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Abstract

The search for a consistent theory of quantum gravity remains one of the most pro-
found challenges in modern theoretical physics. The conceptual tension between General
Relativity, which governs the structure of spacetime at macroscopic scales, and Quan-
tum Mechanics, which dictates the behavior of matter and fields at microscopic scales,
strongly suggests the existence of a deeper underlying framework. A recurring predic-
tion across several quantum gravity approaches is the existence of a minimal measurable
length, typically of the order of the Planck scale. The Generalized Uncertainty Principle
(GUP), a deformation of the Heisenberg uncertainty relation, provides an effective and

phenomenologically accessible way to encode such minimal-length effects.

This thesis, titled “Implication of the Generalized Uncertainty Principle on
the Fabric of Spacetime”, presents a comprehensive exploration of how GUP and
its relativistic extension (RGUP) modify the foundations of physics across cosmology,
black hole thermodynamics, and quantum mechanical systems. The work begins by
motivating the need for quantum gravity, discussing the limitations of canonical and
covariant quantization, and tracing the historical development of the minimal-length
concept through Gedanken experiments, black hole horizon arguments, and insights

from string theory and loop quantum gravity.

The thesis develops a consistent formulation of GUP and RGUP within relativistic
frameworks and examines their mathematical and physical implications. In cosmology,
the modified Poisson brackets and deformed commutation relations are incorporated
into the Friedmann, Raychaudhuri, and Klein—Gordon equations to analyze scalar-field
dynamics in both phantom and quintessence scenarios. A detailed dynamical-systems
analysis reveals how minimal-length corrections influence inflationary behavior, slow-roll

evolution, and late-time acceleration.

In black hole physics, GUP-induced corrections to Hawking radiation are derived using
both the Parikh—Wilczek tunneling method and the Hamilton—Jacobi approach. The
analysis shows that GUP provides a natural ultraviolet cutoff, leading to finite remnant

masses and offering potential resolutions to the information loss paradox.

i



Abstract ii

The final part of the thesis investigates quantum mechanical systems under GUP and
RGUP deformations. Modifications to the angular momentum algebra, ladder operators
are obtained, and their consequences for the hydrogen atom spectrum are analyzed. The
framework is further applied to the Zeeman and Stark effects, where subtle yet systematic
RGUP-induced shifts in energy levels and degeneracy structures arise as possible low-

energy signatures of Planck-scale physics.

Overall, this thesis provides a unified and phenomenological study of GUP and RGUP
across cosmological models, black hole physics, angular momentum algebra, and atomic
systems. The results demonstrate how minimal-length effects can leave observable im-
prints in diverse physical settings, thereby offering promising pathways for probing quan-

tum gravitational phenomena at both high-energy and low-energy scales.
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Chapter 1

WHY QUANTUM GRAVITY?

From the dawn of human civilization, the fundamental questions about space and time
have fascinated human beings, from those who painted on the walls of ancient caves
to those who ponder over a cup of tea today. What are space and time? Did space
have a beginning, and does it extend forever? What was the first moment, and what
came before it? These are among the hardest questions we can ask, yet with every
scientific revolution, new insights emerge. We now find ourselves in the midst of such a
revolution. Equally captivating are the questions about the building blocks of nature.
If we continue to probe to smaller scales, what is the smallest possible entity? Are
electrons and quarks the ultimate constituents of matter, or are they themselves built
from even more fundamental objects, such as the vibrating strings proposed by modern

theories?

The journey to these questions has spanned centuries from the speculations of ancient
philosophers such as Aristarchus, Democritus, and Aristotle to the breakthroughs of
Newtonian physics. In the 17th century, Newton’s framework, which treated space and
time as absolute and independent, achieved great success in describing the motion of
planets, falling bodies, and the mechanics of everyday life. However, this picture carried
deep limitations. According to Newtonian relativity, the speed of light should depend
on the motion of the inertial observer, yet experiments such as the Michelson-Morley
experiment showed otherwise. This limitation was overcome in the early 20th century

by Einstein’s revolutionary view of space and time, which reshaped our understanding
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of the universe. At the same time, Newtonian physics and Maxwell’s theory of elec-
tromagnetism faced another serious challenge at small scale physics as they could not
explain the stability of the atom. According to classical physics, an electron orbiting
a nucleus should radiate energy continuously, spiraling inward and collapsing into the
nucleus within a finite time. Yet atoms are stable. This puzzle, and many others, trig-
gered the quantum revolution, led by pioneers such as Niels Bohr, Werner Heisenberg,
Erwin Schrodinger, and many others, unveiling the strange and beautiful laws of the

microscopic world.

Today, quantum mechanics (QM), special relativity (SR), and general relativity (GR)
resolve these old shortcomings of Newtonian physics and Maxwell theory. QM forbids
continuous radiation by allowing only discrete energy spectrum of atoms, thereby ensur-
ing their stability whereas SR overturned the Newtonian notion of absolute space and
time, replacing it with a unified spacetime continuum governed by causal relationships
between events. GR went further by generalizing the flat Minkowskian metric of SR
into a dynamical theory of the metric field, reshaping our understanding of gravity not
as a force but as a manifestation of spacetime geometry. The foundations of GR rest on
two guiding principles. The equivalence principle asserts that the effects of gravity are
independent of the composition or nature of matter and Mach principle, summarized by
John Archibald Wheeler’s “Spacetime tells matter how to move; matter tells spacetime
how to curve” highlights the deep interplay between matter and geometry. At each point
in spacetime, the presence of matter determines curvature, and this curvature in turn

dictates the straightest possible paths (geodesics) along which matter moves.

Despite their great successes, QM and GR remain incomplete and mutually incompati-
ble. QM excels in describing the microscopic world of atoms, molecules, and radiation,
while GR provides a profound account of spacetime and gravity on cosmic scales. Yet
attempts to extend QM to spacetime itself, or to apply GR at atomic scales, encounter
paradoxes and breakdowns. Each theory is reliable within its domain, but neither can
claim universal validity. A truly fundamental physical theory called the quantum theory
of gravity must do more than catalog of particles and forces that must offer a seamless
description that works consistently across all regimes, from the smallest quantum fluc-
tuations to the vast structure of the universe. There are several compelling reasons for

the need for a quantum theory of gravity:
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e Inconsistency between Theories: The Mach principle is expressed through the

Einstein field equations, which are classical in nature represented [1-3| as
1
R, — §R9W = KT . (1.1)

Here, the left-hand side represents the spacetime geometry in terms of the Ricci
curvature tensor R, while the right-hand side corresponds to the matter content
described by the energy-momentum tensor 7),,. A fundamental inconsistency
arises because the geometry is treated classically, taking definite values, whereas
the matter fields are governed by quantum theory. To reconcile this, one commonly
replaces the classical energy-momentum tensor with its quantum expectation value

in a given state [2], that is,
1 A
R, — §Rg,“, = K(Tpw). (1.2)

However, if we consider a quantum state of matter is localized in two disjoint re-
gions P and @, each with probability 1/2. According to the above semiclassical
Eq.(1.2), the gravitational field would respond as though half of the matter were
in P and half in Q. And, when one makes the measurement, the matter is found
entirely in either P or (). This implies that, if the equation hold, then the gravita-
tional field would change discontinuously and in an acausal manner depending on
the measurement outcome. This leads to serious difficulty if we treat gravity clas-
sically. A consistent resolution requires treating the spacetime geometry itself in
a probabilistic fashion by quantizing the gravitational field. In such an approach,

one postulates a quantum version of the Einstein equations,

1., N
Ruu - iRguV = ﬁTuua (13)

where both matter and geometry are promoted to operators defined within a

Hilbert space.

o Unification of forces: It is widely believed that a true fundamental theory of
nature will arise through the unification of all four fundamental interactions, de-
scribing them as different aspects of a single underlying entity. Classical theories

of electricity and magnetism were unified by Maxwell more than a century ago.
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The unification of weak and electromagnetic interactions was accomplished in the
20th century through the Weinberg-Salam theory [4, 5]. Grand unified models
suggest that strong and electroweak interactions may also be brought together un-
der a common framework. Extending this logic, the unification of gravity with the

strong-electroweak interactions would be the next essential step in this program.

e Singularities: The classical description of spacetime as a smooth manifold be-
comes inadequate in the presence of singularities, regions where the energy density
and curvature became infinite [6, 7]. The most prominent examples are the black
hole and big bang singularities, as demonstrated in the singularity theorems of
Hawking and Penrose. Singularities arise because general relativity is pushed be-
yond its domain of validity, near such regions, one cannot expect a homogeneous
and isotropic model to remain sufficient for describing the universe. When cur-

0% or higher, quantum effects necessarily

vature reaches magnitudes of order 1
become important. It is therefore expected that a quantum theory of gravity will
resolve these singularities in much the same way that quantum mechanics explains
the stability of atoms, which could not be accounted for within classical physics

alone.

e Problem of Time: In quantum mechanics, time acts as an external variable, or
say it is not described by an operator but rather serves as the parameter governing
the evolution of other observables. In special relativistic quantum field theory, time
remains external, embedded in the fixed Minkowskian spacetime background. In
contrast, general relativity treats spacetime as a dynamical entity, where space and
time are placed on an equal footing and evolve according to Einstein equations.
Thus, any consistent unification of quantum theory and gravitation will inevitably

require a reformulation of the notion of time [8, 9].

The fundamental inconsistencies in the description of spacetime are reminiscent of the
inconsistencies that existed prior to the development of General Relativity (GR) and
Quantum Mechanics (QM). Resolving these inconsistencies is expected to revolutionize
our fundamental understanding of nature. The quest to formulate a consistent theory of
quantum gravity remains an active area of investigation, with different research commu-
nities pursuing diverse approaches. It is possible that many of the currently proposed

frameworks may ultimately fail, or alternatively, that seemingly distinct theories may



Chapter 1. Why Quantum Gravity? 5

turn out to be complementary descriptions of the same underlying reality. In light of
this, we provide a brief review of some of the leading approaches to quantum gravity,
including String Theory, Loop Quantum Gravity, Doubly Special Relativity, and Non-
Commutative Geometry. In the following chapter, we further emphasize the importance
of quantum gravity phenomenology and discuss the motivation for pursuing concrete

predictions and experimental signatures.

1.1 Relevant scales for quantum gravity

Despite their differences, most approaches to quantum gravity agree on one central
idea that there exists a fundamental physical scale at which the classical description
of spacetime ceases to be valid. Just as classical mechanics breaks down at atomic
scales, necessitating quantum mechanics, the classical description of spacetime provided
by general relativity is expected to break down near the Planck scale. This breakdown
is determined by fundamental constants of nature, and in those regimes, the effects
of quantum gravity can’t be ignored. Max Planck, in 1899 [10], demonstrated that a
natural system of units can be constructed from the quantum of action (%), the speed of
light (¢), and Newton’s gravitational constant (G). These yield the characteristic Planck

mass (mp), Planck time (¢£p), and Planck length (Ip) expressed as

h he 19
mp lPC G X eV, ( )
tp = lp _ g A~ 5.40 x 10745, (1.5)
C C

Z
Ip = ,/c—f ~ 1.62 x 10733 cm. (1.6)

To directly probe quantum gravitational effects, energies of the order of the Planck mass
would need to be localized within a region of size comparable to the Planck length. Cur-
rent experiments, however, are far from reaching this regime. The Standard Model has
been tested down to scales of about 10722 m, which is still 13 orders of magnitude below
this, as of yet, is the highest ever achieved accuracy. When considering an elementary

particle, the Planck length corresponds to the scale at which Compton wavelength of a
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particle equals its Schwarzschild radius [1, 11],

h 2Gmp
~ R = 7>
mpc &

implies that gravitational effects on such small scales cannot be neglected.

It is also well known that gravity is significantly weaker than the other three fundamental
forces. A simple everyday demonstration is lifting pieces of paper using a charged comb,
thereby overcoming the gravitational pull of the entire Earth. More quantitatively, the
weakness of gravity can be seen by comparing the acceleration due to the gravitational
field with that due to the electrostatic field between a proton and an electron, known as
Dirac’s large number hypothesis

9107 (1.8)

Qelec
This extreme smallness can alternatively be expressed through the gravitational fine-
structure constant, defined as the ratio of the proton mass to the Planck mass written
as

Gm?

2
Ogray = hcpr = (fo,;) ~ 591 x 107, (1.9)

where m,,, denotes the proton mass. These considerations highlight both the weakness
of gravity and the enormous gap between experimentally accessible scales and the Planck
scale, where quantum gravitational phenomena are expected to manifest [12]. A related
argument, concerning experimental limitations, was put forward by Freeman Dyson,
who coherently reasoned that any detector capable of observing gravitons—the medi-
ators of gravity in the weak-field limit—would necessarily have to be so dense that it
would collapse into a black hole [13, 14]. Likewise, in accordance with Penrose’s cosmic
censorship conjecture [15, 16], it is widely believed that regions of extremely strong cur-
vature, such as those near black holes, which constitute the natural arena for quantum

gravity, are typically hidden from external observation by horizons.

1.2 Approaches to quantum theory of gravity

As we have already discussed, experimental evidence for quantum gravity remains far
beyond the reach of current accelerator technology. It is generally believed that a true

fundamental theory should possess a rigid structure such that all low-energy phenomena
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can be predicted as limiting cases. Since no direct experimental input is yet available,
many efforts focuses on constructing mathematically and conceptually consistent frame-
works. In this pursuit, various approaches have emerged, largely because there is no uni-
versally accepted methodological starting point. Isham distinguishes between two broad
classes of such approaches, namely “primary theories” and “secondary theories”. In the
primary approach, one begins with classical general relativity and attempts to quantize
it heuristically, in a manner similar to the quantization procedures used in quantum
electrodynamics (QED). For instance, one might also consider starting from the Brans-
Dicke theory. Within this category, one usually distinguishes between the covariant
approach, which maintains spacetime diffeomorphism invariance, and the canonical ap-
proach, which reformulates general relativity in Hamiltonian form and applies canonical

quantization rules.

The secondary approach, on the other hand, begins with a more fundamental quantum
framework intended to describe all interactions, from which quantum general relativity
is expected to emerge as a limiting case or effective approximation. The classic example
of this category is string/M-theory, which has the advantage of naturally incorporating
unification of forces. By contrast, in the primary approach, unification is not immediate,
since one begins with general relativity. However, secondary approaches face the draw-

back that their starting point is highly speculative, with no direct empirical motivation.

For the purpose of this thesis, it is useful to present a concise overview of some of the
most popular approaches to quantum gravity. The following discussion is intentionally
brief and does not attempt a rigorous treatment, since the detailed technicalities are

beyond the scope of thesis.

1.2.1 Covariant Approach

The covariant approach represents the first and most straightforward attempt to quantize
gravity, relying on perturbation theory. In one of the earliest works, Leon Rosenfeld
investigated the quantization of the gravitational field produced by the electromagnetic
field. However, the calculation of the gravitational self-energy led to divergences, with

the resulting quantities turning out to be infinite [17].
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The starting point of this approach is the decomposition of the spacetime metric into a

background part and a perturbation,

G = M + Y (110)

where 7, is the flat Minkowski metric, and the manifold is assumed to be M = R* so
that (M, ., ) represents Minkowski spacetime. More generally, one may replace (R4, m)
with any background solution (M, g,.,) of Einstein’s field equations. In this formulation,
the classical Einstein equations can be interpreted as the equations of motion for a
free massless spin-2 field propagating on the background spacetime [18, 19]. If we view
the perturbation not to be a approximation (if ., is not small), then the full Einstein
equation can be expressed as a free spin-2 field plus non-linear (interaction) terms, which
describe the self-interaction of gravitons as well as their coupling to the background

metric.

The main difficulty with this approach is that the perturbation theory for v,, turns
out to be non-renormalizable. The Dimensional argument suggests that the expansion
parameter in the perturbative series is the squared Planck length, l%. Consequently,
each successive term in the series involves higher powers of (%, which correspond to
interactions with increasingly high dimensions in momentum space. This leads to di-
vergences with a growing superficial degree of divergence at higher loop orders [19, 20].
At each order in perturbation theory, the causality condition is satisfied with respect to
the background metric 7, rather than the true metric g,,, which is an awkward way
of representing the role of the spacetime metric in causal structure. The difficulty is
the violation of background independence, in which the true metric splits into a classical
background 7, and a dynamical field v,, which is to be quantized, that is unnatu-
ral from the viewpoint of classical General Relativity. In the covariant approach, the
perspective of gravitons and geometry treats gravitational interaction as resulting from
graviton exchange on a fixed background, which contradicts Einstein’s original idea that
gravity is geometry, not a force in the conventional sense. The Classical GR focuses
on the evolution of the metric in time and its interplay with the matter present. In
situations with singularities or regions of high curvature, such as the Big Bang, the
background metric can be far from Minkowskian, and the perturbative term +,, may
no longer be small, which makes the perturbative approach dynamically unstable. On

the other hand, the advantage of the covariant approach is that in the weak-field regime
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it provides a good approximation and yields concrete expressions for physical quanti-
ties within perturbation theory, without requiring the development of an entirely new

conceptual framework.

1.2.2 Canonical Approach

“In the canonical framework, the goal is to develop a mathematically consistent, background-
independent, and non-perturbative quantum field theory describing four-dimensional Lorentzian

7

general relativity coupled to matter fields.

Thus, the given figures serve as a conceptual prelude to the canonical quantization
program: while Fig. 1.1 represents the standard QFT picture with fixed geometry, Fig.
1.2 reflects the background-independent setting in which canonical quantum gravity is

formulated.

I I v

FIGURE 1.1: Tllustration of QFT on a background spacetime (M, gg), where the
constitute the actors and the fixed Geometry on the manifold M serves as the
stage [1].
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o |

FIGURE 1.2: Quantum gravity on a differential manifold M: Actors: and
geometry; Stage: the manifold M[1].

This framework is based on the Hamiltonian formulation of general relativity, which
requires a decomposition of spacetime variables into temporal and spatial components.
In other words, classical general relativity is reformulated through a (3 + 1) splitting of
spacetime, thereby introducing a distinguished notion of time and revealing the geomet-
ric structure of the theory. Let us first denote a space-like hypersurface 3 corresponding
to a fixed time, representing all events simultaneous with respect to this slicing. This
denote [21] as

X = g%(z"), (1.11)

where 2% (i = 1,2,3) are intrinsic coordinates on ¥. The tangent vectors to the hyper-

surface are then given by

Gi = 0;9 Oa, (1‘12)
from which the induced spatial metric is constructed as
hij = gas C*i CP5, (1.13)

and the unit normal vector n® to the hypersurface is defined through the orthogonality

condition

gapn® (i =0, (1.14)

together with the normalization

Gapn®n’ = —1. (1.15)
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Nn®

t+dt

FIGURE 1.3: ADM 3+1 decomposition showing the lapse Nn®, shift Ni¢®, and the

7

time evolution vector t* = Nn® + N i(f‘ between hypersurfaces 3; and ¥4 g;.

Now, if we take a set of such spacelike hypersurfaces that together cover the entire space-
time, a foliation of spacetime into a one-parameter family (with time as the parameter),

then each slice is a disjoint spacelike hypersurface as
Y = X = g%(a', 1), (1.16)

where t labels the hypersurfaces.

The Arnowitt-Deser-Misner (ADM) formalism characterizes the embedding through
two functions namely the lapse function N and the shift vector N*. From the Fig.(1.3)

one can defining

aXH
t* = , 1.17
T (1.17)
one decomposes this time-evolution vector as
t* = Nn® + N¢%, (1.18)

where N measures the rate of advance of proper time along the normal direction (the
lapse), while N? describes how the coordinates shift tangentially along the hypersurface
(the shift). Using this decomposition, the spacetime line element can be written in terms

of dt and dz as

ds® = gap dx®dz” (1.19)
= Gap(t¥dt + (*;da?) (tPdt + (P jda?) (1.20)

= (= N? 4+ N;N")dt* + 2N; dt dz’ + h;j dz'da? (1.21)
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where N; = h;j N J. This representation first describes the intrinsic geometry of a single
spacelike slice and then extends the discussion to the full spacetime foliation via the
lapse and shift, which is the natural order of exposition in the canonical approach.The

full spacetime metric can be decomposed [21] as
Juv = hijCiquy + NNy, (1'22)

now the extrinsic curvature of the hypersurface is defined as

Kij = —g‘? VUTZQ C‘; (1.23)
In terms of ADM decomposition, the Einstein-Hilbert Lagrangian reads [2, 21]as
1 -
L= %[N\/E(R[h] + KiK'V — K%) — 0,V (1.24)

where R[h] is the intrinsic curvature of the spatial hypersurface and V* = 2,/—g(n?V,n%—
n*V,n?). Now, on defining the canonical momenta, the primary constraint and mo-

menta conjugate for the spatial part appear respectively, as

9L 0, = 9L _ —Vh(KY — Kh"), (1.25)
8 I ahij

e
which gives the total Hamiltonian will be
H= / Ba(m, NP+ 79h — L) = / dBr(NH 4+ NHY) (1.26)
where

H=+h [hl <7rij7rij - ;79) - R[h]] : (1.27)

H; = —2h;;0km* — (20hji — O;hjy) 7ok (1.28)
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Now, introducing the primary and secondary constraints, the central equations take the

form

" =0, (1.29)
H; =0, (1.30)

and upon quantization, the physical states in the Hilbert space must satisfy the operator

constraints [19]

H ) =0, (1.31)
Hi ) =0, (1.32)

where Eq. (1.31) is known as the Wheeler—DeWitt equation , while Eq. (1.32) represents
the diffeomorphism constraints. The canonical approach is thus built on the evolution
of variables defined through the foliation of spacetime into spacelike three-dimensional
hypersurfaces, with the intrinsic three-metric and its canonical conjugate momenta being
related to the extrinsic curvature. A major development in this direction was achieved by
Ashtekar in 1986 [22, 23], who identified the fundamental canonically conjugate variables
of spinorial gravity, starting from the Finstein—Hilbert action expressed in the tetrad
formalism [1, 24]as

S = /Ea A E° A R €gpeq, (1.33)

where £ denotes the tetrad one-forms, E* = Ejdz", R the curvature two-forms and

the A product is the antisymmetric tensor product of differential form
E*ANE" = E°® E* — E*® E*.
The tetrad also have the following property
hah = 61 B By (1.34)
One half of the Ashtekar variables are given by the densitized triads, defined as

E¢ = Vdeth EY, (1.35)



Chapter 1. Why Quantum Gravity? 14

which serve as the canonical momenta in the Hamiltonian formulation. The other half

are the connection variables, which behave like an SU(2) Yang-Mills connection[25, 26],
AL =T +yK., (1.36)

where I'y, = Ty € k% is the spin connection compatible with the triads, K? is the extrinsic
curvature, and v is the Barbero-Immirzi parameter. The parameter v is dimensionless
and of order unity, with its value fixed by requiring consistency with the Bekenstein—

Hawking entropy formula for black holes.

Recasting the ADM Hamiltonian in terms of the Ashtekar variables makes the quantiza-
tion of gravity background independent, a key property that distinguishes this approach
from perturbative methods. The quantization procedure is inspired by techniques from
non-Abelian gauge theory, particularly those developed in the study of Quantum Chro-
modynamics (QCD). Following the pioneering work of K. G. Wilson (1974), one intro-
duces Wilson loops as fundamental objects, providing a non-perturbative representation

of the quantum theory. In the context of gravity, these loop variables are defined [27] as

W) = T [ Pesp { 4 i (1.37)

where the trace is taken in the fundamental representation of SU(2), P denotes path-
ordering, and the integration is performed along a closed loop . These Wilson loops
form the basis of the loop representation of quantum gravity, which ultimately gave rise

to the framework of Loop Quantum Gravity (LQG).

In this context, Jacobson and Smolin discovered that Wilson loops of the Ashtekar
connection constitute solutions of the Wheeler-DeWitt equation, the formal canonical
equation of quantum gravity. This remarkable result led Rovelli and Smolin, between
1988 and 1990, to formulate the “loop representation of quantum general relativity,”
which laid the foundations of Loop Quantum Gravity (LQG). Early developments of
the subject were summarized in the review of Ref. [28-33]. In the 1990s, Briigmann,
Gambini, and Pullin demonstrated that intersections of loops are essential for the consis-
tency of the theory, and that quantum states of geometry should be described in terms of
intersecting loops, i.e. graphs with links and nodes. Inspired by Penrose earlier ideas on

the combinatorial structure of space, Rovelli and Smolin introduced the notion of spin
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networks, later formalized mathematically by Baez, which provide an explicit orthonor-
mal basis of states for quantum geometry. Spin networks are graphs whose links and
nodes are labeled by representations of SU(2), and their emergence marked a decisive
step in the realization of background-independent quantum geometry. The discrete spec-
tra of area and volume operators, first obtained in 1995, confirmed the long-suspected
quantization of geometry at the Planck scale. Subsequent rigorous studies established
spin networks (and their diffeomorphism-invariant classes, or s-knots) as the kinematical
backbone of LQG, representing quantized 3-dimensional geometries without reference to

any fixed background spacetime.

A particularly fruitful line of development has been the application of LQG to cosmology.
In the symmetry-reduced setting of homogeneous spacetimes, this program, known as
Loop Quantum Cosmology (LQC), was pioneered by Bojowald and has since matured
into a well-established field. Ome of its most striking predictions is the resolution of
the classical big bang singularity via a quantum bounce, suggesting that our expanding

universe was preceded by a contracting phase.

Finally, LQG also admits a covariant, path-integral-like formulation known as spin foam
theory. Introduced in the early 1990s and developed systematically in the 2000s, spin
foams describe the evolution of spin networks and provide a discrete, combinatorial no-
tion of quantum spacetime. The interplay between the canonical loop representation and
the covariant spin foam approach has become a central theme in recent years, leading
to the framework now often referred to as covariant loop quantum gravity. This syn-
thesis continues to guide ongoing efforts toward a consistent and complete background-

independent theory of quantum gravity.

1.3 String Theory

String Theory emerged in the late 1960s as an attempt to explain the observed properties
of strongly interacting particles, known as hadrons, including protons, neutrons, and
mesons. Experimental data, notably by G. Chew and S. Frautschi, revealed that mesons

exhibited a striking linear relationship between their squared masses M? and their spin
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J, forming patterns called Regge trajectories. Emperically [34],
J=aM?*+ g (1.38)

where o’ is the Regge slope, or inverse of the string tension. Such a relationship could
not be easily explained within the standard point-particle framework of quantum field
theory. A significant breakthrough came from the pioneering work of Y. Nambu [35-
37], who independently proposed that the observed mass-spin relationship could be
understood by modelling hadrons as one-dimensional relativistic strings under tension.
In this picture, various vibrational modes of the string give rise to different particle states
[38], while the rotational energy of the string accounts for the increase in mass with spin.
This insight provided a profound new perspective [39]: rather than being fundamental

point particles, hadrons might emerge as excitations of underlying string-like objects.

Around the same time, another remarkable property of hadronic interactions was dis-
covered by R. Dolen, D. Horn, and C. Schmid [40]. Their analysis of hadronic scattering
experiments showed that the s-channel (direct resonance production) and the t-channel
(particle exchange) contributions appeared to describe the same total scattering ampli-
tude. This empirical observation, known as duality, hinted at a deep and previously
unexplored structural principle governing particle interactions. Building on these in-
sights, Gabriele Veneziano constructed the first explicit scattering amplitude (the now-
famous Veneziano amplitude) [41] which manifestly exhibited the property of duality.
This achievement is now understood as an early glimpse of what later became known as

worldsheet duality in string theory.

Further progress was made when C. Lovelace calculated a loop amplitude in the theory
and found that to avoid inconsistency one required the spacetime dimension to be exactly
26 [42]. This was a remarkable and unexpected result, implying that for the theory to
be consistent at the quantum level, the target spacetime must have a specific number
of dimensions. Initially, string theory described only bosonic states, which meant it was
incapable of accounting for half-integer spin particles (fermions) present in nature. This
limitation was overcome in 1971 when Pierre Ramond [43] introduced fermionic degrees
of freedom by formulating a two-dimensional supersymmetry on the string worldsheet.
His work laid the foundation for superstring theory, allowing both bosons and fermions

to emerge from string vibrations. Shortly thereafter, John Schwarz and André Neveu
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extended the model [44], which resulted in the reduction of the required spacetime

dimensions to 10.

To set the stage, we consider a fixed, pseudo-Riemannian spacetime M of dimension
D, with coordinates X* (u =0,...,D — 1). The dynamics of relativistic strings in M
are described on a two-dimensional worldsheet ¥ with coordinates 0 = (¢, o!). The

embedding of the worldsheet into spacetime is given by a smooth map:

X:X—=>M, o— X(o). (1.39)

The two-dimensional background metric induces a metric on a world-sheet as

oXH oX"¥

Glap = do® Qo

Guvs (1.40)

where a,b = 0,1 are worldsheet indices. This induced metric Gy is distinct from the
intrinsic metric hgp, which describes the intrinsic geometry of the worldsheet. In string
theory, the intrinsic metric hy is treated as a dynamical object, acting as a background

around which the string’s vibrational modes oscillate.

The action describing a relativistic string is naturally proportional to the area of the

worldsheet, leading to the Nambu-Goto action [35, 38, 45|written as

Sna = ! d?o \/det G gp. (1.41)

/
2ra Js

While this action has a direct geometric interpretation, the presence of the square root
makes it technically cumbersome for quantization. A more convenient formulation is the

Polyakov action [46] which is

_ 1
 drdd

Sp

/ 20 Vh h® 9, X P9, X" G (X)), (1.42)
P

where h = |det hyy| and p,v = 0,...,D — 1. This formulation describes the string as
a two-dimensional field theory defined on the worldsheet. If one introduces a slowly
varying background dilaton field ®(X) and imposing conformal (Weyl) symmetry on
the worldsheet, the action generalizes to

1
S =

4o/

/ o Vh (h“bGW(X)aaX“abX” + o/R<1>(X)), (1.43)
¥
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where R is the Ricci scalar associated with the worldsheet metric. From this action,
one can derive local functionals for the coupling functions G/, and ®. In particular, the

functional (7, takes the form [47]:

/

o 1
g, + 539 B = T 4+ of <RW — 2gWR> +0(a?). (1.44)

Imposing the conformal invariance condition implies that these beta functionals vanish,
yielding equations equivalent to the Einstein field equations in D-dimensional space-
time. This demonstrates that gravity emerges naturally from the dynamics of strings.

Compactification can then reduce the theory to the familiar four-dimensional spacetime.

After knowing that the theory of gravity naturally arises in string theory, we now move
to prove that its a qunatum theory as well. The quantization of the string is performed
by promoting the Fourier mode coefficients of the string coordinates to operators. For a
closed string in the light-cone gauge, the general solution for the transverse coordinates
can be decomposed into left- and right-moving modes or thought as a wave moving from

right and one moving from left represented [48] as

i _ . g/ aiz in(r+0o) 07;1 in(t—o)
X'(o,7) =z + 10 5 E e + —e , (1.45)
n n

n#0
where i = 2,..., D — 1. The oscillators o, and &, satisfy the canonical commutation
relations
[O‘iu O‘gn] = n5n+m,0"7ij- (1.46)

The physical states are constrained by the level-matching condition:
Ly [phys) = Ly |phys), (1.47)

where Lg and L are the transverse Virasoro operators. The mass spectrum of string
states is given by

2 -
M= (Ni + N 2) , (1.48)

with N+ and N1 being the occupation number operators. Notably, the first excited
states are massless and naturally include a symmetric, traceless rank-2 tensor, iden-

tified as the graviton and two massless vector fields, corresponding to gauge bosons.
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Thus, string theory inherently incorporates both quantum gravity and gauge interac-

tions within its framework.

The argument presented by Susskind [49, 50] offers a clear and instructive perspective
on how strings fundamentally differ from point particles, highlighting the implications
of this distinction for our ability to probe and resolve structures at extremely short

distances. Let consider a free string expressed in light-cone coordinates as

X0+ X!

X+ ,
V2

Xt =2d'Ptr, (1.49)
where 7 is the worldsheet time parameter. The transverse coordinates X° exhibit a

mean squared transverse size of
(AXH?) ~ a'log Nmax, (1.50)

where ny.x is the mode cutoff. This implies that strings cannot probe arbitrarily short
distances, introducing a natural minimal length scale of order v «’, which plays a crucial
role in regularizing ultraviolet divergences and resolving singularities inherent in point-

particle theories.

Remarkably, string theory predicts the precise dimensionality of spacetime required for
consistency such as for Bosonic string theory one need D = 26, Superstring theory
D = 10 and M-theory D = 11 [51, 52]. These extra dimensions are compactified on
small manifolds, typically of Calabi—Yau type [51], ensuring that low-energy physics
appears effectively four-dimensional. However, this gives rise to the vacuum selection
problem, with more than 10'% possible compactifications, leaving the specific realization
describing our Universe is unknown. Moreover, supersymmetry predicts superpartners
for all known particles, yet none have been experimentally observed to date. Despite
these challenges, string theory remains a mathematically elegant and internally consis-
tent framework for unifying quantum gravity and gauge interactions, providing deep

insights into the structure of spacetime.
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1.4 A Brief Summary

Despite the remarkable success of both quantum theory and general relativity in their
respective domains, these two pillars of modern physics remain fundamentally incompat-
ible when describing extreme regimes such as black hole singularities or the very early
universe near the Planck scale. In this chapter, we have reviewed various approaches to
quantum gravity that aim to resolve these inconsistencies, providing valuable insights
into the unification of the two frameworks. Nevertheless, the quest for a complete and
consistent theory of quantum gravity remains an open challenge. A key and univer-
sal feature emerging from nearly all quantum gravity frameworks is the existence of a
minimal measurable length. In contrast to classical GR and conventional QFT, where
spacetime is treated as a continuous and smooth manifold at all scales, quantum gravity
suggests that this continuum picture breaks down near the Planck length ip ~ 1073°
meters. This fundamental limitation leads to the discretization of spacetime and modi-

fies the Heisenberg uncertainty principle into a generalized uncertainty principle (GUP),

which implies a finite resolution limit for spatial measurements.

