𝐹𝑛−1(𝑧′, 𝑡′) + 𝑡′𝐹𝑛−2(𝑧′, 𝑡′), for 𝑛 ≥ 2,                   (2.5) 

with 𝐹0(𝑧′, 𝑡′) = 0, 𝐹1(𝑧′, 𝑡′) = 1. 

2.3  Solution of a Differential Equation in Terms of Fibonacci Numbers 

Consider the following second-order linear homogenous differential equation 

                                              𝑦′′ − 𝑦′ − 𝑦 = 0                                                         (2.6) 

The solution of (2.6) is  

                                            𝑦 = 𝑐1𝑒
𝛼𝑥 + 𝑐2𝑒

𝛽𝑥,                                                      (2.7) 

where 𝑐1 and 𝑐2 are arbitrary constants and 𝛼 =
1+√5

2
, and 𝛽 =

1−√5

2
. 

If we take 𝑐1 = 1 and 𝑐2 = −1, then the solution (2.7) becomes 

                                              𝑦 = 𝑒𝛼𝑥 − 𝑒𝛽𝑥                                                            (2.8) 

Next, using the Maclaurin series expansion of an exponential function, we get 

                            𝑦 = (𝛼 − 𝛽)𝑥 +
(𝛼2−𝛽2)𝑥2

2!
+
(𝛼3−𝛽3)𝑥3

3!
+
(𝛼4−𝛽4)𝑥4

4!
+⋯             (2.9) 

Dividing both sides by (𝛼 − 𝛽), we have 

𝑦

(𝛼 − 𝛽)
= 𝑥 +

(𝛼2 − 𝛽2)𝑥2

2! (𝛼 − 𝛽)
+
(𝛼3 − 𝛽3)𝑥3

3! (𝛼 − 𝛽)
+
(𝛼4 − 𝛽4)𝑥4

4! (𝛼 − 𝛽)
+⋯ 

Further, the Binet formula of Fibonacci numbers [3] gives, 

𝑦

(𝛼 − 𝛽)
= 𝐹0 + 𝐹1𝑥 +

𝐹2𝑥
2

2!
+
𝐹3𝑥

3

3!
+
𝐹4𝑥

4

4!
+ ⋯ 

=∑
𝐹𝑛𝑥

𝑛

𝑛!

∞

𝑛=0

 

Further, the radius of convergence of this series 
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∑
𝐹𝑛𝑥

𝑛

𝑛!

∞

𝑛=0

 

 is infinite, that why the solution of differential equation (2.6) converges for all real 

values of 𝑥. 

2.4  Extremum Values of Fibonacci Polynomials and Bivariate 

Fibonacci Polynomials 

            From the recurrence relation (2.3), we observe that for every odd values of 𝑛, 

sequence of the Fibonacci polynomials of one variable has no real roots by Descartes’ 

rule of sign. And for every even values of 𝑛, it has only one real root equal to zero. 

Further, by Descartes’ rule of sign, we observe that there is only one critical point equal 

to zero for the sequence of Fibonacci polynomials having odd indices and there is no 

critical point for a sequence of Fibonacci polynomials having even indices (2.3), 

therefore have no extreme values. On the other hand, Fibonacci polynomials having 

odd indices has a positive second derivative at 𝑥 = 0, therefore attain minima at 𝑥 = 0. 

Thus, we can conclude that Fibonacci polynomials defined by (2.3) have 

1. no extreme value for every even values of 𝑛 

2. Only one extreme value for every odd values of 𝑛. 

 

 

Figure 2.1: Graph for Fibonacci polynomials  
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Next, we find out the extremum values for the Fibonacci polynomials in two 

variables defined by (2.5) for 𝑛 = 1 to 7. Now, the necessary condition for a function 

𝑓(𝑥, 𝑦) of two variables to have an extremum at (𝑎, 𝑏) is that 

𝜕𝑓

𝜕𝑥
= 0, and 

𝜕𝑓

𝜕𝑦
= 0  

at (𝑎, 𝑏). 

We observe that there is no critical point for 𝑛 = 1, 2, 3. And for 𝑛 = 4, 5, 6, 7 

there is only one critical point (0,0). 

Now, we find the nature of critical point (0,0) for 𝑛 = 4, 5, 6, 7 

𝐹4(𝑧′, 𝑡′) − 𝐹4(0,0) < 0, for 𝑧′ = −0.0001, and 𝑡′ = 0.001 

And 𝐹4(𝑧′, 𝑡′) − 𝐹4(0,0) > 0, for 𝑧′ = 0.0001, and 𝑡′ = 0.001, therefore 𝐹4(𝑧′, 𝑡′) has 

neither maxima nor minima at (0,0). 

Now, for 𝑛 = 5 

𝐹5(𝑧′, 𝑡′) − 𝐹5(0,0) < 0, for 𝑧′ = 0.01, and 𝑡′ = −0.001 

And 𝐹5(𝑧′, 𝑡′) − 𝐹5(0,0) > 0, for 𝑧′ = 0.01, and 𝑡′ = 0.001, therefore 𝐹5(𝑧′, 𝑡′) has 

neither maxima nor minima at (0,0). 

Now, for 𝑛 = 6 

𝐹6(𝑧′, 𝑡′) − 𝐹6(0,0) < 0, for 𝑧′ = −0.01, and 𝑡′ = 0.001 

And 𝐹6(𝑧′, 𝑡′) − 𝐹6(0,0) > 0, for 𝑧′ = 0.01, and 𝑡′ = 0.001, therefore 𝐹6(𝑧′, 𝑡′) has 

neither maxima nor minima at (0,0). 

Now, for 𝑛 = 7 

𝐹7(𝑧′, 𝑡′) − 𝐹7(0,0) < 0, for 𝑧′ = 0.001, and 𝑡′ = −0.00001 

And 𝐹7(𝑧′, 𝑡′) − 𝐹7(0,0) > 0, for 𝑧′ = 0.01 and 𝑡′ = 0.001, therefore 𝐹7(𝑧′, 𝑡′) has 

neither maxima nor minima at (0,0). Therefore, the Fibonacci polynomials defined by 

(2.5) has no extremum values for 𝑛 = 1 to 7. 
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2.5  Graphical Representation of Bivariate Fibonacci Polynomials  

Now, we plot the graph of the bivariate Fibonacci polynomials defined by (2.5), for 

𝑛 = 3, 4, … ,7 using MATLAB. 

 

 

Figure 2.2: Graph for 𝑭𝟑(𝒛′, 𝒕′) = 𝒛′
𝟐 + 𝒕′ 

 

Figure 2.3: Graph for 𝑭𝟒(𝒛′, 𝒕′) = 𝒛′
𝟑 + 𝟐𝒛′𝒕′ 
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Figure 2.4: Graph for 𝑭𝟓(𝒛′, 𝒕′) = 𝒛′
𝟒 + 𝟑𝒛′𝟐𝒕′+ 𝒕′

𝟐
 

 

Figure 2.5: Graph for 𝑭𝟔(𝒛′, 𝒕′) = 𝒛′
𝟓 + 𝟒𝒛′𝟑𝒕′+ 𝟑𝒛′𝒕′𝟐 

 

Figure 2.6: Graph for 𝑭𝟕(𝒛′, 𝒕′) = 𝒛′
𝟔
+ 𝟓𝒛′𝟑𝒕′+ 𝟔𝒛′𝟐𝒕′𝟐 + 𝒕′

𝟑
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Chapter 3 

2-Fibonacci Sequences based on Congruences and Matrices 

3.1  Introduction 

Atanassov [19] introduced four different ways for constructing new sequences named 

as 2-Fibonacci sequences described by 

                                         𝛼𝔫+2 = 𝛽𝔫+1 + 𝛽𝔫, 𝛽𝔫+2 = 𝛼𝔫+1 + 𝛼𝔫,                             (3.1) 

                                         𝛼𝔫+2 = 𝛼𝔫+1 + 𝛽𝔫, 𝛽𝔫+2 = 𝛽𝔫+1 + 𝛼𝔫,                             (3.2) 

                                         𝛼𝔫+2 = 𝛽𝔫+1 + 𝛼𝔫, 𝛽𝔫+2 = 𝛼𝔫+1 + 𝛽𝔫,                             (3.3) 

                                         𝛼𝔫+2 = 𝛼𝔫+1 + 𝛼𝔫, 𝛽𝔫+2 = 𝛽𝔫+1 + 𝛽𝔫,                             (3.4) 

with 𝛼0 = 𝑎,  𝛽0 = 𝑏 ,  𝛼1 = 𝑐,  𝛽1 = 𝑑, and 𝔫 ≥ 0. 

Here, we examine some of the characteristics of following 2-Fibonacci sequences:  

                      𝛼𝑛+2 = 𝛽𝑛+1 + 𝛽𝑛, 𝛽𝑛+2 = 𝛼𝑛+1 + 𝛼𝑛,                                          (3.5) 

where 𝛼0 = 0, 𝛼1 = 1, 𝛽0 = 2, 𝛽1 = 1, and 𝑛 = 0, 1, 2, … 

Few terms of 2-Fibonacci sequences are listed as: 

 

Table 3.1: 2-Fibonacci Sequences   

𝑛 𝛼𝑛 𝛽𝑛 

2 3 1 

3 2 4 

4 5 5 

5 9 7 

6 12 14 

 

This chapter is structured into mainly three sections. Numerous properties consisting of 

generating function, Binet's Formula, the relationship between 𝛼𝑛 and 𝛽𝑛, correlation 



 

 

 

56 

 

of 2-Fibonacci sequences with Fibonacci numbers, Cassini's Identity, etc., are described 

in the first two sections. Further, we introduce a matrix 𝐸 called as generating matrix 

defined as  

𝐸 = (

0 1 2 1
1 0 0 0
0 1 0 0
0 0 1 0

) 

By using this matrix, we establish multiple relations for 2-Fibonacci sequences. After 

that, we derive Binet's formula by using the notion of diagonalizability of matrix in the 

third section. 

3.2  Generating Function and Binet’s Formulae for 2-Fibonacci 

Sequences 

A Generating function 𝑔𝐹(𝔳) of a sequence, say {𝑐𝑛}  is a power series expansion 

having coefficients as the terms of a sequence {𝑐𝑛} and is given by 

𝑔𝐹 (𝔳) = ∑𝑐𝑛

∞

𝑛=0

𝔳𝑛 

Further, we aim to formulate the generating functions and Binet’s formula for the 2-

Fibonacci sequences 𝛼𝑛 and 𝛽𝑛. 

Theorem 3.2.1 Following results hold for 2-Fibonacci sequences {𝜶𝒏} and {𝜷𝒏}: 

 

∑𝜶𝒏

∞

𝒏=𝟎

𝖛𝒏 =
𝖛 + 𝟑𝖛𝟐 + 𝖛𝟑

𝟏 − 𝖛𝟐 − 𝟐𝖛𝟑 − 𝖛𝟒
 , 

             (3.6) 

and  

∑𝜷𝒏

∞

𝒏=𝟎

𝖛𝒏 =
𝟐 + 𝖛 − 𝖛𝟐 − 𝖛𝟑

𝟏 − 𝖛𝟐 − 𝟐𝖛𝟑 − 𝖛𝟒
 

  (3.7) 
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Proof: Consider 

𝑔𝐹 (𝔳) = ∑𝛼𝑛

∞

𝑛=0

𝔳𝑛 = 𝔳 + 3𝔳2 + 2𝔳3 +∑(𝛼𝑛−2 + 2𝛼𝑛−3 + 𝛼𝑛−4)𝔳
𝑛

∞

𝑛=4

 

= 𝔳 + 3𝔳2 + 𝔳3 + 𝑔𝐹 (𝔳)(𝔳
2 + 2𝔳3 + 𝔳4) 

Thus, 

𝑔𝐹 (𝔳) =
𝔳 + 3𝔳2 + 𝔳3

1 − 𝔳2 − 2𝔳3 − 𝔳4
 

 

Similarly, generating function 𝑔𝐹(𝔳) for 2-Fibonacci sequence {𝛽𝑛} is  

𝑔𝐹 (𝔳) = ∑𝛽𝑛

∞

𝑛=0

𝔳𝑛 = 2 + 𝔳 − 𝔳2 − 𝔳3 + 𝑔𝐹 (𝔳)(𝔳
2 + 2𝔳3 + 𝔳4) 

Thus, 

∑𝛽𝑛

∞

𝑛=0

𝔳𝑛 =
2 + 𝔳 − 𝔳2 − 𝔳3

1 − 𝔳2 − 2𝔳3 − 𝔳4
 

Theorem 3.2.2 For 𝒏 ≥ 𝟎, the 𝒏𝒕𝒉 term of 2-Fibonacci sequences can be expressed 

by the following formulae 

𝜶𝒏 =
(𝜸𝒏+𝟒 + 𝜸𝒏+𝟏)

(𝜸 − 𝜹)(𝜸 − ⍵)(𝜸 − ⍵𝟐)
+

(𝜹𝒏+𝟒 + 𝜹𝒏+𝟏)

(𝜹 − 𝜸)(𝜹 − ⍵)(𝜹 − ⍵𝟐)

+
𝟐⍵𝒏+𝟏

(⍵ − 𝜸)(⍵ − 𝜹)(⍵ − ⍵𝟐)
+

𝟐⍵𝟐𝒏+𝟐

(⍵𝟐 − 𝜸)(⍵𝟐 − 𝜹)(⍵𝟐 −⍵)
 , 

and 

𝜷𝒏 =
𝟐𝜸𝒏+𝟑

(𝜸 − 𝜹)(𝜸 − ⍵)(𝜸 − ⍵𝟐)
+

𝟐𝜹𝒏+𝟑

(𝜹 − 𝜸)(𝜹 − ⍵)(𝜹 − ⍵𝟐)

−
𝟐⍵𝒏+𝟏

(⍵ − 𝜸)(⍵ − 𝜹)(⍵ − ⍵𝟐)
−

𝟐(⍵𝟐)𝒏+𝟏

(⍵𝟐 − 𝜸)(⍵𝟐 − 𝜹)(⍵𝟐 −⍵)
, 

where 

𝜸 =
𝟏 + √𝟓

𝟐
, 𝜹 =

𝟏 − √𝟓

𝟐
, 𝝎 =

−𝟏 + 𝒊√𝟑

𝟐
, 𝝎𝟐 =

−𝟏 − 𝒊√𝟑

𝟐
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Proof: Let  

∑𝛼𝑛𝔳
𝑛

∞

𝑛=0

=
𝔳 + 3𝔳2 + 𝔳3

1 − 𝔳2 − 2𝔳3 − 𝔳4
=

𝐴

(𝛾 − 𝔳)
+

𝐵

(𝛿 − 𝔳)
+

𝐶

(𝜔 − 𝔳)
+

𝐷

(𝜔2 − 𝔳)
 

By using binomial expansion and comparing the coefficients of 𝔳𝑛, it becomes 

𝛼𝑛 =
(𝛾𝑛+4 + 𝛾𝑛+1)

(𝛾 − 𝛿)(𝛾 − ⍵)(𝛾 − ⍵2)
+

(𝛿𝑛+4 + 𝛿𝑛+1)

(𝛿 − 𝛾)(𝛿 − ⍵)(𝛿 − ⍵2)

+
2⍵𝑛+1

(⍵ − 𝛾)(⍵ − 𝛿)(⍵ − ⍵2)
+

2⍵2𝑛+2

(⍵2 − 𝛾)(⍵2 − 𝛿)(⍵2 −⍵)
 

Similarly, by using the generating functions (3.7), we can easily prove that 

𝛽𝑛 =
2𝛾𝑛+3

(𝛾 − 𝛿)(𝛾 − ⍵)(𝛾 − ⍵2)
+

2𝛿𝑛+3

(𝛿 − 𝛾)(𝛿 − ⍵)(𝛿 − ⍵2)

−
2⍵𝑛+1

(⍵ − 𝛾)(⍵ − 𝛿)(⍵ − ⍵2)
−

2(⍵2)𝑛+1

(⍵2 − 𝛾)(⍵2 − 𝛿)(⍵2 −⍵)
 

3.3  Results of 2-Fibonacci Sequences based on Congruences 

3.3.1 𝜶𝒏 ≡ (𝜷𝒏 + (𝟏 − 𝒓))(𝒎𝒐𝒅 𝟑), where 𝒏 ≡ 𝒓(𝒎𝒐𝒅 𝟑). 

Proof: Evidently, the result is true for 𝑛 = 1.  

Assuming the induction hypothesis, we have 

𝛽𝑘+1 + (1 − 𝑟) ≡ 𝛽𝑘 + 𝛽𝑘−1 − 3𝑟 + 6(𝑚𝑜𝑑 3) ≡ 𝛽𝑘 + 𝛽𝑘−1(𝑚𝑜𝑑 3)

≡ 𝛼𝑘+1(𝑚𝑜𝑑 3), 

where 𝑘 ≡ 𝑟 − 1(𝑚𝑜𝑑 3).  

Corollary 3.3.1: 𝜶𝒏 > 𝜷𝒏, if 𝒏 ≡ 𝟐(𝒎𝒐𝒅 𝟑), and 𝜷𝒏 > 𝜶𝒏, if 𝒏 ≡ 𝟎(𝒎𝒐𝒅 𝟑) 

Proof: It follows directly from result 3.3.1. 

3.3.2 Relation of 2-Fibonacci sequences with Fibonacci Numbers 

𝑭𝒏+𝟏 ≡ 𝛼𝒏 + (𝟏 − 𝒓) ≡ 𝛽𝒏 + (𝒓 − 𝟏)(𝒎𝒐𝒅𝟑), where 𝒏 ≡ 𝒓(𝒎𝒐𝒅𝟑) 
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Proof: Undoubtedly, the result is true for 𝑛 = 1. 

Further, by induction hypothesis and result (3.3.1), we have  

𝐹𝑛+2 = 𝐹𝑛+1 + 𝐹𝑛 ≡ 𝛼𝑛 + 𝛼𝑛−1 + 𝑟 − 1(𝑚𝑜𝑑 3) ≡ 𝛽𝑛+1 + (𝑟 − 1)(𝑚𝑜𝑑 3)   

≡ 𝛼𝑛+1 + (1 − 𝑟)(𝑚𝑜𝑑 3),   

where 𝑛 + 1 ≡ 𝑟(𝑚𝑜𝑑 3). 

3.3.3 𝜶𝒏, and 𝜷𝒏 are even if 𝒏 ≡ 𝟎(𝒎𝒐𝒅 𝟑) and odd if 𝒏 ≡ 𝟏, 𝟐(𝒎𝒐𝒅 𝟑) 

Proof: Since 𝐹𝑛 is even if 𝑛 ≡ 0(𝑚𝑜𝑑 3), see [42], therefore from result 3.3.2, we 

obtain our required result. 

3.3.4 Binet Formula for 2-Fibonacci sequences can also be expressed as 

𝜸𝒏+𝟏 − 𝜹𝒏+𝟏

𝜸 − 𝜹
= 𝜶𝒏 + (𝟏 − 𝒓) = 𝜷𝒏 + (𝒓 − 𝟏), 

where 𝒏 ≡ 𝒓(𝒎𝒐𝒅 𝟑). 

Proof:  By using Binet’s formula for Fibonacci sequence [40] is  

𝛾𝑛+1 − 𝛿𝑛+1

𝛾 − 𝛿
= 𝐹𝑛+1 , 

where 𝛾 =
1+√5

2
, 𝛿 =

1−√5

2
 and result 3.3.2, it can be easily proved. 

3.3.5 If 𝒏 ≡ 𝟎(𝒎𝒐𝒅 𝟑), then 𝜷𝒏
𝟐 ≡ 𝟎(𝒎𝒐𝒅 𝟒), otherwise 𝜷𝒏

𝟐 ≡ 𝟏(𝒎𝒐𝒅 𝟒) 

3.3.6 If 𝒏 ≡ 𝟎(𝒎𝒐𝒅 𝟑), then 𝜶𝒏
𝟐 ≡ 𝟎(𝒎𝒐𝒅 𝟒), otherwise 𝜶𝒏

𝟐 ≡ 𝟏(𝒎𝒐𝒅 𝟒) 

3.3.7 𝜷𝒏
𝟐 − 𝜷𝒏−𝟑

𝟐 ≡ 𝜶𝒏
𝟐 − 𝜶𝒏−𝟑

𝟐(𝒎𝒐𝒅 𝟒) 

Proof: These can be easily accomplished by using result 3.3.3. 

3.3.8 (Cassini identity)            

𝜷𝒏−𝟏𝜷𝒏+𝟏 − 𝜷𝒏
𝟐 ≡ 𝟑(−𝟏)𝒏(𝒎𝒐𝒅 𝟒),  

and 

𝜶𝒏−𝟏𝜶𝒏+𝟏 − 𝜶𝒏
𝟐 ≡ 𝟑(−𝟏)𝒏−𝟏(𝒎𝒐𝒅 𝟒) 

Proof: Evidently, it is true for 𝑛 = 1. 
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Further, by induction hypothesis and result 3.3.7, we have 

𝛽𝑛𝛽𝑛+2 − 𝛽𝑛+1
2 = 𝛽𝑛(𝛽𝑛 + 2𝛽𝑛−1 + 𝛽𝑛−2) − (𝛽𝑛−1 + 2𝛽𝑛−2 + 𝛽𝑛−3)

2 

≡ 𝛽𝑛
2 − 𝛽𝑛−3

2 + 2𝛽𝑛𝛽𝑛−1 + 𝛽𝑛𝛽𝑛−2 − 𝛽𝑛−1
2 − 2𝛽𝑛−1𝛽𝑛−3(𝑚𝑜𝑑 4) 

≡ 2𝛽𝑛−1(𝛽𝑛 − 𝛽𝑛−3) + 3(−1)
𝑛−1(𝑚𝑜𝑑 4) ≡ 3(−1)𝑛+1(𝑚𝑜𝑑 4) 

In the same way, it can be demonstrated that 

𝛼𝑛−1𝛼𝑛+1 − 𝛼𝑛
2 ≡ 3(−1)𝑛−1(𝑚𝑜𝑑 4) 

 

3.4  Binet’s Formula for 2-Fibonacci Sequences using Matrices 

In this section, we establish a formula named Binet's formula for finding out any 𝑛𝑡ℎ 

term of 2-Fibonacci sequences using the concept of diagonalizability of a matrix 𝐸 

called as generating matrix, defined by 

                                 𝐸 = (

0 1 2 1
1 0 0 0
0 1 0 0
0 0 1 0

)                                                   (3.8) 

such that, 𝑑𝑒𝑡𝐸 = −1.  

Some results on 2-Fibonacci sequences (3.5) by using the matrix 𝐸 are given as: 

Theorem 3.4.1 Following results hold: 

(a)  

(

𝜶𝒏+𝟑
𝜶𝒏+𝟐
𝜶𝒏+𝟏
𝜶𝒏

) = (

𝟎 𝟏 𝟐 𝟏
𝟏 𝟎 𝟎 𝟎
𝟎 𝟏 𝟎 𝟎
𝟎 𝟎 𝟏 𝟎

)(

𝜶𝒏+𝟐
𝜶𝒏+𝟏
𝜶𝒏
𝜶𝒏−𝟏

), 

where 𝒏 ≥ 𝟎 
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(b)  

(

𝜷𝒏+𝟑
𝜷𝒏+𝟐
𝜷𝒏+𝟏
𝜷𝒏

) = (

𝟎 𝟏 𝟐 𝟏
𝟏 𝟎 𝟎 𝟎
𝟎 𝟏 𝟎 𝟎
𝟎 𝟎 𝟏 𝟎

)(

𝜷𝒏+𝟐
𝜷𝒏+𝟏
𝜷𝒏
𝜷𝒏−𝟏

), 

where 𝒏 ≥ 𝟎 

(c)  

(

𝜶𝒏+𝟐
𝜶𝒏+𝟏
𝜶𝒏
𝜶𝒏−𝟏

) = 𝑬𝒏−𝟏(

𝟐
𝟑
𝟏
𝟎

), 

where 𝒏 ≥ 𝟏 

(d)  

(

𝜷𝒏+𝟐
𝜷𝒏+𝟏
𝜷𝒏
𝜷𝒏−𝟏

) = 𝑬𝒏−𝟏(

𝟒
𝟏
𝟏
𝟐

) , 

where 𝒏 ≥ 𝟏. 

Proof: By using induction, these results have a simple proof. 

