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ABSTRACT

The thesis entitled “Study of some elastodynamical problems in layered media” is
carried out for the study of elastodynamical problems related to propagation of waves
in layered structures. The thesis is divided into five chapters and the contribution of the

chapters is as follows:

Chapter 1 contains basics of classical theory of elasticity and basics of consistent
couple stress theory. Chapter further contains discussion about fiber-reinforced,
viscoelastic and dry sandy materials. It also contains basics of different types of waves

in elastic media such as Love waves, shear waves and Rayleigh waves etc.

Chapter 2 includes discussion about the Love waves propagation in a single layer
attached to a substrate. The chapter has two parts. First section of chapter investigates
dispersion of Love waves in a layer made of dry sandy material which is imperfectly
bonded to an elastic half-space. The problem is solved by using a suitable mathematical
treatment and dispersion equation is calculated for propagation of Love waves.
Dispersion equations are further deduced in two special cases, firstly when layer and
substrate are perfectly attached to each other and in second case, when dry sandy layer
behaves as an isotropic elastic medium. The impacts of sandiness parameter, thickness
of the layer and imperfectness parameter are manifested through graphical illustrations.
The second section of chapter deals with the Love waves propagation in dry sandy layer
imperfectly attached to the microstructural substrate which is modeled through
consistent couple stress theory. An analysis has been done in two cases, first, when top
surface of the layer is stress-free, and in second case, top surface of layer is considered
as clamped. Dispersion relations are derived for both the cases separately, using
effective boundary conditions. Under both the conditions, a special case is also derived
by assuming layer is perfectly attached to the substrate. A detailed analysis has been
done by studying the impacts of microstructural parameter of substrate, sandiness
parameter, thickness of layer, imperfectness parameter on the propagation behavior of

Love waves in the form of graphical illustrations.



Chapter 3 is an extension of work carried out in chapter-2 and it includes study of
dispersion of Love waves in double layered structure attached to a substrate. This
chapter also consists of two sections. First section of chapter, presents Love waves
propagation in a layer modeled using homogeneous pre-stressed material which is lying
between a layer modeled using dry sandy material and a microstructural substrate,
depicted using consistent couple stress theory. Secular equation for the Love waves
propagation is established by using the suitable mathematical approach. The impacts of
microstructural parameter associated with substrate, sandiness parameter of upper
layer, width ratio and initial stress of middle layer are manifested through graphical
illustrations. In second section of chapter, Love waves propagation is studied in a
geometrical configuration consisting a layer of finite width made of viscoelastic
material, which lies between a layer of finite width made of fiber-reinforced material
and a microstructural substrate. The substrate is modeled using size-dependent
consistent couple stress theory. By using suitable mathematical approach, dispersion
and damping relations are established. The impact of fiber reinforcement,
heterogeneity, internal friction, thickness ratio of the layers, and microstructural
parameter associated with substrate are presented on the phase velocity of Love waves

through graphical representations.

Chapter 4 deals with the study of Rayleigh waves propagation in a finite thicker layer
of an isotropic elastic material imperfectly attached to a microstructural substrate,
depicted using consistent couple stress theory. Dispersion relation is obtained by using
appropriate boundary conditions to depict imperfectness at the interfacial surface in the
considered geometry. A mathematical relation depicting dispersion equation of
Rayleigh waves in a layer which is perfectly attached to the substrate is also established,
as a special case in the chapter. A dispersion relation is also obtained for Rayleigh
waves propagation in a stress-free consistent couple stress substrate. The effect of
thickness of the layer, imperfectness parameters and microstructural parameter of the

substrate are manifested graphically on the propagation behavior of Rayleigh waves.

Chapter 5 includes discussion about the propagation of shear horizontal (SH) waves
in a layer of finite width which is sandwiched between two substrates. The layer in the



problem is presented using fiber-reinforced material and the two microstructural
substrates are modeled using consistent couple stress theory. Analysis is done by
considering two different conditions at the interfacial surfaces between fiber-
reinforced layer and two substrates. Secular equation for the propagation of SH-waves
is obtained by using appropriate boundary conditions which depict that layer is
perfectly/imperfectly attached between the substrates. Some particular cases have also
been investigated under different conditions. The impact of characteristic length
parameter of substrates, inhomogeneity parameter, reinforcement, and imperfectness

are manifested on the propagation of SH-waves through graphical illustrations.



CHAPTER-1

INTRODUCTION

1.1 PRELIMINARIES

Elasticity is the property of materials by the virtue of which materials regain their
original size and shape, when external forces causing deformation are removed. On the
basis of this property, materials can be classified as elastic, rigid, and plastic. Materials
which do not deform, with the application of external forces, are classified as rigid
materials and those materials which do not regain their original size and shape after
removal of deforming forces are classified as plastic materials. Materials behave as
elastic materials until forces causing deformation do not exceed certain limits called
elastic limit. Theory of elasticity deals with study of response of elastic materials to the
action of external forces. Theory of elasticity uses various laws of classical mechanics
to build a mathematical model of a problem of deformation. These mathematical
formulations are solved by employing various analytical/numerical techniques using
appropriate boundary conditions. Theory of elasticity has many applications in
multidisciplinary fields such as in civil engineering it helps in doing stress analysis,
deflection analysis etc. in beams, plates, and shells. In mechanical engineering, theory
of elasticity is used in designing of various machine elements by doing analysis about
contact stresses, fatigue and fracture mechanics etc. Aerospace and aeronautical
engineering uses it to find stresses, fatigue and fractures in large aerostructures. Theory
of elasticity is used in various biomechanics engineering problems such as solid-fluid

interactions, injury biomechanics etc.

Theory of elasticity has applications in the fields of seismology, geomechanics, and
geology as well. The subject of seismology deals with theoretical/experimental study
of propagation of earthquakes/seismic waves within the earth. These studies help in
finding various ways to mitigate the devastating effects of earthquake on humanity. The

reflection or refraction of seismic waves is used in geophysics to explore the internal
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structure of the earth. Theory of elasticity also has applications in non-destructive
testing techniques (NDT), where elastic waves are used to detect corrosion, cracks, and

other defects in materials.

1.2 CLASSICAL THEORY OF ELASTICITY

1.2.1 Stress and strain components

Theory of elasticity assumes a material to be uniformly distributed throughout its
volume without any defects and all the particles possess same material properties,
irrespective of their positions. Theory of elasticity studies the response of elastic
materials under the action of external forces, using some fundamental equations and
constitutive relations. Fundamental equations are developed using universal laws of

physics such as conservation of mass, conservation of energy and momentum etc.

If relative position of the points is altered in a continuous medium then medium is said
to be strained and deformation occurs, when the change in relative position of material
points is accompanied by a change in distance between them. Strain is defined as
measure of deformation and study of strain is referred to as strain analysis. Consider a
continuous elastic medium with surface S and volume V' which undergoes deformation.
When deformation occurs, let us assume that particle in continuous medium changes
its position from PO(x?,x3,x2) to P(x;, X3, %3) as shown in Fig. (1.1). The
displacement from P° to P is given as u;(xq, x5, x3) = X, — x{, Where u;; i = 1,2,3 are

displacement components. The infinitesimal strain tensor is defined as ¢; =

1(ou; , Ouj\ . . . . .
E(a_?-l'a_x])”’] = 1,2,3. The strain tensor &; is symmetric and &4, &5, £33 are
j i

normal strain components and &;, = €,1,&13 = €31,8&23 = €3, are shear strain

components.



Figure 1.1 Deformation in an elastic body
Stress is the internal resistance developed within the material as a reaction to the
application of external forces. Stress is measured as force per unit area. Consider an
arbitrary element having area AA in the continuum within normal n; and T/*AA is the
stress vector on the elementary area. T;*is a force-traction vector and it is related to
symmetric stress tensor 7;; as " = 71, i,j = 1,2,3. Components of stress tensor
(ti), completely determine the state of stress at any point. Components 7,4, 55, T33

are called as normal stress components and t,, = 7,1, T13 = T31,T23 = T3y are shear

stresses.
Z
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Figure 1.2 Stress components



1.2.2 Generalized Hooke’s law

In 1660, Robert Hooke gave the relationship between stress and strain for elastic
materials which says that the stress is directly proportional to the strain upto elastic
limit of material and it is known as Hooke’s law. The mathematical expression for
generalized Hooke’s law is given as T;; = Cjjx &k 5 6, J, &, 1 = 1,2, 3, where g are the
infinitesimal strain components, ;; are the stress components and C;j;, are elastic
constants. In generalised Hooke’s law the count of elastic constants Cjjy,; is 81. By
imposing the condition of symmetry of strain and stress tensors, the count of elastic
constants reduces to 36. These elastic constants are reduced to 21 by imposing the
condition C;ji; = Cyy;; Which comes by assuming the system to be isothermal or
adiabatic in nature. Further by assuming symmetries of axes, planes, and by assuming
that material is isotropic, having same properties in all the directions, these elastic
coefficients are reduced to 2. Therefore, the Hooke’s law for a homogeneous isotropic

material becomes [109]

where A and p are Lame’s constants, A = ¢;; = €11 + &,, + €33 IS volume dilatation and
8 is called Kronecker’s delta which is defined as
5. = {1, if i=j
70, if i#j
The coefficient u can be identified as shear modulus or modulus of rigidity.

Let a closed surface S, having volume V' be in equilibrium. For equilibrium, resultant
of all the forces should vanish and it leads to the condition of equilibrium which is given

as
Tij,j = _Fi (12)

Eq. (1.2) represents equation of motion for the classical mechanics. Here F; are the

a‘L'ij

ax]'

components of forces and 7;; ; =



Eq. (1.2) is written out in full notations as

6T11 6’[12 6T13
= —F
ox ady T 0z 1

6T21 6‘[22 6T23
= —F
ax T dy S 2

6T31 6’[32 6T33
= —F
ax ay T 0z 3

By using 7;; = AAd;; + 2ue;; in Eq. (1.2), we get
(A + ,U)u]"ji + ,uul-,jj + Fi =0 (13)
where u; are the displacement componentsand i = 1, 2, 3.

The vector form of Eq. (1.3) is given as

A+ wWVV.%) +uv2hu+ F =0 (1.4)

SRR S A 2_ 02 L 0% | 0%
whereV—Lax+]ay+kaZ and V= + +
The equation of motion is derived from condition of equilibrium by adding components
of inertial force per unit volume. Hence, equation of motion of an isotropic elastic

medium can be written as [109]

azui

A+ @y + pugj + F = Poz (1.5)

In vector form, Eq. (1.5) is given as

o%u

A+ WV©V.%) + uV2u +F = P

(1.6)

1.3 CONSISTENT COUPLE STRESS THEORY

As already stated, that classical theory of elasticity [109, 113], assumes the material to
be homogeneous and isotropic in nature and it does not take into consideration the
molecular or atomic structure of material. There are many materials such as cellular

solids, fibrous, asphalts, polymers, granular media, crystals which possess internal



structures and they do not satisfy the assumptions taken in classical theory of elasticity.
The behavior of materials at macroscale depends upon the structure of material at
microscale, which is not considered in classical mechanics. These shortcomings of
classical mechanics have resulted in the evolution of new theories for solids which take

care of internal structure of material and these are known as microcontinuum theories.

Voigt [121] initiated the idea of couple stresses in materials by suggesting that
interaction of material particles depends on the force stress vector as well as on couple
stress vector. Later, Cosserat and Cosserat [24], proposed mathematical formulations
involving couple stresses by assuming that deformation depends upon displacement
components as well as on an independent rotation vector. Rotations and displacements
are linked to couple stresses and non-symmetric stresses through constitutive equations.
This was in contrast to classical mechanics, that explained stress as a symmetric tensor
and there was no couple stresses involved in the mathematical formulations. Later on,
the idea was followed by various investigators such as Mindlin and Tiersten [69],
Toupin [116], Koiter [52], Nowacki [74]. Many researchers have worked on
microcontinuum theories to remove their inconsistencies such as Toupin [115], Mindlin
and Eshel [68], Nowacki [74]. Many researchers employed microcontinuum theories
such as Ottosen et al. [76], Chen and Wang [20], Yang et al. [127], Sharma and Kumar
[95], Guven [36], Akgoz and Civalek [7], Ke et al. [50] and Xu and Fan [126].

Hadjesfandiari and Dargush [37] have introduced the consistent couple stress theory.
They showed that mathematical formulations of elastic materials, consist two Lame’s
constants, (A1¢, u¢) and an additional third constant called as couple stress coefficient
(n©). The couple stress coefficient is associated with shear modulus (u¢) through a
relation n¢ = u®1?, where [ is characteristic length material parameter and it is
considered to be of the size of internal microstructures of material. Many investigators
worked on consistent couple stress theory to solve different problems such as Sharma
and Kumar [97] analysed dispersion of Lamb waves in a microstructural plate and they
derived dispersion equation using suitable mathematical treatment. Ajri et al. [5] used
consistent couple stress theory for viscoelastic materials to study vibrations in nano-

plates. Goyal and Kumar [32] analysed dispersion of Love waves in a layer made of
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piezoelectric material which is bounded between a viscoelastic layer and a
microstructural substrate. They obtained dispersion equation and impacts of internal
friction parameter, heterogeneity parameter and microstructural parameter are
demonstrated through graphical illustration. Singh et al. [105] analysed the G-type
waves propagation in a couple stress layer followed by a functionally graded
transversely isotropic half-space. They obtained secular equation by using suitable
analytical approach and they studied the impacts of anisotropy, microstructural
parameter and functional gradedness on the wave. Singhal et al. [107] analysed Love
waves propagation in a layer made of initially stressed orthotropic material which is
imperfectly attached to a couple stress half-space. They obtained the dispersion relation
for imperfect/perfect interface and showed the effects of microstructural parameter,
initial stresses, thickness of the layer and imperfectness parameter through graphical

illustrations on Love waves propagation.
The constitutive equations of Consistent couple stress theory are written [37] as

Tﬁ- = 2°ug . 6;; + /,tc(uic:j + ujc:i) — V2 (ufj - u]-cji)(l.?)

1
i = 40 (wij — wj0) s 0 = S €ty ; (1.8)

“ - i , , are Lame’s parameters, u;
where H]cl is skew-symmetric couple stress tensor, (A, u¢ L p t ¢

are displacement components, w; is the rotation vector, chi IS non-symmetric stress
tensor; i,j,k = 1,2,3. n° is couple stress coefficient which depends upon an intrinsic
characteristic length parameter (1), through the relation n¢ = u“12. The characteristic
length material parameter (1), is comparable with cell size in composites or average

spacing in fibrous composites.

The equation of motion without body forces is [37]
— - 62_)
(A€ + uC +nVOV(V.T) + (1€ — V2V = p€ == (1.9)

where p€ is density and 7 = (u¢, v¢, w®) is displacement vector.



1.4 FIBER-REINFORCED MATERIALS

Fiber-reinforced composites are anisotropic materials that possess stiffness, high
strength, low weight and flexibility. The fiber-reinforced composite materials behave
as a single anisotropic unit as long as these composite materials stay in their elastic
limits. Belfield [12] presented the explicit constitutive relation for fiber-reinforced

composite material as

Tfj = A ep i + 2ure;j + aF(akamekmSij + aiajekk) + 2(u;, — uT)(aiakekj +

ajageg;) + Bragamermaia;; i,j,km=1,2,3 (1.10)

where Tfj are stress components, §;; is Kronecker’s delta and ¢;; are infinitesimal strain

. 1 (ouf auf . . . .

components, that is, g;; = > a—x‘_ +-=). The preferred direction of reinforcement is
Jj i

along d = (ay,a,, as), where a? + a3 + a3 = 1. The vector d is a function of the

position. AF is the Lame’s constant. The coefficients af and g are material constants.

ur and y; are transverse and longitudinal shear moduli respectively.

The equation of motion without body forces is

o%uf
tf; =P (1.11)

where pf is density of the fiber-reinforced material, uf are displacement components
andi,j =1,2,3.

Cheng et al. [21], Ardanuy et al. [10], Zagho et al. [130], Rajak et al. [85] have
discussed various applications of fiber-reinforced materials. Many researchers have
studied problems of wave propagation using fiber-reinforced materials under different
conditions, such as Chattopadhyay and Choudhury [16] analysed propagation,
transmission and reflection of magnetoelastic waves in a self-reinforced layer attached
to a substrate. Sengupta and Nath [92] studied dispersion of surface waves in an
anisotropic fiber-reinforced solid medium. They discussed particular cases of Love,
Rayleigh and Stoneley waves. They noticed that velocity of Rayleigh waves in fiber-

reinforced material is higher as compared to the velocity of Rayleigh waves in elastic
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solids. Chattopadhyay et al. [17] analysed Torsional waves propagation in self-
reinforced medium and noticed that in self-reinforced medium, reinforcement
parameters affect propagation behavior of Torsional waves. Abbas et al. [1]
investigated dispersion of plane waves in an anisotropic fiber-reinforced thermoelastic
substrate under the effects of magnetic field. They obtained dispersion relation by using
boundary conditions and demonstrated the impacts of time parameter on displacement
distribution, thermal stresses and temperature distribution through graphical
illustration. Alla et al. [3] studied surface waves in fiber-reinforced medium in the
presence of gravity field. The results are compared in the presence and absence of
gravity. Kaur et al. [49] investigated Rayleigh waves propagation in an inviscid liquid
medium bonded to a self-reinforced substrate in the presence of gravity. Kumari et al.
[55] studied behavior of SH-waves in a self-reinforced layer lying between a
piezoelectric layer and an isotropic gravitational substrate. They obtained the dispersion
relation and showed the impacts of width ratio of layers, reinforced parameter,
dielectric constant and piezoelectric constant on SH-waves. Hussain and Bayones [41]
studied Rayleigh waves propagation in an anisotropic fiber-reinforced magneto thermo
viscoelastic layer which is attached to an initially stressed homogeneous elastic
substrate. They obtained dispersion relation of Rayleigh waves and graphically
depicted the impacts of magnetic field and rotation on phase velocity. Sharma and
Sharma [102] studied Love waves in fiber-reinforced layer which is not perfectly
attached to microcontinuum half-space. They derived the dispersion and damping
equations and presented the effects of various parameters through graphical

illustrations.