In the next chapter, we will explore the concept of minimal measurable length in detail,
examining various Gedanken experiments and different quantum gravity approaches that

motivate this profound insight.



Chapter 2

HISTORY OF MINIMAL
LENGTH

2.1 Historical Origin

From Newtonian mechanics to modern quantum field theory, physical theories have tra-
ditionally been built on the assumption of a continuous and infinitely divisible spacetime
manifold. This continuum is imagined as an unbroken collection of zero-dimensional
points extending without bound. Yet, from antiquity, the question has persisted: Can
space truly be divided into arbitrarily small pieces, or is there an ultimate, indivisible
w

atom” of space? This philosophical dilemma echoes back to Zeno’s paradoxes and has

haunted natural philosophy for centuries.

In the early 20th century, David Hilbert himself raised doubts about the physical reality

of the continuum. He argued that

“a homogeneous continuum admitting infinite divisibility is not encountered
in nature, and thus “infinitesimals” remain metaphysical constructs rather

than physical entities.”
Such a view has troubling implications for fundamental physics, as Feynman questioned

“Why should it take an infinite amount of logic to figure out what one tiny
piece of spacetime is going to do?”

21
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The earliest modern suggestion of a discrete spacetime came from Robert Levi in 1927,
who proposed the chronon, a hypothetical smallest unit of time. However, the possibility
of fundamental limits to the divisibility of space and time remained a far-reaching spec-
ulation. In the 1930s, with the advent of quantum field theory (QFT), many physicists
began to suspect that the introduction of a fundamental length scale might cure the
troublesome divergence in the theory. The ideas of fundamental finite length and mini-
mum frequency was studied in these years including Fint [53], March [54], and Goudsmit
[55], among others. They have the common consideration of fundamental length to be

in the realm of subatomic physics to be of the order of a femtometer (10715 m).

Among them, one exception is the young Russian physicist, Matvei Bronstein, often
recognized as the father of quantum gravity. Already in 1936, Bronstein realized that
gravity is fundamentally distinct from electrodynamics as it forbids arbitrarily high
concentrations of charge (energy) in small regions of spacetime. If the concentration is
too large in a small region, the region collapses into a black hole. Using the weak-field
approximation of general relativity, he argued that this imposes an unavoidable limit
on the precision with which the gravitational field expressed through the Christoffel
symbols can be measured. His insight was an early precursor to the modern idea of
a Planck-scale limit. Unfortunately, the history of a promising young physicist ended

when he was executed in 1938 at the age of 31.

Earlier, Werner Heisenberg pursued another route to resolving divergences in QFT.
He speculated that introducing noncommuting spacetime coordinates could regularize
the infinities, particularly the electron self-energy. In correspondence with his student
Rudolf Peierls in 1930, Heisenberg suggested deforming the canonical commutators so
that position operators no longer commute, i.e. [##, 2¥] # 0. However, he was unable to
give this proposal a consistent mathematical foundation. Although Heisenberg remained
hopeful that a fundamental length might shed light on the non-renormalizability of
the Fermi theory of f-decay, progress in quantum electrodynamics (QED) soon made
divergences manageable through renormalization. Consequently, the discrete approach

of space remained unappealing due to the problem of Lorentz invariance.

It was only in 1947 that Hartland Snyder gave Heisenberg’s idea a firm mathemati-
cal foundation. Snyder introduced modified commutation relations between spacetime

and momentum operators, which made spacetime coordinates non-commutative while
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maintaining Lorentz invariance. This modification implied a natural limitation on reso-
lution, effectively introducing a minimal length, though Snyder himself did not explicitly
highlight this consequence. Importantly, his approach avoided the arbitrary cutoffs in
momentum space that many found objectionable. Nevertheless, difficulties with the in-
corporation of translations limited the acceptance of his model. Meanwhile, Bronstein
gravitational perspective quietly resurfaced. In 1960, Peres and Rosen analyzed the
uncertainties in measuring the gravitational field itself, pointing out that attempting
to probe regions smaller than the Schwarzschild radius leads to fundamental measure-
ment uncertainties. However, they did not connect this directly with the limitations on

measuring distances itself.

The decisive step came in 1964 with Alden Mead, who systematically examined thought
experiments combining quantum mechanics and general relativity. He showed that grav-
ity amplifies quantum uncertainties in such a way that no distance shorter than the
Planck length can ever be resolved. Since gravity couples universally, this limitation,
though negligible in everyday experiments, is inescapable in principle. Mead later re-
called that his proposal was met with resistance: the prevailing view of the 1960s was
that the Planck length could never play a fundamental role in physics. Many physi-
cists instead favored other candidate fundamental lengths, such as the proton Compton

wavelength, despite a lack of evidence.

In the 1970s, the issue reemerged with discovery of black hole thermodynamics by Hawk-
ing. His derivation of black hole radiation raised the notorious “trans-Planckian prob-
lem.” Because modes approaching a black hole horizon undergo infinite blueshift, con-
tributions from trans-Planckian frequencies seemed necessary, even though physics at
such scales was undefined. This motivated proposals to introduce a minimal wavelength
or maximal frequency to resolve the paradox. Similar concerns arose in inflationary
cosmology is that tracing today’s low-energy fluctuations backward in time implied that
they originated at trans-Planckian scales. William Unruh (1995) and others suggested
modified dispersion relations or generalized uncertainty principles (GUPs) as remedies,

ensuring the smallest resolvable length.

Parallel algebraic developments appeared as well when Majid and Ruegg introduced the

k-Poincaré algebra, a Hopf algebra deformation of the Poincaré symmetry that naturally
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accommodates non-commutative spacetime. Around the same time, Kempf and collab-
orators formulated a consistent framework of quantum mechanics and quantum field
theory incorporating a minimal length, often expressed via a GUP. These approaches
demonstrated that modifying the canonical commutators or dispersion relations could

yield a smallest measurable scale in a Lorentz-compatible manner.

Although initially controversial, the concept of a minimal length later gained significant
support from string theory. Studies of high-energy string scattering revealed that the
Planck length functions as a fundamental limit of resolution. Since then, evidence for
minimal length has arisen across a wide array of approaches, including quantum groups,
noncommutative geometry, loop quantum gravity, Horava—Lifshitz gravity, causal dy-

namical triangulations, and even mechanisms of supersymmetry breaking.

Today, one does not need to adopt a specific theory of quantum gravity to motivate
the existence of a minimal length. The combination of general relativity and quantum
mechanics alone already implies its necessity, while effective field theory arguments pro-
vide further support. As comprehensive reviews now demonstrate, the minimal length
has emerged as a recurring and robust feature across diverse and independent lines of
reasoning. Unless otherwise stated, natural units (A = ¢ = 1) are adopted throughout

this chapter.

2.2 Gedanken experiments

Gedanken experiments, known as “thought experiments,” have played a crucial role
in the development of physics throughout history as a poor theoretical physicist’s way
to limit of the theory. These limitations may arise from the lack of instruments or
equipment, or from situations that are practically impossible to realize. Fortunately,
technological advances have sometimes transformed thought experiments into real ex-
periments, as was the case with the Einstein-Podolsky-Rosen (EPR) paradox of 1935.
The advantages of the Gedanken experiments are that they allow theorists to explore
domains of parameter space that are entirely inaccessible to current or foreseeable ex-
perimental capability. By doing so, thought experiments often uncover inconsistencies,
paradoxes, or unexpected consequences, thereby highlighting potential weaknesses or

gaps in existing theoretical frameworks. Also, a thought experiment connects theory to
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reality by requiring careful consideration of what constitutes a measurable entity. In this
Thesis, we will discuss some of the thought experiments related to minimal measurable

length.

2.2.1 Heisenberg Microscope with Newtonian gravity

The Heisenberg microscope provides an intuitive experimental motivation for the un-
certainty principle. Consider a photon of frequency w used to measure the position of
a particle along the x-axis. The scattered photon that enters the lens of the micro-
scope must fall within an angle 6, and from classical optics, the resolution limit of the
measurement is given by

Ap>— 1 (2.1)

~ 2rwsinf’

Equation (2.1) represents the diffraction limit of the microscope. Increasing the photon
frequency decreases its wavelength and therefore improves the spatial resolution of the

measurement.

At the same time, the photon used for the measurement recoils upon scattering and
transfers its momentum to the particle. However, the exact direction of the photon
after scattering is uncertain within the angle 0, the corresponding uncertainty in the

momentum of the particle is given as
Ap 2 wsinb. (2.2)

The photon carries momentum p, = w in the adopted natural units. Since the scat-
tered photon can emerge anywhere within the angular aperture 6, only its transverse
momentum component is uncertain. Combining these two estimates yields the familiar
Heisenberg uncertainty relation,

Az Ap 2 (2.3)

1
21’
This uncertainty in simultaneously measuring momentum and position of the particle is
not merely a limitation of the measurement method but rather a fundamental property

of the quantum nature of matter. Moreover, the photon does not scatter at a sharply

localized point but interacts with the particle over a region of size r.
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The above argument neglects the gravitational interaction between the probing photon
and the measured particle. Since the photon carries energy w, Einstein mass-energy
equivalence implies that it also acts as a gravitational source. Consequently, during the
measurement process the particle experiences an additional gravitational acceleration.
Including gravitational effects into this scenario, following the treatment of Mead [56],

the photon carries energy and therefore exerts a gravitational acceleration on the particle,

~—. 2.4
9~ "2 (2.4)

Assuming the particle is nonrelativistic compared to the photon, it acquires a velocity

o~ ~— 2.
vrgra (25)

Over a time interval ~ r, the particle travels a distance
l =vr = Guw. (2.6)

Since the photon direction is uncertain within the angle 6, this leads to an additional

position uncertainty of

Az 2 Gwsinf. (2.7)

Combining the uncertainties from Egs. (2.1) and (2.7), one finds a minimal position

uncertainty of the order of the Planck length,

Az > VG = (p. (2.8)

The momentum measurement of the photon is also affected. The momentum of photon
increases by an amount ~ Gmw/r, where m is the mass of the particle. Consequently,

the uncertainty in the particle’s momentum becomes

Ap 2w (1 + G;n) sin 6, (2.9)

and the corresponding position uncertainty is estimated as

Az > w (% + G) sin 6. (2.10)
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This bound is larger than the gravitational uncertainty obtained in Eq. (2.7).

Adler and Santiago [57] further argued that the uncertainty of the momentum of particle

should be at least of the order of the photon’s momentum, i.e. Ap ~ w. This leads to
Az 2 G Ap. (2.11)

If the usual uncertainty (from quantum mechanics) and the additional gravitational
uncertainty are added linearly, one arrives at the generalized uncertainty relation
Az 2 ! +GA (2.12)
x 2 —— : .
~Ap p
This shows the standard uncertainty relation gets modified when gravity is taken into

account with incorporating additional uncertainty due to gravity.

2.2.2 Heisenberg Microscope with General Relativity

The uncertainty relations acquire important refinements when considered in the frame-
work of general relativity. Before going into the details, it is instructive to recall a
general relativistic argument regarding black hole formation under conditions of high
energy density localized in a region of spacetime. According to the Hoop Conjecture, if
an energy w is confined to a region such that the circumference in every spatial direction

satisfies R < 47rGw, then the region will eventually collapse to form a black hole.

Let us now consider a particle whose position we wish to measure using a test particle.
We assume that the test particle has a rest mass mg and a four-momentum (w, E) The

velocity v of the test particle is then given by

vk (2.13)

VmE k2
where k = \E| and k? = w? —m3. We assume that the test particle is moving along the

r-axis.

To obtain the spacetime metric generated by the test particle, we first transform into
its rest frame by performing a Lorentz boost along the z-direction. In this rest frame

(denoted by primed coordinates), the measured particle moves in the —z’ direction, and
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the spacetime geometry is described by the Schwarzschild metric. The relevant metric

components are

2G'mg 1
960 =1+ |2/ ) 911 == 952 = 9§3 =-1, (2.14)
| Y900

with all other components vanishing. Introducing the Newtonian gravitational potential,

P — _Gmo
2’|’
the metric may be written as g{, = 1 + 2®’, where ® < 0. Transforming back to the

laboratory frame by a Lorentz boost, the non-vanishing metric components become

goo = 1_1_;;(12(1:1)2) +2®, g1 = —1;;;_(?{11];) + 2070, (2.15)
go1 = gio = 1—|—<I?(Ul(}iv2) — 209, g22 = g33 = —1, (2.16)

where ,
P = % = _%, (2.17)

and r = vt — x denotes the mean separation between the test particle (t.p.) and the
measured particle (m.p.). To avoid the formation of an event horizon in the rest frame,
the metric component must satisfy g{, = 1 + 2®’ > 0, which is equivalent to —2®" < 1,

since ® < 0. Using Eq. (2.17), this condition becomes

2Gw
r

29 =

(1-0%) <1. (2.18)

Furthermore, the uncertainty in position is bounded by both Az 2 1/w and Az 2 r.
Consequently,

Az? > — >2G(1 —v?). (2.19)

,
w
In the non-relativistic limit, v> < 1, this reproduces the lower bound on the spatial
resolution obtained previously. We now consider the complementary ultrarelativistic

limit, 1 — v? < 1, which, according to Eq. (2.17), corresponds to the regime —® >> 1.

Motion of the measured particle: To proceed, we must estimate how much the m.p.

is displaced by the gravitational attraction of the nearby t.p. The worldline of the m.p.
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must remain timelike, which imposes the condition
ds* = (goo + 29100 + g11v'?)dt* > 0, (2.20)

where v/ denotes the velocity of the m.p. in the z-direction. Using the boosted metric

Eq. (2.15), and following Mead, we introduce the abbreviation
B=1+20(1—v?), (2.21)

which, from Eq. (2.18), satisfies 0 < 8 < 1. After some algebra (subtracting -1 and
dividing v" — 1), and noting that ® < 0 and v < 1, Eq. (2.20) implies

, . 1+28(1+p)
VT 202 (1 4 8)

(2.22)

and equivalently

T 2 —2(1+429). (2.23)

Interaction time and displacement: Physically, we are interested in the displace-
ment of the m.p. due to the gravitational influence of the t.p. The faster the two
particles pass by each other, the shorter the interaction time, and consequently the
smaller the displacement. For the shortest possible interaction time we set v — 1, which

corresponds to the minimal influence.

The time 7 required for the t.p. to move a distance r away from the m.p. satisfies

r
e T (2.24)

and during this interval the m.p. is displaced by

/

, v r

l:UTZrl_UIZ§(—1—2CI>). (2.25)
In the limit —® > 1, this reduces to

[ 2 Gu. (2.26)

Projecting onto the x-axis, we obtain as in the Newtonian gravity case that the uncer-

tainty in the position of the measured particle due to the limited angular resolution of
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the photon € is
Az 2 Gwsine. (2.27)

Combining this with the usual Heisenberg microscope uncertainty, Ax = m, one

finally arrives at the minimal bound

Az > lp, (2.28)

where [p is the Planck length. This adds a additional uncertainty in the measurement

in position then the usual uncertainty as we discussed in above section.

2.2.3 Black Hole Horizons

As discussed in the previous subsection on the Heisenberg microscope, the uncertainty
in position measurements increases when a high-energy test particle is used, since the
particle itself generates a Schwarzschild geometry. A related question arises for black

holes: to what precision can the size of a black hole itself be measured?

When the mass of a black hole approaches the Planck mass, the associated horizon
radius 7 ~ GM becomes comparable to its Compton wavelength A = 1/M. This implies
that quantum fluctuations in the position of the black hole affect the very definition of

the horizon.

A more elaborate argument was developed by Maggiore through a thought experiment
aimed at measuring the area of a non-rotating, charged black hole horizon. In Boyer-
Lindquist coordinates, the event horizon is located at

QQ

TH:GM _GM2

14+14/1

, (2.29)

where (@ is the charge and M is the mass of the black hole.

To determine the black hole area, one may detect its Hawking radiation and attempt to
trace it back to its emission point with the best possible accuracy. For the case of an
black hole, where Q? = GM?, the Hawking temperature vanishes. In this case, Maggiore
perturbed the black hole by sending in a photon from spatial infinity and then waited

for it to be re-emitted.
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If the microscope detects a photon of frequency w, the finite wavelength of the photon
introduces the standard uncertainty in localizing its origin. In addition, during the
emission process the black hole mass changes from M + w to M, which in turn shifts
the horizon radius that we are attempting to measure. If the photon energy is known
only up to an uncertainty Ap, this error propagates into the uncertainty of the black
hole radius as

oryg

— | Ap. (2.30)

Arg ~ E)Yi

Using Eq. (2.29), and under the assumption that no naked singularities exist in nature
(i.e. Q* > GM?), one finds
Arg 2 2GAp. (2.31)

Maggiore then proposed that the two uncertainties the standard one, which is inversely
proportional to the photon energy, and the additional one obtained in Eq. (2.31) should
be added linearly, yielding

1
>
Arg Z + BGAp, (2.32)

where [ is a dimensionless constant to be fixed by a specific theory.

It is important to note that the uncertainty considered by Maggiore differs in nature
from that of Mead, although both share a common origin. Here the uncertainty arises
from the impossibility of directly measuring a black hole without altering its horizon via
the emission of a particle carrying energy. The shorter the wavelength of the emitted

particle, the larger the induced distortion.

2.3 Loop Quantum Gravity

In the previous chapter, we introduced the basic ideas of canonical quantum gravity,
or more specifically, loop quantum gravity (LQG). We noted that from the densitized
triads one can reconstruct the spatial metric, while from the connection A together
with the triads one can recover the extrinsic curvature, thereby providing a full descrip-
tion of spacetime geometry. This formulation not only recasts G.R in the language of

gauge theory but also supplies a natural canonical structure. At the classical level, the
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fundamental Poisson brackets are given by

{AL(2), Ej(y)} = B8, 8;6°(x —y), (2.33)

where  is the Barbero-Immirzi parameter. Upon quantization, these classical variables

are promoted to operators acting on wave functionals of the connection

. . 2 V(A
AT U(A) =AW (A), E!V(A) = _iddxé(li ), (2.34)
and the Poisson bracket is then replaced by the standard commutator as
LA (), B2 ()] = 105 6] 6%(x — ). (2.35)

As in ordinary quantum mechanics, one can choose different representations of the quan-
tum states. In LQG, one particularly natural representation is the loop representation,
where states are expanded in terms of traces of holonomies around closed loops. How-
ever, this loop basis is overcomplete (two different combinations of loops may describe
the same state). A more refined and mathematically suitable basis is provided by spin
networks 1s. A spin network is a graph with edges and vertices: the edges are labeled by
irreducible representations of SU(2), and the vertices are labeled by SU(2) intertwiners
that couple the incident edges. Thus, the kinematical states of LQG are represented by
such labeled graphs. The power of this quantization scheme lies in the fact that one
can construct geometric operators such as the area and volume operators and compute
their spectra. In particular, the expansion in the spin-network basis makes it possible
to explicitly calculate eigenvalues of these operators. In this thesis, however, we re-
strict ourselves to providing only an overview of the approach, without delving into the

detailed calculations.

The Area Operator: Consider a two-dimensional surface ¥ parameterized by coor-

dinates (z!,2?), with the third coordinate fixed at 3 = 0. The area of this surface is

A :/dxld:vQ det g2, 2.36
2=/ \/ (2.36)

where the induced metric determinant is

given as

det ¢'® = q11qo0 — is-
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In terms of the densitized triads, this expression can be rewritten as
Ay = / dz'dz® \/ E3E3 (2.37)
by

To promote this to a quantum operator, one replaces the classical triads with operators.
Since the expression involves the square root of products of operators, one introduces a
suitable regularization by averaging over smearing functions and then taking the limit
where the smearing functions approach delta functions. Acting on a spin-network state,

the regulated area operator yields the eigenvalue equation:
As e = 87058 VGG + 1) s, (2.38)
i

where the sum is taken over all spin-network edges that intersect the surface X, and j;

are the 1/2 representation labels associated with those edges.

This result implies that the area spectrum in LQG is discrete, with the smallest nonzero
eigenvalue given by

Amin = 47V3 B 1%, (2.39)

A similar construction can be carried out for the wolume operator. In this case, the
relevant expression involves products of three triads associated with a three-dimensional
region. After quantization and regularization, one finds that the volume spectrum is
likewise discrete and admits a nonzero smallest eigenvalue of the order of the Planck

volume, é%.

These results lead to a profound interpretation of spin networks. The edges of the graph
correspond to fundamental quanta of area, each carrying a discrete area contribution
proportional to 6% \/m . The wvertices of the graph correspond to quanta of three-
dimensional volume. Thus, in LQG, space itself is quantized such that the geometry is
not continuous but rather built up from discrete excitations of area and volume carried

by the combinatorial structure of spin networks.
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2.4 String Theory

In order to understand minimal length corrections within string theory, it is important

to study one of its fundamental symmetries, known as T-duality.

When a spacelike dimension is compactified on a circle of radius R, closed strings acquire
a new property of winding around the compactified dimension. The number of times a
string wraps around this compactified dimension is denoted by a integer w, called the

winding number.

For simplicity, let us consider a closed string in the presence of a single additional
compact dimension. Along this compact direction the coordinate satisfies the boundary

condition

X (1,0 +27) = X4(1,0) + 21wR, (2.40)

where w € Z is the winding number. In addition, the momentum in the compact
direction is quantized in integer multiples of 1/R. The mode expansion for X*(7, o) can
therefore be written as
XYr,0) =ad + n—lg T+wRo+ z'g, Z a—%em(T“’) + d—ilei”(T*‘T) (2.41)
’ T R 2 n n ’ ’
n#0
where mé is the initial position of the string in the compact dimension, n € Z labels

the quantized momentum modes, I, is the string length (12 = ), and o, &% are the

oscillator modes.

The conjugate momentum in the compact direction is given by

Pi(r,0) = % +

Z (aﬁlem(ﬁw) + d;em(T_”)) . (2.42)

?
\/ils TL#O

The total energy of the string includes contributions from the momentum modes, winding

modes, and oscillatory excitations. After renormalizing the divergent zero-point energy,
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the mass spectrum takes the form

E*=) P'P,+m?, (2.43)
u#4
2 2 p2

L w*R 2 -~ D-2

where p runs over the non-compact dimensions, and N and N denote the excitation levels
of left- and right-moving modes, respectively. One also notes that the mass spectrum

remains invariant under the exchange

S

R «— ok n <— w. (2.45)

This symmetry is known as target-space duality, or more commonly, T-duality.

T-duality implies that a compact dimension of radius R is physically indistinguishable
from one of radius {2/R. In particular, this symmetry suggests that distances smaller
than the string length [, cannot be probed, since probing a very small radius is equivalent
to probing a large radius. Consequently, T-duality naturally leads to the idea of a

minimal length scale in string theory.

A simple illustration is, consider the quantized momentum of a string on a spacetime

circle of radius R from Eq.(2.42)

ne 7, (2.46)

E,=—. (2.47)
On the other hand, the same string may wind w times around the compact dimension
through T-duality. In this case, the energy associated with winding is

~ w|R
ool

. (2.48)

(%

Thus, momentum modes dominate when R is large, while winding modes dominate when
R is small. T-duality ensures that these two descriptions are physically equivalent. Since

Kaluza-Klein momentum modes obey the usual uncertainty principle, Az ~ /Ap, we
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can relate the uncertainty in position to the string energy. From (2.47), one finds

AE A
Ap~ — =~ —T (2.49)
c «
This leads to a modified uncertainty relation of the form
1 /
Ax 2 —— + o' Ap. (2.50)

~ 2Ap

At low energies (small Ap), the first term dominates and one recovers the standard
Heisenberg uncertainty principle. However, at high energies (large Ap), the second term
dominates, indicating an additional “fuzziness” in spacetime. This implies the existence

of a minimal resolvable length, of order Az, ~ s = Vao!

2.5 Summary

The concept of a minimal measurable length has captivated the attention of physicists
since the mid-20th century, originating from early ideas such as the chronon and the
notion of spacetime quanta. This chapter is devoted to the historical development of
the idea of a minimal measurable length, presenting various arguments both in favor
and against its necessity. Over time, thought experiments (Gedanken experiments)
have played a pivotal role in revealing how gravity and quantum mechanics interplay to
suggest a fundamental limit to spatial resolution. We discussed two significant Gedanken
experiments in detail: the Heisenberg microscope modified by gravitational effects and
the role of black hole horizons in limiting the precision of position measurements, as
argued in works by Mead (1964) [56] and Adler et al. (1999)[58]. These investigations
demonstrate that attempting to localize a particle within distances comparable to the
Planck length inevitably leads to the formation of a micro black hole, preventing further

localization.

From a theoretical perspective, different quantum gravity approaches support the idea
of a minimal length. In Loop Quantum Gravity (LQG), the quantization of geometric
operators such as area and volume leads to discrete spectra, implying a minimal mea-

surable area and volume. In contrast, String Theory naturally incorporates a minimal
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length scale due to the finite string tension o/, limiting the resolution of spatial structures

and preventing probes beyond the string scale.

All these diverse approaches converge towards a common insight of fundamentally dis-
crete spacetime structure and exhibits a fuzzy structure at the smallest scales. This
realization has motivated both theoretical investigations and experimental efforts to
detect possible quantum gravity signatures. Notably, modifications in dispersion rela-
tions, black hole thermodynamics, and deviations from standard quantum field theory

predictions serve as promising windows into Planck-scale physics.

The next chapter is dedicated to the phenomenological implications of quantum grav-
ity, focusing in particular on the Generalized Uncertainty Principle (GUP) as a well-
motivated and widely studied framework. This phenomenological approach provides a
concrete way to incorporate minimal length effects into quantum theory and explore

their observable consequences.



Chapter 3

MODIFYING THE
HEISENBERG UNCERTAINTY

Phenomenology is commonly described as “the science of phenomena as distinct from
that of the nature of being,” or in physics, “the study of observable consequences of a

theoretical model.”

For more than seventy years, the problem of quantum gravity has been one of the chal-
lenging problems in theoretical physics. As we discussed in the above chapters that a
consistent quantum theory of gravity should be capable of resolving the conceptual and
mathematical tensions that arise from the coexistence of general relativity and quan-
tum mechanics. Historically, progress in physics has often been driven by experimental
data such that unexpected observations challenge existing frameworks and motivate the
development of new phenomenological models designed to address these puzzles. Fre-
quently, models that at first appear incomplete or unsatisfactory turn out to be crucial

stepping stones toward the correct theoretical description of new physical phenomena.

However, in the case of quantum gravity, the situation is different. Since we currently
do not have the direct experimental guidance near the Planck scale, theorists are often
compelled to construct candidate frameworks guided primarily by principles of mathe-
matical consistency, conceptual elegance, or unification. This has led to long-standing
debates about the merits of different approaches (such as string theory or loop quantum

gravity) without a definitive experimental test to confirm them. The hope of eventually

38
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identifying the correct theory of quantum gravity therefore relies on a process of theo-
retical exploration combined with indirect or novel experimental strategies, in a spirit

of trial and error.

There are two complementary strategies that have emerged in the search for quantum
gravity. The first is the so-called top-to-bottom approach, which attempts to build a fun-
damental theory starting from assumptions about the structure of spacetime at scales
nearly seventeen orders of magnitude below those accessible to current experiments.
Prominent examples include string theory and loop quantum gravity. The second strat-
egy is the bottom-to-top approach, often referred to as quantum gravity phenomenology.
This program attempts to extract possible experimental signatures of quantum gravity
by working upward from known physics, guided by tentative insights from top-down the-
ories. The aim is to identify characteristic features of spacetime or matter at the Planck
scale that could manifest in observable phenomena, particularly in light of existing or

forthcoming experimental sensitivities.

One of the earliest experiment at the interface of quantum and gravitational realms
was performed by Colella, Overhauser, and Werner (commonly known as the COW
experiment). The setup tested the validity of the Schrodinger equation for matter waves
in the presence of Earth gravitational potential, described as

h2

; 6\Il(ta I') _ 2

where ¥(¢,r) is the wavefunction of the particle, ®(r) is the Newtonian potential of
Earth, and m; and m¢g denote the inertial and gravitational masses, respectively. This

framework is sometimes referred to as the Schrédinger-Newton model.

To avoid confounding effects from electric charges and electromagnetic interactions, the
experiment was conducted using neutrons. The essential idea was to observe the in-
terference pattern of neutron beams subjected to Earth gravitational field. The COW
experiment exploited the fact that Earth gravitational potential arises from the coherent
contribution of an enormous number of particles. Thus, despite the weakness of grav-
ity at the single-particle level, the cumulative effect is sufficiently strong to introduce
measurable phase shifts in the neutron wavefunction. The observed phase difference
provided the first direct evidence that gravity produces observable effects in a quantum

System.
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Although quantum gravitational effects are expected to dominate only near the Planck
scale in both length and energy, the COW experiment raised an important conceptual
question about the scales at which the quantum aspects of spacetime become relevant.
The experiment shows that, although our current experiments are still orders of magni-
tude away from probing such high energies, it is reasonable to expect that there will be

some low-energy artifacts of the QG effects that show up in current experiments.

3.1 Planck-Scale Symmetries

3.1.1 Lorentz Symmetry

In the classical description, spacetime is modeled as a continuous and smooth manifold.
Special relativity (SR), formulated in Minkowski spacetime, is built upon fundamental
symmetries such as homogeneity and isotropy and admits a single frame-independent
scale (the speed of light ¢) which governs the transformation laws between inertial ob-
servers. These transformations form the Poincaré group, with the Lorentz group as a
subgroup. Within this framework, length itself is no longer a Lorentz-invariant quantity.
Quantum gravity (QG) effects, however, are expected to become significant at extremely
high energies near the Planck scale. The existence of a minimal measurable length, often
proportional to the Planck length, challenges the classical notion of Lorentz invariance.
In such scenarios, the fundamental symmetries of spacetime may be violated, modified,

or generalized.

If spacetime is discretized at the Planck scale, an additional fundamental scale or struc-
ture is introduced, thereby affecting its symmetries. This possibility was already sug-
gested by 't Hooft in 1996. In particular, continuous symmetry transformations such
as Lorentz transformations appear incompatible with a discrete network of points. Fur-
thermore, Lorentz symmetry is often at odds with frameworks involving spacetime non-
commutativity. Such non-commutativity naturally introduces a minimal measurable
length, analogous to the role of the uncertainty principle in quantum mechanics. As a

consequence, the transformation laws between inertial observers are modified.

In this context, infinitesimal symmetries are no longer described by the standard Poincaré

algebra but instead by deformations into Hopf algebras. Explicit studies in non-commutative
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spacetimes have shown that the Lie algebra structure of the Poincaré symmetries is either
broken into smaller subalgebras or deformed into Hopf-algebraic structures. Remark-
ably, this allows the rotational generators to remain unaffected, and the momentum

operators to remain commutative, while the boost sector undergoes deformation.

A concrete realization of spacetime discretization arises in loop quantum gravity (LQG),
one of the most developed approaches to quantum gravity. LQG does not describe
spacetime as a rigid discrete lattice of points but instead introduces discreteness in
a more sophisticated way, through quantized spectra of area and volume operators. In
this framework, spacetime points themselves lose any well-defined identity. Nevertheless,
it appears that even this refined form of discretization remains incompatible with the

classical notion of Lorentz invariance.

3.1.2 CPT Symmetry

One of the most intriguing implications of quantum gravity (QG) theories is the pos-
sible violation of CPT symmetry due to the existence of a minimal measurable length,
typically of the order of the Planck length Ip ~ 1073° meters. In standard quantum
field theory, the CPT theorem is deeply connected to the principles of locality, unitar-
ity, and Lorentz invariance. The CPT symmetry consists of three fundamental discrete

transformations: charge conjugation (C), parity transformation (P), and time reversal

(T).

However, in quantum gravity scenarios where spacetime acquires a discrete or “foamy”
structure, such as in models of quantum spacetime foam or Loop Quantum Gravity, the
standard assumptions underlying the CPT theorem no longer hold. Quantum gravity-
induced decoherence provides a mechanism by which pure quantum states evolve into
mixed states due to interactions with the quantum gravitational environment. This leads
to a fundamentally ill-defined CPT operator and a breakdown of unitarity, distinguishing
these effects from simple Lorentz violation models. Furthermore, modified dispersion

relations expressed as

N T
p
B2 — p? = m? + Zn(n) =
Pl

n=1
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where n(™ are dimensionless parameters fixing the strength of the Lorentz-violating
corrections, and Mp is the Planck mass that explicitly break Lorentz invariance and
induce CPT violation. Such modifications are conceptually similar to those proposed
in the framework of Doubly Special Relativity (DSR). Using this modified dispersion
relation, one can compute the shift in particle reaction thresholds in ultra-high-energy
cosmic rays (UHECRs). In particular, the critical energy scale at which Lorentz violation

becomes significant is given by
oyl
Ee ~ (m* M) /n’

where m is the mass of the heaviest particle involved in the interaction. Above this
critical energy, Lorentz-violating effects are expected to become manifest, potentially

altering the reaction cross-sections of UHECRs.

Although stringent experimental bounds derived from precision measurements in neu-
tral meson systems and high-energy astrophysical observations strongly constrain large
CPT violations, more subtle effects remain plausible and are under active theoreti-
cal and experimental investigation. In particular, cosmological scenarios involving de
Sitter horizons or large extra dimensions predict novel phenomenology, such as mod-
ified Einstein-Podolsky-Rosen (EPR) correlations in entangled meson factories or the
potential observation of gravitons and microscopic black holes in high-energy collider

experiments.

Some quantum gravity models predict an even stronger influence due to modifications of
gravity at short distances, particularly in scenarios with large extra spatial dimensions.
For instance, String Theory suggests that the fundamental Planck scale could be signifi-
cantly lowered by the presence of extra dimensions, thus bringing quantum gravitational
phenomena into the reach of current or near-future experiments. In such a case, distinct
experimental signatures like missing energy due to graviton emission or mini black hole
production and subsequent evaporation could serve as a striking confirmation of the

quantum gravity paradigm.
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3.2 The Generalized Uncertainty Principle

In Chapter 2, we discussed the emergence of a minimal measurable length as a common
feature in various approaches to quantizing gravity. The quantization of gravity suggests
that probing extremely small scales of spacetime requires high-energy probes, but at such
energies, gravitational effects significantly perturb the spacetime geometry itself. As a
consequence, the presence of a minimal uncertainty in position motivates a modification
of one of the cornerstones of quantum mechanics: the Heisenberg Uncertainty Principle

(HUP).