(a) Using the recursive relation of sequence {𝛼𝑛}𝑛≥0, we have  

 

(

0 1 2 1
1 0 0 0
0 1 0 0
0 0 1 0

)(

𝛼𝑛+2
𝛼𝑛+1
𝛼𝑛
𝛼𝑛−1

) = (

𝛼𝑛+1 + 2𝛼𝑛 + 𝛼𝑛−1
𝛼𝑛+2
𝛼𝑛+1
𝛼𝑛

) = (

𝛼𝑛+3
𝛼𝑛+2
𝛼𝑛+1
𝛼𝑛

) 

 

(b) Using the recursive relation of sequence {𝛼𝑛}𝑛≥0, we have  

 

(

0 1 2 1
1 0 0 0
0 1 0 0
0 0 1 0

)(

𝛽𝑛+2
𝛽𝑛+1
𝛽𝑛
𝛽𝑛−1

) = (

𝛽𝑛+1 + 2𝛽𝑛 + 𝛽𝑛−1
𝛽𝑛+2
𝛽𝑛+1
𝛽𝑛

) = (

𝛽𝑛+3
𝛽𝑛+2
𝛽𝑛+1
𝛽𝑛

) 

(c) We approach the induction methodology to prove our required result. 

Evidently, the result holds for 𝑛 = 1. 
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By using the induction hypothesis and above obtained, we have 

(

𝛼𝑛+3
𝛼𝑛+2
𝛼𝑛+1
𝛼𝑛

) = 𝐸 (

𝛼𝑛+2
𝛼𝑛+1
𝛼𝑛
𝛼𝑛−1

) = 𝐸𝐸𝑛−1(

2
3
1
0

) = 𝐸𝑛 (

2
3
1
0

) 

(d) We approach induction methodology to prove our required result. 

Evidently, the result holds for 𝑛 = 1. 

By induction, we get 

(

𝛽𝑛+3
𝛽𝑛+2
𝛽𝑛+1
𝛽𝑛

) = 𝐸(

𝛽𝑛+2
𝛽𝑛+1
𝛽𝑛
𝛽𝑛−1

) = 𝐸𝐸𝑛−1 (

2
3
1
0

) = 𝐸𝑛 (

2
3
1
0

) 

Further, we proceed to derive the Binet formulae for the 2-Fibonacci (3.5) sequences 

using the matrix 𝐸. 

Clearly, the eigenvalues of matrix E are given by 

𝛾 =
1 + √5

2
, 𝛿 =

1 − √5

2
, 𝜔 =

−1 + 𝑖√3

2
, 𝜔2 =

−1 − 𝑖√3

2
  

Further, the eigenvectors corresponding to eigenvalues 𝛾, 𝛿, 𝜔 and 𝜔2are 

(

  𝛾3

  𝛾2

𝛾
1

) , (

  𝛿3

  𝛿2

𝛿
1

), (

  𝜔3

  𝜔2
𝜔
1

), and (

(𝜔2)3

(𝜔2)2

𝜔2

1

) 

respectively. 

Next, consider a matrix 𝑀 containing eigenvectors of matrix 𝐸 

 

𝑀 = (

  𝛾3 𝛿3 𝜔3 𝜔6

𝛾2 𝛿2 𝜔2 𝜔4

𝛾 𝛿 𝜔 𝜔2

1 1 1 1

)

4×4

 

Then its inverse is given by 
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𝑀−1 =
1

𝑑𝑒𝑡 𝑀

(

 

𝐴 𝐴(𝜔2 +⍵+ 𝛿) −⍵𝐴(𝜔2 +⍵𝛿 + 𝛿) 𝛿⍵𝜔2𝐴

−𝐵 − 𝐵(𝜔2 +⍵ + 𝛾) ⍵ 𝐵(𝜔2 +⍵𝛾 + 𝛾) −𝛾⍵𝜔2𝐵

𝐶  𝐶(𝜔2 + 𝛾 + 𝛿) −𝐶 (𝜔2𝛾 +  𝜔2𝛾 + 𝛾𝛿) 𝛾𝛿𝜔2𝐶

−𝐷 −𝐷(⍵ + 𝛾 + 𝛿) 𝐷(⍵𝛾 + 𝛾𝛿 + ⍵𝛿) −𝛾𝛿⍵𝐷 )

 

4×4

, 

 

where 𝐴 = (⍵ − 𝛿)(𝜔2 − 𝛿)(𝜔2 −⍵) , 𝐵 = (⍵ − 𝛾)(𝜔2 − 𝛾)(𝜔2 − ⍵), 

𝐶 = (𝛿 − 𝛾)(𝜔2 − 𝛾)(−𝜔2 + 𝛿),𝐷 = (𝛿 − 𝛾)(𝜔 − 𝛾)(𝛿 − 𝜔), and 𝑑𝑒𝑡 𝑀 = (⍵−

𝛿)(𝜔2 − 𝛿)(𝜔2 −⍵)(⍵ − 𝛾)(𝜔2 − 𝛾)(𝛾 − 𝛿). 

Let’s consider a diagonal matrix 𝐷 involving eigenvalues of matrix 𝐸. Then, using the 

diagonalizability of matrix 𝐸, we have 

                                  𝐸 = 𝑀𝐷𝑀−1, or 𝐸𝑛 = 𝑀𝐷𝑛𝑀−1                                           (3.9) 

Then, by using theorem 3.4.1 in (3.9), we have  

𝛼𝑛 =
(𝛾𝑛+4 + 𝛾𝑛+1)

(𝛾 − 𝛿)(𝛾 − ⍵)(𝛾 − ⍵2)
+

(𝛿𝑛+4 + 𝛿𝑛+1)

(𝛿 − 𝛾)(𝛿 − ⍵)(𝛿 − ⍵2)

+
2⍵𝑛+1

(⍵ − 𝛾)(⍵ − 𝛿)(⍵ − ⍵2)
+

2⍵2𝑛+2

(⍵2 − 𝛾)(⍵2 − 𝛿)(⍵2 −⍵)
, 

and  

𝛽𝑛 =
2𝛾𝑛+3

(𝛾 − 𝛿)(𝛾 − ⍵)(𝛾 − ⍵2)
+

2𝛿𝑛+3

(𝛿 − 𝛾)(𝛿 − ⍵)(𝛿 − ⍵2)

−
2⍵𝑛+1

(⍵ − 𝛾)(⍵ − 𝛿)(⍵ − ⍵2)
−

2(⍵2)𝑛+1

(⍵2 − 𝛾)(⍵2 − 𝛿)(⍵2 −⍵)
, 

which is the required result. 
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Figure 3.1: Comparison between 2-Fibonacci Sequences 𝜶𝒏 and 𝜷𝒏 

 

Figure 3.2: 2-Fibonacci Sequences 𝜶𝒏 approaching the Golden Ratio 
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Chapter 4 

Summation Formulae of 2-Fibonacci Sequences  

4.1  Introduction 

In this chapter, we derive various summation formulae for 2-Fibonacci sequences (3.5) 

defined by  

         𝛼𝓃+2 = 𝛽𝓃+1 + 𝛽𝓃, 𝛽𝓃+2 = 𝛼𝓃+1 + 𝛼𝓃,                 

where 𝛼0 = 0, 𝛼1 = 1, 𝛽0 = 2, 𝛽1 = 1, and 𝓃 is a non-negative integer. 

It can be clearly seen these sequences {𝛼𝑛}𝑛≥0 and {𝛽𝑛}𝑛≥0 satisfy the following 

recursive relation 

                                                     𝒞𝑛+4 = 𝒞𝑛+2 + 2𝒞𝑛+1 + 𝒞𝑛,                               (4.1) 

with 𝒞0 = 𝒶1, 𝒞1 = 𝒷1,𝒞2 = 𝒸1, and 𝒞3 = 𝒹1, are any real numbers. If we take 𝒶1 =

0, 𝒷1 = 1, 𝒸1 = 3, and 𝒹1 = 2, then it becomes the 2-Fibonacci sequence of numbers 

{𝛼𝑛} and if 𝒶1 = 2, 𝒷1 = 1, 𝒸1 = 1, and 𝒹1 = 4, then it becomes the 2-Fibonacci 

sequence of numbers {𝛽𝑛}. 

Now, we develop summation formulae for 2- Fibonacci sequence of numbers listed as: 

 

4.2  Sum Formulae of 2-Fibonacci Sequences 

Theorem 4.2.1 For 𝒎 ≥ 𝟎, 2-Fibonacci sequence satisfies: 

(a)  

∑𝒞𝑘

𝑚

𝑘=0

=
1

 3
(𝒞𝑚+4 + 𝒞𝑚+3 − 2𝒞𝑚+1 − 𝒞3 − 𝒞2 + 2𝒞0) 

(b)  

∑𝒞2𝑘

𝑚

𝑘=0

= −
1

3
(𝒞2𝑚+2 − 2𝒞2𝑚+3 + 𝒞2𝑚 + 2𝒞3 − 𝒞2 − 4𝒞0) 

(c)  

∑𝒞2𝑘+1

𝑚

𝑘=0

=
1

3
(2𝒞2𝑚+2 + 3𝒞2𝑚+1 + 2𝒞2𝑚 − 𝒞2𝑚+3 + 𝒞3 − 2𝒞2 − 2𝒞0) 

Proof: 
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(a) Using 

𝒞𝑚 = 𝒞𝑚+4 − 𝒞𝑚+2 − 2𝒞𝑚+1 

We obtain  

𝒞0 = 𝒞4 − 𝒞2 − 2𝒞1 

𝒞1 = 𝒞5 − 𝒞3 − 2𝒞2 

⋮ 

𝒞𝑚 = 𝒞𝑚+4 − 𝒞𝑚+2 − 2𝒞𝑚+1 

By adding these equations, we get the result (a). 

 

(b) and (c) 

Again using (4.1), we have 

𝒞𝑚+2 = 𝒞𝑚+4 − 2𝒞𝑚+1 − 𝒞𝑚 

We obtain 

𝒞2 = 𝒞4 − 2𝒞1 − 𝒞0 

𝒞4 = 𝒞6 − 2𝒞3 − 𝒞2 

⋮ 

𝒞2𝑚 = 𝒞2𝑚+2 − 2𝒞2𝑚−1 − 𝒞2𝑚−2 

By adding these equations, we get 

(∑𝒞2𝑘

𝑚

𝑘=0

− 𝒞0)

=  𝒞2𝑚+2 + (∑𝒞2𝑘

𝑚

𝑘=0

− 𝒞0 − 𝒞2) − 2(∑𝒞2𝑘+1

𝑚

𝑘=0

− 𝒞2𝑚+1)

− (∑𝒞2𝑘

𝑚

𝑘=0

− 𝒞2𝑚) 

                                                                 (4.2) 

Again, using the recurrence relation 

𝒞𝑚+2 = 𝒞𝑚+4 − 2𝒞𝑚+1 − 𝒞𝑚 

We write some following obvious equations 

𝒞3 = 𝒞5 − 2𝒞2 − 𝒞1 

𝒞5 = 𝒞7 − 2𝒞4 − 𝒞3 



 

 

 

67 

 

⋮ 

𝒞2𝑚+1 = 𝒞2𝑚+3 − 2𝒞2𝑚 − 𝒞2𝑚−1 

Now, by adding these equations, we get 

(∑𝒞2𝑘+1

𝑚

𝑘=0

− 𝒞1)

=  (∑𝒞2𝑘+1

𝑚

𝑘=0

− 𝒞1 − 𝒞3 + 𝒞2𝑚+3) − 2(∑𝒞2𝑘

𝑚

𝑘=0

− 𝒞0)

− (∑𝒞2𝑘+1

𝑚

𝑘=0

− 𝒞2𝑚+1) 

(4.3) 

On solving (4.2) and (4.3), we get the desired results (b) and (c). 

Corollary 4.2.1: For 𝒎 ≥ 𝟎 summation formulae for 2-Fibonacci sequence 

{𝜶𝒎} holds: 

(a)  

∑𝛼𝑘

𝑚

𝑘=0

=
1

 3
(𝛼𝑚+4 + 𝛼𝑚+3 − 2𝛼𝑚+1 − 5) 

(b)  

∑𝛼2𝑘

𝑚

𝑘=0

= −
1

3
(𝛼2𝑚+2 − 2𝛼2𝑚+3 + 𝛼2𝑚 + 1) 

(c)  

∑𝛼2𝑘+1

𝑚

𝑘=0

=
1

3
(2𝛼2𝑚+2 + 3𝛼2𝑚+1 + 2𝛼2𝑚 − 𝛼2𝑚+3 − 4) 

Proof: 

The proof is obvious by taking 𝒞0 = 0, 𝒞1 = 1,𝒞2 = 3,  and 𝒞3 = 2 in theorem 4.2.1. 

Corollary 4.2.2: For 𝒎 ≥ 𝟎, the following formulae holds for 2-Fibonacci sequence 

{𝜷𝒎}: 

(a)  

 ∑𝛽𝑘

𝑚

𝑘=0

=
1

 3
(𝛽𝑚+4 + 𝛽𝑚+3 − 2𝛽𝑚+1 − 1) 
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(b)  

∑𝛽2𝑘

𝑚

𝑘=0

= −
1

3
(𝛽2𝑚+2 − 2𝛽2𝑚+3 + 𝛽2𝑚 − 1) 

(c)  

∑𝛽2𝑘+1

𝑚

𝑘=0

=
1

3
(2𝛽2𝑚+2 + 3𝛽2𝑚+1 + 2𝛽2𝑚 − 𝛽2𝑚+3 − 2) 

Proof: 

Solution is obvious using 𝒞0 = 2,𝒞1 = 1,𝒞2 = 1, and 𝒞3 = 4, in theorem 4.2.1. 

 

Theorem 4.2.2 For 𝖒 ≥ 𝟎, we have: 

(a)  

∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3 + 2∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+2 = −6 + 𝛼𝔪+3𝛼𝔪+4 − 2𝛼𝔪+1𝛼𝔪+3 

(b)  

∑𝛼𝓀
2

𝔪

𝓀=0

−∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3

= 1 + 𝛼𝔪+1𝛼𝔪+4 + 𝛼𝔪+1𝛼𝔪+2 − 𝛼𝔪+1𝛼𝔪+3 − 𝛼𝔪+2𝛼𝔪+4 − 𝛼𝔪+1
2

+ 𝛼𝔪+2
2  

(c)  

−2∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3

= 𝛼𝔪+4
2 + 𝛼𝔪+3

2 + 3𝛼𝔪+2
2 + 𝛼𝔪+1

2 − 𝛼𝔪+1𝛼𝔪+3 − 3𝛼𝔪+2𝛼𝔪+4

− 𝛼𝔪+1𝛼𝔪+4 + 3𝛼𝔪+1𝛼𝔪+2 − 𝛼𝔪+3𝛼𝔪+4 − 4 

Proof:  

(a) Now, using the relation 

𝛼𝔪𝛼𝔪+3 = 𝛼𝔪+4𝛼𝔪+3 − 𝛼𝔪+2𝛼𝔪+3 − 2𝛼𝔪+1𝛼𝔪+3 

We have  

𝛼0𝛼3 = 𝛼4𝛼3 − 𝛼2𝛼3 − 2𝛼1𝛼3 
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𝛼1𝛼4 = 𝛼5𝛼4 − 𝛼3𝛼4 − 2𝛼2𝛼4 

⋮ 

𝛼𝔪𝛼𝔪+3 = 𝛼𝔪+4𝛼𝔪+3 − 𝛼𝔪+2𝛼𝔪+3 − 2𝛼𝔪+1𝛼𝔪+3 

Thus, from the above system of equations, we obtain  

∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3 + 2∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+2 = −6 + 𝛼𝔪+3𝛼𝔪+4 − 2𝛼𝔪+1𝛼𝔪+3 

(4.4) 

(b) Using the relation 

𝛼𝔪
2 = 𝛼𝔪+4

2 + 𝛼𝔪+2
2 + 4𝛼𝔪+1

2 − 2𝛼𝔪+2𝛼𝔪+4 − 4𝛼𝔪+1𝛼𝔪+4 + 4𝛼𝔪+1𝛼𝔪+2 

We have 

  

𝛼0
2 = 𝛼4

2 + 𝛼2
2 + 4𝛼1

2 − 2𝛼2𝛼4 − 4𝛼1𝛼4 + 4𝛼1𝛼2 

𝛼1
2 = 𝛼5

2 + 𝛼3
2 + 4𝛼2

2 − 2𝛼3𝛼5 − 4𝛼2𝛼5 + 4𝛼2𝛼3 

⋮ 

𝛼𝔪
2 = 𝛼𝔪+4

2 + 𝛼𝔪+2
2 + 4𝛼𝔪+1

2 − 2𝛼𝔪+2𝛼𝔪+4 − 4𝛼𝔪+1𝛼𝔪+4 + 4𝛼𝔪+1𝛼𝔪+2 

Thus, from the above system of equations, we obtain  

−5∑𝛼𝓀
2

𝔪

𝓀=0

+ 2∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+2 + 4∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3 − 4∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+1

= 𝛼𝔪+4
2 + 𝛼𝔪+3

2 + 2𝛼𝔪+2
2 + 6𝛼𝔪+1

2 − 11 − 2𝛼𝔪+1𝛼𝔪+3 − 2𝛼𝔪+2𝛼𝔪+4

− 4𝛼𝔪+1𝛼𝔪+4 + 4𝛼𝔪+1𝛼𝔪+2 

(4.5) 
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Now, using the relation 

𝛼𝔪𝛼𝔪+1 = 𝛼𝔪+1𝛼𝔪+4 − 𝛼𝔪+1𝛼𝔪+2 − 2𝛼𝔪+1
2  

We have  

𝛼0𝛼1 = 𝛼1𝛼4 − 𝛼1𝛼2 − 2𝛼1
2 

𝛼1𝛼2 = 𝛼2𝛼5 − 𝛼2𝛼3 − 2𝛼2
2 

⋮ 

𝛼𝔪𝛼𝔪+1 = 𝛼𝔪+1𝛼𝔪+4 − 𝛼𝔪+1𝛼𝔪+2 − 2𝛼𝔪+1
2  

Thus, from the above system of equations, we obtain  

2∑ 𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+1 −∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3 + 2∑𝛼𝓀
2

𝔪

𝓀=0

= −2𝛼𝔪+1
2 + 𝛼𝔪+1𝛼𝔪+4 − 𝛼𝔪+1𝛼𝔪+2 

(4.6) 

Now, using the relation 

𝛼𝔪𝛼𝔪+2 = 𝛼𝔪+4𝛼𝔪+2 − 𝛼𝔪+2
2 − 2𝛼𝔪+1𝛼𝔪+2 

We have  

𝛼0𝛼2 = 𝛼4𝛼2 − 𝛼2
2 − 2𝛼1𝛼2 

𝛼1𝛼3 = 𝛼5𝛼3 − 𝛼3
2 − 2𝛼2𝛼3 

⋮ 

𝛼𝔪𝛼𝔪+2 = 𝛼𝔪+4𝛼𝔪+2 − 𝛼𝔪+2
2 − 2𝛼𝔪+1𝛼𝔪+2 

Thus, from the above system of equations, we obtain  
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∑𝛼𝓀
2

𝔪

𝓀=0

+ 2∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+1

= −1 + 𝛼𝔪+1𝛼𝔪+3 + 𝛼𝔪+2𝛼𝔪+4 − 𝛼𝔪+1
2 − 𝛼𝔪+2

2 − 2𝛼𝔪+1𝛼𝔪+2 

(4.7) 

Solving (4.6) and (4.7), we get 

∑𝛼𝓀
2

𝔪

𝓀=0

−∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3

= 1 + 𝛼𝔪+1𝛼𝔪+4 + 𝛼𝔪+1𝛼𝔪+2 − 𝛼𝔪+1𝛼𝔪+3 − 𝛼𝔪+2𝛼𝔪+4 − 𝛼𝔪+1
2

+ 𝛼𝔪+2
2  

(4.8) 

(c) Solving (4.5) and (4.6), we get 

−∑𝛼𝓀
2

𝔪

𝓀=0

+ 2∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+2 + 2∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3

= 𝛼𝔪+4
2 + 𝛼𝔪+3

2 + 2𝛼𝔪+2
2 + 2𝛼𝔪+1

2 − 2𝛼𝔪+1𝛼𝔪+3 − 2𝛼𝔪+2𝛼𝔪+4

− 2𝛼𝔪+1𝛼𝔪+4 + 2𝛼𝔪+1𝛼𝔪+2 − 11 

(4.9) 

Solving (4.4) and (4.9), we get 

−∑𝛼𝓀
2

𝔪

𝓀=0

+∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3

= 𝛼𝔪+4
2 + 𝛼𝔪+3

2 + 2𝛼𝔪+2
2 + 2𝛼𝔪+1

2 − 2𝛼𝔪+2𝛼𝔪+4 − 2𝛼𝔪+1𝛼𝔪+4

+ 2𝛼𝔪+1𝛼𝔪+2 − 5 − 𝛼𝔪+3𝛼𝔪+4 

(4.10) 

Solving (4.8) and (4.9), we get 
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2∑ 𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+2 −∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3

= 𝛼𝔪+4
2 + 𝛼𝔪+3

2 + 3𝛼𝔪+2
2 + 𝛼𝔪+1

2 − 3𝛼𝔪+1𝛼𝔪+3 − 3𝛼𝔪+2𝛼𝔪+4

+ 𝛼𝔪+1𝛼𝔪+4 − 3𝛼𝔪+1𝛼𝔪+2 − 10 

(4.11) 

Solving (4.4) and (4.11), we get 

−2∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3

= 𝛼𝔪+4
2 + 𝛼𝔪+3

2 + 3𝛼𝔪+2
2 + 𝛼𝔪+1

2 − 𝛼𝔪+1𝛼𝔪+3 − 3𝛼𝔪+2𝛼𝔪+4

− 𝛼𝔪+1𝛼𝔪+4 + 3𝛼𝔪+1𝛼𝔪+2 − 𝛼𝔪+3𝛼𝔪+4 − 4 

Theorem 4.2.3 For 𝒎 ≥ 𝟎, the following formulae holds for 2-Fibonacci sequence 

of numbers: 

(a)  

∑𝓀𝒞𝓀

𝑚

𝓀=0

=
1

 3
(𝑚𝒞𝑚+4 + (𝑚 − 1)𝒞𝑚+3 − 2𝒞𝑚+2 − 2(𝑚 + 1)𝒞𝑚+1 + 𝒞3 + 2𝒞2

+ 2𝒞1) 

(b)  

∑𝓀𝒞2𝓀+1

𝑚

𝓀=0

=
1

3
(2𝑚𝒞2𝑚+2 + (3𝑚 − 1)𝒞2𝑚+1 −𝑚𝒞2𝑚+3 + 2(𝑚 − 1)𝒞2𝑚

− 2𝒞2𝑚−1 + 2𝒞3 − 𝒞1 − 2𝒞0) 

Proof: 

(a)  

Using recursive relation 

𝒞𝑚 = 𝒞𝑚+4 − 𝒞𝑚+2 − 2𝒞𝑚+1 

We obtain  

1. 𝒞1 = 1. 𝒞5 − 1. 𝒞3 − 2.1𝒞2 

2. 𝒞2 = 2. 𝒞6 − 2. 𝒞4 − 2.2𝒞3 
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⋮ 

𝑚. 𝒞𝑚 = 𝑚.𝒞𝑚+4 −𝑚. 𝒞𝑚+2 − 2.𝑚𝒞𝑚+1 

 

by adding these equations, we get (a). 

 

(b)  

Again, on using (4.2), we have 

𝒞𝑚+2 = 𝒞𝑚+4 − 2𝒞𝑚+1 − 𝒞𝑚 

Now by taking even values of 𝑚 and approaching the same procedure, we obtain 

(∑𝓀𝒞2𝓀

𝑚

𝓀=0

) =  𝑚𝒞2𝑚+2 + (∑(𝓀 − 1)𝒞2𝓀

𝑚

𝓀=0

+ 𝒞0)

− 2(∑(𝓀 + 1)𝒞2𝓀+1

𝑚

𝓀=0

− (𝑚 + 1)𝒞2𝑚+1)

− (∑(𝓀 + 1)𝒞2𝓀+1

𝑚

𝓀=0

− (𝑚 + 1)𝒞2𝑚) 

(4.12) 

Making the use of the recurrence relation 

𝒞𝑚+2 = 𝒞𝑚+4 − 2𝒞𝑚+1 − 𝒞𝑚 

Further, by taking odd values of 𝑚 and approaching the similar procedure used in (𝑎), 

following equation generated: 

(∑𝓀𝒞2𝑘+1

𝑚

𝓀=0

) = (∑(𝓀 − 1)𝒞2𝓀+1

𝑚

𝓀=0

+ 𝒞1 +𝑚𝒞2𝑚+3) − 2(∑𝓀𝒞2𝓀

𝑚

𝓀=0

)

− (∑(𝓀 + 1)𝒞2𝓀+1

𝑚

𝓀=0

− (𝑚 + 1)𝒞2𝑚+1) 

    (4.13) 

On solving (4.12) and (4.13), proof of (b) follows. 

