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Abstract

The present thesis, titled “SINGULAR VALUE INEQUALITIES ON COMMUTATORS
OF OPERATORS ON A HILBERT SPACE”, embodies the original research carried out by
me under the valuable guidance and supervision of Dr. ISHA GARG, Associate Professor,
Department of Mathematics, Lovely Professional University, Phagwara, Punjab. This work
is being submitted to the Department of Mathematics, School of Chemical Engineering
and Physical Sciences, Lovely Professional University, Phagwara-144411, Punjab, India, in
partial fulfillment of the requirements for the award of the degree of Doctor of Philosophy
in Mathematics.

Singular value inequalities are crucial in analyzing transformations in fields like quantum
computing and data science. This thesis focuses on refining these inequalities and expanding

their applications in both theoretical and practical contexts.

The journey of singular value inequalities began over a century ago with Erhard
Schmidt’s foundational work in 1907, who introduced the concept through integral equations.
This early period, spanning 1907 to 1967, saw significant contributions from researchers
like Bateman, Picard, Smithies, Chang, Weyl, Horn, Fan, Ault, and Marcus. Their efforts
established core results, linking eigenvalues and singular values, and developing bounds for
matrix products and traces. However, these early results were often constrained to specific
settings, such as finite-dimensional matrices or operators with symmetry, limiting their scope

in more complex systems.

Advancements from 1990 to 2025, as explored by Bhatia, Kittaneh, Audeh, Hirzallah,
Garg, and others, have significantly expanded the field. Modern research has extended
classical results to operator sums, products, commutators, and norm inequalities, often
removing restrictive assumptions like positivity. For instance, inequalities for real and imag-
inary parts of operators, as well as bounds for complex sums and triangle-like expressions,

have been developed, offering new insights into operator behavior. These developments have
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been driven by applications in quantum control, numerical methods, and data compression,
where singular values play a critical role in simplifying large-scale systems and ensuring
computational accuracy. Despite this progress, the literature reveals several gaps: many
results rely on positivity assumptions, lack lower bounds for generalized commutators, and
fail to address block matrices or operator convexity/concavity, highlighting the need for

more general frameworks.

Building on historical developments from Schmidt (1907) to modern works by Bhatia,
Kittaneh, and others (1990-2025), the study addresses limitations in existing inequalities by
proposing novel bounds for operator products and commutators. Key contributions include
a conjecture for operators 71,7, 81, $» € &(H#') with &1 compact, providing bounds for the
singular values of 71819, + &, extended to block matrices, and another for expressions like
TS$1T + T8 T + 81 + &», incorporating operator convexity and concavity. New upper and
lower bounds for generalized commutators and anti-commutators are derived without positivity
assumptions, addressing literature gaps. This thesis addresses these challenges by proposing
novel singular value inequalities that overcome existing limitations. The practical implications
of these contributions are far-reaching. By relaxing restrictive assumptions, the new inequalities
enable more accurate analysis of quantum systems, where operators often lack positivity. In data
science, they facilitate improved matrix decomposition techniques, crucial for handling large
datasets. In engineering, they enhance the reliability of simulations by providing tighter bounds
on operator behavior. These advancements not only strengthen the theoretical framework of

operator theory but also bridge the gap between mathematical tools and real-world applications.

This thesis focuses on advancing singular value inequalities by exploring generalized com-
mutators, anti-commutators, composite operator forms such as 71819, + &>, and operator-valued
functional expressions. The goal is to strengthen existing bounds, extend known results, and

resolve open problems that hold relevance across multiple disciplines.

In Chapter 1, we cover the foundational definitions, essential results, and an in-depth liter-
ature review. This chapter establishes the theoretical framework by introducing bounded linear
operators on Hilbert spaces, their norms, singular values, eigenvalues, and notations for bounded
operators and unitarily invariant norms. We trace the evolution of singular value inequalities
from the early 20th century through contributions by key researchers, spanning from 1907 to
1967, and extend the review to significant advancements from 1990 to 2025. We critically
analyze these developments, identifying gaps such as the lack of lower bounds for commutators,
limited exploration of block matrices, and the absence of operator convexity/concavity consid-
erations, setting the stage for the study’s objectives and original contributions in the following

chapters.

In Chapter 2, we analyze the spectral behavior of singular value inequalities for expressions
of the form I8 + § 9, within bounded linear operators. We extend existing concepts to

include m-commutator and anti-commutator block frameworks, leveraging unitary equivalence

v



and constraints on self-adjoint operators. The introduction of a non-negative increasing con-
cave function broadens the applicability to logarithmic and power-based transformations, with

examples and determinant analyses clarifying invertibility conditions.

In Chapter 3, we delve deeper into singular value inequalities for 71817, + &, with one
compact operator, proving a conjecture that provides a tighter and more general bound. We extend
this framework to multi-block operators and contractions, applying functional transformations
to adapt the inequality to various unitarily invariant norms. The analysis enriches spectral
properties with new insights into operator algebras, validated through examples and remarks that
demonstrate the sharpness of the bounds, concluding with potential extensions to non-compact

operators.

In Chapter 4, we examine the derivation of novel upper and lower bounds for generalized
commutators and anti-commutators, removing restrictive positivity assumptions. We develop a
general framework with essential adjustment terms, validated by counterexamples, and extend
the results to anti-commutators and operator sums for refined bounds on real and imaginary

components.

In Chapter 5, we explore enhancements to singular value inequalities by integrating operator
convexity and concavity, proving a conjecture for 71819, + 72 $H»J1 + 8 + $». We derive refined
bounds using functional analysis, with applications to logarithmic and power transformations,
and extend the framework for normal operators through case studies in data compression and
quantum control. The validation of bound sharpness through numerical examples concludes with

proposals for future research into operator-valued functions and higher-dimensional systems.

A list of references is provided at the end of the thesis, which, while not exhaustive, includes

all the research papers and books cited throughout the main content.
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List of Symbols and Abbreviations

The following abbreviations and notations are used throughout this thesis, particularly in the

context of operator theory and singular value inequalities.

Abbreviations Meaning

C The set of complex numbers.

Ck The k-dimensional complex Euclidean space, a finite-dimensional Hilbert space.
N The set of natural numbers, {1,2,3,...}.

R The set of real numbers.

H Complex Hilbert space, finite or infinite-dimensional

() The set of bounded linear operators on a Hilbert space # .

C() The set of compact operators on a Hilbert space 7 .

P(K) The set of positive operators on a Hilbert space 7 .

N (H) The set of negative operators on a Hilbert space # .

SP(H) The set of strictly-positive operators on a Hilbert space 7 .

SN(F) The set of strictly-negative operators on a Hilbert space # .

M[k] The set of k X k matrices with complex entries

AGMIT Arithmetic-Geometric Mean Inequality, a key inequality in operator theory.
D) Inner product on a Hilbert space #

SVD Singular Value Decomposition

PD Polar Decomposition

%’%’ (S)l’ (5)2’ @’ @’ (%’
Z,6,9,4,V, M Interchangeable symbols for bounded linear operators in £(%).

oA, B Interchangeable symbols for matrices in M [k]
U\, U Unitary operators in (%)

D Diagonal operator in £(%’)

S Identity operator in £(%)
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Zero operator in £(%)

Adjoint of operator J;

Transpose of operator J;

Positive square root of 7," 77, i.e., (971*971)1/2

Direct sum of operators on Hilbert spaces

Real part of operator J7, defined as %(971 +9/)
Imaginary part of operator 77, defined as % (- 9))
Commutator of operators 7 and 93, defined as 919, — 9,9
Anti-commutator of operators ] and J;, defined as 515, + 9,9
Spectral norm of operator J7, equal to the largest singular value
Schatten z-norm of operator 77, defined as (Zle 0'1.72 (.71)) g
Unitarily invariant norm of operator J;

Jj-th singular value of operator 97, in descending order

Jj-th eigen value of operator J;

Imaginary unit, V-1

Determinant of operator 7 (in finite dimensions)

Positive, i.e., 91 — 9, is positive
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Chapter 1

Introduction

1.1 Introduction

Operator theory, a central branch of functional analysis, has profoundly shaped modern mathe-
matics through foundational work by Schmidt [57], and Von Neumann [52]. This field primarily
investigates linear transformations on Hilbert spaces #°, and their finite-dimensional analogues
represented as matrices in 9t [ k], the algebra of k X k complex matrices. The study of bounded
linear operators, denoted by £(%#), reveals a rich structure characterized by singular values,
operator norms, and spectral properties, which are pivotal to both theoretical developments and

practical applications.

A key component of this framework is the theory of singular value inequalities, which plays
an instrumental role in operator analysis and matrix theory. These inequalities provide critical
tools for bounding and comparing operator expressions and are widely applied in areas such as
quantum mechanics, numerical computation, and data science. The origins of these ideas trace
back to the early 20th century, beginning with Schmidt’s work on integral equations [57], and

have since evolved through significant contributions in matrix analysis and operator algebras.

This Chapter introduces the essential notations, definitions, motivations, and preliminary
concepts that serve as a basis for the investigations carried out in the subsequent chapters. To
provide a comprehensive perspective, this chapter also outlines the historical development of
singular value inequalities from 1907 to 1967 and highlights important progress made between
1990 and 2025.



CHAPTER 1. INTRODUCTION

1.2 Notations

This thesis employs standard notations in operator theory, beginning with matrices and extending
to operators. Unless otherwise stated, % denotes a finite-dimensional Hilbert space, such as C¥
for some positive integer k, equipped with an inner product (-, -) and the induced norm || - ||. The
notation I [ k] refers to the algebra of matrices of size k X k with complex entries, where both
addition and multiplication are defined. Throughout this chapter, £(%°) denotes the algebra of
bounded linear operators on # . Operators are denoted by symbols such as I, 73, &1, $», with
& as the identity operator and O as the zero operator, and the adjoint of 71 € £(#') is 7;". The

usual operator norm

721l = sup ||F2xll, T2 € &(H),
lll=1

which coincides with the spectral norm o1 (93) in finite-dimensional fields.

The j-th singular value of 71 € £(%), denoted 07;(7), is ordered as 01 (F1) > 0»(J1) >
-++ > 0 and defined as the square root of the j-th eigenvalue of "7} in non-increasing order,
equivalently expressed as

oj(J1) = sup inf ||Fx]|,
Ain 7 =7

where the supremum is taken over all j-dimensional subspaces 7~ C #. The j-th eigenvalue
of 71, when defined (typically for self-adjoint operators), is 4;(J7), ordered by magnitude. The
real and imaginary components of I are R(J7) and J(J7), respectively. Unitarily invariant
norms, denoted [|-|||, encompass the spectral and Schatten norms, which remain invariant under
unitary transformations. Let &/ € I [k]. Its transpose, written as &', is a simple flip of &/
over its main diagonal. Thus, if & = [a,.s], then transpose is given by &/’ = [as.,]| where

1<r,s<k.

Furthermore, when a real-valued function f : # — R is utilized on a self-adjoint operator
J1, resulting in f(J7) is interpreted through the functional calculus framework. These notations
collectively facilitate the formulation and analysis of singular value inequalities presented in this

thesis.

1.3 Basic Definitions

Definition 1.3.1 (Inner Product). # is equipped with an inner product {-,-) : Z X # — C.
It takes two elements from # and returns a complex number. This function must satisfy a
collection of axioms, including linearity, conjugate symmetry, and positivity, for all vectors
%,1,3 € # and scalar 9 € C:

1. Conjugate Symmetry: The relation (x, 1) = (1, £) holds true.
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2. Linearity in the First Argument: The expression (9% + 1),3) = 9(%, 3) + (1, 3).

3. Conjugate Linearity in the Second Argument: The equation (x, 9y+3) = Hx, p)+(x, 3)

is satisfied.
4. Positive Definiteness: The value (%, ¥) is non-negative, and (%, ¥) = 0 if and only if x = 0.
By convention, the inner product is taken to be linear in its first variable and conjugate linear in
the second. The norm induced by this inner product is given by ||z|| = /(%, ¥).

Example 1.3.1. Consider the space % = C? equipped with the canonical basis {e1, e>}. The
inner product of two vectors ¥ = (%, ¥2) and 1 = (91, 12) is given by

(x,19) = x191 + 2202.

Forx = (I,2) andp = (2,-1), (x,9) = 1-2+2c-—1 = 2+2-(-1) = 2 -2, and
lxll = V12 + 22 = VI + 4 = 5.

Definition 1.3.2 (Linear Operator). A map 9, : #Z — Z is called linear if it is additive and

homogeneous over C, i.e.,

1. Additivity: >(x + 1) = 1% + T,

2. Homogeneity: 9, (9x) = 99k,

orall ¥,y € # and all scalar ¢ € C.

Definition 1.3.3 (Bounded Linear Operator). A linear operator 9, : # — Z# is bounded if
there exists M > O such that:

%2 < M||x|| forallx e .

The operator norm is defined as:

| Tox||
|Z2|| = sup ||F2%|| = sup .
llxll=1 =0 Xl

Proposition 1.3.1. [14] The operator norm on &() satisfies:

1. Non-negativity: ||F|| = 0, with || F|| = 0 if and only if 7, = O.
2. Homogeneity: ||9F;|| = |9|||92|| for any scalar 9.

3. Triangle Inequality: ||F1 + S| < ||71]] + |72l
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Proof. 1. Forany 7 € &(#), [| 72| = sup|g=1 |72 = 0, as norms are non-negative. If
||Z2]| = 0, then ||F2%|| = O for all £ with ||x]| = 1, implying 5% = O for all ¥ (by linearity),
so I = 0. Conversely, if 7, = O, then ||F,%|| = 0.

2. Forany scalar 9, |07z = supy=1 19F2%|| = supy=1 1IN T2 = 9] sup)g=1 [|F2%]| =
|3[|72]].

3. Forany 97, 7, € £(%) and using the triangle inequality for the vector norm, consider:

|71 + Tl = sup [[(T1 + T2)x|| = sup ||T1x + Fox]|
llxll=1 =1

< sup (|T1]| + [ 72x])
=1

< sup |71l + sup [[Zax]] = |71l + [|72]],
=1 =1

O

Definition 1.3.4 (Identity and Zero Operators). The identity operator ¥ € L(#’) satisfies
Jx = x for all x € #, while the zero operator O satisfies Ox = 0 for all x € Z.

1 0
Example 1.3.2. For % = C?, the identity operator .¥ = lo J preserves any vector ¥ = (¥, ¥2)

as Jx = (¥, ¥2), whereas the zero operator O =

] transforms any vector ¥ = (%1, ¥2) into

0% = (0,0).

1.4 Operator Representations and Fundamental Operations

In finite-dimensional Hilbert spaces, operators are represented by k X k complex matrices,
simplifying algebraic manipulations. The determinant of an operator 77 € £(%’), denoted
det(97), corresponds to the determinant of its matrix, and 97 is invertible if det(J7) # 0,

ensuring a one-to-one and onto mapping, see [14, 42].

1.4.1 One-to-One Correspondence with Matrices

For a Hilbert space # of finite dimension k, which is isometrically isomorphic to C¥ every
bounded linear operator 7, € £(#’) can be uniquely represented by a complex matrix of order
k. Let {ey, ea, ..., er} be afixed orthonormal basis for . The action of I, on the basis vectors

is prescribed by

k
%es:ZaVAser (S:],Z,...,k),
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where the complex coefficients a,,s € C are the entries of an associated k X k matrix

A =a,,s for 1<r,s<k.
Now consider an arbitrary vector ¥ in the span of the basis, expressed in coordinates as

k
X = Z xS eS?
s=1

where ¥; € C are the components of ¥ with respect to {e s}’s‘:l. We write the coordinate vector

compactly as

By linearity of 73,

IHx

k
3 Z X5 e
s=1

M- i

Xy e

EN Z Aras er)

r=1

k
Z Aras¥s|€r.

s=1

v
Il
—_

M»

1

r

The coefficient of e, in the final expansion is precisely the r-th entry of the ordinary matrix-

vector product &/x:
k

Z Aras¥s = (AX),.

s=1

Consequently,
k
IHx = Z(&h)r e, = A%,
r=1
where the right-hand side is interpreted as the vector whose coordinate representation with
respect to the basis {e,} is given by the usual multiplication of the matrix &/ by the column

vector x.
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The mapping is injective: if 731 and 7, yield the same matrix, then J31e5 = e, forall s,
s0 931 = T, by linearity and spanning of the basis. It is surjective: any matrix o € C**¥ defines
an operator 7, via e = Zfz | Araser. Changing bases via a unitary matrix % transforms the

matrix as & — %[ 9%, preserving operator properties like singular values and norms.

Example 1.4.1. Consider % = C? with the standard basis {e; = [1,0]’, e, = [0, 1]’}. Define

the linear operator J; such that 55e; = 2e; + e> and J,e, = e;. & is the matrix representation

2 1
o = :

since e = [2,1]" and Jze, = [1,0]’. For ¥ = 1¢; + %2¢2, compute:

of J; relative to the chosen basis:

%}1 = 331(26’1 + 62) + Xye1 = (2%1 + XQ)G,’] + X162,

. 2% + 12 . . .
matching &/x = . Every 2 x 2 matrix corresponds to a unique operator, confirming

X
the one-to-one mapping.

1.4.2 Foundational Concepts in Operator Theory

In finite-dimensional Hilbert spaces, matrices and bounded linear operators are in one-to-one
correspondence. This allows matrix-based concepts to be naturally expressed using operators.
As this thesis focuses on singular value inequalities and operator expressions, it is more consistent
to use operator-based definitions. Hence, all definitions will pertain to operators unless otherwise

specified.

Definition 1.4.1 (Transpose Operator). Consider a bounded linear operator 77 € (%) defined
on # . Once an orthonormal basis is chosen for 7, the operator 97 can be expressed in matrix
form by &/. The transpose operator 7" is defined such that its matrix representation is &/”, where

the entry a'“s = aga, for all indices r, s (where 1 < r,s < k).

Definition 1.4.2 (Adjoint Operator). Let 71 € 8(%). The adjoint of 1, denoted 7", refers
to the unique operator whose action satisfies the defining property of an adjoint operator, and
when expressed as a matrix &/ with respect to an orthonormal basis, corresponds to the conjugate
transpose matrix o/* = (o/)’, where & is the matrix with each entry a,., ; replaced by its complex

conjugate a,,5 and &’ = ag,, reflects the transpose operation.

Example 1.4.2. Consider the operator 7] € £(#’) represented by the matrix
2

0 3|
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The transpose of & is

— 0
=) = l—12L 3] ’

obtained by first taking the transpose and then applying complex conjugation to each entry.

Proposition 1.4.1. [14] For any 91 € &(F), the adjoint satisfies:

1(7) =%

2. 1771 = 19l

Proof. 1. For any x,1) € #, we have:

(T)'x) =& I"y) =(I"n,x) = (v, T1%) = (T1%, ).
which directly implies, (7,")* = J7.