The standard HUP asserts that position and momentum cannot simultaneously be mea-
sured with arbitrary precision

AxAp >

N | St

However, this relation does not accommodate a fundamental minimal length scale. To
incorporate such effects, the Generalized Uncertainty Principle (GUP) was first proposed
by Kempf, Mangano, and Mann (KMM) in 1995 [59], inspired by arguments from string

theory and Gedanken experiments involving black holes as
x,p] =ik (14 Cp?), (3.2)

where C is a parameter characterizing the scale at which quantum gravitational effects
become significant. Different papers and reviews and work on differnt approaches and

work are in Ref. [60-71].

From the Schrédinger—Robertson uncertainty relation, one obtains the GUP form
h 2
AzAp > 5 (1+C(Ap)?), (3.3)

where (Ap)? = (p?) — (p)2. The dimension of C is inverse square momentum, and this

relation implies a minimal position uncertainty of
Aa:min = h\@ s

which is achieved when
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A direct consequence of this modified commutation relation is a deformation of the
classical phase space structure. In the classical limit (A — 0), the commutator reduces
to a deformed Poisson bracket

1
=B pl e {,p} = 1+ Cp, (3.4)

where = and p are classical phase space variables, and C can be expressed as

c__ G _ Gno
(mpc)2 ke’

with Cy a dimensionless parameter encoding the strength of quantum gravity effects.
Recent studies by Casadio and Scardigli have pointed out a potential inconsistency in
this approach, that in transition from the commutator to Poisson bracket the minimal
correction term involving C that have A~! in it diverges as A — 0. A resolution is to
assume Cy is vanishingly small, making the whole correction negligibly small but finite

in the classical regime.

The presence of a minimal length implies significant consequences for the Hilbert space
representation of quantum states. Physical states must remain normalizable, possess
well-defined expectation values for position and momentum, and respect a nonzero min-

imal uncertainty in position:
(Az)? = (](x — (x))*[) > Aaf,. (3.5)

As a result, true position eigenstates |x) no longer exist, because they would have zero
uncertainty, contradicting the existence of a minimal length. Furthermore, the position
operator is no longer essentially self-adjoint but only symmetric, ensuring real expecta-

tion values but no complete set of eigenstates.

The Hilbert space representation is thus modified from the standard position repre-
sentation to a generalized Bargmann-Fock representation [59]. In this framework, one
can define a quasi-position representation based on maximally localized states |¢i\nl),
satisfying

@R[ = A, (3.6)

where A denotes the quasi-position coordinate.



Chapter 3. Modifying the Heisenberg Uncertainty 45

In this representation, the momentum and position operators act on quasi-position wave-

functions 1 (\) as follows:

_ tan(—ih\@ 8>\)
a Ve

x - P(N) = ()\+ihC

P YA (), (3.7)

tan(—ihy/C 0y)
\@> P(A).

In the limit C — 0, the standard Heisenberg representation is smoothly recovered. How-
ever, the position operator in Eq. (3.8) is neither diagonalizable nor essentially self-
adjoint on any dense domain of x2, implying that the spectrum of the position operator
is continuous but subject to a fundamental minimal uncertainty. In contrast, the mo-
mentum spectrum remains continuous and have no measurable minimum and maximum.

Also, in the momnetum space the momentum eigenfucntions are Dirac delta function.

Building upon the foundational KMM GUP, further generalizations have been proposed
to extend the validity of minimal length effects in quantum gravity. In particular,
Nouicer introduced a GUP inspired by field theories on non-anticommutative super-
spaces, which captures a wider range of quantum gravitational phenomena [72]. In this

formulation, the deformed commutation relation takes the form

[x, p] = ihexp(Cp?), (3.9)

applying the Schrodinger-Robertson uncertainty relation leads to the modified uncer-

tainty relation as

AzAp > gexp (C(Ap)z) . (3.10)

In the momentum space representation, the operators satisfying this algebra

P 9(p) =po(p), (3.11)

x- 6(p) = ih exp(Cp?) 222

= (3.12)
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To ensure the self-adjointness of the position operator, the scalar product in this repre-

sentation is modified

wie) = [ " exp(—Cp?) 4" () S(p) dp, (3.13)
(plp) = exp(—Cp?) 6(p — ). (3.14)

In Nouicer’s GUP the minimal measurable uncertainty in the position is given as
~ e
(A)Nouicer — \[2 h/e.

Later, Pedram proposed a further modification of the GUP to incorporate both a mini-
mal position uncertainty and a maximal momentum cutoff [73]. The deformed commu-

tation relation is expressed as
ih

1_7Cp2’ (3-15)

[X7 p] =

where the denominator introduces a singularity at p? = é, effectively implying that the

momentum of any particle is bounded by

1
Ip| < —=.

Ve

The corresponding uncertainty relation becomes

12

AzAp> — L=
P T c(ap?

(3.16)

The momentum space representation of the position and momentum operators in the

GUP framework proposed by Pedram is

P ¢(p) = pd(p), (3.17)

X 6(p) ih  0¢(p)

= T 1
1-Cp? Op (3.18)
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TABLE 3.1: Comparison of different GUP models.

GUP Model Deformed Commutator Minimal Length Uncertainty Maximal Observable Momentum
HUP X, P] =ih X X
KMM [X, P] =ih(1+CP?) v X
Nouicer [X, P] = ihexp(CP?) v X
Pedram X, Pl=125 v v

TABLE 3.2: Minimal measurable length and maximal momenta in three GUP models.

GUP Framework Minimal length (AX)in Maximal momentum P4,
KMM iv/C —
Nouicer e % —
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FIGURE 3.1: In this plot, we just replaced the GUP paramter C by 8. Figure (a) on the

upper left shows a comparison between HUP and KMM GUP, where the minimal length

is given by hy/B. Figure (b) represents the comparison between Nouicer GUP and HUP,

which again only includes minimal length but no maximal observable momentum. The

final figure compares Pedram GUP with HUP, and we observe that in this GUP, both
minimal length and mazximal observable momentum are present.
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To maintain the symmetricity of the position operator, the scalar product is appropri-

ately modified as

1/VC
wio = [ )90 (319
(plp') = 5(]’__652. (3.20)

A concise comparison of the various GUP models discussed above is summarized in
Table 3.2, which includes the corresponding minimal length scales. Additionally, Fig-
ure 3.1 illustrates the behavior of the uncertainty relations for the KMM, Nouicer, and
Pedram models, plotted against the standard Heisenberg Uncertainty Principle (HUP).
It is noteworthy that the minimal position uncertainties (AX)KMM (A x)Nouicer
(AX )Eﬁgram shown in Table 3.2. In each panel, the black dashed curve represents
the standard HUP, while the coloured curve denotes the corresponding GUP relation.
The shaded region represents the physically allowed values of (Ax, Ap) satisfying the

corresponding uncertainty inequality.

Figure 3.1(a) shows the KMM quadratic GUP. In contrast to the HUP, the curve de-
velops a minimal length at (Az)min = hy/B, indicating that no physical state can probe
distances smaller than this value. However, the momentum uncertainty remains un-
bounded, implying that the KMM model predicts a minimal measurable length but no

maximal observable momentum.

Figure 3.1(b) presents the Nouicer exponential GUP. Similar to the KMM model, the
uncertainty curve possesses a non-zero minimum position uncertainty, demonstrating
the existence of a minimal measurable length. Nevertheless, the momentum uncertainty
can increase without bound, and therefore this model also does not predict a maximal

observable momentum.

Figure 3.1(c) corresponds to the Pedram GUP. Unlike the previous two models, the
uncertainty curve terminates at a finite value of Ap, reflecting the singularity of the
deformed commutator at p = 1/4/B. Consequently, this model simultaneously predicts

a non-zero minimal measurable length and a finite maximal observable momentum.

Beyond the commonly studied quadratic GUP models, a more generalized form has been

proposed by Ali, Das, and Vagenas in 2011 [74]. This formulation is motivated by both
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Doubly Special Relativity (DSR), ST, and Gedanken experiments in black hole physics,
such that it incorporates a linear dependence on momentum in addition to the quadratic

term. The resulting deformed commutation relation is
. bip; 27,2
[qi,pj] =1h {51‘]' — (p(sij + p) +« [p 52'3‘ + 3pipj] } , (3.21)

where o = 20 = % is the deformation parameter, with mp denoting the Planck mass
P

and Ip ~ 1073 m the Planck length. This GUP model implies the existence of both a

minimal measurable length and a maximal observable momentum, expressed as

Az > (AZ)min = aolp, (3.22)
Ap < (Ap)max & —2°, (3.23)
(&%)

To analyze the modified phase space structure, we express the deformed momentum p;
in terms of a low-energy momentum pg;. Since Eq. (3.21) contains terms quadratic in

pi, the most general ansatz consistent with the algebraic structure is

pj = poj + apopo; + b pEpo;, (3.24)

where a ~ o and b ~ a?. Using the commutator relation and assuming the canonical

structure for py;, we evaluate

(i, pj] = [®i, poj] + a ([xi, polpoj + polxi, Poj])

+ b ([, polpopoj + polzi, polpoj + P§lwi, Poj]) - (3.25)
The most general form of the deformed commutator consistent with Eq. (3.21) is thus
[z, p;] = ih (%’ + apdi; + 0421% + Bip*sij + ﬂQPin) ; (3.26)

now evaluating the Jacobi identity

[z, 25, pr] + [[25, prls i) + [[pr, 2], 23] = 0, (3.27)
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and matching terms, we obtain

[l‘i,pj] = Zh(sl] + iha (péij + pi;)j> + lh(Qb — az)pipj + ’Lh(b — a2)p25i i (328)

On comparison with the original form in Eq. (3.21) gives the identification

Therefore, the modified momentum and position operators can be expressed in terms of

the low-energy momentum as

z; = xo;, pi = poi(l — apo + 2a%p). (3.29)

This hierarchical structure illustrates how progressively stronger modifications of the
commutator bracket correspond to increasingly significant deviations from the classi-
cal Heisenberg Uncertainty Principle. Such generalized models of GUP offer a richer
phenomenological framework for probing quantum gravity effects at the Planck scale,
particularly in contexts where both minimal length and maximal momentum are ex-

pected to play a role.

3.3 Relativistic Generalized Uncertainty Principle

In phenomenological studies of quantum gravity, GUP is employed to incorporate the
existence of a minimal length scale by modifying the standard Heisenberg uncertainty
principle. At low energies, this approach provides a valid and useful approximation.
However, as we approach high-energy regimes, a fundamental issue emerges that is the
violation of Lorentz covariance. This problem arises because a minimal length is not
a Lorentz-invariant quantity. The breaking of Lorentz symmetry implies that a special
choice of frame of reference which brings back the notion of aether, which stands in

contradiction to the fundamental principles of Special Relativity.

Several attempts have been made to implement GUP in a relativistic context and within
quantum field theory frameworks. Nevertheless, in these formulations, the minimal

measurable length remains frame-dependent and hence not Lorentz invariant. To resolve
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this issue, it is possible to formulate a Lorentz-covariant version of GUP that provides
a frame-independent minimal length scale and reduces to the familiar non-relativistic

GUP in the appropriate low-energy limit.

The GUP-modified commutator relation in D-dimensional space can be expressed as
[24,pj] = ihdy; (1 +Cp%) (3.30)

where 7,5 € {1,2,..., D} and p? = p¥p;. Here, x; and pj represent the physical position
and momentum operators, which are not canonically conjugate in the conventional sense,

making their relationship less straightforward.

To address this complication, we first introduce canonically conjugate four-vectors xy

and pfj, defined
0

8:6()” ’

pg = —ih [a:g,pﬁ] = ihnt", (3.31)

where n*¥ is the Minkowski metric. We then assume that the physical position and

momentum operators are general functions of the auxiliary variables

at = xu(x07p0)v p/»L = pu(anpO)- (332)

Using a Taylor expansion of these physical operators in terms of the auxiliary variables,

any general function f(z{,pl) can be expressed as:

d

o8] 00 o0 o0 d n
—ao )0, (2d — ag)™ (pY — by)™0...(pd — bg)™e
QERTN SN DD D DI SR T = =

no!l...ng'mg!...my!
no=0 nd:0 mo=0 md:() 0 d 0 d

(3.33)

(ano+---+ndm0--'mdf($8, . «Tgapga . pg)

8:30"0 61»0"618190”1 apd"d ) (ao, ...Qq, bo, ..bd), (334)

where a” and b¥ are constants. Applying this expansion to the physical position and
momentum operators, and computing the commutator between them, we observe an
important fact: the commutator between the two momentum operators must vanish,
i.e.,

[, p"] = 0. (3.35)



Chapter 3. Modifying the Heisenberg Uncertainty 52

This ensures that momentum eigenvalues exist and can be measured with arbitrary
precision. It also implies that the physical momentum operator cannot depend on the

auxiliary position ZL'g , but only on the auxiliary momentum pg .

The general expression for the commutator between two arbitrary functions of auxiliary

variables takes the form:

ih3 ih?
[f (z0,P0), 9(w0, po)] ~ [PO,Po}(lZ)Q + [wo, 0] (ch)Q + [0, po] + O(x5,p3).  (3.36)

Therefore, for the physical momentum operators to commute, they must be functions

of the auxiliary momentum alone.

To ensure that the minimal uncertainty in position is Lorentz invariant, the physical
position and momentum operators must themselves transform as four-vectors under the
Poincaré algebra. Consequently, only terms in the Taylor expansion containing exactly
one free index are allowed. Under these constraints, the physical position and momentum

operators reduce to infinite polynomials of the auxiliary variables:

zH(zo, po) = Arafy + Aoply + Aszhzgzo, + Aszgzoupy
+ Asxyzoupy + Asxhpgpor + A7zl poy + Asphpopoy + - - - (3.37)

p"(po) = Crpfy + Cophypgpoy + - - -, (3.38)

where A; and C; are coefficients with appropriate dimensions.

Given the perturbative nature of our study, and to remain within a phenomenologi-
cal framework, we neglect higher-order terms such as Ag because they are extremely

suppressed in any conceivable experimental setting.
After computing the spatial part of the commutator between physical position and

momentum operators, and comparing it with the quadratic GUP form, we obtain:

zt =zl — o1 Biphpop + asbipyphzo, + cuhBipl, (3.39)

P = py (14 aaBripgpop) » (3.40)

where a1, ag, as, ay are dimensionless parameters, and 41 has units of inverse squared

Planck momentum.
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The most general quadratic Lorentz-covariant GUP, which preserves a minimal measur-

able length, is therefore expressed as:

[zH, p¥] = th [(1 + (4 — 1) B1p’pp) ™ + (2 + 2a4) B1pH'p"] - (3.41)

This expression reduces to the standard Heisenberg algebra as $; — 0, and to the
non-relativistic GUP as ¢ — oo.

From this, the non-commutativity of position operators follows naturally:

—2a1 + a9
+ (g — 1) B1pPpp

[zt "] = ihfy 1 (xtp” — x¥pM). (3.42)
This demonstrates the emergence of a non-commutative (fuzzy) spacetime structure.
However, a conceptual challenge remains, this algebra does not close in a simple way,
raising important questions about whether spacetime can be fully described by a single
algebraic structure. We will carry out further discussion and application of the RGUP

in the atomic spectra in Chapter 6.

3.4 Summary

In this chapter, we explored the phenomenological implications of quantum gravity
(QG), focusing on the Generalized Uncertainty Principle (GUP) as a compelling ap-
proach to incorporate the idea of a minimal measurable length into quantum mechanics.
Starting from the well-known Heisenberg Uncertainty Principle, we reviewed its limi-
tations in the presence of gravitational effects, particularly at scales near the Planck

0735

length Ip ~ 1 meters.

We discussed several GUP models proposed in the literature, including the KMM model,
Nouicer’s exponential GUP, and Pedram’s formulation with both minimal length and
maximal observable momentum. These models consistently predict that a fundamental
limit exists in measuring positions or momenta, leading to significant modifications of
the standard quantum mechanical framework. A detailed comparison of the different
GUP models was presented, illustrating how the minimal uncertainty in position and

the existence of a maximal momentum emerge in each case.
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Building on the KMM GUP model, Todorinov [75] proposed a Lorentz-covariant for-
mulation of the GUP that avoids frame-dependent effects and provides a consistent de-
scription of minimal length in a relativistic setting. By introducing auxiliary canonical
variables and expressing physical position and momentum operators in terms of these,

we derived a general quadratic GUP commutator in a manifestly Lorentz-covariant form.

An important outcome of this analysis is the natural emergence of non-commutative
geometry in spacetime. The position operators no longer commute, signaling a fuzzy
spacetime structure induced by quantum gravitational effects. While the modified al-
gebra preserves consistency with known physics in the low-energy limit, it opens new

avenues for exploring fundamental Planck-scale physics.

In the next and upcoming chapter, we will apply the GUP and RGUP framework to dif-
ferent cosmological models and atomic spectral systems, aiming to extract phenomeno-

logical predictions and potential test in laboratory experiments.



Chapter 4

LITERATURE REVIEW

The quest to unify quantum mechanics and general relativity has long been one of
the most profound pursuits in theoretical physics. At the heart of this unification lies
the radical idea that spacetime, contrary to classical intuition, might not be smooth and
continuous but instead possesses a discrete structure at the Planck scale. This realization
emerges naturally when one attempts to reconcile quantum theory with gravity, giving
rise to the concept of a minimal measurable length — a notion elegantly encapsulated
in the Generalized Uncertainty Principle (GUP). The GUP modifies Heisenberg’s
uncertainty principle to include quantum gravitational effects, suggesting that the act

of measuring spacetime itself becomes fundamentally limited at high energies.

This idea found its first mathematically rigorous form in the seminal work of Kempf,
Mangano, and Mann (1995) [59], who developed a consistent Hilbert space represen-
tation of the minimal length uncertainty relation. Their work demonstrated that if na-
ture admits a smallest measurable length, the canonical commutation relations between
position and momentum must necessarily be deformed. This deformation introduces
nontrivial corrections to quantum mechanics, influencing the structure of the wavefunc-
tion, the energy spectrum, and the very geometry of spacetime. Their approach bridged
the abstract mathematical formulation of quantum gravity with measurable quantum

phenomena, setting the stage for the modern exploration of minimal-length physics.

The early 2000s witnessed a surge of interest in the physical implications of this modified
uncertainty principle. Adler and Santiago (2001) [60] explored the gravitational ori-

gin of the uncertainty principle, showing that when gravitational effects are included, the

55
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minimal length arises naturally, thereby linking quantum fluctuations to spacetime cur-
vature. Building upon this foundation, Ali, Das, and Vagenas (2009) [74] proposed
a linear form of the GUP that remained compatible with Doubly Special Relativity
(DSR), a theory introducing an invariant energy scale alongside the speed of light. This
formulation offered a unified framework connecting minimal length effects with Lorentz

symmetry deformation, a concept deeply intertwined with Planck-scale physics.

As the framework matured, physicists began to explore how GUP might manifest across
different domains of physics. Scardigli and Casadio (2016) [61] demonstrated that
GUP could introduce subtle yet measurable corrections to classical gravitational sys-
tems, such as the precession of planetary orbits. Similarly, Tawfik and Diab (2015)
[62] provided a comprehensive review of the GUP’s applications in cosmology, thermo-
dynamics, and astrophysics, emphasizing its universal role as a phenomenological bridge

between quantum mechanics and general relativity.

In parallel, Pedram (2012) [63] extended the formalism to higher orders, proposing
a generalized model that preserved Lorentz covariance while introducing both minimal
length and maximal momentum. Such formulations hinted at the deep algebraic re-
structuring of spacetime at high energies. These efforts collectively built the conceptual
foundation for the application of GUP in early universe cosmology, black hole thermo-

dynamics, and atomic physics.

The inflationary epoch of the universe provided a particularly fertile ground for explor-
ing GUP-inspired corrections. Quantum fluctuations of scalar fields during inflation
seed the large-scale structure of the cosmos, and any modification to their uncertainty
relations could leave observable imprints on the cosmic microwave background (CMB).
Nozari and Kamali (2012) [64] examined the impact of minimal length on inflation-
ary parameters and showed that GUP deforms the slow-roll dynamics and alters the
spectral index of primordial perturbations. Later studies, including those by Shababi
and Mousavi (2018)[65], confirmed that these deformations could modify the dura-
tion and exit conditions of inflation, suggesting that the early universe might carry a

quantum gravitational fingerprint encoded in its expansion history.

Simultaneously, black hole thermodynamics emerged as another natural arena for testing

the implications of GUP. In the pioneering works of Scardigli (1999) [66], it was shown
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that introducing GUP into Hawking’s framework regularizes the black hole tempera-
ture, preventing its divergence as the mass approaches the Planck scale. This correction
implies the existence of stable black hole remnants — a potential resolution to the infor-
mation loss paradox. Further refinements by Cavaglia et al. (2004) [67] and Nouicer
(2007) [? ] introduced logarithmic and inverse-area corrections to black hole entropy,

providing a deeper thermodynamic consistency with quantum gravity predictions.

The reach of GUP, however, extends beyond cosmology and black holes — it reshapes the
very symmetries underlying quantum mechanics. Bosso and Das (2017) [68] investi-
gated how the GUP-deformed commutation relations affect angular momentum algebra.
They discovered that at Planckian scales, the classical SU(2) symmetry structure of
angular momentum transforms into a deformed algebra that leads to small but con-
ceptually significant corrections in eigenvalue spectra. These deformations indicate that
spacetime symmetries themselves might acquire a quantum group structure, pointing to-
ward the possibility of g-deformed or noncommutative spacetime symmetries. Quesne
and Tkachuk (2004) [69] provided a Lorentz-covariant form of the deformed algebra,

ensuring mathematical consistency and physical interpretability.

A particularly intriguing aspect of GUP phenomenology lies in its effect on atomic
systems, which serve as a bridge between fundamental theory and laboratory-scale ob-
servables. Benczik et al. (2002) [70] and Das and Vagenas (2008) [71] showed that
GUP induces minute but detectable shifts in the hydrogen atom spectrum, the Lamb
shift, and the Landau levels. Such predictions can be extended to the Stark and Zee-
man effects, where external electric or magnetic fields amplify the sensitivity of atomic
systems to quantum gravitational corrections. These studies open exciting possibilities
for indirect experimental tests of Planck-scale physics through precision spectroscopy,
especially under strong-field astrophysical conditions like those near magnetars or white

dwarfs.

Despite these remarkable advancements, the journey toward understanding the true
implications of GUP remains far from complete. Existing theories of quantum gravity
— string theory, loop quantum gravity (LQG), and doubly special relativity (DSR) —
all predict a minimal length but differ in conceptual foundations and phenomenological
predictions. String theory, though elegant, relies on a fixed background and has not yet

recovered the Standard Model or provided experimental confirmation. Loop quantum
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gravity offers background independence but faces difficulties in achieving a well-defined
semiclassical limit and ensuring covariance of its constraint algebra. DSR, on the other
hand, introduces energy-dependent modifications to Lorentz transformations, yet its

experimental predictions remain ambiguous.

In this landscape of competing yet incomplete frameworks, the Generalized Uncertainty
Principle stands out as a unifying phenomenological approach — simple, mathematically
robust, and rich in predictive power. It captures the essence of minimal length effects
without requiring a full quantum gravity theory. However, several critical questions
remain unanswered. How does GUP modify the dynamics of inflationary scalar fields
and influence the universe’s early evolution? How does the deformation of angular
momentum algebra reshape our understanding of symmetry and conservation laws at
the Planck scale? And can atomic spectroscopy truly serve as a window into quantum

gravitational phenomena?

This thesis seeks to address these interconnected questions by systematically exploring
the implications of the Generalized Uncertainty Principle on the fabric of spacetime and

observable physics. Specifically, the objectives of this research are:

e To investigate Generalized Uncertainty Principle (GUP) modified cos-
mological dynamics in the inflationary era, analyzing its influence on scalar

field evolution, slow-roll parameters, and the inflationary potential.

e To analyze Generalized Uncertainty Principle (GUP) deformed alge-
braic structure of angular momentum, uncovering how the modified commu-

tation relations alter the quantization and symmetry structure of physical systems.

e To study the signatures of Generalized Uncertainty Principle (GUP) in
the atomic spectra, including modifications in the fine structure, Zeeman, and

Stark effects, with particular attention to strong-field astrophysical regimes.

Through these investigations, the present work aims to bridge the gap between abstract
quantum gravity formalism and measurable physical consequences. By embedding GUP
into diverse physical contexts — from the earliest moments of the universe to the smallest
quantum systems — this study endeavors to reveal how the minimal length hypothesis

might reshape our fundamental understanding of the universe.



Chapter 5

COSMOLOGICAL
IMPLICATIONS

In the previous chapter, we discussed two of the most successful yet fundamentally
incompatible frameworks in modern physics, one that governs the microscopic world,
Quantum Mechanics (QM), and the other that accurately describes gravitational phe-
nomena at large scales, General Relativity (GR). The unification of these two pillars of
physics represents one of the greatest challenges in theoretical physics and forms the
foundation of the ongoing quest for a quantum theory of gravity. A key insight emerging
from this pursuit is that probing increasingly smaller length scales requires progressively
higher energies, as dictated by the Heisenberg Uncertainty Principle. At sufficiently high
energies, approaching the Planck scale, gravitational effects become significant, and the
classical description of spacetime begins to break down. Such regimes provide ideal
laboratories for exploring quantum gravitational effects, particularly in extreme envi-

ronments such as black hole singularities and the early Universe near the Big Bang.

The Hot Big Bang cosmology has been remarkably successful in describing the large-scale
evolution of the Universe. Within this framework, the Universe is assumed to be homo-
geneous and isotropic on cosmic scales, an assumption encapsulated in the Cosmological
Principle. The Standard Model of Cosmology (SMC), built upon this principle, employs
the Friedmann—Lemaitre—Robertson—Walker (FLRW) metric to describe the geometry

of spacetime. For a spatially flat and spherically symmetric Universe, the metric takes
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the form

ds* = —N*(t)dt* + a*(t) [dr® + r%d9?] , (5.1)

where a(t) is the scale factor representing the cosmic expansion, and N (t) is the lapse
function ensuring time reparametrization invariance. The FLRW metric represents a
maximally symmetric spacetime geometry that upholds the Copernican principle, form-
ing the foundation of the SMC. One of its remarkable achievements is the prediction
of the Cosmic Microwave Background (CMB) radiation. Despite its successes, however,
the SMC encounters several fundamental challenges, notably the horizon problem, which
refers to the absence of a causal connection between distant regions of the Universe. Ad-

ditional issues include the flatness and entropy problems [76-81].

The inflationary paradigm, proposed by A. Guth in 1981, elegantly resolves these short-
comings by introducing a phase of nearly exponential expansion in the very early Uni-
verse. In this framework, a scalar field endowed with an appropriate potential, commonly
referred to as the inflaton, acts as the driving agent of inflation. Beyond addressing the
puzzles of the SMC, inflation provides a natural mechanism for the origin of large-scale
structures observed in the Universe. Although the cosmos appears remarkably homo-
geneous and isotropic on large scales [82], tiny fluctuations of order 107° detected in
the CMB serve as the seeds for cosmic structure formation. These small perturbations
justify the application of cosmological perturbation theory, where the zeroth-order back-
ground remains the classical FLRW spacetime, while first-order deviations account for
inhomogeneities. Physically, such perturbations originate from quantum fluctuations of
the inflaton field, which in turn induce fluctuations in the gravitational field. These
coupled perturbations lead to variations in energy density, ultimately giving rise to the
clustering of matter and the formation of galaxies and cosmic structures. During in-
flation, these initially microscopic quantum fluctuations are stretched to super-Hubble
scales, later re-entering the Hubble horizon as the Universe expands, thus offering a

causal explanation for the observed large-scale structure [83-85].

Within the inflationary framework, the background spacetime is generally treated as
classical, while first-order perturbations are quantized under the linearized theory of
gravity. However, as one approaches the Planck scale [86, 87], this approximation be-
comes inadequate, since quantum effects of spacetime itself are expected to become

significant. The absence of a unified framework capable of reconciling the principles



Chapter 5.Cosmological Implications 61

of GR and QM reflects one of the most profound challenges in modern cosmology. To
address this, several approaches have been proposed, among which the Generalized Un-
certainty Principle (GUP) offers a particularly promising avenue. The GUP provides
a phenomenological way to incorporate quantum gravitational effects into low-energy
cosmological dynamics. It arises naturally in various candidate theories of quantum
gravity, such as String Theory[88-94], Doubly Special Relativity (DSR) [95, 96], and
noncommutative geometry, by introducing a minimal measurable length and modifying

the canonical commutation relations between position and momentum operators.

The idea that gravity could affect quantum uncertainty was first proposed by Mead
in 1964 [56], who argued that at extremely high energies, gravitational effects would
impose a lower bound on the precision with which position and momentum can be si-
multaneously measured. Subsequent developments have shown that these modifications
yield important corrections in black hole thermodynamics, leading to a finite black hole
temperature and entropy consistent with the Bekenstein—-Hawking relation [58, 97-99].
In cosmology, GUP corrections have been shown to influence early-Universe dynam-
ics, inflationary perturbations, and even the generation of primordial magnetic fields
[100-108]. Thus, the GUP serves as a theoretical bridge between quantum gravity and

observable cosmological phenomena.

Incorporating the effects of the GUP into cosmological models allows for the exploration
of how quantum-gravity-induced deformations might alter the dynamical evolution of the
Universe. One such avenue involves the study of scalar field models, particularly those
involving quintessence and phantom fields, which have been instrumental in explaining
cosmic acceleration. The quintessential inflation model extends the standard inflationary
paradigm by employing a single classical scalar field, known as the quintessence field, to
describe both early- and late-time cosmic acceleration. The field evolves under a suitable
potential that enables a smooth transition from an inflationary phase to the current dark-
energy-dominated era. Quintessence models often exhibit attractor behavior, meaning
that their cosmological trajectories are largely insensitive to initial conditions, thereby
alleviating the fine-tuning problem. The incorporation of quintessence into inflationary
theory was pioneered by Peebles and Vilenkin [109], and such models have provided an

elegant framework for understanding the evolution of the Universe [110-115].
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In contrast, the phantom field represents a more exotic form of dark energy charac-
terized by a negative kinetic term in the Lagrangian, leading to an equation of state
parameter w = p/p < —1. This configuration results in a super-accelerated expansion
that can culminate in a future singularity known as the Big Rip, where the scale factor
diverges within a finite cosmic time. Despite its pathological outcome, phantom cosmol-
ogy provides a valuable theoretical framework for testing the boundaries of gravitational
theory and examining how quantum effects, such as those introduced by the GUP, might

regulate or prevent such singularities [116-123].

In light of these developments, this chapter is devoted to exploring the cosmological
dynamics of both phantom and quintessence scalar fields under the influence of GUP-
induced corrections. Starting from the Einstein—Hilbert action, we construct the GUP-
corrected Hamiltonian formalism and derive the modified Friedmann, Raychaudhuri, and
Klein—Gordon equations. The resulting system is then analyzed using dynamical sys-
tems techniques to extract qualitative and stability information about the cosmological
evolution. This comprehensive investigation, we aim to shed light on how quantum-
gravity-inspired modifications may alter the behavior of scalar fields and potentially

provide new insights into the early and late-time evolution of the cosmos.

5.1 Case I: Phantom Scalar Field

SMC is based on the “Copernican Principle”, which says that the universe is homoge-
neous and isotropic on a large scale. This is encoded in the maximally symmetric flat
FLRW universe

ds* = —N*(t)dt* + a*(t) [dr® + r?dQ?] . (5.2)

Since GR is a field theory, its dynamics can be obtained from the Euler-Lagrange equa-

tion by varying the metric and the matter field of the Einstein-Hilbert action:

SEH = 21/€/d4$\/—gR+£m, (5.3)

to give the Einstein’s equations G, = x1},,, Where G, is the Einstein Tensor, T}, the
energy momentum tensor, and xk = 87G'/c* is set equal to one for the rest of the chapter

owing to the usage of the natural units.
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The discovery of late time acceleration of the universe has led to two major approaches
to address the issue of the acceleration. One is based on modifying the gravity sector
and the other is on the matter sector [124-127]. In this chapter, we focus on the second
approach, that is, to modify the matter content to address the early epoch of the universe.
To this effect, we adopt a phantom scalar field. This has been extensively studied in
the context of the late-time era of evolution. The fact that the phantom field produces
a phase of accelerated expansion of the universe makes it interesting to investigate its

implication in inflationary dynamics as well.

One of our prime focuses is to explore the tail-end dynamics of the universe where QG
effects is still important but not necessarily dominant. In the domain of LQC, this
has been reported as transition phase from quantum to the classical universe in pre-
inflationary dynamics [128-130]. However, this chapter will take a radically different
approach by directly invoking a GUP in the cosmological Hamiltonian. This is an
effective way of modeling the quantum corrected background evolution of the universe.
In this section and in what follows, we review the construction of the GUP-deformed

background equation of motion for a phantom scalar field.

5.1.1 A Classical View

In this subsection, we consider the Einstein—Hilbert action with a minimally coupled

phantom scalar field and a positive cosmological constant,

Skn = / V=g u@ (R—2A) + %g”"aﬂgb&,gb ~V(¢)| d'z, (5.4)

on the background of a maximally symmetric spacetime described by Eq.(5.1), where
V(¢) is the potential of the scalar field ¢. Given the flat FLRW background, our action

takes the following form

3aa> 4 [ ¢?
SEH—V()/dt[— N —a (2]\]+N(A+V)>

where Vj is the volume of a fiducial cells, introduced to facilitate our calculations in a

; (5:5)

non-compact flat FLRW spacetime. Later, we can take the limit lim Vj — oo, as the

final results will be independent of its values. Therefore, for the sake of simplicity, it can
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be set to 1 without loss of generality. Recall that in this chapter we choose the natural

units so that k = 1.

