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Abstract

Engineering and biological sciences have lately intertwined to form the area of bio-

engineering. A complete exploitation of the current knowledge in these two domains

and the integration of engineering and biological sciences might be of enormous ad-

vantage to men, because of the potential for improved knowledge of the phenomena

that continue to occur in the human body due to this interaction. Biomechanics

research has progressed from basic topical applications of elementary mechanics to

whole fields of study. Biomechanics studies and research currently outnumber those

in fundamental mechanics, indicating the growing relevance of this field of study.

The current state of the art in biomechanical modelling is evaluated, with special

emphasis on physical and mathematical identifications of the human body. Due

to this, several distinct fields of applied theoretical physics and mathematics, in-

cluding biomechanics, mathematical biology, and thermodynamics, have recently

developed. It concerns the mechanical characteristics of heat transmission, diffu-

sion through stenosis, and the mechanobiology of fracture issues. Biomechanical

modelling is focused on the rapidly expanding field of biomechanical models and

modelling techniques to enhance our comprehension of bodily functions. The hemo-

dynamic properties of the blood flow might vary significantly as a result of this

unwanted growth, which could be harmful to general health. For the velocity dis-

tribution, pressure, wall shearing stress, and other distinct phenomena, theoretical

conclusions obtained for various geometrics are provided. The physical, chemical,

and flow characteristics of blood must be well understood in order to describe capil-

lary transport mechanisms and the dynamics of the circulatory system in the body.

According to this study, the consistent state heat balance equation, integral equa-

tion, and the model representing the movement of species owing to facilitated and



molecular diffusion were created using the finite difference approach. Finally, the

effects of radiation, blood flow convection, tissue metabolism in the body, and con-

centration of oxygen and carbon dioxide are discussed. The results of various flow

circumstances are illustrated with some plausible data.

Last but not least, The mathematical theory of elasticity helps in the study of phys-

ical quantities in the problem of structures. The structures face the problem of

crack’s presence, which makes the problem difficult but not impossible to deal with.

Mathematically the structure with cracks is treated as a mixed boundary value

problem. integral equations are useful in a variety of problems. Integral equations

are utilized to address fracture mechanics and fracture design concerns. In fracture

design criteria, stress and crack opening displacement components play a vital role.

When considering the joining of two longitudinally propagating cracks at the in-

terface of an isotropic and an orthotropic half-space in the human body, one can

obtain an exact form of stress and displacement components. Near the fracture tips,

the expression was derived using a Fourier transform method, however, these com-

ponents were then assessed using Fredholm integral equations before being reduced

to coupled Fredholm integral equations. We employ the Lowengrub and Sneddon

problem in this research and reduce it to triple integral equations. The Srivastava

and Lowengrub method reduces the solution of these equations to a coupled Fred-

holm integral equation. A decoupled Fredholm integral equation of the second kind

is the result of further reduction of the issue. Triple integral equations are solved

and the problem is reduced to a connected Fredholm integral equation. A decoupled

Fredholm integral equation of the second sort is created by solving the Fredholm

integral equation. Stress and crack opening displacement components drive interest

in fracture design standards on a physical level. At last, Simple calculations in their

precise form may be made for the stress and displacement components.
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Chapter 1

INTRODUCTION

Engineering and biological sciences have lately intertwined to form the area of bio-

engineering. A complete exploitation of the current knowledge in these two domains

and the integration of engineering and biological sciences might be of enormous ad-

vantage to men. Because of the potential for improved knowledge of the phenomena

that continue to occur in the human body due to this interaction. The main sub-

jects taught in bio-engineering education are (a) Applied biology, (b) Biomedical

engineering, and (c) Biomechanics.

Applications of engineering principles to biological and medical problems have devel-

oped a new field of biomedical engineering. It has been acknowledged that accurate

physiological, physical, and mathematical descriptions with sufficient consideration

for experimental findings are required for useful mathematical modelling in biomedi-

cal engineering. The mathematical modelling of the issues in biomedical engineering

has a very broad application. Each study poses a challenge in terms of fundamental

issues including mass, momentum, and heat transfer as well as geometry, chemical

kinetics, and thermodynamics are used to create functional connections that make

sense. There is a great need to apply engineering principles and models of analysis

1



to systems of life sciences. An abstract, condensed construct that is connected to

a section of reality and was created with a particular goal in mind is referred to as

a mathematical model. The necessity for expensive or impossible real-world tests

is diminished by modeling. Consequently, when framing mathematical problems,

simplifying assumptions are applied

. It is evident that not every physiological process can be explained using mechanical

tools and techniques. Investigations have focused on four areas: (a) the cardiovas-

cular system, which includes the heart; the pulmonary system, which includes the

airways; and (b) The lungs and the breathing muscles (c) muscle mechanics, in-

cluding an analysis of the materials in the skeletal, cardiac, and smooth muscles,

and (d) a wide term used to refer to the body’s connective tissues, which also in-

clude structures like bone, cartilage, tendon, and skin. It also contains proteins like

collagen and elastin as well as complex polysaccharides. The unsteady flow of a

non-Newtonian, viscous, incompressible, non-homogeneous anisotropic suspension

through a challenging branching network of elastic tubes with a decreasing cross-

sectional area with distance from the source is typically the scenario that applied

mathematicians must consider when analyzing circulatory systems.

Figure 1.1: Title of Thesis
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1.1 BIOMECHANICS

Biomechanics is the study of the biological mechanics of movement and forces applied

to the human body. It looks at the forces and movements that act on the body

and how they affect the body’s structure and function. It is the application of

mechanical principles to living organisms, such as the analysis of the forces that

act on a body and the effects of those forces on the body’s structure and function.

Biomechanics covers topics such as the effects of gravity and momentum, the effects

of muscle and joint forces, the impact of external forces, the effects of body shape

or size on movement and function, and the effects of body position and posture

on performance. Biomechanics is the application of mechanical principles to the

study of biological systems. It is a field of study that uses mathematical modeling

to understand biological processes, such as the mechanics of muscles, bones, and

joints, as well as the forces that act on them. By understanding the forces that act

on these systems, researchers can develop better treatments for injuries, diseases,

and other conditions.

Biomechanics involves many different branches of mathematics, such as calculus,

linear algebra, and differential equations. Calculus is used to examine the motion

of objects and the forces that act on them. Linear algebra can be used to model

the interactions between different structures and forces, while differential equations

are used to describe the behavior of systems over time. By applying mathematical

principles to biomechanical systems, researchers can better understand how forces

interact with tissue and how they affect the body’s overall structure and function.

3



Figure 1.2: Biomechanics Models

1.2 HUMAN BODY

The most complicated organism on the earth, the human body is without a doubt.

Imagine a universe made up of billions of minute components, each with its own

identity and functioning in harmony to serve the whole. The preservation of life de-

pends on a huge variety of physiological and biochemical functions, making humans

a particularly complex multicellular creature. The human body is one structure,

yet it’s composed of billions of smaller structures. All of these activities together

allow people to survive in their circumstances, make use of them, and perpetuate

the species through procreation. A functional organism is made up of a multitude

of organs, tissues, and cells that make up the human body. The body is divided

into several systems, each with its own unique function.

1.3 BLOOD

Blood is a unique physiological fluid that transfers waste materials away from cells

as well as important chemicals like nutrition and oxygen to the body’s cells. In

4



Figure 1.3: Human Body

a complicated, continuous aqueous phase, human blood is a particle suspension.

There are both organic and inorganic salts as well as tiny organic molecules in this

continuous phase known as plasma. The primary means of transportation is blood.

One milliliter of human blood contains roughly 5x109 cells. About 4 .9% of these

cells are plate cells, 13% are white cells and most of the cells in the blood are red

cells.

Figure 1.4: Types of Blood.

1.3.1 RBC

Red blood cells, also known as erythrocytes, are the most common type of blood

cells and are in charge of transferring oxygen from the lungs and carbon dioxide
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out of the body’s tissues. The protein hemoglobin, which also contains the iron-rich

substance heme that binds to oxygen, is what gives them their red colour. The red

cell is not shaped like a spherical. In motionless blood, the red cell has a biconcave

discard shape with an 8.1-micron main diameter. It can be as thick as 2 microns.

Hematocrit, also known as the volume fraction occupied by red cells in a suspension,

is a common way to express the concentration of most red blood cells in a suspen-

sion. Red blood cells congregate face-to-face in normal blood. A main aggregation

like this is known as a rouleau and has 6–10 red cells in a stack. Proteins, which are

large molecules with molecular weights ranging from 44,000 to over 1,000,000, make

up around 7% of the blood’s total weight. Albumin, which has a molecular weight of

69,000, makes up around half of the protein mass. At sea level, the average human

hematocrit is between 42 and 45 percent. Essentially, blood plasma protein is a

diluted (0.15N) electrolyte solution with around 8% protein by weight. Compared

to plasma, RBCs are heavier. White blood cells are of several types but are gener-

ally round and somewhat larger than R.B.C. Lymphocytes, monocytes, eosinophils,

neutrophils, and basophils are the major W.B.C. The W.B.C.s are important in

combating infections by the production of antibodies or by the direct engulfment

and digestion of bacteria.

About 97 percent of the blood’s total volume is made up of red cells. The function-

ally important constituent, of blood, is the red cell. Its primary functions include

transferring oxygen from the lungs to every cell in the body and eliminating car-

bon dioxide produced during metabolic activities. Around 70% of a red blood cell

is made up of water, and 25% of it is hemoglobin ( by volume). The rest of the

cell consists of protein, each molecule contains four heme groups, complex organic

molecules to yield oxyhemoglobin (Hb4O8). The capacity of hemoglobin for oxy-

gen bounds as oxyhemoglobin is 40 times greater than the solubility of oxygen in

the blood and this accounts for the great efficiency of blood as an oxygen transfer.
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The core of the red cells, also known as erythrocytes, is filled with a complicated

aqueous solution that is virtually saturated hemoglobin solution. The outside of

the red cells is made up of a thin, flexible, but practically unstretchable envelope or

membrane. Moreover, the protein molecules and red blood cells all have a negative

charge. Blood clotting is the collective result of various irreversible mechanical and

chemical changes that happen when blood is removed from its native environment.

Due to the difficulties in doing repeatable rheological measurements in the limited

time between blood collection and the onset of blood clotting, it is difficult to deter-

mine the exact effects of different anticoagulants on the rheological characteristics

of blood.

Figure 1.5: Circulation in Red Blood Cell.

1.3.2 WBC

Leukocytes, or white blood cells, are a component of the body’s immune system

and aid in the defense against infections. They have a nucleus and are bigger than

red blood cells, which helps them to differentiate between foreign substances and

normal body cells.

1.3.3 PLATELETS

Platelets, or thrombocytes, are small cell fragments that help the blood to clot. They

are important in preventing excessive bleeding when a blood vessel is damaged.
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1.4 CIRCULATION

The circulatory system of the human body is made up of an intricate web of blood

vessels that serve vital purposes such as respiration, nutrition, excretion, protection,

and regulation. The internal diameter of blood vessels ranges from 2.5 cm to 4

microns circulation may be classified into two main categories Macrocirculation and

Microcirculation. Most of the effects in physiological flows have been directed toward

the problems related to the circulatory and respiratory systems. These vessels are

tapered and branched in the flow direction. Blood flow in the circulatory and airflow

in the respiratory system takes place in distensible vessels and is unsteady.

Figure 1.6: Krogh cylinder arrangement.

In the lungs, blood is oxygenated after being decreased in the tissue. To perform

opposing tasks at these two locations, it must alternately flow through the lungs

and tissues. Broadly, the circulation system is divided into two functionally oppo-

site points. (i) The systemic circulation

(ii) pulmonary circulation.

Thousands of these tiny channels are traversed by the blood as it travels from the

arterioles to the veins. The capillaries in the tissues’ capillaries release blood, which
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the veins then transport to the heart. This is called systemic circulation. Systemic

circulation is characterized as a highly controlled high-pressure, high-resistance sys-

tem serving a wide variety of tissues dispersed over a long distance from the heart.

The heart pumps out roughly 5.5 liters of blood each minute, of which the brain

receives about 0.75 liters, the kidneys 1.1 liters, the liver 1.1 liters, the heart muscles

0.25 liters, and so on [1]. The cardiac output is the amount of blood the heart pumps

into the arteries in a minute. A cardiac cycle is a collective name for the succession

of distinct activities that the heart does. It begins with any one of the individual

actions or movements that the heart makes, and it is made up of a series of changes

that occur until that specific activity starts to repeat itself. Systole and diastole are

terms used to describe the contraction and relaxation of the heart, respectively[2].

The other circulation is called pulmonary circulation which is distributed only to

the lungs. The quantity of blood passing through the lungs is precisely equal to

the quantity passing through the remainder of the body. In pulmonary circulation,

the left half of the heart pumps purified blood from the lungs to the various regions

of the body whereas the right side of the heart sends impure blood from various

sections of the body to the lungs for cleansing.

1.4.1 MICROCIRCULATION

At the level of the terminal arteries, the Womersley number and Reynolds number

tend to be 1. In the capillaries, venules, and arteries farther downstream. The

Reynolds number and Wormersley number both drop below 1. In these vessels, the

influence of inertial forces decreases, and the interplay of viscous stress and pressure

gradient regulates the flow. The true meaning of microcirculation is this.

Microcirculation is not simply characterized by a low Reynolds number (1). Other

features include at least three others. It’s important to acknowledge each blood
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cell’s uniqueness. The blood and tissue around the blood vessel exchange fluids and

other substances.

Local flow regulation is carried out by the smooth muscle of the microvasculature.

Capillary circulation’s capacity for thought is demonstrated by the blood flow’s con-

tinuous change. The number of capillaries undergoing active circulation as well as

the flow’s direction and velocity all fluctuate. While the majority of capillaries ex-

perience intermittent circulation, other channels maintain a constant flow during

the ebb and flow of the blood. Via two or three different pathways, the bloodstream

travels from the arteriole to the venule at once. In a later stage, the blood overflows

into several side branches, arising from a single arteriole and capable of actively

supplying circulation to up to 15-20 capillary capillaries.

A single layer of endothelial cells makes up the wall of a capillary blood artery,

which is encircled by a basement membrane that splits to confine sometimes occur-

ring cells known as pericytes. The pericytes may develop into smooth muscle cells,

according to theory. The endothelial cells contain a significant number of vesicles.

It is thought that these vessels are material carriers. Endothelial cells that line the

capillary wall are in close proximity to one another. With electron microscopy, the

neighboring cytoplasm and opposing cell membrane both seem darker. As a result of

the close opposition or fusion of the exterior leaflets of the plasma lemma at these lo-

cations, tight functions, or muscular occludes, fully obliterate the intercellular space

and block the intercellular clefts. Where applicable (in the brain). These junctions,

known as Zonulae, are part of an uninterrupted seal and block the flow of molecules

with a radius of 2.5 mm or more. Similar to industrial metal construction’s spot

welding (maculae) and seam welding (zonular), these light functions. To create a

continuous barrier, they join the endothelial cells. They are crucial in influencing

the endothelium molecules’ permeability to water and other substances.

Blood artery endothelial cell lining can vary in appearance depending on the organ.
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The endothelial cells in the first continuous type are closely bonded. The cells in

the vessels of striated muscle can be relatively thin and flat. They may be cuboidal

and come from thick layers in older capillary venules. The endothelial cells of the

second fenestrated type are so thin that the membrane’s opposing sides are very

near to one another. This kind also has diaphragms with fenestrated openings that

are only around 25 mm thick and 100 mm broad. Endothelial cells next to one

another are still closely bound. Three groups or organs have been described for this

sort of vessel.

(1) endocrine gland

(2) organs that produce or absorb fluids, such as the ciliary body of the eye, the

intestinal villus

(3) retia mirabilia, such as the renal medulla froid plexus of the brain

The third kind of endothelium is known as the discontinuous type, which features a

discontinuous basement membrane as well as observable intercellular spaces. They

develop in the veins known as sinusoids. They are common in organs like the liver,

spleen, and bone bones, whose main jobs are to add to or remove from the blood-

stream big chemicals, entire cells, and foreign particles. The distribution of blood

flow velocity and hematocrit must be correlated since every microcirculation circuit

originates from bifurcating blood vessels. The downstream branch of a row capillary

that separates into two equal daughters will produce more red blood cells, raising

its hematocrit Biomechanical [3]

Experimental studies to establish the configuration of blood arteries in tissue sparked

the earliest interest in the mathematical modeling of microcirculation. These tests

were carried out because researchers were curious about the method by which oxygen

was delivered from blood to tissue and how this transfer might be regulated. While

[Ranvier[4]] and [Spaltecholz[5]] determined the geometric arrangement of blood

vessels in striated muscle, [Krogh [6, 7]] is credited for inspiring and setting the
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foundation for the first conceptual model of microcirculation. Krong hypothesized

that the rate of oxygen transfer was proportional to the quantity and distribution

of capillaries in the tissue, as well as the permeability of the capillary wall and sur-

rounding tissues to oxygen. Krongh’s research revealed that open capillaries were

distributed relatively equally in a cross-section of striated muscle. Based on these

observations, he concluded that each capillary might be seen as running parallel to

the muscle tissues, feeding a concentric circle of tissue surrounding the capillary and

that this tissue region was distinct from the other parallel capillaries and the tissues

they provided. By counting capillaries in each cross-section and dividing the cross-

sectional area by the total number of capillaries found, he was able to determine

the average radius of a hypothetical tissue cylinder. Krong realized that such an

ideal physical geometric arrangement Fig. 1.1 could be mathematically described.

Despite not being a mathematician, Krogh persuaded a colleague, Danish mathe-

matician Erlang, to explain his conceptual model mathematically. Krogh’s tissue

cylinder model, although a fairly simplified model, was a significant step forward in

the research of substrate supply to live tissue. He not only launched the analysis

but also charted its trajectory from 1929 to the present.

In his studies, Roughton[8] proposed that oxygen is mixed with material in the tissue

via a reversible mechanism. Numerous particular examples of his model were consid-

ered, but solutions to entirely generic equations were not discovered. Kelly appears

to have been the first to attempt to incorporate intra-capillary circumstances[9].

The microcirculation is an extensive network of microvessels that distributes blood

flow throughout living tissues[257]. Kelly suggested that, in specific circumstances,

To ensure a linear decrease in the oxygen content of capillary blood from the arterial

to the venous end, the researcher incorporated the concept of a non-linear oxygen

hemoglobin dissociation curve. This innovative approach led to the development of

the first model that encompassed oxygen distribution within both the capillary and
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the Krogh tissue cylinder.

1.4.2 MACROCIRCUATION

The class of blood flow issues in major blood vessels having an internal diameter of

more than 500, such as the aorta, arteries, and veins, are dealt with in macrocir-

culation. Major characteristics of the flow include a high Reynolds number Blood

arteries can experience turbulent flow at Reynolds numbers higher than 2300. Such

flow circumstances should be analyzed using governing equations that take into ac-

count inertial effects, blood vessel curvature effects, pulsatile flow, and blood vessel

wall distensibility. If the vessel width is greater than the size of the red blood cell,

blood may be thought of as a homogenous and continuous fluid. The most exten-

sively researched issues in macrocirculation are the propagation of pressure waves

and the pulsatile flow impact [10, 3, 11]. Additionally, there has been much research

done on flow disruptions at bifurcations, bends, and other similar locations, as well

as their consequences on pathological states [12, 13].

1.5 BLOOD VESSELS

Viscoelasticity in blood arteries is a well-known behavior. Following a rapid stretch,

tension increases and declines towards a final value, leading to stress relaxation With

an abrupt shift in tension, a persistent deformation (Creep) is seen. The simplest

model forecasts a reaction that might be resolved into one or more exponentials,

although this is seldom if ever observed. For the most part, it has been essential to

assume that the material reaction is equivalent to that of any collection of relaxing

components with a range of time constants.

The fact that blood arteries are always under significant longitudinal stress in vivo

is a key finding. They can shrink by up to 40% when they are taken out of the
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body, and as they do so, their diameter grows. This retraction phenomenon is quite

intriguing; it occurs in veins and arteries and decreases in quantity with aging [14].

The arteries of an ancient subject are too lengthy for their location. It is unclear

how the forces causing refraction form; it’s possible that the initial polymerization

process is to blame and that longitudinal tension is “built-in” at this point. More-

over, it will be demonstrated that vessel diameters, even at very modest pressures,

exhibit significant fluctuation, particularly when smooth muscle activity increases.

A clear definition of strain based on unstressed dimensions is impossible given all

of the above information. Studying subsequent deformations with subsequent load

increments and defining an incremental strain as the relationship between the defor-

mation and the initial dimensions measured seems to be the most suitable response.

A fundamental pattern of three concentric layers may be found in the construction

of blood arteries. The innermost tunica in the time is made up of a thin (0.5–1µm)

layer of endothelial cells that are normally spaced apart from one another by nar-

row oblique lefts (10–20µm) in “continuous” capillaries that frequently exhibit one

or more sites of narrowing Karnofsky (1968). In these capillaries, the whole vessel

wall’s endothelial cells and basement membrane are present. The degree of fit be-

tween neighboring cells in different capillary types varies significantly, and this has

a substantial impact on how well they operate.

