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Abstract

Differential geometry is the study of spaces with certain geometrical features, such as metric,
distance, geodesic, connection, curvature and isometries. Differential geometry during the
eighteenth and nineteenth centuries was based on the geometry of surfaces in three dimensional
plane curves, Euclidean spaces, and space curves. Differential geometry is that field of
mathematics which is concerned with geometric point of view of differentiable manifolds, was
founded in the early twentieth century. The emphasis switched to examine the regional and
worldwide characteristics of smooth manifolds with fixed signature metric tensor on tangent
spaces of that encodes the geometric qualities in manifolds. The distinction in a metric tensor’s
signature is of vital importance when analyzing geometrical structures on differentiable
manifolds. Subjects of our research are the Ricci solitons on Contact metric Manifolds. Sections,
subsections, theorems, lemmas, corollaries and definitions are all numbers using bold decimal
notations in this thesis. Following is the chapter by chapter summary of work demonstrated in
this thesis.

Chapter 1: The 1% chapter of this thesis offers brief introduction and summary of various
important methods of Differential geometry of manifolds that will use in our thesis whenever
these are required. Introduction of manifolds in differential geometry, scope of thesis and some
standard tools on contact metric manifolds, Kenmotsu manifolds, para Kenmotsu manifolds, LP-
Sasakian manifolds, f-Kenmotsu manifolds, Cotton tensor, Concircular curvature tensor. Data
obtained from many reputed research journals, books, review articles is reflected in this chapter
that helped a lot to develop the terminology for the chaperts given below.

Chapter 2: We study various properties of Yamabe Ricci soliton in f-Kenmotsu manifold. In
this chapter we derived conditions for Yamabe Ricci soliton on f-Kenmotsu manifold to be
steady, shrinking, as well as expanding. It is also proved that Yamabe Ricci soliton in equipped
with a torse forming vector field has generalized geodesic vector field in f-Kenmotsu manifold.
We established a relationship between n-Einstein manifold along with Yamabe Ricci soliton in
f-Kenmotsu manifold. The content of this chapter is published in Chhattisgarh Journal of
Science and Technology, ISSN: 0973-7219, Volume 17, Issue 4, 2020, pp-33-36.

Chapter 3: Some properties of generalized form of Ricci soliton, particularly n-Ricci soliton of
dimension n with concircular structure(briefly(LCS) manifold) whose metric is Ricci soliton are
discussed in chapter 3rd of the thesis. In addition to this, condition of n-Ricci flat(LCS) manifold
derived for expanding, shrinking, as well as steady and parallel condition is



also derived. We also throw some light on n-Ricci soliton related to concircular vector field.
Curvature of any plane section is also discussed in this chapter. We also proved some results of
n-Ricci semisymmetric manifolds to be Einstein manifold.

This whole chapter is published in European Chemical Bulletin Journal, 2022, 11(Issue 10),
177-180.

Chapter 4: The main goal of this chapter is introducing Cotton tensor on a para Kenmotsu
manifold of dimension three admitting n-Ricci soliton. Concept of Cotton pseudo-symmetric
manifold is also introduced in this chapter. Derivation of some important results on Cotton flat
para Kenmotsu 3-manifold is also discussed. Besides this, study of Codazzi type of Cotton tensor
admitting n-Ricci soliton is also conducted. Some applications of Cotton tensor in fluid space
and its significances are briefly discussed in this chapter.

The whole content of this chapter is published in IAENG International Journal of Applied
Mathematics (SCOPUS Indexed).
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SYMBOLS AND NOTATIONS

Z
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CHAPTER 1

Introduction

In this chapter, an overview to Riemannian/ semi-Riemannian/ semi-Euclidean spaces have been
provided in brief. To help the readers comprehend the study that was conducted, basic
definitions, key concepts, current debates and terminologies that are employed in the following
chapters are provided as well. Along with a brief history, the thesis’ primary theme is offered.

By reviewing the literature a research gap is found and as a result, the goals of the current work
are suggested. This core objective of this chapter is to set up prior knowledge of fundamental
subjects that will be necessary for the presentation of the thesis’ subsequent chapters. The result
of this thesis will have potential applications in computer science, physics and engineering.
Thesis results also contribute to in depth knowledge of some geometric and a handful of
topological properties of Riemannian manifolds and will have potential applications

encompassing computer science, engineering, and physics, among other disciplines.

1.1 Historical sketch of differential geometry

A study of geometric objects, such as curves, surfaces and manifolds using differential calculus
and linear algebra is called Differential geometry. Differential geometry has its roots in ancient
Greece and evolved over centuries. Euclid’s “Elements” (300 BCE) laid foundations for
geometry. Archimedes (250 BCE) introduced the concept of tangents, normals and curvature in
differential geometry. Differential geometry is a vast and fascinating field. Here is an overview
of its subfields:

e Riemannian geometry: Studies manifolds with Riemannian metrics (lengths and angles).

o Differential topology: Explores topological properties of manifolds.

e Symplectic geomertry: Concerned with symplectic manifolds (phase spaces).

e Complex geometry: Studies complex manifolds and their properties.

e Algebraic geometry: Intersects differential geometry with algebraic techniques.

e Foliations and Lie group actions.

1



Other subfields: Discrete geometry, Computational Geometry, Differential geometry,etc.

Several significant discoveries in mathematics from the 18th and 19th centuries served as
forerunners to the contemporary notion of a manifold. The non-Euclidean geometry refers to the
geometric systems that differ from fifth postulate of Euclid, which declares that, “Through a
point not on a line, there is exactly one line parallel to the original line”. It was further refined
100 years later by Lobachevsky, Bolyai and Riemann.

The two types of spaces they discovered are known as elliptic geometry and hyperbolic
geometry, and they both have geometric structures that are distinct from those of traditional
Euclidean space. These concepts relate to constant, ative, and positive curvature manifolds in the
theory of manifolds that is now in use.

In general, the study of topology deals with the problem of continuous maps connecting things.
In this context, topologists distinguish between a sphere and an ellipsoid as one and the same
object (by a continuous deformation in a specific sense), but they disagree when the ellipsoid is
replaced by a torus. To be more specific, the study of topology seeks to categorize items
according to similar topological types. One can have two infinite sequences of topological types,
orientable and non-orientable, in the situation of closed surfaces. A topological invariant known
as the Euler characteristic (or hole) is used to categorize orientable surfaces. However, this type
of classification is not feasible in higher dimensions due to various technological problems.
Similar attempts are made in the field of differential geometry.

These spaces feature an inner product that smoothly fluctuates from one point to another at any
location on the tangent space. In other words, whereas topological information, which refers to
neighborhood or connectivity information, must be understood in order to solve many geometric
problems, spatial information is not necessary. Riemann’s technique provides an augmentation

of the differential geometry of facets to multi dimensions.



The b

these types of spaces. To continue the analysis in differential geometry, differential structure is

asic unit is the Riemann curvature tensor. Topological manifolds are the name given to

required. In order to be more accurate, one needs smooth manifolds, which are topological

manifolds that also have a smooth structure. Differential geometry has many applications

In Physics

e General relativity: Describes gravity, Spacetime curvature.

e String theory: Studies vibrating strings, extra dimensions.

Quantum field theory: Describes particle interactions

Cosmology: studies universe evolution, expansion.

In Engineering

In Bio

Computer vision: Image processing, object recognition.
Robotics: Motion planning, control system.
Computer-aided designs: Geomertic modeling.

Medical imaging: MRI, CT scans.

logy

Shape analysis: Studying biological shapes, morphology.
Medical imaging: Analyzing anatomical structures.
Protein folding: Understanding protein geometry

Population Dynamics: Modeling biological system.

In Economics

In othe

Geometric models: Economics system equilibrium.
Game theory: Strategic decision making.
Financial modeling: Risk analysis, portfolio optimization.

Econophysics: Applying physics method to economics.

r fields

Navigation: GPS, geodesy.

Material science: Studying material property.
3



e Architecture: Designing curved surfaces.

e Neuroscience: Studying brain geometry.

The differential geometry of manifolds is an important area of study for the Riemannian and
semi-Riemannian geometries, which have applications not just in mathematics but in every
branch of science. Semi-Riemannian geometry and its sub-manifolds have yielded a wealth of
information regarding the differences between them. In real world, GPS relies on differential
geometry for location tracking. Medical imaging uses differential geometry for tumor detection.
Self- driving cars use differential for motion planning.

1.2 Concise history of Manifold

The foundation for differential geometry was laid in the last quarter of the 18th century when the
differential calculus was first applied to clarify geometry difficulties. The word
“Mannigfaltigkeit” that Riemann used to characterize the manifold was eventually translated as
“Manifoldness” by William Kingdon Clifford. In the domains of group theory, relativity theory,
topology, and linear algebra, manifolds are a generalisation of curves and surfaces. Several
important mathematical fields are combined in the study of manifolds, extending concepts from
topology and linear algebra to include ideas about surfaces and curves. Additionally, some
particular classes of manifolds exhibit additional algebraic structure; for example, they might
exhibit group behavior. Then they are known as Lie Groups. Alternatively, they can be defined
in terms of algebraic varieties, which are expressed in terms of polynomial equations. If these
groups also have a group structure, they are referred to as algebraic groups. Abstract spaces were
first thought of as distinct mathematical objects apparently by Carl Friedrich Gauss. His
theorema egregium provides a way for calculating a surface’s curvature without taking the

surrounding space into account.

The theorem showed that the surface’s curvature is an intrinsic property. The extrinsic qualities
of the surrounding space are generally ignored in manifold theory, which now focuses solely on
these intrinsic properties (or invariants).
In 1854, Bernhard Riemann delivered a habilitation lecture in G ottingen in which he discussed
various approaches of endowing any space with a metric.

4



Development of Charts and Coordinate are also discussed by him. Initially the notion of a
Riemannian surface had been proposed by Bernhard Riemann in 1857. He also made the concept
of a surface with higher dimensions famous. Riemannian geometry is a natural and advantageous
enhancement of differential surface geometry in R. Euclidean and non-Euclidean geometry are
the specific categories of Riemannian geometry. The theory of sub-manifolds is as fundamental
to differential geometry as the subject matter itself. Formerly, the only element of Riemannian
geometry, sub-manifold geometry is now one of many distinct. Sub-manifold geometry is
currently one of several separate components of multi-dimensional expansions of the classical
theory of surfaces, whereas it was originally the sole component of Riemannian geometry, while

Riemannian geometry is a logical and effective progression of Gauss’s concept of intrinsic
geometry. Hermann Weyl was the first to provide a fundamental description of a differentiable
manifold and later on Whitney demonstrated that a manifold that is naturally can be embedded in
a Euclidean space also defined by charts. The Euler characteristic is yet another example of an
inherent quality of a manifold that is more topological.