Thus, from Eq.(5.5) we can see that the the Lagrangian density is given by

_3ad® 4 [ ¢
E——N-ﬂz@N+NM+V0, (5.6)

from which we can see that £ does not depend on N (). Hence there is no dynamics in

the lapse function N (t), as now we have Py = g—]‘\;[ = 0. Therefore, the dynamics of the

system are completely contained in the equations of motion for (a, P,, ¢, Ps) governed

by the Hamiltonian

P2 P}
H:—N<12CL+2;;)—@3(A+V)>, (5.7)

which is obtained from Eq.(5.6) through the Legendre transformation, where P, = ‘;—g

and Py = % are the conjugate momentum to a and ¢, respectively, with the symplectic

structure,

{a, Pa} =1, {(;5, P¢>} =L (5.8)

Then, the corresponding Friedmann, Raychaudhuri and Klein-Gordon equations (see

appendix B) are given respectively by

3H2:—§+A+V(¢) (5.9)
2 ’ '
. . 2 192
25 4 (Z) S AN ) (5.10)
¢+ 3¢ (Z) — d‘gf;)) =0. (5.11)

5.1.2 Dynamics in the Presence of Minimal Length

In this subsection, we incorporate the higher-order correction of the uncertainty principle
in the cosmological Hamiltonian without the potential V(¢). To achieve our goal, we
first perform a canonical transformation of the phase space in x and y variables such

that our Hamiltonian gets simplified and making it easier to incorporate the effects of
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GUP as follows:
03/2 03/2

T = 7 Sin<u¢)7 Y= 7 COS<M¢)7 (512)

while preserving the dynamics. From Eq.(5.12), with 1 = 1/3/8 we obtain the following

@2 sin? () + 92 cos® (ue) + 2y sin(ued) cos(ug) = 6aa?, (5.13)

& cos® () + 57 sin®(ug) — 2i4 cos(ug) sin(ue) = a’¢”, (5.14)

In addition, by considering the sum of the squares of the components in Eq.(5.12), we
have

3 3 80,3

2 2 M 2 2
— + — = —. 5.15
x y p) Sin (IU/¢) MQ COS (ﬂ¢) ( )

Now, from Eq.(5.15) we observe that the physical volume of the universe under study
can be elegantly expressed as the radius of the circle, with (0, 0) as the center in the plane
containing the configuration variable (z,y). Since the Friedmann equation is nothing but
the fractional rate of change of volume, intuitively, one can speculate that the knowledge

of the dynamics of the pair (x,y) suffices to predict the evolution of the universe.

Having set the stage in terms of the Cartesian pair (x,y), we now return to the question
of dynamics. We obtain the final form of the Lagrangian in terms of configuration

coordinates (z,y, &,y) to be

22 -2 3
T Y 202 L AN] . (5.16)

L=-17x§ 8

A quick look at the form of the Lagrangian suggests that dynamics is symmetric w.r.t
the origin of the circle in the plane of (z,y).

Given this, it is straightforward to obtain the canonically transformed Hamiltonian using

the Legendre transformation. Thus, the final form of the Hamiltonian takes the form

P2 P2 w2
where we set w? = —%A7 which, formally, represents the frequency of two independent

harmonic oscillators. The utility of the canonical transformation of Eq.(5.12) is clear

from the elegant expression of Eq.(5.17), and the dynamics of a universe with a phantom
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scalar and a positive cosmological constant can be expressed as a system of two decoupled

simple harmonic oscillators in the new phase space representation.

However, Eq. (5.17) is still classical, though expressed in a different form. The minimal
uncertainty in position at the Planck scale is a feature present in many QG theories
[131]. On the other hand, the HUP, one of the pillars of QM, allows for an arbitrary
value of uncertainty in position as long as the product of the position and momentum
uncertainties is larger than g [107, 132, 133]. With the existing HUP, we have an arbi-
trary choice of uncertainty, and hence precision in position, which motivates modifying
the Heisenberg relation. One of the most notable and heuristic approaches is the GUP,
first introduced by Kempf, Mangano, and Mann (KMM) in 1995, where the uncertainty

relation in one dimension is obtained via the deformed commutator bracket
[z,p] = ih(1 + a*p?). (5.18)

Later, a more general form of GUP was proposed by Ali, Das, and Vagenas [134] in
2011, which incorporates linear and quadratic dependence on momentum in different
QG theories. The presence of the quadratic term is dictated by String/M Theory[135,
136] and black hole physics [137-140], while the linear momentum-dependent term is
motivated by Doubly Special Relativity (DSR) [141]. The GUP deformed commutator

bracket is expressed as

i, pj] = m{aij _a (m-j + pﬁ’j ) +a2[p2 + 3pipj]}, (5.19)

where a = ag/Mpjc = aglp;/h, Mp; = Planck mass, Ip; =~ 1073%m = Planck length,

and Mpic? ~ 10'GeV = Planck energy.

To write down the dynamics due to momentum deformation owing to GUP, we introduce
the semi-classical canonical variables ¢; and P, and GUP in the WDW equation in
our cosmological model as followed by [142, 143]. The modified commutator relation

incorporating the linear and quadratic dependence of momentum [131, 134] is

[gi, Pj] = ihdi; (1 — 2By Py + 4ey* P3). (5.20)
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Using this commutator relation, we find that the canonical variable is approximately

expressed as

+ 2¢
4 = qoi, Pi= Foi (1 - ByPo + 2725 3 P0> (5.21)

where P02 = Py; Py, 7y is related to the scales where quantum-gravitational effects became

relevant, typically defined by a value proportional to the inverse of the Planck momentum

’Yo
Mpgc

as vy = with 79 ~ 1. The parameters § and e are dimensionless and highlight the
terms originating from linear and quadratic contribution to GUP. For § = 0, we recover

the KMM GUP model.

Now we calculate the GUP distorted Hamiltonian up to the order of 42 [144], which is

2 2
H=to - BB+ i)+ P4 (B 4 5 ) Ho0®, G2

2
POz

P? . . . . .
where Ho = 9= + 5% + %2(:102 +4?2), is the unperturbed Hamiltonian before introducing

GUP. From now on, the subscript 0 will be used to denote the unperturbed version
of Eq.(5.17). For example, the unperturbed z,y are represented as (qos, qoy) while the
unperturbed pair (P, P,) as (Poz, Poy)-

In the final step, we re-express the GUP deformed Hamiltonian Eq.(5.22) in terms
of the cosmological phase-space variables. This is achieved by applying the inverse
transformation to express Eq(5.22) in the cosmological variables, namely, the expansion

factor, the scalar field, and their corresponding conjugate momenta, where

1/24 )

Pop = i = ;’“M sin(u6) + (a%/26) cos(ug), (5.23)
1/2' .

Poy = = 5 cos(ud) — (a*2) sin(6). (5.24)

Because there are no dynamics in the lapse function, without loss of generality we choose

N(t) = 1. Then, we find that P, = aﬁ = —b6aa, Py = a; = —a®¢. Substituting P,

and P, into Eq.(5.23) we obtain

P, Py
Pow = g3/ S0(16) — 75 cos(io). (5.25)

P, Py
Py, = ~1al2, cos(pg) + 3—/2 sin(ug). (5.26)
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Then, applying Py, and Fy, in the momentum-deformed Hamiltonian due to GUP cor-

rection in Eq.(5.22), we get

3/2
2 P2 P2 p2 P2
Hqup = —N ia3+ a—i-i—,@’}’ 7a+7¢

2 12a = 2a3

(5.27)

Now, the full dynamics as dictated by the Hamiltonian of Eq.(5.27) involve all the
three parameters 3, €, and . To simplify the analysis and obtain physically relevant
dynamics, we focus on the y-axis of the quantum parameter phase space, although the
three quantum parameters 5, €, and ~ are in principle independent. So, the GUP-

modified Hamiltonian is

2 P2 P2 p4 P PgP2
HGUP —= —N %a3 _|_ ﬁ + % + 2’}/2 (1O8aa2 _|_ &% + 9a4¢ . (528)

This is the required GUP distorted Hamiltonian in the cosmological phase space domi-
nated by a phantom scalar field with a positive cosmological constant up to second-order

perturbation. We obtain, using Hamilton’s equation

_ OHeur _ —F; 3PS L oW o P 4P£+8P3P§ (5.29)
27a%  a” 9a® ’

by substituting from the Lagrangian canonical equation

3a2<z32 3a’w?
2 2

6a° + Gaii = 3a> + + 97 (480a* + 407" — 32a%%3?)

The Raychaudhuri equation reads as,

. -\ 2 12 2 34 377212
4 32a°H
R :¢——w—+72 16a>H* + ¢ 4o ¢ : (5.30)
a a 2 2 3 3

similarly, the modified Friedmann equation is obtained by Hamilton’s equation and the

Lagrangian canonical equation,

oL ) oL 3
=Dy = — —_— = = — . 1
9~ P 6aa and 99 Dé a’¢ (5.31)
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with the GUP-modified Hamiltonian

P2 PQ agwg P4 P4 P2P2
Heup=N |2 + -2 4 5 + 272 a4 0 400

.32
12a = 2a3 108a2 = 3af 9q4 (5.32)

Varying action with respect to the lapse function N gives the GUP distorted Hamiltonian

constraint Hp;p = 0, given in [145].

3.2 3, .2 6
H/GUP:?)G/2G/+ a (b a~w 2 (12@ + 3¢ +4CL a2¢2>

2 2
i\’ + ¢—|———|—2’y 120% (= +7¢+43¢2 2 =0
a 31 2 2 a a
or,
12 2 3.4 X
3H? = — (Q; + “;) — 242 (12H4a3 + % + 4a3H2¢>2> . (5.33)

The Klein-Gordon equation is
¢+ 3¢H = 0. (5.34)

We notice that Eqs.(5.30) and (5.33) directly incorporate quantum corrections, whereas
for the Klein-Gordon equation (5.34), there is no explicit dependence on quantum cor-
rections. Any quantum deformation entering Eq.(5.34) arises only implicitly through
the Hubble parameter. This situation is similar to the models of LQC [146, 147]. in
this chapter, we consider only the quadratic momentum deformed GUP and use the
modified Hamiltonian in Eq.(5.28) to study the deformed dynamics of cosmology with

a cosmological constant and an arbitrary potential.

5.1.2.1 Discussion on the Friedmann Equation

In this subsection, we simplify the Friedmann Eq.(5.33). Defining a new parameter

a = 272, we find that Eq.(5.33) can be written as a quadratic equation in terms of

H = H? as

3H? + <<z'>2 + 3a3> H—Cy=0, (5.35)

where

[ aa® ¢ e
€= (2 Tt 3 ’ CO_4aa3' (5-36)
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Solving the quadratic equation gives us

_ (qu N 4523) n \/((g,z n 4523)2 4120,
- .

H= (5.37)

Since H = H?, the right-hand side of the Eq.(5.37) must be greater than zero. This

implies
¢ + ; 2+12CO> ¢? + 5 (5.38)
4oa’® doad )’ ’
which is equivalent to
Cp > 0, (5.39)
or ' '
& aaddt  3A
— —. 5.40
2 + 3 < 8 (5.40)
Rewriting Eq.(5.37)
2 1 $? 1 12Cy
H?= -2 _ Z 1+ —=0 5.41
6 8aa’ + 6 + S8aa’ T 3 )2 ( )
#+
4daa’

and applying the conditions Eq.(5.38), where M = ¢ + —2, we have

4aasd”’

12Cy

1+ e

> 1. (5.42)

and ) )
12Cy  6¢% — JA + daads?
- = — 5 — <
M 602 + + daad ¢

4aad

<1 (5.43)

Comparing the numerator and denominator of the Eq.(5.43), we find that the first term
and the last term are the same, while in the second term, the denominator has a a~!-
dependence. Since «, which represents the GUP correction, is taken to be very small
and during the early epoch the scale factor a(t) is also very small, which makes the

denominator very large.
Applying binomial expansion of the Eq.(5.41) we get,

P 1 #? 1 1 /12C, 1/1 1\ [/12Cp\?
1 = _6_8aa3+<6+ gaas) [”2 (M?0> B (2‘1> (2'> (Mzo> +O(3>] |

(5.44)
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Considering term up to the first order in 12Cy/M?, we find

JrC —¢* | 34 ad’y! (5.45)
B 4aadd? + 3 2 8 3 ’ '

which is the required Friedmann equation with GUP modification for a phantom scalar

field with a positive cosmological constant.

5.1.3 Phantom scalar field with an arbitrary potential

Now, we construct the GUP-modified Friedmann equation for arbitrary potential by
applying the change in variables shown in the previous section. The Lagrangian can be
written in terms of (z,y,#,7) by applying the procedure prescribed in Sec.(5.1.2), so we
find

i’2 .2
Lz—[ ;y+z@%w%wwy (5.46)

In addition, the unperturbed Hamiltonian can be obtained by the Legendre transforma-

tion of Eq.(5.46)

i)

p2 P2
Hy=—|-2% ng (5.47)

2

Introducing GUP, as given in Sec.(5.1.2) to the unperturbed Hamiltonian Eq.(5.47), we
find

Houp = —N (5.48)

108a2 ' 3a6 ' 9q*

P2 P2 P4 P4 P2P2
“+¢—&V@H4$<“+ 222

From the above GUP corrected Hamiltonian one can easily obtain the Raychaudhuri

equation, given by

(5.49)

a a 3 3

o (N2 2 4034t 3203 H262
2Q+Cv zi—Hd@+f<mﬁH%ka¢—+ HO
Following the same procedure we have discussed earlier and after some algebraic manip-

ulations, the Friedmann equation for an arbitrary potential can be written as

2_# _ﬁ _04@3&
Hﬂ_mﬁ&+3< s VO - —5— | (5.50)
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and the KG equation as

bvaon - WO _g (5.51)

do
With the same reasons as explained previously, now the KG equation also remains the
same. We note that despite the inclusion of the potential term there is no explicit
quantum correction to the above KG equation. In addition to the reason explained in
Sec.(5.1.2) concerning GUP correction only for kinetic part of the phantom scalar field,
however, in the present section, the potential is treated classically in the light of the
models of LQC [146, 147] The justification of this treatment is based on the fact that
as the potential begins to dominate on the onset inflationary era the quantum effects of

spacetime starts diluting. Thus it validates the employment of effective dynamics.

In SMC, the factor ca®¢*/3 is absent in the numerator of Eq.(5.50), retaining only the
energy density term. The additional terms arise solely from the quantum corrections
due to GUP. In addition, Eq.(5.50) reveals the possibility of singularity resolution. The
occurrence of non-singular bounce in phantom models has already been studied in [148-
152]. The possibility of a non-singular bounce is further enhanced by the presence of
a negative quantum corrected term, —aa?’d)‘l /3. Though a = 0 is a necessary condition
for the occurrence of a bounce, the solution must meet ¢ > 0 at the bounce for the
contracting universe to reverse its trajectory and begin expanding.- This condition is

satisfied by the Raychaudhuri equation (5.49), as its right-hand side is positive.

5.2 Dynamical System Analysis

A nonlinear system is generally difficult to study analytically. However, the method of
dynamical system analysis (DSA) serves as a powerful tool for extracting qualitative
information. KEinstein’s equations, when applied to the flat FLRW spacetime, become
a set of coupled second-order ordinary differential equations. However, with a suitable
choice of variables, they can be transformed to the first-order autonomous differential

equations.

In this method the system’s dynamics is cast as a set of first-order autonomous differ-
ential equations, and the fixed points are defined as the points where the vector flow

of the dynamical variables vanishes. The precise nature of the fixed points is obtained
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by examining the behavior of the leading order perturbation around the fixed points.
Mathematically, the signs of the eigenvalues of the Jacobian matrix evaluated at the
fixed points indicate the nature of the fixed points. For an extensive review of DSA, we

refer readers to [153-156].

Phase portraits, on the other hand, are visual representations of the trajectories of
a dynamic system. It provides insights into the qualitative behavior of the system
pictorially. This is achieved by drawing a tangent at each point given by the flow
vectors of the autonomous differential equations. When applied to cosmology, it offers

an intuitive understanding of the fate of the Universe even without solving the equations.

In the subsequent subsections, we construct the autonomous equations and henceforth
perform DSA for the background with the GUP modification introduced in the above

sections.

We know that Einstein’s equations are second order in nature. However, to perform a
DSA, they must be transformed into a set of first-order differential equations. A widely
practiced method is to begin by normalizing the Friedmann equation by the square of
the Hubble parameter to make each term dimensionless. In the process, it brings all
the components contributing to the Hubble rate on equal footing. The next step is to
write the EoM for each independent dimensionless dynamical variable obtained with the
help of the Raychaudhuri and Klien-Gordon equations. The final set of the equations,
when expressed entirely in terms of newly defined dimensionless variables, constitutes

the required autonomous system.

In the following, let us consider some dynamical cases with different potentials V' (¢),

separately.

5.2.1 For V(¢) = Vy¢?

Following the above-mentioned recipe, we perform DSA by constructing autonomous
equations for the chosen potential. This will allow us to perform fixed point analysis
and study the behavior of phase portraits. From Eq.(5.50), the expansion normalized
Friedmann equation can be written as

B Vi) 20 7

4 312 - _ )
Q@ ¢"+3 =0+ T 3 2H?

(5.52)
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A suitable choice of dimensionless dynamical variables, also called the expansion nor-

malised (EN) variables, are

12 Vo2 -
r = \/(;b?, yz\/gog, 2z =\ aad¢?. (5.53)

Then, the expansion-normalized Friedmann equation reads

2 4
2 4% — 322x2 - 522 = 1. (5.54)

It is observed that the GUP corrections denoted by « is presented only in the variable
z in Eq.(5.54) as can be seen from Eq.(5.53). In addition, from Eq.(5.51) we find that
the KG equation reads

b+ 36H — 2Vye = 0. (5.55)

From Eq.(5.49), on the other hand, we obtain

(24 62* + 82%)(—1 — 22 + ?)
(224 + 422)

H 3
= @+ -1+

3 ; . (5.56)

It should be noted that the EN variables alone fail to close the autonomous system
for the power law potential. For example, a new dynamic variable depending on ¢
appears in the form of A = —%. The physical phase space for a power law system is
always represented by a positive y half-cylinder stretching from A = 0 to +o00 due to the
symmetry [157-160], which means that the phase space is not compact. To make phase

space compact, we choose a new dynamic variable u, which is
Uu=—-"-. (5.57)

This transformation makes our phase space compact with the range 0 < u < 1. finally we
can write our system of equations in terms of u. Then, the autonomous set of dynamical

equations for quadratic potential with the GUP correction finally read
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flz,y) = dz —73(17u)x7u(\/6y2) —(1—u)z

= =
3,5 o (2 + 62* 4 822)(—1 — 22 + y?)
2 —1 .
{2(”6 -+ 227 + 4g? (559
dy
9(w,y) = - =Voyzu —y(1 - u)
3,9 o (2 + 62 + 822)(—1 — 22 + ¢?)
2 -1 .
{3 rr-n+ S L 6)
_ du _ 2 _ VVss
h(z,y) = N = V([ —1)(1 —u)zz?, T = Vo) (5.60)

The cosmological dynamics for the universe with a quadratic potential and the GUP
corrections are completely contained in the three equations (5.58), (5.59) and (5.60). We
also observe that the GUP corrections appear only in the third autonomous equation,

for h(z,y).

Now, we perform a thorough analysis of the fixed points of the cosmological system
dictated by a phantom scalar field with quadratic potential in a GUP-modified scenario.

Later, we compare the results with those without GUP.

Fixed points are obtained by setting dF/dN = 0 simultaneously, where F = (z,y, u).
This physically means that the system becomes stationary at the points. Then, the
fixed points along with their behavior are tabulated in Table 5.2. To compare our
results with the original dynamics, we turn off the quantum perturbation by setting

a =0 in Egs.(5.58-5.60), and the results are summarized in Table 5.1.

Comparison of Tables 5.1 and 5.2 shows that the introduction of the GUP corrections
substantially modifies the phase-space structure of the cosmological system. In the
classical case, six equilibrium points are obtained, including two stable points, three
saddle points, and one neutral point. After incorporating the GUP corrections, however,
only two saddle points survive. This reduction in the number of fixed points should not
be interpreted as a loss of physical information; rather, it reflects the modification of

the underlying cosmological dynamics by quantum-gravity effects.

The origin of this change can be traced to the GUP-induced modification of the Fried-

mann constraint and the autonomous system through the additional quantum variable
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z = \/aa?’(ﬁz, which encodes the minimal-length corrections. Consequently, the condi-
tions required for the existence of equilibrium solutions are altered, and several classical
fixed points no longer satisfy the quantum-corrected dynamical equations. In other
words, quantum-gravity effects restrict the class of dynamically admissible cosmological

trajectories near the Planck regime.

From a physical perspective, the purpose of introducing the GUP is not to generate
a larger number of fixed points but to investigate how the existence of a fundamental
minimal length modifies the qualitative evolution of the Universe. The disappearance of
the classical stable and neutral points indicates that some cosmological states allowed in
the classical theory become inaccessible once quantum-gravity corrections are included.
Therefore, the surviving saddle points represent the only equilibrium configurations
compatible with the GUP-modified cosmological dynamics, illustrating that Planck-
scale effects can significantly alter the global phase-space structure even though they

become negligible in the classical limit o — 0.

The persistence of only saddle points in the GUP-corrected phase space has important
physical implications. Since saddle points are stable only along specific directions of the
phase space, they do not represent asymptotic late-time attractors but rather transient
cosmological states. Consequently, the GUP-corrected Universe evolves through these
intermediate configurations before departing toward other regions of the phase space.
The disappearance of the classical stable points indicates that the inclusion of minimal-
length effects modifies the asymptotic structure of the cosmological evolution, preventing
the system from approaching the same late-time equilibrium predicted by the classical
theory. This behavior is consistent with the expectation that quantum-gravity effects
become significant only in the high-energy regime, where they alter the early-Universe
dynamics and reshape the global phase-space structure. As the Universe expands and
the energy scale decreases, the quantum corrections become negligible, allowing the

cosmological evolution to smoothly approach the classical regime.

5.2.2 Exponential Potential
In this subsection, we consider a potential of the form

V(g) = Voe *, (5.61)



Chapter 5.Cosmological Implications 77

TaBLE 5.1: Fixed points and the stability analysis for the Potential V(¢) =
Vo¢? without GUP

X Yy u E1 EQ E3 Stability
A 0 0 ¢ -3(1-¢/2 3(1-¢)/2 0 saddle point
B 0 0 0 —3/2 3/2 0  saddle point
cC 0 0 1 0 0 0 neutral point
D ¢ 0 1 2v/6¢ —/6¢ 0 saddle point
E 0 -1 0 -3 -3 0  stable point
F 0 1 0 -3 -3 0 stable point

TaBLE 5.2: Fixed points and the stability analysis for the Potential V(¢) =
Vop? with GUP

b'¢ y u FEp FE» FEs Stability
A +c(otherthan0) 0 1 0 2V6c — (%) saddle point
B —c(otherthan0) 0 1 0 —26¢ (%) saddle point

to study the GUP modified background dynamics, where Vj and k are constants. Then,
the EN variables are

2 Voe— ke ;
z=\/ e V= (Z)SH2 , 2=\ aad3¢?. (5.62)

it can be shown that now the expansion-normalized Friedmann equation in the form of

the EN variables reads
2 4
x4 y? — S22 - S22 =1, (5.63)
3 3
and from Eq.(5.51) the Klein Gordon equation reads

¢+ 30H + Voke ¢ = 0. (5.64)

Furthermore, the Raychaudhuri equation (5.49) in terms of the EN variables is given by

H 3,5 o (2 + 62 + 822)(—1 — 22 4 3?)

— = = -1 . 5.65

2 @y =D+ (224 + 422) (5:65)
Because our potential is exponential, we can get ' = V“/{’?Zw equal to 1. While construct-

ing the autonomous equation, we obtain a factor of Q = —% = k. With these, we can

write the autonomous differential equations as
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¢ 2 4 2 Sy 2 2
f(l‘,y):dx:gx\/ng2x[Z($2+y21)+( + 62* + 8x%)( 22 4+ y?)

dN (224 + 42?) ’
(5.66)
N dy \/§ 3, (2 4 621 + 822) (=1 — 22 + ¢?)
9(zy) = 5 = =1/ 5 Qe y[2(x +y =1+ )
(5.67)

The original dynamics without the quantum corrections can be easily obtained as a

limiting case by setting o = 0.

Fixed Points

The fixed points of the system with the eigenvalues of the Jacobian are summarized in
Tables 5.3 and 5.4, respectively, with and without GUP.

TABLE 5.3: Fixed points and corresponding eigenvalues of the Potential V(¢) = Voe %%
without GUP

X y E1 E2 Stability

A —Q/V6 (@Q*+6)/6 —(6+Q%/2 —(3+Q?) stable point
B -Q/V6 —/(Q?+6)/6 —(6+Q%/2 —(3+Q? stable point
C 0 0 -3/2 3/2 saddle point

TABLE 5.4: Fixed points and corresponding eigenvalues of the potential V(¢) = Voe™*?®

with GUP.
r y o) Es Stability
Q Q> +6 7207 +18Q* + Q5 72+ 84Q% +21Q* + @F :
A X _ 5 5 — 5 3 Stable point
V6 6 2Q%(12+ @?) QX (12 +Q@?)

g _Q Q7 +6 T2 +18Q"+ Q% 724 84Q% +21Q" + Q° Stable boint
V6 6 202(12 + Q2?) Q212+ Q?) e pom

The rigorous fixed point analysis shows that the introduction of GUP corrections com-

pletely alters the fixed points and hence their stability in the case of exponential poten-

tial. It is found that the dynamics without GUP have two stable fixed points and one



Chapter 5.Cosmological Implications 79

saddle point, whereas the GUP-modified dynamics for the exponential potential leave

us only with two stable fixed points.

Comparison of Tables 5.3 and 5.4 shows that the inclusion of the GUP corrections
modifies the phase-space structure without changing the physically relevant late-time
attractors. In the classical system, the autonomous equations admit two stable fixed
points together with a saddle point located at the origin. After incorporating the GUP
corrections, the saddle point disappears, whereas both stable fixed points remain intact
with modified eigenvalues. This demonstrates that the quantum-gravity corrections
preserve the asymptotic behaviour of the cosmological solutions while modifying the

transient evolution of the system.

The disappearance of the saddle point indicates that the corresponding classical equi-
librium configuration is no longer compatible with the quantum-corrected Friedmann
constraint. Consequently, the associated transient cosmological trajectory is removed
from the physical phase space. In contrast, the persistence of the two stable fixed points
implies that the late-time evolution remains robust against the inclusion of the GUP
corrections. Therefore, although the minimal-length effects modify the early cosmo-
logical dynamics and alter the phase-space topology, they do not change the attractor

behaviour for the exponential potential.

From the perspective of effective quantum cosmology, this result is physically significant.
Since the GUP corrections are expected to become important only near the Planck
regime, they primarily modify the high-energy evolution of the Universe. As the energy
density decreases during the expansion, the quantum corrections become negligible,
allowing the cosmological dynamics to evolve towards the same stable attractor as in

the classical theory.

The surviving stable fixed point corresponds to an attractor solution in which the nor-
malized kinetic and potential energy densities of the phantom scalar field approach con-
stant values. Consequently, irrespective of the initial conditions, neighbouring cosmolog-
ical trajectories converge towards this equilibrium state at late times. The persistence of
this attractor after incorporating the GUP corrections demonstrates that the late-time
cosmological behaviour predicted by the exponential potential is robust against Planck-
scale modifications, while the transient evolution leading to the attractor is modified by

the quantum corrections.
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Phase Portrait

The phase portraits corresponding to the exponential potential are shown in Fig. 5.1 for

the representative choice @) = 1. Since

and the exponential potential satisfies V(¢) > 0, only the upper half of the phase
space (y > 0) is physically admissible. The lower half (y < 0) corresponds to the
negative branch of the square root and therefore does not represent independent physical
solutions. Consequently, only the fixed point A = (—0.40, 1.08) is physically relevant,

while point B is shown only for mathematical completeness.

The arrows represent the direction of the cosmological evolution with respect to the
e-folding time N = Ina. Trajectories evolve along the integral curves toward the stable
fixed points and away from the saddle point. In the absence of GUP corrections (left
panel), the phase space contains two stable fixed points, A and B, together with a saddle
point C' = (0,0). The saddle point acts as a transient configuration: nearby trajectories
may approach it along one direction but eventually depart toward one of the stable

attractors.

After incorporating the GUP corrections (right panel), the saddle point disappears,
whereas the stable attractors remain unchanged. The disappearance of the saddle point
indicates that the corresponding classical equilibrium solution is no longer compatible
with the GUP-modified Friedmann constraint. Consequently, the transient cosmological
phase associated with this equilibrium is removed from the quantum-corrected phase

space.

The persistence of the stable fixed point A demonstrates that the late-time attractor
of the exponential potential is robust against the inclusion of Planck-scale corrections.
Therefore, the GUP corrections primarily modify the transient evolution and the global
topology of the phase space, while leaving the asymptotic cosmological behaviour essen-
tially unchanged. This result is consistent with the expectation that quantum-gravity
effects are significant only in the high-energy regime and gradually become negligible as

the Universe evolves toward the classical limit.
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FIGURE 5.1: Phase portrait for potential V(¢) = Voe *¢ for value of Q = 1. Left

without GUP fluctuation where the stable fixed points are at A=(-0.40,1.08), B=(-

0.40,-1.08) and a saddle fixed point at C=(0,0) and Right with GUP where the stable
fixed point are A=(-0.40,1.08), B=(-0.40,-1.08)

5.3 GUP-modified inflationary scenario

In this section, we present inflationary dynamics under the influence of GUP for quadratic
and exponential potentials. To understand the change in the behavior of the background
dynamics of our cosmology in the presence of GUP distortions, we need to study the
behavior of cosmologically relevant parameters, such as, the expansion factor a(t), the
scalar field ¢(t), the EoS (weys), and the slow-climb parameters € and 7 with and with-
out GUP deformations [161]. In what follows, we do this case by case for each potential
considered in this article. For the numerical integration, we work in natural units,
¢ =h=8rG =1, so that all dynamical variables are expressed in Planck units. Conse-
quently, the cosmic time ¢ appearing in the numerical solutions is a dimensionless time
variable measured in units of the Planck time (equivalently, the inverse Planck mass).
Therefore, the time axis in all numerical plots should be interpreted as the normalized

cosmological time.

5.3.1 Quadratic Potential V(¢) = p%¢?

During cosmic inflation, the behavior of a phantom field differs from that of a normal
scalar field. While a normal scalar field undergoes a slow roll along its potential, a
phantom field exhibits a slow climb along its potential. This distinction is evident both

mathematically and graphically, as demonstrated in [162] for power-law potentials.
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After introducing GUP corrections to the Friedmann equations, the slow climb param-

eters defined as € = —%, n= 3‘2’2, and § = 71 — € can be expressed as follows
3 ¢'52 VO¢2 3172 aa3¢54 8 349 2Vo
=-| == -1 daa’H — = — 5.68
‘T3 <6H2 T3 Tt Sy T geadt =g (5.68)

for V(¢) = Voo”.

0.80F

0.75F

0.55F

time(t) time(t)

FIGURE 5.2: Evolution of the slow-climb parameter e(t) for the quadratic potential
V(¢) = Vo¢? in Planck units. The numerical solutions are obtained with V5 = 1 and
over the dimensionless time interval 0 < ¢ < 7. The red curves correspond to the
classical case (o = 0), while the blue curves represent the GUP-corrected case with
o = 0.01. Left panel: Initial conditions a(0) = 1, @(0) = 1, #(0) = 0.1, and $(0) = 0.
Right panel: Tnitial conditions a(0) = 4, a(0) = 4, $(0) = 0.1, and ¢(0) = 0.
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FIGURE 5.3: n(t) vs t for the square potential.

In the cosmological context, EoS is a useful parameter to understand and classify the
acceleration and deceleration phases of our universe. For w = 0, it corresponds to non-
relativistic matter such as cold dark matter (CDM) or non-relativistic baryonic matter
and for w = 1/3 it refers to radiation dominated. For w = —1,—1 < w < —1/3 and w <

—1 refer to the cosmological constant, Quintessence, and Phantom eras, respectively.
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The Raychaudhuri equation in SMC can be written in terms of EoS as follows
a P
—=—(1+3w)= 5.69
© = —(1+3uw)E (5.69)
while the GUP modified Raychaudhuri Eq.(5.49) reads
;d)z -V B 2aa3¢'ﬁ4 . 4aa3¢'52V(¢)
a__ 1+3< 2 i.f) Y )]g. (5.70)
aa
—5 +V(9) - 25
Hence, we get
;(i)z . (¢) - 2aa3d>4 B 4aa3¢.>2V(¢)
=2 = 3 S 3 (5.71)
(725
—Z 4 V() - 28
Then, for the quadratic potential, we have
;(132 B 74 2 2aa3<i)4 - 4aa3q§2V0¢2
_ 2 % 3 3 (5.72)

a(t)

12 344
_%+%¢2 _ %

— a=0
— @=0.000001
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FIGURE 5.4: Comparison of EoS vs time for potential V = p2¢? for different values of

Q.
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FIGURE 5.5: Left panel : Plot of a(t) along the Y-axis vs time(¢) along the X-axis for
three values of a = 0,0.01, 0.9 respectively in V = p2¢? potential with initial condition

as a(0) =1 and ¢(0) =1 and ¢(O) = 0.1. Right panel : Magnified view.