Underneath the thin layer of connective tissue that forms the border of the thick tu-

nica media, there is the endothelium. Internal elastic lamina, which is a fenestrated

membrane fully surrounding the vascular lumen, is a notable layer of elastic tissue

that separates this from the intima. Together with elastin, the media also includes

collagen and smooth muscle fiber. The adventitia, the outermost layer, connects

outwardly with surrounding tissue and has a significant amount of collagen. The

walls of blood arteries, except capillaries, never cease, and the bigger vessels also

transmit nutrients via the adventitia and external media.
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The biggest arteries are now known as elastic arteries because they have relatively

thick walls made of elastic tissue. Based on histological appearance, it is assumed

that the aorta and its main branches are included in the word ”elastic,” as well. Ac-

cording to chemically established elastin collagen ratios, [15] demonstrated that the

intrathoracic aorta and all other arteries, including the pulmonary arteries, differed

very sharply from one another. The ratio was two for the thoracic aorta whereas it

was inverted in other places, or 0.5. Beyond these channels, blood is gathered into

veins that gradually get bigger until leaving the capillaries, where just the endothe-

lium is left. Generally speaking, veins surround arteries, and their cross-sectional

areas are bigger than those of arteries at any given location, with a correspondingly

reduced blood flow velocity. Collagen is found in veins in quite high concentrations;

the collagen-to-elastin ratio is around 3.1 [16]. While the pulmonary and systemic

arteries share a lot of the same structural characteristics, elastic and muscular ves-

sels can be separated. In pulmonary veins, there are no figures for the relative wall

thickness, which is often less than in systemic arteries with a comparable configu-

ration. According to research by Reid, the relative wall thickness of the smallest

muscle branches of the pulmonary artery grows relatively abruptly. It is generally

accepted that the same is true in the systemic bed. notwithstanding the fact that

no measurements on appropriately pressurized vessels at their normal length are

available.

With the exception of the tiniest blood channels, whose cells are relatively close

to blood, perhaps 25µm, the walls of blood vessels are supplied with blood flow.

The blood vessels that supply bigger blood vessel walls are known as vasa vasorum,

and a material’s mechanical qualities are influenced by both its structure and ul-

trastructure in addition to its composition. The characteristics of an artery rely

on both the amount of collagen present and how the collagen fibers are distributed

throughout the tissue. Throughout the arterial tree, there are differences in blood
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artery structure. Chemically measured elastin/collagen ratios demonstrated that

the pulmonary artery and the internal thoracic aorta are clearly unique from all

other arteries in the body[15].

In large arteries, the number of lamellae layers grows with wall thickness, which is

a constant percentage of arterial diameter in and of itself. Smaller arteries, like the

femoral or carotid, have a little thicker relative wall, less elastin in the media, and

finally, when the artery is further away from the aorta, just the inner and outer

elastic lamina are visible. The number of muscle fibers rises, they are arranged in

roughly concentric layers with noticeable muscle attachments, and they are arranged

in a helical pattern with a higher pitch in the vessels that are farther away from the

center. Yet, in the capillaries, just the endothelium is left as one moves further out

from the center.

1.6 VISCOSITY OF BLOOD

Understanding blood viscosity and the elements that determine blood viscosity is

significant for a variety of reasons. Viscosity is the property of a fluid that deter-

mines its resistance to flow. Viscosity is not the lone determinant, since local control

can also be exercised by variations of vessel diameter that accompany physical or

chemical stimuli. The viscosity has a significant role in defining the regional pressure

changes through the cardiovascular systems, which in turn affects the indigenous in-

flow rates through each member of the vascular network. Blood viscosity’s sensitivity

to minute compositional changes is what gives it therapeutic significance. One can

of ten diagnose Pathological states by detecting a change of blood viscosity due to an

alteration in blood composition. It has been suggested that cell flexibility influences

blood viscosity, particularly at high hematocrit values. Hardened cells display shear

thickening behavior at high shear rates of around (50/Sec), whereas normal cells
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exhibit shear thinning behavior [17, 18]. Apart from the temperature viscosity rela-

tionship, it is observed that the osmotic pressure difference also influences the blood

viscosity. This determines to a large extent the shape, size, and elasticity of the red

cells. The effect of globins on Viscosity is illustrated in the disease macroglobuline-

mia [19]. The blood viscosity is influenced by a number of rheological parameters,

such as plasma blood cells. With an increase in protein content, the plasma becomes

more viscous. Yet, depending on their size and form, various proteins have varying

effects on plasma viscosity. Serum usually has a viscosity that is 20% less than that

of Plasma. Fibrinogen is the largest of the Proteins in Plasma. Its influence on

Plasma Viscosity can be seen in the difference between plasma and serum viscosity.

Albumin, the smallest plasma protein molecule present in the largest concentration

changes in albumin structure has the least effect of the three proteins on plasma

viscosity, but the substance makes an important contribution to plasma viscosity

through its high concentration in plasma. On the basis of several experiments made

by [20, 21], it is observed that temperature may affect the viscosity of blood through

changes in plasma, Viscosity, red cell wall elasticity viscosity of cell contents, and cell

shape. Many empirical equations have been suggested to expense blood viscosity as

a function of cell concentration and Plasma viscosity. The influence of viscosity on

mass and heat transfer has been studied extensively with various fluids and systems.

However, there have been very few studies of heat transfer and most none of mass

transfer with respect to the influence of Plasma and blood viscosity [22, 23]. In

the usual study of cardiovascular diseases, doctors commonly are concerned with

cholesterol levels, the abnormalities of blood pressure, the formation of atheroscle-

rotic Plaques, and so forth. Most of these measures are to fight heart disease, the

number one killer is of a remedial nature, that is once it occurs, how to cure it. Even

after all these efforts, the killer is still at large- even now 55% of all annual deaths

from all causes are due to these diseases. To fame the killer, perhaps, the strategy
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has to be changed. We have to adopt preventive measures, that is diagnose these

diseases much before their clinical symptoms appear and interpret the cause of the

disease. Platelets and white cells in general have little influence on blood viscosity

because they are present in a very minute quantity when compared with red cells.

However, if the red and white cells are removed from the blood, there is a strong

attraction of platelets for one another.

1.7 STENOSIS

Stenosis refers to the abnormal growth in the artery’s lumen. This unwelcome devel-

opment has the potential to significantly alter the hemodynamic properties of blood

flow, which might be harmful to normal health. It is fairly typical to observe nar-

rowings in the circulatory system of mammals, some of which are at least somewhat

axisymmetric or collar-like. These enlargements may be brought on by intravascular

plaque, ligament impingements, or vessel wall dispersion [24, 25]. Atherosclerosis is

the principal cause of myocardial and cerebral fraction several hypotheses for the de-

velopment of the diseases have been proposed in the literature. Chemical reactions

and hemodynamic forces play a major role in the development of atherosclerosis and

thrombosis. Atherosclerotic lesions are frequently discovered at the points where two

arterial segments abruptly diverge, in curved arterial segments, or generally any-

where there are abrupt changes in geometry (and therefore in flow characteristics).

Deposits and blockages are discovered in the bends and bifurcations of the human

circulatory system, and if they form in the arteries supplying the essential organs,

they may cause unexpected deaths. In addition to these, the femoral, popliteal, and

Kidney arteries experience atheromatous and thrombosis. Numerous investigations

have demonstrated the significance of biofluid processes in atheromatous is [26, 27].

The development of arterial diseases has been shown to be influenced by factors
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such as geometry, flow rate ratio, pulsatility and elasticity of the wall, and non-

Newtonian flow behavior. However, while ongoing research into blood flow patterns

has produced valuable information, the precise relationship between hemodynam-

ics and potential causal mechanisms is still unknown. The role of hemorheological

abnormalities is predominant in the development of various diseases. Due to the

presence of stenosis in the lumen, higher resistance to flow is caused and this effect

becomes more severe as the size of the stenosis increases [28, 29]. Further, the effect

of stenosis is to increase shear stress at the wall and cause flow separation which

has important implications in cardiovascular diseases such as atherosclerosis [30, 31,

32, 33, 34, 244]. Many studies have looked at the characteristics of blood flow in

arteries with modest stenosis in recent years. A thorough analysis of this issue was

done by [34], who offered a mathematical model to theoretically examine the impact

of time-dependent stenosis on blood flow characteristics. He determined that when

stenosis size increases, the wall shear stress, and resistance to flow (independence)

both rise. Obtaining numerical solutions to the Navier-Stokes equations for flow

through a confined tube has allowed researchers to examine the impact of flow sep-

aration in such a situation [35, 36]. In two-dimensional [37, 38] or axisymmetric [39,

40, 41, and 42] conduct, a number of writers have thought about numerical treat-

ments of symmetric constriction. Although axis-symmetric conduits may be more

reflective of the invivo condition even if the vascular lesions themselves are typically

not symmetric, two-dimensional studies provide numerous ways to pinpoint some of

the key aspects of the issue. In these studies, no attempt has been made to study

the effect of Viscosity variation of the blood though it varies across the artery [43,

44, 45, 46, 47, 48] Considering the radial variation of Viscosity, [49, 50, 51]discussed

the two-fluid model of blood (Newtonian fluids with different viscosity) flow through

an artery with mild stenosis. effect of the peripheral layer on resistance to flow and

wall shear stress has been analyzed. They came to the conclusion that, for a certain
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stenosis size, the resistance to flow and the wall shear stress decrease with a drop in

the peripheral layer viscosity (while maintaining a constant come viscosity).

1.8 DISEASES

As compared to mechanical systems, physiological systems operate trouble-free for

a very long period unless and until they suffer some external or internal disorders

that result in diseases. Atherosclerosis is the principal cause of myocardial and cere-

bral infarction. Several hypotheses of the development of the diseases have been

proposed in literature chemical reactions and hemodynamic forces play major roles

in the development of atherosclerosis and thrombosis. In the human circulatory

system, bends and bifurcations are common sites where deposits and blockages can

form. These can pose a significant risk, especially if they occur in arteries that supply

vital organs, potentially leading to sudden deaths. Several studies have shown the

importance of biofluid mechanisms in atherosclerosis [26, 27]. It has been demon-

strated that in addition to geometry, flow rate ratio, the pulsatility and elasticity of

the wall and Non-Newtonian flow behavior contribute to the development of arterial

diseases. it has been found that the isosorbide dinitrate (IDSN) causes a decrease

in arterial stiffness and a significant rise in the pulsatility index as a result of an

increase in both the size and duration of reverse flow. Because cigarette smoking

causes a rise in heart rate and arterial blood pressure [51, 52]. The smoking of two

cigarettes per day causes an increase in arterial wall stiffness and a diminution of

the pulsatility index due to a decrease in reverse flow. The role of hemorheological

abnormalities is very predominant in the development of various diseases. Identi-

fication of any changes in blood viscosity is the most straightforward use of blood

rheology in clinical practice. [53, 54] Dintenfass has presented the data gathered for

this proposal. Higher viscosity is present in ill patients. The blood’s coagulation
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properties are the second crucial rheological element used in therapeutic settings.

Hemophiliac individuals are an apparent example of this since they have trouble with

blood coagulation. On the other hand, hypertension and artery sclerosis appear to

be associated with an increase in the flexibility of thrombi. The erythrocyte sedi-

mentation rate is a third variable that is used in clinical settings. Red blood cells

still have the potential to aggregate and induce sedimentation in anti-coagulated

blood. Several studies have now shown that decreased blood filter ability and in-

creased Viscosity may be the primary lead to essential hypertension. When none of

the traditional causes of hypertension can be shown, essential hypertension is diag-

nosed in otherwise healthy persons. While a healthy heart would only be able to

maintain a normal cardiac output when confronted with abnormally viscous blood

by raising its output pressure, a rise in the viscosity of these patients’ blood may

very well be the fundamental mechanism. Microangiopathy illustrates the complex

interaction between hemorheological bio-chemical pathological and another hema-

tological process [55, 56]. Several studies have shown a link between increased blood

viscosity, reduced blood cell filtering ability, and clinical severity of microangiopathy,

Diabetic subjects have generally higher blood Viscosity than normal and they are

more susceptible to cardiovascular diseases[57]. Ischemia of the legs is invariably as-

sociated with significant stenosis or occlusion of major arteries. A number of studies

have shown that whole blood viscosity and more particularly blood cell filter ability

are not abnormal in patients with intermittent claudication but are of Prognostic

significance [58]. This has important implications for both surgeons and internists

dealing with patients with peripheral Ischaemia. Several workers’ haemo-rheological

have changes documented associated with principal myocardial infractions such as

haemoconcentration, increased plasma, fibrinogen, and decreased blood filter ability

[59]. There is clinical evidence that the changes in the flow properties of the blood

do relate to the subsequent progress of the patient. this is probably an example of
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the micro-circulatory vicious spiral.

1.9 WARM BLOOD ANIMALS AND

COLD-BLOODED ANIMAL

According to their preferred body temperatures, the animal kingdom may be divided

into basically two categories. Warm-blooded animals, also known as homeotherms,

are those whose body temperature remains mostly constant in the face of significant

variations in the ambient temperature, whereas cold-blooded creatures, also known

as poikilotherms, have body temperatures that vary in response to such changes.

Another species called hibernates has evolved along with homeotherms from Pio

Kilotherms, and they go into hibernation in the winter while otherwise acting as

warm-blooded creatures the rest of the year. Animals in hibernation don’t need an

external source of heat to get their body temperatures back to normal; they can

accomplish it on their own, perhaps by igniting their massive reserves of brown fat.

1.10 REGULATION OF BODY TEMPERATURE

The fact that the body generates a sizable amount of heat internally and loses heat

almost continuously while maintaining a constant temperature within a narrow range

suggests the existence of a reliable mechanism that precisely balances heat gain and

loss to maintain body temperature. Thermogenesis is the term used to describe the

physiological process through which the body generates heat. Thermolysis is the

term used to describe the process of releasing bodily heat by radiation, evaporation,

etc. In the biological thermal system [60, 61, 63] discussed how much heat is pro-

duced by the body and where it comes from, how it is moved internally from one

part of the body to another, and how it is lost to the environment through a vari-
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ety of channels. The skin contains peripheral thermoreceptors that detect surface

temperatures, whereas central thermoreceptors in the viscera, spinal cord, and hy-

pothalamus detect core temperatures [256]. According to Guytona [64], the primary

cause of heat generation in the body is metabolism, which is the chemical activity

that enables cells to continue to function. Making the energy in meals available

to the numerous Physiological systems of the cell is a major challenge for chemical

processes occurring within the cells. Carbohydrates, proteins, and lipids from all

energy meals may be oxidized in the cells, which releases a significant quantity of

energy. In addition to heat, energy is also required for the physiological functions

of the cells. In the case of a glandular solution,

(i) concentrating solute;

(ii) causing mechanical action;

(iii) affecting other bodily activities.

The physiological systems that control the chemical processes must be linked in or-

der to produce this energy. Energy Transfer System and a unique biological enzyme

work together to achieve this connection. Several studies [65, 66, 67, 68, 245, 169]

have analytically forecasted temperature profiles from a few recorded temperatures,

highlighting the need and difficulty of accurately measuring temperature profiles in

cancer hyperthermia therapy. To determine temperature profiles in tissue subjected

to non-uniform blood flow, Elokowitz [69] used numerical approaches for bio-heat

transport equations. The mathematical formulation and modelling of bio-heat trans-

fer applications are becoming more prevalent. A lot of emphases has been paid to

the research and modelling of the bio-heat transfer process, which covers a variety

of topics [60, 70, 166, 71, 72, 73]. A variety of simplifying assumptions must be

made to aid analysis since the tissue is complex, non-homogenous, and non-isotropic.

However, additional knowledge about the mechanisms behind thermal balance and

their interactions is gained via studying models as well as the impacts of different
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geometrical factors and boundary conditions. Consuming hot meals or beverages

causes the liver to produce the most heat, with other organs producing far less heat.

Heat generation is aided by the actions of several internal secretions and enzymes,

such as thyroxine and epinephrine.

If the body temperature is greater than normal, metabolism will be sped up as a

result of the increased temperature, much like other chemical processes. The unique

presence of several minerals in the tissue causes them to speed up metabolism.

More carbs are broken down when insulin is secreted too much, which results in

more energy being released. The production of metabolic heat in the human body’s

periphery is correlated with the ambient temperature. The body’s rate of heat pro-

duction fluctuates quickly with the change in external temperature in developing

children and those with very little fat deposition. It indicates The increased pace of

metabolic heat generation can be attributed to a few aberrant factors in addition to

the regular process. Three pathways, including the skin, lungs, and excretion, are

used to lose body heat. Radiation, conduction, convection, and evaporation are the

basic mechanisms by which heat is lost by the skin.

1.10.1 RADIATION

Around 60% of all heat loss is caused by this mechanism. Due to the tempera-

ture difference between the body and the cooler surroundings, the body loses heat

through radiation. The temperature difference between the radiating body and the

items it is emitted from, for example, is one factor that affects how much radiation

an object emits. The relationship between these two temperatures is inversely pro-

portional to their absolute temperature differences, each to the fourth power. Heat

exchange through radiation is described below by Stefan’s law.
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Hr ∝ (U4
s − U4

a )

Hr is the heat loss due to the radiation Us and Ua are the body surface and the

atmospheric temperatures respectively.

1.10.2 CONDUCTION AND CONVECTION

Conduction and convection mechanisms transfer heat from the skin to the air when

the ambient temperature is low, which is dependent on the temperature of the sur-

rounding atmosphere. When the air progressively warms up and moves away from

the skin, colder air from a higher layer replaces it. During these processes, the body

loses around 15% of its heat.

It the heat loss by convection is Hc then we have.

Hc = hc(Us − Ua)

where hc is a constant. Wind speed, air temperature, and relative air density all

affect how much heat is lost by convection.

1.10.3 EVAPORATION

If Hc represents the heat lost due to evaporation then

Hc = LE

where L is the latent heat of sweat and E is the rate of evaporation E depends on
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atmospheric vapor pressure, the amount of sweat and water available at the outer

skin surface, the body loses over 22% of its heat through evaporation. Every time

water evaporates from the skin of the body, heat is required to power the process,

which is absorbed from the skin’s surface and causes cooling. Diffusion via the skin,

which is not entirely waterproof, causes water loss even when there is no sweating.

Sweating plays an important role in heat regulation at high surrounding tempera-

tures. it is a natural mechanism by which a person can control body temperature

under high-stress conditions. At high temperatures or during great physical exertion

the transfer of heat from the site of production to the skin, is aided by the secretion

of sweat and diffusion of water from the skin surface and their evaporation.

Above 22.5°c and below 30°c or So the sweat is immediately evaporated in dry

weather as soon as it reaches the skin’s surface this phenomenon is called insensible

perspiration. At low temperatures, up to 22.5°c evaporation from the body surface

is very low and this process is called negligible insensible perspiration. The per-

spiration may go up to 1.5 liters per hour in the person maximally acclimatized to

the heat. The population density and the activeness of the sweat glands differ from

person to person.

1.11 FUNCTION OF THE SKIN

Skin envelopes the entire surface of the body and is smooth in some regions but

rough and furrowed in others. It is glabrous in some areas, downy in others, and

having in still others. It is thick, and horny in some regions, but thin, translucent,

and pliable in others. Over bony regions it is firm, over soft parts it may glide easily

and may be flaccid. In the human body, the skin is primarily in charge of regulating

heat and temperature. [74, 75, 76, 105].

The skin defends the body against physical harm, bacterial infections, heat, cold,
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moisture, drought, acid and alkali, and ultraviolet (UV) radiation from the sun.

Skin is a sensitive organ to temperature and severe discomfort. This characteristic

is connected to specific receptions in the area because perspiration evaporates, losing

heat, while fat and hair retain heat. The skin is capable of easily absorbing some

greasy substances. Chlorides are also stored in the extra water, salts, and waste

that are expelled through perspiration and effort. The epidermis and dermis are

two separate layers that make up the skin. The stratified squamous epithelium’s

surface and vascular layer are known as the epidermis. The ectodermal tissue is

where the skin’s appendages, such as hair, nails, sweat glands, and sebaceous glands,

are formed. The deep, blood-filled layer of skin that forms from the mesoderm is

called the dermis or corium. It is made up of the cornified zone, which is the

superficial layer of the epidermis, and the germinative zone, which is the deep layer.

It is made up of a combination of connective tissues, lymphatics, and nerves. A

shallow papillary layer and a deep reticular layer separate the connective tissues.

White fibrous tissue is the main component of the reticular layer, and it is mostly

structured in parallel bundles. The dermis is the actual skin because it can be dried

to create green hide and can be processed to create leather.

1.12 BLOOD CIRCULATION IN SKIN

The blood flow to the skin is around 25 C.C. per square meter of body surface area

under typical cold circumstances. As opposed to that, the blood vessels contract

more as the skin is heated until the maximum vasodilation has occurred, down to

a temperature of around 13°C at which they achieve their greatest degree of con-

striction. The vascular structures responsible for heating the skin and the nutritive

arteries, capillaries, and veins are the two main types of vessels that make up the

skin’s blood circulation system.
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Figure 1.7: Schematic diagram of an element in the subcutaneous region.

Large blood vessels directly connecting arteries and veins, known as arteriovenous

anastomoses, can be found in some skin locations as well as the enormous subcuta-

neous venous plexus, which holds a lot of blood and heats the skin’s surface. The

schematic diagram of an element in the subcutaneous region is shown in Figure 1.7.

1.13 DIFFUSION MECHENISMS

Using Krogh’s theory to gauge the flow of oxygen to the brain’s nerve cells. Because

this application was in a tissue that differed significantly from striated muscle, their

analytical modelling work needed to be complemented by extensive experimental

research related to brain microcirculatory architecture and oxygen metabolism. In
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addition to the previously considered radial components, axial diffusion must also be

taken into consideration, extra factors that were based on their findings were added

to the equations characterizing the Krongh tissue cylinder. Decker and Thews were

able to come up with analytical answers for these extended equations, in a synop-

sis of the study, and later reported these solutions[77]. In addition to the tissue

cylinder, Theews took oxygen gradients in capillaries into account. In the cardio-

vascular system, arteries, and veins serve primarily to carry blood to and from the

microcirculation, Most of the work on capillary flow in microcirculation was based

on Krogh’s[78], Model and pioneering study of [79], which described the anoma-

lous viscosity of the blood flowing in small diameter tubes of the order of 40 or

so. Blood flow in this region transports gases and other dissolved substances to

the arterial wall and supplies oxygen, and nutrition to the cells for their survival.

Plasma soluble low molecular weight substances such as ions, and sugar amino acids

pass more easily across the wall. Their further movement in the tissue to reach

the cells follows more resistance due to the poroelastic nature of the tissues[80].