Corollary 4.2.3: For 𝒎 ≥ 𝟎, the following formulae holds for the 2-Fibonacci 

sequence {𝜶𝒎}: 

(a)  
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∑𝑘𝛼𝑘

𝑚

𝑘=0

=
1

 3
(𝑚𝛼𝑚+4 + (𝑚 − 1)𝛼𝑚+3 − 2𝛼𝑚+2 − 2(𝑚 + 1)𝛼𝑚+1 + 10) 

(b)  

∑𝑘𝛼2𝑘+1

𝑚

𝑘=0

=
1

3
(2𝑚𝛼2𝑚+2 + (3𝑚 − 1)𝛼2𝑚+1 −𝑚𝛼2𝑚+3 + 2(𝑚 − 1)𝛼2𝑚

− 2𝛼2𝑚−1 + 3) 

Proof 

(a)  

Using recursive relation 

𝛼𝑚 = 𝛼𝑚+4 − 𝛼𝑚+2 − 2𝛼𝑚+1 

We obtain  

1. 𝛼1 = 1. 𝛼5 − 1. 𝛼3 − 2.1𝛼2 

2. 𝛼2 = 2. 𝛼6 − 2. 𝛼4 − 2.2𝛼3 

⋮ 

𝑚.𝛼𝑚 = 𝑚. 𝛼𝑚+4 −𝑚. 𝛼𝑚+2 − 2.𝑚𝛼𝑚+1 

 

Solving these equations, we get 

∑𝑘𝛼𝑘

𝑚

𝑘=0

=
1

 3
(𝑚𝛼𝑚+4 + (𝑚 − 1)𝛼𝑚+3 − 2𝛼𝑚+2 − 2(𝑚 + 1)𝛼𝑚+1 + 𝛼3 + 2𝛼2

+ 2𝛼1) 

=
1

 3
(𝑚𝛼𝑚+4 + (𝑚 − 1)𝛼𝑚+3 − 2𝛼𝑚+2 − 2(𝑚 + 1)𝛼𝑚+1 + 10) 

 

(b)  

Again, on using (4.2), we have 

𝛼𝑚+2 = 𝛼𝑚+4 − 2𝛼𝑚+1 − 𝛼𝑚 

Now by taking even values of 𝑚 and approaching the same procedure, we obtain 



 

 

 

75 

 

(∑𝑘𝛼2𝑘

𝑚

𝑘=0

) = 𝑚𝛼2𝑚+2 + (∑(𝑘 − 1)𝛼2𝑘

𝑚

𝑘=0

+ 𝛼0)

− 2(∑(𝑘 + 1)𝛼2𝑘+1

𝑚

𝑘=0

− (𝑚 + 1)𝛼2𝑚+1)

− (∑(𝑘 + 1)𝛼2𝑘

𝑚

𝑘=0

− (𝑚 + 1)𝛼2𝑚) 

(4.14) 

Making the use of the recurrence relation 

𝛼𝑚+2 = 𝛼𝑚+4 − 2𝛼𝑚+1 − 𝛼𝑚 

Further, on taking odd values of 𝑚, we have 

(∑𝑘𝛼2𝑘+1

𝑚

𝑘=0

) = (∑(𝑘 − 1)𝛼2𝑘+1

𝑚

𝑘=0

+ 𝛼1 +𝑚𝛼2𝑚+3) − 2(∑𝑘𝛼2𝑘

𝑚

𝑘=0

)

− (∑(𝑘 + 1)𝛼2𝑘+1

𝑚

𝑘=0

− (𝑚 + 1)𝛼2𝑚+1) 

(4.15) 

On solving (4.14) and (4.15), proof of (b) follows. 

Corollary 4.2.4: For 𝒎 ≥ 𝟎, the following formulae holds for 2-Fibonacci sequence 

{𝜷𝒎}: 

(a)  

∑𝑘𝛽𝑘

𝑚

𝑘=0

=
1

 3
(𝑚𝛽𝑚+4 + (𝑚 − 1)𝛽𝑚+3 − 2𝛽𝑚+2 − 2(𝑚 + 1)𝛽𝑚+1 + 8) 

(b)  

∑𝑘𝛽2𝑘+1

𝑚

𝑘=0

=
1

3
(2𝑚𝛽2𝑚+2 + (3𝑚 − 1)𝛽2𝑚+1 −𝑚𝛽2𝑚+3 + 2(𝑚 − 1)𝛽2𝑚 − 2𝛽2𝑚−1

+ 3) 

Proof 

(a)  

Using recursive relation 

𝛽𝑚 = 𝛽𝑚+4 − 𝛽𝑚+2 − 2𝛽𝑚+1 
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We obtain  

1. 𝛽1 = 1. 𝛽5 − 1. 𝛽3 − 2.1𝛽2 

2. 𝛽2 = 2. 𝛽6 − 2. 𝛽4 − 2.2𝛽3 

⋮ 

𝑚.𝛽𝑚 = 𝑚.𝛽𝑚+4 −𝑚. 𝛽𝑚+2 − 2.𝑚𝛽𝑚+1 

 

by adding these equations, we get  

∑𝑘𝛽𝑘

𝑚

𝑘=0

=
1

 3
(𝑚𝛽𝑚+4 + (𝑚 − 1)𝛽𝑚+3 − 2𝛽𝑚+2 − 2(𝑚 + 1)𝛽𝑚+1 + 8) 

 

(b)  

Again, on using (4.2), we have 

𝛽𝑚+2 = 𝛽𝑚+4 − 2𝛽𝑚+1 − 𝛽𝑚 

Taking even values of 𝑚 and approaching the same procedure, it results 

(∑𝑘𝛽2𝑘

𝑚

𝑘=0

) = 𝑚𝛽2𝑚+2 + (∑(𝑘 − 1)𝛽2𝑘

𝑚

𝑘=0

+ 𝛽0)

− 2(∑(𝑘 + 1)𝛽2𝑘+1

𝑚

𝑘=0

− (𝑚 + 1)𝛽2𝑚+1)

− (∑(𝑘 + 1)𝛽2𝑘

𝑚

𝑘=0

− (𝑛 + 1)𝛽2𝑚) 

(4.16) 

Making the use of the recurrence relation 

𝛽𝑚+2 = 𝛽𝑚+4 − 2𝛽𝑚+1 − 𝛽𝑚 

On taking odd values of 𝑚, it yields 

 

(∑𝑘𝛽2𝑘+1

𝑚

𝑘=0

) = (∑(𝑘 − 1)𝛽2𝑘+1

𝑚

𝑘=0

+ 𝛽1 +𝑚𝛽2𝑚+3) − 2(∑𝑘𝛽2𝑘

𝑚

𝑘=0

)

− (∑(𝑘 + 1)𝛽2𝑘+1

𝑚

𝑘=0

− (𝑚 + 1)𝛽2𝑚+1)  
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(4.17) 

On solving (4.16) and (4.17), proof of (b) follows. 

Theorem 4.2.4 For 𝓶 ≥ 𝟎, we have: 

(a)  

∑𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3 + 2∑𝛽𝓋

𝓂

𝑘=0

𝛽𝓋+2 = 𝛽𝓂+3𝛽𝓂+4 − 2𝛽𝓂+1𝛽𝓂+3 

(b)  

∑𝛽𝓋
2

𝓂

𝓋=0

 − ∑ 𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3

= −1 + 𝛽𝓂+1𝛽𝓂+4 + 𝛽𝓂+1𝛽𝓂+2 − 𝛽𝓂+1𝛽𝓂+3 − 𝛽𝓂+2𝛽𝓂+4

− 𝛽𝓂+1
2 + 𝛽𝓂+2

2  

(c)  

−2∑𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3

= 𝛽𝓂+4
2 + 𝛽𝓂+3

2 + 3𝛽𝓂+2
2 + 𝛽𝓂+1

2 − 𝛽𝓂+1𝛽𝓂+3

− 3𝛽𝓂+2𝛽𝓂+4 − 𝛽𝓂+1𝛽𝓂+4 + 3𝛽𝓂+1𝛽𝓂+2 − 𝛽𝓂+3𝛽𝓂+4 − 4 

Proof: 

(a) Now, using the relation 

𝛽𝓂𝛽𝓂+3 = 𝛽𝓂+4𝛽𝓂+3 − 𝛽𝓂+2𝛽𝓂+3 − 2𝛽𝓂+1𝛽𝓂+3 

We have  

𝛽0𝛽3 = 𝛽4𝛽3 − 𝛽2𝛽3 − 2𝛽1𝛽3 

𝛽1𝛽4 = 𝛽5𝛽4 − 𝛽3𝛽4 − 2𝛽2𝛽4 

⋮ 

𝛽𝓂𝛽𝓂+3 = 𝛽𝓂+4𝛽𝓂+3 − 𝛽𝓂+2𝛽𝓂+3 − 2𝛽𝓂+1𝛽𝓂+3 
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Thus, from the above system of equations, we obtain  

∑𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3 + 2∑ 𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+2 = 𝛽𝓂+3𝛽𝓂+4 − 2𝛽𝓂+1𝛽𝓂+3 

(4.18) 

(b) Using the relation 

𝛽𝓂
2 = 𝛽𝓂+4

2 + 𝛽𝓂+2
2 + 4𝛽𝓂+1

2 − 2𝛽𝓂+2𝛽𝓂+4 − 4𝛽𝓂+1𝛽𝓂+4 + 4𝛽𝓂+1𝛽𝓂+2 

We have 

−5∑ 𝛽𝓋
2

𝓂

𝓋=0

+ 2∑ 𝛽𝓋𝛽𝓋+2

𝓂

𝓋=0

+ 4∑ 𝛽𝓋𝛽𝓋+3

𝓂

𝓋=0

− 4∑ 𝛽𝓋𝛽𝓋+1

𝓂

𝓋=0

= 𝛽𝓂+4
2 + 𝛽𝓂+3

2 + 2𝛽𝓂+2
2 + 6𝛽𝓂+1

2 − 7 − 2𝛽𝓂+1𝛽𝓂+3 − 2𝛽𝓂+2𝛽𝓂+4

− 4𝛽𝓂+1𝛽𝓂+4 + 4𝛽𝓂+1𝛽𝓂+2 

(4.19) 

Now, using the relation 

𝛽𝓂𝛽𝓂+1 = 𝛽𝓂+1𝛽𝓂+4 − 𝛽𝓂+1𝛽𝓂+2 − 2𝛽𝓂+1
2  

We have  

2∑ 𝛽𝓋𝛽𝓋+1

𝓂

𝓋=0

−∑ 𝛽𝓋𝛽𝓋+3

𝓂

𝓋=0

+ 2∑ 𝛽𝓋
2

𝓂

𝓋=0

= 2 + 𝛽𝓂+1𝛽𝓂+4 − 𝛽𝓂+1𝛽𝓂+2 − 2𝛽𝓂+1
2  

(4.20) 

Now, using the relation 

𝛽𝓂𝛽𝓂+2 = 𝛽𝓂+4𝛽𝓂+2 − 𝛽𝓂+2
2 − 2𝛽𝓂+1𝛽𝓂+2 

We have  
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∑𝛽𝓋
2

𝓂

𝓋=0

− 2∑ 𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+1

= 3 + 𝛽𝓂+1𝛽𝓂+3 + 𝛽𝓂+2𝛽𝓂+4 − 𝛽𝓂+1
2 − 𝛽𝓂+2

2 − 2𝛽𝓂+1𝛽𝓂+2 

(4.21) 

Solving (4.20) and (4.21), we get 

∑𝛽𝓋
2

𝓂

𝓋=0

−∑𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3

= −1 + 𝛽𝓂+1𝛽𝓂+4 + 𝛽𝓂+1𝛽𝓂+2 − 𝛽𝓂+1𝛽𝓂+3

− 𝛽𝓂+2𝛽𝓂+4 − 𝛽𝓂+1
2 + 𝛽𝓂+2

2  

(4.22) 

(c) Solving (4.19) and (4.20), we get 

−∑ 𝛽𝓋
2

𝓂

𝓋=0

+ 2∑ 𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+2 + 2∑ 𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3

= 𝛽𝓂+4
2 + 𝛽𝓂+3

2 + 2𝛽𝓂+2
2 + 2𝛽𝓂+1

2 − 2𝛽𝓂+1𝛽𝓂+3 − 2𝛽𝓂+2𝛽𝓂+4

− 2𝛽𝓂+1𝛽𝓂+4 + 2𝛽𝓂+1𝛽𝓂+2 − 3 

(4.23) 

Solving (4.18) and (4.23), we get 

−∑ 𝛽𝓋
2

𝓂

𝓋=0

+∑ 𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3

= 𝛽𝓂+4
2 + 𝛽𝓂+3

2 + 2𝛽𝓂+2
2 + 2𝛽𝓂+1

2 − 2𝛽𝓂+2𝛽𝓂+4 − 2𝛽𝓂+1𝛽𝓂+4

+ 2𝛽𝓂+1𝛽𝓂+2 − 3 − 𝛽𝓂+3𝛽𝓂+4 

(4.24) 

Solving (4.22) and (4.23), we get 
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2∑ 𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+2 −∑ 𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3

= 𝛽𝓂+4
2 + 𝛽𝓂+3

2 + 3𝛽𝓂+2
2 + 𝛽𝓂+1

2 − 3𝛽𝓂+1𝛽𝓂+3 − 3𝛽𝓂+2𝛽𝓂+4

− 𝛽𝓂+1𝛽𝓂+4 + 3𝛽𝓂+1𝛽𝓂+2 − 4 

(4.25) 

On solving (4.18) and (4.25), we get 

−2∑ 𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3 = 𝛽𝓂+4
2 + 𝛽𝓂+3

2 + 3𝛽𝓂+2
2 + 𝛽𝓂+1

2 − 𝛽𝓂+1𝛽𝓂+3 − 3𝛽𝓂+2𝛽𝓂+4

− 𝛽𝓂+1𝛽𝓂+4 + 3𝛽𝓂+1𝛽𝓂+2 − 𝛽𝓂+3𝛽𝓂+4 − 4 = 0 
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Chapter 5 

Infinite Sum of Reciprocals of Generalized Fibonacci and 

Lucas Polynomials  

5.1  Introduction 

This chapter is based upon the Generalized Fibonacci polynomials (1.7) defined as 

𝐹𝓀,𝑞,𝑛+1(ℊ) = 𝓀(ℊ)𝐹𝓀,𝑞,𝑛(ℊ) + 𝑞(ℊ)𝐹𝓀,𝑞,𝑛−1(ℊ); 𝑛 ≥ 1,                                                            

with 𝐹𝓀,𝑞,0(ℊ) = 0, 𝐹𝓀,𝑞,1(ℊ) = 1, and the Generalized Lucas polynomials (1.12) 

defined as 

𝐿𝓀,𝑞,𝑛+1(ℊ) = 𝓀(ℊ)𝐿𝓀,𝑞,𝑛(ℊ) + 𝑞(ℊ)𝐿𝓀,𝑞,𝑛−1(ℊ); 𝑛 ≥ 1,                                                           

with initial conditions 𝐿𝓀,𝑞,0(ℊ) = 2, 𝐿𝓀,𝑞,1(ℊ) = 𝓀(ℊ), where 𝓀(ℊ) and 𝑞(ℊ) are 

polynomials having real coefficients. Here, we consider that 𝑞(ℊ) = 1 or in other 

words, we study the sequences of polynomials 𝐹𝓀,1,𝑛(ℊ) and 𝐿𝓀,1,𝑛(ℊ). We notate these 

polynomials sequences by 𝐹𝓀,𝑛(ℊ) and 𝐿𝓀,𝑛(ℊ) respectively. Further, 𝓀(ℊ) is a 

polynomial having positive coefficients, so having no real roots. In this chapter, we 

mainly calculate the infinite the reciprocals sum of Generalized Fibonacci and Lucas 

polynomials defined by  

𝐹𝓀,𝑛+1(ℊ) = 𝓀(ℊ)𝐹𝓀,𝑛(ℊ) + 𝐹𝓀,𝑛−1(ℊ), for 𝑛 ≥ 1, with 𝐹𝓀,0(ℊ) = 0, 𝐹𝓀,1(ℊ) = 1,          

(5.1) 

and 

𝐿𝓀,𝑛+1(ℊ) = 𝓀(ℊ)𝐿𝑘,𝑛(ℊ) + 𝐿𝓀,𝑛−1(ℊ), for 𝑛 ≥ 1, with 𝐿𝓀,0(ℊ) = 2, 𝐿𝓀,1(ℊ) =

𝓀(ℊ), 

  (5.2) 
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having even indices along with their squares generalizing the respective results of 

Fibonacci and Lucas polynomials. 

 5.2 Results on Reciprocal Sum of Generalized Fibonacci and Lucas 

Polynomials 

Lemma 5.2.1 For 𝒏 ≥ 𝟎, we have 

(a)  

𝑭𝓴,𝒏(𝓰) =
𝜶𝟏
𝒏 − 𝜶𝟐

𝒏

𝜶𝟏 − 𝜶𝟐
 

             (5.3) 

(b)  

𝑳𝓴,𝒏(𝓰) = 𝜶𝟏
𝒏 + 𝜶𝟐

𝒏 

          (5.4) 

with 𝜶𝟏 =
𝓴(𝓰)+√𝓴𝟐(𝓰)+𝟒

𝟐
, 𝐚𝐧𝐝 𝜶𝟐 =

𝓴(𝓰)−√𝓴𝟐(𝓰)+𝟒

𝟐
. 

Proof:  

(a) Cleary, the result holds for 𝑛 = 1. 

By induction hypothesis, we have 

𝛼1
𝑛+1 − 𝛼2

𝑛+1

𝛼1 − 𝛼2
=
(𝛼1 + 𝛼2)(𝛼1

𝑛 − 𝛼2
𝑛) − 𝛼1𝛼2(𝛼1

𝑛−1 − 𝛼2
𝑛−1)

𝛼1 − 𝛼2
 

= 𝓀(ℊ)𝐹𝓀,𝑛(ℊ) + 𝐹𝓀,𝑛−1(ℊ) = 𝐹𝓀,𝑛+1(ℊ) 

(b) Cleary, the result is true for 𝑛 = 1. 

Further, 

𝛼1
𝑛+1 + 𝛼2

𝑛+1 = (𝛼1 + 𝛼2)(𝛼1
𝑛 + 𝛼2

𝑛) − 𝛼1𝛼2(𝛼1
𝑛−1 + 𝛼2

𝑛−1) 

= 𝓀(ℊ)𝐿𝓀,𝑛(ℊ) + 𝐿𝓀,𝑛−1(ℊ) = 𝐿𝓀,𝑛+1(ℊ) 

Lemma 5.2.2 The following results hold: 
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(a)  

𝐹𝓀,𝑚(ℊ)𝐹𝓀,𝑛(ℊ) =  

{
 

 
1

𝓀2(ℊ) + 4
(𝐿𝓀,𝑚+𝑛(ℊ) − (−1)

𝑛𝐿𝓀,𝑚−𝑛(ℊ)) , if 𝑚 ≥ 𝑛

1

𝓀2(ℊ) + 4
(𝐿𝓀,𝑚+𝑛(ℊ) − (−1)

𝑚𝐿𝓀,𝑛−𝑚(ℊ)) , if 𝑛 ≥ 𝑚

 

(5.5) 

(b)  

𝐿𝓀,𝑚(ℊ)𝐿𝓀,𝑛(ℊ) =  {
𝐿𝓀,𝑚+𝑛(ℊ) + (−1)

𝑛𝐿𝓀,𝑚−𝑛(ℊ), if 𝑚 ≥ 𝑛

𝐿𝓀,𝑚+𝑛(ℊ) + (−1)
𝑚𝐿𝓀,𝑛−𝑚(ℊ), if 𝑛 ≥ 𝑚

 

                                                                                                                                                             

(5.6)  

 

(c)  

𝐹𝓀,𝑚(ℊ)𝐿𝓀,𝑛(ℊ) = {
𝐹𝓀,𝑚+𝑛(ℊ) + (−1)

𝑛𝐹𝓀,𝑚−𝑛(ℊ), if 𝑚 ≥ 𝑛

𝐹𝓀,𝑚+𝑛(ℊ) − (−1)
𝑚𝐹𝓀,𝑛−𝑚(ℊ), if 𝑛 ≥ 𝑚

 

(5.7)                                                    

 

(d)  

𝐿𝓀,𝑛(ℊ) =  𝐹𝓀,𝑛+1(ℊ) + 𝐹𝓀,𝑛−1(ℊ), 

  (5.8) 

with positive integers ℊ,𝑚 and 𝑛. 

Proof:  

(a) Now, using (5.3) and (5.4), we get 

𝐹𝑘,𝑚(ℊ)𝐹𝑘,𝑛(ℊ) =
𝛼1
𝑚+𝑛 + 𝛼2

𝑚+𝑛 − 𝛼1
𝑛𝛼2

𝑚 − 𝛼1
𝑚𝛼2

𝑛

𝓀2(ℊ) + 4
 

For 𝑛 ≥ 𝑚,  

𝐹𝓀,𝑚(ℊ)𝐹𝓀,𝑛(ℊ) =
𝛼1
𝑚+𝑛 + 𝛼2

𝑚+𝑛 − 𝛼1
𝑚(𝛼2

𝑛−𝑚 + 𝛼1
𝑛−𝑚)

𝓀2(ℊ) + 4
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=
1

𝓀2(ℊ) + 4
(𝐿𝓀,𝑚+𝑛(ℊ) − (−1)

𝑚𝐿𝓀,𝑛−𝑚(ℊ)) 

If 𝑚 ≥ 𝑛, then 

𝐹𝓀,𝑚(ℊ)𝐹𝓀,𝑛(ℊ) =
𝛼1
𝑚+𝑛 + 𝛼2

𝑚+𝑛 − 𝛼1
𝑛(𝛼2

𝑚−𝑛 + 𝛼1
𝑚−𝑛)

𝓀2(ℊ) + 4
 

=
1

𝓀2(ℊ) + 4
(𝐿𝓀,𝑚+𝑛(ℊ) − (−1)

𝑛𝐿𝓀,𝑚−𝑛(ℊ)) 

(b)  

Using the same procedure, we can prove our desired result.  

(c)  

Using (5.3) and (5.4), we have  

𝐹𝓀,𝑚(ℊ)𝐿𝓀,𝑛(ℊ) = (
𝛼1
𝑚 − 𝛼2

𝑚

𝛼1 − 𝛼2
) (𝛼1

𝑛 + 𝛼2
𝑛)

=
1

𝛼1 − 𝛼2
(𝛼1

𝑚+𝑛 − 𝛼2
𝑚+𝑛 + 𝛼1

𝑚𝛼2
𝑛 − 𝛼1

𝑛𝛼2
𝑚) 

If 𝑚 ≥ 𝑛, then 

𝐹𝓀,𝑚(ℊ)𝐿𝓀,𝑛(ℊ) =
1

𝛼1 − 𝛼2
(𝛼1

𝑚+𝑛 − 𝛼2
𝑚+𝑛 + 𝛼1

𝑛𝛼2
𝑛(𝛼1

𝑚−𝑛 − 𝛼2
𝑚−𝑛)) 

= 𝐹𝓀,𝑚+𝑛(ℊ) + (−1)
𝑛𝐹𝓀,𝑚−𝑛(ℊ) 

 If 𝑛 ≥ 𝑚, then 

𝐹𝓀,𝑚(ℊ)𝐿𝓀,𝑛(ℊ) =
1

𝛼1 − 𝛼2
(𝛼1

𝑚+𝑛 − 𝛼2
𝑚+𝑛 − 𝛼1

𝑚𝛼2
𝑚(𝛼1

𝑛−𝑚 − 𝛼2
𝑛−𝑚)) 

= 𝐹𝓀,𝑚+𝑛(ℊ) − (−1)
𝑚𝐹𝓀,𝑛−𝑚(ℊ) 

(d) By approaching same methodology, we can accomplish the goal. 