2. Next,

1771l = sup [[7y%]l = sup sup [(F"%,9)| = sup sup [(x,T1p)| = sup |1yl = [|F1]].
lzl=1 llI=1 [Ipll=1 l=l=1 lpli=1 Iyll=1

Therefore, the operator norm of 7" is equal to that of 77, confirming the norm-preserving

property of the adjoint operator.
]

Definition 1.4.3 (Eigenvalues). For an operator 77 € (#’) with a corresponding square matrix
o € M[k]. A complex number A € C is called an eigenvalue of a matrix (or operator) when

there exists a non-zero vector ¥ € CX, known as its corresponding eigenvector, such that:
J1x = Ax,

or equivalently, &/x = Ax. Eigenvalues of a square matrix & are the complex numbers A for

which the characteristic equation vanishes:

det(of — A.7) = 0.

2 1
Example 1.4.3. Let 9] € £(#’) be an operator with its corresponding matrix & = [1 2] €
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M [2] in the standard orthonormal basis. The characteristic equation is computed as:

-1 1

2
det(of — A7) = det
2-21

]:(2—/1)2—1:/12—4/l+3=0,

with roots 4 = 1 and A = 3. Thus, the eigenvalues of 97 are ] =3 and 4, = 1.

Moreover, specific classes of operators, defined below, exhibit unique structural traits that

underscore their importance in both theoretical frameworks and practical applications.

Definition 1.4.4 (Self-Adjoint Operator). An operator 77 € &(F) is called self-adjoint when it

coincides with its adjoint, that is, .71

by having all their eigenvalues real.

* = 1. In finite dimensions, such operators are characterized

2 1
Example 1.4.4. Consider the matrix & = [1 5 This matrix is self-adjoint, as it equals

: : — 121 . : —
its conjugate transpose ¥ = o = [1 3}, noting that all entries are real, so &/° = &/. To
confirm its spectral properties, we compute the eigenvalues by solving the characteristic equation

10
det(of — A7) =0, where ¥ = 01 is the identity matrix. The determinant is:
2-A1 1 i 2
det 1 3-al" 2-DB-)-(1)(1)=6-21-31+1"-1=2"-51+5.

Setting the characteristic polynomial to zero, A> — 51 + 5 = 0, and using quadratic formula:

L 5EV25-20_ 5+5
- 2 2

5+ 5
Thus, the eigenvalues are 1 = > and 1, = — both real, consistent with the self-

adjoint property.
Definition 1.4.5 (Normal Operator). An operator 77 € (%) is said to be normal if it commutes

with its adjoint, thatis, 717" = " 7.

Example 1.4.5. Consider the matrix I, = . This matrix is normal because it satisfies

the condition 97 91* = ‘(71*‘6]1’ where 9‘1* =

Then
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and,

T =

N I B

Thus T3 971* = 971*971, confirming that J; is normal.

Definition 1.4.6 (Unitary Operator). An operator %; € (%) is called unitary if it satisfies

WU\ = U U = F. Such operators leave the inner product between vectors unchanged.

. . cosf —sind e
Example 1.4.6. Consider the matrix %; = . To verify it is unitary, we compute

sinf cos@

the conjugate transpose %; =

. lcos@ sin 6
1

) (since entries are real). Then:
—sinf cosf

. cosf sinf||cosd —siné 10
%l %1 = . . = = j’
—sinf cos@||sinf cos@ 0 1

and similarly %, ‘Zli‘ = f,using cos? 6 + sin® @ = 1. Thus, %, is unitary.

Definition 1.4.7 (Contractive Operator). An operator 77 € (%) is termed contractive when its
operator norm satisfies ||J7|| < 1. The operator norm, which represents the maximum singular

value of 97, will be discussed further in Section 1.7.

. 0
Example 1.4.7. The matrix l 0 0 5] is contractive because its operator norm is 0.5, which is

less than 1.
Definition 1.4.8 (Direct Sum). For operators J11, J12,...,91m € L(¥'), the direct sum is
defined as:
Jn O 0
m O I O
@ Ji = ,
i=1 . . . .
O 6 - Tim

which acts on the Hilbert space #Z @ - -- @ # consisting of m copies of #Z. Thus, @:’il Ti
represents a block-diagonal operator whose diagonal blocks are the operators &7; and all off-

diagonal entries are the zero operator O.

Di-i ‘6711”

The operator norm associated with this block-diagonal operator, denoted by,

satisfies

= max |7y = [[1Ful, 1902, - - .. [ Timll]

1<i<m oo

m
D

i=1
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1.4.3 Positive and Negative Operators
Positive operators are vital in areas such as optimization, quantum mechanics, and statistical
modeling due to their consistent spectral characteristics.

Definition 1.4.9. (Positive and Strictly Positive Operators). A self-adjoint operator 71 € £(%),

is considered positive if the inner product satisfies:
(2, 71%) >0 foreveryx € Z.

It is strictly positive if the inner product is strictly positive for all non-zero vectors,. This means

that for every non-zero vector ¥ € &, the inner product (x, 7 %) is strictly positive.

If

1 is positive (or strictly positive), then —77 is negative (or strictly negative). The relation
J1 2 I, holds if 91 — F; is a positive operator.

We denote the set of positive operators in (%) by P (F), the strictly positive operators by
S P (), the negative operators by N (¥'), and the strictly negative operators by &N ().

11
1 1|

l where ¥ = (31, %) € C2. The inner product in this

4 0

Example 1.4.8. Consider the matrices 77 = 5

]and%:

4 0f|= 4%
First, for 77: 91% = M= !
0 2 k%) 2%2

case is computed as
(x, Tix) = 21 (4x1) + 22(2x2) = 4] * + 2|2,

Since |%;]?> > 0 and |x,|> > 0, and at least one is positive for x # 0, 4|x;|> + 2|x|*> > O for any

non-zero x. Thus, J7 is strictly positive.

1 1% X +% . . .
Next, for J5: Jrx = = . The corresponding inner product is:
1 1% ¥+ X
(x,5%) = |x1 + %2> Since |x; + x2)> > 0 for all x, J; is positive. However, it equals

zero when x| + %, = 0, e.g., for ¥ = (1,—1) # 0, where (x, %5%) = [1 — 1|> = 0. Thus, 9 is

positive but not strictly positive.

Remark 1.4.1. For any bounded operator 71 € £(#’), the operator 7,*J is positive, as for
each x € #, we have
(x, 7" T1x) = | Tix|]* = 0.

The positive square root |71 | = (7" 1) 172 referred to as the modulus of 77, plays a fundamental

role in various operator decompositions, which we will discuss in detail in the next section.

10
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1.5 Singular Value and Polar Decomposition

Singular values extend the concept of eigenvalues to non-normal operators, a key concept in
matrix analysis, see [14]. This section outlines definitions, examples, and key properties,

including several propositions.

Definition 1.5.1 (Singular Value Decomposition (SVD)). For every operator 77 € &(%),
let 01(91) = 02(F1) = -+ = 01 (J1) be the singular values of J;. The SV D provides a
representation of an operator J7 in the form I, = % ZCZJ;. Here, %, and %, are unitary
operators, and X is a diagonal matrix containing the singular values of 7 along its main

diagonal. Explicitly, the matrix Z is represented as

£ 0 - 0
Z 0 4 --- 0
0 0 - %
where the set of diagonal entries is {Z; | j = 1,2,...,k}, and each Z; corresponds to the

singular value 07(7). The columns of % are the eigenvectors of 9‘19“1*, and the columns of

U, are the eigenvectors of I," 7.

Definition 1.5.2 (Singular Values). For an operator 77 € (%), the singular values o (J7) >
02(91) = -+ = 0% (1) = 0 are the eigenvalues of | 77| = (.71*%)1/2, listed in descending order.
For a self-adjoint operator 7, each singular value o;(77) is equal to the absolute value of the
corresponding eigenvalue 1;(71). In other words, the singular values of J; coincide with the

magnitudes of its eigenvalues.

Example 1.5.1. Consider the matrix 77 = . The singular values of 97 are the eigenvalues

of |71] = (7

1*9”1)1/ 2. We compute them step by step. Since the entries of 7 are real,

1 3
g =], |
2 4

13|t 2| |10 14
2 4|3 4| |14 20|

Next,

Now, to find the eigenvalues of .71*,%,
det(7,°91 —45) =0,

10-2 14
14 20-4

det

]:(10—1)(20—1)—14-14:42—30“4.

11
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Using the quadratic formula: we get

1= 30£V302-4-1-4 30+V900-16 30+ V884

2 2 2
30 +29.732
Since V884 =~ 29.732, the eigenvalues are approximately 4; = — ® 29.866 and
30 -29.732
Ay = T9 ~ (0.134.

The singular values o7; are obtained as the positive square roots of the eigenvalues of 7,*97,

and they are conventionally arranged in non-increasing (descending) order.
o1 = VA1 = ¥29.866 ~ 5.466, and 0, = V1> ~ V0.134 ~ 0.366.

Thus, the singular values of J7 are 0| = 5.466 and o ~ 0.366.

0
Example 1.5.2. Now, consider a self-adjoint matrix J; = o -1l Its eigenvalues are the

diagonal entries 1; = 2 and A; = —1, found by solving det(97 — A.¥) = 0. Since the singular
values correspond to the absolute values of the eigenvalues, we obtain o; = [2| = 2 and

o =|-1]=1.

Definition 1.5.3 (Polar Decomposition (£D)). Every operator 7, € £(#’) possesses a polar
decomposition, expressed as I = %P, where % is a unitary operator and P = |71| € P(F).
The positive part & is uniquely determined, while the unitary part % is uniquely defined

whenever 97 is invertible.

0 2
Example 1.5.3. Consider the matrix J7 = [ O‘. We compute its polar decomposition
*J1) 172 is the modulus and % is unitary. We have, 7.* =

2 -
R

The matrix 7,*97 is diagonal with entries 4 and 4, so its eigenvalues are both 4. The positive

20
0 2|

Fi = %1|Ti. where |71] = (9,

Then,

77T =

square root of these eigenvalues is 2, leading to:

71| =

01
Let’s test %, = :
1 0

=9.

0o 1|2 o] |0 2
1 ollo 2] |2 0

12
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0 1
This confirms %, = [1 O‘ , an unitary matrix exists.

Remark 1.5.1. Singular values are invariant under unitary transformations: o ;(%191) =

0 j(J1) for unitary %, a property critical for applications like principal component analysis.

Definition 1.5.4 (Jordan Decomposition). For a self-adjoint operator 77 € £(%), having eigen-
values 41 > Ay > ... 2 A3 = Ag41 = ... = Ay, where 4; > 0 > A;4;. Consider % a unitary

operator such that 71 = %, 2%, 9 is a diagonal operator & = diag (A1, ..., Ax). Then
T= T -

is the Jordan decomposition of 77, both 7" and J,~ are positive operators. Here, 7" =
U\ D*U; and T~ = U D™ U;, where the diagonal matrices 2" and P~ are defined as 9% =

(A1,...,4;,0,...,0) and 2~ = (0,...,0, =241, ..., —Ax), respectively.

Lemma 1.5.1. [34] Let 511 and T12 € P(X), and let Ty = T11 — T1a. Let Ty = T[] — T3 be

the Jordan decomposition of self-adjoint operator 5. Then, for each j = 1,2,...,k,
o (T") <0oj(Tn) and 0;(F7) < 7j(Tn).
Operators can be decomposed into self-adjoint components, analogous to complex numbers,

facilitating analysis in quantum mechanics.

Definition 1.5.5 (Real and Imaginary Parts). The operator J; can be decomposed into its real

and imaginary components as follows:

R(7) =57 +97), 3() = (T =T,

N —

where ¢ = V—1 denotes the imaginary unit. Both R(J7) and J(J7) are self-adjoint.

0
Example 1.5.4. For 7] = 5| Then:

L .
J , compute 7" =

pooly [ 1 w2 o]t o)\ [o 12
e 2])‘[-42 2]’ S(‘/l)_zt(lo 2] l—L 2)_l—1/2 0]'

Proposition 1.5.1. An operator 71 € L(F') is contractive if and only if the block operator

+

CORH

J T

o *
A

is positive.

Proof. To begin with, let us examine the simplest scenario where 7 is one-dimensional. Then,

13
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1 ¢
for a complex number Z, the inequality |£| < 1 holds if and only if the matrix 7 is
positive. For spaces of higher dimensions, the analysis can be extended by employing SV D as

T = U\ 22U, where X = diag(oy, ..., 0%). Then:

J X
X J

T

J VAN
7T

o U

U O
6 %

This shows that the block matrix is unitarily equivalent to

S Z
X S

>

which can be decomposed as a direct sum:

k 1 gj
@ gj 1

J=1

Each 2 X 2 block is positive if and only if o; < 1. Thus, the original matrix is positive if and

only if all singular values o7; < 1,1i.e., ||71] < 1. O

Lemma 1.5.2. Suppose 51 € P(F). Then the block operator

NN

NN

is also positive, and the converse is true as well.

Proof. Since J7 > 0, we can write I = P]ll/ 29”11/ 2 Then the block matrix becomes:

*
T T 911/2 0 %1/2 9711/2 ‘0711/2 0 911/2 o o
T T 9]11/2 o 6 o %1/2 o ngl1/2 ol =7

Corollary 1.5.1. Let 51 € &(F). Then the block matrix

|71l T
S 19

is positive.

Proof. Considerthe PD of J] givenby I = %P, where % is unitary and P = |T1| € P(F).

14
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Then we can express:

7 g | |2 e

g 9l e worur|
This can be written as:

J O0||lP»r 2r||F O

O U||P PO U

Since the middle block matrix is positive, and the above representation corresponds to a similarity
transformation by a unitary block matrix, it follows from lemma 1.5.2 that the original block

matrix is also positive. |

1.6 Commutators and Anti-Commutators

Commutators and anti-commutators encapsulate non-commutative and additive interactions,

pivotal in quantum mechanics (e.g., uncertainty principles) and control theory.

Definition 1.6.1 (Generalized Commutator and Anti-Commutator). For operators 97, 73, 81, 8> €

L(I), the generalized commutator is:

T8 — $HT,
and the anti-commutator is:
181 + $H .

These generalize the standard commutator [J7,93] = 9192 — 9297 and anti-commutator
{91, 72} = 9192 + 7,91. The historical foundation of commutator theory originates from
quantum physics. A notable early result was established by Wintner in 1947 [62], who formu-
lated the commutation relation:
PQ-QP = _—th ,
2n
where & and @ denote the momentum and position operators in quantum mechanics, / is Planck’s
constant, ¢ is the imaginary unit, and .# is the identity operator on #. Wintner observed that &

and @ could not both be bounded operators—an insight foundational to quantum theory.

Following this, Wielandt [61] independently verified Wintner’s result using a distinct method,
offering a mathematically rigorous perspective. Later, Putnam [54] generalized Wintner’s find-
ings. He showed that in finite-dimensional spaces, the result holds without additional assump-
tions, while in infinite-dimensional settings, at least one of the involved operators must be

self-adjoint for the commutation relation to hold.

These foundational results have since inspired extensive research into the structure of com-
mutators and anti-commutators, especially their norm and singular value inequalities, which are

essential tools in modern operator theory.

15
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1.7 Operator Norms

Definition 1.7.1 (Spectral Norm). The spectral norm of 91 € £(9)is defined as the maximum

among all singular values of 7. Formally, the spectral norm is expressed as

”'%”spectral = o1(91),

where o7 (97) is the first singular value of 7.

Definition 1.7.2 (Operator Norm). The operator norm of 97 € &(#) is:

711l = sup [[Z1x]],

llx]I=1

where the supremum is taken over all unit vectors ¥ € 7.

Theorem 1.7.1. Given a finite-dimensional Hilbert space # and any I € &(F), it holds that
Tl = ”*%”spectml = o1(J1),
thus confirming the equivalence of the operator norm and the spectral norm.

Proof. The operator norm is defined as:

Since # is finite-dimensional, 7" has a complete set of eigenvalues. Consequently, the
maximum value of the quadratic form (x, J,"J1%) over all unit vectors ||x]| = 1 is attained
precisely when % is a unit eigenvector associated with the largest eigenvalue 11 (J,"97), and this

eigenvalue satisfies

Thus:

In operator analysis, one of the fundamental concepts is that the operator norm and the
spectral norm are equal. Throughout this thesis, we will use the operator norm notation in place

of the spectral norm for simplicity and consistency.

Definition 1.7.3 (Schatten z2-Norm). For 1 < 22 < oo, the Schatten z-norm of 7 € &(%) is:

X /7
[EAPEIDICACH:

j=1

16
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For 72 = oo, it is the operator norm; for 22 = 2, the Frobenius norm; for 7z = 1, the trace norm.

Example 1.7.2. For 7 with singular values oy = 3, 0» = 1, the Schatten 2-norm is ||J1||, =
V32 + 12 = V10, and the Schatten 1-normis || 71]|; = 3 + 1 = 4.

Definition 1.7.4 (Unitarily Invariant Norm). A norm ||-||| on £(&’) is unitarily invariant if:
%7120 = |71l for all unitary %,, %, € £(#).

The operator and Schatten p-norms are unitarily invariant, ideal for basis-independent analysis.

Proposition 1.7.1 (Properties of the Operator Norm). Let 1,9, € &(F’) and let the operator
norm be defined as || 71| = sup =1 |F1%|. The following properties hold:

1. The operator norm of the positive operators 7"\ and 519" satisfies
19 Till = 171971 = 1191112

2. The absolute value of J, defined as |T1| = (T.*T1)\2, and its adjoint counterpart
: /j p

1T, = (71 Z*)l/ 2, have equal norms, both coinciding with the norm of 1 and T

N7l = N1 = 11l = 17771

3. For any pair of bounded linear operators I, and J,:

4. For every non-negative real exponent » > 0, the norm of the power of the absolute value

of I is the power of the norm of J:

Nl = 1171ll"

These properties, derived from matrix analysis principles [14, 15], ensure robust norm

behavior in theoretical and computational contexts.

1.8 Operator Monotone and Convex Functions
Functional calculus allows scalar functions to be applied to operators, enabling the derivation of
inequalities critical for optimization.

Definition 1.8.1 (Operator Monotone Function). A function f : # — R, on an interval ¥ C R,

is operator monotone increasing if, for any pair of self-adjoint operators 77, 7, € £(#’) whose

17
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eigenvalues lie in 7,
T2
implies
f(T) = f(F),
where the operator f(77) is defined via the functional calculus by applying f to each eigenvalue

of 7. Correspondingly, —f is operator monotone increasing, if the function f is operator

monotone decreasing.