By extending the idea to more than three dimensions, Riemann (1854) expanded the abstract
surface, or manifold, which resembles a particular dimension of Euclidean space known as the
dimension of the manifold. Due to their ability to construct increasingly complex structures in
terms of Euclidean spaces, manifolds are regarded as central objects in the subject of differential
geometry. Many areas of physics, geometry and mathematics are based on the idea of a manifold
due to arising the solution sets in equation system and graphs easily. The analysis of surfaces in
Euclidean space was expanded to Riemannian geometry, which retains many of the intuitive
properties of Euclidean geometry. There is an additional algebraic structure in some particular
special classes of manifolds and they might act as groups.

It generalizes the notions and concepts of topology and linear algebra and higher dimension
surface. The study of distinctive special structures on geometric manifolds is an important
problem in geometry. A contact structure on a space assigns a plane to each point in the space,
allowing the planes to change smoothly as one goes through various locations in the space and to
always twist in one direction in order to satisfy the non-integrability criterion.

In other words, a contact structure is a hyperplanes on an odd-dimensional manifold that
accomplishes a particular twisting requirement or non integrability condition.

5



Boothby and Wang conducted the first study on spaces with the hypothesis of structure of
contact (almost) in 1958. The methods of contact geometry are crucial in current mathematics. In
order to examine a set of differential equations, Lie used contact geometry as a geometric tool in
1896. Mathematical physics applications such as geometric quantization, classical mechanics,
thermodynamics, and geometric optics have all made extensive use of the notion of contact

manifolds.

1.3 Motivation of the research work

Earlier it was considered that the higher-dimensional space time manifold that contains the
cosmos is a 4-dimensional manifold. Later on many mathematicians analyzed that semi-
Riemannian manifold in addition to the sub manifold of Riemannian manifolds, which is driven
by relativity, string theory and the Kaluza-Kleins theory.

In addition to being a key tool in numerous scientific and commercial applications, Ricci solitons
are significant because they were utilized to resolve the Poincare hypothesis, a question that had
remained open for a century. There are several uses of Ricci solitons in physics, biology,
economics and chemistry. Furthermore, the implication of Ricci flow and Ricci soliton has been
demonstrated in brain surface medical imaging. We started our research motivated by a number
of researches working on some interesting generalizations of Ricci solitons in various types of
contact metric manifolds.

We study an interesting generalization of Ricci soliton satisfying properties of f-Kenmotsu
manifold described as Ricci Yamabe soliton.

In addition, it is noted that f-Kenmotsu manifold also satisfies the property of Einstein manifold.
These results will help many research scholars studying contact metric manifold to find further
Ricci solitons generalizations.

An important concept of n-Ricci soliton is also outlined by us on Lorentzian concircular
structure manifold and its different properties like concircular flat n-Ricci soliton, sectional
curvature in a plane section, etc. are also studied. This could serve as inspiration for future
studies on n-Ricci solitons in Lorentzian concircular structure manifolds: Natural extensions of
Ricci solitons, that have been researched widely within the context of geometry of Riemannian,

are n-Ricci solitons.



There are several factors that motivated us for study of n-Ricci solitons in Lorentzian manifolds:

Geometric significance: Natural extensions of Ricci solitons, researched broadly within
context of Riemannian, are x#-Ricci solitons. The introduction of the n-function allows for
a more nuanced understanding of the geometric and topological properties of these
solitons.

Physical applications: Cosmology and general relativity both use Lorentzian concircular
structure manifolds, where they can be used to model spacetime. The investigation of n-
Ricci solitons on these manifolds provides insight into the properties of gravitational
fields and the structure of the universe.

Mathematical challenges: The investigation of Ricci solitons on different manifolds
poses significant mathematical challenges. The development of new techniques and
methods for studying these solitons can lead to advances in our understanding of
geometric analysis and partial differential equations.

Interdisciplinary connections: Ricci soliton research on contact metric manifolds is
related to differential geometry, among other areas of mathematics and topology, physics,
and theoretical physics. Exploration of these connections can lead to new insights and
perspectives on the behavior of complex systems.

Next, we examine the Cotton tensor that admits the x-Ricci soliton in the para Kenmotsu

manifolds of dimension 3 as well as also discover some of its characteristics. In another manifold

i.e para Kenmotsu manifold we study Cotton tensor which if of Codazzi type in para Kenmotsu

manifold. Surveys are undertaken on generalized form of Ricci soliton because there is

ambiguity about a circumstance that either has or has not occurred. In the meantime, the main

purpose of writing and publishing is to promulgate research outcomes and to pass on new

knowledge with other investigators in relevant fields. The highlighted motivation for the research

is that the results of research are benefiting the community.

Some other motives of research are as under:

To get curiosity satisfaction of doing some innovative work.
Desiring to take on challenging tasks in order to resolve a number of unresolved issues
That is, research is sparked by practical issues. .

7



e A desire for a research degree and the significant advantages that come with it.
e Hoping to be a part of community development.

e Wish to get honor and reputation.

A lot more, like government employment regulations, curiosity about new things, the drive to
comprehend causal linkages, social thinking, and awakening.

Some professional motivations such as career advancement collaborate with peers and experts,
contribute to societal or economic development.

1.4 Some important definitions

In this section, some important terms within the domain of differential geometry are defined. A
synopsis of manifold and its different types are discussed. This section provides some
background information on Ricci soliton in contact metric manifolds, including its significances
and relevance. This section also includes necessary historical or theoretical background of Ricci
solitons and its various generalizations. Outline of the research work and discussion of applicable
mathematical and physical notions are investigated in this section.

Manifold or Smooth Manifold [50]

A topological space that is resembling with Euclidean space close to every point is called a
manifold in differential geometry, but may have a complicated global structure.

A Manifold M, which is a topological space that has dimension n, satisfies the following results:
(i) Locally Euclidean: Neighborhood U of each point p on M is homeomorphic to a subset which
isopenin R™.

(ii) Hausdorff Space: For any pair of unique points p, g in M, 3 neighborhoods represented by
U, V of points p, g resp. suchas U NV = ¢.

(iii) Second Countable: M has a basis that is countable in topology.

Types of manifolds

(i) Topological manifold
(ii) Differentiable manifold
(iii) Riemannian manifold

(iv) Complex manifold



Examples of manifold

(1) Euclidean space R™

(i) Sphere S™

(iii) Torus T™

(iv) Circle St

(v) Cylinder RXS?

(vi) Calabi-Yau manifolds (complex geometries)

Manifolds in Physics plays a crucial role in general relativity, string theory, in engineering
(Computer vision, robotics), Biology (morphogenesis, population dynamics), Mathematics(

Differential geometry, topology), etc.

Riemannian metric and Riemannian manifold [43]

For all V;, V, € y(M), a tensor field U which is (0, 2) type, called a Riemannian metric iff
following important conditions are fulfilled:

(i) U is symmetric iff OV, V,) = UV, Vy) forevery V;, V, € y(M).

(i) U satisfies the condition of positive definiteness, i.e., U(V,V;) =0 for V; € y(M), iff
v, = 0.

In a manifold M which is manifold of n dimension, a Riemannian metric U exists. A Riemannian

manifold(M, 0) has been smooth manifold as well as associated with this metric U.
Differentiable Manifold [13]

Assume that the Hausdorff separation axiom is satisfied by topological space M. Group of open
charts (U;, ¢;), i € A on M is open subset of R™ and also differentiable structure in M such as
M =uU;, i € A. For i, j € A the map ¢j¢i‘1 is a differentiable mapping from (U; N U;) onto
(UinU;). To put it simply, a Hausdorff space with a differentiable structure having n
dimensions represents a differentiable manifold. An analytic structure having n dimension is
defined similarly as differentiable structure except in second condition we are just replacing
differentiable structure by a structure which is analytic, we call this structure as analytic
structure. Let M and N be any 2 manifolds, then function f: M — N is referred to as
9



differentiable, if for each chart (U;, ¢;) in M and each chart (V;,¥;) (Vj, ¥j) of N such that (U;)
c Vj. A" being a vector field on the manifold constitutes an assignment of vector A", to every
point p within the manifold M. On a manifold, a tangent space is a set of the tangent vectors at
point generally represented by T, M.

Define the brackets [A’, B'] as a map on M from the ring of functions into itself if A and B are
the vector fields by

(4B f' = A (B'f") = B'(Af").

Above equation shows that [A’, B'] is representing a vector field. A topological manifold which
has n dimension is Hausdorff space which is second countable and also an n-dimensional locally
Euclidean space. A mapping f of M to N which is an into mapping is an injective at each point
P in M, which is immersion for injective FxP. Thus M is defined as the immersed manifold of N

and f” is called imbedded submanifold of N if it is one-one map.
Contact manifold [63]

The presence of a global differentiable 1-form denoted as n s.t n/A(dn)™ is non zero indicates
that a differentiable C* (2n+1) dimensional manifold denoted as M?"* 1 have contact structure

or is a contact manifold at every point of manifold.
Lie Bracket [63]

For a pair of vector fields A, B, a Lie bracket denoted by [, ] and is stated as
[A,B]F' = A(BF") — B(AF"), for F' € C*®(M).
Generally speaking, the Lie bracket can be written as

[A, B] = AB — BA, representing tangent vector field in manifold M that’s smooth also.

Semi-Riemannian metric [84]

A (0,2) type tensor field U called to be a semi-Riemannian pseudo-Riemannian metric if it
fulfills the subsequent conditions:

(i) U exhibits the symmetric condition i.e., U(B,A) = U(4, B).

(i) V(4,B) =0VB < A=0,forp €M A,B are vectors in T,M.

10



Semi Riemannian Manifold [84]

“In differential geometry, a pseudo-Riemannian manifold also called a semi-Riemannian
manifold, is a differentiable manifold with a semi-Riemannian metric tensor U that is everywhere
non degenerate. This is a generalization of a Riemannian manifold in which the requirement of
positive definiteness is relaxed. Lorentzian manifold is a semi-Riemannian manifold with a
metric that has signature (-, +, +, +...)".

Manifold M which is differentiable and has smooth, symmetric, metric tensor U which is not
degenerate everywhere, is known as pseudo-Riemannian manifold (M, U). We call such a metric
as pseudo-Riemannian metric. An application to a vector field can result in a scalar field value
that is zero, positive, or negative at any point on the manifold. For any two non-negative integers

p and g, a pseudo-Riemannian metric has the signature (p, q).

Riemannian ConnectionAn Affine connection in (M, U) denoted by V, which is n-dimensional
Riemannian manifold associated with Riemannian metric U, is Levi-Civita connection or
Riemannian connection if:

(i) V is symmetric or torsion free connection.

