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Abstract

Fibonacci numbers, one of the God’s best-gifted numbers, are amazing numbers
researched by Leonardo of Pisa that play a crucial role in our lives. Fibonacci numbers
are the result of the famous Rabbit problem demonstrated by Leonardo of Pisa, which
we discuss later in the subsequent chapters of this thesis. In addition to being a part of
our daily lives, these numbers also have a variety of applications in nature, music, etc.

that can’t be expressed in a single word.

As a whole, the thesis focuses on the concept of these beautiful divinely gifted
Fibonacci numbers and the polynomials that surround these numbers. This thesis is
composed of nine chapters. In the first chapter, a general introduction to the Fibonacci
numbers constituting history and their applications in various fields is described. Also,
we briefly recall a few definitions and well-known results of the Fibonacci numbers
which fulfill the minimum prerequisite for the subsequent chapters. The section of
literature review lighting on the work done by the various researchers in the field of
Fibonacci numbers and its associated polynomials, is also included in this chapter. In
the review, the research gap has been identified. Further, the objectives and

methodology to achieve these gaps have been detailed in this chapter.

The remaining chapters are an attempt to discuss the behavior and different
properties of sequences of polynomials based on Fibonacci numbers. In this thesis, we
mainly work on the sequences of Generalized Fibonacci polynomials, 2-Fibonacci
numbers, Generalized Lucas polynomials, Jacobsthal polynomials, Jacobsthal-Lucas
polynomials, Trivariate Fibonacci polynomials, and Pell-Lucas numbers. Also, we
determine the number of non-negative integral solutions of a Diophantine equation
involving Pell-Lucas numbers. In order to achieve our objective, we employ various
methodologies. In this thesis, we develop various summation formulae for sequences
of the Generalized Fibonacci polynomials and 2-Fibonacci numbers by approaching
recursive methodology. After that, an explicit formula is established by using the
concept of matrices to find out the general term of “2-Fibonacci numbers and Trivariate
Fibonacci polynomials”. Further, reciprocal sum of “Generalized Fibonacci



polynomials, Generalized Lucas polynomials, Jacobsthal polynomials, Jacobsthal-
Lucas polynomials” and their respective squares developed. Additionally, various
properties involving the relationship of 2-Fibonacci sequences of numbers with the
sequence of Fibonacci numbers, Cassini’s identity, etc. have been demonstrated using
the concept of congruences. A fractional differential equation is solved by, “Lucas
polynomials and Pell-Lucas polynomials” by the concept of matrices. A matrix is
developed to generate the sequence of the derivatives of Fibonacci polynomials. Also,
we discuss various properties of the sequence obtained by differentiating one time to
the Fibonacci polynomials. Further, we represent various sequences graphically using
GeoGebra software. Also, using GeoGebra software, we discuss the sequence of
“Fibonacci numbers and the sequences of 2-Fibonacci numbers” approaching the

Golden ratio.

Various summation formulae has been developed for a Generalized sequence of
the Fibonacci polynomials and its respective first-order derivatives with even indices,
odd indices, and alternating summation formulae. In the next step, we discuss some
particular cases for the Fibonacci numbers, Pell numbers, Tetrabonacci numbers by
changing the initial conditions.

In the following ordinary differential equation, we discuss the convergence of its

solutions:
yn _ yl _ y — 0

Afterwards, an analysis of the extremum values for the Fibonacci polynomials

with one variable has been done by using Descartes’ Rule of the sign.

By adopting similar approach, we find the extremum values for Fibonacci polynomials
of two variables or Bivariate Fibonacci polynomials. Thereafter, these polynomials

have been graphically visualized using MATLAB.

Our next step is to establish an explicit formula by using the concept of matrices
in order to determine the general term of sequences of the 2-Fibonacci numbers.
Furthermore, by incorporating the concept of congruences, various properties of the 2-

Fibonacci sequences of numbers including the generating function, relationship with
iv



Fibonacci numbers, Cassini’s identity have been explored. Afterward, we extend the
concept of summation formulae for the 2-Fibonacci sequence of numbers. In the
categories of closed forms of the summation formulae, the characteristics of these
sequences along with their squares are developed and validated. We develop various
summation formulae for 2-Fibonacci sequences of numbers having even indices, odd

indices, alternating summation formulae.

After this, we continue our research work on “Generalized Fibonacci
polynomials, Generalized Lucas polynomials, Jacobsthal polynomials, and Jacobsthal-
Lucas polynomials”. Furthermore, the integral sum of reciprocity of these polynomials
and their respective squares having even indices, developed through recursive
methodology. As a result, we formulate various integral sums involving the reciprocal
of “Generalized Fibonacci polynomials and Generalized Lucas polynomials”, having
even indices. Inequalities regarding the reciprocal sum from the Jacobsthal
polynomials, Jacobsthal-Lucas polynomials and their respective squares with even
indices have been developed. Also, we discuss multiple results using these polynomials
to accomplish our goal. We establish multiple relationships between “Generalized
Fibonacci polynomials and Generalized Lucas polynomials, Jacobsthal polynomials

and Jacobsthal-Lucas polynomials respectively”.

After that, we work on the sequence of Trivariate Fibonacci polynomials that
follows a third-order recursive relation. Using the concept of matrices, an explicit
formula is developed to find out the general terms of Trivariate Fibonacci polynomials.
We present a matrix whose successive determinant generates the Trivariate Fibonacci
polynomials. Moreover, by using matrix methods, we derive Binet’s formula and some
other properties for Trivariate Fibonacci polynomials. After that, a few remarks have
been made regarding nt" Generalized Lucas numbers. The next chapter of this thesis is
devoted to solving a fractional differential equation by using Lucas and Pell-Lucas

polynomials.

A fractional differential equation



{D“(x) + @) + y(x) = f(x)
,y)(r)(o) = Cr '

wherer =0,1,2,....m —-1;#2=0,1,2,...m;m—1< a < m,

is solved by, “Lucas polynomials and Pell-Lucas polynomials” using matrices. In
addition, we construct a matrix having elements as “the coefficients appearing in the
expansion of the derivative of Fibonacci polynomials and the sum of the elements in
the same row gives the first-order derivative of the classical Fibonacci sequence”.
Furthermore, we discuss some properties of the sequence obtained by differentiating

the sequence of Fibonacci polynomials.
After that, towards the ending chapter of this thesis, we work on a Diophantine equation
Qn = Qm = 2%,

where Q,, and Q,, are Pell-Lucas numbers with n > m > 0. By using various linear

forms for an upper bound, we completely solve the above Diophantine equation.

Vi



Chapter 1
General Introduction

1.1 Introduction

The Italian mathematician Leonardo of Pisa (1170-1250) or Fibonacci was a notable
mathematician in the Middle Ages. “Fibonacci numbers”, which bear his name, is the
best-known work of Fibonacci. Fibonacci’s mathematical background began during his
many visits to North Africa, where he was introduced to the early works of algebra,
arithmetic, and geometry. He also traveled to countries located in the Mediterranean

and studied the mathematical systems that they were practicing.

“Fibonacci published his first book entitled Liber Abaci at the age of thirty,
which discusses the usefulness of the Hindu numerals and multiple mathematical
problems. Liber Abaci was published for the first time in 1202 and later revised in
12287 [1, 2]. It is said that the work of Egyptian mathematician Abu Kamil inspired
Fibonacci’s work in Liber Abaci. The beginning of his book has a statement about the
Hindu-Arabic number system: “Nine Indian figures are noted: 9, 8, 7, 6, 5, 4, 3, 2, 1.
With these nine figures, and with symbol 0, any number may be written” [3]. The
problems in the book were able to illustrate for the first time the benefits of the new
Hindu-Arabic numeral system. During Fibonacci’s time, Liber Abaci was considered
to be a complete source of arithmetical knowledge. The publication of this book
inspired additional research in algebra and arithmetic and continued to serve as a key

mathematics source for hundreds of years.

“We now shift the direction to Indian mathematicians and the role of they played
in the Fibonacci numbers. While the Fibonacci numbers are named after Leonardo
Fibonacci, who was described in detail above, it is interesting to note that knowledge
about these numbers occurred long before his time. The sequence of Fibonacci numbers
originates from former India. Singh claims that Indian mathematician Pingala was the

first to possess knowledge of the Fibonacci numbers. It is speculated that he lived



sometimes around 400 B.C. Acarya Virashanka, who lived between 600 and 800 A.D.,
is said to have been the first Indian mathematician to give a written representation of
the Fibonacci numbers. Another significant figure in the role of Fibonacci numbers is
Gopala, who was born sometime before 1135 A.D. Archarya Hemachandra, a great
Jain writer, describes an estimation of variations in matra-vrttas in Chandonusasana.
In Chandonusasana, his rule is translated and quoted from [4] as follows: "Sum of the
last and the last but one, number of variations of the matra-vrttas coming afterward."
(Matras-Vrttas are meters in which the quantity of morae remains constant and the
numbers of letters are random). He continues, “From amongst the numbers 1, 2, etc.
those that are last and the last apart from one is 3 which is kept afterward and is the
number of variations (of meter) having 3 matras. The sum of 3 and 2 is 5, which is kept
afterward and the number of variations (of the meter) having 4 matras” [5].

Figure 1.1: Hemachandra (left) and Fibonacci (right)

The real problem demonstrated by Fibonacci (in the year 1202) was the number of pairs

of rabbits that may arise under ideal circumstances given by
¢ Initialize with a pair of neonate bunnies
e 1 month before maturation
¢ A month before pregnancy

e Mimic a pair of neonates



e Intimates again and so forth
e None of the rabbits die

Now, the question arises that how many rabbit pairs after one year? This problem can

be solved by constructing a table:

Table 1.1: Rabbit Problem

Month Youth Pairs Matured Pairs Total
January 1 0 1
February 0 1 1
March 1 1 2
April 1 2 3
May 2 3 5
June 3 5 8
July 5 8 13
August 8 13 21
September 13 21 34
October 21 34 55
November 34 55 89
December 55 89 144
January 89 144 233




As a result of this, the above pairs of rabbits form a sequence of numbers referred to as

Fibonacci numbers generated by,
FTL+1 = Fn + Fn—l; n= 1, 2, 3, eny (11)
with two initial seeds F, = 0, F; = 1.

Consequently, Fibonacci numbers are the sum of two procedural terms [3] with
two initial seeds F, = 0, F; = 1. Now, observe that the last 2" row of the above table

is the sequence of these numbers.

Fibonacci numbers are generated [3] via Binet’s formula given as:

an_ﬁn

Fy=——H,
n a_ﬂ

where a and g satisfies the following equation

ryz—ry—1=0

Y-axix represents the corresponding Fibonacci numbers F"

X-axix represents the values of n

Fo X-axix
0 6 2 24

Figure 1.2: Fibonacci Numbers



Furthermore, following is generating function g («) for Fibonacci numbers:

ooFu"— (u)——u
Z" IR e e
n=0

where E, is n®* Fibonacci number and a generating function g (), first introduced in
1730, to solve the general linear recurrence problem of a sequence, say {c,} isa power

series expansion having coefficients as the terms of a sequence {c,} and is given by

(0]

o= G
n=0
1.2 Applications of Fibonacci Numbers
Besides mathematics, Fibonacci numbers are crucial to our daily life, nature and have
many applications in various fields. There are many flowers of which the patella forms
a sequence of the Fibonacci numbers. For instance, Lily has three petals, Buttercups
have five, Delphiniums, daisies and aster have 8, 13, and 21 respectively, chicory and
34 petals in plantain, pyrethrum, etc. Additionally, some flowers exhibit spirals that are

Fibonacci numbers when they are counted in a clockwise or anticlockwise.

IR
TR

Figure 1.3: Fibonacci Numbers in Flowers

Fibonacci numbers and music are also closely related to each other. The Fibonacci
numbers are depicted by looking at the keyboard of a piano [6]. Pineapple also exhibits

these numbers [1].



8 Parallel rows of scales 13 Parallel rows of scales 21 Parallel rows of scales

spiraling gradually spiraling at a medium spiraling at a steep slope

Figure 1.4: Fibonacci Numbers in Pineapples

1 2 3 <1 S 6 7 8

Figure 1.5: Piano and the Fibonacci Numbers

There is a lot of contribution of Fibonacci numbers in our life cycle, family trees of
honey bees, growing points in trees, and in the various fields which we can't state in

single words.

1.3 Basic Terminology
To accomplish our goal, some basic terminologies are used. We recall few definitions

and well-known results, some of which are pinpointed as per our requirements.

1.3.1 Golden Ratio

Two numbers a and b are in the golden ratio if their proportion is equal to that of their

sum to the larger among them say a, symbolized by phi ¢ [7].

Thus, a and b are forms golden ratio if



a+b_

(1.2)

Put % = ¢, then (1.2) becomes

Therefore, 2 —¢p —1 = 0.

On solving this quadratic equation, we obtain two roots given by

(1++5)
T = 1.6180339887 ...,
and
(1-+5)
T = —0.6180339887 ...

Since ¢ is the ratio of lengths, so its value should be positive, so neglecting the

negative value. Therefore,

:(1+\/§)

¢ 2

By taking the ratio of two consecutive Fibonacci numbers larger divided by smaller,

the sequence obtained approaches to ¢.

Thus,




34
55

12 21

Figure 1.6: Fibonacci Spiral

X-axix represents the values of n

Y-axix represents the corresponding ratio of two consecutive Fibonacci numbers

Figure 1.7: Fibonacci Numbers Approaching to Golden Ratio
1.3.2 Extension of Fibonacci Numbers to Negative Integers

Abramovich [8] extended the concept of Fibonacci sequence to the set of integers by

considering a problem based on Fibonacci-like sequence defined by
Fne1 = Fn + Fn-1, (1.3)
with # = x and #, = y and n is an integer > 2.

Now the problem was:



Problem [8]: “Given integer N as the 5" term of a Fibonacci-Like sequence, find all

possible non-negative initial values of such a sequence.”

To solve the above problem, author again consider a problem with N = 20. Now, the
solution of the above problem lies in solving the following Diophantine equation for

integers x,y = 0:

2x +3y =20
< A = C D E F G 3] 1 3
; &< » -« ~
3 ” F, > Foua N Total
- S 2 3 20 -
s x ¥
6 o
7 1 6 7 13 20 33 s3 86 139 22S
8 - -
Bl 3
10 B B 8 12 20 32 s2 84 136 220
11 S
12 6
13 7 2 9 11 20 31 s1 82 133 215
14 8
15 9
16 10 0o 10 10 20 30 SO 80 130 210

Figure 1.8: Solutions of 2x + 3y = 20

On the basis of the solutions of above Diophantine equation, following Fibonacci-like

sequences with 20 as the 5™ terms can be possible,
10,0,10,10,20, 30, ...
7,2,9,11, 20,31, ...
4,4,8,12,20,32, ...
1,6,7,13,20,33, ...

Abramovich arranged the above sequences as below in table 1.2:



Table 1.2: Quadruples forming Arithmetic Sequences

10 0 10 10 20 30 50 80 130 210
7 2 9 11 20 31 o1 82 133 215
4 4 8 12 20 32 52 84 136 220
1 6 7 13 20 33 53 86 139 225

-3 2 -1 1 0 1 1 2 3 5

and he observes that, “these quadruples form arithmetic sequence, the differences of
which are displayed in the bottom row of table 1.2. One can observe that to the right of
the zero difference (after all the four Fibonacci-like sequences met at the number 20),
consecutive Fibonacci numbers appear. Furthermore, to the left of the zero difference,
the absolute values of the differences are consecutive Fibonacci numbers as well. This
observation, motivated the author to an idea of extending Fibonacci numbers to

negative subscripts through the following definition:
Fy=0,F, = (—1)"™E,

One can note that to the right of zero all Fibonacci numbers are positive and to the left
of zero Fibonacci numbers alternate signs. In order to generate Fibonacci numbers in
both directions, one has to have the triple of numbers(1, 0, 1). Then, to the right and to

the left of zero, the recursions
Fppr=F+Fqand Fyy = Fuyy — B,

should be used, respectively”. Thus, by combining above these, Abramovich extends

Fibonacci sequence to the set of integers through the following definition

Foy1 =K +Fy
with F, = 0,F; = F_; = 1, and p is any integer.

10



1.3.3 Fibonacci Polynomials

Belgian mathematician Eugene Charles Catalan developed the concept of Fibonacci

numbers in 1883 by studying Fibonacci polynomials {F,, (x)},,s0 [9] defined by

Fy(x) = xFy_1(x) + F,,_ (%),

with Fy(x) = 0, F;(x) = 1, for integral values of w > 2.

(1.4)

When x = 1, then the above sequence of polynomials becomes that of the Fibonacci

numbers. Also, generating function gz () is

u

D R (w = gpu) = <
w=0

— xu — u?

If @ = Hzﬂ, and B = “22°** then for w = 0,
aW _BW
Fo(x)=—F

W(x) a _,8

Values of x

Figure 1.9: Fibonacci Polynomials
11

12 13



1.3.4 h(x) —Fibonacci Polynomials
Nalli and Haukkanen [10] generalized Fibonacci polynomials (1.4) by introducing

h(x) —Fibonacci polynomials for a real coefficient polynomial h(x) described as

Fh,e+2 (x) = h(x)Fh,e+1(x) + Fh,e(x)' (15)
where e > 0, and Fp, o(x) = 0, F 1 (x) = 1.

On taking h(x) = 1, sequence given by (1.5) becomes that of Fibonacci numbers.

If h(x) =x, then the above sequence become that of Fibonacci polynomials

respectively. And, the generating function gr(u) is

u
1—h()u—u2’

Z Fpe Ou® = gp(u) =
e=0

and the ‘" term of this sequence is:

a; — a;

F,.(x) = ,
h,e( ) a, — a,

h(x)+h2(x)+4 h(x)—/R2(x)+4
=— ——anda, =——_———.

where a; =

1.3.5 Bivariate Fibonacci polynomials

The concept of Fibonacci polynomials to two variables was extended by introducing

Bivariate Fibonacci polynomials by Catalan [11] that are defined by

F,(31,t1) = 31Fn—1G1,t1) + 41 Fy 231, 11), (1.6)

for integral values of n > 2, with Fy(31,%,) = 0,F;(31,%1) = 1. By using 3, = t; = 1,
it becomes the sequence of the Fibonacci numbers. Bivariate Fibonacci polynomials

are generated by the following Binet’s formula:

ai —az
F,(3,t1) = )
a; —ay

12



+/(31)%+4t - (G1)2+4t
Where a, = 31 (3;) 11 and a, = 31 (3;) 1.

1.3.6 Generalized Fibonacci Polynomials

Researchers introduced following Generalized Fibonacci polynomials [12] by

extending h(x) —Fibonacci polynomials:

Fpan+1(@) = #(@)Fpgn(g) + Q(@)Fpgn-1(g), forn= 2,3,.., (1.7)

with Fj 50(g) = 0, Fy, 41(g) = 1, for real coefficients polynomials £(g) and q(g).
For #£(g) = q(g) = 1, sequence given by (1.7) becomes that of Fibonacci numbers.
Further,

u
1—-4#%(g)u—q(g)u?

D Fagn(@ = gr(w) =
n=0

1.3.7 Lucas Sequence

Now, the nt"* term of Fibonacci numbers which is named as Binet’s Formula [3] can be

written as
a — B"
E, = '8,
a—p
Whereazl’;ﬁ,a dﬁz%g.
Now,
, 3445
a® = :
2
, 4+2V5
a® = :
2
. 7+3V5
a” = 2 )

13



and so on.

Thus, one can see that coefficient of V5 in 2a™ forms a sequence of the Fibonacci

numbers while the remaining terms arises a new sequence given by
1,3,4,7, ...