1.5 VISCOELASTIC MATERIALS

The behavior of elastic materials is characterised by stress-strain relationship which
states that the strain is directly proportional to an applied load, with an instantaneous
response of the elastic materials to an applied stress. In case of viscous materials, stress
is proportional to rate of strain with resultant displacement depends upon history of

loading. Viscoelastic materials exhibit the properties of both elastic and viscous
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materials. The behavior of these types of materials is time dependent and the stress-
strain relation is depends on time or on frequency. These materials are good absorbers
of impact, so, they are used in the manufacturing of shockers, shoe insoles, helmets,
etc. There are many applications of viscoelastic materials in various fields such as soil
dynamics, seismology and fluid dynamics. Researchers have studied various problems
of propagation of waves using viscoelastic materials such as Carcione [14] analysed
propagation behavior of seismic wave in viscoelastic media. Simonetti and Cawley
[104] studied shear horizontal (SH) waves propagation in elastic plates covered with
viscoelastic materials. Meral et al. [67] studied Rayleigh-Lamb waves propagation in
viscoelastic materials. Sahu et al. [90] analysed SH-waves in a viscoelastic medium
followed by a substrate under the effect of gravity. They obtained the dispersion and
damped equations and showed impacts of gravity, heterogeneity and internal friction
through graphical illustrations. Liu [63] studied about Love waves sensors in a multi-
layered model containing multiple number of viscoelastic layers which are lying over
a piezoelectric half-space. He concluded that Love waves sensors in two layers structure
gives better performance than single viscoelastic guiding layer. Moradi and Innanen
[70] investigated homogeneous and inhomogeneous waves propagation in viscoelastic
media. Alam et al. [8] investigated Torsional waves in viscoelastic medium lying
between inhomogeneous dry sandy medium and inhomogeneous dry sandy substrate.
They obtained dispersion and damping equations of Torsional waves and graphically
depicted the effects of sandiness, attenuation coefficient, thickness ratio, and
heterogeneity. Sharma and Kumar [99] studied dispersion of shear horizontal waves in
a layer made of viscoelastic material which is imperfectly attached to a microstructural
substrate. They obtained the dispersion relation and impacts of heterogeneity,
characteristic length, thickness, imperfectness and friction parameter are demonstrated
through graphical illustrations. Yuan et al. [129] investigated Rayleigh waves
propagation in viscoelastic media. They analysed dispersion and attenuation of

Rayleigh waves.
The constitutive relation for viscoelastic materials is given [31]

o= (W + 205) Sk + (0 + 0" 5) (W] + v (1.12)
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where A} and n" are internal friction parameters, r}’j is the stress vector, A", u" are

Lame’s parameters and v} are displacement components; i,j,k = 1,2, 3.
Equation of motion for viscoelastic materials without body forces [86] is

%4
v _ vy

o = p¥ 2l (1.13)

where p" is density of the medium.
1.6 DRY SANDY MATERIALS

A dry sandy material is composed of sandy particles that do not contain any water
vapours or moisture. The layers of soil inside the earth are sandy in nature. According

to the classical mechanics, relation between poisson’s ratio (¢), modulus of rigidity
D
(1) and young’s modulus (E?) is given as i_D = 2(1 + aP) which is not true for sandy

materials. Weiskopf [124] stated that due to slippage of grains, the resistance to shear

stress in dry sandy soil is lower than in elastic materials, and thus the shearing deflection

is higher and for such materials, i—z > 2(1 + aP). Weiskopf defined the mechanics of

dry sandy material and presented a modified relationship between poisson’s ratio (¢2),
D
modulus of rigidity (u”) and young’s modulus (E?) as E—D = 2n°(1 + o?) where n?

is called sandiness parameter. For dry sandy medium, the value of n? should be greater
than one, if n® = 1 then above relation corresponds to the case of an elastic medium.
Researchers have solved many problems by using sandy material such as Sethi et al.
[93] investigated Torsional waves propagation in an inhomogeneous layer which is
attached to a viscoelastic substrate. They obtained dispersion relation by using
appropriate boundary conditions and graphically represented the impacts of internal
friction, rigidity and inhomogeneity parameters. Pal and Mandal [78] investigated shear
horizontal waves in a layer made of dry sandy material followed by an isotropic
substrate and they discussed shear stress discontinuities for different values of
sandiness parameters. Pal et al. [79] analysed propagation of Rayleigh waves in an
anisotropic layer followed by a substrate. Kundu and Maity [56] investigated Edge
11



waves propagation in a pre-stressed plate. Gupta et al. [35] analysed Love waves
propagation in an initially stressed anisotropic layer bounded between two substrates.
The upper substrate is considered as heterogeneous sandy substrate and lower substrate
is modeled as pre-stressed porous substrate. They derived dispersion relation with the
help of suitable mathematical treatment and also derived some special cases of classical
elasticity. Bayones [11] analysed the dispersion of shear waves in an inhomogeneous
dry sandy layer followed by an elastic substrate. He graphically represented the impact
of gravity, initial stress and inhomogeneity parameters. Kuznetsov [59] analysed
Rayleigh and Lamb waves propagation in a dry sandy layer followed by an isotropic

substrate.

1.7 WAVE PROPAGATION IN AN ELASTIC MEDIA

1.7.1 Wave equations in an elastic media

For an isotropic elastic medium, equation of motion given in Eg. (1.6) without body

forces is

2*)
A+ WV(V.0) +uv?i = p 23 (1.14)

By using formula, V x (V x %) = V(V.1) — V21 , Eq. (1.14) can be reduced to

A+ 2WV(V.0) — uV x (Vx i) = p 2% (1.15)
BRV(V.T) — B2V x (VX &) = 21 (1.16)
where B, = “pz" and B, = \/%

Now, by employing Helmholtz decomposition theorem, displacement vector (&) is

expressed as
U=Vp+VxygandV- -9 =0 (1.17)

_ ;00 208 | 200
Now,V¢—zax+]ay+kaZand
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Using above two expressions in Eq. (1.17), we get displacement components as

u= 6_¢) alpz _ alﬂy
ox oy oz '

v = 0 0y, | 0y
oy ox 0z '

7]
w20 Oy o

0z dx dy

)

where U = (u, v, w) is the displacement vector, ¢ and 1/7 = (l/)x, Yy, l/}z) are scalar and

vector potential functions, respectively.
Using these expressions in Eq. (1.16), we get
a2 -
P)

9%y
grad (,812V2¢ — Tf) + curl (ﬁZZVZI/} — a—;f) =0

This equation will be satisfied, if

24 — L9%¢
VP =

27 _ 1%
VY=o

(1.18)

(1.19)

(1.20)

The Egs. (1.19) and (1.20) are standard wave equations travelling with velocities £,

and B,, respectively. As curl (grad¢) = 0, so movement ¢ is purely irrotational,

longitudinal, or dilatational, and since, div (curlt/j) = 0, so the movement 1/_5 is purely

distortional, equivoluminal, or transverse.

1.7.2 Waves in an elastic media

Elastic waves are classified as Surface and Body waves.

Body waves:

13



Body waves are the waves that travel into interior of the medium. Body waves have
shorter wavelengths and smaller amplitudes than surface waves and they travel at a

faster rate. These can be classified as Longitudinal and Transverse waves.

Longitudinal waves

. Transverse waves
Elastic waves

Love waves

Rayleigh waves

Figure 1.3 Elastic waves

(@) Longitudinal waves: Longitudinal waves are also known as
dilatational/irrotational/compressional waves. In seismology, these waves are termed
as P-waves or primary waves. These waves are associated with rarefaction and
compression of the particles as wave travels through medium. In primary waves, the
particles vibrate about their equilibrium position along the direction of wave

propagation. These are the fastest waves and are the first to appear on seismograms.

(b)  Transverse waves: Transverse waves are also known as
equivoluminal/shear/rotational waves. In seismology, these waves are termed as S-
waves or secondary waves. Transverse waves are associated with rotational and
shearing motion of the particles as wave travels through medium without any change
in volume. In these waves, particles vibrate in a direction which is perpendicular to the
direction of wave propagation and these waves are classified as SH-waves and SV-
waves. When the motion of the particles is polarized in horizontal plane, these waves
are called as horizontally polarized shear (SH) waves. When motion of the particles is
polarized in vertical plane, these waves are known as vertically polarized shear (SV)

waves. Transverse and longitudinal waves both can travel in solid medium.

Surface waves:
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Those waves which can travel along free surface of a bounded medium are called as
surface waves. Surface waves propagate at a lower velocity than body waves, so during
seismic activity these are detected on seismogram after body waves. Surface waves can
be classified as Love and Rayleigh waves.

(a) Love waves: Love waves can travel in layered structures which consists a layer of
finite thickness attached to a substrate. Love waves can propagate, if the velocity of
layer is lower than velocity of half-space. In these waves, motion of the particles is
transverse and parallel to surface. Love waves were studied by A.E.H Love, in 1911
[65]. These are shear horizontal (SH) type waves. Love waves are used in sensors and
in non-destructive testing techniques to detect cracks, corrosion and flaws in the
materials (Tamarin et al. [112], Papadakis et al. [82], Kuznetsov S.V. [58], Qingzeng
et al. [66]). Many researchers have investigated Love waves propagation in different
types of layered structures such as Hudson [40] studied about Love waves in
heterogeneous medium. Wolf [125] discussed about the behavior of shear horizontal
waves in an irregular layer attached to an elastic substrate. Konczak et al. [53] analysed
Love waves propagation in a porous medium attached to an elastic inhomogeneous
substrate. They developed dispersion relation and showed effects of heterogeneity and
anisotropy parameters. Vardoulakis and Georgiadis [117], have shown the existence of
horizontally polarised shear (SH) waves in a homogeneous half-space using continuum
theory of gradient elasticity with surface energy. They presented that if the problem is
investigated through generalized microcontinuum theory, then these waves could exist
in a homogeneous substrate. Liu et al. [62] analysed dispersion of Love waves in a
piezoelectric layered model under initial stresses. They showed impacts of various
parameters including initial stress parameter on behavior of Love waves. Chaudhary et
al. [19] analysed transmission and reflection of shear waves in a self-reinforced layer
lying between viscoelastic substrates. Eskandari and Shodja [29] analysed behavior of
Love waves in piezoelectric layered model and obtained dispersion equation by using
appropriate mathematical treatment. Wang and Zhang [123] investigated behavior of
Love waves in a layer attached to transversely isotropic fluid-saturated porous
substrate. They discussed two situations in this problem, firstly they showed the result

for an elastic layer which is attached to a poroelastic substrate. Secondly, they showed
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the result for poroelastic layer which is lying over an elastic substrate. They obtained
the dispersion equations for these two cases and plotted the attenuation and dispersion
curves of Love waves. Zhu et al. [132] investigated Love waves in a functionally graded
layer followed by an isotropic half-space. They established secular equation by using
suitable mathematical conditions. Saha et al. [89] investigated Love waves in a pre-
stressed orthotropic medium followed by a porous substrate. They obtained dispersion
equation by suitable mathematical treatment and discussed the impacts of porosity,
gravity, initial stress and inhomogeneity parameters. Goyal and Kumar [31] studied
behavior of Love waves in a heterogeneous viscoelastic layer bounded between a
piezoelectric layer and a microstructural substrate modeled by consistent couple stress
theory. They obtained the dispersion and damping relations and have presented the
effects of various parameters such as internal friction parameter, heterogeneity
parameter and length scale parameter through graphical illustrations. Sharma and
Kumar [101] studied dispersion of Love waves in a piezomagnetic layer lying between
a viscous liquid layer and a micropolar substrate and they showed the impacts of
characteristic length parameter, liquid mass density, thickness of the layers and

coefficient of viscosity on phase velocity of Love waves.

(b) Rayleigh waves: Lord Rayleigh in 1887, studied about Rayleigh waves which
propagate along the free surface of a homogeneous half-space [64]. These waves
cannot penetrate far beneath the surface of half-space as their amplitude decrease
exponentially going into the half-space. In these waves the motion of the particle is
elliptical, retrograde and polarized in a vertical plane. Rayleigh surface waves have
many applications, they are broadly used in sensors, SAW devices and non-destructive
testing techniques for damage characterization of materials (Isobe [44], Shin et al.
[103], Ono [75]). Many researchers studied about propagation of Rayleigh waves in
various elastodynamical problems. Scholte [91] analysed Rayleigh waves propagation
in a viscoelastic medium. Deresiewicz [25] studied Rayleigh waves propagation on the
surface of thermally elastic medium. Smith and Dahlen [108] investigated Love and
Rayleigh waves propagation in an anisotropic medium and showed impacts of
anisotropy on Love and Rayleigh waves propagation. Chimenti et al. [22] investigated

Leaky Rayleigh waves in a layered substrate. Ottosen et al. [76] analysed propagation
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behaviour of Rayleigh waves in couple-stress medium and showed impacts of couple
stresses on Rayleigh waves. Tolipov [114] theoretically investigated Rayleigh waves
propagation in an elastic wedge. Vashisth and Khurana [119] analysed Rayleigh waves
in a multi-layered model, consisting of an anisotropic poroelastic solid layers stack
beneath a fluid layer and lying over an elastic substrate. They obtained dispersion
equation and showed the impacts of anisotropy and heterogeneity through graphical
illustration. Pang et al. [81] investigated Rayleigh waves in a piezoelectric layer
followed by a piezomagnetic substrate and obtained the dispersion relation of Rayleigh
waves. Pasternak [83] studied Rayleigh waves in a viscoelastic layer attached to a
substrate. Sharma et al. [96] investigated Rayleigh waves in a homogeneous, thermally
conducting solid substrate. They derived secular equations and computed temperature
change, amplitude ratios of surface displacements, micro-rotation and microstretch on
the surface of solid substrate. Vinh [120] analysed the dispersion of Rayleigh waves in
an initially stressed orthotropic elastic medium in the presence of gravity field. Chirita
[23] investigated surface waves propagation in an anisotropic homogeneous
thermoelastic half-space. He obtained dispersion equation of Rayleigh waves and
discussed the impact of temperature and strain on the propagation of Rayleigh waves.
He also derived a special case where thermoelastic half-space is considered as isotropic
and homogeneous in nature. Zhang et al. [131] analysed Rayleigh waves propagation
in an initially stressed magnetoelectroelastic medium. They showed the impact of initial
stress and also discussed electric, magnetic and mechanical responses in detail. Ozisik
[77] investigated Rayleigh waves in an initially stressed half-plane covered with two
layers under complete contact conditions. Kaur and Singh [47] analysed Rayleigh
waves in isotropic substrate and concluded impacts of nonlocality and mass diffusion
parameters on the speed of Rayleigh waves and also concluded a special case of
classical Rayleigh wave. Gupta et al. [34] investigated Rayleigh waves in an isotropic
thermoelastic dry sandy substrate. They obtained dispersion relation for propagation of
Rayleigh waves. Propagation of surface waves and phenomena associated with these
waves are also described in detail such as Love [65], Landau and LifSic [60], Novotny
[73], Mdller [71], Rushchitsky [88].
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CHAPTER- 2

PROPAGATION OF LOVE WAVES IN A LAYER LYING
OVER A SUBSTRATE!

2.1 INTRODUCTION

Earth is considered as one of the most complex structured bodies, as it contains various
rocks, oils, gases, minerals and many materials in different strata of the earth. The
theoretical study of Love waves can reveal various facts and information about the
interior of earth. These waves have been detected during earthquakes and underground
explosions. This chapter aims to study the dispersion of Love waves in a layer attached
to a half-space. In a layered structure, the nature of bonding at the joining surface of
two media is an important factor while studying propagation behavior of waves. It is
difficult to achieve perfect bonding between different materials due to various reasons
such as properties of the materials, environment conditions, cracks, and damages during
the manufacturing process etc. The bonding between two media is mathematically
modeled as perfect across the interface by assuming continuity of field variables such
as displacement and stress components. In case of imperfect bonding, stresses are
considered as continuous across the interface and the difference between displacement

components is considered to be linearly proportional to the stress vector.

There are two sections in this chapter. The section 2.2 deals with investigation of the
Love waves propagation in a dry sandy layer imperfectly attached to an elastic
substrate. Dispersion equation is obtained by using suitable mathematical treatment and

impacts of various parameters such as imperfect interface, thickness of the layer and

!Details of the contents of this chapter are given as follows
1. The contents of section (2.2) are published in Journal of Physics-Conference Series-1OP
Science, 1531, 012069, (Scopus, SJR-0.22).
2. The contents of section (2.3) are published in (Book Chapter) Recent Advances in Applied
Mechanics, Part of Lecture notes in Mechanical Engineering, Springer, Singapore, 697-710,
2022, (Scopus, SJR-0.15).
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sandiness parameter are presented through graphical illustrations. Many researchers
have used the condition of imperfectness at the interfacial surfaces to study various

problems of wave propagation [39, 106, 122, 18, 6, 99].

Section 2.3 of chapter presents the analysis of Love waves in a layer made of dry sandy
material which is not in perfect contact with a substrate described by consistent couple
stress theory. The role of microstructures of the material is brought into consideration
by modeling the half-space using microcontinuum theory. Further, propagation of Love
waves is investigated in two scenarios, one when the top surface of attached layer is
stress-free and in other case, attached layer is assumed as clamped in nature. For stress-
free conditions at surface, stress components must vanish and for achieving clamped
conditions, displacement components should be zero at the surface. Kaplunov et al.
[46] have investigated Love waves propagation in layered substrate with the clamped
surface. They stated that Love waves can exist in a clamped layered structure, provided

shear waves velocity of half-space exceeds velocity of layer.

2.2 LOVE WAVES IN A DRY SANDY LAYER IMPERFECTLY
ATTACHED TO AN ISOTROPIC SUBSTRATE

2.2.1 Formulation and solution of the problem

A dry sandy layer of finite thickness (H) is attached with an elastic substrate as shown
in Fig. (2.1). It is considered that layer is imperfectly attached to the substrate, origin
(0) of cartesian coordinate system is at the joining surfaces of two media, z —axis is
going downwards into the isotropic substrate, and x — axis is pointing along the
direction of wave propagation. The displacement components for dry sandy layer are
taken as (u?,v?, wP) and displacement components for isotropic half-space are taken

as (u,v,w). For the propagation of Love waves, all field variables are assumed as

independent of y-coordinates, that is aa—y = 0 and the displacement components are

considered as, u? =wP? =0, u=w =0, v2 =vP(x,z1t), v=v(x,z1t).
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Dry sandy layer

Isotropic

H-=12

Figure 2.1 Geometry of the problem
2.2.1.1 Solution of dry sandy layer

By using the conditions, which are stated above for propagation of Love waves, the

equation of motion for dry sandy material is [78]

D aZUD aZvD 621]D
#_( + _) N (2.1)
nP \ 9x2 0z2 ot2

where uP is Lame’s constant, p? is the density of material and n? is sandiness

parameter.

Assume solution of Eq. (2.1) as

vP(x,z,t) = g(z)e {wt=5x) (2.2)
where c is phase velocity, ¢ is wave number and w = {c is angular velocity.

Eq. (2.1) becomes
2
ZTf+(252g(z) =0 (2.3)
The solution of Eq. (2.3) is
g(2) = Ae5% + A,e~ %57 (2.4)

The displacement component for the layer becomes
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vP(x,2,t) = (A,€%5% + A e~ K57) g (wt=Cx) (2.5)

o2y D D
where s = / T —1,p=5%
B1 P

The non-vanishing stress component is

D D i D , . .
p _ M~ 0v” _ idsu e,l(szA1 _ e—lZSZAZ)e—l(wt—fx) (26)

T32 = nP 9z nP
2.2.1.2 Solution of isotropic elastic half-space

Equation of motion for an isotropic material is

B(2 g Ty 2
p (axz + 9z2) ~ ot2 (2.7)

where p is density of the material and y is Lame’s parameter.

Let assume solution of Eq. (2.7) as

v(x,z,t) = h(z)e {(@t=¢x) (2.8)
Eq. (2.7) becomes

‘;‘27’2‘ — (2d?h(z) = 0 (2.9)
Solution of Eq. (2.9) is

h(z) = B;e%? + B,e %% (2.10)

As z - o, h(z) must vanish, so to make this happen, we take B; = 0, so, solution

given in Eq. (2.10) becomes
h(z) = B,e~ % (2.11)
Hence, the displacement component for an isotropic elastic substrate is

v(x,z,t) = Bye~ %z~ i(wt={x) (2.12)

2
where d = 1—C—§, ﬁzzzﬁ.
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The non-vanishing stress component becomes

T3z = #z_z = —udd(e~%?B,)e(@t={0) (2.13)
2.2.2 Boundary conditions

(i) The upper surface of dry sandy layer must be stress-free, so,
2, =0atz=—-H.

(if) Since the interface between two media is imperfect in nature, so difference in
displacement fields must be proportional to stress component, that is,
™, =6lv—vP),atz=0
where G measures the degree of imperfectness at joining surface of layer and
substrate.

(iii) The stress components must be continuous at joining surface of dry sandy layer
and an isotropic substrate, that is,

2, =15atz=0.
2.2.3 Derivation of secular equation

By using boundary conditions, we obtain three equations as

e WSHA — s, =0 (2.14)
iZsuP —i¢suP _ _

( o G)As+( S+ G)A; - GBy =0 (2.15)

fsit? -y Zm? dB, = 2.16
LAy + =5 Ay + pdB, = 0 (2.16)

For the non-trivial solution of Egs. (2.14)-(2.16), determinant of arbitrary constants

must vanish.
e—i{sH _eiCsH 0
iZsuP —i¢suP
isuP —isuP
Foy D pd
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By solving Eq. (2.17), we get secular equation for propagation of Love waves as

oo kI
tan|=H /%—1 = (2.18)
¢ B1 uD |c24D < pw 52>
—D,—2—1 1+£2 1=
n ﬁl Gc ﬁz

2.2.4 Particular cases

Case 1: If the value of sandiness parameter, n? = 1, then dry sandy material behaves
as an isotropic elastic material and in that case, Eq. (2.18) becomes

(2.19)

Eq. (2.19) shows dispersion relation for Love waves propagation, when isotropic layer
and substrate are imperfectly attached to each other.

Case 2: If G - oo, the dry sandy layer and isotropic substrate are perfectly bonded to

each other and, in that case, dispersion relation in Eq. (2.18) becomes

2,D K 1_3%
tan<§H ) —1>=— (2.20)
u

1 D |c2pD
e
n B1

Eq. (2.20) gives frequency equation for Love waves propagation, when layer and half-

space are perfectly attached.