(ii) V is metric compatible connection.
Ricci and Scalar Curvature Tensor[17]

For vector fields 4,B,C € T,M, the Scalar curvature symbolically represented by R and as
defined by

R(A,B)C =V,VzZ —V3V,Z — V[A, B]C.

Tensor field which is of type (0,2) is Ricci tensor ¢ and defined as [64]

Ric(A,B) = ¢(A,B) = Trace{Z — R(A, B)C}, forall A, B, C lying in manifold M.

For some function 4, if the Ricci tensor ¢ satisfies ¢ = A U in a Riemannian manifold, then that
manifold is described as Einstein manifold and if its curvature tensor is curvature constant, it is

called locally symmetric space i.e, VR is zero.

11



A scalar function with a scalar curvature r is defined as
r=TrQ,

where, Q is given by
¢(4,B) = U(QA4,B).
Almost Contact Manifold [8], [43]

Suppose that structure (¢,&,n) be (1,1) type tensor field, & being vector field, 1-form n
respectively in manifold M of dimension (2n + 1) satisfying the equations given below:

n) =1

¢?(A) = —A+n(4),

for each vector field 4 in M,

then M with structure (¢,&,n) referred to as almost contact manifold. Each almost contact

manifold must possess a non-singular vector field in M.
Sasakian Manifold [2], [53], [64]

Manifold M with dimension (2n + 1) associated with a normal metric structure(¢,¢,n,0) that is
contact structure, referred as Sasakian manifold additionally has a Sasakian structure.

A structure (¢,&€,n,0) with almost contact metric on M can only be considered a Sasakian
structure if

(Vag)(B) = U(4, B)§ —n(B)A.

A Sasakian manifold (M2"*1, 1) satisfying the relation

R(A,B).R = 0 is said to be semi symmetric.

Additionally it is Weyl semi symmetric Sasakian manifold if its conformal curvature tensor C
satisfies relation:

R(A,B).C = 0, where R(A, B) is curvature operator.

If M satisfies the properties of above stated Sasakian manifold, we’ve the relation given below:
R(A,B)S =n(B)A —n(A)B,

where Riemannian curvature tensor in M is represented by the symbol R.
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Along with this Sasakian manifold satisfies the properties given below:

0¢,9 =1,
n =1,
$() =0,

U(¢A, ¢B) = U(4, B) —n(A)n(B),
dn(4,B) = U(¢A4, B).

Examples of Sasakian manifold:

a. Sphere

b. Torus

c. Heisenberg

Para Sasakian Manifold [71]

Considering (M, U) as the n-dimensional manifold accepting n as a 1-form which satisfies the

conditions
(Vam)(B) — (Vsm)(4) = 0,
(VaVen)(C) = 2n(C)n(B)n(A) —n(B)U(4, C) —n(C)U(4, B).

Here the covariant differentiation operator indicated by the symbol Vwith regard to the metric
tensor U .
Additionally, if tensor field of (1,1) type, ¢ as vector field and are admitted in (M, U) such that

n(4) =0(4,8),
n) =1,
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V4§ = @A,
Thus para Sasakian manifold is the term used for describing such manifold.
Cosymplectic Manifold [89]

A manifold M being almost contact manifold associated with (¢, &, n) almost contact metric
structure where & represents vector field, n representing 1-form, ¢ a tensor as well as U stands

for Riemannian metric fulfilling the conditions:
U(¢A, pB) = U(4,B) —n(A)n(B), forall A,B € y(M).

If both the fundamental forms n and w satisfy dn = dw =0,

where d(A, B) = U(¢A, B),

then cosymplectic almost contact metric structure is metric structure in this case, and a manifold
that possesses this metric structure is known as a Cosymplectic manifold.

One of the example of Cosymplectic manifold is Kahler manifold.
Paracontact manifold[54]

Any odd-dimensional manifold M2™*1 that has a n as a global 1-form everywhere has been
referred as contact manifold. Given such a shape, there’s a special vector field known as Reeb

vector field of or characteristic vector field, which satisfies:

n =1
and in the case of any vector field A on M?™**1 d(4,§) = 0.

If there’s a tensor field of type (1,1) such that a semi-Riemannian metric is associated metric,
then

n(A) =U0(4,%),
d(A,B) = U(4, ¢B) and

P2 (A) = A —n(A)é¢, for all vector field A4, B in odd dimensional manifold M2"+1,
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Consequently, a manifold M2"*? that has (¢,&,n,U) structure on it has been defined as
paracontact metric manifold, also this structure itself is representing a metric structure which is
paracontact.

It is evident that following relations hold in a metric manifold that is paracontact:
$()=0, nop=0 and

U(¢A, ¢B) = —U(4, B) + n(A)n(B),

for any vector fieldson M 2" +1 A, B.

Kenmotsu Manifold [21], [57], [93]

Suppose that M is a manifold of (2n+1)-dimensions which is almost contact metric manifold that
has an almost contact metric structure (¢, &,n, U) made up of vector field ¢, a 1-form n , a (1,1)

tensor field ¢ along with suitable Riemannian metric U providing:
P*(A)=-1+n ® &,

n) =1  ¢&=0, nop=0,

U(B',A") = U(¢B', pA") —n(B')n(A"),

U(4,¢B) = —U(¢4,B),

U(4,9) =nA).

Such a manifold that satisfying the following condition and almost contact metric manifold is

representing Kenmotsu manifold.

(Vag)B = U(¢4, B) —n(B)PA,
for every vector field A, B and Riemannian metric's Levi civita connection V.

The equation above indicates that
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(Vam)B = U(4,B) — n(A)n(B).

Furthermore, Ricci operator @, Ricci tensor ¢, and curvature tensor R all satisfy
R(A,B)¢ =n(A)B —n(B)A,
U(4,8) =n(4) and Q¢ = —2ns.

a-Kenmotsu Manifold

Real ¢ manifold in n dimensions, when tensor field of (1,1) type is admitted by M, vector field
that is contravariant vector field, and n as a 1-form that satisfy the following, this metric

structure is regarded as almost contact (,,.).
n =1,

¢*(4) = —A+n(4),

$& =0, n(¢A) =0,

U(pA, ¢B) = U(4, B) —n(A)n(B),
U(4,8) =n(4),

for vector fields A, B on y (M), where Lie algebra of vector fields represented by y (M) on M.

A real C* manifold M that has almost contact metric structure (¢, &, 1, U)and is of n-dimension,
is referred to as an almost contact metric manifold.

An almost contact metric manifold M referred to be an a-Kenmotsu manifold if dn = 0 and
d¢ = 2an/\¢, here ¢p=a fundamental 2-form defined as

¢ (A4, B) = U(¢A, B) and being a real constant that is not zero.

B-Kenmotsu manifold

If the following criteria is met, the dimensional nearly contact metric manifold (2n +1)-

dimensional M2™*1(¢ , &,71,0) is considered as a Kenmotsu manifold:
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Va§ = B(A—n(4)) and
(Va9)(B) = B(U(PA, B)S — n(B)($A)),

where, V is used for the Riemannian connection of U.
If B =1, When B= constant, Kenmotsu manifold is called a Homothetic Kenmotsu manifold,

otherwise, it is called a B-Kenmotsu manifold.
Para Kenmotsu manifold [6]

When manifold of dimension n that has a Riemannian metric U, it admits a tensor field €, a 1-

form 7 and tensor field ¢ of type (1,1) that satisfy:

n€) =1, U(4¢) =n(4), along with

(Vam)(B) — (Vgm)A = 0.

(V4aVm)C = [-U(4, C) + n(An(C)n(B)] + [-U(4, B) + n(A)n(B)n(C)] and
Va§ = ¢*(A) = A —n(A).

Lorentzian manifold [59]

It is smooth manifold M with signature (-,+,+...) or (+,-,-,...) which is a symmetric bilinear form
associated with Lorentzian metric U.

In Lorentzian manifold (M, U), we can define P as vector field as

U(A',P) = F(4"),
forany A" € TM,

A concircular vector field may be described as portions of a tangent vector field that is smooth
on M if

(VxF)(B) = a{U(4, B) + w(A)F(B)},

Here in above equation, covariant differentiation operator about Lorentzian metric

U represented by V, w is a closed 1-form, and a is used for scalar function that is non zero.
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Lorentzian Concircular Structure Manifold [1], [32], [33], [59], [97]

A Lorentzian concircular structure manifold that has a concircular structure is a Lorentzian
manifold (M, U), which is a geometric configuration that expands on the geometric concept of
conformal flatness. In a concircular structure 3 a 1-form 7 such that V,n = 0, for all A € TM,
the portions of all tangent vector fields which are smooth on M is referred to as a concircular

vector field. Some of its properties are:

U6 =-1, UK, $) =n(K),

here & used here represents unit concircular vector field.
Also Vi é = afK + n(K)é&}.

Ricci Solitons [2], [3], [37], [53], [57]

“A Ricci soliton is a natural generalization of Einstein metric. A Ricci soliton (U, V, }) is

defined on a pseudo-Riemannian manifold (M, U) by
(LyO)(A, B) + 2¢(4,B) + 2AU(A, B) = 0,

where, L, U denotes the Lie derivative of Riemannian metric U along a vector field V, 1 is a
constant, and A, B are arbitrary vector fields on M. A Ricci soliton is said to be shrinking,
steady, and expanding pursuant to A is negative, zero, and positive respectively. Theoretical
physicists have also been exhibiting curiosity in the equation of Ricci soliton concerning with the
string theory and is a particular instance of Einstein field equations. The Ricci soliton in
Riemannian geometry was brought forth as a symmetrical solution of the Ricci flow”.

Examples of Ricci solitons:
e Einstein manifolds: Any Einstein manifold is a Ricci soliton with 1 = 0.
e Guassian solitons : The Guassian soliton a Ricci soliton on the Euclidean space R™.
e Hamilton’s cigar soliton: The cigar soliton is a Ricci soliton on the two dimensional

sphere S2.
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n-Ricci soliton [21], [32], [71]

A more comprehensive idea of Ricci flow is an #-Ricci soliton.

Makoto Kimura and J.J. Cho suggested this concept and provided its equation as
(LgU)(A4, B) + 2¢(A, B) + 2AU(4, B) + 2un(A)n(B) = 0,

for A,B € y(M)

where A and B are the vector fields, u and A are constants.

Ricci Yamabe Soliton [15], [28], [51], [69], [82]
Yamabe-Ricci soliton is another generalization of Ricci soliton, which is either Riemannian or
Pseudo Riemannian manifold M (U, V, A, «, B) if it fulfills:

(LyO)(A,B) + (24— pr)U(A4,B) + 2a¢(A,B) =0,

where, ¢ is denoting Ricci tensor, r being scalar curvature and 4, a, 8 € R.