Example 1.8.1. The function f(Z) = ¢ is operator monotone increasing, as J; > > implies
f(91) =1 = F,. The function f(Z) = —¢ is monotone decreasing.

Definition 1.8.2 (Operator Convex Function). A function f : # — R, on an interval ¥ C R,
is said to be operator convex if, for any self-adjoint operators 77,9, € £(%) with spectra

contained in # and for every scalar ¢ € [0, 1]:
J@ON+ (1 =3)T) <If(T1) + (1 =9)f(F2).

If —f is convex, f is concave.

Functions such as f(Z) = Z” for 0 < » < 1 are monotone increasing and concave on (0, ),
forming the basis for many inequalities [14, Chapter 5]. We assume f(0) = O for concave

functions to handle small eigenvalues.

Proposition 1.8.1. Ler f : (0, 00) — R be a continuous function. Then f is operator monotone

increasing on the positive reals if and only if it is operator concave on the same domain.

4 0
Example 1.8.2. Consider f(Z) = —%, a continuous function on (0, ). For 77 = 0 4‘,
1 0
I = ) € P(¥),and 7 =0.5:
. . 30
» For operator monotonicity: Since 71 > 9o, |I1 — T = 0 3 > 0], then

so f(T1) 2 f(T2).

18
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» For operator concavity:

4 0 1 0 25 0
rea-omas [t Joos |t 92 2]

JEN+(1=14)T) = -

-0 -1 0 -2 0
2f(T)+(1-2)f(F) =05 |05 = 5
0 -3 0 -1 0 -3
245 0 9
FETi+(1=-0)T) - (@ f T+ =) f( T =] > 8 7 |=[% [|=o
0 -3 + g 0 0
so f(ZT1+ (1 =2)Tn) 22 f(T1) + (1 = 2) f(F).
Thus, f(7) = —% is both operator monotone and operator concave, verifying the theorem.

1.9 Historical Development

1.9.1 Origin of Singular Values

In 1907, Erhard Schmidt introduced the concept of singular values within the context of integral
equations, initially terming them “eigenvalues” [57]. He studied real integral equations with
symmetric and non-symmetric kernels, a vibrant area of research at the time. This overview as
discussed in Kaur and Garg [43] offers a cohesive historical perspective and contextual depth to

support the technical results discussed in later chapters.

For a symmetric, continuous kernel 6(%,3) on [a,b] X [a,b], Schmidt considered the

eigenvalue problem:
b
A0 =4 [ 5(x.5)A0) ds (1)
a

where A is an eigenvalue and A(%) is the corresponding eigenfunction, both real due to the

kernel’s symmetry.

Example 1.9.1. Consider the symmetric kernel 6(%,3) = ¥3 on [0, 1] x [0, 1]. The eigenvalue
problem becomes:

1 1
A(x) =/l/0 13A(3) d3 =/lx/0 3A(3) d3.

19
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LetZ = /0] 3A(3) d3. Then, A(x) = AZx. After substitution, the equation becomes

1
f:ﬂz/ 32 d3.
0

Evaluating the definite integral:

1 371
2 3 1
d: —_ = -,
./o3 3 [3}0 3

1
L=t~
¢ 3

For non-trivial solutions, either Z = 0 (implying A(x) = 0) or A = 3, with A(x) = Zx. This

SO

illustrates a simple eigenvalue and eigenfunction pair.

For non-symmetric kernels, Schmidt showed there exist non-zero functions A(x) and I"(x)

satisfying:
b b
AGx) =2 / 5(53)TG3)d3, T(x) =1 / 55, )AG) d3, (12)

and introduced the symmetric, positive definite kernel:

b
04(%,3) = / 0(x,9)6(3,p) dy, (1.3)

with eigenvalue A%. This kernel facilitated the generalization of eigenvalues and eigenfunctions

to non-symmetric cases, laying the groundwork for singular value theory.

Example 1.9.2. For a non-symmetric kernel §(%, 3) = xe” on [0, 1] x [0, 1], compute:
b
64(x,3)=/ 6(x,9)6(3,9) dy.
a
Substituting the given form of %, we obtain

1 1
6J(x,3)=/ (xe")-(se")dn=x3/ e? dy.
0 0

Now evaluate the definite integral:

1 p=1 2
1 1 1 e”—1
2y _ 2y _ 2 0 _
e dy = [—e ] =—e"——e = .
/0 20 | 27 2 2

Thus,
ez -1

2

05(x,3) = %3 -

. 2. . . . . .
This 6,(%,3) = %5 L %3 is symmetric and positive, resembling the symmetric case but derived

20
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from a non-symmetric kernel.

H. Bateman [13] extended Schmidt’s work by defining singular values as the reciprocals of
eigenvalues of the kernel, providing an alternative perspective. Emile Picard [53] formalized
the term “singular values” for symmetric kernels, distinguishing them from eigenvalues and

solidifying their role in integral equation theory.

In 1937, Frank Smithies [58] generalized Schmidt’s theory but struggled to directly connect
eigenvalues and singular values for non-symmetric kernels. In 1949, Schmidt’s student T. S.
Chang [26], inspired by Smithies, established an indirect connection. Chang proved that if the

series of powers of singular values converges:
S <o
J
Consequently, the #th power series of the absolute values of the eigenvalues also converges:
DIl <.
J

In 1949, Weyl [60] proved a foundational inequality that connects the eigenvalues with singular
values:
[Aidy Ay S o100y, n=1,2,...,k, (1.4)

where A are the eigenvalues of 7, ordered by [A1| > |43| > --- > ||, and o7 are its singular
values, ordered by o > 02 > - -- > o} 2 0. The proof of this inequality relies on the properties
of the compound operator, defined as follows.

Definition 1.9.1 (Compound Operator). The n-th compound operator of J7, denoted 971("), is a

k

) x (,Ii) whose entries are the n X n principal minors of 7. Specifically, for any

matrix of size (

two ordered n-element subsets /,J C {1, ..., k}, the corresponding entry is
(1)1, = det(T11,5),

where J1; ; is the submatrix of 7 formed by rows in / and columns in J. In the special case

n = k, the operator J; (%) reduces to a 1 x 1 matrix, and its eigenvalue is simply

(71 0) = det(F7) =

J

k
i ().
=1

More generally, for 1 < n < k, the eigenvalues of 971(") are all possible products

[ [,

Jjea

taken over increasing n-element index sets & C {1, ..., k}.
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The compound operator 9”1(") is essential in proving Weyl’s inequality, as it allows the
eigenvalue product 21 (97) - - - 1,,(97) to be expressed as A; (971(")), which is then compared to
the singular value product o (.71(”)) = 01(91) - - - 0, (91) using the Binet—Cauchy theorem [25]
and the operator radius inequality [33, 42].

Proposition 1.9.1. For 91 € &(F), let 1;(F1) be the eigenvalues ordered by magnitude
A (TD)] = -+ 2 [A(T1), and 0j(F1) be the singular values ordered o (1) > -+ > ok (T7) =
0. Then

n n
[ [I@ <[ o,
j=1 j=1

with equality holding when n = k.

1.9.2 Origin of Singular Value Inequalities
1.9.2.1 Singular Value Inequalities: Horn and Fan

Roger Horn [41] and Kay Fan [29] established foundational singular value inequalities for

matrices. For 91,9, € P(H), the determinant satisfies:
det(919;) = det(97) det(F). (1.5)
However, this does not generally hold for singular values. Horn [41] provided a weaker inequality:

o1(T192) AT T2) -+ 0u(T1T2) < (01(T1) 02(T1) -+ 0 (TN)) (01(F2) 02(T2) -+ 0u(T2)).
(1.6)

forn =1,2,...,k. While equality holds when n = k, i.e., considering the full product of all
singular values, it may not hold when n < k. In particular, if both & and 9, are positive, then
k k k
[ [ei@im =] |oi@] | o9,
=1

J Jj=1 Jj=1

but the inequality can be strict when n < k, as demonstrated by the following example.

00
0o 1|’

], so 01(9192) = 0. Singular values are 01(97) = 1,

Example 1.9.3. Let:
1 0

00

9

s D=

)
)

both positive. Then 919, =

(=)
o

o1(F2) = 1, but
o(51%) =0 # o1 ()1 (P) =1,

showing that the product inequality fails for partial products. Nonetheless, Horn’s inequality (1.6)
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remains valid:
o1(T192) =0 < o1 () o1(F) = 1.

Ky Fan [29] extended these results to completely continuous operators in Hilbert spaces,
generalizing von Neumann’s theorem [52] and connecting to classical results like Muirhead’s
theorem [35]. Fan’s work focused on maximum properties of singular values, enhancing the

theoretical framework.

1.10 Current Developments

The exploration of singular value inequalities has evolved notably since the early 20th century.
Modern research from 1990 to 2025 has extended historical results, such as Weyl’s eigenvalue-
singular value inequalities (1.4) and Horn’s product inequalities (1.6), to operator sums, products,

commutators, and norm inequalities.

Equations and inequalities are the heartbeat of mathematics, shaping everything from basic
calculations to cutting-edge technologies. Many inequalities, first discovered for real or complex
numbers, reveal simple yet powerful relationships. Over decades, mathematicians have worked
to extend these inequalities to matrices, which act like grids of numbers used to model complex
systems in science and engineering. However, matrices behave differently, and not all scalar
inequalities hold as expected; some work directly, while others fail or require adjustment. To
overcome these challenges, researchers have developed weaker versions of these inequalities
using singular values, which measure key properties of matrices, much like a ruler measures
length. This section explores three classical inequalities for real or complex numbers and their
singular value counterparts, drawing on foundational works by Bhatia and Kittaneh [17, 21] and
Garg and Aujla [32] . These inequalities are central to the development of new singular value

inequalities for operator transformations.

1.10.1 Inequalities and Singular Value Extensions

1.10.1.1 Arithmetic-Geometric Mean Type Inequality

The classical arithmetic-geometric mean (AGMIT) inequality for real numbers 71, 7, is given
by:

¢1ts| < 27+ 13,

This inequality has been extended to the operator setting by Bhatia and Kittaneh , as follows.
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Proposition 1.10.1. [17] For 91,9, € €(%). Then
20'](9/‘1{0/‘2*)S0'](<C]\]*P/~] +%*%), j=12,... k.
If both I and T are self-adjoint, this further simplifies to:

20(T1 ) <o (TE+TF), j=1,2,... k.

T P
Proof. For 91,9, € (). Let P = o ol be an operator on #Z @ # . Note that
g g 4 GLg* gTrGT G
g = |TT DT O oy TN T
6 6 T T T

J 0
Let %, = l@ j] be an unitary operator. We then define the block matrix

which can be expressed as
N =P P —-U (P P)U; .

Right hand side of above equation is Jordan decomposition of @ as a difference of two positive

operators. Hence, by Lemma 1.5.1 and using 07 (#*P) = 0;(PP*) we get,

*

/(0% < (T} + RTy),

It is clear that o;(Q*) and o7;(@~) both are bounded above by o7;(719," + 529,"). Hence,

0j(Q) <0j(Z), foreach j =1,2,...,2k,

where

Z = .
0 RT + PTy

The singular values of the block operator @ consist of the singular values of 2(7,"92), each
repeated with multiplicity two. Similarly, the singular values of Z are precisely the singular

values of 2(719" + 5,7,"), also taken with double multiplicity. Hence, we get

20/(T7 ) < o) (DT + Ty, for j = 1,2, ..k.
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This inequality plays a critical role in understanding relationships between operator sums

and products.

We now recall Bhatia and Davis’s result, they extended this analysis to norm bounds involving

generalized anti-commutators. They proved in [16, 22]:

Proposition 1.10.2. The following inequalities holds for 51,9, € P () and S| € L(F)

)7267, | <|77 6197 + 7 s < WAs + sl peton, @

|77 .19, - 75177 < 2o - TS - 51701, pelo, @)

where |||-|l| is a unitarily invariant norm.

In 1992, Bhatia and Kittaneh [45] provided an alternative proof of (1.7) using a different
approach. Zhan [65, 63] conjectured and Audenaert [11] proved second inequality of (1.7) in

terms of singular values as follows

Proposition 1.10.3. For 91,9, € P(H'), and we fix an integer index j such that 1 < j < k.
Then
(T T, P+ T TPT) <o) T+ T) pel0l],

Audeh [7], Hirzallah [37], Bhatia and Kittaneh [20, 18], Albadawi and Hussien [4], Abbas
and Ghabries [1], Rahama et al. [55] refined AGMI and proved various related inequalities ,

developing generalized inequalities.

1.10.1.2 Complex Sum Inequality

A classical scalar inequality asserts:
|1 + 22| < \/§|i‘1 + 1],

for real numbers 71, Z;. In [21], Bhatia extended this concept to operators:

Proposition 1.10.4. Let 1,9, € &(F) be two operators. Then

1. For self-adjoint operators I, and I,

M-

~
1l
—_

~

Tj(Ti +T) < ) V20 j(T1 +19).
-

2. If 91 € P(K) and T is self-adjoint,

k k
[ |71+ 7)< [ | V20;(51 +.52).

~
1l

—
~
1l

—
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3. For 91,9, € P(¥),
Ti(T1 + ) < V20;(T1 +152).

These inequalities demonstrate how complex combinations provide upper bounds for singular
values in operator theory. The following application of theorem (1.10.4) establish inequalities

for positive operators under concave and convex mappings .

Proposition 1.10.5. /5] Given J1,9; € P(H), and scalars &, u € (0, 1) forming a convex
partition (9 + u = 1), let f be a concave function mapping non-negative reals to non-negative

reals. Then, for eachindex j = 1,...,k:
o (0f(T) + pf(92)) < o (f 2T + uFl)), (1.9)

Consider a strictly increasing convex function f defined on [0, o) with values in [0, o) and
satisfying

£(0) = 0.

Then, for each index j from I to k:

o (f(@T1 + uF)) < 20;(0f(T1) + uu f(F2)), (1.10)

1.10.1.3 Operator Version of Triangle Inequality

A classical triangle-like inequality for complex numbers states:
21+ 22 < (1L+ |41 (1 +142P).

Garg and Aujla [32] extended this to operator form:

Proposition 1.10.6. Ler 51,5, € &(F') be operators. For 1 <n <k, 1 < p <2 and a concave
function f : [0, 00) — [0, ),

n n n
[ Toi(191+ 7P) < [ | 0T +191P) - [ | (5 + 1521,
j=1 j=1 j=1

[ o1+ r(0gi + ) < [ [ (i + £ATD) - | | o (Fic + FUFD)).
J=1 J=1 j=1

First result is the extension of triangle inequality to operators form and second result is the
extension of well known Rotfel’d’s inequality [56]. Another proof of these results is proved by
Zhao [67].

These inequalities extend classical scalar bounds to the operator setting, offering refined

control over the behavior of singular values in structured operator expressions.
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1.11 Overview of the Chapter

This chapter provides a comprehensive overview of the evolution and significance of singular
value inequalities within the framework of operator theory. Tracing back to the early 20th
century, foundational contributions by Schmidt, Bateman, Picard, Smithies, Chang, Weyl, Horn,
Ky Fan, Ault, and Marcus laid the groundwork for understanding integral equations and matrix
inequalities. These early developments (1907-1967), supported by illustrative examples and

rigorous proofs, introduced key concepts central to the analysis of linear operators.

In more recent decades (1990-2025), the field has seen substantial growth through the work of
Bhatia, Kittaneh, Audeh, Hirzallah, Garg, and others, who have extended classical results to cover
more general operator settings. These include singular value inequalities for sums, products,
and commutators of operators, often relaxing assumptions such as positivity or normality. The
incorporation of bounded, compact, and normal operators has allowed these results to be applied
more broadly across disciplines like quantum mechanics, numerical computation, and data

science.

In parallel, the chapter introduces the essential mathematical framework required for this
thesis, focusing on bounded linear operators on Hilbert spaces #°, and their structural properties
such as norms, singular values o7, and eigenvalues A ;. Notations including £(%’) for bounded
operators and ||| ||| for unitarily invariant norms are also presented. Special attention is given to
expressions involving generalized commutators, anti-commutators, forms like 7189, + &%, and

operator-valued functions, which form the central theme of the subsequent chapters.

By integrating both historical development and theoretical groundwork, this chapter sets
the stage for the original contributions presented in Chapters 2 to 5, aimed at addressing open

problems and expanding the scope of singular value inequalities in operator theory.
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Chapter 2

Singular Value inequalities for
TS £ $HT,

2.1 Introduction

Among the core problems in operator theory are singular value inequalities involving sums
of positive operators, with extensive results established for operators in the space (). A
significant contribution in this area was made by Kittaneh in 1997 [46], who established a key
inequality for the singular values of operator sums. Specifically, 1,7, € P(#), Kittaneh
proposed:

/(T +T)00) <0 (T 0 %) + (19,79, 101777 2)), j=1.2....k @)

The result delivers a singular value estimate for ] + 9, via comparison with a direct sum

structure that incorporates both the original operators and their square root products.

Building on this foundation, Kittaneh refined the result in 2006 [47] by reorganizing the

direct sum terms, yielding a more streamlined inequality:

o7+ 7)00) <0y (71 +19, 7 ) @ (7 +19 77 11)). j=1.2.. .k @2

This refinement enhances the applicability of the original result by restructuring the right-hand
side to involve sums of individual operators with their respective cross-terms. When specialized

to the spectral norm, inequality (2.2) implies:

171 + 7all < [[|71 + 19,27, 2| |72 + 19,27, ] (2.3)

?
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providing a concise bound for the operator norm of the sum 7 + 5.

Furthermore, Kittaneh extended the framework of inequality (2.2) to Schatten z-norms for

l<pm<oandj=1,2,...,k, resulting in:

1/n

7 7

173 + i, < (Hfﬂ 17,272 + |7 + 19,25, ) . 2.4
7 7

This generalization broadens the scope of the inequality to a wider class of operator norms,

enhancing its utility in functional analysis.

Additionally, when the earlier inequality (2.1) is applied to the spectral norm, it yields:

17+ 750 < il |2l + 1 2

’, (2.5)

offering a bound that complements the refined inequality (2.3).

These developments represent a significant advancement over the well-known Davidson-
Power inequality, as noted in [28]. Moreover, Bourin and Mhanna [24] and Audeh [8, 10]
provided an equivalent and more generalized inequalities, further enriching the theoretical land-
scape. These results collectively pave the way for novel generalizations of the inequalities,

contributing to a deeper understanding of operator sums in Hilbert spaces.

It should be noted here that Kittaneh’s inequality (2.2) is the trivial consequence of inequality
presented by Audeh [8] to generalized anti-commutators, proving for 71,9, € P(F) and
S§1 € (X):

oi(T1iS1+81R)@0) <oi(MoN), j=12,...,k, (2.6)

where:
H=P+ |*%1/25le/2|’ N =0+ Igll/z&l%l/zl,

1 1 . 1
P =571+ 37 ST a= 57455 PP
This generalizes (2.2) when &1 = %, addressing operator expressions in quantum control theory.