Case 3: If G » o0 and n? = 1, then Eq. (2.18) reduces to

u

tan (ﬂH /f . 1) S B (2.21)
¢ B1 b [
B_%_l
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Eq. (2.21) represents dispersion equation of isotropic layer which is perfectly attached

to the isotropic half-space [73].
2.2.5 Graphical results and discussion

To manifest impacts of various parameters involved in the problem, we have taken

following material constants [33] and the results are depicted through graphical

illustrations.
Dry Sandy Layer uP = 6.54 x 101° N /m? pP = 3409 Kg/m?3
Isotropic Half-space u=7.10x 101° N/m? p =3321Kg/m3

Table 2.1 Material parameters

In Figs. (2.2)-(2.6), vertical axis represents normalized phase velocity (c/f;) and

horizontal axis represents normalized wave number ({H).
2.2.5.1 The influence of sandiness parameter ()

The effects of sandiness parameter (n?) is elucidated by assuming five values of the
sandiness parameter as n° = 1,1.6,2.1,2.6,3.1. The value of thickness of layer is
taken as H = 0.04 m. Figure (2.2) shows the impact of the sandiness parameter, when
dry sandy layer and isotropic substrate are imperfectly (G = 30.5 x 10) attached to
each other. Figure (2.3) is again plotted for five values of sandiness parameter as
mentioned above, when both media are perfectly attached to each other (G — o). From
both the figures, it is found that velocity decreases, when sandiness parameter (n2)
increases. From both figures it can be seen that the sandiness parameter works against

phase velocity of Love waves.
2.2.5.2 The influence of imperfectness parameter (G)

The role of degree of imperfectness parameter (G) on phase velocity is presented by
taking five values of imperfectness parameter as G = 30.5 x 102,10 x 30.5 x
10°,40 x 30.5 x 102,100 x 30.5 x 10% and G — oo. Other parameters are taken as

H =0.04m and n® = 1.2. In Fig. (2.4), phase velocity increases, with increase in
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imperfectness parameter G. As G is increasing the bonding among layer and half space
is getting better and as G — oo, dry sandy layer and isotropic substrate are perfectly
bonded to each other. Phase velocity is maximum, when both media are perfectly
attached. Figure (2.5) is again plotted for showing the results of imperfectness
parameter by taking five values of G as mentioned above, but herein value of sandiness
parameter is kept as n” = 1 which corresponds that layer is isotropic in nature. Results
found in Fig. (2.5) are similar to the results found in Fig. (2.4).

2.2.5.3 The influence of thickness parameter (H)

To elucidate the impacts of thickness (H) of layer on the behavior of Love waves, graph
is plotted by taking five values of thickness parameter as H =
0.04 m,0.08 m,0.15m,0.21 m, 0.26 m. The value of sandiness parameter is taken as
nP = 1.2. Figure (2.6) shows the impacts of thickness of layer, when the joining surface
of the dry sandy medium and an elastic substrate is imperfect (G = 30.5 x 10°). It is

seen that velocity increases with increase in thickness.

1.3 ; .
—1.n°%=1
1.2} 2.n°=16
3.n°=21
1T 4n7°=286
~ 5. 1° =31
[-=%
S
= 09 b
©
B!
2 os
(]
(%]
e
£ o7
0.6 .
0.5} -
0,4 1 1
0 0.5 1 15

Wave number (CH)

Figure 2.2 Plots for showing impacts of sandiness parameter (n?) with imperfect
interface

25



12

—_
—_

-

Phase velocity (¢ / [’;1)

0.9F
2

0.8}

—2.q7°=18| 3 7

o anP=21| 4 o
0.7 4.n°=26 5 1

5n°=3.1
06 L 1
0 0.5 1

1.5

Wave number (CH)
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2.2.6 Conclusion

The problem deals with Love waves propagation in a dry sandy layer attached to an
isotropic half-space. Both the media are assumed to be imperfectly attached to each
other. The dispersion equation is calculated by using the appropriate boundary

conditions. Conclusions drawn from the analysis are:

e The impacts of sandiness parameter (n°) of dry sandy layer are quite interesting
and phase velocity decreases with increase in sandiness parameter. Similar
results are found in both the cases, whether two media are perfectly/imperfectly
attached to each other.

e The imperfectness parameter (), affects the velocity of Love waves. It is seen
that velocity increases, when the value of G increases. Phase velocity is highest
when two media are perfectly attached to each other.

e Propagation of Love waves gets affected by thickness (H) of layer and thickness

favors phase velocity.

2.3 LOVE WAVES IN A DRY SANDY LAYER IMPERFECTLY
ATTACHED TO A MICROSTRUCTURAL SUBSTRATE: AN
ANALYSIS USING STRESS-FREE AND CLAMPED BOUNDARY
CONDITIONS AT THE TOP SURFACE OF LAYER

2.3.1 Formulation and solution of the problem

It is assumed that a dry sandy layer is imperfectly attached with a microstructural
substrate (Fig. 2.7). The thickness of dry sandy layer is H, origin (0) of coordinate
system is assumed between two media. Further, x-axis is going vertically downward
into the substrate and wave is propagating along y-axis. The displacement components
for dry sandy layer are (u?,v?,w?) and for couple stress substrate are (u¢,v¢, w®).

The propagation of Love waves is causing displacement in z-direction, so, field

variables are independent of z-coordinate, that is % = 0. For Love waves propagation,
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displacement components are assumed as u? =0,v? =0,u¢ =0, v¢ =0,wP =

wP(x,y,t) and w¢ = w(x,y,t).

x=-H
R TR N )
PaE i YT
H
Dry Sandy laye
birmavertece x=0
lmperfect{ o .y
Interface | [z
(- o

7

Couple Stress Sybstrate

Figure 2.7 Geometry of the problem
2.3.1.1 Solution of dry sandy layer

Equation of motion is given as [78]

#D (aZWD aZWD) _ D 92wph (222)

n0 Uaxz ' ay? a t2
where pP is density of material, u” is Lame’s constant and n? is sandiness parameter.
Let the solution of Eq. (2.22) is

wP(x,y,t) = f(x)e {@t=¢) (2.23)

Eqg. (2.22) becomes

% + Zzszf(x) =0 (224)

nPc? D
where s = /B% —1and B, = /Z—D

EqQ. (2.24) becomes

f(x) = Ajcos({sx) + Bysin({sx) (2.25)
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A; and B;are arbitrary constants.

Therefore, the displacement component of dry sandy material becomes

wP(x,v,t) = {A;cos({sx) + Bysin({sx)}e {@t=¢¥) (2.26)
The non-vanishing stress component is

D D D .
2 = S_DaaLx = Z—D (¢s){—A;sin({sx) + B, cos((sx)}e‘l(“’t_zy) (2.27)

2.3.1.2 Solution of consistent couple stress substrate

Equation of motion of substrate is given as [37]

,
(A + 1 +1CVAV(V.W) + (1€ — n°V2)VAw = p¢ 22 (2.28)

The justification of parameters A, u¢, p¢ and n° is given in section (1.3) of chapter-1

and w = (u€, v¢, w¢) is displacement vector.
By imposing the conditions of Love waves propagation, Eq. (2.28) reduces to

(azwc asz) 2 (64WC+64WC+ a*w¢ ) _ 1 9%w¢
dx? dy? ox* oy* ax2ay2) — p3 otz

(2.29) where

_ k€
far = P

Assume solution of Eq. (2.29) as
wC(x,y,t) = g(x)e Hw@t=¢y) (2.30)

Eqg. (2.29) by using Eqg. (2.30) becomes

LY LTt L) =0 (2.31)

dx*

2 2
where Ly = 202+ and L, = ¢ + & - £
2

As x — oo, g(x) must vanish, hence, solution of Eq. (2.31) becomes

g(x) = Aye ¥ + Bye™ (2.32)
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Li+ /Lﬁ — 4L, Ly — /Lzl — 4L,
2

where A, and B, are arbitrary constants and p = >

and q =

The displacement component of microstructural substrate becomes

wl(x,y,t) = (A, P¥ 4 B,e~ %) g~ i(@t={y) (2.33)
The constitutive equations are

T = 25w 6y + uC(wi; + wiy) — Vi (wi —wf) (2.34)
u = 4 (wy; — wj;) (2.35)
where w; = %Eijkwlg, j is rotation vector. The parameters 7j; and uf; are given in
section (1.3) of chapter-1.

The force stress and couple stress components become
tfs = uClp(Pp* — 1¢% = De P4, + q(1Pq% — 17¢% — 1e B, le @6 (2.36)

uf, = —2uC1P[(p? — §)e P*A, + (% — {Pe™9*B,le @) (2.37)
2.3.2 Boundary conditions

2.3.2.1 Stress-free boundary conditions

(i) All the stresses at the top surface of the layer vanish, so,
=0atx=-H
(i) Layer and microstructural substrate are not perfectly attached, so, the difference
in displacement components is proportional to stress component, so,
2 =6wt —-wP)atx =0
where G defines the degree of imperfectness
(iii) Stress components must be equal at the interface, so,
™ =15atx=0
(iv) Couple stress coefficient vanishes at the interface, so,
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2.3.2.2 Clamped boundary conditions

(i) Upper surface of layer is assumed as clamped, and for achieving this condition,
displacement component must vanish at top surface of layer, that is,
wl(x,y,t) =0atx = —H.

(ii) Layer and microstructural substrate are not perfectly attached, so, the difference
in displacement components is proportional to stress component, that is,

2 =cwt —wP)atx =0
where G defines the degree of imperfectness

(iii) Stress components must balance at the interface, so,
=15 atx=0

(iv) Couple stress coefficient vanishes at the interface, that is

pu$, =0atx =0
2.3.3 Derivation of secular equations

2.3.3.1 Secular equation with stress-free conditions

By implementing the stress-free boundary conditions, we obtain the following

equations

A;sin({sH) + Bycos({sH) =0 (2.38)
GA, + ”:js B,—GAy,—GB, =0 (2.39)
uPis

=5 B+ Wp —pClp® + uCIplM) Ay + (u€q — pCl2q® + pf12q4?)B, = 0 (2.40)

(p* = 0HA,+(q*—7*)B, =0 (2.41)

For the non-trivial solution of the Egs. (2.38)-(2.41), determinant of the arbitrary

coefficients must vanish.

sin({sH) cos((sH) 0 O

G ) ¢ -G

=0 2.42
0 @ T, T, ( )
0 0 P1 P2
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DZS

where ¢ = 0= @y =p? = 0%, @y =q° = (% Ty = pup — pClPp® + pCIPpg? and
T, = uq — u?q® + u°1%q¢?
By solving Eq. (2.42), we obtain following dispersion relation for Love waves

propagation, when layer is imperfectly attached to the substrate by taking stress-free
boundary conditions at top surface of layer.

tan((sH) — #Dfs G(‘P2T1—‘91Tz) (2.43)
(n—D)((Pz(T1+G)—(P1(T2+G))

2.3.3.2 Secular equation with clamped conditions

By imposing clamped boundary conditions, we get following equations

Aicos({sH) — B;sin({sH) =0 (2.44)
D
GA, + ”n—stl —GAy,—GB, =0 (2.45)
D
“,755 By + (up — uC1%p® + uC1*pi*) A, + (u€q — u1?q® + u1?q¢*)B, = 0 (2.46)
P*=7HA+(q*—{*)B, =0 (2.47)

For the non-trivial solution of the Eqs. (2.44)-(2.47), determinant of the arbitrary

coefficients must vanish.

cos({sH) —sin({sH) 0 0

G © G -G

=0 2.48
0 () T, T, ( )
0 0 Y1 P2

By solving Eq. (2.48), we get following dispersion relation of Love waves propagation
with clamped boundary conditions, when two materials are imperfectly attached.

(&55)(¢2(T1+G)—<P1(T2+G))

— N7
tan({sH) = o Tt (2.49)
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2.3.4 Particular cases

2.3.4.1 Particular cases for stress-free conditions

Case 1: If the value of sandiness parameter, n® = 1, then dry sandy material behaves

as an isotropic elastic material and in that case, Eq. (2.43) becomes

_ G(@2T1—91T2)
tan($sH) = or oo tiro)-0r (e ) (2:50)

Eqg. (2.50) shows dispersion relation for Love waves propagation under stress-free

conditions when isotropic layer and half-space are imperfectly attached to each other.

Case 2: If G — oo, the interface between dry sandy layer and microstructural substrate
becomes perfect in nature under stress-free conditions, so dispersion relation given in
Eq. (2.43) reduces to

tan({sH) = o212 (2.51)
(“,7—5)<q2—p2)

Case 3: If G > o and n? = 1, then Eq. (2.43) reduces to

T1—@T:
tan({sH) = % (2.52)

Eqg. (2.52) represents secular equation of Love waves in an isotropic elastic layer
perfectly attached to the microstructural substrate.

2.3.4.2 Particular cases for clamped conditions

Case 1: If the value of sandiness parameter, n® = 1, then dry sandy material behaves

as an isotropic elastic material and in that case, Eq. (2.49) becomes

ta‘l’l(qu) — (MDCS)(<P2(T1+G)—§01(T2+G)) (253)

G(@1To—@2T1)

Eqg. (2.54) shows dispersion relation for Love waves propagation under clamped

conditions when isotropic layer and half-space are imperfectly attached to each other.
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Case 2: If G — oo, the interface between dry sandy layer and microstructural substrate
becomes perfect in nature under clamped conditions, so dispersion relation given in Eq.
(2.49) reduces to

(55°) )

tan({sH) = p—— (2.54)
Case 3: If G » o and n? = 1, then Eq. (2.49) reduces to

D —
tan({sH) = (w2¢s)(a*-p%) (2.55)

P1T2—p2Ty
Eqg. (2.55) represents secular equation of Love waves in an isotropic elastic layer
perfectly attached to the couple stress substrate.

2.3.5 Graphical results and discussion

To manifest impacts of various parameters involved in the problem, we have taken
material constants which are mentioned in Table 2.2 and the results are presented

through graphical illustrations.

Dry Sandy Layer [80] uP =6 x10° N/m? pP = 2300 Kg/m?3

Couple Stress Substrate [117] | u¢ =30.5x 10° N/m? | p¢ = 2717 Kg/m?

Table 2.2 Material parameters

The impacts of various parameters are shown on the phase velocity of Love waves, by
considering the initial mode (n = 0) of Love waves, when top surface of layer is stress-
free. It is further found that initial mode (n = 0) of Love waves is not conclusive, when
the top surface of layer is clamped, so for this case, graphical results are depicted by
considering the first mode (n = 1) of Love waves. For Figs. (2.8)-(2.13), the value of
the imperfectness parameter is considered as G = 30.5 x 10°. In Figs. (2.8), (2.9),
(2.10), (2.11), (2.14) and (2.15), vertical axis represents non-dimensional phase

velocity (c/f;) and horizontal axis represents non-dimensional wave number ({H). In
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Figs. (2.12) and (2.13), vertical axis represents dimensionless phase velocity (c/f;)

and horizontal axis represents non-dimensional wave number ({1).

2.3.5.1 The influence of microstructural parameter (1)

The effect of microstructural parameter is elucidated by assuming three values of the
parameter as [ = 0.0001 m, 0.0004 m, 0.0006 m. For graphical illustrations, other
parameters are considered as H = 1.9 mand n? = 1.2. Figure (2.8) is plotted for stress-
free boundary conditions and Fig. (2.9) is plotted using clamped boundary conditions.
It is noticed in the Figs. (2.8) and (2.9), that characteristic length favors phase velocity.
The velocity increases, when value of characteristic length parameter increases.
Impacts of this parameter are meager and it was expected, as it is a microstructural
parameter. Results are depicted by considering two cases, firstly, when two media are
mechanically in perfect contact and secondly when they are imperfectly attached.
Although the pattern is same in both cases, but phase velocity is higher when layer and

substrate are perfectly attached.
2.3.5.2 The influence of sandiness parameter (n°)

Impacts of sandiness parameter are presented on phase velocity by considering three
values as n? = 1,1.4,1.6. Other parameters are kept as [ = 0.0004 m, H = 1.9 m.
Figure (2.10) is plotted by taking stress-free conditions, and for Fig. (2.11) layer is
clamped. It is noticed from the graphs that velocity decreases, when sandiness
parameter increases, and behavior is same, whether two media are perfectly or
imperfectly attached. Therefore, the sandiness parameter opposes phase velocity. For
any given value of sandiness parameter, the phase velocity is higher, when two media

are attached perfectly as compared to when they are attached imperfectly.
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2.3.5.3 The influence of thickness (H) of layer

To elucidate the impacts of thickness parameter (H) on Love waves propagation,
graphs are plotted by considering three values of thicknessas H = 1.9 m, 2.6 m,3.3 m.
The values of other parametersare I = 0.0004 m and n® = 1.2. Figure (2.12) is drawn
by taking stress-free conditions and for Fig. (2.13) layer is clamped. From both figures,
it can be noticed that phase velocity decreases, when thickness of layer increases. This
pattern remains same whether layer and half-space are perfectly or imperfectly
attached.

2.3.5.4 The impacts of imperfectness parameter (G)

The impacts of imperfectness parameter (G) on phase velocity are shown in Figs. (2.14)
and (2.15) by considering five values as G = 30.5 x 10%,2 x 30.5 x 10%,3 x 30.5 x
10%,5 x 30.5 x 10°, G — oo. Other parameters are kept as H = 1.9 m,n® = 1.2 and
[ =0.0004 m. When G — o, dry sandy layer and microstructural couple stress
substrate are perfectly attached. Figure (2.14) is plotted using stress-free conditions at
the top surface of layer, and for Fig. (2.15) layer is clamped. Since the degree of
imperfectness and parameter G are inversely proportional, so from the trends, it is found
that velocity increases, when degree of imperfectness (increasing value of G) decreases.
Phase velocity is maximum, when degree of imperfectness is least (G — o) and two

media are in perfect contact with each other.
2.3.6 Conclusion

This problem investigates the existence of Love waves in a dry sandy layer followed
by a substrate which is described using consistent couple stress theory under two
different sets of boundary conditions. In one case, top surface of attached layer is
assumed as stress-free, and in second case, the free surface of attached layer is
considered as clamped. It is found that the initial mode of Love waves is not conclusive
when the top surface of layer is clamped, but higher modes are found clearly and hence

all the graphical illustrations are given in this case by using the first mode (n = 1) of
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Love waves. In case of stress-free conditions at the top surface of layer, initial as well
as higher modes are clearly visible, so in this case, graphical results are given using an
initial mode (n = 0). In general, it can be found that phase velocity is higher when two

media are in perfect contact as compared to the case when they are imperfectly attached.

e Impacts of characteristic length (1) parameter associated with the substrate, are
shown on velocity and it can be noticed that this parameter favors phase
velocity.

e Sandiness parameter (n?) and thickness (H) of dry sandy layer works against
phase velocity.

e The bonding between two media tends to become stronger, when value of
imperfectness parameter (G) increases. It can be noticed that phase velocity
increases, when imperfectness parameter increases and velocity of wave is

maximum when both the media are perfectly attached (G — o).

This problem covers two major aspects, first the study of Love waves propagation,
when top surface of layer is clamped, secondly the role of bonding between layer and
substrate on Love waves propagation. Further half-space is modeled using size-
dependent consistent couple stress theory, so it highlights impacts of microstructural

parameter on phase velocity of Love waves.
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CHAPTER- 3

PROPAGATION OF LOVE WAVES IN DOUBLE
LAYERED STRUCTURE?

3.1 INTRODUCTION

The chapter deals with the study of Love waves propagation in double layered structure
attached to a microstructural substrate. This chapter has two sections and the first
section (section 3.2) of chapter deals with study of Love waves in a pre-stressed layer
which is sandwiched between a dry sandy layer and a couple stress substrate. Both
layers are of finite widths. Initial stresses may develop in the materials due to various
reasons, such as certain faults in manufacturing process or during assembly of different
parts of a structure. Due to presence of various types of internal forces, these initial
stresses do exist in the interior of earth. Existence of initial stresses in interior of the
earth can have an impact on propagation of seismic waves. Many researchers have
studied problems of wave propagation using different types of materials in the presence
of initial stresses [26, 2, 4, 57, 128, 38, 28]. In this problem, dispersion equation is
derived by using an appropriate mathematical treatment. Impacts of various parameters
which are involved in the problem, such as characteristic length parameter of substrate,
sandiness parameter, initial stresses and width ratio are manifested graphically on

behavior of Love waves.