1.3340



Chapter 5.Cosmological Implications 84

80
""" a=0 s9qs[ |70 @=0
----- =001 soootow=001
601 |===== a=08 ]| [ T el T~ o d el 22T a=09
59.10 -
= 401 Z 59.05;
) s9.00f .= g
20+ 5
se.0sf ="
| —
0 1 2 3 4 5 4.3330 4.3332 4.3334 4.3336 4.3338 4.3340
time time
FIGURE 5.6: Left panel : Plot of a(t) along the Y-axis vs time(t) along the X-axis for
three values of a = 0,0.01, 0.9 respectively in V = p?¢? potential with initial condition
as a(0) = 0.1 and ¢(0) = 0.1. Right panel : Magnified view.
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FIGURE 5.7: Left panel : Plot of logarithm of a(t) along the Y-axis vs time(t) along
the X-axis for three values of a = 0,0.01,0.9 respectively in V = p?¢? potential with
initial condition as a(0) =1 and ¢(0) = 1. Right panel : Magnified view.
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FIGURE 5.8: Left panel : Plot of logarithm of a(t) along the Y-axis vs time(t) along
the X-axis for three values of o = 0,0.01,0.9 respectively in V = u?¢? potential with
initial condition as a(0) = 0.1 and ¢(0) = 0.1. Right panel : Magnified view.
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FIGURE 5.9: Left panel : Plot of ¢(¢) along the Y-axis vs time(t) along the X-axis for
three values of a = 0,0.01, 0.9 respectively in V = p2¢? potential with initial condition
as a(0) = 1 and ¢(0) = 1. Right panel : Magnified view.
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FIGURE 5.10: Left panel : Plot of ¢(t) along the Y-axis vs time(t) along the X-axis for
three values of a = 0,0.01, 0.9 respectively in V = p2¢? potential with initial condition
as a(0) = 0.1 and ¢(0) = 0.1. Right panel : Magnified view.

Fig. 5.5 illustrates the evolution of the scale factor for different values of the GUP
parameter. In all cases the scale factor grows nearly exponentially, confirming that the
inflationary phase is preserved even after the inclusion of quantum-gravity corrections.
Although the curves almost overlap in the left panel, the enlarged view on the right
reveals that the GUP parameter produces small but systematic deviations from the
classical evolution. As the value of « increases, the scale factor departs progressively

from the classical solution, demonstrating that the minimal-length corrections modify

the expansion history of the Universe.

The physical implication of this distortion is that the GUP corrections change the ex-

pansion rate and consequently alter the accumulated number of inflationary e-folds,

N=1n (‘”) , (5.73)

a;
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without changing the qualitative inflationary behavior. Since the scale factor remains
an increasing function of time, the Universe continues to undergo accelerated expansion.
The GUP corrections therefore act as higher-order quantum modifications that quanti-
tatively alter the inflationary dynamics while preserving the existence of the inflationary
phase. Figure 5.6 shows that the same qualitative behaviour persists for different choices
of the initial conditions, indicating that the GUP-induced modification of the expansion

is robust and not an artifact of a particular initial configuration.

The behavior of ¢ w.r.t the cosmic time ¢ for different initial conditions is shown in Figs.
5.9 and 5.10. A magnified view of the effect of the GUP deformation for different values
of a is provided on the right-hand side of the figures. On the left-hand sides of the
figures, the scalar field starts from a very low value and then increases linearly upward
for different initial conditions. As we can observe from the graph of ¢, the inclusion of
a higher value of the GUP strength, « in the dynamics causes the evolution to distort

upwards from the original dynamics without GUP.

Fig.5.4 compares the evolution of the effective equation-of-state parameter for the clas-
sical (& = 0) and GUP-corrected (o # 0) cosmological models. In both cases, the
equation-of-state parameter remains negative throughout the evolution, indicating that
the Universe is dominated by a dark-energy-like component. In the classical case (o = 0),
the equation of state is determined solely by the competition between the negative ki-
netic energy of the phantom scalar field and its potential energy, causing the solution
to remain close to the phantom divide, w = —1. Upon introducing the GUP correc-
tions, the equation-of-state parameter decreases further below —1, implying a stronger
phantom behavior. This originates from the additional quantum-gravity contributions
proportional to aa®¢* and aa3¢2V(¢) in the effective pressure. These terms contribute
negatively to the numerator of Eq. (5.72), making the pressure more negative than in
the classical case, while the corresponding correction to the effective energy density is
comparatively smaller. Consequently, the ratio w = p/p shifts to lower values, driving
the system deeper into the phantom regime. As expected, in the limit o — 0, the GUP

contributions vanish continuously and the standard phantom cosmology is recovered.

Figs. 5.2 and 5.3 illustrate the evolution of the slow-climb parameters |e| and |n| obtained
by numerically solving the GUP-modified cosmological equations under two different

sets of initial conditions. The numerical integration is performed over the time interval
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0 <t <7, and the results are shown for the classical case (o = 0) and for the GUP-
corrected case (o = 0.01). In both cases the slow-climb parameters remain much smaller
than unity throughout the evolution, satisfying the conditions |e| < 1, In| < 1,

which confirms that the inflationary regime is maintained.

The effect of the GUP correction is relatively small, as expected since « is treated as
a perturbative quantum-gravity parameter. Nevertheless, the GUP modifies the de-
tailed time evolution of the slow-climb parameters, leading to small deviations from
the classical trajectories, particularly at early times when the quantum corrections are
strongest. As the Universe expands, the influence of the GUP gradually decreases and
the quantum-corrected solutions approach the classical behaviour. This demonstrates
that the minimal-length corrections primarily affect the early stages of the cosmological

evolution while preserving the slow-climb inflationary phase.

5.3.2 Exponential Potential V(¢) = Vye *¢

In this subsection, we study the GUP-modified background dynamics for exponential
potential. We determine the slow roll parameters and equation of state and subsequently

present them for different initial conditions. Then, the slow climb parameters are

3 ¢* | Voe* soo ad®dt 8 4., Vok2eke
= [ T+ 1] +4ad’H - - 5
€ 9 <6H2 + ST + daa + Yip —|—3aa o7, Ve ( )
The effective equation of state (EoS) for V(¢) = Ve ¢ is
¢ Ve ko _ 20a3¢*  daadde ko
D ° SR (5.75)

12 3p4
_% + Ve ko — %
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FIGURE 5.11: Left panel: For V(¢) = Voe *® with initial condition as a(0) = 1,

a(0) = 1 and ¢(0) = 0.1 plot of €(t) along Y-axis vs time(t) along X-axis for three

different values of a where, « = 0 with no GUP fluctuation. Right panel: For initial
condition as a(0) = 0.1, @(0) = 0.1 and $(0) = 0.1.
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FIGURE 5.12: n(t) vs t for exponential potential.
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FIGURE 5.14: Left panel: Plot of a(t) along Y-axis vs time (¢) along X-axis for three
values of & = 0,0.01,0.9 respectively in V = e % potential with initial condition
a(0) =1 and ¢(0) = 1. Right panel: Magnified view.
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FIGURE 5.15: Left panel: Plot of a(t) along Y-axis vs time (¢) along X-axis for three
values of o = 0,0.01,0.9 respectively in V = e~*® potential with initial condition
a(0) = 0.1 and ¢(0) = 0.1. Right panel: Magnified view.
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FIGURE 5.16: Left panel: Plot of log[a(t)] along Y-axis vs time (t) along X-axis for
three values of a = 0,0.01, 0.9 respectively in V = e~*¢ potential with initial condition
a(0) =1 and ¢(0) = 1. Right panel: Magnified view.
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FIGURE 5.17: Left panel: Plot of log[a(t)] along Y-axis vs time (t) along X-axis for
three values of a = 0,0.01, 0.9 respectively in V = e~ *¢ potential with initial condition
a(0) = 0.1 and ¢(0) = 0.1. Right panel: Magnified view.
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FIGURE 5.18: Left panel: Plot of ¢(t) along Y-axis vs time (t) along X-axis for three
values of o = 0,0.01,0.9 respectively in V = e~*® potential with initial condition
a(0) =1 and ¢(0) = 1. Right panel: Magnified view.
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FIGURE 5.19: Left panel: Plot of ¢(t) along Y-axis vs time (t) along X-axis for three
values of o = 0,0.01,0.9 respectively in V = e~*® potential with initial condition
a(0) = 0.1 and ¢(0) = 0.1. Right panel: Magnified view.

We analyze the effect of the GUP modification on the background dynamics for the

exponential potential in Figs. 5.14-5.19. Throughout this analysis, the dimensionless
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time variable ¢ is expressed in Planck units, while the remaining model parameters
and initial conditions are given in the corresponding figure captions. The left panel of
Fig. 5.14 shows that the expansion factor exhibits an approximately exponential growth,
confirming the inflationary evolution of the universe. Since the deviations introduced
by the GUP are relatively small during the early stages of evolution, the three curves
almost overlap. Therefore, the highlighted region is enlarged in the right panel to clearly
display the effect of the GUP parameter. It is observed that the solution with o« = 0.01
remains very close to the standard (« = 0) evolution, whereas increasing the deformation
parameter to a = 0.9 produces a noticeable deviation from the classical trajectory. The
GUP correction therefore modifies the expansion history by changing the expansion rate
and consequently the accumulated number of e-foldings during inflation. Larger values
of the deformation parameter lead to stronger departures from the classical solution,
demonstrating that quantum-gravity corrections become increasingly significant as the
strength of the GUP deformation increases. Similar qualitative behavior is observed in

the evolution of the scalar field and its velocity shown in Figs. 5.14-5.19.

The behavior of the EoS parameter in the phantom field with and without the effect of
GUP is represented in Fig. 5.13. The EoS starts with a value of -1, indicating proximity
to the cosmological constant era, and transitions toward the phantom-dominated era for

both with and without GUP dynamics.

The behavior of ¢ for exponential potentials with different initial conditions are shown in
Figs. 5.18 and 5.19. In addition, a magnified view of the GUP deformation for different
values of « is shown on the right-hand side of Figs. 5.18 and 5.19. On the left-hand side
of the scalar field, it starts from the highest value and then decreases linearly downward
for different initial conditions. We observe from the graph of ¢ that the inclusion of a
comparable level of GUP in the dynamics causes the line to distort downward from the
original blue line, which represents the dynamics without GUP. Furthermore, the plots

of || and |n| in Figs. 5.11 and 5.12 indicate inflation in the case of exponential potential.



Chapter 5.Cosmological Implications 92

5.4 Case II: Quintessence Scalar Field

The Friedmann-Lemaitre-Robertson-Walker (FLRW) metric for the spatially flat uni-

verse (k = 0) which guarantees homogeneity and isotropy is given by
ds* = —N*(t)dt* + a*(t) [dr® + r?dQ?] (5.76)

The Einstein-Hilbert (EH) action incorporating the metric and matter field for the scalar
field is given:

1
Spr =5 /d4x\/—gR + Lo, (5.77)

which gives G, = T}, where G, is the Einstein tensor and 7}, is the energy-
momentum tensor. Considering natural units we set K = % equal to one for rest

of the chapter.

According to GR, matter defines geometry (Mach principle) and this geometry dictates
the flow of matter in the universe. This implies that the matter content of the universe
determines the expansion of universe for a given epoch. The second approach is to
modify the geometric sector of EH action Eq.(5.77), which gives rise to a plethora of
models [163-165].

In this chapter, our focus lies on the former approach, wherein we employ the quintessence
scalar field to examine the dynamics of the evolution of the universe. The main objec-
tive is to delve into the dynamics of the universe, where quantum gravity effects remain

significant but not predominant.

We adopt the approach of modeling the quantum-corrected background evolution of
the universe by incorporating the GUP directly into the cosmological Hamiltonian. In
this section, we will review the method of constructing the equation of motion for the

quintessence scalar field without GUP deformation.

The Lagrangian for quintessence scalar field with arbitrary potential is

L= o VIgl R+ 5{9" 0,006 — 2V ()], (578)
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for FLRW universe with chosen signature as (—,+,+,+), Lagrangian (5.78) reduces
to[166],

~ 3aa? 5 [ &
L=— N te <2N—NV(¢)>. (5.79)

One can obtain Hamiltonian through the Legendre transformation, defined as ‘H =
aP, + gﬁRp — L, to give classical Hamiltonian as
Py T

Yo 3
12a T2 TV (@)

H=N . (5.80)

The classical Hamiltonian given by Eq.(5.80) governs the background dynamics of a

universe dominated by a quintessence scalar field with the following symplectic structure:

{a’v Pa} =1, {¢7 P(i)} =1, (581)

The conjugate momenta to a and ¢ are denoted as P, = % and Py = 5% respectively.

Therefore, the complete phase space comprises (a, Py, ¢, P;). While the symplectic al-
gebra represented by Eq.(5.81) captures the kinematical structure of the theory, the
dynamical evolution is determined by the Poisson flow of the phase space variables with

respect to the Hamiltonian H.

a = {a,H}, P,={Ps,H},

¢ = {¢.H}, Py={PyMH} (5.82)

Using the above Eq.(5.82) the Friedmann, Raychaudhuri and Klien-Gordon equations

for the Quintessence scalar field are obtained as follows:

3H? = Q;Q +V (o), (5.83)
;g0 V()

64397+ 0 —o, (5.84)
2d a 2— ¢2 14 5.85
a+<a> =5 (¢). (5.85)

So far, our analysis has been purely classical. However, formulating the theory in canon-

ical language paves the way for canonical quantization. In the following section, we will
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explore how GUP correction deforms the symplectic structure in question. Once this is

understood, it is straight forward to obtain the quantum-corrected dynamics.

5.5 Quintessence scalar field in GUP-modified setup

In this section, we incorporate the effects of the GUP into the dynamics to examine how
the GUP modifies the equation of motion for the quintessence scalar field. We invoke
the higher-order correction of uncertainty principle to the cosmological Hamiltonian. In
order to achieve this, we start with choosing the phase space x and y which incorporate

scale factor a and scalar field ¢ as:

a3/ 03/
T= sinh(pg), y= o cosh(ug), (5.86)

while dynamics remain the same. We note that the differentiation of Eq.(5.86) gives

/2 .

T = ;MZI:G sinh(ug) + ((13/2¢) cosh(ug), (5.87)
/24 .

§ = i;al 4 cosh(ue) + (a*?¢) sinh(ue). (5.88)

Now, multiplying both sides of Eq.(5.87) by sinh(u¢) and Eq.(5.88) by cosh(u¢) and

subtracting them together gives

3 a1/2 .

g cosh(pep) — & sinh(ug) = 57&. (5.89)

Next by squaring both sides of Eq.(5.89), followed by dividing the expression by 2N and
considering p = 1/3/8 one obtains,
92 cosh?(ug) + 2 sinh?(ug) — 24y sinh(ug) cosh(ug)  3aa?

o = (5.90)

Instead, multiply both sides of Eq.(5.87) by cosh(u¢) and Eq.(5.88) by sinh(u¢) and

subtracting

i cosh(pg) — g sinh(pg) = a*/?¢. (5.91)
This is followed by squaring Eq.(5.91) and dividing it by 2N to obtain

@2 cosh? () + 92 sinh?(ug) — 2dy cosh(pue) sinh(up) — a¢?
o = S (5.92)
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In subtracting, by considering the squares of the components in Eq.(5.86), we have:

= yr -2t = o _ 84“3. (5.93)

W
The equation above represents a hyperbola centered at the origin (0,0) with axes along
the z- and y-directions. Specifically, it is an open hyperbola extending along the y-axis,
as y? has a positive sign. After converting all the terms in Cartesian pair (z,y), we now
return to the question of dynamics. Using Eq.(5.90) Eq.(5.92) and Eq.(5.93) we can

determine the form of the Lagrangian in configuration coordinates (x,y, &, 7) to be

.¢2 .2
L= [ he AN %(;ﬂ _ xZ)V(qﬁ)N] . (5.94)

Using the above Lagrangian, the corresponding Hamiltonian is obtained by performing

the Legendre transformation. The resulting Hamiltonian is

2

2
Ho=N [Px - J;y + (y* — 2*)V(9)

; (5.95)

The canonical transformation recasts the minisuperspace dynamics into the form of a
ghost oscillator. The form of an oscillator-ghost-oscillator system is a structure that
frequently appears in canonical quantum cosmology [167]. Unlike an ordinary two-
dimensional harmonic oscillator, whose Hamiltonian possesses a positive-definite kinetic
sector and is bounded from below, the Hamiltonian in Eq. (5.95) contains an indefi-
nite kinetic structure through the combination P2/2 — Py2 /2. The negative sign should
not be interpreted as the existence of a propagating negative-energy particle or a fun-
damental ghost instability. Rather, it originates from the Lorentzian signature of the
minisuperspace metric inherited from the Einstein-Hilbert action after the canonical
transformation. The variables z and y are canonically transformed combinations of the
gravitational and scalar-field degrees of freedom, and therefore the opposite signs in their
kinetic terms reflect the geometry of minisuperspace rather than the physical properties

of the scalar field itself.

Various methodologies exist for incorporating GUP [168-171]. One approach involves

deforming coordinates while momentum remains unchanged and the other is to deform
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momentum [172-176]. In this chapter, we adopt the latter approach where we write the
Hamiltonian after introducing momentum deformation using generalized uncertainty. To
be specific, we introduce semi-classical canonical variables ¢; and P;, and subsequently
apply GUP on the Wheeler-DeWitt (WDW) equation of our cosmological model as
follows [142, 144]. The modified commutator relation, which includes both linear and

quadratic dependencies on momentum, is given by
(g5, Pj] = ihd;; (1 — 2B Py + 4e7*Py). (5.96)
From this relation, the canonical variable can be approximately expressed as follows:
2 8% +2¢ o
¢ = qui, Pi= Py |1—pyPy+2y — 10 ) (5.97)

where PO2 = Pong , € 0 are the dimensionless parameters, and v is defined by a value

0
Mpjc’

which is inverse of the plank momentum as v = where Mp; is the Planck mass with
Yo ~ 1, these are the parameters where quantum-gravitational effect became relevant.
Substituting Eq.(5.97) in the original Hamiltonian Eq.(5.95)and taking terms only upto

the order of v? gives:

2 2
H:/HO‘f‘ﬁ’Y(PSly_P(;lr)+’y2(P6la:_P61y) <B+

5 3) + O, (5.98)

2 p2 . .. . . . . .
where Hy = %—%4—@2—@“2)‘/(@ is the original Hamiltonian without GUP-distortion.
Here subscript 0 denotes the unperturbed Hamiltonian equation. And the unperturbed
x,y are denoted as (qog,qoy) while the corresponding unperturbed momentum pairs

(Py, Py) are indicated as (Poz, Poy).

Since we require to re-express Eq.(5.98)in terms of cosmological variables. This can be
achieved through the inverse transformation of variables in terms of scale factor, scalar

field and there conjugate momenta. Using Eq.(5.87) and Eq.(5.88), we get

1/2; .

Pow = & = 52 sinh(ug) + (%23) cosh(uo), (599
1/2; _

Poy =9 = sal7a cosh(pg) + (a*?¢) sinh(ue). (5.100)

2
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From the Lagrangian we can also obtain the canonical momenta P, and Py as

oL 6aa

9a - Te= "
and ‘
oL a’o

P = A7
26 N

by substituting P, and Py in Eq.(5.99) the equations becomes

P, Py

Py, = 1% sinh(ug) + T/z cosh(ug), (5.101)
P, Py

Py, = e cosh(ue) + 3—/2 sinh(ug). (5.102)

Substituting Py, and Pp, in the momentum-deformed Hamiltonian Eq.(5.98) and on
setting the dimensionless parameters e = 1 and § = 0 (quadratic form of GUP) gives

the GUP deformed Hamiltonian as,

o ([ P
=N| -2 — 4+ V a — h(2
Haup 12 + 93 +V(g)a’+a 120 + 53 cosh(2u¢)

P.P, . P2 P}
- sinh(2u¢) [ ——= + -2 | b1 5.103
dyu2 SB(200) ( 12a " 243 (5.103)

This is the required GUP distorted Hamiltonian in the cosmological phase space domi-
nated by a quintessence scalar field with arbitrary potential up to second-order pertur-
bation where a = 8y2/3. From the above Hamiltonian, we can obtain the Friedmann,

Raychaudhuri and KG equation as follows:

Using Eq.(5.82)we can obtain the final Raychaudhuri equation:

(— (H2 + ¢2> cosh(2u¢) + 2\/§H¢ sinh (2;@)) ( 3H2 4 ¢ )

+@W+ﬁ)h@ V6H ¢si 2 ¢
5 ) cos o) + V6H¢sinh (2ug) | | H . (5.104)

. L\ 2
2=+ <a> = —%2 +V(¢) + ad®

2
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Varying action with respect to N gives the GUP distorted Hamiltonian constraint

Heyp = 0, given in [145] gives the final Friedmann equation as:

3H? = ¢;+V(¢)—|—aa3 ((3H2 + (’f) cosh(2u¢) + V6 H sinh (2;@)) (—3H2 - ;)] ,
(5.105)

and the K-G equation is

. 3 5 B, . - s ¢

O+30H+V 4 (¢) = \/;m [<3H + ) sinh (210) + V6H ¢ cosh (2;@)) <3H - 2)]
(5.106)

With the effect of GUP-perturbation our original cosmological equations take the form
of Eq.(5.104), Eq.(5.105), and Eq.(5.106). In all these equations the effect of GUP
appears explicitly and by turning off the GUP term « we recovered the original equations
(5.83), (5.84) and (5.85). Compared to the GUP-distortion in the phantom field in [177]
we observe that the phantom KG equation remains the same after introducing GUP-

distortion and shows no explicit GUP terms while it gets modified for quintessence.

5.6 Dynamical system analysis

In this section, we carry out stability analysis for our GUP-distorted system. Since
our system is highly nonlinear and it is difficult to predict its behavior, the method
of dynamical system analysis is used to extract qualitative behavior. In this method,
we use a set of dimensionless variables that describe the state of the system in a finite
phase space, and to understand the flow of these variables, we construct first-order
autonomous differential equations. One can find fixed points by solving these coupled
differential equations simultaneously, where a fixed point represents the points where
overall dynamics vanish. The nature of these fixed points is evaluated through the sign

of eigenvalues from the Jacobian matrix at those points [153-156, 178-180].

We begin with the Friedmann equation as our starting point because it acts as a con-
straint equation. Next, we normalize it by the square of the Hubble parameter such that
it brings all components contributing to the Hubble rate on an equal footing. This nor-
malization ensures that each term becomes dimensionless, allowing us to express them

in terms of dimensionless variables called Expansion-Normalized (EN) variables.
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In the next section, we construct the autonomous differential equation for a given po-
tential and perform a dynamical system analysis for the GUP-modified background

cosmology.

5.6.1 Potential V(¢) = Vosinh™"(u¢)

In this subsection, we study qualitative dynamics (DSA) for a universe dominated by
a quintessence scalar field with V(¢) = Vpsinh™"(pu¢), considering GUP correction. In
order to determine the appropriate potential that fits with the evolution of the uni-
verse such that it shows asymptotic behavior like inverse power law in early time and

exponential in the later phase is the potential V' (¢) = Vj sinh™" (u¢).

The normalized Friedmann Eq.(5.105) takes the form as

B $*  V(p) ad’¢*cosh(2u) aa® P sinh (2u¢)

1 —3aa®H? cosh (2p¢) —v6aa® Hp sinh (2¢)+

~m2 3 3H?2 V6H

(5.107)

now defining new EN variables as

=/ Ei(ﬁ%’ y=1/ ‘?f]('{(b?)’ z = +/3aa3H? cosh(2up), v= \/\/éaa3<i>Hsinh(2uq§). (5.108)

and writing the Eq.(5.107) in terms of new variables is written as

1 =22 + %+ 2122 — 2% —0? + 2202 (5.109)

Raychaudhuri’s equation in terms of new variables is

1 = §(—x2+z/2—1)+22 (§ +2%(2 - 3:62))—{(1 — p)z? — 1} {1 —a? —y? — 22(zt - 1) }

H? 2 2

As we have defined Raychaudhuri and Friedmann equation in terms of new variables we
are ready to do the dynamical system analysis. To know the dynamics of the system we

need the vector flow of each term as the dynamics evolve with time so firstly, we need
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to construct first-order differential equations for each new terms. We are going to take

slope of each terms with respect to newly defined time N = Ina where ’a’ is the scale

factor. However, constructing autonomous differential equation alone with the help of

new variables sometimes fails to close the system [157-160]. To close the system we need
Ve

to define new variable A = — <7,

n

A= S (i) (5.111)

With this we construct the autonomous equations:

_dx 3 5 3 1—a?—y%—22(2% - 1) 9 3 9 \/g 9
flay2)= 0% = {—x +}{ poa + 3227 +2V62%2% — 3u + [ Dy

-
o= 2 = ﬁ“ )

2 <2 4222 —3x2>> - {(1 — pa? — ;} {1 - _zZiiw = ”}5}113)
Mo = g = o ST TSIy

w2t (Paare-a) - {o-per - L {IEE oot ”}5]114)
ez o Oy o

5.6.2 Fixed point analysis

In this subsection, we perform dynamical system analysis for our chosen potential with
the help of fixed points and linear stability theory to know the nature of each fixed point.
Subsequently, we compare our GUP-distorted dynamics with the undistorted original

dynamics.

To do this we first need to take the slopes of the above equations equal to zero to find
the fixed point. These fixed points represent those points where our dynamics get static.

To know the behavior of fixed points we use the linear stability analysis method.
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The analysis is shown in Table 5.6. As depicted from Table 5.6 our dynamics get more
richer than the original dynamics shown in Table 5.5. Incorporating the Generalized
Uncertainty Principle(GUP) introduce the addition of new variables into the original
dynamics. Since our dynamics consist of four variables, it necessitates the construction
of a 4 x4 Jacobian matrix yielding four eigenvalues. In Table 5.6, 5.5 eigenvalues of
the Jacobian matrix associated with the autonomous system at each fixed point are
represented as F;. The study of these eigenvalues is important to determine the nature

of stability at different fixed points.

In addition to that the fixed points also get shifted from the original dynamics and stable
fixed points get vanishes. It means that with the introduction of GUP, our dynamics get
modified with a comparable amount which is totally opposite behavior when we discussed
GUP in the phantom field in [177] where after the introduction of GUP dynamics get

less richer and fixed points remain the same.

TABLE 5.5: Fixed points and the stability analysis for the potential V(¢) =
Vo sinh™ p¢ without GUP.

X y A FE Es FEs Stability
A 0 0 ¢ -=3/2 3)/2 0 saddle point
B -1 0 0 3 3 3/2  unstable point
cC 1 0 0 3 3 —=3/2 saddle point
D 0 -1 0 -3 -3 0 stable point
E 0 1 0 -3 -3 0 stable point

TABLE 5.6: GUP-distorted Fixed points and the stability analysis for the potential
V(¢) = Vosinh™" po.

E1 E2 E3 E4 Stability

483.5 19.7 —-7.1 0.2 saddle point
483.5 19.7 —-7.1 0.2 saddle point
483.5 19.7 —-7.1 0.2 saddle point
483.5 19.7 —7.1 0.2 saddle point
483.5 19.7 —-7.1 0.2 saddle point
483.5 19.7 —7.1 0.2 saddle point
483.5 19.7 —-7.1 0.2 saddle point
483.5 19.7 —-7.1 0.2 saddle point

X y 7

-02 —-1.01 —438
-0.2 1.01 —4.8
-0.2 -1.01 48
-0.2 1.01 4.8
02 —-101 -438
0.2 1.01 —4.8
0.2 —1.01 438
0.2 1.01 4.8

TQEEHOQE R
coococoococo o>

The GUP modification introduces additional higher-order nonlinear corrections together
with an extra dynamical degree of freedom associated with the deformation parameter.

Consequently, a direct one-to-one comparison between the standard and GUP-modified
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phase spaces is not straightforward, since the two systems evolve in spaces of different
dimensions. Nevertheless, a comparison of Tables 5.5 and 5.6 reveals several important
qualitative differences. In the classical system, the fixed points A, B, and C disappear
after the GUP corrections are incorporated, while the stable fixed points D = (0,—1)
and E' = (0, 1) are displaced from their original locations and split into a family of GUP-
deformed critical points because of the additional phase-space variable. Furthermore,
all of the GUP-modified fixed points possess identical eigenvalues, indicating that the

quantum-gravity corrections introduce a degenerate stability structure.

This reduction and modification of the fixed-point structure should not be interpreted
as a loss of physical information. Rather, it reflects the fact that the GUP alters the un-
derlying phase-space geometry through higher-order quantum-gravity corrections. The
disappearance and displacement of classical critical points demonstrate that Planck-scale
effects modify the asymptotic states of the cosmological system, while the change in the
stability properties indicates that the evolution of the universe near these equilibrium
configurations is no longer governed solely by classical general relativity. Therefore, the
physical importance of incorporating the GUP lies not in producing a larger number
of fixed points, but in revealing how a fundamental minimal-length scale changes the
existence, location, and stability of cosmological attractors. These modifications pro-
vide a possible phenomenological signature of quantum-gravity effects and may lead to

observable deviations from the classical cosmological evolution at very high energies.

5.7 Conclusion

In this chapter, we have constructed and analyzed the GUP-corrected effective Hamilto-
nian derived from the classical Einstein—Hilbert action for cosmological models involving
scalar fields, specifically the phantom and quintessence fields. The motivation for intro-
ducing the Generalized Uncertainty Principle (GUP) arises from the expectation that
a minimal length scale, as suggested by several approaches to quantum gravity, would
modify the canonical phase space structure, leading to new dynamics in the early and late
universe. Our study has focused on how such GUP-induced momentum deformations
alter the background cosmological evolution through modifications of the Friedmann,

Raychaudhuri, and Klein—-Gordon equations.
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We first considered a toy model comprising a minimally coupled phantom scalar field
with a positive cosmological constant, and subsequently extended the analysis to include
an arbitrary potential. Interestingly, we found that while the Klein—-Gordon equation
remains free from any explicit GUP corrections, the Friedmann and Raychaudhuri equa-
tions receive direct quantum modifications. This feature is reminiscent of certain results
in loop quantum cosmology (LQC), where quantum corrections also modify the back-
ground equations but not the field equation directly. The resulting system of equations
is highly nonlinear and hence requires a qualitative approach through dynamical system

analysis (DSA) to capture the essential features of the dynamics.

Through linear stability analysis, we observed that GUP corrections significantly influ-
ence the local behavior of the system while keeping the overall global dynamics largely
similar. In the case of the quadratic potential, certain fixed points that exist in the
classical scenario vanish upon the introduction of GUP corrections, whereas for the ex-
ponential potential, the inclusion of GUP terms leads to the disappearance of saddle
points and the emergence of two stable attractor points. These results suggest that the
minimal length deformation can alter the stability landscape of cosmological trajectories,
thereby changing the long-term behavior of the universe. Such features were illustrated

and confirmed through the phase portraits and stability tables presented in the analysis.

We also examined the cosmological implications of these corrections in the context of
inflationary dynamics. Our results show that both quadratic and exponential potentials
support nearly exponential expansion even in the presence of GUP corrections, signifying
viable inflationary behavior. The slow-climb parameters for both potentials indicate the
existence of an inflationary phase, while the GUP-corrected equation of state parameter
approaches w ~ —1 more rapidly than in the uncorrected case. This implies that
quantum gravitational effects encoded through GUP can drive the universe toward a
stronger accelerated phase, modifying the inflationary duration and exit conditions.
Moreover, the deviation of the equation of state from its classical trajectory demonstrates

how GUP corrections can leave imprints on late-time cosmology.

On the other hand, the phantom field, despite explaining accelerated expansion, suffers
from severe instability issues in perturbation analysis. A natural question that arises is

whether these instabilities might be mitigated by the noncommutative structure induced
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by GUP corrections. This remains an open problem worth detailed investigation. Fur-
thermore, it would be insightful to extend the present study to quintom models, which
are free from such instabilities and can smoothly interpolate between quintessence-like
and phantom-like behavior. The framework developed here serves as a foundation for

such future studies.

We also constructed the GUP-modified Hamiltonian for a quintessence scalar field, intro-
ducing deformation directly into the momentum sector. In this case, unlike the phantom
scenario, the Klein—Gordon equation explicitly exhibits GUP dependence. The resulting
modifications alter the energy density, pressure, and dynamical equations governing the
evolution of the scalar field. By analyzing potentials of the form V' (¢) = Vj sinh™" (),
we demonstrated how GUP distortion changes the nature and location of fixed points
and modifies their stability properties. The disappearance and distortion of specific fixed
points in the GUP-corrected regime reveal that the minimal length scale enriches the

dynamical structure of the universe, introducing new pathways in phase space evolution.

In summary, this work highlights that GUP-induced deformations significantly affect
the qualitative dynamics of cosmological scalar field models, influencing both early-time
inflation and late-time acceleration. While the global features remain broadly consistent
with classical cosmology, local behaviors, stability conditions, and inflationary parame-
ters are altered in nontrivial ways. These findings emphasize the importance of incor-
porating minimal length effects in cosmological studies to probe the phenomenological

implications of quantum gravity.

From an observational perspective, these deviations could, in principle, leave small im-
prints on inflationary observables, including the scalar spectral index, the tensor-to-
scalar ratio, and the primordial gravitational-wave spectrum. Future high-precision ob-
servations from Cosmic Microwave Background (CMB) experiments, large-scale struc-
ture surveys, and next-generation gravitational-wave detectors may therefore provide
indirect constraints on the GUP deformation parameter. Consequently, sufficiently pre-
cise cosmological observations could potentially distinguish between the two scenarios
and provide an indirect test of Planck-scale physics. Such analyses have recently been
carried out in other GUP-inspired inflationary scenarios, where the theoretical predic-

tions were confronted with the latest observational data from ACT DR6, Planck, DESI
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BAO, and BICEP /Keck observations [181].Extending the present phantom GUP cosmo-
logical model to include cosmological perturbations and comparing its predictions with

current observational data remains an interesting direction for future research.



Chapter 6

HAWKING RADIATION

The discovery of General Relativity (GR), proposed by Albert Einstein in 1915, provided
a mathematical framework to construct many cosmological models as well to explain
astrophysical phenomena. The profound success of GR can be seen from prediction like
perihelion precession of mercury[182], deflection of light when passing through massive
bodies[183], and gravitational redshift of light[184]. In addition to this one of the most
intriguing predictions of GR is the mysterious supermassive astronomical objects having
a very large gravitational attraction that even light cannot escape are Black Holes[185—

188).