If A is greater than zero, then there is expanding Yamabe Ricci soliton,

if A is equal to zero, then there is steady Yamabe Ricci soliton and

if Ais less than zero, then there is sgrinking Yamabe Ricci soliton.

A generalization of both Yamabe and Ricci soliton is Yamabe Ricci soliton. The Yamabe Ricci
soliton is another well-known Einstein soliton of the (1,-1) kind.

Additionally, special Yamabe flow solutions that fulfill the following equation are known as

Ricci Yamabe solitons:

au

5 = —2¢a + Br0.

Cotton tensor [24], [52]
Since, Weyl conformal curvature tensor vanishes for a pseudo-Riemannian manifold in three
dimensions, a new kind of conformal invariant known as cotton tensor in differential geometry

can be created. The type (1,2) tensor known as cotton tensor € is described by
C(4,B) = (V4Q)B — (V3Q)A — {(Ar)B — (Br)A},
for smooth vector fields A and B.
Eisenhart shared the idea that if metric is conformally flat, then Cotton tensor becomes zero in

a three dimensional pseudo-Riemannian manifold.
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A Cotton tensor in three dimensions has been identified by numerous authors in recent years as a
n extremely intriguing subject that connects the energy momentum tensor and Ricci tensor of
matter in Einstein's equations.

The Weyl tensor, a measurement of a manifold's conformal curvature, strongly associated with
Cotton tensor. Additionally, Ricci tensor, a measurement of trace of curvature tensor, is

associated with it.
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CHAPTER 2

Some results on Ricci Yamabe soliton equipped with

f-Kenmotsu manifold

We examine the Yamabe Ricci soliton in f-Kenmotsu manifold, which is an important
generalized form of Ricci soliton. We determine certain circumstances under which Ricci-
Yamabe soliton on f-Kenmotsu manifold is shrinking, steady or expanding. We also
demonstrated that the generalized geodesic vector field is present in Ricci-Yamabe soliton on f-

Kenmotsu manifold with torse- forming vector field.

Investigating and comprehending these geometric formations' characteristics and behavior is the
goal of Ricci—Yamabe soliton study.Our main goal is to categorize Ricci—Yamabe soliton accor
ding to their topology, symmetry, and curvature characteristics.

The Ricci—Yamabe soliton clarified the topological and geometric characteristics of manifolds.
Non—linear partial differential equations can be better understood by studying Ricci—Yamabe

soliton.

2.1 Introduction

The Ricci flow concept was proven to exist in 1982 by Hamilton [29].

Additionally, Hamilton [30] categorized all compact manifolds in dimension four that have a
positive curvature.

An Einstein metric's natural extension is the Ricci soliton. The definition of a Ricci soliton in

Riemannian manifold (M, U) can be described in following way [32], [37]:
(Ly0)(A4,B) + 2¢(A,B) + 2AU(A,B) = 0, (2.1.1)

here A and B are arbitrary vector fields in M, 4 being a constant, and L, U represents a Lie deri-
vative of Riemannian metric U across vector field V.
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A shrinking, steady, and expanding Ricci soliton is indicated by A as negative, zero, as well as
positive, correspondingly.

Hamilton presented idea of Yamabe flow, the metric on the Riemannian manifold in this case
is warped through advancing in accordance with

au(t)
at

The metric U(t) has scalar curvature denoted by (t). .
S. Deshmukh and B.Y. Chen and [15] studied Yamabe soliton in 2018. Yamabe soliton

correlates to homogeneous solution of Yamabe flow. Yamabe flow can be compared to Ricci

— R(®U(2),

flow in 2-dimensions. Recently, C Xia, Gomes, Q.Wang [27] continued the idea behind Ricci
soliton and examined Ricci soliton on complete Riemannian manifold with h-almost soliton. If

Riemannian manifolds satisfy

ZLU+ AV +¢ =0, (2.1.2)
where the smooth function h: M — R is known as the h-almost Ricci soliton.

Now we investigate Yamabe Ricci soliton in f-Kenmotsu manifold of Ricci soliton in its
generalized version. Ricci Yamabe soliton associated with semi-Riemannian manifold [15], [28],
[51], is

defined as

(LyO)(4,B) + (21 — Br)U(A, B) + 2ac(A,B) = 0, (2.1.3)
where, Lie derivative is represented by L,,, Ricci tensor by ¢, scalar curvature by r and A, a, 5 €
R.

Some special solutions to Ricci Yamabe flow is presented by Crasmareanu and Guler [28], is the

Ricci Yamabe soliton.

Z—? = —2ac¢ + Br0, (2.1.4)

In particular, for « = 1 and B = 0, the equation (2.1.4) reduces to the Ricci soliton.
When a vector field ¢ is smooth in (M,U), is known as geodesic vector field if it satisfies:
Ve = 0. (2.1.5)
and is considered to be generalized geodesic vector field if it satisfies:
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Vel = fS, (2.1.6)
where, A potential function on M is a smooth function denoted as f.

This chapter is organized as under:

A brief overview of Ricci-Yamabe soliton equipped with f-Kenmotsu manifold is presented in
2.1 section of this chapter. In 2.2 section, certain properties of Yamabe Ricci soliton in f-
Kenmotsu manifold are studied and proved certain theorems which are reflecting certain
conditions under which f-Kenmotsu manifold is shrinking, steady and expanding. We discuss
Ricci Yamabe soliton on f-Kenmotsu manifold admitting torse forming in 2.3 section. We in
this section also investigated that a soliton & which is a vector field, is a generalized geodesic
vector field. Ultimately, in our concluding section 2.4, we find a relationship between n-Einstein

manifold and Ricci Yamabe soliton in f-Kenmotsu manifold.
Definition 2.1.1 Kenmotsu manifold [21], [25], [57], [93]:

Define M?"*! as a Riemannian manifold that is nearly contact, which includes a (1,1) tensor
field ¢, a 1-formn as well as Riemannian metric U. M?**1 is recognized as a Kenmotsu

manifold provided it adheres to the following specifications :

g =0, n(@4) =0, n@)=1 n(d) =042,
¢*(4) = —A+n(A), U(¢A, ¢B) = U(A, B) —n(A)n(B), (2.1.7)

Vx¢ =A—-n(4), (Va®)B —n(B)p(A) — U(4, $B)S, (2.1.8)
Characterization of Kenmotsu manifold
e Harmonic curvature is a defining feature of Kenmotsu manifolds, which are a type of
contact metric manifold.
e A Sasakian manifold characterized by constant scalar curvature is called a Kenmotsu

manifold.

Definition 2.1.2.Torse forming vector field [8]:

A vector field in a manifold is considered as a torse forming, if vector field &, compiles with:

Vaé = ¢(A) —n(A),
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where, we are using V for Levi-civita connection, ¢ for (1,1) tensor field, n for a 1-form and A
for a vector field.
Properties of torse-forming vector field:

e One type of characteristic vector fields is the torse forming vector field.
e They have a relation with contact structures and nearly contact metric structures.
e They satisfy Kenmotsu manifold conditions.

e On manifolds, they are encountered in the study of geometric structures.
Definition 2.1.3 n-Einstein manifold [32]:

An n-Einstein manifold (M, U) is a Riemannian manifold with a given vector field £ and a 1-
form n that meets following requirements.

Ric + n(A) xn(A) = A0, (2.1.9
where, Ric is Ricci tensor, A is n-Einstein constant, 1-form dual to ¢ isn and U is Riemannian

metric.

Definition 2.1.4. Geodesic vector field

Manifold M with vector field A" fulfills following equation to be a geodesic vector field:
VA =0,

here, V has been utilized for Levi Civita connection.

A few examples of geodesic vector fields includes:

Vector fields in Euclidean spaces, killing vector field in Riemannian manifolds, etc.

2.2 Ricci Yamabe soliton equipped with f-Kenmotsu manifold [51]
A smooth manifold (M, U) of dimension n with a metric structure (¢, &, n, U) is
almost paracontact, U is pseudo Riemannian metric, ¢ is a tensor field of type (1,1), ¢ is used

for vector field and n for 1-form .
¢*(A") = —1 +n®g, n§) =1,

n(A") =04, 9), $¢=0, 1nop=0 (2.2.1)
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U(¢A', ¢B") = U(A',B") —n(A")n(B), (2.2.2)
forall A, B’ € y(M).

2.2.1. f-Kenmotsu manifold [9], [101] and Cosymplectic manifold [89]
A manifold M2"+1(¢, &, n, U) of dimension 2n+1 is referred to as f-Kenmotsu manifold [13] in

the event that covariant differentiation of ¢p meets the following:

(Va9)B = f{U(PA, B)S —n(B)pA}, (2.2.3)
where f € C* (M) when dfAn =0.

f =B, anon-zero constant indicates that manifold is 5- Kenmotsu manifold.

When f =0, manifold is referred to as a cosymplectic manifold.

If f2+ f" # 0, then a f-Kenmotsu manifold is considered a regular manifold, where f ' = f¢.
2.2.2 Ricci soliton equipped with f-Kenmotsu manifold.

The Riemannian curvature tensor in a three—dimensional Riemannian manifold can be found
using [43].

R(A,B)C = U(B,C)QA —U(4,C)QB + ¢(B,C)A — ¢(A,C)B — TZ—Z{U(B, C)A — U(4A,C)B}.

In an f-Kenmotsu manifold which is of dimension three, Ricci tensor as well as Riemannian

curvature tensor become

R(AB)C = (L+2f2+2f") (AABYC — (Z+3f2 +3f") (n(4)(§ AB)C +n(B)AAEC).
(2.2.4)

¢(4,B) = (r* + f2+ fU(A B) — (r* + 3f* + fIn(A)n(B). (2.2.5)
QA= (Z+f2+f) A= (Z43f2+f ) n@)e. (2.2.6)
here, r=scalar curvature in M.

R(B,A)¢ = (f* + f)n(A)B — n(B)Al.
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PutY = £in (2.2.5), we get

¢(4,8) = —2(f* + fIn(A). (2.2.7)
Q¢ =—-2(f*+ ).