The second section (section 3.3) of chapter deals with the study of Love waves in a
viscoelastic layer which is bounded between a fiber-reinforced layer and a
microstructural couple stress substrate. Both layers are of finite widths. Dispersion and

damping relations are obtained by using boundary conditions and an appropriate

2The contents of this chapter are published in following journals:
1. The contents of section (3.2) are published in Mechanics of Solids, 56(5), 807-818, 2021,
(Both SCI and Scopus indexed journal, Impact factor- 0.452, SIR- 0.283).
2. The contents of section (3.3) are published in Iranian Journal of Science and Technology ,
Transactions of Mechanical Engineering, 46(1), 225-235, 2021, (Both SCI and Scopus
indexed journal, Impact factor- 1.596, SJIR- 0.328).
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analytical approach. The impact of fiber reinforcement, heterogeneity, thickness ratio,

internal friction and microstructural parameter are presented graphically.

3.2 LOVE WAVES IN A PRE-STRESSED LAYER LYING
BETWEEN A DRY SANDY LAYER AND CONSISTENT COUPLE
STRESS HALF-SPACE

3.2.1 Formulation and solution of the problem

It is assumed that a pre-stressed (P") elastic layer is bounded between a dry sandy layer
and a microstructural substrate described by consistent couple stress theory. The
thicknesses of homogeneous pre-stressed layer and dry sandy layer are taken as H and
H, respectively. The origin (0) is assumed at the joining surface of pre-stressed elastic
layer and the substrate, z-axis is pointing vertically downward into substrate and x-axis

is pointing in direction of wave propagation (Fig. 3.1).

z=—(H+H,)
Displacement
H, P
omponents are
(u®,v?, wP)
e i Displacement
> Homogeneous — || H - Components are
- <+~ (UP, VP.M'P)
» prestressed layer
o z=0
i s <
4 B8 f‘."';_ = -..-—_1‘-‘,,1.';' "Aﬁ.‘. B 5 » X -
e f ’z}%\::’%‘gf}&{?’;ﬁtﬁ )’V | Displacement
T T i Rt o Pl P Y S A R e Components are
[ R
Couple stress (u®,ve,w")
¥ substrate
}

Figure 3.1 Geometrical configuration of the problem

The displacement components for couple stress substrate, pre-stressed layer and dry

sandy layer are taken as (u¢, v¢, w®), (w?, v?,w?) and (uP,v?, wP) respectively. For
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Love waves propagation, field variables are independent of y-axis, that is aiy = 0 and

displacement components are u? = w? =0, v? =vP(x,zt), U =wf =0, vF =

vP(x,z,t) and u® = wt =0, v¢ = v°(x, zt).
3.2.1.1 Solution of dry sandy layer {—(H + H,) < z < —H}

Equation of motion and detailed solution are given in section (2.2.1.1) of chapter- 2
from Eq. (2.1) to (2.6).

3.2.1.2 Solution of pre-stressed layer {—H < z < 0}

Equations of motion for homogeneous pre-stressed material are given as [57]

ath, n ok, n atfs p' (ﬂ _ %) _ P azup]
0x ay 0z ay 9z at2
oty | 0th, | 8Th; o (awg) _ P azvP 3.1)
ox dy oz ox at? '
atl, n o7&, n oty p' (awg’) _ P a2wP
ox ay 0z dx at2

where p? is density of material and P’ is initial stress parameter. The rotation

p _ 1(owf avP p _ 1(ouf ow? p _1(ovP  oauf
components are w; =3 W_E , Wy =3\3; T ox andw3 =3 E—E .

By using the conditions stated above for Love waves propagation, the equations of

motion in Eg. (3.1) become

P Pr aZvP aZUP aZUP
Zl1-= + = (3.2)
pP 2uP) 9x2 0z2 at2

ufis Lame’s constant.

Assume solution of Eq. (3.2) as
vP(x,z2,t) = h(z)e {@t=¢0) (3.3)

Eq. (3.2) becomes
2
S+ Ph(z) = 0 (3.4)

where J2 = [;—22+f—1]1322=ﬁ—and6=—'
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Solution of Eq. (3.4) is

h(z) = Aze™¥)? + A e

(3.5)

The displacement component of the pre-stressed homogeneous medium becomes

‘UP(x, Z, t) = (A3ei€]Z + A4e—i{]z)e—i(wt_(x)
A; and A, are the arbitrary constants.

The non-vanishing stress component becomes

avP . . . o
’l'—gz = 'upg = ,LLP(lC])(A3€lUZ —A4€ l(]z)e i(wt—{x)

3.2.1.3 Solution of couple stress substrate {z > 0}
Equation of motion is given as [37]

c 9%

(A + 1€ +nEVDV(V.B) + (u€ — VY25 = p¢ 2

(3.6)

(3.7)

(3.8)

The justification of parameters A€, u€, p¢ and n¢ is given in section (1.3) of chapter-1

and ¥ = (u, v¢, w¢) is displacement vector.

By imposing conditions for Love waves propagation, equation of motion in Eq. (3.8)

reduces to
(azvc azvc) 2(64vc a*vC a*v¢ )_ 1 9%v¢
dx2 9z2 ax* = 9zt 0x29z2) B2 at?
c
2 _ K
where 3 = C

Assume solution of Eq. (3.9) as
ve(x,z,t) = f(z)e {@t=¢0)

Eqg. (3.9) becomes

da*f dazf _
dz* 1dzz+L2f_0

_ 1 _ 4 {2 <2C2
WhereLl—l—2+2(2andL2—( +z_2_12ﬁ§
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As z = oo, f(z) must vanish, so, the solution of Eq. (3.11) becomes

f(z) = Age™P% + Age (3.12)
Li+ /L2—4L Ly— /L2—4L

where Az and A are arbitrary constants and p = % and q = %

The displacement component of substrate becomes

ve(x,z,t) = (Age P? + Age™1%)e i (wt=5x) (3.13)

The constitutive equations are

= 25058y + uC (v + vf) —nCVE(wE; — vf) (3.14)

W5 = 4nc(wy; — wyy) (3.15)
where w; = El]kvk ; Is a rotation vector. The parameters 7; ¢ and #]l are discussed in
section (1.3) of chapter 1.

The force stress and couple stress components become

u€(—pAse P? — qAge™9%) —
— ,uclz(p(ZA e pz+q{2A e~qz —i(wt—(x)
—p3A5€ pz_q3A e—b12)

€ a3vC
cov" 12
T32 = H 0z H L [623 azaxz]

(3.16)
u§1 = —2u 1P [((pPAse ™ + qPAse ™) — (As{Pe 7 + Ag{Pe 1) ]e (@i (3.17)
3.2.2 Boundary conditions

(i) The upper surface of dry sandy layer must be stress free, so,

Dav

7]D 6z OatZ__(H+H1)

(i1) The displacement and stress components must be continuous at joining surface

of upper and intermediate layer, that is,
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uP avP _ . p ovP
nD oz oz

b. vP2(x,zt) =vP(x,zt)atz=—H

a. atz =—H

(iii) The displacement and stress components must be continuous at joining surface

of pre-stressed layer and couple stress half-space, that is,

3 MP avP _ CavC_ c 2[6317C+ a3vC
) 0z 0z

0z3 Bzaxz] atz=0
b. vP(x,zt) =v°(x,zt)atz=0

c. The couple stresses should vanish at interfacial surface, so, u§; = 0 at

z=0
3.2.3 Derivation of secular equation

By employing boundary conditions, we obtain six equations as

e—i(S(H+H1)A1 _ eiCS(H+H1)A2 =0

uPs uPs . iy )
n_De LZSHA1 _n_Delg’sHAz _‘uP]e l(]HA3 _|_’uP]eL{]HA4 =0

e HA, +elHA, — e HA; — e THA, = 0
iCu"JAs — iu"JAs + Ty A5 + T,Ag = 0
A3 +A4_—A5 _A6 =0

(p* —{®As+(q* — (A =0

(3.18)

(3.19)

(3.20)
(3.21)
(3.22)

(3.23)

For the non-trivial solution of homogeneous linear equations from Eqs (3.18)-(3.23),

determinant of arbitrary coefficients must vanish.
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=uc(p—Pp®+1?p3?), T, = u(q — 1’¢> +12q0%), @1 = (0* — {7)
@2 =(q* = ¢%)
By solving Eq. (3.24), we get following secular equation of Love waves in an initially

stressed homogeneous elastic layer bounded between a dry sandy layer and a

microstructural substrate.

Q.cos(¢(JH — sHy)) + Qocos({UJH + sH,y)) + Qzsin(¢(JH — sHy)) —

Q4sin(¢JH + sH,)) =0 (3.25)
where

0y = - L)y, (7 — 01 + LD by (g2 - )

Q, = L) 4 Py, p? — ) - B ey (g2 — ¢2)

nP nb

Qs = W) pupyzpa(pe — g2y — BT 4 gy gz - g

Qy = L) 0Py - ¢2) - ST ey (g2 - ¢

n nP

Case: If the value of sandiness parameter, n® = 1, then dry sandy material behaves as

an isotropic elastic material and in that case, Eg. (3.25) becomes

Qicos(¢UJH — sHy)) + Qjcos({(JH + sHy)) + Q4sin({(JH — sH,)) —
Qisin(¢(JH +sH,)) =0

where
Q1 = _SHDTZ(PZ - gz) + .UP]Tz(pz - gz) + SHDT1(q2 - (2)_IJP]T1(QZ - (2)
Q; = suPT,(p* — {*) + u°JT,(p* — {?) — suPTy(q* — {*)—uPJTi(q* — {%)

Q4 = sJuPuP (p? — {%) — (W2 (p? — ) — suPuP (¢* - {*) +
{(uP)?*J*(q* — )
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Q4 = IsJuPuf (p* — 33 + (WP (p? — ¢*) — {sJuPuf (¢* — 7%) —
{(WP)?J%(q* - T%)

3.2.4 Graphical results and discussion

The material constants taken for graphical results are mentioned in Table 3.2.

Dry sandy layer [80] uP =6 x 10°N/m? pP? = 2300 kg/m3

Pre-stressed layer [9] uf =6.82x 10°N/m? | pf =3380 kg/m?3

Couple stress substrate [117] | u¢ =30.5 x 10° N/m? | p¢ = 2717 Kg/m?3

Table 3.1 Material parameters

Above mentioned parameters of couple stress substrate are of Dionysos marble and the
average internal cell size of Dionysos marble is of the order 0(10~%). In all the figures,
impacts of different parameters are shown by considering initial mode of Love waves.
In Figs. (3.2)-(3.8), vertical axis represents dimensionless phase velocity (c¢/f,) and
horizontal axis represents non-dimensional wave number ({H). In Figs. (3.9)-(3.11),
vertical axis represents dimensionless phase velocity (c¢/f,) and horizontal axis

represents dimensionless wave number ({1).
3.2.4.1 The influence of microstructural parameter (1)

In Figs. (3.2)-(3.4) phase velocity (c¢/,)is plotted against wave number ({H), to depict
the impacts of microstructural parameter (1) associated with substrate. Figure (3.2) is
plotted by taking four wvalues of microstructural parameter as [ =
0.0001 m,0.0004 m, 0.0006 m,and 0.0008 m. The values of other parameters are
taken as &€ = 0.2, = 1.2 and H,/H = 1. From Fig. (3.2), it can be observed that
results are very meager and it was quite expected, as characteristic length is a
microstructural parameter. To depict these results, graph has been zoomed and it is
observed that this parameter favors phase velocity and with the increase of
microstructural parameter velocity increases. Figure (3.3) again shows the impacts of

microstructural parameter, values of all parameters are kept same, except n? =1,
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which depicts that dry sandy layer behaves as an isotropic material. Figure (3.4) also
shows the impacts of microstructural parameter on phase velocity, when & = 0, that is,
there are no pre-existing stresses in the intermediate layer and other parameters are
taken as n® = 1.2 and H,/H = 1. Figures (3.3) and (3.4) are special cases, and results

found in both these figures are also similar to the results obtained in Fig. (3.2).
3.2.4.2 The influence of initial stress (§)

The effects of initial stress parameter of intermediate layer are shown in Figs. (3.5) and

(3.6), by taking five values of initial stress (&) parameter as €=;—'P=

0.0,0.2,0.4,0.6,0.8. For plotting Fig. (3.5), the values of other parameters are kept as
[ =0.0004m, n® = 1.2 and H,/H = 1. It can be noticed that the initial stress
parameter goes against phase velocity of Love waves as with the increase in initial
stress parameter velocity decreases. Velocity is maximum, when value of initial stress
parameter is zero (¢ = 0), that is, there are no pre-existing stresses in the intermediate
layer. Figure (3.6) depicts the impacts of initial stress parameter, when n? = 1, that is,
when dry sandy layer behaves as isotropic and the value of other parameters are [ =
0.0004 m and H,;/H = 1. Results found in Fig. (3.6) are similar to the results found in
Fig. (3.5).

3.2.4.3 The influence of sandiness parameter (n?)

The effects of sandiness (n°) parameter on the behavior of Love waves are shown in
Figs. (3.7) and (3.8), by taking five values of sandiness parameter as n? =
1,1.2,1.4,1.6 and 1.8. The values of other parameters are considered for plotting the
Fig. (3.7) are [ = 0.0004m, ¢ = 0.2,H;/H = 1. From Fig. (3.7), it is observed that
sandiness parameter goes against phase velocity of Love waves. The phase velocity is
maximum, when dry sandy medium behaves as an isotropic elastic material (n° = 1).
Figure (3.8) also depicts the effects of sandiness parameter, when ¢ = 0, that is, there
are no initial stresses in intermediate layer and values of other parameters are [ =
0.0004 m and H,;/H = 1. Results found in Fig. (3.8) are similar to the results found in
Fig. (3.7).
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3.2.4.4 The influence of width ratio (H,/H)

As two layers are of finite widths, so effects of width ratio (H,/H) are elucidated on
propagation of Love waves in Figs. (3.9)-(3.11). These figures are plotted by taking
five values of width ratio as H,/H = 0.6,0.8, 1.0, 1.2 and 1.4. For Fig. (3.9) values for
other parameters are [ = 0.0004 m, n? = 1.2, & = 0.2. The results found for width
ratio are quite interesting, as for lower wave numbers the velocity decreases with
increase in width ratio and pattern reverses after a particular value of wave number. The
trend found for width ratio is quite visible for lower wave numbers, but these effects
curtail with the increase in wave number. Figure (3.10) shows the effects of width ratio
(H,/H) when n? =1, that is, dry sandy layer is isotropic and the values of other
parameters are ¢ = 0.2 and [ = 0.0004 m. Fig. (3.11) shows the impacts of width ratio
(H./H) when & = 0, that is, there are no initial stresses in the medium and values of
other parameters are n° = 1.2 and [ = 0.0004 m. Both these figures showed similar

types of effects as were found in Fig. (3.9).
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Figure 3.6 Plots for showing impacts of initial stress parameter (&), when n? = 1
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Figure 3.7 Plots for showing impacts of sandiness parameter (n?), when & = 0.2
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Figure 3.9 Plots for showing impacts of width ratio (H,/H), whenn? = 1.2 & ¢ =
0.2
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Figure 3.10 Plots for showing impacts of width ratio (H,/H), whenn? =1 & & =
0.2
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Figure 3.11 Plots for showing impacts of width ratio (H,/H), whenn? = 1.2 & & =
0

3.2.5 Conclusion

The study presents an analysis of Love waves propagation in a pre-stressed
homogeneous layer lying between a dry sandy layer and couple stress substrate. The

outcomes drawn from the analysis are given below.

e Itisobserved that microstructural parameter (1) associated with substrate favors
phase velocity. The results for the parameter are quite meager, yet these effects

have highlighted the role of size effects into the problem.

e The presence of initial stresses in the middle layer is adversely affecting the
velocity of Love waves. Phase velocity is highest when there are no initial

stresses in the medium.

e Sandiness parameter works against the velocity of Love waves. Phase velocity

is maximum, when material behaves as an isotropic elastic material.
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e The width ratio of the dry sandy layer and pre-stressed layer has shown very
interesting results. For the lower wave numbers phase velocity decreases, when
value of width ratio increases but pattern tends to reverse after a particular wave
number. The trends found for width ratio diminishes with the increasing wave

number.

3.3 LOVE WAVES IN A VISCOELASTIC LAYER LYING
BETWEEN A FIBER-REINFORCED LAYER AND CONSISTENT
COUPLE STRESS SUBSTRATE

3.3.1 Formulation and solution of the problem

It is assumed that a viscoelastic layer of finite thickness H; is bounded between a fiber-
reinforced layer of finite thickness H, and a couple stress substrate. The substrate is
mathematically modeled by using consistent couple stress theory. The origin (0) is
considered at joining surface of viscoelastic layer and microstructural substrate, x-axis

is going downward into the substrate, and wave is propagating along y-axis (Fig. 3.12).

x=—(Hy + Hy)

Fiber-Reinforced Layer

Hy

x=—(Hy) v

X

Figure 3.12 Geometrical configuration of the problem
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For propagation of Love waves, displacement components of fiber-reinforced layer are

taken as (uf, vf,wt), viscoelastic layer are (u”,v",w") and couple stress substrate
are (u’, v, w©). All field variables are independent of z-coordinate, that is, % = 0 and
uf =vF =0, wf =wf(x,y,t); v =vV =0, wW =w"(x,y,¢t) and u¢ = v¢ =0,
wt =wi(x,vy,t).

3.3.1.1 Solution of fiber-reinforced layer

Equation of motion for fiber-reinforced layer is given as

otk atk otk 22wk
31 4 O%s2 4 9T33 _ F (3.26)
ox ay 0z at2

pf is the density of material.

Constitutive relation is given in section (1.4) of chapter 1. According to the geometry

of the problem, direction of reinforcement is considered as (a;, a, , 0).

By using constitutive relation, the equation of motion in Eq. (3.26) becomes

a2wF 2wF atwf iasz
Lga +2M o+ N o =2 (3.27)
— B \g2 M= (*— = BL_1)q?
where L = 1 + (“T 1)a? M = (HT 1)aya;and N = 1+ (HT 1) a3
Assume solution of Eq. (3.27) as
wF(x,y,t) = f(x)e {wt=5 (3.28)
Eqg. (3.28) becomes
d?f . df pFc?
LL v 2img L+ (?—N) 2f(x) =0 (3.29)
The solution of Eq. (3.29) is
f(x) = (Age™%Po* 4 Bye~ido¥) (3.30)
M+ M2+L(%;2 - N) M- M2+L(%;2 - N)

Ay, B, are arbitrary constants and p, = T v qo = 7
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The displacement component becomes
wF (x,y,t) = (Age ¥Po* + Bye~Kaox)e-iwt=(y) (3.31)

The non-vanishing stress component becomes

i (l (Rle—lipox)Ao le‘i(“’t‘fy)

ow
T13 - ,uT 9x + (,uL :uT) [al a_ + alaz ay +(Rze—iZQOx)BO

(3.32)
whereR, = —Lpy + M and R, = —Lqy + M.
3.3.1.2 Solution of viscoelastic layer
Equation of motion for viscoelastic material is given as
at¥; |, oy, , at¥s _ ya*wV
ox T dy v, TP e (3:33)
The constitutive relation is given as [31]
, 0
=()lV+)lla)6UWkk+(u +nv a)(WU+W ) (3.34)

The parameters t7;, AV, u¥, 15, n”and p¥are explained in section (1.5) of chapter 1.

l]’

By using constitutive relation, the equation of motion in Eq. (3.33) becomes

(0 + 0¥ 3) B+ (0 4 3) S| = 0V S (339)

Assume solution of Eq. (3.35) as

w (x,y,t) = g(x)e  @=¢») (3.36)

By using Eq. (3.36), equation of motion in Eqg. (3.35) becomes

i + (#_Tv)d—g + [ﬁ— {2] gx)=0 (337)

dx? wV dx uv

where uV = ¥ — iwn¥and (u_V), =
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Y1 (x)

J— 2 _
dzy, n l 1 (duV) _ Ldz#v n (pz_c‘;,Z _ Zz)l Y, =0 (3.38)

To solve Eq. (3.37), let assume g(x) = Eq. (3.37) becomes

ax? [ 4(uv)? dx 2uV dx?

The viscoelastic layer is assumed as heterogeneous, so, the parameters u", n” and p"”

are taken as the function of depth as

p =u'(1—sinax)
nY =n'(1 —sinax) (3.39)
p’ =p'(1—-sinax)

where u’, n' and p’ are fixed values of u”, n¥ and p" respectively, and a has

dimensions of inverse of length.

Eq. (3.38) by using Eq. (3.39) becomes

Lh oy miy =0 (3.40)
where m? = “TZ+ P 2and i =y’ — iwn’

The solution of Eq. (3.40) is

Yi(x) = (44 cos(myx) + B;sin(m,x)) (3.41)

A; and B, are arbitrary constants.