After this, we move to the results on reciprocals sum of Generalized Fibonacci and 

Lucas polynomials. 
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Theorem 5.2.3 The following results hold for any positive integers 𝓰, 𝒏 and even 

integer 𝒍 ≥ 𝟐: 

   

(a)  

⌊(∑
1

𝐹𝓀,𝑙𝑟(ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐹𝓀,𝑙𝑛(ℊ) − 𝐹𝓀,𝑙𝑛−𝑙(ℊ) − 1                       (𝑛 ≥ 1) 

(b)  

⌊(∑
1

𝐿𝓀,𝑙𝑟(ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐿𝓀,𝑙𝑛(ℊ) − 𝐿𝓀,𝑙𝑛−𝑙(ℊ)                                  (𝑛 ≥ 1) 

(c)  

⌊(∑
1

𝐹𝓀,𝑙𝑟
2 (ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐹𝓀,𝑙𝑛
2 (ℊ) − 𝐹𝓀,𝑙𝑛−𝑙

2 (ℊ) − 1                          (𝑛 ≥ 1) 

(d)  

⌊(∑
1

𝐿𝓀,𝑙𝑟
2 (ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐿𝓀,𝑙𝑛
2 (ℊ) − 𝐿𝓀,𝑙𝑛−𝑙

2 (ℊ) + 1                          (𝑛 ≥ 2) 

 

Proof: 

(a) Using the identity (5.5), we have 

1

𝐹𝓀,𝑙𝑟(ℊ)
−

1

𝐹𝓀,𝑙𝑟(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙(ℊ)
+

1

𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 𝐹𝓀,𝑙𝑟(ℊ)
 

=
𝐹𝓀,𝑙𝑟
2 (ℊ) − 𝐹𝓀,𝑙𝑟+𝑙(ℊ)𝐹𝓀,𝑙𝑟−𝑙(ℊ)

𝐹𝓀,𝑙𝑟(ℊ) (𝐹𝓀,𝑙𝑟(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙(ℊ)) (𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 𝐹𝓀,𝑙𝑟(ℊ))
 

=
(𝐿𝓀,2𝑙(ℊ) − 2)

𝐹𝓀,𝑙𝑟(ℊ) (𝐹𝓀,𝑙𝑟(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙(ℊ)) (𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 𝐹𝓀,𝑙𝑟(ℊ)) (𝓀2(ℊ) + 4) 
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       (5.9) 

Since, 𝐹𝓀,𝑛(ℊ) is a monotonic increasing sequence for positive integers ℊ and, 𝑛 

therefore 

(𝐹𝓀,𝑙𝑟(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙(ℊ)) > 0 , and (𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 𝐹𝓀,𝑙𝑟(ℊ)) > 0 

Also,  

(𝐿𝓀,2𝑙(ℊ) − 2) > 0 

Thus,  

1

𝐹𝓀,𝑙𝑟(ℊ)
>

1

𝐹𝓀,𝑙𝑟(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙(ℊ)
−

1

𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 𝐹𝓀,𝑙𝑟(ℊ)
                 

(5.10) 

Thus, we have 

∑
1

𝐹𝓀,𝑙𝑟(ℊ)

∞

𝑟=𝑛

>∑(
1

𝐹𝓀,𝑙𝑟(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙(ℊ)
−

1

𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 𝐹𝓀,𝑙𝑟(ℊ)
)

∞

𝑟=𝑛

 

=
1

𝐹𝓀,𝑙𝑛(ℊ) − 𝐹𝓀,𝑙𝑛−𝑙(ℊ)
 

(5.11) 

Next, we prove that  

1

𝐹𝓀,𝑙𝑟(ℊ)
<

1

𝐹𝓀,𝑙𝑟(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙(ℊ) − 1
−

1

𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 𝐹𝓀,𝑙𝑟(ℊ) − 1
 

(5.12) 

This will be true iff 

𝐹𝓀,𝑙𝑟+𝑙(ℊ)𝐹𝓀,𝑙𝑟−𝑙(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙(ℊ) + 𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 1 > 𝐹𝓀,𝑙𝑟
2 (ℊ) 

Using identity (5.5) and (5.7), the above inequality becomes true iff 
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(𝐹𝓀,𝑙𝑟+𝑙+2(ℊ) −  𝐿𝓀,2𝑙(ℊ)) + (𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙+2(ℊ))

+ (𝐹𝓀,𝑙𝑟+𝑙−2(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙−2(ℊ) −  𝐿𝓀,2(ℊ))

+ (𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 2𝐹𝓀,𝑙𝑟−𝑙(ℊ)) > 0    

  (5.13) 

Moreover, 

𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙+2(ℊ) > 0,  

and             

  (𝐹𝓀,𝑙𝑟+𝑙−2(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙−2(ℊ) −  𝐿𝓀,2(ℊ)) > 0, (𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 2𝐹𝓀,𝑙𝑟−𝑙(ℊ)) > 0 

for any positive integers ℊ,𝓀 and even integer 𝑙 ≥ 2. 

Further,  

𝐹𝓀,𝑙𝑟+𝑙+2(ℊ) −  𝐿𝓀,2𝑙(ℊ) >  𝐹𝓀,2𝑙+2(ℊ) −  𝐿𝓀,2𝑙(ℊ)

= 𝓀(ℊ) 𝐹𝓀,2𝑙+1(ℊ) + 𝐹𝓀,2𝑙(ℊ) −  𝐹𝓀,2𝑙+1(ℊ) −  𝐹𝓀,2𝑙−1(ℊ) > 0 

Hence, inequality (5.12) holds for any positive integers ℊ,𝓀 and even integer 𝑙 ≥ 2.  

From (5.12), we get 

∑
1

𝐹𝓀,𝑙𝑟(ℊ)

∞

𝑟=𝑛

<∑(
1

𝐹𝓀,𝑙𝑟(ℊ) − 𝐹𝓀,𝑙𝑟−𝑙(ℊ) − 1
−

1

𝐹𝓀,𝑙𝑟+𝑙(ℊ) − 𝐹𝓀,𝑙𝑟(ℊ) − 1
)

∞

𝑟=𝑛

=
1

𝐹𝓀,𝑙𝑛(ℊ) − 𝐹𝓀,𝑙𝑛−𝑙(ℊ) − 1
 

(5.14) 

On solving (5.13) and (5.14), we get 

⌊(∑
1

𝐹𝓀,𝑙𝑟(ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐹𝓀,𝑙𝑛(ℊ) − 𝐹𝓀,𝑙𝑛−𝑙(ℊ) − 1    

(b) Using the identity (5.6), consider 
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1

𝐿𝓀,𝑙𝑟(ℊ)
−

1

𝐿𝓀,𝑙𝑟(ℊ) − 𝐿𝓀,𝑙𝑟−𝑙(ℊ)
+

1

𝐿𝓀,𝑙𝑟+𝑙(ℊ) − 𝐿𝓀,𝑙𝑟(ℊ)
 

=
(2 − 𝐿𝓀,2𝑙(ℊ))

𝐿𝓀,𝑙𝑟(ℊ) (𝐿𝓀,𝑙𝑟+𝑙(ℊ) − 𝐿𝓀,𝑙𝑟(ℊ)) (𝐿𝓀,𝑙𝑟(ℊ) − 𝐿𝓀,𝑙𝑟−𝑙(ℊ))
 

       (5.15) 

For ℊ, 𝑛 > 0, 𝐿𝓀,𝑛(ℊ) is a monotonically increasing sequence, therefore, 

(𝐿𝓀,𝑙𝑟(ℊ) − 𝐿𝓀,𝑙𝑟−𝑙(ℊ)) > 0, and (𝐿𝓀,𝑙𝑟+𝑙(ℊ) − 𝐿𝓀,𝑙𝑟(ℊ)) > 0 

for even 𝑙 ≥ 2. 

Further, 

(𝐿𝓀,2𝑙(ℊ) − 2) > 0 

Thus, we have  

1

𝐿𝓀,𝑙𝑟(ℊ)
<

1

𝐿𝓀,𝑙𝑟(ℊ) − 𝐿𝓀,𝑙𝑟−𝑙(ℊ)
−

1

𝐿𝓀,𝑙𝑟+𝑙(ℊ) − 𝐿𝓀,𝑙𝑟(ℊ)
  

(5.16) 

Using repeatedly (5.16), we have 

∑
1

𝐿𝓀,𝑙𝑟(ℊ)

∞

𝑟=𝑛

<
1

𝐿𝓀,𝑙𝑛(ℊ) − 𝐿𝓀,𝑙𝑛−𝑙(ℊ)
 

(5.17) 

Next, we prove that  

1

𝐿𝓀,𝑙𝑟(ℊ)
>

1

𝐿𝓀,𝑙𝑟(ℊ) − 𝐿𝓀,𝑙𝑟−𝑙(ℊ) + 1
−

1

𝐿𝓀,𝑙𝑟+𝑙(ℊ) − 𝐿𝓀,𝑙𝑟(ℊ) + 1
 

(5.18) 

By inequality (5.18), we obtain  

𝐿𝓀,𝑙𝑟+𝑙(ℊ)𝐿𝓀,𝑙𝑟−𝑙(ℊ) + 𝐿𝓀,𝑙𝑟−𝑙(ℊ) − 𝐿𝓀,𝑙𝑟+𝑙(ℊ) − 1 < 𝐿𝓀,𝑙𝑟
2 (ℊ) 
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Using identity (5.6), the above inequality becomes 

𝐿𝓀,𝑙𝑟+𝑙(ℊ) −  𝐿𝓀,𝑙𝑟−𝑙(ℊ) −  𝐿𝓀,2𝑙(ℊ) + 3 > 0, 

which is true for ℊ,𝓀 > 0, and even 𝑙 ≥ 2 as 𝐿𝓀,𝑛(ℊ) is a monotonic increasing 

sequence.  

Hence, inequality (5.18) holds for any positive integers ℊ,𝓀 and even 𝑙 ≥ 2.  

By (5.18), we have  

∑
1

𝐿𝓀,𝑙𝑟(ℊ)

∞

𝑟=𝑛

>∑(
1

𝐿𝓀,𝑙𝑟(ℊ) − 𝐿𝓀,𝑙𝑟−𝑙(ℊ) − 1
−

1

𝐿𝓀,𝑙𝑟+𝑙(ℊ) − 𝐿𝓀,𝑙𝑟(ℊ) − 1
  )

∞

𝑟=𝑛

=
1

𝐿𝓀,𝑙𝑛(ℊ) − 𝐿𝓀,𝑙𝑛−𝑙(ℊ) − 1
 

(5.19) 

From (5.18) and (5.19),  

⌊(∑
1

𝐿𝓀,𝑙𝑟(ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐿𝓀,𝑙𝑛(ℊ) − 𝐿𝓀,𝑙𝑛−𝑙(ℊ) 

(c) Now, 

1

𝐹𝓀,𝑙𝑟
2 (ℊ)

−
1

𝐹𝓀,𝑙𝑟
2 (ℊ) − 𝐹𝓀,𝑙𝑟−𝑙

2 (ℊ)
+

1

𝐹𝓀,𝑙𝑟+𝑙
2 (ℊ) − 𝐹𝓀,𝑙𝑟

2 (ℊ)
 

=
(𝐿𝑘,2𝑙(ℊ) − 2) (𝐹𝓀,𝑙𝑟

2 (ℊ) + 𝐹𝓀,𝑙𝑟+𝑙(ℊ)𝐹𝓀,𝑙𝑟−𝑙(ℊ))

𝐹𝓀,𝑙𝑟
2 (ℊ) (𝐹𝓀,𝑙𝑟

2 (ℊ) − 𝐹𝓀,𝑙𝑟−𝑙
2 (ℊ)) (𝐹𝓀,𝑙𝑟+𝑙

2 (ℊ) − 𝐹𝓀,𝑙𝑟
2 (ℊ)) (𝓀2(ℊ) + 4)

          

(5.20) 

Further, 𝐹𝓀,𝑛(ℊ) is a monotonic increasing sequence ℊ, 𝑛 > 0, therefore 

(𝐹𝓀,𝑙𝑟
2 (ℊ) − 𝐹𝓀,𝑙𝑟−𝑙

2 (ℊ)) > 0, and ( 𝐹𝓀,𝑙𝑟+𝑙
2 (ℊ) − 𝐹𝓀,𝑙𝑟

2 (ℊ)) > 0,  

with even 𝑙 ≥ 2. 

Moreover,  
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(𝐿𝓀,2𝑙(ℊ) − 2) > 0 , 

that makes the numerator of (5.20) to be positive. Therefore, (5.20) becomes 

1

𝐹𝓀,𝑙𝑟
2 (ℊ)

>
1

𝐹𝓀,𝑙𝑟
2 (ℊ) − 𝐹𝓀,𝑙𝑟−𝑙

2 (ℊ)
−

1

𝐹𝓀,𝑙𝑟+𝑙
2 (ℊ) − 𝐹𝓀,𝑙𝑟

2 (ℊ)
  

(5.21) 

Using repeatedly (5.21), we get 

∑
1

𝐹𝓀,𝑙𝑟
2 (ℊ)

∞

𝑟=𝑛

>
1

𝐹𝓀,𝑙𝑛
2 (ℊ) − 𝐹𝓀,𝑙𝑛−𝑙

2 (ℊ)
 

(5.22) 

Next, we show that 

1

𝐹𝓀,𝑙𝑟
2 (ℊ)

<
1

𝐹𝓀,𝑙𝑟
2 (ℊ) − 𝐹𝓀,𝑙𝑟−𝑙

2 (ℊ) − 1
−

1

𝐹𝓀,𝑙𝑟+𝑙
2 (ℊ) − 𝐹𝓀,𝑙𝑟

2 (ℊ) − 1
 

(5.23) 

Inequality (5.23) is equivalent to 

−𝐹𝓀,𝑙𝑟
4 (ℊ) + 𝐹𝓀,𝑙𝑟+𝑙

2 (ℊ)𝐹𝓀,𝑙𝑟−𝑙
2 (ℊ) + 𝐹𝓀,𝑙𝑟+𝑙

2 (ℊ) − 𝐹𝓀,𝑙𝑟−𝑙
2 (ℊ) − 1 > 0 

Using (5.5) and (5.6), we have 

(𝓀2(ℊ) + 2) 𝐿𝓀,2𝑙𝑟+2𝑙(ℊ) + 4 𝐿𝓀,2𝑙𝑟(ℊ) − (𝓀
2(ℊ) + 6) 𝐿𝓀,2𝑙𝑟−2𝑙(ℊ) − 4 +  𝐿𝓀,4𝑙(ℊ)

−  𝐿𝓀,4(ℊ) − 4 − 4 𝐿𝓀,2(ℊ) > 0 

Since, 𝐿𝓀,𝑛(ℊ) is a monotonic increasing sequence for fixed positive integers ℊ and 𝑛, 

so by induction, we have 

  𝐿𝓀,4𝑙(ℊ) −  𝐿𝓀,4(ℊ) − 4 − 4 𝐿𝓀,2(ℊ) > 0  

Now, consider 

(𝓀2(ℊ) + 2) 𝐿𝓀,2𝑙𝑟+2𝑙(ℊ) + 4 𝐹𝓀,2𝑙𝑟(ℊ) − (𝓀
2(ℊ) + 6) 𝐿𝓀,2𝑙𝑟−2𝑙(ℊ) − 4

> (𝓀2(ℊ) + 6) 𝐿𝓀,2𝑙𝑟(ℊ) − (𝓀
2(ℊ) + 6) 𝐿𝓀,2𝑙𝑟−2𝑙(ℊ) − 4 > 0 

Hence inequality (5.23) holds.  
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Repeating (5.23), we have 

∑
1

𝐹𝓀,𝑙𝑟
2 (ℊ)

∞

𝑟=𝑛

<∑(
1

𝐹𝓀,𝑙𝑟
2 (ℊ) − 𝐹𝓀,𝑙𝑟−𝑙

2 (ℊ) − 1
−

1

𝐹𝓀,𝑙𝑟+𝑙
2 (ℊ) − 𝐹𝓀,𝑙𝑟

2 (ℊ) − 1
)

∞

𝑟=𝑛

 

=
1

𝐹𝓀,𝑙𝑛
2 (ℊ) − 𝐹𝓀,𝑙𝑛−𝑙

2 (ℊ) − 1
 

(5.24) 

From (5.23) and (5.24), we have 

⌊(∑
1

𝐹𝓀,𝑙𝑟
2 (ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐹𝓀,𝑙𝑛
2 (ℊ) − 𝐹𝓀,𝑙𝑛−𝑙

2 (ℊ) − 1   

(d) By approaching in the same manner, we get the results we want. 
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Chapter 6 

Infinite Sum of Reciprocal of Jacobsthal Polynomials  

6.1  Introduction 

In this chapter, we derived the sum of reciprocal of the Jacobsthal polynomials (1.14) 

defined as 

𝐽𝑛+2(𝑥) = 𝐽𝑛+1(𝑥) + 𝑥𝐽𝑛(𝑥), 

with 𝐽0(𝑥) = 0, and 𝐽1(𝑥) = 1, and the Jacobsthal-Lucas polynomial (1.15) described 

by  

𝑗𝑛+2(𝑥) = 𝑗𝑛+1(𝑥) + 𝑥𝑗𝑛(𝑥),                             

with 𝑗0(𝑥) = 2, and 𝑗1(𝑥) = 1, and 𝑛 is a non-negative integer. 

6.2  Sum of Reciprocal of Jacobsthal and Jacobsthal-Lucas 

Polynomials 

To accomplish our main results, we derive some results regarding Jacobsthal and 

Jacobsthal-Lucas polynomials given as below: 

Lemma 6.2.1 For 𝒏 ≥ 𝟎, we have 

(a)  

𝑱𝒏(𝒙) =
𝜶𝒏 −𝜷𝒏

𝜶 − 𝜷
 

  (6.1) 

(b)   

𝒋𝒏(𝒙) = 𝜶𝒏 + 𝜷𝒏                                                                                                                          

                                                                                                                                                           

(6.2) 

where 𝜶 =
𝟏+√𝟏+𝟒𝒙

𝟐
,  and 𝜷 =

𝟏−√𝟏+𝟒𝒙

𝟐
. 

 

Proof: 

(a) We approach the induction methodology to prove our results. 

Evidently, the result holds for 𝑛 = 1. 
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Using induction hypothesis, we get 

𝛼𝑛+1 − 𝛽𝑛+1

𝛼 − 𝛽
=

1

𝛼 − 𝛽
((𝛼𝑛 − 𝛽𝑛) + 𝑥(𝛼𝑛−1 − 𝛽𝑛−1)) 

= 𝐽𝑛(𝑥) + 𝑥𝐽𝑛−1(𝑥) = 𝐽𝑛+1(𝑥) 

(b) The result is evidently valid for 𝑛 = 1. 

Using induction, we get 

𝛼𝑛+1 + 𝛽𝑛+1 = (𝛼𝑛 + 𝛽𝑛)(𝛼 + 𝛽) − 𝛼𝛽(𝛼𝑛−1 + 𝛽𝑛−1) 

= 𝑗𝑛(𝑥) + 𝑥𝑗𝑛−1(𝑥) = 𝑗𝑛+1(𝑥) 

Lemma 6.2.2 For 𝒙,𝒎, 𝒏 > 𝟎, the following results hold: 

(a)  

 𝐽𝑚(𝑥)𝐽𝑛(𝑥) = {

1

1 + 4𝑥
(𝑗𝑚+𝑛(𝑥) − (−𝑥)

𝑛𝑗𝑚−𝑛(𝑥)), if 𝑚 ≥ 𝑛

1

1 + 4𝑥
(𝑗𝑚+𝑛(𝑥) − (−𝑥)

𝑚𝑗𝑛−𝑚(𝑥)), if 𝑛 ≥ 𝑚

 

(6.3) 

 

(b)  

𝑗𝑚(𝑥)𝑗𝑛(𝑥)  = {
 𝑗𝑚+𝑛(𝑥) + (−𝑥)

𝑛𝑗𝑚−𝑛(𝑥), if 𝑚 ≥ 𝑛

 𝑗𝑚+𝑛(𝑥) + (−𝑥)
𝑚𝑗𝑛−𝑚(𝑥), if 𝑛 ≥ 𝑚

 

(6.4) 

 

(c)  

 𝐽𝑚(𝑥)𝑗𝑛(𝑥) =  {
𝐽𝑚+𝑛(𝑥) + (−𝑥)

𝑛𝐽𝑚−𝑛(𝑥), if 𝑚 ≥ 𝑛 

𝐽𝑚+𝑛(𝑥) − (−𝑥)
𝑚𝐽𝑛−𝑚(𝑥), if 𝑛 ≥ 𝑚

 

(6.5) 

(d)  

𝑗𝑛(𝑥)  =  𝐽𝑛+1(𝑥) + 𝑥𝐽𝑛−1(𝑥) 

(6.6) 

 

Proof: 

(a) For any positive integers 𝑥,𝑚 and 𝑛, using (6.1) and (6.2), we get  
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𝐽𝑛(𝑥) =
𝛼𝑛 − 𝛽𝑛

𝛼 − 𝛽
 

and   

𝑗𝑛(𝑥) = 𝛼𝑛 + 𝛽𝑛 

 

Now, 

 𝐽𝑚(𝑥)𝐽𝑛(𝑥) =
𝛼𝑚+𝑛 + 𝛽𝑚+𝑛 − 𝛼𝑛𝛽𝑚 − 𝛼𝑚𝛽𝑛

1 + 4𝑥
 

If 𝑚 ≥ 𝑛, then,  

 𝐽𝑚(𝑥)𝐽𝑛(𝑥) =
𝑗𝑚+𝑛(𝑥) − 𝛼

𝑛𝛽𝑛(𝛽𝑚−𝑛 + 𝛼𝑚−𝑛)

1 + 4𝑥
 

 

=
1

1 + 4𝑥
(𝑗𝑚+𝑛(𝑥) − (−𝑥)

𝑛𝑗𝑚−𝑛(𝑥)) 

If 𝑛 ≥ 𝑚, then, we have 

 𝐽𝑚(𝑥)𝐽𝑛(𝑥) =
𝑗𝑚+𝑛(𝑥) − 𝛼

𝑚𝛽𝑚(𝛽𝑛−𝑚 + 𝛼𝑛−𝑚)

1 + 4𝑥
 

 

=
1

1 + 4𝑥
(𝑗𝑚+𝑛(𝑥) − (−𝑥)

𝑚𝑗𝑛−𝑚(𝑥)) 

(b) Using (6.1) and (6.2), we have  

𝑗𝑚(𝑥)𝑗𝑛(𝑥) = (𝛼
𝑚+𝑛 + 𝛽𝑚+𝑛 + 𝛼𝑛𝛽𝑚 + 𝛼𝑚𝛽𝑛) 

If 𝑚 ≥ 𝑛, then, 

𝑗𝑚(𝑥)𝑗𝑛(𝑥) = (𝛼𝑚+𝑛 + 𝛽𝑚+𝑛) + 𝛼𝑛𝛽𝑛(𝛼𝑚−𝑛 + 𝛽𝑚−𝑛)

= 𝑗𝑚+𝑛(𝑥) + (−𝑥)
𝑛𝑗𝑚−𝑛(𝑥) 

and, if 𝑛 ≥ 𝑚, then, we get 

𝑗𝑚(𝑥)𝑗𝑛(𝑥) = (𝛼
𝑚+𝑛 + 𝛽𝑚+𝑛) + 𝛼𝑚𝛽𝑚(𝛼𝑛−𝑚 + 𝛽𝑛−𝑚) = 𝑗𝑚+𝑛(𝑥) + (−𝑥)

𝑚𝑗𝑛−𝑚 

(c) By following the same procedure, we can achieve our objective 

(d) Consider  

𝐽𝑛+1(𝑥) + 𝑥𝐽𝑛−1(𝑥) =
𝛼𝑛(𝛼 + 𝑥𝛼−1) − 𝛽𝑛(𝛽 + 𝑥𝛽−1)

√1 + 4𝑥
=
(𝛼𝑛 + 𝛽𝑛)(√1 + 4𝑥)

√1 + 4𝑥

= 𝛼𝑛 + 𝛽𝑛 = 𝑗𝑛(𝑥) 
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Now, we represent our main results: 

Theorem 6.2.1 For any positive integers 𝒙, 𝒏 and for positive even number 𝒂, 

following inequalities resulted: 

 

(a)  

∑
1

𝐽𝑎𝑘(𝑥)

∞

𝑘=𝑛

>
1

𝐽𝑎𝑛(𝑥) − 𝐽𝑎𝑛−𝑎(𝑥)
 

(b)  

∑
1

𝑗𝑎𝑘(𝑥)

∞

𝑘=𝑛

<
1

𝑗𝑎𝑛(𝑥) − 𝑗𝑎𝑛−𝑎(𝑥)
 

(c)  

∑
1

𝐽𝑎𝑘
2 (𝑥)