These sequences motivated the idea of Lucas numbers by supplying the initial term as
2. Thus, Lucas numbers [13], derived name from the mathematician Francois Edouard
Anatole Lucas, follows a recursive relation similar to that of Fibonacci numbers, but

differ only in seeds. Thus, Lucas numbers follow relation:
Lytz = Lpsy + Ly, (1.8)
forn=0,1,2,.., with L, = 2,and L; = 1.Thus, the Lucas sequence is
2,1,3,4,7, ..
Lucas sequences can be produced [13] using Binet’s formula:
Ly=a"+p";n>0
where a and g satisfies:

vV2—v—1=0

14



Y-axix

X-axix represents the values of n

e Y-axix rep s the ponding Lucas

X-axix

-22 -20 -18 -1 -14 -12 -10 -8 -6 —4 -2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34

Figure 1.10: Lucas Numbers
1.3.8 Lucas Pseudoprimes

For any positive integers R, and §; with R; >0, and D = R? — 4§, the

corresponding Lucas sequences [14] defined by
Upn(Ry,81) = RUp_1(Ry,81) — $1Un_2(Ry, 81),

and
Vhi(R1,81) = RV 1(R1,81) — 81V 2 (R, 81),
Wlth Uo(:Rl,csl) = 0, Ul(Rli‘Sl) = 1, VO("Rli‘SI) = 2, and Vl(Rli‘Sl) = Rl, and n=

2,3,4, ..

Let (%) be the Jacobi symbol defined by:

D D\%t yD\*2 D\ %k
&-G) @) -G
wheren = g71qy? ... g, * is the prime factorization of n. For odd prime g, the Legendre
symbol (g) is defined by

15



D 0 if D = 0(mod g)
(—) ={1if D # 0(mod g),and D = x?(mod g), for some integer x
—1if D # 0(mod g), there is no such x: D = x%(mod g)

A Lucas pseudoprime for a composite integer n satisfy:

Usmy = 0(mod n),

where 6(n) = n — (2).

n
For instance, 119 is a Lucas pseudoprime if, R, = 3,8; = —1,and D = 13.

1.3.9 n!" Generalized Lucas Numbers

n" Generalized Lucas numbers [15] follows relation given as:

jn(x) = jn—l(x) + xjn—z(x)' (1.9)
withn = 2, 3,4, ..., and x is any positive integer with j,(x) = 2, and j;(x) = 1.

1.3.10 Lucas Polynomials

Lucas polynomials and Fibonacci polynomials are closely related to each other as both
have same recursive relation, differ only in initial conditions. In 1970, Bicknell
introduced the sequence of Lucas polynomials {L,,(x)},so [9] with Ly(x) =

2,L,(x) = x, and follows by recursive relation
Ln(x) = an—l(x) + Ly (x)' (110)
forn=2,3,4,..

On taking x = 1,2, the above sequence of polynomials becomes the sequence of Lucas
numbers and Pell-Lucas numbers respectively. And, the generating function gz (u) for

this sequence of polynomials is

— xu — u?

c 2—u
D Ly Gou" = ge) = £
n=0

16



Values of x

14 -12 -10 -8 -6 -4 -2 2 4 ] 8 10 12 14 16 18 20 2 24

Figure 1.11: Lucas Polynomials

1.3.11 h(x) —Lucas Polynomials
Nalli and Haukkanen [10] generalized Lucas polynomials by introducing h(x) —Lucas

polynomials for a real coefficient polynomial h(x) described by

Liw+2(x) = () Lp 1 (X) + Lp o (%), (1.11)
wherew =0,1,2, ...
with Ly o(x) = 2, and Ly 1 (x) = h(x).

On taking h(x) = 1, sequences given by (1.11) becomes that of Lucas numbers
respectively. If h(x) = x, then the above sequences become that of Lucas polynomials.

And, the generating function gz (1) for this sequence of polynomials is

= 2—h
Z Lo COu® = gr(u) = — (x)(ff)_uuz
w=0

17



1.3.12 Generalized Lucas Polynomials

Generalized Lucas polynomials [12] are the generalization h(x) — Lucas polynomials

and defined by
Lpgni1(g) = #(@)Lpgn(@) + q(@)Lpgn-1(g) forn=1,2,3,.., (1.12)

with L/&,q‘o(g') =2, L&,q,l(g‘) = ’k(g‘)

Here, #(g) and q(g) are the polynomials having real coefficients.

For #(g) = q(g) = 1, sequence given by (1.12) becomes that of Lucas numbers.
Also,

2 — £(g)u
1—-#(g)u—q(g)n?

Y Legn @ = gp() =
n=0

1.3.13 Jacobsthal Numbers

In [16], Jacobsthal numbers {J,,},>o Nnamed after Ernst Jacobsthal, are the numbers
having the same initial conditions as that of Fibonacci numbersi.e.,, J,=0andJ; =1

but follows a different recursive relation given by

Jntz =Jne1 + 2/ (1.13)
where n is non-negative integer.
Jacobsthal numbers satisfies:
t5—15—2=0,
withrootsa = 2,8 = —1.
And these numbers can be generated by following formula
at — Bn
3

Jn

18



30

20

X-axix represents the values of n

J5 Y-axix represents the corresponding Jacobsthal numbers

Figure 1.12: Jacobsthal Numbers

1.3.14 Jacobsthal Polynomial
Jacobsthal polynomials [10] studied by E. Jacobsthal, is an extension of Jacobsthal
numbers and forms a recursive relation as given below

0,ifn=0

Jn(x) = Lifn=1 (1.14)
]n—l(x) +x/,—2 (x),ifn = 2

The sequence of Fibonacci polynomials differs from that of Jacobsthal polynomials

only in the position of x. The nt" term of Jacobsthal polynomial is obtained by the

formula
a” — ﬁn
X)) =———,
where a = 1+“;+4x ,and B = 1_';”".

The graphical representation of Jacobsthal polynomial is:

19



Figure 1.13: Jacobsthal Polynomials

1.3.15 Jacobsthal-Lucas Numbers

Jacobsthal-Lucas [16] numbers {j,},.s0 has the same recursive relationship as that of
Jacobsthal numbers {J,,},,=0 but with different initial seeds. Thus, Jacobsthal-Lucas

numbers {j,, }»so are defined by

Jn+2 = Jn+1 + 2n,
with j, = 2,and j; = 1, and n is a non-negative integer.

Thus, Jacobsthal-Lucas numbers satisfies the same characteristic equation as that of
Jacobsthal-Numbers

2 _
Ty

r, = 2=0,

withrootsa = 2,8 = —1.

And these numbers can be generated by following formula:
Jn ="+ B

Graphical representation of Jacobsthal-Lucas number is:

20



Y-axix

.'5 X-axix represents the values of n

o Y-axix P the

® X-axix
0 35 0 25 2 15 0 & 0 5 0 15 20 2 30 35 40 45 50 55 50 &5 70

Figure 1.14: Graphical Representation of the Jacobsthal-Lucas Numbers

1.3.16 Jacobsthal-Lucas Polynomials
Jacobsthal-Lucas polynomials [17] is an extension of Jacobsthal-Lucas numbers and
follows the recursive relation

2,ifn=0

Jn(x) = 1,ifn =1 (1.15)
jn—l(x) + Xjn—2 (x),ifn > 2

On taking x = 1 and x = 2, it generates the sequences of the Lucas and Jacobsthal-
Lucas numbers respectively. The sequence of Lucas polynomials differs from that of
Jacobsthal-Lucas polynomials only in the position of x. The nt* term of Jacobsthal-
Lucas polynomial is obtained by the formula

Jn(x) = a™ + B,
and g = 1-Vitax

2

1+V1+4x

2 )

where o =

The graphical representation of Jacobsthal-Lucas polynomial is represented by Figure
1.15:
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Values of x
5 [ 7 8 9 10 11 12

Figure 1.15: Graphical Representation of the Jacobsthal-Lucas Polynomials

1.3.17 Pell-Numbers
Pell-numbers [18] derived by John Pell are given by the recursive relation

Py, =2P, 1+ Py n=234,., (1.16)
with P, = 0,P; = 1.

Thus, Pell- Numbers and Jacobsthal-Numbers differs only in the position of 2.
Jacobsthal- numbers are the sum of its previous terms and twice of the term before that.
On the other hand, Pell-Numbers are the sum of twice of its previous term and the term

before it.
Pell-numbers can be generated by the following formula

am — "
p o B
242

where a and g satisfies the equation

22



r2—2r.,—1=0

Graphical representation of Pell-numbers is:

Y-axix

X-axix represents the values of n

* 4 Y-axix represents the corresponding Pell numbers

X-axix

Figure 1.16: Graphical Representation of the Pell Numbers

1.3.18 Pell-Lucas Numbers

The Pell-Lucas [18] numbers {Q,},so has the same recursive relation as that of Pell-
Numbers but with different initial conditions. Thus, Pell-Lucas numbers satisfies the

following recursive relationship
Qi1 =2Q,+Quq, V=123, .., (1.17)
with Qy = Q1 = 2.

Therefore, all the Pell-Lucas numbers are even. These numbers can be generated by the

following formula
Qn=a"+p",

where a and g satisfies the equation
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rnz—Zrn—1=0

Graphical representation of Pell-Lucas numbers is:

Y-axix

35 Q
® 4

X-axix represents the values of n

Y-axix represents correspnding Pell-Luas numbers

X-axix

Figure 1.17: Graphical Representation of the Pell-Lucas Numbers

1.3.19 2-Fibonacci sequences
K.T. Atanassov et al., introduced four methods to construct two sequences {a,,}m=, and

{Bm}m=o Of numbers named as 2-Fibonacci sequences [19] described as

m+2 = Pm+1 m Pm+2 = Em41 mr .

a B + B B a +a (1.18)
Uiz = At1 + Py Ptz = Pms1 T Ay (1.19)
Oy = ﬁm+1 + U ﬁm+2 = Omn+1 + ﬁm' (120)
Tm+2 = Epta + Uy ﬁm+2 = ﬁm+1 + ﬁm' (121)

with real numbers ay = a,8, = 4,2, = ¢, f; =d,andm =0,1,2, ...

Recurrence relation (1.21) generates Fibonacci and Lucas numbers respectively on

takingay, =0, fp=1,a, =2, B, = 1.
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Tm+1 Uy T2 X+t :Bm :Bm+2

. o<
Brm+1 B Brn+2 Bms1  Um T2

Bm+1 U .3m+2 Tmt1 U :Bm+2
e -0 .0 ® -0 o
® - O o

Tm+1 :Bm (LANES) :Bm+1 .Bm g2

1.3.20 Generalized Tribonacci Numbers

The Generalized Tribonacci [20] numbers {D,,},,so s a third-order recurrence relation

that generalizes the concept of Fibonacci numbers and satisfy
DI) = T(ZDI)—I + SﬁDt)—Z + t)/Dlj—3 ;DO = al, Dl = bl' D2 = Cl,l) = 3, 4‘, 5, ey
for complex numbers a4, b; and ¢, and for real numbers 7, s and ¢, .

If we take a; =0,b; =1, 1, =sg =1,t, =0, then the above sequence
becomes that of the Fibonacci numbers. Ontakinga; = 2,b; = 1,7, = 1,55 = 1,t, =
0, it arises the sequence of the Lucas numbers. Similarly, by changing the initial

conditions and values of 7, sz and t,,, we get various types of sequences.
1.3.21 Generalized Tetrabonacci Sequence

The Generalized Tetrabonacci sequence [21] is a fourth order recurrence relation that
generalizes the concept of Generalized Fibonacci numbers and forms a recursive

relation defined by
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WTL = TWn_l + SWTL—Z + th_3 + uWn_4 ; WO =a, W1 = b, WZ =C, W3 = d,n = 4‘,

for complex numbers a, b,c and d and real numbers r,s,t and u. If u = 0, then it
becomes the sequence of the “Generalized Tribonacci numbers. Fibonacci numbers,
Lucas numbers, Pell numbers, Pell-Lucas numbers, Jacobsthal numbers and Jacobsthal-

Lucas numbers are particular cases of Generalized Tetrabonacci sequence”.

1.3.22 Gaussian Generalized Fibonacci Numbers

Gaussian Generalized Fibonacci (Horadam) numbers [22] are defined by
GW,, = rGWp_1 + SGW,,_,,

with the conditions
r 1
GWO = WO + (_EGWO +;GW1) i,GWl = Wl + Woi,

where the sequence {W},},,50 iS:
Wn = TWn_l + SWTL—Z'

where W, and W, are arbitrary complex numbers with W, = a, W; = b, forn =
2,3,4, ..

1.3.23 Trivariate Fibonacci polynomials
For any variable quantities e’,m’, f' and for integer n > 3, Trivariate Fibonacci [23]
polynomials H, (e, m/, f") is an extension of Generalized Fibonacci polynomials (1.7)

and follows a third-order recursive relation given by
Hp(e',m',f") = e'Hp1(e,m',f) + mHy_,(e,m', f') + f'Hp_3(e’,m', ),
(1.22)
with Hy(e',m', f') = 0,H;(e’,m', f) = 1,and H,(e',m’, f") = ¢’
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Table 1.3: Sequences by taking different values of ', m’, f’

Sr. No Values of e’,m/, f’ Sequences
1 e=1m=1f =0 Fibonacci Numbers
2 e=2m=1f =0 Pell-Numbers
3 e=1m=2,f=0 Jacobsthal Numbers
4 m=1f=0 Fibonacci Polynomials
5 e'=1f =0 Jacobsthal Polynomials

1.3.24 Fractional Differential Equation

Fractional differential equation [24] with constant coefficients of order (n, q;) defined

by
[Dt(n)a + alDt(n_l)a + .-+ an—lDta + an]y(t) = #(t),t > Or

1. . .
where a = Sisa rational number with and Dt(”)“ = DD{ ...DE, and ay, ap_q, -, a4
1

are real numbers.

If g, = 1, we get simply an ordinary differential equation of order n.

Here,
DEFW®) =t 5 ot = P A (B(0) = $(0))dp, 0 < @ < 1
and DA () = (D (1)), n<a<n+landn> 1.

27



1.3.25 Extremum Values of a Function

The extremum value of a function corresponds to that point (called extrema) where the
function has either greatest value or lowest value. Further, at the critical point, first
derivative of a differentiable function f vanishes. If function f goes increasing to
decreasing, then it arises maxima while if it changes from decreasing to increasing, then

it arises maxima.

Figure 1.18: Local Minima (left) and Local Maxima (right)

1.3.26 Diophantine Equation

A Diophantine equation [3] initiated by mathematician Diophantus is a polynomial
equation, usually involving more than one unknown, so that only integral solutions are

of interest. For instance,

P, + P, + P, = 2%,
with integers £, m,n,a > 0 suchthat £ > m > n and Py, P,,, P, are Pell-Numbers that
follows the recursive relation defined by (1.16).

1.3.27 Continued Fraction

A finite continued fraction [3] notated by [&y; &4, 6,....,46,] and introduced by

Fibonacci is a fraction given as
28



for positive real numbers 44, &, ...., &,, except possibly for real number 4, and these
are called as partial denominators of this fraction. For instance,

170 . 1
53 4+—11
1+—

4+5

1.3.28 Convergent of Continued Fraction

The continued fraction [3] derived from [by; by, b,,....,b,] by taking after the k"
partial denominator b, is known as k" convergent of the continued fraction

[by; by, bs,....,b,] and is denoted by Cy i.e.,
Ck = [bo, bl,...,bk],

where 1 < k < n. Clearly, the zeroth convergent is denoted by C,. For instance, the

first three convergents of 1—; denoted by C,, C; and C, are given by

and

C,=[1;72]1=1+ t U
N S T
2
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1.3.29 Tridiagonal Matrix

Matrix A(n) = [pimlnxnis called a tridiagonal matrix when all the entries below the

sub diagonal and above the super diagonal are all zero. Henceforth,

P, =0form>1+1,andforl > m+ 1.

For instance, a 4 X 4 tridiagonal matrix is given by

P11 Pz O O\

A(4) = kp(z; Pry Pz O )
P32 P33 P3s

0 0 Py Py
1.4  Literature Review
Many researchers had worked in the field of the Fibonacci numbers. Various
summation formulae of the, “Generalized Fibonacci and Gaussian Fibonacci numbers,
Pell and Pell-Lucas numbers” are developed in [22], [25, 26] respectively. Similar
properties of, “Fibonacci, Tribonacci, Tetranacci, Pentanacci, Hexanacci numbers”, [9,
27, 28], [29, 30], [31, 32, 33], [34, 35] and [36] respectively has been detailed.

In [37], the authors presented the various summation formulae for Generalized
Fibonacci numbers defined as
W, =rWy_1+sW,_,; Wy =a W, =b,forn=2,3,4,..
Similar work has been done for different sequences [38].

In [39], the author studied various properties of 2-Fibonacci sequences defined by
Atz = Apyr + Bpand By = Brir + @y

withay =a, By =b,a; =c¢, f1 =d,andn =0,1,2, ...

In [40, 41], the author introduced new schemes of 2-Fibonacci sequences defined as

_ Apy+1tBag+1 _ Bag+1t@ni4a
a/n,1+2 - 2 + ﬁ/nli ﬁn1+2 - 2 + anli
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and

— a4’L1+ﬁ4’L1 - ﬁﬂ1+a4¢1
an1+2 - 2 + B/I’Ll'l'l’ ,34'1,1+2 - anl + 2 Y

with n, = 0,1,2, ..., and ay = 2a, By = 2b, a; = 2¢, f; = 2d, for any real numbers
a, b,c and d and he established various relationship of these sequences with

Generalized Fibonacci sequence defined by
Fn+2(dé'l c]/) = Fn+1(d5' c)/) + E1(d6' c)/)'
with Fy(ds, ¢y) = ds, Fi(ds,c,) =¢,,andn=0,1,2, ...

Also, listed various properties of these sequences with the help of an integer function o

described by
o(4+2)+0(4)=0;,4=0,1,2,..,
with 6(0) = 0,and (1) = 1.
Similar work has been done by the authors [42, 43] for different schemes of sequences.

In [44], the author derived the following formulae

p+1 p+1 p+1
U = %q + q + ¥q
? (aq - ﬁq)(aq - Vq) (ﬁq - aq)(rgq - Vq) (Vq - ﬁq)(yq - aq)’
and
Vr) — a2+1 + ,83+1 + Y;+1,
where

1+ (V19 +3v33) + (V19 - 3v33)
ag = 3 ,

, 1+w (V19 +3V33) + 0? (V19 - 3V33)
= 3

)
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1+ w? (V19 +3v33) + 0 (V19 - 3v33)

3 )

Yq =
for Tribonacci sequence {U,} _and Tribonacci-Lucas {V,} _ sequence described as
Yy=0 Yy=0
un+3 = Ulj-l-z + ut)+1 + Ulj' Vlj+3 = Vn+2 + Vl)"'l + VU’ D= 0, 1, 2, ey

Wlth 'UO = O,Ul = 1,u2 = 1,1]0 = 3,1]1 = 1, and VZ = 3.

Similarly, authors in [45] determined the Binet’s formula using the matrix

11111
(10000\‘
0 1 0 0 0,
0 01 0O
0 0 0 10

for Pentanacci sequences given by
Ajps = Ajpa t Ajpz + Ajp + Aj + A,
and
Cius = Ciya+Ciuz+Ciz +Cpy +C;57=0,1,2, .,

Wlth CO=O,61=1,62=1,63=2,C4=4‘, and c/q0=5,dql=1,cﬂ2=3,c/q3=
7,and A, = 15.