Zhao [68] generalized this to 518 + $»T; for 71,9, € P(F) and §1, S, € (), and

index j from 1 to k, proving:

(11 +8HT)®0) <oi(M+P)& (N +Q)), 2.7)
where: | . |
/%=591+5971”2|5f|291”2’ W= %+§%l/2|&|2%1/2’

1
2
: 1

P =315 S+ 87 P @=517 S+ 7

Findings of Audeh [8] and Zhao [68] serve as extensions of several earlier findings, including
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those by Bhatia and Kittaneh [19], Kittaneh [49, 50, 48] and Wang and Du [59], thereby enriching
the theoretical framework surrounding singular value inequalities for commutator-type operator

expressions.

In aseminal work by Kittaneh [50], a singular value inequality was established for generalized
commutators. This inequality states that for operators 77, 93, 81, $» € (') where & and
&, € €(F), the singular values satisfy:

o (T8 - £:5) <2[||71|. |7||] i (S1 & &) for j =1,2,.... (2.8)

The following inequality by Hirzallah [38] extends inequality (2.8) (to a more general form) as
follows for operators 71, 73, 81, $» € &(F') with & and &, € €(%) .

0 (7181 = $272) < (171l + (|72l 07 (1 @ $2)

forall j = 1,2,..., while Audeh [6] further advanced this line of research by establishing related

inequalities for the m-th order commutators.

In line with this progression, we have extended inequality (2.7) to address blocks involving

m-commutators. The core findings of this chapter have been published in Kaur and Garg [44].

2.2 Singular Value Inequalities for blocks of m-commutators

This section develops singular value inequalities for block operator expressions involving gener-
alized m-commutators and anti-commutators. These findings extend traditional singular value
bounds to more complex operator systems represented via direct sums. The subsequent lemmas,
theorems, and corollaries are designed to progressively build toward this objective, providing

both theoretical generalizations and practical utilities for managing such block configurations.

Lemma 2.2.1. If 71,5, € &(¥), then:

oi(T1®F)=0i(F5&T1), holdingforj=12,... k.

Proof. We proceed by noting that:

J 0 T O
and
6 9 0 9
are unitarily equivalent via the unitary operator:
6 -7
U =
-7 0
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Note that:
%*%@ |6 S92 o006 -F| |51 O
o 71| |7 o|le F||-5 o o %
Since unitary equivalence preserves singular values, 07 (71 ® 92) = 0j(92 ® 7). O

Lemma 2.2.2. If I € &(&) is self-adjoint operator. Then +J| < |T1|.

Proof. Every self-adjoint operator can be factorized as
T =UDU

where %) is any unitary operator and & is a diagonal operator whose diagonal entries are

precisely the eigenvalues of J;. Note that
2 <19,
pre-multiplying by %; and post-multiplying by %; on both sides we have,

DU < U\ D\U,

In similar steps,

The desired conclusion follows immediately from merging the two established inequalities, i.e.,
+71 <| 1 | m

Now we will present the following theorem for direct sum of m- commutators using above

two lemmas and Proposition 1.10.1 .

Theorem 2.2.1. Let I11,T12, ..., Tim; I21,922,---»Tom € P(HK) and S11,S12, ..., Sim;
S, 820, ..., os)zm € Q(%) Then.:
m m

(11 = ST | < oy (€D M &1, M), (2.9)
i=1 i=1

gj
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where
Mi = Pi+ %Lo]z;/z(&i - é’]i)*eof:;/zl,
Hi= Qi+ %|9~11/2(§Zi - 5’1i)«9}1/2|,
P; = %911' + %gli/ﬂ&ngli/z,

Proof. Consider two operators M; and M} given by,

g\ sug? o 6 ... 0 o
| © o TN ST ... 0 o
0 0 0 o - T %,
g\2sn o 0
1/2
~71 0 0
o  gSn 0
* 1/2
M; = Y _‘722 0
0 o .. ,zjfcs/am
1/2
0 o ... -g]

Then, for j = 1,2, ..., and using Proposition 1.10.1, we have
1
o (B (T1iS1i — $2:T0:) © O) = oj(MIM;) < EUj(MTMl + MIMy).

Using matrix calculation, we obtain

(2 2, 6 © 6 0]
€ G, O O 6 6
6 06 P D ... 6 O
1
Egj(MTMl +MMy) =0 |O O € G ... 0 O,
6 06 6 0 .. P, D,
o 0 0 0 ... Gu Q]
P 06 O O o o]l [6 2, 6 o0 15
6 G 0 O 6 0 € 0 0 O 15
6 6 P 0 6 0 6 6 06 D 15
=o;||O 0 0 @ 6 ols+|lo 06 @ 0 o
6 6 0 0 P, O 6 6 6 0 6
6 6 0 0 6 @u |06 0 0 o0 @,

S 60 6 9
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where 6;, 9;, &;, Q; fori = 1,2, ..., m are defined as follows

1 ) !
G, = 5 (G‘l/Z(é’zl l) 71/2) R D; = 5 (TI/Z(SZL li)%i-/z) s

1 1 N 12 1 1 __ip2 2 1/2
Pi = 5«%i+§ 091, GVI, . Q= 59‘2;4'56‘ |2 T,
Using Lemma 2.2.2 above matrix can be written as, o
P 0 O O 6 0 61| O 6} o )
6 @ 06 O 6 0 o |2/ 0 o o
6 06 P 0 6 0 o 6 |16 6 ... O
<o;||O O 0 @& 6 O|+| 0 o O D )
6 o6 o0 06 ... P, O o 0 ) o |Gl
6 6 0 6 ... 0 Qn |O o o o o
(2, + %] ) 6 6 6 6
0 Q) + |9| o 0 0 )
o ) Py + |6, o o )
=0 0] O O Q) + | D] 0 )
o ) 0 o cii P+ |Gl )
o o o o ... 0 Cm + | Dl |
i, 6 o0 o 6 0]
6 N O O 6 0
6 O M O O 0
Consequently, o (P, (F1:S1i — $T) ®0) <o; | O 6 6 N ... O o |,
6 o0 o0 06 ... My O
|6 06 0 0 ... 0 My
1 1
where M; = P; + 5'572;/2(0921' - 05’1i)*=°71i/2| and J; = Q; + §|=°71;/2(05’2i - 05’11')972:-/2|-
Hence by lemma 2.2.1, o (B~ (F1:81i — $2:92) ® O) < o (P, M B~ N;) - ]

Corollary 2.2.1. Let 3‘1,',9721‘,(5711',05)2,' € 8(%), with %i,%i S g’(%) fOl” alli =1,....,m
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Then:

<0oj (éﬂ[@é%), (2.10)

where:

Ry
I
D=
N

121 ox (207 1/2
Ty 1Sl 7
I
o
Jai
V(81 + 05’21')*«0711/2‘,

1
2
1g-1/2 2g-1/2
+5 |$2:1° 75,

5
|
D=
S

B
1
®
+

-
7

i

12 172
Ni=0Gi+% |9~1i/ (S1i + 52092/ |

Proof. By adapting the proof technique from Theorem 2.2.1, with modification in the block

operator M. Specifically, we define the operator M as:

EATN 0
7 o :
o TS 0
M= 0 T 0
0 o ... TS,
0 o ... T

The rest of the proof proceeds identically, utilizing the same block matrix decomposition,
application of singular value inequalities, and operator norm estimates. Therefore, the inequality
follows with the modified M}, concluding the proof. O

Next, to facilitate our extensions, we first introduce two foundational lemmas concerning
operator properties and functional transformations. These results provide the necessary tools for

our subsequent theorems and corollaries.

Lemma 2.2.3. [I12] Let 1 € &(¥), and let f : (0,00) — (0,00) be a strictly increasing
function. Then, for j = 1,2,...k,

(a) For every singular value o j(J1), the function f preserves its correspondence with the

operator f(|F1]). Concretely,
f(oj(91) = o (f(1T1]).

(b) In the special case where T is self-adjoint, the function f maps eigenvalues in a consistent
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way: applying f to 1;(9) is the same as taking the j-th eigenvalue of (7). Thus,
f(A;(91) = 4;(f ().
Proof. (a) For any operator J1, the singular values are defined as
o () = 29y 7) = 2 (FP).

Since f is a strictly increasing function on the positive reals. So, the singular values of f(|77])

arc:
o (FU7iD) = 4} (r(710%) = 4} (1 (13P))

since f(|T1)? = f (171 |2) under the functional calculus for positive operators. Using the fact

that 11/2

; (|911%) coincides with the j-th singular value of 7, applying the function f gives

i (FUTID) = F(A21TIP) = f (o).

(b) For the special case where 77 is self-adjoint (71 = ), the proof follows from part (a)
with modifications: since 7" = 9712. So,

(171 = 12;(FD)| = 7 (F1).

Applying the functional calculus to f(|71|) yields eigenvalues f(4;(|F1])) = f(0;(F1)), align-

ing with the general result due to the spectral decomposition of self-adjoint operators. O

Lemma 2.2.4. [23] For normal operators I, 7 in (), and a concave non-negative function
f defined on [0, 00). Then,

A7 + 2Dl < LFAZD + £AZ2DII-

Theorem 2.2.2. Let 911,912, ..., %m; 91,922, .. ., %m S g’(%) and 811,812, ... S1ms
821,822, ..., Sm € &(H). Let f be a non-negative increasing concave function defined on
[0, 00). Then,

< |l & A, (2.11)

q

P (G181 - 273) @ 6
i=1

|
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where

M= f(P)+ f (% |=O721/2(c§’2i ,)*71/2|)

)

1
;= f(@)+ f (5 |9:1/2<c¢2i - 5107,

1 1

Pi= 5T + 2<f”2|os’ 27,2,
1 1

@ = 5 + 20“/%9 2T,

and M = @:21 M, N = EB?; N

Proof. Consider the operators M; and M3 defined as:

g\ sug)? o 6 - 0 6
O B R
o 0 0 o - g8, T
sy o 0
1/2
~T o 0
o  7Sn 0
. 12
M; = Y _‘722 0
0 0 T St
0 0 ~Tom

Given that f is an increasing and concave function, we apply a standard inequality involving
singular values for each j = 1,2,.... Additionally, Proposition 1.10.1 and Lemma 2.2.3 are

employed to establish the resulting bound.

|

Through matrix computations, M{M; + MM, yields where €;, 9;, %; and @; are as

@(9711'0911' = $iT) ©0 fF(MM))) = f (o7 (MM)) < f %U'j (MIMy + MIM,) |

ddis

i=1

(2.12)
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defined above:

P

©)

MMy + MMy =| O

P 0 O
6 @ 0
6 06 9P
=0 O O
6 0 0
6 06 0

S

@

0
0

S 9 O 9

Prm

0o

3 60 6 O

0
Qm

S
S

|61
0
0
0

0
0

)
|1
)
)

0
G

Applying the concavity of f and Lemma 2.2.2 and 2.2.4, we obtain:

1
f (Effj (MM + MMy | <

(7 06 o
6 @ O
6 0 P
lrllle o o
6 06 0
o 0 0

)
)
)
@

o
o

S & & O

Prm
O @

S O O O

m

+f

A
0
)
0

G
| O

6 0
6 0
6 ©
6 0|,
Py Do
Em  Om
6 0 ) )
6 0 9] O
|G, 6 O )
6 |D) 9] 9]
6 0 |Gm| O
1) ) O Dl
6 06 0 14 14
21| © ) 14 1)
6 16| O 14 14
6 0 (D 14 14
6 0 0 |G| O
6 6 0 0 Dl

The off-diagonal terms are absorbed into the absolute values, and applying f on all terms, we

get:

i=1

i

P s - 2570 @ 0

IR
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)
6 0
o 0o

6 O
6 O
My O
6 M
6 O
6 O
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where

1 1
My = [(P0) + f (5 751285 = $10)° 7 ) . M= f@)+f (5 7217 (82 - &»9721/2\) :

Using the direct sum property from Lemma 2.2.1, the inequality holds as:

{ |

Corollary 2.2.2. Let %1,5712,...,:0/\1,”; %1,%2,...,%,% S g’(%) and $11, 812, . Stims

821,822, ..., Som € &(I). Then, for every unitarily invariant norm,
log ( + J)

1
M =10g(Pi +.7) + log (5 |‘6721'/2(°92i - Sli)*%l/z' + J) ,

< |- ® M.

PG - 27) @ 6
i=1

P81 - $u7) @ 6 <l @ 71,

i=1

where

1
N =log(Q; + F) + log (5 '911/2(0921' - 05’11')%1/2’ + f) ,

1 L 172, ox 1/2
Pi = 5’71i + Ecvli/ |°§1i|2'9:i/ ’
1 L _1p 12
@i = 5T + 57,1941 T,

and M = P, My, NV = P, N
Proof. By specializing Theorem 2.11 to the function

F(£) = log(£ + 1),

which is non-negative, strictly increasing, and concave on [0, 0),. Applying this function to the

inequality preserves the unitarily invariant norm structure, yielding the stated bound. O

Corollary 2.2.3. Let .711,9712, ey e9v1m; %1, %2, ey %m € 9(%) and 511, 512, ey Slm;
821,822, ..., Som € R(HK). Then, for every exponent p € (0, 1] and any unitarily invariant

norm |-l ,

m
@(«%i&i - 82i9i)®0
i=1

< Iz & Al
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where
Mi =T} + 2% 972;/2(05)21' - CS,”)*gl;/zr’
=@+ o |7 - s
P; = %9‘11. + %gﬁﬂwﬁﬁgﬁ/z’
@i = %‘%i + %‘721/2|5’2i|292y2,

and M = P, Mi, NV = P, N
Proof. The inequality is a direct outcome of Theorem 2.11 by selecting,
f () =2° with p € (0,1]

where f remains non-negative, increasing, and concave on [0, o). This choice ensures the

singular value transformation holds under the given norm conditions. O

2.3 Connections to Known Inequalities: Remarks and Illustrative

Examples

The following remarks and example are provided to demonstrate how the proposed singular value
inequalities for m-block operator expressions reduce to several well-established results when the
block size m = 1. These reductions not only validate the general results but also highlight their

broader applicability by encapsulating classical operator inequalities as special cases.
Remark 2.3.1. For m = 1, setting 711 = 91, 921 = » and &1 = &»1 = §1 in inequality (2.9)

reduces the general m-block inequality to the single-block version established by Audeh [8].

This transition is significant in practical contexts like quantum systems, where each operator

block corresponds to a subsystem.

Remark 2.3.2. Choosing m =1, 911 = 91, 921 = 2 and &1 = &1 = 7, the inequality (2.9)
specializes to a well-known inequality due to Zhan [64], involving singular values of operator

differences.

This highlights how classical inequalities are embedded within the broader m-block frame-

work.

The subsequent counterexample illustrates that omitting the unitary factor %; would violate the

spectral bounds, underscoring its essential role in the inequality.
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Example 2.3.1. Let 7 and 9; be positive operators on R?, represented by the matrices:

10 15 5 4
.Q{ = , ,% =
15 25 4 15

We consider the matrix form of Zhan’s inequality:

(T = T2) @ O| < Ui (T & T) U, (2.13)
where % is unitary. To test this, calculate:

-0.3816 -7.6865 0 O

-7.6865 -12.0573 0 O
0 0 -5 -4
0 0 -4 -15

P=|(d-RB)®O| - (4 ®RB) =

The eigenvalues of the matrix & are given by —16.40, —15.87, —=3.60, 3.43, where the presence
of a positive eigenvalue confirms that 9 is not a negative definite matrix. This demonstrates

that the inequality in (2.13) does not hold unless a suitable unitary operator % is applied.

Remark 2.3.3. We now compute the determinant of the block-structured matrix & as defined

in Example 2.3.1. The matrix & is constructed as a difference of two block-diagonal operators:
P =|(T1 - P) @ 0|~ (51 & ).

To evaluate det(ZP), we first recognize the block-triangular form induced by this structure.
Specifically, after appropriate unitary similarity or direct inspection, & can be expressed in a

form that separates the contributions from 97 — 9, and ;. This leads to the factorization:
det(P) = det(|91 — F2| = 1) - det(=F2).

The term det(—93) arises from the lower block involving 3, and since -9, = (-1) - 55, we
have:
det(~72) = (=)™ det(%) = (-1)* det(7),

where k = dim # is the dimension of the underlying Hilbert space. Thus, combining both parts,

the full determinant is:
det(P) = det(|F1 - T2l - T1) - (~1)* det(F).

This identity highlights how the absolute value operator |77 — 93| interacts with I in the upper
block, while the sign flip in the lower block contributes the alternating factor (—1).
This observation reveals that whenever det(>) = 0, it follows immediately that det(&?) = 0,

meaning & is singular. In other words, non-invertibility of ; is a sufficient condition for the
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singularity of 9*. However, this condition is not necessary that is, 9 can still be singular even

when 9, is invertible. To illustrate this, consider the following concrete example:

e

Here, 9, (corresponding to 93) is invertible, yet & remains non-invertible due to eigenvalue over-
lap. This counterexample clearly demonstrates that invertibility of &, alone does not guarantee

invertibility of &, additional structural conditions on 7 and 9, are required.

We now highlight how a proper choice of unitary operator % is also essential in the matrix

version of Kittaneh’s inequality.

Remark 2.3.4. To derive the refined inequality established by Kittaneh [47] for the case m = 1,
we set 711 = J1, Jr1 = J, and &1 = $»1 = F in inequality (2.10). This leads to the matrix
form:

i+ 7 @0 < ((71+19,7 %)) @ (72 +19, 721 2,

where % is unitary. To illustrate this, let us revisit matrices &/ and 98 from Example 2.3.1.

Compute the matrix

6=|(cd+B)®0| - ((ﬂ+ |%1/2ﬂ1/2|) o (gg+ |d1/2%1/2|))

~2.1545 -5.4241 0 0

_|-5.4241 -2.7816 0 0
| o 0 ~10.5432 -12.3122|°
0 0 ~12.3122 —34.3930

The eigenvalues of matrix @ are approximately —39.61, —=7.90, -5.33,2.97. The presence of
a positive eigenvalue implies that @ is not negative definite. This highlights the necessity of
choosing an appropriate % is crucial for ensuring the inequality remains valid under the spectral

norm.