∞

𝑘=𝑛

>
1

𝐽𝑎𝑛2 (𝑥) − 𝐽𝑎𝑛−𝑎2 (𝑥)
 

(d)  

∑
1

𝑗𝑎𝑘
2 (𝑥)

∞

𝑘=𝑛

<
1

𝑗𝑎𝑛2 (𝑥) − 𝑗𝑎𝑛−𝑎2 (𝑥)
 

 

Proof:  

(a) For 𝑥, 𝑘 > 0, and positive even number 𝑎, by using (6.3), consider 

 

1

𝐽𝑎𝑘(𝑥)
−

1

𝐽𝑎𝑘(𝑥) − 𝐽𝑎𝑘−𝑎(𝑥)
+

1

𝐽𝑎𝑘+𝑎(𝑥) − 𝐽𝑎𝑘(𝑥)

=
𝑥𝑎𝑘−𝑎(𝑗2𝑎(𝑥) − 2𝑥

𝑎)

𝐽𝑎𝑘(𝑥)(𝐽𝑎𝑘(𝑥) − 𝐽𝑎𝑘−𝑎(𝑥))(𝐽𝑎𝑘+𝑎(𝑥) − 𝐽𝑎𝑘(𝑥))
   

(6.7) 

 

Further, 𝐽𝑎𝑘(𝑥) is a monotonic increasing sequence for 𝑥, 𝑛 > 0, and for positive even 

number 𝑎, therefore 
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(𝐽𝑎𝑘(𝑥) − 𝐽𝑎𝑘−𝑎(𝑥)) >  0, and (𝐽𝑎𝑘+𝑎(𝑥) − 𝐽𝑎𝑘(𝑥)) >  0 

Also, 

(𝑗2𝑎 (𝑥) − 2𝑥
𝑎) > 0 

that makes numerator of (6.7) to be positive. Therefore, we get 

1

𝐽𝑎𝑘(𝑥)
>

1

𝐽𝑎𝑘(𝑥) − 𝐽𝑎𝑘−𝑎(𝑥)
−

1

𝐽𝑎𝑘+𝑎(𝑥) − 𝐽𝑎𝑘(𝑥)
 

(6.8) 

Thus, we have 

∑
1

𝐽𝑎𝑘(𝑥)

∞

𝑘=𝑛

>
1

𝐽𝑎𝑛(𝑥) − 𝐽𝑎𝑛−𝑎(𝑥)
 

(b)  

 For 𝑥, 𝑘 > 0, and even positive integer 𝑎, using (6.4), consider 

 

1

𝑗𝑎𝑘(𝑥)
−

1

𝑗𝑎𝑘(𝑥) − 𝑗𝑎𝑘−𝑎(𝑥)
+

1

𝑗𝑎𝑘+𝑎(𝑥) − 𝑗𝑎𝑘(𝑥)
 

=
𝑥𝑎𝑘−𝑎(−𝑗2𝑎(𝑥) + 2𝑥

𝑎)

𝑗𝑎𝑘(𝑥)(𝑗𝑎𝑘(𝑥) − 𝑗𝑎𝑘−𝑎(𝑥))(𝑗𝑎𝑘+𝑎(𝑥) − 𝑗𝑎𝑘(𝑥))
 

(6.9) 

 

Further, 𝑗𝑎𝑘(𝑥) is a monotonic increasing sequence for positive integers 𝑥, 𝑛 > 0, and 

for positive even integer 𝑎, therefore 

(𝑗𝑎𝑘(𝑥) − 𝑗𝑎𝑘−𝑎(𝑥)) >  0, and (𝑗𝑎𝑘+𝑎(𝑥) − 𝑗𝑎𝑘(𝑥))   >  0 

Moreover, 

(𝑗2𝑎 (𝑥) − 2𝑥
𝑎) > 0 

that makes the numerator of (6.9) to be negative. Therefore, we get 

 

1

𝑗𝑎𝑘(𝑥)
<

1

𝑗𝑎𝑘(𝑥) − 𝑗𝑎𝑘−𝑎(𝑥)
−

1

𝑗𝑎𝑘+𝑎(𝑥) − 𝑗𝑎𝑘(𝑥)
 

(6.10) 

Thus, we have 
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∑
1

𝑗𝑎𝑘(𝑥)

∞

𝑘=𝑛

<
1

𝑗𝑎𝑛(𝑥) − 𝑗𝑎𝑛−𝑎(𝑥)
 

 

(c)  

Now, consider 

1

𝐽𝑎𝑘
2 (𝑥)

−
1

𝐽𝑎𝑘
2 (𝑥) − 𝐽𝑎𝑘−𝑎

2 (𝑥)
+

1

𝐽𝑎𝑘+𝑎
2 (𝑥) − 𝐽𝑎𝑘

2 (𝑥)
 

=
(𝐽𝑎𝑘−𝑎
2 (𝑥) − 𝐽𝑎𝑘+𝑎(𝑥)𝐽𝑎𝑘−𝑎(𝑥))(𝐽𝑎𝑘−𝑎

2 (𝑥) + 𝐽𝑎𝑘+𝑎(𝑥)𝐽𝑎𝑘−𝑎(𝑥))

𝐽𝑎𝑘
2 (𝑥)(𝐽𝑎𝑘

2 (𝑥) − 𝐽𝑎𝑘−𝑎
2 (𝑥))(𝐽𝑎𝑘+𝑎

2 (𝑥) − 𝐽𝑎𝑘
2 (𝑥))

 

=
𝑥𝑎𝑘−𝑎(𝑗2𝑎(𝑥) − 2𝑥

𝑎)(𝐽𝑎𝑘−𝑎
2 (𝑥) + 𝐽𝑎𝑘+𝑎(𝑥)𝐽𝑎𝑘−𝑎(𝑥))

𝐽𝑎𝑘
2 (𝑥)(𝐽𝑎𝑘

2 (𝑥) − 𝐽𝑎𝑘−𝑎
2 (𝑥))(𝐽𝑎𝑘+𝑎

2 (𝑥) − 𝐽𝑎𝑘
2 (𝑥))(1 + 4𝑥)

 

(6.11) 

Since 𝐽𝑎𝑘(𝑥) is a monotonic increasing sequence for positive integers 𝑥, 𝑛 > 0 and even 

integer 𝑎, hence 

(𝐽𝑎𝑘
2 (𝑥) − 𝐽𝑎𝑘−𝑎

2 (𝑥)) >  0, 

and 

(𝐽𝑎𝑘+𝑎
2 (𝑥) − 𝐽𝑎𝑘

2 (𝑥)) >  0 

 for even 𝑎. Further, 

(𝑗2𝑎(𝑥) − 2𝑥
𝑎) > 0 

that makes the numerator of (6.11) to be positive. Therefore, 

1

𝐽𝑎𝑘
2 (𝑥)

>
1

𝐽𝑎𝑘
2 (𝑥) − 𝐽𝑎𝑘−𝑎

2 (𝑥)
−

1

𝐽𝑎𝑘+𝑎
2 (𝑥) − 𝐽𝑎𝑘

2 (𝑥)
 

(6.12) 

Thus, we have 

∑
1

𝐽𝑎𝑘
2 (𝑥)

∞

𝑘=𝑛

>
1

𝐽𝑎𝑛2 (𝑥) − 𝐽𝑎𝑛−𝑎2 (𝑥)
 

(d) Now, consider 

1

𝑗𝑎𝑘
2 (𝑥)

−
1

𝑗𝑎𝑘
2 (𝑥) − 𝑗𝑎𝑘−𝑎

2 (𝑥)
+

1

𝑗𝑎𝑘+𝑎
2 (𝑥) − 𝑗𝑎𝑘

2 (𝑥)
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=
𝑥𝑎𝑘−𝑎(−𝑗2𝑎(𝑥) + 2𝑥

𝑎)(𝑗𝑎𝑘−𝑎
2 (𝑥) + 𝑗𝑎𝑘+𝑎(𝑥)𝑗𝑎𝑘−𝑎(𝑥))

𝑗𝑎𝑘
2 (𝑥)(𝑗𝑎𝑘

2 (𝑥) − 𝑗𝑎𝑘−𝑎
2 (𝑥))(𝑗𝑎𝑘+𝑎

2 (𝑥) − 𝑗𝑎𝑘
2 (𝑥))

 

(6.13) 

Since 𝑗𝑎𝑘(𝑥) is monotonic increasing sequence for positive integers 𝑥 and 𝑛 and 

positive even integer 𝑎, therefore 

(𝑗𝑎𝑘
2 (𝑥) − 𝑗𝑎𝑘−𝑎

2 (𝑥)) >  0, 

and 

(𝑗𝑎𝑘+𝑎
2 (𝑥) − 𝑗𝑎𝑘

2 (𝑥)) >  0 

 for even 𝑎. Further, 

(𝑗2𝑎(𝑥) − 2𝑥
𝑎) > 0 

that makes the numerator of (6.13) to be negative. Therefore,  

1

𝑗𝑎𝑘
2 (𝑥)

<
1

𝑗𝑎𝑘
2 (𝑥) − 𝑗𝑎𝑘−𝑎

2 (𝑥)
−

1

𝑗𝑎𝑘+𝑎
2 (𝑥) − 𝑗𝑎𝑘

2 (𝑥)
 

(6.14) 

Using repeatedly (6.14), it results 

∑
1

𝑗𝑎𝑘
2 (𝑥)

∞

𝑘=𝑛

<
1

𝑗𝑎𝑛2 (𝑥) − 𝑗𝑎𝑛−𝑎2 (𝑥)
 

 



 

 

 

99 

 

 

Figure 6.1: Graphical Representation of the Jacobsthal Polynomials 

 

 

Figure 6.2: Graphical Representation of the Jacobsthal-Lucas Polynomials 
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Chapter 7 

Trivariate Fibonacci Polynomials  

7.1  Introduction 

In the first section of this chapter, we present a 𝑛 × 𝑛 matrix whose successive 

determinant generates the following sequence of Trivariate Fibonacci polynomials 

(1.22):  

𝐻𝑛(𝑒′,𝑚′, 𝑓′) = 𝑒′𝐻𝑛−1(𝑒
′,𝑚′, 𝑓′) + 𝑚′𝐻𝑛−2(𝑒

′, 𝑚′, 𝑓′) + 𝑓′𝐻𝑛−3(𝑒′,𝑚′, 𝑓′); 𝑛 ≥ 3, 

with 𝐻0(𝑒′,𝑚′, 𝑓′) = 0,𝐻1(𝑒′,𝑚′, 𝑓′) = 1, and 𝐻2(𝑒′,𝑚′, 𝑓′) = 𝑒′, where 𝑒′,𝑚′, 𝑓′ are 

any real numbers. For 𝑒′ = 𝑚′ = 1, and 𝑓′ = 0, it becomes the sequence of the 

Fibonacci numbers. In the second section, we represent Binet's formula for this 

sequence by using matrix methods and the concept of diagonalizability of matrix.  

And in the last section, we address an observation related to 𝑛𝑡ℎ Generalized 

Lucas numbers (1.9) followed by 

𝑗𝑛(𝑥) = 𝑗𝑛−1(𝑥) + 𝑥𝑗𝑛−2(𝑥);  𝑛 ≥ 2, 

where 𝑥 is any positive integer with, 𝑗0(𝑥) = 2, and, 𝑗1(𝑥) = 1. For 𝑥 = 1, it becomes 

the sequence of Lucas numbers.    

7.2  Trivariate Fibonacci Polynomials using Determinants 

 In 2004, Strang [76, 77] presented a family of tridiagonal matrices given by  

𝑀(𝑛) =

(

 
 

3 1 0 … 0
1 3 1 … 0
0 1 3 ⋱ ⋮
⋮ ⋮ ⋱ ⋱ 1
0 0 0 1 3)

 
 

𝑛×𝑛 

, 

whose determinant is a Fibonacci number 𝐹2𝑛+2. Another example of tridiagonal matrix 

is:  
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𝐻(𝑛) =

(

 
 

1 𝑖 0 … 0
𝑖 1 𝑖 … 0
0 𝑖 1 ⋱ ⋮
⋮ ⋮ ⋱ ⋱ 𝑖
0 0 0 𝑖 1)

 
 

𝑛×𝑛 

, 

and its determinant was found to be a Fibonacci number 𝐹𝑛+1.  

Now, we construct a square matrix whose successive determinant generates the 

sequence of Trivariate Fibonacci polynomials. 

Theorem 7.2.1 Let 𝑺𝒏(𝒆′,𝒎′, 𝒇′) denotes a 𝒏 × 𝒏 matrix described by 

(

 
 
 

𝒆′ −𝒎′ 𝒇′ 𝟎 … 𝟎

𝟏 𝒆′ −𝒎′ 𝒇′ … 𝟎

𝟎 𝟏 𝒆′ −𝒎′ ⋱ ⋮
𝟎 𝟎 𝟏 𝒆′ ⋱ 𝒇′

⋮ ⋮ ⋮ ⋱ ⋱ −𝒎′
𝟎 𝟎 𝟎 𝟎 𝟏 𝒆′ )

 
 
 

𝒏×𝒏

 

Then, 𝒅𝒆𝒕(𝑺𝒏(𝒆′,𝒎′, 𝒇′)) = 𝑯𝒏+𝟏(𝒆′,𝒎′, 𝒇′). 

Proof: Induction will be used on 𝑛.  

For 𝑛 = 1, 𝑛 = 2 and, 𝑛 = 3, it can be seen that 

𝑑𝑒𝑡(𝑆1(𝑒
′, 𝑚′, 𝑓′)) = 𝑒′ = 𝐻2(𝑒′,𝑚′, 𝑓′), 

𝑑𝑒𝑡(𝑆2(𝑒
′, 𝑚′, 𝑓′)) = (𝑒′)2 +𝑚′ = 𝐻3(𝑒′,𝑚′, 𝑓′), 

and, 𝑑𝑒𝑡(𝑆3(𝑒′,𝑚′, 𝑓′)) = (𝑒′)3 + 2𝑚′𝑓′ + 𝑓′ = 𝐻4(𝑒
′, 𝑚′, 𝑓′) 

Assume by induction that, 

𝑑𝑒𝑡(𝑆𝑛−1(𝑒
′, 𝑚′, 𝑓′)) = 𝐻𝑛(𝑒′,𝑚′, 𝑓′), 𝑑𝑒𝑡(𝑆𝑛−2(𝑒′,𝑚′, 𝑓′))

= 𝐻𝑛−1(𝑒′,𝑚′, 𝑓′), 𝑑𝑒𝑡(𝑆𝑛−3(𝑒
′, 𝑚′, 𝑓′)) = 𝐻𝑛−2(𝑒′,𝑚′, 𝑓′) 

Then, by using the induction hypothesis, we obtain 

𝑑𝑒𝑡(𝑆𝑛(𝑒
′, 𝑚′, 𝑓′))

= 𝑒′ 𝑑𝑒𝑡(𝑆𝑛−1(𝑒
′, 𝑚′, 𝑓′)) + 𝑚′𝑑𝑒𝑡(𝑆𝑛−2(𝑒

′, 𝑚′, 𝑓′))

+ 𝑓′𝑑𝑒𝑡(𝑆𝑛−3(𝑒
′, 𝑚′, 𝑓′)) = 𝐻𝑛+1(𝑒′,𝑚′, 𝑓′) 
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7.3  Binet’s Formula Using Matrix Method for Trivariate Fibonacci 

Polynomials 

In this section, we derived a formula to determine a general term of the sequence of 

Trivariate Fibonacci polynomials by using matrix methods. 

Let 𝒶,𝒷 and 𝒸 be the characteristic roots of equation  

𝑘3 − 𝑒′𝑘2 −𝑚′𝑘 − 𝑓′ = 0 

To reach our goal, let’s introduce a square matrix 𝐸 of order 3 given as 

𝐸 = (
𝑒′ 𝑚′ 𝑓′
1 0 0
0 1 0

)

3×3

, 

such that 𝑑𝑒𝑡(𝐸) = 𝑓′.  Here, matrix 𝐸 is known as a generating matrix for the sequence 

of Trivariate Fibonacci polynomials. To accomplish our objective, we first describe 

some results obtained for Trivariate Fibonacci polynomials: 

Theorem 7.3.1 For 𝒏 ≥ 𝟏, following identities hold: 

(a)       

                          (
𝑯𝒏+𝟐

𝑯𝒏+𝟏

𝑯𝒏

) = (
𝒆′ 𝒎′ 𝒇′
𝟏 𝟎 𝟎
𝟎 𝟏 𝟎

)(
𝑯𝒏+𝟏

𝑯𝒏

𝑯𝒏−𝟏

)                                               (7.1) 

(b)   

                            (
𝑯𝒏+𝟐

𝑯𝒏+𝟏

𝑯𝒏

) = 𝑬𝒏 (
𝑯𝟐

𝑯𝟏

𝑯𝟎

)                                                                    (7.2) 

Proof:  

(a) By using the recurrence relation for Trivariate Fibonacci polynomials, we have  

(
𝑒′ 𝑚′ 𝑓′
1 0 0
0 1 0

)(
𝐻𝑛+1
𝐻𝑛
𝐻𝑛−1

) = (
𝑒′𝐻𝑛+1 +𝑚′𝐻𝑛 + 𝑓′𝐻𝑛−1

𝐻𝑛+1
𝐻𝑛

) = (
𝐻𝑛+2
𝐻𝑛+1
𝐻𝑛

) 

(b) We approach the induction methodology to prove our result. 
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Evidently, the result holds for 𝑛 = 1. 

Using induction and result (7.1), we have  

(
𝐻𝑛+2
𝐻𝑛+1
𝐻𝑛

) = 𝐸 (
𝐻𝑛+1
𝐻𝑛
𝐻𝑛−1

) = 𝐸𝑛 (
𝐻2
𝐻1
𝐻0

) 

The characteristics equation of generating matrix 𝐸 is  

0 = 𝑑𝑒𝑡(𝐸 − 𝑘𝐼3) = |
𝑒′ − 𝑘 𝑚′ 𝑓′
1 −𝑘 0
0 1 −𝑘

| = 𝑘3 − 𝑒′𝑘2 −𝑚′𝑘 − 𝑓′, 

where 𝑘 is characteristics root of matrix 𝐸. Note that, it is also the characteristics 

equation of the sequence of polynomials (1.22).Therefore, characteristics root of 

matrix 𝐸 are 𝒶,𝒷 and 𝒸.  

Clearly, the characteristics vectors are (
 𝒶2

𝒶
1

) , (
𝒷2

𝒷
1

) and (
𝒸2

𝒸
1

) corresponding to the 

characteristics roots 𝒶,𝒷 and 𝒸 respectively.  

Let 

𝑃 = (
 𝒶2  𝒷2 𝒸2

𝒶 𝒷 𝒸
1 1 1

) 

Then, its inverse is given by  

𝑃−1 =
1

𝑀
(

𝒷 − 𝒸 (𝒷 + 𝒸)(𝒸 − 𝒶) 𝒷𝒸(𝒷 − 𝒸)
𝒸 − 𝒶 (𝒶 + 𝒸)(𝒶 − 𝒸) 𝒶𝒸(𝒸 − 𝒶)
𝒶 − 𝒷 (𝒷 + 𝒶)(𝒶 − 𝒷) 𝒶𝒷(𝒶 − 𝒷)

), 

where 𝑀 = (𝒶 − 𝒷)(𝒷 − 𝒸)(𝒸 − 𝒶). 

Further, consider the following diagonal matrix  

𝐷 = (
𝒶 0 0
0 𝒷 0
0 0 𝒸

) 
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Then, we have  

𝐸 = 𝑃𝐷𝑃−1 

therefore, we get 

𝐸𝑛 = 𝑃𝐷𝑛𝑃−1 

By using the results (7.1) and (7.2), we have 

𝐻𝑛(𝑒′,𝑚′, 𝑓′) =
𝒶𝑛+1

(𝒶 − 𝒷)(𝒶 −  𝒸)
+

𝒷𝑛+1

(𝒷 − 𝒶)(𝒷 −  𝒸)
+

 𝒸𝑛+1

( 𝒸 − 𝒷)(𝒸 − 𝒶)
 , 

which is required Binet’s formula for the sequence of Trivariate Fibonacci polynomials.  

After that, we address an observation related to 𝑛𝑡ℎ Generalized Lucas numbers 

(1.9) followed as 

𝑗𝑛(𝑥) = 𝑗𝑛−1(𝑥) + 𝑥𝑗𝑛−2(𝑥); 𝑛 ≥ 2, 

with 𝑥 is any positive integer with 𝑗0(𝑥) = 2, and 𝑗1(𝑥) = 1.  

7.4  Generalized 𝒏𝒕𝒉  Lucas Numbers 

In [14], author counted those Lucas numbers in modulo 𝑛 with respect to which 𝑛 is a 

Lucas pseudo prime.  

We observed following results related to Generalized 𝑛𝑡ℎ Lucas numbers: 

1) For a prime 𝑝 and a positive integer 𝑥, by using the recurrence relation for 

Generalized  𝑛𝑡ℎ Lucas numbers, we observe that  

𝑗𝑝(𝑥) ≡ 1𝑚𝑜𝑑 (𝑝) 

2) Generalized 𝑛𝑡ℎ  Lucas polynomials are of degree [
𝑛

2
], where [. ] denotes the 

greatest integer. 

3) For even integer 𝑛, highest degree coefficient is 2. 
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Chapter 8 

Solution of a Fractional Differential Equation 

8.1  Introduction 

Here firstly, we deal with originating an operational matrix for fractional derivative of 

Lucas polynomials and Pell-Lucas polynomials. After that, we discus numerous results 

of the sequence obtained by differentiating the Fibonacci polynomials. 

8.2  Fractional Differential Equation 

We solve a fractional differential equation given below: 

                    {
𝐷𝛼𝑦(𝑥) + 𝑦(𝑘)(𝑥) + 𝑦(𝑥) = 𝑓(𝑥)

𝑦(𝑟)(0) = 𝑐𝑟
,                                                 (8.1) 

where 𝑟 = 0, 1, 2, … ,𝑚 − 1;  𝑘 = 0, 1, 2, … ,𝑚;  𝑚 − 1 < 𝛼 ≤ 𝑚. 

The fractional derivative of 𝑦(𝑡) in the Caputo sense is given by [78] and satisfies that:  

For 𝑛 − 1 < 𝛼 < 𝑛, 

𝐷𝛼𝑡𝑘 = {

𝑘!

Γ(𝑘 − 𝛼 + 1)
𝑡𝑘−𝛼, 𝑘 ≥ 𝛼

0,                  𝑘 < 𝛼 

 

(8.2) 

Now, we discuss about some properties of Lucas polynomials (1.10) given as 

𝐿𝓃+2(𝑥) = 𝑥𝐿𝓃+1(𝑥) + 𝐿𝓃(𝑥);  𝓃 ≥ 0, 

with 𝐿0 (𝑥) = 2, 𝐿1(𝑥) = 𝑥, and are generated [79] by the following form 

representation: 

𝐿𝓃(𝑥) = ∑ (
𝓃

𝓃 − 𝓀
) (
𝓃 − 𝓀
𝓀

) 𝑥𝓃−2𝓀

[
𝓃
2
]

𝓀=0

 

     (8.3) 
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And the Pell-Lucas polynomials [80] is: 

𝑄𝔫+1(𝑥) = 2𝑥𝑄𝔫(𝑥) + 𝑄𝔫−1(𝑥), 

where 𝔫 is a natural number with 𝑄0 (𝑥) = 2, 𝑄1(𝑥) = 2𝑥, and represented [80] as: 

𝑄𝔫(𝑥) = ∑ (
𝔫

𝔫 − 𝓀
) (
𝔫 − 𝓀
𝓀

) (2𝑥)𝔫−2𝓀

[
𝔫
2
]

𝓀=0

 

                        (8.4) 

Theorem 8.2.1 The following inversion formula holds: 

(a)  

𝒙𝓷 =

{
 
 
 

 
 
 

∑(−𝟏)𝒊 (
𝓷
𝒊
) 𝑳𝓷−𝟐𝒊(𝒙)

[
𝓷
𝟐
]

𝒊=𝟎

,                                                    𝐢𝐟 𝓷 𝐢𝐬 𝐨𝐝𝐝

∑ (−𝟏)𝒊 (
𝓷
𝒊
) 𝑳𝓷−𝟐𝒊(𝒙) + (−𝟏)

𝓷
𝟐 (
𝓷 − 𝟏
𝓷

𝟐
)𝑳𝟎(𝒙)

[
𝓷−𝟏
𝟐
]

𝒊=𝟎

,           𝐨𝐭𝐡𝐞𝐫𝐰𝐢𝐬𝐞 

 

   (8.5) 

(b)  

(𝟐𝒙)𝖓 =

{
 
 
 

 
 
 
∑(−𝟏)𝓲

[
𝖓
𝟐
]

𝓲=𝟎

(
𝖓
𝓲
) 𝑸𝖓−𝟐𝓲(𝒙),                                                    𝐢𝐟 𝖓 𝐢𝐬 𝐨𝐝𝐝

∑ (−𝟏)𝓲

[
𝖓−𝟏
𝟐
]

𝓲=𝟎

(
𝖓
𝓲
) 𝑸𝒏−𝟐(𝒙) + (−𝟏)

𝖓
𝟐 (
𝖓 − 𝟏
𝖓

𝟐
)𝑸𝟎(𝒙),    𝐢𝐟 𝖓 𝐢𝐬 𝐞𝐯𝐞𝐧 

 

     (8.6) 

Proof: 

(a) 
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Case I: When 𝓷 is odd 

Evidently, the result holds for 𝓃 = 1. 

