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ABSTRACT

This study investigates the second harmonic generation (SHG) and third harmonic
generation (THG) using various laser beam profiles, including g-Gaussian, cosh-
Gaussian (ChG), and Hermite-cosh-Gaussian (HchG) beams, under optimized laser
and plasma parameters. Employing the paraxial approximation, we derived coupled
equations for the beam width parameter and normalized amplitude for SHG and THG.
These equations were numerically solved, and the results were interpreted graphically.
When a high-intensity laser beam propagates through plasma, it exerts a
ponderomotive force on electrons, displacing them from the axis and creating density
perturbations. The electrostatic force from positive ions induces quiver velocity in
electrons, which, when coupled with density perturbations, produces SHG and THG
at frequencies 2w; and 3w,;  respectively, where w,is the laser's fundamental
frequency. Variations in plasma density alter its dielectric properties, changing the
refractive index and causing self-focusing along the axis. This phenomenon,
influenced by both the ponderomotive force and relativistic mass effects, is termed
ponderomotive and relativistic self-focusing. We studied the impact of density ripples
on the pulse slippage of THG for Gaussian and cosh-Gaussian beams, under optimal
laser and plasma parameters. Our findings reveal that a higher density ripple factor
significantly enhances efficiency and shifts the peak normalized amplitude of the

THG pulse to greater normalized distances.

For cosh-Gaussian beams, efficiency gains were notably higher compared to Gaussian
beams, with the former exhibiting oscillatory behaviour at shorter Rayleigh lengths,
whereas the latter sustained self-focusing over longer distances. Additionally, self-
focusing of Gaussian beams under relativistic effects and an exponential density ramp
was analyzed. The density ramp enhanced Rayleigh length, reduced spot size, and
strengthened self-focusing. For SHG, efficiency gains were assessed for Hermite-
Gaussian and cosh-Gaussian beams under varying parameters, showing that cosh-
Gaussian beams exhibited stronger and more sustained self-focusing than Hermite-
Gaussian beams. The effect of linear absorption on Hermite-Gaussian beams was also

explored. It was observed that linear absorption significantly intensified self-focusing



and reduced spot size, particularly at higher laser intensities and normalized plasma
frequencies. The oscillatory behaviour of Hermite-Gaussian beams diminished with
increasing values of these parameters. For Hermite-cosh-Gaussian beams, the beam
width parameter was examined across different mode indices. The results showed
sharp spot size reduction and sustained self-focusing over longer Rayleigh lengths
compared to cosh-Gaussian beams, which displayed oscillations at shorter Rayleigh
lengths. Overall, higher efficiency in SHG and THG was observed at increased laser
intensities and with the inclusion of a density ripple or wiggler magnetic field, which
helped satisfy the phase-matching condition and enhanced harmonic generation. In
comparison, the efficiency gain was more pronounced for cosh-Gaussian and
Hermite-cosh-Gaussian beams, making them advantageous for applications requiring
high-intensity harmonics.

The study further demonstrated that variations in the decentred parameter could
significantly impact SHG and THG intensity, emphasizing its sensitivity. This
research provides valuable insights into the optimization of SHG and THG for diverse
applications in medical diagnostics, microscopy, biomedical sensing, optical imaging,
and other advanced technologies, highlighting the superior performance of cosh-

Gaussian and Hermite-cosh-Gaussian laser beams.



PREFACE

The interaction of high-power laser beams with plasma has become a pivotal area of
research in nonlinear optics due to its considerable scientific and technological
implications. When an intense laser beam propagates through plasma, nonlinear
interactions arise as a consequence of the ponderomotive force and relativistic effects.
These interactions lead to density perturbations within the plasma, which couple with
the incident laser field and result in higher harmonic generation. Among the various
nonlinear processes, second harmonic generation (SHG) and third harmonic
generation (THG) have garnered significant attention because of their extensive
applications in medical diagnostics, microscopic imaging, biological sensing, optical
communications, terahertz technology, laser industries, ultrafast photonics, and

optoelectronic devices.

In this thesis, the effects of various laser and plasma parameters on SHG and THG
have been investigated using different structured laser beam profiles, such as g-
Gaussian, cosh-Gaussian, and Hermite—cosh Gaussian beams in plasma. Key
parameters including laser intensity, plasma density, density ripple, decentered
parameter, wiggler magnetic field, and plasma density ramp have been studied in
detail to analyze their impact on harmonic generation efficiency. The results
demonstrate that structured laser beam profiles can significantly enhance harmonic
generation under suitable plasma conditions compared to conventional Gaussian

beams.

The theoretical analysis presented herein has been conducted using nonlinear plasma
theory under the Paraxial approximation and WKB approximation. The findings
provide valuable insights into nonlinear laser—plasma interactions and may contribute
to the development of efficient harmonic sources for advanced scientific and

technological applications.
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Chapter-1

Introduction and Review

1.1 Introduction

The advent of lasers as revolutionary light source in 1960 by Theodore H. Maiman
marked a revolutionary milestone in modern science, unlocking unprecedented
capabilities in precision measurement, communication, and energy delivery. This
coherent light source, capable of extreme intensities and ultrashort pulses, catalysed
advancements across disciplines, from quantum optics to materials engineering.
Parallel to this, the discovery and understanding of plasma the fourth state of matter,
ionized gas comprising free electrons and ions traces back to Irving Langmuir’s
pioneering work in the 1920s. Plasma, ubiquitous in astrophysical phenomena and
fusion research, has since emerged as a dynamic medium for exploring nonlinear
optical responses of materials to light. The confluence of high-power lasers and
plasma physics has birthed a vibrant field of study, where extreme laser fields drive
exotic phenomena such as particle acceleration, Wakefield generation, and higher
order harmonic generation (HHG). Frequency of plasma is the most important
parameter while studying plasmas and some rapid oscillations of electrons occur
which we call Langmuir waves. An electromagnetic wave's phase velocity in plasma
is determined by v, = w,/k; , Where w, being the electromagnetic wave frequency
and k; is wave number and phase velocity v, = c(1 — wj /wi)™*/? | here w, is
frequency of plasma and is shown by w, = (4mnge?/m)*/? , c represents the speed
of light, and m denotes the mass of the electron.e, being electric charge and n,,
equilibrium density of the plasma. Electromagnetic oscillations characterise plasma
density, and laser plasma interactions depend on plasma frequency. When w; > w,,
electrons cannot protect the electromagnetic field, and the plasma is said to as under-
dense. When w; < w,, plasma electrons react quickly and the electromagnetic wave

gets reflected, indicating that the plasma exhibits high  density.



Exposure of plasma to a powerful laser pulse results in the relativistic jittering motion
of its electrons and the resulting nonlinear plasma currents can convert the incident
laser frequency into its integer multiples, producing coherent harmonics. This process,
distinct from atomic HHG [1,2] in gaseous media, offers a pathway to generate
intense, ultrashort XUV [3], ICF [4,5], ultrafast spectroscopy [6,7], compact particle
acceleration [8,9] X-ray pulses [10,11] with applications spanning, chirped pulse
amplification (CPA) [12,13], attosecond science [14], advanced imaging, and inertial
confinement fusion diagnostics. Yet the spatiotemporal behaviour of the driving laser
beam has a profound impact on both the efficiency and spectral organization of
plasma-based harmonics. Although earlier work has widely investigated harmonic
generation under theoretical Gaussian beam profiles, most high-power laser systems
used in practice operate with structured beams, e.g., Laguerre-Gaussian, Bessel-
Gaussian, or flattened profiles, for increased energy delivery or to reduce propagation
losses. The effect of such non-uniform beam geometries on harmonic yield, phase
matching, and angular distribution is still poorly understood. Extremely high SHG
and THG amplitudes can aid in a more thorough examination of the many areas of
study that are crucial to daily living. To investigate the various laser parameters
influencing the efficiency of SHG and THG, we are encouraged to investigate many
laser profiles, including g-Gaussian, cosh-Gaussian (chG), and Hermite-cosh-
Gaussian (HchG) beams. Through rigorous theoretical and empirical analysis, the
thesis aims to establish a framework for harnessing structured light to unlock new
frontiers in nonlinear optics and high-energy-density science, contributing to the next

generation of laser-driven technologies.
1.2 Nonlinear Phenomena

The way a medium (such as a crystal or plasma) reacts to an electric field (such as
that produced by a laser) is exactly proportional to the field itself in linear optics.
Nevertheless, nonlinear optics addresses circumstances in which this response
deviates from linearity, usually when strong laser light is employed. This indicates
that the medium'’s polarisation (P) now incorporates higher-order factors rather than a

linear relationship with the electric field (E). In year 1961,Peter Franken [15], and his
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colleagues used a ruby laser on a quartz crystal to make the first observation of SHG,
which laid the groundwork for nonlinear optics. THG came soon after, in the early
1960s, when scientists expanded nonlinear study into third-order processes in gases
and solids. The SHG takes places due to atomic vibrations which vary quadratically
with the intensity of optical field. Electric field provided by the intense laser is strong
enough for Kerr effect to occur and is known as Optical Kerr Effect (OKE) [16]. SHG
intensity varies with the squared electric field strength, reflecting its nonlinear optical
nature. Therefore, intensity-modulated refractive index is provided as

n =ny + n,l (1.2.1)

ny is linear refractive index at low intensities, n,, refractive index influenced by
optical nonlinearity coefficient (Kerr coefficient), I denotes intensity of light beam.

Polarization density is given as

P(t) = &0 X524 xE™(0) (12.2)

Here x™ is linear susceptibility, y® accounts for second order nonlinearities like
second harmonic generation, y® [17], accounts for third order nonlinearities like

third harmonic generation.

(a) Unear (b) Noninear

Fig. 1.1 The response of a nonlinear dielectric medium is represented through a nonlinear

relationship between its polarization P and the electric field E.
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1.2.1 Second harmonic generation

It is another important nonlinear phenomenon that takes place during transmission of
intense laser beam through plasma as the investigation of frequency multiplication
process in plasmas has a rich history, dating back to the early experiments on plasma
physics and nonlinear optics. Early theoretical work laid the foundation for
understanding the basic mechanisms of harmonic generation, particularly in the
context of gas-phase media. However, as laser technology advanced, enabling the
generation of high-intensity pulses, researchers began to explore harmonic generation

in more complex media, including plasmas.

SHG Energy Level Diagram

Virtual state

hw

Virtual state
———————————————————————————————— - 2hw

hw

Ground state

Fig .1.2 Representation of Second harmonic generations

The SHG energy level diagram illustrates the quantum mechanical representation of
Second harmonic generation, an effect in nonlinear optics where two photons of
frequency w interact within a non-centrosymmetric medium to produce a single
photon of frequency 2w. As shown in the diagram, the system absorbs two photons

sequentially, each with energy hw, promoting it to a higher-energy virtual state an



intermediate state that does not correspond to a real electronic level. From this virtual
state, the system emits a single photon of energy 2Aw, corresponding to the second
harmonics. This process is determined by the material’s second-order nonlinear
susceptibility y®, and efficient SHG requires phase matching to conserve momentum

and ensure constructive interference of the generated harmonic wave.

Second Harmonic Generation (SHG) makes path for the conversion of invisible laser
light into the visible range. For instance, radiation of 10,600 A can be converted to
light of around 5,200 A wavelength, which falls almost within visible range. This
process may be understood as an interaction involving photon exchange between
various frequency components of the laser field, thereby doubling its frequency and
reducing the wavelength by half of the original light

1.2.2 Third harmonic Generation

The third harmonic generation (THG) mechanism is depicted in the picture. Three
photons with frequency w are simultaneously absorbed by a nonlinear medium, like
plasma, via virtual energy states, which are intermediate, non-resonant levels that are
distinct from actual atomic or molecular states. Without sacrificing overall energy
conservation, the system can momentarily access higher energy configurations thanks
to these virtual transitions. The system releases one photon with energy 3aw to return
to the ground state after the three photons (hAw + hw + hw) have been absorbed.

This process is mediated by the material's cubic susceptibility y 3.



THG Energy Level Diagram

Virtual state

hew
Virtual state

Few 3w
Virtual state

Few

Ground stala

Fig. 1.3 Representation of Third harmonic generations
1.3 Wiggler magnetic field

Wigglers are a linear array of magnets placed such that each subsequent magnet has
an opposite polarity, producing a spatially alternating magnetic field. When electrons
or other charged particles move through this field, they are repeatedly deflected from
side to side, which makes them accelerate and produce radiation with high energy and
frequency [18]. These cyclic oscillations cause the production of intense
electromagnetic radiation, which is very useful in experimental and diagnostic
applications. Wigglers in the case of harmonic generation also have a major role to
play by facilitating conditions of phase matching—yproviding the added momentum
necessary for electrons to couple effectively with an incoming laser beam. Further, the
wiggler field tends to maintain electrons localized in the plasma medium and assists
the conditions of resonance through stabilization of cyclotron frequency so that the

process of nonlinear optics is more efficiently enhanced.
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Fig. 1.4 Wiggler magnetic field and Undulator

https://www.google.com/imgres?g=wiggler%20magnetic%20field&imqurl=https%3
A%2F%2Fwww.hsmagnets.com%2Fwpcontent%2Fuploads%2F2020%2F04%2FWig

gler.

1.4 Plasma Density Ramp

A plasma density ramp, in laser—plasma interactions, is a spatially graded electron
density profile, in which the electron number density ramps up or down along the
direction of laser propagation instead of being constant. These ramps may be
introduced naturally in expanding plasmas or designed on purpose by utilizing
tailored gas jets or foil targets. One of the most commonly investigated types is the
exponential density ramp, given by n,.(z) = nye®?, where n, is the base density and
a determines the ramp steepness. The exponential profile better simulates realistic
plasma generation conditions than step or linear ramps and has a significant role. It
adds a spatially varying refractive index because the plasma frequency varies
gradually, modulating the phase-matching conditions and dispersion relation essential

for effective frequency conversion, resulting in a position-dependent phase mismatch
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Ak(z) between the harmonic and fundamental waves. While usual phase mismatch is
known to reduce harmonic efficiency, a gradient in an exponential ramp can enable
quasi-phase matching with periodic resetting of the phase relation and increased
harmonic build-up along large interaction lengths. The influence of the ramp is
particularly notable when its density scale length equals or is on the order of the
Rayleigh range of the laser or plasma skin depth since it allows strong localization of
the field and ongoing nonlinear coupling. In addition, in the relativistic regime or with
the conditions of tight focusing, the exponential ramp will cause self-focusing or
refractive guiding, further increasing the field intensity seen by the plasma. This
enhances the nonlinear source terms that are accountable for higher harmonic
generation. When laser beams with structured beam shapes, like g-Gaussian, cosh-
Gaussian, or Hermite—cosh Gaussian beams, are incident on such a ramp, the
interaction between the spatial structure of the beam intensity and changing plasma
density results in complex coupling patterns. These can lead to spatially selective
harmonic emission regions, angular redistribution of the harmonic radiation, and even
off-axis lobe enhancement in emission. Moreover, the ramp also changes the group
velocity dispersion of the group and can change the effective wave breaking
threshold, affecting the coherence and spectral sharpness of the produced harmonics.
In summary, the exponential plasma density ramp proves to be an effective tool for
the design and improvement of harmonic generation via spatial phase-matching
control, field localization, and nonlinear coupling mechanisms. However, less
attention has been paid to the influence of laser beam profiles on these processes,

particularly in plasma environments.