2.4 Conclusion

The exploration of singular value inequalities for expressions of the form 18| + $,9; in L(F)
has uncovered significant new perspectives. Stemming from Kittaneh’s pioneering inequalities
of 1997 and 2006, which laid the groundwork for bounding operator sums across spectral
and Schatten z-norms, this chapter has pushed these concepts into more complex territories.
The introduction of m-commutator and anti-commutator block frameworks, as detailed in the
enhanced Theorem 2.2.1 and Corollary 2.2.1, marks a substantial progression. These findings
build on the unitary equivalence principles from Lemma 2.2.1 and the constraints on self-adjoint

operators from Lemma 2.2.2, offering robust generalizations that extend the contributions of
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Audeh, Zhao, and earlier scholars.

The incorporation of a non-negative increasing concave function f in Theorem 2.2.2, along
with its practical applications in Corollaries 2.2.2 and 2.2.3, broadens the applicability to loga-
rithmic and power-based transformations. The remarks illustrate the flexibility of these results,
demonstrating how specific parameter choices reconnect to classical bounds by Zhan and Kit-
taneh, while Example 2.3.1 underscores the essential role of unitary operators in maintaining
these inequalities. The determinant analysis further clarifies the conditions affecting operator

invertibility, enriching the understanding of matrix properties in this context.

These developments fortify the theoretical foundation of operator theory and provide valuable
tools for applications in quantum control and numerical linear algebra, where multi-block systems
are increasingly relevant. The results, documented in Kaur and Garg [44], affirm the chapter’s

contribution to the evolving landscape of singular value inequalities.
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Chapter 3

Singular Value Inequalities for
T1851T2 + &

3.1 Introduction

This chapter focuses on the development and analysis of new singular value inequalities related
to operator expressions of the form 97819, + &,. These investigations build upon foundational
results discussed in Chapter 1, particularly the work of Audeh [8] and Zhao [68] on generalized

commutators and anti-commutators.

Section 3.2 introduces the essential lemmas and technical tools required for the main results,
while the proof of the proposed inequality for 71819, + &, is detailed using techniques from
operator theory. Section 3.2.1 illustrates the applications of the derived inequalities, including
their extensions to block matrices and comparisons with known results. The final section,
Section 3.2.2, discusses the broader significance of these contributions in the context of operator

theory, laying the groundwork for further generalizations in subsequent chapters.

Let 91, 92, 81, T4, T2i, S1: € L(F) fori = 1, ..., m. Throughout this chapter, we denote
P =989 (i=1,...,m), and P =T181P

for the bilinear operator products under consideration. By applying the triangle inequality and
the submultiplicative property of unitarily invariant norms, following bound holds:

m
< (Z (el
i=1

> T8 T (B (3.1)
i=1

i=
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Since unitarily invariant norms are monotone with respect to singular values, a natural question
arises: Does a similar inequality hold for individual singular values? Thatis, if 71;, 92; € ()
and &1 € €(¥), does

oi($), j=12,.. .k (3.2)

m
< (Z (el

i=1

hold? This relation does hold in the special case when m = 1. More precisely, for
T11, T2 € (F) and & € €(&), we have: (see, e.g., [14], p. 75)

ai(P) < TulllI2llo;($1), j=1,2,... k.

However, when m > 1, inequality (3.2) does not generally hold for j > 1, as demonstrated by

the following counterexample. Consider matrices:

T L
BRI

In this setup, we compute:

Ay = , By=

1 -1

02(A181B1 + A2S81By) =2 > 0= (|[A|[|B1]] + [|A2][|| B21]) 02 (S1),

which contradicts inequality (3.2), thereby illustrating that it fails in general for higher singular

values.

To address this limitation, Hirzallah and Kittaneh [40] proposed a refined inequality for
operators J1;, I2; € £(#') and compact operators §1; € C(%) :

. j=12,.. .k (3.3)

aj (ZZ Pi) < (2 ||<O71i||||972i||) o @Cﬂi

This result extends his earlier work on singular value inequalities for commutators and operator
products [38].

Furthermore, in [39], it was shown that for operators 77, &, 92, &> € &(#), where I and

I, are normal and &, &, € €(F) , the following inequality holds:

0 (P+8) <2700y ((FIF +.9)7 § (T30 +.7)7 @ (171 + )P 8 (158 +.7) 1),

022, j=12,... .k (34

This result generalizes inequality (3.1) and provides further insight into singular value bounds

for operator expressions involving products and sums.
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The literature on singular value inequalities reveals substantial progress, yet several unre-
solved challenges persist, limiting the applicability of existing results in operator theory and
matrix analysis. Many results, including those by Audeh [8] and Zhao[68], often assume opera-
tor positivity, which restricts their utility for general operators in £(%°). To this end, we propose

the following conjecture for operator products involving compact operators.

Conjecture 3.1.1. Let 91,9;,8),8 € &(#), with & being compact operator and j =
1,2,...k. Then,
g (P +8) < (1AM + 1$21) 0 (1 & F).

The proof of this conjecture is established in this chapter, along with a comparative analysis
against earlier results, including those by Hirzallah [39]. We emphasize the central role played

by the term o7 (] ® ¥) in obtaining effective singular value estimates.

Additionally, we extend our investigation to the multi-block setting and provide new singular
value inequalities that generalize earlier contributions by Hirzallah and Kittaneh [40] and also
refine inequality (3.1). These contributions help build a more unified theory encompassing direct
sum structures, commutators, and anti-commutators under the lens of compact and bounded

operator interactions.

This part of the thesis has been published in the journal Advances in Operator Theory by Kaur
and Garg [44], underscoring its contribution to the field and its potential for further theoretical

and practical developments.

3.2 Singular Value Inequalities for 7,89, + &»

This section derives a significant inequality for the singular values of the operator sum 9,819, +
&o, where 71, 92, 81, $» € &(F'), §1 is compact, and Z is finite-dimensional (with $ as defined
in Section 3.1). To establish the main result, we first recall the min-max theorem for singular
values, which is instrumental in bounding operator expressions. Then we present a lemma that
provides a foundational bound for the singular values of ;8 9;, followed by the main theorem
and its proof.

The min-max theorem provides a variational characterization of singular values, essential for
our proofs. It generalizes the Courant-Fischer theorem [[14], p.75] for eigenvalues to the context

of singular values.

Proposition 3.2.1 (Min-Max Characterization). Let I € (). Then the j-th singular value
of I is given by:
oj(J1) = sup inf [|F33l,
a7 =7 5,

where the supremum is taken over all j-dimensional subspaces 7" C 7.
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Proof. Because the singular values of an operator 7 are defined as the non-negative square roots
of the eigenvalues of the positive operator "7, , we can apply the Courant-Fischer theorem to

" 1. Specifically, 1;(7,"71), is equal to the square of the j-th singular value of 7;:

The Courant—Fischer variational principle provides the following characterization:

(T T) = sup inf (F'T13.3) = sup inf [|Ti3]1%
dim7= 0574 dim7’=J 057
3= 3=

Taking the square root (preserving non-negativity), we deduce

i () = |4;(F°F1) = sup inf || T3],
dim 7 =j ”36”71
3:

We now present a lemma that bounds the singular values of the operator product 71819, a

crucial step toward handling the additive term .

Lemma 3.2.1. Let 51,81, 9, € &(F), with 8| being a compact operator. Then:

oj(P) < Tl Zlloj($1), where P =T8T, j=1,2,....

Proof. Since & is compact, its singular values o7 (&) are well-defined, with o7;($1) — 0 as

Jj — oo. Consider the operator 7181 J;. The positive operator
(N18152)(T181T2) = T (ST T1 $1) T

has eigenvalues whose square roots are the singular values of 91819;. Apply Preposition 3.2.1

to the operator 1819

oj(718172) = sup inf [[T1851T23]|.
dim%:jlﬁz

For any unit vector x, we compute:

171817231l < 171l $1723 < 1111 Z23]1 < 1T 172 ]I $3l,

Since & is compact, its action on 3 is bounded by its singular values. There is a subspace 7/;
with dimension j for which ||$13]| < 0j(81) whenever 3 € 7j and |j3]| = 1, as 07;($1) is the

Jj-th largest singular value. Thus:
0j(718172) < |71l 72lloj (S1),
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which completes the proof. This result aligns with findings in Bhatia [14].

Building upon Lemma 3.2.1, we now present the principal result of this section: a singular

value inequality for the combined expression 71819, + &>.

Theorem 3.2.1. Let 71, 5,81, S € &(H) suchthat S| € €(F) andforj = 1,2,--- ,k. Then

o (P + &) < (177 + [1$21) oj($1 @ F),  where P = T181. (3.5)

Proof. Assuming J; # 0, we initially focus on the case where & is positive. We then define

the following block operator on H & H:

K8 Hm+S8 ol |a sP|s o]l n o
0 ol |6 o ||lo s||s” of
Applying Lemma 3.2.1 to this factorization:
TSP+ S O 7 8P|s ol o
gj =0j 1/2
6 6 o o0 |lo s||s* o
72 P &= o S 0
(O] .
o o ||lls? ol '\|e s
TS T+ S, O] S
Since o; ! 1@2 2 o ) = (918192 + &) and [@1 = &1 @& F, compute the
norms: )
g s orgm+s o 5
2 =" = 1971 + S|l < 1T + (1521,
o o o o 77T + Sall < 17117 + ISl
7 ol T TH+8 O )
12 = =17, 72 + &l < 172017 + | $2]l.
NG 9 6
Thus:

T (P + &) < VAP + 182D T2 + 121D (S1 @ 7).

To optimize this bound, replace 7 and ; with ZJ7 and % forZ > 0:

| 7211%
{2

I
T (59105’172 + é’z) < \/(52“571”2 +1521) ( + IICS’zII)ffj(OS’l e.J).

Since £ 8 % = 91819,, expand the term under the square root:

[EAR
{2

(221511 + ||osa||)( >

2 2 2 2 2
+||oS’2||) = 1A NZ2N° + 182017 + 27T | Sl +
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Rewrite as:

2
2Tl S2ll =

72l Il S2]]
ANV = ————

IFUP NP+ S 1P+ 20T T2 S2 1+

2

I 72[[V | S2l
AT + 1S5211)* + (JII%II\/II&I S

Minimize by setting the second term to zero:

AR 1721 1%
R e e - N [

171l IANE:

yielding:
0 (18172 + &2) < (IT1I| 72| + [|$2]]) 07 ($1 & F).

This proves the inequality when & is positive. For general &3, use the PD of &, as, §» = %1%,
where % is unitary and & € P (). Then:

Ti(P+8) =0j(T1$1T+ U P) = 0j(UN(UT1 51T + P)) = 0j (UL T 1 T2 + P),

since singular values are unitarily invariant. Apply the special case to %[ 71819, + &, noting
1% 11| = |91 and || 2|| = [|S2]|, to obtain the general result:

o (P + 82) < (TN + 1[S$21]) o7 (St & F).

This completes the proof. O

To further elucidate the implications of Theorem 3.2.1, we present remarks and examples
that compare its results with existing inequalities. These comparisons highlight the theorem’s
sharpness and broader applicability, offering insights into its advantages over prior work such as

Hirzallah’s inequality.

Remark 3.2.1. If &, = O, Theorem 3.2.1 reduces to o;(P) < [|71||[|%2]|o; (S & 7). Since
0j($1) < 0j($1 ® F) for any compact &7, this recovers Lemma 3.2.1, showing that the lemma
provides a tighter bound in this case. However, for non-zero &, the bound o (P + &2) <

TN Z2l + [|$21)o7j (S$1) fails generally. Consider the matrices:
1 1
0 -1|

0.2 4
, S = , $H=
0 0.5

Numerical computation shows that o (P + &%) > (||71 /|72 + [|S2]])02(S1), underscoring the
necessity of o;($1 @ .7) in Theorem 3.2.1.

1 1
-1 1

1 2

i =
-2 -1

, D=

We compare Theorem 3.2.1 with existing inequalities, such as Hirzallah’s [39] result for
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T$1T+ S8, and p=2:
0(Ti81Ta+8) <27y (171 + ) S (B +.9) P @ (Fi +.9) $ (T +.5)),

when 97 and 9, are normal.

Example 3.2.2. To illustrate the sharpness of Theorem 3.2.1 over Hirzallah’s inequality, con-

I 2 I 2 I 1
B <§)1 = s C?Z = ]
-2 -1 0 1 0 -1

where 9 and &, are normal. For p = 2, Hirzallah’s inequality yields:

sider:
1 1

T =
"o

s D=

(7720 + [S21Do1(S$1 & F) = 14.1489 <

12 ) 12 s 12 s 12 s 12
2124, (|971| +J) S (|972| +J) ea(l&ﬂ +J) 52(|93| +J) ~ 24.3908,

(71l Z72]l + [ $21D o2 (81 & F) = 5.8609 <

12 9 1/2 ) 1/2 ) 1/2 5 1/2
2124, (|971| +J) S (|;72| +J) @(|571| +j) 092(|93| +j) ~ 17.2363.

Remark 3.2.2. Example 3.2.2 demonstrates that Theorem 3.2.1 provides a sharper bound than
Hirzallah’s inequality for the first few singular values. However, this may not hold for all j, as

the scaling factors differ i.e.,

(TP + ||$2]]) o (81 @ F) is not necessarily less than

21700 (U1 + )P 8 (T + ) @ (TP + ) $ (1728 +.9)'7).

Additionally, while Hirzallah’s result [39] applies to normal operators, Theorem 3.2.1 extends to
all operators in (%), broadening its applicability. This generalization aligns with the research

direction proposed in Section 3.1, where Conjecture 3.1.1 seeks to further refine such bounds.

Lemma 2.2.3 enable us to derive the subsequent unitarily invariant norm bound, representing

a generalization of Theorem 3.2.1.

Theorem 3.2.3. Let I1,5,,81, 8 € &(H) such that §; € C(H) and f is an increasing
function from the positive half-line to itself. Then:

IF (AP + SDI < £ AANZI + 120D (St @ A, where P = T181T,.

Proof. By Lemma 2.2.3(a), the singular values of f(|P + &|) are:
ai(f(IP + $2)) = foj(P + $2)).
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From Theorem 3.2.1, we know:
o (P + 8) < (ITNAN + 1521) o (S & F).
Since f is strictly increasing, applying f to both sides gives:
f(oj(P +82) < f (U + [1S2) o5 (S1 @ F)) -
Since,
FUAGINZN + 1820 0($1 @ 7)) = oy (f (L AT + 11S2) (S @ F)D) -
Thus we obtain:
o (f(IP + 82) < o (f A UTANZ2 + (I S2]) (S1 @ F)D) -

= AP + SDIE < F A AT+ [1$20) ($1e F)DI

= I/ (P + SDll < £ AT + [1$21D (S @ A

Corollary 3.2.1. Let 51,5, 81,8 € &(F), with §1 € €(H'). For the operator norm:

1P + &l < ATTN +1S0) [I1$111, 1], where P = T1851T.

Proof. Choose f(Z) = ¢ in Theorem 3.2.3. The operator norm is the largest singular value.

Consequently, the right-hand side reduces to:
17 + Sl < 1A NN+ [ S20l1(S$1 @ I

= (1A + 120D [l 1] .,
since |||$1]|| = ||S1]], giving the result. O

Corollary 3.2.2. Let 91,9,,81, 8> € &(F), with §| € C(F). For the Schatten p-norm
(2=1):

1
1P + Sall, < (IFZ2N + [S20) (I$111 +1)77 . where P = 1819,

Proof. Let f(Z) = ¢ in Theorem 3.2.3. By the definition of the Schatten z-norm, we have:

/7
171, = (Z cr,~<.%>ﬂ) :
J
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Applying the result from the theorem, we obtain the following estimate:
1P + Sl < TN 2] + [1$21D |81 & Tl -

Note that
1
IS @ I, = (IS 012 +1)"7,

which gives the desired upper bound. O

Corollary 3.2.3. Let 1,95, 81,82 € Q(F) with $| € C€(F) . For the unitarily invariant norm
with f(¢) = 22,

1P + &P < AFNTI +1S0D* (1 @ 2|, where P = F151F.

Proof. Set f(¢) = ¢? in Theorem 3.2.3. Since f(¢) = ¢2 is strictly increasing for # > 0, the

inequality becomes

AP + Dl = 1P + 2P| < £ AT T2 + [1S20D) 1) @ Ll = (T2l + 121D 1)
Since |||(cS’1 ®J )2||| = |1 @ 7 ||* for unitarily invariant norms in finite dimensions, the result
follows. O

Corollary 3.2.4. Let 1,53, 1, $» € &(F) with 81 € C€(F) and || T1 || 72| + ||S2]] > 0. For
the unitarily invariant norm with f(¢) =log(1 + ¢),

lllog(1 + |# + S2)Il < log (1 + [ T1[[I| 2]l + |S20D) I$1 @ S, where P = F181.Tn.

Proof. Specializing Theorem 3.2.3 to the choice f(Z) = log(1 + Z) (defined for Z > 0), we
observe that f is strictly increasing and concave, and assuming || T ||| 72| + ||$2]| > O to ensure
f is defined,

lllog(1 + [# + S < log (1 + (IF1[[1F2]] + |S21D) IS & FlI) -

Given that log(1 + du) < log(1 + )@ for ¢, u > 0 under certain conditions, and adjusting for
the norm structure, the bound simplifies to log (1 + |71 [|||Z2]| + [|S21D) |1 @ Z||I. O

Remark 3.2.3. If we set & = .# in Corollary 3.2.1, the inequality simplifies to:
15172 + Sl < [Tl 2] + [|S21l,

which is the standard triangle inequality for operator norms, confirming the consistency of our
approach.
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3.2.1 Extension to Multiple Block Operators

We now expand 7181 J; + &» for m blocks. This is a special case of Theorem 3.2.1, considering
DL (T1i81iTi + $ai) =

I O 0 ]
(sh 0o ... o ol|s? o 0
T &2 ... 0o o]V 21
o % ... 0 o||lo I 0
o o0 ... 0 o0 i
: : 0 3, 0]
' ' - nllo o .. S O] :
0 0 ... Tm S
mlo o ... 0 Ju|O 0 .. P
Lo o ... &7

Corollary 3.2.5. Fori=1,...,m, let T1;, T2;, S1i, 2 € (K, with each §1; € €(H). Then:

m m
7 (@(ﬂ +80) | < (10l Za 1+ 182111 1Tl Tl 41822, -+ Nl Taill+182111] o | (S @ 7,
i=1 i=1
where P; = 51;81;T2; and J; denotes the identity on the i — th copy of Z .
Proof. We may assume that at least one J7; (i € {1, ...,m}) is nonzero. Our study now focuses
on the operator @ﬁl (P; + S$»;) on Z'dF using the given factorization. Let the block operator
be represented as
Pt (Pi+S8u) O
o o
which expands to the product of three matrices as provided. Denote the factors as:
In O o
(s, 6 ... 06 0] o o
g S o 6 ' 21
o 5 ... O 0 O Ixn 0
G o ... O 0 12
M = ) | oMa= : Ma=| 0 & 0
' | o 0 S o
6 0 Tim  SA2 b
m o 0 O  Im G O ... Tom
. 1/2
| O 6 ... S
Initially, assume each &%; is positive. Apply Lemma 3.2.1 to the factorization:
m
i=1(71i$1: % + $2) O
7 ([@ U L] E IMilliMelle (M),
where M, serves as the middle operator analogous to &; & .%; (i € {1, ...,m}). Now, compute

the norms of each factor:
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IM)* =

i

since the direct sum norm is the maximum over blocks. Similarly,

* g
T J] +& O
t ' H‘ = m?ﬂ”%f%i + &) < ml?lx(||571i||2 + [|821]),

IMGI? = max(15:* Ta; + Saill) < max (17311 + 181D

Thus, the initial bound is

é(ﬂ + 82;)
i-1

To optimize, introduce scaling factors Z; > 0 for each J7; and 9;, replacing J7; with Z;J7; and

7 < Jmax (173l + 181D - max(172:[1> + 1521l

i=1

é(é’u ® fi)) :

95; with % The product becomes

| 72:11>

+[| Sl

@(5ll@f) :

=1

0j

o (@(Pi + S$hi)
i=1

< m?X(iLi2||e71i||2 + || S$21]) - mljclx(

i

172ll for each i where
Tl

[F1i

Expanding and minimizing (as in the theorem 3.2.1) by choosing 7 12 =

J1i # 0, the expression simplifies to

17212
mgtx(f?n%nu||os>2i||>-mlax( o+ ISull| < max (1T ll12ill + 11821
i
yielding
m
i | @i+ $2) | < NFMT I+ 18211 1Tl Toall+ 11822, -+ N Tl T+ 1] @(&hef)
i=1

for the positive &»; case.