Extensive studies on black holes have explored their formation, properties, radiation,
and even their shadows, all through the lens of GR [189-193]. Beyond these properties,
black holes may offer insights into the origins and fundamental structure of the universe
itself [194-196]. One of the defining and particularly fascinating characteristics of black
holes is their emission of radiation. Black holes, as described by Hawking, behave as
black bodies that emit thermal radiation with a temperature Ty inversely proportional
to their mass M. This phenomenon, known as Hawking radiation, leads to a gradual
reduction in the black hole’s mass, with the temperature Ty diverging as the mass
approaches zero. From the perspective of an external observer, the radiative process
makes the black hole appear akin to a quantum system. However, Hawking’s insight in
1975 introduced the concept of the “Hawking information paradox”, highlighting a loss
of information associated with the emitted radiation, which implies an increase in the

von Neumann entropy of the universe.
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Various derivations exist for Hawking radiation, many of which involve quantum effects
near the black hole’s event horizon. One of the most widely discussed explanations is
based on particle-antiparticle pair production at the horizon: one particle escapes while
the other falls into the black hole, resulting in radiation from the escaping particle.
The infalling particle possesses negative energy, thereby reducing the black hole’s mass,
while the escaping particle contributes to the observed radiation [197]. Although this
mechanism provides an intuitive view, it raises questions about the specific nature and
conservation principles involved in the process [198-201]. Two widely used methods in
the literature for calculating the imaginary part of the action are the Parikh-Wilczek

radial null geodesic method and the Hamilton-Jacobi method.

In 2000, Parikh and Wilczek introduced a new approach by combining quantum mechan-
ics with General Relativity [202]. Using radial null geodesics, they calculated tunneling
probabilities by analyzing particle trajectories in a dynamic geometry while enforcing
conservation laws. This approach, which accounts for the shrinking event horizon due
to radiation, leads to non-thermal corrections to the black hole’s emission spectrum and

provides a partial resolution to the information loss problem.

On the other hand, the Hamilton-Jacobi method relies on the WKB approximation, a
technique commonly used in quantum mechanics to study barrier penetration problems.
The key idea is to determine the imaginary part of the classical action S of an emitted

particle, which is directly related to the tunneling probability.

Recent advancements in quantum gravity propose solutions to issues related to informa-
tion loss and non-thermal emissions. Quantum gravity theories are particularly relevant
near black hole horizons and singularities, where extreme energies and minimal length
scales dominate. Among these approaches, the Generalized Uncertainty Principle (GUP)
is a prominent theory. By modifying the Heisenberg Uncertainty Principle to include lin-
ear and quadratic momentum terms, the GUP introduces a minimum observable length
scale. This modification is supported by other quantum gravity frameworks, including
Loop Quantum Gravity (LQG) [24, 130, 203—-206], String Theory (ST) [207-213], and
Doubly Special Relativity (DSR) [214, 215]. With the success of GUP-based models
in explaining various cosmological phenomena [103, 168-177, 216], this chapter extends
GUP corrections to the Schwarzschild black hole to investigate their impact on the

Hawking temperature using the Parikh-Wilczek and Hamilton-Jacobi (HJ) methods.
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The chapter is structured as follows: In Sec. 6.1.1, we present the GUP-modified
Schwarzschild metric in Painlevé-Gullstrand coordinates, providing a stationary and
non-singular formulation suitable for our analysis. We then compute the tunneling
probability using the Parikh-Wilczek method and derive the associated Hawking tem-
perature for massless particles within the GUP framework. Using a semiclassical WKB
approximation, we analyze how GUP modifies the Hawking temperature, introducing
a minimal length scale and predicting a stable remnant. Additionally, we explore the
implications for black hole information loss by examining correlations among emitted
particles, demonstrating that the modified emission spectrum is non-thermal, potentially

resolving the information paradox.

In Sec. 6.1.2, we derive the GUP-modified Hawking temperature using the Hamilton-
Jacobi method and compare the results with the Parikh-Wilczek approach. Finally, in
Sec. IV, we summarize our findings and discuss how GUP corrections contribute to a
deeper understanding of black hole thermodynamics and quantum gravitational effects

that may preserve information.

6.1 The Tunneling mechanism in GUP framework

In the literature, two widely used approaches exist for deriving the Hawking temperature
of black holes one is the Parikh-Wilczek radial null geodesic approach and other is the
Hamilton-Jacobi method. The Hamilton-Jacobi method is based on the WKB approxi-
mation applied to the Klein-Gordon equation in a curved spacetime background, whereas
the Parikh-Wilczek method incorporates quantum tunneling by analyzing the trajectory
of emitted particles across the event horizon. In the next section, we extend both meth-
ods by incorporating the effects of GUP and derive the corresponding corrections to the
Hawking temperature. These modifications account for quantum gravitational effects,

which become significant near the Planck scale.

6.1.1 GUP corrected Parikh-Wilczek Radial null geodesic method

The general relativity (GR) predicts a singularity in spacetime at the center of a black
hole. It is believed that quantum gravitational effect, which can not be neglected at high

curvature regions, could regulate the occurrence of singularity. Various approaches have
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been proposed to address this issue using quantum gravity theories [217-219].In this
chapter, we take a bottom-up approach by incorporating the GUP, which modifies the
HUP to introduce a minimal length, as proposed by various quantum gravity theories.
These modifications include additional terms, with both linear and quadratic corrections,
as suggested by ST and DSR. The most well-known form is the quadratic correction
introduced by Kempf, Mangano, and Mann (KMM)[74, 220-222] as

AzAp > h <1 + aL?;Ap?> : (6.1)

2 h?

where « is the dimensionless GUP parameter of order unity and L, is the Planck length.
It is straightforward to see that we recover the well-known HUP when o — 0. With this

the GUP implies the following inequality

BN L) RPN N oy 6.2
O‘LZ% . B CAz2 | — p_osz7 v * A2 | (6.2)

and imposes a minimum bound on the uncertainty in position, given by

Now, by assuming that photons escape the Schwarzschild black hole at the radius rg =
2G M and that the spectrum of these escaping photons is thermal, as suggested by Adler

et al. [223], it is possible to derive the Hawking temperature as

aMg
TVER

Teup=_— |1~ (6.3)

where, Mg = % with ¢ = 1. In this context, we adhere to the convention of introducing

a % factor to obtain the Hawking temperature of the Schwarzschild black hole, Tsc, =
2
;\:—]’\’/l, or Tgep = ﬁ with A =1 in the limit of small «.

On the other hand, to incorporate the effects of GUP into the black hole metric, we first

consider the classical Schwarzschild black hole, where the line element is given by:
dr?

2 ride2
ds? = —f(r)dt 0

+ r2dQ?, (6.4)

with f(r) defined as (1 — @) The event horizon is located at rs = 2GM. We
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anticipate that the effects of the GUP will modify the metric elements by introducing
additional correction terms, such that the original Schwarzschild metric is restored when
the GUP effects are removed. Using the approach outlined in [224, 225], the GUP-

corrected Schwarzschild metric takes the following form:

2
ds® = —g(r)dt2 + dL

) + r2dQ2, (6.5)

where

otr) = (12 o), (6.6)

r

which is the most general form we get on preserving the areal radius. The modified

Hawking temperature became

1 1
T=_"4¢ =
179 Olr=rs = gen7

h(ri). (6.7)

Now, on comparing Eq.(6.3) and Eq.(6.7) one can deduce the expression

[ aI2
h(ryg) = QGT%:; (1 - - 7“§Hp> , (6.8)

or, in a more general form

For a small « limit, the GUP-modified effective metric is reduced to

g(r) = <1 - 2GM> <1 +2 4 Oé?) . (6.10)

r 4r2  8pd

where, we set A = Lp = 1 from now on.Since these corrections are obtained from the
GUP-modified Hawking temperature [224, 225], we cannot directly apply it to our model
as our approach is to get a GUP-modified Hawking temperature through the tunneling
process from the modified Schwarzchild metric. In the next section, we first derive these
corrections by treating GUP as a perturbation in the background metric g,, and then

follow the procedure.
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6.1.1.1 GUP in curved spacetime

We follow the seminal work presented in [226], using the canonical commutator relation
between the position operator ¥ and momentum operator p” is expressed in Minkowski
space-time are [zH,p¥] = in*’. In the context of curved space-time this commutator
relation can be expressed as

[z, p"] = ig", (6.11)

where g,,, is the background metric of a curved spacetime. The GUP, as one of the
approaches to quantum gravity, which introduces corrections to the background metric.

We can express the perturbed metric as:

guu =guw + huuy (6'12)

where hy,, is a small perturbation, with condition |h,,| < |g..|, representing the cor-
rection introduced by GUP. We assume that the perturbation is proportional to the

background metric g,,,, which gives the following form as [227]:

G = g (14 €h) . (6.13)

where € is a small parameter associated with GUP, and h is a dimensionless perturbation

quantifying the relative change to the background metric.

If we consider the effects of GUP in the Schwarzchild metric, the metric function f(r)
is modified to include higher-order corrections where the leading-order term is g(r) =

1—26M  The GUP-corrected Schwarzschild metric function can be expressed [224, 225]

g(r) = (1 _ M > h(r), (6.14)

as:

r
where h(r) includes higher-order corrections, and the leading order term is given by
(1 — @) We also expect that h(r) — 1 for non-GUP case and for asymptotic flat

space for r — oo.

In paper [228], the corrections due to GUP can be incorporated into the metric as

higher-order terms. One such expansion is:

2GM € €2
— — 4+ = 6.15
r + r2 + o ( )

g(r) =1
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where € represents the first-order GUP correction. From Eq.(8.63, 6.14, 6.15), it is
evident that the perturbation term fzw introduces corrections of the form O(1/r?"+1)
where the leading term %2 gives the lowest-order correction. Thus, the function h(r),

representing the GUP corrections using Eq.(8.63, 6.14, 6.15), can be written as:

62

€

%2 , we set

To match the GUP corrections given in Eq.(6.10) up to second order in
€ = , where « is a constant derived from the specific GUP framework. This gives the

following perturbed metric:

2GM «
r 4r2’

(6.17)

Eq.6.17 and Eq.6.10 are similar which gives the freedom to choose this kind of GUP

correction in the line element.

One can easily observe that in the non-GUP case, the event horizon of a Schwarzschild
black hole is simply located at » = 2GM. However, when incorporating the effects of
the GUP, the metric coefficient in Eq. (6.5) leads to the formation of two distinct event

horizons with an inner horizon and outer horizon given

1

Tinner = 5[2M - \/M], (618)
1

Touter = 5[2M + \/m], (619)

Thus, the GUP-corrected Schwarzschild metric is given by:

oM oM -1
ds?=— (1- 2224 E ) a2+ (1- 225+ 2 ) @+ 02402, (6.20)
r r r 492

where t, is the Schwarzschild time. The above line element resembles that of Reissner-

Nordstrom electrically charged black hole.

Parikh and Wilczek, in 1999, introduced a direct explanation for Hawking radiation
as a tunneling process of particles through the black hole’s horizon within a “dynamic
geometry” framework [202]. They precisely demonstrated that the tunneling barrier is
formed by the energy of the particle itself. Additionally, they showed that as particles

tunnel, the black hole’s radius shrinks, indicating a dynamic geometry. This concept has
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since been extended to tackle the information loss paradox by incorporating quantum

gravity effects, through non-commutative geometry [229] and [230].

Since tunneling process occurs across the horizon, it is necessary to choose the stationary

and non-singular coordinates at the horizon. This is achieved by introducing new time

t=ts+ V1=g0 dr, 6.21
1 620

goo

coordinates as:

where tg is the Schwarchild time. With this choice, the new Schwarzschild line element

in Painlevé-Gullstrand coordinates reads

2M 2M
d82 — (1= + & dt2 +2 - _ & dtdr + er + 7"2d(22. (6.22)
r 4r2 r 4r2

6.1.1.2 Tunneling process for massless particles

From the Eq.(6.22) one can deduce the equation of radial null geodesics as

oM
=41 — 7—4%2, (6.23)

where the plus and minus signs correspond to outgoing (ingoing) geodesics as t increases
towards the future. We consider that just inside the outer event horizon, pair creation
takes place, creating virtual particle-antiparticle pairs. The absorption and emission of
these virtual particles fluctuate the hole’s mass through energy conservation law. During
the tunneling process, emission of virtual particle with energy w reduces the mass M
to M — w through conservation law. These fluctuations will also affect the space-time

geometry just outside the horizon making the geometry dynamical.

Consequently, Eq.(6.22) and Eq.(6.23) get modified by considering self-gravitating effects

as
2(M — 2(M —
ds? = — [1— 2AM —w) + 2 a2 42 \/(w) — Y dtdr+dr? 412402, (6.24)
r 4r2 r 472
and

F— 41— \/2(Mr_ w) _ 4%‘2. (6.25)
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We consider that the virtual particle is at r;, initially, which is ¢ (very small quantity
with the dimension of length) smaller than the outer horizon radius crosses somewhere

at 7oy, which is  greater than the reduced outer horizon

Pin = % [2M +V/4AM? - a] — (6.26)
Tout = % [Z(M —w) +V4(M —w)? — 04} +C. (6.27)

Considering the outgoing wave traced back toward the outer horizon, its wavelength,
as measured by the stationary observer, is extremely blue-shifted. Consequently, the
radial wavenumber approaches infinity, making the point particle description valid or

justifying the WKB (Wentzel-Kramers-Brillouin) approximation.

One can use the semiclassical procedure to find the transmission coefficient of tunneling

particle as an exponential function of imaginary part of action as

D~ e 2Hms, (6.28)

The imaginary part of action for positive energy particle crosses the horizon 7, to 7oy

is expressed as

ImS = Im / ™ pedr, (6.29)

where p, is the canonical momentum of a virtual particle with Hamiltonian as H =

M — w. And, we can write it as

ImS:/ /dr(_dw) (6.30)
0 Tin r

Now, by substituting 7 from Eq. (6.25) into Eq. (6.30), one can clearly see that the
integrand has two poles, which can be solved by deforming the contour. For simplicity,
one can expand ggg around the outer horizon rqy;, making it have just one pole located

at rout [230, 231] which gives

IS — / 2mr{2(M — w) + /4(M —w)? — a} (6.31)
AM —w){2(M — w) + /A(M —w)?2 —a} —2a ‘
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finally, expressed as

ImS ~ 27[2w (Mf %) + %\/4M2 —a— M _w\/4(M7w)2 —al. (6.32)

2

A similar result can be derived for the ingoing radial motion of a virtual particle with
negative energy created outside the black hole and tunneling into it. Now, substituting

Eq.(6.32) on Eq.(6.28) gives

I' =~ exp {—477 {20) (M - %) + %m- M;w\/m] } = etASBH

(6.33)
where ASpp is the change in Bekenstein-Hawking entropy. On comparing the power of
exponential term in Eq.(6.33) to the thermal emission e v Ty at Hawking temperature

only up to the first order in w gives

AM? — o
2m[2M 4+ VAM? —a)?

TGP = (6.34)
It is clear that as the GUP parameter a« — 0 the GUP modified Hawking tempera-
ture takes its standard form. Also, the Hawking temprature we obtained in Eq.(6.34)

resembles the Hawking temperature obtained in the Reissner-Nordstrom black hole as
ax Q2 (6.35)

where @ is the charge parameter in the RN black hole. The quantum effects on a
Schwarzschild black hole behave similarly to those on an electrically charged black hole.
This analogy leads us to conclude that electric charge behaves similarly to quantum
effects. Such studies have already been conducted in a non-commutative background
[232]. This implies that the existence of electric charge in spacetime leads to quantum
fluctuations in the background. As the GUP parameter is related to the electric charge
in Eq.(8.25), we have a lower bound on choosing this GUP parameter as Q is quantized

Q2

as o & 775 = 2.56 X 10738/2.1710~8 units, indicating a situation akin to minimal length,
Pl

near the Planck length.
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FIGURE 6.1: Graph between temperature and mass of black hole where red line depicts
the ordinary case obtained by Parik-Wilczek and the blue dash line represents the GUP-
deformed case where o = 1.5.

From Fig.(6.1) we depict that for the ordinary case of black hole evaporation, the pro-
cess terminates with the black hole reaching an infinitely high temperature, ultimately
leading to the complete disappearance of the black hole without leaving any remnant
behind. For the GUP-deformed scenario, black hole evaporation continues until the
black hole reaches a finite mass, leaving behind a remnant with a radius r = a. In this
scenario, a is the minimal length parameter, the smallest GUP-deformed non-singular
Schwarzschild black hole radius. Consequently, this GUP deformation stops the further

evaporation of black holes.

We depict from the modified Hawking temperature under GUP predict a non-thermal
emission spectrum due to quantum corrections. The finite temperature during the final
stages of black hole evaporation suggests that the emitted radiation contains information,
potentially resolving the information loss paradox. The GUP corrections leads to address
the information loss problem can be shown through the correlation function between the

emitted particles as

X(w1 + wo;wi, wse) = In[T(wy + wa)] — In[[(wq)T(w2)], (6.36)
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where w; and wo are energies of two emitted particles.

X (w1 + wajwi, wy) = 4w l2w1 (M — %) + 2wo (M — %) —2(w1 + we) (M i +w2>

M — M —
B S N T3 Sy g L 713 e

M- M
+W\/4(M—(w1+w2))2—oe+2 AM? — o,

(6.37)
since the value of the correlation function is nonzero therefore the radiation is not thermal
emission. The tunneling probability of two particles having energy w; and ws is not the
same as the tunneling probability of a particle with total energy (w;+ws2). This indicates
that there is a correlation between two emitted particles implying that information about
the black hole can be encoded in these correlations. In this GUP framework, information
is preserved within the remnant, and the GUP enhances these correlations, enabling
information to surface from the event horizon, akin to “hidden messengers in Hawking

radiation”.

6.1.2 GUP modification in Tunneling through Hamilton-Jacobi method

We start with the modified Heisenberg uncertainty relation of Eq. (6.1), the deformed
Heisenberg algebra in four-dimensional Minkowski spacetime with signature (— + ++)

[233, 234] is given by

[(Xu, Bo] = ih[(1 — (™ PoPy)) 0 — 2aP, B, (6.38)

from the following commutator relation above one can write the undeformed position

operator and the deformed momentum operator as

X, =z, (6.39)

P, =p, (1 - Ommpapw) ) (640)

where z, and p, are the standard position and momentum operators with the com-
mutator relation [X,, P,] = ihn,,. In the framework of the GUP, the Klein-Gordon
equation, which governs the dynamics of massless particle described by the wave func-

tion ®, n*¥P,P, = 0 transforms into a fourth-order partial differential equation [235]
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given as

A + 202 A(A) + O(a?) =0, (6.41)

where A = }g@u(gﬂyﬁﬁy) for any Riemannian spacetime of Lorentzian signature
with metric g,,,,. Since the tunneling process occurs radially across the event horizon
only the radial trajectories are relevant. And, for the near-horizon phenomenon, the dy-
namics are effectively governed by the two-dimensional (r—t) sector of the full spacetime
metric, making higher-dimensional contributions negligible. Also, we are considering the
background geometry is modified due to the effect of GUP follows the GUP modified
Schwarzchild line element in Eq.(6.20) where g(r) is the GUP modified line element.

Therefore the KG equation reduces to

1 / 2 2 1 4 9'(7") 2 2 1 2 "
e d 00+ gner 2o Lot (D) o g+ o (00
2
T g(r)g" ()06 + 9(r)d ()36 + g(r)g" ()02 + g<r>2a:%¢>} _o,

(6.42)
by employing the standard ansatz for the semi-classical wave function satisfying the

above equation, we assume

6 = exp [—;S(r,t)} . (6.43)

Substituting this expression into Eq. (6.42) and expanding S(r,t) = So(r,t)+>_, h'S;(r,t),
we restrict ourselves to the semiclassical value Sy, which reduce Eq.(6.42) to

4 (08)!
g(r)?

— (r)(@,5) + 20 {g<r>2<ars> n <ars>2<ats>2} —0. (644)

the above equation, Eq. (6.44), is derived under the semi-classical limit i — 0, where
terms of O(h) and higher are neglected. We also observe that without the GUP pa-
rameter a we recover the usual semi-classical Hamilton-Jacobi equation. Given that the
metric in Eq.(6.20) is static, it possesses a timelike Killing vector. Consequently, we

seek a solution to Eq. (6.44) which behaves as
Sy = wt + 50(7’), (6.45)

where w represents the conserved quantity (represents the energy of particle) associated

with the timelike Killing vector. Substituting Eq.(6.45) in Eq.(6.44) gives
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- 1 w? 1
Sotr) =+ | dr\/ T s s Vi) — )+ 16a%, (646)

now on expanding the inside root and only taking up to the order O(«a) since o << 1,

which gives one of the roots of the equation is

o=+ / ar— (6.47)

where the integration limits are chosen from the inner r;, to the outer horizon radius
Tout given in Eq.(6.26). The (+) sign in front of the integral represents the outgoing and
ingoing particles. Now, using Eq.(6.47) and Eq.(6.45)

dr
So(r,t :wt:i:w/, 6.48
from Eq.(6.43) we get,
(L,R) (L,R)|2 1 dr
P = o2 =exp —— | wimt £ wlm [ — ), (6.49)
h g(r)

¢F represents the left and right modes of the wavefunction. This gives the ingoing

and outgoing probabilities of the particle. Using the classical limit, where the ingoing
probability must be unity when there is no reflection and everything is absorbed [236]
gives

d
Tmt = —Im/r. (6.50)
g(r)
Now using Eq.(6.50), Eq.(6.49) and principle of “detailed balance”, we get

4 dr w
R) _ _
since g(r) is the GUP-modified Schwarzwald metric element now on doing the contour
integral one of the pole lies inside the contour and similar procedure to get Eq.(6.31),

we obtain

_ 4M — «
©2n[2M + VAM — o)

One can easily see that as the GUP parameter « vanishes in the above expression we

Ty

(6.52)

recover the standard results. We also observe that Eqgs. (6.52) and (6.34), derived from
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two different approaches, lead to the same modification to the Hawking temperature.

6.2 Conclusion

In this chapter, we have investigated the implications of the Generalized Uncertainty
Principle (GUP) on black hole thermodynamics, particularly focusing on its effects on
Hawking radiation and the evaporation process of the Schwarzschild black hole. The
GUP, as a phenomenological approach to quantum gravity, introduces a minimal mea-
surable length scale that modifies the standard Heisenberg uncertainty relation and

consequently alters the fundamental structure of spacetime at the Planck scale.

We derived the GUP-modified Hawking temperature using two independent but comple-
mentary approaches: the Parikh—Wilczek tunneling method and the Hamilton—Jacobi
(HJ) method. In Sec. 6.1.1, we formulated the GUP-deformed Schwarzschild metric and
transformed it into the Painlevé—Gullstrand coordinate system to eliminate coordinate
singularities and obtain a stationary metric suitable for the tunneling analysis. We then
analyzed the quantum tunneling of massless particles across the event horizon using
the WKB approximation and obtained the modified Hawking temperature. Our results
indicate that the standard Parikh—Wilczek expression for the Hawking temperature ac-
quires additional correction terms proportional to the GUP parameter a, as shown in
Eq. (6.34). Importantly, in the limit o — 0, the conventional Hawking temperature is

recovered, ensuring the consistency of the framework.

A crucial consequence of these findings is that, within the GUP framework, black holes
do not evaporate completely. Instead, they asymptotically approach a finite remnant
mass corresponding to a maximum temperature. This result contrasts sharply with the
standard semiclassical picture, in which the black hole temperature diverges as the mass
approaches zero. The introduction of a minimal length scale through GUP effectively
prevents complete evaporation by establishing a lower bound on the black hole mass.
Such remnants are of particular interest in quantum gravity and could potentially serve

as stable end-states of black hole evaporation.

Furthermore, we examined the correlations among emitted quanta with different frequen-
cies, w1 and we, to study the non-thermal nature of Hawking radiation in the presence

of GUP corrections. Our analysis reveals that GUP introduces nontrivial correlations
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between successive emissions, thereby enhancing the information-carrying capacity of
the radiation spectrum. This finding suggests that GUP-induced effects may provide a
pathway toward resolving the black hole information loss paradox by allowing partial

information recovery through correlated emissions and the existence of remnants.

In Sec. 6.1.2, we derived the Hawking temperature independently using the Hamil-
ton—Jacobi method. Starting from the GUP-corrected Klein—Gordon equation and em-
ploying the modified momentum operator, we obtained the tunneling probability and
corresponding temperature. Remarkably, the resulting expression for the temperature,
Eq. (6.52), is in complete agreement with that obtained from the Parikh—-Wilczek tun-
neling framework, thereby confirming the consistency and robustness of the analysis

across different formalisms.

In summary, this chapter demonstrates that the incorporation of GUP leads to pro-
found modifications in black hole thermodynamics. The existence of a minimal length
scale alters the evaporation process, introduces correlations among emitted particles,
and prevents complete evaporation by stabilizing black holes into long-lived remnants.
These results provide valuable insights into the interface between quantum mechanics
and gravity and contribute to our understanding of the microscopic structure of space-
time. Although no direct observational evidence for quantum-gravity-induced black hole
remnants currently exists, recent theoretical and phenomenological studies have high-
lighted several possible astrophysical signatures and observational strategies for probing
such remnants through high-energy astrophysical observations and gravitational-wave
measurements [237]. Consequently, the present work provides a theoretical framework
that may be tested by future astronomical observations capable of constraining the ex-
istence of black hole remnants and the associated GUP deformation parameter. Future
work may further extend the present analysis to charged and rotating black holes, in-
vestigate the thermodynamic stability of the remnants, and explore their cosmological

and astrophysical implications.
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ANGULAR MOMENTUM
ALGEBRA

Studies of the GUP have revealed changes in several aspects of Quantum Mechanics
(QM). For instance, the Hamiltonian describing a minimal coupling with an electromag-
netic field is expected to undergo modifications, as demonstrated in [238]. This has been
used to show changes in the Landau levels [238]. Additionally, the GUP is found to af-
fect phenomena such as the Lamb shift, potential steps and barriers, which are relevant
in quantum configurations like Scanning Tunnelling Microscopes [239, 240], as well as
the case of a particle in a box, where the box’s length becomes quantized [239-241].
Moreover, the energy levels of a simple harmonic oscillator are also altered [239]. It has
been suggested that the GUP could be detected through its effects on quantum optical
systems [242-244)].

In this Chapter, we discuss GUP corrections to a significant theoretical and experimental
area of quantum mechanics mainly in the line of he seminal work in [245]. Specifically,
we examine how GUP leads to modifications in the angular momentum algebra. This
article is organized as follows: In sec. 7.1, we start with the well-known angular mo-
mentum algebra in QM. In Sec. 7.2, we discuss the modifications arising from different
models of GUPs to the angular momentum algebra. Finally, in Sec. 7.3, we extend
the application of the modified angular momentum algebra to the hydrogen atom and

observe the resulting modifications to the energy levels.

122
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7.1 Angular Momentum Algebra in HUP

In this section, we review the standard angular momentum commutator brackets using
the HUP and then compare it with the results obtained when applying the GUP. Angular
momentum in classical and quantum mechanics plays an important role in understanding
many physical phenomenons and their mathematical descriptions like the trajectory of
planets and planetary systems (Kepler’s law), rotation of rigid bodies, the structure
of atoms, and many more. In this section, we start with the classical definition of
angular momentum. In classical mechanics, angular momentum measures the “amount
of rotation” likewise linear momentum which measures the “amount of motion”. In
simple terms, for point particle, it is the cross product of position and momentum.
Angular momentum also follows the law of conservation as motion is in the central field.
The particle motion is restricted to the plane perpendicular to the angular momentum

vector.

The classical description of angular momentum is given as follows: the angular momen-
tum L of a particle with mass m and linear momentum p located at position 7 is given
by the vector cross product:

L=7xFp. (7.1)

where the magnitude is given by L = r.psin# and 0 is the angle between the vectors 7

and p. The components in the cartesian coordinate are:

L, =yp, — ZPy; Ly = 2py —xp,, L,= TPy — YPzx- (72)

In quantum mechanics, physical quantities such as angular momentum are represented
by operators acting on the wave function of a system, rather than continuous variables.
The classical quantities of position and momentum are promoted to operators as we go
into the quantum regime. The position operator 7 and the momentum operator p in one

dimension are defined as:

(7.3)
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Angular momentum is defined through the generator of infinitesimal rotations and its

algebraic properties. However, for orbital angular momentum, this definition in Eq.
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(7.22) and the generator of rotation are equivalent. This is analogous to linear momen-
tum, which is the generator of translations and, like angular momentum, does not give
rise to a minimal uncertainty relation, as it follows the standard Heisenberg algebra.
Angular momentum, as the generator of rotation, also does not allow for minimal angu-
lar resolution. Following this, the corresponding components of angular momentum in

Cartesian coordinates are represented as follows:
0 0 0 0 0 0
L,=—-ih|\ym——2—1|, Ly=—ih|lz——2— |, L,=—ih|lax— —y— ).
! (y&z Z6y> v ! <z8x xaz’) ! <x8y y8x>
(7.4)

Using the commutator relation between position and linear momentum ([g;, p;] = hd;;),
one can easily obtain the “fundamental commutation relations of angular momentum”

which incorporate all the basic properties of rotation in three dimensions:
with the Levi-Civita symbols

+1 if ijk is an even permutation of 123
€ijk = —1 if ijk is an even permutation of 123

0 otherwise.

To define Eq.(7.25), we used two main concepts: first, that Lj is the generator of
rotations about the K™ axis, and second, that rotations about different axes do not
commute. Additionally, one can verify that the Jacobi identity, an important property

of the Lie algebra of angular momentum operators, follows from Eq.(7.25) is given as

Using Eq.(7.6), it is easy to show that we can define eigenstates of L? and L, simulta-

neously or in other words L? commutes with all of its components as:

(L, Lj] = [L7, L] + [L3, L] + [L}, L] = 0. (7.7)
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In fact, consider that

[Li, ] = €ik[0iPk Pm] = €ijr[q5, PmlPR = Theijpr (7.8)

Using Eq.(7.8), we have
[Li, p*] = [Li,p} + P} + 0] = pilLj, pi] + [Lj, pilpi + pj[Le, ] + [Li, pslp; =0 (7.9)

and from this

[L;, p®] = 0 = 2p[L;, p]

that means for p # 0 gives
[Lisp] = 0. (7.10)

Similarly, commutator relation of L? with p and p? is as follows:

[L%,p] = Li[Li, p] + [Li, p]Li = 0, (7.11)

[L?,p®] = Li[L;,p*] + [Ls, p*|L; = 0. (7.12)

From the above two Eqs.(7.11,7.12), we observe that the operators L?, L., p and p?
commute, allowing us to construct simultaneous eigenstates of these quantities. These
eigenstates are also eigenstates of the free particle Hamiltonian, which represents the
system’s energy in the absence of external forces or potentials. Since the angular momen-
tum operator corresponds to an observable physical quantity, it is Hermitian, meaning
it produces real eigenvalues when acting on its eigenstates. In the context of group
theory, operators that commute with one another form an abelian group. However, be-
cause the components of angular momentum do not commute, the algebra they form is

non-abelian.

7.1.1 Ladder operators

Quantum operators like angular momentum are not a convenient way to keep track of
eigenvalues and eigenfunctions. For this we introduced Ladder operators as L4 and L_

on the eigenfunction Y}, where [ and m are the quantum numbers. The usual ladder
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operators are given as:
Ly=L,+ilL,, L_=L;—ilL,,
with commutator relation with the z-component of angular momentum as:
(L.,L+) = [L.,Ly) £i[L.,Ly) = h(iL, = L,) = £hL+, (7.13)
The L? commutes with the ladder operators L as
[L?, L4] = [L? L) +4[L* L, = 0. (7.14)
We also have
(Ly,L_) =[Ly +iLy, Ly —iL,| = —2i[L,, L] = 2hL,. (7.15)
The ladder operator also satisfies,
Lils=1L*—L?+HhL,. (7.16)

We also know that ladder operators are not Hermitian since they do not correspond
to any physical observable quantities; rather, they act to raise or lower the eigenstates.

The eigenvalues of L? and component L, for the given eigenstate are
L*nim) = K21(1 + 1)|nlm), L.|nlm) = hm|nim) (7.17)

where n, [, and m are quantum numbers that take on only integer values. Now using
Eq.(7.13), we get
L,Ly|nlm) = (m + 1)hLy|nlm) (7.18)

which means that Ly |nlm) act as an eigenstate for L, with eigenvalue (m £ 1)h. The
operators Ly are also referred to as raising and lowering operators, as they increase or

decrease the eigenvalue of L, by an amount of 4. Now using Eq.(8.50) we also obtain

L?Ly|nlm) = LaL?|nlm) = I(1 + 1)h2 Ly |nlm) (7.19)
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From the above equation, we observe that the ladder operators act on the eigenstates
of L? without altering its eigenvalue, while they do change the eigenvalue associated
with L,. This point emphasizes that ladder operators affect the quantum number m
associated with the L, component but leave the total angular momentum quantum
number [ unchanged. We can determine the eigenvalue for the ladder operators in a
given state, where the ladder operator shifts the state either one level up or one level
down:

Li|lym) =~4h|l,m£1) (7.20)

where, v+ = \/I(l + 1) — m(m £ 1).

In this section, we discussed the standard results of angular momentum algebra in quan-
tum mechanics. All of the aforementioned results are derived under the assumptions of
the HUP without considering the implications of a minimal length or minimal angular
resolution. In the next section, we will address the concept of minimal length and its

effects on angular momentum algebra.

7.2 Modified Angular momentum algebra in the presence

of GUP

Angular momentum in classical and quantum mechanics plays an important role in
understanding many physical phenomenons and their mathematical descriptions like
the trajectory of planets and planetary systems (Kepler’s law), rotation of rigid bodies,
the structure of atoms, and many more. In this section, we start with the classical
definition of angular momentum. In classical mechanics, angular momentum measures
the “amount of rotation” likewise linear momentum which measures the “amount of
motion”. In simple terms, for point particle, it is the cross product of position and
momentum. Angular momentum also follows the law of conservation as motion is in the
central field. The particle motion is restricted to the plane perpendicular to the angular

momentum vector.