Research has shown that different laser beam profiles can significantly affect the
interaction dynamics. Gaussian beams, which have a symmetric intensity distribution,
are the most commonly studied and utilized in laser-plasma experiments. However,
recent studies suggest that other beam profiles, such as Laguerre-Gaussian beams with
their characteristic orbital angular momentum, and Bessel beams, known for their
non-diffracting nature, can introduce unique nonlinear effects in plasma. These effects
can alter the phase matching conditions, electron trajectories, and other critical

parameters that influence harmonic generation.
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The influence of beam profiles on harmonic generation has also been explored in
other nonlinear media, such as gases and solids, providing valuable insights that can
be extrapolated to plasma studies. However, the complex nature of plasma, with its
dynamic ionization and recombination processes, introduces additional challenges
that require dedicated investigation. This thesis seeks to fill this gap by systematically
studying the influence of different high-power laser beam profiles on harmonic

generation in plasma, using theoretical models.



1.5 Literature Review

Erokhin et al. (1969) [2] discovered that nonlinear dispersion creates second
harmonics, with a possible energy transition coefficient of unity. They considered ion
location and density perturbation, leading to nonlinear effects and SHG, and found

that this process can produce a coefficient of energy of unity.

Basov et al. (1979) [19] conducted theoretical and experimental research on the SHG,
focusing on laser plasma contact at critical density levels using solid targets and the
Kalmar laser. They discovered laser plasma contact at the crucial plasma density zone

for the first time using a Kalmar laser.

Sodha et al. (1979) [20] investigated SHG in the context of strong laser plasma
contact, where ponderomotive self-focusing is the cause of nonlinearity. They
investigated how the strength of the incident laser pulse and the plasma's non-
uniformity affected the beam width parameter. They noticed that when the beam
traverses farther inside the plasma, the density of electrons drops, causing
amplification of beam parameter. However, the beam parameter greatly decreases as
the input laser's strength rises.

Thakur and Sharma (1981) [21] examined the SHG electrostatic pulse in heated
plasma using a Gaussian electromagnetic pulse. Electrostatic pulses are created at two
times the carrier frequency of approaching pulse due to the force (13 X §). They found
that when an electromagnetic pulse with a same intensity distribution is created along
its wavefront, the resulting Gaussian electrostatic pulse has a pulse width (1/\/5) of

times the original phase width. A third harmonic signal is created when the produced

pulse and the incident electromagnetic pulse contacts once again with one another.

Heinz and Loy (1988) [22] examined the nonlinear process of SHG, in order to better
understand surfaces and interfaces in cases when the medium is centrosymmetric.
They gathered the information necessary for the advancement and utilisation of the

semiconductor method. In their controlled investigation, they noticed the sensitivity of
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SHG to various electronic characteristics and the reliance of nonlinearity on the

semiconductor surfaces' chemical composition.

Liu et al. (1993) [23] studied the harmonic production utilising interactions between
picosecond and a microsecond, laser pulses in neutral and ionised gases. They looked
at how the effectiveness of THG varied experimentally. They found that the only way
the gain increases is if distinct plasma effects are combined with phase matching
requirements. They investigated the requirement of incoming lasers with increasing

intensities for relativistic harmonic production.

Krylov et al.'s (1995) [24] observed that second harmonic generation (SHG) becomes
less efficient at higher intensities, likely due to the onset of continuum generation.
The reported gain remains below 50%, which may be attributed to phase modulation
effects in the incoming pulse, underscoring the critical role of phase modulation in
influencing SHG efficiency.

Birulin et al. (1996) [25] proposed a theoretical model for high-harmonic production
in _homogeneous or inhomogeneous dispersive mediums. They experimentally
demonstrated that interference of two waves leads to harmonic generations, and as

contact length increases, the efficiency of generating harmonics increases.

Malka et al (1996) [26] studied the relationship between relativistic plasma and
second harmonic production. They observed a second harmonic pulse spreading
across a Rayleigh length, revealing that ionisation and ponderomotive force produce
radial electron density, giving (SHG) its power. Their research supports the
effectiveness of second harmonic pulses and the impact of incoming laser intensity on

SHG efficiency, aligning with theoretical research.

Ramachandran (1996) [27] investigated side scattering above the one-fourth critical
density and found the maximum increase for second harmonic Raman scattering via
laser plasma contact. The Raman effect is more prominent than SHG when the plasma

is underdense. Both the SHG and the Raman become irrelevant for collisional plasma.
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Brandi and Neto's 1997 [28] study examined THG through laser-plasma interaction,
analyzing its oscillatory behaviour considering various electron plasma density
values. They found that decreased THG behaviours was due to fine spectral linewidth,
and only modest levels of incoming laser intensity were used to analyse the THG,

going beyond the low-density approximation.

Parashar and Sharma (1998) [29] had studied the SHG under the action of an
obliquely impinging laser at the vacuum-—plasma boundary. A laser pulse with
elevated field strength when incident on plasma at some angle results SHG in
reflected component. They observed that second harmonic power gets vanishes at
normal and grazing angle. Their study showed that second harmonic power is
sensitive to the angle at which the wave strikes. The power yield increases with
electron density is optimum at critical density and again decreases with increase in
density.

Kim and Lee (1999) [30] conducted an in-depth comparison of Hermite—Gaussian
(HG) and Laguerre—Gaussian (LG) beam profiles and demonstrated that, despite
diffraction effects, the total beam power remains invariant along the propagation axis.
By applying Lommel’s lemma, they derived a power-series solution that agrees
closely with Lax’s formalism. Their approach involved representing the transverse
electric-field components and solving the Helmholtz equation in the half-space z > 0,
which confirmed that beam power is conserved during propagation. Their analysis
also showed that, under the paraxial approximation, the dominant contributions to the
field arise from the lowest-order terms in the series. Finally, they obtained an explicit
vectorial expression for the field traveling via the z-axis, verifying its consistency

with Lax’s equations for paraxial wave behaviour.

Singh et al. (2002) [31] studied phase-matched relativistic second harmonic
generation in plasma. Their research focused on the mechanism by which the
interaction between an intense laser beam and plasma results in the creation of density
perturbations. When these perturbations are combined with the fluctuating electron
velocity at the fundamental frequency, they lead to second harmonic generation. The

research emphasized that these density modulations, or ripples, may be caused by
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acoustic waves, which can be internally or externally driven. One of their major
findings was that the second harmonic signal's conversion efficiency is sensitive to

the angle of the incident laser beam and the density ripple orientation.

Banerjee et al. (2002) [32] explored how plasma electrons react when irradiated by
an ultra-intense laser under relativistic conditions. Their experimental observations
pointed out that, at these extremely high intensities of lasers, electron density plays a
vital role in the production of harmonics. They noted that VUV radiation is produced
mainly through relativistic Thomson scattering with energetic electrons. The study
also reported an estimated efficiency for high-order harmonic generation to be about

10~7 , with a size of the laser beam having been reported at about 3 mm.

Kant and Sharma (2004) [33] investigated resonant harmonic generation initiated by
a highly energetic electromagnetic wave propagating in an ionized medium influenced
by a spatially varying magnetic structure. They identified that a gradient in particle
density along the propagation axis plays a central role in driving second harmonic
generation. Their analysis focused on conditions where the wave undergoes self-
contraction within the magnetically perturbed plasma environment. This self-
contraction was shown to enhance the output of the second harmonic component.
Furthermore, the study revealed that the contracted wave exhibits a periodic
modulation in amplitude, reaching maximum values at deeper locations within the

medium.

Upadhyay and Tripathi (2005) [34] have explored second harmonic generation
(SHG) in a laser-created plasma channel. They studied how the influence exerted by a
short-duration laser excitation in a rarefied plasma environment results in SHG
happening in denser areas, with the resulting harmonic traveling at a minor angle with
respect to the channel axis. Their work reported that through ponderomotive self-
focusing, the second harmonic had an pulsating character correlated with the channel
density profile. They reported significantly improved conversion efficiency at

increased plasma densities and a linear dependence of peak efficiency on the channel
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radius. Their research was limited to self-guided laser beams and did not cover

converging beams.

Sandhu et al. (2005) [35] examined second harmonic generation (SHG) and hard X-
ray emission due to the engagement from the interaction between an ultra-powerful
optical field and a low-density ionized medium™ already formed on a solid target.
They aimed to determine a relationship between SHG and high frequency X-ray
production regarding plasma scale length. They determined a particular scale length at
which  SHG was minimized and hard X-ray emission was maximized. The
experimental results indicated excellent conformity with theoretical predictions. They
also found that SHG efficiency improved dramatically at increased incident laser

frequencies.

Carrasco et al. (2006) [36] explored the generation of harmonics—both second and
third order using a vector-Gaussian beam interacting with a nonlinear optical crystal.
Their analysis, based on the first Born approximation, yielded formulations involving
the nonlinear susceptibility tensor. A key aspect of their research was the role of the
Gouy phase shift, particularly in third-order harmonic generation within
centrosymmetric materials. The results demonstrated that the efficiency of both
harmonic processes is strongly influenced by the system’s geometry and diminishes

as the crystal dimensions are reduced.

Dhaiyaa et al. (2007) [37] performed a theoretical and simulation study of second
and third order harmonic generation in plasma with imposed ripples to density of
plasma, which allowed for phase matching. They showed that these density
modulations could be used to allow both even and odd harmonic generation, as
evidenced from particle-in-cell simulations. For relativistic regimes, they saw that
harmonic generation efficiency increased strongly when phase matching was

facilitated using these ripples compared to the absence of phase matching.

Gupta et al. (2007) [38] studied THG due to the interplay caused by a Gaussian beam
of elevated intensity and hot, colliosionless plasma. Following the paraxial

approximation, they obtained the expressions that explained relativistic as well as
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ponderomotive nonlinearities of the incident laser. Their study explained that the
second harmonic component gets induced in the plasma due to the Lorentz force and
then couples with the fundamental oscillatory velocity in order to generate THG. The

study concluded that the highest THG power achieved was on the order of 107°.

Pallavi et al. (2007) [39] analyzed second harmonic generation (SHG) due to the
interplay between a elevated-intensity, linearly polarized laser beam and magnetized
plasma. They established that a second-order nonlinear current density is produced in
the transverse direction, which leads to SHG. An analytical result for the normalized
second harmonic amplitude was obtained, which was oscillatory in nature. Their
findings revealed that both the magnetic field intensity and the incident laser intensity

positively affect the SHG efficiency.

Kaur and Sharma (2008) [40] gave an analytical investigation of third harmonics in
the course of propagation of a powerful laser via plasma produced from a thin metal
film. When the laser reflects at the critical density surface in the plasma, it causes
ripples in the density that meet the condition of phase matching, hence improving
THG efficiency. They ascribed the THG to the superposition of the back-reflected
wave from the critical layer and saw that efficiency improved with increased density
scale.

Verma & Sharma (2009) [41] examined SHG in magnetized plasma with periodic
density modulations. A high external magnetic field combined with ripples in density
ensured the phase matching necessary for efficient harmonic generation. The research
emphasized that SHG efficiency increases as a result of the combined effect of the
ponderomotive force, magnetic field, and density modulation. Also, they noted that an
increase in electron density further increased SHG efficiency because of increased

coupling between the laser and the magnetic field.

Rajput et al. (2009) [42] investigated resonant THG when a very high-intensity laser
is propagated across the plasma. The wiggler field was employed to accomplish the
phase matching condition, which significantly enhanced THG efficiency. However,

pulse slippage happened because of mismatch of the velocity between the third
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harmonics and the basic pulses. They pointed out that the third harmonic pulse
travelled for larger distances, and the THG efficiency grew tremendously with the

increase in the strength of the wiggler field.

Prashar (2009) [43] examined the second harmonic creation when plasma is filled
with parallel plane wave guides, while also taking into account the density ripple that
provided the phase matching. The plasma frequency must be more than 0.5 times the
incidence pulse frequency in order to achieve increased efficiency. They claimed that
the sixth power of the incident pulse frequency has an inverse relationship with the
efficiency loss.

Patil et al. (2009) [44] In their study of the Hermite-Gaussian (HG) laser beam
examined the oscillatory behaviour of laser beams travelling through collisionless
plasma. In order to determine the beam width parameter expressions and investigate
how the beam width parameter behaves with linear distance of propagation at various
decentred parameter and linear absorption coefficient values, they employed the
W.K.B. and paraxial approximation. They found that there is nonlinearity in their
study under ponderomotive force, and that both odd and even p-values defocus,

causing the beam width parameter to oscillate.

Kaur et al. (2010) [45] used the short pulse laser propagating through rippled density
plasma to study the THG. Where density ripple provides additional momentum to
electrons and this satisfied the phase matching condition results increase in self-
focusing that enhanced the efficiency of THG. They observed that, at high intensity of
incident laser, the plasma density decreases along axis and, resonance condition for
THG reduces, result decrease in efficiency. Nonlinearity depends upon the intensity
of incident laser, and is independent of the frequency of incident laser. In their study,

at very high intensity of incident laser the relativistic nonlinearity is dominant.

Askari and Norzooi (2010) [46] investigated the SHG, where nonlinearity caused by
the field induced force resulted in the creation of harmonics. Phase matching is

achieved through the influence exerted by the wiggler magnetic field, which raises the
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SHG efficiency to a suitable level. They demonstrated how the laser and plasma

frequencies affect the second harmonic pulse's efficiency.

Kant et al. (2011) [47] investigated the Gaussian laser beam for second harmonic
production with density transition. They noted the increased second harmonic pulse
intensity, the rise in self-focusing, and the beam's extension to multiple Rayleigh
lengths by implementing plasma density ramp. They saw a noticeable increase in the

second harmonic pulse's efficiency when an exponential density ramp was present.

Kant et al. (2012) [48] examined Hermit-Gaussian laser beam interaction they also
examined the results of plasma density ramp on laser self-focusing. They noticed that
when plasma density gradient was introduced, the beam showed more self-focusing.
In their investigation of the beam width parameter change at optimal values of various
laser parameters, they found that the laser pulse propagates across multiple Rayleigh

lengths without exhibiting diffraction.

Kant et al. (2012) [49] investigated the resonant THG that occurs when a strong laser
travels through electron-hole plasma, a semiconductor. The wiggler field findings
showed a high efficiency of the third harmonic pulse, satisfying the phase matching
criteria. They looked at several laser parameter optimal settings to determine the third

harmonic pulse's highest efficiency.

Sharma and Sharma (2012) [50] examined laser-plasma interaction and evaluated
the SHG in the relativistic and ponderomotive regimes while an intense short pulse
laser was traveling through magnetised plasma. Using the paraxial approximation,
they were able to establish the linked equations of spatial beam parameter and
oscillation frequency of the second harmonic pulse. They found that when varying
magnetic field values are used, the power of the plasma wave varies. Their research
showed that the wiggler magnetic field's fluctuation in strength has a significant
impact on the SHG's output.

Sharma et al. (2013) [51] examined the THG when a strong Gaussian laser pulse
travelled through plasma at various magnetic field strengths. When the wiggler

magnetic field gave plasma electrons enough velocity to meet the phase matching
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requirement, there was a noticeable increase in efficiency. They discovered in cases

where a wiggler magnetic field is applied, the Rayleigh length increases.

Mihailescu et al. (2013) [52] investigated the influence of various laser settings on
the power output of harmonic production and the higher harmonic generations
through strong laser plasma contact. In their work, scientists used a femtosecond Ti-
Sapphire terawatt laser to reflect harmonics, and they examined how the efficiency of

harmonic creation was affected by various laser characteristics.

Jha et al. (2014) [53] examined chirp - modulated laser pulses in a magnetised
plasma waveguide. By using a variational method, they were able to derive equations
that explain the incident laser's spot size, pulse duration, and chirp parameter. They
also investigated the influence exerted by an external magnetic field on the chirping,
spot size, and pulse duration of both chirped and unchirped lasers. Their important
finding is that the unchirped laser pulse achieves both a positive and negative chirp in

an external magnetic field.