From (2.1.3), we get

2a¢(A, B) = —LU(4, B) — (21 — Br)U(A, B). (2.2.8)
The above equation can be written as

20¢(A, B) = —U(VaE, B) — U(A, V&) — (24 — Br)U(4, B). (2.2.9)
Using (2.2.4) in (2.2.9), we get

2a¢(A,B) = —U(f (A —n(4)¢),B) — (24 — pr)U(A,B) — U(4, f (B —n(B)S). (2.2.10)

Simplifying (2.2.10), we have

¢(4,B) == |(5 - £ - 2) V4, B) + f(Am(B)|. (2.2.11)

Putting B = ¢, the equation (2.2.11) yields

4,0 ==[(5-F-2)v O + )| (2212)

Using the value n(¢) = 1, (2.2.12) reduces to

4.9 == (Z-21)n. (2.2.13)

2

We know that a paracontact manifold with dimension (2n+1) satisfy the following properties:
¢(4,§) = —dim(M — 1) n(A).
¢(4,$) = —2nn(4). (2.2.14)
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Comparing (2.2.12) and (2.2.14), we get

Br+ana
P

A= (2.2.15)
Thus, the following can be said:

Theorem 2.2.1: In an f-kenmotsu manifold, Yamabe-Ricci soliton is

Br+4na
2

* expanding if , A = > 0.

pr+4na

e steady if A = = 0.and

* shrinking A = 'B)rzﬂ <0.

Also, (2.2.7) and (2.2.13) yield

l(ﬁ _ ,1) = —2(f% + f"). (2.2.16)

a\ 2
which implies

__ 2A—Pr—4afr

2
/ 1

Hence, we have f = % /w (2.2.18)

From above, we can state:

(2.2.17)

Theorem 2.2.2: In a Ricci Yamabe soliton equipped with f- Kenmotsu manifold, f satisfies the

relation f =% /w

2.2.3. Ricci Yamabe soliton on f-Kenmotsu manifold admitting torse forming vector field
From equation (2.2.4), we get

0(V4¢,8) = U(fA+n(4)¢,4), (2.2.19)
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(2.2.19) also gives us

0(V4¢6,8) = (f + Dn(4). (2.2.20)

When we swap out A for £ in (2.2.20), we obtain

0(Ve£,€) = (f + Dn(d). (2.2.21)

which implies V& = (f + 1)S.
Hence, we have

Theorem 2.2.4 : In a Ricci Yamabe soliton equipped with f- Kenmotsu manifold vector field

which is forse forming, soliton vector field ¢ is generalized geodesic vector field.

2.3 m-Einstein Ricci Yamabe soliton in f-kenmotsu manifold

In equation (2.2.11) arranging A = B = &, we have

2a6(8,8) = (=24 = 2f + Br)U(E, &) + 2fn(Hn (). (23.1)
Using (2.2.14) in (2.2.22), we get

dna = 24 — Br. (2.3.2)
Using the (2.2.23), (2.2.11) becomes

¢(4,B) = ~[1 — 2na — f — )U(A, B) + U(4, B) + fn(An(B)] (2.3.3)

Simplifying (2.2.24), we have

¢(4,B) = —=[(2na — /YU(A, B) + fn(A)n(B)], (2.3.4)

This is a n-Einstein manifold's form.

Therefore, we have the statement:

Theorem 2.3.1: A Ricci Yamabe soliton stating f-Kenmotsu manifold satisfies condition of n-

Einstein manifold.
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2.4 Applications of Ricci Yamabe soliton in f-Kenmotsu manifolds:

(i) Physical applications:

Gravitational Physics: Ricci-Yamabe solitons in f-Kenmotsu manifolds can be used to
model gravitational fields in general relativity.

Cosmology: These solitons can be used to study the evolution of the universe, especially
when it comes to Kenmotsu manifolds.

String theory: f-Kenmotsu manifolds admitting Ricci Yamabe solitons can be used to

study the behavior of strings in curved spacetime.

(i) Mathematical applications:

Geometric analysis: Ricci-Yamabe solitons in f-Kenmotsu manifolds can be used to
study some geometric and topological properties of manifolds.

Partial differential equation: The behaviour of partial differential equation solutions in
f-Kenmotsu manifolds can be investigated using these solitons.

Differential geometry: Ricci-Yamabe soliton in f-Kenmotsu manifolds can be used to

study the properties of curvature and torsion on these manifolds.

(iii) Other applications:

Image processing: Ricci Yamabe solitons in f-Kenmotsu manifolds can be used to
develop new algorithms for image processing and computer vision.

Machine learning: These solitons can be used to develop new models for machine
learning and artificial intelligence.

Network analysis: Ricci-Yamabe solitons in f-Kenmotsu manifolds can be used to study

the properties of complex networks.

These are just a few examples of the potential applications of Ricci-Yamabe solitons in f-

Kenmotsu manifolds. As the subject develops, new applications are probably going to appear,

and the study of these solitons is an active area of research.
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2.5 Significances

Here are some potential significances of Yamabe-Ricci solitons with manifold, f-Kenmotsu:

(i) Geometric significances

Generalization of Ricci solitons: A more extensive application of thought of Yamabe
Ricci soliton was provided by Yamabe-Ricci soliton in f-Kenmotsu manifold.

New insights into curvature: New information about the behaviour of curvature on f-
Kenmotsu manifold can be gained by studying Ricci-Yamabe solitons in these manifolds.
Relationship with other geometric structures: Ricci-Yamabe solitons in f-Kenmotsu
manifolds are related to other geometric structures such as Kenmotsu structures and f-

structures.

(i) Physical significances:

Gravitational Physics: Ricci-Yamabe solitons in f-Kenmotsu manifolds can be used to
model gravitational fields in general relativity.

Cosmology: These solitons can be used to study the evolution of the universe particularly
with reference to Kenmotsu manifolds.

String theory: Ricci-Yamabe solitons in f-Kenmotsu manifolds can be used to study the

behavior of strings in curved spacetime.

(iii) Mathematical significances:

New techniques and methods: New approaches and procedures that can be used in
other branches of physics and mathematics must be developed in order to explore Ricci-
Yamabe solitons in f-Kenmotsu manifold.

Advances in geometric analysis: The investigation of Yamabe-Ricci soliton with f-
Kenmotsu manifold promotes geometric evaluation, especially in the areas of geometric
flows and curvature.

Connections of other areas of mathematics: There are links between investigation of
Yamabe-Ricci soliton in f-Kenmotsu manifold with some other branches of

mathematics, including differential geometry and partial differential equations.
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2.6 Conclusion

We have examined #-Ricci solitons in f-Kenmotsu manifold in chapter 2nd. This category of
manifolds is a generalization of the concept of Kenmotsu manifold. We have demonstrated n-
Ricci solitons in f-Kenmotsu manifolds possess several interesting properties, including the fact
that they are steady, shrinking or expanding solitons.

Our results provide new insights into the geometry and topology of -Kenmotsu manifold and
demonstrate the significance of n-Ricci solitons in understanding the behavior of these
manifolds. Additionally, our study offers a fresh viewpoint on the function of the »-function in
geometric analysis and emphasizes the significance of that »-Ricci soliton with context of Ricci
soliton.

Studying the n-Ricci solitons in different kinds of manifolds could be one of the future research
avenues. Additionally, it would be interesting to investigate the relationship between that n-Ricci
soliton and other geometric structures such as killing spinors of twistor spinors.

Overall our study demonstrate the richness and complexity of the geometry and topology of that
f-Kenmotsu manifolds and highlights the importance of that n-Ricci solitons in understanding

these manifolds.
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CHAPTER 3

n-Ricci soliton on Lorentzian Concircular structure

manifold

This chapter focuses on the investigation of n-Ricci solitons with Lorentzian concircular
structure manifolds. In this chapter, we will explore a few definitions, properties, and behavior of
these solitons as well as the relationship with other geometric structures. Additionally we will
discuss recent research developments and open problems in this field. The circumstances behind
-Ricci as well as n-Ricci flat(LCS),,manifolds has acquired to be shrinking, expanding, and
steady. Additionally the parallel conditions have been developed. This chapter gives a thorough
description of these conditions.

We have discussed the concircular flat n-Ricci soliton as well as the requirements for a
concircular vector field related to n-Ricci soliton being a steady soliton. Any plane segment in a
manifold has a constant sectional curvature, as has been demonstrated. Additionally, the Einstein
manifold shown to be n-Ricci semisymmetric manifold.

3.1 Introduction

An n-Ricci soliton is the crucial concept in studying the geometric structures in manifolds. A.K.
Mandal [53] in 2014, investigated Ricci solitons in LP-Sasakian as well as gradient Ricci soliton
in manifold. The generalised Ricci soliton, or n-Ricci soliton in Lorentzian para-Sasakian
manifold along with para-Sasakian manifolds, was introduced by A.M. Blaga in 2015 [6], [7].
Hui and Chakraborty examined a few manifold features [32, 33]. Extended generalised phi-
recurrent manifolds were studied by D.L. Suthar,S.K. Yadav & M. Hailu [95], [96], and [97].

S. Deshmukh [15], [16] and B.Y. Chen, working on the compact shrinking Ricci soliton
geometry, came up with a few requirements to be shrinking in 2014. Bejan and Crasmareanu [3]
investigated quasi-constant curvature Ricci solitons.

Ingalahalli and Bagewadi [2] produced idea of Ricci soliton on a-Sasakian manifolds in 2013

during their working on geometry of Ricci solitons in manifolds.
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They also derived some results of Ricci solitons associated with a-Sasakian manifolds [37].
Later, Ricci soliton in contact with Kenmotsu manifolds was investigated by Nagaraja and
Premalatha [57]. Additionally, M.M. Tripathi [86] contributed to the research of the Ricci soliton
along with contact metric manifolds. In Riemannian manifold, Ricci flow was defined by
Hamilton [29], [30] as

o = —2Ric(V), (3.1.1)

Ricci soliton basically triplet(U, 4, &) in association with Riemannian manifold (M, U) satisfying:
(LeU)(B,A) + 2¢(B,A) + 2AU(B, A) = 0, (3.1.2)

where, a Ricci tensor is denoted by ¢, L; along a vector field ¢ is used for Lie derivative and for a
Riemannian metric U, 1 € R on M for a pair of vector fields along with A & B.

An n-Ricci soliton has been generalization of Ricci soliton firstly presented by Kimura and Cho
[17] also defined by

(LeU)(4, B) + 26(A, B) + 2A(A, B) + 2un(A)n(B) = 0, (3.1.3)

For u = 0, the reduction of n-Ricci soliton to Ricci soliton occurs.

Structure of this chapter is as follows: Definition and basic properties of (LCS),, manifold is
discussed in introduction in section 1. Section 2 explores the geometric and topological
implications of Lorentzian concircular structure manifold in association with Ricci soliton.
Section 3 discusses some open problems and applications of n-Ricci soliton in (LCS),, manifold.

Finally, section 4 presents recent research developments in the field.

Definition 3.1.1 If a (LCS),, manifold's Ricci tensor ¢ has a non-vanishing constant of form
(2.1), it is considered an Einstein manifold and satisfies
¢(4,B) = aU(4,B),

and it turns into Ricci flat manifold when a = 0. .
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Definition 3.1.2 If a manifold's Ricci tensor ¢ has the following form, it is considered a -
Einstein manifold:
¢(A,B) = aU(A,B) + bn(A)n(B), (3.1.4)

where a and b are non-vanishing constants.