As regards, the two processes i.e. diffusion and flow, any capillary tissue exchange

model involves two transport regions (capillary and enclosing tissue ) within the

capillary, the material is transported by convection and diffusion whereas in the

tissue it is diffusion-dominated. Blum improved Krogh’s cylinder with two more

characteristics[81]. He considered a finitely permeable or semi-permeable capillary

wall as well as a non-linear metabolic rate in the tissue space. Such findings would

not apply to the substrate oxygen or the byproduct carbon dioxide since he did not

take into account any blood substrate in the capillary blood. However, they would

characterize the passive transport of any dissolved, flow-transported, and diffusible

substrate, including glucose, bilirubin, and others. The mathematical study of a

model for substrate concentration in tissue was examined by Salathe[82]. In their

model, the substance diffuses into the surrounding tissue cylinder from a single cap-

29



illary. Blum developed the equations guiding this model. Earlier models identified

single-phase rigid, elastic, or viscoelastic representation for the tissue[83, 84]. Recent

observations conclude that these single-phase models are inadequate to incorporate

all the important properties of such a complex multiphase interacting continuum in

which they interact during flow and deformation. This study has further suggested

developing the earlier models due to the introduction of the mixture theory of the

interacting continua proposed by Green and Naghdi[85], and Chien et al. [86]. By

the 1960s, as numerical approximation techniques advanced and electronic digital

computers became more widely available, many researchers developed an interest in

the mathematical description of substrate supply to tissue. The main goal of this

interest was to provide a more comprehensive description of the Krogh cylinder and

other model geometries. These expanded models explained how the substrate moved

from the supplying arterioles to the capillaries via time-dependent flow, where a non-

linear kinetic reaction took place in the capillary blood. The substrate then diffused

within the capillaries, moved across a finitely permeable wall, and finally moved

into the tissue space, where it diffused and was bound or consumed. The metabolic

functional dependency on substrate level can be Michaelis Minten, first order (lin-

ear), or zero-order (constant) (non-linear) With some generalizations, Reneau et al.

[87, 88, 89 90] explored the Krongh cylinder model. Several authors[91, 92, 93

94] investigated steady-state models in their subsequent research. More recently,

[95, 82] examined capillary tissue diffusion in multi-capillary systems. Apelblat et

al. [97] have conducted a thorough mathematical investigation of capillary tissue

fluid exchange. In-depth research on the mathematical modeling of capillary tissue

substrate exchange was conducted by Salthe[82]. They thought of a single capillary

from which substrate would seep into the tissue cylinder around it.
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1.14 GAS TRANPORT MECHANISMS

Beginning with a flat layer model of a cell, Nicholson and Roughten[98] have success-

fully modelled the first steps of O2 absorption to red blood cells. A red blood cell’s

diameter is significantly greater than its thickness, such a representation neglects

gas transfers through the ends and also neglects the curvature of the cell’s surface.

For species that do react with hemoglobin (CO, CO2, O2) the rate of diffusional and

reactional uptake of the species by red blood cells can be measured conveniently

in the rapid reaction apparatus, developed by Hartidge and Roughton[99]. There

method for measuring the velocity of rapid chemical reactions, for the particular

case of the reaction from Roughton[100].

Hb+O2 → HbO2

CO2 is also bound reversibly to hemoglobin, at different sites than those where O2

is bound, and therefore is transported by this means. Since CO2 has good solubility

in aqueous solutions, a fair amount also is carried as dissolves gas CO2 must first

diffuse into a red blood cell and then react. The venous blood enters the lungs with

75% of the hemoglobin saturated with O2 and leaves 97% saturated. CO2 contents

are considerably higher than O2 contents., and very much less from the arterial to

venous side. Finally, the major contributions of dissolved O2 and CO2 are apparent,

Red blood cell hemoglobin interacts with oxygen and carbon dioxide, while serum

albumin serves as a transporter for several tiny compounds. Stenosis A body is

described as elastic if it can return to its original shape after being subjected to

forces that cause deformations. It was Galileo who investigated the behavior of

resistance of the solid- structure and gradually in 1978 Hooke’s law came into exis-

tence. In the mathematical theory of elasticity, we deal with the calculation of the

displacement field under an equilibrating system of forces. Navier gave the equations

of equilibrium[141]. Cauchy[223], working from several presumptions, provided the
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formulation of the linear theory of elasticity, which has remained the same up to this

day. Green[85] rigorously deduced the equations of equilibrium while applying the

concept of energy conservation. Some work was done and improved by authors[151,

238 239].

Numerous engineering structures are constructed by joining multiple materials that

possess varying mechanical and elastic properties. Because loads are transferred

from one material to the next across the interface, the system of heterogeneous ma-

terials must function as a single entity.

The development of fiber-reinforced composite materials has led to a growing utiliza-

tion of laminated fiber-reinforced plates and various structural shapes in industries

such as aerospace and electronics. The composite materials often combine a more

dense, strong, and stiff reinforcing element in the form of fibers or whiskers with a

binding material that is typically light, weak, and flexible. High strength-to-weight

and stiffness-to-weight ratios are therefore easily attained. When there are more

than six layers, these composite materials can be considered as orthotropic media.

Several efforts have been made over the past 20 years to create and demonstrate

the characteristics of filament-reinforced composite materials. These efforts have

only lately been focused on characterizing the fundamental materials and creating

knowledge about their behavior.

There will also be instances where a variable skin thickness is preferred for an ef-

fective construction, such as in wing structures where the thickness of the wings

decreases towards the tip. When a splash of air gush is passing over these blades,

the fiber may be delaminated causing a fracture phenomenon to occur. The ex-

amination of these materials’ mechanical behavior is required due to the laminated

composite materials’ steadily expanding utilization.

It is a very complex process to discuss the fracture phenomenon. We take a delam-

inated fiber from the matrix in some regions and for studying the phenomenon we
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take up the join of two isotropic homogeneous dissimilar half spaces as the starting

point.

1.15 BONES

Bone is the hardest tissue in the body. Human bones are the bones that make up

the human skeleton. There are 206 bones in the adult human body. The bones

provide structure, protect organs, and enable mobility. They also produce red and

white blood cells, store minerals, and provide the body with structure. Bones are

made of a combination of collagen, calcium, and other minerals. Many purposes are

served by bones. They serve as the body’s structure and enable movement of the

entire body as well as individual body parts by producing joints that are propelled

by muscles. The support that bones give the body enables us to move, stand up

straight, and carry out daily tasks. Bones are living tissue that undergoes ongoing

remodeling and renewal throughout a person’s lifetime. Bones are classified into

four categories .i.e long, short, flat, and irregular bones. All these types of Bones

have an elastic property that allows them to absorb and dissipate energy when they

are overloaded or stressed. This is known as the viscoelastic property of bones. This

property allows bones to be flexible and deform to a certain extent before breaking.

The ability of a bone to absorb energy helps protect the body from injuries. The

elastic property of bones comes from the collagen fibers that make up the bone

structure. These fibers are arranged in a specific way that allows them to stretch

and bend, allowing the bone to absorb energy from impacts and other forces. The

elastic property of bones also helps them to return to their original shape after the

force is removed. This helps bones to maintain their structure and strength.

1. Long Bones: Long bones are found in the arms and legs and are longer than they

are wide. They provide a structure for muscles to attach to and enable movement.
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Figure 1.8: Types of Bones

The femur, tibia, and fibula are a few examples.

2. Short Bones: Short bones are the wrists and ankles, approximately cube-shaped

bones. They provide stability and flexibility while also protecting the body’s organs.

The carpals and tarsals are two examples.

3. Flat Bones: Flat bones are found in the skull, ribs, and shoulder blades and are

thin and curved. They protect internal organs and act as places where muscles can

attach. The sternum, ribs, and scapula are among examples.

4. Irregular Bones: Irregular bones are found in the vertebrae and facial bones,

and are asymmetrical in shape. They provide support and protection for the body’s

internal organs. The vertebrae and facial bones are two examples.

1.15.1 BODY FORCES

When a crack occurs, the body force acting on the crack is a tensile force. This is

because the two sides of the crack are pulling away from each other, creating tension

between them. This tension creates a force that acts on the crack, attempting to

open it further. This force is known as a body force. These are the forces, which act

from outside the structure, or like electrical or magnetic effects upon the structure.

These forces may include electric and magnetic effects. It includes gravity effects

too. But in practice, we generally see that when a body fractures, then we use the

rivets just to make the structure workable.
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In mathematical modeling, these rivets are simulated by concentrated body forces.

We have discussed the effects of concentrated forces in the present thesis.

1.16 BRITTLE FRACTURE

The phenomenon of brittle fracture has affected social life. Prehistorical society

used this phenomenon without knowing as it is today, in the shaping of stone tools.

The essential processes of ancient construction were all dependent on the controlled

manipulation of brittle fracture and it was known as the art of sculpture. Similarly,

today many industrial manufacturing and construction processes involve brittle frac-

ture at some stage. The sudden and catastrophic failure of structures occurring as

a result of unexpected brittle fractures is not new.

The history of technology is full of such instances. During the latter half of the 19th

century and the first quarter of 20th century, a great many similar disasters were

recorded, involving bridge structures, naphtha conduits, gas tanks, water mains and

water tanks, steam boilers, structural cranes, large and small guns, railroad tracks

and other railways equipment, molasses tanks under both active and quiescent loads.

These events led to independent investigations, which yielded some empirical infor-

mation about “Crystallization”, “Granulation” and “fatigue” as well as awareness

that low temperatures may enhance the likelihood of brittle fracture.

These studies, however, did not produce a theoretically oriented body of scientific

information related to brittle fracture. Griffith [101, 102] proposed an explanation

of the fracture phenomenon in terms of the energy required for crack propagation.

According to his hypothesis, the energy released during crack extension should be

at least as much as the energy needed to generate the new fracture surfaces. Ad-

ditionally, he made the claim that when the material at the crack’s tip is strained
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beyond the limit of its inherent strength, the fracture will become unstable.

Thus, the problem of equilibrium of elastic bodies with cracks is becoming an impor-

tant tool in the hands of fracture design engineers. The following may be expressed

using the linear fracture mechanics concept for an infinite plate with a centre crack:

(a). The fracture constantly moves in the direction of its initial length.

(b). Three alternative types of crack tip displacement exist, namely

(i) crack opening mode (Mode-I),

(ii) edge sliding mode (Mode-II),

(iii) crack tearing mode (Mode-III),

(c). crack tearing mode.

The fracture tip stress and displacement equations for the aforementioned modes

may be expressed using Westergaard’s equations.

The problems of the thesis can be extended further with the help of the following

research papers: Lankford [103], Morozov [104], Nilsson and Brickstad [106], Russo

[107], Yokobori, Kamei and Kounosu [108], Stahle [109], and Lemaitre [110]. Though

in the studies we will not concentrate upon the origination of cracks, however, the

following reasons can be described for the origination of cracks.

Accumulation of voids/flaws present in the medium. Lattice defects and pre-existing

sub-micro cracks and their gathering to form a macro-crack. Welding defects or dif-

ferential heat treatment.

These are some other following parameters, which accompany the initiation of a

crack.

i). Material property

ii). The shape and dimension of the structure.

iii). Mode of applying load.

iv). Time

v). Temperature
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vi). External loads/surface loads

vii). Strain rate and deformation history

The present thesis will consider only.

1.16.1 PHYSICAL ASPECT

In the theory of fracture of solids crack problems play an important role rather than

primary of many of them. In crack problems, the separation between the crack’s

two opposing sides is always very short in comparison to its length. Therefore, the

cracks are treated as discontinuities in the continuous. For the fracture process in

materials to be a heterogeneous phenomenon in time and space, there is a strong

dependence on both the homogeneities of the materials and the applied stress state.

It is known that the formation, growth, and coalescence of voids control fracture

in ductile materials [135, 234], whereas, in brittle materials, the primary causes of

fracture are local cleavage factors and/or transgranular fractures [113].

In any event, a technique for evaluating the micro-cracks must be established in

order to comprehend both the fracture process and the toughening mechanism. To

study the crack opening mechanism the Griffith theory is enough. We know that

solids contain surface tension, as do liquids when there is an external force in the

medium, the work is done inside the medium. The work is stored as strain energy

when the crack extends then the surface area increases which causes the surface ten-

sion to increase and this increase is balanced by the rate of release of strain energy.

The crack will propagate when the applied stress Q exceeds the critical value Qc

given as

Qc =

[︃
2ES

Πc(1− η2)

]︃ 1
2

(1.1)

Where E, S, η, and c are Young’s modulus, surface tension, Poisson ratio, and half
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crack length respectively. The crack elastic energy of cracking is calculated through

the formula.

W = 2

∫︂ c

0

p(x)uY (x, 0)dx (1.2)

Where p(x) is normally applied stress at crack faces, uY (x, 0) is crack opening dis-

placement while crack occupies the space y = 0,

−c < x < c

Irwin gave an entirely different approach. He stated that the length of a Griffith

crack would be increased from 2c to 2(c+ δ) then tensile stress σY Y (x, 0) would try

to close the crack which fits the original length. In doing so an amount of work 2Gc

is called crack extension force. The relation

2π(1− η2)K2 = EGc (1.3)

exemplifies the relations between stress intensity factor K, defined as below

K = lim
x→c+

+
√
X − cdξσY Y (x, 0) c < x <∞

1.16.2 THERMAL STRESS

The thermal stress set up in an elastic body containing cracks of different configura-

tions has attracted the attention of many mathematicians physicists and engineers.

For penny-shaped cracks, the thermal stress problems are done in [142, 143, 146,

147 149].

Following their investigation, Lal and Lal Pandey [114, 115] reduced the issue of

axisymmetric penny-shaped crack issues to triple integral equations, which in turn

38



were reduced to an infinite set of simultaneous equations. Tweed and Melrose [116]

have investigated the thermal stress problem of heat flow disturbed by two coplanar

Griffith cracks by using the integral transform technique. Kushwaha and Chan-

dra [117, 118, 119] have solved the problems of Griffith cracks in infinite solid and

strip-whose edges are perpendicular by using Fourier transform methods.

1.16.3 BODY FORCE PROBLEMS

There are many problems in which body forces are acting symmetrically or unsym-

metrically in an elastic body, see Dwivedi et al. [120, 121 122], Sneddon [123, 124],

Sneddon and Tweed [125]. The problem in which the crack line is an axis of elastic

symmetry has been discussed by Kushwaha [126]. As a special case, the research

workers considered point body forces.

1.16.4 MODELS

To analyze the pattern and the mechanical response of elastic bodies where some

force is applied we can use any one of the following methods.

1.16.5 EXPERIMENTAL MODELS

Though the results of these techniques are more reliable, nonetheless, the experi-

ments performed over specimens may not hold well to the structures as such. And

the elastic response of big structures cannot be obtained experimentally. So con-

ducting these techniques is very sophisticated and costly, therefore, these cannot be

popularized in a country like ours. Hence for more precessions in results, we shall

follow other methods as known mathematical methods.
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1.16.6 MATHEMATICAL MODELS

For analyzing the mechanical and the thermal response of a solid structure first, we

solve the equations of equilibrium with compatibility relations the problems gener-

ated by the presence of crack lead to the dual, triple integral, and series relations.

The solutions of these integral and series relations. The solutions of these integral

or series equations may or may not lead to closed-form solutions.

Figure 1.9: Mathematical Models

1.16.7 (a) NUMERICAL METHOD

In the vicinity of fracture tips, we resolve the equilibrium equations using compati-

bility relations and boundary conditions. There are mainly two methods:

Finite difference method [127]

Finite element method [128]

These methods can be applied to any type of geometrical configuration of the solid

structure, however, an error is always involved. The stability and the convergence

of the method always vary from problem to problem to problem therefore, the result

can be used only as a starting point. The reliability of these results depends upon
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experimental results. There are a few more methods. A superposition procedure

for computing stress intensity factors in cracked elastic composites by Stief [129]. A

constrained finite element procedure to compute S.I.F.S. for two-dimensional crack

problems has been considered by Bowie [130]. Loakimidis [131, 132] investigates a

novel class of approximation formulae for calculating stress intensity components

based on numerical approaches of singular integral equations. Sections methods for

the calculations of stress intensity factors by Wei and Wen [133]. The extrapolation

technique to determine the S.I.F.S. is discussed by Carpenter [134]. Weiner-hopf

technique is used by Georgiadis and Papadopoulos [144]. They mixed the use of the

Fourier transform also. The hybrid finite element technique is developed by Byskov

[127]

1.16.8 (b) ANALYTICAL METHOD

The basic philosophy of analytical methods is that the equations of equilibrium are

reduced in terms of new functions. These functions are used to express the physical

quantities. There are the following methods:

(a) Stress Function Method: Airy had given for the first time, this method for

isotropic homogeneous elastic medium. It is called Airy’s stress function. Only

recently Kushwaha [145] has given this method for an orthotropic homogeneous

medium. Maxwell extended this method of Airy’s to three dimensions.

(b) Displacement Function Method: Finding a function that represents the displace-

ment components reduces the boundary value problem to a simple problem. This

method is divided into two parts:

(1). The solution is obtained that satisfies the boundary conditions. It is expressed

in the form of an infinite series involving social functions, see Kushwaha [145] which

is being elaborated in the Ph.D. thesis of Umesh Chandra [150].
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(2). The quantities to be determined are expressed in terms of definite integrals.

The integral represents the effect of singularity distributed over the surface through-

out the volume [136].

(c) Potential Function Method: The equations of equilibrium and compatibility re-

lations are satisfied by commonly known functions as potential functions. In two

dimensions we can use Papkovitch-Bousinesque-Neuber potentials. For three dimen-

sions we use Galerkin potentials. However, Sneddon and Berry [137] have modified

the method of Pakovitch-Bousinesque potentials.

(d) Complex Variable Method: The theory of plane strain has been developed by

Green [136], Kolosov-Mushkhelishvili [138], and Westergaard [139] and has modified

the work of [130].

Bowier used the complex variable approach to determine the stress intensity pa-

rameters for fractures with equal spacing. The stress intensity variables for plates

with equal and uneven parallel edge fractures have been studied by Raftopoulos and

Farasmand [140].

1.17 OBJECTIVES OF THE PROPOSED RE-

SEARCH WORK

1. Analysis of the essential role of biomechanics in the flow of transformation of the

human body.

2. To find the vital role of biomechanics in musculoskeletal bone crack restoration.

(Griffith crack problems)

3. Application of the principles of anatomy and physics to analysis of movement.
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1.18 COMPOSITION OF THESIS

The plan of the thesis is as follows:

Chapter-1: It introduces the type of problems where they occur. It also relates to

other physical phenomena and presents the necessity of the research work.

Chapter-2: Model on heat transfer between skin and core.

Chapter-3: Model on transport of O2 and CO2 in a red blood cell.

Chapter-4: Model for diffusion through Stenosis.

Chapter-5: Model on the transport of nutrients in pulsatile blood through time

time-based stenotic tube.

Chapter-6: A model on finding the vital role of biomechanics in musculoskeletal

bone crack restoration using Griffith crack. Deals with a Griffith- crack opened by

the symmetrical system of body forces at the common interface. The closed for-

m/exact expressions of stress intensity factors and crack opening displacement are

presented in a general form. A special case of a point body force is considered.

The research work in fracture started in 1920 with the paper of Griffith [101]. But

for 26 years it remained a rhetoric exercise only. It got an impulse when Sneddon

[151] published a book. Additionally, the researcher incorporated Fourier transform

techniques alongside the theory of dual integral equations. Sneddon and collabo-

rators expanded Griffith’s theory to three dimensions [152]. In the following lines,

we discuss the physical aspect of crack(s) under mechanical, especially surface and

body forces.
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Chapter 2

MODEL ON HEAT TRANSFER

BETWEEN SKIN AND CORE

Keywords: Skin, Core, Temperature, Steady-state, Transport, Heat transfer, Con-

duction, Radiation, Evaporation, Metabolic, Vascular, Thermal, Blood vessel, and

venous Temperature.

2.1 INTRODUCTION

The recently developed field of Bio designing is a cross-preparation of the designing

and organic sciences. The connection between designing and natural sciences and

the full use of the current information on these two fields could be an extraordinary

advantage to men. This interaction could lead to a better understanding of the phe-

nomena that keep on occurring in the human body. The significant regions covered

under the discipline of bio-designing are Applied science, Biomedical designing, and

Biomechanics. Utilizations of designing standards for organic and medical issues

have fostered another field of biomedical designing. It has been recognized that
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meaningful mathematical modeling in biomedical engineering needs proper physi-

ological, physical, and mathematical description with due regard to experimental

findings. The scope of mathematical modeling of the problems in biomedical en-

gineering is very large. A mathematical model is an abstract simplified construct

related to a part of reality and created for a particular purpose. Modeling reduces

the need for costly or impossible experiments with real life. Therefore, simplifying

assumptions is introduced in formulating mathematical problems.

Figure 2.1: Heat transfer Model for Human Body

2.1.1 SKIN

The skin covers the entire body, some are slippery and some are rough and wrinkled.

Some are shiny, some are smooth. Some regions are thick, while others are thin,

transparent, and flexible. The bone part is hard and the soft part slides smoothly

and is soft. The skin is mainly responsible for regulating body temperature and heat
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in the human body. [Gray H Textbook Gray’sAnatony [74], Jarrett [105], Montagna

[76]]. Protects the skin from mechanical damage, bacterial infection, heat and cold,

moisture, dryness, acids, alkalis, and the sun. The skin is sensitive to severe pain

and temperature. This property is associated with certain receptions situated in the

region where heat is lost through the evaporation of sweat, and heat is conserved

by fat and hair. Certain oily substances are freely absorbed by the skin. The excess

of water salts and waste products re-excreted through sweat and skill also store

chlorides. The skin is composed of two distinct layers, the epidermis, and dermis

Epidermis is the super facial, vascular layer of stratified squamous epithelium. The

skin is especially accountable for temperature control and heat reconciliation in the

human body.