Authors [46] investigated the integral sum from the reciprocal of Fibonacci numbers
and obtained the following identities:

For all natural numbersn > 2,

%) -1
Z 1 _ {Fn_z ,if 2 divides n
Fy = |F,_, — 1, otherwise’
k=n
and foralln > 1,
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o -1
z 1 _ {—1 + F,_1E, ,ifniseven
F? - L Fy4F, ,if nis odd

oo -1
Z 1 _ {Gu - G,_1, ifu=0(mod 2)
Gy, TG, -Gy — 1, otherwise’
and
oo -1
zi _ {aGuGu_p ifuis odd
G2 " laG,G,_; — 1, otherwise’
k=u
where {G,},s0 is the sequence of Generalized Fibonacci numbers [47] defined as,
Gyiz = aGyyq + Gy,
foru,a >0,and G, = 0,G; = 1.

In 2013, the authors [48, 49] extended this work for the Fibonacci and Lucas
polynomial. They derived:

[o'e] _1
1
<ILZ=/;L Fah(x)> = ﬂ’n(x) - Fd%—ﬂ(x) - 11

i 1 B =F2 (x)—F?_,(x)—1
= Fjﬁ(x) an an—a )

for integers x,n > 0, and even a > 2.

And integer x > 0,and odd & > 1,
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(i 1 )1 _ {Fgm(x) —Fy,_4(x), ifn =0(mod 2)
h=n

Fop(x) Fy,.(x) — Fg,_s(x) — 1, 0therwise ’

and

SRS _(Fin () = Fipp (x),  if n =0(mod 2)
/Z}’LF'g%h’(x) B { Fion (€)= Fipp (x) —1, else

Wang and Zhang [50] investigated the sum having even and odd indices for the

Fibonacci sequence. They derived that:

Forallm=>3,n>1

and forallm>2,n>1

Wang and Wen [51], improves the results of Ohtsuka and Nakamura’s [46]
related to the reciprocal sum of Fibonacci numbers by deducting:

Foralln > 2andm > 3,

mn -1
Z 1 _ {Fn_z ) if n is even
Fy T \F,_,— 1, otherwise’

k=n

andforalln > 1andm=> 0
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mn -1
z i _ {—1 + F,_,F, ifnis even
Fz? ~ Fy1E,, otherwise

k=n
In 2014, Yuan etal., [52] investigate the reciprocal sums of the following sequence
U,=pU,_1+qU,_5;n = 2,3,4,..,
with Uy = 0and U; = 1.

In 2017, the authors [53] deduced following results for the Lucas numbers
m -1
Zi _{Ln_z—l, ifn>4andm =>3n
Ly | L,,,ifn=3andm =2n '’
and

m -1
Zi _{Ln_an+1,ifn22and/m22n+1
Ly "l Lyql,—2ifn=1and m =2n

Fibonacci numbers and linear algebra are also having a lot of connections. Many

researchers had been worked in this area. In 2006, Mike [54] utilized the sum property

of determinant which is, “If A, B and C are matrices with indistinguishable entries

except that one row(column) of C, say k", is sum of k" rows(column) of A and B,

then |[A| + |B| = |C|” and by utilizing this property of determinant author validated the

following property of the Fibonacci numbers:

EoFy — By Fpgr = (_1)m_rF;‘Fn+r—m

In 2009, Nalli & Haukkanen [10] introduced h(x) — polynomials defined by (1.5) and

(1.11) and introduced a matrix whose power generates the sequence of the Fibonacci

numbers.
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In 2013, Jishe Feng [55], utilized the technique of Laplace expansions to evaluate
the determinant of D,, and constructed a type of 2 X 2 matrix determinant to approach

a new method to substantiate the following identity

Fonini1 = Fny1Fne + EnFy,

where

In 2017, Siimeyra [56] studied some new properties of, “Generalized Fibonacci and
Lucas polynomials”, by using Laplace expansion of determinants and also described

some new families of tridiagonal matrices given by

p(t) gt 0 0

iWelt) pt) et .. 0

C=| 0 it pt) ‘ 5
: : : ivg(t)

0 0 0 ielt) pt)

and its successive determinants generate the following sequence:

)

Fp,g,,n+1(t1) = p(tl)Fy,g,,n (tl) + g’(tl)Fp,g,n—l(tl),

and

Lygni1(t1) = p(£)Lygn(£1) + g(#)L, gn-1(£1),

With n= 1, 2, 3, ""F#?,g,O(tl) == O, F;J,g—,l(tl) = 1, L;?,g,O(tl) == 2, and L}?,g;,l(tl) =
»(t).
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“Both linear and non-linear ordinary and fractional differential equations can be solved
by the operational matrices of derivatives [57]”. In [58], the author solves the following
fractional differential equation by using an operational matrix of fractional order

derivative of Fibonacci polynomials:

)

{D“%(x) +4® @) +y@x) = f(x)
,y)(r) 0) = Cr

wherer =0,1,2,...m—-1;k=0,1,2,....m;m —1 < a < m.
In [59], the author solved the following Diophantine equation
P+P,+P, =25
where P, is the £" term of Pell sequence described as
Py = 0,P, = 1l,and P,y = 2B, + P,_q, foralln > 1.
In [60], authors work on the following Diophantine equation
L, —1L; =2¢,
where L, and L; are the Lucas numbers defined by recursive relation as follows:
Lo = 2,L, = 1andl,,; =L, + L, foralln=1,2,3,..

In [61], authors deal with equation given by

Up + Uy = WDIL...p5

in non-negative integers n, m, z,, ..., z,, where {u, },,=¢ i a binary recurrence sequence

p1, ---, Ds are the distinct primes and for integer w # 0, withp; t w,forall 1 < i < s.
In [62], the authors solved the following equation
E, — E, = 3¢,

where E, and E,, are nt"* and m*"* Fibonacci numbers respectively and deduced that its

solutions are
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{(1,0,0),(2,0,0), (4,0,1),(3,1,0), (3,2,0), (4,3,0),(5,3,1),(6,5,1),(11,6,4)}
In [63], authors solved the equation
F, - E, = 5%
And deducted that:

Fl _FO = FZ_FO = F3—F2 = F3—F1 = 50,F5—F0 = F4_—F3 = F6—F4
= F7—F6 = 5

in non-negative integers m,n and a, where E, and F,, are n*"* and m*" Fibonacci

numbers respectively.

Different behavior of the Diophantine equation involving of various kind

recurrence sequences has been deduced in [64-74].

1.5 Proposed Objectives of the Research Work

Keeping in mind the above work done in the area of the Fibonacci numbers, the
objective of the research work is:

1. The study will focus on finding the infinite sum of reciprocal of Jacobsthal
polynomial and h(x) —Fibonacci polynomial.

2. Some important properties of 2-Fibonacci sequence will be generalized. Also,
work will be done on some properties involving Fibonacci polynomial in three
variables by using matrices.

3. Some properties of derivatives of Fibonacci polynomials and Lucas

polynomials will be obtained through matrices.

1.6 Proposed Methodology of the Research Work

To achieve the proposed objective, opted methodology is mentioned below:

1. By using multiplication modulo group, properties will be derived for 2-

Fibonacci sequences. And by applying some particular conditions, the results
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obtained will be verified by the results which was already proved for Fibonacci
numbers and Lucas numbers.

2. The methodology for finding out the finite and infinite sum reciprocal of
Jacobsthal polynomial and h(x) —Fibonacci polynomials will be proceed on the
base for finding the finite and infinite sum of reciprocal of Fibonacci numbers,
Lucas numbers and their polynomials in one variable. By using some
inequalities and properties of floor function, the infinite sum of reciprocal of
Jacobsthal Polynomial and its square will be obtained.

3. By using some properties of matrices, determinants and eigen values, work will

be done on Fibonacci polynomials in three variables.

1.7  Structure of Thesis

The proposed research work entitled "Fibonacci Numbers, Polynomials and its
Sequences” is motivated by the sequence of the numbers, polynomials associated to
the Fibonacci numbers. The roots of the subject matter lie in a series of our papers that

are mentioned in the last part of the thesis. The thesis is framed in the following manner:

In the first chapter of this thesis, an introduction of Fibonacci numbers
constituting history and its applications in various fields is given. Also, we briefly recall
a few definitions and well-known results of the Fibonacci numbers which fulfill the
minimum prerequisite for the subsequent chapters. The section of literature review
lighting on the work in the field of the Fibonacci numbers, related polynomials by the
various researcher is also included in this chapter. In the review, the research gap has
been identified, also the objectives and methodology to achieve these gaps have been

detailed in this chapter.

The remaining chapters are an attempt to discuss the behavior and different
properties of sequences of polynomials based on the Fibonacci numbers.

Chapter 2, is categorizes into four sections. In the first section, various summation

formulae have been derived for the Generalized Fibonacci polynomials described as

Qni2(x) =1rxQup1(x) +sQ,(x);n=0,1,2, .., (1.23)
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with Qo(x) = a, Q;(x) = b, where a, b, and s are any real numbers.

We derive various summation formulae for the above polynomials and its 1% order
derivative having even indices, odd indices, and alternating summation formulae.
Thereafter, we discuss some particular cases of the polynomial defined by (1.23) for
the Fibonacci numbers, Pell numbers, Tetrabonacci numbers, etc., by giving different

values to r, s, a and b.

Then, we discuss the convergence of the solutions of the following differential

equation

Y=y —-y=0 (1.24)

After that, the study about the extremum values for the Fibonacci polynomials in one

variable (1.4) have been done by using Descartes’ Rule of sign.

Similarly, the observations about the extremum values for Fibonacci
polynomials of two variables or Bivariate Fibonacci polynomials have been devised. In
the last section of this chapter, these polynomials are represented in graphical form
using MATLAB.

Chapter 3, is categorizes into two sections, that revolves around the topic of 2-
Fibonacci sequences described as

Uniz2 = Pri1+ Py Pniz = Anyr+ ay;n=0,1,2,.., (1-25)

with initial conditionsay, =0, a; = 1, B, = 2,and §; = 1.

Various attributes like generating function, Binet’s Formula to find out its n*"
terms, generating function, relationship with the Fibonacci numbers, and multiple
relations using the concept of congruences established. In the next section of this

chapter, we introduce a matrix

cor o
O R O
h, O OoN
oo or
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called as generating matrix and derived the Binet’s Formula for the sequences {a,, } and

{B,} by using the matrix E and concept of diagonalizability.

In Chapter 4, we work on 2-Fibonacci sequences (1.25). The above 2-Fibonacci

sequences satisfy the following recurrence relation

Cpia =Cpis +2Cpi1 +Cp;n=0,1,2, ..., (1.26)
with real numbers ¢, = a,, ¢; = &4, C, = ¢4, and C3 = d,. If we take in particular
a; =0,4;=1,¢4 =3, and d; = 2, then it becomes the sequence of 2-Fibonacci
numbers {a,}and ifa; = 2, 6, = 1,¢; = 1,and &4, = 4, then it arises the 2-Fibonacci
sequence of numbers {f3,}. We work on the sequences {a,} and {8,}. Here, the
characteristics of these sequences along with their squares are developed and validated
in the categories of closed forms of the summation formulae. In particular, we discuss
the properties involving an alternating sum of 2-Fibonacci sequences and the product
of 2-Fibonacci terms having different indices, even and odd indices. Obviously, above
mentioned properties are demonstrated by induction. We derive multiple results
involving the summation of these sequences.

Further, the Generalized Fibonacci polynomials defined as
Fran+1(8) = £(9)Fpq0(9) + (@) Fp,qn-1(9), (1.27)
with initial conditions Fj, ; 0(¢) = 0, Fp 41(g) = 1.
And the Generalized Lucas polynomials defined as
Lpqne1(9) = #(9)Lggn+1(9) + A(@)Lggn41(9), (1.28)

with initial conditions Ly 0(g) = 2,Ls41(g) = #(g), where £(g) and q(g) are

polynomials with positive coefficientsandn =1, 2,3, ....

Chapter 5, mainly focuses on the sequences of Generalized Fibonacci polynomials
(1.27) and Generalized Lucas polynomials (1.28). Further, we take in account that the

polynomial k(g) with only positive coefficients, so that it has no real roots. In this
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chapter, we deduce reciprocals sum formulae with even indices from Generalized

Fibonacci and Lucas polynomials.

Now, the Jacobsthal polynomials [10] described by the recursive relation

]n+2(x) = ]n+1(x) + x]n(x)f (1-29)
where J,(x) = 0,and J; (x) = 1 and the Jacobsthal Lucas polynomial [17] by
Jn+2(X) = 1 (0) + 1 (x);n 2 0, (1.30)

where j,(x) = 2,and j;(x) = 1.
In Chapter 6, we derive the reciprocals sum formulae of polynomials (1.29) and
(1.30) and also that of their respective squares.
The chapter 7, basically works on Trivariate Fibonacci polynomials defined by:
For any three variables quantities e’,m’ and f’ and, for integer n > 3, Trivariate

Fibonacci polynomials [23], H,,(e’,m’, f") followed by:

Hn(e’; m’, f’) = eIHn—l(e,lm,l fl) + m,Hn—Z (el'ml' f,) + f,Hn—B(e" m" f’)'
(1.31)
with Hy(e',m’, f") = 0,H,(e’,m', f") = 1,and H,(e’,m’, f") = €'.

Fore' =m' =1, and f’ = 0, it becomes the sequence of the Fibonacci numbers.

In the first section of this chapter, we produce a n X n matrix given by

e’ —-m' 0 0
1 e -m f 0
Sp(e’,m', f) = 8 (1) 81 _ZL £ :
: —-m'

000 0 0 1 ¢/
whose successive determinant produces Trivariate Fibonacci polynomials. In the
second section, we present Binet's formula for this sequence by using matrix methods
and the concept of diagonalizability of matrix. And in the last section we address an
observation related to nt"* Generalized Lucas numbers described as
Jn(x) = jn—1(x) + xjp_(x),
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where n = 2,3, 4, ..., and x is any positive integer with j,(x) = 2,and j;(x) = 1.

First part of Chapter 8, deals with originating an operational matrix for the
fractional derivative of Lucas polynomials and Pell-Lucas polynomials to solve the

following fractional differential equation:

D) + 4 M () + y(@) = f(x) w32
4O0) = ¢, ' |
wherer =0,1,2,...m—1;k=0,1,2,... mm—1< a < m.

Further, we construct a matrix that generates the sequence of derivatives of Fibonacci
polynomials.

In Chapter 9, we solve the following Diophantine equation
Qn - Qm = Za'

where Q,, and Q,,, are Pell-Lucas numbers with n > m > 0.
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Chapter 2

Summation Formulae of Generalized Sequence of Fibonacci

Polynomials

2.1 Introduction

This chapter presents some summation formulae for the Generalized Fibonacci
polynomials defined by (1.23) and their first-order derivatives. In the following section,
the extremum values of Fibonacci polynomials of one and two variables are examined.
In the next section, we discuss the solution convergence of a differential equation

mentioned below:
y'=y' —y=0
And in the last section, we graphically represent these polynomials using MATLAB.

2.2 Summation Formulae of Generalized Fibonacci Polynomials

Here, we develop the summation formulae for the Generalized Fibonacci polynomials

prescribed as follows:
Qni2(x) = 1xQp41(x) + 50, (%), Qo(x) = a,Q;(x) =b,n =0
with real numbers a, b, r and, s.

By taking Qy(x) =0,Q,(x) =1,r=1, and s =1, it becomes the sequence of
Fibonacci polynomials and if, Qy(x) = 2, Q;(x) = 1,r =s = x = 1, it becomes the

sequence of Lucas numbers.

Now the results obtained for the sequence of Generalized Fibonacci polynomials are
followed:

Theorem 2.2.1 For n > 0, Generalized Fibonacci polynomials satisfy:

(@) If s+rx—1=+0,then

- U
ZQk(x)=s+rx—1
k=0
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where,

= Qni2(x) + (1 —71x)Qny1(x) + Q1 (x) + (rx — 1)Qp(x)

(b) If s2 —r2x% —2s + 1 # 0, then

n
_ u
Z Qaie(x) = §2—7r2x2—-2s5s+1
k=0
where,

f=(s = 1)Quni2(x) = 1x5Q2n41(x) + rxQ1(x) — (r*x* + 5 — 1)Qp(x)

() Ifs?—7r?x2—-2s+1=+0,then

n
—u
kz_o Q2k+1 (x) - Sz _ szz —2s + 1

where,
1 =1xQom12(x) = 5(s = DQon+1(x) + (s = Q1 (x) — rxQo(x)
Proof:
()
Using the recurrence relation
SQn(x) = Qn2(x) = 7xQp41 (%)
As a result,
sQo(x) = Q2(x) —rxQ: (%)
sQ1(x) = Q3(x) = rxQ, (%)

SQn(x) = Qni2(x) — 1xQpn41(X)

On solving this, we get our desired result.

(b) and (c)
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Again, making the use of

ern+1(x) = Qn+2(x) - SQn(x)

Therefore,
rxQ1(x) = Q,(x) — sQo(x)
rxQ3(x) = Q4(x) — sQ2(x)

7XQ2n+1(%) = Qan42(x) — 5Q2n(x)

On simplifying these system of equations, it yields

sz Q2k+1(X) = Qap42(x) + (Z Qa1 (x) — Qo(x)> =S (Z sz(x)>
k=0 k=0 k=0

(2.1)

Now,

SQn(x) = Qniz(x) — xQp41(x)

By assigning even values to n, it becomes
rxQ2(x) = Q3(x) — sQ1(x)
rxQ4(x) = Qs(x) — sQ3(x)

7XQ2n(x) = Qan41(x) — 5Q2pn—1(x)

On adding these equations, we get

x (—Qo(X) + ) Qa (x))
k=0
= (Z Q41 (X) — Q1(x)> =S (Z Qzr+1(x) — QZn+1(x)>
k=0 k=0
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(2.2)
On solving equations (2.1) and (2.2), the proof of (b) and (c) follows.

Corollary 2.2.1: For n > 0, following results hold for Fibonacci numbers:

(@
> =0t 0
k=0
(b)
z Q2k = Q2n+1 — Q1 + Qo
k=0
(c)
Z Q2k+1 = Qniz — Qo
k=0

Proof: Ontaking Q,(x) = 0,Q,(x) = 1,r =1,s = 1,and x = 1 in theorem 2.2.1, the

result is simpler to prove.

Corollary 2.2.2: For n > 0, Pell numbers follows the results:

(@)
i  Quiz = Quia + Q1+ Qg
Qr = >
k=0
(b)
- i1 — Q2
Z Oy = Q2n+1 2Q1 Qo
k=0
(c)

Z Oy = Qn+22_ Qo
k=0
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Proof: By assigning value Q,(x) = 0,Q,(x) = 1,r = 2,s = 1,and x = 1 in theorem

2.2.1, it can be straightforwardly achieved.

Theorem 2.2.2 For n > 0, the first-order derivatives of the Generalized Fibonacci

polynomials follow:

@ If (s+rx—1)%=0,then

; Q) () = (Hr‘;—_l)z
where,
i= (s + 7% = DQua(®) — Qo (x) = (rx — D(s + 7x = 1)@y ()
—r(1 = 1) Qe (¥) — (5 + 7x — D) — 71 ()
+ (rx — (s +rx —1)Qp(x) + rsQy(x)

(b) If(s?—7r%x2—-2s+1)#0,then

n
’ _ H
kz_o Q2 () = (s2 —r?x2 —2s+1)2

where,

u=p(s—1)Qs2(x) +r(2xrs — 2xr — s3 — s + 25% + 12x25) Q41 (%)
—1xpQ%m1(X) + (s + 1 — 25 + r2x2)Q; (%) + rxpQ1(x)
— 2x125(s — 1)Qo(x) — p(r?x* + 5 — 1)Qg (%),

and p = s%2 —r?x% — 2s + 1.