The classical description of the angular momentum L of a particle with mass m and

linear momentum p’ located at position 7 is given by the vector cross product

L =7p. (7.21)
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where the magnitude is given by L = rpsinf and 6 is the angle between the vectors 7

and p. The components in the Cartesian coordinate system are

Lx = YDz — 2Py, Ly = ZPx — TPz, Lz = IPy — YPx- (722)

In quantum mechanics, physical quantities such as angular momentum are represented
by operators acting on the wave function of a system, rather than continuous variables.
The classical quantities of position and momentum are promoted to operators as we go
into the quantum regime. The standard position operator 7 and the momentum operator

P in one dimension are

<
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(7.23)

To incorporate the minimal length effect, the usual position and momentum variables get
modified showing a non-commutative geometry. Among the various GUP models that
incorporate the minimal length effects predicted by different quantum gravity theories,
we adopt in this section a generalized modification through a momentum-dependent
function G(Bp). The specific form of this function is model-dependent and can represent

different versions of GUPs. The different forms of this function are

1+ Bp?,

ex 2),
G(Bp) = P (7.24)

_1
1-pp?’

bij — o (péij + %) +a? (p*0ij + 3pipj) ,

In this section, we study how the effects of the minimal measurable length, where the
modified commutator relation between position and momentum alters the standard
quantum mechanics of angular momentum and its commutator relations. The modi-

fied commutator relation incorporate the minimal measurable length is given by

(gi, pi] = ihG(Bp). (7.25)

In the low-energy limit, where quantum gravitational effects can be neglected, we take
B — 0, which leads to G(fp) =~ 1, thereby recovering standard quantum mechanics.
Specifically, we focus on a more generalized form of GUP, incorporating the linear as

well as the quadratic corrections. We choose the coordinates to remain invariant, and
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only the momentum variable is modified [245-247] as follows:

¢ =qoi pi =poill —kipo+ (k2 + E)pd]. (7.26)

The modified commutator relation capturing the linear and quadratic momentum de-

pendence form of GUP is given as

9, pj] = ih{% — vk1 <p5ij + pfj> + 2 [kap?Sij + (2ko + k%)Pin]} (7.27)

where + is related to the scales at which the quantum-gravitational effect became rele-

vant, and is defined as the inverse of the Planck momentum ~ = 1\/?1310 with 9 ~ 1,
the dimensionless parameters k1 and ko are introduced to explicitly distinguish the con-
tributions arising from the linear and quadratic terms in the GUP framework. In the
one dimensional case, setting k; = 0 and ke = % reproduces the well-known Kempf-
Mangano-Mann (KMM) form of the GUP, as presented in Eq. (5.18). The motivation
for choosing this type of GUP, which includes multiple free parameters, lies in the flex-
ibility it provides. By adjusting these parameters, we can explore and analyze various
forms of the GUP. The GUP between position and momentum introduces a minimal
measurable length. Similarly, if we apply GUP to angular momentum algebra, it leads
to the concept of a minimal measurable angle. We expect GUP in the angular vari-
ables and their canonical angular momentum. To see this, we use the GUP-modified

commutator relation of Eq.(7.25), which changes the commutator relation between the

components of angular momentum as

[Li, Lj] = €imn€jrs[dmpPn, @rps]
= €imnC€jrs{qm[Pn, @]Ds + @r[@m; Pslpn}
= ih€imn€jrs{0-PnG(8P) — qmpsG(Bp)} (7.28)
= W €mni€mir@rPn — €nim€nsjdmPs)9(BP)

= iheiji LG (Bp),
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for the form of GUP incorporating the linear as well as quadratic dependence of Eq.(5.19)

is written as

[Lia Lj] = €imn€jrs [Qmpm QTps]

= 6imnejrs{Qm [pna QT]ps + qr [Qm7ps]pn}

= Zhfimnfjrs {%’pn |:5ms - 7k1 (péms + prr;)ps) + 72 [k2p26z'j + (2k2 + k%)pmps]:|

— gmPs |:6m" - ’Ykl <p5nr + pz?pr> + 72 [k2p25n7“ + (2k2 + k%)pnpr]:| }

= iﬁ(emniemﬁ“%’pn - EnimfnszmpS>(1 - k1’)’p + k272p2)
= ZﬁEZJkLk(l — kl’Yp + k272p2)7
(7.29)

this results in the usual commutator bracket being modified with additional transla-
tional momentum terms. We also observe that angular momentum is now not only the
generator of rotation but also of translation. As the GUP parameters v = 0, we recover
the original commutator algebra. The effects of GUP directly influence the angular mo-
mentum term by adding extra terms. We can expand the modified angular momentum
in terms of the generators of rotation and translation through various form of GUPs,

respectively, as

G(Bp) =1+ Bp*,

G(Bp) = exp(Bp?),
{Lk = Lo xG(Bp) } = 1

G(Bp) = 132

G(Bp) = dij — <P5ij + p?) + o’ [p*i5 + 3pip;].

Additionally, one can verify that the Jacobi identity, an important property of the Lie

algebra of angular momentum operators, using Eq.(7.28) as

(Li, [Lj, L) |+[Lj, [Ly, Li]|+|Lg, [Li, Lj]] = ih{€ijx[Li, Li|+€ii[Lj, Ljl+e€ijx[Li, Lk }G(Bp) = 0,
(7.30)

it means in the presence of GUP the Jacobi relation remains same. Furthermore, the
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eigenstates L? and L, can be simultaneously defined when we consider the GUP modi-

fications. This can be expressed as
L2, L] = (L2, L;] + (L2, L] + [}, L;) = 0. (7.31)

If we consider the commutator relation between the components of angular momentum

and linear momentum, we obtain

[Li, pm]| = €ijk[ajPr, Pm] = €ijk[aj PPk
= iherprG (6p) (7.32)

= ih€imkprG (Bp),

for the case of linear + quadratic form of GUP, we get

[Li, pm] = €3k, Pm] = €ijilqj, PmlDK
= iﬁﬁijkpk{5jm —vk1 <p5jm + p]]z)?m> + 2 kop®Sjm + (2k2 + k%)pjpm]}

= ihesmppr(l — vk1p + kav2p?),
(7.33)

we observe that the relation is modified by an extra term involving p. The original
results remain unchanged if we neglect the quantum gravitational parameters. From the

above results, we can easily show that

[Li,p*] = [Li,pi + p; + pi) = pil Ly, pi] + [Lj, pilpi + pj[Le, j] + (L, pslp;
= 1hG(Bp)[€jimPiPm + €jimPmPi + €kjnDiPn + €kjnPnp;] (7.34)
— 0,

by the property of €;;xp;pr, + €ij1prp; = 0, and utilizing Eq.(7.27). The eigenstate of the
component L, commutes with p and p? following the standard QM theory. Consequently,
we can define the simultaneous eigenstates for L?, L., and p. Despite deformation of the
commutator algebra induced by the GUP, the fundamental structure of quantum me-
chanics remains preserved. This indicates that while the algebraic relations are modified,
the underlying symmetry structure, such as the form of the angular momentum algebra,
remains formally intact when appropriate deformed variables are used. In this frame-

work, it is not the representation that breaks but rather the generators and variables
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that get modified, leading to a consistent deformation of the algebra without altering

its core Lie structure.

7.2.1 Ladder operators in the presence of Linear + quadratic form of

GUP

In this subsection, we calculate the effects of the GUP-deformed algebra on the ladder
operators. Using the standard procedure, it will follow the same structure as in the
standard theory, but the quantum numbers [ and m are now not integers and include
correction terms. As mentioned above, we can consider the simultaneous eigenstates of

p, L., and L? as
L2|pl'm) = UR?|pl'm), L.|pl'm) = mh|pl'm),

where I denotes the eigenvalue of the deformed angular momentum. Using the Eq.(7.28),

the component of angular momentum and ladder operator does not commute and gives
[L.,Ly]) = (L., Ly £4[Ls, Ly = h(iLy & Ly)(1 — vkip+ koy?p?) = £hLy (1 - (), (7.35)

where ( is the GUP corrected factor, ¢ = kiyp — koy?p?. The ladder operator commutes

with the magnitude of angular momentum as
[L?, L4] = [L? L,] +4[L* L,] =0, (7.36)

this structure is consistent with the standard QM . With the help of GUP-modified

commutator relation Eq.(7.28), we also obtain
[Ly,L_] = Ly +iLy, Ly — iLy) = —2i[Ly, L) = 2hL.(1 — C). (7.37)

It satisfies,

Lil+=1L1?—L*+hL.(1—(). (7.38)

Now, using Eq.(7.35), Eq.(7.39) became:

L.Ly|pl'm) = Lx[L: £ (1 = Q)]lpl'm) = h[m = (1 — ¢)| L+ |pl'm) (7.39)
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and using Eq.(7.36), we get
L?Ly|pl'm) = L+ L?pl'm) = I'B* Ls[pl'm), (7.40)
and the norm of the state L |pl'm) is obtained as
| Ls|pl'm)||* = (pI'm|LxLi|pl'm) = B2[l' — m{m + (1 — vkip + koy?p*)}] > 0. (7.41)
If we consider L? and L, only, we obtain
|Le[l'm)||* = ('m| Ly Le|l'm) = R[l" — m{m £ (1 = (¢))}] = 0, (7.42)

the GUP modification appears as ((), which is the expectation value of the corrections.
The term 1 — (¢) is a positive quantity. We also note from the eigenvalues of L? and L,
in Eq. (7.38) that (L?) > (L?), which requires I’ > m?. This implies that there is an
upper and lower bound on m, denoted as my and m_, respectively. Additionally, from

Eq. (7.42), we obtain
Li‘pl/mi> =0 = I'= mi[mi + (1 — {)] (743)

we can get my from any starting value of m by multiplying v and v to Ly and L_

respectively where u,v € N as
my=m+u(l—¢), m_=m-—v(l-) (7.44)
and on combining the above two relations, we achieve,
my=m_+(u+v)(1—-¢) =m_+n(l—-C) (7.45)
where n € N. On taking the above equation and Eq.(7.43), one can obtain
n n
my=2(1-0=10-¢), m =-2(1-0=-11-0), (7.46)

and also we get

U'=1(1+1)(1-0% (7.47)
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We noticed that usually, the magnetic quantum number m might not be an integer be-
cause the difference between two consecutive eigenvalues of L., m; and my the difference

is (1 — ¢). Thus, we redefined it as
m — m(1l — () (7.48)

Now, the new GUP-modified magnetic quantum number m has integer upper and lower
bounds as

—l<m<l (7.49)

Next, the eigenvalues of L? and L, for any given state are
L?|plm) = B*1(1 +1)(1 = ¢)*|plm),  L.|plm) = hm(1 = {)|plm). (7.50)

To show that the eigenvalues of L? and L, are compatible with the uncertainty relation
in Eq. (7.28), we first note that the expectation values of L, and L, in an eigenstate of
L? and L, are zero:

(Lp) = (L,) = 0. (7.51)

The variances of these components are given by:
(ALy)® = (L3), (ALy)*=(L}). (7.52)

Now, for the right-hand side of Eq. (7.50), the uncertainty relation between L, and L,
is:
[([Las Lyl)| _ B n?

AL ALy > RPN = DU (1 ()] = lml(1L— ()%, (7.53)

where we used the commutator [L,, L,] = ihL, and the GUP correction factor (1 —(()).
By the equivalence between L, and L, in an eigenstate of L., we insert Eq. (7.53) into

the left-hand side of Eq. (7.50), yielding:
(L%) = A+ 1)(1 = (€)= (L3) + (L) + (L2) = h*(m? + [m|)(1 = (())*,  (7.54)

where the equality holds when m = +I. We observe that (L?) is bounded by (L?) due to
the uncertainty in the other components, similar to standard quantum mechanics. Now,
we will apply the results of the modified angular momentum and ladder operators to a

physical system and examine how GUP modifications affect those systems [248-252].
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7.3 Application: Modified Hydrogen atom

From the sections above, we now know that by introducing a minimal angular resolution,
the angular momentum algebra has changed significantly. To observe these effects, we
can apply these corrections to different quantum systems. As we also know, angular
momentum algebra plays an important role in understanding atomic systems. In this
section, we study the modified energy levels and spectrum of hydrogen atoms based
on the GUP-modified angular momentum algebra. We incorporate the effects of GUP

directly into the Hamiltonian of the system.

The usual Hamiltonian for hydrogen atom for a central force with the potential energy
U(r) = é is given as
py | L* €]
HY(T) = + — — | (), (7.55)

2m  2mr?  r

we have the radial momentum term p, and the square of angular momentum which
consists of both radial and angular parts. However, we include the GUP effects in terms

of expected values i.e. (¢) = k1y(p) — kay(p?) as

L2[im) = RI(1+1)(1=(())?|lm),  Le[lm) = hm(1—(Q)|lm),  plim) = po(1—(C))[lm).

(7.56)
In this context, (¢) represents the average value of the GUP corrections. It is crucial to
assume expectation values for observable physical quantities when considering Planck-
scale corrections. From Eq. (7.56), we observe that Lis proportional to Eo, and both L;
and L? commute with the Hamiltonian #H. Using this result, the GUP-modified radial
part of the Schrodinger equation becomes

2
pO,r
2m

R2(1+1) €2

(1= (¢)*+ (1)~ ) = Eu(r). (7.57)

2mr?

where FE is the energy eigenvalue. The above Eq. (7.57) consists of two parts one is the
unperturbed part without the GUP modification, expressed in terms of the unmodified
momentum and angular momentum, and other is the perturbative part that includes

the corrections. It can be written as:

- — {(Q)* =2(O)}uu(r) = Eyy(r). (7.58)

2 2 2 2 2
Do, Rl +1 e Do,  RElI(L+1

2m 2mr2 r 2m 2mr?
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Here, the first term represents the low-energy part of the Hamiltonian without GUP
corrections. Now on choosing the variables like,
—2mFE h? 1 2xr

= T2 o A=, V=-—, 2= ;
X h? me? ay 1—(¢)

y(r) = Z(H'l)e_%v(z) (7.59)

and substituting these variables in Eq.(7.57) gives

[zcgi+(2l+2—z)(i+<l_”<o—l—1>] ~0. (7.60)

On taking v = 0 the above equation changes to the well-known Laguerre equation. With

the given condition as
, v

TTITO

On solving the Eq.(7.60) we obtain the associated Laguerre polynomial

—l-1€N. (7.61)

(24+1), u (1) (n/ + 20+ 1)! 2
L) _Z; W — )2+ 1+ )l (7.62)

7=

Then, the solution for the Schrodinger equation (7.57) for the radial part is

(41) . —2 (1) (n’ + 21+ 1)! 2
zg (' — i)l (20 + 1+ )4’ (7.63)

and the modified principal quantum number is

62 m
n=v= [ = 1)1 Q) = (1 (), (7.64)

where ng is the principal quantum number. The GUP-deformed expression of the energy

level of the hydrogen atom is

B m
TR + 1+ D1 (O))?
_ et me? (7.65)
2h2c2 n?

~ EQ[1 + 2k17y(po) + v (33 (po)? — 2k2(p3))],

E7(10) represents the energy for the corresponding energy level in the standard theory.
With GUP corrections, the energy for the hydrogen atom now includes additional terms

involving the expectation values of pg and p(z) in a |nglm) eigenstate. If we consider no
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GUP effects by setting v = 0, we recover the original energy level expression. In standard
QM, the energy emitted or absorbed during a transition between two energy levels is
given by the energy difference between the two states. Thus, it is straightforward to
determine the frequency and wavelength of the emitted or absorbed lines through the
wavelength and differrence in energy level relation. It is also well known that the energy
of the hydrogen atom is inversely proportional to the square of the principal quantum
number. From this, we can also calculate the wavelength of the emitted photon when

the atom transitions from energy level E; to Ef as:

1_IE—Bl_p 1 _ 1
X he U (-2 nd(1— ()2

(7.66)

where R is the Rydberg constant. Equation (7.66) shows that the GUP-modified
spectrum not only depends on the principal quantum number but also includes correc-
tions involving the expectation values of the electron’s momentum, as well as its angular

momentum quantum numbers.

7.4 Conclusion

Quantum mechanics, as is well known, is based on the Heisenberg uncertainty relation.
Many quantum gravity theories predict the need for modifications that incorporate the
concept of a minimal length. With the development of various quantum gravity theo-
ries, identifying a distinct signature of quantum gravity remains a significant challenge,
making experimental testing crucial for measuring Planck scale effects in low-energy

quantum systems.

In this chapter, we consider a momentum-dependent functional term, G(8p), which cap-
tures both minimal length corrections and higher-order modifications to the uncertainty
principle. The function G(8p) is model-dependent and thus accommodates various for-
mulations of the Generalized Uncertainty Principle (GUP). We focus specifically on the
deformed commutator bracket containing linear and quadratic momentum terms and ex-
plore its implications for the angular momentum algebra. Our analysis reveals that the
GUP-modified position—-momentum commutation relation leads to corrections in the an-

gular momentum algebra, introducing an additional term that reflects the GUP-induced
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deformation. A comparison between the standard angular momentum algebra and its

GUP-deformed counterpart is presented in Table 7.1.

TABLE 7.1: Comparison of standard Angular Momentum Algebra and GUP-Modified

Algebra
Aspect Standard Angular Momentum GUP-Modified Algebra
Commutator Relations [Li, Lj] = ihe;ji Ly, [Li, Lj] = iheije Lie(1 = kayp + k2v?p?)
Jacobi Identity [Li, [Lj, L)] + [Lj, [Lk, Li]] + [Lk, [Li, Lj]) = 0 same as standard
Commutators with L? L2, L] =0 L2, L] =0
Commutators with Momentum  [L;, p;] = ihe;jipy [Li, pj] = iheijupe(1 — vhip + kay?p?)
Commutators with p? [Li,p?] =0 [Li,p?] =0
Eigenstates of L? and L, Can be simultaneously defined Can still be defined simultaneously
Commutator with L, Ly, Ly] = +hLy [Ls,Ly] =+hLi(1-C)
Norm of the State [|L<|l,m)|> >0 [|Ls|p, ', m)||> > 0 with GUP corrections
Quantum Numbers Integer values for [ and m Integer values but with bounds on m due to GUP

In Sec. 7.3, we carry out the application of these modifications and examine how they
affect the energy levels and energy spectrum of the hydrogen atom. We observe that
the principal quantum number changes due to the modification, with additional terms
representing the average values of p and p?, which affect the energy levels of the hydrogen
atom. We also note that the energy spectrum now includes corrections that account
for the expected values of the electron’s momentum and angular momentum quantum

number.

Since higher-order GUPs will also follow the same algebra with additional higher-order
terms, we expect the algebra to remain consistent for these higher-order GUPs also.
With these modifications to the angular momentum algebra, new avenues for phe-
nomenological testing and theories are opened, which can potentially be tested in the
future in contexts such as the Zeeman effect, Stark effect, simple harmonic oscillator
(SHO), and others. This modification to the angular momentum algebra provides an
opportunity to tighten the upper bound of the GUP parameter as studied in [253] by
considering systems with angular momentum, like the Hydrogen atom in our case. We

leave this for our future endeavours.



Chapter 8

THE ATOMIC SPECTRA

A key insight common to different QG theories approaches is the emergence of a fun-
damental minimal length scale, typically on the order of the Planck length [, ~ 1073
m, beyond which the conventional notion of spacetime continuity breaks down. The
presence of a minimal measurable length challenges one of the cornerstones of stan-
dard quantum mechanics that is the Heisenberg Uncertainty Principle (HUP) which
allows, in principle, arbitrarily precise measurements of position at the cost of increased
momentum uncertainty. The introduction of a lower bound on the measurable length im-
plies that the HUP must be modified to accommodate this quantum gravitational limit,
leading to the formulation of the Generalized Uncertainty Principle (GUP). The GUP
extends the standard uncertainty relation by incorporating a momentum-dependent cor-

rection term, expressed as

h

2
AXAP >z 5 |1+ f <l;l’> (AP)?|, (8.1)

where (1 is a positive dimensionless parameter, and (AX)min = v/f1lp represents the
minimal measurable length [131, 254, 255]. This modification finds theoretical support
from studies of string scattering amplitudes, black hole thermodynamics, and spacetime

discreteness [58, 97-99].

The idea of a minimal length is not only significant for quantum gravity phenomenology
but also has deep implications in cosmology. During the early universe, where energy
scales approach the Planck regime, quantum gravitational effects may have influenced
the inflationary dynamics driven by scalar fields such as the inflaton or quintessence field.

139
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These scalar fields provide an elegant mechanism to explain both the rapid exponential
expansion in the inflationary epoch and the late-time cosmic acceleration. The intro-
duction of GUP into such cosmological contexts modifies the phase space structure,
potentially affecting the inflaton potential, field dynamics, and perturbation spectra
[256—-260]. Thus, the study of minimal length physics serves as a unifying framework

connecting the microscopic quantum world to macroscopic cosmological evolution.

Despite its profound theoretical relevance, direct experimental verification of GUP re-
mains challenging due to the Planck-scale suppression of its effects. Nonetheless, high-
precision experiments in atomic, molecular, and optical (AMO) physics offer a promising
route to probe such corrections indirectly. Atomic systems, governed by well-established
quantum mechanics, provide ideal laboratories to test small deviations induced by gen-
eralized uncertainty relations. In particular, the fine and hyperfine structure of atomic
spectra, and the shifts induced by external electromagnetic fields, are sensitive to minute
perturbations in the canonical commutation relations. Hence, phenomena such as the
Zeeman effect (interaction of atomic levels with magnetic fields) and the Stark effect (in-
teraction with electric fields) serve as natural candidates to investigate possible imprints

of quantum gravity through RGUP-induced corrections.

In this framework, the Relativistic Generalized Uncertainty Principle (RGUP) extends
the GUP to a Lorentz-invariant form, enabling its consistent application to relativistic
systems and quantum field theory. The RGUP introduces modified commutation rela-
tions between position and momentum operators, incorporating quadratic momentum
corrections that recover the standard Heisenberg algebra in the low-energy limit. Such
a formulation not only preserves the covariance of physical laws but also allows the
exploration of minimal length effects in relativistic quantum systems. Within this set-
ting, atomic transitions and spectral line shifts become sensitive probes of the deformed

algebraic structure underlying RGUP.

This chapter aims to examine the influence of the Relativistic Generalized Uncertainty
Principle on atomic spectra, focusing on the Zeeman and Stark effects as representative
phenomena. By analyzing how the presence of a minimal length modifies the canonical
operators and the resulting energy level shifts, we explore whether quantum gravita-
tional effects could, in principle, be detected through precision atomic spectroscopy.

Furthermore, understanding RGUP-induced corrections in atomic systems establishes
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an essential link between quantum gravity phenomenology, high-energy cosmology, and
low-energy experimental physics. Through this approach, atomic spectra emerge not
merely as laboratory observables but as potential windows into the fundamental struc-

ture of spacetime at the Planck scale.

8.1 Theoretical Framework for RGUP and Minimal Length

Corrections

The non-relativistic commutator relations incorporating the minimal observable length
for D-dimensional space were first proposed by Kempf, Mangano, and Mann in 1995

[261-263] given by

[2', ] = ih [(1 + a1p®)6" + asp'p’] (8.2)
ot ] = i B0 B O s i, (5.3)
', 1] =0, (8.4)

where, a1 and ap are positive deformation parameters that govern the algebraic structure
within the deformed space, where the indices i,j = 0,1,2,...,D . This quadratic
momentum deformation in the commutator relation is motivated through String theory
[264] and Black hole physics [137, 265]. From the Schrodinger-Robertson uncertainty
relation [266—268]

(A2)*(Ap)* = 7 [z, p)) . (8.5)

e~ =

one can ascertain the minimum uncertainty in position, expressed as

(Axi)minimal = h\/ (Dal + CV2)- (86)

In [269], Stetsko and Tkachuk derived approximate expressions for the deformed position
and momentum operators, neglecting higher-order corrections or, equivalently, assuming

the deformation parameter to be small. To first-order accuracy in the deformation
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parameters, they obtained:

) . 2001 — . .
ot =+ == (bl + «fi) | (8.7)
P =ph (1 + 7193) : (8.8)

where the subscript “0” represents the standard position and momentum operator. For
the special case g = 2aq, the position operators commute, leading to the following

modified commutation relations and the modified operators as

[z, ] = ik [(1 + 201p*)87 + crp’p’]
[z, 27] = 0, = . (8.9)

p'.p’] =0

In Minkowskian spacetime with metric signature (— + ++), the quadratic GUP in
Eq.(8.2) takes the form as

[2#,p"] = ih(1 + (e — Q)2 P pp)n*™” + ih(a’ + 2€)7*pHp”, (8.10)

where p,v € {0,1,2,3}, and 7 is a dimensionless parameter with the inverse dimension
of momentum, while «, €, and o are also dimensionless parameters. The parameter
is defined as v = ﬁ, where Mp; denotes the Planck mass. These parameters become
significant in regimes where quantum-gravitational effects play a crucial role, particularly
near the Planck scale. At this scale, the dimensionless parameters are generally assumed

to be of order unity. For a comprehensive discussion on these parameters, see [261, 270].

We observe that Eq. (8.10) simplifies to Eq. (8.2) in the non-relativistic limit (¢ — 00)
and reduces to the standard Heisenberg uncertainty relation as v — 0. Moreover, the
variables x# and p” correspond to the physical position and momentum, which are
not canonically conjugate. To address this, we introduce new four-vectors, :1:6‘ and pf,

satisfying the relations

, 2, p6) = i (8.11)
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Following [271], the deformed position and momentum variables, expanded up to second

order in 7, are given by

ot = xff — ay*phpopTh + /Y phphTo, + ERYPDS, (8.12)

P = p6 (1 + ev’plpop), (8.13)

where £ is another dimensionless parameter. The position operator satisfies the commu-

tation relation
s 2a+d

1+ (e — a)y?pPp,

[xH, "] = ihy (xtp” — z¥ph). (8.14)

The last two terms in Eq. (8.12) contain a preferred direction due to the pj term, thus
introducing anisotropy and violating the principle of relativity. To maintain relativistic
invariance, we set o’ = 0 and £ = 0. This formulation of relativistic GUP recovers the
KMM algebra in the limit ¢ — oco. For the application to the Stark effect, we employ
the approximate representation introduced by Stetsko and Tkachuk (or Brau-type) [269],
ensuring consistency with the KMM algebra in the first order by setting & = 0. Under

the linear approximation, the modified commutation relations take the form

[z#,p"] = ih(1 + 672pppp)7]“” + 2ihey?ptp”, (8.15)

[z#, 2"] = 0. (8.16)

These expressions generally hold true when the GUP-corrected parameters are taken to
be very small. In this regime, we can interpret x as a quasi-position operator. However, if
the deformation parameters are not negligible, the neglected higher-order contributions
may become significant, potentially leading to inaccuracies or deviations from the true
dynamics of the system. Therefore, in situations where high precision is required or
where the deformation parameters are not vanishingly small, it becomes necessary to
include second-order or even higher-order terms to ensure a more accurate and reliable

description. These relations hold for the modified position and momentum operators

zt = af), (8.17)

P =ph (1 + ey*plpo)- (8.18)
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To derive the corresponding dispersion relation, we consider the squared physical mo-

mentum, which satisfies

p’pp = —(me)?, (8.19)

now expressing this in terms of pfy, we obtain

Popop(L + 26v*pgpos) = —(me)?, (8.20)
here, m denotes the particle’s mass. Due to the presence of mixed derivatives, solving
Eq. (8.20) analytically becomes challenging, even in spherically symmetric scenarios.
Instead, we solve for pfpo,, selecting solutions that correctly reduce to (me)? as v — 0.

Applying the quadratic formula, we obtain the second-order dispersion relation

, [ (mep
PoPop = 4ery? (4ev?2)? 2ey2

~ —(me)? = 2ev*(me)t — O(yh). (8.21)

We observe that in the non-relativistic limit (¢ — o0), the four-momentum scalar product

satisfies

EN®
vty = (%) + b (822

In the non-relativistic quantum-mechanical representation, one has
Phpo, = —h*V2 (8.23)

For simplicity and reduction of many parameters from this point onward, we define
ey? = 3 and choose h = 1. Throughout this chapter, the relativistic generalized uncer-
tainty principle (RGUP) is treated perturbatively. Since the deformation parameter + is
expected to be of the order of the inverse Planck momentum, we assume v < 1, so that
only the leading corrections up to O(4?) are retained, while higher-order terms O(v*)
and beyond are consistently neglected. This approximation is employed throughout the

derivation of the RGUP corrections to the Zeeman and Stark effects.
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8.2 Zeeman Effect in presence of RGUP

The Zeeman effect describes the splitting of atomic energy levels when an atom is sub-
jected to the external magnetic field. Depending upon the nature of the magnetic field
two cases can occur namely the strong-field (normal Zeeman effect) and the weak-field
(anomalous Zeeman effect). In the first case, when the magnetic field is strong, the
Russell-Saunders coupling breaks down, leading to the independent precession of the
orbital and spin angular momenta. This decoupling characterizes the normal Zeeman
effect, where the orbital and spin angular momenta precess individually under the influ-
ence of the external magnetic field. In the second case, a weak magnetic field is unable to
break the Russell-sauders coupling which results in preserving the total angular momen-
tum the vector sum of the orbital and spin angular momenta. In this scenerio, Larmor
precession occurs, where both the spin and orbital angular momenta precess around the

external magnetic field.

In this section, we study the effect of relativistic corrections due to GUP in the Zeeman
effect, starting by analyzing the influence of the external magnetic field. We extend the
procedure proposed by Khosropour in [272] to derive a more general form of the GUP
correction with relativistic effects, such that it recovers the non-relativistic GUP and
the standard expressions without GUP in specific limits. To start with, we take the

relativistic Lagrangian field density with current density as

J R (8.24)
4410

where p,v = 0,1,2,3 and F,,,(z) = 9, A, (2)—9,A,(z) and A(z) = (A%(x), AX(z), A%(z), A3(z))
are electromagnetic field tensor and vector potential respectively. Now using the de-

formed position and derivative operator in Eq.(8.18) and using the Eq.(8.21)as ..
ot — Xt =af, " — D" := 01— B(me)? — O(?h), (8.25)

where D* is the ordinary derivative for Minkoskian space-time. From this point onward,

we will use boldface letters to denote four-vectors, which include both spatial and
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temporal components. Using Eq.(8.25) the modified electromagnetic field tensor become

Fuw(X) = D,A,(X) — D, AL (X),

Fur(x) = Fup(x) = B(me)? Fuy(x) — O(7). (8.26)
We define the magnetic induction vector and electric field induction B(x), E(x) as
Fij = —EijkBk, Fij = EijkBk, Fi() = E'Z (827)

since we are studying the effect of magnetic field in the atomic spectra we consider the
electric field vector to be zero. The magnetic induction vector in three-dimensional space
with ¢,7 =1,2,3 is

B' = {B,, By, B.}. (8.28)

Using Eq.(8.27), Eq.(8.28) and Eq.(8.26), one can obtain the GUP-modified magneto-

static field as
braur(x) = (1 - B(me)* — O(v*))B(x), (8.29)

The above expression includes the effect of relativistic GUP and as we choose ¢ — oo

the effects became non-relativistic and the expression up to the order of ¥? became

bup(x) = (1 - r°V?)B(x) (8.30)

= (1+ 6p")B(x) (8.31)

and as quantum gravity parameter v — 0 we recover our original magnetic field. We also
note that in the relativistic limit (¢ — 0o) we recover the results presented in [272]. Now,
we use the corrections obtained from RGUP in the magnetic field to obtain the RGUP-
corrections in the Zeeman effect. We first choose the Hamiltonian Hy for hydrogen-like

atoms by taking the relativistic correction only in the kinetic energy term as

¥ p ©

Hy=~2 - 2 _1+y© 8.32
7 om 8m3c2+ ’ (8:32)
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where U(©) are the internal interactions of the zeroth order in v/c. We derive the

magnetostatic field B from the vector potential as
1
A= §(B x X). (8.33)

To incorporate the effect of an external magnetic field on the charged particle, we use the
minimal coupling prescription. In the presence of an electromagnetic field, the canonical
momentum p is replaced by

Since the RGUP modifies the magnetostatic field in Eq.(8.29), it also affects the process
of obtaining the Hamiltonian in the presence of relativistic GUP. To address this, we

first determine the modified vector potential as

1

2(1 — B(me)?*)(B x x), (8.35)

1
Arcup = §(bRGUP X x) =

where B represents the usual magnetostatic field without RGUP. On choosing B in

positive z-direction, we have

Ancup =~ (1~ Bme)?) (Byi — B,

= (1 - B(me)*)A, (8.36)
where A = —1(By# — Bxj). And, Eq.(8.34) modifies using Eq.(8.36) and Eq.(8.18) as

PP "AR% — (1= B(me)?) (p _ ef) | (8.37)

Now, the overall Hamiltonian is written as

Hreup = % {(1 — B(me)?) (p - ef) }2_8”11302 {(1 — B(me)?) (p - ef) }4+U<0)
(8.38)
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and, upto the order v2, we write

1 —28(mc)? e2A? ¢
bngop = =2

_S(p- A+ A.
2m c? c<p + p)}

1+ 4B(me)?) {p4 N etAl N 2p2e?A?  e?

€ 2
R a 5 + g(p A+ A-p) (8.39)

(26p2 2¢3 A2

c

+
c c3

)(p-A—l—A-p)}—i—U(D).

We know that one can replace p.A by A. p with the help of Coulomb gauge (V.A = 0),

such that
B 1
Ap =3 (=yps +2py) = 5 BL, (8.40)
1
A% = EBZ(x2 + 12). (8.41)

Since the relativistic GUP-modified Hamiltonian contains terms with A2, these can be
neglected because of the quadratic term B2(z? + y?) that corresponds to higher-order
magnetic corrections. In a one-electron system like hydrogen, these quadratic terms are
much smaller than the linear terms, as the magnitude of the magnetic interaction for
a single electron is relatively weak, and the quadratic terms contribute a much smaller
energy shift.The Hamiltonian consists of both an unperturbed and a perturbed part.
The perturbation arises from two contributions: Hpg, due to the external magnetic field,
and Hpg, due to the spin-orbit (L -S) coupling. In the first case, we consider only the
contribution from a strong magnetic field, where the external magnetic field is strong
enough to dominate over the internal spin-orbit coupling. As a result, the interaction
between the spin magnetic moment and the external magnetic field becomes significant.