The temperature circulation in working muscles has been concentrated experimen-

tally by numerous creators [Mensheh[153], Saltin, Jagge and Stolwijk [154], Stow and

Shieve [155], Zavyalov [156]]. Hill [157] discovered that during the activity of sepa-

rated muscles of warm and cold blood animals, their temperature elements showed

a conventional similarity with that noticed for various interior organs. The exami-

nation and demonstration of bio-heat move measure cover different viewpoints and

have gotten broad consideration [Shitzer[158], Stolwizk[159], Chato [111], Shitzer

and Chato [161]] because of the way that the upkeep of a homeothermic state is of

essential significance to homeotherms and is additionally perhaps the most convo-

luted issues.

The significant part that the skin of the homeotherm plays in the warm arrange-

ment has for some time been recognized. Zhitomirskii and Kagna[162] considered

temperature dispersion in a lone layered skeletal muscle going through rhythmical

compressions. They showed that a smoother muscular movement couldn’t cause the

considerable temperature to ascend as the boundaries change to keep up the inner

temperature of the muscle in the admissible reach. The thermal power balance for a
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muscle of an animal involves thermal power provided by the bloodstream, the energy

produced by metabolic interaction, the transport of warmth through the muscle by

a temperature gradient, and energy moved to the climate by conduction, radiation,

and evaporation. Because of the complex non-homogeneous, non-isotopic nature of

tissues various improvements on suspicions have been made to work with the inves-

tigation. The evaluation of warmth moving across the skin will rely on the tissue

formation and thickness of the skin and subcutaneous tissues. Numerous examina-

tions have been embraced to elucidate the thermal conduct of organic tissues and

the relationship that exists among the different components, viz, convection con-

duction, generation, evaporation, and radiation, overseeing the transport of fervor

in the tissue.

Keller and Seller [163] have fostered an exceptionally basic model for heat moving

between an isothermal core and ambiance. The furthest thickness of the skin was

viewed as tiny and estimations were made without metabolic heat moving between

either arteries or veins and tissue. One of the controls accessible to the body in the

upkeep of a homoisothermic state is its capacity to change obstruction of its subcu-

taneous areas to heat flow [Trorell and Nilson [164], Steketee Vanderheek [165]].In

prior models, an endeavor was made to represent the mix of conduction vasomotor

action by a straightforward expansion impact [Hardy and Soder Storm [171] and

Burton [167]]. Krogh [168] had recognized, a distinct vascular composition called

rates which in specific species seem to work principally to preserve heat. In these

designs conduits and veins are organized firmly pressed for counter-current move-

ment Mitchell and Myers [169]. It has been seen that the evaluation of heat loss

from the furthest point is identified with a nearby blood perfusion rate. [Burton and

Edhalm [170], Hardy and Sodersterm [171], Lefever[172]]. K.E.Cooper, 0.G.Edholm,

and R.F.Mottram [173] have discussed the blood flow in the skin and muscle of the

human forearm. The evidence from the experiment in which the forearm was incised
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strongly suggests that kin blood flow is zero in a blanched limb segment. Any small

flow of blood through the skin after iontophoresis would give a slightly high figure for

muscle blood flow and a consequent underestimate of the flow through the skin. This

possibility cannot be excluded. Since direct observation of incised, was not made

in each experiment. Pennes[174] imposed these models fundamentally by regarding

tissue as a continuum of limited thickness and fostering the fitting heat preservation

differential equation to depict the tissue temperature profile. Wissler[175] explains

the abundant more convoluted problem of the overall heat balance by separating the

body into an emblem of a cylindric zone thermally associated with the circulatory

flow. His model additionally took conductive and conductive impacts yet he ex-

pects that blood vessel and venous blood temperatures are uniform in every zone so

the impacts of nearby counter-current heat interchange are lost. lately, Gupta and

Tandon [176] have refined a model for heat moving between core and skin. They

consolidated the things of local factor perfusion rate notwithstanding convective

heat move and metabolic heat generation contingent upon temperature.

Ming Fu et al. [177] have discussed a model of heat and moisture transfer through

clothing and the impact of airspeed on the thermal and vapor obstruction of attire

was contemplated. Xiaojiang Xu et al. [181] explain the Relationship between core

temperature, skin temperature, and heat flux during exercise in heat. Salimpour

and Shirani [182] investigated the effects of blood vessels on temperature distribu-

tion in skin tissue subjected to various thermal therapy conditions. Ichikawa and

Ogino [183] measured energy transfer indicating that topical ice bag application

absorbs insufficient energy to affect core temperature. Quantitative assessment of

energy transfer was shown to inform the safe and appropriate use of thermotherapy.

In prior models, an endeavor was made for either no metabolic heat generation rate

or consistent blood vessel and venous temperature. The current part is a further

conclusion of the prior work by consolidating the impact of temperature on arte-
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rial and venous beds, notwithstanding metabolic heat generation contingent upon

temperature and diverse environmental conditions.

Figure 2.2: Schematic of subcutaneous region emphasizing its vascularization and
temperature variation.

2.2 FORMULATION OF THE PROBLEM

The graphic diagram of the model is given below in Figure 2.2. Thermally, it is

separated into two regions: an isothermal core and a peripheral zone with varying

temperatures between the core and the skin discussed by Keller and Seller [163].

The peripheral layer thickness is small contrasted with the radius of the curve of

the nearby surface. Since the region is small in this way were can be viewed as

one-dimensional. The consistent state heat balance equation can be composed as

follows:

K
d2T

dX2
+ (ha+ Cp× g)(Ta− T ) + ha(Tv − T ) +M = 0 (2.1)
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[︃
M0a−

∫︂ 0

x

gdX

]︃
Cp

dTa

dx
+ ha(Ta− T ) = 0 (2.2)

Cp

[︃
M ov +

∫︂ 0

X

gdX

]︃
dTv

dX
+ (ha+ Cp× g)(Tv − T ) = 0 (2.3)

Solve the equation (2.1) to find the value of T:

K d2T
dX2 + (ha+ Cp× g)(Ta− T ) + ha(Tv − T ) +M = 0

d2T

dX2
+

(ha+ Cp× g)(Ta− T )

K
+
ha(Tv − T )

K
+
M

K
= 0 (2.4)

d2T

dX2
+
Ta(ha+ Cp× g)

K
− T (ha+ Cp× g)

K
+
haTv

K
− ha× T

K
+
M

K
= 0 (2.5)

d2T

dX2
+

(︃
Ta(ha+ Cp× g)

K
+
haTv

K
+
M

K

)︃
−Tha

K
−Cp× g × T

K
−ha× T

K
= 0 (2.6)

Where

Ta(ha+ Cp× g) +
haTv

K
+
M

K
= 1

Equation (2.6) will become

d2T

dX2
+ 1− 2Tha

K
− Cp× g × T

K
= 0 (2.7)

d2T

dX2
+ 1− 2T (ha− Cp× g)

K
= 0 (2.8)(︃

d2

dX2
− 2(ha− Cp× g)

K

)︃
T = −1 (2.9)

(︃
D2 − 2(ha− Cp× g)

K

)︃
T = −1 (2.10)

Auxiliary Equation

D2 − λ = 0
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D2 = λ

D = ±
√
λ

Where

λ = 2
K(ha−Cp×g)

Complementary solution

T = C1cos
√︁
λ1X + C2sin

√︁
λ2X − λ1

λ2
(2.11)

Using the boundary conditions X = 0 and X = L from fig. 2.2 having the value of

C1 and C2.

C1 = Tc +
λ1

λ2

C2 =
Ta−(Tc+

λ1
λ2

)cos(
√
λ1L)+

λ1
λ2

sin(
√
λ1L)

λ1 =
Moha−Cp×g

K
, λ2 =

Cp×g×Ta+Mo

K

Solving equation (2.2), we get

[︃
M oa−

∫︂ 0

x

gdX

]︃
Cp

dTa

dX
+ ha(Ta− T ) = 0

[︃
M oa− gX]Cp

dTa

dX
+ haTa− haT = 0 (2.12)

dTa

dX
+

haTa

[M oa− gX]Cp
− haT

[M oa− gX]Cp
(2.13)

Take, ha
Cp

≈ 1 and haT
[Moa−gX]Cp

≈ 0

Now, equation (2.13) will become

dTa

dX
=

−Ta
[M oa− gX]

(2.14)
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dTa

da
=

−dX
[M oa− gX]

(2.15)

Integrating the above equation, we get

log10Ta = −log10[M oa− gX]− g + log10C3 (2.16)

Ta[M oa− gX]

−g
= C3 (2.17)

Now, take the value Ta = constant.

Solving equation (2.3) find the value of Tv

Cp

[︃
M0v +

∫︂ X

0

gdX

]︃
dTv

dx
+ (ha+ Cp× g)(Tv − T ) = 0

[︃
M ov + gX

]︃
Cp

dTv

dX
+ Tv(ha+ Cp× g)− T (ha+ Cp× g) = 0 (2.18)

dTv

dX
+
Tv(ha+ Cp× g)

Cp[M ov + gX]
− (haT + Cp× g × T )

Cp[M ov + gX]
= 0 (2.19)

Where

(ha+Cp×g)
Cp[Mov+gX]

≈ 0 and ha+Cp×g
Cp

≈ 1

Equation (2.19) will become

dTv

dX
+

Tv

[M ov + gX]
= 0 (2.20)

dTv

Tv
= − −dX

[M ov + gX]
(2.21)

log10Tv = −log10[M ov + gX].g + log10C4 (2.22)

log10Tv = log10[M
ov + gX]−1.g + log10C4 (2.23)

log10
Tv[M ov + gX]

g
= log10C3 (2.24)
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Tv =
g

M ov + gX
C4 + C5 (2.25)

Where

C4 = C1
sin

√
λ1X√
λ1

−C2
cos

√
λ1X√
λ1

− λ1

λ2
X and C5 = Ta− g

[Mov+gL]

[︃
C1

sin
√
λ1L√
λ1

−C2
cos

√
λ1L√
λ1

−

λ1

λ2
L

]︃
Substituting the value of C3 and C4 in the equation (2.25), we get

Tv =
g

[M ov + gX]

[︃
C1
sin

√
λ1X√
λ1

− cos
√
λ1X√
λ1

− λ1
λ2
X

]︃
+ Ta− g

[M ov + gL][︃
C1
sin

√
λ1L√
λ1

− cos
√
λ1L√
λ1

− λ1
λ2
L

]︃

Now, X=L then the above equation will become,

Tv =
g

M o + gX

[︃
C1√
λ1

(sin
√︁
λ1X − sin

√︁
λ1L)−

C2√
λ1

(cos
√︁
λ1X − cos

√︁
λ1L−

λ1
λ2

(X − L)

]︃
+ Ta

(2.26)

Using the non- dimensional scheme

θ1 =
T−Tc
Ta−Tc

, θ2 =
Tv−Tc
Ta−Tc

, X = X
L

We get,

θ1 =

(︃
C1

Ta− Tc

)︃
cos(

√︁
λ1LX)+

(︃
C2

Ta− Tc

)︃
sin(

√︁
λ1LX)− λ2

λ1(Ta− Tc)
− Tc

Ta− Tc
(2.27)

θ2 =
g

(M ov + gXL)(Ta− Tc)

[︃
C1

λ1
{sin(

√︁
λ1XL)− sin(

√︁
λ1L)} −

C2

λ1

{cos(
√︁
λ1XL)− cos(

√︁
λ1LX)− cos(

√︁
λ1L)} −

λ2L

λ1
(X − 1)

]︃
+ 1

(2.28)
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2.3 RESULTS AND DISCUSSIONS

The following values of physical and physiological parameters along with Table 2.1.

are used for obtaining the temperature profile in the region under study.

K = 0.499 J/m Sec K

Cp = 3799J/KgK

Tc = 310K

Te = 302 K

The blood perfusion rates are obtained from the expression

λ =

√︃
Cp× g

K

Table 2.1: Blood perfusion rates for various types of tissue.

λ Blood perfusion rate Kg/m Sec Type of tissue

0.1 g(1) = 1.314 ×10−6 Negligible blood perfused tissue

0.1 g(2) = 1.314 ×10−4 Poorly perfused tissue

5.0 g(3) = 3.28595 ×10−3 Well perfused tissue

10.0 g(4) = 1.314 ×10−2 Highly perfused tissue

The temperature allocation in tissue and veins is introduced in Figures 2.3 to 2.6.

The worth ofM o considered are 0, 0.17, and 0.25. The value of g is given in Table 2.1.

No change among tissue and blood vessels or venous blood happens. The upsides

considered are 0, 0.02, and 0.4. The values of Te considered are 278K, 302K, 303K,

and 313K. For M o= 0 and ha = 0, the outcomes are the same as those of Keller

and Seller [163].
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Figure 2.3: Tissue temperature distribution for various perfusion rates and metabolism.

Figure 2.3. portrays the variety of tissue temperature distribution for the differ-

ent worth of pivotal distance. For negligible blood perfusion rate, the diagram is

practically straight. This might happen because the majority of the heat is moved

by conduction measure. In this situation the heat perfusion in the capillary is lit-

tle. The temperature profiles stray linearly as the blood perfusion rates increment.

For exceptionally perfused tissue the temperature profile gets parabolic. Thinking

about the impact of M o, it is obvious from the fig that for the fixed perfusion rate

[for example poorly perfused tissue of g(2)] the temperature near the core region

decreases with an increase inM o and temperature in the outer region increases with

increase in M o.
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Figure 2.4: Various temperature distribution for various perfusion rates and metabolism.

Figure 2.4. describe the difference in venous temperature dispersion for different

values of axial distance. For negligible and low blood perfusion rates the outcomes

are like those of tissue temperature with slight modifications in amount. It is obvious

from the diagram that the approximate distribution is identical for a wide range of

blood perfusion rates. Considering the impact ofM o, it is obvious from the diagram

that for poorly perfused tissue the venous temperature increments with expansion

in the characteristic boundary.
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Figure 2.5: Tissue temperature profile for various coefficient metabolism and
environmental temperature

Figure 2.5. illustrate the variety of tissue temperature conveyance with axial dis-

tance for various climate temperatures and co-proficient metabolism. For poorly

perfusion rate the temperature increments with the diminishing value of co-effective

of metabolism. On account of very much perfused tissue i.e. g(3), the temperature

in the internal region diminishes with the climate temperature when the baromet-

rical temperature is lower than that of the core. In any case, in the external locale,

inverted conduct has been noticed. This is because of the way that the heat misfor-

tune from the surface to the climate declines with expansion in the air temperature.
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Figure 2.6: Various temperature profiles for various coefficients of metabolism and
environment temperature

In Figure 2.6. the impact of the co-efficient of metabolism and air temperature

on venous temperature appropriation has been considered. The venous temperature

diminishes with expanding the co-productive metabolism. A similar qualitative con-

duct has been seen with atmospheric temperature as tissue temperature circulation.

Subsequently, we can infer that the tissue temperature impacts the venous tem-

perature distribution. Accordingly, we cannot take the temperature distribution of

venous beds as consistent. Along these lines, the above investigation shows that the

blood perfusion rate impacts the temperature appropriation of tissue and venous

beds significantly more in contrast with different boundaries.
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2.4 CONCLUSION

This chapter is about the study of heat transfer between skin and core with the

help of biomechanics modelling. Skin is the biggest organ and it covers and secures

the complete body from mechanical injuries bacterial infections etc. The skin is

especially accountable for temperature control and heat reconciliation in the human

body. The work of Keller and Seller, who have developed a very simple model for

heat transfer between an isothermal core and an ambient atmosphere is considered

in this chapter. One dimensional steady state condition taken in the equations (2.1

to 2.3) to solve the problem and also use the non-dimensional scheme to care of

the issue of heat moving among skin and core is also discussed. Some values of

physical and physiological parameters along with table (2.1) are used for obtaining

the temperature with which blood perfusion rates are obtained for various types of

tissue. Finally, radiation impacts, convection of blood flow, and tissue metabolism

in a body are described. Lastly, outcomes of different flow conditions with some

reasonable information are mentioned graphically.

2.5 SIGNIFICANCE OF THIS CHAPTER

The significance of heat transfer between the skin and core of the human body lies

in its critical role in maintaining thermal equilibrium and overall well-being. Here

are some key aspects of its significance:

1. Regulation of Body Temperature: Heat transfer between the skin and core helps

in regulating the body’s temperature within a narrow range. This is essential for

normal physiological functions and to prevent overheating or hypothermia.

2. Health and Comfort: Understanding heat transfer mechanisms is crucial for en-

suring thermal comfort and preventing heat-related illnesses or conditions like heat
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stroke or hypothermia.

3. Medical Applications: Knowledge of heat transfer between skin and core is valu-

able in medical treatments such as managing fever, hypothermia, or hyperthermia,

as well as in therapeutic applications like localized heating or cooling for pain relief.

4. Performance Optimization: In sports and physical activities, managing heat

transfer between skin and core can improve performance, endurance, and recovery

by regulating body temperature effectively.

5. Safety in Extreme Environments: For individuals working in extreme environ-

mental conditions, such as firefighters, soldiers, or industrial workers, understanding

heat transfer is crucial for developing protective gear and strategies to prevent heat-

related injuries.

6. Personalized Medicine: Advances in understanding individual variations in heat

transfer can lead to personalized interventions for thermal regulation, especially for

vulnerable populations like the elderly or infants.

Overall, studying heat transfer between the skin and core is essential for maintaining

homeostasis, optimizing performance, ensuring safety, and improving overall quality

of life.
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Chapter 3

MODEL ON TRANSPORT OF O2

AND CO2 IN A RED BLOOD

CELL

Keywords: Oxygen, Carbon dioxide, Eryhrocyte, Diffusion, Hemoglobin, Radial

distance, Concentration, Oxy-hemoglobin.

3.1 INTRODUCTION

The primary functions of the human lungs are obviously to supply oxygen to the

blood from the atmosphere and dispose of CO2. The oxygen is transported to all

of the cells of the body for sustaining metabolic processes. The other functions of

the lungs are to strain out and digest small blood clots etc. The thickness of the

membrane is ranging from 0.2 to 0.5 [Guyton[64]]. The balance between the speeds

at which oxygen and carbon dioxide are taken in and exhaled through breathing and

the rates at which they are used up and produced by metabolism will determine the
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composition of the exhaled air. For a typical male adult, the respiratory membrane

has an astounding surface area of 70m2, although there is seldom more than roughly

70 to 100 ml of blood in the lung capillaries at any given time. The thickness and

surface area of the membrane affect how quickly gases may pass across it. The

membrane provides some barrier to the movement of respiration gases. Several au-

thors [Singh. et al.[179, 180, 131] Sharan and Singh[191, 193]] Researchers have

developed several mathematical models to explain the transfer of gases from the

lungs to the blood. These models consider mechanisms such as molecular diffusion,

convection, and facilitated diffusion when hemoglobin acts as a gas carrier. Addi-

tionally, the influence of wall permeability on substance transport in the blood has

been emphasized by many researchers. [Leonard and Jorgenson[194], Bloch[195],

Renkin[196], Gonzalez-Fernandez and Alta[197], Kumar[198]]. Several authors [Ku-

mar[188], Singh, et al.[200]; Sharan et al.[201]] have created several mathematical

models to handle the simultaneous movement of oxygen and carbon dioxide in cap-

illaries and surrounding tissue. These studies, however, only take into account per-

meability, facilitated diffusion, convection, or membrane resistance as they pertain

to the pulmonary capillaries. For therapeutic reasons, the study of gaseous diffusion

in the red blood cell is the most significant process. By beginning with a flat layer

cell model, Nicholson and Roughton[98] were able to successfully simulate the early

phases of O2 absorption by red blood cells. An approximation that a flat disc of uni-

form thickness has roughly the same uptake rate as a biconcave cell with the same

volume as the earlier author is therefore not implausible, according to some addi-

tional numerical calculations by [Froster [202]], which have shown that the shape of

the red blood cell has only a minor impact on gas uptake. Red blood cells have a

diameter that is significantly more than their thickness. As a result, a model like

this, which ignores the curvature of the cell surface, turns out to be quite accurate.

By avoiding unstable general differential equations and accounting for the back re-
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action, [Moll [203] and Kutchai [204]] were able to arrive at the solution for oxygen

absorption in red blood cells. Further, these models have not taken into account the

role of CO2 transporting the red blood cell. Rhodes and Varacallo [184] measures of

adequate oxygen transportation are hemoglobin concentration and oxygen satura-

tion; the latter is often measured clinically using pulse oximetry. Richardson et al.

[185] explain the changes in RBC shape and hemoglobin concentration, which are

common manifestations of hematological disorders, can have hitherto unrecognized

and clinically significant implications on gas exchange.

A mathematical model is created in this chapter to describe how oxygen and carbon

dioxide are transported simultaneously inside red blood cells. The model considers

how species are transported as a result of assisted diffusion as well as molecular

diffusion.

3.2 FORMULATION OF THE PROBLEM

In the current chapter, we have taken into account the transport of O2 and CO2

due to the red blood cell’s enhanced diffusion and response rates as well as its

pure diffusional flow. With hemoglobin in its different forms, oxygen, and CO2 are

known to go through a number of reactions. Some of these responses have undergone

extensive quantitative research, and the results are well understood [Ulanovier and

Frazier[205]]. The following reversible process included the combination of oxygen

and carbon dioxide with hemoglobin.

Hb + O2
K,

−−→
K,,

HbO2

Hb + CO2
m,

−−→
m,,

HbCO2

where K’,m’ are forward rate coefficients and K” and m” are backward rate coeffi-

cients.
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Figure 3.1: Planar model of the red cell for modeling diffusion and reaction

For the dispersion of the O2 and CO2, a red blood cell planner model has been pro-

vided in Figure 3.1. The membrane equations describe the simultaneous diffusion

reaction mechanisms in the interior of the cell and the transport of gases over the

membrane.