Chen et al. (2014) [54] used chirped nonlinear photonic crystals to investigate SHG
and THG. For phase matching with finite bandwidth, they created a manufactured
chirped poled lithium niobate (CPPLN) nonlinear photonic crystal that produced
second and third harmonic generations. They demonstrated how the bandwidth and
efficiency are impacted by the chirped rate. They demonstrated how CPPLN produces
many primary-coloured lasers that may be utilised in large-screen laser displays.

Thakur and Kant (2015) [55] used density transition to study laser beam self-
focusing and investigated THG during high intensity laser plasma contact. In their
work, the wiggler-induced field is used to ensure the phase matching criteria, which
results in an efficiency boost. They demonstrated pulse slippage as a result of the

fundamental and third harmonic pulses' different velocities.

Aggarwal et al. (2015) [56] investigated wiggler aided SHG, which occurs when
atomic clusters are present and a very strong laser beam travels through plasma. The
wiggler field is in charge of the phase matching condition, which raises SHG

efficiency. They investigated the impact of cluster size and fundamental laser
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intensity on second harmonic pulse efficiency. There is an increase in SHG efficiency,

and pulse slippage is shown.

Singh et al. (2015) [57] examined the SHG and THG when a strong laser beam
passes through a magnetised plasma when relativistic self-focusing is in effect.
Nonlinearity results from self-focusing plasma channels caused by relativistic mass
fluctuation under effect of a magnetic field. At fundamental frequency, the density
perturbation occurs, which, when combined with the electrons' quiver velocity, results
in THG. Their research showed that the plasma's magnetic field significantly affects
THG's efficiency.

Verma et al. (2015) [58] investigated the strong laser plasma interaction when an
electric field was dispersed transversely. SHG occurs when the density perturbation
combines with the electrons' fundamental vibrational speed. The second harmonic
pulse's efficiency is greatly increased by the phase matching condition, which is

caused by the induced electric field's duration.

Gupta et al. (2015) [59] investigated the SHG using an powerful g-Gaussian laser
beam, taking into account the parabolic ionized channel and the fact that nonlinear
absorption is caused by collisions. Non-uniform irradiance causes the plasma
electrons to heat unevenly, which leads to self-focusing and density gradients that
excite the plasma wave at its fundamental frequency and interact with the incoming

laser to produce SHG.

Rathore and Kumar (2016) [60] had given the study of THG using quantum
hydrodynamic model. Third harmonic current is produced when Gaussian beam
propagates through plasma in normal wiggler field that produce transverse current and
provided the phase matching. They observed the maximum efficiency when phase
matching condition is satisfied. Quantum effects in harmonic generation were also

studied in their work.

Purohit et al. (2016) [61] examined how second harmonic signals can be generated
within a collisionless plasma when driven by a self-focused hollow Gaussian laser

beam. Adopting the paraxial approximation, they derived coupled equations that track
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beam width evolution during propagation. Their analysis revealed that both
relativistic mass variation and radiation pressure contribute significantly to harmonic
generation through nonlinear interactions. The study concluded that key interaction

parameters play a decisive role in determining the overall SHG efficiency.

Ganeev et al. (2016) [62] studied the augmentation of a single harmonic by resonance
and the amplification across multiple harmonic orders by quasi-phase matching in
mid-infrared femtosecond pulses propagating through indium plasma. They found that
the enhancement achieved through the quasi-phase-matching macroprocess is similar
to the enhancement achieved through the resonantly enhanced harmonic
microprocess. The study suggests that combining these techniques would be a helpful

tool for producing powerful short wavelength radiations.

Vij et al. (2016) [63] studied the occurrence of third harmonic generation in plasma
with short-pulse laser propagation when subjected to clusters with density ripple. The
ripples in plasma provided the Phase matching and higher density of electrons outside
the cluster region enhance the amplitude of THG. With the rise in collisional
frequency of electrons, the absorption decreases and efficiency of THG decreases.
The efficiency of THG is maximum at low collisional frequency. They reported the
group velocity mismatch of THG and fundamental laser, due to which pulse slippage

is observed.

Kant and Thakur (2016) [64] conducted a detailed investigation into SHG) resulting
from a chirped pulse in plasma, taking into account the effects of relativistic self-
focusing. Their study systematically examined how the chirp parameter and the
normalized plasma frequency influence the conversion efficiency of the second
harmonic signal. A key finding of their work was the role of cyclotron frequency in
enhancing SHG efficiency. This enhancement was attributed to the facilitation of
phase matching, which was achieved through the presence of a periodic magnetic

structure, commonly referred to as a wiggler field.

Kumar et al. (2016) [65] explored the production of harmonic frequencies resulting

from laser—plasma interactions in magnetized quantum plasma using a quantum
20



hydrodynamic framework. Their focus was on (SHG) induced by a laser emitting
light with linear polarization, beam propagating via dense plasma through the
influence of a uniform magnetic field. They noticed that including quantum effects
such as Fermi pressure and electron spin significantly reduced wave dispersion.
Additionally, their findings highlighted a disparity in propagation speeds between the
incident wave and its generated second harmonics, resulting in pulse slippage. The
study concluded that the amplitude of the SHG reaches its peak so its fundamental

frequency w, and its second harmonic 2w, are resonant with the cyclotron frequency.

Leblanc et al. (2017) [66] studied the production of high-order harmonics from
plasma mirrors, paying particular attention to phase and spatial amplitude profiles that
are impacted by laser beam properties. They investigated Relativistic Oscillating
Mirror and Coherent Wake Emission processes, confirming models and improving

knowledge of laser-plasma interactions.

Varaki and Jafari (2018) [67] analyzed harmonic generation resulting from
polarized Gaussian laser and magnetised plasma when exposed to a planar
magnetostatic wiggler field. By applying perturbative techniques, they observed that
incorporating the wiggler field helped fulfil the resonance condition, leading to a
noticeable enhancement in SHG efficiency. Their analysis also demonstrated that the

efficiency of the second harmonic pulse increased with higher plasma frequencies.

Sharma and Jha (2019) [68] studied circularly polarised laser beam in obliquely
magnetised plasma to generate second harmonics, demonstrating the impact of
magnetic field direction on radiation amplitude. As magnetic field intensity and

obliqueness rise, so does amplitude.

Maity et al. (2021) [69] used cell-based particle simulations to study harmonic
generation in magnetised plasma. They found that efficiency relies on the strength of
the magnetic field and rises with laser intensity. They also found the ideal magnetic
field for optimising harmonic generation efficiency in an O-mode configuration. The

proper magnetic field strength and laser intensity both boost efficiency.
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Yang et al. (2022) [70] the study investigates high-order harmonic generation (HHG)
induced by a high-power laser beam on plasma surfaces, specifically focusing on the
effects of plasma surface profiles. The research reveals that a convex plasma surface,
formed by a pre-pulse, leads to a saddle-shaped divergence of harmonics. This
divergence is influenced by the oblique incidence of the laser and is supported by 2D
particle in cell (PIC) simulations, highlighting the importance of plasma surface shape

in controlling harmonic generation characteristics.

Walia et al. (2022) [71] studied that the ponderomotive force of the Cosh-Gaussian
beam causes a redistribution of charge carriers, leading to the generation of density
values in the radial direction. The gradients of density arisen by the ponderomotive
force led to the creation of electron plasma waves (EPWSs), and these EPWs interact
with the input beam to produce second harmonic waves. The focusing behaviour of
the beam and the SHG vyield are improved by increasing the plasma density, beam

radius, and decentred parameter, while decreasing the beam intensity.

Mathijssen et al. (2023) [72] presented a setup to produce high order harmonics in
laser induced plasma, which can generate coherent VUV and EUV light and
characterisation via harmonic analysis. High order harmonics in the plasmas of
aluminium, nickel, tin, silver and indium were achieved with high variation in yields
and harmonic distributions. It is possible that charge density increases with the use of
tin plasmas used to detect harmonic orders of up to 25 at wavelength 62.4 nm and
energy of 19.9 eV. The optimal laser settings and time intervals must be set, which

can also serve to enhance yields of harmonics to monitor temporal dynamics.

Fu et al. (2023) [73] observed a 100-fold increase in SHG from an air plasma using
an orthogonal pump-probe laser configuration, highlighting polarization effects and
sub-picosecond dynamics in frequency conversion.. The increased efficiency of
second harmonic production is detected in a sub-picosecond time frame and is
consistent for fundamental pulse lengths ranging from 0.1 ps to over 2 ps. The
polarisation of the field is complicated relying on the polarisation of both input

fundamental beams with the proposed orthogonal pump-probe configuration.
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Antipov et al. (2024) [74] examined the process of high-harmonic generation
resulting from laser interactions with plasma, highlighting how laser-modified
electron beams can emit coherent radiation at harmonic frequencies—approximately
one hundred times shorter than the driving laser wavelength. Their study underscores
the critical role of maintaining energy stability and carefully adjusting parameters
such as the momentum compaction factor (R56) to achieve effective electron
bunching at higher harmonics. This technique is intended to produce narrow-band,
tunable, and stable radiation, offering advancements for next-generation plasma-based

radiation sources.

Mitrofanov et al. (2024) [75] explored the production of harmonics triggered by
powerful laser radiation interacting with dense material surfaces. They explored two
primary approaches: optical amplification in the longer-wavelength range (mid-
infrared) and amplification of pulses with varying frequency components (chirped
pulses) in the shorter-wavelength range (near-infrared). Their research also included
the detection of high-order harmonics, with experimental data extending down to
35 nm, providing a potential source for structured optical output in the deep UV

range.

Singh and Walia (2024) [76] analyzed how relativistic and ponderomotive nonlinear
effects responsible for modifying electron mass and generating density
inhomogeneities enhance self-focusing and boost second harmonic generation (SHG)
efficiency. Their study focused on high-intensity Cosh-Gaussian laser beams
interacting with thermally excited, quantum-degenerate plasma. They concluded that
the efficiency of SHG and the degree of self-focusing are strongly influenced by the

specific laser and plasma conditions.

Hazanov et al. (2025) [77] revealed nonharmonic Mollow-type triplets while
discussing high harmonic generation (HHG) in systems with isolated bound states. In
relation to high-power laser interactions in plasma, it highlights the significant

nonlinear response and offers possible experimental setups for investigating these
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events. Nonharmonic Mollow-type triplets in HHG are produced by isolated bound

states. Results improve knowledge of ultrafast dynamics and HHG.

1.6 Research Gap

Many studies have focused on self-focusing and harmonic generation (SHG and
THG) using conventional Gaussian laser beams. However, investigations into how
alternative beam shapes—such as g-Gaussian, cosh-Gaussian, and Hermite—cosh
Gaussian profiles—affect SHG and THG remain scarce. Early work has demonstrated
that non-Gaussian profiles can produce stronger self-focusing and potentially higher
harmonic conversion efficiencies, yet systematic comparisons across different beam
families are lacking. Moreover, while laser—plasma interactions involve complex
phenomena like ionization, particle acceleration, and collisional damping, their
combined influence on harmonic yields for non-Gaussian beams is not well
understood. To address this gap, our research examines SHG and THG in various
plasma environments using different laser profiles, aiming to identify beam
parameters that maximize harmonic output and clarify the underlying physical

mechanisms.
1.7 Objectives

The primary goal of this thesis is to optimise several laser and plasma parameters in
order to increase the efficiency of second and third order harmonic production of laser
beams in plasma. To accomplish high —efficiency we choose to use several laser
profiles in our study for increased second and third harmonic production for high

power lasers. To accomplish these goals, the three issues listed below were examined.

1. Third harmonic generation of g- Gaussian laser beam in magnetized
plasma.

2. Second harmonic generation of circularly polarized Hermite-cosh
Gaussian laser beam in plasma.

3. Third harmonic generation of cosh-Gaussian laser beam in magnetized
plasma.
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1.8 Thesis Outline

In this thesis, we have undertaken a comprehensive theoretical investigation into
second order and third order harmonic generation (SHG and THG) from intense laser
beams interacting with plasma, with a particular focus on how different laser beam
profiles influence nonlinear optical processes. While Gaussian beams have
traditionally dominated such studies, we recognize that real high-power laser systems
often exhibit structured profiles such as g-Gaussian, cosh-Gaussian (chG), and
Hermite—cosh Gaussian (HchG) beams. These structured beams are known to exhibit
enhanced focusing, field localization, and phase matching characteristics that can
significantly improve harmonic generation efficiency. The thesis begins with a
detailed introduction to the fundamental principles of laser-plasma interaction,
nonlinear optics, and harmonic generation mechanisms. The literature review outlines
the historical development of SHG and THG, highlighting key theoretical advances
while identifying the research gap related to the limited study of structured beam
profiles in plasma environments. Following this, we present the governing equations
derived from Maxwell's laws, the equation of continuity, and the nonlinear wave
equations tailored for plasmas. A comparative description of g-Gaussian, chG, and
HchG beams is provided, discussing their electric field structures, propagation
behaviour, and relevance to nonlinear coupling in plasma. The core contributions of
this thesis are then organized into three main chapters, each dealing with a specific
beam profile. In the first case, we examine the third harmonic generation using a q-
Gaussian beam in magnetized plasma. Analytical expressions third harmonic
amplitude were derived under relativistic and ponderomotive nonlinearities, with a
wiggler magnetic field enabling phase matching. The second major study explores
second harmonic generation with a circularly polarized Hermite—cosh Gaussian beam
in plasma, emphasizing the spatial beam shaping effect on SHG vyield. In the third
part, we analyze third harmonic generation from a cosh-Gaussian beam, deriving
beam width evolution and harmonic amplitude under similar nonlinear conditions.
Each of these studies includes a rigorous mathematical formulation, numerical
analysis using Mathematica, and graphical visualization of results using Origin. By

solving coupled differential equations for beam width and harmonic amplitude, the
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role of key parameters namely intensity, beam waist, magnetic field strength, and
plasma density ramp is systematically evaluated. The results clearly demonstrate that
structured beams offer superior self-focusing, stronger nonlinear coupling, and
improved harmonic conversion efficiency compared to Gaussian beams. In
conclusion, this thesis presents a unified and comparative framework for
understanding and optimizing SHG and THG using various laser beams. The findings
contribute toward advancing structured light applications in plasma diagnostics,
ultrafast optics, and high-energy-density science.
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Chapter -2
Method and Materials

2.1 Governing Equations and Techniques

In our work we have used following equations,

V.E=0 (2.1)

V.5=4np (2.2)

VxEF=_128 2.3
T ¢ ot ()

= = 4g— 10D

VXH_T]-I_Z_t (24)

In this context vectors E and H denote electromagnetic filed components of

electromagnetic radiation. The polarization vector P and the magnetization vector M
characterize the electric dipole moment and magnetic moment per unit volume,
respectively arising due to the displacement and orientation of bound electrons in
neutral atoms and molecules. Additionally, p and 7 refer to the charge density and
current density parameters of free charges, which are linked through the continuity

equation as under

QD
©

+V.D=0 (2.5)

o))

t
When plasma is fully ionized P = M = 0

By employing the governing relation ensuring local conservation of density, one can

derive the expressions for the nonlinear current density .This relationship connects the

time-varying charge density to the divergence of current density, enabling the

formulation of nonlinear source terms responsible for harmonic generation in a

plasma or nonlinear medium. To derive the wave equation that governs
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electromagnetic wave propagation in plasmas, one begins by taking the curl of
Maxwell’s third equation. By subsequently applying Maxwell’s fourth equation, the

resulting expression can be formulated as.