Definition 3.1.3 If a vector field fulfills relation given below, is referred to as concircular vector
field:

(Vam)B = a{U(4,B) + n(4)n(B)}, (3.1.5)

with n being a 1-form and a being a scalar function that is non zero.

If we consider ¢ to be vector field with concircular features, having

V4¢& = afA + n(A)é&}, for pair of vector fields A and B. (3.1.6)
Voa = da = Aa = pn(A), (3.12.7)
p is a scalar function given by p = —¢a.

The following relationships hold in Lorentzian concircular structure manifold [32], [33], [59],
[97] briefly manifold (M™, U) (n>2):

n(€)=-1 ¢¢=0and U($A’,$B") = U(A',B") — n(4)n(B" (3.1.8)

Pp?A" = A" +n(A"), (3.1.9)

¢(A,8) = (n—D(a® - p)n(4a), (3.1.10)
R(A', B¢ = (a® — p)(n(B")A' = n(4")B', (3.1.11)
R BOW' = (a® — p)[-n(W")B' + U(B", W')¢], (3.1.12)
(Va$)B' = {R(A",B") + 2n(A)n(B")§ + n(BHA'}, (3.1.13)
R(A', BYW' = pR(A",BYW' + (a® — p){U(B', W"n(4") — U(A",W")n(B")¢. (3.1.14)
s(pA", $B") = ¢(A',B") + (n — 1)(a? — p)n(A")n(B"), (3.1.15)
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where each vector field A" B, W' has a corresponding Ricci and curvature tensors denoted by R

and ¢ . The following equation is satisfied by Lie derivative.
(LeU)(A, B) = U(V4§, B) + U(4,V59). (3.1.16)

3.2 n-Ricci soliton associated with (LCS),, manifold
When we use (3.1.6) in (3.1.16), we obtain

~(LeV)(4, B) = a[U(A, B) + n(A)n(B)]. (3.2.1)
Using (3.2.1) in (3.1.3), we get

¢(4,B) = —(a + DU(4, B) — (a + w)n(A)(B), 3.2.2)
From(3.2.2), we may say that:

Theorem 3.2.1n-Ricci soliton has been also n-Einstein manifold in an (LCS),, manifold.

Proof: When in (3.2.2) we enter B = &, we are obtaining

¢(4,8) = (u—Mn(4) (3.2.3)
When we contract (3.2.2), we obtain

r=—(a+A)n+ (a+p), (3.2.4)

Corollary 3.2.2 This connection (3.2.3) and (3.2.4) are satisfied by a n-Ricci soliton equipped
with (LCS),, manifold.

Theorem 3.2.3 The Ricci soliton is steady when the concircular vector field is geodesic
equipped with manifold (LCS),,.

Proof: In (3.1.3), using (3.2.2), we obtain
U(Va$,B) + U(4,Vp¢) — 2(a — DU(A,B) — 2(a + p — wn(A)n(B) =0, (3.2.5)
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When in (3.2.5) we choose A = B = ¢, we obtained

U(Veg,€) +U(&,Ve) — 2an(©n(§) — 2(a = DU, §) =0, (3.2.6)
20(Veé, &) —2a+2(a— DA =0, (3.2.7)
which suggests

Given that V:& = 0 It suggests that =0 consequently, the outcome is demonstrated.

3.3 Concircular curvature tensor in p-Ricci soliton [59]

An (LCS),, manifold’s concircular curvature tensor for vector fields A’, B’ and W' is defined by

r

n(n-1)

L(A'BYW =R(A,BYW — [O(B", WA — U (4, W)B']. (3.3.1)

Theorem 3.3.1:For flat concircular n-Ricci soliton, (LCS),, manifold is

e shrinking iff u < ln

o steadyiffu= -,

n

e expanding iff u > %

Proof: Taking into account equation (3.3.1), we arrive at

r

L(A',B',W',D") = R(4',B', W', D) = ——

[O(B, WHw(A',D") — U(A, W)U(B',D")], (3.3.2)

where, L(A',B",W',D") = U(L(A",B")W’,D")and A’,B",W’,D’ € x(M).
For vanishing concircular curvature tensor, equation(3.3.2)yields

T
n(n-1)

R(4',B’ W' D) = [U(B',W"HU(A',D") —U(A", W)U(B',D")], (3.3.3)
Contracting (3.3.3) by taking A’ = D’ = ¢;, we get

T
n(n-1)

¢(4', B") = [OB",W')n—0U(e;, W') U(B', e)], (3.3.4)
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r
n(n-1)

¢(4'B") =

[OB, W n —-0U(B",WH), (3.3.5)
Comparing (3.2.2) and (3.3.5), we get

|-a-2-|u@ W) = [a+ulnWnB). (3.3.6)

By choosing B’ = W' = & in (3.3.6), we are obtaining following value
T
A=p—-. (3.3.7)

Consequently, n- Ricci soliton with (LCS),, manifold for the concircular curvature tensor is

e Expanding iff u > %
e Steadyiffu = %
. %mmmmu<§

Theorem 3.3.2: When u # 0, the soliton in a n-Ricci (LCS),, flat manifold is not steady.

Proof: When in equation (3.1.3), we use definition (3.1.4) to obtain

U(V4¢E,B) + U(A,V5E) + 2U(A,B) + 2un(A)n(B) = 0, (3.3.8)
(a+21)U(A,B) + (a+ wn(A)n(B) = 0. (3.3.9)
Taking A = B = £ in (3.3.9), we get

1= (3.3.10)

Therefore, if u # 0, n-Ricci (LCS) ,, flat manifold is non-steady .

Theorem 3.3.3: The Ricci tensor ¢ in a n-Ricci flat Einstein manifold has the following form:

a5y = 2N G411y 1 (or — (n— 1)(a? — p) — e IN(AIMB).
Proof: In (LCS),, manifold,
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¢ ,BY=[n—-1)(a?=p)—71 + 2an]UOA",B") + (r — 2an)n(A)n(B").
(3.3.11)
On contracting (3.2.4), we get

r =na — b. (3.3.12)
Taking A" = B’ = ¢ in (3.1.5) and comparing the result with (3.3.11), we get
b—a=2r—4an— (n—1)(a? - p). (3.3.13)

Solving (3.3.12) and (3.3.13) for a and b, we get

a= 3r—(n-1)(a?-p)—4an
n

and

b =2r—4an— (n—1)(a? - p).

Thus, the outcome is demonstrated.
Theorem 3.3.4: Any plane section's sectional curvature in the (LCS), manifold exhibiting
metric structure (¢, &, n, U) equals —a?.

Proof: Using Riemannian curvature tensor, we have

R(EANE = VeVyu & — Vyu V& — Vig aé.

R(§,ANE = aV(pA) — adp(V:A") — adVuf),
which implies
R(&,ANE = —a?p?A. (3.3.14)

Using (3.1.9) in (3.3.14), we get

R(E,ANE = —a?(4' +U(4,9),
If A" is orthogonal to &, then R(§,4")¢é = —a?A’ and

@(R(§,ANE A = —a?.
Hence the result is proved.
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3.4 Applications

Here are some potential applications of n-Ricci solitons in Lorentzian concircular structure
manifolds:
(1) Information theory:
e Data compression: n-Ricci solitons can be used to develop new algorithms for data
compression.
e Error-correcting codes: These solitons can be used to develop new error correcting codes.
(it) Computer science
e Computer vision: n-Ricci solitons can be used to develop new algorithms for computer
vision.
e Robotics: These solitons can be used to develop new algorithms for robotics.
(iii) Engineering:
e Signal processing: n-Ricci solitons can be used to develop new algorithm for medical
imaging.
e Protein folding: These solitons can be used to study protein folding and misfolding.
(iv) Finance and Economics:
e Risk management: n-Ricci solitons can be used to develop new algorithms for risk
management.
e Portfolio optimization: These solitons can be used to develop new algorithms for
portfolio optimization.
(v) Materials science:
e Materials modeling: n-Ricci solitons can be used to model the behavior of materials
under different conditions.
e Non structure designs: These solitons can be used to design and optimize nanostructures.
(vi) Astronomy and Astrophysics:
e Cosmological modeling: n-Ricci solitons is capable of modelling the universe's
evolution.

e Black hole Physics: These solitons can be used to study the behavior of ecosystems.
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(vii) Environmental science:
e Climate modeling: n-Ricci solitons can be used to model the behavior of the climate
system.
e Ecosystem modeling: These solitons can be used to model the behavior of ecosystem.
(viii) Neuroscience:
e Brain modeling: n-Ricci solitons can be used to model the behavior of brain.
e Neural network analysis: These solitons can be used to analyze and optimize neural

networks.

3.5 Significances

(i) n-Ricci solitons in Lorentzian concircular structure manifolds expand on the idea of Ricci
Soliton in a broader context.

(i) The study of n-Ricci solitons in (LCS),, manifold provides new insights into the behavior of
curvature on these manifolds.

(iii) n-Ricci solitons in (LCS),, manifold can be used to study differential geometry including the
properties of curvature and torsion.

(iv) These solitons can be used to study partial differential equations including the Ricci flow
equation.

(v) n-Ricci solitons in (LCS), manifolds provide a framework for unifying geometry and
physics.

(vi) These solitons offer insights on traditional physics and geometry issues, like universe
evolution as well as black holes behaviour.

3.6 Conclusion

We have examined n-Ricci solitons in (LCS), manifold in this chapter. We have shown that
these solitons possess several interesting properties including the fact that they are shrinking,
steady or expanding solitons. Our results provide new insights into the geometry and physics of
(LCS), manifold and demonstrate the significance of n-Ricci solitons to study the behavior of
(LCS),, manifold.
Potential avenues for further research could involve examining an #-Ricci solitons in many
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kinds of manifolds, like contact metric manifolds or Sasakian manifolds. Our research
emphasises how crucial n-Ricci solitons are to comprehending the geometric and physical
characteristics of the (LCS),, manifold. Our research further emphasises the significance of the #-

function in relation to the Ricci flatness of Einstein manifolds.
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CHAPTER 4

Cotton tensor on para Kenmotsu three dimensional

manifold admitting n-Ricci solitons

In this chapter, the aim is to examine certain characteristics of the Cotton tensor within para-
Kenmotsu manifold which is three dimensional that supports #-Ricci solitons. Furthermore, this
chapter also presents the concept of Cotton pseudo-symmetric manifolds. Results regarding
Cotton flat para-Kenmotsu manifolds that support #-Ricci solitons are also presented. Expanding
on this groundwork, this chapter explores the absence of specific geometric characteristics of the
Cotton tensor associated with para-Kenmotsu 3-dimensional manifold. This chapter provides an
extensive analysis of the present status of Codazzi type Cotton tensor, along with recent findings
and insights that advance the progress of this research domain. Additionally, the paper explores

various applications of the Cotton tensor within the context of fluid space time.