By induction hypothesis, we get 

𝑥𝓃 =∑(−1)𝑖 (
𝓃
𝑖
) 𝐿𝓃−2𝑖(𝑥)

[
𝓃
2
]

𝑖=0

 

Therefore,  

𝑥𝓃+1 =∑(−1)𝑖 (
𝓃
𝑖
)  𝑥𝐿𝓃−2𝑖(𝑥)

[
𝓃
2
]

𝑖=0

=∑(−1)𝑖 (
𝓃
𝑖
) 𝐿𝓃−2𝑖+1(𝑥)

[
𝓃
2
]

𝑖=0

− ∑ (−1)𝑖−1 (
𝓃
𝑖 − 1

) 𝐿𝓃−2𝑖−1(𝑥)

[
𝓃
2
]+1

𝑖=1

 

 (8.7) 

It is required to show that 

𝑥𝓃+1 =∑(−1)𝑖 (
𝓃 + 1
𝑖

) 𝐿𝓃−2𝑖+1(𝑥)

[
𝓃
2
]

𝑖=0

+ (−1)
𝓃+1
2 (

𝓃
𝓃 + 1

2
) 𝐿0(𝑥) 

To prove this, we have from (8.7), 

𝑥𝓃+1 = 𝐿𝓃+1(𝑥) +∑(−1)𝑖 (
𝓃
𝑖
) 𝐿𝓃−2𝑖+1(𝑥)

[
𝓃
2
]

𝑖=1

−∑(−1)𝑖−1 (
𝓃
𝑖 − 1

) 𝐿𝓃−2𝑖+1(𝑥)

[
𝓃
2
]

𝑖=1

 

− (−1)
𝓃−1
2 (

𝓃
𝓃 − 1

2
) 𝐿0(𝑥) 

          (8.8) 

Now, the coefficient of 𝐿𝓃−2𝑖+1(𝑥) = (
𝓃
𝑖
) + (

𝓃
𝑖 − 1

) = (
𝓃 + 1
𝑖

), therefore equation 

(8.8) becomes 



 

 

 

108 

 

𝑥𝓃+1 =∑(−1)𝑖 (
𝓃 + 1
𝑖

) 𝐿𝓃−2𝑖+1(𝑥)

[
𝓃
2
]

𝑖=0

+ (−1)
𝓃+1
2 (

𝓃
𝓃 + 1

2
) 𝐿0(𝑥) 

Case II: When 𝓷 is even 

By induction hypothesis, we ger 

𝑥𝓃 = ∑ (−1)𝑖

[
𝓃−1
2
]

𝑖=0

(
𝓃
𝑖
) 𝐿𝓃−2𝑖(𝑥) + (−1)

𝓃
2 (
𝓃 − 1
𝓃

2
)𝐿0(𝑥) 

Therefore, 

𝑥𝓃+1 = ∑ (−1)𝑖

[
𝓃−1
2
]

𝑖=0

(
𝓃
𝑖
)  𝑥𝐿𝑛−2𝑖(𝑥) + (−1)

𝓃
2 (
𝓃 − 1
𝓃

2
) 𝑥𝐿0(𝑥)

= ∑ (−1)𝑖

[
𝓃−1
2
]

𝑖=0

(
𝓃
𝑖
) 𝐿𝓃−2𝑖+1(𝑥) − ∑ (−1)𝑖

[
𝓃−1
2
]

𝑖=0

(
𝓃
𝑖
) 𝐿𝓃−2𝑖−1(𝑥)

+ 2(−1)
𝓃
2 (
𝓃 − 1
𝓃

2
) 𝐿1(𝑥) 

Our end goal is to combine these two summations into one. To achieve this, shifting 

the indices of the second summation up by 1, we have  

𝑥𝓃+1 = ∑ (−1)𝑖

[
𝓃−1
2
]

𝑖=0

(
𝓃
𝑖
) 𝐿𝓃−2𝑖+1(𝑥) − ∑ (−1)𝑖

[
𝓃−1
2
]+1

𝑖=1

(
𝓃
𝑖 − 1

) 𝐿𝓃−2𝑖+1(𝑥)

+ 2(−1)
𝓃
2 (
𝓃 − 1
𝓃

2
)𝐿1(𝑥) 

Since 𝓃 is even, therefore above becomes 
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𝑥𝓃+1 = 𝐿𝓃+1(𝑥) + ∑ (−1)𝑖

[
𝓃−1
2
]

𝑖=1

(
𝓃 + 1
𝑖

) 𝐿𝓃−2𝑖+1(𝑥) + (−1)
[
𝓃
2
] (

𝓃

[
𝓃

2
] − 1)𝐿1(𝑥)

+ 2(−1)
𝓃
2 (
𝓃 − 1
𝓃

2
) 𝐿1(𝑥) =∑(−1)𝑖

[
𝓃
2
]

𝑖=0

(
𝓃 + 1
𝑖

) 𝐿𝓃−2𝑖+1(𝑥) 

(b)  

Case I: When 𝔫 is odd. 

Clearly, results hold for 𝔫 = 1.  

By induction hypothesis, we have  

(2𝑥)𝔫 =∑(−1)𝒾

[
𝔫
2
]

𝒾=0

(
𝔫
𝒾
) 𝑄𝔫−2𝒾(𝑥) 

Multiplying both sides by 2x, we get 

(2𝑥)𝔫+1 =∑(−1)𝒾

[
𝔫
2
]

𝒾=0

(
𝔫
𝒾
)  2𝑥𝑄𝔫−2𝒾(𝑥)

=∑(−1)𝒾

[
𝔫
2
]

𝒾=0

(
𝔫
𝒾
) 𝑄𝔫−2𝒾+1(𝑥) −∑(−1)𝒾

[
𝔫
2
]

𝒾=0

(
𝔫
𝒾
) 𝑄𝔫−2𝒾−1(𝑥) 

Our end goal is to combine these two summations into one. To accomplish this, note 

that shifting the indices of the second summation up by 1, we have  

(2𝑥)𝔫+1 =∑(−1)𝒾

[
𝔫
2
]

𝒾=0

(
𝔫
𝒾
) 𝑄𝔫−2𝒾+1(𝑥) − ∑ (−1)𝒾−1

[
𝔫
2
]+1

𝒾=1

(
𝔫

𝒾 − 1
) 𝑄𝔫−2𝒾+1(𝑥) 

        (8.9) 

In order for our hypothesis to be correct, it suffices to show that  
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(2𝑥)𝔫+1 =∑(−1)𝒾

[
𝔫
2
]

𝒾=0

(
𝔫 + 1
𝒾

) 𝑄𝔫−2𝒾+1(𝑥) + (−1)
𝔫+1
2 (

𝔫
𝔫 + 1

2
) 𝑄0(𝑥) 

To prove this, we have from (8.9), 

(2𝑥)𝔫+1 = 𝑄𝔫+1(𝑥) +∑(−1)𝒾

[
𝔫
2
]

𝒾=1

(
𝔫
𝒾
) 𝑄𝔫−2𝒾+1(𝑥) −∑(−1)𝒾−1

[
𝔫
2
]

𝒾=1

(
𝔫

𝒾 − 1
) 𝑄𝔫−2𝒾+1(𝑥)  

− (−1)
𝔫−1
2 (

𝔫
𝔫 − 1

2
) 𝑄0(𝑥) 

           (8.10) 

Now, the coefficient of 𝑄𝔫−2𝒾+1(𝑥) = (
𝔫
𝒾
) + (

𝔫
𝒾 − 1

) = (
𝔫 + 1
𝒾

), therefore equation 

(8.10) becomes 

(2𝑥)𝔫+1 =∑(−1)𝒾

[
𝔫
2
]

𝒾=0

(
𝔫 + 1
𝒾

) 𝑄𝔫−2𝒾+1(𝑥) + (−1)
𝔫+1
2 (

𝔫
𝔫 + 1

2
) 𝑄0(𝑥) 

Case II When 𝖓 is even 

Let the result holds for 𝔫 i.e., 

(2𝑥)𝔫 = ∑ (−1)𝒾

[
𝔫−1
2
]

𝒾=0

 𝑄𝔫−2𝒾(𝑥) + (−1)
𝔫
2 (
𝔫 − 1
𝔫

2
)𝑄0(𝑥) 

Multiplying both sides by 2x, we get 

(2𝑥)𝔫+1 = ∑ (−1)𝒾

[
𝔫−1
2
]

𝒾=0

(
𝔫
𝒾
) 2𝑥𝑄𝔫−2𝒾(𝑥) + (−1)

𝔫
2 (
𝔫 − 1
𝔫

2
)2𝑥𝑄0(𝑥) 
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= ∑ (−1)𝒾

[
𝔫−1
2
]

𝒾=0

(
𝔫
𝒾
) 𝑄𝔫−2𝒾+1(𝑥) − ∑ (−1)𝒾

[
𝔫−1
2
]

𝒾=0

(
𝔫
𝒾
) 𝑄𝔫−2𝒾−1(𝑥)

+ 2(−1)
𝔫
2 (
𝔫 − 1
𝔫

2
)𝑄1(𝑥) 

Our end goal is to combine these two summations into one. To accomplish this, note 

that shifting the indices of the second summation up by 1, we have  

(2𝑥)𝔫+1 = ∑ (−1)𝒾

[
𝔫−1
2
]

𝒾=0

(
𝔫
𝒾
) 𝑄𝔫−2𝒾+1(𝑥) − ∑ (−1)𝒾−1

[
𝔫−1
2
]+1

𝒾=1

(
𝔫

𝒾 − 1
) 𝑄𝔫−2𝒾+1(𝑥)

+ 2(−1)
𝔫
2 (
𝔫 − 1
𝔫

2
)𝑄1(𝑥) 

Since 𝔫 is even, therefore above becomes 

(2𝑥)𝔫+1 = 𝑄𝔫+1(𝑥) + ∑ (−1)𝒾

[
𝔫−1
2
]

𝒾=1

(
𝔫 + 1
𝒾

) 𝑄𝔫−2𝒾+1(𝑥) + (−1)
[
𝔫
2
] (

𝔫

[
𝔫

2
] − 1)𝑄1(𝑥)

+ 2(−1)
𝔫
2 (
𝔫 − 1
𝔫

2
)𝑄1(𝑥)  = ∑ (−1)𝒾

[
𝔫−1
2
]

𝒾=0

(
𝔫 + 1
𝒾

) 𝑄𝔫−2𝒾+1(𝑥) 

which is what we desire. 

8.3  Solution of Fractional Differential Equation using Lucas 

Polynomials 

Next, we take step to forward our work. 

Let (8.2) has a continuous solution which a linear combination of Lucas polynomials 

𝑦(𝑥) = ∑𝑎𝑘

∞

𝑘=1

𝐿𝑘(𝑥), 

 and let 𝑦𝑛(𝑥) be 𝑛𝑡ℎ approximation of 𝑦(𝑥), therefore 
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𝑦𝑛(𝑥) = ∑𝑎𝓈

𝑛+1

𝓈=1

𝐿𝓈(𝑥) = 𝐴𝑇𝐿(𝑥), 

where 𝐴𝑇 = [𝑎1 𝑎2…𝑎𝑛+1], 𝐿(𝑥) = [𝐿1(𝑥)  𝐿2(𝑥) … 𝐿𝑛+1(𝑥)]
𝑇  

Further, the 𝑟𝑡ℎ order derivative [81] of (8.2) is: 

𝑦(𝑟)(𝑥) = 𝐴𝑇𝐷𝑟𝐿(𝑥), 𝐷 = [𝑑𝑖𝑗] = {𝑖 sin
(𝑗 − 𝑖)𝜋

2
,        𝑗 > 𝑖  

0,                            else
, 

(8.11) 

with 𝑟 = 0, 1, 2, … 𝑛, and 𝐷 denotes a 𝑛 × 𝑛 operational matrix for the derivative. 

The caputo derivative of the vector 𝐿(𝑥) written as   

𝐷𝛼𝐿(𝑥) = 𝐵(𝛼)𝐿(𝑥),                                                    (8.12) 

where 𝐵(𝛼) denotes a (𝑛 + 1) × (𝑛 + 1) operational matrix of fractional derivative. 

Next, we generate the matrix 𝐵(𝛼). 

Using (8.2) and (8.5) for 𝑖 = 0, 1, 2, , … , 𝑛, we have 

𝐷𝛼𝐿𝓈(𝑥) =∑(
𝓈

𝓈 − 𝑗
) (
𝓈 − 𝑗
𝑗
) 𝐷𝛼𝑥𝓈−2𝑗

[
𝓈
2
]

𝑗=0

=

{
 
 

 
 

∑(
𝓈

𝓈 − 𝑗
) (
𝓈 − 𝑗
𝑗
)

Γ(𝓈 + 1 − 2𝑗)

Γ(𝓈 + 1 − 2𝑗 − 𝛼)
𝑥𝓈−2𝑗−𝛼

[
𝓈
2
]

𝑗=0

, 𝓈 − 2𝑗 ≥ 𝛼

0,                                                                                   𝓈 − 2𝑗 < 𝛼 

 

If 𝓈 − 2𝑗 ≥ 𝛼, and 𝓈 − 2𝑗 is odd, then using (8.5), we have  
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𝐷𝛼𝐿𝓈(𝑥) = 𝑥
−𝛼∑(

𝓈

𝓈 − 𝑗
) (
𝓈 − 𝑗
𝑗
)

Γ(𝓈 + 1 − 2𝑗)

Γ(𝓈 + 1 − 2𝑗 − 𝛼)
𝑥𝓈−2𝑗

[
𝓈
2
]

𝑗=0

= 𝑥−𝛼∑(
𝓈

𝓈 − 𝑗
) (
𝓈 − 𝑗
𝑗
)

Γ(𝓈 + 1 − 2𝑗)

Γ(𝓈 + 1 − 2𝑗 − 𝛼)

[
𝓈
2
]

𝑗=0

𝐴𝓈𝑗𝑘𝐿𝓈−2𝑗−2𝑘(𝑥)

= 𝑥−𝛼∑𝐵𝓈𝑗𝑘𝐿𝓈−2𝑗−2𝑘

[
𝑖𝑢
2
]

𝑗=0

(𝑥) 

where, 

𝐴𝓈𝑗𝑘 = ∑ (−1)𝑘 (
𝓈 − 2𝑗
𝑘

)

[
𝓈−2𝑗
2

]

𝑘=0

, 𝐵𝑖𝑗𝑘 = (
𝓈 − 𝑗
𝑗
) (

𝓈

𝑖 − 𝑗
)

Γ(𝓈 + 1 − 2𝑗)

Γ(𝓈 + 1 − 2𝑗 − 𝛼)
𝐴𝓈𝑗𝑘 

If 𝓈 − 2𝑗 ≥ 𝛼, and 𝓈 − 2𝑗 is even, then then using (8.5), we have  

𝐷𝛼𝐿𝓈(𝑥) = 𝑥
−𝛼∑(

𝓈

𝓈 − 𝑗
) (

𝓈

𝓈 − 𝑗
)

Γ(𝓈 + 1 − 2𝑗)

Γ(𝓈 + 1 − 2𝑗 − 𝛼)
𝑥𝓈−2𝑗

[
𝓈
2
]

𝑗=0

 

= 𝑥−𝛼∑(
𝓈

𝓈 − 𝑗
) (

𝓈

𝓈 − 𝑗
)

Γ(𝓈 + 1 − 2𝑗)

Γ(𝓈 + 1 − 2𝑗 − 𝛼)

[
𝓈
2
]

𝑗=0

𝐴𝓈𝑗𝑘𝐿𝓈−2𝑗−2𝑘(𝑥)

+ 𝑥−𝛼∑(
𝓈

𝓈 − 𝑗
) (

𝓈

𝓈 − 𝑗
)

Γ(𝓈 + 1 − 2𝑗)

Γ(𝓈 + 1 − 2𝑗 − 𝛼)

[
𝓈
2
]

𝑗=0

(−1)
𝓈−2𝑗
2 (

𝓈 − 2𝑗 − 1
𝓈 − 2𝑗

2

) 𝐿0(𝑥) 

= 𝑥−𝛼∑𝐵𝓈𝑗𝑘𝐿𝑖−2𝑗−2𝑘(𝑥)

[
𝓈
2
]

𝑗=0

+ 𝑥−𝛼∑(
𝓈

𝓈 − 𝑗
) (
𝓈 − 𝑗
𝑗
)

Γ(𝓈 + 1 − 2𝑗)

Γ(𝓈 + 1 − 2𝑗 − 𝛼)

[
𝓈
2
]

𝑗=0

(−1)
𝓈−2𝑗
2 (

𝓈 − 2𝑗 − 1
𝓈 − 2𝑗

2

) 𝐿0(𝑥) 
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where,  

𝐴𝓈𝑗𝑘 = ∑ (−1)𝑘 (
𝓈 − 2𝑗
𝑘

)

[
𝓈−2𝑗−1

2
]

𝑘=0

, 𝐵𝓈𝑗𝑘 = (
𝓈

𝓈 − 𝑗
) (
𝓈 − 𝑗
𝑗
)

Γ(𝓈 + 1 − 2𝑗)

Γ(𝓈 + 1 − 2𝑗 − 𝛼)
𝐴𝓈𝑗𝑘 

Substituting approximation obtained into (8.1), we find that 

{
𝐵(𝛼)𝐿(𝑥) + 𝐴𝑇𝐷𝑘𝐿(𝑥) + 𝐴𝑇𝐿(𝑥) = 𝑓(𝑥)

𝐴𝑇𝐷𝑟𝐿(0) = 𝑐𝑟 , 𝑟1 = 0,1, … ,𝑚 − 1
                                    (8.13) 

8.4  Solution of Fractional Differential Equation using Pell-Lucas 

Polynomials 

Suppose that the equation (8.1) has a continuous function solution that can be expressed 

in the Pell-Lucas polynomials 

𝑦(𝑥) = ∑𝑎𝑘𝑄𝑘(𝑥)

∞

𝑘=1

, 

and let 𝑦𝔫(𝑥) be an approximation to 𝑦(𝑥), that is 

𝑦𝔫(𝑥) = ∑𝑎𝑘𝑄𝑘(𝑥)

𝔫+1

𝑘=1

= 𝐴𝑇𝑄(𝑥), 

where  𝐴𝑇 = [𝑎1 𝑎2…𝑎𝔫+1], 𝑄(𝑥) = [𝑄1(𝑥)  𝑄2(𝑥) …𝑄𝔫+1(𝑥)]
𝑇  

The caputo derivative of the vector 𝑄(𝑥) can be expressed by  

                                       𝐷𝛼𝑄(𝑥) = 𝐵(𝛼)𝑄(𝑥),                                                      (8.14) 

where 𝐵(𝛼) is the (𝔫 + 1) × (𝔫 + 1) operational matrix of fractional derivative. In this 

section, we derive matrix 𝐵(𝛼). 

Using (8.2) and (8.6) for 𝑖 = 0, 1, 2, , … , 𝔫 
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𝐷𝛼𝑄𝔳(𝑥) =∑(
𝔳

𝔳 − 𝑗
) (
𝔳 − 𝑗
𝑗
) 𝐷𝛼(2𝑥)𝔳−2𝑗

[
𝔳
2
]

𝑗=0

=

{
 
 

 
 

∑2𝔳−2𝑗 (
𝔳

𝔳 − 𝑗
) (
𝔳 − 𝑗
𝑗
)

Γ(𝔳 + 1 − 2𝑗)

Γ(𝔳 + 1 − 2𝑗 − 𝛼)
𝑥𝔳−2𝑗−𝛼

[
𝔳
2
]

𝑗=0

, 𝔳 − 2𝑗 ≥ 𝛼

0,                                                                                   𝔳 − 2𝑗 < 𝛼 

 

If 𝔳 − 2𝑗 ≥ 𝛼, and 𝔳 − 2𝑗 is odd, then using (8.6), we have  

𝐷𝛼𝑄𝔳(𝑥) = 𝑥
−𝛼∑2𝔳−2𝑗 (

𝔳

𝔳 − 𝑗
) (
𝔳 − 𝑗
𝑗
)

Γ(𝔳 + 1 − 2𝑗)

Γ(𝔳 + 1 − 2𝑗 − 𝛼)
𝑥𝔳−2𝑗

[
𝔳
2
]

𝑗=0

= 𝑥−𝛼∑2𝔳−2𝑗 (
𝔳

𝔳 − 𝑗
) (
𝔳 − 𝑗
𝑗
)

Γ(𝔳 + 1 − 2𝑗)

Γ(𝔳 + 1 − 2𝑗 − 𝛼)

[
𝔳
2
]

𝑗=0

𝑄𝔳𝑗𝑘𝐿𝔳−2𝑗−2𝑘

= 𝑥−𝛼∑𝐵𝔳𝑗𝑘𝑄𝔳−2𝑗−2𝑘

[
𝑖
2
]

𝑗=0

 

where, 

𝐴𝔳𝑗𝑘 = ∑ (−1)𝑘 (
𝔳 − 2𝑗
𝑘

)

[
𝔳−2𝑗
2

]

𝑘=0

 

and  

𝐵𝔳𝑗𝑘 = (
𝔳

𝔳 − 𝑗
) (
𝔳 − 𝑗
𝑗
)

Γ(𝔳 + 1 − 2𝑗)

Γ(𝔳 + 1 − 2𝑗 − 𝛼)
𝐴𝔳𝑗𝑘 

If 𝔳 − 2𝑗 ≥ 𝛼, and 𝔳 − 2𝑗 is even, then then using (8.6), we have  

𝐷𝛼𝑄𝔳(𝑥) = 𝑥
−𝛼∑2𝔳−2𝑗 (

𝔳

𝔳 − 𝑗
) (
𝔳 − 𝑗
𝑗
)

Γ(𝔳 + 1 − 2𝑗)

Γ(𝔳 + 1 − 2𝑗 − 𝛼)
𝑥𝔳−2𝑗

[
𝔳
2
]

𝑗=0
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= 𝑥−𝛼∑(
𝔳

𝔳 − 𝑗
)

[
𝔳
2
]

𝑗=0

(
𝔳 − 𝑗
𝑗
)

Γ(𝔳 + 1 − 2𝑗)

Γ(𝔳 + 1 − 2𝑗 − 𝛼)
𝐴𝔳𝑗𝑘𝑄𝔳−2𝑗−2𝑘

+ 𝑥−𝛼∑(
𝔳

𝔳 − 𝑗
)

[
𝔳
2
]

𝑗=0

(
𝔳 − 𝑗
𝑗
)

Γ(𝔳 + 1 − 2𝑗)

Γ(𝔳 + 1 − 2𝑗 − 𝛼)
(−1)

𝔳−2𝑗
2 (

𝔳 − 2𝑗 − 1
𝔳 − 2𝑗

2

)𝑄0(𝑥) 

= 𝑥−𝛼∑𝐵𝔳𝑗𝑘𝑄𝔳−2𝑗−2𝑘

[
𝔳
2
]

𝑗=0

+ 𝑥−𝛼∑(
𝔳

𝔳 − 𝑗
)

[
𝔳
2
]

𝑗=0

(
𝔳 − 𝑗
𝑗
)

Γ(𝔳 + 1 − 2𝑗)

Γ(𝔳 + 1 − 2𝑗 − 𝛼)
(−1)

𝔳−2𝑗
2 (

𝔳 − 2𝑗 − 1
𝔳 − 2𝑗

2

)𝑄0(𝑥) 

where,  

𝐴𝔳𝑗𝑘 = ∑ (
𝔳

𝔳 − 𝑗
)

[
𝔳−2𝑗−1

2
]

𝑗=0

(−1)𝑘 (
𝔳 − 2𝑗
𝑘

) , 𝐵𝔳𝑗𝑘

= (
𝔳

𝔳 − 𝑗
) (
𝔳 − 𝑗
𝑗
)

Γ(𝔳 + 1 − 2𝑗)

Γ(𝔳 + 1 − 2𝑗 − 𝛼)
𝐴𝔳𝑗𝑘 

8.5  Numerical Problem 

Example 8.5.1 Consider the following equation 

{
 
 

 
 𝒛(𝟑)(𝒙) + 𝑫

(
𝟑
𝟐
)𝒛(𝒙) + 𝒛(𝒙) = 𝟏 + 𝒙

𝒛(𝟎) = 𝟏

𝒛(𝟏)(𝟎) = 𝟏

𝒛(𝟐)(𝟎) = 𝟎

 

We applied the Lucas polynomial approach to solve (8.12) with 𝑛 = 2. In this case we 

have 

𝐿 = [𝐿0(𝑥), 𝐿1(𝑥), 𝐿2(𝑥)] = [2 , 𝑥 , 𝑥2 + 2], 𝐴 = [𝑎1, 𝑎2 , 𝑎3] 
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𝐷3 = [
0 0 0
0 0 0
0 0 0

] , 𝐵
3
2 =

[
 
 
 
 

0 0 0
0 0 0

−
Γ(3)

Γ (
3
2)
𝑥−

3
2 0

Γ(3)

Γ (
3
2)
𝑥−

3
2

]
 
 
 
 

 

and  

𝐴𝑇𝐷3𝐿 + 𝐴𝑇𝐵(
3
2
)𝐿 + 𝐴𝑇𝐿 = 𝑓(𝑥), 

𝑧(0) = ∑𝑎𝑘𝐿𝑘(0) = 1, 𝑧(1)(0)

3

𝑘=0

=∑𝑎𝑘𝐷𝐿𝑘(0) = 1, 𝑧
(2)(0) = ∑𝑎𝑘𝐷

2𝐿𝑘(0) = 0

3

𝑘=0

3

𝑘=0

 

On solving this, we obtain 𝑎𝑖′𝑠 and finds that 𝑧(𝑥) = 𝑥 + 1 is the exact solution. 