- 7 2F
V2E, = 10%2 1 O (2.6)

c2 ot c2 0t?

When we consider plasma the above equation can be written as

E (2.7)

2.2 Physical relevance of some important laser beams related to our study

2.2.1 g-Gaussian

The g-Gaussian beam represents a flexible adaptation of the traditional Gaussian
beam, where the parameter q determines the extent to which its intensity profile
diverges from the classical Gaussian shape. By tuning g, the beam’s spatial
characteristics can be tailored, enabling controlled deviations from the symmetric,
bell-shaped distribution typical of standard Gaussian beams. The beam profile is
represented by:

2|1
1(r) = I [1—(1—q)w—§
e I(r): Laser beams intensity at a radial distance r from the center of the beam
(i.e., off-axis intensity).
e [,: Maximum intensity at the centre (r = 0).
e q: being the parameter, which controls the shape of the beam
When g — 1 , the beam becomes a standard Gaussian.
When g < 1 ,the profile becomes more super-Gaussian or flat-topped.
When g > 1 ,the profile becomes more peaked or long tailed

r: radial distance from beam axis.

34



e w,: The beam waist radius, which defines the distance from the axis where the
intensity significantly drops. For Gaussian beams, it's the radius at which the

intensity falls to 1/e? of I,.

q value
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Fig. 2.1 Dependence of the g-Gaussian profile shape on the parameter g, illustrating
the transition from a rectangular (¢ = 0) to a standard Gaussian (¢ = 1), and
broader-tailed distributions for g > 1.
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Fig. 2.2 Intensity profile of a g- Gaussian laser beam
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3D q-Gaussian Beam Intensity Distribution
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Fig. 2.3 Intensity profile of a g Gaussian laser beam in 3 -D

Where [, the peak intensity is r is radial coordinate, w, is beam waist, q is the shape
parameter. It has been investigated and recommended therein to duplicate the
behaviour using a g-Gaussian distribution function. The use of a non-paraxial theory
takes nonlinearity into account by accounting for the relativistic reduction in plasma
frequency. Using the WKB and paraxial approximations, equations governing
normalised amplitude evolution were derived and solved numerically. Key findings
reveal that adjusting the laser intensity parameter, g-values, and plasma density ramp
significantly influences the beam’s self-focusing dynamics. Specifically, higher laser
intensities enhance self-focusing, while optimized density ramps enable efficient

focusing of beams with lower g-values.

Comparisons between g-Gaussian and conventional Gaussian beams highlight distinct
advantages of the former. Numerical simulations demonstrate that g-Gaussian beams
exhibit stronger self-focusing in plasmas, leading to extended interaction lengths. This
prolonged confinement enhances the generation of large-amplitude plasma waves,

critical for applications such as electron acceleration. The non-Gaussian intensity
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profile of g-beams redistributes plasma density more effectively, creating favourable
conditions for sustained self-focusing. The study concludes that tailoring g-
parameters, intensity, and density gradients offers precise control over laser-plasma
interactions, paving the way for optimized particle acceleration and wave-driven

phenomena.

2.2.2 cosh-Gaussian (chG)

Under suitable conditions, the chG beam profile closely resembles flat-top field

distributions. When two coherent decentred Gaussian beams of equal waist width are
superimposed, we get the chG beam, which has centres at (g 0) and (—g, 0). Cosh-

Gaussian laser beams electric field is given by
El = XA(z) exp[—i(w.t — k,12)].

A(z) = Ay(z, 1) exp[—iks(r, z)].

2 2
E? Ibzl JfEXp I_Z <r0 fr(z) + g) l +EXP l—z (ro;(z) N g) u

E
——Exp|—=— .
f2(2) 2 2r? b?
[+2E [_ <r02f2<z> * 7)] J

2
Abp =

( 2 r b\?
% B l_z ot l + b l_z /2 l}

()
\ r2f2(z) 2

e E:TField vector representing the beam’s electric component

B =20 p b
TS
r b

exp [-ikS(r,2)](2)exp[-i(w1t—k12)].

e X: Polarization direction (beam is linearly polarized along x-axis).

e E,: Field amplitude.
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f(2): Beam evolution function along the propagation direction (often includes
- . zZ 2
diffraction effects; e.g., f(z) = |1+ (—)
ZR
b: Beam shaping parameter that controls the "cosh™ component spread.
r: Radial distance from the beam axis.

1o. Beam waist (spot size at the focus).

S(r,z): Eikonal or phase function (includes diffraction phase, Gouy phase,

etc.).

w1: Angular frequency of the fundamental wave.

k,: Wave number corresponding to w,, typically k; = w,/c.
k: Generic wave number used in phase function.

exp[—i(w,t — k,z)]: Plane wave factor representing temporal and spatial

oscillations.

exp[—iks(r,z)]: Additional phase contribution from beam curvature or

nonlinear phase.
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Fig. (2.4) Intensity distribution of a Cosh-Gaussian beam

3D Cosh-Gaussian Beam Intensity Distribution

Fig. (2.5) Cosh-Gaussian beam intensity distribution in 3 -D
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Fig (2.6) Intensity profiles of the cosh-Gaussian beam for different values of the
parameter b. The curves demonstrate the transition from a standard Gaussian (b = 0)
to broadened, double-peaked profiles as b increases.

2.2.3 Hermite-cosh-Gaussian (HchG)

The solution of Helmholtz equations with paraxial approximations yields Hermite-
Gaussian beams. The field is expressed in the rectangular coordinate system for these
beams. This is the generalized form of the complex argument's Hermite-Gaussian and
sinusoidal functions. The Gaussian field can be written as a multiple of Hermite

polynomial, sinusoidal, and Gaussian complex argument functions.

When distributed at z = 0, Hermite-sinusoidal Gaussian beams are known as

Hermite-cosh-Gaussian (HchG) laser beams.
E3 — Agei(a)t—kz)

A3 = A30(T, Z)e_iks(r'z)

40



1/2

b2
Ey = A3 = fb;3((;)[ m(rof(z))] ( {eXp[ rof(Z) * b) ”

Fexp — 2 ( f@ 2)2]}

+2exp[ (rof(z)z +b_2)] o~ ikS(r,2) pi(wt—kz)

The mode index associated with the Hermite polynomial function is denoted by m.
Accordingly we developed the formulas for the beam width parameter and the
normalised amplitude of SHG and THG for various laser profiles using the paraxial
approximation and the aforementioned laser profiles. Mathematica software has been
utilised to solve these expressions numerically. ORIGIN software has been used to

plot graphs in order to analyse the results.

Hermite—Cosh Gaussian Beam Intensity Profile
Intensity

1.0

Fig. (2.7) Intensity contour arising from a Hermite—Cosh Gaussian beam structure.
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Fig (2.8) Intensity profiles of the Hermite cosh-Gaussian beam for various values of
the parameter bb. The plot illustrates how increasing bb modifies the beam's
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Fig. (2.9) Hermite—Cosh Gaussian beam intensity distribution in 3-D
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Methodology used

The present work adopts a rigorous theoretical and computational methodology to
analyze nonlinear laser—plasma interactions and associated harmonic generation
processes. The formulation is based on the paraxial approximation combined with the
Wentzel-Kramers—Brillouin (WKB) approximation, which are well-established and
widely used in modeling the propagation of high-intensity laser beams in plasma
under slowly varying envelope conditions. These approximations allow systematic
derivation of the governing wave equations while retaining the essential physics of

diffraction, nonlinear coupling, and plasma response.

Using this framework, the nonlinear current densities and evolution equations for
second and third harmonic fields are derived for different structured laser beam
profiles. The resulting coupled equations are then solved numerically using
Mathematica over a physically relevant range of laser and plasma parameters to
examine the influence of beam shaping, external magnetic fields, and plasma
nonlinearity. The numerical outcomes are subsequently represented through graphical
plots generated using Origin software, enabling clear visualization and comparative
analysis of parameter-dependent trends. This integrated analytical-numerical
approach ensures consistency, reliability, and clarity in interpreting the nonlinear

dynamics investigated in the thesis.
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Chapter- 3

Magnetically Enhanced Third Harmonic Generation using q-

Gaussian Laser Beam in Plasma

3.1 Introduction

In recent years, a captivating and dynamic field of research has blossomed at the
confluence of laser technology and plasma physics, driven by the development of
short-pulse lasers. This enthralling interplay between laser beams and plasma has
garnered significant attention as non-linearity has come to existence due to its
remarkable versatility and profound potential applications. Within this vibrant
landscape, we bear witness to remarkable milestones, encompassing particle
acceleration through laser-driven plasmas [1-3], creation of laser plasma channels [4—
7], production of super-continuum light [8,9], advancements in inertial confinement
fusion [10-12], generation of higher harmonic frequencies [13-16], probing into
nonlinear effects [17,18] within the extreme ultraviolet spectrum [19], precise
performance of photoelectron spectroscopy [20] and the meticulous measurement of
high-density materials [21,22].

Plasma electrons are driven by the powerful ponderomotive force of an intense laser
into rapid oscillations at relativistic speeds, which result in the generation of high-
order harmonics. The third harmonic generation plays a crucial role in the field of
laser-plasma interaction. Esarey et al.'s [23] in-depth studies of harmonic generation
in plasma under the impact of extraordinarily strong lasers working in a relativistic
environment their novel work includes the creation of a nonlinear model using cold
fluid assumptions that can accommodate the extremes of high laser intensity. The
evaluation of the current-modulated harmonic generation process has been greatly
aided by their study. The process known as current-modulated harmonic generation
occurs when a current usually an electron current is present in the plasma and
influences or modulates the harmonics produced in it as a result of contact with high-

intensity lasers.
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In a detailed investigation of the generation of second-order resonant harmonics in a
plasma channel, Kant et al. [24] used a strong laser pulse their thorough investigation
led to a notable improvement in the production of second-order harmonics,
highlighting the enormous potential in this field. Surprisingly, their research revealed
an intriguing phenomenon plasma electron accelerated into motion at relativistic
speeds as the laser beam intensity surpassed a critical threshold. This remarkable
discovery underscores the pivotal role of relativistic effects within the realm of laser-
plasma interactions. A thorough investigation into the nonlinear optical self-focusing
phenomenon in third harmonic-generating lasers operating in a clustered gas
environment was carried out by Parashar et al. [25] Their research showed that the
focusing of the pump laser, which results in a remarkable tenfold increase in
efficiency, is intricately linked to the efficiency of harmonic generation.
Simultaneously, Singh et al. [26] thoroughly accounted for relativistic effects while
delving into the complex world of third harmonic generation within a laser interacting
with a self-sustained magnetised plasma. Their ground breaking research showed that
the presence of a self-sustaining magnetised plasma channel significantly increased
the yield of the third harmonic generation. Regarding third-harmonic production in
electron-hole plasma exposed to a brief pulse laser in the presence of a wiggler
magnetic field, Kant et al. [27] made an important discovery according to their
conclusions, the phase matching condition was satisfied when a particular wiggler
wave number was used. The effectiveness of energy conversion was noticeably
improved as a result of their study.

Various methods can be employed to generate harmonics in laser beams within
plasmas. These methods encompass leveraging density gradients within the plasma or
employing external magnetic fields. Furthermore, optical second and third harmonics
can be generated using a planar waveguide. Interestingly this waveguide approach
doesn't rely on short-duration pulses or resonant amplification, making it a compelling
means to double the frequency of light at lower power levels. A key advantage of
utilising a waveguide is its ability to maintain a small mode area over a more
extended distance compared to what's achievable in a linear medium, where

diffraction limits the interaction length, typically to the Rayleigh length.
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A third harmonic pulse emerges as a result of the complex interaction between second
harmonic density oscillations brought on by the ponderomotive force and the quiver
velocity of electrons at the fundamental frequency. An intense laser beam creates a
strong electric field that gives the electrons in the plasma a ponderomotive force as it
passes through the plasma medium. An intense laser beam is actually a wave that
oscillates as a result it carries a powerful electric field within it. When this laser beam
passes through materials, like plasma it induces an oscillating field in its surrounding
area. Therefore, when the laser beam travels through the plasma medium it generates
a field. Due to the electrons being forced to oscillate at relativistic speeds, a large
number of high-order harmonics are generated. There are areas of localised
fluctuations in the charge density due to the relativistic oscillation motion of the
electrons in the plasma. Moving off from the positively charged ions in the plasma,
electrons produce electron-rich regions, which are places with an excess of negative
charge, and electron-poor regions, which are areas with a deficiency of electrons. We
call these changes in localised charge densities plasma density perturbations. Due to
its wide range of uses, the third harmonic among these holds a crucial position in the
field of laser-plasma interaction. Using a wiggler magnetic field to help with phase
matching conditions, we analyse in depth the effects of plasma density and magnetic
field strength on the production of third harmonics in this manuscript. The derived
formulas for the beam width parameter and the normalised amplitude of the third
harmonic pulse are presented in Section Il. In Section 111 these concepts are elucidated
through graphical representations, enhancing their comprehension. Section IV offers a

concise summary of the findings as a whole.

3.2 Mathematical Formulation

We will be taking intense g-Gaussian laser beam having electric and magnetic fields

given as under

1

1-q)r?1—q ,
z(rg;f)(rf) 1 expli(k,z — wqt)] (3.1)

El(r, Z, t) = 5C\E00 [1 -
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= ckyxE;
B = Tor 3.1(a)
B, = 9$Boexp(ikyz) 3.1(b)

Where we know that X is a unit vector and indicates the direction of the electric field.
w, is the fundamental laser frequency, El is a unit vector, EW is the wiggler magnetic
field and k, be the wiggler wave number. Amplitude of the fundamental laser pulse is

given by A% = A%,/fZexp[—12%/2r,2f,%] . For q Gaussian the amplitude would be

2 1-q — . .
Ago(1, &) = Ay [1 -(1- q)m]l 7. The wave vector k experiences a proportional

growth alongside with frequency w so E3 > 3%1 .The magnetic wiggler can give the

third harmonic photon the difference in momentum.
Now the laser will impart an oscillatory velocity on the electrons which is given by

5> By

U1 = (3.2)

mi(wq+iv)

The third harmonic current density J5 is created by the density inhomogeneity beating
with v, causing resonant third harmonic creation. Linear current density ]Z and non-

linear current density J¥“ [28] are as under.