(c) If s2 —r2x? — 25 + 1 # 0, then

n
/ U
Z Q21 (X) = -
k=0 P

where,
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t=prxQzn(x) — r(r2x?® 4 (s = 1)®)Qzn+2(x) + 2x572(s — 1) Qo (%) Q241 (x)
—5(s = 1)pQzn41(x) — 2r%x(s = 1)Q:(x) + (s — 1)pQ1(x)
+r(r?x% + (s — 1D?)Qo(x) — prxQo(x),

and
p=—(s?—r?x2-2s+1)
Proof: The results follow from the theorem 2.2.1 just by differentiation w.r.t. x.

Corollary 2.2.3: For n > 0, the following formulae hold:

()
Zn: Qi (1) = Qn12(1) = Qn42(1) = Q1(1) = Q1(1) + Qo(1)
k=0
(b)
z": Qarc (1) = Q2741 (1) + Q2ns1 (1) — Q1(1) + Q1(1) + Qo(1)
k=0
(©)

D Qe (D = =Qanea (1) = Q5 (1) + Qo(1)
k=0

Proof: By using r = s = x = 1in the above theorem 2.2.2, the above results follow.

Furthermore, we express the solution of an ordinary differential equation in terms of
Fibonacci numbers and then determine the extremum values of Fibonacci polynomials

having one and two variables.
The Fibonacci polynomials of one variable is given as

E,(x) = xF,_1(x) + F,,_,(x), for integral values of n > 2, (2.3)
with F;(x) = 1,F,(x) = x.

The Fibonacci polynomials F,, (x) stated above, satisfy the second-order linear [75]

differential equation expressed as
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(x2+4)y" +3xy'—(n* -1y =0

(2.4)

Also, the Fibonacci polynomials in two variables [11] are defined by the following

E,(z,t) =2'F,_,(Z,t") + t'F,_,(Z,t), forn > 2,

With Fo(Z,, t,) = O, Fl(Z,, tl) =1.

(2.5)

2.3 Solution of a Differential Equation in Terms of Fibonacci Numbers

Consider the following second-order linear homogenous differential equation
y'=y' -y=0
The solution of (2.6) is
y = c,e™ + c,eh*,

1+2\/§, and g = 1-V8

> "

where c; and c, are arbitrary constants and a =

If we take ¢; = 1 and ¢, = —1, then the solution (2.7) becomes
y = ex eﬁx

Next, using the Maclaurin series expansion of an exponential function, we get

2_[32Y42 3_[33)43 4_p4y,.4
(a:—ﬁ)x+(a B)x +(a B>)x _I_(a B™)x n

y= 2! 3! 4!

Dividing both sides by (a — ), we have

y o (@=px (@O (at— Ot
@-p T 2@-p "@-p Ta@p

Further, the Binet formula of Fibonacci numbers [3] gives,

y Fx? Fux3  Fux*
T I AL TR TR

® n
_ F.x
B n!

n=0

Further, the radius of convergence of this series
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F,x

n!
n=0

is infinite, that why the solution of differential equation (2.6) converges for all real

values of x.

2.4 Extremum Values of Fibonacci Polynomials and Bivariate

Fibonacci Polynomials

From the recurrence relation (2.3), we observe that for every odd values of n,
sequence of the Fibonacci polynomials of one variable has no real roots by Descartes’
rule of sign. And for every even values of n, it has only one real root equal to zero.
Further, by Descartes’ rule of sign, we observe that there is only one critical point equal
to zero for the sequence of Fibonacci polynomials having odd indices and there is no
critical point for a sequence of Fibonacci polynomials having even indices (2.3),
therefore have no extreme values. On the other hand, Fibonacci polynomials having
odd indices has a positive second derivative at x = 0, therefore attain minima at x = 0.

Thus, we can conclude that Fibonacci polynomials defined by (2.3) have
1. no extreme value for every even values of n

2. Only one extreme value for every odd values of n.

I--l.‘ (-‘.) n = 5

6 n=4

3 n=3
."/l‘
¥
/ -
2 / =2
// - n=1
L
—2 =] == 1 z >

Figure 2.1: Graph for Fibonacci polynomials
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Next, we find out the extremum values for the Fibonacci polynomials in two
variables defined by (2.5) for n = 1 to 7. Now, the necessary condition for a function

f(x,y) of two variables to have an extremum at (a, b) is that

of _ of _
ax—O,anday—O

at (a, b).

We observe that there is no critical point forn = 1,2,3. And forn = 4,5,6,7

there is only one critical point (0,0).
Now, we find the nature of critical point (0,0) forn = 4,5,6,7
F,(Z',t") — F,(0,0) < 0, for z = —0.0001, and t' = 0.001

And F,(z,t") — F,(0,0) > 0, for 2 = 0.0001, and t' = 0.001, therefore F,(Z,t") has

neither maxima nor minima at (0,0).
Now, forn =5
F:(z',t") — F5(0,0) < 0, forz’ = 0.01,and t' = —0.001

And Fs(z',t") — Fs(0,0) > 0, for z/ =0.01, and ¢’ = 0.001, therefore Fs(z',t") has

neither maxima nor minima at (0,0).
Now, forn =6
F¢(Z',t") — Fg(0,0) < 0, forz’ = —0.01,and ¢t' = 0.001

And Fy(z',t") — F¢4(0,0) > 0, for z/ = 0.01, and t' = 0.001, therefore Fy(z',t") has

neither maxima nor minima at (0,0).
Now, forn =7
F,(Z,t") — F,(0,0) <0, for 2 = 0.001,and t' = —0.00001

And F,(Z,t") — F;(0,0) > 0, for z/ =0.01 and ¢' = 0.001, therefore F,(z',t") has
neither maxima nor minima at (0,0). Therefore, the Fibonacci polynomials defined by

(2.5) has no extremum values forn = 1 to 7.
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2.5 Graphical Representation of Bivariate Fibonacci Polynomials

Now, we plot the graph of the bivariate Fibonacci polynomials defined by (2.5), for

,7 using MATLAB.

n=34,..

Figure 2.3: Graph for Fy(z,¢) = 2> + 22't'
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1.5

Graph fOr‘ F7(Z’, t,) = Z’6 + 5Z’3tl + 6Z/2t12 + t/3

Figure 2.6



Chapter 3

2-Fibonacci Sequences based on Congruences and Matrices

3.1 Introduction

Atanassov [19] introduced four different ways for constructing new sequences named

as 2-Fibonacci sequences described by
Uiz = Prrr T B Priz = Anpr +
Otz = Oy + ﬁn' ﬁn+2 = ﬁn+1 + A,
Uiz = Prrr + A Braz = A1 + B
Oy = Oy + o ﬁn+2 = ﬁn+1 + ﬁn'

WithaOZa,ﬁOZb,a1=C,ﬁ1=d,andTI20.

(3.1)
(3.2)
(3.3)

(3.4)

Here, we examine some of the characteristics of following 2-Fibonacci sequences:

Untz2 = Pni1+ BrBniz = Angr + ap,
whereay = 0,0, = 1,8, =2, =1,andn=0,1,2, ...

Few terms of 2-Fibonacci sequences are listed as:

Table 3.1: 2-Fibonacci Sequences

(3.5)

n On Pn
2 3 1
3 2 4
4 5 5
5 9 7
6 12 14

This chapter is structured into mainly three sections. Numerous properties consisting of

generating function, Binet's Formula, the relationship between «,, and £,,, correlation
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of 2-Fibonacci sequences with Fibonacci numbers, Cassini's Identity, etc., are described
in the first two sections. Further, we introduce a matrix E called as generating matrix

defined as

cor o
oORrR oRr
R o oN
coor

By using this matrix, we establish multiple relations for 2-Fibonacci sequences. After
that, we derive Binet's formula by using the notion of diagonalizability of matrix in the
third section.

3.2 Generating Function and Binet’s Formulae for 2-Fibonacci

Sequences

A Generating function gr(v) of a sequence, say {c,} is a power series expansion

having coefficients as the terms of a sequence {c, } and is given by

() = ) cyo"
n=0

Further, we aim to formulate the generating functions and Binet’s formula for the 2-

Fibonacci sequences a,, and £,,.

Theorem 3.2.1 Following results hold for 2-Fibonacci sequences {a,,} and {#,,}:

® 2 3
n vp+3v°+0»
Ea o = )
" 1—v%—203 —p*

n=0

(3.6)
and
= 2+4+0v—0%—0p3
Z ﬁn " =
1—0%—203 —0p*

n=0

(3.7)
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Proof: Consider

(o] (o]
gr (0) = Z a, 0" =0 + 30% + 203 + Z(an_z + 20t 3 + Ap_y)O™
n=0

n=4
=10+ 30 + 03 + gp (0)(¥? + 203 + v%)
Thus,

v+ 302 + 03
_D2_2D3_D4

gr (0) = 1

Similarly, generating function gr(v) for 2-Fibonacci sequence {,,} is
gr (0) = Z,Bnn” =2+4+v—0% -0+ gp (0)(? + 203 + v%)
n=0

Thus,

- 2+0—0?—0p
Eﬁ”°n=1

— D2 _ 203 — U4
n=0

Theorem 3.2.2 For n > 0, the n*" term of 2-Fibonacci sequences can be expressed

by the following formulae

o - (yn+4 + yn+1) N (8n+4 + 6n+1)
Y- -0)¥ -0 (6-7)(E-w) (8- w?)
2(1)n+1 2w2n+2

T N@-0)w-0) (@ -P@-0)(-0)

and
B B zyn+3 N 28n+3
T8O -0y -wd) (6-1)(6-0)(f—-w?)
2wn+1 Z(U)Z)n+1
C(@-PNw-w-w) (- (-8 -w)
where
1445 _1-+5 _-1+iv3 , —1-iV3
r=—m— TT 2 0 YT @ TT
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Proof: Let

[oe]

o+ 30% + 03 A B C D
S o

n —

_1—v2—2v3—n4‘=(y—n)+(6—n)+(w—n)+(w2—n)

n=0

By using binomial expansion and comparing the coefficients of o™, it becomes

. - (yn+4 + yn+1) N (6n+4 + 6n+1)
- -0 -0d) (-6 - w6 - w?)
an+1 2w2n+2

T o-N@-0)(@-0) (@ —p)(0?-0)(? - o)

Similarly, by using the generating functions (3.7), we can easily prove that

B B Zyn+3 N 26n+3
- -0 -0?) (-1 -w (S - w?)
2wn+1 2((1)2)7“'1

T @-P-O-0d) (@ -7)(w-58)(w?-w)

3.3 Results of 2-Fibonacci Sequences based on Congruences
331 a,=(B.+ (1—1))@mod 3), where n = r(mod 3).

Proof: Evidently, the result is true forn = 1.

Assuming the induction hypothesis, we have

Br+1+ (1 —71) = By + Bx—1 — 37 + 6(mod 3) = By + f—_1(mod 3)

= ay41(mod 3),
where k = r — 1(mod 3).
Corollary 3.3.1: a,, > B, if n = 2(mod 3), and B,, > a,, if n = 0(mod 3)
Proof: It follows directly from result 3.3.1.
3.3.2 Relation of 2-Fibonacci sequences with Fibonacci Numbers

Frpii=ap+ (@A —-1)=p,+ (r—1)(mod3), where n = r(mod3)
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Proof: Undoubtedly, the result is true for n = 1.
Further, by induction hypothesis and result (3.3.1), we have

Fn+2 = Fn+1 + Fn SEaptapt+r— 1(m0d 3) = ﬁn+1 + (T‘ - 1)(m0d 3)
= aypq + (1 —1)(mod 3),

where n + 1 = r(mod 3).

3.33 a, and B, areevenifn = 0(mod 3) and odd if n = 1,2(mod 3)
Proof: Since F, is even if n = 0(mod 3), see [42], therefore from result 3.3.2, we

obtain our required result.

3.3.4 Binet Formula for 2-Fibonacci sequences can also be expressed as

n+1 __ 8n+1

14
}’—8 =an+(1_r)=ﬂn+(r_1):
where n = r(mod 3).

Proof: By using Binet’s formula for Fibonacci sequence [40] is

yn+1 _ 6n+1

y_a :Fn+1'

1+v/5
2 2

where y = > and result 3.3.2, it can be easily proved.

3.35 Ifn = 0(mod 3), then B,> = 0(mod 4), otherwise B,,> = 1(inod 4)
3.3.6 If n = 0(mod 3), then a,* = 0(mod 4), otherwise a,* = 1(mod 4)
337 B2 —Bas’=a,?—a, ;2(mod4)

Proof: These can be easily accomplished by using result 3.3.3.

3.3.8 (Cassini identity)
Bn-1Bn+1— Bn” = 3(-1)"(mod 4),

and
Opn-1%n+1 — anz = 3(_1)n_1(m0d 4‘)

Proof: Evidently, it is true for n = 1.
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Further, by induction hypothesis and result 3.3.7, we have
BuBnsz = Bnr1” = Bu(Bn + 2Bn-1 + Bn-2) = (Bu-1 + 2Pn—2 + Pr-3)*
= B’ — Bn-s" + 2BnBn-1 + BuBn-z = Bn-1” — 2Bn_1Bn-3(mod 4)
= 2Bn-1(Bn = Bn-3) + 3(=1)""'(mod 4) = 3(=1)"**(mod 4)
In the same way, it can be demonstrated that
Ap_1Qni1 — ap2 = 3(—=1)""1(mod 4)

3.4 Binet’s Formula for 2-Fibonacci Sequences using Matrices

In this section, we establish a formula named Binet's formula for finding out any n*"
term of 2-Fibonacci sequences using the concept of diagonalizability of a matrix E

called as generating matrix, defined by

(3.8)

cor o
or or
N = =N )
coor

such that, detE = —1.
Some results on 2-Fibonacci sequences (3.5) by using the matrix E are given as:

Theorem 3.4.1 Following results hold:

(@)
an+3 O 1 2 1 an+2
an+2 _ 1 0 0 0 an+1
1] 0 1 0 O a, |
an 0 0 1 0 an—l
wheren >0
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(b)

Bni3 0 1 2 1\ /Bn+2
ﬁn+2 — 1 0 0 0 Bn+1
Bn+1 0100 Bn '
Bx 0 0 1 0/ \Bp1
wheren >0
(c)
Anyi2 2
A1 | _ pn-1( 3
a, |TE\1)
an—l 0
wheren > 1
(d)
ﬁn+2 4
ﬁn+1 -1 1
= Em )
Bx 1
ﬁn—l 2
wheren > 1.

Proof: By using induction, these results have a simple proof.

(a) Using the recursive relation of sequence {a,},>o, We have

0 1 2 1 an+2 aTL+1 + Zan + an_l an+3
1 0 0 O On+1 — Ant2 — On+2
0 1 0 O n An+1 An+1
0 0 1 0/ @ an a,

(b) Using the recursive relation of sequence {a,},>o, We have

0 1 2 1 ,Bn+2 .Bn+1 + Z.Bn + .Bn—l .Bn+3
1 0 0 O Br+1 _ Br+2 _ Br+2
0 1 .0 0 Bn Bn+1 Bn+1
0 010 ,Bn—l .Bn .Bn

(c) We approach the induction methodology to prove our required result.

Evidently, the result holds for n = 1.
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By using the induction hypothesis and above obtained, we have

An+3 An42 2 2
n+2 _ Tn+1 _ n-1 3 _—_on 3
sy | =B\ @ |TEET\T)TEN

Un n—1 0 0

(d) We approach induction methodology to prove our required result.
Evidently, the result holds for n = 1.

By induction, we get

Br+s3 Br+2 2 2

B2 Br+1 -1 3 3
=F = EE™1 = E"

ﬁn+1 ﬁn 1 1

Bn Brn-1 0 0

Further, we proceed to derive the Binet formulae for the 2-Fibonacci (3.5) sequences
using the matrix E.

Clearly, the eigenvalues of matrix E are given by

1++/5 1-+5 —-1+iv3 , —1-iv3
Y= , 6= o W=, W=
2 2 2 2
Further, the eigenvectors corresponding to eigenvalues y, §, w and w?are
]’3 53 w3 (w2)3
vl 9% )| @) and| @
Y 5 W w?
1 1 1 1

respectively.

Next, consider a matrix M containing eigenvectors of matrix E

V3 8% Wl @b
M= ,}/2 62 wz (1)4

y 5§ w w?

1 1 1 1/,

Then its inverse is given by
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A Aw*+w+) —wA(w? + w8 + 68) Sww?A

-1 _ 1 —B —B(w*+w+y) o B(w? + wy +7y) —yww?B
det M\ C Clw?+y+6) —C(*y+ 0?*y+y8) ydw?C ’
-D —-D(w+y+94) D(wy + Y38 + wd) —yéwD

4X4

where 4 = (w — 8)(w? — §)(w? — w),B = (0w — y)(w? — y)(w? — w),

C=06-7)(? —y)(~w?*+8),D=06—-y)(w—-y)(6—w), and detM = (0 —
8)(w? = 8)(w? — w)(w = y)(w? = y)(y = §).

Let’s consider a diagonal matrix D involving eigenvalues of matrix E. Then, using the

diagonalizability of matrix E, we have
E =MDM™Y or E" = MD"M ™! (3.9)

Then, by using theorem 3.4.1 in (3.9), we have

v - (yn+4 +yn+1) N (6n+4 + 6n+1)
- -w?) (-1 -w(-w?)
an+1 2w2n+2

T o-N@-0@-0) (@ -p) (@ -0)( -0

and
ﬂ 3 2Vn+3 N 25n+3
T -0 -0 -0?) (-7 - w) (- w)
an+1 2((1)2)7”1

T (w-No-8)w-0wd) (0 -p)(w-258)(w?-wv)

which is the required result.
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Figure 3.1: Comparison between 2-Fibonacci Sequences a,, and 8,

Ratio of two consecutive terms of sequence a,

-5

Figure 3.2: 2-Fibonacci Sequences a,, approaching the Golden Ratio
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Chapter 4

Summation Formulae of 2-Fibonacci Sequences

4.1 Introduction

In this chapter, we derive various summation formulae for 2-Fibonacci sequences (3.5)
defined by

U2 = Pur1t B Bniz = Apr1 + Ay,

where ¢y = 0, a; = 1, By = 2,5, = 1, and = is a non-negative integer.
It can be clearly seen these sequences {a,;}ns0 and {B,}nso Ssatisfy the following
recursive relation

Cn+a = Cpyz + 2Ch41 + Cp, (4.1)
with ¢, = a4, €; = 44,C, = ¢4, and C3 = d4, are any real numbers. If we take a,; =
0,41 =1,¢c; = 3,and 4, = 2, then it becomes the 2-Fibonacci sequence of numbers
{a,} and if a; = 2,6, =1,¢4 =1, and 4, = 4, then it becomes the 2-Fibonacci
sequence of numbers {3,,}.

Now, we develop summation formulae for 2- Fibonacci sequence of numbers listed as:

4.2 Sum Formulae of 2-Fibonacci Sequences

Theorem 4.2.1 For m > 0, 2-Fibonacci sequence satisfies:

(a)
m
Z (Cm+4 + Cm+3 — 2Cp41 — C3 — C3 + 2Cy)
k=0
(b)
Z Cok = (62m+2 2Cym43 + Com + 2C3 — C; — 4Cy)
(©
1
Z Coks1 = 3 (2Com+2 + 3Com41 + 2Com — Comiz + C3 — 2C, — 2Cy)
k=0
Proof:
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(a) Using
Co = Cmas — Cmaz — 2Cmat
We obtain
Co =C4—Cy —2C;
C,=Cs —Cs3—2C,

Cm = Cm+a — Cimaz2 — 2041

By adding these equations, we get the result (a).