4.1 Introduction

First introduced by Sato in 1976, the idea of para-contact manifold. Subsequently, Takahashi
defined Almost contact manifolds that are associated with a pseudo-Riemannian metric. In 1985,
consept of almost para-contact structure that has been demonstrated by Kaneyuki and Williams
on pseudo-Riemannian manifolds of dimension 2n + 1. Concept of para-Kenmotsu manifolds
first presented by Welyczko. Subsequent research on para-Kenmotsu manifolds and their special
variants has been conducted by Blaga. Additionally, the study of (LCS)?"*! manifolds was
undertaken by S.K. Yadav, D.L. Suthar, and others. In 1982 year, the Ricci flow was introduced

by Hamilton, which has proven as valuable technique for simplifying the structure of manifolds.

av
5 = 26 (4.1.2)
In this context, U represents a Riemannian metric, Ricci curvature tensor is represented by ¢,
time is signified by t. A Ricci soliton serves as one of the natural extension of an Einstein metric
[21. [3], [37].
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A structure (U,V, A) of Ricci soliton is characterized in manifold(M, U), which is pseudo-
Riemannian, by
(£,0)(4,B) + 2¢(A,B) + 2AU(4,B) = 0, (4.1.2)

where, ¢ represents the Ricci tensor associated with U, a Riemannian metric, the Lie derivative of
U is indicated by (£,,0) along with the V vector field, a constant A, and A and B are some vector
fields in the manifold M. Ricci soliton has been classified as steady, shrinking, or expanding
based on whether A = zero, negative, or positive, correspondingly. Its links to string theory have
recently attracted the attention of theoretical physicists. A Ricci soliton is recognized as the self-
similar soliton within the context of the Ricci flow. In various contexts on Kahler manifolds, a-
Sasakian manifolds, in contact and Lorentzian manifolds, in Sasakian manifolds, in LP-Sasakian
manifolds, k-contact manifolds, in f-Kenmotsu manifolds, in Kenmotsu manifolds, in
Lorentzian concircular structure manifolds, in para-Kenmotsu manifolds, etc. Ricci solitons were
widely evaluated in framework of pseudo-Riemannian geometry and have been investigated.

U. C. De obtained findings related to ¢-recurrent Kenmotsu manifolds [20]. C.S. Bagewadi, S. R.
Ashoka, and G. Ingalahalli contributed to the derivation of specific results [1] concerning Ricci
solitons in contact with a-Sasakian manifolds. Additionally, M. Crasmareanu & C. L. Bejan [3]

established a connection between Ricci solitons and quasi-constant curvature.

A broader concept of Ricci soliton i.e an #-Ricci soliton, indicated by Kimura and Cho [17], is
defined as a structure (U, V, 4, u)

(L,0)(4, B) + 2¢(A, B) + 2AU(4, B) + 2un(A)n(B) = 0, (4.1.3)

where, IV on manifold on M, is used for a vector field, constants are A and u and Riemannian (or
pseudo-Riemannian ) metric is denoted by symbol U .

Numerous generalizations of Ricci solitons exist, including almost Yamabe Ricci soliton, h-
almost Yamabe Ricci soliton, Yamabe Ricci soliton, %-Ricci solitons, among others. A novel
type of soliton, referred to as the h-almost Yamabe Ricci soliton, expands upon concept of
almost Yamabe Ricci soliton, was presented by A. Sardar and U. C. De. Additionally, and C. R.

Premalatha and H. G. Nagaraja have presented findings on Ricci solitons
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Related to para Kenmotsu manifolds, which pave the way for research scholars to explore new
topics and derive further results in various other manifolds.
Idea of almost Ricci soliton is recently extended to an h-almost Ricci soliton in complete
Riemannian manifold by Gomes et al. [27]. Findings on Ricci Solitons are recently derived in
Contact Geometry metric manifolds by Pankaj Pandey and Kamakshi Sharma [63], [64] and [65]
in LP Sasakian manifold and some important results in generalized form of Z-Ricci
soliton, on weakly cyclic Z-symmetric generalized manifolds and on Lorentzian Complex Space
Form are also presented by Pankaj Pandey, BB Chaturvedi [61], [62] that form the basis for
deriving new generalizations of Ricci soliton in different types of manifolds in Differential
geometry.
A unique form of conformal invariant, known as the cotton tensor in differential geometry, can
be characterized by the condition that a Weyl’s conformal curvature tensor is zero in pseudo-
Riemannian manifold of three-dimensions. A Cotton tensor€, that’s tensor of type(1,2) described
by [24], [52]

C(4,B) = (V4aQ)B — (VsQ)A — 1 {(4r)B — (Br)A}, (4.1.4)
for smooth vector fields A and B.
Eisenhart proposed that in pseudo-Riemannian manifold of three-dimensions, Cotton tensor
becomes zero conformally flat metric. In recent years, numerous authors have found the Cotton
tensor in three-dimensional spaces to be a compelling subject, particularly because of its
connection with energy-momentum tensor of matter and Ricci tensor within Einstein's equations.
Pradip Majhi and Debabrata Kar [52] applied some elementary results to find some outcomes
derived from Cotton tensors that accommodate #-Ricci solitons within Sasakian 3-manifolds.
Definition 4.1.1 Consider (M™,U) as a smooth manifold of dimension three that possesses
almost para-contact metric structure characterized by components (&,¢,U,n). Here, ¢
represents type (1,1) tensor , a vector field is denoted as £One-form is represented by n and

symbol U is a pseudo-Riemannian metric that satisfies:
$?A=A—-n(A), n)=1  ¢<=0, n(¢4) =0, (4.1.5)

U(¢A, pB) = —U(4,B) + n(A)n(B), (4.1.6)
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0(4,¢) =n(4), (4.1.7)
U(¢A,B) = —U(4, ¢B) (4.1.8)

For a pair of vector fields A,B € TM™. Then this manifold denoted by (M",U) described as
Para-contact metric manifold.

When following equation is satisfied by almost para-contact metric manifold

(Vap)B = U(4,B)¢ —n(B)dA,
(4.1.9)

for every vector field A,B € TM", then the structure (M",U) is referred to as almost para-
Kenmotsu manifold. Standard nearly para-Kenmotsu manifold, known as para-Kenmotsu
manifold. A framework of para-Kenmotsu with dimensions three normal structures has been

presented by Welyczko [94]. Results of preceding equation helps us to obtain

V4§ =A—-n(A)§ and
(Van)B = U(A, B) —n(A)n(B) (4.1.10)

In para-Kenmotsu manifold [6] following relations holds:
R(A',B',C"\W") =U(A',CHYU(B, W") — U(B’,CHU(A", W,
R(§, ADB = {-U(4",B")¢ + n(B)A'},
R, AN ={-n(B)¢ + B},
¢(4',B) = —-(n— 1)U, B),

C(f, 5) =1- n,
QA" = —(n —1)A’, for each vector field A', B'.

Definition 4.1.2. Defining curvature tensor R of Riemannian manifold in 3-dimensions by
R(A,B)C = [¢(B,0)A —¢(A,C)B +U(B,C)QA—U(A,C)QB] — g [0(B,C)A —U(4,C)B],

where symbol Q is used for Ricci operator and is defined by
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A para-Kenmotsu three dimensional manifold's Ricci tensor is provided by

¢(4,B) = 3[(2 +1)U(4,B) = (6 +r)n(A)n(B). (4.1.10)
Definition 4.1.3 Within the context of Riemannian n-dimensional manifold, a concircular
curvature tensor, categorized as type(1,3), is defined as follows:

Z(A',B)C" = R(A',B')C' — - (nr_l) [U(B',cHA" — U(4', C")B']. (4.1.12)

In the realm of three-dimensional Riemannian manifolds, the formulation of the concircular

curvature tensor is represented by:

Z(A',B)C' = R(A', B')C' =L [U(B',C)A" — U(4',C")B']. (4.1.13)

Definition4.1.4 A Riemannian curvature tensor is labeled as concircularly flat when the
concircular curvature tensor is null. Considering (M, U), a Riemannian manifold along with its
associated connection V (Levi civita connection). If equation VR = 0 is satisfied, then
Riemannian manifold is identified as locally where R is denoting Riemannian curvature tensor in
manifold(M, U). Moreover, on semi-Riemannian curvature, Riemannian  metric
manifold(M™, U), where n is greater than or equal to 3, termed semisymmetric if it meets the
criterion R. R = 0. Metric of semi-Riemannian curvature manifold(M",U),n > 3 called semi
symmetricif R.R = 0.

Semi-Riemannian n-dimensional manifold(M™,U),n > 3 termed as Ricci semi-symmetric,

when it fulfills condition R.¢ = 0 on the manifold M.

Definition 4.1.5 Another classification of vector field VV as conformal killing vector field, when
relationship given below is satisfied:

Ly, (A,B) = 2wU(4, B)

Here, @ in the coordinates denotes a function, known as a conformal scalar. A conformal killing
vector field V referred to as proper if @ isn’t constant. In contrast, if the value of @ have been
constant, VV recognized as a homothetic vector field. When non-zero value is taken by

the constant @, V' is then called a proper homothetic vector field. Furthermore, when @ is equal

to zero in the equation provided, V' is classified as a killing vector field.
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4.2 Properties of cotton tensor
This section focuses on a skew-symmetric (1, 2) type tensor within the context of a para-

Kenmotsu 3-manifold, known as Cotton tensor € , might be represented as

C(4,B) = (V4Q)B — (VsQ)A —  {(4r)B — (Br)A}, (4.2.1)
C(A4,B) = (1 = D[V(PA, $B)E + An(B) = n(A)n(B)E] = ; [(A1)B — (Br)A]. (42.2)
C(4,B) = (u — D{~U(4,B) + An(B)} —; {(AT)B ~ (Br)A}. (4.2.3)

Furthermore, as seen below, Cotton tensor may additionally be written as tensor of (0, 3)type.