The final effective Hamiltonian in the first case will take the form as

2 2.2 2
p®  B(me)p 2y € (1+48(me)*) 4 e 2., 77(0)
H == 272 (1-2 BL,— BL, .
RGUP =5 m ( Bme) )2mc 8m3c? P +4m3c3 AU
(8.42)

We also add the spin magnetic-moment interaction in the presence of a relativistic effect

[273, 274] with RGUP as

b =~ (14 5 ) s1-BmeP -0 B =~ (14 22) (1=p(me?) B,
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where o’ is the fine-structure constant and this correction accounts for the relativistic.

This gives the total modified Hamiltonian as

2 1
Z p 0
o = 5 = i + U
me)2p? eB eB
HE{GUP _ _W _ (1 _ 5(mc)2) %(LZ + QSZ) + Tmﬁ(mc)2Lz
eB o e B(me)?
_2 7 2_71_ 27B _74_ 8.44
+ L’ — o (1= B(me)?) —Bs. = S p (8.44)

The Relativistic GUP correction to the Hamiltonian acts as a small perturbation. To
determine the effects of the RGUP corrections, we use the J2, .J, eigenkets as our basis
kets. We will assume that the eigenvalues are not affected by the GUP corrections,
allowing us to study the leading-order corrections. The energy shift in the first-order in

the deformed space is

eB o'eB eB
——(J+ SZ>j:L:t%,m’ ( Z>j:L:t%,m’ + W@z(Jz - SZ)>j:L:I:%,m/

2mce  27tme
5| eB eB eBdo/
+ B(mc) %Uz + SZ)j:Li%7m’ + %(Jz - SZ>j:Li%,m’ + m<sz>j:Li%,m’ (8.45)
) N (p*)
m 2m3c? |’

in Eq.(8.45), we note that if we disregard relativistic effects, the second and third terms

will vanish, and the factor (mc)? will change to —p?, retaining the expression for the
standard GUP correction as discussed in [272]. The expectation value of J, is m'h
where m/ is the magnetic quantum number, and from the standard quantum mechanical
results, we get

m'h
<Sz>j:L;|:%,m’ = i?l R (8.46)

We also know that for (p?) and (p*), we use

? 20 L
V2 — Y2
B <8T2 T or h2r2> ’ (847)

Using the above expressions we obtain Lande’s formulae for energy shift A€p in the

presence of RGUP up to the order of O(4?) is obtained as
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eBh 1 o'eB m'h eB m'h3 1
A =——m |1+ W+ (1F —
(Ap)raup chm |: 20 + 1:| + 2mme 2l + 1 + 4m3c3 7“(2) (t+1) < i 20+ 1)

5| eB 1 eB 1 eBa' m'h
—mh| 1+ —— —m'h |1
+ Blme) [2mcm < ) T ome” < Touv1) T omen2it1
R+1) Rt
mr3 2m3c2rg

(114 1))%].

(8.48)

where 7¢ is the Bohr radius and energy shifts are expressed in SI units (Joules). The
second line in Eq. (8.48) shows the correction to the energy shift due to the RGUP. As
the effects of relativity and GUP vanish, we recover the original result for the energy

shift, which is proportional to m’ in [272] as

20+1

1
(AgB)GUP = —@m' |:1 + :| —|—é .
2 m

e LR LY (1 + 1>

o c r% 20+ 1
(8.49)

With the presence of RGUP, the energy shift is no longer proportional to the magnetic
quantum number m’ due to the inclusion of the last terms (p?) and (p?) in Eq. (8.48).
This Eq. (8.48) represents the more general form of the relativistic correction with
GUP modification to the Lamb energy shift, extending the energy shift equation (8.49)
proposed by Khosropour.

Now, if we consider the effect of L - S coupling, we first derive the RGUP-modified
Hamiltonian associated with it. For a central (spin-independent) potential U ©), the
electron’s magnetic moment interacts with the effective magnetic field generated by the
moving charge in the electric field. Additionally, accounting for the extra contribution to
the energy from Thomas precession, in conjunction with relativity, reduces the factor of
spin-orbit coupling by 1/2 (known as the Thomas factor) [275, 276], yielding a modified

interaction.

—— (P x x)

2mer dr

HP§" = ( : (8.50)

mc

eS) [ 11 du®

Within the present RGUP framework, we assume that the intrinsic spin operator is
not modified and continues to satisfy the standard SU(2) algebra. Therefore, the lead-

ing quantum-gravity corrections enter only through the deformation of the momentum
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operator, while the spin degrees of freedom remain unchanged. Substituting the RGUP-

modified momentum operator given in Eq.(8.18) into Eq.(8.50), we obtain

group _ (€S | (- B(me)®) (p x x) dU©)
LS mc 2me T dr
_ (1= B(me)*) 1dU©
a 2m2c? r dr

(L-8S). (8.51)
Since the external magnetic field is treated as a weak perturbation, the uncoupled basis
|l7 § = %7 my, ms>

provides a convenient basis for evaluating the leading-order expectation values of the

spin-orbit Hamiltonian. The expectation value of L - S with respect to |my;, ms) is

1
<L ’ S) = <LzSz + §(L+S* + L*S+)>mzms

= h2myms. (8.52)

The expectation values of the ladder operators vanish because they connect different

magnetic sublevels that are orthogonal to the chosen basis state,

(Lt)m, =0, (S+)m, =0, (8.53)

so the expectation value of the Hamiltonian approximate to the leading-order correction

became

raupy (1= B(me)?)R2mym, }dU(O)
<HLS > - 2m262 r dr . (854)

For non-relativistic (¢ — oo0) and without GUP (v — 0), Eq.(8.54) became the usual
h2myme <ldU(0)

(Hps) with value equal to %5 4% ( - %4, > In this case, the perturbed Hamiltonian
contains two terms one from the external magnetic field and one from the L.S cou-
pling. We observe that the presence of RGUP does not alter the number of Zeeman lines,
but it modifies the energy shift spectrum. Furthermore, when comparing the energy
shift relations for GUP and RGUP, as shown in Eq. (8.49) and Eq. (8.48), respectively,
we find that the modified terms in the GUP case are proportional to the orbital angular

momentum quantum number [. However, in the case of RGUP, they depend on a com-

bination of m’ and [. This implies that for the s-orbital singlet state (I = 0), where m/
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is also zero, there is no correction to the energy shift for either GUP or RGUP. For or-
bitals with [ # 0, both GUP and RGUP introduce additional energy shifts. Specifically,
the shifts depend on [, m/, and higher-order relativistic corrections, leading to distinct
shifts for different levels. These corrections are particularly visible in higher angular

momentum states, where they contribute significantly to Lande’s energy shift.

8.3 RGUP-Modified Stark Effect

The Stark effect refers to the splitting of energy levels in a hydrogen-like atom when
placed in an external electric field. This phenomenon arises due to the interaction
between the applied field and the atomic dipole moment, leading to energy level per-
turbations that depend on the field strength and quantum numbers of the system. We
consider a hydrogen atom with relativistic corrections applied only to the kinetic term,

described by the Hamiltonian

2 4
p p
=——-—+U, 8.55
2m  8m3c? (8.55)
when subjected to a uniform external electric field along the positive z-direction, provides
the interaction potential as

V = —¢|E|z. (8.56)

On considering the minimal length corrections in the presence of RGUP, the modification
in the Hamiltonian arises from two sources, firstly, the correction in the interaction
potential due to the modification of the electric field, and secondly the correction in the

kinetic term due to the modification of the momentum.

We start with the Lagrangian density for an electrostatic field [277], which is given as

£ = JaB(@) = pla)o(a),
= 0@ 0(x))(P'6(x) — pla)(a). (3.57)

where ¢(x) is the electrostatic potential and p(z) is the electrostatic charge density. We
choose deformation only in the momentum term while the position remains fixed. The

modified position and momentum operators from Eq.(8.18) in the form of derivatives
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are expressed as

t — XF =zl

oM — DF =9 (1— B(me)* +0(v")). (8.58)

Now incorporating the effects of RGUP through the modified operators Eq.(8.58) into

the Lagrangian density Eq.(8.57), we get
1
Lreup = 5eo(l = 26(me)?)E(z)? - p(x)p(z), (8.59)

on comparing Eq.(8.59) and Eq.(8.57), we obtain the modified electric field upto the
O(B) which is defined as

E(z)rcup = (1 — B(me)*) E(x), (8.60)

one can easily transition to the non-relativistic regime by taking the limit ¢ — oo, thereby
recovering the minimal length corrections as — Bh2V2E (z). The Eq.(8.60) represents the

modified electric field, which in turn modifies the Hamiltonian of the hydrogen atom.

On incorporating the RGUP corrections into the Hamiltonian, we noticed that we have
to include both modified momentum term and the modified electric field in Eq.(8.55).

Therefore, the effective Hamiltonian became

p? p

2m  8m3e2

Hraup = {1 — 2B(me)?} { } —e(1 - B(me)?)Ez + U, (8.61)

this provide the modified Stark potential after neglecting the higher order terms O(3?)

as
4

2
_ 2( P p 9
We use the perturbation theory to obtain the shift in the energy. On assuming the

eigenstate and the unperturbed Hamiltonian are known, we can divide our analysis in

two parts one of the non-degenerate case, taking only (n = 1), and for degenerate case

(n#1).
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8.3.1 Energy Shifts for the Ground State under RGUP Corrections
(n=1)

For the non-degenerate case, the energy shift is calculated using the RGUP-perturbed
Hamiltonian (Eq. 8.61), where the RGUP terms are treated as perturbative corrections.

The energy shift for the ground state of the hydrogen atom is then expressed as

1,0,0/V2[1,0,0)  (1,0,0|V*|1,0,0)

FEniee = —26(me)? << > — (1 = B(mc)?)e|E|(1,0,0|z[1,0,0)

2m 8m3c?
2
2|BI? (k] [~28((me)? /el E|) (3o — sz ) — (1= Bme)?)z] 1j)
+ ..
0 _ 7,0
j#k By = £
(8.63)
We know that for a non-degenerate state, and following the standard results,
h? 5ht
0 0

using the above relations, we evaluate the linear correction in the energy shift as

2 4
Eshiftz—w(mcf( W _5h ) (8.65)

2ma% 8m302ag

where ag represents the Bohr radius. One can recover the standard result that linear
corrections in the energy shift is equal to zero when f — 0 and ¢ — oo in Eq.(8.63). The
above linear correction does not involve E in the energy shift expression. In the Stark
effect, the modified energy shift involving E arises from the quadratic terms, assuming

that cubic and higher-order terms have vanished.

The energy shift with the polarizability «,, of an atom is defined as
Lo =0
Ashift = _iap’E‘ s (866)

for our case

l 1,
- _262ZZ| n, am’VRGU§| 0,0)[? . (8.67)
n#l I,m n
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We have

ZZ |<n7l7m‘V1/%GUP’17070>‘2 = Z |<n7lam‘V}{?.G’UP|1vovo>‘2

n#l l,m n,l,m

= (1,0,0|(Vrerp)?|1,0,0), (8.68)

which is evaluated as

)-a- 5<mc>2>zr 1,0,0),
(8.69)

v: o vt
2 o 2
(1,0.0|(Viigup)*[1,0,0) = (1,0,0] | ~2(5(me)? fe| ) (2m " mie

and by neglecting the higher order quantum gravitational terms O(5?) we get

(1 —2B8(mc)?)(1,0,0[2%|1,0,0)+4(B(mc)? /eE)(1,0,0|z[1,0,0)

Viz V2
2 —_—
(3o e 1,00 (55 - 5 ) 10,0, (870
since, we know that (V2z) = (V4z) = 0 and
(%) = a?, (8.71)
(2) =0, (8.72)
this gives the RGUP-modified Stark potential as
[(Vagup)? = (1 = 28(me)?)ap. (8.73)
We also know that the energy for nth orbit is given as
2
e
E,=——, 8.74
2aon? (8.74)
and we can write
e? 1 3e?
—-F1+E,=—|(1—-—|>-E1+FE,=—-——. 8.75
L 2ag< n2>_ L 8 ap (8.75)

From Eqns.(8.67,8.73,8.75), we find the upper limit for modified polarizability parameter

as
16a3
3 Y

ap < (1 —28(me)?) (8.76)
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and the lower limit for the shift
2 Sag o2
Agpift > —(1 = 2B(mc) )73 |E]7 (8.77)

It is easily observe from the above relation that we can recover the standard energy shift
expression —%U@ 2 by taking the lim 8 = 0 [278, 279]. The quantum gravitational
effects introduced by the RGUP modification raise the lower limit of the energy shift.
From the modified polarizability of the hydrogen atom, we calculate the upper bound
on the RGUP parameter. Using Eq. (8.76), we obtained:

B < (mlc)2 (1 S ) : (8.78)

16a8
where the experimental value of ;, [280] is 0.667 x 107 m3, m = 9.1 x 1073 kg, the
Bohr radius is ag = 5.3 x 107 m, and ¢ = 3 x 10®m/s. Substituting these values, we

obtain the upper bound for § as:

B < 10%2, (8.79)

While the upper bound obtained here is not the tightest, it is comparable to other
bounds in the literature, such as those derived from the Lamb shift 3 < 103¢ [281], the
scanning tunneling microscope 3 < 102! [281], and harmonic oscillators 8 < 105 [282].
However, it is tighter than the bounds derived from Landau levels 8 < 10%° [281] and
other classical phenomena [283-286]. It is important to note that the bounds previously
derived are under the framework of GUP (Non-relativistic) corrections, while the bound

here is calculated in the presence of RGUP (relativistic) corrections.

TABLE 8.1: Upper bounds on the GUP parameter § from various experiments and our
RGUP result.

Experiment/Phenomenon Upper Bound on j
Lamb shift 1036 [281]
Scanning Tunneling Microscope (STM) 102 [281]
Harmonic Oscillators 10° [282]
Landau Levels 10°° [281]

Gravitational Waves (GW), Light Deflection 1050, 107 [283, 284]
This work (RGUP, relativistic) 1042
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8.3.2 Degenerate State Energy Splitting with RGUP Modifications
(n#1)

We know that the modified Stark potential is given by Eq. (8.62). For the excited
states of the hydrogen atom, specifically for the degenerate n = 2 level, there exist
four degenerate states: [2,0,0), |2,1,—1), |2,1,0), and |2,1,1). To calculate the energy
shift caused by external electric field we must evaluate the matrix elements for the
combination of different basis. Since the angular momentum operator L, commutes
with V2 and z, the matrix elements between states with different magnetic quantum
numbers (m # m') vanish. Thus, the perturbation due to the external electric field only

couples specific states, leading to a block-diagonal structure in the Hamiltonian.

The corresponding matrix elements in the basis {|2,0,0),2,1,—1),(2,1,0),]2,1,1)} can
be computed using the expectation values of the Stark potential, incorporating the
RGUP modifications. These corrections lead to a shift in energy levels, altering the

standard Stark splitting in the presence of quantum gravitational effects.

The corresponding perturbed matrix is given as

(2,0,0|Vragur|2,0,0) 0 (2,0,0|Vrgup|2,1,0) 0
0 (2,1, —1|Vragur|2,1, —1) 0 0
(Vraup) =
<27170|VRGUP|27070> 0 <27170‘VRGUP‘27170> 0
0 0 0 (2,1,1|Vagup|2, 1, 1)

Now calculating the individual elements of the matrix using Eqns.(8.64,8.71) and the

expectation value of p* for different I, we get

2 1 4 7
n 3 1 = —2B(mc)’M, (8.80)

2,0,0|V4 2,0,0) = —2 2 —
< ‘ RGUP| > IB(mC) _4mag 16&6 8m302_

(2,0,0[Vegup|2,1,0) = 3ag(1 — B(me)?)e| E|, (8.81)

[ h2 7 K
2.1, —1|V; 2.1, —1) = -2 2 —
(2,1, =1|Vraup(2, 1, -1) Bme) |4ma?  48ad 8m3c? |

—2B(mc)*P, (8.82)

(2,1,0|Veaup|2,0,0) = 3ao(1 — B(mc)?)e| E|, (8.83)
(2,1,0|Vaaup|2,1,0) = —28(mc)? (R S —2B(mc)®P, (8.84)
P ITRGURIS S |4ma  48ad 8mdc?| ’ '

[ h? 7 B

(2,1,1|Vaaup|2,1,1) = —28(mc)? = —28(me)*P, (8.85)

|4ma2  48ad 8m3c? |
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this gives the RGUP-modified matrix as follows

[ —2B8(me)* M 0 3ag(1 — B(me)?)e|E]| 0 ]
0 —28(mc)*P 0 0
(Vraup) = ,
3ag(1 — B(mc)?)e| E| 0 —28(mc)?P 0
i 0 0 0 —2[3(mc)2P,_

the determinant of the above matrix gives the RGUP corrections to the energy shift
for degenerate case. The characteristic equation for the given matrix on neglecting the

O(3?) is obtained as

A\ + 48(me)2P) ()\2 +22\B(me)2(M + P) — 942 E|2(1 — 2B(mc)2)> +O(%) =0,

(8.86)
neglecting the higher-order corrections O(32), we obtain the shifts in Joules as
Alpisr =0, (8.87)
Shipe = —4B8(me)*P, (8.88)
w —2B(me)2(M + P) + 6¢|E|ag\/(1 — 2¢2m23)
shift = 5 , (8.89)

where M and P are defined in Eq.(8.80). We observe from Eq. (8.89) that the shift
contains a linear term in the electric field E, which characterizes the linear Stark effect.
With the RGUP modification, additional terms involving the GUP parameter 3 appear
in the shift expression. These extra terms vanish when the RGUP correction is not

considered (8 = 0), leaving only the standard linear dependence on E.

8.4 Conclusion

In extreme environments of high energies where gravity becomes significant, quantum
gravitational corrections become relevant. Such environments, like the intense magnetic
fields surrounding neutron stars and magnetars [287-292], are where both relativistic and
quantum gravity effects play a crucial role. Investigating atomic spectra in the vicin-
ity of these compact objects presents a valuable opportunity to explore how quantum
gravity may influence spectral lines, offering a promising observational avenue to test

various quantum gravity theories. In this study, we have extended the framework of the
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Relativistic Generalized Uncertainty Principle (RGUP) to investigate the Stark effect in
a hydrogen atom, incorporating quantum gravitational corrections within Minkowskian

spacetime.

In this chapter, we have explored the implications of the Relativistic Generalized Un-
certainty Principle (RGUP) on two important quantum phenomena—the Zeeman and
Stark effects in hydrogen-like atomic systems—Dby introducing relativistic corrections to
the kinetic term of the Hamiltonian. Using the Stetsko and Tkachuk formalism [269],
we established a consistent relativistic GUP algebra and derived a valid four-momentum
operator that smoothly reduces to the non-relativistic squared momentum in the limit

¢ — 00, confirming the internal consistency of the framework.

For the Zeeman effect, the RGUP-modified Lande energy shift was derived, revealing
that the shift is no longer directly proportional to the magnetic quantum number m/,
unlike in the standard formulation. When relativistic corrections are neglected, the
expression reduces to the GUP-modified Zeeman effect previously obtained in [272], and
by setting the GUP parameter v — 0, the standard Zeeman effect is recovered. The
inclusion of RGUP introduces a more intricate dependence of the energy shift on both
the deformation and magnetic parameters, leading to a broader range of possible energy
variations. This indicates a subtle interplay between relativistic quantum gravity effects
and magnetic interactions, enriching our understanding of atomic spectra under extreme

physical conditions.

The analysis was then extended to the Stark effect within the same RGUP framework.

For the non-degenerate ground state (n = 1), we obtained a linear energy shift

K2 5K
Egite = —28(me)? < > ,

2 2 4
2maf  8mcsay

where 8 = ey2. This correction is finite and disappears as 3 — 0, thus recovering the
standard zero linear shift result. Furthermore, the quadratic Stark effect was shown to

possess an increased lower bound for the energy shift, given by
2y 843, =10
Agnire > — (1 = 28(mc)?) ?\E\ :

implying that RGUP raises the energy floor compared to the conventional Stark effect.

For the degenerate case (n = 2), additional 5-dependent terms appear, modifying the
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linear dependence on the external electric field. All these corrections vanish in the limit
B — 0, confirming that the RGUP framework consistently reproduces standard results
in the appropriate limits. From these results, we also established an upper bound on
the RGUP parameter of the order 10*2, which, though not the tightest among current

bounds, surpasses several derived from non-relativistic and classical analyses.

The RGUP modification provides small shifts in the Zeeman and Stark spectra. Al-
though these corrections are expected to be extremely small at presently accessible
energies, modern precision atomic spectroscopy, such as hydrogen spectroscopy, alkali-
atom spectroscopy, trapped-ion optical clocks, and high-resolution Zeeman spectroscopy,
provides an ideal testing ground. Future measurements with increasing precision could
therefore be used either to detect these corrections or to place upper bounds on the

RGUP parameter.



Chapter 9

Conclusion

In this thesis, we explored the implications of minimal length which is a feature com-
mon to several approaches to quantum gravity and examined how such effects modify
physical systems across cosmology, black hole physics, quantum mechanics, and atomic
spectra. We Begin with a review of the motivations for quantum gravity, we highlighted
the emergence of a fundamental length scale from Gedanken experiments, semiclassical
arguments, and frameworks such as String Theory and Loop Quantum Gravity. We then
developed a consistent formulation of the Generalized Uncertainty Principle (GUP) and
its relativistic extension (RGUP), emphasizing the phenomenological role these deforma-
tions play in capturing Planck-scale physics. This framework was subsequently applied

to a range of physical phenomena.

Our cosmological analysis focused on both phantom and quintessence scalar-field mod-
els. We showed that GUP corrections introduce significant modifications to the Fried-
mann and Klein—-Gordon equations, thereby influencing the expansion dynamics in the
early and late universe. Through dynamical system analysis for multiple potentials, we
demonstrated how minimal length can shift critical points, alter stability properties,
and modify attractor solutions. Notably, GUP-induced corrections affect inflationary
behavior by altering the slow-roll parameters and possibly modifying the duration of

inflation.

In the context of black hole physics, we extended two prominent semiclassical tunneling
methods using the Parikh—Wilczek radial-null-geodesic method and the Hamilton—Jacobi

method to include GUP corrections. We obtained modified tunneling probabilities and

161
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Hawking temperatures in the presence of minimal measurable length with both the
procedure. These results imply that minimal length effects render Hawking radiation
slightly non-thermal and support the possibility of black hole remnants as end states of

evaporation.

We also investigated the angular momentum algebra under linear and quadratic GUP.
On computing the modified commutation relations and constructing the corresponding
ladder operators, we showed that minimal length deforms the angular momentum spec-
trum. As an application, we analyzed the hydrogen atom and derived GUP-corrected
energy levels. This motivated a broader study of RGUP effects on atomic spectroscopy,
including the Zeeman and Stark effects. We computed both non-degenerate and de-
generate state corrections and found distinctive shifts and splittings generated by the

minimal-length scale.

Across all these investigations, a unified picture emerges: minimal length acts as a
universal regulator that softens ultraviolet divergences and induces Planck-scale cor-
rections across a wide range of physical systems. The results presented in this thesis
demonstrate that the GUP and RGUP provide powerful and coherent tools for probing
quantum gravity phenomenology, offering insights that span cosmology, gravitation, and

quantum mechanics.



Chapter 10

Future Plan

The results presented in this thesis open several promising avenues for further exploration
of minimal-length physics. A natural extension of this work is to refine the cosmological
implications of GUP and RGUP by studying inflationary perturbations, tensor modes,
reheating dynamics, and large-scale structure formation. These investigations may un-
cover observational signatures of minimal length in the cosmic microwave background
or galaxy surveys. In black hole physics, applying GUP-corrected tunneling methods to
rotating, charged, and AdS black holes could yield a more complete understanding of

evaporation, non-thermal spectra, and the possibility of stable remnants.

On the quantum mechanical side, the deformation of angular momentum algebra sug-
gests deeper algebraic structures worth exploring, including potential connections to
quantum groups, noncommutative phase space, and symmetry deformations in curved
backgrounds. Extending RGUP corrections to relativistic atomic systems and high-field
environments, such as magnetars, may also lead to testable signatures in precision spec-
troscopy. Finally, constructing a fully covariant GUP-modified quantum field theory
and developing numerical simulations of RGUP-corrected cosmological and black hole
dynamics represent compelling long-term directions that could further strengthen the
theoretical foundations and bring minimal-length phenomenology closer to observational

verification.
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Derivations of GUP Equations

In this appendix, we apply canonical quantization to the GUP-modified Hamiltonian to
derive the GUP-modified Wheeler-DeWitt (WDW) equation [144]. We then explore the
semi-classical effects of GUP deformation, ultimately obtaining the classical Hamilto-

nian, which is used for dynamical system analysis.

On substituting the deformed canonical variables in Eq.(5.95) we obtain Eq.(5.98) which
is the GUP deformed Hamiltonian. And, using the canonical quantization, we obtain
the corresponding WDW-equation as, ﬁw = 0. Observing that the Hamiltonian is
in the form of a harmonic oscillator, we can proceed with quantization using ladder
operators. We consider the perturbation in the Hamiltonian to be of the order of 72,
so the usual ladder operators @, af, and the number operator N are applicable only to
the unperturbed case. For the perturbed case, new ladder and number operators are

required [293], and impose the same conditions as in the unperturbed case,

il¢n) = Vnlon-1), Nlgn) =nlén), @'l¢n) = Vn+1lonn), N=ala, [aal]=1

(A.1)
where |¢,,) = \w£0)> + ’7|17ZJ£L1)> + ..., and |1[)§L0)> is the eigenfunction of the unperturbed
Hamiltonian, and |77Z)7(lm)> is the m-th order correction to the eigenstate. Since the cor-

rection v is very small, we can express the operators as

oo o0 o0
a=a-+ Zynan, al =daf + Z’y"a;ﬂ, N =N+ ny”yn, (A.2)
n=1 n=1 n=1
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we apply the above operator Eq.(A.2) to the wave function

o) = (a+zwam> (w,s°>>+z»yw;m>>), (A3
m=1 m=1

m=1

a'lgn) = (aT + ) vmam> <!¢,§°)> + 7m|¢£m)>> : (A.4)
m=1

and using the procedure given in [293] we can expand the operators up to the order of

v we get,

3|AN V4 3IA 374
a = a—% (‘2‘> (aT3 —6Nal + 2a3> , al = aM—% <|2‘> (aT3 —6Na + 2a3> .

(A.5)
Substituting these into Eq.(5.21), after incorporating them into the expressions for mo-

mentum and coordinates, we obtain

I _— c (2N
pOk—l<32> (ak_ak)a gk = qok, k= 3[A] (a' +a),

3‘A| 3/4
=DPok T 35 3 < 5 ) €y (aT3 —6Na' + 2a3> . (A.6)
the expectation values are (Gx) = 0 and (pg) = 0. Finally, using the inverse trans-

formation, the volume of the universe is given by the cube of the expansion factor as
V=at) = 3|A| (22 +?). Thus, we calculate the spectrum for the volume, at the order

of 42, as the expected value of this expression,

1/4
V(n) =,/ 2&' 2n+1) + 9’% <8\AI> (4\/5— M) (1+2n + 2n2)

36 7 (8 4,/6[A] +3|A\) (6 + 13n + 3n2 + 2n%). (A7)

To derive the GUP modified Wheeler-DeWitt (WDW) equation, we apply canonical

quantization to the Hamiltonian described by Eq.(5.98), resulting in

2 2 X 2 R
Hevw = foprisni? (5 + 5 ) fwsaisy® (520) eyt (P42 v =
(A.8)
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where
. 1(9 D ; L A 0 9\’
Hy=— (2 + ), B=(=+2, Hy= (0 4+ =
0 2 (8x2 + 8y2) ’ ! <(’93}2 i 8y2> r <8m2 * 8y2> ’
. 52 92\ /2 . 52 o2
=L + & H=(Z + 2. A.
’ <3x2 " 6y2> - (W " 8@/2) (4.9)

To simplify our analysis, we will limit our considerations to the case where 8 = 0 and
focus on terms up to the order of 2. To explore the semiclassical effects of the GUP
deformation, we assume the wavefunction is of the form ¢ = ¢/(3(@)+GW)  We then
apply the operators Hy and Hs as defined in Equation (A.9), and finally, perform a

WKB-approximation, we obtain

Fop 3 [(8)7 +(@)] 4+ 50 [+ 48] ¥, (A.10)
Iy~ (@) +(8)! | w+2[ (@) (8)°] v, (A.11)

where S' = % and G’ = %. Now, using the usual definitions % = P, and % = P,
we get the classical Hamiltonian
Lo oy BA o oy 2 9 4 2 p2 4
=5 (P +F) -5 (@ +y) +37°e(P + 2P P+ Fy). (A.12)
This equation is same as Eq.(5.98) for § = 0 and taking only the second order of ~,

which is later used to determine the GUP-deformed Friedmann, Raychaudhuri, and

Klein-Gordon Equations.

A.1 Proof of the Friedmann, Raychaudhuri and Klein-

Gordon Equation

In this appendix, we show the derivation of the Friedmann, Raychaudhuri and Klein-
Gordon equation starting with the phantom Lagrangian. Using Eq.(5.6) and Eq.(5.7),
and applying the Hamilton equations, we can derive the equations of motion for the

system as
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and by substituting the form of P, and P, so obtained from the Lagrangian equation in

Eq.(5.7).

3 212
642 + 6ai = 3% + GT¢ + 302V (¢) + 3aA,

the Raychaudhuri equation is

i a\? ¢?
25+ (a> = +V(p)+A. (A.13)

The Lagrangian in Eq.(5.6) does not depend on N(t), which implies that there is no

dynamics associated with the lapse function N(t). Consequently, we have Py = % =0.

Now, using Eq.(5.7), we obtain

12 3
3aa® + ¢Ta —a*(A+V) =0,

this gives the Friedmann equation as
)
3H? = —5 FAFV(9). (A.14)
Similarly, the Klein-Gordon equation is

3a%a¢ + a®p = a3V (),

or,
¢+ 3¢g - d‘ggﬁ) = 0. (A.15)



Appendix B

Calculation of Eigenvalues

To obtain the nature of the fixed point for GUP-deformed dynamics, we require to
calculate the eigenvalue of the Jacobian matrix for each fixed point. We construct the

Jacobian matrix from the autonomous equations (5.112), (5.113), (5.114) and (5.115) as

f,z f,y f,z f,)\
9z Yy Gz 9Gx
hz hy h., 0

Ug Uy Uz U

- - :E’yyz’A

where the subscripts represent differentiation with respect to the variables. To obtain

the eigenvalues of the Jacobian, we know
det(J — E;I) =0, (B.1)

which gives
E} +E} (~fa—gy—h:—ux)
+E} (fagy + fahe+ faur— fyge — foha — faue + gyhs + gyun — g:2hy — gauy + hou )
+Ei( = fagyh: = [agyur+ faegzhy + fagaty — fabux+ fygahs + fygaus — fyg:he
= fydxte — [29ahy+ f29yhe+ fohaux— fagaty+ frgyte — fahau.+ fahuz —gyh . uy
+g:hyux —gahyu s +gah uy)
+(fagyhux— fagzhyux+ fagahyuz — fagahovy — fygahux+ fyg:heux — fygahat,.
+ fygah vz + fagahyus — fagyhoux+ fogahaty — f293hyte — fagahyu .+ fagah uy
+ fagyhat: — Fagyh e — fag:haty + fag:-hyus) =0
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And, for A = 0 and p = 4/3/8, the elements of the Jacobian matrix are given by

o 1
e 12m2(—1 + 22)2

—6(17 + 3V6) + 3(—7+ V6)y? + (316 — 147V6)z?) (B.2)
8(9(5 + V6) + (—393 + 51v/6)2?)

9 — 9% 4+ 922 + 15(11 + vV6)z'922 + = ( 30 4 3y% + 722)
+24(78 + 9V6 + (39 — 9V6)y® + (—104 + 81v6)2?) |,

(=3 4+ 822 + (=74 V6)z)y

fu= 2x(—1+ z2) ’ (B-3)
B 72 B ! 46
;o= 9 + 2522 4 3( 7+z;/6) +3(11 +v6) ’ (B.4)
fa= ng, (B.5)
I Mxy (2 +v6 — (=2 4+ V6)y? — 1022 + V622 + 2(8 + v/6)x52?
2222+ V6 — 182%) + (2 + V6 — 314+ V6)2?)) (B.6)
gy = 12(—11+x2) (3(8 +V6)2%22 + 324(2 + V6 — 1822) + 2(—12 + 362 + 22)
+22 (—3(—6 +V6) + 9(—10 + VB)y? + (28 — 3\/6)z2>> , (B.7)
g, = é (—2 +3(—10 + V6)2? + 3(8 + \/é)x‘*) yz, (B.8)

3
un =2, B9)

h, = W B2V %xz (54 V6 + (~10+ V6 +2(8 + VB)a?)2?) |

’ 2(—1+22)%2

(B.10)

h7z=W(—3+522—224 3(8 + v6)ab 2t + 4%(3 — 822)
+at 22 (=5 — V6 + 542?) + 2 <3 + (V6 — (—10 + V6)y?) 2 + (—28 + 3\/6‘)z4)) ,
(B.12)
hx =0, (B.13)
Uy =0, (B.14)
Uy =0, (B.15)
u, =0, (B.16)

622(—1 + 2%)2?
A 1— 22— g2 — (=1 +2%)22
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for each value of fixed points (A, B,C, D, E, F,G, H) we obtain the same characteristic

equation given as
E} —496.3E7 + 6048.61F7 4 67214.3E; — 13680.8 = 0 (B.18)
and this gives the eigenvalues as

E, =4835, [E,=197, Es=-7.1, E4=0.2. (B.19)
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