For general &»;, use polar decomposition &; = %;%;, where %,; is unitary and &%; is

positive. The operator becomes,

7 @(ﬂ tSu)) =0y @(P" * %li‘%)) =0 (@(%li(%li*Pi + 9’[))) :

i=1
and its singular values are invariant under unitary transformations. Applying the positive case
to (%1;*P; + ;) (with ||%1;° ;]| = |91 and || 2] = ||$2:]), the bound holds, completing
the proof. O

Corollary 3.2.6. Fori = 1,...,m, let T1;, T2;, S1i, S € (), with each §1; € C(HK), and
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T1i» Toi contractions (||T1i|| < 1, ||F2]| £ 1). Then:

o (@(Pi + S$hi)
i=1

where #; denotes the identity on the i-th copy of # .

<1+ ISull, 1+ 182l - . 1+ [ S2mll] Lo

EmB(&i @ ji)) ,

i=1

Proof. Since J7; and Jy; are contractions, || J71;||||Z2;|| < 1. Applying Corollary 3.2.5, we have

o (é(Pi + S$i)

m

Psiio5)

m

< max (|73 ([l 721 + I S2:) o
i=

i=1

i=1

Given that each product satisfies

7l |72l <1 (G =1,....m),

it is immediate that
1711 1 Z2: 1l + | S2:l < 1+ || S2]].

Taking the maximum over i yields

Hilr_gllx T2l + 11S2:1) < [+ I1S21ll L+ 11822l -+, 1+ [|Somll]
thus completing the proof. O

Corollary 3.2.7. Let 1,8, € &(H) with S| € €(K), and let O < 9 < 1. Define 7, = 9/*>.7
and 9, = W2 7, where .7 is the identity on . Then:

o (981 + &) < (1 +||82])oj($1 @ 7).

Proof. For m = 1, apply Corollary 3.2.6 with 77, = 927, I5; = 927, & = &, and
&1 = &. Since || T1]| = 92 < 1 and || T = 92 < 1 for 0 < ¥ < 1, 97 and F5; are

contractions. The inequality becomes
o (T11811T21 + $21) < (1 + [|S21])) o7 (S11 & F1).

Substituting the values, 7181151 + $21 = 327 - 8- 927 + 8 =98+ S, and $11 @ 5 =
&1 & 7, the result follows. |

3.2.2 Inequalities for Related Operator Expressions

In this subsection, we explore inequalities for operator expressions, building on the foundational
results from the following lemma and Corollary 3.2.7. These insights enhance the study of

spectral properties in operator algebras and their applications.
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Lemma 3.2.2. [31] Consider 81,8, € &(F) and let 0 < & < 1. The following inequality holds

or the absolute values of the operators:
e %
1
|81 = K12 + 981 + S2 < (1 +9) |82 + (1 + 5) |$5 %

Theorem 3.2.4. Let 8,8 € () and 0 < ¢ < 1. Then:

1+

o; (|es’1 - & - ( ) (9151 + |e92|2)) <+ 1100y e .9).

Proof. Using Lemma 3.2.2 and the min-max principle ([14], p. 58), we have:

1+¢
o)l (|osa - - (T) (9151 + |o92|2)) <0y (981 + &) = 07 (1981 + ).

By Corollary 3.2.7.
oj([981 + $2)) < (1 + [|$2[)oj($1 & F)

Consequently:

1+

o (|05’1 - &* - ( ) (IS 1* + |05)2|2)) < (1 +1$2l)o (51 @ 7))

ci(S1®9) =0;(|S1|* @ .F)

1+9
)

o (Ié’1 - &)* - ( ) @$11> + |c92|2)) < (1+I8:1)%0; (111 @ 7)

Corollary 3.2.8. Let 81,8 € (). Then:

o; (161 - &P =2 (1517 + 7)) < (1 + 12002 05 (151 @ 7).

Proof. This inequality is recovered as a special case of Theorem 3.2.4 by taking ¢ = 1. Substi-

tuting = 1 into the theorem’s expression, we get

1+9 1+1
:—:2,
) 1

so the term becomes |} — $2|? = 2(3|S1 12 + |$2]%) = |S1 — $|> = 2(|S$1]? + |$2/?). The bound

then reduces to
2 2 2 2 2
o; (161 - 2 =2081P +18:P) < (1 + [£:1) 20581 @ 7).

which holds directly from the theorem’s result. O
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3.3 Conclusion

We have advanced the understanding of singular value estimates for operators of the type
T181T, + &, providing new inequalities, sharper constants, and broader generalizations. Build-
ing on foundational results from Chapter 1 and prior work by Audeh [8], Zhao [68], and Hirzallah
[39, 40], we established Theorem 3.2.1, proving the conjecture proposed in Section 3.1. In-
equality (3.5), provides a tighter and more general bound compared to existing inequalities, as

demonstrated through examples and remarks in Section 3.2.

The extension to multi-block operators via Corollary 3.2.5 and the refinement for contrac-
tions in Corollary 3.2.6 further generalize the framework, accommodating complex operator
structures. Additionally, the application of functional transformations in Theorem 3.2.3 and
its corollaries (3.2.1, 3.2.2, 3.2.3, 3.2.4) enriches the analysis by adapting the inequality to
various unitarily invariant norms. The derived inequalities for related expressions, such as The-
orem 3.2.4 and Corollary 3.2.8, offer new insights into spectral properties. These contributions,
published in Advances in Operator Theory [44], enhance the understanding of operator algebras
by relaxing restrictive assumptions like operator positivity and extending applicability to general
bounded operators. The sharpness of the bounds, as shown in Example 3.2.2 and Remark 3.2.2,

underscores their practical utility in matrix analysis and operator theory.
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Chapter 4

Lower bound Singular Value
Inequalities for Commutators

4.1 Introduction

This chapter is devoted to establishing sharp lower bounds for the singular values of the gen-
eralized commutator 718 — 819, and the generalized anti-commutator 918 + §19,. The
results presented here also remove the restrictive positivity assumptions on operators, as noted
in prior works by Audeh [8] and Zhao [68], and provide new bounds that complement upper
bound inequalities by Chen and Zhang [27]. The study of singular-value inequalities linking an
operator to its real and imaginary parts has long been a cornerstone of operator theory, yielding

deep spectral insights and proving instrumental in the design of efficient numerical algorithms.

LetJ1 € &(#')) be an operator. Then, as shown by Fan and Hoffman [30], for j = 1,2,...,k:

L (R(T)) < (1), @.1)

Marshall et al.[51] suggests that inequality (4.1) implies:
;RN <0i(T1), j=12,....k, (4.2)

since the singular values of a self-adjoint operator like R(J7) are the absolute values of its

. . L ¢t 0
eigenvalues. However, this claim is incorrect. For the operator 97 = 0 2), we compute
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0 0
R(T1) = 0 o) with eigenvalues 11 (R (7)) = 0, 12(R(J7)) = -2, and singular values of

T as o1(97) =2,02(97) = 1. This leads to |1, (R(F71))| = 2 > 1 = 0»(F7), which invalidates
the proposed bound. A detailed critique of this issue in the monograph is provided by Zhang
[66].

To address this limitation, novel singular value inequalities have been developed to effec-
tively constrain the real and imaginary components of operators, providing a more dependable
analytical framework. Building on this approach, Chen and Zhang [27] in 2016 introduced
significant inequalities specifically tailored to the R (&), J(S) for & € L(H’) enhancing the

foundation for these advancements.

Theorem 4.1.1. Let 8| € (F). Then, for j = 1,2, ..., k, the following inequalities hold:

;i (R(S)) < %O-j ([AS11+ 185D = (S + SH] @ [(US1] +1S7D) + (1 + SP])
o/(3(50) < 705 ([(1$i1+157D) ~ (8~ $D] @ [18i] + 1871) + (81 - 5)])

4.3)

Additionally, specific cases yield:

o (R(81)) < %UJ- (11 +1STD @ (111 +187D)

o (3($1)) < %O'J' (ST +IsTh @ (IS1] +[S7D) . (4.4)

These inequalities enrich the thesis’s study of singular value bounds. Additionally, there is
a notable lack of lower bounds for generalized commutators and anti-commutators. A signifi-
cant contribution of this thesis lies in advancing commutator inequalities. In this chapter, we
derive both upper and lower bounds for generalized commutators without requiring positivity

assumptions, addressing a gap noted in the works of Chen and Zhang [27].

Conjecture 4.1.1. For operators I, 93, &1, 8 € L(F), we establish:
o (T S; T +T5 2 T+T11811-T5 1 D= IS TP+ D= S0 (|F2]1*+1) < 205 (R(T1$1-$2T)),

T (T8} Ty =Ty $:T)+T1|$11=F5' | D= IS NI T P+ D= ISM (1917 +1) < 201 (F(T1 $1-82F)).

These bounds offer fresh perspectives on spectral properties, with the adjustment term
ISIAIT? + 1) + [|S2][(| 721> + 1) being essential for precision. The findings are extended to

anti-commutators, enhancing their relevance in operator theory.

Section 4.2.1 introduces key theorems that establish lower bounds for the singular values of

commutators and anti-commutators, backed by proofs and counterexamples that underscore the
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importance of specific terms. Section 4.2.2 utilizes these results to develop new inequalities for
operator sums and bounded operators, while counterexamples demonstrate that classical norm

inequalities, such as those by Bhatia et al. [16, 22], do not hold in terms of singular values.

4.2 Singular Value Inequalities for Generalized Commutators and

Anti-Commutators

4.2.1 Lower bound Inequalities

To establish the main results, we first present some key lemmas required for the proofs. These

results, some of which are known, are included here for completeness.

Lemma 4.2.1. [/0] For arbitrary non-negative real numbers k,l,m,n > 0,
[k +1,m+ n]oo = [k,m]oo + [l,n]oo.

Lemma 4.2.2. [20] Let 91,9, € &(H) where T is self-adjoint, T > 0, and +TF1 < T5. Then,
forj=1,2,...k,
oi(N) L0i(FHeT).

Proposition 4.2.1. [9] Let 1, 5, 8| € &(I) such that the block matrix

N N

is positive. Then, for j = 1,2,...k,

0j(F) <0j(T1 @ S$).

Proof. Given that the matrix
T PN

is positive, we can consider its transformation under a unitary operation. Define the unitary

matrix

Applying %, the transformed matrix becomes

-

T N N
_9“2* S

7S
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which remains positive due to the unitarily invariance property. This implies that

I 0 0 7
>+ .
0 S Iy 0

Specifically, for the expression involving 7, & J," and utilizing the result from Lemma 4.2.2,
we obtain
oci(NR®Ty) <0i(7108)e (T &8)).

Since 9, and J," share the same singular values (as " is the adjoint). This shows that
0j(7) < 0;j(F & &) for all j, which completes the proof. O
The following lemma is derived as an application of Proposition 3.2.1:

Lemma 4.2.3. For 1,9, € () and integers j,m suchthat 1 < j,mand j + m —1 < k,
Tjsm-1(T1 + P2) < 0j(T1) + om(F2).

As a special case,
oi(NPR) <Rl -0i(91), j=12,...

This section presents the primary theorems establishing lower bound inequalities for the
singular values of the commutator 718 — 819, and the anti-commutator 718 + &8195.
Theorem 4.2.1. Let I, 81,82, T2 € () and 1 < j < k be a positive integer. Then,

THASIT + Ty ST+ TiIS1| = T 1S5 ) = ISHIAT? + 1) = (IS0 (19217 + 1)

<20 (R(T181 — $P)),

T (UTIS} T} = Ty $:T3) + TilS1] = T [831) = ISUIATP + 1) = IS0 1F2)17 + 1)

<20i(3(71S8) = $HT)). (4.5)

Proof. To derive these inequalities, we begin by employing the polar decomposition of the
operators &1 and &5, which expresses each as a product of a unitary operator and a positive

operator. Specifically, we write
S1 =S|, 2= US|,

where %, and %, are unitary operators, and |&}| = (6’1*51)1/2 and |&»| = (05’2*52)1/2 are the

positive square roots, ensuring the decompositions are well-defined.

Using these decompositions, we construct two block matrices that are inherently positive
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due to the properties of the absolute values and the adjoint operations:

ISTT &1
ST sl

|$2] S,
S IS5

>

Next, we first introduce the block operator

0 T
I I

Replacing the off-diagonal block 71 by J," and changing the sign of the bottom-right entry, we

define
o IF

These matrices are designed to interact with M, and M, in a way that preserves the positivity

property. Since M; and M, are positive, so the congruences
PMIP* >0, GM,EG* > O hold.

The expansion of the block matrix for 2’ M; %" yields:

o | TISIT RS T + TS|
1 - ’
NS$1T+ 1T TSTIT" + T8 + ST + (S
and similarly for @M, @Q*:
v - | TS T 2T - 75185
20" = .
Ty ST = |851T2 Ty |$2|T2 = TSy = $2T2 + S5

The sum of these two matrices is also positive and has the simple structure:

T|$11T]" + T} S|P TSI+ T1|S1| + T 8T — T | S5
TI|ST|T* + TS + 81T +|81] > 6.

TS\T)" + |11 + T, S35~ 18319
YT 62| T — Ty S5 ~ 25+ 5]

1
Applying proposition 4.2.1 to the above positive matrix, we derive:

T (NS T+ Ty 82T + TS| = T[S, 1)
_|{|2R @i -5 6] |71 + T 151 + 1811 + 155 0
SO0y

’ 0 0 0 118117, +

+
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Using Lemma 4.2.3 with m = 1 and o (+) as || - ||, we get:

T (NS T + Ty $HT2 + T1|$1] = T[S, 1)
NUSTIT] + T 82172 + |S1] + 1S, o
+

0 Ti1$11T;

+20;(R(T181-852T2)).

Ty 831 T

The norm of the block matrix is evaluated using the maximum operator norm of its diagonal

blocks and by the triangle inequality,

T (NS T+ Ty 1T+ Tn|$1] - Ty |$5]) <

ARSI +IZ2 P NS N+ IS+ IS TP IS T+ 1T S21] #2075 (R(T1 81 = $:T2)).

Further simplification uses Lemma 4.2.1, which handles the maximum of sums of non-negative

terms:

i (TSI T + Ty 25 + T1|Si| - T3 (S5 < (1T IS+ IS0 TP IS o
+ 1717120 + 118211 1 T2 S2 ], + 207 (R(Ti St = $29)).
= ISHIAAN + 1) + S0 ([F20? + 1) + 205 (R(Ti S1 = $2)).
Subtracting the adjustment term from both sides yields the first inequality:

THASIT + Ty T2 + T1|S1| = TS5 D) = ISHIAT? + 1) = (IS0 (19]° + 1)

< 20']‘(%(97 S —HD)).

The imaginary part satisfies the identity, 3(71 81 — ) = R (—i (9181 — é’z%)). By formally
replacing &' and & with —i$; and —i & respectively in the inequality for the real part, we arrive

at the companion bound for the imaginary part.

T (AT = Ty $:T) + TS| = Ty'1831) = ISIIIF7 + 1) = 121 (192117 + 1)

< 20']'(8(%091 - 05)2%))

This completes the proof, establishing the validity of the bounds through the use of polar

decomposition and operator inequalities. |

To demonstrate the necessity of the term || ||([|71]]> + 1) + [|$2]|(|72]1> + 1), we present

the following illustrative counterexample.

Example 4.2.2. Consider the following simplified inequalities derived from the original Theo-
rem 4.2.1

oi( TSI+ T 81T + T1|S1| = T |55 ]) < 20 (R(T181 — $2T2)), (4.6)
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i (T[T = Ty $12T) + T1|$1| - T, |5 ]) < 20:(F(T1$1 = $2T2)). 4.7)

Consider the special instance where 7 = 9, and &1 = &, = #. Inserting these operators
into inequality (4.6) shows that the right-hand side equals o; (R (7.7 — I %)) = 0;(R(F1 -
J)) = 0(0) = 0. However, the left-hand side becomes 07;(719," + T, + N1 I - T I) =
0;(2919,"), which yields non-zero singular values (e.g., 0;(2919") = 2|12 for j = 1),

leading to a clear contradiction.

For the second inequality (4.7), set 91 = 29, and & = &, = F. The right-hand
side is 0 (3(2%I — IT)) = 0;(I(F)) = 0if F; is self-adjoint, but the left-hand side
oi((2RI 2T} = T I T) + 2P| I | — F,*|7*]) simplifies to a non-zero value, again violat-
ing the inequality.

These examples highlight that the absence of the term || ||(||71 1> + 1) + ||S2]| (|72 +
1) undermines the inequalities’ correctness, making its inclusion imperative to ensure their

validity. |

Building on the insights from the preceding counterexample, we now extend our analysis to
the anti-commutator 718 + $»J;. The following theorem establishes lower bound inequalities
for this expression, incorporating the norm term identified earlier to ensure consistency across

both real and imaginary components.

Theorem 4.2.3. Let 91, S1, 82, I € &(H') and j is an integer in the range {1,2,...,k}. Then

o (TiS8{ T +T;) T+ T1| 11+ T, | D= IS (T 1P+ D =[S0 (12]P+1) < 205 (R(Ti S1+52T)).