-
"L _ nge E3

1
> —n8eSBy (EXP)3 ky [ Sky | ky+K,
NL _ “™o€ w(E;") 1[ 1 1+o]5cx (34)
3 16cim*wi(w,+iv) [18w;  wy+iv '

3
’ ’ 1-q)r]1—q .
5 = A%0(2)Y3 Where Y3 = exp [[1 - (nglzf ] q] exp(—3ik,S;) (3.5)
3
' ' 1—q)r?|1- .
L = Ay (2) exp [[1 = %] "] exp(—3ik;S;), (3.6)
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aa_E = X exp[—i{3w,t — 3k, + ko)z}] + Asx exp[—i{3w it — 3k, +
ko)z}{i(3ky + ko)}, (3.7)

-

aZE; = X exp[—i{3w,t — 3k, + ko)Z}]

ko)z}{i(3k, + ko)}— + exp [ i{3w,t — Bk, + ko)zHi(Bk, + ko)} 6A3

A% exp[—i{3w t — (Bky + ko) z}{i(Bky + ko)}? (3.8)

02A%5/ dz* being small gets neglected

02%E; f( )

2 = = 2Xexp |—i{3w,t — (3ky + ko) z}H{i(3k, [—i{3w,t —
By + ko) Z3{i(3ky + ko)}?, (3.9)
3
6A3 _ Az 043 ’ 681 / (-qr*|1-a| 0fy
= A2 ()(=3ik) S+ 4y |1 - S| ] a1 (3.10)
045 _
az
—3r2 . dAL
exp [ﬁ;f] exp(—3ik,S;) a;" +

3 3
’ —-q)r as ’ 1—-q)r? 14
A50(2)(—3ik,) exp [1 _4a q)z ] exp(— 31k1) L + A3, [ ( r%q;z ] ! exp [1 —
1

3

a- q;r ]1 "exp(— 31k151) f1 (3.11)
7o/ 1

The behaviour of the third harmonic field can be characterized using the equation
below,

4 ajy  amojN¥L 1 32%E
VAE; = cz a: T2 T2 6t23' (3.12)
k=% E, (3.13)
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this equation can be further written as

co+@(E1E1")] 02E; . 4amdJNL 1 92E
VZE — [ 0 <P( 1E1 )] 3 4 J3 1 0%E3 (3.14)
at? c2 ot c2 ot?

the mass nonlinearity can be written as

g + (E1E1") (3.15)

qd N2 q \2 q N2
Where ¢(E,E,") = ¢ (“10) ) G Y (“w) ) (3.16)

2ff 2r fit 2f¢

2
Also g =1 —wj/wi and ¢ = %[1 ] a being laser field parameter is a
1

1+a2/2
measure of how strong a laser beam is. It is important because it determines how the
laser beam interacts with matter. Plasma frequency is given by w, = (4wnqe? /m)l/z
, Ny being density of electron e and m are the charge and mass of the electron

respectively.

) (Af A%
¢’ (33) = e&s/e0exp — 18 £, [29].

2ff 20 fL

Now using equations (3.1a), (3.3), (3.5) and (3.6) and applying paraxial

approximation we obtained the expression,

Cfs o 9y L [o0f @) (<A io) )] =0 (3.17)

f30z 2k§f35r6’ k% c? ngfl4 Zf2
Which is the expression for beam width parameter of a g-Gaussian laser.

From the linear part of equation (3.6), the reformed equation comes out to be as

follows

c? c2 37 2 gt

V2E, + l(g“’%"“’“’%’) y 20tol(BE )l B, = imos (3.18)

Now specific solution of equation (3.12) can be written as.

E; = AYExp[—i{Bw,t — (Bky + ko)z)}] (3.19)
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3
—o)r2]1—q ]
= zq;z ]1 q] exp(—3ik,S;) where A} being
Tol1

3 =A30(Z2)P;3, and Y3 = exp [[1 -
third harmonic pulse amplitude and A%, being constant third harmonic pulse
amplitude. Using equations (3.10) and (3.12) and multiplying by ry; and integrating

with respect to ‘r’it we got the equation as under.

3 3 3
T3 0%hs _ [ a-or?|ie _ a=@r’|i-e _ (=gr?]ia
f oz — €Xp _1 2r5f§] +3 [1 222 + 1|exp|1 s +
i 3 3
4(ik1)(r§ff)(af1) _ (-gr?|i-a R T sy | P
3 ] | =T S R 6l (ro )7 |2
3 3 5
(1—q)r[1-q (1-q)r*|1-q (afl)
ngf%] +1 exp([l— ngfg] ) o (3.20)
|1+ ik (22) (312
fl@z
3
_n211=g
+1+ r23fz [1 - (;rf; ]1 "+1
frwéawgar+frw§azw3= o . exo | [1 -
S (3] |
3 f20z) lrgf?
3
_en2eez ez |[4 _ a-or?|ie (0f1 )2
_ 6k1 (rO fl) [[1 Zr(z)ff ] + 1] f3 9z |
3
(-q)r?]i-a
3
T} 0z 0r (—3r) _ (1—-q)r? |14 _
f ror o f 1'02]‘12 €xp [1 Zr%fi or

[ (3iky) exp [1 -

3
a-qr?[i-a (@
2rdf? foz

) ar,
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f T3 0YP3 0r

ror -
-3 r(réff) d-or
(rosz)f (—37) p[[l 7 ]
3
(1—q)r?|1-a
2r5f§] ]61‘,

B 3
* i 21 211
frlljs 0y or = exp 1— 1 Zq);‘ 1-q + lkl (fa ) ((Tof )) exp [[1 _ 1 zq);” ]1 q]'

ror 2r5f1 | fi 2r5f1

3

[ ()5 (el -

ror Zr%ff ] fi

proovaor _ o) [1+ ik, () (B2)) (3.22)

Differentiate Eq. (3.19) with respect to ' r ', we obtain

3
Pps _ 3 (-qr]i-a _
o2 = 22 > exp <[ 22 ] )exp( 3ik,S;) + 9( f12) exp ([1
3

— )2 1—g
¢ 2q)2 ]1 q) exp(—3ik,S;) —

3

—orili—q
- 3lk1)exp<[ =

051

2réf] ré f2

3
—)r?]i—q T
(—3ik,) 1-4 Q)z o exp 1—(1 el B exp(— 3Lk151) 651
ngf1 of

3

—or2]1i—q
(=3ik,)% exp <[1 - Qoo ]1 !

227 ) exp(— 31k151)

ngfl

) exp(—3ik,S;) (%)2 + (—3ik,) exp ([1 -

3

(1-qr*|i-a Y a%s,

3
0%y 3 (1—q)r?]i-a
T P ([1 T ] )eXp( SaS+ )2 =P ([1 -

3 3
—rt)i=q —r2]i-
= q)exp( 3ikyS,) + 2 ex p([l—“ o) q)exp( 2ik,5,) (£2) -

2rofi 2rof4
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3
1-— rz 1T . as 2
9k$ exp <[1 — —(ngq;f ] q) exp(—3ik,S;) (a—;) +
3

(—3ik,) exp ([1 — (1_q)r2]1_q> exp(—3ik,S;) % (3.23)

Zr%ff
On solving further we got
2

, @)
_gi aggo + _% (Toz%)z B <9 B 12;&%) + (TOZH)Z & ('421;2) -9 (7‘0201) (1 - 9af2>} 30

1 1

) i df, 4i 0f; 10f;\2
a5+ 258 30~ (7 %) |

2
1 () (eBW ) eAg%) (rowl)z ) w}h 12
16 \w? ) \cmw,/ \ mw;c c w?

2
2 11—q y [3 (1 _ wp >1/2 a1 (1 B wf,)l/z]
2 2
wi w;

T
(3.24)

1

2 1-ag
Where 49 (r, &) = 4, [1 —1-9 zn%;f(f)]l q

The parameter q in the above expression governs the shape of the transverse intensity
distribution of the laser beam and allows a continuous transition from a standard
Gaussian profile to more generalized beam forms.

For g = 1, the expression reduces to the conventional Gaussian beam, while values
q < 1 produce flattened, super-Gaussian type profiles and g > 1 lead to more sharply
peaked distributions.

Thus, the g-parameter provides an additional degree of freedom to control the spatial
localization and effective intensity of the beam, which directly influences nonlinear
coupling and harmonic generation efficiency in plasma.

By varying g, the present model enables systematic investigation of how different
beam shapes affect self-focusing behaviour and third harmonic yield, thereby
generalizing earlier Gaussian-based analyses.
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Now substituting the values of k;= %(1 —%)Zand ko = —
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(1 —ﬂ)z so then normalising the equation we got the final equation of third
w}

harmonic amplitude of a g-Gaussian laser beam.

2
2h(mm) - o)+ () (s - o2y )
-9 (22) (1- 28 s

i0f , 43S _ 2 (100 2] (3.25)
A TIETAFT: 6f1 (f3 af)

L E)E -9

3

<[1- S s (1) - (12D ]
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37 0¢

+
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3.3 Results and discussions

Two interconnected differential equations (3.17) and (3.25) are numerically solved to
obtain the amplitude and beam width parameter for a g-Gaussian laser beam as a
function of propagation distance. The plasma is irradiated by a Nd: YLF laser with
wavelength 1053 nm a pulse duration of 4.5 ps and a spot size of 50 pym, under a
wiggler magnetic field B, = 1.2 MG and a wiggler period of approximately
0.028 cm. These equations were solved numerically for ideal values of different laser

parameters as eA;, /mw;c = 50, w,/w; = 0.8, eB,,/mw,c =0.7,d =

Figure.1 shows that the intensity of the third harmonic wave is significantly enhanced
with increasing wiggler magnetic field strength at a normalized distance ¢ = 0.8. The
maximum value is seen in the graph when B,, = 70 MG this is because the wiggler
magnetic field satisfies the phase matching criterion for third harmonic generation,
which allows the amplitude of the third harmonic pulse to grow. Similar results have
been reported by Jyoti et al. [28] they studied the third harmonic generation of a short
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pulse laser in plasma under the influence of a wiggler magnetic field. Sharma et al.
[29] also showed that the self-focusing of a laser beam is stronger in the presence of
an exponential plasma density ramp can further enhance the efficiency of third
harmonic generation. The wiggler magnetic field adds additional momentum to the
third harmonic photons, which results in a significant increase in the normalized
amplitude of the third harmonic wave. The highest enhancement in the third harmonic
amplitude is observed in the presence of an exponential density ramp for optimal
values of the incident laser intensity, wiggler magnetic field strength, and plasma

frequency.

Figure. 2 shows how the normalized third harmonic amplitude changes for different
values of the ratio of plasma frequency to laser frequency, w,/w,. As it is obvious
from the graph that peak value is at w,/w; = 0.8 .The normalized amplitude of the
third harmonic pulse increases significantly with increasingw,/w;, as the plasma
density increases. This is similar to the results reported by Aggarwal et al. [30] in
which they studied that using a wiggler magnetic field the second harmonic
production in a gas containing atomic clusters. The second harmonic photon received
the appropriate momentum from the wiggler magnetic field .Singh et al.[26] also
reported a significant increase in the amplitude of the second and third harmonic
pulses with w,/w;, under the effect of relativistic self-focusing. In their case the
density ripple provided the phase matching criterion for efficient harmonic

generation.

Figure.3 shows the fluctuation of the Third harmonic amplitude normalized to the
incident field amplitude with normalized distance for different values of the intensity
of the incident laser beam. As it is seen in the graph that we have a peak value at
10.2 x 10 W /cm?.Increasing the value of the intensity of the incident laser results
in an increase in the refractive index, which occurs where the laser beam reaches its
minimum spot size. This is consistent with the results reported by Thakur and Kant
[31] they disclosed the intensification of harmonic generation of third order with the
increase in the intensity of the pump laser. Vij [32] studied that the efficiency of third

harmonic generation is increased due to cluster plasmon resonance. Sharma et al.[33]
54



also studied that for the Hermite-cosh-Gaussian laser the normalised amplitude in
THG shows fluctuation with normalised distance & for optimal normalised wiggler
magnetic field values and variable fundamental laser intensity. As from their study it
IS quite evident that as the normalised wiggler field and intensity grows, so does the
normalised amplitude of THG. Basiry et al. [34] studied that the third harmonic
electric field gets larger when the deviation parameter from the centre and the external
magnetic field are both increased. The third harmonic electric field, on the other hand,
becomes weaker as the laser beam width is increased. Finally, the third harmonic
electric field is also strengthened by raising the wavenumber and amplitude of the

rippling electron density.
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Fig. 3.1. Variation of normalized third harmonic amplitude with normalized

propagation distance ¢ for eA;, /mw;c = 50, w,/w; = 0.8and d = 10.
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Combined Effect of g and Radial Distance on THG

THG Ampl |'.\A-:§ea0.05.1

Fig 3.4 Influence of the g-parameter on the normalized third harmonic generation

amplitude.

The figure confirms that the g-parameter significantly influences the magnitude of
third harmonic generation. By adjusting g, the beam shape and effective intensity

distribution are modified, leading to corresponding variations in THG amplitude.
3.4 Conclusion

It was concluded that the THG efficiency can be significantly enhanced by using a g-
Gaussian beam with a small waist size and high laser intensity. The magnetic field
also plays a role in enhancing the THG efficiency but its effect is less significant than
the beam waist size and laser intensity. The normalized amplitude of third harmonic
generation (THG) is maximized at a wiggler magnetic field parameter B, = 70MG of
& = 0.8. This is because the wiggler field provides the additional momentum required
for the THG photon to be resonant. The THG amplitude also increases significantly
with the intensity of the incident laser pulse. The enhanced THG efficiency from
using a g-Gaussian beam with a small waist size and a high laser intensity could lead

to new and more powerful applications for THG in magnetized plasmas. For example,
57



the enhanced THG efficiency could be used to generate high-power, coherent
ultraviolet radiation for applications in microscopy, spectroscopy, and materials
processing. The enhanced THG efficiency could also be used to generate high-energy

electrons and positrons for applications in cancer therapy and particle accelerators.
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Chapter - 4

Third Harmonic Generation of Cosh- Gaussian Laser beam in

magnetized plasma
4.1 Introduction

Short pulse lasers, traveling through plasma, always tend to produce harmonics. Due
to the wide application domains where this phenomenon can be used, there is a lot of
interest from researchers. Among these different kinds of harmonic generation
techniques, THG is of importance due to applications such as in medicine
telecommunications, and optoelectronics, [1-8] with laser profile significantly

influencing efficiency and outcomes.

Aluminium nitride thin films have been studied using SHG techniques, with
theoretical models closely aligning with experimental results, demonstrating the
reliability of SHG in characterizing such materials [9]. Similarly, Marrucci et al.[10]
applied SHG optical analysis to examine surface absorption phenomena in liquid-
solid interfaces relevant to lubricants, showcasing the diverse utility of these nonlinear

optical methods.

In plasma physics, the efficiency of THG has been seen to improve under relativistic
self-focusing conditions enhanced by external magnetic fields such as the wiggler
field, which provides resonance and increases photon velocity .Sharma et al.[11].
Banerjee et al.[12] experimentally investigated harmonic generation during relativistic
laser-plasma interactions, highlighting the significant contribution of relativistic
Thomson scattering to the generated harmonics.

Studies extending to complex systems have revealed that SHG can serve as a sensitive
probe of phase transitions, such as the melting and freezing behaviours of binary
organic powder mixtures, which differ markedly from those of pure substances
,Simon et al. [13]. In plasma environments, Liu et al [14], found that third harmonic

generation is significantly influenced by density ripple structures, though its
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efficiency saturates under weakly relativistic intensities due to temporal fluctuations

in laser intensity.

The role of laser parameters and plasma conditions on SHG efficiency has also been
detailed, showing that modulation of these factors can optimize harmonic outputs,
Askari et al. [15]. Phase matching of THG in plasma channels is dependent on
background density perturbations meeting resonance requirements ,Shibhu et al.[16].
Furthermore, Varaki et al. demonstrated that in magnetized plasma, increased wiggler
magnetic field strength and plasma frequency substantially enhance SHG conversion

efficiency.

Other laser beam profiles, such as hollow Gaussian beams, have been analyzed for
their sensitivity in generating SHG and electron plasma waves under ponderomotive
nonlinearities ,Purohit et al.[17] . Singh et al.[18], investigated the effects of density
ripples and incident angles on harmonic generation efficiency in relativistic laser-
plasma interactions, noting improvement in second harmonic yield with optimized

geometric configuration.

Magnetized plasma studies continue to provide valuable insights; for example, Jha et
al. reported optimal SHG conversion when laser pulses interact with plasma under
transverse magnetic fields. Material advancements have suggested potential for novel
optical media designed to minimize group velocity mismatch between fundamental

and harmonic waves, thus increasing conversion efficiency , Trippenbach et al. [19].