C(4,B,C) =U(C(4,B),0C). (4.2.4)
By virtue of (4.1.4) and (4.2.4), it follows that

C(A,B,C) = (u — D{U(PA, $BIn(C) +n(B)U(4,C) — n(A)n(B)U(E, O} (4.2.5)
As a consequence of (4.2.4), we get

C(4,§) = (1 — 1)(A - n(A) — 7 (Ar)E. (4.2.6)
n(C(4,B)) = (u— D)[U(PA, pB) — 1 {(Ar)n(B) — (Br)n(A)}, (4.2.7)
Taking B = & in (4.2.7), we get the following equation

n(C(4,§) = —= (4n). (4.2.8)

equation (4.2.2) also implies
C(pA, B) = (1 — D{U(A, pB)E + pAn(B)} — - {((¢A)r)B — (Br)pA}. (4.2.9)
n(C(@A4, B)) = (u— D{U(4, $B)n($) + n(¢pA)n(B)} — i {((pDr)n(B) = (BrIn(pA)}.

n(C($A, B)) = (u— D{U(A, $B)} — 5 {((pA)r)n(¢B). (4.2.10)

n(C(¢4,¢B)) = (u — 1)U(A, ¢B).
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n(C(pA, B)) = (u— Dn(pAn (&) — 5 {((pATIN(E) — ErIn(A).
n(C(A, ) = —= (pA)r. (4.2.11)

4.3 Main Results

This section focuses on the analysis of cotton flat para-Kenmotsu manifolds that support #-Ricci

solitons. As a result for vector fields A’, B’ and C’, we have
c(4',B',c") =0, (4.3.1)

Equation (4.3.1) and (4.2.5) implies that

(1 — DEO(PA', $BIN(C) +1(BYU(A', C') = n(A (B M(C} = {(AT)U(B,C") —
(B'r)u(4’,c)h}=0. (4.3.2)
Replacing C' by ¢ in above equation, we get

(u—DU(A’, ) = i {(A)n(&) — Erin(A)} (4.3.3)
0= %(A’r), which implies

A'r = 0. Hence, r becomes constant.

From (4.3.3) we get
(u—1)U(¢A’, ¢B") =0,
which implies u = 1.

Lemma 4.3.1 The structure of Ricci tensor in para-Kenmotsu manifold of three dimension that

possesses an n-Ricci soliton is given as follows:
¢(4,B) = -(1+DU(4,B) — (u— Dn(A)n(B). (4.3.4)

As a consequence, above lemma implies
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¢(4,8) =¢(&A) = —(u+ Dn(A).

Reference [21] addresses a para-contact manifold situated in a (2n 4+ 1)-dimensional
framework. ¢(4,¢) = —(dim(M) — 1)n(4) = —2nn(4),

for 3-dimensional para-Kenmotsu manifold, we get
A+u=6. (4.3.5)
using u = 11in (4.3.5) we get

A=5. (4.3.6)

Hence, following theorem can be stated:

Theorem 4.3.2: An n-Ricci soliton associated with cotton flat three dimensional para-

Kenmotsu manifold is classified as expanding soliton.
Proof: From lemma (4.3.1), we obtain
¢(ei,e)) = —=(u—Dnlen(e) — (A+ 1)U(e;, ep). (4.3.7)
r=-31—-2-—pu. (4.3.8)
Using u = 1in (4.3.6) and (4.3.7) we get
r =-—18.
As a result, following theorem can be declared:

Theorem 4.3.3: Three dimensional para-Kenmotsu manifold which was Cotton flat also and

supports an n-Ricci soliton, exhibits a scalar curvature of -18.
Theorem 4.3.4: A three dimensional cotton flat para-Kenmotsu manifold that accommodates
n-Ricci soliton is recognized as n-Einstein manifold.
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Proof: In the context of a three dimensional para-Kenmotsu manifold, formulation of Ricci

tensor has been widely acknowledged to be:

¢(A4,B) = {(r + 2)U(A, B) — (r + 6)n(A)n(B)}. (4.3.9)
As a consequence of above equation and by using r = —18, we get

¢(4,B) = 5{~16U(4, B) + 12n(A)n(B)},

which implies

¢(A,B) = —8U(A4,B) + 6n(A)n(B). (4.3.10)
Hence the result is proved.
4.4 Codazzi type

Here, we analyze n-Ricci solitons within Cotton para-Kenmotsu manifolds which feature a
Ricci tensor of Codazzi-type. Idea of Ricci tensor which has been cyclic parallel was proposed
by Gray, along with Ricci tensor Codazzi-type.

Theorem 4.4.1 Cotton tensor in Codazzi type of n-Ricci soliton in para-Kenmotsu manifold
satisfies following relation in three dimensions.

C(4,B) = —-{(Ar)B — (Br)A}.

Proof: A para-Kenmotsu manifold can defined as having a Codazzi kind of Ricci tensor, if its

Ricci tensor ¢, which is of type(0,2), is not equal to 0 that adheres to various stipulation

(Veo)(A,B) = (V46)(B, ©), for vector fields A, B, C in M. (4.4.2)

Computing covariant derivative of (4.3.4), we get

(Ve)(A4,B) = (1 = w[(VemAn(B) — n(A)(Vem)B]. (4.4.2)

using (4.1.10) in (4.4.2), we get

(Ves)(A,B) = (1 = w{(V(A, €) = n(An(©)n(B) — n(A)(V(B, C) = n(BIN(C))}.  (44.3)
50



which on simplifying implies
(Veo)(4,B) = (1 — w{(U(4, C)n(B) —n(A)UV(B,C)}. (4.4.4)

In view of (4.4.1), (4.4.4) reduces to
(Veo)(A,B) — (Vag)(B,C) = (1 — w{20(4, On(B) —n(A)U(B,C) —n(C)U(A,B)}. (4.4.5)

Taking C = ¢ in (4.4.5) and using (4.4.1), we get

(1 = w{20(4,n(B) — U(B,§)n(A) — U(4, B)n(§)} = 0. (4.4.6)
(1 —=w{-0(4,B) +n(A)n(B)} = 0.

using (4.1.5) in (4.4.6), we get

(1 —w)U(¢A, pB) = 0, which implies u = 1. (4.4.7)
In view of (4.4.6) and (4.2.3), Cotton tensor reduces to

C(4,B) = —~{(Ar)B — (Br)A}. (4.4.8)

Corollary 4.4.1: Codazzi Tensor in Cotton flat n-Ricci soliton in para-Kenmotsu manifold if

provided that it meets the following criteria
(Ar)B = (Br)A.
equation (4.3.3) and (4.4.7) also implies the following preposition:

Proposition 4.4.1: A para-Kenmotsu manifold admitting a #-Ricci soliton has a cotton tensor

that vanishes iff it is of the Codazzi type.

Definition 4.4.1 A Para-Kenmotsu manifold is considered to exhibit a Ricci tensor if its Ricci
tensor ¢ which is cyclic parallel, categorized as (0,2) type, is not zero and adheres to the below
stipulation:

(Va9)(B, ) + (Vg6)(C, A) + (V¢6)(A,B) = 0,
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for all vector fields A4, B, C in M .

Theorem 4.4.2 The condition of cyclic parallel Ricci tensor is satisfied by Cotton tensor in n-
Ricci soliton admitting para Kenmotsu manifold.

Proof: Assume (U, i, &, 1) is an i -Ricci soliton structure situated in n-dimensional para-
Kenmotsu manifold with cyclic parallel Ricci tensor; consequently, definition (4.4.1) is
satisfied. Taking the covariant derivative of (4.3.4) and employing (4.1.5) leads us to the
following conclusion.

Taking covariant derivative of (4.3.4) and using (4.1.5), we get

(Ve©)(4,B) = (1 — w{n(B)U(4, C) —n(A)U(B,C)}. (4.4.9)
Similarly, by calculating covariant derivative of(4.3.4) for A & B and using (4.1.5), we get
(Vas)(4,B) = (1 —w{n(C)U(4,B) —n(B)U(4,C)} (4.4.10)
(Vs9)(4,B) = (1 — w){n(4)u(B,C) — n(C)w(4, B)}. (4.4.11)
adding (4.4.9), (4.4.10) and (4.4.11), we get

(Va9)(B, C) + (Vg6)(C, A) + (V) (4,B) = 0.

Thus, a para-Kenmotsu manifold admitting Cotton tensor in n-Ricci soliton is cyclic parallel

Ricci tensor.
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4.5 Applications

The Cotton tensor is used in the study of perfect fluid space-times in several ways, including:

(i) Cotton tensor is used in Cotton gravity to specify the energy- momentum tensor. The Bertotti-
Robinson, Nariai and Stephani space-times are the examples of space-times that involve cotton
gravity.

(i) In three dimensions, the Cotton tensor is utilized to formulate a perfect fluid conformally flat
solution of Einstein's field equations.

(iii) Cotton tensor serves as a tool to explore the connection between energy momentum and the
Cotton tensor within the framework of Einstein's theory.

(iv) Cotton tensor finds its uses to modify Einstein’s equation resulting in the equation of Cotton

gravity.
4.6 Significance of the work

The significance of our research work can be illustrated in following points:

(i) Securing the condition of a Cotton flat para-Kenmotsu manifold which permits #-Ricci
soliton, where Ricci tensor remains constant.

(it) Analyzing specific properties of the Cotton tensor on para-Kenmotsu 3-manifolds that
accommodate an #-Ricci soliton in section (iii).

(iii) In this study, a relationship is derived between Cotton flat 3-D para-Kenmotsu manifolds
that possess #-Ricci solitons and an #-Einstein manifolds.

(iv) A key component of Hamiltonian formalism of general relativity, the Cotton tensor is crucial
in establishing the relationship between energy-momentum tensor along with Ricci tensor of

matter as expressed in Einstein's equations.

4.7 Conclusion

The geometric relevance of cotton tensors is notably distinctive. They are also extensively

applicable in the recently proposed Harada’s Cotton gravity. Moreover, we determine that cotton
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tensor is a third-order tensor in differential geometry found in relation to the Bianchi identities

and can be employed to investigate fluid spacetime. We investigated that vanishing a cotton

tensor is an essential and adequate requirement for a manifold to be locally conformal flat in

three dimensions. In the context of higher dimensions, while the Cotton tensor must vanish, this

condition alone is not enough to draw conclusions.

Future Scope

Here are some potential future research directions for Ricci solitons:

Examine as well as categorize Ricci solitons in light of diverse contact metric manifolds,
specifically focusing in Sasakian, k-contact and Kenmotsu manifolds.

Explore the properties of Ricci solitons within contact metric manifolds that are equipped
with additional structures, such as symplectic, complex, or CR structures.

Examine the peculiarities of Ricci solitons in relation to manifolds of contact metric.

and their relationships with a range of manifold types.

Numerical methods can be developed to simulate Ricci solitons associated with contact
metric manifolds.

Utilize computational algebraic geometry to analyze the algebraic features of Ricci
solitons alongwith contact metric manifolds. Furthermore, explore the potential
applications of machine learning approaches in the examination of Ricci solitons in this
context.

Extend concept of Ricci soliton in relation to the contact metric manifolds to include
manifolds with torsion.

Examine the relationship between contact metric manifolds and Ricci solitons that

possess non-constant curvature, particularly those with varying sectional curvature.

%k %k Sk ke kk
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