Similarly, for the imaginary part, we obtain

T{ (TS} T =T, $T)+T1|S1 1+ T, ;D= IS T P+ D= IS 1T +1) < 207(F(Ti S1+825)).

Proof. To derive these bounds for the anti-commutator 718 + $»9,, we adopt a congruence
transformation approach akin to Theorem 4.2.1. Begin with the polar decompositions &} =
%,\S$1| and 8, = U»|S,|, where %), %, are unitary and |§| = (oS’i"oS’l)l/z, |$H| = (6’2*6’2)1/2.

Construct the positive block matrices:

M] — | 1*| 1 ’ Mzz | 2| i )
St S| | $2 1S5
%*

Introduce the transformation matrix @ = gt 7 and & same as designed in Theorem
J e
2 i

4.2.1 to align with the anti-commutator structure. Since M, and M, are positive, the congruences
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PM|P* > O and a corresponding transformation for M, hold. Expanding @ M,@* gives:

Ty 185172 Ty $292 = TS5

@Mz@*: G % O% G *| G o * (ot o * % 7 JIN
T} ST = |851T0 T 82192 = TSy — T2 + | S|

Summing these transformed matrices, the relevant block containing 71877 + 9,87, +

T1|811 + F,'|87| is isolated. Applying Proposition 4.2.1, we bound:

TSTIT + T |52| T2 + |$1] + (S5 o
+

TS T +T; T+ T1 |81 |+T5|S1]) <
J 171 T2 2192 6 Ti 18117

+ 20']-(%(%51 + 52%))

Using Lemma 4.2.3 and evaluating the adjustment, it simplifies to ||&[|(|F1]> + 1) +
1211 (172 ]|* + 1), leading to:

o (TiS{ T +T; T+ T1| 11+ T, S D= IS (T P+ D =[S (12]P+1) < 2075 (R(T1 S1+852T)).

For the imaginary part, substitute & with —«&; and &, with —t$», adjusting the framework
to yield:

T (T8} Ty =Ty $:T)+ Tl $11+ T, S D= IS I T P+ D= SN (1917 +1) < 2071 (F(Ti S1+82F2)).

This completes the proof, confirming the inequalities via congruence and operator bounds.
O

Now, Theorem 4.2.3 applies to derive lower bounds for singular values of operator sums,
complementing the upper bounds by Chen and Zhang [27]. We first establish a key singular

value inequality for operator sums.

Corollary 4.2.1. Let P,Q € &(H). Forany0< ¢ < land j =1,2,...,k, the following lower

bound inequalities are satisfied:

a1 Q" +|PI" P + |@| + |2 |2*|'7) - Z S + 1S < 20(R(P + @),
516{9,@}

and

oi(u(@’ @ - |2)" P) + 1@ + | P |P*|'77) - Z IS + 11017 < 205(3(P + @)).
$1e{P,0}

Proof. We derive these bounds by adapting Theorem 4.2.3. Set 77 = |Q|’, % = |P|’,
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S = %>|@|'~" and &, = %;|P|'~? (where %, %, are unitary), the left-hand side transforms as

follows:

oi(|@l %la|a +| P w2 | P +l@l (U@l @ Uy P PN (U P P U )
= e =1+ el 1%y = e =1 a + e k.
Simplifying the expression with polar decompositions of P = %;|P| and @ = |Q|%,", we
note |@|°%|@|'~7|@|" = |@|’ @* and | P’ U\|P|'"!| P’ = |P|’ P, while the positive terms
@7 (%|@' 1@ " U;)'* = |@] and | P|" (21| P! P! T UN?) = | P 1P| We can

express the norm contributions in the inequality as

oi(lere + 1212 + 1@l + 12111971 )-llal = (1 + el )=l (1 + 121 ).

Observe that each of the expressions
l@l'~* (1 +[l@**) and 2" (1+21*)
splits naturally into two terms:

1-¢ 1+ 1-¢ 1+
el =" +1el, 2" + 12l

Substituting these decompositions back into the previous expression leads to the refined form

Uj(|@|{@* +|PI°P + Q] + It@lflg"*ll_”) — el - el - 121 - 12+
<20, (R(P +@)).

For the imaginary part, apply the same substitution, resulting in:
ai(@l’ @ - 2" P) +1@| + |21 |2 ) = el = el - |21 = 121 <20(F(P + Q).

O

As a natural extension of Corollary 4.2.1, we derive an inequality for any bounded operator.

Corollary 4.2.2. Forany &) € &(#) and 1 < j <k,

1 .

7 [ (S11ST + 181181 +2181]) =2 = 2|I$11] < 07 (R(S1)),
and

3 [0/8187 ~ 18118 + 20811 2~ 2011P] < 7, (3(S1)).
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Proof. To derive this corollary, we start by substituting & = @ = & and ¢ = 1 into the real part
inequality of Corollary 4.2.1, we get:

o (IS Sy + 1SSy + 1]+ |11 - Z (st + 1.
S$1€{S1,51}

Since |$|' = |81 and |S7]'! = |$7|° = .7, the term | &, ['[S7|'~! simplifies to [$)] - I = |$y].

The sum of norms becomes:

Z IS+ IS = 230111 + (1117 = 2(1 + [|$1117).
S1€{S1,51}

Thus, the inequality transforms to:
o (IS11S] + 18111 +|$1] + [S1]) = 2(1 + [| 1113 < 207 (R(S1 + $1)).

Noting that
R(S1 + 1) = R(2S81) =2R($),
the right-hand side becomes twice the singular value of 2R (§). Dividing the entire inequality

by 4 yields the normalized form

1
7 [/ (IS11ST + |11 +2[$1]) = 2(1 + [|111D)] < o7 (R(S1)).

Similarly for the imaginary part, we get,

% [o ((1811S] = [$1181) +281]) =2 = 2|$111] < o5(T(S1)).

O

Remark 4.2.1. When 91, 9, € (%) are positive operators in Corollary 4.2.1 with Z € [0, 1],
the following refined bounds apply for 1 < j < k:

1. For 91 # 9,

T+ B+ ) - Ul + I$111"™) < 20(F1 + ).

$1€{71, 7}

(T,

2. For 91 = 93,

1 1+2 1-7 1+¢
5 [0 (T + T0) 170 = 17301] < 03(90).

Lemma 4.2.4. [39] For §1, 8, € (X)),

S+ 8
o—,-( L Z)Scrj(sleaosa), j=1,2,... k.
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Based on this, we establish a lower bound singular value inequality.

Theorem 4.2.4. Let 51 € &(¥'). Then, for each index 1 < j < k:

1 * *
5 [ (197197 + 71) = 1= I1711°] < o3 (1511 + 91) @ (1911 = T0) -

Proof. By the polar decomposition, any operator J1 € £(%’) can be written as
T = U | Tl,

where % is a unitary operator and |7 | = (971*971)1/ 2,

Substituting 71 = %7|J11, $1 = %;, and I, = &, = O into Theorem 4.2.1, we obtain
1 * * *
5 les@ e + 4150) =1 = 1A < o (R@&51511%) -

Noting that R(%|T11% 1) = %{|F1|%, and using o (%} |F1|%1) = o;(]F1]) this reduces to

1 * *
5 [ (1F0177 + 71) = 1= I7IP] < o1 77).

Now observe that
(1711 +5) + (191 = 1)
> .

By invoking Lemma 4.2.4, we obtain an estimate for the singular values of |J;|. In particular,

|71

the lemma ensures that the j-th singular value of | 77| does not exceed the corresponding singular

value of the block operator formed from |77| + I and |J;| — 97. Hence,
(7)) < o (1T + T1) @ (|F1] = T1)) .

Combining these inequalities, we arrive at the desired result:

1 * *
5 Lo (197197 + 71) = 1= I1711°] < o3 (1511 + F1) @ (1911 = T0) -

This completes the proof. |

4.2.2 Upper Bound Inequalities

This subsection delves into the limitations of existing results, particularly Audeh’s and Zhao’s
inequalities, which traditionally imposes restrictive conditions such as the positivity of operators
J1 and 9,. To highlight these constraints, we first present a counterexample that demonstrates
the failure of Audeh’s and Zhao’s inequality under general conditions. Subsequently, we in-
troduce a novel theorem that overcomes these limitations by establishing upper bound singular

value inequalities for generalized commutators and anti-commutators, free from the positivity
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assumption, thereby broadening the applicability of these results.

Example 4.2.5. Consider Zhao’s inequality (2.7), which asserts an upper bound on the singular
values of the expression 718 + 837, under the assumption that 77 and 9, are positive operators

in L(F). To test its validity without this restriction, let

1 3
1 2

-2 -6

i =
—2 -4

s ‘%= s (§)l=j’ 6)2:_]’

where # = C2, and neither J; nor 9 is positive. The expression 718 + $»J, simplifies to

13 -2 -6| _[1-(-2) 3-(-6)| _[3 9
1 2] |-2 -4 [1-(=2) 2-(-9)| |3 6|

39
The singular values of 71 — 9, = 3 6 are approximately 11.593 and 0.781. But the singular

T - T

values of R.H.S. are 3.864 and 0.259. Thus, the inequality fails to hold, underscoring the need

for a revised approach. |

Following this counterexample, we present a theorem that addresses the shortcomings of
Audeh’s and Zhao’s result by providing a new upper bound singular value inequality applicable

to generalized commutators and anti-commutators without requiring positivity of 97 and 5.

Theorem 4.2.6. Let 71,8, 82, T2 € (H'). For j =1,2,...,k:

i (T181 = $HT2) < 0 (NI + $285) & (T, T2 + S| S1)). (4.9)

Proof. To establish this inequality, we construct a block matrix that leverages the properties of

positive semi-definiteness and singular values. Consider the matrix product

T =

* O *
CS’1 '/2

7 s

)

Expanding this product yields:

TT + S TS - 1T
ST+ T (=8;) Sis1+ T T

Since
S1T7 4 T (~83) = $197 - T3 S

we may rewrite the expression appearing inside the singular value as an operator of the form
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T181 — $»T>. Applying Proposition 4.2.1 to this operator yields
0 (T181 = $1T) < 0i((N1T]" + $HS5) & (T T+ S{S)) .

This estimate gives the required upper bound for the singular values and completes the argument.
O

Corollary 4.2.3. An analogous upper bound applies to the generalized anti-commutator. Con-

sider the block matrix
I H

x g
CSj1 '/2

S5 B

This product expands to

.7197* +c5)252* T8+ $H T
SiT+ Ty S, SIS+ Ty T

>0.

Consequently, for j = 1,2,...,k,
T (T181 + $2T) < 0 ((T1T]" + $H8,)) & (T, T2 + S S1)).
Remark 4.2.2. When &, = —d&, Zhao’s inequality reduces to

(7181 - $17) ©0) < 0; (871 + 1718127, @ (373 + 17, 16127, ).

Under the same condition, inequality (4.9) becomes
T(Ti81 ~ §13) < 0 (AT} + $18}) @ (T3’ Ta + S S1)). (4.11)

This shows that inequality (4.11) can often provide sharper estimates than inequality (4.10).
However, the comparison is not always straightforward, since

(AT +618))8(T; T+ $1) £ 0 (371 + 55, 21517 @ (

1 2 2 3
, S = ,
5 11} l3 J

where I and 9, are positive semi-definite. For these choices, the computations yield

in general. To illustrate this, let

2 3

T = )
4 7

I =

(T + 818 & (T T + S;S1)) = 168.6088

<o (371 + 17151292 @ (352 + 17,161 27, 7)) = 177.7723,
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and

T (T1T, + $187) @ (Ty' Tz + S181)) = 95.7134

<o ((371+ 19,

1/2) o012 -1/2 1 1
ISP ) @ (373 + 47

216127, ) = 160.6817.

This confirms that inequality (4.11) may yield more practical bounds in certain settings, but it

does not universally dominate inequality (4.10). O

Corollary 4.2.4. Let 71,81, 82,92 € &(H) with $1, 82 € P(H)and j =1,2,..., k. Then,

T (NS = $2T) ST;(N$1T]" + $) & (T, 1T + 81)). (4.12)

Proof. To derive this inequality, we utilize the properties of positive operators. Begin by

considering the block matrix formed by the product

TS _si

12 o olf2
CSJI '9—2 (SZ

s silg,

> 0.

Expanding this product, we obtain:

%511/2 ] 511/29“1* + (_521/2) ) (_521/2) %511/2 ) 511/2 + (_521/2) ) 521/2%

>0.

According to Proposition 4.2.1, which states that the singular values of an off-diagonal block
are bounded by the singular values of the direct sum of its diagonal blocks, we apply this to
the off-diagonal block 718 — §29;. The diagonal blocks are 77§ 91* + &5 and & + 92*@5’2.%,
and their direct sum provides the upper bound. Thus, the inequality o; (718 — 8292) <
ai(N$1T]" + $) & (I, 81T, + &1)) follows directly. |

4.2.3 Counterexamples for Bhatia and Davis’s inequalities

The following examples demonstrate that the singular value inequalities proposed by Bhatia and

Davis are not valid for singular values.

Example 4.2.7. These inequalities are given by

20/(9,°$19,) < o) (TP T, + TP K19F) <o ( TS+ $1), p € [0,1],
(4.13)

and

T (TLHT) =T PKT) < p -1 of( TS - 61F), pel01].  (414)
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These bounds assume certain operator properties, but their validity for singular values can break

down when tested with specific operators.

To investigate the first inequality (4.13), consider the operators

Ti=T=
13 -0.125 0.875

31 0.375 0.375
] ’ 6’ ) |: ] '

Both 91,9, € () with eigenvalues 4 and 2, and 9711/ 2 _ 9721/ 2 can be computed as the

SVD. For the particular choice p = 1, the left-hand side evaluates 20'2(9“1]/ 26’1 9‘21 / 2). First,

calculate 9711/ 2.

g2 _
1

V4 0
0 V2

0
via diagonalization, approximately) =~ .
( & PP y) [0 1.414]

. 1/2 1/2 . . . .
However, numerically, 7, / $19, 12 i computed, and its second singular value o is approx-

imately 0.8966, so 20, =~ 1.7932. Now, compute the right-hand side: 518 + &9, with
T =T

oo _ |3 1] 0375 0375] _[0875 2.125
YT 3] ]—0.125 0875 |0.125 2.875|
0.875 2.125
$1T = ,
0.125 2.875

0.875 2.125
.%&1 + 51.% =2 )
0.125 2.875

whose second singular value o =~ 1.7720. Since 1.7932 > 1.7720, so inequality 20'2(9‘11/ 2c5’1 921/ 2) <
02 (T8 + §19>) fails, indicating the bound does not hold for this case.

For the second inequality (4.14), consider

T = s D=

1 0 0.375 0.375
“, CS) _[ “’

0 1 0 0.1 ~1-0.125 0.875

with p = %. Here, |2p — 1] = 0.5 — 1] = 0.5. Similarly, the inequality does not hold for these
singular values, confirming the limitations of the bound for general cases. O

4.3 Conclusion

This chapter has made significant strides in advancing the theory of singular value inequalities,
with a particular focus on deriving lower bound inequalities for the commutator 718 — 819,

and the anti-commutator 778 + §19;. By removing the restrictive positivity assumptions
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imposed by prior works such as those of Audeh [8] and Zhao [68], we have developed a more
general framework that complements the upper bound inequalities established by Chen and
Zhang [27]. The introduction of novel lower bound inequalities, as presented in Theorem 4.2.1
and Theorem 4.2.3, provides a robust analytical tool for understanding the spectral properties of

operators, free from the limitations of earlier constraints.

Key contributions include the establishment of lower bound inequalities that incorporate
adjustment terms, such as || ||(| 711>+ 1) + || S2 || (| 72> + 1), which were shown to be essential
for the validity of the bounds through counterexamples. The illustrative example demonstrated
that omitting these terms leads to contradictions, underscoring their necessity in ensuring the
inequalities hold. Furthermore, the extension of these results to anti-commutators and operator
sums, as seen in Corollary 4.2.1 and Corollary 4.2.2, broadens the applicability of the findings,

offering refined bounds for both real and imaginary components.

The critique of classical inequalities, such as those by Fan and Hoffman [30] and the erroneous
extension by Marshall et al. [51], highlighted the need for careful validation, a task addressed
through counterexamples and the development of more reliable bounds by Chen and Zhang [27].
The upper bound inequalities in Section 4.2.2, exemplified by Theorem 4.2.6 and Corollary 4.2.4,
further illustrate the chapter’s comprehensive approach by overcoming the positivity restrictions
of Audeh’s and Zhao’s results. The counterexample involving Bhatia and Davis’s inequalities
further reinforces the limitations of existing frameworks and the necessity of the new inequalities

proposed here.

72



Chapter 5

Singular Value Inequalities Involving
Operator Functions

5.1 Introduction

Considerable progress has been achieved in the theory of singular value bounds for expressions
of the type 71819, + &3, thereby deepening our insight into the spectral characteristics of such
composite operators. A classical inequality due to Hirzallah and Kittaneh [39] asserts that, for

arbitrary bounded operators &, & € &(#),
0j(S$ + &) <20;(S$ ©$p) forall j > 1. 5.1

This foundational inequality provides a benchmark for bounding singular values of operator
sums. Building on this, Al-Natoor and Kittaneh [3] refined the result by introducing a bounded
operator € € L(#'), leading to the inequality

T/ (SIC +BS) < 2B - (S & ). (5.2)

These advancements lay a critical foundation for extending singular value inequalities to more

complex operator interactions.

More recently, Kaur and Garg [44] proved an inequality involving operators 77, 72, 81, 82 €

(), where & is a compact operator, as follows:

0j (718172 + &2) < (71|72 + [[$2]]) 07 ($1 @ F).
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Inspired by these results, we propose an extended inequality that accounts for additional operator

terms:

1
oi (@ +R) < (1911721 + [I$11,15211],,) 0 ($1 © S @.7) + 31 + R

where P =918519+8 and R =598HT1+8. (5.3)

A detailed proof of inequality (5.3), along with further generalizations and sharp estimates, is
provided in Section 5.2 that build on the work of Kaur and Garg [44]. The additional norm term
%ll%&l% + T 8T + 81 + 8| plays a crucial role in maintaining the inequality’s validity,
a point explored in depth following the proof. Section 5.3 discusses enhancements to existing
inequalities, such as (5.1) and (5.2), by incorporating operator convexity and concavity to refine
the bounds. This work aims to advance the theory of singular value inequalities, enriching the

interplay between spectral properties and functional inequalities within a broader framework.