The third harmonic generation process has also been shown to benefit from plasma
density gradients and wiggler magnetic fields which aid phase matching and impart
angular momentum to photons ,Thakur et al. [20]. Sharma et al. [23], showed how
strong ponderomotive forces and electron heating through high-amplitude
electromagnetic waves can drive efficient third harmonic generation. Similarly,
Rajput et al[24]. found that a wiggler magnetic field notably boosts third harmonic

efficiency in laser-plasma interactions.
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Finally, investigations into Hermite-Gaussian laser beams under ponderomotive non-
linearity emphasized the sensitivity of second harmonic yield to mode structure and
plasma density ,Wadhwa and Singh [26]. Nazir et al.[27] further highlighted the
critical role of wiggler magnetic fields and plasma parameters in enhancing THG in

magnetized plasmas using g-Gaussian laser beams.

The propagation of an intense laser beam through plasma results in electrons moving
away from the axial region due to ponderomotive force, static electric force, and
density perturbation, leading to the third harmonic generation. We have chosen the
ponderomotive nonlinearity and studied the THG of cosh-Gaussian laser beam in

magnetised plasma, because of its larger efficiency gain.

The manuscript is divided into sections where section .2 provides the normalised
amplitude expressions. Section .3 presents a visual discussion of the solutions we
found by solving these equations numerically using the beam width parameter
expressions that were determined by other researchers. Section .4 contains a
discussion of the findings.

4.2 Mathematical formulation

We have considered a powerful cosh-Gaussian laser beam that is incident across a

plasma in under the influence of a wiggler magnetic field.

The incident laser's electric field E_{ and the wiggler field §W , are

E_l) = XA,(z,1) exp[-i(wlt-ﬁlz)], 4.1(a)
= ckyxE,

B, = Tor 4.1(b)
B, = §Boex p(ikoz) 4.1(c)

where k_{ being the wave number of basic laser pulse, w; be the natural frequency, Fl
represents laser field, c is the speed of light, k, is the wiggler wave number and

A(z,r) being the amplitude of Gaussian wave given as,
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A(z) = Ap(z,1) Exp[-ikS(r, Z)] (4.2)

Where A;, and S are two real functions of the radial distance r and the axial position
z, A, represents the unvarying amplitude of the fundamental laser pulse and is

defined as follows,

Ao = E% EXP[ ]{EXP[ rof(z) b) ]+EXp[ 0f() 2) ]+2EXP[ (ZfZ(z)

b;)]} (4.3)

Electrons encounter the ponderomotive force and achieve oscillatory velocity which is

given as
- E,
Vl - emi(a)1+iv) (4-4)

Electrons undergo oscillatory velocity at 2w, due to ponderomotive force from an

incident beam. This combined with a density ripple, results in a density perturbation

at 2w,, resulting in the third harmonic current density J; = J& + N [25], where

current density in linear and nonlinear form are given as under.

_ ng eZ E3

TL
]3 3mgyiwq (4-5)
_)NL -Neoé Bwk1ﬁ1 5Kk ki+ko| &

3 7 16cimiw?(wq+iv) [180)1 u)1+iv] X (46)
Wave equation governing third harmonic field is given as

27 _ [eo+@(EiE1 )] 0%Es | am it | 4amajk
ViEs = [ ] ot? + cz ot + c2 ot (4.7)
Also e = gy + (p(ElEl*) (4.8)

" = @[ J3Mo g2

where (p(E1E1 ) =22 [1 exp( o O(Eo)] (4.9)

Using Egs. (4.5), (4.6), (4.7) and (4.9) we have obtained a new equation as under
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. 2 24 (FF )] - ANL
V2E, + [(%ﬁ- =)+ 9‘*’1‘1’551'31)] By = s

c2 37 2 at

Beam width parameter equation according to Nanda et al.[28] is given as

T = [pavn- 2 (48) () e [F] 5

b is the decentred beam parameter and € is the normalised distance.

The solution of Eq. (4.7) gives the particular integral

E3 = A; (zt) exp[-i(Swlt-k3Z)]
A'3 = AV30(‘IJ3)

% = exp[-i{Bwlt-(Skl + ko)z}] [a(,,—AZ'3 + i3k, + kO)A'3]

= = exp[-i{3w;t-(3 k; +k¢)z ] + kg ) oAy + [i(3k, +
Ko)I2A, |

9%Bs _

az2

2i(3 ky + ko )A; exp[-i{Bw t-(3 ky + k¢)z}] % +

[i(3ky + ko)]243 exp[-i{3w;t-(3 k; + Ko)z}]

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

9A; _ 9As
az oz {E p[ rof( ) + ) ] T Exp[ rof(z) 2) ] + ZEXp[ ( 2f2(z) +

N | =

bz—z)]} exp(-iks) +

Az Zf( )y ’ {EXP [ rof(z)
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) D) D6 G G 6 o) |G ()G +
(:25) () G + 280 [3 (i + Dl (o) B (D exeils) - e

0%E3
9z2

2i(3k, +
ko)exp[-i{3w,t-(3k; +

b2l of 1 : :
ko)z}] T )E p[ ] yzexp( iks)-As, 2 )E p [T]Eyzexp(-lks) + [i(3k, +

ko)]?Azexpl-i{3w;t-(3k, + ko)z}]exp(-iks),

9%E; _
9z2

2i(3k; + ko)Azexp|-i{3w; t-(3ky + ko)z}| W3 % +

[i(3k, + ko)]2A50Wsexp[-i{ 3w, t-(3ky + ko)z}]
(4.18)

[ ryzPsdr = fr{Exp [-6 (r fr(z) + g)z]} + Exp [-6 (r = ) ] + ZEXp[ ( 220 +

7))ar.

[ rWpydr = [ r{a-242— zfz() -6b?} dr, (4.19)
[ r¥ipsdr = [ {4r 2ot 6rb2}dr, (4.20)
[ 1 padr = {zr2-6m-r2b2}, (4.21)

1

p\2]) 2
EXp[ of() )]+EXP[ rof(z) 2)]

+2Exp -3 (@ + b;)]

Using Egs. (4.12) and (4.13) into Eq. (4.10) we obtain

where i, = exp(-3iksS)  (4.22)
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36b? 18b? i 27b* 24
{2 b2}+ + 2f2(z) fz(z) f2(z) 2f2(z) A;o — (4.23)
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6A30

Multiplying Eq .(4.12)by ry; and integrating with respect to r and substituting the

= 2% (L)%) 3m0 2 - .
value of ¢(E;E;) = = [1- exp ('man)] we obtained the equation below .
1

(2459) (158 @)+ M)

aA 2 36b? | 18b2 27b* 24 30 =
S {2-b%) + e e e we () A=
2 g2 2
bR,

1

3 02\ [w2r2 w2 [ e?A? [ oo 2 ]

SEECD G, e

1— ‘_2

where A, = A3,/Aq is the normalise third harmonic amplitude.
4.3 Results and discussion

The linked equations for the beam width parameter f and the normalised amplitude
As,/A;o Of third harmonic pulse are represented by equations (4.11) and (4.15) .We
have taken into account an incoming laser with the following parameters I =
1.024 x 10®W/cm? |, w; = 1.2 x 10'*rad/s , beam width of incident laser
46 pm and wiggler magnetic field is 20 T. The equations for f and A,/A;, has been
numerically optimized at different parameter’s Wy To/C= 24, £3A3,/g0 =
1, eAjp/myc = 5, eB,/mw;c= 3 and w,/w; = 0.8, The results have been
illustrated through graphs. In Fig. 1, the alteration of the third harmonic pulse’s
normalized amplitude with & for diverse values of eA;;/mw;c= 1,3and5is

shown. The findings show that the normalized amplitude of the third harmonic pulse
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increases significantly when the incident laser’s normalized intensity is at its highest.
which is clearly from the graph that at high value of normalised intensity that is
eA;,/mw;c = 5, the amplitude is 0.38 which is at its peak .As the pondermotive
force becomes vigorous and it forces the electrons far away from the axial zone,
therefore making refractive index maximum. Due to this gain in efficiency of THG is
substantial. Sharma et al.[29], in their study revealed that a cosh Gaussian laser beam
enhances SHG efficiency by adding momentum to second harmonic photons in the
wiggler magnetic field. This efficiency is enhanced with increased laser intensity,
wiggler field strength, and plasma density.

The normalised amplitude of the third harmonic pulse is shown graphically in Figure
.2 at various values of the normalised wiggler field, eB,,/mw;c = 1, 2,and 3, with
the other parameters staying the same as in Figure 1. The cyclotron frequency is
maintained by the wiggler magnetic field, which confines the electrons in the plasma
zone and increases THG efficiency. It is noticed that As,/A;, tends to increases
from 0.10 to 0.38 on increasing eB,,/mw;c = 1,2 and 3. Figure .3 shows variation
the normalized amplitude of Third harmonic pulse with &, at contrasting values of
normalized density of the plasma w,/w; = 0.4,0.6 and 0.8, where rest of the
parameters being same as mentioned in Fig. 1. Our results illustrate substantial

increase in third harmonic amplitude, at higher values of w,/w,, due to rise in

density of plasma, the value of As,/A;, shows a rise from 0.02 to 0.37 on enhancing
wp /w4 from 0.4 to 0.8. Therefore, the efficacy of THG shows notable increase in the
basic lasers focus area with plasma frequency as shown in Fig.4. The effectiveness of
THG is also affected by the decentred parameter, as shown in Fig. 3. The decentred
parameter is ascertained to be highly sensitive to THG, since the normalised
amplitude of THG increases dramatically with a slight change in the decentred
parameter's value. This demonstrates the decentred parameter's sensitivity. A little
change in b from 0.54 to 0.58 causes the normalised amplitude to vary from 0.2 to
0.36.
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Fig .4.1 The variation of the normalised third harmonic amplitude A5,/A;, with & for
various eA;,/mw;c values of 1, 3, and 5. Other parameters are w,ry/c=24, £,A3,/

go = 1, eAjp/mw,c =5, eB,,/mw;c = 3, w,/w, = 0.8,
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Fig 4.2 The variation of the normalised third harmonic amplitude As,/A;, With £ for
various eB,,/mw;c values like 1, 2, and 3. Other parameters are w;ry/c=24, £,A%,/

€ = 1, eAlo/m(L)lC = 5, eBW/m(ch = 3.
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Fig .4.3 The variation of the normalised third harmonic amplitude A5,/A;, with & for
various b, values 0.72, 0.76, 0.78. Other parameters are w,ry/c=24, £,A%,/eq = 1,

eAjo/mw,c =5, eBy,/mw,c = 3, w,/w; = 0.8.
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Fig 4.4 The variation of the normalised third harmonic amplitude As,/A;, With £ for
various w,/w; = 0.4,0.6,0.8. Other parameters are wqry/c=24, g,A2,/50 = 1,

eAjo/mw,c =5, eB,,/mw;c = 3, w,/w; = 0.8.
4.4 Conclusion

In this paper, third harmonic generation of a cosh-Gaussian laser in magnetized
plasma is considered. The wiggler magnetic field was found to enhance THG
efficiency by ensuring phase matching and sustaining the cyclotron frequency.
Maximizing eA;o/mw;c = 5 (incident field strength) and eB,,/mw;c = 3(wiggler
field strength) yields the greatest output i.e 0.39 and 0.37. The numerical results
indicated that THG efficiency increased with increasing intensity of an incident laser,
with an increase in strength of a wiggler field, and an increase in plasma density.
From these results, it has been revealed that optimization of these parameters is quite

essential for efficient third harmonic generation in magnetized plasma.
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Chapter -5

Second Harmonic Generation of Circularly Polarized Hermite-cosh

Gaussian laser beam in Magnetized plasma

5.1 Introduction

Nonlinear optical phenomena in plasmas, including second harmonic generation, have
become crucial for ultrafast laser-matter interactions and compact radiation sources in
quantum technologies [1]. The second harmonic generation (SHG) is particularly
significant among the several harmonic generations because of its wide range of
applications, like magnetic resonance imaging (MRI) [2,3], in medical science [4], in
optoelectronics [5]. Unlike traditional nonlinear crystals, plasmas offer damage-free
media capable of sustaining extreme laser intensities, enabling efficient harmonic
generation through relativistic electron mass variations, ponderomotive forces, and
density modulations [6]. Recent advancements in structured light beams, such as
Laguerre-Gaussian, Bessel, and Airy modes, have revolutionised nonlinear optics by
introducing spatially tailored intensity and phase profiles that enhance momentum
transfer and nonlinear coupling efficiencies [7-9]. Among these, Hermite-cosh-
Gaussian (HChG) beams stand out due to their hybrid transverse structure, combining
the mode selectivity of Hermite polynomials with asymmetric intensity enhancement
via hyperbolic cosine (cosh) modulation [10]. This unique profile enables precise
control over electron dynamics in plasmas, making HChG beams ideal for studying

high-order harmonic generation (HHG) and parametric instabilities [11,12].

Circularly polarised lasers, in contrast to linearly polarised counterparts, drive
azimuthally symmetric electron motion in plasmas, suppressing deleterious effects
like filamentation and Raman scattering while enhancing phase-matched nonlinear
interactions [13,14]. Such polarisation-dependent dynamics are critical for SHG,
where the rotational component of the electron quiver velocity generates coherent
currents at twice the incident laser frequency. Despite extensive studies on SHG with
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Gaussian and Laguerre-Gaussian beams [15]. The interplay between HChG beams,
circular polarisation, and relativistic plasma Nonlinearities remain underexplored.
This gap hinders the optimisation of structured light-plasma systems for applications
in attosecond science, terahertz radiation, and plasma-based photonic devices [16,17].
HchG laser beam self-focusing in magnetically confined plasma with a density ramp
profile was investigated by [18] they demonstrated that when b = 0, where b being
decentred beam parameter, the diffraction becomes the primary factor of nonlinear

component form = 0,1,and 2.

Our results reveal how structured beams enable mode-selective SHG with spatially
tunable profiles, offering advantages over conventional Gaussian beams. This study
focuses on next generation photonic systems, providing insights into the design of
plasma-based frequency converters and diagnostic tools for laser-driven fusion
experiments [19,20]. Structured Light-Plasma Coupling they demonstrated that for
HChG beam’s transverse mode structure increases SHG efficiency through
asymmetric ponderomotive gradients, a feature absent in standard Hermite-Gaussian
beams [21]. By leveraging the azimuthal symmetry of circular polarization, we
achieve phase-matched SHG with minimal parasitic instabilities, outperforming linear
polarization schemes [22]. The derived scaling laws for SHG intensity versus beam
parameters and plasma density provide actionable guidelines for experimentalists
designing plasma-based optical devices [23].

Previous studies have explored SHG in plasmas using Gaussian and Laguerre-
Gaussian beams, focusing on axial symmetry and orbital angular momentum effects.
However, the HChG beam’s hybrid profile introduces transverse mode mixing and
localized intensity hotspots, which amplify nonlinear currents at specific spatial
regions [24]. [25], In their investigation of the decentred parameter's impact on the
relativistic self-focusing of the HchG laser beam in plasma, found that m = 2 resulted
in increased self-focusing [26], Stronger HchG beam focussing was demonstrated by
[27] ,who also examined how the beam width parameter behaved at various decentred

parameter and incoming laser beam frequency values.
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Our work unifies these aspects, offering a comprehensive framework for SHG

optimization in structured light-plasma systems.