∂c
′

∂t
= Dm

∂2c
′

∂x2
(3.1)

The model depicts the constant reaction and diffusion of elements as blood moves

through capillaries at a rapid pace. The mass balance for the five species, accounting

for diffusion, convection, and the chemical interaction of oxygen and carbon dioxide

with haemoglobin, yields the parabolic equations shown below.

Cell interior

∂c
′′

∂t
= Do

∂2c

∂x2
−K

′
c
′′
cvi +K

′′
c
′′′

(3.2)

∂c
′′′

∂t
= DH

∂2c
′′′

∂x2
−K

′
c
′′
cvi +K

′′
c
′′′

(3.3)

∂civ

∂t
= Dc

∂2civ

∂x2
−m

′
civcvi +m

′′
cv (3.4)

∂cv

∂t
= DH

∂2cv

∂x2
−m

′
civcvi +m

′′
cv (3.5)
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∂civ

∂t
= DH

∂2cvi

∂x2
−K

′
c
′′
cvi +K

′′
c
′′′ −m

′
civcvi +m

′′
cv (3.6)

Where c
′
is the concentration of O2 in the membrane, c

′′
, c

′′′
, ciV ,cV and cV i are

respectively the concentration of O2, HbO2, CO2, HbCO2 and Hb; Dm and DH

represents the diffusion coefficient remembrance and hemoglobin present in the cell

interior respectively. Do and Dc are the diffusion coefficient of O2 and CO2. HbO2

at HbCO2 is seen as being the same for all species[Ulanowicz and Frazier [195]].

3.2.1 BOUNDARY CONDITIONS

At x = 0, due to symmetry, the flow of the species will be zero, i.e.

∂ci

∂x
at x = 0, i, .......vi.

As the membrane is thin, we assume that the gas concentration at the walls (x = a)

is the same at all times. In addition, Hb, HbO2, and HbCO2 cannot permeate the

wall, hence there will be no movement of these species across the capillary wall.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c
′
= c

′′
= civ = 0 at t = 0

c
′′′
= cv = cvi = c

′′′
at t = 0 in the cell interior

c
′
= co at t = 0 at X = a+ b

∂c
′′

∂x
= ∂civ

∂x
= 0 at X = 0 at all time

(3.7)
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂c
′′′

∂x
= ∂cv

∂x
= ∂cvi

∂x
= 0 at X = 0

c
′
= α

′
c
′′

at X = a at all time

c
′
= α

′′
civ at X = a

Do =
∂c

′′

∂x
= α

′
Dm

∂c
′

∂x
at X = a

Dc =
∂civ

∂x
= α

′′
Dm

∂c
′

∂x
at X = a

(3.8)

Now we define the following non-dimensionless variables.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C1 =
c
′

co
, C2 =

c
′′

co
, C4 =

civ

co

C3 =
c
′′′

c′′′o
C5 =

cv

c′′′o
C6 =

cvi

c′′′o

η = x
a

D1 =
Dm

Do
D2 =

DH

Do

D3 =
Dc

Do
τ = tDo

a2

ω2
1 = K

′
c
′′′
o a2

Do
ω2
2 = K

′′
c
′′′
o a2

coDo

ω2
3 = m

′
c
′′′
o a2

Do
ω2
4 = m

′′
c
′′′
o a2

coDo

(3.9)

Here 2a is the effective thickness of the RBC and b is the thickness of the membrane.

Using the above nondimensional variables the governing equations (3.3 - 3.9) become

membrane.

∂C1

∂τ
= D1

∂2C1

∂η2
(3.10)

Cell interior

∂C2

∂τ
=
∂2C2

∂η2
− ω2

1C2C6 + ω2
2C3 (3.11)
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∂C3

∂τ
= D2

∂2C3

∂η2
± ω2

1C2C6 ∓ ω2
2C3 (3.12)

∂C4

∂τ
= D3

∂2C4

∂η2
− ω2

3C4C6 + ω2
4C5 (3.13)

∂C5

∂τ
= D2

∂2C5

∂η2
± ω2

3C4C6 ∓ ω2
4C5 (3.14)

∂C6

∂τ
= D2

∂2C6

∂η2
− ω2

1C2C6 + ω2
2C3 − ω2

3C4C6 + ω2
4C5 (3.15)

And the boundary conditions transform to

⎧⎪⎪⎪⎨⎪⎪⎪⎩
C1 = C2 = C4 = 0 at τ = 0

C3 = C5 = C6 = 1 at τ = 0

(3.16)

In the cell interior⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C1 = 1 at τ = 0 at X = 1 + b

∂C2

∂η
= ∂C4

∂η
= 0 η = 0 at all time

∂C3

∂η
= ∂C5

∂η
= ∂C6

∂η
= 0 X = 1

C1 = α
′
C2 X = 1 at all time

C1 = α
′′
C4 X = 1 at all time

∂C2

∂η
= α

′
D1

∂C1

∂η
at X = 1

∂C4

∂η
= α

′′ D1

D3

∂C1

∂η
at X = 1

(3.17)
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3.3 NUMERICAL SOLUTION AND

DISCUSSION OF RESULTS

To solve the governing equations (3.11-3.16) and the boundary conditions (3.17), a

numerical approach employing the finite difference method is utilized. The equations

are discretized using a semi-implicit scheme. The following physical and physiolog-

ical parameter values are utilized in conjunction with Table 3.1 and are used for

obtaining the concentration of O2, HbO2, CO2, and HbCO2 in the region under

study.

Table 3.1: Experimently determined initial rate of gas exchange of human red cell
suspension at 37o C.

Reaction Experimental rate

Hb +Mo −−→ HbMo 2640

Hb + O2 −−→ HbO2 970

HbO2 −−→ Hb +O2 1800

Hb + CO −−→ HbCO 790

HbO2 +CO −−→ HbCO+O2 118

Hb4(CO)4 −−→ CO+Hb4(CO)3 6.6

DH = 4.5× 10−8cm2/Sec

Do = 7.6× 10−6cm2/Sec

Dc = 1.19× 10−6cm2/Sec

a = 0.8µm, b = 0.06µm

α
′ ∼= α

′′ ∼= 1

K
′
= 2.85× 109

K
′′
= 40

m
′
= 107,m

′′
= 5× 108
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Figure 3.2: Radial variation of O2 concentration for different value of time

According to radial distance and various values of time, Figure 3.2 shows how oxygen

concentration varies. It is clear from the sap that the O2 concentration increases as

the radial distance increases. Also as time increases O2 concentration increases.
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Figure 3.3: Radial variation of oxy-hemoglobin concentration for different values of time

Figure 3.3 describes the variation of oxy-hemoglobin concentration with radial dis-

tance for different values of time, we can conclude from the graph that as time

increases the concentration of HbO2 increases it also increases with radial distance.

This shows that more O2 combine with hemoglobin in the span of time.
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Figure 3.4: Radial variation of CO2 concentration for different value of time

Figure 3.4 depicts the fluctuation in CO2 concentration with radial distance for

various time values. The graph clearly shows that while CO2 concentration rises

with time, it falls with axial distance.
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Figure 3.5: Radial variation of HbCO2 concentration for different values of time

Figure 3.5 shows the fluctuation in HbCO2 concentration with radial distance for

various values of the time. The graph clearly shows that the concentration ofHbCO2

grows with time but decreases with radial distance. This confirms the results ob-

tained from Figure 3.4 because more concentration of CO2 gives more quantity of

HbCO2.
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3.4 CONCLUSION

RBCs, are called erythrocytes, are the transcendent cell type in the blood. RBCs

perform oxygenation of blood by transporting oxygen from the lungs to every cell of

the body. At the same time, it removes carbon dioxide in the reverse direction. This

method perfectly depicts the mathematical data and study of oxygen and carbon

dioxide in red blood cells taking into consideration the main transport mechanism

because of the presence of hemoglobin plus physiologically relevant parameters and

various initial data. In the RBC, the transport of O2 and CO2 was studied numer-

ically for the present report. According to this study, the finite difference method

is adopted to come up with the model signifying the transport of species due to

molecular diffusion and facilitated diffusion. Furthermore, it is shown that O2 takes

the longest, and CO2 is the quickest to attain equilibration. Finally, radiation im-

pacts, convection of blood flow, and concentration of O2 and CO2 are described.

Lastly, outcomes of different flow conditions with some reasonable information are

mentioned graphically.

3.5 FUTURE SCOPE

The future scope of studying the transport of oxygen and carbon dioxide in red

blood cells holds great potential for advancements in understanding human physi-

ology and disease. Researchers could explore new technologies for visualizing and

analyzing the process at a molecular level, leading to insights on optimizing oxygen

delivery in various health conditions. Additionally, advancements in targeted drug

delivery systems could be developed based on the understanding of how red blood

cells efficiently transport gases. The possibilities are endless and excited to see the

innovative discoveries that lie ahead in this field.
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Chapter 4

MODEL FOR DIFFUSION

THROUGH STENOSIS

Keywords: Stenosis, Diffusion, Peripheral layer, Viscosity, Wall shearing, Disease,

Velocity, Symmetric axially, Bessel functions.

4.1 INTRODUCTION

Stenosis is the term for the abnormal growth in the artery’s lumen that occurs as a

result of intravascular plaque formation, ligament or spur impingement, or both, or

as a result of the development of these abnormal growths. As the disease progresses,

it affects severely the coronary flow rate and perfusion. The pressure, shear, and

other flow parameters, among others, are significant in an arterial system. These

are linked to an increase in flow resistance and the presence of a low-pressure area

that creates a suction effect, the potential for red and endothelial cell damage as a

result of a high shear region, and the potential for the blood artery to transition from

laminar to turbulent flow, resulting in high-intensity shear zones that are harmful to
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blood flow and the arterial wall. In order to understand and avoid arterial disorders,

it is crucial to have a thorough grasp of the flow characteristics in a channel with

constriction.

Lee and Fung[36] obtained a numerical solution for flows in tubes with local dumbbell-

shaped constriction. Harpreet Kaur[178] solved the problem of heat transfer by one-

dimensional steady-state conditions. The solution for flow in a tube with a cosine

curve-shaped constriction was discovered by Forrester and Young[35] using approx-

imation techniques. Numerous studies that viewed the blood as a Newtonian or

non-Newtonian fluid examined the features of blood flow in an artery with minor

stenosis[Caro et al.[31], Shukla et al.[49], Forrester and Young[111], Rodbard[25],

Fox and Hugh[112] May et al.[28]]. Recently, Awasthi and Kaur[196] explained

finite difference method is adopted to come up with the model signifying the move-

ment of organisms as a result of molecular and facilitated diffusion. Shukla et

al.[50, 51] investigated the effect of peripheral larger affecting the blood flow via the

artery with modest stenosis. In these investigations, the core region and periph-

eral layer fluid are represented by two Newtonian fluids of different viscosities, and

both fluids are represented by Law fluids of different consistencies m1 and m2 com-

pletely independent of each other. However, experimental evidence by Bugliarello

and Sevilla demonstrates that blood exhibits a blunted velocity profile and while

passing through tubes of very small diameter, a cell-free plasma layer close to the

tube wall. This layer’s fluid is the medium that holds the cells in place rather than a

distinct Newtonian or non-Newtonian fluid. Awasthi et al.[189] solved the problem

of displacement components and stress components at the interface of two mediums.

Recently, Tandon et al.[198, 199] investigated the blood flow through an artery with

modest stenosis is affected by microstructural and peripheral layer viscosity. In

these papers, Modelling the blood as a micro-polar fluid in the core encompassed
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by a peripheral layer with the same viscosity as that of the suspending medium of

the whole blood allowed researchers to study the properties of blood flow through

an artery with modest stenosis. The effects of percent stenosis, micro-structure,

and peripheral layer viscosity have been discussed. It may be observed that the

work reported above introduces a constant width of the peripheral layer in almost

every paper. The width depends on the size and shape of the stenosis under con-

sideration to create a more accurate model. Numerous researchers have explored

the steady flow of blood through a narrowed tube, describing blood as a Newtonian

fluid[Deshpande et al.[40], McDonald[41], Shukla, et al.[49], Young[111]].

In microcirculation, where the peripheral layer thickness and viscosity effects pre-

dominate the flow characteristics, the consequences of stenosis are significantly more

significant. In their investigations, assumptions of rigid wall symmetric constriction

seem to be the reason because the changes induced by the stenosis predominate in

comparison to the distensibility and the pulsatile character of the blood flow and

the taperness of the walls [Young[148]]. As peripheral layer thickness and viscos-

ity effects rule the flow characteristics in micro-circulation, the effect of stenosis is

considerably more significant.

[Fung[3], Burns[210], and Bergel[12]] have attempted to identify the diffusion path-

ways of low-molecular-weight substances that are water-soluble, such as ions, sug-

ars, and amino acids. When combined with the evidence from electron microscopy,

it would appear that intercellular spaces are the main diffusion pathways for these

molecules, and endothelial cells are relatively impermeable to these substances. Now

till date, the emphasis has been laid down on fluid dynamical aspects and the only

discussion of mass transfer was undertaken concerning the transfer between red cells

and the surrounding plasma, Only peripheral comments have been made regarding

the mass transfer from blood to the tissue Fleteher[94]. Buradi metal. [186] investi-
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gate the locations where hydrodynamic diffusion of RBCs occurs and the effects of

stenosis severity on shear-induced diffusion (SID) of RBCs, concentration distribu-

tion and wall shear stress (WSS). Munir et al. [187] focuses on the effect of catheter

radius and stenosis height on the blood flow and solute dispersion behavior. The

problem is modelled using the Herschel-Bulkley fluid to represent the blood rheology,

with catheter and stenosis as the boundary conditions. Ramana et al. [188] studied

the hemodynamics of nanofluid flow through the modelled stenosis-aneurysm models

in the presence of the catheter.

As blood flows through capillaries, various substances are exchanged between plasma

and the surrounding tissue. Some of these substances, such as glucose, package, and

albumin, are naturally present in the body under normal physiological conditions,

while others are artificially added to the blood or tissue as indicators in an exper-

imental program. The determination of intra-vascular and extra-vascular concen-

trations of these substances is quite significant in most situations and pathological

states [Crone and Lassen[211]]. Although it is believed that a zone of disturbance

surrounds each capillary, the disturbances linked to many capillaries do overlap. The

issue is caused by the intricate linkage of several micro-circulatory processes, such as

fluid exchange in capillary tissue and fluid movement in the interstitial space. Since

diabetes individuals’ peripheral layer fluid viscosity is two to three times greater

than that of healthy ones. These subjects are more prone to such diseases.

As a result, an effort has been made in this chapter to identify the concentration

profiles and related physiological diffusion for both healthy and diseased systems

connected to stenosis brought on by local lipid accumulation. The results of the

analysis may prove to be more useful in the identification and location of such dis-

eases. An iterative scheme based on the Picard-type iteration method has been

developed which yields approximate results but this contributes to many complexi-
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ties such as the possible effect of micro-structural and peripheral layer viscosity effect

on the blood flow, and diffusion through a tube with mild stenosis in pathological

states including tapering and inertial effects which are difficult to handle with other

techniques. The results for wall shearing stress resistance to flow and concentration

profiles have been obtained and discussed.

Figure 4.1: The geometry of the artery with stenosis

4.2 FORMULATION OF THE PROBLEM

The geometry of stenosis in a cylindrical polar coordinate system has been developed

in Fig. 4.1 the laminar and constant flow of a fluid whose velocity changes along

the radial direction [Caro et al.[31]] and it is also considered that stenosis formed in

the artery wall in an axially symmetric way and that it is dependent on the axial

distance Z and thickness of its growth δS. The radius of the wall in the affected
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region is given below

R2

Ro

= 1− δS
2Ro

[︃
1 + cos

2π

Lo

(︃
Z − d− Lo

2

)︃]︃
, d ≤ Z ≤ Lo + d (4.1)

= 1 elsewhere

The radius of the artery with the stenosis, its length, and its position are shown

by the letters Ro, Lo, and d, respectively. The maximal height of the stenosis is

indicated by the symbol δS.

The governing equation of flow and diffusion for micro-polar fluids (suspension) in

the core region [0 ≤ r ≤ R1(Z)] and peripheral layer [R1(Z) ≤ r ≤ Ro(Z)] may be

written in the form.

(µ+K)
1

r

∂

∂r

(︃
r
∂V1
∂r

)︃
+
K

r

∂

∂r
(rω) =

dp

dz
, 0 ≤ r ≤ R1(Z) (4.2)

(β + γ)
∂

∂r

[︃
1

r

∂

∂r
(rω)

]︃
−K∂V1

∂r
−2Kω = 0 (4.3)

µ

r

∂

∂r

(︃
r
∂V2
∂r

)︃
=
dp

dz
, R1(Z) ≤ r ≤ R2(Z) (4.4)

∂C1

∂t
+V1

∂C1

∂Z
= D1

(︃
∂2C1

∂r2
+

1

r

∂C1

∂r

)︃
+m1, 0 ≤ r ≤ R1 (4.5)

∂C2

∂t
+V2

∂C2

∂Z
= D2

(︃
∂2C1

∂r2
+

1

r

∂C2

∂r

)︃
+m2, R1 ≤ r ≤ R2 (4.6)

Where the (V1, ω) are the velocity and suspending particle rotation in the region

[0 ≤ r ≤ R1] and V2 is the velocity of the fluid in the region [R1 ≤ r ≤ R2],

K is the relative rotational viscosity, (µ, β, γ) are viscosities and the gradients of

particle angular velocity, and dp
dZ

is constant pressure gradient and r is the radial

coordinate and C1,m1, D1, V1 are the solute concentration, rate of production or
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degeneration of cells, diffusion co-efficient of under-solved cells and velocity in the

region [0 ≤ r ≤ R1] respectively and C2,m2, D2, V2 is the solute concentration, rate

of production or degeneration of cells, diffusion co-efficient of under solved cells and

velocity in the region [R1 ≤ r ≤ R2].

4.2.1 BOUNDARY CONDITION

w = 0, and V1 is finite at r = 0

V1 = V2, τ1 = τ2,
∂V1
∂r

= − (2 + s)w at r = R1 (4.7)

V2 = 0, at r = R2

C1 = CA, at Z = 0

C2 = CA, at Z = 0

∂C1

∂r
= 0 at r = 0 (4.8)

−D1

(︃
∂C1

∂r

)︃
= −D2

(︃
∂C2

∂r

)︃
at r = R1 (4.9)

C1 = C2, at r = R1

−D2

(︃
∂C2

∂r

)︃
= N

(︃
C2 − C0

)︃
at r = R2

Where s is the boundary condition parameter ranging over the interval 0 ≤ s ≤

∞, τ1 & τ2 are the shear stress in the two regions described above. N is the

retention parameter. C0 is the same reference concentration of solute.
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4.2.2 SOLUTIONS TO THE PROBLEM

The solutions of the equation (4.2) to (4.4) with boundary condition (4.7) are

V1 =
−dp
dZ

2(2µ+K)

[︃
R2

2 − r2 +
K

2µ

[︁
R2

2 −R2
1

]︁]︃
+

[︃
R1S̄K (I0(r)− I0(R1))

λ (µ+K) I1(R1)

]︃
(4.10)

V2 =
−dp
dZ

4µ

[︁
R2

2 − r2
]︁

(4.11)

Where

λ2 =
K(2µ+K)

(β + γ)(µ+K)
, S̄ =

[︃
1 + 2µ

(Sµ+ SK)

]︃−1

(4.12)

Where I0 and I1 represent the modified Bessel functions of order V and can approx-

imate the small modified Bessel functions as

I0 ∼= 1 +
x2

4

I1 ∼=
x

2
+
x3

16

The solutions of the equation (4.5) and (4.6) with boundary condition (4.8) are.