5.2 Main Results

This section presents groundbreaking contributions to singular value inequalities within operator
theory, building on the foundational framework from prior chapters. We introduce original
theorems that address identified literature gaps, refining bounds for bounded linear operators
on Hilbert spaces. These results incorporate advanced techniques, such as operator convexity
and concavity, to provide enhanced spectral understanding with wide-ranging applicability. The
exploration begins with foundational lemma from established research, laying the groundwork

for innovative proofs.

Lemma 5.2.1. [2] Let T1, 9, € &(F). Then, for each index |,

171 + Z2ll.

| =

oi(T1+ ) <0j(T1©T2) +

With these tools in hand, we present our first major result.

Theorem 5.2.1. Let 51,55, 81,8 € (F), where $1, 8, € C€(F). Let f : [0,00) — [0, 00)
be a non-negative and monotonically increasing function. This immediately gives rise to the
following inequalities:

(a) If f is concave and satisfies f(0) = 0O, then for each j,

a; (f (1P +RD) < fF (USRI +IZN) of(Z & 5)) + f (% I +RII), (54)
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(b) If f is convex, then for each j,

o (f (1P +R)) < %f QAT+ IZ1) o (Z © F)) + %f(IIP +RID. (5.5

S 0

where P =91819+ 8, R=D2HT1+8 and ZF = 6 s
2

Proof. By Lemma 2.2.3, we have

oj (f(IP+R)) = f (o (P +R)).
Applying Lemma 5.2.1, we derive:

f o (P+R)) Sf(O'j ((7’697%)+%||7)+R||)). (5.6)

For part (a), since f is concave with f(0) = 0, we get:

Flo) (P +R) < [ (o) (P @ R)) +f(%||§0 +R||)

= floy PR + 7 (517 +RI).

In block matrix form, above can be written as

S 0
o 8

T

0
c~*+
o

$H O

T
0 o S

f(Uj(P+R))Sf(<Tj(

))+f(%ll¢)+7€||).

G
(g‘i*
Using Theorem 3.2.1 and the definition of Z":

o (P +R) < F(NANRN+INZID) o (Z & F)) + f (%IIP + 7€|I) ;

proving part (a).

For part (b), revisiting (5.6) with f convex and applying Jensen’s inequality [36]:

75 (F (P +RD) < 3 (205 (P +R) + 3£ (1P + RI)

Following the same steps as in part (a):

o (f (P +R]) < %f QAT+ IZ1) of(Z © F)) + %f(llf" + R,
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completing the proof. m|

Corollaries emerge by applying Theorem 5.2.1 with specific functions f.

Corollary 5.2.1. Let 91,9,,81,8 € &(H), where §1,8 € C(HK). Then, for each j =
1,2,...k,

aj(log(|P +R|+ 7)) +1og2 < log[ (1T 1]l + | Z |I) o (Z @ .F)) + 1] +log(|P + RI| +2),

where
S 0O

P=T81T+S8H R=9HT1+S8 and Z = 5 ol
2

Proof. We apply Theorem 5.2.1 with the function f(¢) = log(Z + 1). Since f is concave
(as f(¢) = =1/(£ + 1)®> < 0 for £ > —1) and satisfies f(0) = 0, it preserves the inequality

structure. This yields
1

aj(log(IP + R| +.7)) < log[ (1T 1]l + | Z W) o) (Z ® .5)) + 1] + log(illf‘) + Rl + 1) :
Rearranging the second logarithmic term gives

1

10g(§||P + R|| + 1) =log(||P + R|| +2) — log 2.

Substituting back, we obtain
aj(log(|P +R| +.9)) +log2 < log[((IAI T2/l + I Z 1) 0j (£ & F)) + 1] +log(||P + R]| +2),

which completes the proof. |

Corollary 5.2.2. Let 91,95, 81,8 € &(H), where 81,8 € €(F). Then, for every 0 < p < 1
and j =1,2,...k,

([P +RE) < | UANSN +1Z1D° - of(F ©.7) | + 27 1P + RIF,

where
S 0

P=9181T2+ 8, R=2NHT1+81 and Z = 6 |
2

Proof. We apply Theorem 5.2.1 with the function f(Z) = Z°, where 0 < p < 1. The function
f is concave (since f”/(Z) = p(p — 1)2P~2 < 0 for Z > 0) and satisfies £(0) = 0.

76



CHAPTER 5. SINGULAR VALUE INEQUALITIES INVOLVING OPERATOR FUNCTIONS

Using Theorem 5.2.1 with this choice of f, we obtain

oi(IP +RF) < [UFiZ21 + 1Z Doy (Z @ 7] + (312 + R1l)

TS P op p
= |ANZN + 1Z Doy (Z ©.7)] 27 1P + RIP.

This establishes the desired result. O

Corollary 5.2.3. Let 91,9, 81,82 € &(H), where 81, S» € &(F). Then, for every p > 1 and
j=12,...k

oi(lp+RP) <227 [(IFHNSN +1Z 17 - o(Z &.5)| + 312 +RIP,

where
S 0

P=T 1T+, R=HHNT1+81 and Z = 5 ol
2

Proof. We apply Theorem 5.2.1 with the function f(Z) = ¢, where p > 1. The function f is
convex on (0, co) since f” () = p(p — 1)2P~2 > 0.

Applying Theorem 5.2.1 with this convex function yields
— P o)
oi(lp +RF) <277 (UGN + 1Z1Dos(Z & 5| + 512+ RIP.

This completes the proof. |

Remark 5.2.1. By setting p = 1 in both Corollaries 5.2.2 and 5.2.3, we arrive at the following

unified estimate:
/(P +R) < (1T + [IS1,1$211] ) 0i(S1 @ S @ .7) + 3 1P + R, (5.7

where
P = %51%+Sz, R = %52571 +(§1.

This result plays an important role for several reasons:

* It serves as a boundary case, lying precisely between the concave regime (0 < p < 1) and
the convex regime (p > 1). Hence, inequality (5.7) represents the natural transition point

where both families of inequalities coincide.
* The inequality contains two complementary parts:

1. The firstterm, (|| 77 ||| 72|l +max{||S1 |, | $2[}) o (S1 @S2 @1), reflects the structured
contribution of the operator norms and the block structure of & and &>.
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1 .
2. The second term, §||?71 S1T + T8I + 81 + ||, introduces a necessary factor

that accounts for the global size of the full operator expression.

Remark 5.2.2. The additional norm term
1
§||=9705’1% + N$H T + St + S|

is essential and cannot be omitted. To see this, take the simple case 71 = 9, = & = & = £
Then
TNS$1T2+ D$HT1+S1+ 8 =45, sothat o0;(47) =4 forall j,

omitting this term results in a right-hand side insufficient to bound 4, revealing a clear contradic-
tion. This norm factor is essential, ensuring the inequality’s sharpness and consistency across all
operator settings, including the simplest symmetric cases, by providing the minimal adjustment

necessary.

Remark 5.2.3. When both 97 and 9, are contractive operators (i.e., |J1|| < 1 and ||Z|| < 1),

inequality (5.7) takes the simpler form

1
o (P+R) < (L+ IS ISM],) (S @ S @ .7) + 3 IP + Rl

where
P = %5’1% + 092, R = %52% + 51.

This refinement highlights how contractivity of &7 and &, reduces the influence of their norms,

leaving the bounds to depend primarily on &, &2, and the norm term.

Next, we introduce a lemma that serves as the foundation for our second theorem.

Lemma 5.2.2. [39] Let 51, 55, 81, $» € &(F), where T1, I, are normal operators and 8, $» €

C (). Thus, whenever p > 2 is a real number,
07 (P) <2710 0y (U1 + ) S (B + )7 @ (TP +.7)'7 8 (50 +.7)7).

where P =81+ S».

Theorem 5.2.2. Let 1,9, 81,8 € &(H), where T, T, are normal operators and S, S, €
C (). Given a non-negative, monotonically increasing function f : [0, 00) — [0, o) and any

real p > 2, the following inequalities hold:
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(a) Under the additional assumptions that f is concave and f(0) = 0, then for each j,

o (f(IP+R)) < f

2!-lle crj( (TP + )P $ (1l + )P
o (1711 + )P (%l + )P e (1771 +.5) 7 87 (TP +5) o

(19,1 +.5)'7° 85 (19571 +f)”p)

1
wr(3IPeRI). 69
(b) If f is convex, then for each j,

o (f (P +RD) < 5 f

prie Uj(uw + )P S (1Tl +.7)1
& (1711 + )P S, (1Tl + )P & (1T7 P +9) P 87 (151 +.7) P @

* * * 1
(17710 +.7)'7 5 (195 +J)”p) +S7 (PRI, (5.9)

where
P =T181T+ S, R=2HT + 8.

Proof. The proof combines the strategy of Theorem 5.2.1 with the bound from Lemma 5.2.2.
For part (a), where f is concave with f(0) = 0, we apply the concavity property via Jensen’s

inequality, extending the lemma’s result.
For part (b), with f convex, we use the convexity to distribute the bound. |

Remark 5.2.4. For 91,9, 8,8 € &(#) with J1, T, normal and &, S € C(F), setting
f(£) =7 and p > 2in (5.8) and (5.9) yields:

o (P +R)
<2 oy (118 + ) S (1T +.9) P @ (T + ) S (5 +9) 7 @
* * * * * * 1
(19710 + )7 S +2)7 @ (1971 +9)'7 85 (171 +.7) ) + 5 12 + Il
(5.10)

where
P =T8T+ $H, R=2HT + 8.

Remark 5.2.5. The norm term %H.%é’l.% + T8T1 + & + 8| is vital for the inequality’s
validity. For 71 = 9 = & = & = 7, the left-hand side becomes 4.7 with o;(4.7) = 4.
Without this term, the right-hand side for p = 2 yields approximately 2!=1/2 . 2 ~ 2.828, which
is less than 4, confirming its necessity as a corrective factor to ensure sharpness across all

operator settings.
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5.3 Illustrative Insights and Extensions

This section illuminates the versatility and robustness of the developed singular value inequalities
through a series of remarks and illustrative examples. By exploring special cases, functional
properties, and generalizations, we demonstrate the adaptability of our theorems and corollaries
to diverse operator settings, offering valuable insights for both theoretical advancements and
practical applications in fields such as quantum mechanics and data analysis. The remarks
provide refined bounds and highlight critical conditions, while examples serve to test the limits

of these inequalities, ensuring their reliability and identifying areas for further refinement.

5.3.1 Specialized Bounds with Submultiplicative Functions

Remark 5.3.1. When the function f in Theorem 5.2.1 is submultiplicative, the inequalities (5.4)
and (5.5) simplify significantly, yielding more tractable forms. Specifically:

(a) If f is concave with f(0) =0,

o (f (1P +R)) <

(U730 + [ £ oy (FS@s1er () +f (5] 7 A2 +R1D.

(b) If f is convex,

o (f (1P +R]) <

2
2

where
P = 5’/‘105’15’/‘2+<§’2, R = %52571 +05)1.

These simplifications leverage the submultiplicative property to reduce complexity, making the

bounds particularly useful for operators where f preserves product structures.

Example 5.3.1. We now present a counterexample to show that the assumption of submultiplica-
tivity in Remark 5.3.1 does not always yield valid inequalities, which contradicts the inequality,

thereby demonstrating that submultiplicativity does not hold in this case. Consider 9, = 0O,
0.0023 0

$H=0,8 = ,
0 0.0045

and f(Z) = log(Z + 1). Under the given numerical data, the
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left-hand side evaluates to the positive value
oi(log(|$1| + 7)) = 0.045,
while the right-hand side of (5.11) yields approximately —3.0505. Since the right-hand side is

negative, inequality (5.11) is violated, showing that the proposed bound does not hold in general.

5.3.2 Generalizations and Simplified Cases

Remark 5.3.2. Setting 91 = 9, = O in the corollaries derived from Theorem 5.2.2 (e.g.,

Corollaries 5.2.2 and 5.2.3) simplifies the expressions to focus on &7 + &»:

a; (181 + S < (IS, 1152117, fff(cﬁ O©HSI)+27P|S + KHP,

o (181 + KNP <27 IS LIS, of (S1 @ S @ ) + %u&l + 1P
For p = 1, this reduces to:
ai($1+8) < [IS1IL1S20], - oy (S1 @ S @ F) + %llos’l + $ll, (5.13)
Combining with the known bound (8| + &) <20;(81 & &H):

. 1
0 (81 + &) < min {[||05)1||’ IS:0l] o (S1 @8 e.5)+ 5”091 + 8|, 20;(S1 @ 092)}-

(5.14)

This combination provides a tighter bound, enhancing the analysis of operator sums.

Remark 5.3.3. Substituting 97 = ¥ and 9, = € — ¥ into the inequality (5.7) from Theo-
rem 5.2.1 yields a specialized bound:

1
0i(516 +€8) < (1] - 1+ [IL1211],,) 05 (51 @ S0 7) + 51515 + €Sl

Further refining this with inequality (5.2):

. 1
05($1% +©Sy) < min {(n%n L (IS ) 051 0 6 ©.7) + I6IE + G5l 2E oy (81 © 52)

J

(5.15)

This adjustment offers a more precise estimate for products involving shifted operators.

Remark 5.3.4. The expression 1819, + 928291 + &1 + &> extends the more basic form

T181T, + &, offering a more comprehensive framework for operator analysis. Utilizing the
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approach from [44] for invertible 7 and 9, proposes the bound:
H(TiS T+ BEHT+81+82) < (IFNT + 1511 +1$:]) 0 (81 + T B35 ) @.7)

Nevertheless, the bound derived from (5.7) is more precise and does not require 7 and I, to be

invertible, thus greatly enhancing its applicability across diverse operator contexts.

5.4 Conclusion

This chapter has advanced the theory of singular value inequalities by extending existing results to
encompass more complex operator expressions, notably 71819, + 928291 + & + &». Building
on foundational inequalities by Hirzallah and Kittaneh [39] and Al-Natoor and Kittaneh [3],
we introduced Theorem 5.2.1, which leverages operator convexity and concavity to derive
refined bounds for non-negative, monotonically increasing functions f. The inclusion of the
norm term %ll?flé’l% + 28T + 81 + || was shown to be indispensable, ensuring the
sharpness and consistency of these inequalities, as demonstrated through specific cases such as
N=PN=8=H=75.

Further, Theorem 5.2.2, supported by Lemma 5.2.2 from Hirzallah and Kittaneh [39],
extended these results to normal operators J; and 9, with p > 2, incorporating advanced
spectral transformations to enhance applicability. Corollaries 5.2.1, 5.2.2 and 5.2.3 provided
specialized insights by applying specific functions f(Z) = log(Z + 1) and f(Z) = 7, yielding
practical bounds that bridge concave and convex regimes. The unified estimate (5.7) emerged as

a pivotal boundary case, balancing the contributions of operator norms and corrective terms.

The illustrative examples and remarks in Section 5.3 further enriched this study by testing
submultiplicativity assumptions, revealing their limitations, and proposing generalizations such
as the refined bound for contractive operators. This work lays a robust foundation for such

investigations, promising further advancements in operator theory.
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This thesis, titled ”"SINGULAR VALUE INEQUALITIES ON COMMUTATORS OF OPERA-
TORS ON A HILBERT SPACE,” has presented a comprehensive exploration and advancement
of singular value inequalities within the realm of operator theory, addressing critical gaps iden-
tified in the literature and extending their applicability across theoretical and practical domains.
Beginning with a foundational review in Chapter 1, we traced the evolution of these inequal-
ities from Schmidt’s pioneering work in 1907 through to modern contributions up to 2025,

establishing a robust theoretical framework that underpins the subsequent research.

This thesis has presented new developments in the study of singular value inequalities for
operator expressions on Hilbert spaces, focusing on forms such as 718 — 89, 7181 + $ 9>,
and 91819, + &». Building upon classical results and extending them using tools from operator
theory, convex analysis, and functional calculus, we have established a set of inequalities that
not only generalize previous work but also offer new insights into the behavior of compact and
bounded linear operators. The results serve as a bridge between abstract operator theory and

practical linear algebra techniques, most notably Singular Value Decomposition (SV D).

A central achievement of this work lies in formulating upper and lower bounds for sin-
gular values of operator expressions, often under assumptions like positivity, compactness, or
boundedness. These contributions are valuable both from a theoretical perspective and for com-
putational applications. The techniques developed provide tools for estimating operator behavior
in terms of their singular values, which are essential for understanding spectrum, approximation

properties, and stability.

One promising direction is the extension of the proposed inequalities, such as those for
expressions like 71819, + &, to infinite-dimensional Hilbert spaces. The current results,
primarily developed for bounded operators in £(#’), often assume finite-dimensionality or
compactness of certain operators (e.g., & in Conjecture 3.1.1). The advancements presented in
this thesis on singular value inequalities open up numerous avenues for future research, both in
theoretical operator theory and its applications across interdisciplinary domains. By addressing
gaps such as positivity assumptions and the lack of lower bounds for generalized commutators,
this work lays a foundation for extending singular value inequalities to new contexts, enhancing

their practical utility, and inspiring novel mathematical frameworks. This section explores three
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key directions: theoretical extensions to infinite-dimensional settings, applications in emerging

technologies, and the integration of machine learning techniques for operator analysis.

The foundational connections established between our findings and previous works, notably
those by Bhatia and Kittaneh, serve as critical links, advancing the discourse within operator
theory and matrix analysis. By critically addressing limitations in prior studies, such as those by
Audeh and Hirzalleh, this research opens new avenues for exploration into singular value behavior
under diverse transformations. These contributions are poised to inspire future investigations
across applied mathematics, quantum computing, and data science, where understanding singular

value dynamics remains essential.

Real-World Uses in Technology and Fields

1. Quantum State Approximation: SV D is used to approximate quantum state density
matrices in quantum state tomography, enhancing efficiency in quantum computing appli-

cations.

2. Technology Tools: Tools like Qiskit, Cirq, and MATLAB provide functions for imple-
menting SV D in quantum state analysis.

3. Data Insights: SV D-based transformations are applied in quantum-inspired data analy-

sis, improving feature extraction in fields like genomics and finance.

4. Signal Analysis: In quantum data analysis, SV D helps identify patterns in time-series

signals, supporting quantum sensing and communication.

5. Quantum Circuit Streamlining: SV D transformations optimize quantum circuits, re-

ducing gate complexity for applications in quantum cryptography.

6. Quantum Learning Enhancements: In quantum machine learning, SV D is used for
aligning datasets, enhancing feature extraction in algorithms like quantum support vector

machines.

The advancements presented in this thesis on singular value inequalities open up numerous
avenues for future research, both in theoretical operator theory and its applications across inter-
disciplinary domains. By addressing gaps such as positivity assumptions and the lack of lower
bounds for generalized commutators, this work lays a foundation for extending singular value
inequalities to new contexts, enhancing their practical utility, and inspiring novel mathematical

frameworks.
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