Circularly Polarized Hermite-Cosh~Gaussian Laser Pulse waveform

1.0,

Amplitude

0.5

Fig. 5.1: The pulse wave shape of a Hermite cosh-Gaussian laser for decentered

parametersb = 0.5and 0.1

The decentred parameter b changes the form of the Circularly Polarised Hermite—
Cosh—Gaussian (HCG) Laser Pulse waveform by changing the symmetry and peak
location of the pulse. The waveform becomes more asymmetrical as b increases, with
the peak moving away from the centre. In nonlinear optics and plasma physics usage,
it entails that the pulse energy distribution will not be around the time axis, hence
impinging upon laser interaction with a medium. This circular rotation of electric field

components allows circular polarisation of the beam to provide greater energy transfer
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and interaction of matter. The hyperbolic cosine function yields an asymmetric
distribution of intensities, which can be used to form the beam under controlled
conditions. Because of their nonlinear propagation nature, HCG beams find
applications in high-intensity laser applications as well. Their self-healing nature,
which allows them to recover even after they have been affected in some way, makes
them even more resilient for applications in optical systems. These beams' ability to
undergo shape transformation through parameter modifications are most suitable for
uses such as laser machining, optical trapping, and studies in complex plasma physics.

The manuscript follows a sectional format where in Section 1l, we calculated the
normalised amplitude expressions. We then used the beam width parameter
expressions that other colleagues had found to solve these equations numerically. The
findings of results and discussions are presented visually in Section I11. Conclusion of
the findings is provided in Section IV.

5.2 Theoretical Framework

We have taken into consideration the strong Hermite cosh-Gaussian laser beam that
strikes the plasma when there is wiggler field present. The electric field Ejof the

incoming laser and the wiggler field B,, are as follows

2

E;(r,t) = A H,,(x) Hy,(y) cosh (E—:) cosh (lr)—;) exp (':0(3'22) exp (i(kz-wt + cl)))

(5.1)

= ckyxE,

By = =22 (5.2)

B, = 9B, exp(ikoz) (5.3)

Where A = A, (r, z) exp -ikS, (5.4)

%= e G )+ 20 |- (5 + )] 55
07 f2(2) 1" ™ \rof(2) € eXp |- r2f(z)2 = 2 (55)
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where A, and S being real functions of v’ and ‘z’. A, is maximum amplitude of
incident laser, k being wave vector of fundamental laser EO is wiggler wave number A
is varying amplitude of incident pulse. The Hermite function is denoted by H,,, while

b signifies the decentered parameter.

Because of the incoming laser's electromagnetic field, electrons achieve oscillatory
velocity, which is as under

v, = e—i (5.6)

mi(wq+iv)

In order to generate second harmonic current density TZ density perturbation beats
with velocity v. The beam spatial extent for each mode of Hermite cosh Gaussian

beam is given as [27].

Form =20
0%f(z) 5 6aE3mg ﬁ (0_123 b_2 1
gz [4-4b i My ( c2 )(m%) EXp[Z] ]f3(z) (5'7)
Form =1
0%f(z) _ 5 12aE3m, ﬁ 00_12) E 2 1
ogz [4_4b T My ( c2 )(wi) EXp[z] (b -2)]f3(z) (5.8)
Form =2
9%f(z) _ 2 24aEjm, (wirg m_?, b? 2\] 1
oz ['8b T My ( c2 )(w%) EXp[z] (5-2b )] £3(z) (5.9)
The second harmonic field's wave equation may be shown as follows
= $(E1E") 8%E, 4ma]dl 1 8%k
VE, =€+ c12 at22 I’ 62t cz atzz’ (5.10)
This equation can be further written as
R 2502\  402(E E;)| = iNL
VZE, + [(4@1C25wp) n w1<pc(2 1 1)] E, = ‘z_:ma_zt (5.11)

Where ], = J5 + JYL, and J% and JY* are linear and nonlinear current densities.
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Now particular integral of Eg. (5.10) would be

Ez = A'ZEXp[-i{Zwlt-kzz}] (5.12)
Ay = Ay (D, (5.13)
Y, = {Exp[-é}(rofr(z) +2) ]+Exp[ of() 2) ]+2Exp[ (Zfz()+

b;)]f exp(-ik,S ) (5.14)

Using Egs. (5.12) & (5.14) into Eqg. (5.10) we obtained

+ +A'20 llpz ( t;r(z)) (af) +
A20 - Y 2 (rozfljzz)) ( {Exp [ rof(z) + E ] -EXp [-4 (rofr(z) i g)z]}] + A'ZO (-i(Zkl *

ko)) +

aAzo

-21(2k; + ko) [lIJz

A ( fz(z)) ( 11’6“1;2)) vz + ( gsflgzz)) Y% +
20 2 2
%(- r3 F(Z)) b + (rof(z)) vz {EXp [ rof(z) g) ] “Exp [_4 (rgfr(z) i g) ]}

4w3-503 4m1<p(E1 1) 4m afy"
[( ) ) + AZOIIJZ exp[-i{2w; t-(2ky +ko)z}]c2 At (5.15)

+

Multiplying Eq. (5.15) by ry, so then integrating with respect to r we obtained

[aAZO {1-b?} cosh? (E)] +

o

%( ){1 b2} + {( e )) {1-b%+ {(;4_:;) {1_b2}}}

U (fil()zz))> exp(-2) cosh? () + 218 [(4- %) + 4¢(E1E1)]2{1-b*} cosh? (E_:))

c2

o () ) 1202 2128 (oo () o
b(EE; ) = z—é’ [1- exp (-%aEg)] (5.17)
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putting the above value of ¢ (E,E; ") in equation 5.16 we got the final equation as

-4i [ag—é‘){l-bz} cosh? (E—:)] +
1 (1) 00+ () (197) () )
|2 om() com () + BBy [0 -
\ 42—?[1-exp (-%aEg)]]Z{l-bz} cosh? (?—:) )
i (2 (21 (42 (128 L (1) ) v o (2) 50

Where A,, = A,,/A, is the normalised amplitude for second harmonic pulse.
5.3 Results and discussion

Egs. (5.7), (5.8), (5.9) and (5.18) these equations are solved through numerical
computation at optimal values of various laser parameters we have taken into
consideration intensity of laser I = 1.024 x 1022W/cm? , w; = 1.2 x 10°rad/s
width of the incoming laser beam 50um and wiggler field strength is 20 T , w;ry/
c =18, g,A3,/g0 =1, eA;p/mw;c = 3, eB,,/mw;c =3, and wp/w; = 0.9 and

obtained results are represented graphically.

The width of the pumping laser varies with normalised distance of propagation
because to decentred beam characteristics, self-focusing, and diffraction. The intensity
peak is pushed off-axis by a decentred beam, which causes asymmetric development
during transmission. The beam stability and energy distribution are impacted by the
non-uniform focussing or divergence that results from this. For effective laser-plasma
interaction, beam width fluctuation must be managed by appropriately adjusting the

decentred beam parameter.
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Fig. 5.2. For m = 0,1,and 2, how (f) varies with & is evaluated for the primary

laser.
Q) Effect of intensity on amplitude of second harmonic pulse

The pulse's amplitude is greatly affected with the power of a fundamental laser
pulse because of the enhanced nonlinear interactions in the plasma. More second
harmonics are produced when nonlinear polarisation is encouraged by higher
intensity. However, phase matching may be disrupted by relativistic effects and
plasma instabilities beyond a certain threshold, which would reduce the efficiency of
harmonic conversion. The optimal intensity range is required to get maximum second
harmonic amplification. The fluctuation of normalized second harmonic field versus
¢ at varying values of incident laser pulse eA;,/mw;c = 1,2,3 being plotted in
Fig.3. Similar findings were reported by [28], for the second harmonic production of a
cosh Gaussian laser beam. They demonstrated that increased self-focusing causes the

normalised amplitude of the second harmonic pulse to grow as laser power increases.
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Fig. 5.3 The behaviour of normalised amplitude with distance € is analyzed for the

various values of normalised intensity eA;,/mw;c like 1,2 and 3.

(i) Response of Wiggler magnetic field towards amplitude of second

harmonic pulse

The second harmonic pulse's amplitude is greatly affected by the wiggler magnetic
field, which modifies the electron pathways in the laser-plasma interaction. Electrons
oscillate more transversely in stronger wiggler fields, which raises the nonlinear
current density and encourages the creation of second harmonics. However, the
efficiency of harmonic amplification may be diminished by phase mismatches caused
by extremely strong fields. Fig.4 shows the variation of amplitude of pulse of

circularly polarized beam with normalised distance &, at values of normalised wiggler
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magnetic field eB,,/mw;c = 1,2 &3 the values of normalised amplitude of second
harmonic pulse 0.04,0.26 and 0.36 respectively. We deduced that the second
harmonic pulse's amplitude increases dramatically at larger normalised wiggler
magnetic field levels because the wiggler field satisfies the resonance criterion. It was
shown by [29], that the third harmonic production of a Gaussian laser due to wiggler
magnetic field exhibits a notable increase at higher wiggler field levels. Their peak
for the normalised third harmonic amplitude was 0.132 while as in this present work
maximum the value for a circularly polarized HcG beam is 0.36 so it means that the
gain is more prominent when we have used circularly polarized Hermite cosh

Gaussian beam.

0.40
0.35 A
! 0.304 A
- ‘ .
0.25 4 '
= eBw/mwic=1 2
[
o i e eBw/mwic=2
« 0.20
f A eBw/mwic=3 oS
g 0.15 4 “
< ] A W
0.10 Py
1 A L
| ]
0.05 . s—" -
$ a—
1 I s ¥
y n—=
1 e —
0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014 0.016 0.018

Fig. 5.4 The behaviour of the dimensionless second order amplitude A,,/A;, With
propagation distance & is analyzed for the various values of normalised wiggler

magnetic field eB,,/mw;c = 1,2 and 3.
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(iii)  Effect of density on amplitude

The magnitude of the second order pulse to be greatly impacted by phase matching
and nonlinear current generation, which are influenced by the plasma density.
Because of the poor nonlinear response at low densities, fewer harmonics are
produced. The amplitude shows a upward rise with density owing to the
intensification of nonlinear coupling. However, dephasing effects and plasma
absorption can reduce harmonic output at very high densities; for optimal efficiency,
density optimisation is essential. Fig.5, depicts the alteration of normalised amplitude
of second order frequency multiplied pulse, with respect to normalised propagation
distance &. As when the density of plasma increases the pulse experiences a reduction
in phase velocity which results in the increase of refractive index so there is enhanced
efficiency [28], in their study demonstrated that normalised amplitude of the pulse for
a beam with normalised distance showed zenith value of 0.38 , although our findings

indicate the highest value of 0.39 which is better than previous work.
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<

Fig. 5.5 For wp/w; equal to 0.5,0.7,and 0.9, the amplitude’s dependence on § is

investigated.
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(iv)  Effect of density on amplitude of second harmonic pulse

The normalised amplitude of second harmonic pulse varies with the normalised
propagation for various decentred beam parameter values, which we have chosen to
be 0.54,0.56,0.58 as shown in Fig .6. It is observed that even a slight change in the
beamwidth parameter causes the normalised pulse to vary thus showing the sensitivity
of decentred beam parameter, as a minor variation in value of decentred beam
parameter the normalised amplitude of circularly polarised Hermite cosh Gaussian
beam increases rapidly. A minor variation in b from 0.54 to 0.58 amplitude varies
from 0.45 to 0.58. [25], have presented similar study for Hermite cosh Gaussian
beam in magnetic plasma and have discussed about the sensitivity of decentred beam
width parameter with varying decentred parameter. In a recent study [30], showed that
optimising laser intensity, wiggler magnetic field strength, and plasma density greatly
increases third harmonic generation (THG) in magnetised plasma. Higher wiggler
field strength and laser intensity caused the normalised amplitude to grow from
0.10 to 0.38, whereas changes in plasma density from 0.4 to 0.8 caused the amplitude
to increase from 0.02 to 0.37. There was additional sensitivity to the decentred beam

parameter, with minor changes impacting THG efficiency.
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Fig. 5.6 Change in the normalized second harmonic amplitude A,,/A;, with respect

to the normalized propagation distance for different values of the decentring

parameter b = 0.54, 0.56 &0.58.
5.4 Conclusion

The work demonstrates that structured light beams, especially HChG beams,
significantly enhance SHG efficiency in magnetised plasmas. SHG performance is
optimized by combining external magnetic fields, circular polarization, and structured
beam profiles. The results demonstrate that SHG amplitude can be significantly
enhanced by adjusting beam parameters, wiggler field strength eB,,/mw;c= 3 ,
having amplitude value 0.36 and plasma density w,/w;, = 0.9, having amplitude
value 0.39 making it highly relevant for high-intensity laser-plasma applications, such

as terahertz radiation, attosecond research, and plasma-based photonic devices.
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Chapter- 6

Optimized Third Harmonic Generation in Plasma Using a Cosh-

Gaussian Beam with an Exponential Density Ramp
6.1 Introduction

High-intensity laser-plasma interactions have been a subject of great interest due to
their wide range of applications in nonlinear optics, plasma diagnostics, and high-
energy density physics [1-3]. One of the key nonlinear processes in such interactions
is the generation of harmonics, wherein a fundamental laser beam undergoes
frequency conversion due to plasma nonlinearities [4,5]. In particular, third harmonic
generation (THG) has been extensively studied as a means to achieve high-frequency
radiation sources and enhance laser energy deposition in plasma-based systems [6,7].
The efficiency of THG is highly dependent on plasma density gradients, which
influence phase matching conditions and nonlinear susceptibility [8,9]. Among
various beam profiles, the cosh-Gaussian beam has gained attention due to its unique
intensity distribution, which provides enhanced confinement and self-focusing
properties [10-12]. Unlike Gaussian or Hermite-Gaussian beams, the cosh-Gaussian
beam exhibits a nontrivial transverse intensity modulation that affects its interaction
with plasma waves, leading to modified nonlinear effects [13] . Laser-plasma
interactions also exhibit strong nonlinear effects including self-focusing and phase
modulation and relativistic nonlinearity, which significantly impact harmonic
generation[14,15]. Additionally, ponderomotive force-driven plasma wave excitation
plays a vital role in accessing the nonlinear current responsible for harmonic
generation [16]. In plasma with density variation [17], the phase matching criteria
for harmonic generation are significantly altered. The gradient of the density ramp
influences the phase velocity of plasma waves, leading to either constructive or
destructive interference in the harmonic signal. Proper tuning of the density ramp can
optimize phase matching and maximize harmonic conversion efficiency. Several
studies have shown that tailored plasma density profiles can improve nonlinear wave

interactions, leading to more efficient harmonic generation and energy transfer.
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Furthermore, the cosh-Gaussian beam structure itself introduces extra parameters of
variability in shaping the laser-plasma interaction. Due to its localized intensity
enhancement along the transverse direction, it allows better confinement of energy,
reducing diffraction losses and enhancing nonlinear interactions. Such effects make
cosh-Gaussian beams particularly suitable for plasma-based frequency conversion
applications, including the generation of coherent extreme ultraviolet (EUV) and X-
ray radiation [18]. In this current work, we analyse the third harmonic generation of a
cosh-Gaussian laser beam traversing through an undersense plasma having
exponential density ramp. We derive the governing equations for normalised
amplitude third harmonic amplitude. Taking into account the modified susceptibility
due to the density gradient. Using analytical approximations and numerical
simulations, we explore modulation introduced by density ramp in the efficiency of
the THG process. Our results provide new insights into optimizing frequency

conversion in plasma-based nonlinear optical systems.

The paper is structured as follows: Section Il presents the theoretical framework,
including the laser field representation and wiggler field. Section 11l contains results
and discussions. Section IV and V contains conclusions and references.