8.6  Derivative of the Fibonacci polynomials 

Here, we construct a matrix that produces the sequence obtained on differentiating the 

Fibonacci polynomials. In [82], the author deduced a lot of results based on the 

derivative of the polynomials given by  

𝐹𝑘(𝑥) = 𝑥𝐹𝑘−1(𝑥) + 𝐹𝑘−2(𝑥), for 𝑘 ≥ 2, 

with 𝐹1(𝑥) = 1 , 𝐹2(𝑥) = 𝑥 . 

By deriving the Fibonacci polynomials, few terms are mentioned below: 

𝐹1
′(𝑥) = 0 

𝐹2
′(𝑥) = 1 

𝐹3
′(𝑥) = 2𝑥 

𝐹4
′(𝑥) = 3𝑥2 + 2 

𝐹5
′(𝑥) = 4𝑥3 + 6𝑥 
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𝐹6
′(𝑥) = 5𝑥4 + 12𝑥2 + 3 

𝐹7
′(𝑥) = 6𝑥5 + 20𝑥3 + 12𝑥 

𝐹8(𝑥) = 7𝑥6 + 30𝑥4 + 30𝑥2 + 4 

𝐹9
′(𝑥) = 8𝑥7 + 42𝑥5 + 60𝑥3 + 20𝑥 

𝐹10
′ (𝑥) = 9𝑥8 + 56𝑥6 + 105𝑥4 + 60𝑥2 + 5 

Now, 

𝐹′ = 𝐵𝑋, 

where 𝐹′ = [𝐹1
′(𝑥), 𝐹2

′(𝑥), 𝐹2
′(𝑥),… ]𝑡, 𝑋 = [1, 𝑥, 𝑥2, … ]𝑡  

and 𝐵 is invertible lower triangular matrix having elements as the coefficients of the 

derivatives of Fibonacci polynomials in increasing powers of 𝑥: 

𝐵 =

[
 
 
 
 
 
 
 
 
 
1 0 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0 0
2 0 3 0 0 0 0 0 0 0
0 6 0 4 0 0 0 0 0 0
3 0 12 0 5 0 0 0 0 0
0 12 0 20 0 6 0 0 0 0
4 0 30 0 30 0 7 0 0 0
0 20 0 60 0 42 0 8 0 0
5 0 60 0 105 0 56 0 9 0
0 30 0 140 0 168 0 72 0 10]

 
 
 
 
 
 
 
 
 

 

Now, the following equation 

                            𝑟4 −  2𝑥𝑟3 + (𝑥2 − 2)𝑟2 + 2𝑥𝑟 + 1 = 0                                  (8.15) 

is satisfied by the sequence of derivative of Fibonacci polynomials. 

On solving equation (8.15), roots are: 

𝛾 =
𝑥 + √𝑥2 + 4

2
 , 𝛿 =

𝑥 + √𝑥2 + 4

2
  

Now, we develop the generating function, Binet’s formula for the sequence obtained 

by differentiation of Fibonacci polynomials. 
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8.7  Properties of Sequence of Derivatives of Fibonacci Polynomials 

 

Theorem 8.7.1 Then the generating function for sequence of first-order derivatives 

of Fibonacci sequences {𝑭𝒏
′ (𝒙)} is 

∑𝑭𝒏
′ (𝒙)

∞

𝒏=𝟎

𝖚𝒏 =
𝖚𝟐

𝟏 −  𝟐𝒙𝖚 + (𝒙𝟐 − 𝟐)𝖚𝟐 + 𝟐𝒙𝖚𝟑 + 𝖚𝟒
  

Proof: 

Consider          

𝑔𝐹 (𝔲) = ∑𝐹𝑛
′(𝑥)

∞

𝑛=0

𝔲𝑛 = 𝔲2 + 𝑔𝐹 (𝔲)(2𝑥𝔲 − (𝑥
2 − 2)𝔲2 − 2𝑥𝔲3 − 𝔲4) 

Thus, 

𝑔𝐹 (𝔲) =
𝔲2

1 −  2𝑥𝔲 + (𝑥2 − 2)𝔲2 + 2𝑥𝔲3 + 𝔲4
 

 

Theorem 8.7.2 For 𝒏 ≥ 𝟎: 

 

𝑭𝒏
′ (𝒙) =

(−𝟏)𝒏(−𝟐𝑭𝒏+𝟏(𝒙) + (𝒏 + 𝟏)𝑳𝒏(𝒙))

(𝜸 − 𝜹)𝟐
 

Proof: This theorem has a simpler proof on using theorem 8.7.1. 

Theorem 8.7.3 For a natural number 𝓶, following identity hold: 

(a)       

(

 

𝑭𝓶+𝟒
′ (𝒙)

𝑭𝓶+𝟑
′ (𝒙)

𝑭𝓶+𝟐
′ (𝒙)

𝑭𝓶+𝟏
′ (𝒙))

 = (

𝟐𝒙 −(𝒙𝟐 − 𝟐) −𝟐𝒙 −𝟏
𝟏 𝟎 𝟎 𝟎
𝟎 𝟏 𝟎 𝟎
𝟎 𝟎 𝟏 𝟎

)

(

 

𝑭𝓶+𝟑
′ (𝒙)

𝑭𝓶+𝟐
′ (𝒙)

𝑭𝓶+𝟏
′ (𝒙)

𝑭𝓶
′ (𝒙) )

                                    

Proof: By using recursive relation for the sequence of derivative of Fibonacci 

polynomials, we obtain  
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(

2𝑥 −(𝑥2 − 2) −2𝑥 −1
1 0 0 0
0 1 0 0
0 0 1 0

)

(

 

𝐹𝓂+3
′ (𝑥)

𝐹𝓂+2
′ (𝑥)

𝐹𝓂+1
′ (𝑥)

𝐹𝓂
′ (𝑥) )

                                   

=

(

 

2𝑥𝐹𝓂+3
′ (𝑥) − (𝑥2 − 2)𝐹𝓂+2

′ (𝑥) − 2𝑥𝐹𝓂+1
′ (𝑥) − 𝐹𝓂

′ (𝑥)

𝐹𝓂+2
′ (𝑥)

𝐹𝓂+1
′ (𝑥)

𝐹𝓂
′ (𝑥) )

 

=

(

 

𝐹𝓂+4
′ (𝑥)

𝐹𝓂+3
′ (𝑥)

𝐹𝓂+2
′ (𝑥)

𝐹𝓂+1
′ (𝑥))
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Chapter 9 

 Solutions of the Diophantine equation 𝑸𝖓 − 𝑸𝖒 = 𝟐
𝖆 

9.1 Introduction 

In this chapter, we solve the following Diophantine equation 

                                                  𝑄𝔫 − 𝑄𝔪 = 2𝔞,                                                         (9.1) 

where 𝑄𝔫 and 𝑄𝔪 are Pell-Lucas numbers given by 

𝑄𝔫+1 = 2𝑄𝔫 + 𝑄𝔫−1, ∀ 𝔫 ≥ 1,              

with initial conditions 𝑄0 = 𝑄1 = 2. By using the theory of linear forms in logarithms 

of algebraic numbers, we derived an explicit upper bound for 𝔫, and then, by reduction 

method based on continued fraction algorithm, we achieved our objective. 

Pell-Lucas sequence are generated by the following formula: 

𝑄𝔫 = 𝛼1
𝔫 + 𝛽1

𝔫, 

where 𝛼1 = 1 + √2 and 𝛽1 = 1 − √2. 

Specifically,                                                                

𝛼1
𝓀−1 ≤ 𝑄𝓀 ≤  2𝛼1

𝓀, 

(9.2) 

holds for all 𝓀 ≥  1. 

A few useful findings related to achieve our objective are summarized below: 

9.2  Related Results 

The minimal primitive polynomial over the set of integers ℤ of an algebraic number 𝜗 

of degree 𝑝 over ℚ is: 
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𝑐0𝑥
𝑝 + 𝑐1𝑥

𝑝−1 + · · ·  + 𝑐𝑝 = 𝑐0∏ (𝑥 − 𝜗𝔦 )𝑝
𝔦=1  ∈  ℤ[𝑥],  

where 𝑐𝔦’s are co-primes in pairs with 𝑐0 >  0 and 𝜗𝔦 ’s are conjugates of 𝜗. Now, 

logarithmic height [60] of 𝜗 is  

𝔥 (𝜗) =  
1

𝑝
(log|𝑐0| +  ∑log(max{|𝜗𝔦|, 1})

𝑝

𝔦=1

) 

If 𝜗 =
𝑎1

𝑏1
 is a rational number with gcd(𝑎1, 𝑏1) = 1 and 𝑏1  ≥  1, then 

𝔥 (𝜗) =  log(max{|𝑎1|, 𝑏1}) 

Logarithmic height satisfies: 

                         𝔥(𝜗 ± 𝛾𝑝) ≤  𝔥(𝜗) +  𝔥(𝛾𝑝) + log 2,                                             (9.3) 

                         𝔥(𝜗𝛾𝑝
±1) ≤  𝔥 (𝜗) +  𝔥(𝛾𝑝),                                                            (9.4) 

                          𝔥(𝜗𝑠) =  |𝑠|𝔥(𝜗),                                                                           (9.5) 

where 𝜗 and 𝛾𝑝 are any algebraic numbers over ℚ and 𝑠 is any integer. 

Theorem 9.2.1. [64] Let 𝛾1, 𝛾2 be non-zero algebraic numbers. Let 

𝐷 =  [ℚ(𝛾1, 𝛾2) ∶  ℚ]/[ℝ(𝛾1, 𝛾2) ∶  ℝ], 

and 

𝛤1  =  𝔟2 log𝛾2  −  𝔟1log𝛾1, 

where 𝔟1 and 𝔟2 are positive integers. Further, let ℬ1, ℬ2 be any real numbers > 1 

with 

logℬ𝑖 ≥ max {𝔥(𝛾𝑖),
|log(𝛾𝑖)|

𝐷
,
1

𝐷
} , 𝑖 = 1, 2 

If 𝛾1 and 𝛾2 are multiplicatively independent, then 

log|𝛤1| > (−30.9)(𝐷4) (max {log𝔟,
21

𝐷
,
1

2
})
2

logℬ1logℬ2 , 
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where, 

𝔟 =
𝔟1

𝐷logℬ2
+

𝔟2
𝐷logℬ1

 

We can find the least upper bound for 𝔫, by approaching as the same procedure in [65] 

and [66].  

Theorem 9.2.2 [65, 66] “In a real algebraic number field 𝐿 of degree 𝐷 over ℚ, let 

𝛾1, 𝛾2, … , 𝛾𝔫  be any positive real algebraic numbers and suppose 𝔟1, 𝔟2, . . . , 𝔟𝔫 be 

rational numbers with 

0 ≠ 𝛬1 + 1 =   (𝛾1)
𝔟1 ··· (𝛾𝔫 )

𝔟𝔫  , ℬ =  𝑚𝑎𝑥 {|𝔟1|, . . . , |𝔟𝔫|}, 

and ℬ1, . . . , ℬ𝔫 be the real numbers such that 

ℬ𝑗 ≥ 𝑚𝑎𝑥{ 𝐷𝔥(𝛾𝑗), |𝑙𝑜𝑔 𝛾𝑗|, 0.16} , 𝑓𝑜𝑟 𝑎𝑙𝑙 1 ≤  𝑗 ≤  𝔫 

 If 𝛬1 ≠ 0, then  

𝑙𝑜𝑔 |𝛬1| > (−1.4 )(30𝔫+3𝔫4.5)𝐷2(1 +  𝑙𝑜𝑔 𝐷)(1 + 𝑙𝑜𝑔 ℬ)ℬ1 ···  ℬ𝔫 “ 

Theorem 9.2.3 [68] “Let 
𝑝

𝑞
 be a convergent of the continued fraction of any irrational 

number 𝛾 and ℳ be any positive integer such that 𝑞 >  6ℳ. Let 𝒜,ℬ, 𝜇1 denotes any 

real numbers with 𝒜 >  0 and ℬ >  1 such that: 

𝜀 = ∥ 𝜇1𝑞 ∥ − ℳ ∥ 𝛾 𝑞 ∥, 

where distance from the nearest integer is denoted by ∥. ∥. Then, there is no solution of 

the following inequality if 𝜀 >  0: 

0 < |𝔲𝛾 −  𝔳 + 𝜇1| < 𝒜ℬ−𝔴, 

in positive integers 𝔲, 𝔳 and 𝔴 with 

𝔲  ≤  ℳ and  𝔴  ≥  
𝑙𝑜𝑔(𝒜𝑞/𝜀) 

𝑙𝑜𝑔 ℬ
”. 

Theorem 9.2.4 [59] “The only positive integral solutions (𝔫, 𝔮, 𝔵) with 𝔮 ≥ 2 of the 

diophantine equation: 
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𝑃𝔫 = 𝔵
𝔮, 

are (𝔫, 𝔮, 𝔵) = (1, 𝔮, 1) and (7,2,13), where 𝑃𝔫 denotes the 𝔫𝑡ℎ term of Pell-number. 

Henceforth, the only perfect powers of exponent larger than 1 in the Pell-numbers are” 

𝑃1 = 1 and 𝑃7 = 132. 

9.3  Proof of the Main Result 

We mainly prove the following result: 

Theorem 9.3.1 The possible non-negative integral solutions in (𝖓,𝖒, 𝖆) with 𝟎 ≤

𝖒 < 𝖓,  of the Diophantine equation given by  

𝑸𝖓 − 𝑸𝖒 = 𝟐𝖆,   

are 

{(𝟐, 𝟎, 𝟐), (𝟐, 𝟏, 𝟐), (𝟑, 𝟐, 𝟑), (𝟒, 𝟎, 𝟓), (𝟒, 𝟏, 𝟓)}. 

Proof: Assume that equation (9.1) holds. Firstly, we discuss the case for 𝔫 − 𝔪 =

1, then by using the recurrence relation of Pell-Lucas numbers in (9.1), we have 

𝑄𝔪+1 − 𝑄𝔪 = 𝑄𝔪 + 𝑄𝔪−1 = 2
𝔞 

Using 𝑄𝔪 + 𝑄𝔪−1 = 4𝑃𝔪 , where 𝑃𝔪 denotes the 𝔪𝑡ℎ term of Pell numbers, we get 

𝑃𝔪 = 2
𝔞−2, 

which implies from theorem 9.2.4 that (𝔫,𝔪, 𝔞)  ∈ {(2,1,2), (3,2,3)} 

If  𝔫 − 𝔪 = 2, then (9.1) becomes, 

𝑄𝔪+2 − 𝑄𝔪 = 2𝔞 

Since, 𝑄𝔪+2 − 𝑄𝔪 = 2𝑄𝔪+1 , and 𝑄𝔪+1 = 2(𝑃𝔪+1 + 𝑃𝔪), therefore, from above, we 

get 

𝑃𝔪+1 + 𝑃𝔪 = 2𝔞−2, 
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Therefore, using the results obtained from [59], we have (𝔫,𝔪, 𝔞) ∈ {(2,0,2)}. 

Therefore, we discuss the case for 𝔫 − 𝔪 ≥ 3. 

For 0 ≤ 𝔪 < 𝔫 ≤ 43, by a easier calculation it can be easily seen that,  

𝑄2 − 𝑄0 = 2
2, 𝑄2 − 𝑄1 = 2

2, 𝑄3 − 𝑄2 = 23, 𝑄4 − 𝑄1 = 25, 𝑄4 − 𝑄0 = 25 

Next, we will discuss the case for 𝔫 > 43 by adopting the methodology as in [59, 60, 

62].  For this, we need the following Lemma given by:  

Lemma 9.3.1 If (𝖓,𝖒, 𝖆) is any positive integral solution of equation (𝟗. 𝟏) with 

𝖓 >  𝖒, and 𝖓 >  𝟒𝟑, then 

𝖆 ≤ 𝟐 ∗ 𝖓 < 𝟐 ∗  𝟓. 𝟓𝟗𝟖𝟑𝟏 ∗ 𝟏𝟎𝟐𝟑. 

Proof: 

Firstly, we formulate a connection between 𝔫 and 𝔞.  

By (9.1) and (9.2), we get 

2𝔞 ≤ 2𝛼1
𝔫 − 𝛼1

𝔪 −1 < 22𝔫+1 − 𝛼1
𝔪 −1 = 22𝔫+1(1 − 2−(2𝔫+1)𝛼1

𝔪 −1) < 22𝔫+1,  

as 𝛼1 < 22. Thus, 𝔞 ≤ 2𝔫 

From (9.1), we have  

𝛼1
𝔫 − 2𝔞 = −𝛽1

𝔫 + 𝑄𝔪  

Therefore,  

|𝛼1
𝔫 − 2𝔞| = |−𝛽1

𝔫 + 𝑄𝔪 | ≤ |𝛽1|
𝔫 + 𝑄𝔪 <

1

2
+ 2𝛼1

𝔪 , 

(9.6) 

or                                               

|1 − 2𝔞𝛼1
−𝔫| <

3

𝛼1
𝔫−𝔪  
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(9.7) 

Now, take parameters:  

𝛾1 = 2, 𝛾2 = 𝛼1, 𝔟1 = 𝔞, 𝔟2 = −𝔫 

The algebraic number field containing 𝛾1 and 𝛾2 is 𝑄(√2), therefore 𝐷 = 2. 

Further, it is essential to show that  𝛬1 = 2𝔞𝛼1
−𝔫 − 1 is non-zero. Suppose, 𝛬1 = 0, then, 

from (9.1) and Binet’s formula for Pell-Lucas sequence, we get 

2𝔞 = 𝛼1
𝔫 = 𝑄𝔫 − 𝛽1

𝔫 > 𝑄𝔫 − 1 ≥ 𝑄𝔫 − 𝑄𝔪 = 2
𝑎 

which is impossible.  

Thus,  

𝔥(𝛾1) = log2, 𝔥(𝛾2) = 𝔥(𝛼1) =
log𝛼1
2

 

Take 

ℬ1 = 1.4 ≥ max{2log2, |log𝛾1|, 0.16} , ℬ2 = 0.88 

As 𝔞 < 2𝔫 + 1, therefore 

ℬ = max{|𝔞|, |−𝔫|, 1} = 2𝔫 + 1 

Using theorem 9.2.2, we get, 

3

𝛼1
𝔫−𝔪 > |2

𝔞𝛼1
−𝔫 − 1|

> exp{(−1.4) ∗ 305 ∗ 24.5 ∗ 4 ∗ (1 + log2)(1 + log (2𝔫 + 1)) ∗ 1.4

∗ 0.88} 

(9.8) 

Taking logarithm on both sides and using the result:  

1 + log (2𝔫 + 1) < 2log𝔫, for all 𝔫 > 5,  
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we have, 

                     (𝔫 − 𝔪)log𝛼1 < 1.28459 ∗ 1010log𝔫                                                 (9.9) 

From (9.1), we have, 

                           

|𝛼1
𝔫(1 − 𝛼1

𝔪−𝔫) − 2𝔞| = |−𝛽1
𝔫 + 𝛽𝔪| < 1 

(9.10) 

Dividing both sides by 𝛼1
𝔫(1 − 𝛼1

𝔪−𝔫), we obtain, 

|1 − 2𝔞𝛼1
−𝔫(1 − 𝛼1

𝔪−𝔫)−1| <
1

𝛼1
𝔫(1 − 𝛼1

𝔪−𝔫)
 

                        (9.11) 

Since, 

𝛼1
𝔪−𝔫 =

1

𝛼1
𝔫−𝔪 <

1

𝛼1
= 0.414, 

therefore 

1

1 − 𝛼1
𝔪−𝔫 < 1.71 

      (9.12) 

Therefore, (9.11) becomes  

|1 − 2𝔞𝛼1
−𝔫(1 − 𝛼1

𝔪−𝔫)−1| <
1.71

𝛼1
𝔫  

        (9.13) 

Let  

𝛬1 = 2
𝔞𝛼1

−𝔫(1 − 𝛼1
𝔪−𝔫)−1 − 1 



 

 

 

128 

 

Take  

𝛾1 = 2, 𝛾2 = 𝛼1, 𝛾3 = (1 − 𝛼1
𝔪−𝔫)−1, 𝔟1 = 𝔞, 𝔟2 = −𝔫, 𝔟3 = 1 

As 𝐷 = [𝑄(√2): 𝑄] = 2. Now, it is obvious that 𝛬1 ≠ 0 as if 𝛬1 = 0, then 

2𝔞 = 𝛼1
𝔫(1 − 𝛼1

𝔪−𝔫) = 𝛼1
𝔫 − 𝛼1

𝔪 = 𝑄𝔫 − 𝛽1
𝔫 − 𝑄𝔪 + 𝛽1

𝔪 ≠ 2𝔞 

Therefore, ℬ1 = 1.4, ℬ2 = 0.88, ℬ = 2𝔫+ 1 

Further, we find the value of ℬ3. For all 𝑛𝑝 −𝑚𝑢 ≥ 3, we have 

|log (𝛾3)| < 1 

Taking (9.3), (9.4)and (9.5) into consideration, we have 

𝔥(𝛾3) = 𝔥((1 − 𝛼1
𝔪−𝔫)−1) ≤ 𝔥1(1) + 𝔥(𝛼1

𝔪−𝔫) + log2 

≤ |𝔪 − 𝔫|𝔥(𝛼1) + log2 =
(𝔫 − 𝔪)log𝛼1

2
+ log2 

 (9.14) 

Thus, 

ℬ3 ≥ max {2𝔥(𝛾3), |2log(𝛾3)|, 0.16} 

So, we can take 

ℬ3 = (𝔫 − 𝔪)log𝛼1 + 2log2 = (𝔫 − 𝔪)log𝛼1 + log4 

Now, by theorem 9.2.2 and equation (9.13), we get  

1.71

𝛼1
𝔫 > |𝛬| > exp{(−1.4) ∗ 305 ∗ 24.5 ∗ 4 ∗ (1 + log2)(1 + log (2𝔫 + 1)) ∗ 1.4

∗ 0.88 ∗ ((𝔫 − 𝔪)log𝛼1 + log4)} 

  (9.15) 

Using 
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1 + log(2𝔫 + 1) < 2log𝔫, for all 𝔫 > 5, 

and by Mathematica software, we get 

                                                

𝔫 < 5.59831 ∗ 1023 

                                                   (9.16)                                                                        

After determining upper bound of 𝔫, the next step is to reduce it. Let  

𝓏 = 𝔞log2 − 𝔫log𝛼1 

Now, from (9.7), 

|1 − 𝑒𝓏| <
3

𝛼1
𝔫−𝔪  

      (9.17)          

Now, from (9.1) and Binet’s formula for Pell-Lucas sequence, we have  

𝛼1
𝔫 = 𝑄𝔫 − 𝛽

𝔫 > 𝑄𝔫 − 1 ≥ 𝑄𝔫 − 𝑄𝔪 = 2𝔞 

Consequently, 1 > 2𝔞𝛼1
−𝔫, and hence, 𝓏 < 0. 