(b) and (c)
Again using (4.1), we have
Cm+z = Cmia — 2641 — C
We obtain
Cy, =C4—2C; —Cy
Cy = Cs —2C3 —C,

Com = Comz — 2Cm—1 — Com—2

m
(Z Care - co)
k=0
m m
= Comsz + (Z Coxk — Co — Cz) -2 <Z Cok+1 — 62m+1>

k=0 k=0

m
- (Z Car - 62m>
k=0

Again, using the recurrence relation

By adding these equations, we get

(4.2)

Cm+z = Cmia — 2Cm41 — Cy
We write some following obvious equations
Cy=Cs—2C,—C
Cs =C, —2C, — C3
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Com+1 = Camaz — 2Cm — Cam—1

Now, by adding these equations, we get

m
(Z Caern = 61>
k=0
m m
= (Z Cok+1 —C1 —C3 + 62m+3> -2 (Z Cok — Co)
k=0 k=0
m
- <Z Carerr = 62m+1>
k=0

On solving (4.2) and (4.3), we get the desired results (b) and (c).
Corollary 4.2.1: For m > 0 summation formulae for 2-Fibonacci sequence

(4.3)

{a,} holds:
(a)
m
1
z Ay = E (am+4 + Apyz — 2041 — 5)
k=0
(b)
1
z Aok = ~3 (Aam+z2 — 20am43 + Ao + 1)
k=0
(©
1
Z Aok+1 = 3 (2azmsz + 3A2m41 + 20, — Aomyz — 4)
k=0
Proof:

The proof is obvious by taking ¢, = 0,6, = 1,6, = 3, and €3 = 2 in theorem 4.2.1.
Corollary 4.2.2: For m > 0, the following formulae holds for 2-Fibonacci sequence

{Bm}:
(@)

S 1
> = Bmes + sz = 2Bmar = 1
k=0
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(b)
% 1
z :82k = _§ (;82m+2 - 2,82m+3 + ,82m - 1)
k=0
(©)
4 1
z ﬁ2k+1 = § (2ﬁ2m+2 + 3ﬁ2m+1 + 2ﬁZm - ﬁ2m+3 - 2)
k=0

Proof:

Solution is obvious using ¢, = 2,6; = 1,C, = 1,and C; = 4, in theorem 4.2.1.

Theorem 4.2.2 For m > 0, we have:

(@)
m m
Z ap Apyz + 2 Z Qp Oprz = —60 + Ay3Aimis = 24103
£=0 £=0
(b)
m m
2
Z ap — Z Ap Ap+3
£=0 =0
— 2
=1+ i1 @nsa + a1 Uiz = A1 Bmez ~ T2 s — Ui
2
+ Oz
(©)
m
—2 Z ap Api3
#£=0
=@l akis + 3025+ Q21 — A1 sz — 3
- Ym+4 m+3 m+2 m+1 m+1¥m+3 m+2¥%m+4
— 41 @nea T 341 Xnaz — An3inps — 4
Proof:
(a2) Now, using the relation
TnOm43 = A4z — O 2@nys — 2am+1am+3
We have

Aoz = Ap3 — A3 — 2(11“3
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A1y = A5y — A3y — 20,0,

U Uipy3 = Tpa @3 — A2 Ay — 26{m+1am+3

Thus, from the above system of equations, we obtain

m m
z ap Qpyz + 2 z Op Aprz = =6+ App3linrs = 20041 Ay3
£=0 #£=0

(4.4)

(b) Using the relation
2 _ 2 2 2
U = Qppa T Ay T 40501 — 2004 2Qps — 4041 Apgs + 40041 Ay

We have

ad = a; +ai +4a? - 2a,a, — 4oy + dajay

a? = al + a3 +4a3 — 2azas — 4a,as + 4aya;

2 _ 2 2 2
U = Oppa T Ayp T 40500 — 2004204 — 441 Apga + 40041 Ay
Thus, from the above system of equations, we obtain

m m m
—52“2"‘22“/&“/&&"‘42 a&ak+3—4z Ay apiq

#=0 #=0 #=0 #=0
— 2 2 2 2
= Qs T Aqyz T 2054, 6050 — 11 — 20041 Xgs — 2004 2Qea

- 4am+1am+4 + 4am+1am+2

(4.5)
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Now, using the relation
A1 = Ot Aigd — Ayt Az — 20 g
We have
Ao = A1y — A1 Ay — 202

A0y = Qs — A0z — 205

— 2
Anm+1 = An+1Amts — A1 Ams2 — 26Zm+1

Thus, from the above system of equations, we obtain

m m m
2 _ 2
2 Z Ap Apt1 — Z ap Apyz + 2 Z ap = =201 F A1 nts — A1 Xtz
£=0 £=0 £=0

(4.6)

Now, using the relation
As2 = UgaQingz — Ty — 2Qns1 T2
We have
Aoy = Ayt — a2 — 204y

a,03 = Asaz — as — 2a,a,

— 2
O = Opa Ay — Ay — 2am+1am+2

Thus, from the above system of equations, we obtain

70



m m
Z aj + ZZ Ay Apiq
£=0 £=0

2 2
= =14 A1tz + A2 @nia = App1 — Aigz = 2&n41 Atz

(4.7)
Solving (4.6) and (4.7), we get
m m
Z ap — z Ap Afpt3
#£=0 £=0

=14 tpi1@nia T A1 @iz = Bt 1¥nt3 — Tns2Ombs — ar%&l

+agi,
(4.8)

(c) Solving (4.5) and (4.6), we get
m m m
—z ai+22 Ap Apyr +22akak+3
£=0 £=0 £=0

= Qgga + Qpgs + 20505 + 240 1 — 20041 Qnys — 2042 0nia

- 2am+1a:m+4- + 26Zm+1am+2 -11
4.9

Solving (4.4) and (4.9), we get
m m
—z “i"‘z Ap Qi3
#£=0 £=0
= Qg + Aggg 200 + 20041 — 20012 Qnis — 2041 Ega
+ 20412 — 5-— Orn+3Am+4
(4.10)

Solving (4.8) and (4.9), we get
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m m
2 Z Qp Qpyz — Z ap Apt3

£=0 =0
— 2 2 2 2
= Qs T Uiz + 30040 + A5pg — 3Xne1 ez — 32 Qg

t A1 As — 3“m+1am+2 - 10
(4.11)

Solving (4.4) and (4.11), we get

m
—2 Z ap Ape3

#£=0

— 2 2 2 2
= s T Az + 300 + Qg — A1 ez = 30mi20img
= Cn41%m+a T 341tz = An3Ames — 4

Theorem 4.2.3 For m > 0, the following formulae holds for 2-Fibonacci sequence

of numbers:

()

m
1
Z ACh = = (MCysy + (M = Derys = 2Cmrz = 201+ Doy +C3 +2C,
£=0

+ 2Cy)
(b)
9 1
#Cop1 = 3 (2MmCam4z + B3m — 1)Comy1 — MCopyz + 2(m — 1)Copy
£=0
- 262111—1 + 263 - 61 - 260)
Proof:
(€Y

Using recursive relation
Cm = Cm+a — Cmsz2 — 2041
We obtain
1.6, = 1.C5 — 1.C3 — 2.1C,
2.C, =2.C4—2.C — 2.2C4
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m.Cp =m.Cpyg —M.Cpyp — 2.MmCppyq
by adding these equations, we get (a).

(b)
Again, on using (4.2), we have
Cm+z = Cmia — 2Cmy1 — C

Now by taking even values of m and approaching the same procedure, we obtain

m m
(Z /&C%> = MCymyp + <Z (£ —1)Cp + Co)
%£=0 %£=0

m
-2 < (£ +1)Copsr — (M + 1)€2m+1>
£=0

- (Z (£ +1)Copsq —(m+ 1)62m>

£=0
(4.12)

Making the use of the recurrence relation
Cm+z = Cm+a — 2641 — C
Further, by taking odd values of m and approaching the similar procedure used in (a),

following equation generated:

(Z k62k+1> = (Z (£ —1)Cppy1+C1 + m62m+3> —2 <Z 4’7&624@>
£=0 #£=0

#£=0

- (Z (£ +1)Cpsq — (M + 1)€2m+1>
£=0

(4.13)
On solving (4.12) and (4.13), proof of (b) follows.
Corollary 4.2.3: For m > 0, the following formulae holds for the 2-Fibonacci
sequence {a,,}:

(@)

73



m
1

Z kay = _3(mam+4 + (M — Damys — 2amez — 20+ Dagyyq + 10)

k=0
(b)

S 1
Z kazpsr = 3 (2mazmyz + Bm — Dagmyr — Magmes + 2(m — Dagy,
k=0

— 2Qy;m-1 +3)
Proof

()

Using recursive relation

Um = Omis = Uiz = 2Qmy1
We obtain

l.ay =l.as — l.az — 2.1,

2. az - 2. as - 2.“4 - 2.2“3
M. Uy = M. Qg — M. Ay — 2. MApyyq

Solving these equations, we get

m

1
Z kay = 3 (Mamys + (M — Dz — 2amyz — 20+ Dayyg + a3 + 2a,
k=0

+2a,)

1
= _3(mam+4 + (m - 1)am+3 — 204 — Z(m + 1)am+1 + 10)

(b)

Again, on using (4.2), we have

Am+2 = Amis — 20me1 — Ay

Now by taking even values of m and approaching the same procedure, we obtain
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m m
(Z ka2k> = Maym4z + (Z (k — Dayy + ao)
k=0 k=0

—2 (Z(k + Dagesr —(m+ 1)a2m+1>

k=0

— (Z(k + Day, — (m+ 1)a2m>
k=0

(4.14)

Making the use of the recurrence relation

Uiz = Amis — 20myp1 — Ay

Further, on taking odd values of m, we have

m m m
<Z k“2k+1> = < (k —Dagesr +ay + m“2m+3> -2 (Z ka’zk)
k=0 k=0

k=0

— (Z (k+ Daggs; — (M + 1)“2m+1>

k=0
(4.15)
On solving (4.14) and (4.15), proof of (b) follows.

Corollary 4.2.4: For m > 0, the following formulae holds for 2-Fibonacci sequence

{Bm}:
()

- 1
D KBy == (Mfss + (1= Dfrs = 2Bz = 201+ Dfimar +8)
k=0
(b)
< 1
2 kBoki1 = 3 2mPamiz + Bm — 1) oms1 — MPamsz + 2(m — 1) fory — 2Pom-1
k=0

+3)
Proof
(@

Using recursive relation

Bm = Bm+a — Bm+2 — 2Bm+1
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We obtain
1.ﬁ1 = 1.ﬁ5 - 1.[;3 - 2.1[;2
Z.ﬁz = ZB6 - 234 - ZZB3

M. By = M. Prrg = M. Pryz — 2.MPryya

by adding these equations, we get

S 1
D Kby == (MBrrs + (1= Dfrs = 2Bz = 201+ Dfimar +8)
k=0

(b)

Again, on using (4.2), we have

Bm+2 = Bm+s — 2Pms1 — BPm
Taking even values of m and approaching the same procedure, it results

(Z k32k> = MBoms + (2 (k = )i + Bo)
k=0 k=0

-2 (Z (k+ D1 —(m + 1),32m+1>
k=0

- (Z (k+1)fy—(n+ 1)ﬁ2m>
k=0

(4.16)

Making the use of the recurrence relation

Bm+2 = Bm+s — 2Bms1 — Pm
On taking odd values of m, it yields

(Z k32k+1> - <Z k= Dfgiers + B + m32m+3> -2 <2 kﬁZk)
k=0 k=0 k=0

- <Z (k+ D1 —(m + 1)/32m+1>
k=0
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(4.17)
On solving (4.16) and (4.17), proof of (b) follows.

Theorem 4.2.4 For m > 0, we have:

(@)
m m
Z B/IY ﬁv+3 +2 z B/IY B4r+2 = ﬁm+3ﬁ/m+4 - 2ﬁm+1,8/m+3
v=0 k=0
(b)
m m
DB =) Buboss
=0 v=0
=-1+ Bfm+1ﬁm+4 + ﬁm+1ﬁm+2 - ﬁm+1ﬁm+3 - lgm+2ﬁm+4—
— Bhi1 + Bz
(c)
—2 z ﬁv ﬁ4r+3
=0
= Bria+ Briz + 3Bz + Bov1 — Brm+1Bmss
- 3ﬁm+Zﬁ/m+4 - ﬁm+1ﬁm+4 + 3ﬁm+1ﬁm+2 - ﬁ/m+3ﬁ/m+4 —4
Proof:

(a) Now, using the relation

ﬁmﬁm+3 = .B/m+4ﬁ/m+3 - ﬁm+2ﬁm+3 - 2ﬁm+1ﬁm+3

We have

BoBs = BaB3 — B2B3 — 2183
B1Ba = BsBa — B3Ba — 224

.Bm.Bm+3 = ,B/m+4ﬁ/m+3 - ,Bm+2ﬁm+3 - 2ﬁm+1ﬁm+3
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Thus, from the above system of equations, we obtain

i Bo By+s + 2 i Bo Bo+2 = Bm+3Bm+a — 2Bm+1Bm+3

(4.18)
(b) Using the relation

:84%1, = Bfn+4 + ﬁ3n+2 + 4ﬁ3n+1 - 2ﬁm+2ﬁm+4— - 4ﬁm+1ﬁm+4 + 4ﬂm+1ﬁm+2

We have

-5 i B2 +2 i BoBosr +4 i BoBoss = 4 i BoBo
=0 =0 v=0 =0

= Bfn+4- + ﬁfn+3 + Zﬁfn+2 + 6ﬁ/r2n+1 =7 = 2Bm+1Bm+3 — 2Bm+2Bm+a
- 4ﬁm+1ﬁm+4 + 4ﬁm+1ﬁm+2

(4.19)
Now, using the relation

ﬁmﬁ/m+1 = .B/m+1ﬁ/m+4 - ,Bm+1ﬁm+2 - 2.8¢Zn+1

We have

m m m
23 BuBosr = ) BoBosst2 ) B3 =2+ BuirBmes — BrraBsz = 2B3s
v=0 v=0 v=0

(4.20)
Now, using the relation

.Bm.B/m+2 = ,B/m+4ﬁ/m+2 - .Bfn+2 - 2ﬁm+1ﬁm+2

We have
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iﬁ5—2§ﬁvﬁv+l

=3+ ﬁm+1ﬁm+3 + ﬁm+2ﬁm+4 - ﬁ3n+1 - ﬁ/rzn+2 - 2,Bm+1,3m+2

(4.21)
Solving (4.20) and (4.21), we get
m m
Z ,842f - 2 ﬁv ﬁ4r+3
=0 =0
= =14 Bm+1Bm+a T Bm+1Pm+2 — Bm+1Pm+3
- .Bm+2.8m+4 - ﬁfn+1 + Bﬂrzn+2
(4.22)

(c) Solving (4.19) and (4.20), we get

_§ﬁ£+2§:ﬁvﬁv+z +2iﬁvﬁ«+3
=0 =0 =0

= B2ia+ Bors + 2Bhiz + 28211 — 2Bm+1Bm+s — 2Bm+2Bma
- 2ﬁm+1ﬁ/m+4 + 2ﬁm+1ﬁ/m+2 -3

(4.23)

Solving (4.18) and (4.23), we get

—i B2+ iﬁvﬁwa
v=0 =0

= ﬁan + Bfn+3 + Zﬁfn+2 + 2ﬁ3n+1 = 2B m+2Bm+a — 2Bm+1Bm+a
+ 2ﬁm+1ﬁ/m+2 -3- ﬁm+3ﬁm+4—

(4.24)

Solving (4.22) and (4.23), we get

79



2 i Bo Bosa - i Be Bos

= Bfn+4 + ﬁfn+3 + 3ﬁfn+2 + ﬁ/rzn+1 = 3Bm+1Bm+3 — 3Bm+2Bm+a
- ﬁm+1ﬁm+4 + 3Bm+1ﬁ/m+2 —4

(4.25)

On solving (4.18) and (4.25), we get

m
2D BuBoss = Biuvs + Biuss + 3z + Biues = Bus1Bmss = 3BomsBonss
v=0

= Bm+1Bm+a + 3Bm+1Bm+z — Bm+3Bmsa —4 =10
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Chapter 5

Infinite Sum of Reciprocals of Generalized Fibonacci and

Lucas Polynomials

5.1 Introduction

This chapter is based upon the Generalized Fibonacci polynomials (1.7) defined as

Fpoan+1(@) = #(@)Fpqn(@) + q(@)Fpgn-1(g);in =1,

with F, . 0(g) = 0,F;41(¢) =1, and the Generalized Lucas polynomials (1.12)

defined as

Lpgni1(g) = #(@)Lpgn(g) + q(@)Lpgn-1(g)in =1,

with initial conditions Ly 0(¢) = 2,L41(¢) = #£(g), where £(g) and q(g) are
polynomials having real coefficients. Here, we consider that q(¢) = 1 or in other
words, we study the sequences of polynomials F, ; ,(¢) and L, ; ,(¢). We notate these
polynomials sequences by Fg,(g) and L,,(g) respectively. Further, £(g)is a
polynomial having positive coefficients, so having no real roots. In this chapter, we
mainly calculate the infinite the reciprocals sum of Generalized Fibonacci and Lucas

polynomials defined by

Fpn+1(@) = #(g)Fpn(g) + Fypn_1(g), forn = 1, with Fj, 4(¢) = 0, F41(g) = 1,
(5.1)
and

Lpni1(g) = #(g)Lgn(g) + Lppn-1(g), forn =1, with Ly o(g) = 2,L,1(g) =
1#(g),

(5.2)
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having even indices along with their squares generalizing the respective results of

Fibonacci and Lucas polynomials.

5.2 Results on Reciprocal Sum of Generalized Fibonacci and Lucas

Polynomials

Lemma 5.2.1 For n > 0, we have

(a)
al —aj
F =
k,n(g') a — a,
(5.3)
(b)
Lk,n(g‘) = arll + a?
(5.4)
with a; = M and a, = k@-@.
Proof:

(a) Cleary, the result holds for n = 1.

By induction hypothesis, we have

' =™t (a+ay)(af —ay) — (et —ap )
a; — az a; —az

= #(@)Fpn(g) + Fyn-1(9) = Fni1(9)
(b) Cleary, the result is true for n = 1.
Further,
ai "t + ap" = (@ + @) (o] + @) — gyl +aph)
= #(@)Lpn(@) + Lpn-1(@) = Lpni1(g)
Lemma 5.2.2 The following results hold:
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()

Fom(@)Fsn(g) = i

#%(g) +4

(b)
L/&,m+n(g’) + (_1)nl%,m—n(g’)rifm =n
Lk,m(g’)Lk,n(g’) = {Lk,m+n(g') n (—1)mL/¢,n_m(g),ifn >m

(©)
_ Fk,m+n(9) + (—1)nF/¢,m_n(g),ifm =n
Fk,m(g’)Lk,n(g’) = {Fk,m+n(g”) _ (—1)mF/¢,n_m(g),ifn >m

(d)

L/c,n (g’) = Fk,n+1(gf) + F/e,n—l(g’);

with positive integers g, m and n.
Proof:
(a) Now, using (5.3) and (5.4), we get

a™™ + a™" — alladt — al*al

#?%(g) + 4

Fk,m (g’)Fk,n (g’) =

Forn = m,

Q"™ + @™ = ol (@ + af ™)

£%(g) + 4

Fk,m (gf)Fla,n (g’) =

83

1
(W (L"'an(@) - (_1)nl%,m—n(gv)),ifm >n

(L/z,m+n(g’) - (_1)mLi¢,n_m(g»)) ,ile >m

(5.5)

(5.6)

(5.7)

(5.8)



1 m
WEOEY (sz,,m+n(g) -(-D L/z,n—m(g’))

If m > n, then

am+n _l_ am+n _ ai‘t(a;‘n—n + ai‘n—n)

£%(g) + 4

F&,m (Q)F%,n (g‘) =

1 n
WEOEY (sz,,m+n(g) -(-D L/z,m—n(g’))

(b)

Using the same procedure, we can prove our desired result.