6.2 Theoretical framework

Consider an intense cosh —Gaussian laser beam propagating through plasma with
electric and magnetic field as under

E; = %A,(z, 1) exp[-i(w t-kyz)],° (6.1)
= ckyxE,

B, = = (6.2)
B, = B, exp(iky2z), (6.3)

here k; is unit vector repersenting number of waves of the fundamental laser, w;

represents its angular frequency, E corresponds to the associated laser magnetic

field. The parameter c refers to the speed of light, k, indicates the wave number of
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the wiggler field and A(zr) stands for the amplitude profile of Gaussian beam

expressed as,
A(z) = A1o(r, 2)Exp[-ikS(T, z)] (6.4)

In this context A;, and S be real valued functions the term A;, characterizes the
unvarying amplitude of the fundamental laser pulse and is shown by the following

expression,

2 _ B g [b (v
A10 - f2(z) EXp [ 2 ] {+2 EXp [ (rgfz(z) + 2 )]} (65)
The ponderomotive force causes electrons to oscillate with a velocity expressed as

— E1

Vi=e (6.6)

mi(wq+iv)

Driven by the ponderomotive force of an incident beam, electrons exhibit an
oscillatory velocity at a certain frequency 2w,. The interaction of this velocity with a
density ripple leads to a density perturbation at 2w, ultimately producing a third
harmonic current density. J; = J5 4+ N [19], The subsequent linear and nonlinear

expressions for current density are provided.

n0e2E3

TL —

J3 = 3mgyiw, 6.7)

*NL _ -noeSBWklﬁi 5k1 k1+k0 A

3 7 16cimiytw? (wq+iv) [18(01 u)1+iv] X (68)

The third harmonic field is governed by the wave equation presented below,

27 _ [eo+@(EiE1 )] 0%Es | am it | 4ama)k

ViE; = [ c2 ] ot? cz ot cz ot (6.9)

Also € = gy + @(E{E; ) (6.10)
s P _3mo 52

where (p(E1E1 ) = [1 exp( o aEO)] (6.11)
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ki = wy/c (1-wf/0]) V2, w, = (4mnee? /mpy)exp(z/dRq), wjy = (4mnge?/my)

therefore k; = w,/c(1-w3o/y exp(z/dRq))*/?

Using Egs. (6.5), (6.6), (6.7) and (6.9) we have obtained a new equation as under

. 2 24 (FE Y] °NL
VE, + [(907-2252) + 21RO (6.12)

c2 37 2 at

The equation for the beam width parameter as proposed by Nanda et al.[20], is shown

as
o [t (49) (o] =

Here, b represents the off-centre beam parameter, and ¢ denotes the normalized

propagation distance."

The further solution of Eq. (6.9) gives us a particular integral

—

Es = A; (z Yexp[-i(3w,t-k3Z)] (6.14)

Az = Azo(3) (6.15)

1

Bxp /)6 (- + 2)°] + Baoce/a) -6 (52|

#2895/ [3 (5 + )

where {5 = (6.16)

with the help of equations 6.11, 6.12 and 6.13 we got
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Equating coefficient of r> = 0 we got
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The equation (6.18) is the final equation of the amplitude.
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6.3 Results and Discussion

To evaluate the effectiveness of third -order harmonic generation, we numerically
solve the coupled wave equations considering the nonlinear polarization induced by
the cosh-Gaussian laser in plasma .The results highlight the role of density gradients,
phase matching conditions, and beam self-focusing on THG efficiency.

(i) Dependence of (f) on ().

In a plasma medium, the optical density is influenced the local electron density. When
an exponential density ramp is introduced, the electron density gradually increases
along the direction of laser propagation. This spatial variation reduces the refractive

index progressively, creating an inhomogeneous optical environment for the beam.

Fig.1 demonstrates that how f varies with propagation distance &. It is observed that f
has its minimum value 0.43 at £ = 1.45 and in presence of a gradual density variation
minimum value of f at & = 1.45 is 0.13, which depicts that with increase in plasma
density, the nonlinear refractive index increases result stronger self-focusing. Due to
ponderomotive force electrons expelled from low plasma density region and due to
highly intense beam the mass variation takes place. Due to this relativistic
nonlinearity arises results stronger self-focusing. On introducing the density ramp
plasma density further increases results decrease in refractive index and self- focusing
becomes stronger and f decreases significantly. So, the laser beam experiences a
stronger refractive gradient, which acts like a negative lens. This increased divergence
leads to a faster reduction in f, as observed in the red dashed curve. The ramped
density disrupts the balance between diffraction and any self-focusing effects, causing
the beam to spread more rapidly. Valkunde et al.[21] reported comparable findings for
a g-Gaussian laser pulse propagating through both uniform and exponentially varying
plasma densities, demonstrating that self-focusing effects are significantly enhanced
in the presence of an exponential density ramp. Gupta et al.[22] observed that f
exhibits oscillatory behaviour under uniform plasma conditions, while the
introduction of a density ramp allows f to retain its minimum value over an extended

propagation distance.
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Fig. 6.1 Variation of beam width f parameter with normalised propagation distance &

with and without density ramp.

(i) Variation in laser power directly influences the strength of the resulting

wave oscillations.

As depicted in the graph, an increase in the normalized laser amplitude eA;,/mw;c
leads to a significant enhancement in the normalized third harmonic amplitude
As,/A;, With propagation distance & However, as the laser intensity increases,
relativistic and ponderomotive effects become more prominent, leading to stronger
electron oscillations and enhanced nonlinear currents at3w. These -effects
collectively amplify the third harmonic signal over the course of propagation.
Consequently, higher input intensities as a result more efficient energy conversion
from the fundamental to the third harmonic, making laser intensity a critical

parameter in optimizing third harmonic generation in plasma.
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Figure 2 demonstrates how As,/A;, Varies with distance £ at values of eA;q/
mw;c = 1,3 &5 corresponding values of A3,/A;, = 0.05,0.26 &0.43 respectively at
value of € = 1.6 gaining the peak value and so after that defocusing comes into play.
Thakur and Kant have also studied that there is gain in the amplitude for different

eA,/mw;c values under the influence of plasma density ramp.[23]

0.45
0.40 - A
0.35
0.30 - —m—eA,,/ molc=1 ‘
' —e—eA,,/ molc=3 /
0.25
A eA,,/ molc=5 A

Fig. 6.2 Evolution of amplitude with & for various values of normalised intensity

eA,o/mw;c like 1,3 and 5.
(iii) Amplitude modulation under influence of wiggler field

The externally applied transverse magnetic field induces additional oscillatory
motion of electrons by exerting a electromagnetic force, causing them to follow
helical trajectories. As a result, the electron quiver motion becomes more intense,
even at moderate laser intensities, leading to an increase in the strength of current
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sources which led to third harmonic generation. This enhancement in nonlinear
currents amplifies the third harmonics. Additionally, wiggler field breaks symmetry
of the interaction system, which favours the generation of odd harmonics such as the
third harmonic, even under conditions where they would otherwise be suppressed. In
certain configurations, the magnetic field can also resonantly couple with the laser
driven motion, further boosting harmonic generation efficiency. When field strength
rises, the nonlinear coupling also increases thus the wiggler magnetic field acts as an
effective control parameter, significantly enhancing third harmonics in magnetized
plasma. Figure 3 shows variation of A,/A;, with distance of propagation & for the
multiple values of eB,/mcw; = 0.001,0.003 &0.005. It is seen that A;y/A;p =
0.05,0.17 &0.23 at the value of § = 1.6 . Vaziri et al. investigated (SHG) for varying
strengths of the wiggler field and found that the normalized SHG amplitude increases

as the magnetic field intensity rises.[24]
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Fig. 6.3 Variation of normalized third harmonic amplitude As,/A;, Wwith normalized
propagation distance & for the values of normalised wiggler magnetic field eB,,/

mw,c = 0.001,0.003 and 0.00 5.
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(iv) Impact of electron density on the amplitude

Plasma density is a critical factor that significantly influences the amplitude .
However, if the density becomes too high (approaching or exceeding the critical
density), the laser experiences reflection and absorption, limiting its penetration
and thereby reducing its effeciency. Moreover, the third harmonic wave itself
must propagate through the plasma; higher densities can introduce dispersion and
damping, which may attenuate the harmonic signal. An optimal density range
exists where the fundamental laser can propagate while maintaining strong
nonlinear interactions to efficiently generate and transmit the third harmonic
pulse. Therefore, controlling plasma density is essential for maximizing third
harmonic amplitude, as both under and over dense regimes can limit the

generation and propagation of harmonics.

Figure 4 shows the variation of As,/A;, with propagation distance £ the peak
value is noted at the value of w,/w; = 0.8 which is 0.15. This indicates that at
higher w,/w,ratios, stronger plasma frequencies enhance gain. The intense
ponderomotive force drives electron expulsion, causing density variations that
introduce nonlinearity and lead to harmonic generation. Kant et al.[17] conducted
a similar study on SHG and observed that introducing a density ramp which tends
to a significant increase in the normalized amplitude at higher wiggler magnetic
field strengths.
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Fig. 6.4 Variation of normalized third harmonic amplitude A5, /A, With normalized

propagation distance €.

(v) Effect of decentred beam parameter on amplitude of third harmonic

pulse

The decentred beam parameter plays a viatl role in shaping the spatial intensity
distribution of the laser beam . When a beam is decentred i.e., its peak intensity is
shifted away from the propagation axis the symmetry of the beam is broken, resulting
in an asymmetric interaction with plasma electrons. This asymmetry enhances the
nonlinear current components, particularly those responsible for generating odd
harmonics like the third harmonic. A moderate decentred parameter can significantly
increase the amplitude of the third harmonic by intensifying localized field gradients

and enhancing nonlinear source terms.. Therefore, there exists an optimal range of
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decentred beam values where third harmonic generation is maximized. Overall, the
decentred beam parameter serves as a tunable factor that can be exploited to control

and enhance the efficiency of THG in plasma-based nonlinear optical systems.

In Figure 6 It is observed that even a slight change in the beam width parameter
causes the normalised THG amplitude to vary thus showing the sensitivity of
decentred beam parameter. A minor variation in b from 0.52 to 0.56 amplitude varies
from 0.16 to 0.24. Similar results were shown by Nazir et al.[15] in their recent study

that minor variation in b leads to abrupt increase in the amplitude of harmonic pulse.
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Fig. 6.5 Variation of normalized third harmonic amplitude A,,/A;, with normalized

propagation distance for different values of decentered

parameterb = 0.52, 0.54 &0.56.
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6.4 Conclusion

The relative increase in the intensity of the laser produces greater effects of relativity
and ponderomotive forces making the non-linear current increase and the efficiency
of the THG to improve, the intensity value eA;y/mw,c=>5, has maximum

amplitude value i.e 0.44.

The addition of the wiggler magnetic field involves some extra circular motion by the
electrons which helps improve the transfer of angular momentum and, in turn, the
third harmonic amplitude. The results show the dependence the plasma density have
on the efficiency of THG in the sense that there are optimal ranges of density which
offer strong nonlinear coupling with low absorbing regions. Furthermore, the
asymmetry of the intensity distribution created by the decentred beam parameter
reduces the counteractive effects of nonlinear interactions and assists in augmenting
localized field gradients necessary for third harmonic generation. The interaction of
the shaping of the beam, designed plasma profiles, and the outer magnetic fields is a
powerful method for controlling the generation of harmonics which is important for

the development of plasma based frequency converters.
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Chapter- 7

Summary and Future Scope

This study offers a comprehensive theoretical analysis of second harmonic generation
(SHG) and third harmonic generation (THG) in high-intensity laser beams interacting
with plasma, focusing on the influence of various laser beam profiles. SHG and THG
are essential nonlinear optical processes that occur when a high-power laser pulse
interacts with plasma, generating harmonic components that are significantly
enhanced through nonlinear effects. These effects include the ponderomotive force,
which expels electrons from regions of high intensity, and relativistic mass variations
that alter the plasma frequency, enhancing the refractive index and facilitating phase
matching.

The study specifically investigates the impact of different laser beam profiles such as
g-Gaussian, cosh-Gaussian (chG), and Hermite-cosh-Gaussian (HchG) beams on the
efficiency of SHG and THG. The interaction of intense laser pulses with plasma
results in density perturbations that lead to the formation of a transverse nonlinear
current, which couple with the fundamental frequency to produce SHG and THG.
Initially, these harmonics are of low amplitude, but their intensity increases
substantially due to the combined effects of density ripples, relativistic corrections,
and enhanced laser intensity. In particular, the g-parameter associated with the g-
Gaussian beam plays a crucial role in controlling the transverse intensity distribution
of the laser pulse. By varying the g-parameter, the beam profile can be continuously
tuned from a conventional Gaussian shape (q = 1) to flatter or more sharply localized
intensity distributions for q # 1 .This tunability allows effective control over the
spatial localization of laser energy and the resulting ponderomotive force acting on
plasma electrons. Since harmonic generation is highly sensitive to local field intensity
and electron density modulation, variation of the g-parameter directly influences the

strength of the nonlinear current responsible for SHG and THG.

The study examines the role of the wiggler magnetic field, which can further boost

harmonic generation. The wiggler field maintains the cyclotron motion of electrons,
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thereby confining them and facilitating momentum transfer. This interaction
significantly amplifies the harmonic components, especially in high-intensity laser
regimes, with the HchG beam demonstrating the highest efficiency in harmonic
generation under similar laser conditions. The HchG beam’s hybrid structure
combining the cosh-Gaussian envelope with Hermite modulation results in tighter
spatial confinement of the laser energy, which promotes stronger plasma interactions
and increases harmonic yield. This is particularly evident at higher laser intensities,
where the HchG beam outperforms other profiles such as Gaussian and g-Gaussian
beams. Moreover, the chG and HchG beams exhibit stronger oscillatory behaviour in
the generated harmonics, offering unique advantages in controlling phase and spatial

distribution of the harmonics.

This research has broad implications for several applications in science and
technology. The enhanced harmonic generation observed in this study can be applied
to microscopic imaging for cellular diagnostics, where nonlinear optical contrast
mechanisms improve imaging resolution, and in surface and interface analysis in
condensed matter and materials science. It can also improve plasma diagnostics

through nonlinear reflection and Doppler-shifted measurements.

Additionally, high-order harmonic generation, particularly in the THG process, can
generate terahertz radiation, which has potential applications in ultrafast signal
processing, terahertz imaging, and fibre-optic communications. The study also
demonstrates that the THG process, when driven by high-power lasers, can be tuned
across a wide spectral range (from approximately 1300 nm to 1650 nm), covering
the fibre telecommunications window at 1550 nm, making it highly relevant for

integrated photonics and quantum communication technologies.

The findings of this research also pave the way for future advancements in
nanophotonics, quantum optics, and nonlinear metamaterials, especially in the context
of high-power laser sources and engineered plasma media. The combined effects of
beam shaping, external magnetic control, and relativistic dynamics present new
possibilities for controlling light-matter interactions at extreme intensities, opening

the door to more efficient nonlinear optical devices. Furthermore, the study provides
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valuable insights into the underlying mechanisms of SHG and THG, which can
inform the design of future experiments and practical applications in various fields,
including sensing, imaging, and telecommunications. This research lays the
foundation for developing compact, high-performance optical systems, where

efficient harmonic generation plays a key role in optimizing device performance.

In conclusion, this study contributes significantly to our understanding of laser-
plasma interactions, providing theoretical insights that will aid in the development of
next-generation nonlinear optical devices and photonic technologies, while also
suggesting new experimental avenues for further exploration. The outcomes of this
research would hold significant promise for a range of applications in diverse fields,
including high-energy physics, material science, and medical imaging. Additionally,
the research would also highlighten the importance of precise control over the laser
parameters, plasma properties, and geometric configurations for optimizing the

harmonic generation process.
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