The displacement component becomes

174 _ 1
w (x, v, t) =
/ﬁ(l—sin ax)

The non-vanishing stress component becomes

[A; cos(myx) + Bysin(m,x)]e {@t=¢¥) (3.42)

a\ow"
-l

_ \/7 [acos(ax)cos(myx) — 2m, (1 — sin(ax))sin(m,x)]A4, —i(wt-7y)
9 (1—sinax) {+ [acos(ax)sin(m,x) + 2m, (1 — sin(ax))cos(m,x)] Bl} €
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(3.43)
3.3.1.3 Solution of couple stress substrate

Equation of motion for consistent couple stress substrate is given as [37]

c 0%

(A€ + u€ + S VHV(V.W) + (u¢ —nVHV2w =p T (3.44)
The justification of parameters ¢, u¢, p¢ and n° is given in section (1.3) of chapter-1
and w = (u€, v¢, w¢) is displacement vector.

By imposing the conditions of Love waves propagation, Eq. (3.44) reduces to

(azwc azwc) 2 (a4wC N atwC atwC ) _ 19%wC

2 =
dx2 dy? ox*4 ay* T 0x20y2 B2 otz

(3.45) where

Assume solution of Eq. (3.45) as
wl(x,y,t) = h(x)e H@t=¢») (3.46)
Eq. (3.45), by employing Eq. (3.46) becomes

a*h L d’h +L,h(x) =0 (3.47)

dx* gy

¢ Qo2
2 2B

where L; = 2{? +ll2 and L, = {* +
As x — oo, h(x) must vanish, hence, solution of Eq. (3.47) becomes
h(x) = Aze_px + Bze_qx (348)

Li+ /Li — 4L, Ly - /L§ — 4L,
2

A, and B, are arbitrary constants and p = >

and q =
The displacement component of microstructural substrate becomes

wC(x,y,t) = (A,e P* + Bye~9%) e ~H@t=0Y) 3.49
y

The constitutive equations are

62



= 25wy 4 uC(wh +wiy) — Vi (wl —wf) (3.50)
w5 = 4nc(w; — wjy) (3.51)

1
where, w; = uka ; Is rotation vector. The parameters t; ¢ and ll,l are given in

section (1.3) of chapter-1.

The non-vanishing force stress and couple stress components become

Cc
vy = 2 4 12 [0 4 T = (1202 — pAIE — 1)e PR Az + q(120

dx3 dxdy?
q2l1% — 1)e—qx32]e—i(wt—(y) (3.52)
usy = 2uC12[(p? — {He P A, + (q* — {P)e 9 B,]e @t (3.53)

3.3.2 Boundary Conditions

(i) Upper surface of fiber-reinforced layer must be stress free, so,
U +(u ,u)[azM+aaM]=0atx=—(H + H,)
T Ax L T 1 Ax 142 dy 0 1
(ii) Stress and displacement components must be continuous at x = —H,, that is,

owF owr awr 8 ow”
a. #T;v_x+ (g, — pr) [a%%"‘ a1a2%] = (MV + TIVE)%
b. wf(x,y,t) =wV(x,y,t)
(iii) Stress and displacement components must be continuous, at x = 0, that is,

owv c ow® adw¢ a3wC]

_ . cOvw" | cp2
a. (“ +1" at) ax M Tox +utl [6x3 +axay2
b. w’(x,y,t) =w(x,y,t)

(iv) The couple stresses should vanish at joining surface between intermediate layer
and substrate, that is,

uS;=0atx =0
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3.3.3 Derivation of secular equation

By employing boundary conditions, we obtain six equations as

Rye€WHotHIPo g 4 R, ¥ (HotHDAB = (3.54)
: i{poH : i{qoH _\/ETlA1 _J%TZBI —
iCurR,€2F0 Ay + iCurRye™ 101 By + 2y/(1+sinaH;) = 2,/(1+sinaH;) 0 (3'55)
ei{poHlAO n eiZqOHlBO + _—COS(Tn1H1) A1 + _sin(m1H1) B1 =0 (356)
\/;1/(1+sin aHy) \/;1/(1+sinaH1)
a |u'A _
\/: ! + ml\/EBl + T3A2 + T4Bz = O (357)
'
(p* = {HA,+(q*—7*)B, =0 (3.59)

where Ty = a cos(aH;) cos(my Hy) + 2my (1 + sin(aH,)) sin(m H;)
T, = —acos(aH;) sin(m,;H;) + 2m1(1 + sin(aHl)) cos(myH,)

Ts = u°p[1 + 2(p* — {*)]

Ty = uqll+1*(q* - %)

To find non-trivial solution of Eqgs. (3.54)-(3.59), determinant of arbitrary constants

must vanish, so,

Rlelf(Ho*'HOpo Rzeif(Ho"'HﬂCIo 0 0 0 0

i(urR e¥Potl ey R,e¥qt  R3Ty R,T, 0 0
ei{PoH1 e qoH1 R, Rs 0 0 =0 (360)

0 0 Re ¢ 3 I

0 0 - 0 -1 -1

0 0 0 0 Y1 P2
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where

— 7

e 1 = =
Q= mlx/z y Q= J?,(IM = pz - (2, ¥y = qz _(2’ R = 2/(A+sinaH,) '

R, = —cos(mqHy) R. — sin(m,H;) R — a\/%
4T T T —————fe T T,
\/;./(1+sinaH1) \/;\/(1+sinaH1)

By solving Eqg. (3.60), we get following equation
(0 (P —"2) + @2 - q2)RN]) +i (0 (-P5 —22) — (2 -
PR3] s [(Q( P{+22) — (p2 — R, N;) + i (Q (P +222) +

etf2

2 _ 42 4
(p? — 4*)RN;) Jiesin(@i)

(3.61)

From real part of Eq. (3.61), we get dispersion relation as

F{ cos 8, — F;sin@; + G; cosB, — G, sinf, =0 (3.62)
and from imaginary part of Eq. (3.61), we get damping relation as

F{sinf, + F; cos 8, + G, sinf, + G, cos 6, =0 (3.63)

where

! R1]2 _ 2
= W(Q )"‘(P q)RlNl)

F, =

(P
e Q (=P =) — 2 - g2)R.N)
(-

(
Tormma

’ RaJ3 42
Gl \/(1+51n0{H1) Q P + ) (p q )R2N3)

, 1 , Ryl
GZ - J(+sinaHq) (Q (Pz ; 2) T (p - qZ)R2N4)
0, = (((Ho + Hy)po + H1CI0), 0, = C((Ho + Hy)qo + Hlpo)

Q=T,(p*—{*) —Ts:(q* - {?)
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pr = RaRaprl(Sion'+S:04") 5, _ RaRemrd(Sin'=Szm’)
! (W2 +(@nh?) " 2 (W) +(wn")?)

r _ aR{urs;  alwn'l+u'J3)
Nl —_ -

! 1A ! 1A M,
5 2 + {Ryur(myE] — myE;) + ?1

!

N/ = arydursy |, a(u'—wn'J;)

1 1 M

2= 5 + 2 + {Rour(miE] + myE3) _?2

’ aRuTS; a(wn'+u'J; 1o I M

Ny = SRilenss  An ) | op y (myEf — myES) + 2

!

N/ AR, uTSy + {RLMT(mllE{ + mleé) - %

alu' I —wn' T
5= + (0'1—wn']3)
2 4

J1 = 2(1 + sin(aH;))(m1S; — m;S;) + a cos(aH,)E;

I; = 2(1 + sin(aH,))(m1S; + m;,S;) — a cos(aH,)E;

J; = 2(1 + sin(aH,))(m1E{ + m3E;) — a cos(aH,)S;

I, = 2(1 + sin(aH,))(m3E{ — miE;) — a cos(aH,)S,

S; = sin(mjH;) cosh(mj}H,), S; = cos(mjH,) sinh(m,H;)
E;{ = cos(mjH;) cosh(m}H,), E; = sin(mjH,) sinh(m,H,)
M =myp']; + myon'ly —myp'ly + mywn'jy

M; = my'li — myon'J + myp'] + myon'ly

1

1 6 L. qe 1
mj = r2cos (5), mj = rzsin (3)’ r = (Ff + F})z

Fy p'win’ a? 2 pro?y!
=2 p=_t%1 g2 ;24 PUF
tan(6) B, "L T (w2 H(wn)2 T2 T 4 ¢ +(u’)2+(wn’)2

3.3.4 Graphical results and discussion

The values of material constants for graphical illustrations are mentioned in Table 3.2.

Fiber-reinforced | pur = 0.35 x 101° N/m? | p, = 0.707 x 101°N | pF = 1.6 X 103Kg

layer [33] /m?

/m?
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Viscoelastic p' = 1.987 x 101° N/m? u p' =4705Kg/m3

layer [33] n

Couple stress u¢ = 30.5 x 10° N/m? — p¢ =2717 Kg/m3

substrate [117]

Table 3.2 Material parameters

In Figs. (3.13) (a)-(3.21) (b), vertical axis represents dimensionless phase velocity
(c/B,) and horizontal axis represents non-dimensional wave number ({H,). In all the
figures, phase velocity decreases with increase in wave number, which shows that Love

waves are dispersive in nature.
3.3.4.1 The influence of direction of reinforcement parameters (a3, a3)

For studying the role of reinforced parameters, five combinations of reinforced
parameters are considered as (a? = 0.75,a3 = 0.25), (a? = 0.65,a5 = 0.35), (a? =
0.50,a% = 0.50), (a? = 0.35,a% = 0.65) and (a? = 0.25,a3 = 0.75) and values of
other parameters are kept as [ = 0.0001m, aH; = 0.18, H, = H; = 0.02m and
u /n¥ =10"6s~1 It is noticed from Figs. (3.13) (a) & (b), that both phase velocity

and damping velocity are affected by reinforced parameters.
3.3.4.2 The influence of microstructural parameter (1)

To present the impacts of microstructural parameter associated with substrate on
propagation behavior of Love waves, graphs are provided by taking four values of
microstructural parameter as [ = 0.0001 m, 0.0004 m,0.0006 m,0.0008 m. Other
parameters are kept as aH; = 0.18, H, = H; = 0.02m and u"/n" =107%s71.
Figures (3.14) (a) & (b) depict the impacts of microstructural parameter (I) on phase
velocity and damping velocity of Love waves in presence of reinforcement parameters
(a? = 0.50,a3 = 0.50). These graphs show that both velocities increase, when the
value of microstructural parameter increases. Figures (3.15) (a) & (b) present the
impacts of this parameter again on phase and damping velocities, but in absence of
reinforcement parameters (a? = 0, a3 = 0). Trends found here are similar to the trends
seen in Figs. (3.14) (a) & (b).
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3.3.4.3 The influence of heterogeneity parameter (aH)

The impact of heterogeneity parameter (aH;) of viscoelastic layer on Love waves
propagation is shown in (3.16) (a) & (b) and (3.17) (a) & (b). Graphs are taken by taking
four values of the heterogeneity parameter as aH; = 0.18,0.38, 0.58, 0.78. The values
of other parameters are kept as [ = 0.0001m, Hy, = H, = 0.02m, and u"/n" =
10~°s~1. Figures (3.16) (a) & (b) are drawn in presence of reinforcement parameters
(a? = 0.50,a3 = 0.50) and Figs. (3.17) (a) & (b) are plotted without reinforcement
parameters (a? = 0,a3 = 0). From all the four figures, both velocities decrease with

the increase in heterogeneity.
3.3.4.4 The influence of internal friction

The role of internal friction parameter on Love waves propagation is depicted by taking
four values of internal friction parameter as u"/nV = 6 x 10°,10 x 105,20 x
105,30 x 10°. The values of other parameters are kept as [ = 0.0001m, H, =
0.02m = H,and aH; = 0.18. Figures (3.18) (a) & (b) presents the effects of internal
friction parameter on phase and damping velocities in presence of fiber-reinforced
parameters (a? = 0.50, a3 = 0.50). Figures (3.19) (a) & (b) are plotted in absence of
fiber-reinforced parameters (a? = 0,a3 = 0). It can be observed from Figs. (3.18) (a)
and (3.19) (a) that internal friction parameter has an adverse impact on velocity. It can
further be seen from Figs. (3.18) (b) and (3.19) (b) that internal friction parameter favors

damping velocity.
. . . (Hy
3.3.4.5 The influence of width ratio (—)
Hy

The effects of width ratio of layers are shown by taking five values of width ratio as
Hy/H, =0.2,0.5,1,1.1, 1.4 and other parameters are kept as [ = 0.0001 m, aH; =
0.18 and 1¥ /n¥ = 10~6s~1. Figures (3.20) (a) & (b) are generated in the presence of
reinforced parameters (a? = 0.50,a2 = 0.50) and Figs. (3.21) (a) & (b) are generated
without reinforced parameters (a? = 0,a2 = 0). Figures (3.20) (a) and (3.21) (a) are

of phase velocity, whereas (3.20) (b) and (3.21) (b) are of damping velocity. From Figs.
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(3.20) (a) & (b) and (3.21) (a) & (b), it can be observed that width ratio goes against

both the velocities.
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Figure 3.18(a) Plot for showing impacts of internal friction parameter (1" /n") in the
presence of reinforced parameters
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Figure 3.19(a) Plot for showing impacts of internal friction parameter (1” /") in the
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Figure 3.20(a) Plot for showing impacts of width ratio (H,/H;) in the presence of
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3.3.5 Conclusion

A systematic investigation is made for the study of Love waves propagation in a
viscoelastic layer which is bounded between a fiber-reinforced layer and couple stress
substrate which is depicted using consistent couple stress theory. The aim of this
problem is to elucidate the effects of reinforced parameter, microstructural parameter
known as characteristic length, width ratio of layers, internal friction parameter and
heterogeneity parameter on behavior of Love waves. The major outcomes drawn from

the study are mentioned below:

e Phase velocity and damping velocity of Love waves are decreasing with
increasing value of wave number, which shows dispersive nature of these waves

in the considered geometrical model of the problem.

e Fiber-reinforced parameters have shown significant impacts on phase velocity
and damping velocity. Phase velocity and damping velocity are changing
noticeably with the change in the values of these parameters.

e The microstructural parameter of substrate favors both velocities. As the value
of microstructural parameter increases both velocities are increasing. This study
is carried out with and without reinforcement parameters and similar results are

found for both the cases.

e The impacts of heterogeneity parameter of viscoelastic layer are also depicted
on phase and damping velocities and it is found that heterogeneity parameter
hinder both velocities. These velocities decrease with the increase in

heterogeneity. Results are similar with and without reinforcement parameters.

e Impacts of internal friction parameter of viscoelastic material are quite
interesting, as phase velocity decreases, with increase in internal friction
parameter, may it be with or without reinforcement parameters. The results of
damping velocity are contrary to the results found for phase velocity and

damping velocity increases with increase in value of internal friction parameter.
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Hence, it shows that internal friction parameter favors damping velocity and

works against phase velocity.

e Damping velocity and phase velocity are decreasing with increase in the value

of width ratio of fiber-reinforced and viscoelastic layers.

The subject of seismology is developed within the framework of classical mechanics,
but interior of the earth is quite heterogeneous, so it is desirable to study problems
dealing with earth, using microcontinuum theories. The problem has been solved by
keeping internal structure of the earth in mind and further, since the substratum taken
in the geometry of the problem is mathematically governed by size-dependent
microcontinuum mechanics called consistent couple stress theory, so the study can add
something significant to the already known facts of Love waves by predicting their
behavior in terms of a microstructural parameter called characteristic length. As Love
waves are utilized in SAW devices, biosensors, and sensors, for various non-destructive

testing techniques, so the findings can also be vital for these areas.
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CHAPTER-4

RAYLEIGH WAVES IN AN ELASTIC LAYER
IMPERFECTLY ATTACHED TO A
MICROSTRUCTURAL SUBSTRATE?

4.1 INTRODUCTION

The aim of this chapter is to analyse the behavior of Rayleigh waves in an isotropic
elastic layer of finite thickness followed by a microcontinuum substrate exhibiting
microstructural properties. The substrate is mathematically modeled using size-
dependent couple stress theory. The layer is imperfectly attached to the substrate.
Dispersion relation for propagation of Rayleigh waves is obtained by using appropriate
boundary conditions. Dispersion relation is also obtained, when layer and substrate are
in perfect contact with each other. As a special case, dispersion relation is calculated
for consistent couple stress substrate under stress-free condition. The role of
imperfectness parameters, thickness of the layer and microstructural parameter of the
substrate are shown on dispersion behavior of Rayleigh waves. Many researchers have
investigated the problems of Rayleigh waves propagation in various geometrical
structures [15,51, 13, 100, 45]. The study of Rayleigh waves in layered model has
various applications in many fields such as in non-destructive testing techniques for the
detection of damages and flaws in materials, SAW devices and in geotechnical and

geophysics engineering to explore the interior structure of the earth [27, 111, 72].

4.2 FORMULATION AND SOLUTION OF THE PROBLEM

It is considered that Rayleigh waves are propagating in an elastic layer which is
imperfectly attached to a couple stress substrate (Fig. 4.1). The thickness of the layer is

3The contents of this chapter are accepted for publication in Mechanics of Solids, (Both SCI and
Scopus indexed journal, Impact factor- 0.452, SJIR- 0.283).
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H, origin is considered at joining surface of two media. It is assumed that z-axis is going
downward into the substrate and wave is propagating in the direction of x-axis.
Displacement components of elastic layer are considered as u = u(x,z,t), v =0, w =
w(x,z,t) and displacement components for couple stress substrate are u® =

u¢(x,z,t), v¢ = 0,w’ = w(x, z, t) and field variables are independent of y, so, % =

0.

I”'/’c ey
lm".,./ z=0

Couple stress
substrate

z

Figure 4.1 Geometrical configuration of the problem

4.2.1 Solution of an elastic layer

For the considered geometry, the equations of motion are [45]
2 (%, 9?w\ _ a%u

A (a axaz) 5 (az2 6xaz) T at2 (4.1)
2 az_W ’w  d%u _ d*w

Ai (a axaz) 5 (axz axaz) T a2 (4.2)

A+
where g2 =

To solve Egs. (4.1) and (4.2), consider
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=091 _ %

dx dz
— 01 , 9Py
0z dx

(4.3)

where ¢,is potential function of longitudinal waves and E = (0,14, 0) is potential

function of shear waves.
Egs. (4.1) and (4.2) by using Eq. (4.3) become

1 9%¢
Vi = B2 6t21

1 9%y
Vi = B2 at21

Assume the solutions of Egs. (4.4) and (4.5) as

$1 = g1(2)e” @D
P = ga(z)e @60

Egs. (4.4) and (4.5) become

d’g1(2) g3c? _
—t (ﬁ—f— 52)91(2) =0

d’gz(2) g3c? _
—a—+ (ﬁ—g— {Z)gz(z) =0

Egs. (4.8) and (4.9) become

g1(z) = A; cos(d,z) + A, sin(d,2)

g2(z) = Az cos(d,z) + A, sin(d,z)

The value of potential functions become

¢, = (A, cos(d,z) + A, sin(d,z))e H{@t=¢x)

Y1 = (A5 cos(d,z) + A, sin(d,z))e H@t=¢X)

Therefore, the displacement components of an elastic layer are
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(4.4)

(4.5)

(4.6)

4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)



N ((i{ cos(d,2))A; + (i sin(d,2))A, +) o—i(wt=0%) (4.14)

(d; sin(d,z))A; — (d; cos(d,z))Ay

_ ((—dl sin(d;2))A; + (d; cos(d;2))A, +> o -i(@t=3x) (4.15)

(i¢ cos(d,z))A; + (i sin(d,z))A,
and d, = F;ZZ

A;, A,, A5 and A, are arbitrary constants and d; =

The non-vanishing stress components become

{ (—2i¢d, sin(d,2))A; + (2i{d, cos(d,z))A, +

—i(wt-3x)
3 ((d2 — ¢®) cos(d,2))As + ((d3 — ?) sin(dzz))A4} € (4.16)

_ (T cos(dq2))A; + (Tysin(dy2))A; + Citwr—tx
f33 = {(—Ziuéldz Sin(ldzZ))i‘lg + (lzl'u{dz1 Cos(?lzz))A4}e (e (4.17)

where Ty = —(A + 2p)d? — A?
4.2.2 Solution of couple stress substrate

The equation of motion of consistent couple stress substrate mentioned in section (1.3)

of chapter-1, becomes

%w 2wt  92uc a2uc
B3 (axz e ) pi(1— lZVZ)( —— ) == (4.18)
22ut | 92w a2ut 92w a2wC
33 (6xaz dz2 ) ﬁ4 (1-12v?) (axaz T Tox2 ) = o2 (4.19)
AC42 u€
where g2 = 242X ang g2 = —C
To solve Egs. (4.18) and (4.19), consider
uC =262 _ ¥
ax 0z
wC = 9%2 | ¥, (4.20)
0z ax

where ¢, and P, = (0,1, 0) are the potential functions.
Egs. (4.18) and (4.19) by using Eq. (4.20) become
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1 9%¢
V2¢2 — '8_% atzz

2 _12v2 1.0%Y,
Vap,(1 —1°V9) = 5o

Assume solutions of Eqgs. (4.21) and (4.22) as
bz = hy(2)e” @)
Py = hy(z)eH@E60)

Egs. (4.21) and (4.22) become

d?h,(2)
& M\ ((2

T dz?