C1(r) = C1(R1) +
m1

4D1

(︁
R2 − r2

)︁
+

dp
dZ

2(2µ+K)D1

[︃
R2

2

4

(︁
R2

1 − r2
)︁
− 1

16

(︁
R4

1 − r4
)︁
+

K

8µ

(︁
R2

2 −R2
1

)︁ (︁
R2

1 − r2
)︁ ]︃

+
∂C1

∂Z

[︃
R1S̄K

D1 (µ+K) I1(R1)
[I0(R1)− I0(r)]

]︃
−

1

D1

(R2
1 − r2)

4(µ+K)

∂C1

∂Z
(4.13)
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Where

C1(R1) = C2(R2) +
m2

D2

[︃
(R2

2 −R2
1)

2
−R2

1

(︃
log

R2

R1

)︃
+
dp

dz

R2
2α

8µD2

[︃
1

2

[︃
log

(︃
R2 −

1

2

)︃
−

R2
1 log

(︃
R1 −

1

2

)︃
− 1

4

(︃
R2

2 −R2
1

)︃
−R2

1

(︃
log R1 −

1

2

)︃
− 1

4

(︃
R2

2 −R2
1

)︃
−R2

1

(︃
logR1−

1

2

)︃
log

(︃
R2

R1

)︃]︃]︃]︃
−dp
dz

α

16µD2

[︃
1

4

[︃
R4

2 log

(︃
R2−1

4

)︃
−R4

1

(︃
log R1−

1

4

)︃]︃
− 1

16

(︃
R2

2−r4
)︃
−

R4
1

(︃
log

(︃
R1 −

1

4

)︃)︃
X log

R2

R1

]︃
+

(︃
dp
dz

)︃
β

4µD2

[︃
R2

2

2

(︃
1

2

(︃
R2

2 −R2
1

)︃
−R2

1

(︃
log

R2

R1

)︃
−

1

4

(︃
R4

2 −R4
1

)︃
−R4

1

(︃
log

R2

R1

)︃]︃
−G log

R2

R1

(4.14)

G =
1

2

(︃
m1

D1

−m2

D2

)︃
R1
dR1

dZ
+
(m2 −m1)

2D2

[︃
2R1

dR1

dZ
log

R1

R2

+R1
dR1

dZ
−R2

1

R2

dR2

dZ

]︃
+

1

2N[︃
m2

dR2

dZ
− 2(m2 −m1)

R1

R2

dR1

dZ
+ (m2 −m1)

R2
1

R2
2

dR2

dZ

]︃
+
m2R2

2D2

dR2

dZ
(4.15)

C2(R2) = −m2

2N

(R2
2 −R2

1)

R2

− 1

8µ

dp

dZ

R2
2α

N

[︃
R2

2

(︃
logR2 −

1

2

)︃
− R2

1

R2

(︃
logR1 −

1

2

)︃]︃
+

dp
dz

16µN

[︃
R3

2

(︃
logR2−

1

4

)︃
−R

4
1

R2

(︃
logR1−

1

4

)︃]︃
− dp

dZ

β

4µN

[︃
R2

2

2

(R2
2 −R2

1)

R2

−1

4

(R2
2 −R4

1)

R2

]︃
+

G

R2

+ C0 (4.16)

α =
(m2 −m1)

2D2

(︃
2R1

dR1

dZ

)︃
(4.17)
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β =
(m2 −m1)

2D2

[︃
−2R1

dR1

dZ
logR2+

R2
1

R2

dR2

dZ

]︃
+

1

2N

[︃
m2

dR2

dZ
−2(m2−m1)

R1

R2

dR1

dZ
+

(m2−m1)
R2

1

R2
2

dR2

dZ

]︃
+
m2R2

2D2

dR2

dZ
+
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After using the above equations (4.14 to 4.18), we get

C2(r) = C2(R2)+
m2
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[︃
(R2

2 − r2)

2
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1 (logR2 − log r)

]︃
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4.3 RESULTS AND DISCUSSION

This chapter examines a two-fluid blood model with a micro-polar fluid core and a

Newtonian fluid layer at the periphery in the presence of minor stenosis. In terms of

first- and zero-order modified Bessels functions, analytical formulas for resistance to

flow, wall shear stress, and diffusion through stenosis have been found for the max-

imum height of the stenosis. It is discussed that the analysis of this article is a gen-

eralization of the [Shukla[50], Tandon et al.[208]], two-fluid model, and [Young[148,

111]], Newtonian fluid model. Since earlier studies have not considered diffusion

through stenosis. Therefore, these cases are obtained as certain limiting cases of
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the present study. Further, It has been noted that past models either assumed that

blood was a Newtonian fluid or that it was a double-layered model of a fluid with

differing viscosities in the core and the periphery. However experimental results

[Gould[212] and Cokelet[20]] demonstrate the presence of a central non-Newtonian

fluid (R.B.C. Suspension) and a central layer of a Newtonian fluid. Therefore, it is

obvious that the preceding models are incorrect. Additionally, It has been found

that in addition to hematocrit, the velocity profiles in the core also depend on the

tube diameter and particle size ratio. Shukla et al.’s [50, 51] two-fluid models with a

Casson or power-law fluid core do not account for the effects of particle size. There

are certain restrictions on it. The current model has a greater agreement with the

experimental findings and contains all of the effects mentioned above with diffusion.

Tables 4.1 and 4.2 depict the effects of the boundary conditions parameter S̄ on re-

Table 4.1: Variation of resistance to flow (RF) and wall shearing stress(τω) with
boundary condition parameter (S̄) at 60% stenosis.

S̄ 0 0.237 0.727

RF × 10 gm/cm4 sec 3.6089 3.6110 3.6161

τω gm/cm sec−2 3.0096 3.0099 3.0150

Table 4.2: Variation of wall shearing stress τω with hematocrit at 60% stenosis.

%H 40 20 10

τω gm/cm sec−2 6.9378 6.9357 6.9335

sistance to flow and wall shearing stress. Chaturani and Mahagan have determined

the values of boundary condition parameter S̄ by using the experimental values of

the other parameters of the fluid. We have used the same values ( 0 ≤ S̄ ≤ 1 ).

It may be noted that S̄ decreases as concentration (i.e. hematocrit) decreases or

particle size increases. The wall shearing stress increases with S̄ and the resistance
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to flow also increases. It has been noted that the boundary condition parameter is

directly proportional to apparent viscosity and therefore, we conclude that the wall

shearing stress as well as resistance to flow increases with the apparent viscosity of

the blood. These results are also consistent with our results reported above and

with the literature.

Figure 4.2 describes the variation of resistance to flow with percentage stenosis for

different values of peripheral layer viscosity. It may be observed that the resistance

to flow increases, slowly up to 40%. Stenosis and thereafter increase very rapidly. It

also increases with the viscosity of the peripheral layer. Thus we can conclude that

the disease affects more several in patients with higher peripheral layer viscosity.

Figure 4.2: Variations of resistance to flow with stenosis percentage for different values of
peripheral layer viscosity and fixed values of s = 0.231, H = 40%, L0

L = 0.02.
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Figure 4.3 shows how the flow resistance might vary depending on the hematocrit

levels and percentage of stenosis. As the hematocrit value rises, it is seen that

the flow resistance also rises. This is the case since the blood’s apparent viscosity

consistently rises as hematocrit does.

Figure 4.3: Variations of resistance to flow with stenosis percentage for different values of
Hematocrit and fixed values of s = 0.231, µ = 1.5cP, L0

L = 0.02.
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Figure 4.4 describes that as the length of the stenosis increases for a particular

percentage of stenosis, the resistance to flow increases.

Figure 4.4: Variations of resistance to flow with stenosis percentage for different values of
length of the stenosis and fixed values of s = 0.727, H = 40%, µ = 1.5cP.
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Figure 4.5 shows that the length of the stenosis causes a reduction in the wall

shearing stress, whereas the percentage of stenosis causes an increase. similar result

has earlier been obtained by Chow and Soda[213]. These results further agree in

respect of small constrictions when the effect of stenosis is negligible but the effects

are more severe as the percentage of stenosis increases. The energy dissipation and

the average pressure drop along the tube also increase rapidly as the percentage of

stenosis.

Figure 4.5: Variations of wall shearing stress with stenosis and fixed value of
s = 0.727, H = 40%, µ = 1.5cP.
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Figure 4.6 displays the diffusion of dissolved nutrients in the capillary as well as n

peripheral layer region. We observe that the concentration in the peripheral layer

is much less than that in the capillary region. The concentration in the capillary

region is maximum near the central line and decreases towards the peripheral layer

and the concentration in the peripheral layer also decreases towards the wall. We

have also observed from this figure that as S increases concentration increases due

to the axial migration of the cells because of the narrowing of the region of flow.

Figure 4.6: Concentration profile in the capillary for different values of the parameters s.
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Figure 4.7 describes the diffusion of dissolved nutrients in normal and stenosis capil-

lary the effect of increasing stenosis is to increase the concentration in the peripheral

layer as well as in the capillary region. As the stenosis progresses the concentra-

tion near the surface increases more rapidly. From this we may conclude once the

stenosis is formed, it further increases more rapidly due to the deposition of more

cells.

Figure 4.7: Concentration profiles in the capillary for different values of ∂s
R0

.
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Figure 4.8 demonstrates the impact of the retention parameter on concentration as

well as on the area of the periphery layer. Rising N values signify an increase in the

solute’s retention in the capillary area. As the retention parameters increase from

1 to 2, more solute diffuses into the tissue region, reducing the concentration in the

capillary region as well as in the peripheral layer region. The retention parameter

N = 1 denotes total retention, meaning no solute diffuses into the tissue region.

Figure 4.8: Concentration profiles for different values of retention parameter.
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Figure 4.9 shows the fluctuation in concentration in the area of the peripheral and

capillary layer for various ratios of diffusivities. The concentration in the capillary

area rises as the ratio falls.

Figure 4.9: Concentration profiles in the capillary for different values of D2
D1

.

4.4 CONCLUSION

In this chapter, concentrates on deriving analytical formulas for flow resistance and

wall shear stress at the highest point of the stenosis and also investigates the diffusion

process through the stenosis using modified Bessel functions of zero and first order.

Additionally, explore the enhanced apparent velocity of blood. These results are

consistent with our development reported above and the literature review. As a

result, it will undoubtedly assist researchers who are working in this field. The
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outcomes acquired prove helpful for doctorly uses such as enhancing effectiveness

and sensitivity.

4.5 SIGNIFICANCE OF THIS CHAPTER

The most serious biological reaction is the formation of stenosis, which causes several

complications in cardiovascular illnesses. The exciting findings from the studies

listed above, as well as the practical applications highlighted, will help medical

practitioners predict blood flow behavior in stenotic arteries. Medical practitioners

may use the physical information gathered from individuals diagnosed with diabetes

and a variety of other conditions to identify the medicine needed to treat them.
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Chapter 5

MODEL ON THE TRANSPORT

OF NUTRIENTS IN PULSATILE

BLOOD THROUGH

TIME-BASED STENOTIC TUBE

Keywords: Narrowing, Disease, Resistance, Arteries, Stenosis, Blood flow, Physi-

ological, Velocity, Couple stress, Isotropic, Shear stress.

5.1 INTRODUCTION

To comprehend and model the transport processes in capillaries and the dynamic

behavior of the circulatory system within the body, it is essential to have a compre-

hensive understanding of the physical, chemical, and flow characteristics of blood.

It is understood that the narrowing of the tube offers greater resistance to flow and

diffusion in the capillary tissue exchange phenomenon. This research may contribute
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to the advancement of biomedical engineering, particularly in the development of

computational models and experimental techniques to study nutritional transport

in complex cardiovascular systems. By providing insights into the intricate inter-

play between fluid dynamics, nutrient transport, and stenosis, your study can aid

in the refinement and validation of existing models and techniques. The study can

contribute to a deeper understanding of how nutrition is transported in pulsatile

blood flow through stenotic tubes. By investigating the dynamics and mechanisms

involved, your research can shed light on how nutritional substances travel and dis-

tribute within the cardiovascular system under specific conditions. Cardiovascular

disease, i.e. (atherosclerosis) mainly are responsible for nearly half of the deaths

every year. It is a disease of the inner layers of the arteries. In its early stages, it is

manifested by local deposition of lipids which may begin on the interface between

blood and arterial wall or just within the intima. At a later stage, fibrous protein

may be incorporated into the lipid deposits may protrude into the bloodstream, and

provide a site for the deposition of cellular material from the blood. The deposit is

termed as a thrombus and sometimes the stresses are to the extent of breaking it

off. If the plugged vessel dominates the blood supply to the region it serves, it may

lead to paralysis or sudden death.

An intravascular plexus develops on the inner surface of the artery walls, narrowing

the artery and this disease is called stenosis. The coronary flow rate and perfu-

sion are substantially impacted when the stenosis progresses. Due to the fact that

myocardial oxygen supply is related to the associated blood flow rate, the schema

becomes severely stenotic when there is an increase in oxygen demand. For exam-

ple, during heavy physical work or exercise, the flow rate reduces and it leads to

either a myocardial infarction or angina, extremity discomfort and loss of function

are frequently caused by partial or complete obstruction of the arteries supplying

the limbs. A cerebral accident might occur if one or more of the major arteries
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supplying the brain become stenosed. Various mechanisms like abnormal cellular

growth and coupling between the growth of the stenosis and blood flow etc. play

very important roles in the continued development of the stenosis. The main cause

of atherosclerosis is the arterial blood flow transport material to the arterial wall,

which occurs at a specific site within the arterial system, for example at the bi-

furcation sites or in the neighborhood of bends in the arterial system. These are

mainly associated with the development of turbulent eddies such types of eddies

generate a large variety of local shearing stress and enhance the deposition of blood

particulates. The flow of blood through a small tube 20-300 is of physiological and

clinical importance[214]. Because of its complication and atypical way of behaving,

it is difficult to analyze it. There are a number of theoretical models to describe the

abnormal behavior of blood [215, 216, 217]. In a series of papers Chaturani and his

associates have examined micro-polar fluid [217, 218] and couple stress fluid [219,

220] models as true representatives for the blood flows in small diameter tubes.

Recently, The effects of radiation on tissue metabolism, blood flow convection, oxy-

gen and carbon dioxide concentrations, and body temperature have all been dis-

cussed [178, 196]. Ramasamy and Murugan [189] discuss a mathematical modeling

of electro-hydrodynamic distribution in a pulsatile flow of Carreau fluid in a circular

conduit taking chemical reaction and externally applied electric field. Ponalagusamy

and Murugan [190] highlights the clinical aspect of the electrohydrodynamic solute

dispersion’s nature in normal as well as disease-affected blood. The present study

might contribute to the design and fabrication of surgical tools and development

of laboratory equipment in the fields of medical and bioengineering. Furthermore,

the results obtained could play a key role in understanding the transportation of

nutrients and dispersion process of drugs in the blood circulation. A substantial

number of theoretical analyses of probable blood flow patterns at these places have

been conducted [36, 35, 111, 39, 40, 49, 50, 221, 79, 224] have been undertaken
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increment past. The main problem is to identify and locate the site right at the

developing stage. This can be located by measuring stresses and pressure in the

arterial system if there is a sudden change in stress and pressure at any place then

it suggests some sort of abnormality in the system under consideration. [222, 209]

have made an effort to explain a number of abnormalities related to blood flow via

a tube with minor stenosis indicated by the artery’s radius.

R3(Z, t) = R0 −
δ

2

(︂
1− e

t
T

)︂[︃
1 + cos

2π

L0

(︃
Z − d− L0

2

)︃]︃
, d ≤ Z ≤ L0 + d (5.1)

= 1, elsewhere (5.2)

Figure 5.1: Idealized geometry of Stenotic tube

Under the assumption of mild stenosis, the developing stenosis does not introduce

any radial component of velocity, it only accelerates the axial velocity component.

Further if assumed that pulsatile blood flows are generalized from the steady flows

are further generalized to pulsatile flows in time-dependent stenotic tubes [57] have

shown to present a formidable barrier to the diffusion of particles as small as the

extracellular ions, several attempts to identify the diffusion pathway for (red cell)

and further water-soluble substance of low molecular weights such as ions, sugar,

amino acid, etc. have been made by light microscopists. A major re-interpretation of

the Ultra Structural basis of Capillary permeability was made by [215]. He believed
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that the tight regions between the endothelial cells might represent the fusion of

adjacent cell membranes but might still be permeable to water and low molecular

weight water-soluble molecules. If the Membrane separates two solutions of the

same solute which are initially at different concentrations solute moves from the

more concentrated to the less concentrated solution and the solvents move in the

opposite direction.

Stress components and Displacement components problems are solved with the help

of an integral equation [199]. Diffusion through stenosis model is solved by Bessel

functions of zero and first order[258]. Several theoretical and experimental studies

of blood flow through tubes to date validate the pulsatile nature of the blood.

The nature of blood chosen flow to be pulsatile by considering blood as a couple

stresses fluid model for the real phenomenon of flow in the Circulatory system. This

paper extended the energy integral method to find out the approximate solutions for

the velocity profile. The energy integral method is most suitable for these studies

since not introduce any initial velocity profile in this analytical method there is

nothing like an initial or steady state in blood flow analysis introducing the velocity

profile into the diffusion equation, the problem of the Nutritional transport has

been undertaken in this paper the governing equation was solved using picards

types method and find investigation the effects of different physiological (η̄, ϵ, ∝, T)

Parameters on the concentration profile in a stenotic tube.
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Figure 5.2: Schematic Diagram of the Chapter

5.2 MATHEMATICAL FORMULATION AND

ANALYSIS

The equation governing the entirely formed incompressible non-Newtonian fluid in

a tube is given by

∂v

∂t
= −1

ρ

∂p

∂z
+

1

ρ

1

r

d

dr
(r, τ(r,z)) (5.3)

In the steady case, the velocity profile for an isotropic incompressible couple stresses
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fluid with couple stress vanishing near the boundary[226].

V =
K

4µ

[︃
R2

3 − r2 −H1

(︃
1− I0(∝1 r)

I0(∝1 R3)

)︃]︃
(5.4)

∝1=

[︃
µ

η

]︃ 1
2

(5.5)

H1 =
2(1− η̄)

∝2
1

[︃
(∝1 R3)I0(∝1 R3)

(∝1 R3)I0(∝1 R3)− (1 + η)I1(∝1 R3)

]︃
(5.6)

η̄ =
η1
η
, K = −∂p

∂z
(5.7)

And v is the axial velocity, R3 is the tube radius, µ is the viscosity coefficient, η,

and η̄ are couple stress parameters, r is radial coordinate, I0and I, are zeroth and

first-order modified Bessel functions.

The tube radius R3, which depends on the axial distance, Z, and the passage of

time, t, is not constant throughout the flow zone.

The average velocity 〈V〉 is defined by

⟨V ⟩ = 1

πR2
3

∫︂ R3

0

2πrvdr =
K

8µ
X (5.8)

X =

[︃
R2

3 − 2H1 +
4H1I1(∝1 R3)

∝1 RI0(∝1 R3)

]︃
(5.9)

Except when rigidity and incompressibility are idealized, the pressure gradient in

a rigid pipe filled with an incompressible liquid can fluctuate over time but not

concerning the position [225]. According to Ariman et al. [214], the pressure gradient

is stated in the following way.

−∂p
∂z

= P (t) = Pm (1 + ϵsinω0t)) (5.10)
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Where Pm is the constant mean pressure gradient and equal to Ps

Pm
. Thus the average

velocity can be written as

⟨V ⟩ = P (t)

8µ
X (5.11)

The velocity profile in terms of average velocity can be written as

V = 2⟨V ⟩
[︃
R2

3 − r2 −H1

(︃
1− I0(∝1 r)

I0(∝1 R3)

)︃]︃
(5.12)

5.2.1 NUTRITIONAL TRANSPORT

The diffusion equations for the dissolved solute in the region are given by

∂c

∂t
+ V

∂c

∂z
= D

1

r

1

∂r

(︃
r
∂c

∂r

)︃
+m, 0 < r < R3 (5.13)

Where C is the solute concentration in the region D is the molecular diffusion coeffi-

cient. Take the unsteady axial velocity (v) in the region. m is the rate of production

or degeneration of cells.

5.2.2 BOUNDARY CONDITIONS

The following conditions have been used for solving the above diffusion equation

(5.13).

∂c

∂r
= 0 at r = 0 (5.14)

C
⃓⃓
r=R3

= α1

∂c
∂x

⃓⃓⃓
r=R3

(5.15)

−DC
∂r

=∝2 c at r = R3 (5.16)
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5.2.3 SOLUTION OF THE PROBLEM

The integral energy equation can be obtained by multiplying equation (5.3) by rv

and integrating between 0 to R3 as

1

2

d

dt

∫︂ R3

0

V 2rdr = −1

ρ

∂p

∂z

∫︂ R3

0

V rdr − 1

ρ

∫︂ R3

0

V
d

dr
(rτrz)dr (5.17)

Substituting the velocities and shear stress gets the following expression for the axial

pressure gradient.

−∂p
∂z

=
4ρ

⟨V ⟩R3

d

dt

(︃
⟨V ⟩2N1

X2

)︃
+

8⟨V ⟩N2

X2R2
3

(5.18)

Where
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[︂R6

3
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3

2
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2

2
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2 +

∝2
1 H
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2
3I1(∝1 R3)

I20 (∝1 R3)
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∝1

(︂
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4

∝2
1

)︂I1(∝1 R3)

I0(∝1 R3)
+

4R2
3H1

∝2
1

]︂
(5.19)

N2 = 4R2
3(4H1−R2

3)−
η(η + 9)H2

1 ∝2
1

2
−2ηH1 ∝2

1 R
2
3+
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K1H1R3+H

2
1R3 ∝1 (∝2
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+
3H2

1 ∝1 η

R3

+
H2

1 (η − 3)η ∝1

2

]︂I1(∝1 R3)

I0(∝1 R3)
+
K2(R

2
3H1 −H2

1 )

I0(∝1 R3)

+
H2

1 ∝2
1 (η − η)

2I20 (∝1 R3)
+

[︃
H2

1 ∝4
1

2
R2

3(µ− η ∝2
1 R3)

]︃
I21 (∝1 R3)

I0(∝1 R3)
(5.20)

Where

K1 = (∝1 +1)(2η ∝2
1 −8µ) + 2ηη ∝2

1 (1 + 2 ∝1) (5.21)
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K2 =∝1 ηK

[︃
∝1 (2− η) +

(3 + η)

2

]︃
(5.22)

Again write as

−∂p
∂Z

=
ρN1

µR2
3X

P 1(t) +
N2P (t)

µR2
3X

(5.23)

Hence velocity profile for unsteady pulsatile blood flow is given by

V =
1

4µ2X

[︃
ρN1P

1(t) +N1P (t)

]︃
×
[︃
1−

(︂ r

R3

)︂2

− H1

R2
3

{︃
1− I0(∝1 r)

I0(∝1 R3)

}︃]︃
(5.24)

The rate at which the volume flows can be described as

∝=

∫︂ R3

0

2πrdr =
π

8µ2

[︂
ρN1P

1(t) +N2P (t)
]︂

(5.25)

The wall-shearing stress is given by

τω =
−R3

2

∂P

∂Z
=

Pm

2µRX

[︂
ρN1ω0 ∝ cosω0t+N2(1+ ∝ sinω0t)

]︂
(5.26)

Using velocity profile for unsteady pulsatile blood flow from equation (5.24). The

diffusion equation (5.13) with the boundary condition (5.15) has been solved by

Picard’s type iteration method to obtain the concentration profile as given below.