(©)
Using (5.3) and (5.4), we have

m m

a; —a
Fim(@)Lan(9) = (W

17— U2

) (af + az)

=@ — " + o — afay)
a1

If m > n, then

Frm(@)Lan(g) = (a"”" 7+ atai(af" ™ — af ™)

= Fk,m+n(g’) + (_1)an,m—n(gV)

If n > m, then

(am+n m+

F/z,m(g’)l'/a,n(g’) = "— al a; (a - a;l—m))

= Fk.m+n(gf) - (_1)mFl@,n—m(gf)
(d) By approaching same methodology, we can accomplish the goal.

After this, we move to the results on reciprocals sum of Generalized Fibonacci and

Lucas polynomials.
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Theorem 5.2.3 The following results hold for any positive integers g, n and even

integer 1 > 2:
@
i - _ =Fpim(g) — F (g) —1 (n>1)
~— Fpir(2) = Fpin(@) = Lpin-1(g >
(b)
i L) =Lpin(g) — L (@) (= D)
—n Lk,lr(g*) = Lain'9 £,in—-1\@ >
(©)
(Z F lr@)) ‘ = Fin(@) = Fima(9) — 1 (> 1)
(d)
i; -1 :LZ ()_LZ ()+1 (n>2)
r=n Li&,lr(g’) 49 #in-1\P >
Proof:

(a) Using the identity (5.5), we have

1 1 1
- +
Fpir(g) Frin(@) —Fpi—1(3)  Frip(g) — Frir(g)

_ sz,lr (@) = Frir+1(@)Fp1r-1(9)
Fiir(@) (Fiir @ = Foir—i(@)) (Fourai(@) = Fiir (@)

_ (Lpau(g) —2)
Fiir (@ (Fair(@) = Fair-i(@)) (Faira1(@) — Four (@) (£2(g) + 4)
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(5.9)

Since, F;,(g) is a monotonic increasing sequence for positive integers g and, n

therefore
(F/a,zr (¢) — F&,lr—l(‘})) >0, and (Flz,er@) —Fpir (g)) >0
Also,
(Lpau(g)—2)>0
Thus,

1 1 1
> —
Frir(@)  Frir(@)—Fpi-1(@) Fri(g) — Fpir(g)

(5.10)
Thus, we have
i 1 i ( 1 1 )
i Frir(9) &2 \Frir(9) = Frir1(9)  Friri(9) = Frir(9)
_ 1
Frin(@) = Fpin-1(g)
(5.11)
Next, we prove that
1 < 1 1
Fpir(¢) Frir(@)—Fpi—1(g) =1 Fppp(@) —Fpip(g)—1
(5.12)

This will be true iff

Frire1(@Fp1r-1(2) — Foir—1(2) + Firi1(2) — 1 > Ff 1, (9)

Using identity (5.5) and (5.7), the above inequality becomes true iff
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(Fk,lr+l+2 (9) - L&,zz(@)) + (F/z,er(g’) — Fpir—142 (9’))

+ (Fara1-2(@) = Fair-1-2(9) — La2(9))

+ (F/a,lrﬂ(éb) - ZF%,lr—l(g’)) >0

(5.13)
Moreover,
Fairi1(@) — Fpir-142(¢) > 0,
and
(Fairsi2(@ = Fair—i-2@) = La2(@) > 0, (Fauri(@) = 2F1ri()) > 0

for any positive integers g, # and even integer [ > 2.
Further,

Fpirs142(@) = Lp21(@) > Fp2142(¢) — Lp21(g)
=#(g) Fr2041(@) + Fp20(¢) — Fr2141(@) — Fp2-1(g) >0

Hence, inequality (5.12) holds for any positive integers g, £ and even integer [ > 2.

From (5.12), we get

r=n

Ly ]
; Ffz,lr(g’) (F/a.lr(gv) - F/&,lr—l(g') -1 Fla,lr+l(gﬂ) - Fk,lr (9) - 1)
_ 1
Foin(@) — Fain-i(g) — 1

(5.14)

On solving (5.13) and (5.14), we get

oo 1 -1
l(; Faur (@)

(b) Using the identity (5.6), consider

= Fpin(g) — Fpin-1(g) — 1
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1 1 1
— +
Lk,lr (g‘) Lk,lr (g‘) - L%,lr—l(g) Ll@,er(g) - Ll@,lr (g’)

_ (2 - L/&,Zl(g’))
L@ (L@ = Law(@) (Lowr @) — Liyw-(@)

(5.15)
Forg,n >0, L, ,(g) is a monotonically increasing sequence, therefore,
(Lewr @ = Lawr-i(@)) > 0,and (Lpire1(g) — Lair(9)) > 0
forevenl > 2.
Further,
(Lpa(9) —2)>0
Thus, we have
1 1 1
Liw @~ Law@ — Laws@  Lown(@) — Low(@)
(5.16)
Using repeatedly (5.16), we have
o1 1
2 Liw @~ Lom®@ — Lam(@)
(5.17)
Next, we prove that
1 1 1
Liw @ Lor@ — L@ + 1 Lipn@ — Lou(@) + 1
(5.18)

By inequality (5.18), we obtain

Lpir+1(@)Lpir—1(@) + Lpir—1(@) — Ly irii(g) — 1 < L3, 1, (9)
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Using identity (5.6), the above inequality becomes

Lpir+1(@) — Lpir—1(g) — Lp2i(g) +3 >0,

which is true for g,% > 0,and even [ >2 asL,,(g)is a monotonic increasing

sequence.
Hence, inequality (5.18) holds for any positive integers ¢, £ and even [ > 2.

By (5.18), we have

=1 - 1 1
L.y _
;Lﬁ,lr(g’) <L/a,lr (g’) - L/a,lr—l(g') -1 Lk,lr+l(g') - Lk,lr (gﬂ) -1 )

r=n
1

B Lk,ln(g’) - L/a,ln—l(g’) -1

(5.19)
From (5.18) and (5.19),
oo -1
S ) = Lan@ ~ Leinai(@)
rank,lr(g)) = Lpim\@ #,in—-1\@
(c) Now,
1 3 1 4 1
Fin (@)  Fiu(@) = Fiu (@) Ffuw(9) —Ffn(g)
) (2@ = 2) (F3r@) + Friru@Frir-t(@))
F2r@ (F2u @ = Frei@) (FR (@) = FE (@) (B2(9) + 9
(5.20)

Further, F,, ,(¢) is a monotonic increasing sequence g, n > 0, therefore

(F/(Z,,lr(g) - Flﬁ,lr—l(g)) > 0, and (Flz,lrﬂ(g») - F/ﬁ,zr(g»)) >0,

with even [ > 2.

Moreover,
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(L/L,Zl(g’) - 2) >0,
that makes the numerator of (5.20) to be positive. Therefore, (5.20) becomes

1 1 1
> —
Fin(@) ™ Fin(@) —Frni(@)  Fipu(@) — F L (9)

(5.21)

Using repeatedly (5.21), we get

C 1
Z Fi (@) ng,ln(@) — Fiin1(9)

(5.22)

Next, we show that

1 1 1
Fi () = Fiw(9) —Fi(9) — 1 - Fi (@) = F (@) — 1

(5.23)

Inequality (5.23) is equivalent to

_Fz,lr(g’) + Flilrﬂ(g’)Flilr—l(g’) + sz,lr+l(g’) - sz,lr—l(g’) —-1>0
Using (5.5) and (5.6), we have
(£%(2) +2) Ly g1r1+21(@) + 4 Ly 21r (@) — (£3(@) + 6) Ly oir—21(g) — 4+ Lpa(9)

— Lpa(g) —4—41Lyy(g) >0

Since, L, ,(g) is a monotonic increasing sequence for fixed positive integers g and n,

so by induction, we have

Lpa(g) — Lpa(g)—4—4L,,(g) >0
Now, consider
(£%*(g) +2) Lp2ir+21(@) +4 Fpon(g) — (#£%(g) +6) Lpoir—2(g) —4
> (£%(g) + 6) Ly (g) — (£%(9) +6) Lppir-21(g) —4>0

Hence inequality (5.23) holds.
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Repeating (5.23), we have

o

o1 1 1
2 — )
;Ffizr(g’) Fewr@) = Fir (@) =1 Fiupn(9) —Fii(g) -1

r=n

1
- F%Z,ln(g’) - Flﬁ,ln—l(g) -1

(5.24)

From (5.23) and (5.24), we have

o) -1
1
Zz— = F§1n(9) = F§1ni(g) — 1
r=n Fk,lr(g’) ’ '

(d) By approaching in the same manner, we get the results we want.
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Chapter 6
Infinite Sum of Reciprocal of Jacobsthal Polynomials

6.1 Introduction
In this chapter, we derived the sum of reciprocal of the Jacobsthal polynomials (1.14)
defined as
Jn2(0) = Jngr1 () + xJp (%),
with J,(x) = 0, and J;(x) = 1, and the Jacobsthal-Lucas polynomial (1.15) described
by
Jn+2(%) = jnpa (0) + xjn (),
with j,(x) = 2, and j;(x) = 1, and n is a non-negative integer.

6.2 Sum of Reciprocal of Jacobsthal and Jacobsthal-Lucas

Polynomials
To accomplish our main results, we derive some results regarding Jacobsthal and
Jacobsthal-Lucas polynomials given as below:

Lemma 6.2.1 For n > 0, we have

(@)
_ a — ﬂn
Jn(x) = — my
6.1)
(b)
jn(x) =a"+ p"
6.2)
where a = ”—';Hx, and g = = ';Hx.
Proof:

(a) We approach the induction methodology to prove our results.

Evidently, the result holds for n = 1.
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Using induction hypothesis, we get

a1l — Bn+1 (
a—p a—p
= Jn () + xXJn-1(x) = Jn41(x)
(b) The result is evidently valid forn = 1.

(an _ ﬁn) + x(an—l _ Bn—l))

Using induction, we get
an+1 + 'B‘n+1 — (an +,8”)(a +B) _ aﬁ(an—l +'Bn—1)
= Jn (%) + Xjp_1(x) = jns1(x)
Lemma 6.2.2 For x, m,n > 0, the following results hold:

(@)
1
———— (Umn(®) = (=X)Y—n(x)),if m = n
S @) = 14
TTax Uman () = (=)™ fp—m (x)),if n = m
(b)
. . _ jm+n(x) + (_x)njm—n(x)’ifm =n
IO = i oitn = m
(c)
oy (Iman () + (=) pon (), ifm = n
]m(X)]n(X) B {]m+n(x) - (_x)m]n—m(x)'ifn =m
(d)
jn(x) = ]n+1(x) + x]n—l(x)
Proof:

(a) For any positive integers x, m and n, using (6.1) and (6.2), we get
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ﬁn

Ja(x) = y
and
Jn(x) =a™ + "
Now,
B am+n + ﬁm+n _ anﬁm _ amﬁn
Jm(@n () = i
If m > n, then,
_ jm+n(x) - anﬁn(ﬁm—n + am—n)
Jm G () = T
1 T 4x ——— (m+n (@) = (=) m—n (x))

If n > m, then, we have

jm+n(x) - amﬁm(ﬁn—m + an—m)

]m(x)]n(x) = 1+ 4x

= 7= Uman () = (=0 ()

(b) Using (6.1) and (6.2), we have

Jm(jn(x) = (@™ + T 4+ a™ ™ + a™p™)
If m > n, then,
Jm()ju(x) = (@™ + ™) + "B (a™ T 4+ 7T
= Jman () + (=2)"m—n ()

and, if n = m, then, we get
Jm)jn () = (@™ + ™) + @™ BT (@™ 4 ) = fiman () + (=X) " fnom

(c) By following the same procedure, we can achieve our objective

(d) Consider

a™(a+xa ) — B +xp71) (@™ + ,B")(\/l + 4x)
VI + 4x Bl VI + 4x

Jn+1(x) + xJp_1(x) =
=a" + p" = ju(x)
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Now, we represent our main results:
Theorem 6.2.1 For any positive integers x,n and for positive even number a,

following inequalities resulted:

(a)
S o
k=n]ak () Jan (x) _]an—a(x)
(b)
> <
k=njak ) Jan(®) — jan-a(x)
(©)
S s
k=n]§k (x)  Jan(x) = JEn_a(x)
(d)
Y <
kznjak (X) ]an(x) _]an—a(x)
Proof:

(@) For x, k > 0, and positive even number a, by using (6.3), consider

1 1 1
T Jae 0 —Jaeea @ Jarra 0O — Jae (O
B x84, (x) — 25%)
 Jar () Uare ) = Jar—a () Uarra () = Jar ()

(6.7)

Further, /i (x) is a monotonic increasing sequence for x,n > 0, and for positive even

number a, therefore
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Uare () = Jar—a()) > 0,and (Jagra () — Jax(x)) > 0
Also,
U2qa (x) —2x%) >0
that makes numerator of (6.7) to be positive. Therefore, we get
1 1 1
Ja @~ Tk T Jaera®) —Jae @)

(6.8)
Thus, we have
i 1 1
>
k=n]ak(x) ]an(x) _]an—a(x)
(b)
For x, k > 0, and even positive integer a, using (6.4), consider
1 B 1 N 1
jak(x) jak(x) _jak—a(x) jak+a(x) _jak(x)
_ X0 (—jpq (x) +2x%)
jak(x)(jak(x) _jak—a(x))(jak+a(x) _jak(x))
(6.9)

Further, j,. (x) is a monotonic increasing sequence for positive integers x,n > 0, and
for positive even integer a, therefore
(ak () = jak-a(®)) > 0,and (jara () = jarx(x)) > 0
Moreover,
U2qa (x) —2x%) >0
that makes the numerator of (6.9) to be negative. Therefore, we get

1 < 1 B 1
jak(x) jak(x) _jak—a(x) jak+a(x) _jak(x)

(6.10)

Thus, we have
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oo

z 1 < 1
Jak ) Jan(X) = Jan-a(x)

k=n

©)
Now, consider
1 B 1 4 1
JEE)  JEE) = T2 () —JE@)
(]gk—a(x) _]ak+a(x)]ak—a(x))(](ik—a(x) +]ak+a(x)]ak—a(x))
J2 ) (T2 = J2ea () (s = J2 ()
_ xak_a(jZa(x) - zxa)(]gk—a(x) + Jak+a ()] ak-a (X))
J2 ) (J2600) = J2—a @) ) (JZira) = J2,(2)) (1 + 42)

(6.11)

Since /4, (x) is amonotonic increasing sequence for positive integers x,n > 0 and even
integer a, hence

(2@ = Jica) > 0,
and

(J2era® = J200) > 0
for even a. Further,

(iZa(x) - Zxa) >0

that makes the numerator of (6.11) to be positive. Therefore,

1 1 1
Te@ T —Jea®  JZera(0) — 20

(6.12)
Thus, we have

S
L1720 Ten ) — Jn-a®)

(d) Now, consider
1 1 N 1
Jae ) Ja () = jG—a () Jaksa () = j ()
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— xak_a(_jZa(x) + Zxa)(iczzk—a(x) +jak+a(x)jak—a(x))
j2eG (200 = j2e-a(0)) (jZera(®) = j2c0)

(6.13)
Since j,, (x) is monotonic increasing sequence for positive integers x and n and

positive even integer a, therefore
(2@ = jZea0) > 0,
and
(j§k+a(x) —jﬁk(x)) >0
for even a. Further,
(za(x) —2x%) >0
that makes the numerator of (6.13) to be negative. Therefore,

1 1 1
- <- - — - -
]gk (x) ]gk (x) _]gk—a(x) J§k+a(x) _J(fk (x)

(6.14)
Using repeatedly (6.14), it results

[0e]

Z 1 < 1
J}fk () Jjén(x) — jén—a(x)

k=n
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Figure 6.2: Graphical Representation of the Jacobsthal-Lucas Polynomials
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Chapter 7
Trivariate Fibonacci Polynomials

7.1 Introduction

In the first section of this chapter, we present a n X n matrix whose successive
determinant generates the following sequence of Trivariate Fibonacci polynomials
(1.22):

H,(e',m', f) =e'H,_i(e/,m',f") + m'H,_,(e',m', f') + f'H,_3(e,m', f);n = 3,

with Hy(e',m', f') = 0, H;(e',m’, f") = 1, and H,(e',m’, f") = €', where e’,m’, f" are
any real numbers. For ¢ =m’'=1, and f' =0, it becomes the sequence of the
Fibonacci numbers. In the second section, we represent Binet's formula for this
sequence by using matrix methods and the concept of diagonalizability of matrix.
And in the last section, we address an observation related to n* Generalized
Lucas numbers (1.9) followed by
Jn(X) = juo1(X) + xjp_2(x); n = 2,

where x is any positive integer with, j,(x) = 2, and, j;(x) = 1. For x = 1, it becomes

the sequence of Lucas numbers.
7.2 Trivariate Fibonacci Polynomials using Determinants

In 2004, Strang [76, 77] presented a family of tridiagonal matrices given by

310 ..0
13 1 0
Mm)=|o 1 3 s :
1

0 0 0 1 3/,
whose determinant is a Fibonacci number F,,, . ,. Another example of tridiagonal matrix

is:
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~ O
o O

1
[ U A
H(n) = O l 1 " S ’

T |
0 0 0 i 1/,
and its determinant was found to be a Fibonacci number F,, ;.

Now, we construct a square matrix whose successive determinant generates the
sequence of Trivariate Fibonacci polynomials.

Theorem 7.2.1 Let S,,(e’,m/', f') denotes a n X n matrix described by

Then, det(S,(e’,m’,f)) = Hy.1(e’,m’, f").
Proof: Induction will be used on n.
Forn =1,n = 2and, n = 3, it can be seen that

det(S,(e’,m',f") = e’ = Hy(e",m, f"),

det(S,(e',m', ")) = (e)? + m' = Hy(e',m', ),
and, det(Ss(e’,m’,f")) = (e")3 + 2m'f" + f' = Hy(e',m', f")
Assume by induction that,
det(S,_1(e’,m',f") = Hy(e',m', f), det(S,_,(e", m', f))
= Hp_q(e',m', "), det(Sp_3(e’,m', f')) = Hp_»(e',m", f")

Then, by using the induction hypothesis, we obtain

det(S,(e’,m’, ")
= e' det(Sp_1(e’,m', ")) + m'det(S,_,(e’,m', f))

+ fdet(Sus(e’,m', f)) = Hyga (€m0, )
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7.3 Binet’s Formula Using Matrix Method for Trivariate Fibonacci

Polynomials

In this section, we derived a formula to determine a general term of the sequence of

Trivariate Fibonacci polynomials by using matrix methods.
Let a, & and ¢ be the characteristic roots of equation
k3 —e'k?—mk—f =0
To reach our goal, let’s introduce a square matrix E of order 3 given as
el ml fl
E={1 0 0 )
0 1 07/3x3

such that det(E) = f'. Here, matrix E is known as a generating matrix for the sequence
of Trivariate Fibonacci polynomials. To accomplish our objective, we first describe
some results obtained for Trivariate Fibonacci polynomials:

Theorem 7.3.1 For n > 1, following identities hold:

(@
Hy ., e m' [\ (Hn1
Hy,ii)=11 0 0 H, (7.1)
H, 0 1 0/ \H,4

(b)
Hn+2 HZ
Hyy1 |=E"|(H,y (7.2)
Hn HO

Proof:

(a) By using the recurrence relation for Trivariate Fibonacci polynomials, we have
e m f Hp4q e'Hyy1 +m'Hy + f'Hy_4 Hy o
1 0 0 H, | = Hpy1 = | Hn+1
0 1 0/ \Hp4 H, H,

(b) We approach the induction methodology to prove our result.
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Evidently, the result holds for n = 1.