)hl(z) =0

d*hy(2)

TR (Grt) R (- ) m@ = 0

Egs. (4.25) and (4.26) become

hy(z) = Bie™P1* + B,eP1*

hy(2) = D,e P2 4+ D,e Ps% + Dgepzz + D, ePs?

The value of potential functions become

¢, = (B e P17) e~ Hwt=¢x)

Y, = (D1e7P2% + Dye P37)e U (@t=(x)

Therefore, the displacement components of couple stress substrate are
= ((i{e™P1?)B; + (p,e P?*)D; + (p3eP3?)D,)e~ {@t=¢x)

wE = ((—pre™P%)B; + (e P2)D; + (i{e P37)D,)e (@4

P1 = B_§1p2_ 5 yP3 = 5

_ §Pc
12[32

L,={* +& 7 and B, Dy, D, are arbitrary constants.
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Li+ /L2—4L Li— /L2—4L
{2¢2 1 1 2 1 1 2 1 2
$% — = [—5— = |—5— Li=5+2

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)



The non-vanishing stress and couple stress components become

151 = u{(—2i{p,e P1?)B; + (Toe P2%)D, + (Tze " P3?)D,}e~H@t=¢X) (4.33)
153 = {(Tue P1%)By — (2iuIp, e P2%)D; — (2iuC{pze Ps7)D,}e M@= (4.34)
Sz = 2u {03 — p20*)e™P2* Dy + (p3 — p3(?)e ™ P3”DyJe @Y (4.35)

where T, = 12(¢? — p5)* — (* + p3),

Ty = 12(¢? = pH)?* — (3 + pD).

T, = (A° + 2u%)p; — 2°C
4.3 BOUNDARY CONDITIONS

(i) Top surface of layer must be stress free, so,
a. 733 =0atz=-H
b. 7335 =0atz=—-H
(i) Stress components must be continuous at the interface between layer and
substrate. Since, layer is assumed to be imperfectly attached to substrate, so, the
difference in displacement components must be proportional to stress
components.
a T3 =15 atz=0
b. 133 =15atz=0
c. 5, =Kiu—uatz=0
d. 5 =Kyw—-wSatz=0
K and K are degrees of imperfectness. If K¢ — o and Ky — oo, displacement
components will balance each other at z = 0 and it will refer to the case, when layer

will be in perfect contact with the substrate. If K = Ky = 0, it refers to the slippage

interface between two media.

(iii) The couple stress coefficient should vanish at interface, that is,

us, =0atz=0
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4.4 DERIVATION OF SECULAR EQUATIONS

By imposing boundary conditions, we get following equations

2i¢d, sin(d{H) A; + 2i{d; cos(d,H) A, + (d3 — {*)cos(d,H) A; — (d3 —
{?)sin(d,H) Ay = 0 (4.36)

T, cos(d{H) A; — Ty sin(d{H) A, + 2iu{d, sin(d,H) A3 + 2iudd, cos(d,H) A, = 0

(4.37)
2ipgd A, + p(d3 — ¢*) Az + 2iu“dp By — u°T,D; — uT3D; = 0 (4.38)
T1A1 + 2lﬂ(d2A4 - T4Bl + Zl,uc(ple + Zlﬂczp3D2 - O (439)

—i{KsA; + dyKsAy + i0(Ks — 2uCp1) By + (poKs + u€T,) Dy + (p3Ks + u€T3)D, =
0 (4.40)

—d KyA, — i{KyAs + (T, — p1Ky) By + i{(Ky — 2u¢p2) Dy + i{(Ky — 2uCp3)D, =
0 (4.41)

(P% - Pz(z)D1 + (P'g - P3{2)D2 =0 (4.42)

To get non-trivial solutions of the Egs. (4.36)-(4.42), determinant of arbitrary constants

must be zero.

2i{d, sin(d{H) 2i{d; cos(d,H) P, -0, O 0 0
T, cos(d,H) —T, sin(d,H) 0; @, O 0 0
0 2iudd, Bs 0 2iucqp,  —HT2  —HTs
T, 0 0 2ipgd, =T,  2iup, 2iugps| =0
_iZKS 0 0 dZKS (2)6 @7 ®8
0 —d;Ky —i{Ky 0 T, — p1Ky Do D10
0 0 0 0 0 P1 )

(4.43)
where @; = (d3 — {#)cos(d,H), 0, = (d5 — {?) sin(d,H), @5 = 2iuld, sin(d,H),
@, = 2ipdd, cos(dxH), Bs = pu(d3 —{?), @g =i{(Ks—2upy), @7 = (p2Ks +
UETy), @g = (p3Ks + uCT3), Bg = i{(Ky — 2up,), @10 = i{(Ky — 2u°p3), @1 =
p3 —pok? and @, = p3 — p3k?.
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After solving Eq. (4.43), we get following dispersion relation of Rayleigh waves in an

elastic layer which is imperfectly attached to the couple stress substrate

t; + t, cos(dH) cos(d,H) + tzsin(dH)sin(d,H) + tycos(d,;H)sin(d,H) +
tssin(dyH)cos(d,H) = 0 (4.44)

where

t; = 8u?{?d1d,T1(d5 — {*)(91Q1 — @2Ry) + 2uu©¢?d d, T Ky (30 —
d%)(_(th + @2R;) + 2ﬂ52d1d2K5(d% - (2)(T1 + ZH{Z)(_¢1Q3 + @2R3) +
2uC¢%d, d, KKy (1(d3 — 02) — T1) (—@1Q4 + @2R,),

t, = 8u?{?d d, Ty (d5 — {*)(—91Q1 + P2R) + 2up?d,d, Ty Ky (337 —
d5)(91Q2 — @2R,) + 21u¢?d d,Ks(d5 — () (Ty + 2u¢*) (91Q3 — 92R3) +
ﬂcd1d2KsKN(4ﬂ{4 - T1(d% - {2))(_§D1Q4 + @2R,),

t3 = (.U(Tf(dg -3+ 16#254d%d%))(—§01Q1 + @2Ry) + (IJC(ZKN(&UZCZCZ%CZ% -
T2(d3 — {%))) (—01Qz + 92R,) + (u3?Ks(8u¢?dd3 + Ty(d3 — $3)%)) (0105 —
@2R3) + uC KKy (T1(d5 — %) — 4ud3d5) (—91Q4 + 92R4),

ty = 4pd d5¢*uCKs(Ty — 2u0*) (—91Qs + @2Rs) + pd; KyT1(d5 — () (01Q6 —
@2Re),

ls = ﬂcd2K5T1(d% - {2)(T1 - 2#52)(§01Q5 - (Pst) + 4H2€2d%d2KN(d% +
{®)(—91Q6 + ¥2R),

Q1 = {*(Ks — 2up) (Ky — 2p°p3) + (uTs + p3Ks) (T4 — p1Ky),

Q2 = T3Ks + 2p1p3Ks, Q3 = T4Ky — 2up1psKy, Q4 = TsTy + 4u°%pips
Qs = 2p1*(Ky — 2u°p3) — Ts(Ts — p1Ky),

Q6 = Ty (uCT5 + p3Ks) — 2up30* (K5 — 2u°py),

Ry = {*(Ks — 2upy) (Ky — 2u°pz) + (UT, + p2Ks) (T4 — p1Ky),

R, = TyKs + 2p1p,Ks, Rz = TyKy — 2 p1p,Ky, Ry = T, Ty + 4u°%pyp;
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Rs = 2p1{2 (Ky — ZHCPZ) — T3(Ty — p1Ky),

Re = T, (T, + poKs) — 21, 0% (Ks — 2u°py)
45 PARTICULAR CASES

Case 1: If H = 0, then Eq. (4.44) reduces to

2
(252 -(&) @~ pf)) (=@2T2 + 91T3) — 4p1p2p3 (p3 — pRk? = 0 (4.45)
Eq. (4.45) represents the dispersion relation of Rayleigh waves propagation in stress-
free couple stress substrate which is same as found in Sharma and Kumar [100].
Case 2: If Kg — oo, then Eq. (4.44) reduces to

te + t; cos(d{H) cos(d,H) + tg(sin(d,H)sin(d,H)) + tg(cos(d;H)sin(d,H)) +
tio(sin(dH)cos(d,H)) =0 (4.46)

where

te = 8u?d;d,Ti(d5 — {*)(91Q1 — @2RY) + 2up€?d d, Ti Ky (3¢% -
d3)(—91Q5 + @aRY) + 2u¢?dydy(d5 — {2)(Ty + 2ul?)(—91Q3 + 92R3) +
Zﬂcfzd1d2KN(ﬂ(d% - {2) —T1)(—91Q4 + @2R,)

t; = 8u?{%d,d,Ti(d5 — (*) (—@1Q1 + @2RY) + 2up€3?d,d, Ty Ky (30% —

d3)(91Q5 — 92RS) + 2ud?dqd,(d5 — () (Ty + 2ul®)(91Q3 — 92R3) +
#Cd1d2KN(4#k4 — Ty (d5 — (2))(—(P1Q4 + @2R,)

to = (u(T2(dZ — ¢2)? + 16p2¢*d3d3)) (— 1 Qf + 92RY) + (HCT2 Ky (8u2{2d?d3 —
T2(d2 - ) (9105 + 92Rs) + (u{? (Bug2d3d3 + Ty (d% — ¢3)%)) (9105 —
@2R3) + .UC{ZKN(T1(d% - gz) - 4/«‘d%d%)(_§01Q4 + @2R,)

ty = 4#d1d%{2#C(T1 - ZHCZ)(_§01Q5 + %02R5) + .Ud1K1\rT1(d‘2t - (4)((.01@& -
@2R¢)
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tio = Mcd2T1(d% - (2)(T1 - 2#(2)(<P1Q5 — @3Rs) + 4M2<2d%d2KN(d% +
{®)(—1Q¢ + @2RE)

Q1 = (*(Ky — 2u°p3) + (p3Ta — p1p3Kn), Q5 = Tz + 2p1p3, Q¢ = Tups — 2uCps?
Ry = (*(Ky — 2u®py) + (p2Ta — p102Kn), Ry = Ty + 2p1p;, Rg = Typ, — 2up,02
Case 3: If Ky — o, then Eq. (4.44) reduces to

t11 + ti cos(dyH) cos(d,H) + ty3sin(dyH)sin(d,H) + t;4cos(d H)sin(d,H) +
tissin(dyH)cos(d,H) =0 (4.47)

where

t11 = 8u{?*d d,T1(d5 — (3 (91Q1 — 9,RY) + 2puuc¢?d d,T1 (3% —
d%)(_(th + @2Ry) + 2ﬂ52d1d2K5(d% - (2)(T1 + ZH{Z)(_(MQQ + @,R3) +
2uC¢%d d,Ks(u(d3 — 72) — T1) (—91Q4 + @2R4)

tiz = 8u*{?d;d,Ti(d5 — {*) (=101 + @2RY) + 2up°{?d,d,T1 (3¢% -

d5)(1Q2 — 92R,) + 21u¢?d d,Ks(d5 — k*)(Ty + 2u¢*) (91Q5 — 9,RY) +
#Cd1d2KS(4#(4 - T1(d§ - 52))(_901(24 + @2R,)

trs = (W(T2(d3 — {?)? + 1643¢*d2d3)) (—1Qf' + 92RY) + (uCe? (8¢ d2d3 —
T12(d% - 52))) (=102 + @2Ry) + (H(ZKS(BH(Zd%d% + T1(d§ - (2)2))(%01@&’ -
©2RY) + uC K (T, (d5 — (%) — 4ud?d5) (—@1Q4 + @2R,)

t1q = 4ud;d532uCpKs(Ty — 2u8*) (=108 + @2RE) + pud Ty (d5 — (M) (01Q6 —
®2Re)

t1s = uSd,Tyip1Ks(ds — {*)(Ty — 2u0?) (91 Q5 — @,RY) + 4p*{?did, Ky (d3 +
52)(_<P1Q6 + @2Rs)

Q1 = {*(Ks — 2u°p1) — (01T + p1p3Ks), Q3 = Ty — 2upips , Q5 = 20% + T;
Ry = {*(Ks — 2u°p1) — (0112 + p1p2Ks), RE =Ty = 2u°pipy, RS = 202 + T,

Case 4: If Kg - o, Ky — oo, then Eq. (4.44) reduces to
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tie + t17 cos(d,H) cos(d,H) + tygsin(d,H)sin(d,H) + tyocos(d,H)sin(d,H) +
tyosin(d{H)cos(d,H) =0 (4.48)

Eq. (4.48) represents frequency equation of Rayleigh waves in an elastic layer which is

perfectly attached to the couple stress substrate.

where

tie = 8H252d1d2T1(d% - (2)(901(21” - (szi") + 2##C(2d1d2T1(3(2 -
d%)(_‘PlQé + @2R;) + 2M52d1d2(d% - 52)(T1 + ZM{Z)(_§01Q§’ + @,R3) +
2uCq2dydy(u(ds — %) — T)(—91Q4 + @2R,)

ty; = 82¢%d1d,Ti(d5 — () (=101 + @2RY") + 2up€4?d d,T1 (387 —
d3)(91Q; — @2Ry) + 2ug?dd,(df — k*)(Ty + 2u8?) (91Q3 — 02R3) +

uedydy (4ud* — Ty(d5 — $*))(—91Q4 + @2R4)

tig = (u(TZ(d3 — {*)? + 16p%¢*dFd2))(—p1Q1" + @Ry +
(k€c?(8u2¢2a2d3 — T2 (a3 — ¢2))) (105 + @2Rp) + (u{?(Bugd?d3 +
T1(d} = ¢3)9) (9103 — 92R) + T (T1(dF — ¢%) — 4udfd3) (—91Q4 + 92R,)

t19 = 4ud,d30%upy(Ty — 2ul®) (=91 Q% + @RE) + pd; Ty (d3 — (M) (91Q¢" —

"

@2Rg

tyo = uCd,Tip;(d3 — {3 (Ty — 2u®)(91QF — @,RE) + 4u*{?did,(d5 +
{*)(—91Q6" + 2R’

Q' = { — P13, Q6 = Taps — Z#CP3521 Ry = {* - P12, Rg' = Tapy — ZMCPZZZ
4.6 GRAPHICAL RESULTS AND DISCUSSION

The values of material constants for graphical illustrations are mentioned in Table 4.1.

Material Constants Young’s modulus Poisson Density of material

ratio
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Elastic layer [45] E =78 GPa v=044 |p
= 19,400 kg/m?3
Couple stress substrate E¢ =14 GPa v =037 | p¢
[100] = 1500 kg/m?

Table 4.1 Material parameters

Graphical illustrations showing the impacts of various parameters such as thickness of
the layer, characteristic length associated with substrate, and imperfectness parameters
on the dispersion curves, are presented in Figs. (4.2)-(4.8). In Figs. (4.2), (4.3), (4.4),
(4.7) and (4.8), vertical axis represents dimensionless phase velocity (c/B,) and
horizontal axis represents non-dimensional wave number ({H). In Figs. (4.5) and (4.6),
vertical axis represents dimensionless phase velocity (c/f,) and horizontal axis

represents non-dimensional wave number ({1).

Figure (4.2) represents general trend of dispersion curves for Rayleigh waves. The
values of other parameters taken to plot Fig. (4.2) are kept as [ = 0.0004m, H =
0.001m. For the case, when layer is imperfectly attached to substrate, the values of
imperfectness parameters are kept as Ks = Ky = 4 x 1015, It is observed that Rayleigh
waves are dispersive in the considered model, as Rayleigh waves speed is decreasing
sharply with the increasing wave number. It is further found that Rayleigh waves speed

is higher when layer and substrate are imperfectly attached to each other.

Parameters l H K Ky
Fig.4.3 — 0.001 ed 00
Fig. 4.4 - 0.001 4x10' | 4x 105
Fig. 4.5 0.0004 - 0 0
Fig. 4.6 0.0004 - 4x10% | 4x101
Fig. 4.7 0.0004 0.001 — 4 x 105
Fig. 4.8 0.0004 0.001 4 x 10%° —

Table 4.2 Values of various parameters

4.6.1 The influence of microstructural parameter (1)
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The impacts of internal microstructure length scale parameter (1) have been presented
in Figs. (4.3) and (4.4). Figure (4.3) is plotted, when an elastic layer is perfectly attached
to the substrate. Figure (4.4) is shown by taking layer to be imperfectly attached with
the couple stress substrate. In both the figures, graphs are plotted by taking four values
of microstructural parameter as [ = 0.0002m,0.0004m,0.0006m & 0.0008m
andother parameters are given in Table 4.2. From both the figures, it can observe that

phase velocity increases, when value of microstructural parameter increases.
4.6.2 The influence of thickness (H) of layer

Impacts of thickness (H) parameter are depicted in Figs. (4.5) and (4.6). Figure (4.5)
elucidates the impacts, when an elastic layer is perfectly attached to the substrate,
whereas in Fig. (4.6) layer is imperfectly attached to the microstructural substrate. Figs.
(4.5) and (4.6) are plotted by taking four values of thickness parameter as H =
0.001m, 0.002m, 0.003m & 0.004m and other parameters are mentioned in Table 4.2.
From both the figures, it is found that velocity decreases, when value of thickness

parameter increases.

06+

1. Perfect interface
2. Imperfect interface | |

0.5r

o
n
T

0.44563
0.445625 /
0.44562 \

017 0.445615
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o
w

o
N
T

-
N

0.043114 0.043118 0.043122

0 0.05 0.1 0.15 0.2 0.25 0.3
Wave number (£H)

Figure 4.2 Dispersion curves for perfect and imperfect interfaces
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Figure 4.4 Plot for showing impacts of characteristic length (1) with imperfect
interface

93



Phase velocity (c/ [54)
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4.6.3 The influence of imperfectness parameters (Ks & Ky)

The impacts of degree of imperfectness of joining surface between two media are
presented in Figs. (4.7) and (4.8) using parameters Ks and K. Figure (4.7) has been
plotted by taking four values of imperfectness parameter Kg as 4 x 10'°,6 x 10,8 x
105 and K — oo and other parameters are mentioned in Table 4.2. It is noticed in Fig.
(4.7), when the value of parameter K increases, phase velocity decreases. In Fig. (4.8),
the values of parameter K, is considered as 4 x 10%%,6 x 10,8 x 10° and K — o
and other parameters are mentioned in Table 4.2. The results obtained in Fig. (4.8) are

similar as the results observed in Fig. (4.7).
4.7 CONCLUSION

This chapter analyse propagation behavior of Rayleigh waves in an elastic layer
followed by a microstructural substrate. The contact between layer and substrate is
assumed to be imperfect in nature. The frequency equation is obtained by using the

appropriate boundary conditions. Outcomes found in the problem are given below.

e |t is observed that Rayleigh waves are dispersive in nature as phase velocity
decreases with increase in the value of wave number.

e Characteristic length parameter associated with substrate favors velocity of
Rayleigh waves. The pattern is same whether layer and substrate are perfectly
or imperfectly attached to each other.

e Impacts of thickness (H) of layer are presented on phase velocity. The velocity
decreases with increase in the value of thickness parameter. Similar kind of
results are obtained irrespective of the nature of bonding between two media.

e The imperfectness parameters K¢ & K, which measure the degree of
imperfectness at joining surface between layer and half-space affects velocity.
Phase velocity decreases with increase in the value of imperfectness parameters
Ks and Ky .