C(r) = C(R3)−
G(R3 − r2)

4
− Q1

18
(R3

3 − r3) +
Q1(R5

3 − r5)

100R2
3

− H1Q
1

∝1 I0(∝1 R3)

[︃
1

∝1{︃
R3

3I3(∝1 R3)− r3I3(∝1 r)

}︃
− 1

∝2
1

{︃
I2(∝1 R3)− I2(∝1 r)

}︃
− 4

∝2
1{︃

I1(∝1 R3)− I1(∝1 r)

}︃]︃
− m

4
(R2

3 − r2) (5.27)

103



Where

C(R3) =∝3 (R
2
3−2R3)(G+m)− ∝3 Q

1(R3
3−3R2

3)+
∝3 Q

1

1000
(R3

3−5R2
3)−

H1Q
1 ∝3

∝1 I0(∝1 R)[︄
1

∝1

{︃
R3

3I3(∝1 R3)− ∝1 I2(∝1 R3)

}︃
− 1

∝2
1
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I2(∝1 R3)− ∝1 I1(∝1 R3)−

P

R3

I2(∝1 R3)

}︃
− 4

∝2
1

{︃
I1(∝1 R3)− ∝1 I0(∝1 R3)−

P

R3

I1(∝1 R3)

}︃]︄
(5.28)
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−m
8D2
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T
δ2e

−t
T
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1 + cos

2π

L0

(︁
Z − d− L0

L

)︁)︂(︁
e

−t
T − 1

)︁
+
mδ.te

−t
T

4D2T

(︃
1 + cos

2π

L0(︃
Z − d− L0

2

(︁
R0+ ∝

)︁)︃)︃]︄r2
2

Q1 =
1

4Dµ2

[︃
ρN1P

′(t) +N2P (t)

]︃
(5.29)

5.3 RESULTS AND DISCUSSIONS

In this chapter, examined the rhythmic patterns of blood flow through a tube with

a gradually narrowing passage that changes over time.[Figure 5.1] and the effect

of various physiological parameters (ϵ, ∝, ωτ , η ), on concentration profile in a

stenotic tube with radial coordinate under the possible physiological conditions.

The results are presented below in Figures 5.3 to 5.14. The parameter
(︁

Ps

Pm

)︁
i.e. ϵ is

directly proportional to the pulsation of blood. The effects of pulsations are shown in

Figures 5.3, 5.7, and 5.9. The other parameter δ
R0

(i.e. the ratio of the unobstructed

tube’s radius to the greatest height of the stenosis) is directly proportional to the

maximum height of the stenosis, Figure 5.11 to Figure 5.14 depicts the impact of

various physiological factors on the concentration profile in a radially-coordinated
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stenotic tube.

Figure 5.3: Variation of velocity with δ
R0

for different values of ϵ.

Figure 5.3 depicts the variations of velocity with δ
R0

different values of ϵ. These

figures clearly show that at a fixed value of δ
R0
, blood flow increases as the value

increases. The velocity of blood starts decreasing when the stenosis increases beyond

δ
R0

= 0.4. An increasing value of ϵ means increases in the pulsation of blood. These

pulsations may increase the velocity of blood for the fixed height of stenosis.
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Figure 5.4: Variations of velocity with the axial position of the stenosis for different
values of the time.

Figure 5.4 shows the velocity fluctuation for various time values with respect to the

axial location of the stenosis. As time increases, the velocity initially increases and

then decreases. The initial increase in velocity is due to the increasing growth of

the stenosis which increases with time.
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Figure 5.5: Variations of velocity with radial co-ordinate for different values of δ
R0

.

Figure 5.5 shows the variation of velocity with a radial coordinate for different values

of δ
R0
. The velocity of blood decreases sharply for greater stenosis as compared to

less stenosis.
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Figure 5.6: Variations of volume flow rate with the axial position of stenosis for different
values of the time.

Figure 5.6 shows the axial position of the stenosis increases, and the volume flow

rate decreases. This is due to the fact that a higher axial position of the stenosis will

increase the resistance to flow, thus reducing the volume flow rate. Furthermore,

the volume flow rate decreases with time for a fixed axial position of the stenosis.

As time passes, the stenosis gets more severe and the resistance to flow increases,

thus reducing the volume flow rate.
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Figure 5.7: Variation of volume flow rate with δ
R0

for different values of ϵ.

Figure 5.7 illustrates as δ
R0

increases, the size of the throat area decreases, and the

flow velocity increases, resulting in a decrease in the volume flow rate. On the

other hand, as ϵ increases, the size of the throat area increases and the flow velocity

decreases, resulting in an increase in the volume flow rate.
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Figure 5.8: Variations of wall shearing stress with the axial position of stenosis for
different values of the time.

For various values of time, Figure 5.8 shows the change of wall shearing stress with

the axial position of stenosis. Z and time both contribute to an increase in wall

shearing stress. Up to the height of the stenosis, the radius of the tube decreases

along its axis in an obstruction. This decrease in radius may increase the wall

shearing stress. The same behavior can also be observed beyond the maximum

height of the stenosis which is not shown in the figure generally growth of the

stenosis increases with time. Therefore, wall shearing stress may increase with time.
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Figure 5.9: Variation of wall shearing stress with δ
R0

for different values of ϵ

Figure 5.9 describes wall shearing stress changes with δ
R0

for various values of pul-

sation parameter. The wall shearing stress increases with and also with δ
R0
. It can

be concluded that the wall shear stress is the least for the Newtonian case. Because

red blood cells are suspended in blood, it has non-Newtonian behavior. Therefore,

the results based on the Newtonian fluid model are quantitatively in error.
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Figure 5.10: Variations of wall shearing stress with couple stress parameter for different
values of ∝1

Figure 5.10 demonstrates the various wall shearing stress with a couple of stress

parameters for different values of ∝. The figure makes it quite evident that as the

parameter ∝ increases, the wall shearing stress decreases for the fixed value of the

couple stress parameter η. Thus, conclude that the parameter ∝1 can play the

dominant role in decreasing the wall shearing stress.
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Figure 5.11: Concentration with r for different value of ωt

Figure 5.11 describes the variation of concentration with radial coordinates for dif-

ferent values of wt. As evident from the boundary conditions (∂c
∂t
atr = 0) the

concentration decreases as radius increases for a particular value of wt. Because of

the pulsatile nature of blood flow the concentration decreases from wt = 0 to wt

= π and then further decreases with the negative value from wt = π to wt = 2π.

The assessment of the pulsatility of the blood flow has been made in Fig. 11. The

concentration decreases as the pulsatility increases. The effect of pulsatile pressure

gradient can be observed from this Figure at any radial position for increasing the

value of ϵ.
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Figure 5.12: Concentration with r for different value of ϵ

Figure 5.12 The concentration decreases as the pulsatility increases. The effect of

pulsatile pressure gradient can be observed from this figure at any radial position

for increasing the value of ϵ.
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Figure 5.13: Concentration with r for different value η

The effect of couple stress parameter η has been depicted in Figure 5.13. The

concentration increases with increasing values of this parameter. In the model, this

parameter represents the effects of the concentration of suspended cells in the blood.

The entire blood’s viscosity increases as these parameters increase. Therefore, in-

creasing values of this parameter increases the concentration of dissolved nutrients

at a point. This will naturally enhance, the nutrition supply to the cells in the tissue

when the concentration of the nutrients increases in the capillary.
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Figure 5.14: Concentration with r for different value of ∝1

Figure 5.14 shows the effect of the parameter on the concentration. The parameter

∝1 in the model representing the blood in the capillaries Illustrates the impact of

the size and form of the particles in suspension. The concentration of the nutrients

at any position increases as ∝1 increases. The increasing values of ∝1 in the model

correspond to the increasing values of the apparent. Viscosity is mentioned in Figure

5.12. Their results are obvious. To the fact that the concentration of dissolved

nutrients increases with apparent viscosity.
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It is apparent that concentration near the wall increases as δ increases from Zero.

This prevents the diffusion from capillary to tissue. This, in turn, presents a barrier

to the diffusion of dissolved nutrients into tissue. This, in turn, prevents the supply

of nutrition to the cells of the deeper region.

5.4 CONCLUSION

In this research analysis, explored the rhythmic movement of blood flows through a

tube that experiences mild narrowing over time, known as stenosis, and also inves-

tigated how various physiological factors (ϵ, α, ωτ , η ), influence the concentration

profile within the narrowed tube’s radial coordinates under different physiological

conditions. To begin, derive the equation (5.12) to determine the average veloc-

ity. This equation allows us to calculate the average speed of blood flow within

the stenotic tube. Additionally, we solved the nutritional transport diffusion using

equation (5.13). This step enabled us to understand how nutrients are transported

within the narrowed tube. Moreover, proceeded to solve the velocity profile for

the unsteady pulsatile blood flow, as described in equation (5.24). To calculate

the velocity at different points within the tube during pulsatile flow, we utilized

this equation. Next, Picard’s type iteration method to solve the diffusion equation

with boundary condition (5.15) and obtain the concentration profile, as outlined in

equation (5.27). This approach ensures an accurate determination of how the con-

centration of substances changes within the tube. These results align perfectly with

the development we presented earlier in this study, as well as with the findings from

existing literature. Consequently, this valuable information will undoubtedly be of

great assistance to researchers in this specific field. The outcomes obtained from

this research analysis are not only valuable but also have practical applications in

the medical field. These findings can be utilized by doctors and healthcare profes-
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sionals to enhance effectiveness and sensitivity in their practices. By incorporating

these results into their work, doctors can potentially improve the efficiency of their

treatments and interventions. Additionally, the newfound sensitivity provided by

these outcomes can aid in the accurate diagnosis and monitoring of various medical

conditions.

5.5 APPLICATIONS OF THIS CHAPTER

The study of nutritional transport in pulsatile blood through time-dependent stenotic

tubes has several potential applications. Here are a few examples:

1. Medical Treatments: Understanding how nutrients are transported through

stenotic tubes can help in the development of more effective treatments for con-

ditions such as atherosclerosis or other cardiovascular diseases. This research can

provide insights into how to optimize nutrient delivery in patients with compromised

blood flow.

2. Medical Device Design: The findings of this study can be utilized in the design

and improvement of medical devices such as stents or drug-eluting devices. By

considering the pulsatile nature of blood flow and the impact of stenosis, engineers

can develop more efficient devices that promote better nutritional transport and

overall patient well-being.

3. Clinical Diagnosis: This research can contribute to improved diagnostic tech-

niques for conditions involving stenotic tubes. By understanding the effects of steno-

sis on nutritional transport, clinicians can better interpret imaging results and make

more accurate diagnoses.

4. Patient Education: The outcomes of this study can be used to educate patients
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about the importance of maintaining healthy blood flow and managing conditions

that can lead to stenosis. By understanding the significance of efficient nutritional

transport, patients can make informed lifestyle choices and take proactive steps to

improve their health.
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Chapter 6

A MODEL ON FIND THE

VITAL ROLE OF

BIOMECHANICS IN

MUSCULOSKELETAL BONES

CRACK RESTORATION USING

GRIFFITH CRACK

Keywords: Triple integral equations, Fredholm Integral equations, Griffith crack,

Isotropic medium, Orthotropic medium, Biomechanics, Bone cracks, stress compo-

nents, Displacement components, Fourier Transform, Coupled Fredholm Integral

Equation, Biomedical, Healthcare Analysis.
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6.1 INTRODUCTION

The annals of scientific history show that most physical problems were transformed

into mathematical models. The study of physical quantities in the problem of struc-

tures is aided by the mathematical theory of elasticity. Mathematically, the struc-

tures with cracks are treated as mixed boundary value problems. When a force

that causes deformations is removed, a body can be said to be elastic since it will

return to its original shape. The structure of bones arises from the properties of the

complexity of bones. While describing the structure and properties of bone, terms

such as hard tissue, calcified tissue, and mineralized tissue are frequently used for

bone as well. Examining any remaining mammalian tissues, which are frequently

referred to as delicate tissues, reveals the hard. Independent of its organic capacity,

bone is perhaps the most important material known concerning structure-property

connections. Bone has a viscoelastic structure that is isotropic, heterogeneous, or-

thotropic inhomogeneous, non-linear, and thermo-rheologically complex. Kaur [178]

and Awasthi and Kaur [206] described radiation impacts, the convention of blood

flow, and tissue. Applied Science, Bio-Medical Designing, and Biomechanics are the

key areas that the subject of bio-designing covers. Due to these properties, a crack

problem occurs in the body. It was Coop4r [252] who investigated the behavior

of resistance in the solid structure and gradually Hooke’s law came into existence.

The mathematical theory of elasticity deals with the calculation of the displacement

field under an equilibrium system of forces given the equations of equilibrium by

Navier. Awasthi et al.[199] and Kumar et al. [246] solved the problem of stress and

displacement components at a general point due to the single crack. Awasthi uses

the Fourier transform approach to evaluate the exact expressions of displacement

and stress components in the region of crack tips at the common interface of one

isotropic and one orthotropic half-plane. A square root singularity may be seen in
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these components. Awasthi and Rachna previously gave solutions to the Dual inte-

gral equations [253, 229] and also discussed various applications of these equations.

Williams [230, 231] used the complex variable method to handle the problem of stress

and displacement fields in the vicinity of crack points. Erdogan [232] extended the

aforementioned approach to include more Griffith cracks. Rice and Sih [233] solved

the problem of cracks in confined dissimilar materials using an R-integral technique.

Willis [234] created the cracked design criteria for interfacial cracks as part of his

research. Dwivedi et al. [235, 236] tackled the problem of cracks in different medi-

ums.

The structure’s hydrostatic pressure is converted to constant pressure at the crack

faces. Lowengrub and Sneddon [237] used transform techniques to tackle the prob-

lem of a Griffith fracture at the interface of two limited isotropic homogeneous

half-planes. Muskhelishvili [251] reduced the Hilbert problem. Logarithmic violent

oscillations and the square root singularity are involved in the solutions. In Banach

space, Borai and Nadi [238] examined a variety of singular and non-linear singular

equations as well as the Fourier transform for Cauchy problems in parabolic and

hyperbolic partial differential equations. By using linear and Finite Fourier series,

Leontiev [239] describes surface value problems with some boundary problems. The

influence that the existence of two cracks has on physical quantities (essential in

fracture design criterion) will be investigated in the proposed work. Dwivedi et al.

[235, 236] also solved the problems with two cracks and a system of cracks.

The joining of two or more materials, each of which possesses unique mechanical

and elastic properties, is a common technique used in the construction of engineered

structures. It is necessary for the system made of dissimilar materials to function

as a unified whole, and this is accomplished by transferring loads from one mate-

rial to the next across the interface between the materials. The study of fracture

didn’t officially begin until 1920 when Griffith published his paper [241]. However,
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for the past 26 years, it has been little more than a verbal exercise. The publi-

cation of a book by Sneddon [242] served as the impetus for an idea. He utilized

the theory of dual integral equations in addition to the methods of Fourier trans-

formation. Sneddon and his co-workers [243] developed an extension of the Griffith

theory that accounts for all three dimensions. In the lines that follow, we will talk

about the physical features of fractures under mechanical stress, specifically surface

forces and body forces. In the theory of the fracture of solids, crack difficulties play

an essential role, even though they are not the fundamental cause of many of the

problems. When there is an issue with a crack, the distance that separates the two

opposing faces of the crack is almost never very great in proportion to the length of

the crack. Because of this, the fractures are considered to be discontinuities within

the continuous surface. The process of fracture in materials is a time- and space-

variant phenomenon that is fundamentally determined by the material’s inherent

inhomogeneities as well as the stress condition that is applied to the material. It

is common knowledge that void nucleation, growth, and coalescence play a role in

controlling fracture in ductile materials [135, 244], however, in brittle materials,

local cleavage factor, and transgranular cracks are eventually in charge of fracture

[117]. The issue of an impact load on a finite crack in an infinite isotropic media,

when a magnetic field is present on the fracture surface, is studied by Panja and

Mandal [245]. In any event, in order to comprehend the fracture process as well as

the toughening mechanism, it is essential to create a system that can analyze the

microfractures. The Griffith theory is sufficient on its own to investigate the crack

opening mechanism. Surface tension is something that is known to exist in solids,

and it is also present in liquids when there is a force from the outside acting on the

medium. When a fracture extends, work is done and is subsequently stored as strain

energy. This creates an increase in surface area, which in turn causes an increase

in surface tension. However, this increase is balanced by the rate at which strain
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energy is released.

Figure 6.1: Schematic Diagram of the Chapter

6.2 METHODWITHNECESSITY BACKGROUND

FOR SOLVING RAISED ISSUES

The crack will propagate when applied stress Q exceeds the critical value Qc given

as,

Qc =

(︃
2ES

nc(1− η2)

)︃ 1
2

where E, S, η, and c are Young modulus, Surface tension, Poisson ratio, and half

crack length respectively. The crack elastic energy of cracking is calculated through
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the formula.

W = 2

∫︂ c

0

p(x)uy(x, 0)dx

where p(x) is normally applied stress at crack faces, uy(x, 0) is crack opening dis-

placement while crack occupies the space y = 0,−c < x < c Irwin gave an entirely

different approach. He stated that the length of a Griffith crack would be increased

from 2c to 2(c + δc) then tensile stress σyy(x, 0) would be trying to close the crack

which fits the original length. In doing so an account of work 2Gc would be done.

Gc is called crack extension force. The relation exemplifies the relations between

stress intensity factor K, defined as below

2π(1− η2)K2 = EGc

K = lim
x→c+

+
√
x− cdξσyy(x, 0)

Figure 6.2: Bone Fracture

6.2.1 EXISTING BOUNDARY VALUE PROBLEM

Cracks occupy the region y = 0, where p1(x) and p2(x) are the crack opening forces,

b < |x| < c at the common interface and mathematically the problem is reduced to

the following boundary value problem, see Figure 6.4 and Figure 6.5
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Figure 6.3: Crack Boundary

σxy(x, 0
+) = σxy(x, 0

−) = 0, b < |x| < c (6.1)

σyy(x, 0
+) = −p1(x), b < |x| < c (6.2)

σyy(x, 0
−) = −p2(x), b < |x| < c (6.3)

with, b < |x| < c and (±) sign over 0 refer to the quantities corresponding to y > 0

and y < 0. There are the following continuity conditions,

uy(x, 0
+) = uy(x, 0

−)

ux(x, 0
+) = ux(x, 0

−)

σxy(x, 0
+) = σxy(x, 0

−)

σyy(x, 0
+) = σyy(x, 0

−)
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Figure 6.4: Geometry of Problem with two Griffith Cracks

The symmetry in crack geometry gives

σxy(x, 0
+) = σxy(x, 0

−), b < x < c

σyy(x, 0
+) = σyy(x, 0

−), b < x < c

uy(x, 0
+) = uy(x, 0

−), b < x < c

ux(x, 0
+) = ux(x, 0

−), b < x < c

The first and fourth quadrants are the only ones we focus on for analysis. Through
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Figure 6.5: Geometry with boundary and continuity conditions

that, we looked

uy(x, 0
+) > 0

uy(x, 0
−) > 0

which indicates that the cracks enlarge significantly. This paper’s structure is as

follows: A triple integral equation will be used to solve the boundary value problem

in section 6.2.1. This section will provide the triple integral equation’s solution.

Section 6.2.4 will provide a rough solution for linked Fredholm integral equations of
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the second sort. The physical measurements at the crack tip will be taken in the

last part. It will be assumed that the surface forces are homogeneous, equal, and

constant.

6.2.2 REDUCTION TO TRIPLE INTEGRAL EQUATIONS

The components of stress and displacement will be assumed. The boundary con-

ditions along with the continuity relations and the getting Fourier inversion, we

find

ξ[r1C(ξ)−D(ξ)] +B(ξ)− ξA(ξ) = 0 (6.4)

A(ξ)− C(ξ) =
P1(ξ)

ξ2
(6.5)

with

P̄ 1(ξ) =
1

π

∫︂ c

b

(p1(x)− p2(x)) cos((ξx))dx

Now, using the relations (6.4) and (6.5), we get the following integral equations

∫︂ ∞

b

ξ sin(ξx)[K5C(ξ) +K6D(ξ)]dξ = P4(x), c ≤ x <∞, 0 ≤ x ≤ b (6.6)

∫︂ ∞

b

ξ cos(ξx)[K7C(ξ) +K8D(ξ)]dξ = P5(x), c ≤ x <∞, 0 ≤ x ≤ b (6.7)

with K are given by

K5 = K0 −K1 + 2K0(1− η)(1− r1)

K6 = K2 − 2K0(1− η)

K7 = K0{1− 2(1− 2η)(1− r1)}+K3

K8 = 2K0(1− 2η) +K4

K0 = 2(1+η)
πE

, K1 = r21a11 − a12

K2 = r1a11, K3 = r1(a11r
2
1 − a12 − a66)

K4 = a11r
2
2 − a12 − a66
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where K’s is considered an absolutely integrable function and acts as the kernel.