Using induction and result (7.1), we have

Hyip Hypiq H,
Hpy1 |=E| Hy |=E"(H;
Hn Hn—l HO

The characteristics equation of generating matrix E is

e—k m f
0=det(E—kI3)=| 1 -k ol|=K3-¢€k*—m'k-Ff,
0 1 -k

where k is characteristics root of matrix E. Note that, it is also the characteristics
equation of the sequence of polynomials (1.22).Therefore, characteristics root of

matrix E are a, & and c.

a?\ [(&* c?
Clearly, the characteristics vectors are ( a )([r ) and <c ) corresponding to the
1 1 1

characteristics roots a,& and c respectively.

Let

Then, its inverse is given by

b—c WH+c)lc—a) bc(b—c)
Pl=—|c—a (@+c)a—c) ac(c—a) |
a—t W+a) la—4b4) ab(a-—4b)
where M = (a — &)(& — ¢c)(c — a).

Further, consider the following diagonal matrix

a 0 0
D=0 &% 0
0 0 ¢
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Then, we have
E = PDP!
therefore, we get
E™ = pp"p~1
By using the results (7.1) and (7.2), we have

an+1 5,71+1 Cn+1

) = e a0 -0 (- he-a)

which is required Binet’s formula for the sequence of Trivariate Fibonacci polynomials.
After that, we address an observation related to nt" Generalized Lucas numbers
(1.9) followed as

jn(x) = jn—l(x) + xjn—z(x);n > 2,
with x is any positive integer with j,(x) = 2,and j;(x) = 1.
7.4 Generalized nt* Lucas Numbers

In [14], author counted those Lucas numbers in modulo n with respect to which n is a

Lucas pseudo prime.
We observed following results related to Generalized n** Lucas numbers:

1) For a prime p and a positive integer x, by using the recurrence relation for

Generalized nt" Lucas numbers, we observe that
Jp (x) = 1mod (p)

2) Generalized n*" Lucas polynomials are of degree E] where [.] denotes the

greatest integer.

3) For even integer n, highest degree coefficient is 2.
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Chapter 8

Solution of a Fractional Differential Equation

8.1 Introduction

Here firstly, we deal with originating an operational matrix for fractional derivative of
Lucas polynomials and Pell-Lucas polynomials. After that, we discus numerous results

of the sequence obtained by differentiating the Fibonacci polynomials.
8.2 Fractional Differential Equation

We solve a fractional differential equation given below:

Doy () + ¥ () +y(x) = ()
{ YO0) = ’ 6.1

wherer =0,1,2,...m—1; k=0,1,2,.. m;m—-1<a <m.

The fractional derivative of y(t) in the Caputo sense is given by [78] and satisfies that:
Forn—1<a<n,
|
K k—a k>a

—_t ,
DY* =ST(k—a+1)
0, k<a

(8.2)
Now, we discuss about some properties of Lucas polynomials (1.10) given as
L/n+2(x) = XL/n+1(x) + Ln(x); n =0,

with Ly (x) =2,L;(x) =x, and are generated [79] by the following form

representation:

s
b= ) (=) (" ) =

£=0
(8.3)
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And the Pell-Lucas polynomials [80] is:
Qn+1(x) = szn(x) + Qn—l(x),

where n is a natural number with Q, (x) = 2, Q;(x) = 2x, and represented [80] as:

2!
0.0 =Y (=) (", ") o2

£=0

Theorem 8.2.1 The following inversion formula holds:

(8.4)

if nis odd

otherwise

(8.5)

if nis odd

(8.6)

@
2|
z(_l)i(?) L,—2i(x),
X" = [n_i1=0
. n n n—1
> D7) b+ 0F (2o,
\ i=0 2
(b)
( [“
z(_1)1 Qu- 2¢(x);
(Zx)" = n 1
[T L
Z (= 1)1( ) Qn—2(%) + (= 1)2< n >Q0(x), if n is even
\ i=0 2
Proof:
(@)

106



Case |I: When # is odd

Evidently, the result holds for n = 1.
By induction hypothesis, we get

1= () Lua®

Therefore,

2]
X = Z()(—l)f (7) xLn-u®

[zl [zl+1
= > () Luaen@ = DT D2 Lucaia 00
i=0 i=1
(8.7)
It is required to show that
i o
X" = Z(—l)i (/n -li- 1) Ly—2i41(x) + (—1)%T <%_H> Lo(x)
i=0 2

To prove this, we have from (8.7),

5] 5]
x™ =1L, + Z(—l)i (?) Ly—2i41(x) — Z(_l)i_l (i 4_11) Ly—2i41(x)
i=1 i=1

_ n
DT (% - 1) Lo(x)

2

(8.8)

Now, the coefficient of L,,_,;,1(x) = (?) + (i 4_/L1) = (n -l" 1), therefore equation

(8.8) becomes
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[%] n+1 n
n i 1 nt+1
= D) Ly 00+ (D2 <ﬂ + 1) Lo(x)
= 2
Case I1: When n is even

By induction hypothesis, we ger

= o
= 0 (7) Ln_zl-<x)+<—1>7< " )Lo(x)
i— 2
Therefore,
- Z n—1
x™* (- 1) an 2i(0) + (- 1)2< n )xL (%)
> 0

"]

= Z () Locain@ = Y () Lycies (0
=0 i=0

n/m—1
+2(—1)7< " )Ll(x)
2

Our end goal is to combine these two summations into one. To achieve this, shifting
the indices of the second summation up by 1, we have

[+

[/n 1
X = Z( D' (") Lmaias ) - Z D' (2 ) Lumainn @)

n/m—1
+2(—1)7< " )L1(x)
2

Since # is even, therefore above becomes
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7]
X = (%) + z( 1) n+1) i () + (= 1)[ ]<[ ] )Ll(x)

» B

n [T )
+2(—1)7< n )Ll(x)=2(—1)l(”i“) Ln—2i41(0)
2 =

(b)
Case I: When n is odd.

Clearly, results hold for n = 1.

By induction hypothesis, we have

(Zx)“—Z( () Queas)

Multiplying both sides by 2x, we get
5
= Z( 1 (}) 260u-2®

2 2
= > 04(}) Qa0 - Z( D (3) Quaia )

=0

Our end goal is to combine these two summations into one. To accomplish this, note

that shifting the indices of the second summation up by 1, we have

5] [5]+1
@0 =3 D4(}) Gzen@ = ) D (1) Gz
i=0 i=1

(8.9)

In order for our hypothesis to be correct, it suffices to show that
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2

n+1 n
@01 =Y 0 () Qs @+ D2 (m) Qo)

2
To prove this, we have from (8.9),

2 2
(20"t = Qn+1(X)+Z( D7) Quozisa @) - Z( D1 Geaen @

n
—(-1D7 < )Qo(X)
2

(8.10)

Now, the coefficient of Q,_5,+1(x) = (D + (i E 1) (n: 1) therefore equation
(8.10) becomes

2

n+ n
@1 =Y D (") Qa0 + (DT (n + 1) Qo(x)
i=0 2
Case Il When n is even

Let the result holds for ni.e.,
n—1
S o
9" = ) (' Qn-z¢(X)+(—1)f< n )QO(X)
=0 2
Multiplying both sides by 2x, we get
[n 1] _—
@0 = Z( () 2xQu24(0) + (= 1)2( n )Zxoom
2

110



[n—l
Z( D (}) Quoains () - Z( D () Quaia @)

a/m—1
+2(—1)5< n )Ql(x)
2

Our end goal is to combine these two summations into one. To accomplish this, note
that shifting the indices of the second summation up by 1, we have

n— 1] [n21]+1
(20" = Z( D4 () Queziaa () - Z D" ) Gz @)

a/m—1
+2(—1)f< n )Ql(x)
2

Since n is even, therefore above becomes

= "
(2™ = Qnyr () + ; (-D* (n:l; 1) Qn—2i+1(x) + (—1)[51 <[g] — 1> Q1(x)
et 'z
+ 2(—1)?( i )Ql(x) = > (T e @
i=0

which is what we desire.

8.3 Solution of Fractional Differential Equation using Lucas
Polynomials

Next, we take step to forward our work.

Let (8.2) has a continuous solution which a linear combination of Lucas polynomials

co

y(x) = Z a Ly (x),

k=1
and let y, (x) be nt"* approximation of y(x), therefore
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n+1

I = ) aLy(x) = ATLGO),

where AT = [a; ay ...an41], L(x) = [L1(x) Ly(x) ...L,1(O]T

Further, the " order derivative [81] of (8.2) is:
. =Dm o
y™(x) = ATD"L(x),D = [d;;] = {l sin~——,  j >
0, else

)

(8.11)
withr = 0,1, 2, ...n, and D denotes a n X n operational matrix for the derivative.

The caputo derivative of the vector L(x) written as
D*L(x) = B@OL(x), (8.12)

where B(® denotes a (n + 1) x (n + 1) operational matrix of fractional derivative.

Next, we generate the matrix B(®.

Using (8.2) and (8.5) fori =0, 1, 2,, ..., n, we have

2

0= S )

Jj=0

-\ T 1-—2j .
_ z< 8 ')<5.]) (8 + .]) XU 52> q
88— j J JT+1-2j—a)

Jj=0
0, 8—2j]<a

If 8§ —2j > a, and s — 2j is odd, then using (8.5), we have
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D“Lé(x)zxag( 5 )(5fj> I(s+1-2j) a2

jzoﬁ—j Jj JT(s+1-2j—a)
d N T(s+1-2))
=) (5) () i rima e g Ak
x 2)(5—]' j F(5+1—2j—a) sjk 5—2]—2k(x)
]=

=x"% ) ByjkLlg—zj_21 (X)

where,

]
L k(8 2] __=<5—j>(5> (s +1—2j) "
Asji kZ_O< D ( k ) Bije j I\ TG+ 1=2j —a) 9k
If s —2j > a, and s — 2j is even, then then using (8.5), we have

H

D%L (x) = x—az (5 ‘ij) (5 ij) F(Z(ﬁ :i ;jzi')a) 52

j=0

2

= Z (5 = j) (5 = j) r(z(i J1ri ;jzz)a) Asjicla=2j-21()

Jj=0

3 s
—a 8 8 r¢s+1-2j) 5-2j _J .
T Z(a—j)(s—j)l"(zs+1—2j—a)(_1) 2 < 5 22] )Lo(x)

2]
=x“ Z BgjkLi—2j—2k(X)
=0

N QPR T = i
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where,

5=
o Nk (32 . :( 8 )(5—]') (s +1-—2j) '
Asji ; D ( k ). Boje s\ ) TGri=2—a) ek

Substituting approximation obtained into (8.1), we find that

B@WL(x) + ATD¥L(x) + ATL(x) = f(x)
ATD"L(0)=c¢,,7y, =0,1,...,m—1

(8.13)

8.4 Solution of Fractional Differential Equation using Pell-Lucas

Polynomials

Suppose that the equation (8.1) has a continuous function solution that can be expressed

in the Pell-Lucas polynomials

[0e]

y(x) = Z ayQx(x),

k=1
and let y, (x) be an approximation to y(x), that is

n+1

3@ = ) @) = A7),

k=1
where AT = [a; a; ... ay11], Q(x) = [Q1(¥) Q2(x) . Quy1 (O]
The caputo derivative of the vector Q (x) can be expressed by

D*Q(x) = BQ(x), (8.14)

where B@ is the (n + 1) x (n + 1) operational matrix of fractional derivative. In this

section, we derive matrix B@.

Using (8.2) and (8.6) fori = 0,1,2,,...,n
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B |
D*Q,(x) = 22: (%) (D ]_]) D¥(2x)""%
j=0
3 | B
= ;20—2] (n%j) (U ]—1) F(z(i Ii iji)a) XUy 2 > g
0

, v—2j<a

If v — 2j > a, and v — 2j is odd, then using (8.6), we have

B |

D*Q,(x) = x—az 9v-2j (%j) (D ]—J) F(E(-t ‘Ii ;jzi')a) =y

j=0

H
B (D bp—j ['(v+1-2j)
-y )
* Z) p—j/\ J F(n+1—2j—a)Q°’k”2]2k
J=

H
=x z anan—Zj—Zk
=0

where,
=]
te= Y, (7 Y)
k=0
and
B _( D >(n—j> o+ 1-2j)
kT \o—j/\ j JTo+1-2j—a) Wk

If v — 2j > a,and v — 2j is even, then then using (8.6), we have

2]
DO, (x) = x_az oy (L) (n Tj) Fe+1-2)
j=0

b—j J JT(v+1-2j—a)
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B | N
Y El W Rt

5 , , - 2j—
Y () e 0?2y Jes

2]
=x Z anan—Zj—Zk
=0

5 . o—2j—
+x_az( D )(n—.j) o+ 1-2j) (_1)13—221(]3&1)%(96)

—j r 1-2j—
o\ J (o + j— @) >
where,
[n—22]—1]
D v — 2j
) =)0 (3 B
]:

b—j

B ( - ) (D J_]> F(E(i :i ;jzi)a) ojk

8.5 Numerical Problem

Example 8.5.1 Consider the following equation

3
Z®(x) + DPz(x) +z(x) =1+ x

z(0)=1
zW0) =1
z®0)=0

We applied the Lucas polynomial approach to solve (8.12) with n = 2. In this case we

have

L = [LO(x):Ll(x)’LZ(x)] = [2 » X ’x2 + 2]' A = [allaZ ,Cl3]
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0 00 0 0 0
p: =10 0 o|,Bz=| T(3) _3 rae) _s
0 0 0 TR 3
r(z) r(z)
and
()
ATD3L + ATBZ)L + ATL = f(x),
3
200) = ) aly(0) = 1,20(0)
k=0
3 3
= Z aDL,(0) =1,z3(0) = Z aD?*L,(0) =0
k=0 k=0

On solving this, we obtain a;’s and finds that z(x) = x + 1 is the exact solution.
8.6 Derivative of the Fibonacci polynomials

Here, we construct a matrix that produces the sequence obtained on differentiating the
Fibonacci polynomials. In [82], the author deduced a lot of results based on the
derivative of the polynomials given by

Fk(X) = XFk_l(X) + Fk_z(X), fork > 2,

By deriving the Fibonacci polynomials, few terms are mentioned below:

Fi(x)=0
F,(x)=1
F3(x) = 2x

F/(x) =3x%2+2
Fi(x) = 4x3 + 6x
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Fi{(x) = 5x* + 12x% + 3
Fj(x) = 6x° + 20x3 + 12x
Fg(x) = 7x® + 30x* + 30x2 + 4
Fy(x) = 8x7 + 42x> + 60x3 + 20x
Flo(x) = 9x8 4+ 56x°® + 105x* + 60x% + 5
Now,
F' = BX,
where F' = [FI(x), F}(x), Fi(0), . 15X = [1,%,x2, .. ]t

and B is invertible lower triangular matrix having elements as the coefficients of the

derivatives of Fibonacci polynomials in increasing powers of x:

1 0 O 0 0 0 0 0 0 07
0 2 0 0 0 0 0 0 0 O
2 0 3 0 0 0 0 0 0 O
0 6 0 4 0 0 0 0 0 O
B = 3 0 12 0 5 0 0 0 0 O
0 12 0 20 0 6 0 0 0 O
4 0 30 O 30 0 7 0 0 O
0 20 0 60 0 42 0 8 0 O
5 0 60 0 105 O 56 0 9 O
‘0 30 0 140 O 168 0 72 0 10

Now, the following equation
rt— 2xr3+ (2 -2)r?+2xr+1=0 (8.15)

is satisfied by the sequence of derivative of Fibonacci polynomials.
On solving equation (8.15), roots are:

x+Vx? +4 x+Vx?+4
=, 5 = —

2 2

Now, we develop the generating function, Binet’s formula for the sequence obtained

14

by differentiation of Fibonacci polynomials.
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8.7 Properties of Sequence of Derivatives of Fibonacci Polynomials

Theorem 8.7.1 Then the generating function for sequence of first-order derivatives
of Fibonacci sequences {F,,(x)} is

2

u
F
Z n(X) — 2xu+ (x2 —2)u? + 2xud + ut

Proof:
Consider

gr () = z E/(x)u™ =u?+ gp (W) (2xu — (x? — 2)u? — 2xu3 — u*)
n=0
Thus,

112

1— 2xu+ (x2 —2)u2 + 2xu3 + u*

gr () =

Theorem 8.7.2 Forn > 0:

(—D"(=2Fns1(0) + (n + DL, ()
(¥ — 6)?
Proof: This theorem has a simpler proof on using theorem 8.7.1.

Fo(x) =

Theorem 8.7.3 For a natural number m, following identity hold:

(@)

Fonra(%) 2x —(x*-2) -2x -1 Flpi3(%)

m+3(X) | _ [ 1 0 0 0 |[Fme2%)
Flpi2(x) 0 1 0 0 |\F,.1
Flpi1(x) 0 0 1 0 Flp(x)

Proof: By using recursive relation for the sequence of derivative of Fibonacci

polynomials, we obtain
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2x —(x2—=2) —2x -1\ [Fm+3(x)
1 0 0 0 || Fm+2®)
0 1 0 0 Fre1(x)
0 0 1 0 El (%)

2xF13(x) — (2% = 2)Fpp42(X) — 2XF 41 (%) — Fp (%)
— / Frii2(x)
\ Fon1(X)
Fn ()
/Fﬂr’n+4(x)
_ Fpyy3(x)
Fpyi2(x)
Fpi1(x)
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Chapter 9

Solutions of the Diophantine equation Q,, — Q,,, = 2¢

9.1Introduction

In this chapter, we solve the following Diophantine equation
Qn - Qm = za’ (91)

where Q,, and Q,, are Pell-Lucas numbers given by
Qn+1 = ZQn + Qn—li Vn=1,

with initial conditions Q, = Q; = 2. By using the theory of linear forms in logarithms
of algebraic numbers, we derived an explicit upper bound for n, and then, by reduction
method based on continued fraction algorithm, we achieved our objective.

Pell-Lucas sequence are generated by the following formula:
Qn = a7 + B7,
wherea; = 1++2and g, = 1 —+2.

Specifically,

af < Q4 < 2af,
(9.2)
holds forall 2 > 1.
A few useful findings related to achieve our objective are summarized below:

9.2 Related Results

The minimal primitive polynomial over the set of integers Z of an algebraic number 9

of degree p over Q is:
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coxP + cxP 7 4+ oy = o [10,(x —9') € Z[x],

where ¢;’s are co-primes in pairs with c, > 0 and 9! ’s are conjugates of 9. Now,
logarithmic height [60] of I is

P
h9) = %(loglcol + ; log(max{|19i|' 1}))

Ifv = % is a rational number with gcd(a;,b;) = 1and b; = 1, then
1

b (9) = log(max{|a,|, b;})

Logarithmic height satisfies:

5(9 + ) < 5@ + bH(y,) +log2, (9.3)
(YY) < 5 () + b(¥p), (9.4)
H(®*) = Is|p(®), (9.5)

where ¥ and y,, are any algebraic numbers over Q and s is any integer.
Theorem 9.2.1. [64] Let y,, ¥, be non-zero algebraic numbers. Let

D = [Q(y1,v2) : Ql/[R(y1,72) ¢ R],

and

I; = bylogy, — bjlogy;,

where b, and b, are positive integers. Further, let B, B, be any real numbers > 1
with

llog(v)| 1) .
logB; = max {I)(Vi),TL,B ,i=1,2
If y; and y, are multiplicatively independent, then

2

1
—}) logB;logB,,

21
log|I;| > (—30.9)(D%) (max {logb,F,2
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where,

by b,
b= +
DlogB, DlogB;

We can find the least upper bound for n, by approaching as the same procedure in [65]
and [66].