As the problem is dealt using microcontinuum theory known as consistent couple stress
theory, so it brings the role of size dependency in the problem, hence, the results found
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in the problem can amend some facts about Rayleigh waves which were established
using classical elasticity. The outcomes of the study can also find applications in other

fields such as seismology, NDT techniques, and geophysics etc.
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CHAPTER-5

SH-WAVES IN AN INHOMOGENEOUS FIBER-
REINFORCED LAYER SANWICHED BETWEEN TWO
MICROSTRUCTURAL SUBSTRATES*

5.1 INTRODUCTION

The problem is about the study of propagation of shear horizontal waves in a layer of
finite thickness which is lying between two microstructural substrates. The substrates
are modeled using consistent couple stress theory and the layer is assumed to be made
of fiber-reinforced material. It is assumed that layer is imperfectly attached to both the
substrates. Dispersion equations are obtained, when the layer is imperfectly/perfectly
attached to both the substrates by using suitable boundary conditions. The impacts of
characteristic lengths (1; & l3) associated with substrates, inhomogeneity parameter,
reinforcement parameter, and imperfectness parameter are shown on phase velocity of
SH-waves. Many researchers have studied propagation of shear horizontal waves in
layered structures [84, 110, 118, 54, 94, 98, 43]. SH-waves have numerous
applications in different areas such as healthcare [87, 61] and non-destructive testing
techniques [30, 42].

5.2 FORMULATION AND SOLUTION OF THE PROBLEM

It is assumed that an inhomogeneous fiber-reinforced layer (M,) of finite thickness H
is sandwiched between two microstructural substrates (M, and M;) as shown in Fig.
(5.1). Both the substrates are mathematically modeled using consistent couple stress
theory. It is assumed that three media are imperfectly attached to each other at the
interfacial surfaces I; and I,, origin (0) is considered at joining surface of M; and M,.

It is considered that y-axis is going vertically downward into the substrate (M,) and

4 Communicated to SCI indexed journal.
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wave is propagating in the direction of x-axis. As per geometry, propagation of SH-
waves is causing displacement in the direction of z-axis, so displacement components
for My (u’r, v, wé), M, (uf, vF, wf) and M3 (u, v, w) are taken as u“r = v =
0, wir =wh(x,y,t),uf =vF =0,wf =wl(x,y,t) and u® =v%=0,ws =

w(x,y,t). All the field variables are assumed to be independent of z-coordinate, so,
7]

a = 0.
Interface Displacement
U Coule st ~==—"__  Components are
(1)~ pper Couple stress uCs G s
substrate (M 3) (u®, v, )
A X G5 ";E!' =1
Interface t g WIERTYY. Displacement
Components are
(I3} Fiber-reinforced layer H I:qul? F F]
(M,) v
o 2
— ¥ > X
[ TR N E e RO -
10 Vet oA e
8 55 P S Displacement
Z Lower Couple stress ~—=—"__ Components are
substrate (M ;) (ufr, v, w)
L J
y

Figure 5.1 Geometrical configuration of the problem

5.2.1 Solution for the upper couple stress substrate

Equation of motion is given as [37]

2,,C
C36W3

(A% + 1+ naV)VT.WE) + (u — @V VAW = p& 202

(5.1)
The parameters A%, u%, p, n$ are discussed in section (1.3) of chapter 1 and wC =
(u,v%, wo) is displacement vector.

Equation of motion in Eqg. (5.1) reduces to
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a%2wls  92wCs o (0*wC3  9twC3 a*wls\ 1 92wC3

( ax2 ay? )_ l3( ax* ay* axzayZ) T pZ oz (5:2)
uts

where g2 = o

Assume the solution of Eqg. (5.2) as

wb(x,y,t) = F3(y)e @t~ (5.3)

Eq. (5.2) becomes

d*F3 d?F

ot L1 >+ L Fs =0 (5.4)

2 ZZCZ
where L, = 2¢% + —and L, = ¢*+ lz 3
Bszl3

SH-waves are confined to the surface only, so, it is expected that amplitude of wave
must vanish as they travel away from the surface. So, for upper substrate magnitude of
wave must vanish as y — —oo. Hence, solution of Eq. (5.4) is

F3(y) = A;eP3Y + Bge9Y (5.5)

Li+ /Li — 4L, Lqi— /Li — 4L,
2

where p; = >

and q; =

Therefore, the displacement component of couple stress substrate (M;) is
wS(x,y,t) = (A3eP3Y + ByedsY)e i@t =x) (5.6)
A5 and B; are arbitrary constants.

The constitutive relations are [37]
— )Cs Wkk5u +u (w j,CiS) _ UCgVZ(Wi,Cf _ ij;) (5.7)
lijcf = 4% (w;; — ;) (5.8)

where w; = €uka, is a rotation vector. The parameters © l , uﬂ are discussed in

section (1.3) of chapter 1.
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The non-vanishing force stress and couple stress components become

Cs _ | Cs p3(1+ l%(Z - psgl%)epsy‘% + e~ i@t =x)

5.9
fzs T H q3(1 + l%(Z - q§l§)9q3y33 9)

Uas = 2uS13[(p3 — (2)ePY Az + (g3 — (P)eBYByle i@t~ ¢ (5.10)
5.2.2 Solution for intermediate inhomogeneous fiber-reinforced layer

Equation of motion is written as [48]

otk n ok, n atfy azwF

dx dy 9z at2

(5.11)

pf is the density

The constitutive relation is given in section (1.4) of chapter 1. According to the

geometry of the problem, direction of reinforcement may be considered as (a, , a,, 0).

The non-vanishing stress components from constitutive equation are

ow d
T31—#T a +(I1L llT)(a1 o +a1a2;’)

oy = 2 G — ) (a0 2+ 32 .
32 = llT ay UL — Ur 142 75 27,

The heterogeneity in fiber-reinforced layer is taken as

py = ppe®, ur = ppe®, pt = p'e® (5.13)

where «a is heterogeneity parameter having dimension of inverse of length, p’ is fixed

value of p', uj is fixed value of p;, and u’ is fixed value of py.
By using Egs. (5.12) and (5.13), Eq. (5.11) becomes

a2wF a2wF a*wF owF 6WF_ , 02wF
P %2 +R 577 anay+5 o +T 5y — P e (5.14)

where P = pup + (u; — pp)ai, R =pur+ (u —pp)as, Q =2(u, — pur)asa,, S=
a(uy, — pr)aia; and T = a(uy + (ug, — pr)as)
Assume solution of Eq. (5.14) as
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WF(xJ Y, t) = FZ (y)e—i(a)t—{x) (515)
Eq. (5.14) becomes

d?F,
dy?

RER 4 (ico + T)‘Z—‘;Z + (i{S + p'¢%c? — (2P)F,(y) = 0 (5.16)

The solution of Eq. (5.16) is

Fy(y) = A,e™Y + Bye™?Y (5.17)
1 1
m, = w’ m, = wand r=10%2Q%+ 4p'{?>c?R — T? — 4{*PR

Therefore, displacement component of fiber-reinforced layer (M,) is
wF(x,y,t) = (A,e™Y + B,e™2Y)e~i@t-¢x) (5.18)
A, and B, are arbitrary constants.

The stress component becomes

Fo_[(_T i\ (a+myy _T M\ (a+my)y —i(wt -{x)
thy = (=3 +5=) e@rmya, + (-1 - =) el@rmavp, | (5.19)

5.2.3 Solution for the lower couple stress substrate

Equation of motion is given as [37]

2.,C
Clawl

@% + p% + V)V WE) + (& — V) VPwE = p& =

(5.20)

The parameters A¢1, u¢1, p¢r and n are discussed in section (1.3) of chapter 1 and

wb = (u®, v, w) is displacement vector.

By imposing the conditions for SH-waves, the equation of motion in Eqg. (5.20) reduces

to
(azwcl azwcl) 12 (64WC1 a*wC1 a4w01) 1 9%wa (5.21)
dx2 ay? 1\ oxt ay* 9x29y2 BZ ot2 '
C1
2 _ K-
where fi = T
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Assume the solution of Eq. (5.21) as
we(x,y,t) = F(y)e H@t-) (5.22)

The solution of Eq. (5.21) by using Eq. (5.22) is

d*F. d2F.
ot~ Lage T LFi=0 (5.23)
2 2,2
where Ly = 2{? +32and L, = (4+5_2 — chz
11 15 B1l1
Eq. (5.23) becomes
Fi(y) = Aje™PY + Bie™ 9 (5.24)

L3+ /Lg — 4L,

2

L — /Lg — 4L,

where p; = >

and g, =

Therefore, displacement component of couple stress substrate (M,) is
wCi(x,y,t) = (Aje P 4+ Bje~ 1Y) i@t -{x) (5.25)
A; and B, are arbitrary constants.

The constitutive equations are

C C C C C C
Tt = AW 8y + S (w +wit) = navi(w - wi) (5.26)

C
uit = 4n“(wy; — ) (5.27)
where w; = %Ei jkWyc; is a rotation vector. The parameters 7;;* and u} are discussed in
section (1.3) of chapter 1.

The non-vanishing force stress and couple stress components become

272 272Y,—
Tzcé =pub p1(p1 l21 2_ 1- llg ze Ii;y;ll +] e—i(wt = x) (5.28)
q:1(q1li —1 - 11%)e™ VB,
st = 202 [(p} — (P PYA; + (qF — (P)e 1Y B, e i@ ¢ (5.29)
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5.3 BOUNDARY CONDITIONS

5.3.1 Boundary conditions for a perfect interface

Boundary conditions at the interface (I,:y = —H):
(i) Upper substrate (M5) and layer (M,) are perfectly bonded to each other, so the
stress and displacement components must be continuous, that is,
a. Ty =T aty=—H
b. w&(x,y,t) =wlf(x,y,t)aty =—H
(if) The couple stress coefficient of upper substrate (M3) should vanish, that is,
us =0aty = —H.
Boundary conditions at the interface (I,: y = 0):
(i) Substrate (M) and layer (M) are perfectly bonded to each other, so the stress
and displacement components must be continuous, that is,
a i, =tlaty=0
b. wf(x,y,t) =w i (x,y,t)aty =0
(if) The couple stress coefficient of lower substrate (M;) should vanish, that is,

ust=0aty = 0.
5.3.2 Boundary conditions for an imperfect interface

Boundary conditions at the interface (I,:y = —H):

(i) Atinterface y = —H, substrate (M) and layer (M,) are imperfectly attached to
each other, so stress components will be continuous and difference between
displacement components of two media will be linearly proportional to the
stress component, that is,

a 15 =thaty=—H
b. tf; =G (w® —wF) at y=—H, where G, measures degree of
imperfectness at interface I, .

(if) The couple stress coefficient of substrate (M3) should vanish, that is,
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U3 =0aty = —H.
Boundary conditions at the interface (I,:y = 0):

(i) The layer (M;) and substrate (M) are imperfectly attached to each other, so
stress components will be continuous at the interface y = 0 and difference
between displacement components of two media will be linearly proportional
to the stress component, that is,

a. th=tlaty=0
b. tf; =G,(wcr —wf) at y=0, where G, measures degree of
imperfectness at interface I,.

(i) The couple stress coefficient of substrate (M) should vanish, that is,

,ugi =0aty=0.
5.4 DERIVATION OF SECULAR EQUATIONS

5.4.1 Derivation of secular equation with perfect interface

By using boundary conditions, we obtain following six equations as

tie P A, + e BHB — Q e~ (@tmIl g, — q e~(@tmIHp, — o (5.30)
e PHA, + e~ BHB, — g7l 4, — g~m2Hp, = (5.31)
(p3 — {Me M A3 + (g5 — {*)e B3 = 0 (5.32)
0A; + QyB, — tzAy — t,B; =0 (5.33)
Ay+B,—A; =B, =0 (5.34)
(i —¢DAL+ (7 —$*)B =0 (5.35)

For the non-trivial solution of Egs. (5.30)-(5.35), determinant of the arbitrary

coefficients should vanish.
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tle_p3H tze_qSH _(p* _(p** 0 0

e PsH e 43H —e~MiH _p~maH 0 0

@re7 Pt emasH 0 0 0 01=0 5.36
0 0 04 Q, —t3 —ly (5:36)
0 0 1 1 -1 -1
0 0 0 0 ®3 P4

where 91 = (p5 — (%), @2 = (a5 — (%), 3 = (7 — 7%, 04 = (a7 — 7%,
t; = Usps + U3l50%ps — wap3l3, to = u3qa+usl30%qs — uzq3l3,

tz = mpils — w23 — ps, ty = @l — mli¢%q — gy

1/2 T irl/2
and Q, = —-—
2 2 2

T ir

@ = Qe (@mIH g = e~(@rmIH () — —->+

By expanding the determinant in Eq. (5.36), we get following equation of shear
horizontal waves, when layer is perfectly attached to both the microstructural

substrates.
. 12\ . (QQH 124\ . (lQH . . /2y CQH
s (52) i (54 = sacon (52 n (59 i (5 on () -
ri/zg JQH\] _
S cos( ” ) cos (E)] =0 (5.37)
From real part of Eq. (5.37), we get dispersion relation as
. (JQH . (ri/2y ri/zy _
sin (557) (s sin (57) = sz cos (537)) =0 (539
and from imaginary part of Eq. (5.37), we get damping relation as
{QH . (r2H r2H\\ _
cos (57 (susin (557 = sz cos (F557)) = 0 (539
where
s, = —NyN, — (T2+7)e~H (p2-q2)(p3-q2) + N,Te~%H(p3-q3) + N,T(p?-q?)

4 2 2

r1/2(Ny(p2-q2)-Nye = (p3-q2))
2

Sy, = )

Ny = t3(qf — {®) — t,(p7 — 7)),
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N, = t;1(q5 — %) — t,(p5 — %)
5.4.2 Derivation of secular equation with an imperfect interface

By imposing boundary conditions, we obtain following system of homogeneous linear
equations
tle_pSHAg + tze_qSHBg - Qle_(a+m1)HA2 - Qze_(a+m2)HB2 = 0 (540)

_Gle_p3HA3 - Gle_ngB3 + (Qle_(a+m1)H + Gle_mlH)Az + (Qze_(a+m2)H +

Gie"™M)B, =0 (5.41)
(p3 — (e A3+ (g5 — (e B B; =0 (5.42)
QIAZ + Qsz - t3A1 - t4B1 = 0 (543)
(‘Q‘l + GZ)AZ + (QZ + GZ)BZ - GZAl - GZBl == O (544)
(7 — A+ (qf —¢3)B =0 (5.45)

For the non-trivial solution of Egs. (5.40)-(5.45), determinant of arbitrary constants

should vanish.

e Y —@* —p** 0 0
—Ge P —GemBH  pry GlemmuH @™ + GleT™H 0 0
1) e_p3H 1) e_q3H 0 0 0 0 — .
1 . 2 . Q 0, -t —t, 0 (5.46)
0 0 Q + G, 2 + G —G, G
0 0 0 0 @3 ¢4

By solving Eq. (5.46), we get following equation of shear horizontal waves in a fiber-

reinforced layer which is not in perfect contact with both the microstructural substrates.

. 12\ H 12y H , ) 1/2g H
[nl sin (T ) sin (&) — 1, CosS (T ) sin (&)] +1i [n1 sin (T ) cos (&) —
2R 2R 2R 2R 2R 2R

n, cos (rlz/;H) 0s (?—:)] =0 (5.47)
From real part of Eq. (5.47), we get dispersion relation as
sin (?—Rf{) (n1 sin (rlz/;H) —n, cos (rlz/;H)) =0 (5.48)
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and from imaginary part of Eq. (5.47), we get damping relation as
{QH . (rY2H rY2H\\ _
cos (?) (n1 sin ( = ) —n, cos ( = )) =0 (5.49)

where

_ (TZ +r)e_aH (Tll —Tzz)
- 4

G1GoNpT(pf-q%) _ G1GpN1Te *H(p3-qf)
2 2

n1 + GlGZNlNZ -

GiNiNyT  G,NiNye @HT
2 2

_ 1/2 G1G2N2(pi-q3) | G1GyN1e ®H(p3—q3)  GiNiN; | GyNiN,e *H
n,=r - 2 + > - + > ,

Ty1 = GyN,(pf — q%) + G1N,(p3 — q3),

T2 = —G1G,(pf — q7)(P5 — q3) — NiN,
5.5 PARTICULAR CASES
5.5.1 Particular cases for perfect interface

Case 1: When reinforcement parameters of the fiber-reinforced layers are neglected,

that is, a; = a, = 0, then we get following dispersion equation

1/2 1/2
tan (c’n H) = o (5.50)

2u! S3

Eq. (5.50) represents dispersion relation of shear horizontal waves in a heterogeneous
layer sandwiched between two microstructural substrates. Eg. (5.50) can also get from

] 1/2 1/2
Eq. (5.38), if we take second term, that is, s, sin (r ZRH) — 5, COS (r ZRH) =0

where

uo=ppr o= (4p'c? - K a'),

2
au V2 +721)e—%H (p2 —g2)(p2—g2 au' N.e—%H (p2_ g2 au' N (p?—g2
S3 = —N1N2 _ (( u)“+¢ 1) - (p1 Q1)(P3 Q3)+ H Nq - (p3 Q3) + u 2(2p1 ‘h),

_ No(p-a})-Nie”*"(pi-a})
2

S4
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Case 2: If the heterogeneity parameter, a = 0, then dispersion relation in Eq. (5.38)

reduces to

1/2 1/2
sin (ZQ—:) (55 sin (CrzR H) — S COS ( T";R H)) =0 (5.52)

Eq. (5.51) represents dispersion relation of shear horizontal waves in a fiber-reinforced

layer without heterogeneity

and damping relation in Eq. (5.39) reduces to

1/2 1/2
cos (£ (s sin (£2—2) — 5, cos (£22)) = 0 (5.52)
2R 5 2R 6 2R

Eq. (5.52) represents damping relation of shear horizontal waves in a fiber-reinforced

layer without heterogeneity
where

r, = Q% + 4p'c?R — 4PR

2 2_ 2 2_,2
SS — _N1N2 _ ( TZ(pl q41)(p3 CI3)

2_ 2\ 2_ 2
Sg = (rzl/z (NZ(pl CI1)2N1(P3 (I3))

Case 3: When the heterogeneity and reinforcement parameters of the intermediate layer
are both neglected, that is, « = 0, y; = ur = ¢’ and a, = a, = 0, then dispersion

relation in Eq. (5.38) reduces to

[ 1) = st [
tan ((H 7 1) o 2 1 (5.53)

Eq. (5.53) represents dispersion equation of shear horizontal waves in a homogeneous

isotropic layer sandwiched between two substrates.

where

N _ *rs(pi-a})(p3-43)
p2 = \/;1 S7; = —=N;N, 2 )
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ry=4p''c? —4W)?,
sg = Np(p? — q1) — N1 (p5 — q3)

5.5.2 Particular cases for an imperfect interface

Case 1: When reinforcement parameters of the fiber-reinforced layers are neglected,

that is, a; = a, = 0, then we get following dispersion equation

1/2

1/2
tan( & H) =St (5.54)

2u’ ns

Eq. (5.54) represents dispersion equation of shear horizontal waves in a heterogeneous

layer sandwiched between two microstructural substrates. Eq. (5.54) can also get from

1
y 1
Eq. (5.48), if we take second term, that is, n; sin (%) —n, cos <%> =0.

where

p' = ur

— ((“ﬂ’)z+§2T1)9_aH(T11—T22) +G.G NN, — au’GleNz(p%—q%) _
4 1Y24V114V2 2
G1GoNyap'e A (p3—-q3)  ap'GiNiN,  ap'GoNiNe=*H
2 2 2 !