Since, for 𝔫 − 𝔪 ≥ 3, we have 

3

𝛼1
𝔫−𝔪 ≤ 0.213203, 

it follows that 𝑒|𝓏| ≤ 1.27098. 

Hence, since 𝑥 < 𝑒𝑥 − 1 for 𝑥 > 0, we get  

0 < |𝓏| < 𝑒|𝓏| − 1 = 𝑒|𝓏||1 − 𝑒𝓏| <
4

𝛼1
𝔫−𝔪  , 

0 < |𝔞log2 − 𝔫log𝛼1| <
4

𝛼1
𝔫−𝔪  
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(9.18) 

Now, the algebraic number field containing 𝛾1 and 𝛾2 is 𝑄(√2), therefore 𝐷 = 2. 

Dividing both sides of (9.18) by log𝛼1, we have  

|𝔞𝛾 − 𝔫| <
5

𝛼1
𝔫−𝔪  

      (9.19) 

where, 

𝛾 =
log2

log𝛼1
 

Let 
𝑝𝔫

𝑞𝔫
  be 𝔫𝑡ℎ convergent of 𝛾. Using Mathematica software, we have,  

5583713934466015683859930 = 𝑞48  < 5.59831 ∗ 1023   

< 666036315191163261927801 = 𝑞49 

Furthermore, 𝑎𝑁 = max{𝑎𝑖 ∶ 𝑖 = 0, 1, … ,49} = 𝑎27 = 100. 

So, by using results of continued fraction, we have 

|𝔞𝛾 − 𝔫| >
1

(𝑎𝑁 + 2)𝔞
 

  (9.20) 

Comparing (9.19) and (9.20), we get 

                   𝛼1
𝔫−𝔪 < 5 ∗ 102 ∗ 5.59831 ∗ 1023 ∗ 2 = 5.71028 ∗ 1026,               (9.21) 

which leads to 𝔫 − 𝔪 ≤ 69. 

Using (9.15), we get 

𝔫 < 2.80728 ∗ 1013 
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Take 

𝑧2 = 𝔞log2 − 𝔫log𝛼1 + log(1 − 𝛼1
𝔪−𝔫 )−1 

Thus, (9.13) implies that  

|1 − 𝑒𝑧2| <
1.71

𝛼1
𝔫  

For 𝔫 > 1, we have 

1.71

𝛼1
𝔫 <

1

2
 

 If 𝑧2 > 0, then 

0 < 𝑧2 < 𝑒𝑧2 − 1 <
1.71

𝛼1
𝔫  

If 𝑧2 < 0, then  

|1 − 𝑒𝑧2| = 1 − 𝑒𝑧2 <
1.71

𝛼1
𝔫 <

1

2
 

Thus, 

  

𝑒|𝑧2| < 2 

Therefore, 

0 < |𝑧2| < 𝑒|𝑧2| − 1 ≤ 𝑒|𝑧2||1 − 𝑒𝑧2| <
3.42

𝛼1
𝔫  

Thus,  

0 < |𝔞
log2

log𝛼1
− 𝔫 +

log(1 − 𝛼1
𝔪−𝔫 )−1

log𝛼1
| <

3.42

log𝛼1
 𝛼1
−𝔫  

    (9.22) 
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Considering theorem 9.2.3, we get 

𝛾 =
log2

log𝛼1
, 𝜇1 =

log(1 − 𝛼1
𝔪−𝔫 )−1

log𝛼1
, 𝒜 =

3.42

log𝛼1
, ℬ = 𝛼1, 𝔴 = 𝔫 

Clearly, 𝛾 is irrational.  

Also,  

3 ≤ 𝔫 − 𝔪 ≤ 69 

Next, we determine the denominator 𝑞 of continued fraction of 𝛾. 

Further, ℳ = 2.80728 ∗ 1013, choose the 30th denominator 𝑞 = 283712258661163,  

such that 𝑞 > 6ℳ. 

For using theorem 9.2.3 to equation (9.21) with 3 ≤ 𝔫 − 𝔪 ≤ 69, we obtain 

𝜀 = ∥ 𝜇1𝑞30  ∥ − ℳ ∥ 𝛾 𝑞30 ∥ ≥ 0.0475574  

by Mathematica software. Also, from theorem 9.2.3, there is no solution of equation 

(9.21) for the values of 𝔫 with  

𝔫 ≥
log (

𝒜𝑞
𝜀
)

log ℬ
= 42.7523. 

Thus, 𝔫 ≤ 42, that contradicts to our supposition that 𝔫 > 43.  
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Summary and Conclusions 

In Chapter 2, we developed various summation formulae for the Generalized Fibonacci 

polynomials defined by (1.23) and its 1st order derivative having even indices, odd 

indices, and alternating summation formulae. Thereafter, we discussed some particular 

cases of the polynomial defined by (1.23) for Fibonacci numbers, Pell numbers, 

Tetrabonacci numbers, etc., by giving the different values to 𝑟, 𝑠, 𝑎 and 𝑏. Following 

results are developed: 

1) If  𝑠 + 𝑟𝑥 − 1 ≠ 0, then 

∑𝑄𝑘

𝑛

𝑘=0

(𝑥) =
𝜇

𝑠 + 𝑟𝑥 − 1
 

where, 

𝜇 = 𝑄𝑛+2(𝑥) + (1 − 𝑟𝑥)𝑄𝑛+1(𝑥) + 𝑄1(𝑥) + (𝑟𝑥 − 1)𝑄0(𝑥) 

2) If 𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1 ≠ 0, then 

∑𝑄2𝑘(𝑥)

𝑛

𝑘=0

=
𝜇

𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1
 

where, 

𝜇 = (𝑠 − 1)𝑄2𝑛+2(𝑥) − 𝑟𝑥𝑠𝑄2𝑛+1(𝑥) + 𝑟𝑥𝑄1(𝑥) − (𝑟
2𝑥2 + 𝑠 − 1)𝑄0(𝑥) 

3) If 𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1 ≠ 0, then 

∑𝑄2𝑘+1

𝑛

𝑘=0

(𝑥) =
−𝜇

𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1,
 

where, 

𝜇 = 𝑟𝑥𝑄2𝑛+2(𝑥) − 𝑠(𝑠 − 1)𝑄2𝑛+1(𝑥) + (𝑠 − 1)𝑄1(𝑥) − 𝑟𝑥𝑄0(𝑥) 

4)  
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∑𝑄𝑘

𝑛

𝑘=0

= 𝑄𝑛+2 + 𝑄1 

5)  

∑𝑄2𝑘 = 𝑄2𝑛+1 − 𝑄1

𝑛

𝑘=0

+ 𝑄0 

6)  

∑𝑄2𝑘+1 = 𝑄𝑛+2 − 𝑄0

𝑛

𝑘=0

 

7)  

∑𝑄𝑘

𝑛

𝑘=0

=
𝑄𝑛+2 − 𝑄𝑛+1 + 𝑄1 + 𝑄0

2
 

8)  

∑𝑄2𝑘 =
𝑄2𝑛+1 − 𝑄1 + 2𝑄0

2

𝑛

𝑘=0

 

9)  

∑𝑄2𝑘 =
𝑄𝑛+2 − 𝑄0

2

𝑛

𝑘=0

 

10) If  (𝑠 + 𝑟𝑥 − 1)2 ≠ 0, then 

∑𝑄𝑘
′

𝑛

𝑘=0

(𝑥) =
𝜇

(𝑠 + 𝑟𝑥 − 1)2
 

where, 

𝜇 = (𝑠 + 𝑟𝑥 − 1)𝑄𝑛+2
′ (𝑥) − 𝑟𝑄𝑛+2(𝑥) − (𝑟𝑥 − 1)(𝑠 + 𝑟𝑥 − 1)𝑄𝑛+1

′ (𝑥) 

−𝑟(1 − 𝑟𝑥)𝑄𝒏+1(𝑥) − (𝑠 + 𝑟𝑥 − 1)𝑄1
′(𝑥) − 𝑟𝑄1(𝑥)

+ (𝑟𝑥 − 1)(𝑠 + 𝑟𝑥 − 1)𝑄0
′ (𝑥) + 𝑟𝑠𝑄0(𝑥) 
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11) If ( 𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1) ≠ 0, then 

∑𝑄2𝑘
′ (𝑥)

𝑛

𝑘=0

=
𝜇

 (𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1)2
 

where, 

𝜇 = 𝜌(𝑠 − 1)𝑄2𝑛+2
′ (𝑥) + 𝑟(2𝑥𝑟𝑠 − 2𝑥𝑟 − 𝑠3 − 𝑠 + 2𝑠2 + 𝑟2𝑥2𝑠)𝑄2𝑛+1(𝑥)

− 𝑟𝑥𝜌𝑄2𝑛+1
′ (𝑥) + 𝑟(𝑠2 + 1 − 2𝑠 + 𝑟2𝑥2)𝑄1(𝑥) + 𝑟𝑥𝜌𝑄1

′(𝑥)

− 2𝑥𝑟2𝑠(𝑠 − 1)𝑄0(𝑥) − 𝜌(𝑟
2𝑥2 + 𝑠 − 1)𝑄0

′ (𝑥), 

and 𝜌 = 𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1 

12) For 𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1 ≠ 0, 

∑𝑄2𝑘+1
′ (𝑥)

𝑛

𝑘=0

=
𝜇

 ρ2
 

where, 

𝜇 = ρ𝑟𝑥𝑄2𝑛+2
′ (𝑥) − 𝑟(𝑟2𝑥2 + (𝑠 − 1)2)𝑄2n+2(𝑥) + 2𝑥𝑠𝑟

2(𝑠 − 1)𝑄0𝑄2𝑛+1(𝑥)

− 𝑠(𝑠 − 1)𝜌𝑄2𝑛+1
′ (𝑥) − 2𝑟2𝑥(𝑠 − 1)𝑄1(𝑥) + (𝑠 − 1)𝜌𝑄1

′(𝑥)

+ 𝑟(𝑟2𝑥2 + (𝑠 − 1)2)𝑄0(𝑥) − ρ𝑟𝑥𝑄0
′ (𝑥) 

and, 

𝜌 = −(𝑠2 − 𝑟2𝑥2 − 2𝑠 + 1) 

13)  

∑𝑄𝑘
′

𝑛

𝑘=0

(1) = 𝑄𝑛+2
′ (1) − 𝑄𝑛+2(1) − 𝑄1

′(1) − 𝑄1(1) + 𝑄0(1) 

14)  

∑𝑄2𝑘
′

𝑛

𝑘=0

(1) = 𝑄2𝑛+1
′ (1) + 𝑄2𝑛+1(1) − 𝑄1

′(1) + 𝑄1(1) + 𝑄0
′ (1) 

15)  
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∑𝑄2𝑘+1
′ (1)

𝑛

𝑘=0

= −𝑄2𝑛+1(1) − 𝑄0
′ (1) + 𝑄0(1) 

After that, we discussed the convergence of the solution linear differential equation 

(1.24) and concluded that it converges for all real values of 𝑥.Thereafter, the study about 

the extremum values for the Fibonacci polynomials in one variable (1.4) has been done 

by using Descartes’ Rule of sign and concluded that 

a) No extremum values for even values of 𝑛. 

b) Only one extremum value for odd values of 𝑛. 

 Similarly, the observations about the extremum values for Fibonacci polynomials 

of two variables have been devised. In the last section of this chapter, these polynomials 

are represented in graphical form using MATLAB. 

In chapter 3, various attributes of 2-Fibonacci sequence like generating 

function, Binet’s Formula to find out its 𝑛𝑡ℎ  terms, generating function, relationship 

with Fibonacci numbers, and multiple relations using the concept of congruences were 

established. We developed following relations: 

 

1)  

∑𝛼𝑛

∞

𝑛=0

𝔳𝑛 =
𝔳 + 3𝔳2 + 𝔳3

1 − 𝔳2 − 2𝔳3 − 𝔳4
 

2)  

∑𝛽𝑛

∞

𝑛=0

𝔳𝑛 =
2 + 𝔳 − 𝔳2 − 𝔳3

1 − 𝔳2 − 2𝔳3 − 𝔳4
 

3)  

𝛼𝑛 =
(𝛾𝑛+4 + 𝛾𝑛+1)

(𝛾 − 𝛿)(𝛾 − ⍵)(𝛾 − ⍵2)
+

(𝛿𝑛+4 + 𝛿𝑛+1)

(𝛿 − 𝛾)(𝛿 − ⍵)(𝛿 − ⍵2)

+
2⍵𝑛+1

(⍵ − 𝛾)(⍵ − 𝛿)(⍵ − ⍵2)
+

2⍵2𝑛+2

(⍵2 − 𝛾)(⍵2 − 𝛿)(⍵2 −⍵)
 

4)  
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𝛽𝑛 =
2𝛾𝑛+3

(𝛾 − 𝛿)(𝛾 − ⍵)(𝛾 − ⍵2)
+

2𝛿𝑛+3

(𝛿 − 𝛾)(𝛿 − ⍵)(𝛿 − ⍵2)

−
2⍵𝑛+1

(⍵ − 𝛾)(⍵ − 𝛿)(⍵ − ⍵2)
−

2(⍵2)𝑛+1

(⍵2 − 𝛾)(⍵2 − 𝛿)(⍵2 −⍵)
 

where 𝛾 =
1+√5

2
 , 𝛿 =

1−√5

2
 , 𝜔 =

−1+𝑖√3

2
  , 𝜔2 =

−1−𝑖√3

2
 

5)  

𝛼𝑛 ≡ (𝛽𝑛 + (1 − 𝑟))(𝑚𝑜𝑑 3), where 𝑛 ≡ 𝑟(𝑚𝑜𝑑 3) 

6)  

𝐹𝑛+1 ≡ 𝛼𝑛 + (1 − 𝑟) ≡ 𝛽𝑛 + (𝑟 − 1)(𝑚𝑜𝑑3)where 𝑛 ≡ 𝑟(𝑚𝑜𝑑3) 

7)  

𝛾𝑛+1−𝛿𝑛+1

𝛾−𝛿
= 𝛼𝑛 + (1 − 𝑟) = 𝛽𝑛 + (𝑟 − 1),where 𝑛 ≡ 𝑟(𝑚𝑜𝑑 3) 

8)  

𝛽𝑛−1𝛽𝑛+1 − 𝛽𝑛
2 ≡ 3(−1)𝑛(𝑚𝑜𝑑 4) 

9)  

𝛼𝑛−1𝛼𝑛+1 − 𝛼𝑛
2 ≡ 3(−1)𝑛−1(𝑚𝑜𝑑 4) 

10)  

(

𝛼𝑛+3
𝛼𝑛+2
𝛼𝑛+1
𝛼𝑛

) = (

0 1 2 1
1 0 0 0
0 1 0 0
0 0 1 0

)(

𝛼𝑛+2
𝛼𝑛+1
𝛼𝑛
𝛼𝑛−1

) 

11)  

(

𝛽𝑛+3
𝛽𝑛+2
𝛽𝑛+1
𝛽𝑛

) = (

0 1 2 1
1 0 0 0
0 1 0 0
0 0 1 0

)(

𝛽𝑛+2
𝛽𝑛+1
𝛽𝑛
𝛽𝑛−1

) 

12)  

(

𝛼𝑛+2
𝛼𝑛+1
𝛼𝑛
𝛼𝑛−1

) = 𝐸𝑛−1(

2
3
1
0

) 

13)  
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(

𝛽𝑛+2
𝛽𝑛+1
𝛽𝑛
𝛽𝑛−1

) = 𝐸𝑛−1 (

4
1
1
2

) 

 

In Chapter 4, the characteristics of 2-Fibonacci sequences (1.24) along with their 

squares are developed and validated in the categories of closed forms of the summation 

formulae. In particular, the properties involving an alternating sum of 2-Fibonacci 

sequences and the product of 2-Fibonacci terms having different indices, even and odd 

indices were discussed. We developed following summation formulae: 

1)  

∑𝒞𝑘

𝑚

𝑘=0

=
1

 3
(𝒞𝑚+4 + 𝒞𝑚+3 − 2𝒞𝑚+1 − 𝒞3 − 𝒞2 + 2𝒞0) 

2)  

∑𝒞2𝑘

𝑚

𝑘=0

= −
1

3
(𝒞2𝑚+2 − 2𝒞2𝑚+3 + 𝒞2𝑚 + 2𝒞3 − 𝒞2 − 4𝒞0) 

3)  

∑𝒞2𝑘+1

𝑚

𝑘=0

=
1

3
(2𝒞2𝑚+2 + 3𝒞2𝑚+1 + 2𝒞2𝑚 − 𝒞2𝑚+3 + 𝒞3 − 2𝒞2 − 2𝒞0) 

4)  

∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3 + 2∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+2 = −6 + 𝛼𝔪+3𝛼𝔪+4 − 2𝛼𝔪+1𝛼𝔪+3 

 

5)  

∑𝛼𝓀
2

𝔪

𝓀=0

−∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3

= 1 + 𝛼𝔪+1𝛼𝔪+4 + 𝛼𝔪+1𝛼𝔪+2 − 𝛼𝔪+1𝛼𝔪+3 − 𝛼𝔪+2𝛼𝔪+4

− 𝛼𝔪+1
2 + 𝛼𝔪+2

2  

6)  
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−2∑𝛼𝓀

𝔪

𝓀=0

𝛼𝓀+3

= 𝛼𝔪+4
2 + 𝛼𝔪+3

2 + 3𝛼𝔪+2
2 + 𝛼𝔪+1

2 − 𝛼𝔪+1𝛼𝔪+3 − 3𝛼𝔪+2𝛼𝔪+4

− 𝛼𝔪+1𝛼𝔪+4 + 3𝛼𝔪+1𝛼𝔪+2 − 𝛼𝔪+3𝛼𝔪+4 − 4 

 

7)  

∑𝓀𝒞𝓀

𝑚

𝓀=0

=
1

 3
(𝑚𝒞𝑚+4 + (𝑚 − 1)𝒞𝑚+3 − 2𝒞𝑚+2 − 2(𝑚 + 1)𝒞𝑚+1 + 𝒞3

+ 2𝒞2 + 2𝒞1) 

8)  

∑𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3 + 2∑𝛽𝓋

𝓂

𝑘=0

𝛽𝓋+2 = 𝛽𝓂+3𝛽𝓂+4 − 2𝛽𝓂+1𝛽𝓂+3 

9)  

∑𝛽𝓋
2

𝓂

𝓋=0

 − ∑ 𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3

= −1 + 𝛽𝓂+1𝛽𝓂+4 + 𝛽𝓂+1𝛽𝓂+2 − 𝛽𝓂+1𝛽𝓂+3 − 𝛽𝓂+2𝛽𝓂+4

− 𝛽𝓂+1
2 + 𝛽𝓂+2

2  

10)  

−2∑𝛽𝓋

𝓂

𝓋=0

𝛽𝓋+3

= 𝛽𝓂+4
2 + 𝛽𝓂+3

2 + 3𝛽𝓂+2
2 + 𝛽𝓂+1

2 − 𝛽𝓂+1𝛽𝓂+3 − 3𝛽𝓂+2𝛽𝓂+4

− 𝛽𝓂+1𝛽𝓂+4 + 3𝛽𝓂+1𝛽𝓂+2 − 𝛽𝓂+3𝛽𝓂+4 − 4 

In Chapter 5, derived the reciprocals sum of Generalized Fibonacci (1.27) and 

Generalized Lucas polynomials (1.28) with even indices described below:   

1)  

⌊(∑
1

𝐹𝓀,𝑙𝑟(ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐹𝓀,𝑙𝑛(ℊ) − 𝐹𝓀,𝑙𝑛−𝑙(ℊ) − 1                       (𝑛 ≥ 1) 
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2)  

⌊(∑
1

𝐿𝓀,𝑙𝑟(ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐿𝓀,𝑙𝑛(ℊ) − 𝐿𝓀,𝑙𝑛−𝑙(ℊ)                                  (𝑛 ≥ 1) 

3)  

⌊(∑
1

𝐹𝓀,𝑙𝑟
2 (ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐹𝓀,𝑙𝑛
2 (ℊ) − 𝐹𝓀,𝑙𝑛−𝑙

2 (ℊ) − 1                          (𝑛 ≥ 1) 

4)  

⌊(∑
1

𝐿𝓀,𝑙𝑟
2 (ℊ)

∞

𝑟=𝑛

)

−1

⌋ = 𝐿𝓀,𝑙𝑛
2 (ℊ) − 𝐿𝓀,𝑙𝑛−𝑙

2 (ℊ) + 1                          (𝑛 ≥ 2) 

 

for positive integer ℊ, 𝑛 and even integer 𝑙 ≥ 2. 

In Chapter 6, we derived the following results for Jacobsthal polynomials (1.29) 

and Jacobsthal-Lucas polynomials (1.30): 

(a)  

∑
1

𝐽𝑎𝑘(𝑥)

∞

𝑘=𝑛

>
1

𝐽𝑎𝑛(𝑥) − 𝐽𝑎𝑛−𝑎(𝑥)
 

(b)  

∑
1

𝑗𝑎𝑘(𝑥)

∞

𝑘=𝑛

<
1

𝑗𝑎𝑛(𝑥) − 𝑗𝑎𝑛−𝑎(𝑥)
 

(c)  

  ∑
1

𝐽𝑎𝑘
2 (𝑥)

∞

𝑘=𝑛

>
1

𝐽𝑎𝑛2 (𝑥) − 𝐽𝑎𝑛−𝑎2 (𝑥)
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(d)  

  ∑
1

𝑗𝑎𝑘
2 (𝑥)

∞

𝑘=𝑛

<
1

𝑗𝑎𝑛2 (𝑥) − 𝑗𝑎𝑛−𝑎2 (𝑥)
 

with positive integers 𝑥, 𝑛 and for positive even integer 𝑎. 

 In chapter 7, we introduced a 𝑛 × 𝑛 matrix given by 

𝑆𝑛(𝑒′,𝑚′, 𝑓′) =

(

 
 
 

𝑒′ −𝑚′ 𝑓′ 0 … 0

1 𝑒′ −𝑚′ 𝑓′ … 0

0 1 𝑒′ −𝑚′ ⋱ ⋮
0 0 1 𝑒′ ⋱ 𝑓′

⋮ ⋮ ⋮ ⋱ ⋱ −𝑚′
0 0 0 0 1 𝑒′ )

 
 
 

𝑛×𝑛

 

and concluded that its successive determinant generates Trivariate Fibonacci (1.31) 

polynomials.  

  After that we presented Binet's formula for this sequence by using matrix 

methods and the concept of diagonalizability of matrix. And then, we addressed an 

observation related to 𝑛𝑡ℎ Generalized Lucas numbers defined by (1.9). 

Next, Chapter 8, we solved the fractional differential equation (1.32) by using 

an operational matrix for Lucas polynomials. Thereafter, a matrix is developed 

generating the derivatives of Fibonacci polynomials. 

In Chapter 9, we completely solved the following Diophantine equation 

𝑄𝔫 − 𝑄𝔪 = 2
𝔞, 

where 𝑄𝔫 and 𝑄𝔪 are Pell-Lucas numbers and deduced that its solutions are: 

{(2,0,2), (2,1,2), (3,2,3), (4,0,5), (4,1,5)} 
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Future and Scope 

1. Infinite reciprocal sum of Generalized Jacobsthal and Generalized Jacobsthal-

Lucas polynomials can be developed. 

2. One can possibly develop summation formulae for the sequence of 2-Fibonacci 

polynomials. 

3. Numerous properties such as Binet’s formula and Generating function can be 

deduced for the sequence of 2-Fibonacci polynomials. 

4. One can solve the following Diophantine equation 

𝑄𝔫 − 𝑄𝔪 = 𝑦
𝔞, 

where 𝑄𝔫 and 𝑄𝔪 are Pell-Lucas numbers and 𝑦 is a positive integer. In place of 

Pell-Lucas numbers, one can take other sequence like Pell-numbers, Jacobsthal 

numbers, 2-Fibonacci numbers etc. 

 

 

 

 

 

 

 

 

 

 