Theorem 9.2.2 [65, 66] “In a real algebraic number field L of degree D over Q, let
Y1, Y2, -, Ya D€ any positive real algebraic numbers and suppose b4,b,,...,b, be

rational numbers with
0# A +1= (y)™ - (5)™, B = max {|bs],..., [b,]},
and B4, ..., B, be the real numbers such that
B; > max{ Db(y;),|logy;|,0.16},  foralll < j < m
If A, # 0, then
log |A;] > (=1.4)(30™"3n*>)D%(1 + log D)(1 + logB)B; - B, “

Theorem 9.2.3 [68] “Let Z be a convergent of the continued fraction of any irrational

number y and M be any positive integer such that g > 6M. Let A, B, u, denotes any
real numbers with A > 0 and B > 1 such that:

e=llpug I =MIlyql,

where distance from the nearest integer is denoted by |I. ||. Then, there is no solution of

the following inequality if ¢ > 0:
0 <|luy — o+ | <AB7®,
in positive integers u, v and w with

l A ”»”
u < Mand w ZM.
log B

Theorem 9.2.4 [59] “The only positive integral solutions (n, g,x) with g > 2 of the

diophantine equation:
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are (n,q,x) = (1,q,1) and (7,2,13), where P, denotes the n* term of Pell-number.

Henceforth, the only perfect powers of exponent larger than 1 in the Pell-numbers are”
P, =1and P, = 132

9.3 Proof of the Main Result

We mainly prove the following result:

Theorem 9.3.1 The possible non-negative integral solutions in (n, m, a) with 0 <

m < n, of the Diophantine equation given by
Qn—Qun =2°
are
{(2,0,2),(2,1,2),(3,2,3),(4,0,5), (4,1,5)}.

Proof: Assume that equation (9.1) holds. Firstly, we discuss the case for n —m =

1, then by using the recurrence relation of Pell-Lucas numbers in (9.1), we have
Qms1 = Om = Qm + @y = 2°
Using Q,,, + Q,._1 = 4P,,, where P, denotes the m*" term of Pell numbers, we get
B, =22,
which implies from theorem 9.2.4 that (n,m, a) € {(2,1,2),(3,2,3)}
If n—m = 2, then (9.1) becomes,
Qmsz — O = 2°

Since, Quiz2 — O = 2Qm41,and Qurp1 = 2(Pry1 + By), therefore, from above, we

get

Pm+1 + Pm = 2&—2'
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Therefore, using the results obtained from [59], we have (n,m,q) € {(2,0,2)}.

Therefore, we discuss the case forn — m > 3.
For 0 < m < n < 43, by a easier calculation it can be easily seen that,
Q, — Qg = 22,Q2 -0, = 22,Q3 —Q; = 23,Q4 -0, = 25,Q4 —Qo = 2°

Next, we will discuss the case for n > 43 by adopting the methodology as in [59, 60,

62]. For this, we need the following Lemma given by:

Lemma 9.3.1 If (n,m, a) is any positive integral solution of equation (9.1) with

n > m,and n > 43, then
a <2xn <2=x 5059831102,
Proof:
Firstly, we formulate a connection between n and a.
By (9.1) and (9.2), we get
20 < Za} _ ain -1 < p2n+1 _ a?“l — 22n+1(1 _ 2—(2n+1)a£n—1) < 22n+1,
as a; < 22.Thus, a < 2n
From (9.1), we have
@} =2 = Bl + Qn

Therefore,
mn a mn n 1 m
|a1_2|:|_ﬁl+Qm|S|ﬁll +Qm<§+2a1;

(9.6)

or

|1 — 2% <

n—-m
1
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9.7)
Now, take parameters:
Y1=2Y2=a3,b; =ab,=—n
The algebraic number field containing y; and y, is Q(v2), therefore D = 2.

Further, it is essential to show that A; = 2%°a;™ — 1 is non-zero. Suppose, A; = 0, then,

from (9.1) and Binet’s formula for Pell-Lucas sequence, we get
2= =0 —B1>0—-1=20Q,—Qy=2°
which is impossible.

Thus,

1
b(y1) = log2,b5(y2) = blay) = Oial

Take
B, = 1.4 = max{2log2, |logy,|,0.16},B, = 0.88
As a < 2n+ 1, therefore
B = max{|a|,|-n|,1} =2n+1

Using theorem 9.2.2, we get,

> [2%;™ — 1]

n—-m
1

> exp{(—1.4) * 30% x 2*5 x4 % (1 + log2)(1 + log (2n + 1)) * 1.4
* 0.88}

(9.8)
Taking logarithm on both sides and using the result:

1 +log (2n+ 1) < 2logn, for all n > 5,
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we have,
(n —m)loga; < 1.28459 * 10'%logn (9.9)

From (9.1), we have,

la(1 —a"™) = 2% = |- + B <1

(9.10)

Dividing both sides by a}(1 — a*™™), we obtain,

11— 2%"(1—af™™ 7 < a0 —ar ™

(9.11)

Since,

1
a™ = —— < — = 0414,
g 1
therefore
——— <171

(9.12)

Therefore, (9.11) becomes

a,,—n m-—mny—1 L.71
1

(9.13)

Let
A =2% " A —a™ -1

127



Take

Vi=2v=a,y3=0—-a"™ by =0ab,=-nb;=1
As D = [Q(v2): Q] = 2. Now, it is obvious that 4, # 0 as if A; = 0, then

20 = af(1— ™) = &} — &' = Q, — B} — Qu + A" # 2°
Therefore, B; = 1.4,B, = 0.88,B =2n+1
Further, we find the value of B;. For all n, —m,, > 3, we have

[log (¥3)| <1
Taking (9.3), (9.4)and (9.5) into consideration, we have
b(rs) =H((1 —af™™™H) < by (1) + hla"™) + log2

n—m)loga
< |m—n|bh(a;) +log2 = (f)fh + log2

(9.14)
Thus,
B3 > max {25(r,), |2log(y3)],0.16)
So, we can take
B; = (n —m)loga, + 2log2 = (n — m)loga; + log4
Now, by theorem 9.2.2 and equation (9.13), we get

> |A] > exp{(—1.4) * 30% x 245 x 4 % (1 + log2)(1 + log (2n + 1)) * 1.4

n
1

* 0.88 * ((n —m)loga, + log4)}
(9.15)

Using
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1+ log(2n+ 1) < 2logn, forall n > 5,

and by Mathematica software, we get

n < 5.59831 % 1023

(9.16)
After determining upper bound of n, the next step is to reduce it. Let
z = alog2 — nloga
Now, from (9.7),
11— e?| < —=
1
(9.17)

Now, from (9.1) and Binet’s formula for Pell-Lucas sequence, we have
d? :Qn_ﬁn>Qn_12Qn_Qm:2a
Consequently, 1 > 2%, ™, and hence, z < 0.

Since, for n — m > 3, we have

< 0.213203,

n-m —
1

it follows that e!?! < 1.27098.

Hence, since x < e* — 1 for x > 0, we get

0<|z|<elfl —1=eldl|1—¢?| <

n-m’
1

0 < |alog2 — nloga, | <

n—-m
1
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(9.18)

Now, the algebraic number field containing y; and y, is Q(v'2), therefore D = 2.

Dividing both sides of (9.18) by loga;, we have

lay —n| < ==
1
(9.19)
where,
log2
V= loga,
Let% be nt" convergent of y. Using Mathematica software, we have,
5583713934466015683859930 = g4 < 5.59831 * 1023
< 666036315191163261927801 = g,
Furthermore, ay = max{a; : i = 0,1, ...,49} = a,, = 100.
So, by using results of continued fraction, we have
lay —n| > m
(9.20)
Comparing (9.19) and (9.20), we get
al™™ < 5% 102 x 5.59831 x 1023 x 2 = 5.71028 x 1026, (9.21)

which leads to n — m < 69.
Using (9.15), we get
n < 2.80728 x 1013
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Take
z, = alog2 — nloga; + log(1 — a"™")1

Thus, (9.13) implies that

1.71
|1 —e”2| <—
1
For n > 1, we have
1.71 < 1
al 2
If z, > 0, then
1.71
0<z;<e”z—-1<—;
aq
If z, < 0, then
1—en|m1_en Xl L
el = ¢ al 2
Thus,
ezl < 2
Therefore,
3.42
0< |z, <el2l —1 <el?l|1 —e?2| <
1
Thus,
log?2 log(1 — ™)1 3.42
0<|a & _ + 8( ) ai"

n <
loga, loga, loga,

(9.22)
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Considering theorem 9.2.3, we get

_ log2 _log(1—ay"™)™! 4o 3.42

U =

Y =a,mw=n

~ loga;’ loga, "7 logay
Clearly, y is irrational.
Also,
3<n—-m<69
Next, we determine the denominator g of continued fraction of y.
Further, M = 2.80728 * 103, choose the 30™" denominator g = 283712258661163,
such that g > 6M.
For using theorem 9.2.3 to equation (9.21) with 3 < n —m < 69, we obtain

e = U1430 =M | Y 930 | = 0.0475574

by Mathematica software. Also, from theorem 9.2.3, there is no solution of equation
(9.21) for the values of n with

_log()

= 42.7523.
n> log B 7523

Thus, n < 42, that contradicts to our supposition that n > 43.
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Summary and Conclusions

In Chapter 2, we developed various summation formulae for the Generalized Fibonacci
polynomials defined by (1.23) and its 1 order derivative having even indices, odd
indices, and alternating summation formulae. Thereafter, we discussed some particular
cases of the polynomial defined by (1.23) for Fibonacci numbers, Pell numbers,
Tetrabonacci numbers, etc., by giving the different values to r, s, a and b. Following

results are developed:

1) If s+rx—1=+0,then

n
u
sz(x) T s+rx—1
k=0
where,

f=Qni2(x) + (1 = 7rx)Qpi1(x) + Q1 (x) + (rx — 1)Qo(x)

2) Ifs?2—r%2x2—2s+ 1+ 0,then

n
_ u
Z Qaie(x) = §2—r2x2 —2s+1
k=0
where,

f=(s = 1)Qani2(x) = 1x5Q2n41(x) + rxQ1(x) — (r*x* + 5 — 1)Qo(x)

3) Ifs?2—7r%2x2—2s+ 1+ 0,then

n
_ —H
kz_OQZR+1 (x) - SZ _ szz — 25+ 1’

where,
t=1xQ2n42(x) — (s = D Q2n41(x) + (s = 1)Q1(x) — rxQo(x)

4)
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n
Z = Qn42 + 01

k=0
5)
Z Q2k = Qony1 — Q1+ Qo
k=0
6)
z Q2k+1 = Qnyz — Qo
k=0
7)
i _ Qniz - Qn+1 + Q1+ Qo
k=0
8)
- o1 — Q1 +2
Z Oy = Q2n+1 2Q1 Qo
k=0
9)

Z Oy = Qn+22_ Qo
k=0

10) If (s + rx —1)? # 0, then
,; Qe ( (s +rx —1)?
where,
p=(+1x—1)Qns2(x) —7Qpns2(x) — (rx — (s + rx — 1)Qpy1(x)
—1(1 = 71x)Qns1(x) — (s + 7x — 1)Q1(x) — Q1 (x)

+ (rx — (s +rx —1)Qp(x) + rsQy(x)
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11) If (s2 — r?x%2 — 2s + 1) # 0, then

n
Vi _ M
kz_o Qi (%) = (s?2 —1r2x%2 — 25 + 1)?

where,

u=p(s—1)Q52(x) +r(2xrs — 2xr — s3 — s + 25% + 12x25) Q41 (%)
— 1XpQap41(x) +7(s? + 1 = 25 + r?x?)Q; (x) + rxpQ; (x)
—2xr%5(s — 1)Qo(x) — p(r?x* + s — 1)Qo(x),

andp =s?2 —r?2x2—-2s+1

12)Fors? —r?x2 —2s+1 # 0,

n
/ U
Z Qop41(x) = -
k=0 P

where,
p=prxQan(x) — r(r?x? + (s — 1)2)Q2n+2(x) + szrz(s = 1)QoQ2n+1(x)

—5(s = D)pQsps1(x) = 2r°x(s — Q1 (x) + (s — DpQ; (x)
+r(r2x® + (s — 1)?)Qo(x) — prxQqy(x)

and,
p=—(s?—r?x2—2s+1)
13)
D0 (D) = Gz (1) = Qnia(D) = Q1 (1) = @ (1) + Qo(1)
k=0
14)
D05 (1) = Qs (D + Qonia (1) = Q1(1) + @ (1) + Q5(1)
k=0
15)
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> Qe (D) = =Qanaa (D) = Q5(1) + Qo(1)
k=0

After that, we discussed the convergence of the solution linear differential equation
(1.24) and concluded that it converges for all real values of x.Thereafter, the study about
the extremum values for the Fibonacci polynomials in one variable (1.4) has been done

by using Descartes’ Rule of sign and concluded that

a) No extremum values for even values of n.
b) Only one extremum value for odd values of n.

Similarly, the observations about the extremum values for Fibonacci polynomials
of two variables have been devised. In the last section of this chapter, these polynomials
are represented in graphical form using MATLAB.

In chapter 3, various attributes of 2-Fibonacci sequence like generating
function, Binet’s Formula to find out its n* terms, generating function, relationship
with Fibonacci numbers, and multiple relations using the concept of congruences were

established. We developed following relations:

1)
- . o+ 302 + 03
Zann T 102203 —p*
n=0
2)
. 2+0—0" -0
Puo" = 1—0? — 203 — p*
n=0
3)
(yn+4+yn+1) 6n+4+6n+1
. B )
-8y -—w)y-—w?) [-y)O6-w)(f-w?)
2wn+1 2w2n+2
+ +
(w—pP)(w=08)(w-w?) (w?-y)(w?-175§)(w?—-w)
4)
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zyn+3 26n+3

= +
I = -G —0) T G- G - )6 —w?)
an+1 Z(wZ)n+1
C(@-Nw-8w-0?) (0 -y)(0?-35(w—-w)
where y = 1+2\/§ 5= 1—2\/3 W= —1;1'\/5 w? = —1—2i\/§
5)
a, = (Bn + (1 — 1)) (mod 3), where n = r(mod 3)
6)
Fpii = ap+ (1 —1) =B, + (r—1)(mod3)where n = r(mod3)
7)
yn+1_5n+1
s = n +(1—-r)=p,+@—1),wheren =r(mod 3)
8)
Bn-1Bn+1 — Bn” = 3(—1)"(mod 4)
9)
Un-1n+1 — anz = 3(_1)n_1(m0d 4)
10)
an+3 0 1 2 1 aTl+2
an+2 _ 1 O 0 0 an+1
s {0 1 0 O n
An 0 0 1 0/ @1
11)
ﬁn+3 0 1 2 1 ﬁn+2
ﬁn+2 — 1 0 0 0 ﬁn+1
ﬁn+1 0 1 0 0 .Bn
Bn 0 0 1 0/ \Bp-q
12)
An+2 2
Apnt+1 n—-1 3
a, |TET| T
Ap—1 0
13)
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In Chapter 4, the characteristics of 2-Fibonacci sequences (1.24) along with their
squares are developed and validated in the categories of closed forms of the summation
formulae. In particular, the properties involving an alternating sum of 2-Fibonacci
sequences and the product of 2-Fibonacci terms having different indices, even and odd

indices were discussed. We developed following summation formulae:

1)
S 1
> e =5 Crvs + Conas = 2Cnis = €3 = Gy +26,)
k=0
2)
S 1
D o= =5 Camsz = 2Camss + Com + 263 — €, — 4€y)
k=0
3)
S 1
Z Cok+1 = 3 (2Come2 + 3Came1 + 2C2m — Camys + C3 — 2C; — 2Cy)
k=0
4)
m m
Z ap Apyz + 2 Z Op iz = —60 + Ay3Aimis = 24103
£=0 £=0
5)
m m
Z aj — Z ap Ap+3
£=0 £=0
=14 O 1¥nea T 1Tz — A1 A3 — a2 Omra
— QT A,
6)
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m
—2 Z ap Apt3
#=0

— 2 2 2 2
= Qg T Az T 30042 + Qs = X1 Anez — 32 Amra

— U1 Tts T 3am+1am+2 — Om+3%mys — 4

7)
= 1
z #Cyp, = E (MCrpys + (M — 1)Cpiz — 2Cmyr — 2(M + 1)Cppiq + C5
£=0
+2C, +2C)
8)
m m
Z B«r ﬁ4r+3 +2 Z B«r Bv+2 = ﬁ/m+3ﬁm+4 - 2ﬁm+1ﬁm+3
=0 k=0
9)
m m
Z ,842f - 2 ﬁv ﬁ4r+3
=0 =0
= =1+ Bm+1Bm+sa t Bm+1Bm+z — Bm+1Bm+3 — Bm+2Bm+a
- .B/rzn+1 + ﬁﬂrzn+2
10)

-2 i BoBuss
=0

= ﬁﬁr2n+4 + ﬁfn+3 + 33371&2 + ﬁ/r2n+1 - ﬁm+1ﬁm+3 - 3ﬁm+2ﬁ/m+4
- ﬁm+1ﬁm+4 + 3[;4/71,+1ﬁ»m+2 - ﬁm+3ﬁm+4 -4

In Chapter 5, derived the reciprocals sum of Generalized Fibonacci (1.27) and

Generalized Lucas polynomials (1.28) with even indices described below:

1)

[0} 1 -1
<; W) =Fpin(g) = Fpin-1(g) — 1 =1
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2)

l(; L%,lr(@)) =Lpin(@) = Lpim-1(g) (=1
3)
i 1 -1 =F2, (g) — F2 () —1 S
r=n F/‘Zc,lr(g’) #in\P £in-1\@ >
4)
i 1 -1 = 2 ()—LZ () +1 n>2)
= L3 1 (9) A in\G #,in—-1\G >

for positive integer g, n and even integer [ > 2.

In Chapter 6, we derived the following results for Jacobsthal polynomials (1.29)

and Jacobsthal-Lucas polynomials (1.30):

(@)
> e
kzn]ak (x) ]an (x) _]an—a(X)
(b)
> <
kznjak (x) jan (x) _jan—a(X)
(©)

S !
LaT2G) ” Ten ) = Jn-a®)
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(d)

o

k=n
with positive integers x, n and for positive even integer a.

In chapter 7, we introduced a n X n matrix given by
e —-m' f 0
/1 el _ml fl
!/ !/ !/ 0 1
S.(e’,m, =
n > 0 0 1 e

0 0 0 0

z 1 < 1
j(gk (x) jc%n (X) _jc%n—a(x)

e nxn

and concluded that its successive determinant generates Trivariate Fibonacci (1.31)

polynomials.

After that we presented Binet's formula for this sequence by using matrix

methods and the concept of diagonalizability of matrix. And then, we addressed an

observation related to n*" Generalized Lucas numbers defined by (1.9).

Next, Chapter 8, we solved the fractional differential equation (1.32) by using

an operational matrix for Lucas polynomials. Thereafter, a matrix is developed

generating the derivatives of Fibonacci polynomials.

In Chapter 9, we completely solved the following Diophantine equation

Qn— Qm =29

where Q,, and Q,, are Pell-Lucas numbers and deduced that its solutions are:

{(2,0,2),(2,1,2),(3,2,3),(4,0,5),(4,1,5)}
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Future and Scope

1. Infinite reciprocal sum of Generalized Jacobsthal and Generalized Jacobsthal-
Lucas polynomials can be developed.

2. One can possibly develop summation formulae for the sequence of 2-Fibonacci
polynomials.

3. Numerous properties such as Binet’s formula and Generating function can be
deduced for the sequence of 2-Fibonacci polynomials.

4. One can solve the following Diophantine equation
Qn—Qm =YY"

where Q,, and Q,, are Pell-Lucas numbers and y is a positive integer. In place of
Pell-Lucas numbers, one can take other sequence like Pell-numbers, Jacobsthal

numbers, 2-Fibonacci numbers etc.
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