P4 =

∫︂ ∞

0

P̄ 1(ξ) sin(ξx)

ξ
dξ

P5 =

∫︂ ∞

0

P̄ 1(ξ) cos(ξx)

ξ
dξ

Similarly, now we evaluate

σxy(x, 0
+) + σxy(x, 0

−) = 0, b < x < c (6.8)

σyy(x, 0
+) + σyy(x, 0

−) = −(P1(x) + P2(x)), b < x < c (6.9)

thus, the above two relations and the corresponding stress-strain relations give

∫︂ ∞

0

ξ2 sin(ξx)C(ξ)dξ = P6(x), b < x < c (6.10)

∫︂ ∞

0

ξ2 cos(ξx)C(ξ)dξ = P7(x), b < x < c (6.11)

with,

P6(x) =
1

1 + r1

∫︂ ∞

0

P̄ 1(x)ξ sin(ξx)dx

P7(x) = −1

2

∫︂ ∞

0

P̄ 1(x)ξ cos(ξx)dξ +
1

2
(P1(x) + P2(x))

thus, the boundary value problem is reduced to the solution of triple integral equa-

tions.
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6.2.3 SOLUTION OF TRIPLE INTEGRAL EQUATION

We assume that,

ξ[K5C(ξ) +K6D(ξ)] = ϕ(ξ)

ξ[K7C(ξ) +K8D(ξ)] = ψ(ξ)

where, ϕ and ψ are two new functions. Then the integral equations become new

triple integral equations,

∫︂ ∞

0

ϕ(ξ) sin(ξx)dξ = P4(x), xϵI1 ∪ I3 (6.12)

∫︂ ∞

0

ψ(ξ) cos(ξx)dξ = P5(x), xϵI1 ∪ I3 (6.13)

and ∫︂ ∞

0

ξ[K12ϕ(ξ) +K13ψ(ξ)] sin(ξx)dξ = P6(x), xϵI2 (6.14)

∫︂ ∞

0

ξ[K10ϕ(ξ)−K11ψ(ξ)] cos(ξx)dξ = P7(x), xϵI2 (6.15)

where, K10 and K13 are given, and

I1 = [0, b], I2 = [b, c], I3 = [c,∞]

Now, to solve the system of equations we make use of the method of Sneddon and

Lowenbrug [123]. We assume that,

πξϕ(ξ) = 2

[︃ ∫︂ c

b

g(t)(1− cos ξt)dt−
(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P 1
4 (t)(1− cos ξt)dt

]︃
(6.16)

πξψ(ξ) = 2

[︃ ∫︂ c

b

h(t) sin ξtdt−
(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P 1
5 (t) sin ξtdt

]︃
(6.17)
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then, the equations are satisfied identically. if

∫︂ c

b

g(t)dt = P4(b)− P4(c) (6.18)

∫︂ c

b

h(t)dt = P5(b)− P5(c) (6.19)

Substituting ϕ(ξ) and ψ(ξ) evaluating the integrals we get,

K10g(x) +
2K11

π

∫︂ c

b

th(t)dt

t2 − x2
= −P8(x), xϵI2 (6.20)

2

π
K12x

∫︂ c

b

g(t)dt

t2 − x2
+K13h(x) = P8(x), xϵI2 (6.21)

where,

P8(x) = P7(x)−
4K11

π

(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P5(t)

t2 − x2
dt

P9(x) = P6(x) +
4K11x

π

(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P4(t)

t2 − x2
dt

Now, rewriting the remaining forms an equation

∫︂ c

b

th(t)dt

t2 − x2
= − π

2K11

P10(x), xϵI2 (6.22)

∫︂ c

b

xh(t)dt

t2 − x2
=

π

2K12

P11(x), xϵI2 (6.23)

with,

P10(x) = P8(x) +K10g(x)

P11(x) = P9(x)−K13h(x)
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Inverting by using Sneddon and Lowenburg [123] method

h(t) =
1

πK11δ(t)

[︃∫︂ c

b

xδ(x)P10(x)

x2 − t2
dx+D1

]︃
(6.24)

g(t) =
1

πK12δ(t)

[︃∫︂ c

b

xδ(x)P11(x)

x2 − t2
dx+D2

]︃
(6.25)

δ(t) = [(t2 − b2)(c2 − t2)]2 (6.26)

where D1 and D2 are two arbitrary constants that will be obtained. Substituting

the values of P10(x) and P11(x) and evaluating the integrals.

h(t) = P12(t) +
K10

πK11δ(t)

∫︂ c

b

xδ(x)g(x)

x2 − t2
dx (6.27)

g(t) = P13(t)−
K13t

πK12δ(t)

∫︂ c

b

δ(x)h(x)

x2 − t2
dx (6.28)

P12(t) =

[︃
D1 +

∫︂ c

b

xδ(x)P8(x)

x2 − t2
dx

]︃
1

πK11δ(t)
(6.29)

P13(t) =

[︃
D2 +

∫︂ c

b

δ(x)P9(x)

x2 − t2
dx

]︃
1

πK12δ(t)
(6.30)

6.2.4 REDUCTION TO FREDHOLM INTEGRAL EQUA-

TION

We substitute for g(t) and evaluate the certain integrals, we get

h(t) = P14(t)−
K14

δ(t)

∫︂ c

b

δ(α)h(α)

α2 − t2
H(t, α)d(α)

P14(t) = P12(t) +
K15D2[c− b+H0(t)]

2δ(t)
+

K15

2δ(t)

∫︂ c

b

δ(α)P9(α)dx

α2 − t2
H−(t, α)d(α)

(6.31)
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with,

H0(t) =
1

2
tlog

⃓⃓⃓⃓
c− t

c+ t

b+ t

b− t

⃓⃓⃓⃓
and

H(t, α) = H0(t)−H0(α)

K14 =
K13K10

2π2K11K12

K15 =
K10

2π2K11K12

Similarly,

g(t) = P15(t) +
tK16

δ(t)

∫︂ c

b

δ(α)h(α)

α2 − t2

[︃
ϕ1(t)H

2
0 (α)

α2

]︃
dα

P15(t) =
1

αK12δ(t)

[︃
D2 +

∫︂ c

b

δ(x)P9(x)

x2 − t2
dx−K13

∫︂ c

b

δ(x)P14(x)

x2 − t2
dx

]︃
(6.32)

K16 =
K13K14

πK12

ϕ1(t) =

∫︂ c

b

H0(x)

x2 − t2
dx

Thus knowing the solution, we will substitute the value to get the solution of g(t).

6.2.5 SOLUTION OF FREDHOLM INTEGRAL

EQUATIONS

We assume h(t) as,

h(t) =
∞∑︂
n=0

δnhn(t)

where δ = K14 and its properties are discussed by Awasthi et al. [189]. Substituting

this value of h(t) and then comparing the coefficients δn, we get

H0(t) = P14(t)

134



H1(t) = −K15I0(t)

H2(t) = −K15I1(t) + r1K15I0(t)

H3(t) = −K15I2(t) + r1K15(1 +K15)I1(t)− r1K15I0(t)

where,

In(t) =

∫︂ c

b

K0(α, t)In−1(α)dα

I0(t) =

∫︂ c

b

K0(α, t)P14(α)dα

Thus, h(t) can be written as

K0(α, t) =
δ(α)H−(t, α)

δ(t)(α2 − t2)

h(t) = P14 − δK15ϕ2(t)

with,

ϕ2(t) = K20I0(t) +K21I1H +K22I2(t)

and

K20 = 1− r1δ − r1δ
2

K21 = δK15 − δ2r1(1 +K15)

K22 = δ2K15

Substituting this value of h(t) and evaluating the integrals. We get,

ϕ3(t) = ϕ1(t)[G
(0)
3 (t)− δK15K20G

(0)
0 (t) + δK15K21G

(0)
1 (t) + δK15K22G

(0)
2 (t)]−

G
(1)
3 (t)− δK15K21G

(1)
1 (t) + δK15K20G

(1)
0 (t)− δK15K22G

(1)
2 (t)

(6.33)
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and

G(n)
m (t) =

∫︂ c

b

δ(α)

(α2 − t2)
Im(α)−

(︃
H0(α)

α

)︃2n

dα

I3(t) = P14(t)

The arbitrary constants D1 and D2 are evaluated and given as

D1 =
πK11

J31
[P5(b)− P5(c)− J33 + J4]−

2π2K11K15J32
J32

[P4(b)− P4(c)−K16J5]

(6.34)

D2 = 2π[P4(b)− P4(c)−K16J5]K12

J31 =
1
b
F
(︁
π
2
, p1

)︁
= Complete Elliptic integral of first kind

K2
1 = (c2 − b2)b2

J32 = J31 +

∫︂ c

b

H0(t)

δ(t)
dt

J33 = K15

∫︂ c

b

δ(α)P9(α)

∫︂ c

b

H−(t, a)

δ(t)
dt− 1

πK11(c2 − b2)∫︂ c

b

xδ(x)P8(x)
∏︂[︂π

2
, K(x)

]︂
dx

(6.35)

∏︁
is the elliptic integral of the third kind.

J4 = δK15[J0K20 + J1K21 + J2K22]

J5 = δK16

[︂
M

(0,1)
3 − δK15K20M

(0,1)
0

]︂
+ δK15(︃

K21M
(0,1)
1 +K22M

(0,1)
2

K20M
(1,0)
1 −K21M

(1,0)
1 −M

(1,0)
2

)︃
−M

(1,0)
3

(6.36)

M (n,b)
m =

∫︂ c

b

t{ϕ1(t)}b

δ(t)
G(n)

m (t)dt
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Jm =

∫︂ c

b

Im(t)dt, m = 0, 1, 2, 3

6.3 PHYSICAL QUANTITIES

The crack opening displacement and the components of stress around the crack tips

are the quantities that are crucial in the fracture design criterion. The following

relationship is used to evaluate the components.

Stress Components

Shear Scalar

σxy(x, 0
+)− σxy(x, 0

−) = 0, xϵI1 ∪ I2

σxy(x, 0
+)− σxy(x, 0

−) = (I + r1)

∫︂ ∞

0

sin(ξx)
[︁
ξ2C(ξ)− P1(ξ)

]︁
d(ξ)

This integral becomes as

σxy(x, 0
+)− σxy(x, 0

−) = (I + r1)

∫︂ ∞

0

ξ
[︁
K12ϕ(ξ) +K13Ψ(ξ)

]︁
sin(ξx)dξ−

P6(x), xϵI1 ∪ I3

Modifying the order of integration, assessing the integrals, and applying relations,

σxy(x, 0
+) + σxy(x, 0

−) = K12(1 + r1)

[︃
2x

π

∫︂ c

b

g(t)dt

(t2 − x2)
− 2x

π

(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P4(t)dt

(t2 − x2)

]︃
− (1 + r1)K13P5(x)− P6(x), xϵI1 ∪ I3

(6.37)

Normal Stress

Similarly, the normal components of stresses are given by

σxy(x, 0
+)− σxy(x, 0

−) = 0, xϵI1 ∪ I3
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σyy(x, 0
+) + σyy(x, 0

−) = K10P4(x)−
2x

π

∫︂ c

b

th(t)dt

(t2 − x2)

Now, substituting for g(t) and h(t) and evaluating the integrals, we get

σyy(x, 0
+) + σxy(x, 0

−) = K12(1 + r1)

[︃
2x

(︃
P15(x) +K16ϕ3(x)

)︃
1

δ(x)

−2x

π

(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P 1
4 (t)

(t2 − x2)
dt

]︃
− (1 + r1)K13P

1
5 (x)− P6(x), xϵI1

(6.38)

and

σyy(x, 0
+) + σxy(x, 0

−) = K12(1 + r1)

[︃
− 2x

(︃
P15(x) +K16ϕ3(x)

1

|δ(x)|

)︃
−

2x

π

(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P 1
4 (t)

(t2 − x2)
dt

]︃
− (1 + r1)K13P

1
5 (x)− P6(x), xϵI3

(6.39)

and

σyy(x, 0
+) + σxy(x, 0

−) =

⎧⎪⎪⎨⎪⎪⎩
−2K11

|δ(x)| {P14(x)− δK15ϕ3(x)} − F0(x), xϵI1

2K11

|δ(x)|{P14(x)− δK15ϕ2(x)}+ F0(x), xϵI3

(6.40)

|δ(x)| =
[︁
|(b2 − x2)(c2 − x2)|

]︁ 1
2 , xϵI1

|δ(x)| =
[︁
|(x2 − b2)(x2 − c2)|

]︁ 1
2 , xϵI3

F0(x) = K10P4(x) +
2

π

(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P 1
5 t

t2 − x2
dt+

2

π
K11

(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P 1
5 t

t2 − x2
dt− P7(x), xϵI1 ∪ I3

(6.41)

Here we have calculated the stress component by equations (6.39) and (6.40) the-

oretically. But, this is a very tough and technically challenging attempt due to its

intricacy as explained above. The degree to which a structure deforms under a spe-

cific load is determined by the type of loading, the geometry of the structure, and

the mechanical qualities of the materials used to construct it. A construction that
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resembles a long bone will be used to illustrate this concept. The below figure can

help us to understand the stress components technically. The stress–strain curve

obtained a sample of compact bone in tension. E is the stiffness of the material

(Young’s modulus for isotropic materials). (Entities in parentheses represent results

of whole bone experiments, in which the load–deformation relationship is described).

Figure 6.6: Stress component

Displacement Components

The displacement components are evaluated through given relations (6.4), (6.5),

(6.12), (6.13), (6.24), (6.25) and the integrals are evaluated, and we obtain

Isotropic Case (y > 0)

uy(x, 0) = uy(x, 0
+) =

(︃
2(1 + η)

πE

2(1 + η)P5(x)

πE

)︃
+
K+

10

π

[︃(︃∫︂ c

b

g(t)−
(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P 1
4 (t) log |x2 − t2|dt+K+

11

[︃∫︂ c

x

h(t)dt+ P4(c)

]︃
, xϵI2

(6.42)

with,

K+
10 = K0

[︃
r1K8 −K7 − r1K6

K9

]︃
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K+
11 = K0

[︃
(1− 2η)K5 − r1K6

K9

]︃
Further,

Orthotropic Case (y < 0)

uy(x, 0) = uy(x, 0
−) =

∫︂ ∞

0

cos(ξx)

[︃
ξ(K3C(ξ) +K4D(ξ))

]︃
dξ

=

∫︂ ∞

0

cos(ξx)

[︃
K3

K8ϕ−K6ψ

K9

− K4

K9

(K7ϕ−K5ψ)

]︃
dξ

=

∫︂ ∞

0

cos(ξx)

[︃
ϕ(K9(K8K3 −K4K7)) +

K4K5 −K3K6

K9

ψ

]︃
dξ

(6.43)

Thus,

uy(x, 0
−) =

∫︂ ∞

0

cos(ξx)[ϕK+
13 +K+

14ψ]dξ

K+
13 =

K3K8 −K4K7

K9

K+
14 =

K4K5 −K3K6

K9

uy(x, 0
−) = P5(x) +

K+
13

π

[︃∫︂ c

b

g(t) log |x2 − t2|dt
]︃ [︃

−
(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P4(t)

log
⃓⃓
x2 − t2

⃓⃓
dt+K+

14 −
[︃∫︂ c

x

h(t)dt+ P5(c)

]︃
, xϵI2

(6.44)

Similarly,

ux(x, 0
+) = P4(x)K0 +K+

16

[︃ ∫︂ c

x

g(t)dt+ P4(c)

]︃
+
K+

17

π[︃{︃∫︂ c

b

h(t)−
(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P4(t)

}︃
log

⃓⃓⃓⃓
x− t

x+ t

⃓⃓⃓⃓
dt

]︃
, xϵI2

(6.45)

with,

K+
16 = K0

[︃
K+

15K8 + 2K7(1− η)

K9

]︃

K+
17 = K0

[︃
K+

15K6 + 2K5(1− η)

K9

]︃
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K+
15 = 1 + 2(1− η)(1− r1)

ux(x, 0
−) =

∫︂ ∞

0

cos(ξx)

[︃
c(ξ)− a11r2D

K2

]︃
dξ +K0P4(x)

=

∫︂ ∞

0

sin(ξx)

[︃
K1

(︃
K8ϕ−K6ψ

K9

)︃
+K2

(︃
K7ϕ−K5ψ

K9

)︃]︃
dξ

=

∫︂ ∞

0

sin(ξx)[K+
18ϕ(ξ)−K+

19ψ(ξ)]dξ +K0P4(x), xϵI2

(6.46)

K+
18 =

K1K8 −K2K7

K9

K+
19 =

K1K6 −K2K5

K9

thus,

ux(x, 0
−) = P4(x)K0 +K+

16

[︃ ∫︂ c

x

g(t)dt+ P4(c)

]︃
+
K+

19

π

[︃{︃∫︂ c

b

h(t)d(t)−
(︃∫︂ b

0

+

∫︂ ∞

c

)︃
P5(t)

}︃
log

⃓⃓⃓⃓
x− t

x+ t

⃓⃓⃓⃓
dt

]︃
, xϵI2

(6.47)

Here determine the bone crack displacement by equation (6.46) and (6.47). A mate-

rial’s fracture toughness has also been measured using the crack displacement, with

the material property being a crucial crack opening displacement. The below figure

can help us to understand or visualize the displacement components in a cracK

Special Case

It is assumed that the applied forces at crack faces are constant, uniform, and equal.

As a result,

p1(x) = p2(x) = p0
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Figure 6.7: Geometry of problem with special force

Then,

P1(ξ) = 0

And

p4(x) = p5(x) = p6(x) = 0

P7(x) = p0

Then, we get ∫︂ c

b

g(t)dt = 0

∫︂ c

b

h(t)dt = 0

P8(x) = p0

P9(x) = 0

P10(x) = K10g(x) + P0

P11(x) = −K13h(t)
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Figure 6.8: Geometry of problem with force

P12(t) =
[︂
D1 + p0(2t

2 − c2 − b2)
π

2

]︂ 1

πK11δ(t)

P13(t) =
tD2

πK11δ(t)

P14(t) = P12(t) +
K15D2

δ(t)

(︁
c− b+H0(t)

)︁
P15(t) =

1

πK12δ(t)
+

[︃
D2 −

K13

πK11

{︃(︃
D1 +

πp0
2

(c2 − b2)

)︃
H0(t)

2t2

+πp0

(︃
c− b+H0(t)

)︃}︃]︃
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Now, we get

D1 =
πK11

J31
[J4 − J33] +

2π2K11K12K16K15J32J5
J31

J33 =
p0

πK11

[π − 2b2J31]

These integrals, which must be properly handled for numerical integrations, allow

for the numerical evaluation of the constants J4, J5, J31, J32.

D2 = −2πK12K16J5

The assessment must be done extremely carefully since the constant J32 exhibits

logarithmic oscillations. The functions h(t) and g(t) are by the equations with P14,

P15 and constants D1 and D2 and remaining constants and functions are evaluated

previously.

Therefore, numerical integration can be used to evaluate the physical quantities.

6.4 CONCLUSION

The existing boundary value problem evolved to paper has been reduced to triple

integral equations (6.4), (6.5), (6.6), and (6.7) and has been solved in the form of

equations (6.27) and (6.28) by assuming stress and displacement components and

finding the solution of these triple integral equations by the method of Srivastava and

Lowenburg. The triple integral equations are further solved by reducing them into

coupled Fredholm integral equations. Finally, the quantities, that are important in

the bone fracture design criterion, are the components of stress in the neighborhood

of crack tips and the crack opening displacement, which are evaluated by equations

(6.40), (6.41), (6.46), and (6.47). Special cases where the forces on bone crack faces
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are assumed to be constant, uniform, and equal are also discussed. However, Griffith

crack propagation is still widely used for predicting the behavior of brittle materi-

als when stressed or displaced. Even though it has several limitations such as the

following:

• It applies exclusively to brittle materials and ignores the effects of plastic defor-

mation or ductility.

• Crack propagation does not have a substantial impact on the effects of tempera-

ture or other environmental conditions.

• It presupposes that the fracture is planar and linear, but it’s not possible in the

real world.

• If the material properties or loading conditions change, the crack is assumed to

propagate at a constant velocity, which may not be true in certain circumstances.

6.5 FUTURE SCOPE

In this chapter, the physical problem of bone cracks in biological structure is trans-

formed into the mathematical solution of the triple Integral equation, which is trans-

formed into Fredholm Integral equation, and finally into the decoupled Fredholm

Integral equation of the second kind. Finally, the stress and placement components

may be simply calculated in their exact form. The research on the topic has certain

practical value. The paper only deduces theoretical formulas, and it is believed that

presenting stress components and displacements in the form of image texts can be

done. Also in future, we can visually demonstrate the effectiveness and correctness

of the research content. The technique used for asymmetrical loading of crack faces

can be further used in the future for the analysis of crack opening due to heat or

thermo elastic problems. Stress components are evaluated for the region x-axis and

it is found that it has square root singularity at crack tips. The singularity at crack
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tips, it seems, may generate a plastic region around crack tips. This type of problem

will be discussed in the future.
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Chapter 7

NOMENCLATURE

7.1 LIST OF NOMENCLATURE

1. M = Metabolic heat generation

2. a = Average area for heat transfer

3. C = Capillary perfusion rate

4. ha = Heat transfer coefficient time area

5. T = Temperature

6. Tc and Ts = Core and surface temperature

7. Tv and Ta = Temperature of vein and artery

8. L = Thickness of peripheral layer

9. K = Thermal conductivity of tissue

10. θ1 and θ1 = Dimensionless temperature

11.λ = Dimensionless group

12. g = Dimensionless group

13. M0v and M0a = Venous and arterial flow rate

14. S = Boundary condition parameters ranging 0 ≤ S ≤ ∞
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15. ω = Axial velocity

16. τ1 and τ2 = Shear stress

17. N = Retention parameters

18. C0 = Same reference concentration of solute

19. I0 and I1 = Bessel functions

20. R3 = Tube radius

21. µ and µ = Couple stress parameters

22. t = Time

23. ⟨V ⟩ = Average velocity

24. Pm = Constant mean pressure gradient

25. τω = Wall shearing stress

26. C(r) = Concentration profile

27. α = Volume flow rate

28. Z = Axial distance

29. δs = Maximum height of the stenosis

30. R0 = Radius of artery

31. L0 = Length of stenosis

32. d = Location of stenosis

33. (V1, ω) = Rotation suspension speed and velocity in the region 0 ≤ r ≤ R1

34. V2 = Velocity of fluid in the region R1 ≤ r ≤ R2

35. (µ, β, γ) = Viscosities and gradients of particle angular velocities

36. dp
dz

= Pressure gradient

37. r = Radial co-ordinate

38. C1 and C2 = Solute concentration

39. m1 and m2 = Rate of production or degeneration of cells

40. D1 and D2 = Diffusion co-efficient of under solved cells

41. ∂p
∂z

= Axial pressure gradient
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42. QC = Critical value when crack occur

43. E = Young modulus

44. S = Surface tension

45. η = Possion ratio

46. c = Crack length

47. Gc = Crack extension force

48. (α, η, ϵ, T ) = Various physiological parameters

49. (A, B, C, D) = Arbitary constants

50. a11 and a66 = Elastic constants of orthotropic medium

51. (ϕ, ψ) = New functions

52. J31 = Complete elliptic integral of first kind

53. (J4, J5, ....) = Numerically constants

54. (P1(x), P2(x)) = Crack opening forces

55. (Uy(x, 0
+), Uy(x, 0

−)) = Displacement components

56. (σxy(x, 0
+), σxy(x, 0

−)) = Stress components

57. δ(x) = Kernal functions

58. Π = Elliptic integral of third kind
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