_ GGz N2 (p3-q3) + G1GyNie~H(pf-q3) _ GiN1N, + G,NiNye *H
2 2 2 2

Tl4=

Case 2: If the heterogeneity parameter, a = 0, then dispersion relation in Eg. (5.48)
reduces to
1/2 1/2

sin () (g sin (222 ) — n, cos (£2—2)) = 0 (5.55)
2R 5 2R 6 2R

Eq. (5.55) represents dispersion relation of shear horizontal waves in a fiber-reinforced

layer without heterogeneity

and damping relation in Eq. (5.49) reduces to
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1/2 1/2

cos (ZQ—:) <n5 sin (Zr;R H) — Ng COS (GZR H)) =0 (5.56)

Eq. (5.56) represents damping relation of shear horizontal waves in a fiber-reinforced

layer without heterogeneity which is imperfectly attached to both the substrates.

where

2 —
ns = —( 7”2(711 T22) + GleNlNZ )

_ 1/2 G1G;N2(p2-q%) | G1G2N1(p3—q3) GiNiN; | GyNiN,
neg = (r, — 5 + 5 B + >

Case 3: When the heterogeneity and reinforcement parameters of fiber-reinforced layer
are neglected, that is, « = 0, yu; = ur = ' and a; = a, = 0, then dispersion equation
in Eq. (5.48) reduces to

RV Y
tan (CH 52 1) > 1 (5.57)

Eq. (5.57) represents dispersion relation of shear horizontal waves in a homogeneous

isotropic layer which is imperfectly attached with the substrates.

where

2 —
n, = R0 4 GG N,

_ G162 (pi=67) | G1GoNa(p3-08) _ GiNaNz | GzNaNs

n =
8 2 2 2 2

Case 4: If G; — oo, then upper substrate (M;) and the layer (M,) will be perfectly

attached to each other and dispersion equation in Eq. (5.48) reduces to

sin (ZQ—:) (n9 sin (rlz/;H) — Ny COS (rlz/;H)) =0 (5.58)
and damping equation in Eq. (5.49) reduces to

cos (%) (ng sin (T;/;H) — N4 COS (TZ;H)) =0 (5.59)
where
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(T2+r)e aH

Ng = ((P3 2)N1 + GZ(P1 - ‘h)(Ps - Q3)) + G,N;N, —
GzNzT(pl—ql) _ GNiTe™H(pf-q3)  NiN,T
2 2 2

1/2 [_ GaNa(pi-ai) | GaNae™*"(p3-a5) _ NlNz]

Ny =1
10 2 2 2

Case 5: When G; — oo and a = 0, dispersion relation in Eq. (5.48) reduces to

. QH { 1/2H z 1/2H
sin ((Z—R) (n11 sin ( TZR ) — Ny, COS ( r;R )) =0 (5.60)
and damping equation in Eq. (5.49) reduces to
H . ¢ 1/2H 4 1/2H
cos (%) (n11 sm( TZZR ) — N4, COS ( rZR )) =0 (5.61)
where

2
iy =2 (03 — )N + 6o (pF — a3 — D) + GNi N,

1/2 [ GaNo(pi-af) n GaN1(p3-af) NINZ]

ny, = (r, - 2 2

Case 6: When G; » o0, a =0, y; = ut = ' and a; = a, = 0, dispersion equation in
Eq. (5.48) reduces to

c? _ nuap's
tan ({H /ﬁ—% — 1) = ﬁz -1 (5.62)

where

(2
Nnyz = %((pgz, — q%)N1 + Gz(P1 - CI1)(P3 - CI3)) + G2Ni N,

_ GeNa(pi-af) | GaNa(pi=af) _ Ma

n =
14 2 2 2

Case 7: If G, — oo, then lower substrate (M;) and the layer (M;) will be perfectly

attached and dispersion equation in Eq. (5.48) reduces to

sin (ZQ—:) (n15 sin (rlz/%) — Ny COS (rlz/;H)) =0 (5.63)

112




and damping equation in Eq. (5.49) reduces to

{QH . (rY2H ri/2g
cos (—) (n15 sin (—) — Ny COS ( )) =0
2R 2R 2R

where
(T2+r)e
Nyg = ((Pl — q2N, + G (p? — ¢1) (5 — %)) + G;N,N, —
GlNzT(pl—ql) _ GiNiTe"™H(p3-q3)  NiN,e ST
2 2 2 !
Ny = r1/2 [_ GM’Z(Z%‘Q%) + G1N1€_“Z(P§—Q§) + N1N22€_aH]

Case 8: If G, » o and a = 0, dispersion relation in Eq. (5.48) reduces to

. (TQH ¢y ¢y
sin (E) <n17 sin ( =) — nag cos 22R =0

and damping equation in Eq. (5.49) reduces to

1/2 1/2
cos (m—H) <n17 sin ((rz H) N4g COS ({r H)) =0
2R 2R 2R

where

2
ny; = %((p% - q%)NZ + Gl(pf - qf)(p% - q.'s%)) + GlNlNZ !

1/2[ G1N2(p3—q%) n G1N1(p3-q3) n NlNz]

nyg = (T 2 2 2

(5.64)

(5.65)

(5.66)

Case 9: If G, > 0, @« =0, u; = uy = p' and a; = a, = 0, dispersion relation in Eq.

(5.48) reduces to

, 2
H C_ _ 1) _ nZOI’l ( 1
tan (( 5% N9 .82
where

2
Nyg = %(@1 —qPN; + G, (pf — q)) (p5 — q%)) + GiNi N, ,

G1N2(p2-q2)

Ny = — 4 GMi(P3=ad) | i,
2

2 2
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Case 10: If G; —» o and G, — oo, then heterogeneous fiber-reinforced layer is perfectly

attached to both the substrates and dispersion relation in Eq. (5.48) reduces to

ri/zg
S, cos( -

1/2

T
S, COS (
2R

ri/zg

sin ((ZQ—:) (n21 sin (—

2R

7))=0
and damping relation in Eq. (5.49) reduces to
cos ((ZQ—I:I) (n21 sin (r

)=

1/2

H r
_) - nzz cos (

2R

) —Nyy cos(

ri/zy

2R )) = sin (ff_:) (Sl sin

ri/2y

=)~

/2y {QH . (r1/2H
)) = cos (&%) (s, sin (“F) -
2R 2R 2R

Egs. (5.68) & (5.69) are same as the Eqgs. (5.38) & (5.39) respectively.

5.6 GRAPHICAL RESULTS AND DISCUSSION

(5.68)

(5.69)

The values of material constants for graphical illustrations are mentioned in Table 5.1.

Couple stress u¢ =30.5x%x10°N — pt = p% =2717 Kg
substrates (M, &M,) /m? /m3
[117]
Fiber-reinforced layer | up =3.50x 10°N | u; p' = 1600 Kg/m3
[102] /m? | =7.07
x 10° N/m?
Table 5.1 Material parameters
Parameters Iy Iy aH | (a% a3) H Gy G,
Fig. 5.2 0.0004 | 0.0004 0.1 - 0.3 o0 00
Fig. 5.3 0.0004 | 0.0004 0.1 - 0.3 o0 00
Fig. 5.4 0.0004 | 0.0004 0.1 - 0.3 30.5 x 10° | 30.5 x 10°
Fig. 5.5 0.0004 | 0.0004 0.1 - 0.3 30.5 x 10° | 30.5 x 10°
Fig. 5.6 — 0.0004 | 0.1 | (0.5,05) | 0.3 oo ©
Fig. 5.7 - 0.0004 0.1 (0.5,0.5) 0.3 o0 00
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Fig. 5.8 - 0.0004 | 0.1 [ (0.5,05) [ 0.3 [ 30.5x10° | 30.5 x 10°
Fig. 5.9 — 0.0004 | 0.1 | (0.5,05) | 03 | 30.5x10° | 30.5x 10°
Fig.5.10 | 0.0004 — 0.1 | (0.505) | 0.3 oo o0
Fig.5.11 | 0.0004 — 0.1 | (0.505) | 0.3 oo o
Fig.5.12 | 0.0004 — 0.1 | (0.505) | 03 | 30.5x10° | 30.5x 10°
Fig.5.13 | 0.0004 — 0.1 | (0.505) | 03 | 30.5x10° | 30.5 x 10°
Fig.5.14 | 0.0004 | 0.0004 | — | (0.5,0.5) | 0.3 o0 o0
Fig.5.15 | 0.0004 | 0.0004 | — | (0.5,0.5) | 0.3 o0 o
Fig.5.16 | 0.0004 | 0.0004 | — | (0.50.5) | 03 | 30.5x10° | 30.5 x 10°
Fig.5.17 | 0.0004 | 0.0004 | — | (0.50.5) | 03 | 30.5x10° | 30.5 x 10°
Fig.5.18 | 0.0004 | 0.0004 | 0.1 | (0.5,0.5) | 0.3 — 30.5 x 10°
Fig.5.19 | 0.0004 | 0.0004 | 0.1 | (0.505) | 0.3 — 30.5 x 10°
Fig.5.20 | 0.0004 | 0.0004 | 0.1 | (0.505) | 03 | 30.5x 10° —
Fig.5.21 | 0.0004 | 0.0004 | 0.1 | (0.505) | 0.3 | 30.5x 10° -

Table 5.2 Values of various parameters

In Figs. (5.2), (5.4), (5.6), (5.8), (5.10), (5.12), (5.14), (5.16), (5.18), (5.20), vertical
axis represents non-dimensional phase velocity (c¢/B,) and horizontal axis represents
non-dimensional wave number ({H). In Figs. (5.3), (5.5), (5.7), (5.9), (5.11), (5.13),
(5.15), (5.17), (5.19), (5.21), vertical axis represents dimensionless damped velocity
(c/B,) and horizontal axis represents non-dimensional wave number ({H). Figures
(5.2), (5.3), (5.6), (5.7), (5.10), (5.11), (5.14), (5.15) are plotted when layer is perfectly
attached to both the substrates and Figs. (5.4), (5.5), (5.8), (5.9), (5.12), (5.13), (5.16),
(5.17) are plotted when layer is imperfectly attached to both the substrates.

5.6.1 The influence of reinforced parameters (a%, a3)

Figures (5.2), (5.3), (5.4) and (5.5) represented the impacts of reinforced parameters

(a?,a3) on propagation behavior of SH-waves. In Figs. (5.2) and (5.3), intermediate

layer is perfectly attached to the substrates and in Figs. (5.4) and (5.5), layer is taken to

be imperfectly attached to both the substrates. All four figures are plotted by taking five

values of the reinforced parameters (a?a3) as (0.25,0.75), (0.35,0.65),
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(0.50,0.50), (0.65,0.35)and (0.75,0.25) and other parameters are mentioned in
Table 5.2. In Figs. (5.2) and (5.3), it is found that phase velocity and damping velocity
increase with increase in value of reinforcement parameters. In Figs. (5.4) and (5.5), it
can be observed that the trend of the curves changes at a particular value of wave

number.
5.6.2 The influence of characteristic length parameters (1; & I3)

Figures (5.6), (5.7), (5.8) and (5.9) illustrate the impacts of the microstructural
characteristic length parameter (I3) on the propagation behavior of shear waves.
Figures (5.6) and (5.7) are plotted by considering that intermediate layer is perfectly
attached to both the substrates, whereas Figs. (5.8) and (5.9) are shown by considering
layer to be imperfectly attached to the substrates. All four figures are plotted by taking
three values of microstructural parameter as I; = 0.0001, 0.0004 and 0.0006 and other
parameters are mentioned in Table 5.2. It can be observed that effects of this parameter
are very meager on both velocities of SH-waves. To depict these results, graphs have
been zoomed, and it is seen that both velocities increase, when value of microstructural

parameter increases.

Figures (5.10), (5.11), (5.12) and (5.13) depict the impacts of microstructural parameter
(1,) on behavior of SH-waves. In Figs. (5.10) and (5.11) intermediate layer is perfectly
attached to the substrates and in Fig. (5.12) and (5.13) layer is taken to be imperfectly
attached to both the substrates. For all four figures, three values of microstructural
parameter are taken as [, = 0.0001,0.0004 and 0.0006 and other parameters are
mentioned in Table 5.2. It is noticed from all four figures that characteristic length

parameter (I,) favors phase velocity and damped velocity of SH-waves.

In Figs. (5.6), (5.8), (5.10), and (5.12), results are shown in the presence as well as
absence of reinforcement parameters. In Figs. (5.7), (5.9), (5.11), and (5.13), results are

shown in the presence of reinforcement parameters.
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5.6.3 The influence of heterogeneity parameter (aH)

Figures (5.14), (5.15), (5.16) and (5.17) depict the impacts of heterogeneity parameter
(aH) on propagation behavior of SH-waves. Figures (5.14) and (5.15) are plotted by
considering that intermediate layer is perfectly attached to both the substrates, whereas
Figs. (5.16) and (5.17) are shown by considering layer to be imperfectly attached to the
substrates. To plot all these four figures, we have considered three values of
heterogeneity parameter as aH = 0.1, 0.2, 0.3 and other parameters are mentioned in
Table 5.2. In Figs. (5.14) and (5.15), it is found that both velocities increase, when value
of heterogeneity parameter increases. In Figs. (5.16) and (5.17), initially the velocity
increases with increase in the value of heterogeneity parameter and then trend reverses

after a particular wave number.

In Figs. (5.14) and (5.16), trends are shown in the presence as well as absence of
reinforcement parameters. In Figs. (5.15) and (5.17), trends are shown in the presence

of reinforcement parameters.
5.6.4 The influence of imperfectness parameter (G4)

Figures (5.18) and (5.19) elucidate the effects of imperfectness parameter (G;) of
interface (I;). The figures have been plotted by taking the values of the imperfectness
parameter G, as 30.5 x 10%, 4 x 30.5 x 10° and G; — oo and other parameters are
mentioned in Table 5.2. In both figures, it is found that both velocities decrease as value
of imperfectness parameter G, increases. As value of parameter G, increases, the
bonding between layer and upper substrate tend to become better and when G; — oo,
the layer is perfectly attached to the substrate. In Fig. (5.18), trends are shown in the
presence as well as absence of reinforcement parameters. In Fig. (5.19), trends are

shown in the presence of reinforcement parameters.
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5.6.5 The influence of imperfectness parameter (G,)

The impacts of imperfectness parameter (G,) of the interface (I,) are elucidated in
Figs. (5.20) and (5.21). The graphs have been plotted by taking values of the
imperfectness parameter G, as 30.5 x 10°, 4 x 30.5 x 10°, G, - o and other
parameters are mentioned in Table 5.2. From Figs. (5.20) and (5.21), it is noticed that
imperfectness parameter (G,) favours the velocities and both velocities increase with
increase in value of imperfectness parameter G,. When G, — oo, it refers to the case
when two media are perfectly attached, and it can be observed that phase velocity is
highest for this case. In Fig. (5.20), trends are shown in the presence as well as absence
of reinforcement parameters. In Fig. (5.21), trends are shown in the presence of

reinforcement parameters.
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Figure 5.14 Plots for showing impacts of inhomogeneity parameter (aH) with perfect

22

21

1.9

1.8

1.7

1.6

1.5

1.4

2.3

2.2

21

1.9

1.8

1.7

1.6

1.5

1.4

1.3

1.1, = 0.0001
———2.1,=0.0004 |
3.1,=0.0006 | |
1.685842 :/‘2/3
1.685841
2.835544 2.835546 |
0.5 1 15 2 25

Wave number (CH)

interface

.aH=0.1
.aH=0.2
.aH=0.3
.aH=0.1
.aH=0.2
.aH=0.3

6 ]

1,2,
4,5,

3
6

= Presence of reinforcement
= Absence of reinforcement

1.5 2 2.5 3
Wave number (EH)

interface

124



Damping velocity (c / [32)

16+ 2.0H=02 1
— 3.aH=03
1.5¢ 1
1.4 1 1 1 1 1
0.5 1 1.5 2 25

Wave number (CH)

Figure 5.15 Plots for showing impacts of inhomogeneity parameter (aH) with perfect
interface

23 T T T T
_Q\ ]
22 s
21+ i
~ 21223 i
N
==X
o 19222 |
2
8 1.81.21 i
©
>
@ 177 08509095 1
= — 1. aH=01
o i 4
16 2.aH=0.2 \
151 -~ 3.aH=03 \ |
———4.aH=01 S
1.4 5.aH=0.2 | 1, 2, 3= Presence of reinforcement S
6. oH =03 | 4 5 6=Absence of reinforcement
1.3 ‘ L

0.5 1 15 2 25 3
Wave number (CH)

Figure 5.16 Plots for showing impacts of inhomogeneity parameter (a¢H) with
imperfect interface

125



22¢

21F
225
2004
223
2.22
2.21

1.9

1.8

085 09 095
1.7+ -

Damping velocity (c / B,)

1. aH=01
1.6+ .
2.0H=02

1.5F 3.aH=0.3 i

14 1 1 1 1 1
0.5 1 1.5 2 25

Wave number (EH)

Figure 5.17 Plots for showing impacts of inhomogeneity parameter (a¢H) with
imperfect interface

23 T T T T

22

2.1

1.9 1.G1=30.5*109
— * * 9
18l ——2 G, =4"305"10

3. G1 —>» infinity

Phase velocity (c/ B,)

1.7 f o
— 4 G1 =30.5*10

167 5.G, =4"30.510°

1.54 6. G1 —> infinity

14+ 1, 2, 3 = Presence of reinforcement
4,5, 6 = Absence of reinforcement

13 1 L 1 1

0.5 1 1.5 2 2.5

Wave number (CH)

Figure 5.18 Plots for showing impacts of imperfectness parameter (G;)

126



2.3 T T T

22
2.1
N
[<al
o 2
=
8
< 19
>
[*)]
£
Q
S 18 )
8 1.G, =30.5*10
LT 2.G, =4"305*10°
16k 3. G, —> infinity
15 1 1 1 1
0.5 1 1.5 2 2.5

Wave number ({H)

Figure 5.19 Plots for showing impacts of imperfectness parameter (G,)

2 3
221 8
21 .
™ 2L i
< ——— 1.6, =30.5*10°
(&)
2z 19r 2.G, = 4"30.5"10°
8
° 4gl 3. G2 —>» infinity
(0] _ wq A9
2 4.G,=305"0
a 177 9
— 5. G2 =4*30.5*10
16} 6. G, —> infinity
151 1, 2, 3 = Presence of reinforcement
4,5, 6 = Absence of reinforcement
1-4 1 Il 1 1

0.5 1 1.5 2 25
Wave number (CH)

Figure 5.20 Plots for showing impacts of imperfectness parameter (G,)

127



— \‘7—\_ 1 2 3
22+ —— // ,
21+ .
~
= 2 ]
e
>
2 19} -
3
g
2 1.8F N
£ g
=3 1. G, = 30.5*10
5 17t 2 1
= ———2.G,=4"30.5"10°
161 3.G, —> infinity 7
1.5} .
14 1 L 1 L

0.5 1 1.5 2 2.5
Wave number (CH)

Figure 5.21 Plots for showing impacts of imperfectness parameter (G,)

5.7 CONCLUSION

The problem investigates propagation behavior of shear horizontal waves in an
inhomogeneous fiber-reinforced layer lying between two couple stress substrates. The
analysis has been done in two scenarios, firstly when the layer is perfectly attached to
both the substrates and secondly, when layer is imperfectly attached to both the
substrates. The secular equations are calculated to observe the impacts of various

parameters. The main outcomes are drawn from the obtained results

e Initially the velocities decrease with increase in the values of reinforced
parameters (a?, a5) and then trend changes after a particular wave number. This
kind of pattern is seen in the case, when layer is imperfectly attached to the
substrates. When layer is perfectly attached to both the substrates, phase and
damping velocities increase with increase in value of reinforcement parameters.

e Both velocities increase with increase in the values of two characteristic lengths
(1, & I3) associated with the substrates. These results are independent of the

situation whether layer is perfectly or imperfectly attached to the substrates.
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e When the intermediate layer is perfectly attached to the substrates, it is noticed
that both velocities increase with increase in values of heterogeneity (aH).
When layer is imperfectly attached with substrates, both velocities firstly
increase with increase in values of heterogeneity parameter (aH) and then
pattern changes after a particular value of wave number.

e The results of imperfectness parameters (G, & G,) are contrary to each other.
Phase velocity and damping velocity decrease with increase in values of the
imperfectness parameter G, of interface I; and both velocities of shear waves
increase with increase in the values of the imperfectness parameter G, of

interface I,.

As SH-waves are used in NDT techniques for material evaluation, so, present analysis
may also find some applications in this area. The problem has been dealt using size-
dependent couple stress theory, which can enhance the results, established in non-
destructive testing techniques using classical theory. As the geometrical configuration
of the problem is inspired from earth, so the results found in the problem can help to
find solutions to mitigate the devasting effects of earthquakes. Fiber-reinforced
materials are widely used in constructions works and architectural designs, so the
present study may also find some applications in civil engineering, geophysics, and

geomechanics.
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SUGGESTION FOR FUTURE WORK

Following suggestions have been made for the extension and further use of the

present research work:

In this thesis, we have studied about the propagation of Rayleigh waves in an
elastic layer attached to a microstructural couple stress half-space, so as an
extension of this work, propagation behavior of Rayleigh waves can be studied
in double layered structure. Another suggestion for the extension of the work
done in thesis is to study Rayleigh waves in one or more layers attached to
microstructural couple stress half-space in the presence of gravity.

We have studied about the propagation of SH-waves in a layer which is
imperfectly attached to two couple stress substrates. Problems of Love waves
are also studied in single and double layered structures. A suggestion for the
extension of this work is to study about the propagation behavior of SH-waves
or Love waves in a layer attached to half-space with irregular surfaces.

Plate waves (Lamb waves or SH-waves) can also be studied in a layered

structure.
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